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Abstract

The performance of smart structures depends on the electrome-

chanical behaviour of piezoelectric sensors/actuators and the bond-

ing condition along the interface, which connects the sensor/actuator

and the host structures. This thesis documents a theoretical study

of the influence of material parameters of the imperfect bonding

layer on the coupled electromechanical characteristics of piezoelec-

tric sensors/actuators. A one dimensional sensor/actuator model

with an imperfect bonding layer, which undergoes a shear deforma-

tion, is proposed. The emphasis of the current study is on the local

stress and strain fields near imperfectly bonded sensors/actuators

and the load transfer. Analytical solutions based on the integral

equation method are provided. Detailed numerical simulation is

conducted to evaluate the influence of the geometry and the mate-

rial mismatch of the adhesive layer upon the sensing/actuating pro-

cess. The interfacial debonding and its effect upon the strain/stress

distribution and the overall performance of the integrated structure

are evaluated in detail.
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Chapter 1

Introduction

1.1 Background

The piezoelectric materials have been a primary focus of attention in the re-

search of smart materials and structural systems because of their ability to

transform electrical energy to mechanical energy, and vice versa, i.e., to func-

tion both as actuators and sensors [1–4]. Optimizing the effectiveness and

reliability of integrated sensor/actuator systems requires a clear understand-

ing of the sensing/actuating processes and the resulting electromechanical re-

sponse of the whole structure. In addition, the bonding condition between the

sensor/actuator and the host structure will also affect the performance of the

sensor/actuator [5–8]. It becomes, therefore, an important issue to study the

coupled electromechanical behaviour of these sensors/actuators with bonding

layers to reliably evaluate the relation between the measured signal and the

local mechanical deformation.

Due to the presence of material discontinuity between the piezoelectric

sensors/actuators and the host structure, complicated local electromechanical

fields will be generated near the edge of sensors/actuators, which will affect the

load transfer between the sensor/actuator and the host structure, and there-
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fore influence the performance of the sensor/actuator. To study the static

load transfer between the piezoelectric elements and the host structure, sim-

plified sensor/actuator models have been established. A beam-like structure

with surface-bonded and embedded thin-sheet piezoelectric elements is first

analyzed to study the load transfer [9]. In this analysis, the axial stress in

the piezoelectric elements is assumed to be uniform across their thickness. A

Bernoulli–Euler model of a piezoelectric thin-sheet bonded to a beam is fur-

ther developed by considering the linear stress distribution across the thick-

ness of the piezoelectric element [10]. A refined sensor model based on the

plane stress condition was presented for a beam structure with symmetrically

surface-bonded sensor patches [11, 12]. Plate and shell models have also been

extensively used in modelling the electromechanical behaviour of piezoelectric

structures [13–19]. The static local stress field near a thin-sheet piezoelectric

element attached to an infinite elastic medium is studied to investigate the

stress concentration and the load transfer between the piezoelectric element

and the host medium [20]. Similar analysis is also conducted to determine

the static electromechanical field of a piezoelectric layer bonded to an elastic

medium with both interfacial and normal stresses being considered [21, 22].

Significant attention has also been paid to the modelling of debonding

of sensors/actuators. Ref. [23] investigated the effects of debonding between

piezoelectric sensors/actuators on the behaviour of smart composite plates by

using an FE model based on the “free mode” assumption. Continuity condi-

tions at the delamination junctions were satisfied using the penalty function

approach. The results of the numerical model were in good agreement with

the experimental data [24]. Refs. [25–27] presented analytical models for a

smart beam with a debonded piezoelectric sensor/actuator. It was assumed
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that there is no stress transfer between the host beam and the piezoelectric

sensor/actuator in the debonding region. Using similar assumptions Ref. [28]

presented a finite element model based on the first-order shear deformation

theory. A closed-loop-control-based damage detection scheme is presented by

Ref. [29] aiming at detecting damage in structures. The results show that even

a small edge debonding in a piezoelectric sensor patch can make the sensitive

control system unstable, and therefore can be detected. Ref. [30] investigated

the effect of the shear lag loss on electromechanical impedance measurements,

and found that the bonding layer can significantly modify the measured ad-

mittance signatures. A useful review is given by Ref. [31].

1.2 Research Objectives

The objective of this thesis is to study of effects of the imperfect bonding layer

on the load transfer between a surface-bonded piezoelectric sensor/actuator

and the elastic host medium. The current work is an extension of the work

presented in Refs. [85, 86] in which an integrated model containing a piezo-

electric thin-sheet sensor/actuator, a viscoelastic bonding layer and an elastic

medium (host) is proposed to evaluate its dynamic property under different

loading frequencies. Although the effect of the geometrical and material prop-

erty of the system has been investigated intensively, less effort has been de-

voted to the study of the debonding. In this thesis, we focus on the effect

of interfacial debonding in the static case where the loading frequency is so

low that the typical wavelength of the incident wave is much longer than the

length of the sensor/actuator. The imperfect bonding and its effect upon the

strain/stress distribution and the overall performance of the structure are eval-

uated in detail. Numerical simulation is conducted to simulate the effect of
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the geometrical and material property of the system, especially that of the

imperfect bonding layer upon the coupled response of the sensors/actuators.

1.3 Organization of the Thesis

The thesis is organized as follows. The current progress and relevant theories

and techniques needed in modelling the sensor/actuator system are reviewed

in Chapter 2. A one dimensional actuator model is established in Chapter 3,

and the effects of the bonding layer properties on the static electromechanical

behavior of the actuator system are discussed. A modified sensor model is

established in Chapter 4, and the effects of the bonding layer properties on

the static behaviour of the sensor system are studied. Finally, the conclusions

and contributions of this thesis are summarized in Chapter 5, and perspective

topics are suggested for future studies.



Chapter 2

Literature Review

2.1 History of Piezoelectricity and Piezoelectric Ceramics

Piezoelectricity is the ability of materials to generate surface charges in re-

sponse to applied mechanical strain. The piezoelectric effect was discovered

in the late 19th century by Pierre and Jacques Curie. They combined their

knowledge of pyroelectricity with their understanding of the underlying crys-

tal structures that gave rise to pyroelectricity to predict crystal behavior, and

demonstrated the effect using crystals of tourmaline, quartz, topaz, cane sugar,

and Rochelle salt. Quartz and Rochelle salt exhibited the most piezoelectric-

ity. The Curies, however, did not predict the converse piezoelectric effect. The

converse effect was mathematically deduced from fundamental thermodynamic

principles by Gabriel Lippmann in 1881. The Curies immediately confirmed

the existence of the converse effect, and went on to obtain quantitative proof of

the complete reversibility of electro-elasto-mechanical deformations in piezo-

electric crystals.

Early applications harnessed the ability of piezoelectric devices to act as

transducers between electric potential and frequency. The first practical ap-

plication of piezoelectric devices was the development of sonar during World
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War I. Langevin produced a transducer composed of thin quartz crystals sand-

wiched between steel plates. Ultrasound was generated by the piezoelectric

device and subsequently detected by an underwater microphone. Based on the

time for the ultrasonic pulse to be detected, spatial distances could accurately

be determined.

During World War II, independent research groups in the United States,

Russia, and Japan discovered a new class of man-made materials, called fer-

roelectrics, which exhibited piezoelectric constants many times higher than

natural materials. This led to intense research to develop barium titanate

and later lead zirconate titanate materials with specific properties for partic-

ular applications [32–35]. Compared with natural piezoelectric crystals, these

newly discovered and developed piezoelectric ceramics are more versatile with

physical, chemical and piezoelectric characteristics, and can be tailored for

specific applications.

The use of piezoelectric ceramic materials as sensors and actuators in Struc-

tural Health Monitoring, Intelligent Structures, etc., has been considerably

increased during the past few decades [36–41]. Typically, piezoceramics are

used as actuators and polymer piezo films are used as sensing materials. It

is also possible to use piezoceramics for both sensing and actuation, as in the

case of self-sensing actuators [42]. In addition to the possibility of perform-

ing collocated control, such sensors/actuators have other advantages such as

compactness, sensitivity over a large strain bandwidth and ease of embeddabil-

ity for performing structural health monitoring as well as distributed active

control functions concurrently.
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2.2 Global Response of the Piezoelectric System

As a result of the extensive use of piezoelectric patches in SHM systems, sig-

nificant attentions have been paid to the studies of the global response of

piezoelectric systems [43–51]. In the above studies, issues involving dynamic

stability were considered in Refs. [43, 44]. Buckling of beams with piezoelec-

tric actuators was studied in Refs. [45–49]. Control of the vibrations of a

beam under axial load was studied in Ref. [50] using a closed-loop control

where the sensing was implemented by using the tip deflection of the beam.

In Ref. [51] the actuator was taken as the full length of the beam as opposed

to a patch one. The solutions of the governing equations in the above studies

were achieved either by finite elements or by Fourier series approximations.

A simply-supported beam model with a pair of out-of-phase surface-bonded

piezoelectric actuators is established to study the beam response when it is ex-

cited in bending by the actuators at resonance frequencies [52]. The coupling

between the bending, axial and torsional vibrations of composite beams with

surface-bonded piezoelectric sensor layers has been studied theoretically [53].

In this study, the ICL composite-beam model is obtained by integrating the ex-

isting ICL composite-plate model proposed by Ref. [54]. When the plate width

is much smaller than the plate length, integration of the ICL composite-plate

equations and linearization of displacement fields lead to a set of equations

that couple bending, torsional, and axial vibrations of a composite beam. The

equations of motion and associated boundary conditions are normalized and

rearranged in a state-space matrix form, and the vibration response is pre-

dicted through the transfer function approach developed by Ref. [55].

The use of piezoelectric patches in structural shape control has also been

investigated by many researchers. The study of ascertaining the input voltages
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for piezoelectric actuators used in the shape control of structural elements was

first reported by Refs. [56, 57]. They carried out the bending analysis of com-

posite beams, plates and shells using the Rayleigh–Ritz method. Ref. [58] de-

veloped a finite element model for beams with piezoelectric actuators. Ref. [59]

proposed a mathematical framework for the deformation of a flexible beam to

a desired shape using piezoceramic patch control. Ref. [60] reported exper-

imental results for a Euler–Bernoulli cantilever beam and used these results

to verify the analytical results. Ref. [61] developed an exact solution for the

static shape control of smart structures by piezoelectric actuation. Analytical

solutions for the optimal voltages were developed by Ref. [62] for the shape

control of composite laminated cantilever beams based on the first-order shear

deformation beam theory. In Ref. [63], the shape control of beams with piezo-

electric actuators defined by coupled nonlinear material constitutive equations

is investigated. This investigation focuses on the nonlinearity of the material

and its effect on the optimal voltages for the shape control problem. To incor-

porate a nonlinear material behavior in the shape control problem, an iterative

finite element model is developed.

2.3 Electromechanical (E/M) Impedance Technique

Electromechanical impedance approach is suitable for near field structural

damage detection. The mechanism of the method is to employ structural

excitations through surface-bonded piezoelectric patches and to monitor the

changes in the impedance of the structure. In the last ten years, extensive

effects have been made to promote the development of this technique.

E/M impedance method was pioneered by Refs. [64, 65]. Subsequently,

several authors used the E/M impedance method for structural health moni-
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toring, by comparing the impedance frequency spectra of various pristine and

damaged structures [66, 67]. The method has been shown to be especially ef-

fective at ultrasonic frequencies, which properly capture the changes in local

dynamics due to incipient structural damage. Such changes are too small to

affect the global dynamics and hence cannot be readily detected by conven-

tional low-frequency vibration methods. The method is direct and easy to

implement, the only required equipment being an electrical impedance ana-

lyzer. The name Electromechanical (E/M) Impedance Method was first used

by [68]. Novel ways to interpret the E/M impedance spectra and identify

structural damage have been explored by Refs. [69, 70].

Ref. [41] presented a step-by-step derivation of the interaction between the

piezoelectric active sensor and the host structure, and produced, for the first

time, analytical expressions and numerical results for the E/M admittance

and impedance seen at sensor terminal. These numerical results were then

directly compared with those experimentally measured at the piezoelectric

active sensor terminals during the structural identification process. In their

derivation, the limitations of the quasi-static sensor approximation adopted by

previous investigators were lifted. Exact analytical expressions were used for

structural modeling of simultaneous axial and flexural vibrations.

2.4 Elastic Wave Propagation in Piezoelectric System

The use of piezoelectric patches for damage detection of structures based on

elastic wave propagation has attracted significant attention [71–73]. Elastic

waves are sensitive to the changes of geometry and parameters of the material,

and can propagate over a long distance in a structure. Therefore, they are

attractive for the quick, large range inspection of structures. They also have
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the potential to detect both surface cracks and embedded damage. Due to

these advantages, comparing with other methods for damage detection, such

as using electromagnetic field and thermal field [74], elastic waves have been

more widely used in active SHM system [75].

The study in Ref. [76] has shown that the E/M impedance method and

the wave propagation approach are complementary techniques that should be

simultaneously used for damage detection. Since the former method works

in the near field, while the latter acts in the far field, their simultaneous uti-

lization will ensure the complete coverage of the monitored structure. In the

damage detection process, the signal processing methods and damage-metric

algorithms have to be tuned to the specific structural interrogation techniques

being used. In the high-frequency E/M impedance approach, pattern recog-

nition methods should be used to compare the impedance signatures and to

identify change in these signatures that are indicative of damage presence and

progression. In the wave propagation approach, the pulse-echo and acousto-

ultrasonic methods identifying the reflections generated from the damage site,

and changes in wave phase and velocity, can be used.

However, the major difficulties of using elastic waves to conduct structural

health monitoring are that the signals are not instinctually interpretable due

to the complicated behaviour of elastic waves, such as the dispersive char-

acteristics of the waves, the presence of multi-modes, and the existence of

complicated mode conversions [77]. These difficulties lead to further studies

about the interaction between host structures and incorporated piezoelectric

sensors/actuators, and the resulting complicated electromechanical behaviour

in a smart SHM system [78].
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2.5 Studies on the Effect of the Bonding Layers

Recently, several studies have reported that the controllability of smart struc-

tures can suffer when the mechanical properties of the bonding layer are ig-

nored in the dynamic model of smart structures [79, 80]. This means, a more

complete control model can be obtained if the mechanical properties of the

bonding layer have been considered. In Ref. [7], the vibration properties of

composite beams with attached sensors and actuators are investigated for three

different adhesives. The results of the experimental study reveal that signifi-

cant differences in the elastic properties of the investigated adhesive materials

have only a minor influence on the natural frequencies, damping ratios, and

decay times. The experimental study also reveals some localized failure modes

due to interfacial debonding.

To show the influence of bonding layer parameters (elastic shear modulus

and retardation time) on the dynamic response of the controlled beam, the

developed bending-extensional model of a visco-elastic beam with a collocated

sensor/actuator system is proposed in Ref. [81]. Taking into account a pure

extension in piezoelements, the shear bonding layers both for the actuator

and the sensor are assumed as visco-elastic and described by the Kelvin–Voigt

material. The results in terms of frequency response of the beam transverse

displacements show that the stiffness of bonding layers affects significantly the

active damping efficiency. The beam vibrations can be reduced considerably

for relatively stiff glue layers.

In Ref. [8], the influence of the compliant adhesive layers on the static

response of unidirectional active panels is investigated. Emphasis is put on

the effect of the mechanical and geometrical properties of the adhesive layer

on the response of the layered structure and on the interlaminar strain and



2.5 Studies on the Effect of the Bonding Layers 12

stress transfer mechanisms. The model derived follows the concepts of the

high-order theory developed by Refs. [82, 83]. The results reveal the high-

order effects and the stress concentrations in the transition zone near the edge

of the panel and indicate that a careful selection of the adhesives properties

can improve the behavior of the structure and reduce the severity of the stress

concentrations involved.

Ref. [84] addresses the assessment of the quality of the bonding layer of

piezoelectric sensors that are mounted on external surfaces of the main struc-

ture. Both the external surface and the piezoelectric patches are assumed to be

perfectly plane and parallel, having a layer of adhesive joining them together.

The equations governing the mechanical equilibrium are simplified by assum-

ing a pure shear stress state in the bonding film. This investigation addresses

shear lag effects and shows that end-bonding must be carefully assessed in

order to enhance the quality of the sensing output.

Ref. [85] studied the effect of the material and geometric properties of

the sensor and the bonding layer on the load transfer from the host medium

to the sensor. The results indicate that, for relatively low frequency cases,

with the increase of the bonding layer stiffness, the amplitude of the strain

distribution along the sensor increases; for very high frequency cases, the strain

distribution along the sensor becomes very complicated and unpredictable with

the decrease of the bonding layer stiffness. The effect of the bonding condition

on the dynamic behavior of the actuators in high frequency cases has been

studied [86]. The results indicate that the properties of the bonding layer,

the loading frequency, the geometry and material combination of the actuator

have a significant effect on the load transfer between the actuator and the host

medium.



Chapter 3

Analysis of the Piezoelectric Actuator

System

3.1 Introduction

The objective of this chapter is to develop an analytical model to study the cou-

pled electromechanical behaviour of a thin-sheet piezoceramic actuator imper-

fectly bonded to an elastic half plane under in-plane mechanical and electrical

loadings. The current work is an extension of the work presented in Ref. [20] in

which the actuator is characterized by an electroelastic line model with the pol-

ing direction being perpendicular to its length. An imperfect adhesive bonding

layer between the actuator and the host structure is introduced to study the

influence of the mechanical and geometrical properties of the adhesive layer

on the coupled electromechanical behaviour of the integrated structure. The

emphasis of the current study is on the local stress and strain fields near im-

perfectly bonded actuators and the load transfer. Numerical simulation is

conducted to study the influence of the geometry and the material mismatch

of the adhesive layer upon the actuation process. The interfacial debonding

and its effect upon the stress distribution and the overall performance of the
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structure are evaluated in detail.

3.2 Formulation of the Problem

Let us now consider the plane strain problem of a thin piezoceramic actuator

sheet bonded to a homogeneous and isotropic elastic half plane through a thin

bonding layer, as illustrated in Fig. 3.1. The host medium is modeled as a

half plane to represent the case where it is much thicker than the actuator.

The lengths of both the actuator and the bonding layer are denoted as 2a,

and the thicknesses of the actuator and the bonding layer are denoted as h

and h′, respectively. It is assumed that the poling direction of the actuator is

along the z-axis. An electrical field Ez is applied along the poling direction

of the actuator by applying a voltage (V ) between the upper and the lower

electrodes of the actuator with Ez = V/h = (V − − V +)/h. Throughout this

chapter, superscripts a, b and h are used to designate physical quantities that

belong to the actuator, the bonding layer and the host, respectively.

3.2.1 The actuator

Since the present study is focusing on a thin-sheet actuator with relatively

small thickness in comparison with its length, σa
y and ua

y are assumed to be

uniform across its thickness, and σa
z and σa

yz in the actuator can be ignored

1. Considering the fact that the bonding layer is much thinner than the ac-

tuator, it is assumed that the axial stress and deformation are uniform across

the thickness of the bonding layer as well. The interfacial shear stress between

different layers is denoted as τ , as shown in Fig. 3.1 with u+ and u− repre-

senting the displacements on the upper and lower surface of the bonding layer,

1The existence of τ will cause a non-zero σ
a

yz
, but it represents a high order term of h,

therefore it can be ignored if only thin actuator is considered.
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Figure 3.1: Schematics of the actuator configuration.
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respectively.

Based upon these assumptions, the actuator can be modelled as an elec-

troelastic line subjected to the applied electric field and distributed axial force,

τ/h, as shown in Fig. 3.1. The equilibrium equation of the actuator can then

be expressed as
dσa

y(y)

dy
+

τ (y)

h
= 0 (3.1)

Since all the load transferred between the actuator and the bonding layer

can be attributed to τ , the two ends of the actuator can be assumed to be

traction free, i.e.

σa
y = 0, |y| = a (3.2)

By integrating Eq. (3.1) and making use of Eq. (3.2), the axial stress in

the actuator can be expressed in terms of the shear stress τ as

σa
y(y) = −

∫ y

−a

τ (ξ)

h
dξ (3.3)

with
∫ a

−a

τ (ξ)dξ = 0 (3.4)

The axial stress of the actuator can be expressed in terms of the axial strain

εa
y and the electric field Ez by using the following general constitutive relation:

σa
y(y) = Eaεa

y(y)− eaEz (3.5)

where Ea and ea are effective material constants [20].

The resulting axial strain εa
y and displacement ua

y can then be expressed in
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terms of τ as

εa
y(y) = −

1

Eah

∫ y

−a

τ (ξ)dξ +
eaEz

Ea
, |y| < a (3.6)

ua
y(y) = −

1

Eah

∫ y

−a

(y − ξ)τ (ξ)dξ +
eaEzy

Ea
, |y| < a (3.7)

3.2.2 The bonding layer

The adhesive layer, formed by epoxy or conductive epoxy for example, is gen-

erally much more compliant than the host structure. Since the deformation of

the actuator is transferred totally through the adhesive layer, the mechanical

and geometrical properties of the adhesive layers will have a significant effect

upon the performance of the integrated structure.

The shear stress τ distributed in the layer is determined by the constitutive

relation:

−τ (y) = µbεb
y(y) (3.8)

where

εb
y(y) =

u+(y) − u−(y)

h′
(3.9)

with µb and εb
y being the shear modulus and the shear strain of the bonding

layer, respectively. According to the continuity condition of the displacements,

u+ and u− also represent the longitudinal displacements of the lower surface

of the actuator and the upper surface of the host medium, respectively.

3.2.3 The host medium

Since there is no additional mechanical load applied to the host medium, the

stress field generated inside the host structure is only due to the existence of



3.2 Formulation of the Problem 18

the shear stress caused by the actuator at the top of its surface. Therefore,

the boundary condition along the top surface will be

σyz(y, 0) =
{ −τ (y) |y| < a

0 |y| > a
, σz(y, 0) = 0 (3.10)

Making use of the fundamental solution of a half elastic plane subjected to a

concentrated horizontal force [87] and the superposition principle, εh
y and uh

y

resulting from the applied force given by Eq. (3.10) can be obtained as

εh
y(y, 0) =

1 − νh

πµh

∫ a

−a

τ (ξ)

y − ξ
dξ, |y| < a (3.11)

uh
y(y, 0) =

1 − νh

πµh

∫ y

−a

∫ a

−a

τ (ξ)

y − ξ
dξdy, |y| < a (3.12)

where νh and µh are the Poisson’s ratio and the shear modulus of the host,

respectively.

3.2.4 Static load transfer in a perfectly bonded piezoelectric actu-

ator

Taking the derivative of both sides of Eq. (3.8) with respect to y gives

−
dτ (y)

dy
= µb

[ε+(y) − ε−(y)

h′

]

(3.13)

Substituting Eqs. (3.6) and (3.11) into Eq. (3.13), the following integral

equation can be obtained

1 − νh

πµh

∫ a

−a

τ (ξ)

y − ξ
dξ +

1

hEa

∫ y

−a

τ (ξ)dξ −
h′

µb

dτ (y)

dy
=

eaEz

Ea
, |y| < a (3.14)
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from which the shear stress τ can be determined.

Eqs. (3.14) and (3.4) can be normalized as

1

q

∫

1

−1

τ (ζ)dζ

η − ζ
+

1

v

∫ η

−1

τ(ζ)dζ −
v′

q′
dτ (η)

dη
= 1, |η| < 1

∫

1

−1

τ (ζ)dζ = 0















(3.15)

where

τ (η) =
τ (aη)

eaEz
, η =

y

a
(3.16)

and

q =
πEh

2[1 − (νh)2]Ea
, v =

h

a
, q′ =

µb

Ea
, v′ =

h′

a
(3.17)

In the limiting case that the thickness of the bonding layer tends to zero,

the third term in Eq. (3.15) disappears, and Eq. (3.15) reduces to

1

q

∫

1

−1

τ (ζ)dζ

η − ζ
+

1

v

∫ η

−1

τ(ζ)dζ = 1, |η| < 1
∫

1

−1

τ (ζ)dζ = 0















(3.18)

which is a singular integral equation of the first kind [20]. The solution of

it involves a square-root singularity at |η| = 1 [87], which corresponds to

the two ends of the actuator. For the case where a bonding layer exists, the

solution of Eq. (3.15) has no singularity at |η| = 1, indicating that introducing

the bonding layer may lead to lower stress concentration and more uniform

distribution of stress.

The general solutions of τ in Eq. (3.15) can be expressed in terms of the
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following expansions of Chebyshev polynomials

τ (η) =
1

√

1 − η2

∞
∑

j=0

djTj(η) (3.19)

where Tj are Chebyshev polynomials of the first kind with Tj(η) = cos(jθ) and

cos θ = η. By truncating the Chebyshev polynomial expansions to the Nth

term and considering the boundary conditions at the following collocation

points along the actuator

ηk = cos
k

N + 1
π, k = 1, 2, · · · , N (3.20)

Eq. (3.15) reduces to

N
∑

j=1

dj

sin
(

j
k

N + 1
π
)

sin
( k

N + 1
π
)

{

1

q
+

1

vπj
sin

( k

N + 1
π
)

+
v′

πq′

[

j + cot
(

j
k

N + 1
π
)

cot
( k

N + 1
π
)

sin
( k

N + 1
π
)

]}

= −
1

π
, k = 1, 2, · · · , N(3.21)

The unknown coefficients dj and the stress field due to the presence of the

actuator can be readily determined by using Eq. (3.21).

3.2.5 Effect of interfacial debonding

The high level of shear stress at the edges of the actuator may result in an

unwanted edge debonding as shown in Fig. 3.2. For a perfectly bonded actua-

tor, when the maximum shear stress is larger than the bonding strength, edge

debonding may develop. The debonded part of the actuator has zero boundary

stresses. According to the present actuator model, the debonded part at the
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edge of the actuator will experience no stress. As a result, the effective length

of the actuator is reduced from its original length to that of the bonded part

only. Therefore, the behaviour of an edge debonded actuator can be simulated

by a shorter actuator [20].
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Figure 3.2: Schematics of edge debonding.
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Debonding may also occur in the interior of the actuator. Let us consider

an actuator occupying the region tl < y < tr which is partially debonded in

dl < y < dr as illustrated in Fig. 3.3(a). The debonded part of the actuator

can be regarded as a one-dimensional element subjected to an axial stress σd.

By making use of the equilibrium equation Eq. (3.1) and the traction free

condition at the two ends of the actuator, the axial stress in the actuator can

be expressed in terms of τ as

σa
y(y) =























































−

∫ y

tl

τ (ξ)

h
dξ tl < y < dl

σd dl < y < dr

σd −

∫ y

dr

τ (ξ)

h
dξ dr < y < tr

(3.22)

where

σd = −

∫ dl

tl

τ (ξ)

h
dξ (3.23)

The partially debonded actuator can then be regarded as two “actuators”

subjected to an axial stress σd at the inner tips of them, as shown in Fig.

3.3(b). The resulting axial strain can then be expressed in terms of τ as

εa
y(y) =























































−
1

Eah

∫ y

tl

τ (ξ)dξ +
ea

Ea
Ez tl < y < dl

σd + eaEz

Ea
dl < y < dr

1

Eah

[

σdh −

∫ y

dr

τ (ξ)dξ
]

+
ea

Ea
Ez dr < y < tr

(3.24)
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Figure 3.3: Schematics of interior debonding.
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The half plane to which the actuator is bonded is subjected to the following

boundary conditions:

σyz(y, 0) =























−τ (y) tl < y < dl and dr < y < tr

0 otherwise

(3.25)

The surface strain in the host medium can be obtained, by making use of

the fundamental solution of a half plane subjected to a concentrated surface

force, as

εh
y(y, 0) =

1 − νh

πµh

[

∫ dl

tl

τ (ξ)

y − ξ
dξ +

∫ tr

dr

τ (ξ)

y − ξ
dξ

]

(3.26)

By making use of the constitutive relation of the bonding layer given by

Eqs. (3.8) and (3.9), the strains in the actuator and the host medium presented

by Eqs. (3.24) and (3.26) can be related as

εa
y − εh

y = −
h′

µb

dτ (y)

dy
tl < y < dl, dr < y < tr, z = 0 (3.27)

Substituting Eqs. (3.24) and (3.26) into Eq. (3.27) gives

1 − νh

πµh

∫ dl

tl

τ (ξ)

y − ξ
dξ +

1 − νh

πµh

∫ tr

dr

τ (ξ)

y − ξ
dξ −

h′

µb

dτ (y)

dy

+



























1

hEa

∫ y

tl

τ (ξ)dξ =
eaEz

Ea
tl < y < dl

1

hEa

∫ y

dr

τ (ξ)dξ =
eaEz + σd

Ea
dr < y < tr

(3.28)

The axial stress σd in Eq. (3.28) need to be determined by considering the
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deformation of the debonded part of the actuator. From Eqs. (3.8) and (3.9)

it can be obtained that

ua
y(dr) − ua

y(dl) = uh
y(dr) − uh

y(dl) +
h′

µb
[τ (dl) − τ (dr)] (3.29)

Integrating Eqs. (3.24) and (3.26) gives

ua
y(dr) − ua

y(dl) =
σd + eaEz

Ea
(dr − dl) (3.30)

uh
y(dr) − uh

y(dl) =
1 − νh

πµh

∫ dr

dl

[

∫ dl

tl

τ (ξ)

y − ξ
dξ +

∫ tr

dr

τ (ξ)

y − ξ
dξ

]

dy (3.31)

Substituting Eqs. (3.30) and (3.31) into Eq. (3.29), the following equation can

be obtained, which provides an additional condition for determining σd.

1 − νh

πµh

∫ dr

dl

[

∫ dl

tl

τ (ξ)

y − ξ
dξ +

∫ tr

dr

τ (ξ)

y − ξ
dξ

]

dy +
h′

µb
[τ (dl) − τ (dr)] (3.32)

=
σd + eaEz

Ea
(dr − dl)

Eqs. (3.23), (3.28) and (3.32) can be normalized as

1

q

∫

1

−1

τ l(ζ)dζ

ηl − ζ
+

1

q

∫

1

−1

τ r(ζ)dζ

ηr − ζ

+















−
v′

l

q′
dτ l(ηl)

dηl

+
1

vl

∫ ηl

−1

τ l(ζ)dζ = 1 |ηl| < 1

−
v′

r

q′
dτ r(ηr)

dηr
−

1

vr

∫

1

ηr

τ r(ζ)dζ = 1 |ηr| < 1
(3.33)

1

vl

∫ η∗
l

1

∫

1

−1

τ l(ζ)dζ

ηl − ζ
dηl +

1

vr

∫

−1

η∗
r

∫

1

−1

τ r(ζ)dζ

ηr − ζ
dηr +

qv′

l

q′vl

τ l(1) −
qv′

r

q′vr

τ r(−1)

= 2q
(1

v
−

1

vl
−

1

vr

)

(σ∗ + 1) (3.34)
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and

∫

1

−1

τ l(ζ)dζ = −σ∗vl (3.35)

∫

1

−1

τ r(ζ)dζ = σ∗vr (3.36)

where the normalized stresses are given by

τ l(ηl) =
τ (alηl + yl)

eaEz

, τ r(ηr) =
τ (arηr + yr)

eaEz

, σ∗ =
σd

eaEz

(3.37)

with

ηl =
y − yl

al
, ηr =

y − yr

ar

v =
h

a
, vl =

h

al
, vr =

h

ar

v′ =
h′

a
, v′

l =
h′

al
, v′

r =
h′

ar

a =
1

2
(tr − tl), al =

1

2
(dl − tl), ar =

1

2
(tr − dr)

yl =
1

2
(dl + tl), yr =

1

2
(tr + dr)

η∗

l = 2vl
vr − v

vrv
− 1, η∗

r = −2vr
vl − v

vlv
+ 1







































































(3.38)

The general solutions of τ l and τ r in Eqs. (3.33)–(3.36) can then be ex-

pressed in terms of the following expansions of Chebyshev polynomials

τ l(ηl) =
1

√

1 − η2
l

∞
∑

j=0

dl
jTj(ηl), τ r(ηr) =

1
√

1 − η2
r

∞
∑

j=0

dr
jTj(ηr) (3.39)

If the Chebyshev polynomial expansions are truncated to the Nth term,

and Eq. (3.33) is satisfied at the following collocation points at each bonded
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segment of the actuator given by

ηlk = ηrk = ηk = cos
k

N + 1
π, k = 1, 2, · · · , N (3.40)

Eqs. (3.33) and (3.34) reduce to

N
∑

j=1

dl
j

sin
(

j
k

N + 1
π
)

sin
( k

N + 1
π
)

{

1

q
+

1

vlπj
sin

( k

N + 1
π
)

+
v′

l

πq′

[

j + cot
(

j
k

N + 1
π
)

cot
( k

N + 1
π
)

sin
( k

N + 1
π
)

]}

+
N

∑

j=1

dr
j

[

√

(η′

rk)
2 − 1 − |η′

rk|
]j

q
√

(η′

rk)
2 − 1

+
σ∗

π

[

vr

q
√

(η′

rk)
2 − 1

+
(

1 −
k

N + 1

)

−
v′

lvl

πq′

cot
( k

N + 1
π
)

sin2

( k

N + 1
π
)

]

= −
1

π
, k = 1, 2, · · · , N (3.41)

N
∑

j=1

dr
j

sin
(

j
k

N + 1
π
)

sin
( k

N + 1
π
)

{

1

q
+

1

vrπj
sin

( k

N + 1
π
)

+
v′

r

πq′

[

j + cot
(

j
k

N + 1
π
)

cot
( k

N + 1
π
)

sin
( k

N + 1
π
)

]}

−

N
∑

j=1

dl
j(−1)j

[

√

(η′

lk)
2 − 1 − |η′

lk|
]j

q
√

(η′

lk)
2 − 1

+
σ∗

π

[

vl

q
√

(η′

lk)
2 − 1

+
k

N + 1

+
v′

rvr

πq′

cot
( k

N + 1
π
)

sin2

( k

N + 1
π
)

]

= −
1

π
, k = 1, 2, · · · , N (3.42)
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−σ∗

[

1

q
ln |η∗

l +
√

η∗2
l − 1| −

1

q
ln |η∗

r +
√

η∗2
r − 1|

+2
(1

v
−

1

vl
−

1

vr

)

+
v′

r + v′

l

πq′ sin
( 1

N + 1
π
)

]

+
N

∑

j=1

dl
j

vl

{

π(−1)j

∫ η∗
l

1

[

√

(η′

lk)
2 − 1 − |η′

lk|
]j

q
√

(η′

lk)
2 − 1

dη′

lk +
v′

l

q′

cos
(

j
1

N + 1
π
)

sin
( 1

N + 1
π
)

}

+
N

∑

j=1

dr
j

vr

{

− π

∫

−1

η∗
r

[

√

(η′

rk)
2 − 1 − |η′

rk|
]j

q
√

(η′

rk)
2 − 1

dη′

rk − (−1)j v′

r

q′

cos
(

j
1

N + 1
π
)

sin
( 1

N + 1
π
)

}

= 2
(1

v
−

1

vl
−

1

vr

)

(3.43)

where

η′

lk = vl

(2

v
−

1

vl
−

1

vr
+

1

vr
cos

k

N + 1
π
)

(3.44)

η′

rk = −vr

(2

v
−

1

vl
−

1

vr
−

1

vl
cos

k

N + 1
π
)

(3.45)

The unknown coefficients dl
j, dr

j and σ∗ can be determined by solving Eqs.

(3.41)–(3.43).

3.3 Numerical Results and Discussion

In this section, the results of numerical simulation of the influence of the prop-

erty of the bonding layer under different material combinations and actuator

geometries on the electromechanical behaviour of the integrated system are

presented. The attention is focused on the shear stress distribution along the

bonding layer. The convergence of the solution using Chebyshev polynomials
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has been carefully evaluated. The number of terms of Chebyshev polynomials

is selected to be 64, with which the convergence of the results for all the cases

considered is ensured.

The normalized interfacial shear stress τ ∗ = τ/eaEz is an important in-

dicator of the actuation efficiency, and represents the load transfer between

the actuator and the host medium. Fig. 3.4 shows a typical shear stress dis-

tribution of a surface bonded actuator for q = 2.28, v = 0.2 and v′ = 0. To

verify the validity of the present actuator model to predict the interfacial stress

distribution, the ANSYS software was used to numerically analyze the stress

field of the same problem using the real geometric configuration of the actua-

tor. The comparison shows a limited discrepancy between the finite element

and analytical results near the tips of the actuator. This discrepancy is caused

by the use of different actuator models in the analyses. In the analytical work,

one-dimensional representation was used to model the behaviour of the actu-

ator, while in the finite element analysis a two-dimensional model was used.

The current one-dimensional actuator model can be used to predict interfacial

shear stress away from the tips of the actuator (two times of the thickness of

the actuator, for example). It should be mentioned that most sheet-actuators

have high length-to-thickness ratio. In these situations, the current explicit

model can be used to predict the load transfer between the actuator and the

host structure analytically in an efficient manner.

3.3.1 Actuator with a uniform interfacial layer

As shown in Eq. (3.17), q represents the material combination of the actuator

and the host structure, v represents actuator geometry, q′ represents material

property of the bonding layer and v′ represents the geometry of the bonding
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Table 3.1: Material Properties of the Piezoelectric Actuator

Elastic Stiffness Parameters c11 c12 c13 c33 c44

(Pa) 13.9 × 1010 6.78 × 1010 7.43 × 1010 11.5 × 1010 2.56 × 1010

Piezoelectric Constants e31 e33 e15

(C/m2) -5.2 15.1 12.7
Dielectric Constants ε11 ε33

(C/Vm) 6.45 × 10−9 5.62 × 10−9

Table 3.2: Material Properties of the Host Medium and the Bonding Layer

Host Medium
Young’s Modulus Eh (Pa) 5.27 × 1010

Poisson’s Ratio νh 0.3
Bonding Layer

Shear Modulus µb (Pa) 1.0 × 109

layer. Carefully examining Eq. (3.15) indicates that the normalized interfacial

shear stress is governed by three parameters: q, v and v′/q′. In the following

discussion, the values of q, v and v′ are varied to evaluate different responses

of the structure.

The piezoelectric material considered in the following examples is a typical

piezoceramics, whose properties are given in Table 3.1 [88]. The properties of

the bonding layer [7] and the host medium [89] are given in Table 3.2. From

these material constants it can be determined that q = 1.0 and q′ = 0.011.

The geometry of the actuator is assumed to be a = 1.0 cm and h = 200–2000

µm. The length of the bonding layer is the same as that of the actuator.

Since the distribution of τ ∗ is anti-symmetrical about the middle point of

y = 0, the stress distribution along only half of the actuator will be presented.

The results for shear stress distribution along the bonding interface for q = 1.0
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and q′ = 0.011 with two bonding conditions, v′ = 0 and v′ = 0.01, are shown

in Figs. 3.5 and 3.6, respectively. As shown in Fig. 3.5, the increase in the v

value makes shear stress distribution less concentrated around the tips of the

actuator. Increase of shear stress level along the actuator due to increasing v

value is also observed. When a bonding layer is included, as shown in Fig. 3.6,

the stress concentration around the tip of the actuator is dramatically reduced,

yet on the other hand the shear stress level along the actuator is increased, in

comparison with the corresponding curve in Fig. 3.5.

To study the effect of material mismatch q, the material constants of the

actuator are fixed, and the shear modulus of the host medium is changed to

achieve different material combinations. q = 0.1, 0.5, 1.0, 2.0 and 5.0 are

chosen, and two bonding conditions, v′ = 0 and v′ = 0.01, are considered to

investigate the effect of the material combination on the load transfer between

the actuator and the host structure. The normalized shear stress distribution

curves under these two bonding conditions are shown in Figs. 3.7 and 3.8,

respectively. In Fig. 3.7, with the increase of q, an increase of the shear

stress level at the tips of the actuator can be observed. Fig. 3.8 shows that

when the bonding layer is included, the increase of q results in an increase of

the shear stress level along the entire length of the actuator, and the shear

stress distribution becomes less concentrated around the tips of the actuator.

Figs. 3.5–3.8 indicate that the material mismatch and geometrical property

of the actuator and the host structure show more significant effect on the

shear stress distribution when the bonding layer is included, at least for the

currently considered bonding layer. Proper selection of material combination

and actuator geometry, if possible, will increase the actuation efficiency of the

actuator.
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Fig. 3.9 shows a typical shear stress distribution along a surface bonded

actuator for q = 1.0, v = 0.05 and q′ = 0.011. High stress concentration around

the tip of the actuator is observed when v′ = 0. Comparing the five curves in

this figure, we can clearly see that, as the v′ value increases from 0 to 0.02, the

shear stress level along the actuator between the interval of y/a = 0.0 ∼ 0.9

shows very limited changes, but the stress concentration around the tip of the

actuator, where y/a = 1.0, decreases significantly.

3.3.2 Interfacial debonding

3.3.2.1 Edge debonding

For a perfectly bonded actuator, when the maximum shear stress is larger than

the bonding strength, edge debonding will initiate and grow to a length d, as

shown in Fig. 3.2. As mentioned in the last section, a debonded actuator

can be regarded as a shorter actuator. The effective length of the actuator is

reduced from its original length 2a to 2aeff = 2a − d.

To evaluate the effect of the thickness of the bonding layer in edge debond-

ing problem, Fig. 3.10 shows the normalized shear stress τ ∗ at the edge point

ηe = y/a = −1 as a function of d/a for q = 1.0, q′ = 0.011 and v = 0.05. As

expected when the debonding continues developing, the edge stresses decrease.

When the edge stresses decrease to the values below the interfacial toughness,

the debonding will stop growing. This is the self-arresting mechanism, which

has been discussed by Refs. [20] and [28]. Fig. 3.10 shows that the increase of

the debonding length, from d = 0 to d = a for example, will decrease the shear

stress τ ∗(ηe) by up to 3% for v′ = 0.007 and 12% for v′ = 0.025, indicating

that with the increase of the thickness of the bonding layer, the self-arresting

effect becomes more obvious.
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3.3.2.2 Central debonding

Local stress concentration and/or weak interfacial bonding may also result in

debonding in the interior of the actuator as shown in Fig. 3.3. To simulate

this situation, the actuator considered is assumed symmetrically debonded in

|y| < d, i.e. tr = −tl = a and dr = −dl = d. The effective length of the

actuator is reduced from its original length 2a to 2aeff = 2(a − d).

Shear stress redistributions along actuators with central debondings for q =

1.0, q′ = 0.011 and v = 0.05 with two bonding conditions, v′ = 0 and v′ = 0.01,

are shown in Figs. 3.11 and 3.12, respectively. Fig. 3.11 shows that when

the bonding layer is ignored shear stresses concentrate near the debonding

edge, particularly for larger debonding lengths; it may be detrimental to the

bonding strength. Fig. 3.11 also shows that central debondings mainly cause

the stress redistribution near the debonding area, and does not significantly

affect stresses far away from the debonding. However, when the bonding layer

is included as illustrated in Fig. 3.12, shear stresses do not concentrate in the

debonding edge and show a much more uniform distribution.

The results for shear stress redistribution along a surface bonded actuator

for q = 1.0, q′ = 0.011 and d/a = 0.6 under two bonding conditions, v′ = 0

and v′ = 0.01, are shown in Figs. 3.13 and 3.14, respectively. High stress

concentration at the debonding edge and increase of shear stress level along

the actuator due to increasing v value are observed in Fig. 3.13. When a

bonding layer is included, as shown in Fig. 3.14, the stress concentration

around the tip of the actuator is dramatically reduced, and the parameter v

has more effect on the shear stress distribution.

Fig. 3.15 shows a typical shear stress redistribution along a surface bonded

actuator for q = 1.0, q′ = 0.011, v = 0.05 and d/a = 0.6. The normalized
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shear stresses at the edge points ηel = y/a = d/a and ηer = y/a = 1 as a

function of d/a are shown in Figs. 3.16 and 3.17, respectively. It is observed

that the shear stress at the debonding edge is singular when v′ = 0, yet as

the v′ value increases from 0 to 0.02, the concentration of the shear stress at

the debonding edge is significantly reduced. When the debonding occurs in

d/a < 0.7, the shear stresses at the debonding edges, τ ∗(ηer) and τ ∗(ηel), show

a very limited change. When the interior debondings are developed in range

of 0.7 < d/a < 1, stress redistribution causes the shear stresses at the edge

points to increase significantly. τ ∗(ηer), for example, increases by up to 27%

for v′ = 0.002 and 55% for v′ = 0.02 at d/a = 0.9. The corresponding results

of the axial stress in the debonded part of the actuator, σ∗, as a function of d/a

is shown in Fig. 3.18. The thickness of the bonding layer does show significant

effect upon the axial stress σ∗ in the actuator. It should be mentioned, however,

when the thickness of the layer is small compared with the thickness of the

actuator, d/a shows insignificant effect until the debonding approaches the tip

of the actuator. It is also interesting to observe that with the effect of the

bonding layer, the axial stress in the debonded part of the actuator is more

sensitive to the change of the debonding length, d/a, while the shear stress at

the edge of the actuator is less sensitive to d/a in comparison with the case

where no bonding layer exists.
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Figure 3.4: Interfacial shear stress distribution (q = 2.28, v = 0.2 and v′ = 0).
Solutions obtained from current model are shown as lines and FEA as data
points.
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Figure 3.5: Interfacial shear stress distribution (q = 1.0 and v′ = 0).
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Figure 3.6: Interfacial shear stress distribution (q = 1.0, q′ = 0.011 and v′ =
0.01).
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Figure 3.7: Interfacial shear stress distribution (v = 0.05 and v′ = 0).
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Figure 3.8: Interfacial shear stress distribution (q′ = 0.011, v = 0.05 and
v′ = 0.01).
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Figure 3.9: Interfacial shear stress distribution (q = 1.0, q′ = 0.011 and v =
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Figure 3.10: τ ∗(ηe) as a function of d/a (q = 1.0, q′ = 0.011 and v = 0.05).
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Figure 3.11: Interfacial shear stress distribution (q = 1.0, v = 0.05 and v′ = 0).
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Figure 3.12: Interfacial shear stress distribution (q = 1.0, q′ = 0.011, v = 0.05
and v′ = 0.01).
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Figure 3.13: Interfacial shear stress distribution (q = 1.0, d/a = 0.6 and
v′ = 0).
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Figure 3.14: Interfacial shear stress distribution (q = 1.0, q′ = 0.011, d/a = 0.6
and v′ = 0.01).
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Figure 3.15: Interfacial shear stress distribution (q = 1.0, q′ = 0.011, v = 0.05
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Figure 3.16: τ ∗(ηel) as a function of d/a (q = 1.0, q′ = 0.011 and v = 0.05).
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Figure 3.17: τ ∗(ηer) as a function of d/a (q = 1.0, q′ = 0.011 and v = 0.05).
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3.4 Concluding Remarks

The focus of this chapter is on the study of the effect of the material and

geometric properties of the actuator and the bonding layer on the load transfer

from the actuator to the host medium. A general analytical solution is provided

to the coupled electromechanical behaviour of a piezoelectric actuator bonded

to a host through an adhesive bonding layer under plane electric loading. The

validity of the present model has been demonstrated by application to specific

examples and comparison with the correspond results obtained from Finite

Element method. The numerical investigation of the influence of the geometry

and the material mismatch of the adhesive layer upon the response of the

coupled structure is provided. Both edge and central debonding and their effect

upon the stress distribution in the composite structure are discussed. The

simulation results indicate that the increase of the bonding layer thickness will

increase the shear stress distribution level along the internal of the actuator,

and decrease the strain concentration at the tips of the actuator. Besides,

the material combination of the actuator and the host structure needs to be

carefully selected in order to improve actuator efficiency.



Chapter 4

Analysis of the Piezoelectric Sensor System

4.1 Introduction

The objective of this chapter is to provide a comprehensive theoretical study of

the effect of imperfect bonding on the electromechanical behaviour of surface-

bonded piezoelectric sensors. The current work is an extension of the work

presented in Ref. [85] in which an integrated model containing a piezoelectric

thin-sheet sensor, a viscoelastic bonding layer and an elastic medium (host) is

proposed to evaluate its dynamic property under different loading frequencies.

Although the effect of the geometrical and material property of the system

has been investigated intensively, less effort has been devoted to the study of

the debonded sensors. In this chapter, we focus on the effect of interfacial

debonding in the static case where the loading frequency is so low that the

typical wavelength of the incident wave is much longer than the length of the

sensor. The imperfect bonding and its effect upon the strain distribution and

the overall performance of the structure are evaluated in detail. Numerical

simulation is conducted to simulate the effect of the geometrical and material

property of the system, especially that of the imperfect bonding layer upon

the coupled response of the sensors.
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4.2 Formulation of the Problem

Let us now consider the plane strain problem of a thin piezoceramic sensor

sheet bonded to a homogeneous and isotropic elastic half plane through a thin

bonding layer, as illustrated in Fig. 3.1. The host medium is modelled as

a half plane to represent the case that it is much thicker than the sensor.

The lengths of both the sensor and the bonding layer are denoted as 2a, and

the thicknesses of the sensor and the bonding layer are denoted as h and h′,

respectively. It is assumed that the poling direction of the sensor is along the

z-axis. Throughout this chapter superscripts s, b and h are used to designate

physical quantities that belong to the sensor, the bonding layer and the host,

respectively.

4.2.1 The sensor

This study will focus on a thin-sheet sensor, with relatively small thickness in

comparison with its length. Therefore, the axial stress and strain can be as-

sumed to be uniform across the thickness of the sensor. Since the thickness of

the bonding layer is usually smaller than that of the sensor, the same assump-

tion is also used for the bonding layer. The interfacial shear stress distributed

between different layers, and the longitudinal displacements on the upper and

lower surface of the bonding layer are shown in Fig. 3.1.

Based upon these assumptions, the sensor can be modelled as an elec-

troelastic line subjected to the distributed axial force, τ/h. The equilibrium

equation of the sensor can then be expressed as

dσs
y(y)

dy
+

τ (y)

h
= 0 (4.1)
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The electromechanical behaviour of the piezoelectric sensor can be de-

scribed by

σs
y = Esεs

y − esEz, Dz = esεs
y + λsEz (4.2)

where λs, Es and es are effective material constants. Dz and Ez represent the

electric displacement and the electric field intensity, respectively.

Since all the load transferred between the sensor and the bonding layer can

be attributed to τ , the two ends of the sensor can be assumed to be traction

free, i.e. σs
y = 0 at |y| = a. In addition, the sensor will be assumed to operate

in an open-loop mode with no external charge supplied to it [90]. Therefore,

the electric displacement across the sensor will be zero, i.e. Dz = 0.

The resulting axial strain εs
y and displacement us

y can then be expressed in

terms of τ as

εs
y(y) = −

1

E
s
h

∫ y

−a

τ (ξ)dξ, us
y(y) = −

1

E
s
h

∫ y

−a

(y − ξ)τ (ξ)dξ, |y| < a (4.3)

where E
s
= Es + (es)

2
/λs.

4.2.2 The bonding layer

The bonding layer is the medium between the sensor and the host structure. Its

shear modulus, thickness, and coefficient of viscosity, will govern the property

of the layer. The shear stress τ distributed in the layer is determined by the

constitutive relation:

−τ (y) = µbεb
y(y) (4.4)

where

εb
y(y) =

u+(y) − u−(y)

h′
(4.5)
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with µb and εb
y being the shear modulus and the shear strain of the bonding

layer, respectively. u+ and u− represent the longitudinal displacements of

the lower surface of the sensor and the upper surface of the host medium,

respectively.

4.2.3 The host medium

The stress field generated inside the host medium can be divided into two

parts [85]. The first is caused by the incident wave in the host medium with

a traction free boundary and the second is caused by surface shear stress τ

resulted from the sensor. For the second subproblem, the displacement induced

by τ can be determined by using the boundary condition along the top surface,

which can be expressed as

σyz(y, 0) =
{ −τ (y) |y| < a

0 |y| > a
, σz(y, 0) = 0 (4.6)

Making use of the fundamental solution of a half elastic plane subjected to a

concentrated horizontal force [87] and the superposition principle, εh
y and uh

y

resulting from the applied force given by Eq. (4.6) can be obtained.

For the static case where a constant strain εIN
y is applied along the y-

direction at infinity, the total strain and displacement can then be obtained

by superimposing the solutions of both parts, which can be expressed as

εh
y(y, 0) =

1 − νh

πµh

∫ a

−a

τ (ξ)

y − ξ
dξ + εIN

y , |y| < a (4.7)

uh
y(y, 0) =

1 − νh

πµh

∫ y

−a

∫ a

−a

τ (ξ)

y − ξ
dξdy + uIN

y , |y| < a (4.8)

where νh and µh are the Poisson’s ratio and the shear modulus of the host,
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respectively.

4.2.4 Static load transfer in a perfectly bonded piezoelectric sensor

Substituting Eqs. (4.3) and (4.7) into Eq. (4.4), the following integral equation

can be obtained

1 − νh

πµh

∫ a

−a

τ (ξ)

y − ξ
dξ +

1

hE
s

∫ y

−a

τ (ξ)dξ −
h′

µb

dτ (y)

dy
= −εIN

y , |y| < a
∫ a

−a

τ (ξ)dξ = 0















(4.9)

which can be normalized as

1

q

∫

1

−1

τ(ζ)dζ

η − ζ
+

1

v

∫ η

−1

τ (ζ)dζ −
v′

q′
dτ (η)

dη
= −εIN

y , |η| < 1
∫

1

−1

τ (ζ)dζ = 0















(4.10)

where

τ (η) =
τ (aη)

E
s , η =

y

a
, q =

πEh

2[1 − (νh)2]E
s , v =

h

a
, q′ =

µb

E
s , v′ =

h′

a
(4.11)

The general solutions of τ in Eq. (4.10) can be expressed in terms of the

following expansions of Chebyshev polynomials

τ (η) =
1

√

1 − η2

∞
∑

j=0

djTj(η) (4.12)

By truncating the Chebyshev polynomial expansions to the Nth term and

considering the boundary conditions at the following collocation points along

the sensor

ηk = cos
( k

N + 1
π
)

, k = 1, 2, · · · , N (4.13)
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Eq. (4.10) reduces to

N
∑

j=1

dj

sin
(

j
k

N + 1
π
)

sin
( k

N + 1
π
)

{

1

q
+

1

vπj
sin

( k

N + 1
π
)

+
v′

πq′

[

j + cot
(

j
k

N + 1
π
)

cot
( k

N + 1
π
)

sin
( k

N + 1
π
)

]}

=
εIN
y

π
, k = 1, 2, · · · , N(4.14)

The unknown coefficients dj can be readily determined by using Eq. (4.14). It

can then be used to determine the axial displacement and the axial strain of

the sensor.

4.2.5 Effect of interfacial debonding

The high level of shear stress at the edges of the sensor may result in an

unwanted edge debonding as shown in Fig. 3.2. For a perfectly bonded sensor,

when the maximum shear stress is larger than the bonding strength, edge

debonding may develop. The debonded part of the sensor has zero boundary

stresses. According to the present sensor model, the debonded part at the

edge of the sensor will experience no stress. As a result, the effective length of

the sensor is reduced from its original length to that of the bonded part only.

Therefore, the behaviour of an edge debonded sensor can be simulated by a

shorter sensor.

Debonding may also occur in the interior of the sensor. Let us consider

a sensor occupying the region tl < y < tr which is partially debonded in

dl < y < dr as illustrated in Fig. 3.3. The partially debonded sensor can then

be regarded as two “sensors” subjected to an axial stress σd at the inner tips
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of them. The resulting axial strain can then be expressed in terms of τ as

εs
y(y) =























































−
1

E
s
h

∫ y

tl

τ (ξ)dξ tl < y < dl

σd

E
s dl < y < dr

1

E
s
h

[

σdh −

∫ y

dr

τ (ξ)dξ
]

dr < y < tr

(4.15)

where

σd = −

∫ dl

tl

τ (ξ)

h
dξ (4.16)

The half plane to which the sensor is bonded is subjected to the following

boundary conditions:

σyz(y, 0) =























−τ (y) tl < y < dl and dr < y < tr

0 otherwise

(4.17)

The surface strain in the host medium can be obtained by making use of the

fundamental solution of a half plane subjected to a concentrated surface force.

For the case where a constant strain εIN
y is applied along the y-direction at in-

finity, the total strain and displacement can then be obtained by superimposing

the solutions of both parts, which can be expressed as

εh
y(y, 0) =

1 − νh

πµh

[

∫ dl

tl

τ (ξ)

y − ξ
dξ +

∫ tr

dr

τ (ξ)

y − ξ
dξ

]

+ εIN
y (4.18)

The strains in the sensor and the host medium presented by Eqs. (4.15)
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and (4.18) can be related as

1 − νh

πµh

∫ dl

tl

τ (ξ)

y − ξ
dξ +

1 − νh

πµh

∫ tr

dr

τ (ξ)

y − ξ
dξ −

h′

µb

dτ (y)

dy

+



























1

hE
s

∫ y

tl

τ (ξ)dξ = −εIN
y tl < y < dl

1

hE
s

∫ y

dr

τ (ξ)dξ =
σd

E
s − εIN

y dr < y < tr

(4.19)

The axial stress σd in Eq. (4.19) need to be determined by considering the

deformation of the debonded part of the sensor. From Eqs. (4.4) and (4.5) it

can be obtained that

us
y(dr) − us

y(dl) = uh
y(dr) − uh

y(dl) +
h′

µb
[τ (dl) − τ (dr)] (4.20)

Integrating Eqs. (4.15) and (4.18) and making use of Eq. (4.20) give the

following equation, which provides an additional condition for determining σd

1 − νh

πµh

∫ dr

dl

[

∫ dl

tl

τ (ξ)

y − ξ
dξ +

∫ tr

dr

τ (ξ)

y − ξ
dξ

]

dy +
h′

µb
[τ (dl) − τ (dr)] (4.21)

=
( σd

E
s − εIN

y

)

(dr − dl)

Eqs. (4.16), (4.19) and (4.21) can be normalized as

1

q

∫

1

−1

τ l(ζ)dζ

ηl − ζ
+

1

q

∫

1

−1

τ r(ζ)dζ

ηr − ζ

+















−
v′

l

q′
dτ l(ηl)

dηl
+

1

vl

∫ ηl

−1

τ l(ζ)dζ = −εIN
y |ηl| < 1

−
v′

r

q′
dτ r(ηr)

dηr
−

1

vr

∫

1

ηr

τ r(ζ)dζ = −εIN
y |ηr| < 1

(4.22)
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1

vl

∫ η∗
l

1

∫

1

−1

τ l(ζ)dζ

ηl − ζ
dηl +

1

vr

∫

−1

η∗
r

∫

1

−1

τ r(ζ)dζ

ηr − ζ
dηr +

qv′

l

q′vl
τ l(1) −

qv′

r

q′vr
τ r(−1)

= 2q
(1

v
−

1

vl
−

1

vr

)

(σ∗ − εIN
y ) (4.23)

and
∫

1

−1

τ l(ζ)dζ = −σ∗vl,

∫

1

−1

τ r(ζ)dζ = σ∗vr (4.24)

where the normalized stresses are given by

τ l(ηl) =
τ (alηl + yl)

E
s , τ r(ηr) =

τ (arηr + yr)

E
s , σ∗ =

σd

E
s (4.25)

with
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ar
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(4.26)

The general solutions of τ l and τ r in Eqs. (4.22)–(4.24) can then be ex-

pressed in terms of the following expansions of Chebyshev polynomials

τ l(ηl) =
1

√

1 − η2
l

∞
∑

j=0

dl
jTj(ηl), τ r(ηr) =

1
√

1 − η2
r

∞
∑

j=0

dr
jTj(ηr) (4.27)

If the Chebyshev polynomial expansions are truncated to the Nth term,

and Eq. (4.22) is satisfied at the following collocation points at each bonded
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segment of the sensor given by

ηlk = ηrk = ηk = cos
( k

N + 1
π
)

, k = 1, 2, · · · , N (4.28)

Eqs. (4.22) and (4.23) reduce to
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+
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[
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(
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∑
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√
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(
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π
, k = 1, 2, · · · , N (4.29)
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where

η′

lk = vl

[2

v
−

1

vl
−

1

vr
+

1

vr
cos

( k

N + 1
π
)]

(4.32)

η′

rk = −vr

[2

v
−

1

vl
−

1

vr
−

1

vl
cos

( k

N + 1
π
)]

(4.33)

The unknown coefficients dl
j, dr

j and σ∗ can be determined by solving Eqs.

(4.29)–(4.31), which can then be used to determine the axial displacement and

the axial strain of the debonded sensor.

4.3 Numerical Results and Discussion

In this section, the results of numerical simulation of the influence of the

property of the bonding layer under different material combinations and sensor

geometries on the electromechanical behaviour of the integrated system are

presented. The attention will be focused on the strain distribution along the



4.3 Numerical Results and Discussion 56

Table 4.1: Material Properties of the Host Medium and the Bonding Layer

Host medium
Young’s modulus Eh (Pa) 2.74 × 1010

Poisson’s ratio νh 0.3
Bonding layer

Shear modulus µb (Pa) 1.0 × 109

sensor, which represents the load transfer between the sensor and the host

medium. The convergence of the solution using Chebyshev polynomials has

been carefully evaluated. The number of terms of Chebyshev polynomials is

selected to be 64, with which the convergence of the results for all the cases

considered is ensured.

The piezoelectric material considered in the following examples is a typical

piezoceramics, whose properties are given in Table 3.1 [88]. The properties of

the bonding layer [7] and the host medium [89] are given in Table 4.1. From

these material constants it can be determined that q = 0.3928 and q′ = 0.0083.

The geometry of the sensor is assumed to be a = 1.0 cm and h = 500–2000

µm. The length of the bonding layer is the same as that of the sensor.

4.3.1 Sensor with a uniform interfacial layer

4.3.1.1 Strain distribution along the sensor

The relation between the sensor strain εs
y and the strain to be measured εIN

y

can be evaluated using the amplitude of a static strain ratio, κ(y), defined as

κ(y) =
εs
y(y)

εIN
y

, |y/a| < 1 (4.34)
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which represents the percentage of deformation transferred from the host

medium to the sensor. Ideally, if the sensor does not disturb the incident

field the value should be one. The change of κ represents the intrusive effect of

the sensor on the original incident field. As shown in Eq. (4.11), q represents

the material combination of the sensor and the host structure, v represents

sensor geometry, q′ represents material property of the bonding layer and v′

represents the geometry of the bonding layer. Carefully examining Eq. (4.10)

indicates that the strain distribution is governed by three parameters: q, v

and v′/q′. In the following discussion, the values of q, v and v′ are varied to

evaluate different responses of the structure.

Fig. 4.1 shows the effect of v = h/a upon the amplitude of the strain ratio

A = |κ(y)| along the sensor with q = 0.3928 and v′ = 0. Significant effect

of v upon the strain ratio is observed, with lower value of v corresponding

to relatively higher strain ratio, indicating that sensors with higher length-to-

thickness ratio have a higher sensitivity. To validate the model, a numerical

analysis using commercially available finite element software ANSYS is con-

ducted. Both the sensor and the host medium are modelled using PLANE13

elements, which can simulate coupled electromechanical fields. A comparison

of the result from the current model with that of the finite element simulation

is also made in Fig. 4.1. Excellent agreement is observed for v = 0.05, showing

the feasibility and accuracy of the proposed sensor model. The correspond-

ing result for the case where the bonding condition is v′ = 0.015 is shown in

Fig. 4.2. Again, significant effect of v is observed. In comparison with the

results shown in Fig. 4.1, the strain transfer ratio is much lower for a given v

especially near the ends of the sensor.

To study the effect of material mismatch q, the material constants of the
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sensor are fixed, and the shear modulus of the host medium is changed to

achieve different material combinations. For the convenience of calculation,

q = 0.2, 0.5, 1.0, 2.0, 5.0 and 10.0, are chosen, and two bonding conditions,

v′ = 0 and v′ = 0.01, are considered to investigate the effect of the material

combination on the load transfer between the sensor and the host structure.

Fig. 4.3 shows the strain distribution along the sensor for different q values

when v′ = 0. With the decrease of the stiffness of the sensor (increasing

q), the amplitude of the normalized strain increases. When q reaches 5.0,

the strain distribution curve becomes very flat, approaching 1.0 in most part

of the sensor. This is because the disturbance of a soft sensor is relatively

insignificant. It can be observed that when q > 5.0, the strain of the sensor

provides a good prediction of the applied strain to be measured. For q < 5.0,

however, significant difference between them is observed. We might as well

consider two extreme cases where the sensor is either very stiff or very soft

compared with the host medium. For a stiff sensor (q → 0, q/v → 0 is

actually needed), the governing equation for the interfacial shear stress, Eq.

(4.9) reduces to

1 − νh

πµh

∫ a

−a

τ (ξ)

y − ξ
dξ = −εIN

y , |y| < a (4.35)

which can be solved analytically and results in the following strain ratio κ(y) =

q(1 − η2)1/2/v. In this case, the strain ratio will be very small but the distri-

bution of it along the sensor can be predicted. When the sensor is very soft

(q → ∞), Eq. (4.9) reduces to

1

hE
s

∫ y

−a

τ (ξ)dξ = −εIN
y , |y| < a (4.36)

which results in κ(y) = 1. Theoretically, this is the perfect situation for
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sensing. The corresponding result for the case where the bonding condition is

v′ = 0.01 is shown in Fig. 4.4. The strain distribution curves approach 1.0

only in the middle part of the sensor. This indicates that when the bonding

layer is included, the disturbance of the sensor is significant even for large q.

Fig. 4.5 shows the amplitude of the strain ratio along the sensor for different

bonding layer thickness v′ = 0, 0.002, 0.004, 0.008 and 0.016 with q = 0.3928.

A significant deduction of the strain ratio occurs with increasing bonding layer

thickness. At y/a = 0.75 for example, a deduction of 20% of the strain ratio is

observed when v′ = 0.008 in comparison with the case v′ = 0. The correspond-

ing result for q = 10.0 is shown in Fig. 4.6. It is observed that the strain ratio

is less than unity near the ends of the sensor. The length of this zone depends

on v′/q′, as shown in Eq. (4.10), which in turn depends on the stiffness and

thickness of the bond layer. As µb increases and h′ reduces, v′/q′ reduces, and

the deformation is effectively transferred even over very small zones near the

ends of the sensor. Considering the fact that q = 10.0 corresponds to a very

soft sensor, the current result indicates that, even when the host structure is

much stiffer than the sensor, the effect of the bonding layer on the load transfer

will still be very important.

4.3.1.2 Output voltage of the sensor

According to the relationship between voltage and electric field intensity, the

voltage distribution along the sensor can be determined as

V (y) = −

∫ h

0

Ez(y)dz =
esh

λs

∂us
y

∂y
. (4.37)
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When the upper and lower surfaces of the sensor form two electrodes, the total

resulting voltage across the sensor can be obtained by averaging the voltage

across the sensor obtained before, i.e.

V out =
1

2a

∫ a

−a

V (y)dy =
esh

2aλs
|us

y(a) − us
y(−a)|. (4.38)

V out is an important parameter of the piezoelectric sensor, which will be mea-

sured in a real system. The higher the V out value, the stronger the signal

detected by the sensor is.

Fig. 4.7 shows the variation of the normalized output voltage of the sen-

sor with the thickness of the bonding layer and material combinations. The

amplitude of the incident strain field is kept to be the same and the output

voltage is normalized by (V out)0, i.e. B = |V out/(V out)0|, where (V out)0 is the

corresponding result for q = 10.0 at v′ = 0. It is shown that for a fixed value of

q, the output voltage decreases with an increase in the thickness of the bond-

ing layer; for a fixed value of v′, the output voltage increases with increasing

q. The increase of v′, from 0.01 to 0.03 for example, will decrease the output

voltage by up to 15.15% for q = 0.2 and 22.52% for q = 10.0, indicating that

with the increase of q, the effect of the thickness of the bonding layer becomes

more obvious.

Fig. 4.8 shows the variation of the normalized output voltage with the

thickness of the bonding layer and sensor geometries. The output voltage is

normalized by the corresponding result for v = 0.2 at v′ = 0. It is shown that

with a given v, the output voltage decreases with increasing v′; with a given

v′, the output voltage decreases with decreasing v.
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4.3.2 Interfacial debonding

4.3.2.1 Edge debonding

For a perfectly bonded sensor, when the maximum shear stress is larger than

the bonding strength, edge debonding will initiate and grow to a length d, as

shown in Fig. 3.2. As mentioned in the last section, a debonded sensor can

be regarded as a shorter sensor. The effective length of the sensor is reduced

from its original length 2a to 2aeff = 2a − d.

To evaluate the effect of the thickness of the bonding layer in edge debond-

ing problem, Fig. 4.9 shows the normalized output voltage as a function of

d/a for q = 0.3928, q′ = 0.0083 and v = 0.05. The output voltage is nor-

malized by the corresponding result for v′ = 0 at d = 0. As expected when

the debonding continues developing, the output voltage decreases. It is also

shown that the increase of the debonding length, from d = 0 to d = a for

example, will decrease the output voltage by up to 28.9% for v′ = 0.002 and

42.4% for v′ = 0.016, indicating that the effect of edge debonding becomes

more significant with the increase of the thickness of the bonding layer.

4.3.2.2 Central debonding

Local stress concentration and/or weak interfacial bonding may also result in

debonding in the interior of the sensor as shown in Fig. 3.3. To simulate

this situation, the sensor considered is assumed symmetrically debonded in

|y| < d, i.e. tr = −tl = a and dr = −dl = d. The effective length of the sensor

is reduced from its original length 2a to 2aeff = 2(a − d).

Strain redistributions along sensors with central debondings for q = 2.0,

q′ = 0.0083 and v = 0.05 with two bonding conditions, v′ = 0 and v′ = 0.01,
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are shown in Figs. 4.10 and 4.11, respectively. Fig. 4.10 shows that when the

bonding layer is absent the central debonding shows insignificant effect on the

load transfer between the debonded sensor and the host structure. It is also

shown that central debondings mainly cause the strain redistribution in the

debonding area, and does not significantly affect strain ratio far away from the

debonding edge. However, when the bonding layer is included as illustrated in

Fig. 4.11, the effect of debonding on the strain redistribution becomes much

more obvious.

To investigate the effect of the material combination on the performance

of the debonded sensor, the results for strain redistribution for v = 0.05,

q′ = 0.0083 and d/a = 0.6 under two bonding conditions, v′ = 0 and v′ = 0.01,

are shown in Figs. 4.12 and 4.13, respectively. Fig. 4.12 shows that the

central debonding has more effect on the strain redistribution for smaller q

values. When a bonding layer is included, as shown in Fig. 4.13, the effect of

debonding becomes significant for any value of q. It is also observed that the

strain ratio along the undebonded part of the sensor is obviously increased.

The strain ratio along the debonded sensor for different bonding layer thick-

ness for q = 10.0 is shown in Fig. 4.14. It is observed that even for a very soft

sensor, the effect of central debonding will still be very important when the

thickness of the bonding layer is significant.

To evaluate the variation of the output voltage of the sensor with the

debonding length and the influence of different thicknesses of the bonding

layers, Fig. 4.15 shows the normalized output voltage as a function of d/a for

q = 0.3928, q′ = 0.0083 and v = 0.05. The output voltage is normalized by

the corresponding result for v′ = 0.001 at d = 0. It is shown that the thickness

of the bonding layer does show significant effect upon the normalized output
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Figure 4.1: Amplitude of strain ratio (q = 0.3928 and v′ = 0). Solutions
obtained from current model are shown as lines and FEA as data points.

voltage. It should be mentioned, however, when the thickness of the layer is

small compared with the thickness of the sensor, d/a shows insignificant effect

until the debonding approaches the tip of the sensor.
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Figure 4.2: Amplitude of strain ratio (q = 0.3928, q′ = 0.0083 and v′ = 0.015).
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Figure 4.3: Amplitude of strain ratio (v = 0.05 and v′ = 0).
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Figure 4.4: Amplitude of strain ratio (v = 0.05, q′ = 0.0083 and v′ = 0.01).
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Figure 4.5: Amplitude of strain ratio (q = 0.3928, q′ = 0.0083 and v = 0.05).
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Figure 4.6: Amplitude of strain ratio (q = 10.0, q′ = 0.0083 and v = 0.05).
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Figure 4.7: Normalized voltage distribution with different thicknesses of the
bonding layer and material combinations (q′ = 0.0083 and v = 0.05).
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Figure 4.8: Normalized voltage distribution with different thicknesses of the
bonding layer and sensor geometries (q = 0.3928 and q′ = 0.0083).
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Figure 4.9: Normalized output voltage as a function of debonding length (q =
0.3928, q′ = 0.0083 and v = 0.05).
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Figure 4.10: Amplitude of strain ratio (q = 2.0, v = 0.05 and v′ = 0).
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Figure 4.11: Amplitude of strain ratio (q = 2.0, v = 0.05, q′ = 0.0083 and
v′ = 0.01).
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Figure 4.12: Amplitude of strain ratio (v = 0.05 and v′ = 0). Red lines:
undebonded cases (d/a = 0). Blue lines: debonded cases (d/a = 0.6).
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Figure 4.13: Amplitude of strain ratio (v = 0.05, q′ = 0.0083 and v′ = 0.01).
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4.4 Concluding Remarks

The focus of this chapter is on the study of the effect of the material and

geometric properties of the sensor and the bonding layer on the load transfer

from the sensor to the host medium. A general analytical solution is provided

to the coupled electromechanical behaviour of a piezoelectric sensor bonded

to a host through an adhesive bonding layer when the loading frequency is so

low that the typical wavelength of the incident wave is much longer than the

length of the sensor. The validity of the present model has been demonstrated

by application to specific examples and comparison with the correspond re-

sults obtained from Finite Element method. The numerical investigation of

the influence of the geometry and the material mismatch of the adhesive layer

upon the response of the coupled structure is provided. Both edge and cen-

tral debonding and their effect upon the strain distribution in the composite

structure are discussed.



Chapter 5

Final Remarks

5.1 Contributions and Conclusions

The focus of this thesis is on the effect of the imperfect bonding layer on the

static electromechanical behaviour of piezoelectric sensors and actuators. The

current work is an extension of the work presented in Refs. [85,86] in which an

integrated model containing a piezoelectric thin-sheet sensor/actuator, a vis-

coelastic bonding layer and an elastic medium (host) is proposed to evaluate

its dynamic property under different loading frequencies. Although the effect

of the geometrical and material property of the system has been investigated

intensively, less effort has been devoted to the study of the debonding. In this

thesis, we focus on the effect of interfacial debonding in the static case where

the loading frequency is so low that the typical wavelength of the incident wave

is much longer than the length of the sensor/actuator. The imperfect bonding

and its effect upon the strain/stress distribution and the overall performance

of the structure are evaluated in detail. Numerical simulation is conducted

to simulate the effect of the geometrical and material property of the system,

especially that of the imperfect bonding layer upon the coupled response of the

sensors/actuators. Results indicate that with the decrease of the bonding layer
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stiffness, the amplitude of the strain distribution along the sensor or the shear

stress distribution along the actuator gets smaller, which corresponds to a de-

crease in sensor/actuator efficiency. Besides, with the existence of the bonding

layer, the stress concentration at the tips of the sensor/actuator becomes less

and less obvious, or even disappears, with the increase of the bonding layer

thickness, which will reduce the chance of the sensor/actuator peeling off from

the host structure. It is shown that it is important to take into account of

the property of the bonding layer in order to select the optimal adhesive to

minimize its effects.

Based on the analysis conducted in Chapter 3 and Chapter 4, the following

specific conclusions, which are potentially useful in the design of piezoelectric

sensors/actuators for SHM systems, can be obtained as follows:

(1) High stiffness of the bonding layer is preferred. This corresponds to

thin bonding layer, or high layer modulus. However, since the strain

concentration around the tips of the sensor/actuator increases as the

bonding layer gets stiffer, attention should also be paid to make sure the

sensor/actuator will not be peeling off from the host medium.

(2) The material combination of the sensor/actuator and the host structure

needs to be carefully selected. Based on the current simulation, the

material mismatch parameter q between 0.5 and 2.0 is an acceptable. If

q is beyond this range, it will increase the effects of the bonding layer on

the load transfer between the sensor/actuator and the host structure. In

other words, significant difference of the load transfer can be observed

between the cases when the bonding layer is included and is absent.

(3) In the edge debonding cases, when the debonding continues developing,
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the edge stresses decrease. When the edge stresses decrease to the values

below the interfacial toughness, the debonding will stop growing. This

self-arresting mechanism becomes more obvious with the increase of the

thickness of the bonding layer.

(4) Local stress concentration and/or weak interfacial bonding may also re-

sult in debonding in the interior of the actuator. The simulation result

shows that when the bonding layer is ignored shear stresses concentrate

near the debonding edge, particularly for larger debonding lengths; it

may be detrimental to the bonding strength. It also shows that central

debondings mainly cause the stress redistribution near the debonding

area, and does not significantly affect stresses far away from the debond-

ing. However, when the bonding layer is included shear stresses do not

concentrate in the debonding edge and show a much more uniform dis-

tribution.

(5) The thickness of the bonding layer between the sensor and the host does

show significant effect upon the normalized output voltage. It should be

mentioned, however, when the thickness of the layer is small compared

with the thickness of the sensor, the debonding length shows insignificant

effect until the debonding approaches the tip of the sensor.

5.2 Future Work

The objective of this thesis is to study the effect of the bonding layer properties

on the static electromechanical behaviour of a sensor/actuator system. The

simulation part is done in this thesis, and future studies in the following areas

are suggested:
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(1) Corresponding experimental work needs to be conducted to verify the

simulation results obtained by using the current sensor/actuator model.

Proper modification of the sensor/actuator model may be needed accord-

ing to experiment results.

(2) In the next step, cracks with different sizes and orientations should be

introduced into the host medium. The wave reflected by the cracks

should be collected by piezoelectric sensors and identification of cracks

should be conducted, both theoretically and experimentally.

(3) The current two dimensional model can be further extend into a 3-D

model in order to provide more accurate simulation results for the real

sensor/actuator system, which, in reality, is always three dimensional.

(4) Besides, simulation and experiments need to be conducted for different

selections of existing adhesives, sensor/actuator and host medium mate-

rials in order to give more concrete suggestions about the optimal design

of sensor/actuator systems.
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