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Abstract

This thesis is devoted to the proof of several results on the existence and unique-
ness of Monge solutions to the multi-marginal optimal transportation problem.
These results are found in Chapters 3, 4 and 5, and represent joint work with Bren-
dan Pass. The Chapters 1 and 2 are devoted to the introduction and preliminaries
respectively.

In Chapter 3 we study a multi-marginal optimal transportation problem with a
cost function of the form c(xy,...,x,,) = Z?;ll lop — Tpaa|® + |2 — Fx1) %
where F' : R" — R" is a given map. When m = 4, F'is a positive multiple
of the identity mapping, and the first and last marginals are absolutely continuous
with respect to Lebesgue measure, we establish that any solution of the Kantorovich
problem is induced by a map; the solution is therefore unique. We go on to show
that this result is sharp in a certain sense. Precisely, we exhibit examples showing
that Kantorovich solutions may concentrate on higher dimensional sets if any of the
following hold: 1) F'is any linear mapping other than a positive scalar multiple
of the identity, 2) the last marginal is not absolutely continuous with respect to
Lebesgue measure, or 3) the number of marginals m > 5, even when F' is the
identity mapping. In the fourth chapter we study a multi-marginal optimal transport
problem with cost c(x1,...,m) = > ¢ hep [T — 2;|°, where P C Q := {{i, j} :
i,7 € {1,2,..m},i # j}. We reformulate this problem by associating each cost
of this type with a graph with m vertices whose set of edges is indexed by P. We
then establish uniqueness and Monge solution results for two general classes of cost
functions. Among many other examples, these classes encapsulate the Gangbo and
Swiech cost [27] and the cost (1, ..., Tm) = Sopy [Tk — Tppa|? + |2 — 21|
when m < 4. In the final chapter we establish a general condition on the cost
function to obtain uniqueness and Monge solutions in the multi-marginal optimal

transport problem, under the assumption that a given collection of the marginals
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are absolutely continuous with respect to Lebesgue measure. When only the first
marginal is assumed to be absolutely continuous, our condition is equivalent to the
twist on splitting sets condition found in [35]. In addition, it is satisfied by the
special cost functions of Chapter 3 and 4 (found also in [48, 49]), when absolute
continuity is imposed on certain other collections of marginals. We also present
several new examples of cost functions which violate the twist on splitting sets
condition but satisfy the new condition introduced here; we therefore obtain Monge
solution and uniqueness results for these cost functions, under regularity conditions

on an appropriate subset of the marginals.

il



Preface

This thesis is an original work by Adolfo Vargas-Jiménez and Brendan Pass.

Chapter 3 has been published as Brendan Pass and Adolfo Vargas-Jiménez,
(2021) ”Multi-marginal optimal transportation problem for cyclic costs”, SIAM J.
Math. Anal. 53, 4386-4400.

Chapter 4 has been submitted for publication as Brendan Pass and Adolfo Vargas-
Jiménez, "Monge solutions and uniqueness in multi-marginal optimal transport via
graph theory”.

Chapter 5 has been submitted for publication as Brendan Pass and Adolfo Vargas-
Jiménez, "Monge solutions and uniqueness in multi-marginal optimal transport:
weaker conditions on the cost, stronger conditions on the marginals”.

I was responsible for the proofs of results. Brendan Pass was a supervisory

author and contributed to the ideas of the manuscripts as well as manuscript edits.

v



Dedication

Para Vane y Vale



Acknowledgements

First, I want to express my deepest gratitude to my supervisor, Professor Bren-
dan Pass, for his generous support and excellent guidance. Our weekly meetings
have been enriching, expanding my horizons in mathematics and making my Ph.D.
journey a smooth path. He has been especially courageous and patient in facing my
shortcomings in English. Without his guidance and support beyond the limits of
mathematics, I could not have completed this thesis.

I thank the members of my supervisory committee, Professors Xinwei Yu and
Eric Woolgar. I am grateful with their valuable feedback on this work during some
stages of Chapters 3 and 4, as well as in my thesis defense. I am also grateful for
the positive comments e insightful suggestions received from my external examiner
Guillaume Carlier.

I thank the staff in the Department of Mathematical and Statistical Sciences for
assisting me in a variety of aspects. I would like to especially thank to Tara Schuetz
and Professor Kuttler for helping me at crucial moments during the program.

I am indebted to many people outside of the academia. Their support has been
crucial, especially in difficult moments where no mathematical technique can help
you. I will not make a list here, but all of you are in my heart. Of course, among
them, I include my family: my beautiful wife Vanessa and my sweet daughter

Valentina. Thank you for your unconditional love. I am definitely a lucky guy.

Vi



Table of Contents

1 Introduction 1
I.LA Background . . . ... ... ... ... ... 1

I.B Summaryofresults . . ... ... ... ... ... ... ... 8

2 Preliminaries and definitions 11
2.A Thedualproblem . ... ... ... .. ... .. ... ...... 11
2.B The twist on c-splitting sets condition . . . . . ... ... .. ... 12

3 Multi-marginal optimal transportation problem for cyclic costs 15
3.A Monge Solutions . . . . . .. ... e 16
3.B Non-Monge Solutions . . . .. ... ... .. ... ........ 19
3.B.1 The regularity conditionon ft4. . . . . . . . . .. ... ... 19

3B.2 Thecondition FF'=1.. ... ... ... ........... 20

3B.3 Theconditionm=4.. .. ... ... ... ......... 26

4 Multi-marginal optimal transport via graph theory 32
4.A  Some graph theory and preliminary results . . . . . . ... .. ... 33

4.A.1 Preliminary results connecting graph theory and multi-marginal

optimal transport . . . . . . . ... ... 37

4.B Monge solutions under extraction of graphs . . . . . ... .. ... 44
4B.1 Mongesolutions . . .. ... ... ... ... 44
4B.2 Examples . . . . . ... ... 53

vii



4.C Monge solutions for graphs with inner hubs and gluing of them 58

4.C.1 Monge solutions for graphs with innerhubs . . . . . . . .. 60
4.C.2  Monge solutions for graphs glued on cliques . . . ... .. 65
4.C3 Examples . . . . . . .. . e 74
4D UnIQUENESS . . . v v v v v i e e e e e e e e e e e e e e 81
4.E Discussion and negative examples . . . . . .. ... ... L. 82

5 A general condition for uniqueness in the Monge-Kantorovich problem 88

5.A Essential definitions and preliminary results . . . . . ... .. ... 88
5.B Existence and Uniqueness to Monge Problem . . . . ... .. ... 92
5.C Examples. . . . . . ... . 93
Bibliography 115
Index 120

viii



List of Figures

1.1 K,,withm="7.. ... .. . . . 5
1.2 Cyclegraphwithm =7. . .. ... ... ... ... ... ..... 6
41 Graph G =S51USUS;3 . . . o o oo 35
42 Graph (Uf-:l Sj) U (szl s;) .................... 36
43 Cyclegraphwithm =4. . ... ... ... ... ... ....... 44
44 Graphs Kzzand Ky4.. . . . .. ..o oo oo oo 54
4.5 Bipartite graph with set partition {V;, V5 }, where V| = {vy, va, v3, v4, v5, v10}
and Vo = {vg, 07,08, U9}« o oo 55
4.6 Graphs Kisoand Ky 1. . . . . o o o000 oo oo oo 55
4.7 Graph K3 59. Known as the Octahedral graph. . . . . . . ... .. 56
4.8 A Cocktail Party Graph withm =12. . . . ... .. .. ... ... 56
49 Graph S =S1USoUS3USy v o oo e 57
410 Graph G = Coo \ S. . . o o o oo o 58
411 Star Graphs. . . . . . . . . e 75

4.12 Graph G = U?:l S; generated by the collection of its maximal
Cliques {Sj}?:l’ where V(Sl) = {1}2, V3, U4, U1, U7}, V(SQ) = {112, V3, U4, Vg, ’Ug},
V(83) = {va,v3,v4,v11,v12}, V(Ss) = {v2,vs,v4,v10,v13} and

V(S5) = {v2,v3,v4,v5,09}. Clearly, A = {vy,vs,v4} is the inner

hubof G. . . . . . . . 75
413 Trees. . . . o o e e e 76
4.14 Graph Gy with inner hub {vy4, v15, 016} - -« . . o o oL 77

X



4.15
4.16
4.17
4.18
4.19
4.20
4.21

Graph G5 with inner hub {vq1,v12, 013} . . . . . . oo 77
Graph G1UGa. . . o oo o 78
Graph G35 with inner hub {vy, v, v, v10}. . . . . . . . ... 79
Graph G4 with inner hub {vq1,v90}. . . . . . . .o oL 79
Graph G3 U Gy. . o o o oo o e e e 80
Graph Gi1UGoUG3 UGy, « . o o o oo s e e 81
FanGraphs. . . . . . . . . .. .. . 83



Chapter 1

Introduction

1.A Background

Multi-marginal optimal transport is the problem of correlating a finite number
of mass distributions to minimize a notion of total cost. This problem is a natural
extension of the well-known classical optimal transport where the correlation is done
over two mass distributions (think of using a pile of dirt to fill a hole as efficiently
as possible relative to a cost function ¢ modeling the cost of transportation). The
classical problem was initiated by Monge in 1781 [40]; later in 1942, Kantorovich
established a relaxation by allowing the mass to be split into different target points

[33].

There are two formulations of the multi-marginal transportation problem: the
Kantorovich formulation and the Monge formulation. In the Kantorovich formu-
lation, given Borel probability measures y; on open bounded sets X; C R”, with
1 =1,...,m, and c areal-valued cost function on the product space X; x ... x X,,,

the goal is to minimize

/ C(xla s 7xm)dlu7 (KP)
X1 X..XxXm
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among all Borel probability measures y on the product space X; x ... x X,, whose
marginals are the y;; that is, for each fixed ¢ € {1,...,m}, pu(X; x ... x X;_1 X
A X X X ... x X)) = pi(A) for any Borel set A C X;.

In the Monge formulation, one seeks to minimize

/ c(xy, Towy, . .., Tinzy)dp, (MP)
X1

among all (m — 1)-tuples of maps (73,...,T,,) such that (T;);sq = p; for all
i =2,...,m, where (7;);/11 denotes the image measure of ji; through T;, defined
by (T3)su1(A) = i (T;'(A)), for any Borel set A C X;. It is well known that
problem (KP) is a relaxation of problem (MP), as for any (m — 1)-tuple of maps
(Ty, ..., T,,) satisfying the image measure constraint in (MP), we can define p =

(Id, Ty, .., T, )1, which satisfies the constraint in (KP) and

/ C(xla---,ﬂﬁm)dll:/ c(x1, Towy, ..., Ty )dp.
X1X..XXm X3

Under very general conditions (for instance, compactness of the spaces and conti-

nuity of the cost is more than enough) there exists a solution for (KP)[51].

When m = 2, the classical optimal transport problems of Monge and Kan-
torovich arise in (MP) and (KP), respectively. This case has been widely studied
and it is reasonably well understood; in particular, under a twist condition on c (the
map xo — D, c(x1,x5) is injective, for each fixed x; € X3, where D,, ¢ denotes
the derivative of ¢ with respecto to z1) and assuming i; is absolutely continuous
with respect to Lebesgue measure £”, there exists a unique solution to (KP) and it
is induced by a map [11, 25, 26, 37]. The classical optimal transport has profound
connections with many different areas of mathematics, including analysis, proba-
bility, PDE and geometry, and an extremely wide range of applications in other
fields, surveyed in, for example, [51, 52, 53] (see also [2] for an overview). For

the case m > 3, a wide variety of applications has also recently emerged, includ-
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ing, for example, matching in economics [18, 19, 44], density functional theory in
computation [9, 10, 14, 15, 21], and interpolating among distributions in machine
learning and statistics [7, 54] (see also [45] for an overview and additional refer-
ences). However, determining whether solutions to the multi-marginal Kantorovich
problem (KP) are unique and of Monge form has proven much more challenging,
as the answer depends on the form of the cost ¢ in subtle ways which are still not

understood.

One of the best known cost functions in the multi-marginal setting is the Gangbo

and Swigch cost function [27]:

1<i<j<m

In their seminal work, they prove that every solution to (KP) is concentrated on a
graph of a measurable map (with z; absolutely continuous with respect to £"), thus
obtaining a unique solution to the Monge-Kantorovich problem (in the subsequently
developed terminology of [35], (1.1) is twisted on splitting sets; see definition
2.5 below). In [1], Agueh and Carlier proved that solving the multi-marginal
Kantorovich problem with a weighted version of (1.1) is equivalent to finding the

barycenter of the marginals i1, . . ., fim.

A fundamental characteristic of the Gangbo and Swiech cost is that the first
variable x; exhibits a direct interaction with all the other variables; that is, the sum
> 1cj<m [1 — x;|* is a term of the sum in (1.1). As we will see in Chapter 4, if
this interaction is not given and only i, is absolutely continuous, we can show that
uniqueness is not obtained via simple examples; in particular, the twist on splitting
sets condition does not hold. An example of a cost function where such interaction
is not given is the Euler cost with m > 4,

m—1

Z ’ZL‘Z — JZZ‘+1|2 + |{L'm — T 2. (12)

=1



As highlighted in Section 1.7.4 of [51] this cost measures the discrete time kinetic
energy of a cloud of particles whose density at timestep k is f, such that the initial
and final position of a particle is x;. A more general framework is given if the final

position of the particle initially at z; is fixed to be F'(x;); that is,

m—1
Z‘xi_xi+1’2+|xm_F(xl)’27 (1'3)
i=1

where /' : R® — R" is a given map. In particular, when each p, = L"|p is
(normalized) Lebesgue measure on a common bounded domain X, = D C R" and
F : D — D is measure preserving, Iy, = i, the Monge problem with this cost
corresponds to the time discretization of Arnold’s variational interpretation of the
incompressible Euler equation [3]; the Kantorovich formulation corresponds to a
discretization of Brenier’s generalization [12]. If m = 2 and [ + DF'(x) is invertible
(alternatively it corresponds to the quadratic cost up to a change of variables) where
I denotes the identity matrix, the cost is twisted; while for m = 3, it is twisted on
splitting sets as long as DF'(z) + DF (z)T > 0. On the other hand, for m > 4, little
is known about the structure of solutions, although the problems has received a fair
bit of attention from a numerical perspective [6, 13, 24, 38]. In Chapter 3, we will

establish new results on this structure (available also in [48]).

In Chapter 4 we encapsulate the cost functions (1.1) and (1.2) by studying a
more general form in which arbitrary interaction structures between the variables

are permitted. More precisely, we consider
> lai—al, (1.4)
{i,j}eP

where P C Q :={{i,j} :4,j € {1,2,...m},7 # j} (note that (1.4) takes the form
(1.1) when P = @, and form (1.2) when P = {{i,i+1} :i=1,...,m — 1} U

{{1, m}} our main goal is then to identify conditions on PP which lead to Monge
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solutions. For this, we exploit a natural connection to graph theory; in particular, we
associate the cost function (1.4) with a graph whose vertices we label {v, ..., v, }
and whose set of edges is indexed by P. For instance, it is evident that cost (1.1)
is associated to a complete graph with vertices {v1, ..., v, }, denoted by K,,. See
Figure (1.1) for the case m = 7.

V2
U1
U3

U7

Uy

Ve

Us

Figure 1.1: K,, withm =T7.

In this setting every subgraph with m vertices G of K, is associated to a cost

Z{Uiﬂ)j}eE(G) |sz - $j|2, where
E(G) = {{vi,v;} : G has an edge between v; and v;, v; # v,}.

For instance, the “border” of K,,, that is, the cycle graph with vertex sequence
(v1,...,Vm,v1) (see definition in Section 4.A and figure below for the case m = 7),
is associated to cost (1.2).

The connection between multi-marginal costs functions and graphs described
above recently appeared in a computational setting in [30], where a regularized
(through an entropy term) multi-marginal optimal transport problem with cost as-

sociated to a tree was studied. Although the scope of that work is restricted to
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V2

U1

U3

U7

Uy

Vg

Us

Figure 1.2: Cycle graph with m = 7.

a more basic graph structure (only trees were considered), the edges {v;,v,} are
associated to more general symmetric costs ¢;;(x;, ;). Also, [31] established an
equivalence of the regularized multi-marginal optimal transport and the inference
problem for a probabilistic graphical model when both problems are associated to
a common graph structure. On the other hand, the same relationship was noted
in [23] when m = 3, where connectedness of the graph played an important role
in solving a one dimensional multi-marginal martingale optimal transport problem

under various assumptions; see Theorem 5.3 in [23].

The final chapter of this thesis focuses on the existence and uniqueness of
solutions to the multi-marginal Monge-Kantorovich problems (MP) and (KP) for
more general cost functions. This question is in general quite delicate, as the
structure of solutions depends subtly on c. In this setting, a condition playing an
analogous role to the twist condition was discovered in [35]; this condition was
called twist on c-splitting sets and states that for every x; € X; fixed, the map
(X9, ..., Tm) = Dy c(x1, 29, ..., x,y) is injective on c-splitting sets (see definition

2.5). The main result in [35] is then that whenever p; is absolutely continuous
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with respect to £", and c is twisted on c-splitting sets, the solution y to (KP) is
unique and induced by a graph. This encapsulates the results for specific costs, or
costs satisfying certain conditions, found in [16, 27, 32, 36, 44, 46, 47]. Unlike its
two marginal analogue (the classical twist condition), the twist on c-splitting sets
is very strong; there are many examples of cost functions for which it fails, and
for which non-unique, non-Monge type solutions exist [17, 19, 20, 28, 39, 42, 43].
It is, however, the most general known condition guaranteeing the unique Monge
structure of solutions, and it seems unlikely that there is a significantly weaker
condition on c under uniqueness is obtained for all choices of marginals 1, ..., i,

with 14; absolutely continuous.



1.B  Summary of results

In Chapter 3 we show that the cost function (1.3) is not twisted on splitting sets for
m > 4. Nevertheless, when m = 4 and F' is a positive scalar multiple of the identity
mapping, we are able to prove that all solutions are of Monge type, and therefore
unique, under an additional regularity condition on the marginals (in addition to i,
either o or 11y must be absolutely continuous). This result is very special; indeed,
as we show later on, it is in some sense impossible to go further. A simple example
shows that the extra regularity condition on p4 or js is required. When m = 4,
and [’ is any linear mapping other than a positive scalar multiple of the identity, we
demonstrate that solutions may not be of Monge type, even for diffuse marginals.
Similarly, when m > 5, we prove that solutions may not be of Monge type, even for
F(z) = =.

To offer some perspective on these results, we note that generalized incompress-
ible flows (ie, solutions to the infinite marginal version of the Kantorovich problem,
when each marginal is uniform and F' is measure preserving) are not generally
unique in dimension n > 2 [8]; however, unique Monge-type solutions exist when
I is close to the identity mapping [22]. It seems reasonable to expect the same to
hold for the time discretized problem. Our counterexamples essentially show that
this is not the case for m > 4, at least when the marginals are allowed to differ.

As we shall see in sections 4.B and 4.C, our main results in Chapter 4 (Theorem
4.9 and Theorem 4.12, as well as the related Propositions 4.13 and 4.15), provide
a broad class of graphs providing unique Monge solutions to (KP) with cost (1.4);
some of these are classical, well known graphs, whereas others are less standard
and more exotic. In particular, we highlight in Corollary 4.10 a special subclass
of graphs encompassed by our theory, offering a generalization of the Gangbo and
Swiech result which we find conceptually appealing: the class in which each vertex
is connected to all, except at most one, of the other vertices. Generally speaking, the

graphs for which we establish Monge solution results come in two complementary
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classes; one (see Section 4.B) results from the extraction from the complete graph of
subgraphs with a particular structure, while the other (see Section 4.C) is obtained

by joining complete graphs in a special way.

We would like to emphasize that, in addition to the regularity assumption on
41, which is standard in optimal transport, many of our results in Chapter 4 require
extra regularity conditions on certain other marginals; these assumptions are not
typical in optimal transport theory, but are necessary in our setting, since many
counterexamples to Monge solutions and uniqueness exist in their absence (see the
second assertion of Proposition 4.6). Note that these examples confirm that the
framework developed here reaches well beyond the twist on splitting sets theory, the
most general currently known condition implying Monge solution and uniqueness
results for multi-marginal problems; indeed, Proposition 4.6 verifies that the twist
on splitting sets condition is violated by a wide variety of cost functions, many
of which fall within the scope of either Theorem 4.9 or the results in Section 4.C
(Theorem 4.12 and Propositions 4.13 and 4.15). The trade-off is that we had to
assume regularity of certain subsets of the marginals, rather than only p;. This
naturally motivates the pursuit of a general condition on ¢, under which solutions to
(KP) are of Monge type and unique, for any collection of marginals (1, ..., tt,,, wWith
{1; absolutely continuous for all 4 in a given subset of {1,2, ..., m}. The purpose of

Chapter 5 is to develop such a condition.

Our condition is formulated in terms of c-splitting functions (see Definition
2.3) and the points where some of them are differentiable (the ones corresponding
to the marginals different than p; where regularity is needed). More specifically,
we require the mapping (zo,...,%,) — Dy c(z1,29,...,2,) to be injective on
special subsets generated by c-splitting sets and their associated Borel functions
(see Definition 5.2). This condition ensures Monge structure and uniqueness of the
optimal elements in II(j1, ..., iy,), as we shall see in our main result (Theorem

5.6), and it reduces to the twist on splitting sets condition in the special case when
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only regularity of p; is assumed, but reaches substantially beyond it in general.
Aside from including the cost functions in [48] and [49], our condition applies to a
wide variety of new costs, as we illustrate with several examples.

One essential aspect of the version of the twist condition presented in this work
is the dependence on c-splitting functions of the sets where the map (zo, .. ., z,,) —
D, c(xy, 9, . .., x,)isinjective (unlike the twist on c-splitting sets condition where
such map is injective on splitting sets with no dependency on c-splitting functions).
The involvement of c-splitting functions allows us to naturally generate several
differential equations as presented in Lemma 2.8, which are key to naturally exploit
the structure of a variety of cost functions. This type of approach is possible, in
particular, by the incorporation of additional regularity conditions on the marginals.
We also establish an equivalent condition to the twist on c-splitting sets condition
that facilitates the proof of some of the results; this condition focuses on every
m-tuple of c-splitting functions and an associated largest c-splitting set, instead of

every c-splitting set and its associated c-splitting functions (see Lemma 5.1).

10



Chapter 2

Preliminaries and definitions

In this chapter, we recall some preliminary results and definitions.

2.A The dual problem

For a cost ¢ and X; C R" for each 7, set

U= {(ul,uz,...,um) € HLl(m) ce(xy, . Ty) > Zui(xi),V(xl,...,xm) € X; x...X Xm}.
i=1

=1

The dual of (KP) asks to maximize on U/ the map:

(Ug, Uy .oy Upy) Z/ wi(x;)dp (x;). (DP)
i=1 /Xi

The following subclass of ¢/ plays a key role in multi-marginal optimal transport

theory.

Definition 2.1. An m-tuple of functions (uy,us, . .., uy,) is c-conjugate if for all i,

ui(z;) = inf <c(x1, ey D) — Zuj(xj)) 2.1)

z;€Xj,j#1 —
J#

11



It is well known that if (uq,us,...,u,) is c-conjugate, then each wuy inherits
local Lipschitz and semi-convexity properties from c [37].
The following well known duality result captures the connection between (DP) and
(KP). Most of the assertions can be traced back to Kellerer [34]; a proof that the

solutions to (DP) can be taken to be c-conjugate can be found in [27] or [46].

Theorem 2.2. Assume X}, is compact for every k. Then, there exists a solution
to the Kantorovich problem and a c-conjugate solution (uy,us, . .., Uy,) to its dual.
The minimum and maximum values in (DP) and (KP) respectively are the same and
Yo uk(xy) = c(z, ..., @) forall (xq, ..., xm) € spt(p), where spt(u) denotes
the support of .

2.B The twist on c-splitting sets condition

Let us recall some main concepts from [35].

Definition 2.3. A set S C [[", X, is called a c-splitting set if there are Borel

functions u; : X; — R such that

m

> wilw) < @, ) (2.2)

i=1
for every (z1,...,xm) € [11~, Xi, and whenever (z1,...,x,) € S equality holds.
The functions ui(xy), ..., Uy (xy,) are called c-splitting functions for S.

Definition 2.4. A ser S C [[", X, is called c-cyclically monotone if for any finite

p

collection { (%, ... zF) vy © S we get
p p w
k k o (k
c(xy,...,zr) < Zc(m? G
k=1 k=1
for every oy,...,0, € Sp, where Sp denotes the set of permutations of P =

{1,...,p}

12



It is straightforward to prove that any c-splitting set is c-cyclically monotone.
When m = 2, the converse is true by Riischendorf’s Theorem [50]. The converse
for m > 3, remained an open question until Griessler proved that in fact, every
c-cyclically monotone set is c-splitting [29]. In this work, we shall find it convenient

to use both definitions interchangeably.

Definition 2.5. Let ¢ be a continuous semi-concave cost function. It is called
twisted on c-splitting sets, whenever for each fixed 1% € X, and c-splitting set

S C {2} x Xy x ... X,,, the map

(9, ..., xm) — Dmlc(x?,xQ, ey Tn)

is injective on the subset of S where D, c(x%, 1, ..., x,,) exists.

Remark 2.6. The main result in [35] establishes that if c is twisted on c-splitting
sets, then every solution to (K P) is induced by a map, whenever 1, is absolutely

continuous with respect to L".

The classical duality theorem of Kellerer (Theorem 2.2) automatically connects
Definitions 2.3 and 2.4 with the optimal measures y in (KP). From now on, spt(j)

denotes the support of s.

Lemma 2.7. A measure j1 € (1, ..., fy), solves (KP) if and only if spt(u) is a

c-splitting set.

Let us finish this section with a convenient lemma, which will reduce some of
the technical details of the results in this work. For this, recall that given an open set
D and a semi-concave function f : D C R" — R, the superdifferential of f with

respect to a given x € A fixed is defined as the set

Of(x) ={z€R": f(y) — f(z) < z-(y—x) Vy € D}.

13



It can be proved that 0f(z) is nonempty for every x € D and D f(z) exists if and

only if Of(z) is a singleton.

Lemma 2.8. Let ¢ be a continuous semi-concave cost function, and u; : X; — R
Borel functions, i € {1,...,m}, satisfying the inequality condition in (2.2). Let

(29,...,2%) € TI]~, X such that

m
0 0 0
Z wi(z;) = c(ay,...,z,,). (2.3)
i=1
If there exists k € {1,...,m} such that Duy(z}) exists, then D,,c(a9,...,20)
exists and
Duy(x)) = Dy, c(al, ... z2).
Proof. Since c is semi-concave, the map xy — c(a¥,...,20_, xp, ) 4, ..., 25)
is semi-concave. Then 0, c(2Y, ..., a0_,, zy, 2., ..., 2%, ) is nonempty for every
zy € Xy, fixed, where 0, (29, ..., 20_,, xx, 25, ..., 2 ) denotes the superdiffer-
ential of ¢ with respect to x;. Using (2.3), it follows that
0 0 0 0
Oy, o 2) S Ou(ay) = { Dug () }-
Thus, 9, c(2?,...,22) is a singleton, which implies that D, c(2?, ... 20%) exists
and Duy,(2?) = D,, c(29,...,2%), completing the proof. O
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Chapter 3

Multi-marginal optimal
transportation problem for cyclic

COsts

In this chapter we focus in a multi-marginal optimal transportation problem with
cost
m—1

c(@r,. o tm) = Y@ =z [P+ | — F(21) ], (3.1)

i=1
where F' : R” — R™ and m > 4. We will approach the problem of minimizing

(KP), by the equivalent problem of maximizing:

Fylp] = / b(x1,. .., Tp)dp (KPb)
X

where b(z1,...,2,) = Zm_l Ti- Tit1+ T - F(x1), over the same admissible class

i=1
of (KP).
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3.A Monge Solutions

We now show that under regularity conditions on the first and fourth marginal, we

obtain a unique Monge solution for the case m = 4 and F'(z) = =.

Theorem 3.1. Let p; be probability measures over open bounded sets X; C R",
i=1,2,3,4. Take b(z,y,z,w) =x-y+y- -2+ 2w+ w-x and assume [y, ji4
are absolutely continuous with respect to L". Then any solution of the Kantorovich

problem (KPb) is induced by a map.

The strategy of our proof is based on the following observation: given a solution
pto (KPb) and a b-conjugate solution (uy, ug, uz, uy) toits dual, the coupling between
w1 and pip induced by g (thatis, (7, ) 21, Where m,,, + X1 x Xox Xgx Xy — X1 x Xo
is the canonical projection, 7,,(x,y, z,w) = (x,y)) solves a two marginal optimal

transport problem with an effective surplus given by:
flz,y) =z -y+suply -z —uz(2) + h(z + 2)], (3.2)

where

h(z + z) = sup|(x + 2) - w — uyg(w)]. (3.3)

The key to our argument is essentially the verification that f is twisted; that is,
y +— D, f(xo,y) is injective for any fixed xy € X; (this condition is well known to
ensure Monge solution for two marginal problems [11, 25, 26, 37]). Although the
reduction to a two marginal problem can be applied more generally, this strategy
to obtain Monge solution depends strongly on the form of the surplus function, as
one needs to be able to prove that the effective surplus function f (defined using the
Kantorovich potentials) is twisted for an arbitrary b-conjugate m-tuple (u1, ..., u,)
of functions. A similar strategy is applied successfully in the one dimensional case,

n =1,1in [16].
Proof. Let 1 be a solution to (KPb) and (u;, us, us, u4) a b-conjugate solution to its

16



dual. Consider the set
S = {(1:, Y, z,w) : Duy(z) and Dug(w) exist and b(z,y, z, w) = ul(a:)+u2(y)+u3(z)+u4(w)}.

Since the functions u;(z) and uy(w) are Lipschitz, they are differentiable £™-a.e.,

and therefore p; and p4 a.e. by hypothesis. Hence, (S) = 1. Note that

b(2,y, 2,w) = ug(2) — ua(w) < f(z,y) < w(e) + ua(y),

for all z, y, 2z, w and in particular equality holds on S, where f and h are defined by

(3.2) and (3.3), respectively.

Now, for any fixed x4, we will show that there is only one g, 2o, wp such that
(20, Yo, 20, wp) € S. Since the function x — f(x,yo) is convex and f(x,yy) <
uy () +ua(yo) for every z, it is subdifferentiable everywhere. For (o, o, 20, wo) €
S the equality f(xg, yo) = ui(zo)+ua(yo) implies that the subdifferential of f(z, yo)
at o is contained in the subdifferential of w;(z) at xy, which is {Du;(x¢)}; that
is, D, f(xo,0) exists and equals Duy(zo). By a similar argument Dh(xy + zo)
exists, Dh(xg + 20) = D, f(20,%0) — Yo = wo, and clearly, zy € argmax[yy - z —
uz(z) + h(zo + z)]. We claim that the map (y, z,w) — D, f(xo,y) with domain

R:={(y,z,w) : (zo,y,z,w) € S} is injective; this will imply the desired result.

Assume D, f(zo,y1) = D, f(x0,y2) for some (y1, z1,w1), (Y2, 22, w2) € R.

Note that

1wy = y1+Dh(zo+21) = Do f (20, 91) = Daf (20, y2) = y2+Dh(x0+22) = ya+ws,
(3.4)

and z; € argmax|[y; - z — uz(2) + h(zo + 2)], ¢ = 1, 2. Therefore

IN

Y129 — Ug(ZQ) + h([L‘O + ZQ) Y1 - 21— u;:,(zl) + h(ZEO + 2’1) (35)

yo - 21 —uz(z1) + h(zo+21) < yo-20 —uz(22) + h(zg + 22);  (3.6)



adding these inequalities gives (y; — y2) - (22 — z1) < 0, then by (3.4),

(’UJQ — U}l) . (ZQ — Zl) S 0. (37)

Furthermore, since w; € argmax|[(xg + z;) - w — uy(w)],

(;E() + 21) * W — u4(w2) < h(SEQ + 21) = (370 + Zl) W1 — U4(U)1) (38)

(33’0 + ZQ) W — u4(w1) < h(l’o + 2’2) = (330 + 22) Wy — U4(’LU2); (39)

after adding and canceling similar terms we obtain

(UJQ — ’LUl) . (Zl — 22) S 0. (310)

Therefore, by (3.7) and (3.10), (wg — wy) - (21 — 22) = 0 and we must have equality
in (3.5), (3.6), (3.8) and (3.9). This implies that wy € argmax[(zo + 22) - w —
ug(w)] (N argmax[(xg + 21) - w — ug(w)]; additionally, (ys, 22, ws) € R implies

uy(w) is differentiable at w9, and so

zo + 21 = Dug(wz) = 0 + 22 (3.1

that is, z; = z5. The equality w; = Dh(xg + z;) for i = 1,2 then implies that
wy = wsy, and so y; = y» by (3.4).

In summary, the equation D, f(x¢, yo) = Dus(x¢), which holds on S and therefore
w1 almost everywhere, implies that (1, zo, wo ) is uniquely defined from z,; therefore,
the 3-tuple (7%, 73,7Ty) where T; is the map associating each zg to o, 2o and wy

respectively, induces /. [

Remark 3.2. In a similar way, we can prove Theorem 3.1 if we replace F' = I by

F = X, where A\ > 0is a scalar.

A standard argument now implies uniqueness of solutions to (KPb).
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Corollary 3.3. Assume the same conditions as Theorem 3.1. Then the solution to

the Kantorovich problem (KPb) is unique.

Proof. Let p!' and p? be distinct solutions of (KPb). By Theorem 3.1, u! =
(Id, T}, T}, T}) and p? = (Id, Ty, T3, T}) for some 3-tuples of measurable maps
(T}, T3, T)) # (T3,T2,TF). Since the set of solutions of (KPb) is convex, y =
%ul + %;ﬂ is also a solution. Hence, applying one more time Theorem 3.1, we

conclude that y is concentrated on a graph. This is clearly not possible, completing

the proof. [

3.B Non-Monge Solutions

We now illustrate why the conditions on the marginal 14, the number of variables

m and the map F’ in the definition of b of Theorem 3.1 are necessary.

3.B.1 The regularity condition on /.

Assuming m and F' as in Theorem 3.1, the next example will show that if 14 is
not absolutely continuous, we can find a solution for (KP) not induced by a map.

Furthermore, the uniqueness result of Corollary 3.3 fails.

Example 3.4. Let X; = B(0,r) € R™ be an open ball, r > 0. Consider
c(z,y, z,w) = Lz =y + |y — 2> + |z — w|* + |w — z|?) and the following
measures on X;: The Dirac measure at the origin |15 = 14 = 0y and the normal-

ized n-dimensional Lebesgue measure j1; = i3 = where k, is the volume

LM
kn,rn)
of the n-dimensional ball of radius 1. Take any p in I(uy, po, ps, pia).  Since

(x,y,2z,w) € spt(u) implies y = w = 0, we obtain

/ (o 2wl = | (12 + 12
X1><X2><X3><X4 X1><X2><X3><X4

— [P+ [P
B(0,r) B(0,r)
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that is, F|u| is independent of y, hence any element in 11(puy, pio, i3, pa) is a
minimizer. Therefore, we can find optimal measures |1 to (KP) not concentrated on a
graph of a measurable map; for instance, the product measure |1 = 11 & 12 @ 13D [14.
On the other hand, if we set ;1 = (Id, F, T, F )y where Ty = pg and F' = 0, we

get solutions for the Monge problem.

Remark 3.5. Theorem 3.1 in [35] (see Remark 2.6) and the previous example imply
that the cost function (3.1) is not twisted on splitting sets when m = 4 and F' = Id is
the identity mapping. Indeed, if the cost were twisted on splitting sets, the result in
[35] would imply that the solution to the problem considered in the example would
be unique and of Monge type; as this is not the case, the twist on splitting sets
condition must fail.

Nearly identical examples can be constructed to show that (3.1) is not twisted

on splitting sets for any m > 4 and any choice of F.

3.B.2 The condition F' = |.

In this subsection, by assuming £’ is not a positive multiple of the identity mapping,
and that m = 4 and n = 2, we will find absolutely continuous marginals in R?
such that a solution of (KPb) is concentrated in a 3-dimensional set. Therefore, this
solution will not be induced by a map. For this purpose, we use the next theorem
established in [4, 5] and Lemma 3.7.

In what follows, we denote by R? the set of all 2 x 2 real matrices that can be

expressed as the product of d positive definite real matrices.

a
Theorem 3.6. Assume that M = is a 2 X 2 matrix and |M| > 0, where

c d
| M| denotes the determinant of M, then:

1. M € R?iff M is diagonalizable and its eigenvalues are both positive.
2. M e R ifftr(M) > 0or (c — b)*> > 4|M]|.
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We now recall a couple of well known formulas which will be useful in the
construction of counterexamples for the rest of this chapter.

For any 2 x 2 matrices A and B we have:
|A+ B| = |A|+ |B| + tr(Adj(A)B), (3.12)

where Adj(A) denote the adjugate of A.

Given a convex function f : R" — R U {0}, its Legendre-transform will be
denoted by f*; thatis, f*(y) = sup,(z -y — f(x)). We have special interest in the
Legendre-transform of f(x) = %mTAx + b - x for a given positive definite n X n

matrix A and b € R™. For this function, we have:
* 1 T 4—1
fry) =5y —0)"A"(y —b). (3.13)

Lemma 3.7. For each 2 x 2 real matrix F' such that F' # \I for some \ > 0, there

exists M € R? such that F + M is singular.
a b )
Proof. Let F' = be 2 x 2 real matrix such that F' £ \I for any A\ > 0. We
d

f

e
want to show that |F' + M| = 0 for some M = € R2. First, note that by
g h

(3.12),
|F+ M| = |F|+ |M|+ (de — gb) + (ah — fc).

We divide the proof into 3 cases:

1. If ¢ # 0, take any e,h € R with e # h and e,h > 0. By setting f =
w and g = 0 we obtain |M| > 0 and |F' + M| = 0. Furthermore,
M is triangular with distinct eigenvalues e and 5, hence M is diagonalizable.

Since e, h > 0, we get M € R?* by Theorem 3.6.

2. If c = 0 and b # 0, using a similar argument as in 1. we obtain the same

21



result by taking f =0, g = w and any e, h > 0, e # h.

. If b = ¢ = 0, note that by hypothesis a # d. Also, we have a,d > 0, a,d < 0
or without loss of generality a < 0 and d > 0. For the second and third
case, we can make M diagonalizable with positive determinant and satisfying
|F + M| = 0, by taking e = h = —a and f = g = 0. Hence, M € R? by
Theorem 3.6. For the first case, assume without loss of generality a > d > 0

and consider the matrix

ad d? a+d

M = € f _ a—d + A a—d + A
a? —ad a+d

g h T a—d A a—d 2J:z A

with A > 0. Clearly,

2N Ly

|F+M|=| "1 ol =0
—E-a —E-gh
Since%—i—%l)\:—djL%qL%l)\ and %—%)\:—a—l—a‘%—l—)\,we

have

= (=t S o) (2 )+ (et ) (e g )
2

a( ad a+d/\>_d< ad+/\>
a

ad a—

+d )

(2
(%d

>A>0

Furthermore, tr(M) = e + h = %%\ > 0. Hence, tr(M)? — 4|M| > 0 for

big enough A; that is, the eigenvalues of M given by

M) £ \/tr(M)Z — 4]M]
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are both positive and different. Then M is diagonalizable and belongs to %2,
by Theorem 3.6.

]

Proposition 3.8. Forb(z,y,z,w) = z-y+y-z+z-w+w-F(z), with (z,y, z,w) €
(R*)* and F a linear map such that F' # M\ for any X\ > 0, there are absolutely
continuous marginals i1, (i, [13, 14 With respect to L2, such that a solution of (KPb)

is not concentrated on a graph of a measurable map.

a b
Proof. Let ' = be the matrix representation of F'(z). By the previous
c d
e f L
lemma we can choose M = € R? such that F + M is singular. Note
g h

that A := M~'F + I is also singular and M ~! € R2. Let M;, M, > 0 be such
that M ~! = M, M,. Decompose each vector z € R? into orthogonal components
x = x; + x| with x| in the null space of A and x, in the orthogonal complement

of the null space of A; that is, the range of A”. For all z,y, z, w define:
. z |2 T,2
i) =S4 g@)+ o), wly) =B +g(y),  wheregi(x) =

%(MQFm)TMl(M2F$)7 g2(z) = %(Fm)TMz(FJU) and g(y) = %yTMly

ii. ug(2) = 32T (M7 + M)z, wa(w) = Jw My w.

iii. p(z,y) = sup,,[b(z,y, 2, w) — uz(z) — us(w)].

Consider the set:
W = {(:U,y,z,w) cxy = Aly, 2= Mi(y + MyFx) and w= My(z + Fx)}

We claim

b(z,y, z,w) —up(x) —us(y) — uz(z) — ug(w) <0, (3.14)
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for all (x,y, 2, w) € (R?)? and equality holds on W. For the inequality, it suffices
to prove p(z,y) < ui () + ua(y).
plr,y) =z -y+suply-z2+z-w+w- (Fr) —uz(z) — uy(w)]

=2y +sup [y'z—u;;(z) + sup [(Z+FI) ~w—u4(w)ﬂ

=z -y+supy-z—uz(z) +uj(z + Fz)]

1
=z-y+sup|y-z—us(z) + S5z + Fa)"My(z + Fu)] by (3.13)
1
=z -y+suply-z— §zTM1_12 + 2" MyFz) + go()
1
=yt T+ MyFx)" My(y + MyFx) + go(x) by (3.13)

=z y+y MiMxFz + gi(z) + g2(x) + g(y)
=y" Az + gi(2) + g2(x) + 9(y)
=y" - Ay + gi(2) + go(x) + g(y)

= ATy -z, + ¢1(2) + g2 (2) + g(y)

ATy | P
<
-2 * 2

= w1 (2) + uz(y),

with equality when z;, = ATy. Hence, for any element (z¢,yo, 20, wo) in W,
p(xo, yo) = ui(xg) + uz(yo). Furthermore, by tracing the cases of equality in the
preceding string of inequalities, it is not hard to show that ( z, wg ) maximizes the map
(z,w) = yo-z+2z-wHw-(Fry) —us(z) —us(w). Then b(xg, yo, 20, wo) — us(20) —
ug(wo) = p(xo,yo); that is b(xg, Yo, 20, Wo) — us(z0) — ug(wo) = ui(xg) + u2(yo)
on W, proving the claim. Since z and y can be chosen freely, dim(WV) = 2 +
dim(null(A)) > 3. Then, if we take any probability measure y, concentrated on W
and absolutely continuous with respect to dim(1V')-dimensional Hausdorff measure,

spt(p) will not be concentrated on the graph of a measurable map. Now, take the
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projections of £ as marginals; that is, set (1 = (m,)st, po = (my)st, ps = (72 )5t
and py = (m,)sp. Inequality (3.14) together with the fact that equality holds p
almost everywhere, implies that x4 is a solution to (KPb). It remains to show that
these marginals are absolutely continuous with respect to £". Since y is absolutely
continuous with respect to dim(WV)-dimensional Hausdorff measure, it will suffice
to show that the canonical projections 7, m,, 7, m, from the linear subspace W
are surjective. We claim that M; and M, can be chosen so that this is the case.
Indeed, since y can be chosen freely in the definition of W, it is immediate that 7,
is surjective. Given any x = x| + x_, we can find y such that x| = ATy, since AT
maps R? onto its range, which is the orthogonal complement of the null space of A.
Therefore, (x,y, z = My (y+ MaFz),w = My(z+ Fx)) € W, which implies 7, is
surjective. Turning to 7, and 7, note that Mf = AM; > 0 and Mz’\ = %Mg > 0,
and that replacing M; and M, by M; and M, respectively does not change M (or
therefore A). Set Q7 = M; + AAT — AT and Q3 = (M) + M} (AAT — AT +
F AT and note that, for ) sufficiently large, both } and Q3 are invertible. Now, let
z € R?. Choose y such that Q}y = zand z = x| + 2, = 0+ ATy = ATy. Then

(z,y, MMy + M3 Fz), M3( M}y + M3 Fzx) + Fx)) € W, and

My + MyFz) = M (y+ M;FATy)
= (M} MMMPF ATy
= (M} +(A-1)AT)y
= (M) + AAT — ATy

= Qly=-=z.

This establishes surjectivity of .. Similarly, for w € R?, choosing y such that
w=Qyyand z =z +xz, = 0+ ATy = ATy, we have that (z,y, M}y +
M3 Fx), M M}y + M3 Fx) + Fz)) € W, and

25



My(M7(y + My Fa) + Fx)) = My(Qy + FA"y)
= My(M}+ AAT — AT + FAT)y
= (M YT + M)AAT — AT 4 FAT))y

= Qé\y:w.

Therefore, 7, is surjective, completing the proof. 0

3.B.3 The condition m = 4.

In this subsection we show that the hypothesis on the numbers of variables in
Theorem 3.1 is necessary. We will follow the ideas behind the proof of Proposition
3.8.

In what follows, the presented variables are in R2. For a given z; € R? its

coordinates will be denoted by z} and x? respectively.

m

Proposition 3.9. For b(zy,...,x,) = Z¢:_11 Xi - Tiy1 + T - 1, m > 5, there are
absolutely continuous marginals j1; with respect to L, such that a solution of (KPb)

is not concentrated on a graph.

— 3

Proof. By part 2 of Theorem 3.6, M = € 3. Hence, we can choose
0 -1

positive definite matrices My, Mo, M3 > 0 such that M = M;M;Ms;. For all

zi,...,T,, define:

Loup (o) = 29 g () 498 (21),  where gy (21) = 2(Maay)" My(Mszy)+

L(MoMszy)" My (MyMsz1)  and g3 (1) = 22l Mazy + 22 |24)?  for

all m > 5.

.. xl 2 . _
i up(w2) = %‘1‘9(372) with  g(xa) = 5235 Myzy, us(ws) = jaf (M '+

Mg)[L‘g and U,4(.I‘4) = %IZ(M;I + M3)$4 for all m 2 9.
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_ 1,71 _
iii. us(zs5) = 505 M3 x5 form = 5.

Lel(M5' 4+ Dy ifi=5
iv. Form > 5, us(2;) = ¢ |zy]? ifb<i<m
%|xm|2 ifi =m.

o D@1, ) — S ui(y)] forall m > 5.

.....

Consider the set:

W = {(931, ey D) x% =xy, 3= M (x5 + MyMszy), x4 = Ms(x3+ Msxy),

Ty = Mg(x4 -+ .1'1) and T; = X1+ Tj—q, for 1 > 6}

We claim that for m > 5, b(z1, ..., Tm) — D reg wi(z;) < uft(x1) + ug(xs), for all
(z1,...,2,) € (R?)™, and equality holds on W. For the inequality, it suffices to
prove p™(z1,x9) < u'(x1) + uz(xe) for all m > 5. We divide the proof of the

claim into two cases:

1. For m=5

p5(:131,x2) =21 T+ sup [wo-x3+ X3 T4+ 3425+ 511 — uz(ws) — ug(wy) — us(ws)]

x3,%4,T5

= T1 Ty +sup [Iz - w3 — uz(z3) + sup [$3 -2y — ua(24)
T3 T4

+ sup[(zy + x1)75 — u5(x5)ﬂ]

T5

= a1 - Ty +sup [ - 23 — uz(w3) + suplrs - w4 — wg(a) + us(zs + 21)]]
xrs3 T4

= 21 - T3 + sup (@5 - T3 — uz(w3) + suplzs - x4 — ug(24)

xrs3 T4
1
+ 5(.a:4 + 1) My (x4 + 11)]] by (3.13)
1
= 21 - T3 + sup (25 - T3 — uz(w3) + suplzs - x4 — §x4TM2_1x4
T3 T4

+ fL’ZMgIl + gg(xl)]]
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1
= Iy - Ty +Sup [$2 - w3 — uz(w3) + 5@3 + M3331)TM2(553 + Msl’l)}

z3

+ g3(@) by (3.13)
1
= T1 - Tz 4 Sup (22 T3 — §$3TM1_1$3 + (Msa1)" Maxs| + g3 (1)
xr3
1
+ §(M3$1)TM2(M3£U1)

1
=11 - Ty + sup @2 - 13 — us(x3) + §(SB3 + Mzzy)" Mo(zs + Mxr)] + g5 (1)

3

1
=21 Ty + 5(@ + MyMszy)" My (29 + Mo Mazy) + g5(1)

1
+ 5(Mggzsl)TMg(M?,:,;l) by (3.13)

= 21 - Ty + x5 My + g1 (1) + g5(21) + g(z2)

= 3zt + g1(21) + 95 (21) + g(2)

3(22)2  3(l)2
< ($21) + (9;2) +g1(xy) + gg(xl) + g(x9) by the Cauchy-Schwarz Ineq.

= uj (1) + ua(22).

2. The case m > 6 will be proved using induction. For m = 6, note that:

1 _ 1
T4 @5 —us5(25)+sup[(zs5+21)ze—us(26)] = (I1+x4)$5—§ng3 1$5+§|351|2
z6

and
_1 TMfl 1 2 _1 TM 1 2
sup[(z1+x4) s 55 M x5+2]x1\ | = 2(:U4+3:1) 3($4+:L*1)—|—2|x1] )

Ts

Then
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1
P’ (@1, 2) = p° (21, 32) + §|»’Cl\2

1
< ud(wy) + ug(wg) + §|x1|2

= uf (1) + up(x2). (3.15)

Assume the statement is true for m — 1. Then

L35eey Tm

m—1 m
p" (w1, 29) = sup [Z Ti* Tit1 T T » T1 — Zuz(%)]
i=1 i=3

- m—2 m—1
= sup Z Ti - Tit1 — Z ui(x;) + sup [(Il + Tm1)Tm — Um(l'm)}]
T3yesTm—1 - ] i—3 Tm
- m—2 2 m—1
= sup Ti - Tig1 + W—+_l| — Z ul(xl)] by (3.13)
T35 Tm—1 - i=1 i=3
- - [ | Jal?
=  sup b(xl,...,xm,l)—Zui(:vi)— 5 -+ 5 }
T3, Tm—1 - i=3
2
x
— " Ny, o) + | ;| (3.16)
e o - .
< ul" (21) 4+ ua(ze) + 5 by induction hypothesis

= ui"(z1) + uz(z2).

If 2 = x}, we obtain p° (1, x2) = uj(x1)+ua(z2) and by (3.15), p® (a1, x5) =

u8(x1) + ug(z2). Furthermore, by (3.16), p" (1, o) = p" (z1, 12) + ‘“7;‘2.

Hence, using induction we can easily prove that p” (x, z3) = u]"(z1)+us(z2)

for all m > 5, when 27 = 1.

On the other hand, for any element (Z1, ..., Z,,) in W, (Z3, ..., Z,,) maximizes the
map:
m—1 m
(T3, ) > To - T3 + sz “Tit1 + T - T1 — ZUZ(%)
i=3 1=3
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Hence b(Z1,...,Zm) — Y s ui(Z;) = p™(Z1, T2)= ui*(Z1) + ua(Z2). This proves
the claim.

Since z} and xy = (x},r3) can be chosen freely, W is three dimensional, and

the claim implies that any probability measure ;. supported on W is optimal for its
marginals in (KPb); such solutions are manifestly not of Monge type. It remains to
show that the marginals z; = (7., )y of 11 can be taken to be absolutely continuous.
As in the proof of Proposition 3.8, this will be the case when p is absolutely
continuous with respect to 3-dimensional Hausdorff measure on W, provided that

the canonical projections 7., from W are surjective; we prove this now.

It is clear that 7., and m,, are surjective. Turning to the other projections, set

T 0 . my mi
T, = , Lo = and write M, = ,k=1,23.
0 x2 mi m}

Then (LUl, R ,$m) € W where T3 = M1($2+M2M3I1), Ty = M2($3+M3I1),

Ty = M3(5E4 -+ 1'1) and T, =T1+ Ti1 for ¢ 2 6. Note that:

x4 = Mows + MyMszx,
= MQMl(IQ + MgMgl’l) + MQMgZEl

= MyMyxy + (Mo My MyMs + MyMs) a4,
or equivalently,

I
x1> = M , (3.17)

2 1
—x5 + by

a b
where = M3 My My My Ms + M3 My Ms is symmetric and positive definite.
b d

1 1,.1 1 1
ax mal a -+ mgz)x
x5 = Myzy + Mz, = ! + 17 = ( 31 (3.18)
—x3 + bx} max! —23 4 (b + m?)x]
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Finally, for ¢« > 6 we get

, (i —5+a+mi)r
Tr; = I + Ti—1 = (Z - 5)1’1 + Ty = . (319)
—23 + (b + m3)z]

a b
Clearly, since M3 > 0 and > 0 we have a,a +m},i —5+a+mi >0
b d

(when 7 > 6 for the last inequality), implying that the equations (3.17), (3.18) and
(3.19) each have a solution for arbitrary choice of x4, x5 and x;, 7 > 6, respectively,
and so the projections ,,, ¢ > 4 are surjective. Finally, we turn to the equation for

3.
2.9 1
miry; — Iy

x3 = Myzy + Mz =

3,.2
miTy

which has a solution for every fixed z3 € R?, as m? > 0. Thus, 7, is surjective.

This completes the proof of the proposition. [
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Chapter 4

Multi-marginal optimal transport via

graph theory

In this chapter we study a multi-marginal optimal transport problem with cost

> Ja -y, (4.1)
{ij}eP

where P C @ := {{i,5} : 4,5 € {1,2,..m},i # j} (cost (4.1) reduces to (1.1)
when P = (), and (1.2) with F' = [, if P = {{i,z’+1} ci=1,...,m— 1}U
{{1, m}}) We reformulate this problem using graph theory; in particular, we
associate each cost of the form (4.1) to a graph with m vertices whose set of edges
is indexed by P. For instance, the Gangbo-Swigch cost (1.1) is associated to the
complete graph K, and the cyclic cost (1.2) to the cycle graph. See Figures (1.1)
and (1.2) for the case m = 7.

Instead of minimizing (KP), we will trent the equivalent problem of maximizing:

/ b(xy, ..., Tm)du (KPG)
b
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where

b(x1, ..., Tp) = Z T - Tj, (4.2)

over the same admissible class of (KP).

4.A Some graph theory and preliminary results

First, let us recall some definitions from Graph Theory. An undirected simple
graph G is an ordered pair (V(G), E(G)), consisting of a finite set of vertices
V(G) and a set of edges E(G) C {{v,w}: v,w € V(G) and v # w}. Through-
out this work, every graph G is an undirected simple graph. A trail is a finite
sequence {{v,, vi, }, {vi,, Vig }, ..., {vs, vi,,, } } of pairwise distinct edges which
joins a sequence of vertices. A path is a trail in which all vertices are distinct:
vy, # v for all j # k. A cycle graph is a trail in which the first and last
vertex are the only one repeated: {{v;,, v, }, {viy, vis }, ..., {vi, vi,,, } } » Where
{{vir, vis }, {viz, vi }, - .-, {vi,_,, v5,} } is a path and v;,,, = v;,. A tree is a graph
where any two distinct vertices are connected by a unique path. A graph G is con-
nected if for every v, w € V(G) there exists a path in the graph joining them. We
will denote by (V' (G)) the set of indices of V (G) (that is, for V(G) = {v1, ..., un },
I(V(G)) ={1,2,...,m}) and |V (G)| the cardinality of V' (G).

A subgraph S of a graph G is a graph whose sets of vertices and edges are
subsets of V' (G) and E(G) respectively. In this case, we call the graph G \ S :=
(V(G),E(G) \ E(S)) the extraction of S from G. Note that if G is complete
and V(G) = V(5), G\ S coincides with the complement of S; that is, G \ S =
(V(S), E(S°)), where E(S¢) := {{v,w} : v,w € V(S) and {v,w} ¢ E(S)}.

Given v,w € V(G), v and w are called adjacent if {v,w} € E(G). The open

neighborhood of a vertex v, denoted Ng(v) (or simply N (v) if there is not danger
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of confusion), is the set of vertices that are adjacent to v; that is,
N(v) ={w e V(G) : {v,w} € E(G)}.

The closed neighborhood of a vertex v, denoted N ¢ (v)(or simply N (v)), is the set
N(v) U {v}.

A graph G is complete if N(v) = V(G) \ {v} for every v € V(G). A clique
G = (V(G), E(@)) of a graph G = (V(G), E(G)) is a complete subgraph of G;
thatis, G' is a subgraph of G and satisfies Ny, (v) = V(G)\ {v} for every v € V(G).
A clique is maximal if it is not a proper subgraph of any other clique of G.

The union of two given graphs (G; and G5 (denoted by G U (i) is the graph
with set of vertices V(G1) U V(G3) and edges E(G1) U E(Gs). A complete k-
partite graph G is a graph whose set of vertices V' (G), can be partitioned into k
subsets Vi, Va, ...,V such that for every v € V;, N(v) = UZ? V,, for any fixed

j € {l,...,k}. A complete k-partite graph G is denoted as K,,, ., Where

-----

’V}| = m; for every j € {1, .. '7k}'

Remark 4.1. Note that the definition of a graph implies v ¢ N (v) for every v €
V(G). Furthermore, from now on, if S is a subgraph of G and v € V(5), we will
write N (v) for the open neighborhood of v in G; that is, N (v) = N¢g(v). Similarly,
N(v) = Ng(v).

The next two concepts are used to facilitate the description of our main results,

established in Theorem 4.9 and 4.12.

Definition 4.2. We say that a subset A of V(G) is the inner hub of G, if A =
V(S1) NV (S2) for any two maximal cliques Sy and Ss of G.

Example 4.3. The picture below shows the graph G .= S1US,US3, where Sy, S, and
Sy are complete graphs with V (S1) = {vg, v, vs, 9}, V(S2) = {ve, v7,vs, V4, V5 }
and V (S3) = {vg, v7,vs,v1,02,03,010}. Clearly, {S1, S, S3} is the collection of
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maximal cliques of G, and the inner hub of G is the set formed by the vertices of the

triangle colored blue; that is, A = {vg, v7,vs}.

U3 V2

Y

5 o
%!é‘ (é« /

TN

U7 Ug

Figure 4.1: Graph G = 57 U Sy U S5,

Not all graphs have an inner hub. Letting {5 }3:1 be the maximal cliques of a
graph G, itis clear that G = Ué’:l Sj; Ais the inner hub of G if V/(S;) NV (S,) = A
forall j #k, j,k € {1,...,1}. Note that we allow the inner hub A to be the empty
set, which is the case when G is disconnected and each connected component is
complete. At the other extreme, we could have A = G, which is the case when G is

complete.

Definition 4.4. Ler {S5;; ?:1 and {Ss; 2»2:1 be the collection of maximal cliques of
given graphs G and G, respectively. Assume that G and G5 have inner hubs A,

and As, respectively. We say the graphs G, and G4 are glued on a clique if:

1. Therearej € {1,...,l1i} and k € {1,... 12} such that S1; = Soy.
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2. V(Gy) NV(Ga) = V(Sy,).

Example 4.5. The picture below shows the graph S U Sy U Ss, where {S1, Sa, S3}
is the collection of maximal cliques in Example 4.3, glued with the graph S| U
S4 U S, U S, on Sy, where S1,S5, S, and S| are complete graphs with V(S]) =
{vy,v5,v14}, V(S5) = {vs, v7, 08,04, 05} = V(S2), V(S5) = {v4, v5, v15, 016} and

V' (S}) = {v4, vs,v11, V12, v13}. Note that the inner hub of S} U S, U S} U S, whose

4

collection of maximal cliques is {S; j=1, is formed by the vertices of the edges

colored red; that is, A" = {vy,vs5}.

SENR

>
W7

oy © Ve \\,’}Al\\,/ Vg

U7 Ug

Figure 4.2: Graph (U?Zl Sj> U (U?Zl S;) .
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4.A.1 Preliminary results connecting graph theory and multi-

marginal optimal transport

In this subsection, we establish some initial results connecting solutions of the multi-
marginal optimal transport problem (KPG) and the structure of the corresponding
graph. These include a couple of very basic observations (Proposition 4.6), as well

as a technical lemma which will be used throughout the paper (Lemma 4.8).

Proposition 4.6. Let GG be the graph corresponding to some P C () and b the suplus
(4.2).

1. Assume G is not connected and let x; be any vertex such that there is no path
between x1 and x;, and assume that p; is not a dirac mass. Then there exist
non Monge solutions to (KPG), and, if i, is not a dirac mass, the solution to

(KPQG) is not unique.

2. Assume {vy,v;} is not an edge of G for some i, and all the marginals are dirac
measures except |1, and [;, with p; absolutely continuous with respect to L™.
Then, there exist solutions of non-Monge form to (KPG) and the solution to

(KPQG) is not unique.

Proof. Consider the first assertion. Let G; be the connected component of GG
satisfying v; € Z := V((G1), and G5 the graph union of the other components of
G, with W := V(G3). Then the surplus (4.2) takes the separable form:

b(x1, ..., Tm) =bz(zz) + bw(zw),

where we decompose * = (xz,xy ) into components x; and zy whose in-
dices of their coordinates lie in /(Z) and I(W), respectively, and bz(zz) =
D (wew)eB (G Ts - T bw(@w) = 30, yem,) Ts - Te- Solutions to (KPG) are
then exactly measures p whose projections pz and puy onto the appropriate sub-

spaces are optimal for the multi-marginal optimal transport problem with costs by
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and by, respectively, and the appropriate marginals. In particular, the dependence
structure between p» and pyy is completely arbitrary, and so, if p; is not a dirac
mass for some v; € W, we immediately get the existence of non-Monge solutions
(for instance, the product measure 1z ® py ), and if in addition gy is not a dirac
mass, solutions are non-unique.

Turning to assertion 2, without loss of generality, assume {v;, v5} is not an edge
of GG. Take u; be absolutely continuous with respect to £L", 5 be any measure other
than a Dirac mass (so that ;5 charges at least two points) and let all other marginals
be Dirac masses, ; = 0z,. In this case, measures ;. whose marginals are the y;
all take the form p = o(z1,23) ® 0z, ® ... ® dz,,, where 0 € P(X; x X,) has

marginals p; and ps. For any such p, we have

/ b(xy,. .., Tp)du(xy, ... 2y) = / b(x1, T2, T3y ..., Ty)do(xq, x2)
X1 XXoX..XxXm X1xXo
= / bi(21, T3, ... Tp)dptr (21)
X1

+/ ba(2, T3, . . ., Ty )dpiz(22)
X2

where by (z1,23,...,Tn) = Z{US’W}GE(G) siza Ts - Ty and bo(xe, T3, .., Tpy) =
Zse I(N(v2)) T2 * Ts- Thus, the Kantorovich functional is independent of o, and
so any o with marginals iy and po is optimal. We conclude that solutions are
non-unique, and can be of non-Monge form (as is the case when, for example,

0 = Jui1 X g is the product measure). [

Corollary 4.7. Under the hypothesis in any of assertion 1 or assertion 2 of Propo-

sition 4.6, the surplus b is not twisted on b-splitting sets.

Proof. Suppose b is twisted on b-splitting sets. From Remark 2.6 every solution
to (KP) is induced by map; that is, every solution to (KP) is of Monge type. This

clearly contradicts Proposition 4.6, completing the proof of the corollary. [
Clearly, in light of the first assertion there is no hope of obtaining Monge solution
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results for disconnected graphs (except in the trivial case when each y; with x; not
connected to p; is a dirac mass, in which case the problem reduces to a problem
on the connected component containing x;.) We therefore will focus on connected
graphs throughout this paper. On the other hand, our work in [48] suggests that at
least for some surplus functions where {v;, v;} is not an edge of G for some 7, unique
Monge solutions may exist when extra regularity conditions on the marginals are
imposed (even though the twist on splitting sets condition fails). Our results in the

following sections confirm that this is indeed the case.

The proofs of our main results will require the following technical lemma.

Lemma 4.8. Let G be a graph, with V(G) = {vy,...,vn}, and b(xy, ..., Tp) =
Z{vsmt}eE(G) xs - x; be the surplus associated to G. Let (uy, . .., u,,) a b-conjugate

m-tuple. Set

W = {(azl,...,xm) eX;x... me:Zui(as,-) :b(xl,...,xm)}.
=1

2 .2

Fix ! € X, andfor convenience of notation set v1 = v = 2%. Let (x}, 2, ... 2L), (2%, 22, ...

m

w.

1. Assume there are sets V1, Vo C V(QG) such that N(vs) = Vs for every s €
I(V}), and set

2L if sefl,...,m}\I(Wh)

2 if selI(W).

If

dooal= ) a2 (4.3)

s€l(Va) sel(Va)

theny == (y1,y2, -, Ym) € W.
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2. Forallt € {1,...,m} we have

(2 =) D>, (w—ad) <0 (4.4)

s€I(N(vt))

3. Ifthere exists t € {1,...,m} such that

dooal= > 2 (4.5)
s€I(N(vt))

s€I(N(vt))

1_ .2
then v, = x3.

4. Assume x, = 2 and Du,(x,) exists for some p € {1,...,m}.
(a) Foreveryt € {2,...,m} \ {p} satisfying
N(vp) = N(wy), (4.6)

we have x} = 2.

(b) Assume there are sets F, Fy, F3 such that Fy, F» C N(v,) and N(v,) =
Fy U F; for every s € I(Fy). If vt = 22 for every s € I(N(v,) \ Fy U
Fy) U I(F3), then x! = 22 for every s € I(F}).

Proof. Since for every s € I(V;) we have N(vs) = Vi, and v ¢ N(v) for all

v € V(Q), we get V1 NV, = (). Hence, we can write

b(xl,...,xm):g(azl,...,xm)—l—( Z ms)< Z xs>,

sel(Va) sel(W1)
where g(z1, ..., ,,) does not depend on {x}cr(v;). Hence
{ZL’ }86](V1) S Argmax{{xs seI(Vh) ( Z x ) ( Z xs) - Z us<Is)}7
sel(V2) sel(Vh) sel(V1)
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as (2, 23,...,22) € W. Then, If (4.3) holds we get

{xi}sg(vl) € Argmax{{xs}sel(vl) — ( Z xi) ( Z x5> — Z us(xs)},

sel (V) sel(Vh) sel(Vh)

which implies y € W, as (x1, 23, ..., z},) € W. This completes the proof of part 1.

Using the arguments of the previous proof, and taking V; = {v;} and V5, = N(v;)

for any fixed t € {2,...,m}, we deduce

= Argmax{xt — < Z xi) N - ut(a:t)}.

s€I(N(vt))
Similarly,
T € Argmax{mt — < Z x;) STy — ut(xt)}.
s€I(N(vt))
Then,
Z x?) oy —wy(z)) < ( Z xi) cx? — uy(z?) 4.7)
s€I(N(vt)) sEI(N(vt))
and

Z xi) cx? —uy(2?) < < Z xi) oy — wy(x)). (4.8)

s€I(N(vt)) s€I(N(vt))
Adding (4.7) and (4.8) (and eliminating terms) we obtain inequality (4.4), complet-

ing the proof of the second part.

The proof of part 3 follows immediately from part 2, as if there exists ¢ €
{2,...,m} satisfying (4.5) we get
ot Y, wm=ait )
s€I(N(vp)) s€l(N(vt))
hence, Y- (v (75 — 23) = &7 — x;. Substituting it into inequality (4.4) we get

|22 — x}||* < 0; that is, 7 = x{. To prove part 4, first note that
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Z xl = Dy b(xl, ..., xh) = Duy(z}) = Duy(22) = D, b(a?, ..., 22%) = 22,

seI(N(vp)) s€I(N(vp))
4.9)
forany t € {2,...,m} \ {p} satisfying (4.6) we obtain
> ode X
SGI(N( t)) SGI( (vp))
= Z 7 by (4.9) and the equality z, = 7.
561( (vp))
SEI(N(’Ut))

Then, by part 3 we conclude z} = z?, completing the proof of part 4a. To prove
part 4b observe that F; N Fy = (), as N(vs) = F» U F3 and vs ¢ N(v;) for every
s € I(F}). Then, from (4.9) we get

oot ) wmt ) m= ) adk ) O+ ), a4
s€I(F1) SEI(F>) SEI(N (vp)\F1UF?) s€I(F1) s€I(F>) SEI(N (vp)\F1UF3)

as Fy, F» C N(v,). Since z! = a2 for every s € I(N(v,) \ F1 U Fy), the above

equality reduces to

doald > al= D> alt > ol (4.10)

SEI(F1) SGI(FQ) SGI(Fl) sel F2

and applying part 2 we get

(x?—x}) Z (mi—xf)go,

SGI(FQUFg,)

)

for any ¢ € I(Fy). Summing over ¢ € I(F}) and using the equalities 2} = z2 on
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I(F3), we obtain

>
tel(F

1)

(:cf — xi) . Z (3:; — x?) <0.
SGI(FQ)
Furthermore, by (4.10) we get 3=,y (47 — 2}) = 3 () (4 — 27). Substitut-

ing it into the above inequality we get

IS (al—a?) P <0; thatis,

s€l(F»)

Yo=Y a 4.11)

sEI(Fy) sE€l(Fh)
Now, fix t € I(Fy) andset V; = Fy \ {v}, Vo = Fs U Fzand y = (y1,Y2, - - -, Ym)
such that
xl it se{l,....m}\I(V)

Ys = ’
2?2 if seI(1).

s

Since x§ = x7 on I(F3), (4.11) can be written as 3 (0, L5 = 2scr(mury) To-

Therefore, by part 1 we gety € W, as N(vy) = V5 for every s € 1(V}). Hence,

Z Ys = Dup(yp) = Duy(x ) Duy(x ) Z 3,

s€I(N(vp)) s€I(N(vp))

or equivalently,

R SR T S N T S N AR S S SRS o Sl SN S SO

sel(F1)\{t} sel(Fy) SEI(N (vp)\F1UF2) sel(F1)\{t} s€l(F2) SEI(N(vp)\F1UF2)

From (4.11), construction of y and the equalities x} = 22 on I(N(v,) \ F1 U Fy),

we get z; = x2, completing the proof of part 4b. O
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4.B Monge solutions under extraction of graphs

The main theorem of this section establishs that, roughly speaking, the extraction
from K, of a subgraph with an inner hub provides a unique Monge solution, possibly
under an additional regularity condition on one of the marginals.

We will present several examples of graphs obtained in this way later on, but
for now we mention that the graph below (Figure 4.3) is obtained by extracting the
edges {x1, 23} and {x9, x4} from the complete graph with four vertices K, which
can be interpreted as maximal cliques of the graph with edges {x1, 23} and {5, 24},

and inner hub A = ().

U1

V2 Uy

U3

Figure 4.3: Cycle graph with m = 4.

As was shown in Chapter 3, this is the only cycle graph that provides unique

Monge type solutions.

4.B.1 Monge solutions

We now state and prove our first main result.
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Theorem 4.9. Let {5; }2-21 be the collection of maximal cliques of a given subgraph
S of C,, with inner hub A, for some m € N. Let G := K, \ S be connected,
b the surplus function associated to G and j; be probability measures over X;,
1 =1,...,m, with uy absolutely continuous with respect to L". Assume that one of

the following conditions is met:
(i) v € V(G)\ V(9),

(ii) There exists p € I(Ng(v1)) such that A C Ng(vp), with , is absolutely

continuous with respect to L™, and, if S is not complete, v; ¢ A.
Then every solution to the Kantorovich problem (KP) is induced by a map.

Proof. Let ;1 be asolution to the Kantorovich problem with surplus band (uy, . . . , Uy,)

a b-conjugate solution to its dual. Consider:

W = {(ml, ey Ty) » Dug(2q)  exists, and Zuz(xl) =b(xy,... ,xm)}
i=1

The function wu, is differentiable £™-a.e, as it is Lipschitz continuous. Hence, it

is differentiable (; a.e, as ju; is absolutely continuous. It follows that M(W) = 1.

Similarly, if in addition there exists p € {2,...,m} such that p, is absolutely

continuous with respect to L", we get u,, is differentiable 1, a.e and M(T/IA/;,) =1,

where

i=1

Fix 2 € spt(p1), where u;y(z;) is differentiable, and (x3,...,2%) such that

(2%,...,2°) € W. Note that b is differentiable with respect to z; at (22, ..., 22,)

rYm ’Ym

and it satisfies

Duy(2%) = D, b(2?, ..., 2%). (4.12)

m
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We will show that the map
(T2, ) = Dy b(2), 00 1)

is injective on Wx? = {(:cg, o) (2 e, a) € W}, if v, € V(G)\
V(S), or on ngp = {(xg, e ) s (2 g, ) € VVP} if there exists p €
I (N (vy)) such that p, is absolutely continuous with respect to £ and A C N (v,);

this will imply that the equation (4.12) defines (23, . . ., 2% ) uniquely from z?, which

rYm

will complete the proof. Let (20,2}, ... 21 ), (29,22, ... 22) € W and assume
p p 10 %2 142 m

rYm

D b(2%,23,..., 2L ) = Z o Z 22 =D, b(2% 23, ..., 22).
s€I(N(v1)) s€I(N(v1))
(4.13)

We want to prove z} = z2 forevery s € {2,...,m}.
Set 2 := z1 := 2% and B; = V(S;) \ 4, with j € {1,...,1}. First, note that

S = U;zl S; and

N(vs) = V(G) \ {vs} foranys e I(V(G)\V(S9)), (4.14)
N(vs) =V(G)\V(S;) foranys e I(B;), je{l,...,1}, (4.15)
N(vs) =V(G)\V(S), foranys e I(A). (4.16)

Let us consider two cases:

Case 1. Assume v; € V(G) \ V(S) = {v1,..., v} \ V(5), then by (4.14) we get

N(vy) =V(G) = N(vs) forany s € I(V(G) \ V(S)) \ {1}. It follows from
part 4a of Lemma 4.8 that

vl =22 forall secI(V(G)\V(S9))\{1}. (4.17)

s

Fix j € {1,...,l}, and let us consider two sub-cases:
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(@) If A = (, then V(S;) = B;. By defining F; = B; and F, =
(V(G)\ Bj)\{n1 },weget F{UF, = V(G)\{v1} = N(v1). Also, from
(4.15) we have N(vs) = F» U F3 for all s € I(F}), where F3 = {v;}.
Then, we can apply part 4b of Lemma 4.8 to get x} = 22 for every s €

I(B;); thatis, 2! = 22 on U,_, I(B;) = U, I(V(S))) = I(V(S)).

Combining this result with (4.17) we get z! = 22 on I(V(G)) \ {1} =

{2,...,m}. This completes the proof of sub-case (a).

(b) Assume A # (). By setting Vo = V(G) \ V(S) and V; = A we can use
(4.17) to get equality (4.3), and then, by (4.16) and part 1 of Lemma 4.8
we gety = (Y1,Y2, -, Ym) € W, where

zt if se{l,....m}\I(A)
Ys =
2 if seI(A).

Now, set /1 = B;, Fy, = (V(G) \ V(S;))\{v1} and F; = {v;}. Clearly,
Fi,F, CN(v) =V(G)\{v1} and FLUF, = V(G)\ (AU {v1}), then
N(v) \ (Fy UF;) = A. Furthermore, y and (29,23, ..., z2) trivially
satisfies y; = 2 on I(A), and by (4.15), N (v,) = F, U F; for every s €
I(F}). Hence, by part 4b of Lemma 4.8 we get x} = y, = 22 on I(B;),
which proves that, using (4.17) and the equality U;Zl B; =V(S)\ A4,
rt=220n I(V(G)\ A) \ {1}. We combine this result with (4.16) and
part 4b of Lemma 4.8 to get z! = 2% on I(A); all the conditions needed
to apply this part of the lemma are trivially satisfied by setting F; = A,
Fo, = (V(G)\V(59))\ {1}, F5 = {v1} and p = 1. We conclude that
zl = 22 on I(V(G) \ {v1}) = {2,...,m}, completing the proof of

sub-case (b).
This completes the proof of case 1.
Case 2. Assume v; € V(S) and let p € I(N(v;)) be such that p, is absolutely
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continuous withrespectto £* and A C N (v,). Assume Du,,(z,) and Du,,(22)
exist. If S'is complete, S; = Sforallj =1,...,/,and so, A = V(S) . Using
(4.13) and (4.16) we obtain

Yoooal= > al (4.18)
V(G)

seI(V(G)\A) seI(V(G)\A)

Also, using (4.16) and part 1 of Lemma 2.1 we get z := (21,...,2y,) € W,

where

Lif 1,... (A
DL sef{l,...,m}\I(A) (4.19)

2 if sel(A).

Z Zs = 2t + Z Zs

sel(N(vr)) s€I(N(vt))

=u+ Y oz by (4.14)
SEI(V(G)\{oe})

- Y .

sel(V(Q))
= Z Zs + Z Zs

s€l(A) seI(V(G)\A)

— Z 2%+ Z x! by construction of z
sel(A) s€l(V(G)\A)

= > i+ ) a? by (4.18)

scI(A) seI(V(G)\A)

_ 2
= > =

seI(V(GQ))

_ 2 2 _ 2 2 _ 2
=x; + E T, =T, + g T, = g 5.

sel(V(G)\{vt}) s€l(N(vt)) sel(N(ve))
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It follows that z, = 2% on I(V(G) \ A), by part 3 of Lemma 4.8; that is,
vl =22 on I(V(G)\ A), (4.20)

by construction of z. Now, to prove that z! = 22 on I(A) we use part
4b of Lemma 4.8. For this, set F; = A, I, = V(G) \ (AU {v,}) and
F3 ={v,}. Since v, € N(v1) = V(G) \ V(S), hence N(v,) = V(G) \ {v,}
by (4.14), and so F}, F» C N(v,). Note that F; U F, = N(v,) and by (4.16),
F,UF; = V(G)\ A = N(uvg) for every s € I(Fy). Also, from (4.20),
xz, = x. This allow us to apply part 4b of Lemma 4.8 to get z} = 7 on
I(A). Hence, z! = 22 on I(V(GQ)) = {1,...,m}.

Let us know assume that S is not complete, then v; ¢ A by assumption, which
implies that v; € By, for some k € {1,...,1}. We first claim that ! = 22 on

U\, I(B;) = I(V(S) \ V(S})). Indeed, from (4.15) and (4.13) we get

j=1
J#k

Yoo al= > al (4.21)

sel(V(G)\V(Sk)) se€l(V(G)\V(Sk))

It follows that, by setting V; = By and Vo = V(G) \ V(Sk), we can use (4.15)

and part 1 of Lemma 4.8 to get y := (Y1, ., Ym) € VT/;,, where

—

if 1,... I(B
B KR L RO AVIES )

x if se€I(By).

[\

Fixj € {1,..., 0}, withj # k. Set Fy = B;, Fy = V(G)\ (V(S}) U B;) and
F3 = By. Note that from (4.15) we get F} U Fy, = V(G) \ V(Sk) = N(vy)
and F, U Iy = V(G) \ V(S;) = N(v,), for any s € I(Fy). Since y and

(29,22, . .. 22) satisfies y, = 2% on I(F3), we can apply part 4b of Lemma

rYm

4.8 to get x! = y, = 22 on I(B,); that is,
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vi=a2 on | JI(B))=I(V(S)\V(Sk). (4.23)

Next, as in Case 1, let us consider the following sub-cases:

(a) If A =0, then V(Si) = By. Also, forany t € I(V(G) \ V(S)) we get

Z Ys = Yt + Z Ys

sEI( (vt)) s€I(N(vt))

=y+ Y. v by (4.14)
sel(V(G)\{vt})

= > u

s€l(V(Q))

= > ot > u

SEI Bk) SEI(V(G)\Bk)

Z x? + Z ! by construction of y

sel(By) seI(V(G)\By)

dooai+ > a4l by (4.21)

SGI(Bk) SEI(V(G)\Bk)

_ 2
= ) =

sel(V(Q))

2 2
=x; + E T

sel(V(G)\{vt})

s€l(N(vt))

— 2
= > =

861( (vt))
Thus, by part 3 of Lemma 4.8 we obtain ! = 22 on I(V(G) \ V(95)),

as y, = xL on I(V(G) \ V(S)). Combining this with (4.23) we deduce

v, =a; on I(V(G)\V(S)) =I(V(G)\Bi) = I(N(v1)). (4.24)
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(b)

To prove that x! = z? on I(B},) we use part 4b of Lemma 4.8. Let
us first recall that p € I(N(vy)), and then, the above result tell us that
x, = . Furthermore, p € I(V(G) \ V(S)) or p € I(B;) for some
je{l,...,1l}, k # j. Thus, from (4.14), (4.15) and the disjointness of
By and B;, we deduce B, C N(v,). Now, set Fy = By, Fo = N(v,)\ By,
and F3 = V(G) \ N(vp). Then, I, F5 C N(v,), F1 U F, = N(v,) and
F,UF; =V(G)\ B, = N(vs), forevery s € I(F}). Also, from (4.24)
we get ! = 22 on I(F}), as it is evident that B, N F3 = (. We can
then apply part 4b of Lemma 4.8 to obtain 2} = 22 on I (By), which

combined with (4.24) allow us to have ! = z? on {2,...,m}. This

completes the proof of sub-case (a).

Assume A # (). Let us first prove that z! = 22 on I(V(G) \ V(S)); this
will be achieved via part 3 of Lemma 4.8.

Using (4.21) and (4.23), we can write

§ 1 _ 2
xs - xs’

sEI(V(G)\V(9)) sEI(V(G)\V(9))
and defining y as in (4.22) we can equivalently write
> o u- Y &
sEI(V(G)\V(9)) sEI(V(G)\V(9))

Hence, from (4.16) and part 1 of Lemma 4.8 we gety' = (v},...,,,) €

W, where
ys if seI(V(G)\ A

22 if s e I(A)

2L it s e I(V(G)\ V(Sy))

2 if se I(V(Sh)).
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Then,

Y. Y= ), w=Du@)= ) al=

sel(V(G)\V(Sk)) s€I(N(v1)) s€I(N(v1)) sel(V(G)\V(Sk))

By construction of 3/, one has,

Sooyi= > a2l

sel(V(Q)) sel(V(G))

Hence, using (4.14) we clearly might express it as

o= >
sel(N(ve)) sel(N(vt))
for every fixed t € I(V(G) \ V(S)). We can now apply part 3 of
Lemma 4.8 and get y; = zZ on I(V(G)\ V(S)), which implies z; = x?
on I(V(G) \ V(95)), since I(V(G) \ V(S)) C I(V(G) \ V(Sk)) and
y, =z} on [(V(G) \ V(Si)). Thus, from (4.23),

vt=22 on I(V(G)\V(Sk)) =I(N(v1)). (4.25)

S S

It only remains to prove that ! = 22 on I(V(Sy)). Since p € I(N(vy)),
from the above equalities p € I (V(G) \ V(S)) or p € I(B;) for some
j # k,and z, = 7. Then N(v,) = V(G) \ {v,} or N(v,) = V(G) \
V(S;). It follows that N(v,) = V(G) \ {v,}, as A C N(v,) and
AN(V(G)\ V(S))) = 0. Now,set Fy = A, Fy = V(G)\(V(S) U {v,})
and F3 = {v,}. Itis clear that I}, F, C N(v,) and F, U F3 = V(G) \
V(S) = N(vs) for every s € I(A). Furthermore, for y defined as
in (4.22) and (2%, 2%,...,22%), we have y, = x3 on I(By,). It follows

from (4.25) and construction of y that y, = z3 on I(V(G) \ A); in
particular, ys = x3 on I (N(v,)\ F1UFy) C I(V(G) \ A). Hence,
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xl =y, = 22 on I(A) by part 4b of Lemma 4.8, and then, we can easily
obtain ! = 22 on I(By), by applying again part 4b of Lemma 4.8; this
time we set Fy = By, Iy, = (V(G) \ V(Sk)) \ {v,} and F5 = {v,}.

This completes the proof of sub-case (b).
This completes the proof of the theorem. 0

Before presenting some examples, we note the following consequence of the

preceding theorem.

Corollary 4.10. Let G be a subgraph of K., with |G| = m, and satisfying |N (v)| €
{m —1,m — 2} for every v € V(QG). Assume that i, is absolutely continuous with
respect to L™, and that either | N (vy)| = m — 1 or that u; is absolutely continuous
with respect to Lesbesgue measure for some i € 1(N(vq)). Then every solution to

the Kantorovich problem (KPG) is induced by a map.

Proof. Note thatif G # K, then G = K, \ |J S_,, for some disjoint collection of

complete graphs {S;},_,, where |V (S;)| = 2 for every j (that is, every S; consists
on a single edge). Clearly, the graph Ué:l S; has inner hub A = () and maximal

cliques S, ..., .S;. The result then follows from Theorem 4.9. 0

Note that the Gangbo-Swiech surplus corresponds to a complete graph, or,
equivalently, to the graph G satisfying |N(v)| = m — 1 for each v € V(G); the
Corollary is then a generalization to the case where each vertex can be missing at

most one edge connecting it to the other vertices.

4.B.2 Examples

Here, we illustrate the result obtained in Theorem 4.9 through several examples.

(i) Let G be a complete k-partite graph with set partition {Vi,...,V;} and
m = V(G| = |U, V;I. Write U_, V; = {v1,..., v}, andlet Sy, . .., S
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be k complete graphs with sets of vertices Vi, ..., Vj, respectively. Note that
G:=K,\ Ule S;and N(v;y) = U§:1 V;, for some o € {1,...,k}. Hence,
by assuming /i, and 4, absolutely céﬁinuous, for some p € N(v;), we can
conclude by Theorem 4.9 that the graph G gives a unique Monge solution,
as we can interpret {.5; }le as the collection of maximal cliques of the graph

Ule S;. Here, A = () is clearly the inner hub of U§:1 S;.

A special case is the complete graph C}; several other examples of k-partite

graphs are below.

» Complete bipartite graphs K, ,:

Cp]
V2 U1 U3 U1
V4
Vs Vg
Us v
Vg Vs Vg
(a) Graph K3 3. Known as the Urility (b) Graph K4 4. Known as the Cay-
graph. ley graph.

Figure 4.4: Graphs K33 and K 4.
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Figure 4.5: Bipartite graph with set partition {Vj,V2}, where 1} =
{/U17 U2, U3, U4, Us, le} and ‘/2 - {Uﬁa U7, Ug, UQ}'

* Complete Tripartite graphs K, ,, -

U1 U1

Vg Vg Vg Uy
Vs U3

(a) Graph K7 22. Known as the 5- (b) Graph K7 12. Known as the Di-

wheel graph. amond graph.

Figure 4.6: Graphs K 29 and K 1 5.
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Figure 4.7: Graph K> 5 2. Known as the Octahedral graph.

* A notable special case of Corollary 4.10 occurs when m is even and
IN(v)] = m — 2 forall v € V(G), in which case G = K, 9(™times)
This graph is known as the Cocktail Party Graph. See example below.

U3
V4 (%

Vs U1

Vg V12

(i V11

Vg V10
Vg

Figure 4.8: A Cocktail Party Graph with m = 12.
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(i) Theorem 4.9 can be used easily to construct many other, more obscure, graphs

leading to Monge solutions. We construct one of such examples here; set

Vi = {v1, v14, V15, V16, V17, V18, V19, V20 }
Vo = {U9>U107U117U127U137U14>U15;U16}>
Vi = {U6>Ul47015,1116},

Vi = {v4, 014, V15, 16}

Consider Sy, 52, S3, 54 complete graphs with V(S;) = V;, j = 1,2,3,4.
Then, the graph S = S; U Sy U S3 U Sy has inner hub A = {v14, v15, V16 }»

with maximal cliques 57, S5, S35, S4. See Figure below.

Uy

Ve

V11

Figure 4.9: Graph S = 57 U Sy U S3 U S;.

Then, G = Cy \ S provides a solution of Monge type. See graph below.
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Us

Vg o 4
v /ff"%“:”"{/{/ %“‘%&\ v
7 WS v"' /1 "‘$ < 3
== X3 XX =
AR RS
v ZERET IR SN

;

Figure 4.10: Graph G = Cy \ S.

4.C Monge solutions for graphs with inner hubs and

gluing of them

The main result of this section (Theorem 4.12) ensures that under regularity con-
ditions on two of the marginals, the surplus associated to a graph with inner hub
provides a unique solution for the Monge-Kantorovich problem.

Before stating the main result of this section, we present the following simple
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example, which illustrates part of the motivation for Theorem 4.12 and Propositions

4.13 and 4.15.

Example 4.11. Let b be the surplus associated to the graph G below.
V2

U1

V4

Us

U3

The second assertion of Proposition 4.6 implies that b is not twisted on splitting
sets, and there are in fact choices i, jio, 13 and g of marginals such that i is
absolutely continuous with respect to L™ and the solution to (KPG) is of non-Monge
form and non-unique (explicitly, take i3 to be a Dirac mass and the other marginals
to be uniform on bounded domains). However, it is clear that the problem does
admit a unique, Monge type solution as soon as both |1, and u3 are absolutely
continuous. The reason for this is one may solve the three marginal problem with
W1, Mo, and ps and the surplus xi - xo + 1 - x3 + x5 - T3 via the Gangbo—S’wigzch
theorem [27], obtaining unique optimal maps T, T3, and then solve independently
the two marginal problems between i3 and |14 with surplus xs - x4, yielding a unique
optimal map T4, and between ji; and jis, with surplus x, - Ts, yielding a unique
optimal map Ts. Since x4 only interacts with x3, and x5 only interacts with x.,
(Ty, Ty, Ty, Ts) := (T, T3, Ty o Ty, T5) is then the unique Monge solution for the

overall problem.
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This sort of result is not captured by Theorem 4.9, as the graph extracted from

the complete graph C’ to yield G, depicted below:
Vg

U1

V4

Us

U3

does not have an inner hub; we develop in this section a framework that en-
capsulates simple examples like this one, as well as more complicated ones which

cannot be treated with adhoc arguments like the one sketched above.

4.C.1 Monge solutions for graphs with inner hubs

We now proceed to state and prove our second main result.

Theorem 4.12. Let G be a graph with inner hub A and maximal cliques S, . . ., S,
with m = |V(G)

, and b its associated surplus. Let y; be probability measures
over X;, i = 1,...,m, with p absolutely continuous with respect to L". If there
exists p € 1(A) such that i, is absolutely continuous with respect to L", then every

solution to the Kantorovich problem (KPG) with surplus b is induced by a map.

Proof. Let ;1 be asolution to the Kantorovich problem with surplus band (uy, . . . , y,)
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a b-conjugate solution to its dual. Set:

=1

As in Theorem 4.9, we obtain u(ﬁ) = 1. Moreover, by fixing z{ where u; (1) is
differentiable, we get for any (m — 1)-tuple (29, ..., 20,) satisfying (2¥,...,29) €

W,
Duy(29) = Dy, b(2l, ..., 22).

m

Let us show that the map
0
(T2, ..y Tm) > Dy (2], 9, . .., T)
is injective on Wx? = {(xg, cos ) s (2 g, ) € V[fz,} Indeed, assume
P

D b(2%, 25,... 2L ) = Z o Z 22 =D, b(2% 23, ..., 22),
s€I(N(vy1)) s€l(N(v1))

(4.26)

where (29,21, ..., 22), (2%, 22, ... 2%) € W,, and 20 := 2! := 22 Recall that
G = Uj:1 S;, and without lost of generality assume v; € V'(S7). Then v; € By or
vy € A, where B; =V (S5;) \ A, j € {1,...,1}. For the case v; € By, we split the

proof into several steps.

Step 1. Since S; is complete, for every s € I(B;), N(vs) = V(S1) \ {vs}, which
implies N (v;) = N(v,). Then, by part 4a of Lemma 4.8 we get

vl =22 forall s€ I(B). (4.27)

Hence, the equalities N (v;) = V(S1) \ {v1} = (B1 U A) \ {v1}, and (4.26),

show that

Z Z 2 (4.28)

s€l(A) s€l(A)
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Step 2. From part 2 of Lemma 4.8, for every ¢t € I (A) we get

(27 —xf)- > (al—22) <0, (4.29)

s€I(N(vt))

and by the definition of A,

N(v) = V(G)\{v}

- (U v<sj>> \{ui}
= A\ {uhJ (U Bj> - (4.30)

Thus, we can write (4.29) as

(xf — x%) . Z (x; — x?) + (x? — xtl) : Z (xi — x?) <0.

seI(A)\{t} selU—, 1(By)

It follows from (4.28) that

o7 — 2 l” + (2f — ) - ). (ab—22) <0, (4.31)

seli_y 1(B;)

hence, one easily deduces

(27 =) > (sh—a2) <0 (4.32)

selUi—, 1(By)

Summing over t € I(A) we get

Z (mf — x%) . Z (xi — x?) <0,

tel(A) selUl_, I(By)
and by (4.28), we must have equality in (4.32) for every ¢ € I(A). Therefore,
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from (4.31) we get
xv; =22 forall tc I(A). (4.33)

. 1_ .2 2
In particular, T, =1, and so, T, belongs to

Argmax{xp > ( Z xi)-xp—up(:cp)} ﬂArgmax{xp ( ) Tp— up(:cp)}

s€I(N(vp)) s€I(N(vp))

It follows that

Z xizDup(xi): Z x2

sel(N(vp)) s€I(N(vp))

or equivalently, invoking (4.30),

Z xi + Z xi = Z :pi

s€I(A)\{p} selUl_y I(By) s€I(A)\{p} seugzl I(By)

It immediately implies by (4.33) that

Yoooal= > a2l (4.34)
z‘: I(B: l,: I(B:

Step 3. Fixk € {2,...,1}. Fromdefinition4.2, { B; }221 is a disjoint collection of sets
and every j € {1,...,[} satisfies N(vs) = V(S;) \ {vs} = (B; U A) \ {vs},

for every s € I(B;). Since (29,2}, ..., 21) € W,, we get

{xi}seulj:l 1(B;) € Argmax{ {%}seulj By ( Z x ) ' Z Ls
Tk j;ék sEl(A SGUlj:l I(By)
#k
S e Y w)
J1 stel(B) seUl_, 1))

£k
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and by (4.33),

1 2
(1 € os{ ey (T ) ¥

i#k 7k s€I(A) selU'_, 1(B;)
Ik
I
D P )]
?;]} S7t€sl<(tBj) SEU%i}C I(Bjy)
Hence, setting y := (y1, Y2, - - - , Ym) With
22 if se{l,2,....mI\U_, I(B;) = I(V(S))
_ Ak
Ys =
ik
we get y € W,, as (2%,22,...,22) € W,. Since (4.34) holds true for
every (20,23, ... L), («9,2%,...,2%) € W,; in particular, it is true for
(29,23, ..., 2} ) and y, which implies that
> m= ) e
sel(By) s€I(By)

Using (4.33) we can write the above equality as

dooai= Y al
seI(V(Sk)) s€I(V(Sk))
Hence, all the elements of I(By) satisfy (4.5), as each s € [(By,) satisfies
N(vs) = V(Sk) \ {vs}. Then, by part 3 of Lemma 4.8, z! = 2?2 for all
s € I(By). We thus conclude by (4.27) and (4.33) that z! = 2?2 for all
s € U§:1 I(Bj)UI(A) =1(G) = {1,2,...,m}. This completes the proof

for the case v, € Bj.

Finally, for the case v; € A, note thatevery s € I(A) satisfies N (vs) = V(G)\{vs},
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hence for any s € I(A) we get

N(vs) = {v:}UN(v) = V(G) = (V(G) \ {1 })U{vi} = N(v))U{vi} = N(vy).

Therefore, by part 4a of Lemma 4.8 we get (4.33), and then, (4.26) reduces to (4.34).
The rest of the proof runs exactly as the proof in Step 3, but instead of fixing k& in

{2,...,{}, wefixitin {1,..., [}, completing the proof of the theorem. O

4.C.2 Monge solutions for graphs glued on cliques

We now turn to a natural extension of Theorem 4.12. The next proposition states,
roughly speaking, that gluing together several graphs with inner hubs via the proce-

dure formulated in Definition 4.4, leads to a solution of Monge type.

Proposition 4.13. Let Sy be a graph with inner hub Ay and {Sy;}_, its collection
of maximal cliques. Let E C {2,...,l} such that for every a € E, S, is a graph
with inner hub A, # 0, and with collection of maximal cliques {S,; }f;l. Assume
Ao N Ay =0 for every a € E, and set G = |, (1) Sa and m = |V(G)|. Let p;

be probability measures over X;, i = 1,...,m and assume:

1. S, and Sy are glued on a clique for all o € E.
2. V(Sa) NV (Ss) = Ay forall a # B, o, B € E.

3. For each oo € E' U {1}, there exists p, € I(A,) such that ju,, is absolutely

continuous with respect to L".

4. py is absolutely continuous with respect to L™ and v, € V (S11).

Then every solution to the Kantorovich problem (KPG) with surplus associated to

G is concentrated on a graph of a measurable map.

Proof. The strategy of the proof is similar to the strategy used in Theorem 4.12. Let

(1 be a solution to the Kantorovich problem with surplus b(z1, . .., x,,), where b is
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the surplus associated to G. Let (uq, ..., u,,) be a b-conjugate solution to its dual

and set

W = {(xl, ooy @) Duy(z1) and  Du, (x,,) exist foralla € EU {1},

and iul(:ﬁl) =b(xq,... ,xm)}

Fix 2§ € spt(u;), where uy () is differentiable. Then Duy(z9) = D, b(29, ... 29 ),

for every (20,...,2%) € W. We want to prove that the map (zs, ..., 2,)

rYm

D, b(2Y, xo, ..., ,,) is injective on

Wyo = {(xg,...,xm) (2% 2o, ) EW}

Dy b(2%,23,... 2L ) = Z Tl = Z 22 = D, b(2% 23, ..., 22),
s€I(N(v1)) s€I(N(v1))

(4.35)
with (2%, 2),...,22), (2%, 22,...,22) € W and 20 := z! = 22. Note that if
E = (), we get G = S1, and then, by Theorem 4.12 we get a solution of Monge type.
Assume E # () and set B; = V' (S1;) \ Ay, where j € {1,...,1}. Since A;NA; =0

for every j € E, B; # () for every j € E and
l
N(v) =V(S)\{vs} = [ JBjU (A1 \{v.}), forevery seI(A). (4.36)
j=1

Furthermore, by assumption 1 we can assume without lost of generality that Sy, =
Sa1 for every o € E. As in Theorem 4.12, we consider two cases, v; € Bj or

vy € Ay. Letus divide the proof of case v; € B into several steps:

Step 1. We proceed to make a straightforward adaptation of the arguments used in

Step 3 of the proof of Theorem 4.12. First, note that N (vs) = V(S11) \ {vs},
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for every s € I(By), then, using the differentiability of u,, (z,,) at x, and

xf) .» and the equalities (4.35) and (4.36), we can mirror steps 1 and 2 in the

proof of Theorem 4.12 to get:

vl =22 forall s€ I(B), (4.37)
vl =2 forall sel(A), (4.38)

and

doooal= > Al (4.39)

Step 2. Fix o € {2,...,(} and set Sg = Sig for any § € {2,...,l} \ E. Define
Il = Ulﬁ:Q I(V(Sﬁ)\Al)UI(Bl) = {tl, ce ,td} andIQ = ](V(Sa)\Al) =

Ba
{ry,...,re}. We claim that 2! = 22 for all s € Z,, this will complete the

proof. Indeed, note that

{1,....m} = | I(V(Sp)) U I(By)
B=2
= | JI(V(Sp)uI(By) | UI(V(Sa))

B=2
B#a

= | JI(V(Se) \ A) UI(B)) [ UI(V(Sa) \ A1) U A

B=2
f#a

—TLUL,UA (4.40)

Furthermore, the last union is disjoint by assumptions 1 and 2. Now, let
g1(zey, .., xy,) and ga(x,,, . .., x,, ) be the functions formed by all the terms

of b that depend only on the variables with index in Z; and Z, respectively.
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From Definition 2.3 and assumptions 1 and 2, it is not hard to deduces that

U N(vs) = {vs}ser, U A k=1,2.

SETy

Combining the above equalities, (4.40) and (4.36) we get

b(m17 s 737771) = gl(xtla s 7xtd) +92(5L‘r1a s 7xTe)

+<Zx5)- Z Ts+ st Ty

s€I(A1) SGU;:l I(Bj) s, tEsf;(tAl

= g1(zey, - xy) + 92Xy, oo T0,)

<sz> Z (Z%) sz—irzycsxt

SGI A1) seUlj_l [(BJ) SEI Al) SEI BQ) StEI(Al
j;a s<t
Note that l
1By c, (4.41)
j:l
JFa

and the only terms of b that depend on the variables with index in Z; are

g1(T4y, ..., xy,) and (ZseI(Al) $s> 'Zseuljzl 1(5;) ©s- Hence,
i#a

{x;}sezl € Argmax{ {‘I.S se€Ty < Z x ) ' Z T + gl(‘xtIJ cee 7xtd)

s€l(Aq) sEUlj:1 I(Bjy)
ja
—Zu5$s +92 'rl"" < Z m) Z l‘;
sely s€l(Ar) s€l(Ba)
+ Z :L‘ Z Us@i)}
s,tel(Ar) s€TUI(A1)

s<t
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= Argmax{ {7} ez, = ( Z xi) : Z Ts+ g1(Tey, ..., Tt,)

sEI(Al) Seugzl I(Bj)

- Zus(ﬂcs)},

s€Iy
and by (4.38),

{xi}sell € Argmax{ {$S}5€I1 = < Z x?) ’ Z Ts+ gl(mtla s 7xtd)

s€l(A1) sEUlj:1 I(Bj)

— Zus(xs)}

se€Tq

Since (20,22, ...,22) € W, we obtain y := (y1, %, ..., ym) € W, where

2 if se{l,2,....m}\T
Ys =
rl if sel

Therefore, (4.39) holds true for y and (20, z1, ..., 21 ) € W; that is,

2. m= ) W
SGU§:1 1(By) 3€U§:1 1(By)
or equivalently,

Yoow+ D we= D, w4 Y

s€I(Ba) sel_y 1(By) s€I(Ba) selUi_y 1(By)
jia o

By the above equality, (4.41) and construction of y we get

dooal= ) al (4.42)

s€I(Ba) s€l(Ba)
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Step 3. Since B, = V(S14) \ A1, by (4.38) and the above equality we can write,

doooal= Y al (4.43)

s€l(V(S1a)) s€I(V(S1a))

Now, if « € {2,...,m} \ E, then S, = Sy, and N (vs) = V(S1a) \ {vs} for
any s € I(B,). Hence, from (4.43) we get (4.5) on I(B,,), implying z! = 2?2
on I(V(S,)), by part 3 of Lemma 4.8 and (4.38).

On the other hand, if @ € F, the equality A, N A; = () implies A, C
V(Sa1) \ A1 = V(S1a) \ A1 = B,. It follows by (4.43) that equality (4.5)
holds for the elements of [(B, \ A.), as every s € I(B, \ A,) satisfies
N(vs) = V(S1a) \ {vs}. Then, by part 3 of Lemma 4.8,

wvl=22 forall s€I(B,\ Ad), (4.44)

S S

and by (4.42),

s€l(Aq) sel(Aaq)
Note that by the differentiability of w,, (,,) at z, and x> , we can apply
to the graph S, = U?L Saj» the same arguments discussed in Step 2 of the

proof of Theorem 4.12, getting

gl =2 forall seI(4,), and Z rl = Z 22,
SGU?il I(Baj) 5€U§g1 I(Baj)

(4.45)
where B,; = V(S5,;) \ Aq forall j € {1,...,k,}. By the left-hand equality
of the above results, (4.38) and (4.44), we get

=122 on I(V(S1a)) = I(V(Sa1)). (4.46)

s —

Next, we fix r € {2,...,k,} and proceed to apply the same strategy used
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instep 2: weset Z] = {1,...,m} \ [(V(Sar)) = {€1,...,¢,} and I}, =
I(Be,) = {dy,...,ds}, and consider g}(zc,, ..., %) and g5(za,, ..., ;)
the functions formed by all the terms of b that depend only on the vertices with
index in Z] and 7/ respectively. Noting that US€I§ N(vs) = {vs}ser;UAq, J =
1,2, and using the left-hand equality in (4.45), we follow the arguments of
Step 2 to get

{xl} s€T] € Argmax{ {[E s€l] = ( Z € ) ) Z xs"i_gi(xeu-'wxeq)

s€1(Aq) 56U?21 I(Baj)
T
—Zus(xs)—kg;@él,.. xdf ( Z :L‘) Z x
s€T] s€l(Aa) s€l(Bar)
- Z rloal — Z us(xi)}
s,tel(A SETLUI(An)
s<t
— Argmax{ {2stier; ( Z x;) . Z Ts+ gy (Teys ..o\ Te,)
s€I(Aa) s€lUs2, I(Bay)
J#r
S NIR)
s€l]
= Argmax{ {zs}ier; = ( Z xi) . Z Ts+ 91 (Teys - - -, Tey)
s€l(Aq) s€lUs2, I(Bay)
J#T

and then, using the right-hand equality in (4.45), we get the equality (4.42) on
I(B,,); that is,

Yooal= ) al (4.47)

s€l(Bar) s€I(Bar)

Finally, we combine the above equality with the left-hand equality in (4.45) to
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get(4.5)forall s € I(B,,),since N(vs) = V (S,)\{vs} forevery s € I(B,;)
and B,; = V(S,;) \ Aa. Hence, by part 3 of Lemma 4.8, ! = 22 for all
s € I(B,,). Thus, z! = 2% forall s € Uk‘” I(Byj) = I(V(Sa) \ V(Sa1))-
Hence, from (4.46) we conclude 2! = 22 on I(V(S,,)), and so, z! = 2?2 for all

selU _,I(V(S.)) = {1,...,m}, completing the proof of the case v; € Bj.

For the case v; € Ay, every s € I(A;) satisfies N(vs) = V(S7) \ {vs}, then any
s € I(A,) satisfies N(vs) = N(v;1). Therefore, by part 4a of Lemma 4.8 we get
(4.38), and (4.35) reduces to (4.39). For the rest of the proof we fix « € {1,... [}

and mimic the proof of the case v; € By, completing the proof of the theorem. []

Remark 4.14. The results developed in this section, for graphs with inner hubs glued
on their cliques, are neither more or less general than Theorem 4.9, which applies
to graphs obtained by extracting subgraphs with inner hubs from complete graphs.
To see this, note that in Theorem 4.9, if m = 4 and | = 2, with S = {x1,x3} and
Sy = {9, x4}, we get the surplus associated to the graph in Figure 4.3, which clearly
cannot be obtained from the results of Section 4.C. On the other hand, we can find
examples of surplus functions covered by the framework presented in Section 4.C,
but not covered by Theorem 4.9. For instance, Figure 4.13a and 4.13b are graphs
whose respective surplus are not covered by Theorem 4.9, as we need more than two

absolutely continuous measures and clearly, these conditions are necessary.

We next turn to a slight generalization of Proposition 4.13, where, roughly
speaking, any two graphs (with inner hubs) can be glued together (unlike in the
preceding proposition, where each S,, o € E was glued to S;). The proof is
a straightforward modification of the proof of Proposition 4.13 and is therefore
omitted.

In order to facilitate the description of the next Proposition we will introduce a
natural higher level notion of graph. For this, we interpret any collection of graphs

with inner hubs {G,}. _,, as the vertices of a graph G, whose edges are glueings on
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cliques between the GG, and Gg; that is,
V(9) = {Ga}acr

and

E(G) = {{G.,Gp} : G, isgluedon acliqueto Gz} .

Proposition 4.15. Let {G,},_, be a collection of graphs with inner hubs A,, and G
its associated higher order graph (described above). Let m = ||J',_, V(G.)| and
1; be probability measures over X;, 1 = 1, ..., m, where without loss of generality

vy € V(Gh). Assume:

1. For each distinct o« # 3, Ay N Ag = 0 and V(G,) NV (Gp) is either:

* empty,

* the vertex set V (S), where S is a maximal clique S of both G, and G

(in this case G, and Gg are glued on a clique S), or

* A, for some other G\ (as when G, and G are both glued to G,).

2. py is absolutely continuous with respect to L™, and, for each o € {1, ...},
there exists p, € I(A,) such that p,,, is absolutely continuous with respect to

L.

3. For at least one maximal clique S having vy as one of its vertices, GGy is not

glued to any other G, on S.
4. G is atree.

Then every solution to the Kantorovich problem with surplus fozl G, is induced

by a map.

Remark 4.16. Using the terminology developed above, the assumptions in Propo-

sition 4.13 are equivalent to the assumptions in Proposition 4.15, except that the
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hypothesis that G is a tree is replaced with the hypothesis that G is a star with internal

node Si. Therefore, Proposition 4.15 is a direct generalization of Proposition 4.13.

4.C.3 Examples

Let us illustrate the results obtained in this section throughout some examples. In

what follows, j1; is absolutely continuous.

Examples 4.17. (i) In Theorem 4.12, if S; = Sy for every j, k € {1, ... 1}, then

Ué’:l S; reduces to the Gangbo and Swiech surplus.

(ii) By Theorem 4.12, the graph S, U Sy U S3 in Example 4.3 provides a Monge

solution, with i, absolutely continuous for some p € {6,7, 8}.

(iii) In Example4.5, ifthere arep, € I(A)andpy € I(A’) suchthat i, and i, are
absolutely continuous, then by Proposition4.13 the graph (U?:l S j> U (Ujle S ;)

provides a solution of Monge type .

(iv) By Theorem4.12, any graph of the form K j, ( known as a star graph) provides
a solution of Monge type, under at most two regularity conditions (see pictures
below). Note that |V (K )| = k + 1 and there exists v € V (K, ) such that
Nw) = {v1,...,v}. Additionally, N(vs) = {v} forall s € {1,...,k}.
This is one of the most simple graphs providing Monge solutions that we
could obtain, since a graph with inner hub have in fact a "star shape”. Note
that, in the general setting, the single set {v} is replaced by the inner hub A
and {v;} is replaced by B; := V(S;) \ A, j = 1,..., k, where {S;}}_, is the

collection of maximal cliques. See for instance Figure 4.12.
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V2 U1 V2

Cird
U7 U1
U3 O O Us V3 O O Vs
V4 Us V4 Us
(a) Kl,ﬁ, with V; = {U7} and Vo = (b) Kl,ﬁ, with V7 = {’Ul} and Vo =

{v;}S_,. Here, we need regularity

{vi}I_,. Here, we only need a regu-
conditions on p1 and 7.

larity condition on 1.

Figure 4.11: Star Graphs.

Figure 4.12: Graph G = U?Zl S; generated by the collection of its maximal cliques
{Sj}?:p where V(Sl) - {U27 V3, Vg, V1, U?}’ V(SZ) - {U27 V3, V4, Vg, US}’ V(SS) -

{7127713,714,1111,“12}, V(S4) = {UQ,U3,U4,1)10,U13} and V(Ss) = {1)277137714,715,119}-
Clearly, A = {vq, v3,v,} is the inner hub of G.

(v) Let G be a graph tree withV (G) = {v1, ..., v} and D = {s € {1,...,m}:

|N(vs)| = 1}. Assume pg is absolutely continuous for every s € {2,...,m}\
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D. Monge solutions for these graphs could be easily deduced by adapting the
reasoning presented in Example 4.11; the solution will be the composition of
optimal maps for two marginal problems along any path. Alternatively, these

can be seen as special cases of Proposition 4.15.

1
v
) U1 )
U7
U3 O Vs
v7
U3 Ve Ug
O
v v
4 5 s Vs
. V10
(a) Path with vertex sequence
(x3, 7,21, X6, T5, T4). Here, (b) Here, we need regularity con-
we need regularity conditions on ditions on pug, for every k €
K1y K55 65 7. {576a778a9}-

Figure 4.13: Trees.

(vi) Consider the graphs G and G4 below (Figures 4.14 and 4.15)
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Note that the graphs G and G5 have a common clique with vertices {v11, v12, V13, V14, V15, V16 }
and they do not have any other common vertex; that is, G1 and G4 are glued

on a clique, as shows the graph below.

V23

Vo4

Figure 4.16: Graph G U Gs.

Similarly, the graphs G5 and G, in Figures 4.17 and 4.18 have inner hubs
{v4, v6, V9, 10} and {va1, Vo2 } respectively. Also, they have a common clique
with vertices {vy4, Vg, Vg, V10, Va1, V2o } With no other common vertex. Then,

they are glued on a clique. See Figure 4.19.
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7U10}-

Figure 4.18: Graph G4 with inner hub {vg;, v9g}.
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V22 Va7

V26

Figure 4.19: Graph G35 U G4.

It is clear that under some conditions the graphs in Figures 4.14, 4.15, 4.16,
4.17, 4.18 and 4.19 provide uniqueness in the Monge-Kantorovich problem,
by Proposition 4.13. Note also that by Proposition 4.15, the graph G; U Gy U
G3 U G4 also provides uniqueness in the Monge-Kantorovich problem. See

graph below.
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V23

Figure 4.20: Graph G; U G, U G3 U Gy.

4.D Uniqueness

Here, we include a standard argument, showing that in situations where all solutions

are of Monge type, the solution to (KPG) must be unique.

Corollary 4.18. Under the hypotheses in any of Theorem 4.9, Theorem 4.12, Propo-
sition 4.13 or Proposition 4.15, the solution to the Kantorovich problem (KPG) is

unique.

Proof. If there are two such solutions, p and pq, linearity of the Kantorovich
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functional implies that their interpolant ju; /o = 3410 + 3441 is also a solution; under
any of the collections of hypotheses listed in the statement of the corollary, the
corresponding result then asserts that each of i, 111 and j11/, must concentrate on
the graph of a function. This is clearly not possible, as if pg, ;11 concentrate on
the graphs of Ty and 17, respectively, ji;/2 concentrates on the union of these two
graphs, which is itself a single graph only if 7, = 77 p; almost everywhere, in

which case g = p1. [

4.E Discussion and negative examples

This section has identified a wide class of graphs leading to Monge solution and
uniqueness results in the multi-marginal optimal transport problem (MP) with corre-
sponding surplus (4.2), under appropriate conditions on the marginals; see Theorems
4.9 and 4.12 as well as Propositions 4.13 and 4.15. To the best of our knowledge,
such results are not known for any graph which is not covered here. Furthermore,
Part 2 of Proposition 4.6 verifies that the extra regularity conditions on the marginals
imposed here are necessary in order to obtain Monge solution and uniqueness results.

There are many graphs to which none of Theorem 4.9, Theorem 4.12, Proposition
4.13 or 4.15 apply, and for most of these we do not know whether or not Monge
solution and uniqueness results might hold, assuming for simplicity that all the
marginals are absolutely continuous. A notable exception to this is the cycle graph
form > 5 (see Figure 1.2 for the case m = 7); in a recent work [48], we showed the
existence of absolutely continuous marginals generating non-Monge solutions for
the corresponding surplus (1.2). For illustrative purposes, we close by mentioning a
class of graphs falling outside the scope of this paper, for which Monge solution and
uniqueness remain completely open. For this, recall that for graphs G; and G5 with
disjoint vertex sets Vi and V5, the graph join G + G5 is defined as the graph union

G U G4 together with all edges joining vertices in V; with vertices in V5. Also, for
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any graph G, the graph complement (denoted () is the graph with vertices V (Q)

and set of edges E(G) = {{v,w} : v,w € V(G) and {v,w} ¢ E(G)}.

Definition 4.19. Let P, be a path with n vertices and K, the complement of the

complete graph with r vertices K, (so Ng—(v) = 0 for every v € V(K,)). The fan
graph I, is defined as the graph K, + P,.

Example 4.20. Let us illustrate the above definition with some basic examples.

» The graphs F | and F' 5 reduce to complete graphs with two and three vertices

respectively.

* The graph F 3 reduces to the extraction of the graph consisting of only one

edge from the complete graph K.

e The graphs I ¢ and F; 5, where for F ¢ we denote the only vertex of K as

vy, and for I, 5 we denote the vertices of Ky as v, and v;. See figures below

V2 (%)
(%1 U7
U3 U3
U7
V4 V4
Ve Ve
Vs Vs
(a) F16 (b) Fo 5

Figure 4.21: Fan Graphs.

Proposition 4.21. Let Fy, ,, be a fan graph.
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1. If n > 4, then F, ,, does not belong to the class of graphs in Theorem 4.9,

Theorem 4.12, Proposition 4.13 or Proposition 4.15.
2. If n < 4, then I, ,, belongs to the class of graphs considered in Theorem 4.9.

The proof of Part 1 of the above proposition will be divided into two cases. In

both cases the next lemma will be used during the proofs.
Lemma 4.22. Assume n > 4. Then I} ,, does not have an inner hub.

Proof. Assume F , has an inner hub. Since F} ,, is connected, every vertex in the
nonempty hub is adjacent to all the other vertices. Now, the only vertex of Fj
satisfying this property is the vertex of K; = K; (so V(K;) is the hub of Fj ).
This implies by definition of inner hub that P, is complete or it is the disjoint union
of complete graphs. This is a contradiction as n > 2 (so P, can not be complete)

and it is connected, completing the proof of the lemma. [

Proof of Proposition 4.21. Since Proposition 4.15 generalizes Theorem 4.12 and
Proposition 4.13, it suffices to prove Part 1 for Theorem 4.9 and Proposition 4.15.

For this, we set m = r 4+ n and consider two cases.

Case 1. Assume r = 1. If F;,, = K,,, \ S for some subgraph S of K,,, then S = P,
or S = Ky UP,. Since n > 4, P, is connected and there is not a vertex
in V(Fn) adjacent to all the other vertices; that is, P, can not have an inner
hub. Also, the only way that the disconnected graph K, U P, has an inner
hub is when P, is complete (as it is connected), which is clearly not the case.
Hence, the structure of F,, does not correspond to the graphs considered
in Theorem 4.9. On the other hand, note that the vertex of K; = K; is
connected to all the other vertices of [ ,, and the only case in Proposition
4.15 where a vertex of a graph |J'_, G., ( where {G,}!_, is a collection
of graphs with inner hubs A, satisfying the conditions in Proposition 4.15)

satisfies this condition is when [ = 1; that is, if there exists one of these
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Case 2.

collections satisfying Ula:1 Go = Fi,, then F}, would be a graph with an
inner hub, contradicting Lemma 4.22. This proves that /7 ,, does not belong

to the class of graphs in Proposition 4.15, completing the proof of Case 1.

Assume r > 2. If F,, = K,, \ S for some subgraph S of K,,, then
S = K, U P,. Note that S is disconnected with connected components K,
and P, (asn > 4), so if S has inner hub then it must be empty, which implies
P, is complete. This clearly is not possible as n > 1. Hence, F,,, does not
belong to the class of graphs in Theorem 4.9. For the other part of the assertion,
consider {G,}._, a collection of graphs with inner hubs A, satisfying the
conditions imposed in Proposition 4.15 and assume f., = Ula:1 G,. Fix

any vertex v in V(K,) C V(F,,), then there exists 3 such that v € Az or

v € V(Ss) \ As for some maximal clique Sg of G. If v € Ag, then

V(Ga) = (V(Ga) \ {o}) U (v}
= Ny 6.0 U}
— Ve (0) U {0}

=V(P,) U {v} asv € V(K,)

This implies that Gg = P, U K, y(p,) Where K, y(p,) is a bi-partite graph
with set partition {{v}, V(FP,)} (alternatively we can interpret it as a star
graph with “center” v); that is, G is a graph of the form £, having an
inner hub. This is a contradiction by Lemma 4.22. This proves that ;. ,, does
not satisfy the graph structure condition in Proposition 4.15. Now, assume
v € V(S5) \ Az and without lost of generality assume v ¢ A, for any
a # (3 (otherwise we apply the same arguments as in the case v € Az above),
then V(Sg) = Np,,(v) U{v} = V(P,) U {v}; thatis, P, U K, y(p,) is a
complete graph (so it has inner hub V' (P, U K, v(p,))), contradicting Lemma

4.22. Hence, F,,, does not belong to the class of graphs in Proposition 4.15,
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completing the proof of Part 1.

To prove Part 2, note thatif n € {1, 2, 3} the graph P, can be trivially expressed as a
union of disjoint complete graphs, so K, U P, is a disjoint union of complete graphs
and can be interpreted as a graph with empty inner hub. Since F,,, = K,,\ (K, UP,),
we immediately conclude that F,.,, belong to the class of graphs in Theorem 4.9.

This completes the Proof of part 2. [

We note that the essential ideas in the proposition above can in fact be adapted
to a more abstract class of graphs. The next lemma describes such a class, which
therefore also falls outside the scope of the results in this paper and for which the

Monge solution and uniqueness questions remain open.

Lemma 4.23. Let G be a connected graph satisfying Ng(v) U{v} # V(QG), for all
v € V(G) and consider the graph F, ¢ := K, + G. Then Fr.q does not belong to

the classes of graph considered in Theorem 4.9 and Proposition 4.15.

Proof. Note that the condition Ng(v) U {v} # V(G), for all v € V(G) implies
that G does not have an inner hub (there is not a vertex in V' (G) adjacent to all
the other vertices). Also, since G is connected, Nz(v) U {v} # V(G) for all
v € V(G) = V(G), so G also has no inner hub. In particular, G and G are not
complete and can not be expressed as a disjoint union of complete graphs. Knowing
this, it is not hard to follow the arguments of Lemma 4.22 to prove that F; o does
not have inner hub, and then, by mimicking the proof of the above proposition the

proof is completed. O

Lemma 4.23 allows one to construct many graphs for which Monge solution and
uniqueness results are not known, with more adhoc structure than the fan graphs

considered above. One such possibility is illustrated in the figure below.
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Chapter 5

A general condition for uniqueness in

the Monge-Kantorovich problem

Our goal in this chapter is to generalize and extend the twist on c-splitting sets

condition.

In the next section we formulate the conditions we will need and show a prelim-
inary result. In Section 5.B we formulate and state our main result and in Section

5.C we illustrate our condition through several examples.

5.A Essential definitions and preliminary results

Here we establish the main background concepts used in this Chapter. For this,
we first introduce some convenient notation. Assume {k;}/_; C {2,...,m}, with

ki < ko <...<k,.

e Let S C [[*, X; be a c-splitting set and (uy,...,u,) an m—tuple of c-

splitting functions for S. Given z9 € m(S), where 7, is the canonical
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projection from [[\", X; to X, we define

m

Wtk .ok, (Ut ooy U, S) 1= {(:vQ,...,xm) € HXi (2Y,19,...,7,) € S and

1=2

Duy, (xy,) exists foreachi =1, .. .7’}.

!/

* For a given m-tuple of Borel functions (u},...,u/,

(2.2), and 2 € X, we define

) satisfying inequality

m
Mok, g, (U3, - uy,) = {(xg, ce X)) € HXi : Duy, () exists for each

i—2
m
i=1,...,r and u}(z9) + Zu;(xz) =c(2V 29, .. ,xm)}

=2

From now on, if there is not danger of confusion, we will write Wyop, x, and

/ / s
Maog, .., for Woop g (un, ..o upm, S) and Mooy, (uy, ..., uy,) respectively.

Remark 5.1. Note that Wop, i, (1, .., tum, S) © Myog, g, (1, ..., un), for any
c-splitting set S, m-tuple of c-splitting functions (uy, . . ., uy,) for S and 29 € 71(9).

Hence, for any fixed (uy, . . . ,u,,) satisfying inequality (2.2) and 29 € X1, we get

U Wx(l)kl...kr(ula coey Umy, S) g M$[1)k1...k7~(u1’ s 7um)7
SeF
where

F = {S C HXi : 2% € m1(S) and S is a splitting set having (uy, . . . , Uy, )
i=1

as c-splitting functions}.

On the other hand, for any (x2,...,Tm) € My, g, (U1,. .., Up), the single-

ton S = {29, 1y,...,3,,} is trivially a c-splitting set satisfying (xa,...,T,,) €
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Wtk ok, (U oy U, S) with S € F. This immediately implies

U Waons o, (st S) = Mogp g (ua, - ).
SeF

Definition 5.2. Let c be a continuous semi-concave cost function, and let {k;}_, C
{2,...,m}, with ky < ky < ... < k,. We say c is twisted on c-splitting sets with
respect to the variables x+, xy, , . .., x,, if for each c-splitting set S C [[", X; and

m-tuple (uy, ..., uy) of c-splitting functions for S, the map
0
(T2, ... Tm) > Dyc(x], 9, ..., Ty)
is injective on the subset of Wy, 1, where D, c(2, z, ..., 1) exists, for each

fixed 1Y € m\(S) satisfying Wy, i, 7# 0.

Remark 5.3. Note that Definition 2.5 is equivalent to c being twisted on c-splitting
sets with respect to the variable x1. Hence, our main result (Theorem 5.6), general-

izes the main result in [35] (see Remark 2.6).

We now proceed to prove a lemma, which provides an alternative way to check

the condition above.

Lemma 5.4. Let ¢ be a continuous, semi-concave cost function. Let {k;}I_; C
{2,...,m}, with ky < ky < ... < k.. The cost c is twisted on c-splitting sets
with respect to the variables xy,%y,, ..., %y, if and only if for every m-tuple of
Borel functions (uy, . . ., uy,) satisfying inequality (2.2) and for every 29 € X, with

Mw?kl...kr + (), we get that the map
(T2, Tm) = Dyye(a, za, ... Tm)

is injective on the subset of Moy, . i, where Dy (2%, w9, ... 2y, exists.
Proof. The converse is straightforward, as for every c-splitting set S C [~ X; and
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m-tuple (uy, . .., uy,) of c-splitting functions for S, we have Wooy,, . . € Myop, s,
for each fixed 29 € m,(S). Hence, if Waok,..i, 7 0 we get Myop, ., # 0, which
implies that the map (23, . . ., Z,,) > Dy, c(2), 2o, . .., x,,) is injective on the subset
of Moy, ..k, Where Dy, (29,19, ..., z,,) exists, in particular, it is injective on the
subset of Wooy, i, Where Dy, (29, 1y, ..., 3,,) exists; that is, ¢ is twisted on c-
splitting sets with respect to the variables x1, z,, ..., Zk.. Assume now that the
cost c is twisted on c-splitting sets with respect to the variables x1, xy, , ..., 2. Let
(u1,...,u,) be an m-tuple of Borel functions satisfying inequality (2.2), and fix

2% € X;. Assume Mo, .., # 0, and set

S = {(x?,:rg, , T) € HX’ (T2, ..., Tm) € Mooy, kr}
i=1
= {(17(1),1'2, cey T) € HXZ' g (29) + ZUZ(%) =c(2Y,2y,...,7,), and
i=1 i=2

Duy, (zy, ) exists foreach i =1, .. .r}.

Clearly, S'is a c-splitting set, 71 (S) = {x{} and Wy, 1, = Moy, x, # 0. Thisim-

mediately implies, by assumption that the map (2, . . . , Z,,) — Dy, (2 29 ..., 2,,)
is injective on the subset of Moy, 1, Where Dy, c(29, z, ..., x,,) exists, completing
the proof of the lemma. [

Remark 5.5. Note that by Lemma 2.8, if (uq,...,uy) is an m-tuple of Borel
functions satisfying inequality (2.2) and Du, (xY) exists for some 1 € X satisfying

Maog,..k, # 0, then the map
(z9,...,Tm) > Dy c(x?,29,. .., 2m)

is injective on the subset of Moy, where Dy (2%, zo, ..., x,,) exists if and only
if Myo, ..k, is a singleton. As we shall see in the next two sections, this fact will be

convenient for the proof of our main result (Theorem 5.6) and the propositions in
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Section 5.C.

5.B Existence and Uniqueness to Monge Problem

We now state and prove our main result.

Theorem 5.6. Assume the measures (i1, [ig, , - - - , [k, are absolutely continuous with
respect to L, with {k;}I_, C{2,...,m}, k1 < ko < ... <k,. Assume c is twisted
on c-splitting sets with respect to the variables x1, vy, , . . ., Tk,. Then the solution [

in (KP) is concentrated on a graph of a measurable map and it is unique.

Proof. Let us first prove that u is induced by a map. The uniqueness assertion
will follows immediately by a standard argument. By Theorem 2.2 there exists
an m-tuple (uy,...,u,,) of c-splitting functions for spt(u) satisfying (2.1). Fix
i €{0,1,...,r} and set ky = 1. Note that the function wy, (z,) is semi-concave
for each k;, as it is the infimum of semi-concave functions. Hence, wuy, (zy,) is
differentiable almost everywhere with respect to £". It follows that wuy, (zy,) is
differentiable 1, almost everywhere, as the measure i, is absolutely continuous

with respect to £". It implies that (S) = 1, where

S = {(:cl,:cQ, cey T) € HXi : Duy(z1) and Duy,(xy,) exist foreachi = 1,...r, and

=1

iuzu’z) = c(x1, xa, . .. ,acm)}

Fix 2§ € 71(9). Clearly, Mo, ..k, 7 0, andsoby Lemma 5.4 themap (za, . . ., Tn)
Dy c(2, 2, . .., &y, is injective on the subset of Mooy, Where D, c(x, o, ..., )
exists, this happens if and only if the set Moy, , 1s a singleton (see Remark 5.5),
which implies Wy, 1, 1s also a singleton. This completes the proof that 1 is in-
duced by a map. To prove that . is unique note that for any pair of solutions z; and

12 (Which are induced by maps 77 and 75), we have % (1 + p2) is also a solution (by
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the convexity of the set IT(p, . .., f4m)), which implies that it is also concentrated
on the graph of some map. However, % (1 + p2) must be concentrated on the union
of the graphs of 7} and 75. We conclude 17 = 15 p;-a.e., completing the proof of

the theorem. ]

Remark 5.7. Note from the above proof that the regularity condition on the first
marginal (which is a standard assumption in the classical and multi-marginal op-
timal transport for uniqueness results), allow us to focus on the set {x; € X; :
Duy(xy) exists}, for every m-tuple (uy, ..., u,) of Borel functions satisfying in-
equality (2.2). In what follows such regularity condition holds, so to get uniqueness
of solutions in the Monge-Kantorovich problem it suffices to prove that the set
Moo, (U1, ..., um) is a singleton for every 2% € {z; € X; : Duy(zy) exists}
fixed, for every m-tuple (uy,. .., u,,) of Borel functions satisfying inequality (2.2)
(see also Remark 5.5).

5.C Examples.

Here, we illustrate the result obtained in Theorem 5.6 throughout several examples.

Proposition 5.8 (One dimensional sub-modular type costs). Assume c(z1, ..., Ty)
is semi-concave and C?, where X; = R foralli = 1, ..., m. Let G be an undirected
simple graph on {1, ..., m} and assume
02 o?
i C < Oforalli#jand -2 < 0forall {i,j} € E(G).

2. There exists a set P := {ky,... k.} C {1,...,m} such that for every i €

{1,...,m} notadjacentto 1, thereisapath{{1,11},{i1, 42}, ..., {ti_1, 4}, {i1,i}}
in Gwith {i1,...,4} C P.

Then c is twisted on c-splitting sets with respect to the variables x1, Ty, , . . ., Tk,.

i
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Proof. Let (uq, ..., u,)be an m-tuple of Borel functions satisfying inequality (2.2)
and fix 2% € X such that Du, (2?) exists and Mo, .., # 0. We want to prove that

Moy, ..k, 18 a singleton. This will complete the proof.

Let (9, ..., m), (Ta, -, Tm) € Myoy, i, and setx = (29, 29,...,2,) and T =
(2%, Ty, ..., Ty,). Consider

at = (20,25,... ) where ) =max{wy, 7},

" = (20,25,...,2,) where x, =min{zy,T}}.

From definition of Moy, the set {z,Z} is a c-splitting set, so it is cyclically

monotone. Then

c(z) + (@) < c(zt) + c(z7). (5.1

We claim that the reverse inequality also holds. To get this consider z(t) = tz™ +

(1 —t)xand y(t) = tx + (1 — t)x~ for s € [0, 1]. Next, write

(o /0

= /01 2 oz, (a:;“ — x;)dt, (5.2)
and
Yd
a7) =cla) = = | Setwio)a
/ (%Z T; —x; )dt. (5.3)
Since for each i € {2,...,m} we have

=T -, = 5.4
0 Ez S Ty,
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the addition of (5.2) and (5.3) gives

c(a™) —c(x) +e(z7) —c(T /1 i [808% acgi(f)) (z —x;)dt (5.5)

Now, set z(t,s) = sz(t) + (1 — s)y(t), with ¢t € [0,1] fixed. Then for each

i€{2,...,m} we have

Oclalt) _ 0clylt)) :/O > Felalt, 5)) [t + (1 —t)z;—(tz; + (1 — t)z; )] ds

Ox; Ox; dz,01; j ]
1 m D?c(x(t,s)) . B ) .
' Pela(t, 5) .
_/0 ;W () — x7) ds. by (5.4)

Substituting it into (5.5) we get

o) —el) ela) o) = [ / PR (o =) (o = a7)

Now note that x;" — 2, z; —x; > 0, then by Assumption 1, ¢(2") — c(x) +c(27) —
¢(T) < 0. This implies that equality holds in (5.1), completing the proof of the

claim. Also, note that if one of the inequalities

uy (29) + Z ui(z]) < e(zh) (5.6)

up(29) + Z ui(z;) < e(z) (5.7)

is strict, we would have
m m

2ui(a)) + Y ui(a!) + 3 uilay) < elat) + ofa)

=2 =2
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= c(x) + ¢(T)

= 2uy (29) + i wi(z;) + zm: i (T5)
=2 i=2
= 2uy () + i“z‘(l’f) + i“z‘(%_),
i=2 =2
which is clearly not posible; that is, equality holds in (5.6) and (5.7). Hence
xt x” € Mx?kl..kr- (5.8)

Furthermore, from Lemma 2.8 we get

de(x™)
aZL‘l

dc(x™)
8:151

= Duy(2%) =

or equivalently,

P& 9e(r(t), .

where r(t) =t + (1 — t)z—, t € [0, 1]. We then must have

0%c(r(t)) n B
m(% —z;)=0
2
forevery i € {2,...,m}, as w(:ﬁ —x;) <0o0n{2,...,m}. We nextuse
8$18$i

+

Assumption 1 to deduce z;” = x; for all 7 adjacent to 1; that is,

x; = x; forall 7 adjacent to 1. (5.9

Now, if 1 is adjacent to all the other vertices, the proof is completed. If there is a
vertex not adjacent to 1, then 1 must be adjacent to some 7 € P (by Assumption 2),

which implies z; = 7; by (5.9). Combining this with (5.8) and Lemma 2.8 we get
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de(x™)
8@

dc(x™)
6% '

so we can mimic the arguments presented in the proof of (5.9) (beginning from
(5.8)) to get x; = w; for every j adjacent to ¢. Following this iterative process we
can prove that z; = T; for every j € V(G), as Assumption 2 implies that every
vertex of V(@) is adjacent to at least one vertex in P, completing the proof of the

proposition. [

Remark 5.9. Note that if the graph G is complete, we can take P = () and Condition
1 basically means that c is strictly sub-modular. Unique Monge type solutions for
strictly sub-modular costs was established by Carlier [16]. It was observed in [41]
that this condition is equivalent (up to a change of variables) to the compatibility

condition, which states that

d%c 9% \ '/ O% ~0
O0x;0x; O0x,0x; 0x,0x;

everywhere, for all distinct 1, j, k, and so compatible costs yield unique Monge

solutions as well.

We can easily see that the next result is a generalization of a special case of

Theorem 4.9. Note that here we do not require f being symmetric.

Proposition 5.10. Let {1, I5, I3} be apartitionof {1,...,m}. Let f : R*"xR" — R

be a function satisfying:
1. f is bi-linear,
2. f(x,z) <0 forevery x € R",

3. f is bi-twisted; that is, for each xq,yy € R™ fixed, the maps y — D, f(zo,y)

and x — D, f(x,yo) are injective on {z} x R"™ and R™ x {yo} respectively.
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Assume 1 € I and fix p € Iy U I3, then the cost function

c(a:l,...,:cm)zz Z f(xs,:ct)—irZZf(xS,xt)—i— Z flzs,zy) (5.10)

s€ly telaUl3 sels tels s,t€ls
s<t

is twisted on c-splitting sets with respect to x; and x),.

Proof. Firstly, by hypothesis 1 we can write

c(xy,. .. o) :f(sz, Z xt)—i-f(sz,th)—i- Z flzg, ). (5.11)

sel; teloUl3 s€ls tels s,t€ls
s<t

Let (uq, ..., u,,) be an m-tuple of Borel functions satisfying inequality (2.2) and fix
2} € {wy € Xy : Duy () exists}, with Mo, (us, ..., un) 7 (. We want to prove
that Mx?p is a singleton, this will complete the proof.

Let (z5,...,,,), (23, ...,2},) € My,. Since {Iy, I, I3} is a partition and 1 € I,

we get from Lemma 2.8 and (5.11),

D, f(a?, Z x}) = Dy c(aV,x), ... x))

telUl3
= Duy(x9)
= Dmlc(x?, x%, . ,xfn)
=D, f(), ) ).
telaUl3

It follows that

> o= > (5.12)

telaUls telaUls

by Assumption 3.
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Claim 5.11. For every N C I we get yn = (ya, ..., Ym) € Myo,, where

2 c{2,..., N
Ys = % ¥ osed 2 (5.13)

rl if seN.

Proof of Claim 1. Note that from (5.11), we can write

c(xl,...,xm):f(sz, Z x) + f( Z T, Z xt)+f(2xs,2xt)+ Z fzg, ).

seEN teloUls SEIl\N teloUls sels tels s,tels
s<t

(5.14)

Since (23, ..., z)) € My

20ps WE get

{z:}ien € Argmin{ {zdeen = FO e D ) =D uiz) + (D 2l > ap)

seEN telaUls seEN SEIl\N teloUls
Y Y e Y us<x;>}
s€ls tels s,tels se{l,.... m}\N
s<t

— Argmin{ {zs}yen — f(z T, Z rr) — Zus(xs)}

seEN teloUls seEN
_ Argmm{ I S S zusw},

sEN teloUls sEN

by (5.12). We deduce yny € M,o,, as (z3,...,22) € M;0,. This complete the

zip> m

proof of Claim 1.

Claim 5.12. z! = 22 for every s € .

Proof of Claim 2. From Claim 1, (ya, ..., Ym) € M,0, where

22 if se{2,....m}\ I
Yy = ' (5.15)

zb if se .
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Then, by fixing r € I, we get

1 - 0 1 1 1 1
x, € Argmln{xr = (X7, Ty, o Ty Ty Ty gy oo Ty) — u,,(a;r)},

Y, = 1> € Argmin{xr = e(2, Y2y Y1y T Yri s - - Ym) — ur(x,,)}.

Then

o(a, g, xy,) —up(xy) <@l ah, .. xt, xh T — U (2D),

(5.16)

C(‘r(l)7 Y2, ... 7ym)_u7‘(x72“> S C<x(1)7 Y2, - 7y7“*17'r11ﬂ7 Yr41s - -+ 7ym)_u7“(x11“)7 (517)

which implies

0 .1 1 0 0.1 1 2 1 1
c(x], 2y, .. xy,) F (@], Y2, Um) S (X7, Ty, T T, Ty )

0 1
+ C(xlvaa o Yr—1, T Yty - - 7ym)

(5.18)
Now, from bi-linearity of f we can write
C(xh s ’xm) = f(zxsa Z xt) + f(z$sazxt> + Z f(]"saxt)
sel telaUls s€ls tels s, t€ls
s<t
= (> o> )+ FQ wn > )+ Y flas,w)
selUl3 tels sely tels s,tels
s<t
= f( Z x57xr> +f< Z Ts, Z xt) +f<zx37zxt) + Z f(x&xt)'
selUl3 sel1Ul3 telg\{r} sel tels S,tstfg
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Combining this with (5.18) we get

Z xs’ r _'_f Z Z xt +f mezxt +fos7xt>

sel1Ul3 sel1Uls t€I2\{T} sely tels s, tSzls
FFOY D wou) L0 we D u) A FO e Y u) + Y fya )
sel1Uls sel1Uls tEIQ\{r} sel tels S,tStI;;
Sf( Z 57 r +f Z Z xt +f mezxt Zf(ziax%)
se€l1Uls se€l1Uls tEIQ\{’]"} sel tels S,tgtlg
+f( Z ysvmi)-}_f( Z Ys, Z yt)+f(zysazyt)+ Z f(yS7yt)'
sel1UIl3 sel1Ul3 tEIQ\{T} sel tels S,tEtIg
s<

Then, the above inequality reduces to

FOY S aba) +F0) 0 wou) <FCDY ahad) + £ yeozy). (5.19)

s€l Ul3 sel1Ul3 sel1Ul3 sel1Ul3

By construction of y and linearity we have

FO T waow) = FO_vatn) + FO weye) = FO_abal) + fO_al al)

s€l U3 sel; s€l3 sel; s€l3
1\ 1
( § y87$r)_f<§ y87xr)+f(§ Ys, L r - E xs? r +f E :xsﬂ r
selUl3 sely sels sely sels

Substituting it into (5.19) and eliminating similar terms we get

sz, T‘ +f Zx87 7” <fzx$7 T‘ +f Zx87 7”

s€l3 s€l3 sel3 s€l3

and by (5.12), we get
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that is,

O (a2 —al), a2 —al) > 0.

s€la

Summing over r € I, we get

FO @2 =), (@2 —al)) >0,

s€lq rels

Combining this with hypothesis 2 we get (> ;. (23 — 1), > op (27 — 2})) = 0.

1

Then, we must have, in particular, equality in (5.16). Itfollows that (23, ..., z}_,, 22, 2}, . ..

M o ,and so

xip’

Dmlf(x(l)J Z l’%):Dmlc<l’(1),l’%,...,I%n)

telaUl3
= Duy(?)
= DI1C(:U(1)’ 9357 s 7$i—1>$72"7 :Bi-&-l? s ,SB;Z)
=Dy f(al,ai+ ) ).
tel,UIs\{r}

Thus, z! = 22, as f is twisted. This completes the proof of Claim 2.

Claim 5.13. For every n, equation (5.12) implies m%j = xfj for 1 < 5 < n, where

13 = {tla N ,tn}

Proof of Claim 3. From Claim 2 and (5.12) we get
dat=> a7 (5.20)
tels tels

We proceed to apply induction on n. Indeed, when n = 1 it is clearly true. Assume

the statement is true when n = k£ — 1. Note that

f(zxmzl’t):f(zl’s,l’tk)‘f‘f(zxm Z [L’t),

seh tels seh seh tels\{tx}
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f(zxsazxt) = f(ﬂvthft) +f( Z xsazxt)y

s€ls tels tels sEIg\{tk} tels
Y flasz)= Y flaaz)+ Y. flram)
s,tels sel3\{tr} s,telz\{tx}
s<t s<t
Hence,
C(LL’l, s 7$m) = f(zxs; Z xt) + f(zxm th> + Z f(st,l’t)
sely telaUls s€ls tels s,t€ls
s<t
= f(zx&zxt) + f(zxmzxt) + f(zxmzxt) + Z f(l's,l't>
sely tels sely tels s€l3 tels s,tstlg
= FQ_we Yy w) + O wom )+ fQ e D @)+ flwy, ) w)
s€l tels s€l s€ly telz\{tr} tely
RO w Y w)+ Y flaem)+ Y flrem).
86[3\{tk} tels 86[3\{tk} S,t613<\t{tk,}

Since the only terms of ¢ depending on &y, are f(>_,c; @s, T, ), f(%4,, D yep, Tt)

and ZSGIg\{tk} f(méh 'rtk)a we get

l‘%k S Argmin{xtk = f(Z xi?‘/’ctk> + f(xtmzxtl) + Z f(xivxt/) - utk(xtk)}'

sely tels selz\{tr}

Furthermore, defining y as in (5.15) we get

Yn, = T, € Argmin{:ct,c > f(z Ys: Tey) + [y, Zyt) + Z S (s wy,) — ug (2,

sely tels sels\{tr}

We deduce

f(zx;mtlk)—i_f(xz}kvzx%)—i_ Z f(xivxtlk)_utk(xtlk)

sely tely selz\{tr}
<O abal) + f@, > e+ > flahal) —w(af), (521
s€ly tels selz\{tr}
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f(z Ys, xi) + f(CL’?k, Zyt) + Z f(ysv I?k) - utk(‘r?k)

sely tels sel3\{tr}
sely tels sels\{ty}

Adding the above inequalities, using Claim 2 and construction of y we get

Yo flana)+ Yo fllal) < Y flanai)+ Yo flda,).

SEIg\{tk} SEI3\{tk} SEI3\{tk} 56[3\{tk}

Combining this with (5.20) we get

sel3\{tr}
From hypothesis 2 we then get f(z; — z;,,z; — z; ) = 0. Hence, equality holds
in(5.21) and (x3, ..., 2 1, %%, %} 1, %) € Myo,. This implies

Dmf(x(l)’ Z x%):Dhc(x?v'Téw“ax}n)

telUl3

= Duy (z9)

_ 0,1 1 2 1 1y _ 0,2 1
= Dy e, Ty, 05, 1,75, Ty 41,5 Ty) = Do, f(2], 25, + E xy).

m
tEIgUIg,\{tk}

Thus, :p%k = xfk, as f is twisted. Hence, from (5.20) and Claim 2 we can write

1 2 1 _ .2 1 _ 2
Ztebuls\{tk} x = Ztebuls\{tk} zi. It follows that v;, = zf,,...,2; = x; |,

by induction hypothesis. This completes the proof of Claim 3.
Claim 5.14. z! = 22 for every s € I,.

Proof of Claim 3. Since p € I, U I3, le, = xf) by Claim 2 and 3. Hence,

Dy, c(xf,x3,...,),) = Duy(z,)

= Dup(mi)
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= D, c(2l,23,...,22,).

Combining the above equality, Claim2 and 3, and (5.11) we get Dy, f (3 ,c;, @1, 7)) =
D, f(3cq, @7, 23). It follows that

S oai=>al (5.22)

tely tely

Now, fixt € I;\{1}. Setting N = {t}, weuse Claim 1 togetyy = (23,..., 27 1,2}, 27,4,...,22,) €

M,9,,. Since (5.22) holds true for every (x5, . .., z),), (23, ..., x},) € My, in partic-

ular, it is true for yy and (23, ..., 22 ). It immediately implies x; = x?, completing
the proof of Claim 4.
This completes the proof of the Proposition. 0

The next result focuses on a cost with a cycle structure that generalizes Theorem

3.1.
Proposition 5.15. Consider

c(x1, Ta, 3, 24) = c1(x1, T2) + Co(Ta, x3) + c3(T3, 14) + ca(Ta, 1),  (5.23)
with c; semi-concave for each 1 = 1,2,3,4. Assume

1. For every 4-tuple of Borel functions (u1, us, us, uy) satisfying inequality (2.2)

and 1 € {x; € Xy : Duy(x,) exists}, we get
ca (3, w3)+es(w, wy) (23, 5)+es (w3, 25) = ca(wy, w3)+es (5, 73) +ea(a3, w3) +es (3, 23),
(5.24)

for every (l’%,l‘é,l’}l), <$%,$§,$Z) S Mx(l)él
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2. c3 is twisted with respect to x4, that is, for every x, fixed the map x3 —
D, cs3(x3, x4) is injective on the subset of X3 x {x4} where c is differentiable

with respect to 1.

3. c1 and c, are twisted with respect to x1 respectively; that is, for every x fixed
the maps v — D c1(x1,22) and x4 — D, cy(x4, 1) are injective on the
subsets of {x1} x X5 and X4 x {x1} where c| and c, are differentiable with

respect to x1 respectively.
Then, c is twisted on c-splitting sets with respect to x, and x4.

Proof. Let (u, ug, us, u4) be a4-tuple of Borel functions satisfying inequality (2.2).
Fix 29 € {z1 € X1 : Duy(x,) exists} and let (3, 73, 7}), (23, 23, 23) € M,94. We

want to show x! = 22, i = 2,3, 4. For this, observe that
(zk k) € Argmin{(xg,x4) = c(2Y, 28, 23, 24) — us(w3) — u4(x4)}, k=1,2.

Then

oY, wp, w3, 1) — us(w3) — ua(zy) < o2, wy, 25, 1) — us(wz) — ua(zy), (5.25)

oY, 23, 25, ) — us(w5) — ua(xy) < o2, 23, w3, 07) — us(wz) — ua(23). (5.26)

Adding the above inequalities and eliminating similar terms we get

ey, w3)+es(w3, ) +ea(wy, w3) +es(w, 23) < oy, 25)+es(ws, v)+ea (w3, w3)+es(ws, 7).
(5.27)

By Assumption 1, the above inequality is in fact equality, which implies that we

must have equality in (5.25) and (5.26). In particular, (3,23, 2}) € M,04, 50 by

Lemma 2.8 we get

Duc(x(l),x%,xg,xi) - DU4<I}1) - DMC(ZE?,I%,J%,Z‘D,
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or equivalently,
Dx4c3(x37x4) +D$4C4(SL’4,I1) DU4<JJ4) D$4C3(x£1’)7x411) +D$4C4(x4117x(1))'

The above equalities gives D,,c3(z3, x)) = D,,c3(zi, x}), and by Assumption 2,

ri = x2. Now, note that

xy € Argmin {zy — c(a, 23, 3, 24) — us(z4) }
= Argmin {z4 — c3(x3, 24) + ca(wg, 27) — ua(zs) }
= Argmin {z4 — c3(x3, 24) + ca(wg, 27) — ug(zs) }
) =

ua(za) },

= Argmin {z4 — c(a, 23, 23, 24

2 2 2 0,2 1 1y _ (0 2 2 1
as (v3,23,71) € Myo,. Hence, (21,73, 23,2;) = (2,23, 73,2;) € Moy, and by

Lemma 2.8 we get D, c(29, 23, 21, 2}) = Duy(29) = Dy, (2, 2}, xd, 2)); that is,
Dy, ey (29, 23) + Dy, ca(xh, 29) = Duy(20) = Dy, ey (29, 23) + Dy, cq(xh, 29). Thus,
D, ci(2,23) = Dy, ci(29, z}) and by Assumption 3, x2 = z2. Finally, we clearly
have (3,73, ;) = (v3,23,25) € M, hence applying one more time Lemma
2.8 we get Dy, c(x9, 23, 22 x)) = Duy(20) = Dy, c(af, 22, 23, 2%). It follows that
D, cy(x}, 29) = D, cq(23, 27), and by Assumption 3, x} = x2. This completes the

proof of the proposition. U

Note that it is not hard to find costs of the form (5.23) satisfying Assumptions
2 and 3. Assumption 1, on the other hand, is less common. We proceed now to
illustrate the previous proposition with an example, which can also be seen as a
slight generalization of Proposition 5.10 when m = 4, I3 is empty, I; = {1,3} and
I, = {2,4}. Note that the bi-linearity assumption from Proposition 5.10 is relaxed

here.

Example 5.16. For the cost (5.23), take ci(x1,x2) = f(21,22), co(wa,x3) =

f(x3,x9), c3(w3, x4) = f(x3,24) and c4(x4, 1) = f(21,24), where f : R" X R" —
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R is a map satisfying:
(i) f is additive with respect to the second coordinate; that is, f(x,y + z) =

f(z,y) + f(x, 2) for every x fixed.

(ii) f is bi-twisted; that is, the maps y — D, f(x,y) and v — D,f(x,y) are

injective.

Substituting into (5.23) and using (i) we get

c(x1, xo, w3, 24) = f(x1,22) + f(x3,22) + f(23,24) + f (27, 24)

= f(@1, 02 + 24) + (3,72 + 74)

Now, let (uy, ug, us, uy) be a4-tuple of Borel functions satisfying inequality (2.2). Fix
2 € {x1 € Xy : Duy () exists} and let (v3, v3, 1), (25, 23, 75) € Moy From

Lemma 2.8,

Dl‘lf(x?? (L’% + xéll) = D$1C(l‘(1)7x%7x§7 (L’}O

= Duy ()

_ 0,2 ,2 ,2
—Dxlc($1,$2,$3,x4)

= Da, f(a, 25 + 73).
From Assumption (ii), we deduce
T3+ x) = T3+ 22, (5.28)
It follows that

ca(wy, 73) + e3(w3, 73) + ea(w3, 75) + c3(23, 27)

flg, 3) + fag, 2p) + f(ag,23) + f(z3,73)

(x4, zy + ) + f(a3, 25 + 27)

f
floy, @3+ 23) + f(23, 25 + xy)
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= f(xga SL’%) + f(xgv lel) + f(x%n SC%) + f(xéa l’i)

= ooy, @3) + ca(wf, 73) + ca(3, w3) + es(wy, 7).
Thus, Condition I in Proposition 5.15 is trivially satisfied. Since Conditions 2 and 3
are also satisfied (by (ii)), we obtain that c is twisted on c-splitting sets with respect

to x1 and x4.

The next Proposition was obtained from some of the essential ideas of Theorem
5.11in [35], which provides Monge structure and uniqueness of the optimal measures

in infimal convolution type examples.

Proposition 5.17. Letmgy := 1 <my < ... <my :=m. SetY; := (Tpm,_ 41, -+, Tm;)
and (T, ,Y;) = (Tm;_y, Tmy_ 141, - - Ty ), Where j = 1,.. . n, and (Tpy, Y1, Y2, ..., Ys) =
(x1,...,Tm). Consider the cost
c(xr, o m) =Y ¢(Tm,,, Y)), (5.29)
j=1
and assume

1. c; semi-concave for each j.

2. ¢j is twisted on c;-splitting sets with respect t0 Ty,,_,; that is, for each c;-
splitting set S7 C X, X oo X Xy and x4, | € ijfl(Sj), where T,
KXon;_y X oo X Xy, = X,y s the canonical projection, the map Y;

vy, Ci(Tm;_,, ;) isinjective on the subset of S? where Dy, ¢j(Tm, 1, Y))

exists.
Then, the cost c(x, . . ., x,,) is twisted on c-splitting sets with respectto 1, Ty, - . ., T, -

Proof. Fix j € {1,...,n}. Let us first prove that for every c-splitting set S C

[T%, Xi, the set S7 := Ty oo, (S) is a ¢;-splitting set on HZZJ@_I X,, or
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equivalently, a c;-cyclical monotone set on H?i”m] ) X;, where 7, .
_ i

1 Tm

i X —

H?fmﬁl X; is the canonical projection. Indeed, fix S a c-splitting set on X, and let
p .

{(xfnj_l, . ’xf’”)}k—l C S7and 0, ,,...,0m; € Sp, where Sp denotes the set

of permutations of P = {1,...,p}. We want to show

p p p
k k k k om;_y (k) om (k)
ch(xmj,pyj ) = Z cj(xmj,l’ T >$mj) < Cj(%nj]—ll yoes Tyt
k=1 k=1 k=1
(5.30)
Note that for each k& € P, there are Y. = (z¥, ., ... 2k ), s # j, such that
(2% YF YE, ... YF) e S. Set
O,y i 1T <0< mj,
0; = (5.31)
T, it m; <i<m.
Since S is c-cyclically monotone we get
P Jj—=1 p n P
k k k k k k
Z cj($mj,17}/‘vj ) + Z ch(xmsfl’ Y;S ) + Z ch('xm3717 }/:9 )
k=1 s=1 k=1 s=j+1 k=1
nop
k k
=22 osl@h, Y
s=1 k=1
p
k k
= 0(3317 7xm)
k=1
p
<Y @™, agp®)
k=1
p j—1 »p
omi_1(k)  om._;+1(k) om; (k) Omg_1 (k) omg_1+1(k)
= Cj ('xmyill ) mj]—1:-1 ) ’xmjj ) + Z CS({L’m5711 ) msflil )
k=1 s=1 k=1
SRt (k) (k)
Omg_ Omg_1+1 ms k
+ Cs(me sty agme®) (5.32)
s=j+1 k=1
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From (5.31) we have

=1 p Jj—1 p
Omg_1 (k) omg_1+1(k) Oma (k)Y _ O'mj_l(k) omj_l(k)
Cs($m5_1 7xms_1+1 P ,.mes ) - CS( ms—1 » Ymg_1+1 *
s=1 k=1 s=1 k=1
Jj—1 p
_ k k k
= g Co(Tpy T s T )
s=1 k=1
Jj-1 p
_ k k
= sy, Y, (5.33)
s=1 k=1
n p n p
Ums—l(k) Um571+1(k) o k . J’VVLJ' (k?) O'mj (k?)
E E Co(Tm ,...,xm";s( )) = E TN I R
s=j+1 k=1 s=j+1 k=1
n p
_ E k k
- CS(Im571, ms—1+17 717
s=j+1 k=1
n p
_ k k
- 65<xm5,17 Y; )
s=j+1 k=1

(5.34)

Substituting the above equalities into inequality (5.32) we get (5.30); that is, S7 is a
c;-splitting set on H?ijmj,l X;.

Now, let (u1, . . ., u,,) be an m-tuple of c-splitting functions for S and fix 2% € 7, (.5).

Assume D, c(z9, 2}, ... 2} )and D, c(z9, 23, ..., 22) exist, and

1

0 .1 _ 0 2
D, c(zy,xs,...,x,) = Dy c(x, x5, . ..

1

Y (a3, ...

forevery j € {2,...,n}, we immediately get

where (23,...., x x2) € Wo . Since ¢; does not depend on z;
2 ) »Ym T3 1 J

M1 ..My —

1

0,1 _ 0,2
Dy ci(xy, 25, ..., 2, ) = Dy (2], 73, . ..
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then

le = x? forevery j € {2,...,my}, (5.35)
as clearly (9, 23,..., 2}, ), (2%,23,...,22, ) € S" and ¢, is twisted on the ¢,-

splitting set S'. In particular, 2, = x2 and by Lemma 2.8,

0 1 02 2
Dy, c(ad, 2}, ..., x;) = Dy, (2,,) = D, (22,) = Dy, c(al,23,... 22)

(here the differentiability of u,,, atz, follows from the factthat (x5, ..., ,,), (23,...,22,) €
Weom,..m,_,)- Hence,

0 1 1 1 0,2 2 2
Dy, ci(al @y, ... xp )+ Dy, co(xh, o x,) = Dy, er(2, 33, .. 2k, )4+ Dy, c2(20,,
Combining this with (5.35) we get

11 1 12 2

Dy, e2(Tp s Ty 15 Ty) = Do (X0 T 15 Ty )
Since ¢, is twisted on the c,-splitting set S? and (), , Ty, 1 -, Ty ) (Tpyy s Tog i1 -+ > Tiyy) €
52, we deduce x! = 22 forevery j € {m; + 1,...,msy}. Note that this is an itera-

j j yJ

tive process, so continuing with this inductive reasoning we get l‘Jl = x? for every

j € {2,...,m}. This completes the proof of the proposition. O
In the following proposition, for a given subset Y := {z;,,...,z;,} CV =
{z1,...,xn} with t; < ... < tyand z € V \Y, we will write (Y,z) :=

(Ttys oo sy, x) and (XF, b)) o= (af ... af  2F), k=1,2.

Proposition 5.18. Fix s € {2,...,m — 1}. Consider a sequence {t,} e+
and sets Ya, ..., Y 11 such that x;, € You1, a« = 1,...,m — (s + 1) and
Yy C{wg, .. tayjo} \ {xe, Y for every j = 2,. — s+ 1. Consider the
cost
m—s+1
c(x1,. .., Tm) = c1(xq, .. )+ Z ci(Y;, Tsrjo1) (5.36)
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where c; is semi-concave for each j, and suppose

1. cyistwistedonm,, _s(S)forevery c-splitting set S, where ;s : [[1m, Xi —
[1;_, X; is the canonical projection; that is, for every c-splitting set S and

2 € m(S), the map

(z9,...,25) > Dy cr(aV, mg,.. . 2y)
is injective on {(xa, ..., xs) : (23, 29,...,25) € 1. (9)}.
2. ¢jis (Ty;_,,Teyj1) twisted for all j = 2,...,m — s + 1; that is, the map

Topjo1 > Drtj_lcj(Y},xsﬂ_l) is injective on the subset of X,;_1 where

Dxtj_lcj(Yj, Tsyj—1) exists, forevery j =2,...,m — s+ 1 and Y] fixed.
Then, c is twisted on c-splitting sets with respect to the variables x1,x,, ..., %y, _..

Proof. Let S C X; X ... X X,, be a c-splitting set and (uq, ..., u,,) an m-tuple

of c-splitting functions for S. Fix 29 € m(S) and assume D, c(2?, 2}, ... 2} ) =
0 .2 2 1 1 2 2

Dyyc(af, a3, ..., x7,), where (23,...,2,,), (23, ...,25,) € Wao, . We want

to show that 2§ = 27 for every j = 2,...,m. Indeed, since the costs ¢y, . . ., Cp_s 1

do not depend on x;, we immediately get

Dyei(2d 2y, ..., xt) = Dy (a2, 23, ... 22).

Hence, by Assumption 1 we get

zy=afor2<j<s. (5.37)

To prove that xiﬂ- = ycﬁﬂ- for 1 < j < m — s we use induction on j. For j = 1,

note that z,, € Y5 C {xa,..., 2}, so x;, = x7 by (5.37), and by Lemma 2.8

Dy, (2, @y, ..., x,,) = Duy, (x;,) = Duy, (x7) = Dy, c(a, a3, ... 2}).
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Since ;, ¢ Y for 3 < j < m — s+ 1, we deduce
0 .1 1 1 1 0 ,.2 2 2,2
Divtlcl(thm s 7$S)+D5Et162<1/2 7xs+1) = thlcl(l‘l, Loy - - ,xs)—i-DmthQ(Yé >xs+1)>

then by (5.37),
D:vtl 62(Y217 xi—i—l) = thl C2(Y'22’ ZE§+1)

and Y;' = Y32, Consequently, we must have z} , = 22, |, as ¢y is (@4, , T541) twisted
on cy-splitting sets, by Assumption 2.

Assume z},, = x2,...,xl, | =22, ,wherel < k =j <m—s.
Combining this and (5.37) we get #{ = 7, as &y, € Yip1 C {22, Torik-1} \
{z¢,,...,x¢,_,}. Then

Dy, c(al,x3,...,x,,) = Duy,(z; ) = Duy, (27 ) = Dy, c(2%,23,...,22).
Since zy, ¢ Yjfork +2<j<m—s+1, weget
k+1 kt1
Dy, ci(2% 2l ... +Z Dy, c;(Y; Sﬂ 1) = D$tkcl(x(1), T3, .. +Z Dy, c;(Y
(5 38)
Now, by induction hypothesis and (5.37), D, c1(2, 23, ..., 2}) = Dy, c1(a, 23, ..., x3),
D, ¢;(Y}, x4, 1) = Dy, c;(Y7, 22, 1) foreveryj=2,... kandY},, = Y7, ,.

Hence, (5.38) reduces to

1 1 . 1 2
Da:tk Ck+1 (Yk+17 -755+k;) = DW% Chk+1 (Ykz+1 , xs+k) :

We then conclude z},, = 22, as cpq1 is (@4, Zo4s) twisted by Assumption 2.

This completes the proof of the proposition. [
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