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proposed by Forte in The Strudﬂure of Atonal Mu51c.‘ Pitch- ‘; ‘Qr;ag

'fls the only parameter employed 1n thls method Whlch o y’;h N

' categorizes pitch 1nto twelve pltoh—classes.‘ Contextual and I Vﬁ.‘\

v

'abstract musical exampl S are descrlbed by pltch—classes 1n Q.W{;

unordered structure . For thlS reason, the method has been’ fadfl *’y/
referred to as a sgt theoretlc approach because the pltch-:»:{”“‘rfz/»
**classes are represented by 1ntegers,:and the;r contalnment |
1n unordered segments 1s analogous o elementary set theory.
A great deal of attentlon has - been glven to the set |
lhhftheoretlc approach in generai, and Forte's text in partlc-'
"xedfular. The concluslons arrlved at throughout thlS study o ;,;;§~~f7f
'fFlndlcate that th1s attentlon should be redlrected because of ,'
{theoretlcal 1ncon51sten01es and dlscrepencies 1n the appli—
vdcatlon of Forte's method. The 1ntent10n of thls thesis w1ll‘h"
j;f<ivnot be: to propose a replacement theory, but\to 1dent1fy . x>"
‘\\rweaknesses and 1nadequacies in Forte s theorles, now 1ﬁ
h;common use.i"_’f“)” Wc,i 1}_=; f ;I_ »hrfa‘i-;i ”_'f.f

8 -




'Jythat Forte dlSCUSSGS. Although deallng almost excl&51vely

gcon515ts for the most part of alternatlve aﬁ&lﬁﬁ Vﬁ

"ﬁ-{

¥
The material in é&apters-Z;é inclusive, is concerﬁed

w1th an examinatlon of varlous theoretical concepts

ldeveloped by Forte. In most cases, 1mprovements or reflne-

ments of" these concepts are. descrlbed.

’ w1th pltch, the alternative analyses are not based on any

preconcelved theory or approach. However, the set theoretlc

'method is employed 1n representlng mu51cal pltches by
ﬂlntegers. After}each analy51s la summary of Forte s analy-‘n*

51s is presented in order to. evaluate h1s analytlc method.

1.

i

,The flnal sectio ‘summarlzes the maln conclusmons of these

_evaluatlons plus statements of/a general nature.

‘\‘

_ Alth ugh F rta's nomencla#ure of pltch—class sets has

’become 5ccepted as ; h referenc for contlnulng research hlS

theory and appl'cation has no' galned general 7cceptance.:

Thls the51s Wl 1 show that thﬁs Attltude is Justlfled o

'N,‘;"t-

PR
iﬁ'i' !

3
o
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PREFACE

Much of the materlal presented by Forte in The

"Structure of Atonal Music is a synthesis of previous re-,

search by Forte and’ other authors. The general. approach
that Forte employs has been called a set theoretic method.

This concept is' an extension of theory deallng with the

pltch parameter in serlal mu51c. Slnce this theory\ﬁﬁs been

‘:wldely dlssemlnated, knowledge,of,concepts such as 1nteger

B N

notatlon, pltch—classes transp081t10n and 1nver31on w1th1n

modulo 12 and complementatlon will be assumed. ;‘ v’h‘
' ﬂ Although not a strlct requlrement for the understandlng
*of thls study, famlllarlty W1th Forte! s text would be

/
{
!

beneflclal.

vi
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”.Fitheory. Followlng thls summary, sectlons of Forte's text

CHAPTER l

INTRODUCTION AND BACKGROUND S

ThlS chapter 1s concerned w1th a presentatlon and brlef

rev1ew of the 11terature devoted to atonal analy51s and e
1 ‘

':feand the attentlon they have recelved W1ll be dlscussed._elt;V"‘

;;5)18 w1th1n thls context that thlS the51s 1s JuStlfled.~n

The wrltlngs of Babbltt are fundamental“ln the fleld of

B serlal muslc, but are also respon51ble for the foundatlonS'

‘”*ffof atonal theory., Much of the mathematical formallsm and

hflfthe 1ntroduct10n of the concept of pltch—classes (pcs, pc s,hr'f
n_oPC s) W1th thelr r7presentatlon by 1ntegers (modulo 12) are
‘ndue to Babbltt.z* ThlS numerlcal approach has been called a-

VL,hset theoretlc method because segments of notes are déplctedovf:

LI

rby sets (segments) of 1ntegers (pcs) Nlth few exceptlons,f:?v\

1

f?the set theoretlc approach has been cont1nuously applled tofpfif

B ’O

i;_’.atonal analy51s and theory, even though 1t was orlglnally

§~for use 1n serlal theory.“,”

‘5:.*‘ .

1 Allen Forte, The Structure of Atonal Mu31c (New Haven

Vf“ﬁand London: = Yale University, Press,
%', 2; "Milton Babbitt, "Set Structure as a. Comp051t10nal L
. Determinant," JOurnal of Music Theory, V/2: (1961), 49=79, = ..
-~ and "“Twelve Tone Invarlants as. Cbmp051tional Determlnants ARG
ii~;Mu51cal Quarterly, XLVI (1960), ,h6-259.:, e

5.



o i ‘ . AT : s T ,s .

A notable exceptlon 1s Perle's text3 wh1ch 1s an

dﬁ, accepted reference source in. the fleld of atonal and serlal

‘*\

;';;aanaIy51s., Due to the novelty of the set theoretlc method at e
"dfthe tlme of the flrst edltlon, 1ts om1551on by Perle is i

7*qu1te understandable. A mOre 1solated exceptlon 1s Browne,
. . . : '\<_ . . . . . . . B .

.?fwho says ,‘ i . | v L
.7_"My polnt is that I don't thlnk that pltch class (octave)
-;equlvalence holds prlmacy of place among the’ ways we' do.

S ¢ ghalone must ). recognlze relatedness among pltCheS and

plt structures." b R . S . S

'}In.terms of theory, 1t ls advantageous to dlsregard reg1ster

el dine the dlscu551on of pltch relatlons.v However 1n analy51s,,f@ja’:

v . .L.

d.lt 1s at the dlscretlon of the analyst whether or not

fdlﬂreglster 1s 1ncluded (pltch) or excluded (pltch—class)

“*ﬁézquarly examples employlng 1nteger notatlon are present 1n\ i

i e

'dconJunctlon W1th convent10nal notatlons of pltch e.g.,f‘{fﬁ

‘”7staff and alphabetlc name.?rjffjgff}ﬁ]_befff;jigffilTﬂff‘ﬁ”t
The next maJor development 1n atonal theory 1s;"A"L

~f¢Theory of Set—Complexes for Muslc.'_'__6 ThlS artlcle 1ntro;p;},;f"
ltv:duces the concepts of 1nterval-class slmllarlty and the ff}dg(o*
“dunlflcatlon of 1ncluslon and complementatmon wlthln ehe set?fftdjg,k
;complex PTlnClple-» The concept of complementatlon had beenlrift"

- 3 George Perle, Serlal Com 081t10n and Atonallty
-(Berkeley-» University.of Ca 1‘orn1a,Press, 10627, .
4 - Richmond Browne, "Review. of The Structure of: Atonal
_“Mu31c," Journal of Music Theo ' '), P, R

5 Allen; Forte, - "Context ang Continulty inan Atonal Work-,jylyv_,

.'5bA Set Theoretlc Approach," Per_pectlves of New Mu81c, I/2

o idem, Journal of Music Theoﬁy, VIII/2 (196&), 136-183.;,,r..,4
7 ‘Milton Babbitt, "Set structure,' and "Twelve Tone In=: o0
’,varlants,“ plus David LeW1n,’"The Intervalllc Content of a. -




'Hivlnfluence on another study Wthh contalns analyses of serlal :‘ ‘

o2 o . RO

SF e T T e
;

. _'.‘joa.
‘/

Comments of a general nature that apply to thls artlclef"‘

/

”,'are contalned 1n reV1ews.8v ThlS article also had a dlrect

’7‘and atonal examples.9 Forte's artlcle contalns the analy51sll“
:“of only one atonal piece.' Over the next few years, the S
,fleld of atonal theOry and analy51s recelved llttle atten-”

vtlon 1n the publlshed llterature.l Relevant studles that dld‘hih

s 10 '1 TRCET
appear concentrated on theory r analy51s. -;:,_.."~'

The most 31gn1flcant achlevement 1n the fleld 1s The

f“dStructure of Atonal Mu51c._ ThlS text ressembles Forte'

S forms 1s rearranged and 1nterval—class 31m11ar1ty relat10nsl153¥i¥‘

'Vlfor the flrst tlme, e g., b1ps (ba51c 1nterval patterns)

r_g,;fl”and Rp (an 1nclu51on relatlon).

’7f-ear11er artlcle on set complexes.. It contarns a few re—

“'7fﬂv151ons 1n termlnology, e g., the earller llst of prlme‘7'5’*

fdfare labelled RO, Rl’ or: R2. Other concepts are 1ntroduceda'““

12

'"tCollectlon of Notes "eJournal of Mu51c Theory, IV/l (1960),

- '98-101, ‘and’ "Intervalllc Relations between Two. Collectlons

- of Notés," Journal of Music Theory, III/2 (1959), 298-301.

8 John- CIougE vPItch=0et" Equivalence. and Inclusion: (A

‘“.};]Comment on Forte's Theory of Set—Complexes)," Journal of
- Music Theory, IX/1. (1965), 16%171. ~ Allen Forte, "The -

‘;h.'i;dbmaln and relations of Set—Co )
“~ Music Theory, IX/l (1965) 4 173=1

véex Theory,ﬂ Journal of
Qe . :

9 Richard Teitelbdum, "Intervallic Relatlons 1n Atonal

'JifiiMu51c," ‘Journal of" Mu51c Theorx, IX/1 (1965), 72-127,

10 eriam Goder The

nterval—Trlangle,ﬂ Journal of

ZTAEg,Mu51c Theory, XVI. (1972), 142-167,.

TI- AIIén Forte, "Sets and Nonsets. in Schoenberg Atonal Sl

“’irMu51c," Perspectives of New Music, XI/1 (1972), 43-64..»,

12 ~idem, "The Basic Interval. Patterns," Journal of Muslé';ﬁfgf"
‘?f*«hTheor v XVII/Z (1973), 23u 272 N SRRt et -



',;,Mus1c Theory, XXII/1 (1978), 1-k2,

e

’~"Browne rev1ews the text but 1ncludes only general ,"

.‘observatlons.nz BenJamln gives a. more detalled and valuable |

| ;dlscu851on of the concepts and methodology employed by

'~chorte.lh The magorlty of subsequent works do not have the N

fbalance of theory and analy51s that are present 1n Forte's
15

'f"text._ These studles are dlrected toward theoretlcal ‘r ’

‘danalytleal 16 con51derat10ns. Thls ds a: general observatlon I

,because the theoretlcal works often containfbrlef examples
:s~of analys1s, and the analytlcal studles usually 1nclude a o

iwl of methodology whlch can not be referred/to as a

'Tpresentatlon of a theory. Beach's artlcle 1s an excepm'

"‘f,ﬁtion.l.7 Although hlS analyses are not based on Forte's

| I-.theorleS, he does 1nclude a thorough but brief,_summary of

‘v7gForte's methodology

SRRy

IR 13 Browne "Rev1ew of The Structure of Atonal Mu81c,"‘i’I‘”“
g 390—&15.w : o

14 Wllliam E. Bengamln,_"The Structure of Atonal Mu51c

r,.J

'fafjby Allen. Forte," Perspectlves of New MUs1c, XITI7I7(I§7E$, *;“f
. 170-190. Ry

15 Alan Chapman, "Some Intervalllc Aspects of . Pltch-Class

p”Set Relations," ‘Journal -of Musi¢ Theory, XXV/2 (1981),: 275_‘~ .vf'“

0290, Charles H ~Lord, "Intervallic Similarity Relations in-
" ‘Atonal Set Analysis,"-Journal of Music Theory, XXV/l (1981@/
. 91=111. Robert Morris, VA Similarity Index for Pitch-Clas
.. . 'Sets," Perspectives of’ "New Music, XVIII/2 (1980), LL5-460./

" 'Daniel Starr, "Sets, Invariance and Partltlons b Journal/g£
1 1am E. Benjamin, "Ideas of Order in MOthiC:7/

v*};Mus1c " Music Theory Spectrum, I (1979), 23=3L4. -Allen’
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In terms of theory or analysis,.The Structure of Atonal»,

'f1Mu81c has not been thoroughly examaned and evaluated, Yet'

‘:elt contlnues to be a standard referencs. In\splte of the

jstatus of Forte S text, surprlslngly, only Apéendlx 1

2 Wthh lists pc sets 1s universally accepted 1n the f1eld.

7:*obta1ned employlng (n-l)—group contents\

"f'nomenclature..} Q_ff,QW17;f7”.} 'k”j fofuﬁ=

”‘i7;1nvolv1ng 1nterval vectors (RO’ Rl, and Rz).v~

"f;develops a concept that unlfles these concepts, plus R

“fForte s theorles and analytlcal method have largely been

ﬂgneglected. Even though Forte s nomenclature is generally

T

7faccepted\as standard, 1t has ‘been necessary 1n the followelf‘ o

\

\
:1ng chapters to adOpt dlfferenthterms and nomenclature. Pc

:‘sets are referred to as n—groups, and 1nstead of*dese»’
SR .{n* e
'_them by 1nterval vectors, (n—l) group contents are employed. :

‘181nce n—groups are numerlcally ordered accordlng to. thalr N

'Z(n—l) group contents, thelr"o"er and nomenclature dlffer

'lfrom Forte s pc sets. It 1s antlclpated that the results

unlflcatlon of (RO,\v

‘”'Rl, Rz,and Rp) Wlll Justlfy the. 1nconven1ence-t“

o ﬂlth respect to 81m11ar1ty relatlons, the ﬁlterature 7§¥;jf'f
jicontalns a concept that unlfles Forte s three relatlons-rffltw‘u

ld ThlS thesls

pr

"fzw1th1n a general pr1nc1ple of subgroup lnclu51on.

'VzProcess in Atonal Music- An Interpretatlon of the Theory/of
TgSets v Music Theory S ectrum, I(1979), .7=22. e
L " Lord, "Intervallic 1milar1ty Relatlons," and Morrls,’ e
'_WASyuhwnylmmL"g'*\\ L R S E AT |
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‘ ﬁfﬁ\m~ ..“ Bips are briefly discussev 1h\the thesis, and only a

' “few suggestlons to extend the concept are prov1ded. _
s’ Although worthy of greater attentlon, 19 Forte's text does
Q':not devote a lot of dlscu551on to the b1p's theoretlcal '
-?1mp11catlons or analytlcal applicatlons.‘; B

.‘ﬁ—\_

AR ,
- Pairs of dlstlnct pc sets that have ldentlcal 1nterval

A
EA
kd

Q‘ﬁ’i"'_veptors have been referred to as Z-palrs 51nce Forte s early

| ,artlcle on the set complex., The property of Z—palrs (but |
not the term) is flrst descrlbedfby Lew1n vwho wrltes that'“-;
e "I am unable to flnd any explanatlon for the exceptlonal |

'J{behav1or of the pentachords of (h) and (5) " Q. He.;s R

'referrlng o Z-palrs of cardlnal ndmber flve.:'“
' q that theretare three such palrs, 51gn1fy1ng thatiﬂ‘l
.has overlooked one: such palr., To the present, no ;
fa‘equate explanatlon of Z—palrs hasvappeared.f ThlS the51slb o
l?ncludes, for the flrst tlme, a dlscu531on eluc1dat1ng the?5
vuiZ— air property. :f”jz:ﬁi,tp,’d;_jiz":ffl“r’\?tliiq‘ l
. The set complex has ot been dealt w1th 1n the llter-f.;ﬂ' 
‘:.ature to a great extent. Forte employs the set complex asu

ithe ba51s of hls*analytlcal method.» Thls study Wlll concen-'}
beitrate not on 1ts practlcal appllcatlons (analy31s), but on .?“'} ~

Jffits theoretlcal 1mpllcatlons..”

197 7h*rfe ‘"The Ba51c Interval Patterns."- .
20 Lew1n’ "The Intervalllc Gontent " p. 100.:”
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‘__;ative‘approachyls employed. After a detail

<

The flnal chapter of this study 1s concerned w1th

analy51s and is not dependent ‘on materla' in the precedlng

'chapters, Whlch deal prlmarlly with theo etical aspects. To

4

appralse the analytlcal sectlon of Forte'j text, a compar—

\

piece iS-presented, a summary of Forte's analy31s (of-Mh

‘same plece) is glven. Flnally, the two ana%yses are ‘com-
pared so that Forte 's analytlcal method can be evaluated.
The alternatlve analyses are. not 1ntended to exempllfy a.

theory, although they are. dependent on the set theoretlc

: —

method. Therefore, the analyses do- rnot . 1ncorporate Forte's e

theoretlcal concepts nor the suggested reflnements contalned °

in the preceding chapters. These analyses are included not ,"'

‘to demonstrate theoretlcal prlnC1ples, but to evaluate an
analytlcal approach.,f‘~ SR _f.g- 'fffb'gl,' s

The conclu31ons arrlved at throughout the the51s

'hﬂ 1nd1cate def101enc1es and weaknesses 1n most of Forte s

theoretlcal concepts. (Thls may explaln thelr absence 1n'

‘*a[ current research) The proposed suggestlons for - thelr

exten51on are 1ntended to encourage further 1nvest1gatlon~

" in the fleld of theory. The flnal chapter concludes that

i Forte's appllcatlon of hls theory to analy51s, Wthh employs'

only the set complex, is heavlly biased 1n favour of obtaln-

‘1ng predetermlned results.; As such, Forte's appllcatlon 'y

of the Set theoretic’approach w1th1n hlS own theoretlcal '

concepts has not been pursued by other authors. 51” N

i

= d,

ed analysms of a o



Although the following chapters are critical of The

Structure of Atonal Music, the thésis is not intended to -

downgrade the esteemed ‘position of Forte s text.‘ As a.'

'pioneerlng study, 1t contalns orlginal 1ns1ghts and contri-
butions in the flelds of theory and analys1s. The degree of
‘orlginality in the text has not been surpassed, in either _
fleld,/sxnee it ublicatlon. The most valuable contribut10n¢7

-
of The Structure of Atonal Mu51c has been the stlmulus thatj

it has provided for encouraglng research in the flelds of -
’f'///onal analy51@ and theory._ ' R "“W o |

. , T ) N



CHAPTER 2
DESCRIPTION AND NOMENCLATURE OF GROUPS

'The differénce between a pc (pitch—class) set and a

" group is that the latter can contaln repetltlon of pcs,” but

the former, as. deflned by Forte, can not. A preflx (n or an
ﬁrarablc numeral) to "group" 1s an 1nd1cation of the number ofl
different pecs 1n the group, which is referred to as the |

TCardlnal number. A prefixed group contalns no repetitlon of

_pes ‘and is, therefore, 1dent1cal to a pc set.‘ Due. to the =

v:vP0551b111tY of repeated pcs in a mu51cal context the number{r;
of pcs in a group may be dlfferent from the cardlnal number h
of" that group. _,;V ' ,

In the appendix (Table XI) n-groups of cardlnal number
-htWo through twelve are listed with their® pcs in integer
'notation. The orderdng of n—groups withln each card1nal

R

-fnumbér is. based on a descending succe551on of their (n—_)—l .
_group, or subgroup, content. : ' »' 4 |

' ' A subgroup is a group which has a. smaller cardlnal .

- number than the group ‘under” dlSCUSSlon-‘ An (n—l)~group 1s sal
::subgroup whose cardinal number is one less than the n~group

belng referred to. (n—2), (n-3), etc., groups are also

E subgroups. r:"'
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The (n—l)-grOUp content is a list of the (n-l)-groups
contained within an n-group. For example, 3:9 has.an (n—l)—
group content‘of'Z:g“é which signifies that 3 9 contains

one 2?2~and two 235's, In the notat%on of n—groups, a colon

B separates the ordinal from the cardlnal number to dlfferent—

o

1ate this system from Forte's,. which employs a hyphen,

The list of prlme forms in Forte S appendlx orders pc'

sets accordlng to thelr 2-group (1nterval-class) vectors. A

. vector-ls a notatlonal dev1ce which 1nd1cates, with six

dlglts, the quantlty of each 2—group. B:QLhas a Z—Qroup'\
vector of 010020, S | Ceewr

)% Thls method of - ordering has two faults. Firstly,"there~

are palrs of n—groups that possess the same 2—group vector.

The n—groups (w1th1n each palr) do not follow one another 1n.‘

_ the llst desplte thelr 1dentlcal 2-group vectors. Instead,

?only one member of the palr is 1ncluded in the orderlng by :

Lt
ot

RN g
:A..\‘.‘“-)"

2—group vectors, whlle the remalnlng n—group is placed at the

end of the list, Referred to as Z—related palrs (whlch are

dlscussed in Chapter 5), these palrs are an 1ncons1stency in

the orderlng procedure.
. l Secondly, the orderlng and descrlptlon of n—groups -
B .)»,,

accordlng to thelr 2=group vectors is not a con51stent

approach._ As an example, h—groups are descrlbed by (n—Za-

1 group vectors, @—groups by (n—3)-group vectors,,and so on.

As the complexlty (cardlnal number) of n—groups 1ncreases,

- the measure of: orderlng should also 1ncrease, and yet be

relatlve 1n relatlon to all n—groups. Orderlng n—groups by

10

y
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their 2-grouprvectorstis not a relative descriptive
practice. | | |

Ordering n;groups by. their (n~1)~group'contents is
'con51stent for each n—group,'and avoids Z-related palrs
because every (n—l)-group content is assoc1ated with only
.one n;group. (n—l)—group contents are llsted in Table X1,
instead of (n~1)-group vectors because they are more ‘man-—
ageable in terms of requlred Space for thelr presentatlon.x
'h(n—l)—group vectors are unw1eldy in thls respect, Ce&ey 6-
'group vectors have flfty digits.v Slnce subgroup contents
and vectors 1ndicate the same 1nformat10n, the orderlng and
hllstlng of all n—groups nece551tated the use- of (n—l) -group
contents. Vector notatlon 15, nevertheless, useful in other

} _ o
_appllcatlons Wthh are dealt . with in Chapter 3. SN

R

enableés 1ts pcs to be 1nvar1ant after a transformatlon has

" - Total 1nvar1ance is the property of an n—group whic

occurred., These transformatlons are 1nversion or trans—->
'-position. An n—group that is~n0t invariant by'either ofng
;»these operatlons possesses twenty—four dlstlnct forms
'(1nclud1ng 1tself) twelve transp051t10ns and twelve trans—
vpositions of the inver51on. N—groups that are 1nvar1ant bv
1nver51on or transp051t10n will be referred to as IBI or IET
‘\Lgroups,-respectively. IBI or IBT groups have less. than ' _}
twentv-four different forms. Table XTI llsts,only one form’ .

~ of each n-group. R

-G



The (n-l)~group content can be used to determine
' Y
whether or not an n-group is IBI IBT, or both. In most
cases only'a summary of the (n—l)«group content is réquired.

The (n-1)-group distribution proVides this information by

indicating the quantity of each different (n-l)~group~con—

tained in an‘n~group§ It can be ea51ly derlved from the

(n—l)—grOup content. 3:9 has an (n-1)- group distrlbutlon of‘

' 1\§; .and 3°[i2] has one of 3. An n-group that has an (n—l)—

graoup distrlbutlon of 51ngletons, Cege, 11 1, or - 1 111,
is non-IBI and non-IBT.
N-groups that are IBI are 1nd1cated by a " beneath

thelr ordlnal number, €. g., 31 9. IBI groups have (n-l)-

.group contents W1th double occurrences of (n—l)—groups.

‘When these double entrles are related by 1nver51on, and

' 51ngle entrles are a55001ated w1th IBI (n—l) groups, the n-—

i

' 4group which contalns them is IBI. Flgure l exempllfles the

) ~pes - |(n=1)~group | (n-1)-group
-+ | content _ [distribution:.
’IBI group 5:2 (O,2,3,h,6)~h;é? g2 gg ‘f1{2:2i
| (n—l) I ket t ?' (O’g’g’ﬁ 63::>—-Inver51on '
. 929y
| ng,. 8:2,%:h’2g::>~—lnver81on

\ '.h‘g_ 052, 4,6 BT - \

X\ : Flgure 1. Rplatlons between .. - -/),,zif”"
' \‘ (n-1 )-groups 1n an IBI group MM*’TWJMN .

»prevlous statements about IBI groups.}

'1:‘»- . C o [

12



ST Figure 2, Relation between
e two (n-l)—groups innon-IBf/i;gpéﬁ;q

IBI n~group hav

Not all double occurrences in the (n-1)=-group contents
are related by inversion. There are a few exceptions which
. In these
cases,>the pa;rs‘are related by transposition, 6:047] is the

5:32/7:27, L:15/8:23,

are contained within‘66;~ BI groups (Figure 2).

only IBT group that is not also IBI.

‘and 5:24/7:35 are complementary with respect to 12:[17.

Althpugh two occurrences of an/kn—l)-group w1th1n an

en seen to be related by inversion

(Flgure 1), thi
are nont;B .

resulce/from the fact that t (n-l)—groups
The reiatlon is dlfferent if the (n—l) groups

T
are IBI (F1gur7 3).

22 (0,2,k,6) -

b2
“gig | go’giﬁ,6;::>*;IBI=< related by ?ransp051tion
' gsg e Ly 6)::>"n°n-IBI' related/by inversion

Flgure 3. Relatlon between two IBI and two non-IBI
’ (n-l)-groups w1thin an IBI n—grpup

. Al
/ ‘ S < /'*."0@

13

32 ‘‘‘‘‘ “QOTlvhrgvs) 6235 (Oy19‘74y699;
éO,l, , 8) 415 (0)1)8777619) s:2
' 0, 4,5,8) t=6 (0, 1496,9) §=3
2 (8,%,%,2,2,6,3,9) 8:23 6235 8;%;§,ﬁ;2,7,3; 7:35
t=l IR 1 =37 (0, 73,4,6,7,9)
6:(47] (0,1,3,6,7,9) |
(Oilr3161 9) 5:24
(0,173:077:8) &
(0012376,7" ) 5:31 - e
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To conclude, IBI n-groups have double occurrences of
(n=1)~groups which can be determinad from‘the (n~1)=group
distribution. If the (n-1)-group is non-~IBI, the two
appearances are related by inversién, but if‘iﬁ is IBI, its
two occurrences are related by 'transposition (Figure 3),
Single occurrences of an (n-1)-group in an IBI n-group are
always IBI (Figure 1). N-groups that are IBI only (not also
IBT) have twelve forms which are related by transposition to
the form listed in Table XI.

N-groups that are IBT are ind;cated by a "{ ]" around
their ofdinal number, e.g., 6:{47]. The number of transpo-
»sitiohé_which create total invariance of IBT groups can b,f:'/~
determined from their (n-1)-group contents. Table I lists
all IBT groups, their (n-1)-group content, and phe number of.
transpositions that create invafiange,,wh{éﬁ will be refer-
red to és the degree of IBT. For example 9:[12] is IBT »f
degree 3. The degree of invariance is equal to the quantity
of each IBI (n—l)-grbup (8:25 in 9:[;3]), or'one-half the
number of each’non—IBI (n-1)=group (8:23 in 9:[12])., -6:[47]
‘is the bnly exception to this rule, and it is the only IBT

n-group that is not also IBI, as noted previously (Figure 2).

&

. /J-H
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IBT n—groups of degree k have 2h/k dlfferent types.

':'u, ‘6£h7] thus has twelve forms-'51x transpos1tlons and 51x fﬁvW-\VW

D;rtransp081tlons of 1ts 1nver51on.

Slnce all the other IBT  f» 7} 

”.fn-groups are also IBI, the invarlance due to 1nver51on

' 1f"types.x

:halves the number of dlfferent forms to 12/k.

6 [50] (whole;i  "

ﬁe'xtone scale) is IBT of degree 6 and has only two (12/6)

e

-
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8 " -
e E . i
i‘ o L et
B i L 2



. 1 . . - N o ‘ . B T 3 .

T o S R IR

o Lo o o L IR L Lt L
S e e I

Less than total 1nvariance occurs when ’here are less

"\

' than n 1nvar1ant pcs after some transformat-on of an n— T

group. In orderxthat an n-group have only (n—l) 1nvariant SR

pcs,va non—IBI, or non—IBT (n—l)—group mus' ve present ‘more

than once 1n the n—group. If the n—group cfntalns one IBI

: or one: IBT, (n—l)-group, then (n—l) pcs w1l‘ be 1nvar1ant

‘d‘whlch causes 1nvar1ance W1th1n the (nsl)-group 1tself.r d

11‘clar1f1ed.‘_. _1“Q dyd:,he,-

depending on the operatlon (1nver31on or tr nsp081t10n)
i

Flgure L2 on page 38 of Forte s text is a. llst of pc 1fsg RN

sets that hold (n—l) subsets 1nvariant by transp051t10n.“;~
However, no. flgure 1s prov1ded for the case of inver51on.'
ThlS flgure 1s 1naccurate because it OmltS one example

(Flgure; Efand 1ncorrectly llStS 7—31 tw1ce.< In addltlon,‘

the relevant dlscu551on falls to prov1de an adequate under_taefo,,,.

standlng of the concept or property of subset 1nclu51on anddy-“v“"

invarlance.; As such, 1t 1s one of several 1nstances 1n the .

body of the text whereln 51gn1f1cant detall is lnadequatelydﬁﬁ ST

| ~6 v (, 1;3,, 6 7 11) : ER
| (O 1 3, 6 7 9) 6—30-“ 1nvar1ant (n- ) ?ubseﬁjh

Flgure A TranSp051tional 1nvar1ance SoE
@;w of 6-30 w1th1n 7- 8 -
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To. thls p01nt (n—l)-groups have provided a consistent g

'7{descr1ptlon and orderlng procedure for n—groups. ThlS

»::_"method has overcome faults 1n Forte's approach Wthh employSydf

“'glnterval vectors.t The (n-l) group content 1s capable of SRR

",determlnlng the type of 1nvariance of n-groups, and thus the?"

number\of dlstinct forms. Forte does 1ndlcate the number ofrf

| hof dlfferent forms (enclosed 1n parentheses be31de the prlmeppgff”

X

'”_ forms 1n the appendlx) of 1nvar1ant pc sets, but no mentlon e

| “i?of the type of 1nvar1ance 1nvolved. 3T1

In the following chapter, subgroups w1ll be employed to_--

’-f';extend reflne, and unlfy several concepts that Fonte refersrh
o .

”ffextends beyond the1r appllcatlon to orderlng and descrlblng

T”gpto as 51m11ar1ty relatlons.j The 1mportance of (n-') groups ]5



CHAPTER 3
SIMILARITY RELATIONS

"v:; Forte descrlbes several 51m11ar1ty relatlons between =

"‘lgroups of the same cardlnal number. One of these, pr{isb_vt

-%lbased on: common (n—l)-groups, and the other three, RO, Rl

*'h*and R25 are concerned Wlth 2-group vectors."

Two or more n-groups are Rp related 1f they have in {;fb

'fhfcommon at least one (n_l)_group. Is the presence of at

. jleast one (n—l) group a suff1C1ent test of sim11ar1ty° The

'¢;ifollOW1ng example W1ll demonstrate a weakness 1n Rp. j‘

h 3 h h, and h 20 have (n—l) group Contents of 3 l 3 u:;:_ 3

iil;'7, 3 1 4 5 8, and 3 h 5 8 9, respectlvely. These three.

L~groups share varlous B-groups (Flgure 5) dé 1s not capable};p'

/

‘ll’gof descrlblng the number of 3 groups 1n common, but only the: Hh,7

'f:ex1stence of at 1east one B-group., Slnce h h and h 20 have tfl'”

lrf7three B—groups 1n common, the 81m11arity between them 1s

h;greater than the 81m11ar1ty between h 3 and h 20, whlch haveh~r%'d”

”v~ﬁ>10nly one common B-group-,;;y“'

'V:Flgure 5. Mutual B-groups in three
h—groups that are Rp related



Thls weakness in- Rp can be overcome by 1ndex1ng the B
.tdegree of simllarlty, and d1rectf§ indlcatlng the nugbgr,of
~'mutua1 (n—l)—groups. L 3 and h 20 are Rp of degree 1, for
example. To contlnue, s 3 and h h are Rp.of degreeﬁz, and

| h b and h 20 are Rp of degree 34 ”L7“H ' =T

An Rp-tuple 1s a Ilst of n-groups that contaln the same"f"

R TR ‘ : B Y

(n—l)-group.‘bdlth the a1d of Table XI it can be verlfled ;fp.'

._that the folloW1ng 1s an Rp—nontuple (9) because the n1ne

-rh-groups contaln 3 h - h 3y 4, 9,;10 13, 15, 2§ 19, and o ?d

: 20. 5

i)

‘ ;of Rp'tuples 1a much ea51er than the method employlng (n—l)—ff
; group contents., The (n-l)-group vector Of a u—group con—:* a

';gtalns twelve entrles- there are twelve B-groups._ Llstlng

'w"results 1n a matrlx W1th twelve columns and twenty—nlne

“prows. An Rp—tuple can: be determlned by readlng down any

hcolumn (B—group)'and noting those rows (u—groups) that have ;i

Loa non—zero entry.‘ Despite thlS advantage of subgroup

'~F1f'vectors over subgroup contents, the appendlx contalns

'u_(n-l)-group contents because of the1r fac111ty 1n present—,'

jjatlon as discussed 1n Chapter 2. afvﬂ' s

- -{ﬂ.j; If (n—l)-group vcctors are avallable, the determ1nat10npdi7»r

‘77thwenty—n1ne 3 group vectors (there are twenty—nlne u—groups)j-;ﬁ5d"



RO, Rl’ and R2 are 51milarity relations dealing with 2-
group vectors.i Two n-groups that have'an unequal number of
each 2—group are R relased (Flgure 6a -‘1dentical to

//E“ample 50 page h9, of Forte's text). This relation is

| Jtermed manimum simllarity. Rl'and R2 are called max1mum j
51milar1ty because n—groups 1n either of these relations

" have equal n&;EEFE”Sr“fSGF‘z-groups (Figure 6b and 6c _,f

7idrawn from page h8 of Forte's text) | e

o

v ‘ “intérchange 3 no'interchange_,-,
»u: 221100 4-2 221100' 5-10 223111
¢—13 112011 | 4-3 212100 5—212 227121 f-
Figure 6 Examples of RO, R ,‘and R2 relations.~ »
RO,gRl5iand R2 have at least one magor flaw as smmilar—fo-n"‘

1

e ;1ty relations- they are incomplete. These relanions account__

“'ffor cases 1n which two n—groups have 1 entical quantlties of?.‘
szero (RO) and four (R1 and Rz) 2—groups. ,'o be complete,

l‘lthese relations should be extended to 1nclude the situation :
"Qﬁin which 1dentical numbers of one, two, or three 2—groups ‘

'are preseno These are. the remalning cases because Z—rela—»"cr*“”
vﬁted pairs have identical 2-group vectors (51x 2—groups) and o

!1t 1s 1mp0551ble to have only five types of 2—groups equally ili‘

~-_conta1ned in two n—groups.u,'*

,% /
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There is a more diffidult problem in these relations

that can not be corrécted by mere exten51on. The follow1ng

“fj'iargument depends on contrived examples, but should elucidate

. fthe problem and suggest a manner of correctlon.

Con31der pairs of students taking courses in 51x
"subJect areas. Flgure 7 iﬂlustrates the status of the

”students' progress 1n a manher analogous to Z-group vectors.

| ;:studentsff | subject'areas :f»‘-‘_f-v;fv‘ L
A 030000
B 003000
e 333 ¥
T R R
- v A 0’210 0 0 0
AR . B 0 0 230 00

B S
L

R Figure 7. Course status‘ :
R e g of palrs of students L
BT e R ;.

In the first example, the progress of students A and B
"°1s Ry related‘i maximumfsimilarlty W1th 1nterchange.' ThlS
xblresults from the absence of any courses 1n subJect areas l,
7}u, 5, and 6 by each student. Since the cdurses that each
xstudent participated in are not mutually shared, the stu—
“ddents, in fact have no courses in common.' Is this maximum

51milar1ty°



/

In the case of students C ‘and D the situation 1s ‘dif-

‘ferent. Usingvthe crlterion of‘similarlty employed by;Forte

.'resu\ts in the ‘conclusibn that the status of these students

1s RO related. minimum'similarity béCause theylhave not

'taken exactly the same number of courses in any subject
area.A ‘As a foundatlon for 51milar1ty relatlons, thls crl-‘

Lterion 1s mlsleadlng because each student has completed ‘

,,4‘

three courses. in each subgect area: elghteen common'

'Wbcourses. When students c aﬂd D have elghteen courses in

common, in a program of twenty—one, is the term‘"mlnlmum

o 31m11ar1ty" JuStlfled°:'. R ) T: -i-‘ ;

The f1na1 example concerns students A' and B' (A and B,

fiafter more courSes have been completed) Each student com—
'fpletes twenty-one courses Wthh are dlstlnct 1n subgect area.
'l‘from thelr partner's status.' Thelr programs are. stlll R1

j‘simllar, but can they be regarded as max1mally 31m11ar°

22

’ﬁt should be apparent from the prev1ous dlscuss1on that_ﬁ~

"the crlterlon 1n evaluating RO, Rl, and R2 (exact corres—'v g

pondence Of 2-groups) is not a. sufflclent foundatlon forevt

f81m11ar1ty relatlons. d _ :Le‘- ST »,_-‘HA

i



A more meaningfulicritérion‘would be to evaluate the
number of 2-groups that are”common‘to'two n-groups. This is
| 1dent1cal to the in exing of Rp desprlbed at the beginning,

. of thls chapter. Rather‘than dealing only w1th;(n-1)e

canvbe'eXtended;to include lower order subgroups.

P v Y

groups, R

o When the lower limit of 2—groups is reached, the 1ndex1ng of

»the Rp pr1n01ple is an 1mprovement oV%r RO, Rl’ and R2
‘Table II 1nd1cates the lower llmlt of subgroups (Z-groups)
~in. relation to each n—group. 'Wlth the same prlﬂClple of
‘51m11ar1ty being applied to several subgroups (2 3 h, and
5-groups 1n relatlon to 6—groups), another nomenclature is
required‘to replace.Rp, Wthh deals onlyew1th (n—l)—groups.
The follow1ng system 1s suggested because it indlcates the

order of subgroup, and 1ncorporates the 1ndexing feature N

;formerly applled to Rp ‘ R5 is replaced by the- term "(n—l)

"3p51m11ar" with the degree of 51m11arity follow1ng.‘ As an

fhexample (Flgure 5), h L and Lz 20 are (n—l) similar of

A’

PR

Xsr',degree 3, Thls descrlbes d1rectly that bes 4 and s 20 have -

_‘three,B—groupstin common.'_Thls general concept w1ll be

‘referred to asv(n-k) similarity, where k is variable.

IR N
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j’ . ' TABLE II

Lower lelt of Subgroups in Relation to N—groups +

N-groups ‘Lower Limit of Subgroupe{(2~group5)
3=-groups _'  (n~1)y-groups
| li~groups | | “ 7 (n=2)~groups
- 5—groups . o (n~3)-groups
6~groups | o | (n=4)-groups
7-groups | - . ‘y(n-S)—groups
8-groups | _f (n-6)=groups
9-groups | . (n~=7)-groups
‘10-groups| | ~ (n=8)-groups’

‘The appendix (Table XI) llsts only (n—l) group contents
and the appendix in Forte's text glves 2-group vectors.
There are, therefore, ‘a number of n=groups. for whlch there
.1s not a complete list of thelr total subgroup content,
i.€ay from (n—l)-groups (Table XI) and other n—groups whose
-card1na1 number decreases from (n—l) to two (Forte's appen—-
dix) Such a. llSt can be obtalned by uslng the (n—l) group‘”

contents dlrectly, or the equlvalent 1nformat10n in vector L

form



The (n—l)-group contents can be utilized to .determine
the (n—2)—group content of any n—group. By extens1on, this
.method can be - applied to the calculation of any subgroup |
content regardless of size.' As an example, consider L2
B and its (n—l)—group content of 3 123 6. A representation‘
of .the 2-group content of L2 can be inferred from the
Z-group content of each B-group (Figure 8) The flnal
result is a representatlon of - the 2—group content because
~each 2-group 1s included 1n two different B—groups and 1s,

therefqre, double—listed. The correct-2—group content can

be " calculated by haIV1ng the number of each 2—group obtained

by this method. Performing this operation yields%%%Z-group

‘content. (of h:2) of 2: 12 2% 3 L.

—;(n—l)-group'content is -
- (n—l) group contentdis

3

2

(n-l)—group content is 2

- (nfl)—group content is 2:
2

2

2

wWoWw W W
B Yo SRVCEE S RO N
: N

— (n-1)~-group content is

[
T
fro
s
Joo
ERTS

L2 — (n-25—group.content is

fro
o,
e

~ Figure 8. Calculatlon
of the 2-group content of 432

25 L
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necessary d1V181ons. ‘

. Flgure 9. Calculatlon of the Z-group content of 6 [50]4v

. The layout of Figure 8 can accommodate the (n-2) group

content of any n—group, not just for h—groups.‘ (n-3)-groups

‘/can be determined by taking the (n—l)-group content of each
'(n—2)—group, and calculating and summing as “in Flgure 8.

This result must be dlvided by three to give the correct -

numberxof (n—3)~groups in an n-group.v In fact, each time an

‘ (n—k)-group is calculated, a &1v151on of its quantlty must

‘take place. These dAVlSlOﬂS take on 1ncrea51ng values

beglnnlng w1th two for (n-2)-groups, three for (n=3)~ groups,

"and SO Ong. leadlng to the result that in the calculatlon of

‘ang(n-k)-group, a d1v151on\of k is required. Flgure 9

~ .
calculates the (n-h)—group content, by steps, indicating the

*‘62[29],—’(n—l)—group,content is,5:2§§\

5:360 — (n-1)-group content is 4:(22° 247 [28))

* 6 [50] —l(h-z)—grcupﬁcontent is b 22 2h [2 ]3 ?f\;,

L" 226 (nfl)-group contept i33 (62 82)6 . ’ | - o

L 2#6 (nfl)-group'content is 3: (6 8 [12])
[28] — (n=1)-group content is 3: (83 /.

3:6%° 8°° [121°

Y

= 6 [50] - (nQB)-group ccntent“ié 3'66 '12j[12]?e* |

33 66 (n—l)—group content is 23 (2 u)
v '3:512 '(n-l)-group content is”2 (2 L [6])12
'3:[}2]24— (n=-1)=-group ccﬁfent'ls 2: (43) , N

L% 6 [50] - (n—h)-group content is 2: 6 6 [6]3 * N

-

2,

26



Since subgroup vectors display the same information as
subgroup contents, Flgure 8 can be translated to illustrate
the use of (n-1)-group vectors (Figure 10), As in Figure 8,
the fiual result must be halved to produce‘the correct 2-
group vector of (221 100). 'The'numbers\in round paren-
theses are mgtrlces, even thoygh two of them are only one .

row of numbers, and "X denotes matrix multlpllcatlon.‘

W

L 1
=
oy -

| 23 6 21 2.3 4 506121 2 3 & 5 (6]
b2 (1 1 1 1) X3:1y2 1 0 0 0 0l (b & 2°2 0 0) .
3:7f1 1 1°0 0 O » |
3:¢311 O 1 1 0 O
"3:60 2 01 0 0O

Flgure 10. Preliminary calculation
of the Z2-group vector of 4:2 \

L
[N

To this point, the subgroup vectors, or;subgroup con=:

tents have been calculated for<only one n-group. Access’ to -

a computer and a program that can manlpulate matrlces can,

ﬂprov1de the means by\which the subgroup vecors can- be deter—“7

mined for all n-groups. - S C ?gl



Earlier in this chapter, it was mentioned that by con-
verting (nél)egroup contents to (n=1)-group vectors, the re-
sult would be (hml)Qgroub matricesy i.e., matrices whose
rows correspond to (n-l)=group vectors for each n-geedp.

‘Multiplying these’(n—l)—group matrices and dividing by an
appfbpriate quantitybwill‘result in a matrix whose rows can
be any desired_ subgroup vector. Figure llbis a diagrammatic
representaﬁionbof the method to obtain the 3~group”vectors
for all 7—groups.z'The arabic numerals indicate which (n—l)~
group matrlx (obtained from Table XI) is represented. The
subscrlpts show the number of rows and columns, respective-
ly, in the matrix. Since B-groué vectors are (n—h)—group

vectors (with respeét to 7-groups), the matrix on the right

51de of the equatlon (1) must be divided by twenty-four

(1 X 2 X 3 X 4) to obtain a matrix whose" rows are B-group

i

”7vectors of 7-groups.

X 6

735 50 X ©50 35 % 535 29 X b29 12 = M35 12

Figure 11, Diagrammatic representation of the calculation
to obtain the 3-group matrix of 7-groups

This terminology (matrices, vectors) has been suggested.

as an extension, and not a replacement, of the. general (n-k)
similarity relatipgn derived earlier. Adhittedly, the con-

'cepts of .matrices and their manipulation are peripheral to

the pertlnent dlscu351qn of similarity felations. Nevefthe-v

less, it is a procedure by which Table XI may be expanded to

7

Aflnclude anyysubgroup 1nformat10n that is required.:

28
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@@he purpose of th&s chapter has been to examlne 51m1—;

o . LR

?1arity relations. In the pursult of thlS goal, it was

N,

29

vtdeFermlned that Forte's 31m1 arlty relations were incomplete,5_“

ol

- in the form of (n—k) 51m11arity, whlch 1s an extens1on of R

m;one pr1n01ple. S

e

"°ﬁtiﬂcon51stent,,and def101ent. ThlS nece581tated a reflnement L

P
fhnd a unlficatlon of all Forte s s1m11arity relatlons W1th1n*



| CHAPTER 4 R
ORDER REL \TIONS T

N

The prevlous chapters have treated groups as unordered

',:ﬁentltles, that 1s to say that the order of pcs has not been » }_”':

‘ con31dered., A nece551ty for the 1nclu51on of order rela—

: :tlons would arise most naturally w1th1n a melodlc or llnear

[

:a;context, as opposed to a. harmonlc or vertlcal 51tuat10n.pv1:

'“fTbe b1p (b331c 1nterval pattern) 1s 1ntroduced by Forte to 1fdd‘
xdvdescrlbe order relatlons._"a :“d' SR ” | ”’“‘ -
| Blps are a representatlon of the number and types of

;lCS (1nterval—classes) 1n an- ordered conbext., An example of

”7Eb1ps, derlved from ordered groups and thelr 2—group (1c)

7:fsuccession, 1s quoted from page 63 of Forte s text (Flgure fdrﬁ“ e

'vuf?dlz) The 1nterval succes51on lists the 2—groups 1n the

‘Tforder that they occur 1n context, and_the b1p 1s merely a:

" rsummary of these 2—groups arranged 1n 1ncrea31ng order.

e

5— ’“'ordered”seplfiuterrélesﬁ¢¢ﬁssion'Sbip-u:.
L Br 1071 9 8 7 B ‘3-1&—1— ST 113l+
o '.C: 03 11 lO 9 ﬂ 3= h—l—- 1131+

Flgure 12 Derlvatlon of blpS }jf
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Forte's dlscussion and appllcation of b1ps to spec1fic
examples 1s confusing when 1t 1s confronted with repeated
pcs.¢ For example, Forte wrltes "Spe01flcally, if a repetl—.
tlon occurs at order positlon m, then a new segment beg1ns1
’\'at (ﬂhl) wl He applles thls deflnitlon to the segmenv'ln |
Flgure 13.- Th1s sole condltlon, however, seems 1nadequate.;;}
There 1s no reason whyvalsegment can not also begln at je;“A |
: order}p051t10n (m—2) or pcé In Flgure 13, why would Forte f

not allow a segment to begln at order p031t19n (m-3) or pc7° ifr

' Forte should have sald that a segment must nop contaln a. pc'o

repetltlon, Wthh 1s also the condltlon that he 1mposes on fj’u
~on a pc set - 1tself.,»‘ ’ EANR B

zgf*~'.;/ i - “;1;;». _- N RO ‘roinr_f_ 13 Jla,;
: : order p051tlon m: repetltlon of pch o

g
h 8 L 3.2 5
~ S
: u684325
h 7 6 8 L 32 5

: Flgure 13 Segmentatlon Taml'l o
when repeated pcs are presént R

Ly - e S o
l Allen Forte, The Structure of Atonal Music (New Haven.p.;’
Yale Unlver51ty Press, 1973), Pe ‘72.,. , _
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The!exception to the above rule, accordlng to Forte,

'-j'nvolves the situation 1n which the 1n1t1al and final pcs of -

A‘f,pa segment -are. identlcal._ If the segments contain n pcs, the

‘asegmentatlon produces tWO segments with (n-l) pcs each.

,Forte's example, on page 72 of the text, 1s unclear because

fv‘the two examples actually overlap 1n context, and they are

l;presented 1n reverse order with respect to thelr contextual :
'{appearance.r These examples should have been comblned 1nto
.“vone. Flgure 1h accompllshes this and }ndlcates Forte' e
"segmentatlon and order of presentatlon. Nhat 1s most unex_
”pected in thlS example, 1s that 1t falls to 1nclude pre—i‘ -

*fcedlng and subsequent material., Thls omlss1on 1s not con— avfj"'

:'duc1ve to establlshing the b1p as a concept that 1s depen—“xffv

Q“,dent on context.,_ o j';_f-.;{u;g;‘,fj> f:e**{'if

fhthls segment 1s shown SeCond }jf*"~

. Wrimdana

thls segment 1s shown flrst

SRR Flgure lh.vComblnatlon R
of two segments dlscussed by Forte‘

\';"h

R

A




N The blp, as a descrlptlon of Z-groups, can . Stlll he
eapplled to segments w1th repeated pcs, 1f the succe551on of-
n2-groups 1s, 1ndeed, 2 51gn1flcant concept. For example, |
'the bip llBh represents a 5—group because 1t contalns four
_conJunct 2-groups. The same b1p also descrlbes the 2-group w

:fsucce351on in the follOW1ng groups. (5 6 5 8 L) Whlch is a’
‘h—group - (4 5 6,8), and (5 6 5 2 6) whlch is a3~ group —4*h:

Ahi(2 546) If the blp 1s to be a 51gn1flcant concept, 1t
flshould not be restrlcted 1n use to segments that have no pc

)llrepetltlon. Furthermore, the b1p should also be extended -‘

f”?to 1nclude the succe551on of conJunct n—groups of hlgherv~'*

‘sfcardlnal number than two, though these are. not as- aurally

7Tpercept1ble as Z-group success1ons._eu: =

Forte does not 1nclude the b1p w1th1n other concepts,v

.::h;nor 1s 1t employed 1n h1s analyses.‘ For thls reason, the R

|

L fdlscu531on of b1ps has been brlef,-and contalns remarks'f;ga.~

Y “

:,”deallng w1th Forte S presentatlon and only a few suggestlons’ e

N

-}concerned w1th exten51ons of the blp concept."



| _ CHAPTER 5 i
Z-PAIRS AND COMPLEMENTATION P
"Forté uSes‘the”term "Z" 'to designate a relation;betWeenr

two n-groups that have 1dent1cal Z-group vectors..'This’.

’M,jproperty was 1n1t1ally descrlbeq by LeW1n.l In addltlon, he;lpja

f‘ialso discussed a relatlon between the 2-group vectors of
'complementary n—groups (w1th respect to 12 Ll]), Wthh has
"_ been referred to as the complement theorem.z’ Complementary

»groups are two or more groups that have no pcs 1n common,

’v:but all thelr pcs form a referential n—group, usually

' 112 [1J. The complement theorem when applled to 6—groups, o

L states that complementary 6—groups have 1dent1cal 2—group

"bf“vectors. In the event that one 6—group 1s not equal to 1tsﬂ

'gflcomplement by transp051t10n, or 1nver51on followed by trans-:7 B

“:fp051t10n, the complementary palr is Z-related. lﬁ

.
at L

-

l Dav1d Lewin,‘"The Intervalllc Content of a Collectlon Gy Y

.~ of Notes," Journal of Music Theory, IV/1 (1960), 98-101."
.~ 52 Daniel” otarr,. TWSets, ‘Invarlance and Partltions," R
L Journal of Music Theory, XXII/l (1978), 1-42 '




-ThUS; the complement‘theorem'is”capable‘of‘explaining‘

the ex1stence of Z-palrs of cardlnal 31x. This chapter w111_t

N

lshow that the remalnlng Z—palrs can be explalned by comple-

',thls 1s undertaken, the 2-group square w1ll be 1ntroduced

“and’ utllized as a method of. illustratlng the complement

| theorem as it applles to 12 [1] Then the 2-group square

-'f;is the 2—group square of 12 [1] Pcs are 1n the same order‘l

,,w1ll be applled to other n—groups so that non—6—group

i

:‘Z—palrs can be explalned
A 2-group square 1s a table that 1nd1cates ‘the: 2—groupsd

| dtformed by the pcs of an n—group W1th themselves._ Table III

¥

| hfln the columns and rows, wh1ch results 1n a symmetrlcal

,fflgure, accounting for the dlagonal of O's.‘ Although the ?}“:',

35

'mentatlon W1th respect to n—groups other than 12 Ll] Before;dl

,7numer1cal value of pcs 1s 1ncreas1ng, thls ch01ce is. arbl- Ll

'5'Because of this stmetrY, a 2—group formed by tWO PCS 15' '9

1 trary because any orderlng could have been employed.,*lt"

'qpresent tw1ce in: the 2—group square. As an example, 2:5 is
- formed by pc2 and pc7,vso a5 1s found at the 1ntersectlon';:
q o§ the elghth row (pc7) and thlrd column (pc2), and at the
"1ntersectlon of the third row (pc2) and elghth column (pc7)
"'fBoth of these entrles are symmetrical about the zero dlago—
"dinal. This means that the actual Z-group content of 12 [l]
"'tils equal to one—half of the total number of 2—groups in. the.”

'Z-group square.
) R » X



TABLE III ' _
.2-group Square of 12: [1]
3 '
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o From the Z-group square dlrectly, or. the summary of the'

2—groups in each TowW of Table III (each of the 51x diglts is

a tally of the number of each 2—group 1n the row), 1t ‘can be -
determlned that the 2-group square contalns twenty-four |
: entrles, each, of 2 l 23 2 2 3, 2s h, and 2 5y but onl
~; twelve 2 [6]s. The 2—group content of 12 [1] 1s, ;

fore,'z l12 212 312 h12 12’ [6]



Flgure 15 is a representatlon of a 2-group square for
an- (m+n)—group that has been partltloned 1nto tWo comple— :
imentary groups- 'Am and B‘; Wlth cardlnal numbers m and n;
respectively. The cardlnal’number of thls unspecifled,
?referentlal group is, therefore, m plus n. Area X indicates
the Iecatlon of 2—groups that are formed byttne pcs in Am,
and Y contains 2-gﬂoups formed by the pcs in B . The'2-"
groups in Z ‘are formed by one pc from A and the. other pc

-from B . From the dlscus51on of the 2-group content of

12 [l], it is eV1dent that ‘the 2-group content of A ‘and B

37

_1s one-half the number of 2—groups in- X and Y, respectlvely. -

e = &,

f‘Figure'lSI'Generalized.Z-group square‘of-an (m+n)-group§'

[
[

If'A“and B are complementary w1th respect to 12 [l],

: then m plus n must equal twelve. The pcs of 12: [1] can be

' ~farranged 50 that its 2—group square is. not unllke Flgure 15.3

‘_Wlth.this accomplished, the 2—groups in areas X Y, and Z

1can 1llustrate the complement theorem.
\ : ' ‘ T v; . : .

B
N L
N .
v . Cl B y
\ SR v Co [
e X - . . . |

|
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Let D be theﬂdifference-between the 2—group vectors of

A and Bn,-and ‘assune that m is greater or equal to n. From

. the 2-group summary of each row (Table III), 1t can ‘be seen

~ that each row.has“phe same number of each Z-group, 1,e., one
2£[§J and two each of the remaining Z-grOUps. The rows of
the Z—group square formed by pCS'in A occupy the upper m
zrows, and the 1ower n rows are allgned W1th the pcs in B .
: The m rows contaln m 2 [6] S and 2m entrles, each, of 2:l, ;:
232, 233, 2;&, and 2:5. Slmllarly, the n rows contaln n.
vé-[éj's and 2n entriesdof the remalnlng»Z—groups. The 2-
:groups in.the upper m rows are contalned in areas X and Z,
"”and the Z-groups in the lower n rows are assoc1ated w1yh
‘areas Z and Y. The 2—group content of A and B is one—half
3:the number of 2—groups in X and Y, respect1#ely. Therefore:
=@ -n
- (1/2)(X+Z-Z-Y) %mf'
E (1/2)(X + 7) - (1/2)(2 + Y)

Jv'The number of each 2—group in, (X + Z) and (Z % Y), as stated

- earlier, is dependent on- the values of m. and n, respect—

' 1vely. ‘The value of D for 2:[6] is: - if

| - (1/2)(m) = (1/2)(n)

= (1/2)(m ="n)

'_Forvthe remaining 2—groups; D has the value of~
(1/2)(2m) - (1/2)(2n) |

'=m-n

'.Dk



The two values of D (depending%pn the 2-groups)}
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descrlbe the complement theorem.‘ These differences apply tO”

- all values of m and n, whose sum is twelve, and ‘when m is
‘greater or equal to 'six. When m and n are equal, :m and Bn
represent complementaryvé—groups; In this case, (m'— n) and

D are equal to zero, whlch 51gn1fles that complementary 66—

groups have 1dent1cal 2-group vectors. _Nhen one 6-group and

1ts complement are not the same type‘bf 6-group, they are Z-

related and constltute a Z-palr.

- The complement theorem, when applled to 12: [l], 51mp11— ,

-fles,the task_of explaining the Z-pairs of cardinal number
hfour and eighti(l), and'fiye'and seven (3),‘because'they are
b’complementary'within'12*[1] : Therefore, 1t is only neces- |
.sary to explain the Z—palr of cardlnal number four and. the
’_three Z-pairs of cardinal number five.’

An exten31on or variation of the complement theorem
can. be obtalned from the Z—éroup square of an n—group if

each row contains the same Z—group dlstrlbution. The 2r

‘.group square of 12 [l] has this chgracterlstlc because 1t

7 ‘contalns one ll—group twelve times. Although there is only'

one ll-group (11 1), the foreg01ng statement is not - tr1v1al.

. Any n-group. that contalns one (n-l)-group‘n tlmes has a 2-
- Y
: group square whose rows contaln the same number and types of

'2-groups. In other word?, any n—group w1th an (n—l)-group

' dlstrlbutlon of n has thlS property. ]

v
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Table IV lists all n—groups that. have an. (n—l)*group

' distrlbutlon of n, as can be verlfied with Table XI.‘ Since

"the Z-pair of cardinal number fouris complementary to some

8-group, 1t seems appropriate to examine the 2-group square
of 8:[291. | o .
TABLE IV

!

/

‘N-groups with an (n~1)-group Distribution of N

N-group (nél)—group

12:[1] | 1121

o | 8:[29) 7:35,
-~ L 6:[49] 5:32
| & 6:[50] 5136
(211 315

 h:[28] 3:8

4:[29] 3:10
- 3:(12] 2:h

z-.v,“

Table v contalns the Z—group square’ of 8: [29] and a-’

oS summary of the 2-group entrles 1n each row. The extension
"Lpof the. complement theorem for 8 [29] states that the dlffer-
ence between the 2-group vectors of two complementary groups ,

' (A and B ) 1s (l/2)(m - n) for all 2—groups except 2: 3y 1n

whlch case the dlfference 1s (m - n) Complementary L=-
groups, wlthin 83 [29]\ have equal 2-group vectors because

‘(m - n) has the value zero.

L0
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TABLE V

2-group Squa;:}of8:[§2]
L ) |
.Pes | 'Pcé- ' Z-greup Sunimary | -
.| e r3 k6 7 910
o o 1 3L 6 5 3 2 112111
1 {1023 564 3] 112111 N
| 3 |3 2 .o: 1 3 4 6°5 o 112111 ‘S.fﬁ-"
Lo{4u 3 102 3 5 6 112111
6 6/‘5;‘3 2 001 3 4 112111
7 |5 6 u',gl‘i. 0 2 3| 112111
9 {3 L 6 5.3 2 0 1 112111
102 35 6 4 3 10 112111

Of-the thirty—five camplementary L-group pairs&”all but
, |
elght palrs contain the same type of h-group. ‘The eight

?

exceptlons are palrs OF b 12 and L 16° the Z-palr of car=
'dlnal number four, Not only are h 12 and 4: 16 complementary
" within 8’{29], but 8 [29] 1s the only 8—group that can con-

© tain a disjunct com ination of the pcs in a L:12 and‘h 16.

‘ eAn extension of the complement,theorem has,~therefore,

explained the Z-pair of cardinal_number four ae4arising‘ffom

"~ complementation with respect to 8:[32].
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‘ A
'

FroﬁfTable iV it is clear that the complement theorem
can. not be extended and applied to a 10ngroup in order to
explain the Z-pai%ﬁ'of cardinal number five. Nevertheless,
Jjust as the Z-pair of cardinal number four is complementary
' to only one 8-group, the Z-pairs of cardinal num?erhfive

(gach'pair separately) are complementary to only one 10—

gYrOoupe. Oné Z-pair ofaéardinal number five is complementary

to 10 2 whose Z2-group square is included in Table VI, along

,with a summary of the 2—group entries in each row.

TABLE VI

v

2—group Square of 10:2

. /s
. Pcs
Pcs '
01 2 3 & 5 6 7.810
ro ' T :
0 |0 1 2 3 ki5%6 5 4k 2 121221
11012 3 4 5 653 212121
2 2.1 012 3 4 5 6 & 221211
3|3 2101 2 3 4L 5 5 222120
L s 32 10123 L 6 222201
5 |5 4, 3 2 10 1 2 3 5| 222120
616 5 43 2101 2 4 221211
7|5 6 5 4k 321013 212121
8 |s 56 5 43210 2| 121421
102 3 4 5 6 5 4 32 0] 022221

42



’nyThe two remaining pcs .

A\

. L

Although not all the nows have 1dentical 2—groups, a f‘”

’f};pattern exists (Figurefléa) The requirement for a’ 10—group

:"~Kto have complementary 5—groups wnth identical 2-group vec-”;

. \
: tors 1s that the total number of Z-group entries in five

<i5ffows be 1dégtical to the other five rows.~ The pcs assoc—-f7 o

a

a
&

»_ﬁm_ntary pair w1th 1dentical 2-group vectors (Figure 16b)

O

%fﬂthe complementary S—groups) must

 be

oty

”"bizlng these palrs of pcs w1th the two 3 [l2j 'S produces

"*fift een row types A and C Comblning these rowytypes w1th1n'y~m

'“t'ated w1th the TOWS 1n each of these partitions form comple-::3
’lentary S-groups.- Row types E and F differ in the number of\ﬂ‘ }

:1's and 2 5'S, Wthh is also t Source of difference be- :1-
o two. partitions with equal Z—group entries produces a 3—group._;.;.

[12]) that must be c%ntained in any S-group of a comple—ffliﬁnV

7chosen such that eachjS-group contains a pc frOm hoth row‘-x‘

es; there are only four poss1b111t1es (Flgure léc).v;@Omf o

",ffo T pairs df complementary S—groups that have 1dent1cal 2o

[s]

_,gro P vectors (Figure 16d). 5 11 and 5 19 are, therefore, ‘a

I
l

“fZ-pair. These two 5—groups are complementary to. lO 2, Wthh ; g

rlS the only 10-group that can contain a disgunct comblnatlon"

5 11 and 5 19.> The follow1ng discussion w1ll verlfy the

:nprevious statement. With respect to 12 [l] the complement

'_f_‘these two. S-groups can be complementary to only one 10—
\;group.’ Alternativelyy the 12—group comglement of 54 _2 iS'vjnﬂ!_7ii975

Rk 26 Wthh contains no more than one 5:1l.

(l”“:;of 5 11 15’7 20 which contains only one 5 19. Therefore, .f;lf{ifif




oW . 2-group \pds‘assaélated -
type ¢summavy w1th each TOW. type'vh
CA delzer . 0-8
B 212121 . . 1-7
T AR /621211 S 2-6
e S iR ’
F

‘;¥1222201J-  "_jﬂ   h ??

Fo-022221 - 10 -

o a, suﬁmaryf0£ £9w'£&?¢S L P
© row type - pc ».2-group " row type . pc | 2-group .
S _«‘,;v-“:;.*summary ;: ;3f;HJ L. summary:

R ?jgﬁ,fQ];; f121221j_ l o2 221211
oA, 8 oole12d . G 6 To221211
E }j;j;aa';}z222201. ";f'“LF,j'f‘,.10”*',022221‘. % B
2-group total '“3h6h6h3 Z—group total h6h6h3 ISR
pc total (O h 8) =33 [12]f pc total (2 6 lO) =33 [127 S

b Equallzatlon of 2—groups in- row types A, C,,E, and»Fj '

R L E
Q1—5“iv,1 B

. c; Palrs of pcs belonglng to row types B and D}f"
o  pes _5-,-grc'>up‘s":1;5-5féir¢-‘%ps e pcs
sk s || S (56710
U O,5,8) 0 532 || 532 (2,3,6,7,100
(0,3, ayv 8)  5:32 || 5132 (1,2,5,6,10) .
: f(o iy 5 7,8) “53 19;- |52 11; : (1 2 3 6 ,10)

S—group palrs w1th 1dentlcal 2-group vectors

Flgure 16.'Complementary S-groups w1th equal 2~group vectors_

.,\ »/¢‘ AT ;gi;_7f‘ s °f t~  '3 '?‘E":Q} o



| The two remalnlng Z—palrs of cardlnal number flve are
both complementary W1th1n lO [6] Table VII contalns ‘the 2—

group square of lO [6] and a Z-group summary of each row.

b

TABLE VII

Z—group Square of lO [6]

2 f;qus_f~,“]' L ﬂf'1Li,~j“,lé;groupfSummafy :
1 T lo1 2346 7 8 910 T}

'3122211
 e"212121ﬁff
ooz |
T eizizn

NOE oy

C1ze211

¥

B v Ev SR

o

v 220221
212121

s

AW oo R o N w T e |
N o

RO R N W om o oW

B T o U SV S T © R S MR VO

oW N 0 E N W ]
o R N W E o e W

N W Eow o W on b0 |
R ERC T . N RN N LR SN« SR S o

122211 o

: ‘,3;

Proceedlng, as - W1th 10 2 the rowrtypes can be 1dent1— o
- ;} -

']ified (Flgure 17a) - ComplementarY 5 grOUPS Wlth equal 2"VM'

:x- grOuP vectors have one pc from a row type C and two pcs,

5:

.,.

'”each, from row types A and B.gw&-palrs account for elght out

fof the thlrty-flve 5—groups tha% have equal 2—group vectors i

mﬂ&nlng twenty—seven pairs of S—groups contaln two forms of ‘ v
tﬁe“same S—group.;:imf ;f'~':f ,ffv,f:_- a_,’gf;'l"o‘_fﬁ§ga :C‘;§

LSRN

and are iomplementary withln lO [6] (Flgure l7b)., The re—ii Jtc,T“'



. row  2-group  pes associated
- type -summary with .each row type
,f‘ﬂiA_»®122211 ’“VV.«,oah—é—lo ’

B 212121 1—3 -9

S0 ay Summary of ,.row?typesi o

| pes and rows  5-groups 5-groups' pes and'rows |
Y o T T .

©.0-10
b6 13-
S h=101-
'1?Qf6f’72

o
|
T

B NI O MR N SR AN B

,re 17. LlSt of complementary S—groups
_\w1th1n lO [6], that are Z-related
chapter has demonstrated, Wlth the use of the 2-

-7group square, that Z-palrs and complementatlon are related.

NN

I'Thls explanatlon of Z—palrs suggests that complementatlon,

fw1th respect to a referentlal n~group, need not be’ conflned 1n

'dlts appllcatlon to 121" J}} Table VIII is a’ llst of the

¢

'-”Z-palrs Of cardlnal HUﬁﬁer four@and five and an 1llustratlon S

! b'x o
A

"fof another 51m11ar1ty withln these palrs.e
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CHAPTER 6
THE SET COMPLEX

N

/ ‘ Co
The set- complex and 1ts exten81on the subcomplex, are'

_concepts based on the pr1nc1ples of complementatlon and sub—"x
T;group ;nclu51on.’ Slnce these concepts have already been S
"’dlscussed 1n Chapters 1, 2, and h, 1t Wlll be only thelr_;fl

,1nteract10n Wlthln the set complex relatlon that 1s ‘now f
| >exam1ned.;_'gﬁi _ v__..,: _l“ | e ’b,” 2'yv.
Of all the concepts that Forte develops, the set com— :
"plex is the most loglcal and complete, yet, 1t is also the

v‘most abstract and hence, the most challenglng.‘ Some of

tthese dlfflcultles 1n comprehen81on arise from Forte's pre— N

"‘fsentatlon. The deflnltlon of the set complex (K) 1s-? S/‘Gv-

e #(T), respectlvely.

"K(T T) 1ff S::K:T/S:J:'T Wthh 1n verbal terms, means thatﬂ

Jla set S or 1ts complement (S) 1s a member of the set complex

vabout T or" 1ts complement 1f and only if S can contaln or be,,f"

-,'contalned 1n T, or. S can contaln or be contalned 1n T The v'
ffsubcomplex (Kh) 1s an exten51on of K and 1s deflned as.a.“;
© s/3€kn(T,T) ire SDCT&S o<, The symbol "aC" is used to.

ﬁ,iaccommodate the proper relatlon between the dlfferent |

- 1card1nal numbers of S and T Wthh are notated as #(S) and

8



Wlth reference to the deflnltion of Kh Forte states
”that "From the prev1ous dlscu551on it should be ev1dent that
)(

"thls deﬁlnltlon produces b relatlons for any S and T that

‘ fsatlsfy it because SCZ'T&S(: T 1ff'TC: S&TC:'g wl Indeed,

‘_latlon he provides.- The four relatlons actually depend on
#(S) and #(T) (Flgure 18) and can not "all be derlved from =
Forte S sxngle relatlon. Forte may be correct in: statlng

'.that only one relatlon is necessary, however, (S) and’

, > W

vp»there are four relatlons but not because of the 51ngle re—'_

',L(T) must be chosen such that “(T):>,#(S)‘= ¥(T)’ where'“<"j,e =

5and Us" mean less than and greater than, respectlvely.

F*T'81nce S or § and T or.T are 1nterchangeable, the ch01ce of .

‘M(S) and (T) 1s arbltrary._ Whlle only one ch01ce satls— :

A

g f1es Eortq's 51ngle relatlon, he falls to mentlon thlS"‘

Tfrestrlctlon and states, 1nstead that the relatlon holds

true for "any S and T " Thlsvweakness should not reflect on

the pr1n01ples of K and Kh whlch were explalned w1th

':greater clarlty, by Forte 1n an earller study.% o

_'SCT&S CT i TC §&TCS, and when ¢(T) >#¢(s)< L(T) o
: SCT&SDT iff TC 3&T D T, and when #(T) =>#(s) > #HT)

"-SDT&S T iff TDS&TCS, and when #(T) <#(S)<_.%*(T)

[

5D TesS DT iff T:}S&TIJS, and when Tf('T) <#(3) >"#(’f)ﬂ i

Flgure 18, The four relations in Kh and the

perm1551ble values of ‘(S) and HT) S e

1 Allen Forte, The Structure of Atonal Mu51c (New iaven°"v

F'Yale University Press, 1973), Ps 96
.7 2 Idem, "A Theory of Set—Complexes for Mu81c," Journal of
Mus1c Theory, VIII/2 (196h), PP 136-183. | .
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Forte's preSentationiof‘general aspects'of-the'subcom—'

',plexvisvunclear and does not promote a greater‘bnderstandiﬁg

;of the concept.‘ Speclflcally, hlS Flgures 103 and 104 could \

be more ea51ly understood 1f one: aspect of Kh, subgroup
| 1nclu51on, was mentloned.
"In Chapter 2, 1t was stated that a non—IBI, or non—IBT

on-group usually has -an- (n—l) group distribution of 81ngle-

: ;tons, i. e., it contalns n dlfferent (n-l)—croups. IBI, or

N
IBT, n—groups have a smaller number of dlfferent (n-v'-

"»groups because some of thelr subgroups are multlply pren'

: sented. Therefore, 1t would .seem that the size of Kh, Wthh'

fldepends on ‘the number of dlfferent n—groups contalned in it,

»_should reflect the dlfference between those n—groups (based

- as referentlal groups for Kh) that are IBI or IBT and those'

that are not._ Flgure 103, Wthh 1ndlcates Kh 81zes for most'

n—groups, can’ be modlfled (Table IX) to indlcate the 51ze of

tpKh of IBI IBT ~and non—IBI or non-IBT,, n~groups.v~Forte.

;does not . llst the Kh size for A—23,'whlch is twelve. It can

ﬁbe seen that IBI and IBT n—groups have the smallest Kh

sizes, andythat.non—IBI and-non—IBTzn—groups have the .

| largest.

50



TABLE IX ‘o o

" Subcomplex Sizes

"Cardihal o o B ..,‘-Non-IBI and:
|  Number - IBI and/or IBT N-groups Non-IBT. N-groups
| | IBI X - R e
n and 187 | 18T iBI |
3 j20 0 KO L3 kh. | 62 63 6L J
k L 810 | - |12 13 14 |20 24 25 26 |
N 79101113 14 15 16 17-18
6 {7913 |19 {16 20 = |23262830 31 |
6 - | | 151617 21 L
(Z~-pairs)| . | R | T
| r'S) | 3 . !

’ The same segmentatlon of n—groups can be employed to
 mod1fy Forte's Flgure 104 (Table X), Wthh 1ndicates “the

: number of 1nvar1ant subgroups for each n-group. In Flgure
104, pc set h—19 1s 1ncorrect1y llsted as havlng three in=-

' varlant subsets./ h—19 (& 15) has a B-group content of 3 3 L
11 [12] and a Z-group content of 2 l 3 AB Se It, therefore,;\

ehas_four 1nvariantﬂsubsete: 3: [12],1 1 23 3, and 2% 5. .



‘TABLE X

Numher of Invariant Subgroups

The preV1ous two examples have attempted to 1llustrate
v

' weaknesses in Forte s presentatlon. It. should be mentlonedv~

that Flgure th ‘and Forte' S dlscuss1on of 1t is perlpheral

to Kh, ‘as are other toplcs dealing w1th the subcomplex._'

The following chapter dlscusses ‘the set complex in more

. detall because it forms the basis of Forte s analytlcal
'method.ﬁ From a. theoretlcal perspectlve, X and Kh have one

k maJor fault they are concerned Wlth complementatlon in

reference to 123 [1] only. In applylng K and Kh to analy51s,“

context should determ}ne the ch01ce of a referentlal n—'
hgroup.‘ In theory, however, the restrlctlon of K’ and Kh to.'
12 [1] is arbltrary. The- preV1ous chapter demonstrated that
complementatlon, with respect to other n—groups, is respon—

,s1ble for 'some 1nterest1ng relatlons occurrlng, ie€ey Z—

'pairs. The exten51on of the referentlal n—group from 12: (1]

to other n—groups -can be Justlfled, 1f not by context in

analysis, théen by theory for its own sake.

" ‘ . N ‘\\““ . ‘
Cardinal| . " Non-IBI and
Number ‘IBI and/or IBT N-groups. Non-IBT N-groups
- IBI . N -
. and IBT ~I3T |
8 | 134 56 | 13 16 17 18 .
7 T {456 10111213 14 15 16 |
6 0 12 . & | 456 ,7__8,10 11 12 13 14 15
5 ' 3L 5] 56789
L 01 23 | k56 -
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CHAPTER 7
ANALYSIS AND CONCLUSION

V

* Summary and Introduction

The precedlng chapters have dealt exclusively w1th
theory. Although . problems and weaknesses in Forte S "con-
_cepts have been’ p01nted out, and suggestlons for thelr

1mprovement dﬂscussed, no mentlon as o) the valldlty of this

| theory has been stated. Such a stat ment can only be” veri-
fled after the theory has been appl‘ed to. analysis. Not only
is thls chapter concerned W1th analy31s, but it also contalnsk’
an appralsal of the set theoretlc approach, as practlsed by
Forte, in the analy51s of atonal nn51c.\ L \7;'

Forte s analytlcal procedure can best be evaluated
after pleces, which he analyses, are re—examlned and the

vresultlng conclu51ons compared. The follow1ng two sectlons.

each contain an orlglnal analys1s (by the wrlter) of a plece

" that Forte. examlnes, ‘a brief summary of Forte s analy51s, and

an’ evaluat10n.l7 The flnal sectlon rev1ews these remarks, and
’”conslders other aspects of Forte s approach 1n ‘order to ev,

evaluate its significance.as an'analytical proCedure.

_ 1 The music discussed in these two sectlons 1s contalned -
in Appendlces 2 and 3, respectlvely. - .
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The foundation of»?orte's analyticalvmethod is the set’
complex (K) and subcomplex (Kh). The method beéins'with a
jsegmentation of the piece and the - subsequent designatlon of
these pc sets by name, e.g., 4=28, 6-Z6, etc... These are -
‘then listed as an array in which a "K" or ‘"Kh" is located to
.-1nd1cate that one of these relations exists between the pc

.“sets allgned w1th 1t (row and column) Those pc sets that ‘

are K or Kh related to the largest number of represepted pc
:;sets 1n the table (array) are con51dered more 1mportant
‘strucurally'than those pc sets that have a fewer number of
pc_sets related to them, *The'presenceﬁof'one.of these sig—
nlflcant pc sets in separate sectlons of a plece 1s employed
as a measure of simllarlty and connectedness between them,
Not only does thls measure depend on the division of the’ |
Tplece into smaller sectlons, but also on the segmentatlon
process that determlnes the pc sets Wthh are compared to
establlsh K or Kh membershlp. The latter=procedure is very
osubJectlve because of the large number of p0851ble segments
that can be extracted from a musical context. Weaknesses in
the application of this method will be encounteredlin~<“
‘subsequent sectlons."~' v \ ) . ‘ )
‘Forte's de81gnatlon of spec1f1c pcs by 1ntegers will be
employedﬂln the analyses._‘Thus, "o 1s a551gned to all

‘enharmonic equivalents of "C" regardless_of reglster,v e .

represents all enharmonic equivalents of "C#", and so on.

<



5 elghth-note, beglnnlng W1th the lowest pc and proceedlng

.55

'Alban Berg's Opus 4/3 L -

Alban Berg's Opus L/3 is adshort piece.for orchestra
_and'solohvoice_which'can be'divided into four sections for

the purposebof‘analysis. .These sections are~identical to
those'ofVForte: A (mm. 1-8), B (mm} 8—11) C (mm, 11—17),
and'b (mm., 18-25), " The subsequent analy51s will demonstrate .
‘that 1nterrelatlons between 1nd1v1dual sectlons andéthelr pc
'content are dependent on linear motion toward, or. away from,
specific Pcs. Llnear motion is defined as descendlng or

ascendlng movement by numerlcally adJacent pcs. Therefore,

ldnear motlon may not be associated Wlth chromatlc motlon 1n'

. \ P
the tradltlonal sense, since with the use’ of 1nteger

notatlon there is no indlcatlon of reglster.‘ Pcs h—5-6—7
- and 11—10—9 are examples of linear ascent and descent

| . _ .
- respectlvely.

The orchestral part 1n'A is composed of five tutti

Ezlt

attacks of a vertlcal sonorlty which contains all twelve .
pcs. These attacks occur at 1ntervals'of four quarter—

notes. While the chord is repeated the woodW1nd and brass f@
parts change pcs, but the reglstral structure of the chord &
remains unaltered After the fifth attack the pcs of the

chord are removed one at a t1me at temporal intervals of one

_ upward in reglster. ThlS order of releases is 1dent1cal to

- the reglstral v0101ng of the chord (Flgure 19).

| . ’ =
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M7'S . | “' . 1 ' )
pcs 182710369045 11
m9's | | IR . 1

o)

‘Figure 19. Registral structure. of the orchestral chord

‘The segmentation in.Figure'l9”produces an interesting
divisionQ» Pcs;wh{ch'are not part of the conjunct M7's (8-7-
6-5) or mg's (1*2-3-&) constitute a vertical represent;%ion
of the BACH motiVei(pcs‘lC—9—O—ll) ’ Berg; use of soggetto

cavato in his Chamber Szmphony and operas has been noted on

numerous occa51ons. . The presence of the. BACH motive in th1s
ontext may be coincidental because further use of these pcs
or the technlque 1tse1f could not be found elsewhere 1n ‘the
piece. These four pcs are a chromatlc segment (pcs 9—10—11—
O), as are the conJunct mo's and M7's: all h.;'s. The.
twelve pcs have *therefore,'been segmented into three L2 l'

by motiV1c (BACH?) and 1ntervalllc (conJunct M7's and m9's)"

V o ' . - N 2’1‘&

_etpib;fbr based on duratlon, Metrlc empha51s is caused by

Pcs in the vocal part that 001nc1de with these attacks are

metrlcally stressed because they are 51tuated on the strong

attacks (Flgure 20).

beat of -a metric pattern. Pcs 6—7—10-1 c01nc1de W1th these'
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7

///neasurer : _”1’2' 2 3. k : v5g‘ b/ﬁéiv. 7 o 8 -
e L e S AR
pes . lreslos7jiiglosafiry i 527390
,f Flgure 20. Reduction of tle vocal part in A :
‘ , SEREEE T . f. SR T
= Those pcs that have a duratlon greater than one :
dlnquarter—note are O—l—lO (Flgure 20) Melodlc stress is .
:5fvbased on relat;ons between the pcs themselves., As framlng:
Jpcs, the 1n1tlal and flnal notes of the vocal part ‘are’ .
.d”itstructurally 1mportant- pcs 7—0. Pc7 1s further emphaslzed/hz.uh

’7by llnear motlon among the flrst 51x pcs (Flgure 21)s The

A

"reglstral extremes of the orchestral chord are pcs l—ll

:;viwhlch are the 1ead1ng tones of pcO, the flnal pc in the

: vocal part of A. Thls}symmetry 1s 11teral because pcO 1s

V'h a M7) from each of its leadlng tones._ﬁ :

_/

'I,ﬁf"?lp z ‘6 5981

)llnear motlon
away from pcwf

toward pc7

Flgure 21. Melodlc emph51s of pc7 ;

Slnce pch 1s the ohly pe not present 1n the vocal part

of A, 1ts om1581on is therefore noteworthy. Indeed sectlon L

-°f{fB 1ncludes llnear motlon about pch and the vocal part in C o

';tends to balance the 1mportance 1t acqulres in other

. s‘e‘ctlons. R : O

' A
~‘stresses pch, therefjv 5 1ts exclu51on in A (vocal part)

.

Ry
A
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hexactly 1n the center of the chord, belng a Mlh (octave;blus hr‘

¢h§\\ . linear motion



’:.two chords whlch prov1d

v_r‘

The pcs 1n the vocal part that have been de51gnated as
\1 C

1mportant can ‘be arranged in, two groups (Flgure 22) " The. |
‘, upper row of ‘pes form a L [29] (pcs 1—&-7—10) and the lower_
‘row of pes form a 2 [6] (part of anothgr Lz [29]) Th
'orchestral chord 1nc1udes a u [29] as four reglstral

w

adJacent pes (3-6—9—0) Examlnation of sectlons B and C

Jng1ll 1ndlcate that a h [29], or the pcs in 1t are presented
-jln a more foreground role than they are in- A, in whlch thelr

'role 1s of a, background nature.

\ nelodio,rduration metric - exclusion

| ;*7-’10-1?; Yook
o o ok

‘éf’6.d

Flgure 22, S ‘ ary of the emph351zed
: pcs in t'e vocal part of A .

The pc content of Bann be segmented 1nto three levels,‘.,r; 

Z',of structure- (l) the Pes of the vocal part, ocoa51onally

: vdoubled 1n the orchestr l parts- (2) those pcs contalned in"
a harmonlc background- and (3) the i
“fjpcs 1n the remalnlng p rts, whlch consist of llnear motlon‘*.”

't'resultlng 1n a ls [29]

£ -y,
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e a5 L

| The vocal part in B consists of pcs 5—9, Wthh aﬁf
artlculated w1th1n a trlplet-elghth rhythm. These pgi areft\f
J‘also present 1n the oboe and engllsh horn parts., The la%ter [;"
:part even employs the ‘same rhythm as the voice, Wthh oc:urs‘;‘
after the flnal pc in the vocal part (Flgzre 23) *Theflil
hengllsh horn part concludes w1th pclO.; ThlS is 1n%luded 1n
| Flgure 23 because 1t 1s preceded by pc9. Furthermore,»ch '

: occurs on each beat of m,- lO; Wthh 1ncreases the fqpctlon o

L

.f of pc9 as a leadlng tone of pclO that is attacked on the o

! ‘v(Flgure 21), therefore, Just as pc9 functlons as- a leadlmg f'

flrst beat of me 11, - Pcs 5—9 are symmetrlcal about pc7

:fftone to pclO pc5 also functlons as a leadlng tone of pch

.;(pcs 4=10" are also symmetrlcal about pc7) ‘The leadlng tone L

‘.functlon of pc5 however, is not present on thls level of
”C;structure.‘ The pcs 1n the oboe part, as: 1ndlcated, are

‘merely a- doubllng of the pcs in the vocal part."

ko

measure pm-dgrf?mflOg-{h“_jgh'_ ;f%grh'3.‘
T T T o
© ¢ englishhorn .. | .o 59010
SO ~ oboe ,x;°'~:“ e 5 9 L i
;”v01ce >,;f@"t”§ 5 5 9 5 5 9-5 9 ,
Flgure 23 Reductlon of the vocal part in B ,;V B ;;il
- i ;

-
.
-
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| Two vertical sonorltles, whlch are transp051t10ns of
| peach other, prOV1de a harmonlc background in. B. The trans—'
{ ~fpos1t10n relatlon is llteral because the second chord (pcs =
5-11-3) is a M6 below the first chord (pes 2-8-0). These 'f
‘1chords are attacked in an order\1nvolv1ng two appearances of

the flrst chord and one of the -second chord (Flgure Zh)

.'b_Thls three chord pattern 1s repeated but W1th a modlflca—

'tlon-»the second chord of the pattern is not present, but ‘ .“\'

:f~'1n the obok part 001n01de in t1me w1th the expected chord.v

S Sy : oF IR
',-the oboe part contalns tWo of 1ts pcs. All these chords are ')//_'
tlattacked at 1ntervals of one quarter—note, and the two. pcs e

.

'*fThese pcs are followed by pc3, whlch 1s a doubllng of one of

v‘the pcs 1n the flnal chord.; The last two pcs 1n the. oboe

fdpart are the upper pcs 1n each chord (pcs 0-3) and hence,

":Q?serve to empha31ze the M6 relatlon between the two chords. .

v‘ﬁh’Thls M6 is followed by two other M6's whose pcs form a }'”

‘l,Lch [29], and so the oboe part functlons 1n a preparatory |

"t'role. /By means of segmentatlon, these two chords can be

d seen to ‘be composed of the prev1ously mentloned M6 (pcs 0-3)

. plus a ks [29] (pcs 2—5—8-11) B

french

g

- ' ,flutes s horns | strlngs oboe p1ano'
. 00 3.0 o3
o8 8 o1 8 8 _"ll j“
quarter-note  y 4 | ¢ e I T
intervalsvf . X. X 'Xv X ‘~j&?;, X
BT : IR )8 o
B measure o ) 2,9. .10:‘;‘ Ll o ©y 11

o Flgure Zh. Reductlon of the harmonic background in B
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BRI Doub11 g of pcs in these chords accounts for pcs in
biother orchestral parts. For example, p05 n the séiond
‘felghth of/g. lO (french horn) is doubled 1§:thgjvo;ceioboe,'

'v’and clarlnet parts (Flgure 23) ' 7. 3. . s

| The remaln;ng pcs in B can be lelded.lntO two groups.

‘The flrst group 1ncludes pcs 1nvolved in- llnear motlon about

. pes 1-h. ' At the and of B, two E form a ki [29] (pcs 1ebe

d7—lO),bwhlch later becomes the foundatlon of the orchestral'
7ipart in C. ThlS second group of pcs (h [293) contalns the .~i+“‘“4
. 1mportant pcs of the flrst\group (pcs 1—4)

| The clarlnet part in mme39-10 1nvolves llnear motlon i
‘}toward pcu (Flgure 25) pc592-3 and 6—5., Pch is- not real—p'
'leed however, but the oboe part deflects the motlon of: thei-
first two pcs (when it doubles pc3 of the clarlnet part)‘and
Jbldescends chromatlcally to pcl (Flgure 25),, The follow1ng

9

'ﬁpcs in the oboe part are a doubllng of pcs 1n the vocal part
/

‘(Flgure 23), and whlle pc5 (clarlnet) 1s functlonlng as oneg

’“}i(of two) upper leading tones of pcb, 1t 1s also a doubllng (N

T'of a pc 1n the harmonlc background (m. lO french horn)

b i
"'-(.f“

clarlnet 2 3 6
‘;y{ measure 79” |lO :
;Flgure 25.;Reduction of the oboe»‘:} :

inet. parts 1n mm, 9—10 N
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“The two M6's in me 11 form a. L [29] The flrst M6

. u(trombOHG) overlaps the M6 1n the oboe part of m. 11,-as

1ndlcated=1n~F1gure‘26 In reference to Flgure 23, pclO was

,stated aS belng the resolutlon of pc9, this pclO precedes

the attack of pclO in the trombone part by one 31xteenth—

,:note. Slmllarly, the inltial note of the second M6 (pch)

is prepared by llnear motlon (Flgure 25) Therefore, the

-flrst PC of each of the two M6's is prepared by a leadlng -

':tone.. A11 these pcs are. symmetrlcal about pc% 1-7 (Flgure

N\
2. -
Oboe Lo O- Q M6 e :
trombone R lO-—--l---—-MZ: 32 S
|  lower strlngs o beTem ~Ly [29]
f’f Flgure 26 Reductlon of descendlng M6's in m. ll' | ;ll

s R

~—pc7

flnél'p‘e
of'
the




A

"in"A. Pch is 1ntroduced here for the flrst time, apart from
‘31@5 1nclu51on in the orchestral chord of A Pc7, belng the

°ff1nal pc of B, has added s1g?;£1cance of a melodlc nature
LA ;‘:}

A%

1wwhich is analogous, 1n a symmetrlcal manner, to A because

_tpc7 was thEJlnltlal pc of the vocal part in A, L
The vocal part in c is-a transp031t10n of the vocal

part in A (Flgure-28)., In addition, the stress of pch com-

. plements pcs.1-7;10 (in AL Within-the context of'a'b4[29j'

"pBesides transpositiOnal 1dent1ty, the vocal part in A and C

‘ﬂ are also 1dentical w1th respect to the' flnal note: pcO.:

The final M6‘COntains pcs h-7,'which were important pcs

63

The penultlmate PCS are Symmetrlcal a‘out the flnal pc. In_“d N

'xA the approach to pcO 1s made by p09* whlle 1n G the pen—”

‘ultimate note is. pcB.u These threevpc (9q0-3) when comblned

4,w1th the hlghest pc in the vocal part (pcé) form a h [29]
The appearance of pcO an octave hlgher in C than in A w1ll

‘hayek51gn1£10ance when sectlon D-ls.discussed. - o~
r! . o . i wl N

-’

S sectlon A 7 6 5 9 8 7 .-‘,’:{j

section C ' 4 3 2 6 5 : 3 0 o R 1,/ :

Flgure 28 Comparlson of the vocal parts 1n A and C
o J ‘

Py
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\/

The orchestral parts 1n C empha51ze the s of a a-[29j

whlch conUalns pcs 1~h-7-10 ‘This sonorlty is 1ntroduced at

_ the end of the previous sectlon, and is sustaiﬁed and pro—

__longed throughout C (Flgure 29) In the tradltlonal sense,

chromatic movement is present in mm. 13-16, as pcs- h—7

replace one another as, regist?al extremes in these two'

tllnes, whlch begln a M6 apart (the same reglster as the

flnal M6 in B) and expand by the end of m, 15 to a mlO._dIn‘

L4

m, lb thls chromatlc movement is contlnued and now involves

‘pc10 deecendlng tp pc9. Pclvremalns statlonary and coin-

T~
eides:exactly with the initial pc of D
g measure ll 12 R ‘ 13 14 ','a.l5- - 16

| W b-b-h-|5-5]-6-17-7]8
7 7=7-7[-6-15-5-4 -3
10 == - == - *".f“ 9

{1

',Figure 29, RednCtion_of‘the:orchestralrpartvin”C
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Sectlon D complements and recapitulates A-'ln addition,
-it contlnues a progre551on from A and C. The pcs‘ln the 'tgﬁ
’vocal part of D are,. w1th one exceptlon, identical ;n regls—h
‘ter and rhythm to the pqs in the vocal llne»ln Ao PcO /the
‘final pc in each'section, is the‘exception.because';t is two,
octaveS'higher in~D'than in A. - This is significant because
the orchestral chofd‘in_D, which is;identicai in pc struc-
ture to the Chord'in‘A.'is also two ootaves,higher.than'its
,appearance in the openlng section, :Therefore, the synnetry
between the reglstral extremes of the orchestral chord and
the flnal pc of the vocal part in A is also malntalned in D.
_Thls two octave 1ncrease in reglster is brldged in C, where
‘pcO is -one octave from ‘the pcO in sbctions A and D.} PcO. gs
present only once in the vocal part in each of sectlons A,

C, and D. Its locatlon at the end'of each sectlon and 1te,
registral placement throughout the plece, createas -

'structural unity and development..




|

The orchestral chord in D is articuiated'in such ‘a man-

'ner,'that at equal temporal interva¥s (dotted eighth-notes)
' (. ; B

a different quis attacked and sustained. The order of pcs:
in this attack-sequence is identical to the order of re-

'fleases of pcs in the orchestral chord of ‘A, This’order

beglns with the lowest pc and 1ncreases in reglster (Flgure

”30) The orchestratlon is also complementary to A: wood—
w1nds and brass in A; and strlngs, celeste, and cymbal in D.
bnAnother 81mllarity between A and D 1nvolves the vocal line
in relatlon to the- orchestral chord at the moment when the
first pc is released (pcl) in m. 6 (“), and when the last pc
(pcll) is attacked 1n ‘me 24 (D) - At both these locatlons,

the vocal part has the same note (pcl) ThlS can not be

;

‘ireggnded\as c01nc1dental but must be con31dered as a reln—\ﬂ

forcément or conflrm tion of the. fact that pcl, in addltion

~ to pcs L=7~10 (h [29]), 1ncreases the degree of unlty

between sections A and D.,

. Figure 30.«Registfal representation of the
: orchestral chords in sections A and D

I
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In tﬁe fofegoing anaiysis, L:[29] and its pcs‘uefe_
crucial to an understanding of Berg's Op. h/3. Tne‘pcs'of a
L [29], if not stated expllcitly, were 1nferred by -linear
mot1on. Flgure 31 is a summary of the pes Wthh were 1nflu~

 ential in the prev1ous analysis. 0 and v represent orches—_

. 67

tral and vocal parts, respectlvely. The enclosed pcs are . .-

h-[29]'s.' One other X (29] 1s embedded w1th1n the orches-'~
tral chords of A apd D (pcs O=3- 6~9) Therefore,‘all three
'h [29]'3 are present in the plece, although they are/not of |
equal structural 51gn1f1cance. Flgure 31 is- not meant to be
all encohpaSSing.' It does not include llnear/motlon, nor
does 1t 1nclude mention of the transp051t10n, by octaves, of
pcO, Instead, it is intended as a general statement in

antic1patlon of the ‘discussion of Forte!' S‘&ﬂ&lYSlS.‘

o v -~ . 0o - v o v o Vv
11 _ T o

06 . 0=3 10 | 0 1 |
A : : - 06

1710 |8 11 v A

‘ —l _ | 1710
25 L7 |
7 |

~ Figure 31. Reduction of Berg's Op. h/3



;é« Desplte the fundamentality of h [29] to an under-
standing of the plece in the prev1ons analy31s, Forte's’
‘analy51s does not even| indicate thlS h—group (h—28) in his
segmentatlon. Although some of the examples of L: [29] clted
~are implicit, in mm. 11, 12, and 15, this L=-group is more
explicmtly artlculated and ;t is surprising that Forte |
»overlooked their presence. _ _ o
If, indeed, 4-28 was. not simply overlooked, its deli- .

berate omission in the segmentatlon is convenlent for

Forte's method. 4—28 has only four pc sets in- 1ts subcom— :

":plex (Kh) . Even 1f.Forte 1nd1cated the presence ‘of a h-28

.not to mentlon 1ts mu51cal 51gn1flcance, 1t would not be
'deemed 1mportant by hlS analytlcal method because many other
pc sets would have a larger number of represented pc sets in
theln set complex or subcomplex.‘ It can not be ascertalned
whether the omlsslon of any h—28 waskdeliberate or an over..\zﬁ o

sight. In any event, it av01ded a confllct between theory

and musical sen51b111ty.



;~In nis analysis; Forte includes two segmentations of
the. vocal part based on independence or dependence'of the
‘text. 'The musical‘significance of pcs 7-6-5 and'9;8—7 (both’
3= l's) ‘was mentioned in the previous analy51s. Inﬁtne text-
vdependent segmentation Forte indicates only one B-group,
pcs 10-8-2. Surprisingly, this segment, which is text-
dependent, is underlayed by - two words. 'The-two 3 —-groups
Just mentloned are also underlayed by two words, but are not
- present ‘in the segmentatlon. Syntactlcally speaklng,
Forte's segmentation of the vocal-part'in section A is ‘

: unJustlfied (Flgure 32). An alternate segmentatlon is |
~shown 1n Flgure 32 with the pc sets deplcted, as in Forte S
segmentatlon. Besides be1ng of questlonable valldity,
prodUct of hlS segmentatlon (3-8) is not 1ncluded in the e

table where K and Kh relatlons are llsted. To conclude, no

| apparent reason can be determlned to explaln Forte's text-‘t

dependent segmentatlon.l.

' Forte's segmentation |

o - 8-zl
6237 g' 3-8 6=21  2=3

)

Uber die Grenzen des All bllcktest‘du 51nnend h1naus~

[ 1 - 3¢ —

5-13 et

- s

alternate segmentatlon

Flgure 32 Text-dependent segmentatlon : s
- of the vocal part in A , S




‘Kh related to pc sets of cardlnal number three, especially

when 3- groups are included within g%e Kh list of the other

pc sets. ‘In addition, there should be a llst of K relations
because they are used and mentioned by Forte in his analyses
concurrent with Kh;r%latlons. Although‘Kh implies K, the |

. converse is not true.

Berg's Altenbepgahieder;(ﬂpus}h/3)pmay have been an un-

Wise choice, by Forte, to illustraté the . application of his’
theory.b No sense of contlnuity or connectedness 1s apparent
in the analy31s, nor. are one or more pc sets stated as belng
structural throughout the plece., ﬁven with the employment
~of a subJectlve segmentatlon procedure which results 1n the
om1881on of musically approprlate segments, and the 1nclu—'

sion of unconvincing examples, the end result pf the analy-

'313 is vague and 1nconclu51ve._ Although a- few weaknesses in

o i)

‘Forte's analytlcal method.have been descrlbed, the following'

sectlon~w1ll uncover problems that will dlmlnlSH the credl—

s

‘:bllity of thls method as.a legltlmate theory for\analy31s.

70
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For the purpose of analy51s, Webern's short p1ece for
‘VIOlln and plano 1s d1v1ded 1nto four sectlons.' Wlth one
'7except10n, these d1v151ons are identlcal to those employed

Qby Forte-h A (mm. 145), B (mm. 5—9), C (mm. 9—11), and D

LN

lf(mm.‘12-lh). The eXceptlon ys the d1v181on between C and D.'y

‘:.Th}s will be dlscusted in- connectlon w1th Forte s analy51s.f

Thls analy31s Wlll 1llustrate that llnear motlon and

'athe overall pc content of sectlons are related to the pc

-

"-;pcontent of th@gthree dlsJunCt 4 [29]'5 OT the A‘ETOUPS con—_‘

,;talnlng the follow1ng pcs. 0—3 6~9, i—h—?wlO, and 2-5-8—11.-;

Y

The total pc content of[A con51sts of twd\dlsgunct T

“pcs 2~9 are essentlal because each pc has 1ts upper and ";7b%'f

L lower leadlng tone present. Exampleé df llnear motlon about

‘{ .

'“b:Pc9 are found in mm. 2—3 (PCS 10‘8 soundlng Wlth pc9), and

:"m..h (pcs 8— 9 1n the pland part) Pc2 is’ 51m11arly

\

filntroduced by pcs 1-3 1n m. h.. Pcs 2—9 are also the flrst

‘-_}and flnal pcs attacked 1n thls sectlon, hOWever, pCB *s the

Seid Die

flnaf soundlng pc 1n & (Flgure 33) v'f.; ' al{.fjif-f?

d ‘,N'. ._"’v’}\ SN A FARD S o : : : . ‘>

”3 1's (pcs 1-2—3, and 8-9—&0}’ In terms of llnear motlon,' |

- .
LIS

BRI T



'fgf segment that overlaps the precedlng segmentatlon and 1n— l

) : ‘ . ,’ |
néaeur%;fl B 3 'ha‘.h'“b - 5
10 PP (P| | V. P-
9V em e v, P
SRy < R R R
o 8 S|P =e e =
pcs ‘ :
T g v o R
Flgure 33 Reductlon of the plano (P)
‘ and v1olln (V) parts in A
The last 51x notes 1n the plano part can be d1v1ded 3;f‘ glj,
1nto two B—groups that are 1nver51ons of" each other.}‘lneel»' RO

:f’addltlon, the flnal notes of these segments are pcs 2-9‘

(Flgure 34) Another example of 1nversion xnvolves a

e

cludes a segment of the v1olln part (Flgure 3h).u The plano S

",segment 1s justlfled because 1t 1s artlculated by the left

hand. Not only are theseﬁsegments related by 1nver81on, but

”7, thelr 1n1t1al and flnal notesﬁgye“pcs %7 'wf

Vool

. Pc3 1s the flnal soundlng pc 1n A in addltlon to- belng ‘

the hlghest pc in the sectlon (P mm. h—S) ' It 1s also the

hlghest pc 1n the v1011n part of this section (m.lh) ".?\‘j

V5f“\ :



»

- A1l the precedlng observatlons have stressed the 1mpor—.

tance o pcs 2 3~9.: The statement 1n the 1ntroduction,

Lt [29] s, is: exempllfled 1n Ao Pcs 3 9, 2—8,'and 1—10 each

belong to a dlfferent A [29] . The melodlc contour of the

t"f v1olan beglns w1th pc9, asaends to pc3 and then descends to l

‘ pc9. ThlS strengthens the prev1ous segmentatlon according
: to dlSJunct b-[29] 53 however, the 1mportancevof pcs 2—9

cannot be overlooked in- this sectlon, It is ln,sec 1on'B,
that h [29] s become promlnent.' S |
‘&y The V1olln part in B con51sts of two h—note ‘

o~

that are related by transpos1tnon (Flgure 35a) They are

e
r

_ alternated and repeated throughout B. The pc content bf

these two figures is an 8 [29] A segmentatlon of these |

elght pcs 1llustrates that they contain two dlsJunct

T

. vﬁ*l\kf,v. ok “_mE‘W_RJZLflt.:?;; e

'"é;’ThejtranSpOsitional relation .

l__.l“
A

‘9 2 ’3 g 0 5‘ 6 11

i NN

l@:RBT_

L__J<

> P b The u.[29] content S 1

| 3}',735['57f’Figure 35,gReductdonfof'thewviolinfpart in B

about the pc content of sectlons belng related to the three";'

h [29] s (the complement of 8 [29]) as shown in Flgure 35b,‘~?
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A Pcs that are part of a h [29] are emphasized 1n the .
.fplano part .of D (Flgure 36) : Pcs 11—5 are the 1n1t1a1 and.

. i SR
:*flnal soundlng pcs of B, respectlvely.' The commencement and

”termlnatlon ‘of pc5 (sustained through most of B) is accom-3
-panled by pcs h—6 respectively. 1ead1ng tones of pc5. The
sremalnlng pcs in the. plano part 1nclude pc2 and 1ts 1eading '

"tones (pcs 1—3) Excludlng these leadlng tones, the plano

N\

vpart 1n ‘B reduces to pcs 11—2—5, whlch are partﬁef onefb

ke [29J. In addltlon, P02 °°°ur5 on the downbeat Of m"j..

SRS

fwhlch c01n01des w1th pcll 1n the v1011n part and, of course,-
. AW

"the pedal throughout B (pcB) “The- down beat of me 7 15 the

'exact beglnnlng of/the second half of the plece,'as measured |

_\1

h»n eighthenotes. It 1s also at the _of a crescendo._i g],ff;,*

_ﬁf measure\MB'pré :.;:dt,d :
oo ooeoopes 1Ll =TT S o
i EE I
R JRUT N D
S I R I P

L T g T e D e e e T e
. Figure 36. Reduction of the piano pa{t inB . v



| The registral extremes of the two v1011n figures in B
are pcs 9-8 and O-ll respectlvely. Thé%e Ffour. pcs are the‘
two upper and lower leadlng tones of pclO, Wthh 1s not ’
vypresent-ln B. The total pc. content of C conS1sts of these S
four leadlng tones: plus their note of resolutlon (pclO),
’W.whlch occurs as the 1owest note 1n a B-note chord (pcs 10- _'
lluO) composed,of tWO congunct m2's. ThlS connectlon;Pe— :

tween B and C 1s strongly represented because the flnal

V1olln flgure 1n B has pcs 9—8 as 1ts reglstral extremes,.»7:

L .

"‘-and thess are the only pcs 1n the v1011n part of C. : t ofl

¥

context, another

Mpretation of the 3—note chord 1s;

vtreSSed because

<

upper and lower leadmng tones.; Both are;a m2 from pcll.
y N . w.-df I

ThlS prOV1des another connectlon‘wlth B beéause pcll Lsfthe

p0551ble- pcll 1s Bt 1s surrounded by 1ts RS

1n1t1a1 note of that.sectlon.f_c, as*a’Whole, has another

1nterpretatlon- the*vrolln tremoloQ(Pcs 9—8) empha51zes pc9lu{‘ W
ihecause 1t 1s the hlghest note 1n C - Pc 8 is the 1owest ::fﬁ.h"ﬂ
4;vnote 1n C and alternates w1th pclo (1n the plano part) as »]
'?ﬁfthe lowest pc at any tlme. =;I'hese'two pcs are leadlng toneSj;
\ilof pc9. Section C is an eicellent example 1llustrat1ng the

"sf’dlfficultles 4n des1gnat1ng one partlcular pc as more

ﬁlmportant structurally than anoﬁher pc.5




'The'pc cohtent’of b’één be segmented into two B—Qroups‘
- that are 1dent1cal (3 lO's) and literal transp051t10nswof
~one aﬁother (Flgure 37) Thémregistral extreﬁesﬁof_thls
‘chord (pcs 3= 1) are leadlng tones of pc2. Inclu51on of pc7
within the flnal chord is slgnlflcant because 1t is the only
1nstance of a pc7 1n the entlre plece. ‘f
360 e,4f7'l
MR S )

'%*"mO —J

o
R

Flgure 37. Reductlon of the pcs. 1n D , 4;
R P

.

Before dlscussing relatlons between indi

(W1th respect to. pc content), texture Wiy “ : S :
R 'fﬁﬁ" : | -

brlefly. Texture is a measure or 1ndic* %) mﬁg*the number

’,of pcs assoc1ated W1th a. 51mu1taneous atgﬁ or overlapplng

parts. The t' ]re 1n each succeedlng sectlon 1ncreases 1n

o

e

e

complexlty (Flgure 38) In: Cy for example, the max1mum

-in"'

number of pcs in a 31multaneous attack is three (pl

9), and the max1mum number of pcs sustalned at aqg one -
- A
tlme 1s four (the 3—note chord plus. one note from the v1olln

! o '”">~-;¢ijtekﬂ;wmfff, LTl
| T ,,tsectionW”i~mﬁﬁ?f/ . A B C D
‘ maximum number of pcs. 1 ”23'3z‘5,
”»,1n a 51multaneous attack ’ T T

. maximum number of pes ‘323*37ﬁgh‘6»

~in sustained parts R Qﬂ”ﬁﬁ,'. N

T I 9
e Figure 38.-Leg%és of texture

I ’ ' " -
. L - L

2



B

.The empha51zed pcs 1n each section pften complement
each other. when viewed from the perspective of h [29]'s..
Sectlons C and D offer the best example of this connectlon.,

- The pc’ content of D conszsts of two 3: lO's, Wthh is the

only B-group that is an (n—l)-subgroup of h [29] The lower

3: 10 plus pc9 produces a s [29], pc9 1s the. hlghest and

final pc in the’ v1011n part of C. The upper 32 lO plus pclO"

®

also form a h [29], the lowest note in the B—note chord of

C ls pclO. Thls complementatlon W1th1n h [29]'5 1mp11es
; R .
that c and D, as one sectlon, strongly artlculate two

h [29]'5.

On the ba51s @f artlculatlon and reglster, sect1 ns C

. -~ rﬁw’ 7 \

'1and D are also very . 51m11ar. In: terms of reglster, C- andt)

have a narrow registral range,_at least ‘when compared W1th

‘Bs  Each- sectlon con51sts of a sustalned chord plus a 2—note

S b \
flgure artlculated tw1ce.i In C the v1011n tremofo is re-,

4‘»"&‘

peated twice around the plano s 3—note chord. In D, the pcsl‘ﬂ7

of the . tremolo flgure 1n the plano part are repeated, but asf

a 2—note chord (mm. lB—lh) Comb1n1ng C and D W1th1n-one 3
sectlon glves the p1ece an overall form of A—B-A' W1th

respect to reglster. In terms of duratlon, these sections'
. o .

é»are nearly equal in length~h 51xteen, nine, and flfteen

.\helghth-notes, respectlvely. The breV1ty of - B 1s balanced byi

4

| 1ts more 1ntense rhythm1c act1v1ty of trlplet 31xteenth—-

) notes_throughout.most of the sectlgn (v;olin_part).

R S S . N
e SO O PP S . X .
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There are also direct parallels between_Sections. The®
first twovpcs of the violin part in_B aré-aiso the initial

‘and‘final'pcs.attacked in A. In addition, the'first three

pcs of the V1011n part in A and B are 1dent1cal and 1n“the»w‘

same reglster, although the order is different. Flnally,
.
-,_‘the reglstral extremes of the v1011n flgures in B are con—4
' talned in C along with pci0, the resolutton of pes 8~9-11—

Qlthough this dnaly81s ha5vstated the 1mportance of

‘;-segmentatlon. Thls 1s’not sﬁrprlslng because, as the pre~»

'v1ous analy31s showed, Lz [29] is not expllcltly art1culated.7ﬁi

//7 In Forte's segmentatlon and the determlnatlon of K and f

’//Kh relatlons, three pc sets are de51gnated & 1mportant-

6-Z6,q6—213, and h—9. 6-Z6 is the pc content of A; 6-213 1Ss’

the flnal sonorlty in Dj and L4-9 is the b—note v1011n flgure;

: in B. There is no dlsputlng the importance of these pc sets
'.w1th1n the context in Wthh they have prevlouSWy been
.descrlbed. The problem w1th Forte S analysis is that his .

, Lylon 1s dlrected toward flndlng these LC sets 1n

“order that a meashre of contlnulty can be establlshed. In
one’ &ase, this 1eads to a mu51ca11y questlonable segmenw

@&tlon, and the omlss1on of a mu81cally loglcal segmenta—:

”«_on,' These two segments are .in.mm. 8'11‘

o~ : : I

LR

g



_‘ Jd_ N - - - o (,:
Forte's segmentation places the fifth articulation of
'the h;note violin figure in mm., 8-9 at.the beginning of C.
: ‘There is no musical justification for‘segregating this
. figure from the precedlng four. In the segmentation of C
' Forte indicates,a 6-213. This is produced by 1nclud1ng the
pes of the v1011n figure (mm. 8—9) and pcs 11-0 from the 3=
note chord (mm. 9—11).' What .is the Justlflcatlon for this
segmentat10n9 Why is pclo (part of the 3—note chord) ex-

.cluded? The most obv1ous reason is that the end Justifies

~the means. In other words, the éegmentatlon that produces,a

(;'\‘1‘,;,{ }.« EREELI

- n1'6—213 supplle% a connectlng llnk to D, whose entire pc

content is a 6—213. Anothef droblem with the\segmentatlond;

- is that no mention of the tdtéi pc content in mm., 10~-11 is

.1ncluded. Segmentatlon that is based on muslcal prlorltles -

‘would certalnly 1nclude thls as a segment but Forte s
priorlties g?@\otheKW1se. ‘The pc content of mm, 10—11 is a
: ,5_1. This pc set 1s not K or Kh: ‘related to any of the three

prominent pc sets already mentloned, 1nclud1ng 6—213.

o Therefore, 1f 5-1 were Present in Forte's segmentatlon °f Cy

the crlterla he-uses for analy31s.would not yield a CON=.

" nection between this section "and D. .

/
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.~ To summarlze, the segmentatlon of C by Forte reveals a

flaw in his method._,If-certaln pc sets are not\present in

| : )
.indlvidual sectloPs,.there is no basis for a connection be-

tween them. This will, obviously, not produce a satis-

factory analysis. This flaw, however, is hidden by'Forte's .

segmentation whlcwﬁneglects mu51cally approprlate segments
and 1ncludes,{1n its place, dublous examples. The practlce
of finding data to suit the theory, when it involves the
’dellberate om1551on of relevant materlal, is untenable.
;When thlS practlce is necessary in - the appllcatlon of a
%theory or method to produce meanlngful results, that theory
surely lacks credlblllty. |
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Conclusion S

At this point, preceding criticisms deallng with

- Forte's analyses require summatlon, and comments of a.,

general nature deserve mention. 4F1rstly, the'basis.ofghis

"analytical{method is the set complex or sﬁchmplex. Both of

. these concepts employ the principles of inclusion and com-

plementation within the 12-group. 'in'the'Webern example,

all twelve pcs were not’articulated‘until the final- chord.

|

‘The pcssibilitx of employing qther grogpS'as the referential';”

Q

pCmS?t in.K or Kh nelaiions'shouldwbe determined by‘context.

in anyﬂevent Forte makes\ﬁse\of only the 12~group, Z~
~

~related palrs arew51gn1f1cant ‘in“a complementary sense,

when other n—groups are the foundatlon of ‘complementary ‘

relatlons. This extens1on was dlscussed in Chapter 5.

Comment must be given to Forte's appendlces.“ %1rstly,

*there 1s no appendlx 1nd1cat1ng X relatlons, although one

' for Kh relatlons 1s 1ncluded. Such an appendix should be

prOV1ded since both relatlons are shown throughout the text
as the final stage‘of the analytlc process. Secondly, a’

llstlng of Kh (and K)zrelatlons for B-groups in succession

>

~ should also be 1ncluded because they are llsted with pc sets

that are Kh related to pc sets of cardlnal number four,

flve,vand Six. - 4,f ' : ST
' _ - - o ' : o
'y ,

.
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. Any segmentation process; because of the overwhelming

complexity if done completely, must depend on analytlcal

o

de0151ons in order to obtaln a manageable quantlty of pc

v °

'sets. .Forte's segmentatlon process is not based entlrely

on analytical decisions. The determination‘of_segments by

Forte is oftenybiaséd in favour of obtaining segments that

PR
«

will allow hipfto'élaim that_alconnecting relation exists

‘between sections. - This‘biaSed approach’résults in segments

that are often’ mu31cally indefensible, and omlts other o
/]

segments that are mu51cally approprlate because they do not
conform to Forte s theory. - ' R N

Although the two detalled analyses have utlllzed llnear

cmotlon and 4:[29] in their dlscu551on, it 1s not suggested
’that “the analysls of atonal music should proceed along thes

"fllnes. Certalnly,flt is unlikely that a theory of atonal —k

mu51c would incorporate the dimlnlshed—seventh chord to any\

i

1great extent., Llnear motlon may have hlstorlcal precededfe,.“ \A

s

but to incorporate it 1nto a theory would requlre its role.

in the. analyses of a large number of works in the atonal W
. ’W% ; L
.1d10m. Although a great number of pleces have been ex—l IR R

‘_amlned, there has not been a cons1stent approach or . method—

ology that}would_enable a%theory,to bewextracted.

\

o
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Forte's theory is based only on unordered Pitch
structures and his analyses- achieve varylng degrees of
success. . It is suggested that any analysis be founded -on’
pardmeters other than pitch.f A theory that may eventually
eluc1date atonal music should include a dlscus51on of
| structure‘w1thsrespect’to other concepts besides pltchf'

€.8ey registef,‘rhythm, and timbre.

'./%,_,///;
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R T e .‘ APPENDIX 1\ ;
o R ‘LIST oF N-—GROUPS i ,-

. In Chapter 2, the~advantages of orderlng and descrlbing  "}
n—groups by means of (n-l)-group contents was discussed.._k L ;‘s;3
Co e e R~

- ;;H-groups from fiij?g“»

*Table XI lists the (n—l) group c”f nts-for
'“hrough,twelve, inclusive. IBI grougﬁ

1w£1card1na1 number three

*

:lare 1ndlcategﬁby é "o beneﬁth\thelr ordlnal number. IBT <2knﬁfff
negroups are 1ndlcated by a "[ ]"'around ﬁhelr ordlnal number.31n““5%~

*fTable XII, as a cross—reference, 1srintended to be used 1n';ﬂ”ﬁ7%

‘fconJunctlon w1th Forte s text. f]§7=f
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TAQﬂE XI - continued
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TABLE XI -~ continued
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(0,1,2,4,5,7)
(o, 1,2,4 6, '9)
[€0,1,4,5,6,8)
f_(9,1,2,4,7,9)

(Q’l’21h76185
(0,1,2,4,6,7)

|0,1,2,1,7,8)
1(0,1,2,5,6,9)
“j'KO;;;z,s,y;g)
o, 1,2,5;6,7)
o, 1,2,5,6,8)
“1c0,1,2,5, 7,8)
'(o 1,2 1617,8)
(O,l,B,w,6,7)

5020

MW W n Am W
(1] - .e ‘ee (1} [ 1 I L 1]

5 3 13 4 (,;
513 1 $az

. a% fHS
sfw 3 {5726,

5:5 6 7 18 23 28
5:5 8 9 22 25 36
5¢ 5 10 Zh 37
5:62 g2 122 _'gf |
7 111927 32
913 18 22 32

+7 10 1k 29 33 38
9 15 28 35 36

‘<n'ZQ'gqf;Qg-o\*ox.0\

5:8 10 16 26 28 31
5:910 16 31 34 35 |

5-11*142 352‘38 
5:12% 1% 167

5 12 13 15 23 25 30 .
5 13 1a 16 29 30 31|

51 15 T
55 17 182 31

10 %4,17 20 23
9 12-30 32 35
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'TABLE‘XI — continuved

o

76

_7:7'

1€0,2,344,5,6,8)
[ (0,1,2,3,1,6; 7)
(0,1,2,3,4, 6,9)
 ~(0,1,2,3,&,6,8)

 N—group,' f Pés‘* K (negizgroup\Coﬁtenﬁ
6:3h - |(0,2,3,5,6,8)  |5:17% 217 257
| 6:35 (0‘153‘u’% 9)  |5:17718 21 24% 33
636 [(0,1,3,0,6,8) |5:17 19 20 22 29 35
| 6 37*’ (0,1,3,4,7,9) 151182 252 33°
6238  (0,1,3,h;7,8)-' 5:18 19 23 30,32 3k
6:39 . |(0,2,4,5,7,9) |5:20° 27% 38° .
62 40 (0,1,3,5,6,8) - |5:20 21 26 27 29 30'51
624l (0;2,3,5,7;9;.»,5520 21 28 29 37 38\ |
|6:u2 (0;1,4;6,7;9)1 5212 317 332 |
‘6243 . |(0,1,3,5,6,9) '|5: 22% 2a 26 3a |
'6:Lﬁtjf (0;1,3;558,9)f -s 22 23.27 32 33 35
6:45  |(0,1,3,5,7,9)  [5:22 35 28 35 36 37
6246 f(Qr1?336?8595A 52 23 2u 29 ,
o lesa) |€0,1,3,6,7,9)  |5:24% 25% 31 2;,1
6:38  |(0,1,3,5,7,8)  [5:27° 282 30%
6:1497 | (0,1,4,5,8,9)  [5:32°
76{[§g]f"(5,2,4;6,8,10).v5;;9? :
7:1 (0;1,2,3;u;§,6) 6217 '? 617 |
732 [(0,1,2,3,4,5,7) |62 ; 358120
7;} /(0;1,2,5,4,5,8) 62 1 L7 9_181;9.‘

6:2% 7% 15% 3k

6:2.3 6 11 14 25 33|

6:2 3 9 10’16 21, 35

6 2 4 8 12 15 2u 36 |
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TABLE XTI — continued

N—group Pcs h (h—l)-groupHContent

oo

7:8  [(0,1,2,3,4,7,9) [6:3° 12° 23% 37

7:9. (0,1,2,3,4,7,8) |6:3 & 11 13 22 26 38
7:10. ,_(0}1,3'4'5,6,8) 6:5 6 7 18 22.36 40
171 (o, 2,39ky5,7, 9) |6:5 8 9 21 23 39 41
‘7:12 +(0,1,2,3, ,5,6,9) ; 616 7 10 19 27 35 43 |
173 {c0,1,2,3, 5,6,7) 16:6 8 11 17 20 25 29.%
7:14 (0,1, ;3»5,6;8) 6:6 9 12 20 30' 34 Lo -
17215 (0,1,2,3,5,7,9) [6:7 8 12 21 28 4145
.7;16f" (0,;;2,3,5,8,9)"6 7 9 11 26 27.42 by
7:17 (0;1;2,3;5;7,8) f6 8 9 13;25 31 40° 48'

7:18 (0,1,2,3,6,7,9) |6:10 11 12 30 31 16 [47]
7:19 (0,3,2,3,6,7,8) | 6: :11 12 13 29 30 31 [321
7:20° [(0,1,3,4,5,7,8) |6: ;12 187 387 08
7:21 [(0,1,2 1hy5,6,8) |6 :14 15 17 19 22 2 30 »"
722 [(0,1,3,4,5, 7 9),76 14 15 19 21 37 4b 45 |
7223 |(0,2,3,4,6,7, 9 |6 14 16 20 23 35 41 46
| 72 (0,1,2,4,6,8,1q) 6:15% 2a 157 [50]
: 7;25_',_(0,1,3;5,6,7;95 6:15 16 25 26 L3 hS [47]'
'_7;g§.;, (0;1;2,4,5,6,9) 6:17 18 212 27 B
17:27. [(0,1,2,4,5,8,9) 6:18 19 22 27 38 i [u91'

- 728 [(0,1,2,4,5,7,9) 36 18 20 23 28 36 39 L,

| 7iz9 '{;40;1,25A;5{758) 16:19°20 26 3133 36 38
{730 |(0,1,2,4,6,8,9) @.21_22\24 30 Lh 45 48 |-

731 2 {(0,1,2,4,6,7,9) |6:21 23 25731 40 41 42




o o ; ,
TABLE XI - continued

-

' N-'gréup ‘ Pcs} * (n-1)-group.Content
7:32 (o,i,z,ﬁ,7,8,9) 6122 23 26 27 28 29 31
17:33 (o,i,z,uf§37,8) 6;242 25% 262 [32]
| 7:34 - [(0,1,2,5,6,8,9) |6:27% 30° 37 38°
1735 |(041,3,4,6,7,9)  |6:33 34 352 37 12 (477
7:36 |(0,1,3,4,6,8, 10) "6525'362_41? 15°
1737 (0,1,3,4,6,8,9) 16235 36 38 4O 43 L4 L6
7:38 [(0,1,3,5,6, g 10)\ 6:39% 40% 117 18
8:1 (0,1,2,3,h,5,6,7)¥ 7:_2 22 52 132 |
8:2 (0,1,2,3,a,5,6,8),a% 12347101421
8:3 (0,1,2,334,5,6,9) |7:1 32 62 122 26
824 (0,2,3,4,5,6,7,9) |7:2° 6° 117 23
8:5 (0;1,2,3,u,5,7;85“”7:2“3 5.9 10 17 20 29
86 [(0,1,2,3,4,5,7,9) [7:23 78 1115 22 28
&7 |(0,1,2,3,4,5,8,9) [7:37 9 16% 277
.8;8' (0,1,3,4,5/6,7,9) |7:k 5 6 12 16 22 25 35
8:9  |(0,1,2,3,4,6,8,10)§7:4 7 15 2u 36
| 8:10  |(0, 1,2,3, by 6,7,9) |7:56 8 1a 18 23 31 35
‘8:11 - {(0,1,2, 3 4,6,7,8) |7:5 79 13 19\21 29 33
8:12  {(0,1,2,3,4,6,8,9) |7:6 7 9 17f18 25 30 37
ez [(0,1,2,3,4,7,8,9) |7:8 97 197 322 34 |
e [(0,1,304,5,6,8,9) |7:102 122 272 572
| 815 [(0,1,2,4,5,6,7,9) 7-10 11 13 16 26 28 31 32
816 (0,1,2;3,5,6,8,10) 7:10 11 14 15,28 30 3638
8:17 - |(0,1,2,3,5,7,8,10) [7: 117 1'72";1_2"_3_2/2 o




TABLE XI — ¢ontinued

] 9:022]

N—groué Pcs  (n;1)~group Content
8:18 (Q,1,2,3,5,6,7;9)‘ 7:12 13 15.18 21 23 25 32
g:19 - (0,1,2,3,5,6,8,9) %:12 14 16 18 29 34 35 37
8:20  1(0,1,2,3,5,6,7,8) | 7:13% 12 17° 19° |
21 [(0,1,2,3,5,7,8,9) |7:15 16 17 19 30 31 32 33
B:022] [(0,1,2,3,6,7,8,9) | 7a18% 19*
8:23 [(0,1,2,4,5,6,8,9) | 7:20 21 22 26 27° 30 3L
les2n [(0,1,2,4,5,7,9,10) | 7:20 23% 287 377 38
| 8:25 (o,1,2,a,5,6,8,10) _ 7:212 222 242 30°
8:26 (0,1,2;4,5,7,8,10) 7:22 23 25 29 31 35 36 37'
3:127 [(0,1,2,4,6,7,8,10) |7:247 254 332
8:28  [(0,1,2,4,5,7,8,9) |7:27° 28° 297 32°
| 8:1291 {(0,1,3,4,6,7,9,20) | 7:35°
91 . [0,1,2,3,4,5,6,7,8) |8:1% 22 52 112 20
9:2 . [(0,1,2,3,4,5,6,7,9) |8:12 3 4 6 8 10 15 18
9:3 (O,,l,z',3;4,5,6,8;10) 8:2°% 6° 92 16° 25
{oid - [(0,1,2,3,1,5,6,8,9) |8:23 57 8 1214 19 23
9:5  |(0,1,2,3,4,5,7,8,10)| 8:L 5 6 10 12 16 17 21 26
9: 6 | (Q;l,2,3;@,5ﬁg;8,9) 8:56 7 11 13 15 21 23 28
9:7 . | (0;1;2,3,h,6;7,9;10) 8:8% 10° 19° 262 [29] .
9: 8 f‘(0;1,2;3§L,6;7,8;1o),8:8‘2»11_12 18 21 25 26 [27]
9:9- 'A(o,1,2,3;4,6,7,8,9) 8:10 11 12L;; 18 19 29'21;[2311“ .
9:10  [(0,1,2,3,5,6,7,9,10){8: 1k 15 16 18 19 23 24 26 28 |
9:11  |(0,1,2,3,5,6,7,8,10)|8:15% 162 177 20 217
(9,1,2,4,5;6;8,9,10): 6253

8:23




TABLE XI — continued

N~group

12:[1]

Pcs (n-1)-group Content
10:1 ‘0)1:2931405,p6’7,8,9) 9:‘_1;2 22 Az 62,92
10:2 [(0,1,2,3,4,5,6,7,8,10) .  [9:1 2% 3° 5% 8° 11
10:3 [(0,1,2,3,45,647,9,10) 9:2% 12 5% 7% 10
LOé_lt (0,1,2,3-,&,5,6,8,9,10) 9:_3_ h2 6'2 82 102 [__]:‘E]
10:2 (O!,l!293"+15q7:8’9710) * 9 52 62 92 102 ‘]_:;L_Z
10:(6] |(0,1,2,3,4,6,7,8,9,10) 9: 7% 8% ot
11:1.|(0,1,2,3,4,5,6,7,8,9,10)  |10:1° 2° 3° L% 5°.06]

(0,1,2,35%,5,6,7,8,9,10,11) |11: 112




TABLE XII

;.‘irqaawﬂefamnce between Forte's Prime Forms and N-groups

N-group |Prime Form | N~group N:-group Prime Form { N~group
311 -1 |9-1  9:1 bil5  L=19 [8-19  8:23
3:2 3-2  |9-2 912 4119  4=20 |8-20 8328
3:3 3-3 [9-3  9:4 422 © h=21 |8-21  8:9
31l -4 |9-4 T 9:6 L123  Le-22 |8-22  8:16
3:5 3-5 |9=5 . 9:9 hi25  h=23 |8-23 8:17
3:6  3-6 [9-6  9:13 Li2h  be2L 824  8:25
3:7 -7 |9-7  9:5 L:|28] 4-25 |8-25  8:(27]
3:8 3-8 [9-8 918 Li26  he26 [8-26 8124
3:9 39 {9=9  9:11 LiR7  L=27 |8-27  8:26
3:10 3-10 |9-10 9:7 b:129) L-28 |8-28  8:(291]
3:11  3-11 [9-11 9:10 L:12  L=Z29|8-229 8:18
3:(12] 3-12 |9-12  9:[121] | 5:1 5.1 |7-1 7:1
bil L-1 {8-1 . 8:1 512 5-2 |7-2  7:2
IRy -2 [8-2  8:2 5:6 5-3 |7-3 - 7:3
L:6 L-3 |8=3 8:3 5:3 5= | 7=L 7:5
hi3 B8~k 85 5t 5-5 |7-5  7:13
Likh k=5 |8-5  8:11 5:12 5-6 |7-6  7:9
hib -6 |8-6  8:20 5:16  5-7 [7-7  7:19
L:l3  4-7  |8~7 8+7 5:5 5-8 |7-8 7tk
L:l8  L-8 [8-8  8:13 |4 5:8 . 5-9 [7-9  7:7
L:[21] 4-9 |8~9 8:(22] 5:17 5-10 |7-10 7:6
‘h:7  4=10 |8-10  8:4 5:7 5-11 |7-11  7:10
h29 b=-11 |8-11  8:6 5:26  5-212|7-212 7:8
Le8 12 [8-12 ‘8:8° 5:9 5-13 |7-13  7:21
hr1l B-13 [8-13  8:10 5:1L  5-14 |7-14  7:17
§:10  4=1k [8~14 8:15 | | 5:15  5-15 |7-15  7:33
L:16 = 4-Z15|8-215 8:12' 5:18°  5-16 |7-16  7:12
L4220 L-16 |[8-16 . 8:21 5:19 5-21717-217 7:26
hillh T 4-17..(8=17 8:lL 5:23 5-Z18|7-218 7:16
8:19 5:31  5-19 |7-19  7:18

L:17 L-18 |8~18
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APPENDIX 3
ANTON WEBERN' QPUS 7/3
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