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Abstract

The game of Hex has been of particu lar in terest to  m athem aticians, com puter scientists, and game 

players alike ever since its  discovery in th e  1940s. T he gam e is provably difficult in th e  sense of 

algorithm ic complexity, yet its rich m athem atical s truc tu re  allows for m any properties to  be provable 

even when exact solutions to  the  game are unknown. Such properties can then  be used to  boost 

com putational approaches to  solving Hex on small boards, and playing well on larger boards.

This thesis presents a general class of m athem atical games th a t  contains Hex and m any of its rela­

tives. The thesis generalizes all previously known Hex theory  to  this class, and identifies conditions 

th a t  give rise to  these properties. This enables rigorous proofs of game properties previously known 

only colloquially, as well as in troduction  of new properties. A lgorithm ic optim izations th a t follow 

from this theory  have enabled advances in Hex solving and playing, and can be applied to  related 

games as well.
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Chapter 1

Introduction and M otivation

Suddenly in th e  half-light of dawn a game awoke, dem anding to  be born.

Today it is ready for release into the world and th a t  is w hat I, in th is  C hristm assy inno­
cence, shall a ttem pt.

Ideas such as th is  carry a certain rom antic note as if they  were gifts from above, fruits 
of m ystical inspiration. The tru th  is th a t  you are given them  seemingly free of charge 
after having toiled seemingly in vain.”

P ie t Hein [50, 64].

1.1 H ex  A p p ea l

Though th is thesis deals w ith a  general class of ab strac t games, its m ain m otivation lies in the  
ongoing study, b o th  theoretical and practical, of th e  game of Hex. The D anish m athem atician , 
poet, and engineer P ie t Hein first introduced Hex -  which he named “Polygon” -  in 1942, during a 
lecture a t th e  U niversity of Copenhagen, and in a series of columns in the  newspaper Politiken [51]. 
In 1947 John Nash independently  came up w ith the  same game a t P rinceton, where it become known 
as “N ash ” . 1

Hex has an unm istakable appeal to  m athem aticians, as evident from H ein’s quote, and also from:

Nash [Hex] was originally discovered in D enm ark, and rediscovered by th e  au thor a t 
Princeton. -  John  Nash [71].

] O f the  popular story th a t it w as also nam ed “John” [34], N ash  writes: “It is not true th a t th e  idea cam e from an  
actual bathroom  floor [at Princeton], but the  concept o f  an  hexagonally tiled  bathroom  floor w as talked about am ong  
th e  grad stu d en ts a t th a t tim e and I th ink  th e  nam e ‘Joh n ’ w as thought o f or joked about at th a t tim e a lso .” [72]

1
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CH APTER 1. INTRO D U C TIO N  AN D  M O TIVATIO N 2

Figure 1.1: An em pty 6 x 6  Hex board  (left) and a com pleted game w ith a win for W hite (right)

We do not p retend  th a t Hex was the  invention of the Em peror Shun, who reigned over 
C hina alm ost th ree thousand  years ago, and who thus wished to  revive the  wavering 
intelligence in his son Shang Kiun; nor th a t  th e  Hebrew, Persian, E gyptian , or Hindu 
sovereigns, im passioned by astronom y and stra teg ic  ideas, practised it before our times. 
No, contrary  to  the  games of Go and chess, Hex was discovered in the  m iddle of the  20th 
century. -  C laude Berge [1 1 ],

The recurring them e is th a t  Hex is often viewed as a  discovery ra ther th an  an invention, having a 
P latonic existence of its  own.

T he gam e’s appeal lies in the  contrast between th e  sim plicity of its rules and the  subtle ty  of its 
play. It is quite literally  “a m inute to  learn, a lifetime to  m aster” . Hex has m any m athem atical 
connections, and much can be proved abou t th e  game. In addition, Hex is also compelling from a 
com putational point of view. T he gam e is scalable w ith its board  size, and polynom ial solutions 
likely do not exist . 2  D espite th is  -  or indeed because of it  -  large reductions can be achieved in the  
com puting tim e necessary to  solve small-scale Hex problem s, and to  find heuristically strong moves 
for larger scale boards.

1.2 H ex  R u les

T he game of Hex is played on a board containing a rhom bic array of hexagonal cells w ith an equal 
num ber of hexagons on each side , 3  as in Figure 1.1. A commonly used board size is 11 x 1 1 , b u t 
any size can be used.

T he two players, Black and W hite, take tu rn s  placing a  piece on the board. W hite’s objective is to  
form a chain of adjacent w hite pieces connecting the  lower-left side of the  board  to  the  upper-right 
side. Black’s goal is to  connect the  upper-left side to  th e  lower-right-side w ith a black chain. Lest 
the  players forget which two sides they  are try ing to  connect, a pair of ex tra  pieces has been placed 
off th e  board to  rem ind them . Figure 1.1 shows a  com pleted game in which W hite has won.

In practice, the  first player to  move has a significant advantage. This is often offset by using the

2See Section  3.5.
3 If th e  side len gths are unequal, there is a triv ia l w inning strategy  for th e  player to  traverse the  shorter d istan ce [34].
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CH APTER 1. INTRO D U C TIO N  AN D  M O TIVATIO N 3

sw ap  rule: one player places a piece of any colour anywhere on the board, and the  second player 
th en  chooses which colour of pieces to  adopt. T he game continues w ith the  next move played by 
whomever owns th e  colour opposite of the  colour of the  first piece played. This “I cut, you choose” 
convention will deter the  first player from playing an  opening move th a t is particularly  advantageous 
to  either colour.

These simple game rules lead to  deep strategic subtleties. For an excellent overview of Hex strategy, 
see [18].

1.3 M otiva tion

C ertain  strategic properties of Hex were known im m ediately from its discovery in the  1940s. However, 
Hex was also the  first “n a tu ra l” game to  be proved PSPACE-complete. 4  Thus the  game is not in NP, 
which means th a t  solutions to  Hex problem s cannot generally be verified w ith a  polynom ial am ount 
of com putation. For th is reason, these strategic properties tend  to  be non-constructive.

T he following list gives a flavour of th e  known Hex theorem s, such th a t  the reader may anticipate 
the  purpose behind the  results presented in P a r t 1.

1. [Hein, 1942; Nash, 1947] On any board  size there exists a winning opening move.

2. [Hein, 1942; Nash, 1947] Adding a friendly piece or removing an enemy piece is never disad­
vantageous.

3. [Beck, 1969] O n any board size there exists a losing opening move [10]. See Figure 1.2 for two 
opening moves th a t  Beck proved to  be a loss, as well as a proven losing reply to  a losing move.

4. [Schensted and T itus, 1975] Any move th a t  is surrounded by only th ree regions, and many 
moves th a t  are surrounded by four or five regions, should be avoided [91]. See Figure 1.3.

5. [Hayward, 2003] Any move on the  second row dom inates the  two underlying moves on the  first
row. Stronger still: after a move on the  second row, th e  two underlying cells on the  first row
can be “filled in” [44], See Figure 1.4.

6 . In Figure 1.5, b o th  players should avoid move x.

H ayw ard’s theorem  proved of key im portance in determ ining the  outcom e w ith optim al play for all 
opening moves on th e  7 x 7  board  [46]. T he last theorem  is by the  author. I t inspired a gradual 
uncovering of a more general theory, of which all the  m entioned theorem s are special cases. This 
addresses a wish by Claude Berge, m athem atician  and avid Hex player:

I t would be nice to  solve some Hex problem  by using nontrivial theorem s about com­
binatorial properties of sets (the sets considered are groups of critical [cells]). I t  is not

4See Section  3.5.
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CH APTER 1. IN TRO D U C TIO N  AN D  M O TIVATIO N 4

Figure 1.2: Beck’s theorem s: Losing opening moves for W hite (left, m iddle) and a losing reply for 
Black (right) on any board  size.

F igure 1.3: Schensted’s theorem s: moves m arked ‘x ’ should be avoided by b o th  players; moves 
m arked ‘y ’ should be avoided by W hite.

F igure 1.4: H ayw ard’s theorem s: B lack’s second-row move dom inates th e  first-row moves x  and  y  
underneath  (left); the  position is strategically  equivalent to  the  position on the  right.

F igure 1.5: B oth  players should avoid move y.
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C HAPTER 1. IN TRO D U C TIO N  AN D  M O TIVATIO N 5

possible to  forget th a t a famous chess problem  of Sam Lloyd (the “com et” ) , 5  involving 
parity, is easy to  solve for a  m athem atician  aware of the  Konig theorem  abou t b ipartite  
graphs; also in chess, the  theory  of conjugate squares of M arcel D ucham p and A lberstad t 
is a beautifu l application of the  algebraic theory  of graph isomorphism (the two graphs 
are defined by th e  moves of the kings). -  C laude Berge [12].

Indeed the  theory  extends to  a much more general class of games, nam ely the  set colouring games 
to  be described in P a r t I.

The assertion th a t  on any board  size there  exists a winning stra tegy  for the  first player was recognized 
intuitively by Hein and Nash. In fact Nash specifically composed Hex as an example of a non­
constructive proof of a winning strategy. The proof as it is usually presented involves the  “strategy  
stealing argum ent” , b u t a b it of handwaving is required to  gloss over some assertions th a t are 
themselves intuitively obvious, notab ly  th e  theorem  abou t adding and removing pieces. This thesis 
offers the first rigorous proof of these theorem s, extended to  the  more general class of set colouring 
games to  make it  more worthwhile.

Applications of the  theory  lead to  algorithm ic optim izations th a t enable Hex positions to  be solved 
on larger boards th a n  was previously possible. The s ta te  of the  a rt for exact results in Hex was 
th a t  the  6 x 6  opening position was solved by E nderton  in th e  1990s [28], a lib rary  of solved 6 x 6  

opening positions was compiled by the  au tho r in 1999-2002 [81], some 7 x 7  and one 8 x 8  opening 
move were solved by Yang in 2002-2003 [106, 103], and all the 7 x 7  opening moves were solved by 
Hayward et al. in 2003 [46]. T he p a tte rn  of w inning and losing opening moves on various board 
sizes appears progressively less in tricate  as the  board  size increases to  6  x 6 , bu t then  becomes 
unexpectedly irregular on 7 x 7, leading to  the  question of w hat the  8 x 8  p a tte rn  m ight look like.

As well, applications of the  set colouring games theory  lead to  a  higher heuristic level of play on 
board sizes too  large to  solve perfectly. The s ta te  of the  a rt was dom inated by the  au th o r’s program  
Queenbee in the  1990s [83] and then  by Anshelevich’s Hexy in 2000-2002 [6 ] and Melis’ Six from 2002 
on [6 8 , 69]. According to  its author, Six’s play rivals b u t does not surpass to p  hum an play on the  
1 1 x 1 1  board  [67]. The balance of streng th  shifts from the  com puter’s favour on small boards to  the 
hum an’s favour on large boards; as of 2004, th e  crossover point would approxim ately be a t 9 x 9.

1.4 O verview

T he first p a rt of th is  thesis involves the  theory  of set colouring games, while th e  second p a rt focuses 
on com putational aspects.

5 Lloyd’s chess problem , now considerably less fam ous, is reproduced in A ppendix  A .3.
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CH APTER 1. IN TRO D U CTIO N AN D  M O TIVATIO N 6

Part I: T heory

Set colouring games are a n a tu ra l extension of GAME-SAT, which is itself a n a tu ra l generalization 
of Hex and a num ber of o ther games. G am e-S A T  was in troduced by Zhao and M uller [107], though 
games on Boolean formulas had been studied before . 6  T he trea tm en t of set colouring games in term s 
of game transform ations is new. T he chapters are organized as follows:

C h a p ter  2 : D efin itio n s . Conventions for notations and the  nam ing of variables and constants.

C h a p ter  3: S e t C o lou rin g  G a m es. Definition of set colouring games, stra teg ic  concepts, and 
stra tegy  theorem s.

C h a p ter  4: R e la te d  G am es. Games th a t  are special cases of set colouring games, and classes of 
games th a t  cannot be modelled as a set colouring game.

C h a p ter  5: M in im a x  V a lu es. The m inim ax function and its  behaviour for various subclasses of 
games and moves.

C h a p ter  6: M eta g a m es . Com bining several games into a new games, and its opposite, namely 
decomposing a given game.

C h a p ter  7: C o m b in a to r ia l G a m e T h eory . A new extension of C G T  to  cover binary  games, 
which are com binatorial games th a t  end in a binary  value and whose w inning criterion does 
not depend on the  last player to  move.

C h a p ter  8 : S u p erra tio n a l P lay . A theory th a t  enables some moves to  be proved irrelevant based 
purely on local considerations, even in an inherently  global game.

C h a p ter  9: D y n a m ic  T races. A utom atically  discoverable p a tte rn s  th a t  can prove the  value of a 
position by considering only the “relevant” p a rt of the  gam e board.

Any theorem s th a t appear in the  te x t will be sta ted  w ithout proofs for reasons of brevity  and 
legibility. T he proofs will then  be supplied in the  last section of the  chapter in question.

Part II: C om pu tation

T he game transform ation theorem s can be used to  increase algorithm ic perform ance by reducing 
the  size of the  search space by orders of m agnitude. This increases the  board size on which perfect 
solutions for Hex can be com puted w ithin reasonable resource limits, as well as the  level of play on 
larger board sizes. Based on viewing Hex as a special case of o ther games, new m ethods can be 
deduced for heuristic evaluation of board positions. These heuristics are im portan t bo th  for play on 
large board sizes, as well as optim izing the search effort for exact solutions on sm aller board  sizes 
by guiding the  search in favourable directions.

6See Section  4.2.
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CH APTER 1. IN TRO D U C TIO N  AN D  M O TIVATIO N 7

C h a p te r  10: P r o p e r t i e s  o f  H e x . Known theorem s proved by the new m ethods in troduced in 
P a rt I, and sta tistics on the  description of Hex as a  set colouring game.

C h a p te r  11: A r t if ic ia l  I n te l l ig e n c e  A p p ro a c h e s .  A lgorithm ic techniques known from litera­
tu re  for solving games and for heuristic play in ab strac t games.

C h a p te r  12: S h a n n o n  G a m e  H e u r is t ic s .  M ethods known from lite ra tu re  specific to  Hex, and 
its d irect generalization, the  Shannon game.

C h a p te r  13: D e a d  C e ll A n a ly s is . The application of superrational play to  the  game of Hex. 

T he thesis is concluded by a discussion and list of open questions and fu ture work in C h a p te r  14.

1.5 G oals

T he theory  in P a r t I was inspired by the  discovery of “win p a tte rn s” , “dead cells” , “fill-in” , and 
“killing moves” in Hex. The la tte r  th ree concepts, exemplified in Theorem s 5 and 6  of Section 1.3, 
were then  generalized to  the  m ulti-Shannon gam e , 7  which led to  the developm ent of set colouring 
games. A ttem pts to  apply com binatorial game theory  to  set colouring games consisting of indepen­
dent com ponents spurred the  developm ent of a theory  of b inary  com binatorial games.

T he goals for P a rt I of th is thesis relate to  th e  theory  of set colouring games:

•  establish a theory  and no tation  system  for set colouring games;

•  generalize the  notion of “win p a tte rn s” to  set colouring games;

•  generalize th e  notion of “dead cells” , “fill-in” , and “killing moves” to  set colouring games;

•  develop a theory  enabling th e  com binatorial analysis of set colouring games consisting of in­
dependent components.

T he goals for P a r t II involve Hex in particu lar, and th e  practical com putational aspects of the  theory  
results for artificial intelligence approaches:

•  prove previously known Hex theorem s using the  theory  and language of set colouring games;

•  show th a t  these previously known theorem s are special cases of more general theorem s, applying 
to  a m ore general class of games;

•  derive search algorithm s from the  set colouring games theory, and im plem ent them  for Hex in 
particu lar and G A M E - S A T 8 in general;

7see Section 13.6.
8See Section  4.2.
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•  t e s t  t h e  p o t e n t i a l  u s e fu ln e s s  o f  t h e  m e th o d s  in  t h e  f ie ld  o f  QBF9 so lv in g ;

•  derive new heuristic evaluation m ethods for set colouring games and Hex;

•  build an opening library  of solved 6 x 6  and 7 x 7  Hex positions;

•  solve the  8 x 8  Hex opening position;

•  improve the standard  of heuristic play for Hex on 11 x 11 boards.

1.6 C on trib u tion s and P u b lica tio n s

Following the  goals outlined in the  previous section, th e  contributions from th is thesis can be sum m ed 
up as follows:

•  introduction  and development of a theory  and no tation  system  for set colouring games;

•  proof of standard  gam e-theoretical results for set colouring games;

•  g e n e r a l i z a t io n  o f  “w in  p a t t e r n s ” t o  t h e  c o n c e p t  o f  d y n a m ic  t r a c e s ;

•  generalization of “dead cells” , “fill-in” , and “killing moves” to  th e  concept of captured and
dom inated sets;

•  generalization of m ulti-Shannon s tra tegy  to  the  concept of superrational play;

•  introduction of a theory  of binary  com binatorial games.

T his realizes all the  goals set out for P a r t I. Some of the  goals for P a r t II are still open. Realized 
goals for P a r t  II are:

•  rigorous proofs of existing and new Hex theorem s using the  theory  of set colouring games;

•  com pletion and confirm ation of the  ideas of m ulti-Shannon stra tegy  as instances of superra­
tional play;

•  derivation of search algorithm s based on dynam ic traces and evaluation algorithm s based on 
superrational play;

•  derivation and theoretical justification of search and evaluation heuristics based on M onte 
Carlo analysis;

•  com putation of an opening library  for 6 x 6  Hex and some 7 x 7  opening positions.

9See Sections 4.1 and 11.4.
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T he dynam ic trace and superrational play m ethods were a  crucial ingredient in the  solution to  the  
7 x 7  opening position [46] and have been incorporated in th e  s ta te  of the  a r t  heuristic Hex playing 
program s Queenbee and Mongoose.10

T he following papers have appeared or been accepted for publication as p a rt of th is research:

[52] H. J. van den Herik, J. U iterwijk, and J. van Rijswijck. Gam es Solved: Now and  in the  Future. 
Artificial Intelligence, 134(l-2):277-312, January  2002.

[84] J. van Rijswijck. Search and Evaluation in Hex. Technical report, U niversity of A lberta, 2002.

[46] R. Hayward, Y. Bjornsson, M. Johanson, M. K an, N. Po, and J. van Rijswijck. Solving 7 x 7  
Hex: V irtual Connections and Gam e S tate  R eduction. In H. J. van den Herik, H. Iida, and E. 
A. Heinz, editors, Advances in Computer Games ACG-10 , pages 261-278. Kluwer Academic 
Publishers, Boston, 2003.

[47] R. Hayward, Y. Bjornsson, M. Johanson, M. K an, N. Po, and J. van Rijswijck. Solving 
7 x 7  Hex w ith D om ination, Fill-In, and V irtual Connections. Theoretical Computer Science, 
349:123-139, 2005.

[49] R. Hayward, J. van Rijswijck, Y. Bjornsson, and M. Johanson. Dead Cell Analysis in Hex and 
the Shannon Game. In Graph Theory 2004: In Memory of Claude Berge. B irkhauser, 2005.

[48] R. Hayward and J. van Rijswijck. Hex and Com binatorics. Discrete Mathematics,  to  appear, 
2006.

[85] J. van Rijswijck. B inary C om binatorial Games. In R ichard Nowakowski, editor, Games of No
Chance 3. To appear, 2006.

10See Section  11.5.
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Chapter 2

Definitions

T hroughout the tex t, constants and variables shall consistently be indicated w ith  the  same symbols. 
Refer to  A ppendix A .l for a list of the no tation  conventions. All operators and functions are 
sum m arized in A ppendix A .2 .

2.1 S ets and C olourings

For a set S  and an elem ent v,  let S  +  v refer to  S  U {v } and let S  — v  refer to  iS \  {«}. The em pty 
set is denoted w ith 0 . T he no tation  v, w  6  S  is shorthand  for v  G S  A w  €  S.  T he powerset 2s  is 
the  set of all subsets of S.  A family T  C 2s  of subsets of S  forms a p a r tit io n  of S  if the  m em bers 
of T  are pairwise disjoint, and the ir union is S.  T hus every elem ent of S  is contained in exactly  one 
of the  m embers of T }

T he set N is the  set of all non-negative integers, thus including 0, and Z n is the  set of the  first 
n  integers: Z„ -==  { 0 ,1 ,2 , . . . ,  n — 1}. T he set B is the  set of the two B o o le a n  va lu es. These 
values will be represented as FALSE and T R U E , as well as numerically w ith th e  values —1 and +1, 
respectively. For t e l ,  the  no tation  —t  refers to  t ’s negation, so th a t  {t,  — t }  — B. T he set T  is the  
set of the  three T ern ary  values. T he symbol (j) is used to  represent the  value “undecided” , so th a t 
T  =^= B +  (p. Numerically, (f> will be represented as 0 . 2  A set X  is p u re if it  does no t contain </>; the 
no tation  X  X  — 4> indicates th e  “purified version” of X .

D e fin itio n  2 .1 .1 . Let S  and  X  be two sets, where X  represents a set of co lou rs. T hen any function 
xjj : >S —■> X  is a co lou rin g  of S.  An element v  is co lo u red  in rp if ip(v) /  <j>, and u n co lo u red  o th ­
erwise. A colouring is c o m p le te  if it contains no uncoloured elements, and  in c o m p le te  otherwise.

1N ote  th a t th is  d oes not require th a t ail m em bers o f T  b e  nonem pty.
2 In som e other tex ts  th e  values for f a l s e , t r u e , and 0  are represented as 0, 1, and 2, respectively, in Z 3 . For the  

purposes o f  th is thesis, th e  chosen representation is much m ore convenient.

11
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The following term s and notations are used:

•  if ip : S  —> X  then  T>(ip) === S,  the  set D^ip) is called the  dom ain of ip]

•  V’r = =  4’(v ) for d E iS ;

•  if 5  =  Zn then  ip can be represented by the vector (ipo, i p i , . . . ,  ipn-.i);

• V>_1(x) =  K  S \^v = x}-

•  Xs  is the function th a t m aps everyy elem ent of S  to  y: x S = =  £ ^  X f°r  X

•  ip C ip' when T>(ip) C T>{ip') and ipv =  ip'v for all v  £ D{ip)]

•  if there  is a partia l order defined on X ,  then  ip ^  ip' < def > Vves[ipv ^  ip'v]-

In particular, if X  =  T  then  T5 , F5 , and <ps  will be used for the  colourings th a t assign the  values 
TRUE, FALSE, and (p, respectively, to  all elem ents of S.

D e fin itio n  2 .1 .2 . T he set X s  denotes the collection of all colourings of S  w ith  colours from X . 3
Such a set X 5  is a  c o lo u r  sp a c e . If 5  =  Z n then  the  colour space will be indicated w ith X n ra th e r
th an  X Zn for clarity.

D e f in itio n  2 .1 .3 . Consider a set of colours X  w ith <p £ X .  Define the  function P R O Js^s ' : X s  —> 
X s  as follows for ip £ X s :

, c jV(0 if .f

This colouring is the  p r o je c t io n  of ip onto S'.  The notation  ip \  S'  is used as shorthand  for 
PROJ■D(i>)^S'(‘lP). F °r  colourings ip and ip’, the  no tation  ip' C ip indicates th a t  T>(ip') C T>(ip) and 
ip' =  i p \  V{ip').

2.2 R e-C olourin g

Any two colourings can be combined to  form a new colouring by re-colouring the  elem ents th a t they  
have in common.

D efin itio n  2 .2 .1 . Let ip € X s  and ip' £ X s  . T he colouring ipip' : S  U S'  —> X  is defined as:

I ip£ otherwise.

’T h e powerset o f S  can be seen as th e  set o f  all B oolean  colourings o f S ,  so  that 2^ =  B 5 ; yet th e  notation  2s  will 
be used to  m ake it exp licit th a t the  powerset is referred to.
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Observation i: If and only if there  exists v & S O S '  w ith  ipv ^  ip'v then  ipip' ^  ip'ip. 

Observation ii: If S  C S'  th en  ipip' =  ip'\

Observation Hi: Re-colouring is associative: (ipip')ip" =  ip (ip1 ip").

Following the  no ta tion  y 5 , the  effect of ip \S is th a t  all elem ents of S  are re-coloured w ith y . If S  
contains only one elem ent v,  then  th is m ay be fu rther abbreviated  to  ipxv ■

L em m a 2 .2 .2 . Let ip €  X s  and ip' £  X s  . Combining re-colouring w ith projections, we have:

£ (4’ \ S " ) i P ' =  ( i W > ' ) \ (V ( i P ' ) U S » ) ;

ii. if V(ip') C  S"  then  (if, \  S")ip' =  (ipip') \  S"\

Hi. If V(ip') O S "  =  0  then  (ipip') \  S"  =  ip \  S"\

iv. i p \ S 0 \ S i  \  . . . \  S k- i  =  4>S f c “ 1 (ip \  S*) =  ( i p \  where S* =  C\i€z k

v. ip \  S" \  V(ip) =  ip(pD W ŝ ".

Proof. Assertions i, iii, and iv can be verified by checking all the  cases based on m em bership of the  
sets and dom ains. A ssertions ii and v are special cases of i and iv, respectively. □

D efin it io n  2 .2 .3 . Let ip, ip' £ X s , then  ip' is a  ch ild  of ip if ip' can be obtained by assigning a 
colour to  an  uncoloured elem ent in ip. In such a case, ip is a  paren t of ip'. This is denoted as 
ip —> ip' and ip' <— ip.

‘' P ^ ' P '  3 v ^ - H 4 > ) , x s x  \ f  =  TP*”}

D e fin itio n  2 .2 .4 . Let ip, ip' £ X s . If there is a sequence ip —> • • • ip', then  ip' is a  d escen d a n t  
of ip and ip is a n  a n cesto r  of ip'. This is denoted ip' O ip and ip -< ip'. The notations ip' ^  ip and 
ip ^  ip' refer to  ip' >- ip V ip' =  ip.

Ip' >  Ip V v e S  \fPv =  <P V 1p'v =  1pv\ ^ S ' C S  [ip =  ip’4>S  ]

If ip' ip and  ip' is a com plete colouring, then  ip' is a co m p le tio n  of ip. This is denoted ip' >  ip
and ip <  ip'.

2.3 F un ction s

W ith in  the  sets B  and T, the symbols A, V,  and =  are used for conjunction, disjunction, and 
equivalence, respectively. Refer to  Table 2.3.1 for the ir values; as can be seen, the  functions can also 
be com puted by taking respectively th e  m inimum, m axim um , and product of the  argum ents. We 
therefore have the  following triv ial lemma:

L em m a 2 .3 .1 . Let ip, ip' e  B5 , then  ip =  ip' i f  and only i f  / \ veS(ipv ■ ip'v) =  TRUE.
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t n u m e r ic a l - t
FALSE - 1 TRUE

0 0 <P
TRUE + 1 FALSE

A FALSE TRUE V FALSE <t> TRUE
FALSE FALSE FALSE FALSE FALSE FALSE 4> TRUE

4> FALSE 0 0 </> TRUE
TRUE FALSE <t> TRUE TRUE TRUE TRUE TRUE

= FALSE 4> TRUE
FALSE TRUE 4> FALSE

4> 0 4> 0
TRUE FALSE <t> TRUE

Table 2.3.1: Boolean functions extended to  T.

A d is ju n c tiv e  c la u se  is a form ula of the  form

C M  =  ( i p ( v 0 ) =  Xo) )  v ( i p { v i )  ee X i ) )  v . . .  V ( i p ( v k - i )  =  X fe - i )

where ip(v) =  x is T R U E  if ipv — x  and FALSE if •(/;,, A X- A form ula is given in co n ju n ctiv e  n orm al 
form  (c n f )  if it  is a conjunction of disjunctive clauses. The notions of c o n ju n ctiv e  c la u se  and 
d isju n c tiv e  n orm al form  (d n f )  are defined analogously. If the  function’s dom ain is Boolean, 
nam ely B5  for some set S,  then  the  definitions correspond to  the  standard  definitions of C NF and 
d n f ,  where \ i  — T R U E and \ j  =  FALSE correspond to  literals occurring in positive form and in 
negative form, respectively.

D e fin itio n  2 .3 .2 . Let C be a clause occurring in a CNF formula. Then C is red u cib le  if a clause C  
appears in the  CNF such th a t  C is of the  form (C' A . . . ) .  Similarly, if C is a clause in a D N F formula, 
then  C is reducible if th e  d n f  contains a clause C  such th a t  C =  (C  V . . . ).

Observation i: If the  CNF or th e  D N F of a Boolean function contains a reducible clause C, then  
C m ay be om itted , since according to  th e  Boolean absorption law we have t\ A (L V O) =  
t \  V (t\  A 12 ) =  t \ .

Observation ii: If a CNF clause C contains a  literal th a t  is equal to  FALSE, then  the  literal may 
be om itted . If C contains a literal th a t is equal to  TR U E , then  the entire clause may be om itted. 
If C contains only literals equal to  f a l s e ,  then  the  form ula is always equal to  f a l s e .  For a 
D N F clause th e  sam e assertions hold w ith  the  roles of TR U E and FALSE interchanged.

W hen there is some elem ent of S  th a t  has no influence on the  value of / ,  then  th is  elem ent is dead.

D e fin itio n  2 .3 .3 . L et /  : X s  —» B and  v  £ S.  T hen  v  is d ea d  in /  if for all tp £ X s  and all x  G X  
we have f(ip)  =  f { tpxv )- If v  is n° t  dead in /  then  it  is live  in / .
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Informally, an elem ent being dead w ith respect to  a function m eans th a t th e  elem ent’s colour cannot 
influence the  value of the  function.

T hroughout th e  rem ainder of the  tex t, functions will often be applied to  argum ents th a t do not 
appear in the  dom ain of the  function. By default, it is then  assumed th a t  the  argum ent is first 
projected onto th e  dom ain of the  function.

D e fin itio n  2 .3 .4 . L et ip G X s  and /  : X s  —> B. T hen f(ip) = =  f(ip \  S').

2.4  Iso to n e  F unctions

W hen some com plete ordering is chosen for X ,  the  concepts of m onotone elem ents and functions 
arise.

D e fin it io n  2 .4 .1 . Let /  : X s  —> B. If X  is an ordered set, then  /  is in crea sin g  in v  G S  if

Vx+,x_ 6 xVVgXs [x+ ^  X - = >  f ( i>x+)  ^  f ( i>xv- ) ] -  (2-4.1)

Similarly, /  is d ecrea sin g  in v  if x+  ^  X - f ( i ,X+) ^  f i i ’X - )  f°r  V* G X s . If /  is increasing 
or decreasing in v  then  /  is m o n o to n e  in  v.

Observation i: If X  =  B then  /  is increasing in v  if and only if for all ip G B 5  we have 
/ (ipFv ) = »  f { t - r” ).

Observation ii: If and only if /  is bo th  increasing and decreasing in v  then  v is dead in / .

D e fin itio n  2 .4 .2 . A function /  : X s  —> B is m onotone if it is m onotone in all elements of S,  and 
/  is iso to n e  if it is increasing in all elements of S.

Observation i: Function /  is isotone if and only if ^  ip' = >  f(ip) ^  f(ip')}.

Observation ii: Any m onotone function can be m ade isotone by replacing all decreasing ele­
m ents by the ir negations. So w ithout loss of generality all m onotone Boolean functions can be 
considered isotone.

Observation Hi: If a Boolean function /  : B5  —> B is isotone, then  an element v G <S is live if 
and only if there  is a ip G B5  such th a t  f(ipTv) =  +1 and f(tpFv) =  —1.

D e fin itio n  2 .4 .3 . Let X  be a family of subsets of S,  and let A  be a set of colours w ith X ’ C  X .  
T he co a litio n  fu n c tio n  COAL(A; X')  : X s  —» B is defined as:

c o a l (A ; X')  : £ h-> Bs'erVves’ [£(*0 G X ' ] .

In th is  function, the  m em bers of T  are called coa litio n s.

Observation i: The function £ i—> e 5  [£(*>)€ A '] is equal to  —COAl(A; A  \  A ') .
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T he coalition function thus reports w hether the  family of subsets contains a particu lar subset th a t  
is coloured entirely w ith colours from X ' . This is asking a  p roperty  of all of the  elements of some of 
the subsets, which is equivalent to  asking the opposite property  of some of the  elem ents from all of 
the  subsets; namely, if th e  coalition function is false, th en  all of th e  subsets contain some elem ents 
th a t  are coloured w ith colours from X  \  X ' .

T h e o re m  2 .4 .4 . Let /  : B5  —► B. T he following sta tem ents are equivalent: 

i. f  is isotone;

ii. t h e r e  e x is t s  a  f a m i ly  J- o f  s u b s e t s  o f  S  s u c h  t h a t  f{ip)  is  TRUE fo r  y  G X 6  i f  a n d  o n ly  i f  t h e r e  
is  a  S'  £  T  w i th  ipv =  t r u e  fo r  e v e r y  v £  S'\

iii. there exists a family T  of subsets of S  such th a t  f(ip)  is TRUE for y £ X s  if and only if for 
every subset S'  € T  there  is a v  £ S'  w ith  ipv =  TRUE;

iv. f  has a D N F representation in which only positive literals occur;

v. f  has a CNF representation in which only positive literals occur.

Proof. The tra jec to ry  is as follows: v = >  iii = >  i = >  ii = >  iv = >  v.

v  = y  iii: Let the CNF representation be A iezfc where each Ct is a disjunctive clause. P u t T  =  
{S* };e_7.k where S* C S  contains th e  elem ent indices occurring in Cj. Since all elem ents occur 
in Ci only in positive form, J- m eets th e  requirem ents of sta tem ent iii.

iii = >  i: L et £ B5  and v  G <S. If f(ipFv) =  TRUE th en  for each S* G T  there  is a  w  G S* such
th a t ipFv (w) =  TRU E, and so ipTv (w) =  TRU E. Therefore f ( p n v) =  TRUE.

i = >  ii: Let /  be isotone, and let £ X s  be a list of all colourings whose
/-va lue  is +1. This list contains a t m ost 2 ls l elements. Define T  =  (<S* },:ezk where each 
S* — ^>(0- 1 ( t r u e ). Then /  =  C O A L (X ; { t r u e } ).

ii =4* iv: Let /  =  c o a l (X ;  { t r u e }) w ith  T  =  {5* } ts:ik ■ Define C, as the  disjunction containing
the positive forms of precisely those elem ents whose indices occur in S * . T hen \ f l€xk A  i>s a 
D N F representation of / .

iv  = >  v: I t is well known th a t  any D N F can be transform ed into a C NF in which exactly the  same
literals occur. □

2.5 G raphs

W hen Q is a graph, the  v e r te x  se t  and ed g e  se t  of Q are denoted as V(Q) and £(G).  Unless sta ted  
otherwise, all graphs shall be simple undirected graphs w ith no loops or m ultiple edges. T he num ber 
of vertices of the  graph is denoted as \G\ === |V(t/)|. T he c o m p le te  g rap h  on S  is th e  graph JCs 
whose vertex set is S  and whose edge set contains all edges. Given two graphs Q and Q' , w rite 
G' e g  when V(ff') C V(G) and £ ( & )  C £(Q).
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Q
Vertices v , w  G V(G) are a d ja c e n t  in Q if (v ,w)  €  £(G)- This is denoted as v  ~  w. A  c liq u e  in a 
graph  is a set of vertices such th a t  each pair of vertices is adjacent. The n e ig h b o u rh o o d  of v is the  
set Afg(v) ===== [w  G G : v ~  w} .  If no am biguity as to  Q is possible, the  no tations v  ~  w  and Af(v) 
m ay be used. For a set S  C V(G),  the  neighbourhood of S  is th e  set Af(S)  ===== {w  £ <S : 3„e<s[t; ~  

=  (U „es  Ar(u)) \ S .  A  vertex or a set of vertices is s im p lic ia l  if its  neighbourhood is a clique.

For S  C V(G),  the  in d u c e d  s u b g r a p h  G{S)  is defined as the  graph whose vertex  set is S  and whose 
edge set contains all edges in G th a t  contain two vertices in S.  T he g r a p h  u n io n  of two graphs G1 

and G2 is th e  graph G1 U G2 whose vertex set is V(Gi)  U V(<72) and whose edge set is £(Gi)  U £{G2)-

A p a th  is a sequence of vertices V  =  ( v o , v i , . . . ,  Vk- \ ) such th a t  vo ~  v\  ~  • • • ~  Vk-\-  Two vertices 
v , w  € G are c o n n e c te d  if there  exists a p a th  (v , . . . ,  w); such a p a th  is called a v-w  path . A set 
S  C  V(G) is a v-w c o n n e c to r  if it contains a v-w  path , and S  is a  v-w  sep a ra to r  if every v-w  p a th  
intersects S.  A  connector or separator is m in im a l if no subset has the  sam e property.

D e f in it io n  2 .5 .1 . The operation  of d e le t in g  a set S  of vertices from a graph  G consists of removing 
S  from V(G) and any corresponding edge from £{G)- This is denoted as G\S,  so th a t G \ S  =^= 
G(V{G) \  S) .  The operation  of c o n tr a c t in g  S  consists of first adding edges between all pairs 
of vertices in the  neighbourhood of S,  and then  deleting S.  This is denoted as G/S,  so th a t 
G / S = ( G U I C ^ S)) \S .

Observation i: (S \<S i)\5 2  =  G\(Si  U <S2) =  (5\<?2 ) \5 i .

Observation ii: (£/<Si)/<S2  — G/{Si  U<S2) =  (f?/<52 )/<Si.

Observation iii: (^\<Si)/«S2  =  (f7/iS2 )\<5i.

2.6 H ex  N o ta tio n

T he regular Hex board  of size n x n  shall be denoted as X „ . 4  T he elements on a Hex board  are also 
called cells. A connected set of cells all of which have th e  same colour will be called a  ch a in .

Cells on a Hex board are designated w ith chess-like row and  column nam es as in th e  exam ple 
shown in Figure 2.1. T he moves played in the  sam ple game on the  right in Figure 2.1 are listed in 
Table 2.6.1.

For algorithm ic im plem entation considerations it  is useful to  recognize th a t  the  goals for both players 
on X 5  are equivalent to  connecting any pair of opposite corner cells on th e  X 7  d iagram  in Figure 2.2. 
W hen representing a  Hex board th is way, the  black and w hite stones on th e  ou ter rows and columns 
are called the  b o r d e r  p ieces .

4T h is notation  is chosen to  avoid confusion w ith  the  sym bol H com m only  used for quaternions, and to  line up w ith  
th e  sym bol Y, to  b e  used for Y  boards (see Section  4 .6).
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CH APTER 2. DEFINITIONS

Figure 2.1: C oordinate system  for X 5  (left), and a sample game (right).

Black W hite
1 . b 2 2 . c3
3. d3 4. d 2

5. b5 6 . c4
7. c5 8 . e4
9. d4 1 0 . a5

1 1 . b4 1 2 . a4
13. b3 14. a3
15. a 2 16. e 2

17. e3

Table 2.6.1: Moves played in the  game shown in Figure 2.1.

Figure 2.2: Border pieces on X 7, m aking th is position equivalent to  the  em pty board  X 5 .
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Chapter 3

Set Colouring Games

Set colouring games form a large class of abstrac t games, containing Hex as a  special case. T he class 
is a  slight generalization of th e  class of games played on Boolean formulas. Gam es w ith  Boolean 
coefficients were studied by O stm ann [75, 76, 77], who was m ostly concerned w ith games whose goal 
was to  reach a weighted m ajority. Gam es where th e  goal is itself an a rb itra ry  Boolean function of 
th e  coefficients were specifically in troduced by Zhao and M uller under the  nam e GAME-SAT [107].1

3.1 G am e D efin ition s

W ithin  the context of set colouring games, the  existence of two fixed sets is assumed: X ,  containing 
the  colours, and £, containing th e  players.

D e f in itio n  3 .1 .1 . T he set of c o lo u rs  is X , which contains <j> and a t least one pure colour: X  /  
X  0 .  If X  is ordered, then  F and  T denote th e  m inim um  and m axim um  pure colour.

D efin it io n  3 .1 .2 . The set of p layers is £  { m i n , m a x }. For c £  £  the  no tation  c refers to  c’s 
opponent, so th a t  £  =  {c,c}. Define A : £  —> B by pu tting  A (m a x ) =  +1 and A (m i n ) =  —1 , and for 
t  € B define t ■ c =^= A-1 (t ■ A(c)).

Observation i: For any c e  £  we have A(c) =  — A(c).

Observation ii: For any c 6  £  we have (A(c))2 =  1.

D e f in it io n  3 .1 .3 . A  s e t  c o lo u r in g  g a m e  consists of a colour space X s  where S  is finite, and a 
function /  : X s  —* B. This set colouring game will be denoted as ( X s , f ) .  T he function /  is its 
s c o r in g  fu n c tio n , and S  is the  set of e le m e n ts .

JSee Section  4.2.

19
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CH APTER 3. S E T  COLOURING GAMES 20

T he game s ta rts  w ith all elem ents uncoloured. There is no fixed convention as to  which player moves 
first. The two players take tu rn s  colouring a  previously uncoloured element of S  w ith  a pure colour 
from X .  Players m ay never uncolour an element. This ensures th a t  the game ends after exactly |5 | 
moves w ith a com plete colouring. The function /  then  indicates the  o u tc o m e  of the  game. P layer 
M AX tries to  maximize th e  outcom e by m aking it equal to  T R U E , while player MIN has the  opposite 
goal. The num ber |«S| is the  gam e’s d im e n s io n , and the  game may be called e v e n  or o d d  according 
to  th e  parity  of its dimension.

In  m ost games there will only be two pure colours, in which case we can set X  — T .  Any G A M E - S A T  
instance is such a game. T he definitions and theorem s in th is chapter are equally valid for games 
th a t  use m ore th an  two pure colours, so they  will be kept general. The colourings th a t  occur in 
the  game ( X s , f )  are all in th e  dom ain X 5 ; the  game s ta rts  w ith the colouring (pS and ends w ith  a 
colouring in X s .

D e f in it io n  3 .1 .4 . Let T =  ( X s , / ) .  If /  : £ >—> t  for t  6  B, then  P  is t r iv ia l ,  and is also denoted as 
( X s , t) .  The gam e (0 ,f) is defined as (X 0 , t ).

So in particu lar we have the game ( X s , + )  whose outcom e is + 1  no m atte r w hat moves were played, 
and sim ilarly th e  outcom e of ( X s , —) is always —1. The “gam e” ( 0 , t )  ends after zero moves w ith 
the  outcom e t.

In some cases it  will be useful to  consider the  effects of adding a dead elem ent to  th e  game. This 
will be called a starred game.

D efin it io n  3 .1 .5 . Let T =  ( X s , f ) .  The game T* is defined as ( X s *, / ) ,  w ith  S* =  <S +  w for some 
arb itra ry  w £ S.  T he game r *  is the  sta rred  varian t of T, and w  is the  ad d ed  e lem en t.

N ote th a t th e  starred  game actually  uses th e  function /  o p r o j^ - ^ jj, as per Definition 2.3.4.

As will be seen later, the  starred  version of a game m ay have a  different outcom e, even though the  
added elem ent is dead. The no tation  can be ite ra ted  to  define T * * =^= (T*)*, though fortunately  
it  will tu rn  ou t th a t  there  will be no need to  do so.

3.2  M oves and P o sitio n s

According to  standard  game terminology, a position specifies all the  necessary inform ation about 
the  s ta tu s  of the  game, and a move leads from one position to  the  next. Set colouring games are 
p e r f e c t  in fo rm a tio n  g a m e s , m eaning no relevant inform ation is hidden from any of the  players.

D e f in itio n  3 .2 .1 . For i\) €  X s , the  sets H(ip) and A(ip) are the  sets o f uncoloured and coloured
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CH APTER 3. S E T  COLOURING GAM ES 21

elements, respectively.

T he p u r if ie d  version of ip is ip === ip \  A(tp).

Observation i: U(ipip') — U(ip') U (U(tp) \  A(ip')),  and  therefore U(ipip') =  U(ip) if and only if 
U(ip') C U(ip) and A(-ip') fl U(ip) =  0 ;

Observation ii: O bservation i also holds w ith Us and  A s interchanged;

Observation Hi: For v  G S  and y  G X :

\u( iPxv )\ =
\U(ip)\ +  l  if ipV y£(j> =  x,
\ U ( i p ) \ - l  if if)v =  (j>^x,
\U(ip) | if ipgei ±  <p ^  x-

Observation iv: U ( i p \  S')  =  (H(ip) 0  5 ')  U (S' \  S) .

Observation v: A(tp \  S')  =  A(ip) 0  S'.

Observation vi: ip G X s  U(ip) =  0  •<=>■ -4.(?A) =  S.

D efin it io n  3 .2 .2 . For V7 F X 5 , a  leg a l m o v e  in ip is a colouring th a t  assigns a pure colour to
exactly one uncoloured elem ent in ip. The set of all legal moves in ip is 97l(ip).

9Jt(^) =  ( J  X v . (3.2.1)

For m =  x v F 9Jl(ip), w rite ipm =^= ipxv ■

Observation i: Wl(ip) C Wl(tps );

Observation ii: DJl(ipip') =  97t(ip) if an(i only if A(ipip') =  A(ip), also see O bservation 3.2 . 1  :i;

Observation Hi: if m G 9Jl(ip) then  ip —> ipm and \U{ipm)\ =  — 1.

D efin it io n  3 .2 .3 . A  p o s it io n  on a  set 5  is a pair p =  (ip, c) where ip G X s  and c G €. The 
com ponent c indicates which player is to  move next. The set of all positions on S  is denoted as IPs.

y s  A 5  x C. (3.2.2)

If ip =  (p3  then  p is an  in it ia l p o s itio n . If ip is a com plete colouring then  p is a final p o sitio n .
The following shorthand  notations are used:

•  W ( p ) ^ % ) ;
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CH APTER 3. S E T  COLOURING GAM ES 22

. | , \ S ' ^ ( A S ' c ) .

•  Pi>' =  W ' , 0  g  ^ 5 ;

•  for p =  (i/>, c) and t  C 1  w rite tp  =  (V1, fc), so th a t  in particu lar — p =  (-0, c);

•  if p =  (̂ >, c) is a final position then  / ( p) =^= f(ip).

D efin it io n  3 .2 .4 . For ip G X s , p =  (4>x) G *Ps, and m G 9ft(p), define p © m  =^= (ipm,c). The
definitions of paren t and child for colourings3 apply sim ilarly to  positions; p —> p' and p' <— p if and
only if p' =  p © m for some m G 9ft(p).

Observation i :  If m =  \ v 6 9Jt(p) and ip ' G X s ~v then  pip ' © m =  (p © m )ip '.

Definition 3.2.4 of course implies the  convention th a t  players take tu rns colouring elements. Note 
the  difference between pip' and p © m: the  former is defined for any colouring ip', whereas th e  la tte r 
is only defined for colourings th a t  represent legal moves and also includes a switch from c to  c.

D efin it io n  3 .2 .5 . A  tr a n s it io n  is a function t : IPs —> fPs such th a t for every p G we have 
p —> t(p) if p is not a final position, and  t(p) =  p otherwise. T he value / (p ,t )  is defined as / ( t fc(p)) 
w ith  k  =  |W(p)|.

Observation i :  |i/(t(p))| =  |W(p)| — 1 if p is not a  final position.

Observation i i :  By induction from O bservation 3.2.5:i, tfc(p) is a final position, so /(p , t) is well 
defined.

Observation in :  If p =  (ip, c) is itself a  final position th en  / ( p, t) =  f(ip).

3.3  S tra teg ies

The expression strategy is often used in an inform al fashion in game play, vaguely referring to  some 
m ore or less well defined plan th a t one of th e  players m ay have in m ind for selecting moves. Yet the  
concept can be defined precisely.

D e f in it io n  3 .3 .1 . A s t r a te g y  is a function 5  : X s  —> Tft((ps ) such th a t for every incomplete ip G X s  
th e  value s (ip) is a legal move in ip. The set of all strategies on S  is denoted as 6 5 .

N ote th a t the  definition of a s tra tegy  does not specify anything about optim al play; it  is sim ply a 
function th a t  re tu rns a legal move whenever asked to  do so. I t  has no notion of which player is to  
move next, its dom ain being X s  ra th e r th an

2T h is m akes ga m e-S A T  a lm ost  an “im partial gam e” -  see Section  7.1.
3 See D efinition 2.2.3.
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D e f in it io n  3 .3 .2 . Let s  £  &s-  The s t r a t e g y  t r a n s i t io n  associated w ith s is th e  transition

A transition  results when there  is only one player playing the  game, using the  specified strategy. 
In a two player gam e the  two players would typically no t choose to  play the  same move in a given 
colouring, so they  will use different strategies. A concept is needed for the  transition  th a t  occurs 
w hen bo th  players use their own strategy.

D e f in i t io n  3 . 3 . 3 .  Let s Mi n , s max £  ©5 be two strategies. The transition  t  =  s MIN * s MAX : iPs —> ^Ps 
is defined as:

then  s MAX is an T-winning stra tegy  for MAX in p.

Observation i: In any position a t m ost one of the  two players can have a T-winning strategy.

3 .4  H om om orph ism s

T he following definitions follow those given by Yamasaki for a different class of games4 [1 0 2 ] .

D e fin itio n  3 .4 .1 . Let T =  ( X s , f )  and T ' =  ( X s  , / ' ) .  A function h : X s  —> X s  is a p seu d o ­
h o m o m o rp h ism  between /  and / '  if /  =  ± f  oh.  T he prefix “pseudo-” m ay be om itted  if /  =  f  oh, 
and replaced by “a n ti-” if /  =  —/ '  o h. For p =  (ip, c) £ iP s, w rite h(p) =  (h(tp), c).

Thus h is a pseudo-hom om orphism  if th e  following diagram  commutes:

S min(V’) i f  c =  MIN;

S max( ^ )  i f  c =  m a x .

D e f in it io n  3 .3 .4 . Let T =  ( X s , f )  and p £ ip,s. If  s M]N £ © 5  has the property

V s e S s  / ( P ,S m in  * s) =  - 1  

then  s MIN is an T w in n in g  s t r a t e g y  for m i n  in p. If s MAX £ © 5  has the  property

V s g S s  f ( p , S * S max) =  +1

B B
±

Informally, h forms a  pseudo-hom om orphism  if th e  value of a complete colouring on S  can be inferred 
from the  value of the  corresponding com plete colouring on S'.  Note th a t the  function h is defined 
on X s  and X s  , bu t the  requirem ent /  =  ± f  o h is only concerned w ith X s  and X s  , being the 
dom ains of /  and / ' .

4 See Section  4 .3
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I p / ( V O h ( i p ) f ' o h { t p )

(  1 \
- ( - » - . + )  

(  _ l \
-

( _  ! _  I + >  + )  
( _  A .  _  _ \

V > j « /  
( - > - + ) -

( “ > + !  > + ) +
v > — 1 /  
( - , + , + ) +

( ~  » + )  + 1  _  ) + (  +  ! _  ! + ) +
( _ ! + >  + J  + )  
(  1 _  _  \

A (  +  > + > + ) +
l  ' ’! ' !  1 )  

(  +  > _ J T ) — ( - - . + ) —

(  +  ! _  > + )  ~ ) + (  +  » - + ) +
(  +  > + !  + ) + (  +  . - . + ) +
(  +  ) + !  _ > _ ) - (  +  » - . “ ) -

(  +  ) + ! “ ! + ) T (  +  , + , + ) +
(  +  ) + !  + 1  ~ ) + (  +  » - » + ) +
(  +  ) + 5  + >  + ) + (  +  , + . + ) +

Table 3.4.1: All possible colourings ip £ B4, showing th a t the  function h from Exam ple 3.4.3 is a 
homomorphism from /  to  / ' .  A bbreviations — and +  are used for the Boolean values —1 and  +1.

D efin it io n  3 .4 .2 . A pseudo-hom om orphism  h is a  p seu d o -im m ersio n  if it is injective, a p se u d o ­
c o n tra ctio n  if it is surjective, and a  p seu d o -iso m o rp h ism  if it is bijective.

Example 3.4.3. Let S  =  Z 4 ,  S'  =  Z 3 ,  and X  =  B, w ith

/  : £  ^  (£ 0  A  £ 2 )  V  (£1  A  £ 2 )  V  (£1  A  £ 3 ) ,

/ ' : ^ ( C o A  £ 1 )  V  ( £ 0 A  £ 2 )  V  ( £ i  A  £ 2 )  

h  '■ £  ^  ( ( £ 0  A  £ 1 )  V  (£ 0  A  £ 2 )  V  (£ 1  A  £ 2 ) ,  £1 A  £ 3 ,  £ 2  V  £ 3 )

for ip € ®4 and ip' £  B3. Table 3.4 lists all possible colourings ip £  B4, from which it  can  be seen
th a t  h is a homomorphism. Note th a t  h is not a contraction since it is no t surjective: the  colourings
(—, —, + )  and (+ , —, + )  are not images of h.

A beneficial property for a hom om orphism  to  have is the  preservation of th e  parent-child relationship 
of colourings.

D efin it io n  3 .4 .4 . L et h : X s  -> X s  be a pseudo-hom om orphism . Then h is g e n e r a tio n  pre­
serv in g  if

ip' <— ip h(ip') <— h(ip)

for every ip £ X s .

L em m a 3 .4 .5 . Let h : X s  —* X s  be a generation preserving pseudo-hom om orphism , and let 
ip £ X s . T hen ip is a  complete colouring if h(ip) is a com plete colouring. If h is surjective then  h(tp) 
is a com plete colouring if ip is a com plete colouring.

Corollary i: If h is surjective, then  \U{ip)\ =  \U(h(ip))\.
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Proof. If ip is not a com plete colouring then there exists ip' <— ip, and then  h(ip) is not a com plete 
colouring since h(ip') <— h(ip). If h is surjective then the reverse holds as well, since any child o f h(ip) 
m ust be of the form h(ip') for som e ip' G X s . The corollary then follows by induction on \U(ip)\, 
w ith  the base case being the com plete colourings. □

3.5 C om p lex ity

Several gam es on propositional formulas were proved to  be PSPACE-complete by Schaefer [88]. This 
includes the gam e that Schaefer calls Gw(PO S C N F), which is equivalent to  isotone GAME-SAT. 
Thus GAME-SAT is PSPACE-complete even when restricted to  isotone functions. On the other hand  
GAME-SAT is in PSPACE since it can be solved by a backtracking tree search algorithm  whose space 
requirements are linear in the number o f variables. Therefore GAME-SAT m ust be PSPACE-complete 
in the general case as well.

T he first specific gam e that was proved to  be PSPACE-complete was generalized H ex5 by Even and 
Tarjan [29]. T hey observe th a t “any gam e w ith  a sufficiently rich structure” will probably fall into  
th is class. Informally, w hat makes a PSPACE-complete problem likely more difficult than an NP- 
com plete problem is that verifying a solution to  a PSPACE-complete problem  is essentially  as much 
work as solving the problem in the first place. Thus m ost gam es, as opposed to  m ost puzzles, likely  
do not lie in NP.

In set colouring gam es as defined in this chapter it is illegal to  “uncolour” or re-colour an item . If 
th is restriction were removed, the length of the gam e would no longer be bounded by |<S| or even  
|«S| ■ [A |.  T his would make a crucial difference, as shown by Stockm eyer and Chandra w ho proved 
certain gam es o f th is kind are EXPTlME-complete [97]. Thus these gam es are in som e sense much 
harder still. Some com m only played gam es, including chess and checkers, fall into th is class when  
generalized to  arbitrary board sizes [31, 86]. Puzzles whose solution lengths are not polynom ially  
bounded suffer a similar fate o f being in a harder class than their counterparts w ith  bounded solution  
lengths; for instance, Sokoban is not in NP but is PSPACE-complete [25].

5See Section  4.5.
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Chapter 4

Related Games

Several classes of previously studied games are special cases of set colouring games. The game itself 
can be generalized even further to  range over some ordered set larger th an  B; for instance, draws 
can be included by using the  range T  for the  outcom e. All of th e  theorem s of C hap ter 3 still hold 
for such m u lti-v a lu ed  se t  co lo u r in g  gam es. However, as will be discussed in Section 4.8, there  
really is no need to  have more th an  two possible outcomes.

Since one of the m ain m otivations behind th is thesis is th e  game of Hex, th is chapter will concentrate 
on a series of specializations of set colouring games th a t  culm inate in Hex.

4.1  Q B F

T he Q u an tified  B o o le a n  F orm ula  ( q b f ) problem  involves a Boolean form ula preceded by quan­
tifiers, for instance:

3y>0 31/)2V.03... 3 [/(VO =  +1]

for given /  : Bfe —> B. Any quantified form ula can be represented in QBF form by first transform ing 
it in to  p ren ex  form, which m eans th a t  all th e  quantifiers axe at the  front. This can be done 
in polynomial tim e [27]. T he quantifiers can then  be m ade to  a lternate  between existential and 
universal by inserting a quantifier w ith a dum m y variable between each pair of non-alternating  
quantifiers.

Q b f is the canonical PSPACE-complete problem  [37]. A ny QBF formula can be turned into an 
equivalent unquantified Boolean formula, since 3x [f(ip*xv)] =  f(ip*Tv)\/f('ip*Fv ) and Vx[/(V’*Xt0] — 
f ( ' ip*Tv ) A f(ip*Fv). Thus QBFs are not more expressive than regular SAT, but in m any cases the  
representation is more econom ical, as each quantifier tends to  double the number o f clauses. This 
can cause the s a t  expression to  becom e exponentially  longer, causing the shift from NP-completeness 
to  PSPACE-completeness as solutions can no longer be verified in polynom ial tim e.

26
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M uch atten tion  has trad itionally  been given to  s a t  solvers in th e  AI community, bu t recent years 
have seen an increasing in terest in q b f  solvers.1 C om petitions for Q BF solvers now exist, m uch like 
th e  SAT solver com petitions [87].

4.2 Game-SAT

G a m e-SA T  is equivalent to  set colouring games of th e  form (Tn , / ) .  Gam es on Boolean functions 
or propositional formulas were studied by Schaefer [88] and Stockmeyer and C handra  [97], who 
obtained com plexity results for several classes of games. In  Artificial Intelligence, GAME-SAT was 
introduced by Zhao and M uller [107] in  the  context of expressing dependencies between subgoals in 
planning for th e  game of Go.

G am e-S A T  has obvious sim ilarities w ith  q b f ,  as the latter can be seen as a gam e where m ax  
assigns the elem ents tied  to universal quantifiers, and MIN assigns the elem ents tied to  existential 
quantifiers. T he difference w ith  GAME-SAT is that the Q BF players are not free to  choose which  
elem ent to  colour next. Since both gam es are PSPACE-complete there m ust exist polynom ial-tim e  
reductions between them , though no specific reduction has yet been dem onstrated. To encode n x n  
Hex in Q BF form, one could use th e expression Vmi3 m2Vm3 . . .  / ( m i ,  m2 , . . . )  where th e m.t represent 
the moves, but as each m ove involves a choice between 0 ( n 2) cells it needs 0 ( lo g  n) binary variables 
to  encode. Furthermore it com plicates the outcom e function, which needs to  “reconstruct” th e board  
position from th e binary encodings o f the moves. T he increase in representation size is sublinear, 
but the GAME-SAT representation is considerably more econom ical in practice.

The existing Q BF com petitions all concentrate on solving Q BF problems, which in game term s 
am ounts to  “ultra-w eakly solving” a game, nam ely determ ining th e  player who has a w inning s tra t­
egy from the  opening position. A harder problem  in game theory  is “weakly solving” a game, which 
involves determ ining an explicit w inning stra tegy  from the  opening position, or even “strongly solv­
ing” a game, which m eans being able to  find correct moves from any position. W hen none of these 
are feasible w ith realistic resources, then  th e  problem  becomes heuristic: How to  play well when one 
cannot play perfectly. S tandard  QBF com petitions do not address these gam e-perspective issues.

4.3  D iv is io n  G am es

The class of d iv is io n  g a m e s  was introduced by Yamasaki [102], Division games are essentially 
equivalent to  GAME-SAT w ith the  ex tra  requirem ent th a t  MAX may only assign the  value + 1  to  
elements, and MIN m ay only assign the  value -1. In such a case it  makes sense to  speak of a  player 
“owning” or “occupying” a  element. I t  then  also makes sense to  speak of increasing elem ents as 
“regular” , and of decreasing elements as “misere” elements, indicating respectively th a t  one prefers 
to  own or disown them .

1 See Section 11.4.
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If there are no misere elem ents, a division game is ju s t an isotone GAME-SAT instance, and vice 
versa. If however there  are misere elements, the  game is radically different. Yamasaki further 
expanded his theory  to  allow games in which th e  players do not simply a lte rna te  moves, b u t get to  
play moves according to  a  predefined “schedule” . See Section 4.8 for a discussion on these topics.

4 .4  C oalition  G am es

A  special case o f  division gam es and GAME-SAT is the coalition gam e, where there is a specified  
list o f subsets o f the variables. Player MAX tries to  occupy all the elem ents o f at least one o f the  
subsets. Player m in , therefore, tries to  occupy at least one elem ent in every subset. These gam es 
were described in Section 2.4. Each coalition gam e w ith  scoring function COAL (.A, { t r u e } )  has a 
dual representation w ith  scoring function C 0 A L (A ',  { f a l s e } ) ,  and by Theorem  2.4.4 any coalition  
function is an isotone Boolean function and vice versa. Thus all theorem s for isotone set colouring 
gam es apply.

4.5  Shannon  S w itch in g  G am es

The Shannon switching game is played on any finite graph Q w ith  two distinguished vertices. The 
distinguished vertices are called term in a ls . T he two players take tu rns colouring the  edges of the  
graph w ith two colours, say blue and red. The goal for M AX is to  connect the  term inals w ith a blue 
pa th . The goal for MIN is to  avoid this. In Shannon switching games, the  players m a x  and MIN are 
often referred to  as “Short” and “C u t” .

This game is a coalition game, played on £(G) where a subset of £{G) is a  coalition if and only if it 
contains an in ter-term inal path . I t is therefore an isotone GAME-SAT instance. A  polynom ial-tim e 
algorithm  for recognizing winning and losing positions was discovered by Lehm an [62], generalizing an 
earlier solution found by Oliver Gross for the  game B rid g -It which was in troduced by Gale [33, 35].

The Shannon sw itching gam e can be m odified by requiring the players to  colour the graph’s vertices 
rather than its edges. T he vertex colouring gam e is in some respects more interesting. Edge colouring  
is indeed a special case o f vertex colouring, as playing th e edge colouring gam e on a graph G is 
equivalent to  playing th e vertex colouring gam e on G'a line graph. Moreover, the vertex colouring  
gam e is likely fundam entally more com plex, as it has been shown to  be PSPACE-complete [29]. 
Unless otherwise specified, in the remainder o f the tex t the S h an n on  g a m e shall refer to  the vertex  
colouring game.

By convention, in the  Shannon game the  two term inal vertices shall be coloured blue before the  game 
sta rts , to  remove any confusion. T he in tern a l vertices are all the  non-term inal ones. The winning 
condition can equivalently be sta ted  as saying th a t Short wins if the  term inals are adjacent after 
contracting all blue in ternal vertices, and C ut wins if the  term inals are disconnected after removing 
all red vertices.
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Figure 4.1: E m pty  Y -board (left), and a win for Black (left).

F igure 4.2: C oordinate num bering for Y  boards.

T his game is an isotone GAME-SAT instance. As will be discussed in Section 5.2, any sensible 
players will only w ant to  use the ir own colours, so the  rules need not specify th is restriction. In the  
coalition form ulation of the  game the  coalitions are th e  vertex sets th a t connect the  term inals. In 
the  dual representation of the  game th e  coalitions are the cut sets th a t disconnect th e  term inals.

4.6  G am e o f  Y

The game of Y  was introduced by M ilnor and Shannon [71, 34] and independently  Schensted [91] in 
the  early 1950s. A Y  board consists of a triangular configuration of hexagons. Players take tu rns 
colouring th e  hexagons. W hite’s goal is to  construct a w hite chain th a t touches all th ree sides of the 
board. Black’s goal is to  achieve th e  same w ith  a black chain. Figure 4.1 shows an em pty Y  board, 
and a Y board containing a w inning chain for Black.

Let Yn represent th e  n-sided Y board, so th a t |Yn | =  ^n(n  +  1), w ith elem ents num bered as in 
Figure 4.2. This system  uses three redundant indices (x , y , z ) w ith  x +  y +  z  =  n — 1; each index 
encodes the  distance to  one of the  three edges of th e  board .2 The distance between the  cells (a:, y, z)  
and {x' ,y' , z' )  is | ( |x  — x'\ +  |y — y'\ +  \z — z'\). The corresponding scoring function for Yn is 
/y n : BY" —» B which is defined on all com plete colourings of Yri.

2T hese ind ices start w ith  0, contrary to  th e  coord inates on a  H ex board. T h e reason for th is  is related  to  practical 
im plem entation  m atters: th e  rows and colum ns 0 and n + 1  on Xn are reserved for the  border pieces (see Section  2.6). 
On Yn th is is not necessary as th e  borders are not associated  w ith  th e  players.
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Figure 4.3: A chain of Y reductions.

T he game of Y  shares the  property  of Hex th a t  any com pletely coloured board  will contain a winning 
group for exactly  one of th e  players, b u t no t bo th . A rem arkable proof of th is assertion is based on 
an observation by Schensted, and given previously in [48]. Consider the  function h : BYn —» BYn~1 
defined as follows:

^ (V O  • Vi  z )  1 * ( l f t x + l , y , z  A  t ^ x ,y + l ,z )  V  ( t A + 1  ,y ,z  A  1p x . y . z  + 1 ) V  { l p x , y + l , z  A  1p x , y , z + 1 )

for ip E BYn. Inform ally th is  m eans th a t  the value of h(ip)XtV>z is the “m ajority  vote” of the  three 
“surrounding” elem ents in ip. This function is called the  Y  re d u c t io n . Figure 4.3 shows a  chain of 
such Y  reductions, ending w ith a position o n Y j.

Y  reduction is a  contraction from f y n  to  in o ther words,

h n ( l p )  =  + 1  f Y n - l ( h ( l p ) )  =  + 1 .

To p r o v e  ‘= > ’, l e t  ((Xo, yo, Z q ) ,  (x i, j/i, z \ ) , . . . , (x k - i ,  2/fc-i, z k - i ) )  b e  a  s e q u e n c e  o f  c o o r d i n a t e s  t h a t  
e n c o d e s  a  w i n n i n g  c h a i n  f o r  MAX, so  t h a t :

!• z k [ip(xi,yi,Zi) =  + l ] ;

2. 3 iezk \xi — 0] and 3 i ezk[yi =  0] and 3iez k[zi =  0];

i [2 (l*̂h ^i+l | 3“ |Vi Vi+1 j T I %i-{-11) lj •

In o ther words, th e  chain belongs to  MAX, touches all th ree  sides, and is connected. Now pu t 
ip' =  h(ip) and (x ', y ', z ')  =  (m in[xj, x i+i], min[j/i, j/i+i], m in ^ i, zi+1}) for all i e  Z k- i -  Then it can 
be verified th a t:

1. For all i E Zjt_i we have tp'(xi,yi,  zP) =  +1 since bo th  ( x j , ^ , ^ )  and (xi+ i, yi+ \, z i+ i)  are 
am ong the  th ree “surrounding” elem ents in ip\

2. take the  first index i for which x.L =  0, then  x ' =  ruin[x,, x I+ i] =  0, and similarly 3 jeZk_, [y' =  0] 
and 3i e z =  0];

3. since x ' , x '+1 E {xi+J -  l , x i+ i} we have |x ' -  x '+1| ^  1 so th a t | ( |x '  -  x '+1| +  |y ' -  y '+1| +
|z\ — z'i+11) ^  |  which m eans the  distance between (x ',y - ,z -)  and (x'i+1,y'i+1, z'i+1) m ust be a t 
m ost equal to  1.

Therefore ((xq, y'0, z'0), (x j, y[,  z [ ) , . . . ,  {x'k_ 2, y'k_ 2, z 'k-2)) *s a winning chain for MAX as well.
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Figure 4.4: The seven sym m etrically d istinct p a tte rn s th a t  yield two connected black cells after Y 
reduction.

F igure 4.5: Dual representations of 5 x 5 Hex as a Shannon game, w ith W hite (middle) or Black 
(right) playing the role of Short.

This suffices to  prove th a t  at most  one player can have a winning chain on Yn , since player c has a 
winning chain on Y i if c has a winning chain on Yn . To prove th a t h is a proper contraction, and 
th a t  therefore exactly one player has a winning chain on Yn , it  suffices to  show additionally  th a t  
f v n (V'O =  +1 < =  /Y n-iW V O ) =  +1- Consider two consecutive elem ents from a winning chain for 
c on Yn_ i. These correspond to  two touching triangles on Yn , each of which contains a t least two 
cells belonging to  c. An enum eration of cases shows th a t these two triangles m ust form one of the  
p a tte rn s shown in Figure 4.4, containing one single connected group belonging to  c. T hus the entire 
c-chain on Yn_ i m ust correspond to  a connected c-chain on Y„. Each cell in the  chain on Y „_i th a t 
touches one of th e  sides corresponds to  a triangle on Yn th a t  touches th e  same side, and since at 
least two of the  cells in th a t triangle belong to  c, a t least one of those c-cells touches the  sam e side. 
Therefore the  c-chain on Y„ also touches all th ree  sides, and is a winning chain for c.

4 .7  H ex

Hex can be represented b o th  as a Shannon game as well as a  Y  game. Figure 4.5 displays two 
alternative representations of 5 x 5 Hex as a  Shannon game. Both graphs are created  from the 
adjacency graph of the  Hex board cells, w ith  the  addition of two term inal vertices labelled ‘T ’. Any 
p a th  th a t connects the  two term inals m ust contain a  neighbour of each term inal, and as can be seen 
in Figure 4.5 the term inal neighbours are exactly the  groups of cells th a t  are to  be connected by 
W hite, in the  middle diagram , or Black, in the  right diagram . This m ethod can be used in general 
to  generate a Shannon game graph for any game where one player tries to  connect two specified 
groups of cells or vertices.

Schensted pointed out th a t Hex is also a special case of the game of Y  because a Y position can be
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Figure 4.6: R epresentation of 5 x 5 Hex as a size-9 Y  game.

set up in which each player wins the  Y  game by w inning th e  Hex game in the  em pty  region, and 
vice versa [91]. Figure 4.6 shows such a position.3 If W hite were to  connect th e  two “Hex borders” 
in the interior region, th e  connecting chain would touch the  lower left edge of th e  Y  board , as well 
as the  upper right group of W hite stones, through which it  would touch th e  o ther two edges of the  
Y  board. T he dual argum ent applies to  Black, and so th e  w inner of the  Hex gam e equals the  w inner 
of the  Y game.

4 .8  L im ita tion s o f S et C olouring G am es

W hereas set colouring games form a general class modelling a variety of games, there  are classes of 
games th a t are quite sim ilar yet violate certain  set colouring game rules. Some of these games can still 
be modelled as set colouring games, or possibly m ulti-valued set colouring games, by straightforw ard 
transform ations. In o ther cases the  n a tu re  of th e  gam e changes too  drastically  for th is to  be possible.

U nd oing or Skipping M oves

Allowing players to  skip a  move alters the  stra tegy  of th e  game. However, a  skip-legal gam e may 
still be modelled as a  set colouring gam e by adding a  su itab ly  large num ber of dead elem ents to  the  
game. Indeed, according to  Theorem  5.4.2, adding one dead elem ent suffices.

As m entioned in Section 3.5, allowing players to  “uncolour” an element, or colour an already coloured 
element, a lters the  natu re  of th e  game in such a fundam ental m anner th a t  th e  game is generally not 
even in th e  sam e com plexity class anymore. Therefore such games cannot be modelled using the 
definitions in th is thesis.

3Schensted uses a  sligh tly  different diagram , containing on ly  th e  p ieces im m ediately  adjacent to  th e  “H ex region” . 
T h is is equivalent to  th e  Y  position  in Figure 4 .6 since th e  extra  p ieces near th e  corners o f  th e  Y  board are dead.
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R estr ic ted  M oves

Players may be restricted  in the ir choice of elem ent to  colour. The subset of elements th a t a  player 
is allowed to  assign m ay be fixed throughout the  game, or may depend on th e  position in some way. 
Exam ples of th e  la tte r  case are connect-four, where no move m ay have an em pty cell underneath  
it, and  renju, w here th e  first player is forbidden to  form certain  patterns. A nother exam ple is the 
q b f  problem  itself, where the  order of assignm ent of the  elem ents is specified in advance; th is is 
im plicitly a  position-dependent elem ent choice since th e  next element to  be assigned can be deduced 
from the position.

R estr ic ted  C olours

A part from the  choice of elem ent, there may be restrictions on the  colour to  assign to  it. If these 
restrictions are independent of the  position and the  player, then  the game can still be modelled as 
a  set colouring game. Say th a t  each elem ent v  has its own colouring dom ain X v , then  a regular 
set colouring game can be constructed w ith X  =  F°r each v  pick a representing colour
Xv G X v; th e  outcom e of a com plete colouring ip is then  obtained by replacing ipv by whenever 
ipv X v . The resulting game m eets th e  specifications of set colouring games, and exhibits identical 
strategic behaviour.

T he m ost common case of colour restriction  is where players m ust use th e ir “own” colour; in g a m e -  
SA T term s th is m eans th a t  MAX m ay only assign the  value TRUE and MIN m ay only assign th e  value 
FALSE. This makes no strategic difference if the  game is played on an isotone function, since it would 
be irrational to  do otherwise even if it were allowed. However, if the  function is not isotone then  
th is  restriction fundam entally  alters the  na tu re  of the  game.

For instance, in th e  gam e of “misere Hex” the usual goals for the  players are reversed. This is not the 
sam e as negating th e  outcom e function, as th a t  would m erely achieve a switching of roles between 
th e  two players. I t  is known th a t  misere Hex is a  loss for th e  last player to  move; in o ther words, it 
is a win for the  first player to  move if and only if the  board  size is even [59]. This m eans th a t  the  
correct stra tegy  for playing misere Hex is not merely to  play moves th a t  would lose in regular Hex, 
since opening positions on odd-sized boards larger th an  l x l  contain losing moves in regular Hex 
b u t no winning moves in misere Hex. Indeed the s tra tegy  for misere Hex is radically different.

W h a t  d i f f e r e n t i a t e s  t h e s e  g a m e s  f r o m  s e t  c o l o u r i n g  g a m e s  is  t h a t  t h e y  a r e  p a r t iz a n  g a m e s , a s  
o p p o s e d  t o  im p a r t i a l  g a m e s . In a n  i m p a r t i a l  g a m e  b o t h  p l a y e r s  h a v e  t h e  s a m e  m o v e s  t o  c h o o s e  
f r o m ,  w h i c h  i n  t e r m s  o f  s e t  c o l o u r i n g  g a m e s  t r a n s l a t e s  i n t o  p o s i t i o n  (ip, c) h a v i n g  t h e  s a m e  c h i l d r e n  
a s  (ip, c). In  a  p a r t i z a n  g a m e  t h i s  is  n o t  t h e  c a s e .  S c h a e f e r  r e m a r k s  t h a t  i t  t e n d s  t o  b e  m u c h  e a s i e r  
t o  p r o v e  P S P A C E - c o m p le te n e s s  f o r  a n  i m p a r t i a l  g a m e  t h a n  f o r  a  s i m i l a r  p a r t i z a n  g a m e  [88].
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M u ltip le  O utcom es

M any commonly played games do not feature com peting Boolean goals, b u t a scoring function. Such 
a game is a  m u lt i-v a lu e d  g am e . T he set of possible outcom es m ust be to ta lly  ordered in order to  
make sense of optim al play, for if there  were two incom parable outcomes it would be undefined w hat 
a  player should do when faced w ith a choice between those two outcomes. In troducing an additional 
rule to  guide such decisions am ounts to  im posing an ordering after all.

A m ulti-valued game is z e ro -s u m  if the  outcom e for one player is always exactly the  negative of 
th e  outcom e for the  o ther player. M ore generally one can have a c o n s ta n t  s u m  game, or simply 
any game in which the players have the  exact opposite ordering of preference of outcom es. In  all 
of these cases, m aximizing one’s outcom e is equivalent to  minimizing the  opponent’s outcome. Any 
m ulti-valued zero-sum set colouring game can be studied as a series of two-valued set colouring 
games, since for any possible outcom e t  one m ay ask the  Boolean question w hether or no t MAX can 
achieve a t least t.

A m biguous F inal P osition s

Instead  of using a m ulti-valued scoring function, m any o ther commonly played games are defined in 
term s of two goals, one for each player. This is the  case in the  trad itional form ulation of Hex. It 
m ay then  tu rn  out, as it does in Hex, th a t  the  two goals are exactly each o ther’s negation. In o ther 
games, however, it may be possible th a t  neither goal ends up being fulfilled, or th a t  b o th  goals are. 
T he n a tu ra l convention when neither goal is fulfilled is to  declare the  game a draw. If th is possibility 
exists then  the  game is a m ulti-valued set colouring game where the outcom e function ranges over 
T, and can therefore be studied using the  m ethods for Boolean set colouring games.

If it is possible th a t  b o th  goals are fulfilled, the  w inner traditionally  is the  first  player to  do so. 
Such a ra c e  g a m e  cannot be modelled as a set colouring game or even a  m ulti-valued set colouring 
game, since the  w inner of the  game cannot be determ ined from the gam e’s final position when 
play continues until all elements are coloured. Well-known examples are n-in-a-row games such as 
tic-tac-toe, go-moku, and qubic.

N on -A ltern atin g  Turns

In all games described thus far, the  two players a lternate  tu rns. Commonly played games rarely 
violate th is principle. Some results are informally known for e q u a liz e d  H e x , where th e  first player 
plays one piece as the  opening move and thereafter bo th  players play two pieces on each subsequent 
tu rn . This game was shown to  be a first player win on the  5 x 5  board  by Bush, Heuer, and 
H uddleston [21]. In the  class of d iv is io n  g a m e s , in troduced and described by Yamasaki [102], 
there is a predeterm ined bu t not necessarily a lternating  order of tu rns. This order is a vector 
w  € C" where w,t indicates the  player to  move a t tu rn  i. Yam asaki’s key theorem  sta tes th a t  th e  last 
player to  move in  order w  is a t least as well off in th e  game w ith order w'  when w ' =  w i+ { (mod ny
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This implies the  first-player-win property  of Hex. Y am asaki’s definition of division games also differs 
from set colouring games in th a t  players are forced to  use only the ir own colour.

A lternatively, the  order m ay be determ ined stochastically, as in co in flip  H e x  where each move is 
preceded by a coin toss to  appoint the  next player to  move. Peres et al proved th a t  the  probability  
of winning such a  coinflip coalition game w ith optim al play is equal to  th e  probability  of w inning the  
corresponding a lternating  tu rn  game when playing random ly [78]. O ptim al moves for such games 
can be approxim ated by random  sam pling. This result is closely connected to  th e  M onte Carlo 
evaluation m ethods to  be described in Section 12.5. In coinflip coalition games th e  optim al elem ent 
to  colour is always the same for bo th  players.

The definition of the  m inim ax function can be modified to  fit b o th  non-alternating  tu rn  games and 
stochastic tu rn  games in a straightforw ard m anner. T he resulting stra tegy  can be radically  different 
from the stra tegy  in th e  a lternating  tu rn  variant, as is the  case for equalized Hex and coinflip Hex.
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Chapter 5

M inim ax Values

Section 3.3 defined strategies and the criteria for a w inning strategy. A  strategy is said to  be 
optim al if it guarantees the best possible result against any strategy chosen by the opponent. T his  
best possible result is the g a m e  t h e o r e t ic a l  v a lu e  o f a gam e, and it can be com puted recursively  
using the m inim ax function.

5.1 T h e M in im ax  F unction

In  Definition 3.2.3, Boolean functions on X s  were extended to  Boolean functions on final positions in 
X s  x €.  These functions can be fu rther extended to  all of X s  x €, representing the  best outcom e th a t 
each player can guarantee against any possible stra tegy  by the  opponent. The following recursive 
definition corresponds to  th e  standard  definition in game theory.

D e f in it io n  5 .1 .1 . Let ( X s , / )  be a set colouring game and p =  (tp, c) £ iPs. The m in im a x  v a lu e  
M N X ( / ; p )  is defined as:

{ f(ip)  if P is a final position,
m in€_ p [m n x ( / ;  0 ]  if c =  m i n ,

m ax j^p  [m n x ( / ;  £)] if c — m a x .

For T  =  ( X s , f )  the  no tation  M N X (r ;p )  refers to  M N x ( / ; p ) ,  and m n x ( F ; c) is shorthand  for the 
value M NX(T; <p>S , c).

T he m inim ax value is uniquely determ ined for each position, and displays the  properties listed in 
the  following theorem :

T h e o re m  5 .1 .2 . Let ( X s , f )  and ( X s , / ' )  be two set colouring games, and let p =  (ip, c) £ tPs- 
Then:

36
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min m ax / ( p , s MIN * 5 max) =  m ax min
SminGGs flMAxee5 L yJ Sma x€©5 Smin€Gs

i. If V t> 4 /(V > * ) ^  f'(ip*)\ th en  M N X ( / ; p )  ^  M N x ( / ' ; p ) ;  

ii. If Vy,*>^ [f(tp) ^  f] for some t e l ,  then  M N X ( / ; p )  ^  t.

These assertions of course also hold w ith <  or =  substitu ted  for

T he m in im a x  th e o r e m  [73] sta tes th a t

/ ( P i  S M|N *  S m a x )

which m eans th a t  the  m inim ax value of a position is the  best outcom e th a t  each player can guarantee 
against any possible opposing strategy.

D efin it io n  5 .1 .3 . Let ( X s , / )  be a set colouring game and  p =  (tp, c) 6  fPs- The n eg a m a x  va lu e  
of p is defined as N G x ( / ; p )  =^= A(c) ■ M N X ( / ; p ) .  T he notations NG X( T; p )  and N G X ( r ; c )  are used 
analogously to  M N X ( r ; p )  and M N X ( F ; c).

Observation i: N G X ( / ; p )  =  m a x ^ p [—N G X (/ ;  £)]  =  — m i n ^ p [n g x ( / ;  £ ) ] .

Observation ii: If QJl(p) ^  0  t h e n  N G X ( / ; p )  =  + 1  <=> 3m€3;Ti(p) [ n g x ( / ; P  © m ) =  — l] .  

Observation Hi: If 9Jl(p )  A  0  t h e n  N G x ( / ; p )  =  —1 Vm€OT(p) [ n g x ( / ; P  ©  m) =  + l ] .

Observation iv: N G x ( / ; p )  ^  —N G X ( / ; p  © m) for a n y  m E 2H (p) .

Informally, the  m inim ax function answers the  question “can MAX force a win?” and the  negam ax 
function answers the  question “can the next player to  move force a w in?” The two functions lead 
to  th e  following concepts:

D e fin it io n  5 .1 .4 . Let T =  ( X s , f ) ,  p £ iPs, and m € 2K(p).

•  W in n in g: m is T-winning in p if N G X ( / ; p  © m) =  —1. The set of T-winning moves in p is
denoted 9 J t p ( p ) .

•  Losing: m is T-losing in p if N G X ( / ; p  © m ) — +1. The set of T-losing moves in p is denoted
a ji-(p ) .

•  O p tim a l:  m  is T-optim al in p  if M N x ( / ; p © m )  =  M N X ( / ; p ) .  The set of T-optim al moves in p 
is denoted 9 J tp (p ) .

•  A stra tegy  s is L-optim al for player c if s(tp) E Tl^(tp, c) for every tp £ X s .

W ith  these definitions, the  following properties are easily verified for any non-final position p  £ tp .s  
and any move m  £ 9Jl(p):

•  m  £  9K p(p)  < = >  N G X ( / ;  p )  =  - N G x ( / ;  p ©  m);

•  9Jlp(p) and SOTf (p )  form a partition  of 9H (p);
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positive negative regular misere
T R U E F A L SE Co

Co v  Ci Co a  Cl Co =  Ci , n  odd £0  =  Ci, n even
Co V  (Ci A  £ 2 )

Co A  ( £ 1  V  £2 )

Table 5.1.1: Exam ples of set colouring games (T” , / )  classified according to  Definition 5.1.5; entries 
represent /  : £ i—> . . .  for suitably  large n.

•  N G X ( / ;  p) =  + 1  (p) =  911+(p) ^  0 ;

•  n g x ( / ; p )  =  - i  ««=> a n ? ( p )  =  a « r ( p )  =  aw (p)  < = *  ® t + ( p )  =  0 ;

.  a w ?(p )  ^  0 ;

By definition, when bo th  players only play optim al moves starting  in p, then  the  outcom e of the 
game is M NX(/;p). O ptim al play im plicitly assumes th a t  the  opponent is also playing optimally. 
An optim al s tra tegy  cannot be exploited, b u t it cannot itself exploit fallible opponents either [15]. 
If the  opponent is fallible then  optim al play guarantees an outcom e a t least as desirable as the  
optim al outcom e, though not necessarily th e  best outcom e th a t  can be achieved against the  particu lar 
opponent in question. To optim ize th e  expected result against a non-optim al opponent a model is 
needed to  approxim ate the  opponen t’s behaviour [53].

D efin it io n  5 .1 .5 . Let T =  ( X s , f ) .  A position p £ fp,s is a  w in  in T if NGx(T;p) =  + 1 , and a loss  
otherwise. For a  colouring ip £ X s :

ip is if for every c £  £  
reg u la r  n g x ( T ;ip , c) =  +1
m isere  N G x ( T ; ip, c) =  —1

p o s it iv e  m n x ( T ; ^ , c )  — +1
n e g a tiv e  MNX(r\ip , c) =  —1

Each colouring belongs to  exactly one of these four categories. The same term inology is applied to  
T itself by tak ing  ip — cps .

Some examples are listed in Table 5.1.1.

5.2 R a tio n a l M oves

In some cases one of th e  players, or bo th , may have a  clear preference which colour to  assign to  
a certain  elem ent, regardless of th e  rest of th e  position. This will lead to  the  notion of “optim al 
colourings” and “rational moves” , which will eventually be extended to  sets of elem ents and to  
“superrational play” in C hap ter 8 .
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D efin it io n  5 .2 .1 . Let T — { X s , f ) ,  v  G S,  and tn , m+ G 9Jt(v). If f(ip* m+ ) >  /(V ’*m ) f°r &U 
ip* G X s , then  m+ is p referab le  to  m~ for m a x ,  and m “  is preferable to  m + for m in .

Observation i: Let X  be ordered and let x~>X+ G X  w ith  y + ^  x ~ ■ Then ( x + )v is preferable
to  (y - )1' f°r MAX if /  is increasing in v, and for MIN if /  is decreasing in v.

Preferable colourings are so called because they  do lead to  comparisons where one position is prefer­
able to  another for one of the  players.

T h eo rem  5 .2 .2 . Let T =  { X s , f ) ,  p G iP s, and v G S.  Let m _ , m +  £  9Jl(w) w ith m +  preferable to  
m “  for m a x .  T hen M N x ( / ; p m + ) ^  M N x ( / ; p m “ ).

Corollary i: If v G U{p )  then  m n x ( / ;  p ®  m + ) ^  m n x ( / ;  p ® m ~ ) .

Corollary ii: If v  is dead in /  th en  M N X ( / ; p m /) is constan t for every m '  G 9Jt(v).

Prom  th is  we get th e  definition of a rational move.

D e fin itio n  5 .2 .3 . Let T =  { X s , f ) ,  p  — {ip, c) G iPs, c G £, and m =  x v £ If m is preferable
for c to  every m' G 9Jl(v), then  m is ra tio n a l for c and irra tion a l for c.

Observation i: Elem ent v is dead in /  if and only if any move in Wl(v) is ra tional for bo th  
players.

Observation ii: Let X  be ordered, then  T" is ra tional for MAX and t’" is ra tional for MIN if /  
is increasing in v,  and vice versa if  /  is decreasing in v.

W ith  th is terminology, Theorem  5.2.2 sta tes th a t any ra tional move x v is &f least as good as any 
o ther move in v, and any irrational move in v  is a t m ost as good as any other move in v. I t  is 
possible th a t  v  has a ra tional move for one player b u t not for th e  o ther player, b u t th is  can only 
happen  if v  is nonm onotone and X  >  2.

A stronger sta tem ent th a n  Theorem  5.2.2 can be made: Any rational move is not only preferable to  
an  irra tional move in the  sam e elem ent, bu t in fact preferable to  any irrational move.

T h eo rem  5 .2 .4 . Let T =  { X s , f ) ,  p =  (ip,c) G fPs, and t n + , m _  G 971(5). If m +  is ra tional for 
MAX and m _  is rational for MIN then  M N X ( / ; p t n + ) >  M N X ( / ; p m ~ ) .

Corollary i: M N x ( / ; p  ® m+ ) ^  M N X ( / ; p  ffim- ).

One piece of advice to  be obtained from th is  is th a t  any ra tional move is b e tte r  th a n  a dead move, 
and a dead move is b e tte r th an  any irrational move:

T h eo rem  5 .2 .5 . Let T =  { X s , f )  and p  =  {ip, c) G iPs- Let m , x w £ 9Jl(p) where w  is dead 
in / .  If m  is ra tional for c then  N G X ( / ; p  © m ) <  N G X ( / ; p  ® x w)■ If ni is irra tional for c then  
n g x ( / ;  p ©  m )  ^  n g x ( / ;  p ©  X w )
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Prom this, conclude th a t  the  existence of one T-optim al dead move implies th a t  all ra tional moves 
are T-optim al, and th a t  there  can be no T-winning dead move if there is no T-winning rational move. 
T his m eans th a t  if the  live ra tional moves have all been found to  be losses, then  th e  dead moves do 
no t need to  be checked for they  are guaranteed to  lose as well.

One may now conjecture a theorem  to  th e  effect th a t  rational moves are always a t least as good as 
moves in non-m onotone elements; in o ther words, “defer com m itm ents as long as possible” . This is 
however not  tru e  in general. For instance, in the  game (T5,£  >—> (£ 0 =  (£1 V £2) )  A (£3 V £ 4 ) )  w ith 
MAX to  move first, the  only rational moves are and T f ,r>I b u t the only winning moves are T ^ ,  

F {1 } ,  and F { 2 } .

T he detection of rational moves is in general NP-hard. T he reason is th a t  an elem ent is dead if and 
only if any move in th e  elem ent is ra tional for bo th  players, so any polynom ial-tim e m ethod for 
detecting ra tional moves would also detect dead elem ents in polynom ial tim e. However, as will be 
described in Section 13.1, detecting dead elem ents is NP-complete for a special case of set colouring 
games, and thus for set colouring games in general as well. In  practice, recognizing ra tional moves 
will depend on certa in  special cases, such as a literal th a t  occurs in a Boolean form ula only in  positive 
or only in negative form, or on game-specific insights.

5.3 R eversib le  M oves

In Com binatorial Gam e Theory ( c g t )  there  is a rule th a t  says “a reversible move can be bypassed” . 
A move is reversible if the  opponent has a  reply th a t  a t least neutralizes the  move. T he concept of 
bypassing reversible moves applies to  set colouring games as well.

D efin it io n  5 .3 .1 . Let T  — ( X s , f ) ,  p G fPs, and m  6  ® t ( p ) .  If there exists m '  G 3J t(p  ©  m )  for 
which n g x ( T ; p  ©  m  ©  m ' )  ^  N G X (T ; p )  th en  m  is reversib le  through m '.

T he theorem  th en  is th a t  a  reversible move can be replaced by all th e  children of the move th a t 
reverses it.

T h eo rem  5 .3 .2 . Let T =  ( X s , f ) ,  p G IPs, and let m G 9H(p) by reversible th rough m' G 97t(p©m). 
P u t p' =  p © m and p" =  p' © m', and ip* =  {£ G fPs | £ <— p V £ <— p"}. Then:

N G x ( T ; p)  =  — m in | n g x ( T ; £ ) 1 .  
je<p*\P' L

T his theorem  holds even though it is no t required th a t  m' be th e  best possible reply to  m. The 
reason is th a t  m  was probably no t optim al, in which case th e  reply only needed to  be good enough 
to  refute m , whereas if m  was optim al then  m '  is retroactively guaranteed to  be optim al as well in 
order to  preserve th e  negam ax value.
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5.4  V alues for S tarred  G am es

Any game m ay contain dead elements, and additional dead elem ents m ay be created by considering 
a starred  game. W hile dead elements do no t influence the  outcom e function, they  do have the  power 
to  influence th e  m inim ax function. T he first assertion, however, is th a t  adding a coloured dead 
elem ent to  the  game does no t make a strategic difference.

T h eo rem  5 .4 .1 . Let T  =  ( X s , / )  and T * =  ( X s  , f ) w ith  S* =  S  +  w. Let p =  (ip, c) e  tp,s and 
X e  X .  T hen M N X (T ;p) =  MNX(T*; p x w )-

Corollary i: Let p* =  (ip*,c) £  fPs* w ith ip^ ^  <p- T hen M N X ( r * ; p * ,  c) =  M N X (T ;p *  \  S).

The main theorem  refers to  adding a  coloured dead element, and the corollary refers to  removing 
one; the assertion is th a t  neither of these two m utations makes a strategic difference. The same 
holds for uncoloured dead elements, bu t only in pairs, as a consequence of the  following theorem .

T h eo rem  5 .4 .2 . L e t  T  =  ( X s , f )  an dT **  =  ( X s ** , f ) .  T h e n M N X ( T ; p )  =  M N X ( T * * ;p  \  S**).

Corollary i: Let p** =  (ip**,c) £  fPs** w ith S** \  S  C  U(ip**). T hen M N x ( r  * * ;p * * )  =  
M N x ( r ; p * *  \  S).

This sta tes th a t  adding or removing two dead elem ents makes no strategic difference w ith optim al 
play. So any even num ber of uncoloured dead elements can effectively be ignored. The theorem  does 
not hold for adding ju s t one dead elem ent, and indeed a  triv ial counterexam ple shows th a t  adding 
one dead elem ent can m ake a strategic difference, for if some colouring ip is misere in some game T, 
then  ip is regular in T*.

Prom Theorem  5.4.2 it  is evident th a t  if one w ants to  allow a finite num ber of “skip moves” in a 
game, then  one single skip move will do.

5.5 V alues for Iso ton e G am es

W hen the scoring function is isotone, the  game and its  m inim ax values exhibit benign properties 
th a t  will be explored in th is  section.

D efin it io n  5 .5 .1 . Let T =  ( X s , f ) .  Then T is isotone if and only if /  is isotone.

Since the dom ain of /  is X s , isotonicity requires X  to  be an ordered set. This does not require X
itself to  be ordered; (p m ay be incom parable w ith some or all pure colours. N ote th a t  th e  players are 
free to  choose any ordering of X  th a t m ay suit their tastes or purposes, since the  scoring function
is no t affected by it, and by extension neither is th e  m inim ax function.

The im portan t quality  of an isotone game is th a t  every elem ent adm its ra tional moves for bo th
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players. Conversely, any set colouring gam e T =  ( X s , / )  that has th is property is s tr a te g ic a lly  
eq u iv a len t to  an isotone gam e. This term  m eans th a t any optim al strategy for one gam e can be 
transformed into an optim al strategy for the other. To th is end, define a m apping h : TT5  —> X s  
where each elem ent is re-coloured w ith  som e MAX-rational colour in T if it was coloured T, and 
w ith som e MIN-rational colour if it was coloured F. T his defines an im mersion from the gam e 
T t =  (T5 , f  oh )  into T. The gam e T t is isotone by design. A ny optim al strategy in Tt  is therefore 
m apped by h onto an optim al strategy in T. On th e other hand, any optim al strategy for T can  
trivially  b e transformed into an optim al strategy for Tt: whenever the T-strategy colours elem ent 
v , then the recom m endation in T t is to  colour the sam e elem ent rationally.

W ithout loss o f generality it can therefore be assum ed that any isotone set colouring gam e is o f the  
form (T5 , / ) ,  and, in particular, contains only two pure colours. U nfortunately the task o f detecting  
whether an elem ent adm its rational m oves is NP-hard, as a consequence of a result that will be shown  
in Section 13.1 to  th e effect that detecting dead elem ents is NP-hard in Hex. D etecting isotonicity  
of a gam e m ust therefore be NP-hard also.

If X  contains only one pure colour y  then the gam e is trivial: it always ends w ith  the com plete 
colouring y 5 . and by Theorem  5.1.2:ii every position has th e sam e m inim ax value If X
contains two pure colours then w ithout loss o f generality X  =  T, since it does not m atter where 
<f> appears in th e ordering. T his m eans that any isotone set colouring gam e w ith at least two pure 
colours is an instance o f GAME-SAT.

In  the  rem ainder of th is section it  will be assumed th a t  any isotone set colouring game is of th e  form 
(Ts , f ) .  In particu lar th is m eans th a t  any legal move is of th e  form r v or fA  It can be verified 
readily  th a t all th e  theorem s also hold for triv ial set colouring games w ith |A | =  1.

T he first theorem  is a variant of Theorem s 5.4.1 and 5.4.2, which speak of adding or removing one 
coloured dead elem ent and two uncoloured dead elements, respectively. In an isotone game th is can 
be one dead elem ent, no m a tte r w hether coloured or uncoloured.

T h eo rem  5 .5 .2 . Let T  =  { X s , / )  be isotone, and T * =  ( X s  , /} .  Let p £ fPs. T hen M N x (T ;p )  =  
M N X (T *;p  \  S*).

Corollary i: Let p* £  iP s * ,  then  M N X (T *;p*)  =  M NX(T;p* \  5 ) .

Corollary ii: If w  £  S  is dead in /  then MNx(T;p) =  MNX(T;px™) for all y  £  X .

Corollary in: Let S'  C S  such th a t every elem ent v £ S \ S '  is dead, and let / '  =  / o p r o j^ '^ ^  : 
X s ' —> B. Then m n x (T ;p ) =  M N x ( / ' ; p  \  5 ' ) .

T he next theorem  is sim ilar to  Theorem  5.2.2, the difference being that when the gam e is isotone 
the colours y _  and x+  do not need to  be pure colours for the theorem  to  apply.

T h eo rem  5 .5 .3 . Let T =  (Ts , f )  be isotone. Choose any ordering of X  th a t  satisfies T  >  <i> >  F. 

L et p  £  *p5 , v  £  S,  and x _ , x +  £  X  w ith  y _  ^  y + . T hen M N X ( T ;p y A )  ^  M N X (T ; px!j_).

Corollary i: MNX(T;py£ ) ^  M Nx(T;py^ ) for any S'  C S.
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Corollary ii: [ip ^  Ip' ==> M N X ( r ; Ip, C) ^  M N X ( r ; Ip1, C)].

Corollary Hi: M N X ( r ; ip, m a x )  ^  M N X ( r ; ip, MIN).

Informally, th is  theorem  and Corollaries i and ii s ta te  th a t  increasing the  colours of any num ber of 
elements cannot h u rt MAX, and decreasing the ir colours cannot hu rt MIN. In  particu lar th is implies 
th a t  any rational move is b e tte r  th an  skipping a move, and skipping a move is b e tte r  th an  any 
irrational move. Corollary iii says th a t  there are no misere colourings, and therefore no “zugzwang” 
positions.1

These assertions do no t hold in general for m onotone elem ents in non-isotone functions. Consider 
(T3, / )  w ith /  '• £ |—> £o A ( £ 1  =  £2 )- T hen  /  is increasing in elem ent 0, and m n x ( / ;  (+ , <p, cp), m a x )  =  
M N x ( / ;  ( - ,  <p, 4>), m a x )  =  - 1 ,  yet M N x ( / ;  (4>, <p, <p), m a x )  =  +1.

5.6 V alues under H om om orp h ism s

Homomorphisms provide links between games w ith  th e  sam e structure , and autom orphism s describe 
sym m etries of a  given game. W hen such relations in s truc tu re  exist, th e  mini max values are also 
related.

T h eo rem  5 .6 .1 . Let h : X s  —> X s  be a pseudo-hom om orphism  between T =  ( X s , f )  and T' =  
( X s , / ' ) ,  w ith  /  =  t  ■ f  o h for t  £ B. If h is surjective and generation preserving, then

M N x ( T ' ; / i ( p ) )  =  t  ■ M N x ( T ; f  • p ) ,

NGx ( T ' ;  h ( p ) )  =  NGx ( T ; t • p )

for all p £ iPs.

Corollary i: Let T  =  ( X s , f )  and define —T  =  ( X s , —f) .  Then M NX(—T ; p )  =  —MNX(T; —p)  
and NG X(—T ; p) =  N G x(T ;  - p ) .

This may be abbreviated  as ± M N X ( / ; p )  =  M N x ( / ' ; ± / i ( p ) ,  where ±  consistently takes the  +  sign if 
h is an isom orphism  and the  — sign if h is an  anti-isom orphism .

T h eo rem  5 .6 .2 . Let h : X s  —> X s  be a generation preserving anti-autom orphism  of T =  ( X s , / ) ,  
and let p £ ^ 5  such th a t  h(p) =  p. T hen M N X (T ;p )  =  - M N X ( T ;  - p )  and N G X (T ;p )  =  NGX(T; - p ) .

Corollary i: If furtherm ore /  is isotone th en  N G x ( T ; p )  =  +1.

W hen applied to  Hex, th e  corollary in th is  theorem  sta te s  th e  fact th a t  th e  game is a first player 
win.

1T h e term  z u g z w a n g , m eaning “forced to  m ove” , is used in chess to  ind icate a  p osition  in w hich th e  player to  
m ove would prefer to  skip  a  m ove.
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T he requirem ent of being generation preserving is crucial for these theorem s. Pseudo-isom orphism s 
th a t  occur “in practice” will typically m eet th is  requirem ent, b u t pseudo-im m ersions or pseudo­
contractions often do not. For instance, th e  theorem s abou t adding starred  games concern im m er­
sions and contractions th a t are not generation preserving. In  the “natu ra l” contraction from T* to  
r  a move in the  added elem ent of T* corresponds to  a pass in T, which is no t a legal move.

5.7  P roofs

T h eo rem  5 . 1 . 2 .  Let ( X s , f )  and ( X s , / ' )  be two set colouring games, and let p =  (i/;, c) G 
Then:

i. If V>,/,[/(V'*) ^ f ' O ’*)] t h e n  M N x ( / ; p )  ^ M N x ( / ' ; p ) ;

ii. If V^>^ [f ( i>)  >  t ] for some t G B, th en  M N x ( / ; p )  >  t.

These assertions of course also hold w ith  <  or =  substitu ted  for

Proof. The properties are easily verified by induction to  |SD!(p)|. □

T h eo rem  5 . 2 . 2 .  Let T =  ( X s , f ) ,  p G fp,s, and v G S.  Let m - , m +  G 9Jl(u) w ith m +  preferable to  
m ~  for m a x .  T hen M N x ( / ; p m + )  ^  M N x ( / ; p m ~ ) .

Corollary i: If v  G U(p )  then  M N x ( / ;  p  © m + ) >  M N X ( / ;  p © m - ).

Corollary ii: If v  is dead in /  then  M N x ( / :  p m ' )  is constan t for every m '  G OT(t’).

Proof. Induction to  |ZY(p)|.

B a se  case: |W (p) |  =  0. T hen by Definition 5.1.1 M N x ( / ; p m + ) =  / ( p m + ) and M N X ( / ; p m - ) =  
/ ( p m - ) since p m +  and p m -  are final positions. T hen  / ( p m + ) >  / ( p m - ) from Definition 5.2.1.

In d u ctio n  s te p . If v  G U(p )  then  the  assertion is tru e  by induction since |W (p m ') |  =  j i / ( p ) |  — 1 for 
any m  G 9Jl(v) by O bservation 3.2.1:iii. Assume v £  U(p ) .  T hen if c =  m a x  we have

M N X ( / ; p m + ) =  m ax [m n x ( / ;  p m +  ©  m ' ) ]  (Definition 5.1.1)
m / € OT( pm+ )

=  m ax [m n x ( / ;  (p ©  m ^ m -1")] (O bservations 3.2.2:ii and 3.2.4:i)
m / 69JT(pm+)

^  m a x  [m n x ( / ;  (p  ©  m ' ) m - )l ( i n d u c t i o n ,  \U(p ©  m ) |  <  |W (p ) |)
m ' e O T ( p m _ )

=  m a x  [m n x ( / ;  p m -  © m ') l  (Observations 3.2.2:ii and 3.2.4:i)
m ' e O T ( p m - ) L J

=  M N x ( / ; p m - ) (Definition 5.1.1)

and analogously if c =  MIN we have

M N X ( / ; p m + ) =  m i n  [m n x ( / ;  p m + ® m ') ]  ^  m i n  [m n x ( / ; p m - ffim')] =  m n x ( / ; p m - ).
m / €9Xt(pm + ) m' (E2Jt (pm_ )
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Corollary i follows by tak ing  some arb itra ry  p '  <— p ,  noting th a t  p ' m + =  p  © m +  and p ' m -  =  p  © m _ , 
and applying the  m ain theorem . Corollary ii follows im m ediately since a function is by definition 
bo th  increasing and decreasing in a  dead elem ent. □

T h e o re m  5 .2 .4 . Let T =  { X s , / ) ,  p  =  (-0, c) 6  and m+ , m~ €  971(5). If m+ is ra tional for MAX 
and m “  is ra tional for MIN then  M N X ( / ; p m + ) ^  M N X ( / ; p m _ ).

Corollary i: M N X ( / ;  p  ©  m + ) ^  m n x ( / ;  p ©  m ~ ) .

Proof. P u t m + G 971(c) and m “  6 971 (u;). If v =  w then  Theorem  5.2.2 applies, so only the  case 
v  ^  w  needs to  be considered. T he proof uses induction to  |W(p)|; note th a t |W(p)| ^  2 since 
v , w  G U ( p ) .

=  m a x  
xe x

=  m a x  I 
xex  1

=  m a x  
X€X

B a se  case: |W (p) |  =  2. If c =  MAX then:

M N X (/;V >m + ,M A X ) =  m ax M N x(/; ( ^ m + ,M A X ) © m )  (Definition 5.1.1)
me9n(V>m+)L ' J

m n x ( /;  (i^m+ , m ax) © x w) (Definition 3.2.2, U(iljm+ ) =  {w})

: j^ M N x ( /;  ipm+ x w, m in) (Definition 3.2.4)

f ( ip m +x w) (Definition 5.1.1, ipm^x™ is final)

^  / ( r / ) m + m “ ) ( m _  is rational for min)

and sim ilarly M N X ( / ;  tpm ~) =  m axxex [/(V ’m _ X1,)] =  / ( V ,m ~ m + ) since m +  is rational for MAX. 

Therefore M N X ( / ;  ^ m + ) ^  m + m “ ) =  =  M N X (/ ;  ipm~). Analogously, if c =  min
then

m n x (/; i p m ~ ,  min) =  m in [ /(^ ’m _ x 1,)l ^  /('*/’m _ m+ ) =  /(V 'tn+ m _ ) =  m n x ( / ;^ tu + ,m in).
x e x

In d u ctio n  s te p . P u t S' =  U{p) — v  — w.  Since U{pm~) =  U { p ) —w,  any child of pm+ is of the  form 
(ipm+ x w , c) or (^;m+ x “ ,c), and any child of pm-  is of th e  form x v X)  ° r  (V;m _Xu A ), for 
some x  G X  and u € S'.  We then  have:

M N x ( / ; ^ m + x “ , c )  >  M N X ( / ;  c)
m n x (/;  V'm+m- , c) ^  m n x ( /;  tpm~xv X)
M N x ( / ; ^ m + x “ , c )  ^  M N X ( / ;  V'tn“ x ’i A )

Since every child of p m +  occurs a t least once in the  left hand column, we have

M N X ( / ; ^ m + ,M A X ) =  m a x  [m nx(/;£)1  ^  m a x  [m n x (/;£ )] =  M N X ( / ;V ' tn _ ,M A X ).
£<—pm+ f<— pm -

Similarly, since every child of p m -  occurs a t least once in the right hand column,

M Nx(/;V’m~,MlN) =  m in [m nx(/;£)1  ^  m in [m nx(/;£)1  =  M N X ( / ;  ^ m + ,m in)
{<— pm -  pm+

which proves the  theorem . □
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T h eo rem  5 .2 .5 . Let T — ( X s , f )  and p =  (ip,c) £ IPs- Let m , x w 6 2 R (p )  where w  is dead 
in / .  If m is rational for c then  N G X ( / ; p  © m) ^  N G X ( / ; p  © x w)- If ™ is irra tional for c then  
N G X ( / ;  p ©  m )  >  N G X ( / ;  p  ©  x w)

Proof. Since x w is rational and irra tional for b o th  MIN and MAX by O bservation 5.2.3:i, the  theorem  
then  follows directly by applying Theorem  5.2.4. □

T h eo rem  5 .3 .2 . Let T =  ( X s , /} , p £ IPs, and le t m £ 9Jt(p) by reversible th rough m' £ 9Jt(p ©m ). 
P u t p ' =  p ® m and p" =  p ' © m ', and ip* =  {£ € IPs | £ <— p V £ <— p"}. Then:

n g x (T  ; p )  =  — m i n  | N G x ( r ; £ ) l .
S e V ' \ V l J

Proof. The equation holds if and only if the  following two conditions are satisfied:

•  V£e,p .\p /[N G X (r;£) >  - N G X ( r ; p)];

•  3 £eq , . \ p/ [ N G X ( r ; 0  =  —N G X (T ;p ) ] .

If £ £  fp* \  p' then  £ <— p or £ <— p". W hen £ <— p th en  N G X ( r ; £ )  ^  —N G x ( T ; p )  by O bser­
vation 5.1.3:iv, and if £ <— p" then  N G x ( T ; £ )  ^  —N G X (r ;p " )  ^  —N G x ( T ; p )  since N G x ( T ; p " )  ^  
N G X (T ;p) by Definition 5.3.1. To prove th a t  there  exists £ £  fp* \  p' such th a t  N G X (T ;£ )  =  
—N G X ( r ; p ) ,  distinguish two cases: N G X (T ;p ')  =  —N G X (T ;p )  and N G x (T ;p ' )  ^  —N G X (T ;p ) .

C ase: N G x ( T ; p ' )  =  - N G X ( T ; p ) .  Then N G x ( P ; p " )  ^  - N G X ( T ; p ' )  =  N G X ( T ;p ) .  Since m was re­
versible we also have N G x ( T ; p " )  ^  N G X ( r ; p ) ,  and therefore N G X (T ;p " )  =  N G X (T ;p ) .  By 
Definition 5.1.3 there  then  exists £ <— p" such th a t  N G X (T ;£ )  =  —N G X (r ;p " )  =  —N G X (T ;p ) .  
For th is £ we have £ £ *P*, and £ ^  p' because £ <— p" <— p'. Therefore £ £ fp* \  p'.

C a se : N G x (T ;p ' )  /  —N G x ( T ; p ) .  From Definition 5.1.3 there exists £ <— p such th a t  n g x ( F ; £ )  =  
—N G x (T ;p ) .  A s  n g x ( T ; p ' )  /  — N G x ( T ; p )  we have th a t  £ ^  p', and therefore £ £  ip* \  p'. □

T h eo rem  5 .4 .1 . Let T =  ( X s , f )  and r *  =  ( X s  , /}  w ith  S * =  S  +  w. Let p =  (ip,c) £  fPs and 
X £  A . T hen  M N x ( r ; p) =  m n x (T * ; p x w)-

Corollary i: Let p* =  (ip*,c) £ *Ps. w ith ipl, ^  <j>. T hen MNx(r*;p*,c) =  MNx(r;p* \  S).

Proof. Induction to  |ZY(p)|. T he theorem  is equivalent to  NGX(/;p) =  NGX(/*;p*) w ith  f* =  
f  o PR O J.S*—><s- Note th a t IA(p) =  U(p*) by O bservations 3.2.1 :iii and 3.2.1:iv, and  therefore also 
O T(p)=9Jt(p*).
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B a s e  case : |7/(p)| =  0.

(Definition 5.1.1) 

(Definition 3.1.5)= /(W> \  s * ) x w \  S )  
=  / ( ^  \  5* \  5 )

= /(VO
=  M N X ( r ; p )

(Lem m a 2.2.2:iii, Xw € X s '^s ) 
(Lemma 2.2.2:v, S  \  S* =  0 )  

(Definition 5.1.1).

In d u c t io n  s te p :  |W(p)| >  0.

N G X (r* ;  p*) =  - m in [ N G X ( r * ; p *  © m)l
m € 5 K ( p * ) 1 J

min [ N G x ( T ; p © m ) ]

(O bservation 5.1.3:i) 

(induction, 9H(p) =  9Jl(p*)) 

(O bservation 5.1.3:i).

— mm
m£OT(p)

N G X ( r ; p )

which proves the m ain theorem . □

Proof of corollary. Choose ip  =  ip* \  S  and \  =  VCi then  p* =  p \ w and X e  X ,  so th e  m ain
theorem  applies. □

T h e o re m  5 .4 .2 . Let T  — ( X s , / )  and r * *  =  ( X s  , / ) .  T hen  M N X (r ; p) =  M N X ( r **; p \  S**).

Corollary i: Let p** =  (ip**,c) S iPs** w ith S** \  S  C  U(ip**). Then m n x (T  * * ;p * * )  =  
MNX(T;p** \  S).

Proof. P u t p** =  p \  <S**. T he theorem  is equivalent to  NGX(r-,p) =  NGX(r * *;p**). If  9Jl(p) =  0  
then  the  theorem  follows from Theorem  5.1.2:ii since f('iP') =  f  {ip) for all ip' >  ip \  S**, so for the  
rest of the proof it m ay be assum ed th a t  37l(p) is no t empty. P u t 9JP* =  { x ^ lx  & X , w  € S** \  <S}, 
then  by Definition 3.2.2 we have 9Jt(p**) =  9Jl(p) U F irst,

by induction on |311(p)|. Let N G X ( r ; p )  =  —1. If |SDt(p)| =  0 then 9H(p) =  0  in which case 
N G X (r  * *; p**) =  N G x ( T ; p )  as m entioned above. If [9Jl(p)| >  0 then, by the observations from  
Definition 5.1.3, it  is sufficient to  prove that VmeOT(p. .)  [n g x (T * *;p** © m ) =  + l ] . Let m €  SDT(p**), 
then  there are two cases:

•  m  €  9Jt(p). Then N G x(r;p  © m )  =  + 1 , so there exists m '  e  9H(p ©  m )  w ith N G x(r;p  © m  ©  
m ' )  =  —1. Then NGX(T * *;p** ffi m  ©  m ' )  =  —1 by the induction hypothesis, and therefore 
NGX(r * *; p** © m ) =  + 1 .

•  m ^  ®f(p). T hen  m =  \ w f°r some w  e  S** \  S  and y  6 X . Let m ' =  \ w' f°r  w ' — $** \  S  — w. 
Then N G X (T * *; p** ©m  © m ') =  N G X ( r ; p) by Lem m a 5.4.1 because w  and w' are dead in /**.
Therefore n g x ( T  * *;p** © m) =  + 1 .
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In bo th  cases we have N G x ( r  * *;p** ® m) =  +1 which proves Im plication 5.7.1. Next,

NGx(r; p) =  + 1  = y  NGx(r * *; p**) =  +1. (5.7.2)

If NGX(F;p) =  +1 th en  there  exists m + £ ®4(p) such th a t  NGX(r;p ® m+ ) =  —1. N ote th a t  m+ £ 
9Jl(p**) since 9H(p) Q 9Jt(p**). T hen  from Im plication 5.7.1 we have N G x(r;T  * *)p** ® tn+ =  —1 
and therefore NGx(r * *; p) =  + 1 . T he m ain theorem  now follows from combining im plications 5.7.1 
and 5.7.2. □

N ote th a t th e  proof works because, crucially, in the  case m ^  9Jl(p) for Im plication 5.7.1 the move 
m ' is guaranteed to  exists since S** \  S  contains two elements. T he proof would not work for adding 
ju s t one dead element.

Proof of corollary. Choose ip =  ip** \  S,  then  p** =  {ip \  S**, c), so the  m ain theorem  applies. □

T h e o re m  5 .5 .2 . Let T =  ( X s , f )  be isotone, and T* =  ( X s * , f ) .  Let p £ iPs- T hen M N X ( r ; p )  =  
M N X ( r *; P \  S*).

Corollary i: Let p* £  fp5 . ,  th en  M N X(r*;p*) =  MNX(r;p* \  S).

Corollary ii: If w  £  S  is dead in /  then  M N X (r ;p )  =  M N X ( r ; p x ?") for all y  £ X .

Corollary Hi: Let S'  C S  such th a t  every elem ent v £ S \ S '  is dead, and let f  =  /o p ro j,s '_ > s  '■ 
X s ' —» B. T hen  M N X ( r ; p )  =  M N x ( / ' ; p  \  S').

Proof of main theorem. Induction on |W(p)|. P u t p* =  p \  S*.

B a s e  case : \U(p)\ =  0. In  th is  case p is a final position, so M N x(r;p) =  f(ip).  Let ip* =  ip \  S*.
Since U(ip*) =  w,  any com pletion of ip* is of the  form ip*xw for some y  £  X . So for any
com pletion ip*xw of ip* we have

f(ip*Xw) =  f ( i ’*Xw \  >5) (Definition 2.3.4)

=  f ( { ip  \  S * )x w \  *5) (definition of ip*)

=  f ( tp  \  S* \  iS) (Lemma 2.2.2:iii)

=  f  (ip) (Lem m a 2.2.2:v)

so th en  Theorem  5.1.2:ii implies M N x (r* ;p * )  =  f(ip)  =  M N x(r;p ) .

I n d u c t io n  s te p :  |W(p)|  >  0. D istinguish th e  cases N G X ( r ; p )  =  +1 and N G X ( r ; p )  =  —1.

•  If N G x ( r ; p )  =  +1 th en  there  exists m £ 9 Jl(p )  such th a t N G X ( r ; p  ® m) =  —1. Since 
an(p) C  9 U (p * )  th is m eans th a t N G x ( r ; T * ) p *  ® m  =  N G x ( r ; p  ® m) =  —1 by induction, 
and so N G X ( r ; T * )p *  =  +1.

•  If N G x(r; p) =  —1 then  for every m £  9H(p) we have N G x(r; p®m) =  + 1 . Let m* £  97l(p*). 
If m* £  9Jl(p) then N G X ( T p *  ® m*) =  N G x(r; p ® m*) =  + 1  by induction. If m* ^ 9H(p) 
then m* =  x"’ for som e y  £ X , since U(p*) =  U ( p ) + w .  Then according to  Theorem  5.2.5 
there exists m' £  9H(p) such that NG x(r-,r*)p* ® m* ^  NGx(r;p* ® m') =  + 1 .

In bo th  cases we have MNX(r;p) =  M N x(r*;p*), which proves the  theorem . □
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Proof of Corollary i. P u t p* — (ip*,c). If ip*w — <p th en  ip* \  S  \  S* =  ip*<pw =  ip* by 
Lem m a 2.2.2:v, so th e  m ain theorem  applies. If ip*L. f  <p th en  Theorem  5.4.1 :i applies. □

Proof of Corollary ii. P u t S' =  S \ w  and T ' =  { X s  , / ) .  T hen P '*  =  P, and Corollary i and 
Lem m a 2.2.2:iii im ply th a t  M N X (r ;p )  =  M N X (r ' ;p  \  S') =  M NX(r';  (px™) \  S') =  M N X ( r ; p x ”').

□

Proof of Corollary Hi. T his follows from repeatedly applying Corollary i to  each o f the elem ents of  
S \ S ' .  □

T h e o re m  5 .5 .3 . Let T =  (T5 , / )  be isotone. Choose any ordering o f X  th a t satisfies T >  (p >  F. 
Let p  e  v  G S,  and X - , X +  F  X  with X -  ^  X+ -  Then M N X ( r ; p x ! i )  ^  M N x ( T ; p x + ) .

Corollary i: M N X ( r ; p x f  ) ^  M N X ( T ; p x f  ) for any S'  C S.

Corollary ii: Vcge;V^ [ip ^  ip' =>■ MNX(r; ip, c) ^  M N x(r; ip', c)].

Corollary Hi: MNx(T; ip, m ax) ^  M Nx(r; ip, min).

Proof of main theorem. If X -  <P and x +  A  (P then th e theorem  follows from Theorem  5.2.2. If
X - =  x+ =  4> then there is nothing to  prove. There are two cases left: m nx(P; pF") ̂  m nx(T ; p<pIJ)
and MNX(T; p ^ )  ^  M Nx(r;pT1'). Consider P* =  (X s  , f )  w ith  S* =  S  +  w,  so th a t w  is dead in 
r*. Let ip* =  ip<pv \  S* €  X 5 *. Then:

MNX(r; tpFv , c) =  MNx(r*;V'F1; \  S * , c) (Theorem  5.5.2

=  M N x(r*; ipipvFv \  S*,c)  (Observation 2.2.1 :ii

=  MNX(F*; (ip(pv \  <S*)Ft’, c) (Lem m a 2.2.2:ii

=  MNx(r*; ip*Fv , c) (definition o f ip*

<  MNx(r=t=; ip*Fw, c) (Theorem  5.2.5, ip*f ” <- ip*, ip*Fw « - ip*
=  M N x(r; tp*Fw \  S ,  c) (Corollary 5.5.2:iii

=  MNX(r; i p * \ S ,  c) (Lem m a 2.2.2:iii

=  MNX(r; ip<pv , c) (Lem m a 2.2.2:v)

and sim ilarly M N X(P; ipTv , c) =  M N X ( r * ;  ip*Tv , c) >  M N X ( r * ;  ip*Tw, c) =  M N X ( r ; tp(pv , c). □

Proof of Corollaries i-ii.  Corollary i follows by induction to  |<S'|, and Corollary ii follows by induction  
on th e number o f elem ents for which ipi ^  ip[. □

Proof of Corollary Hi. If ip is a com plete colouring then  M N x(r; ip, m ax) =  f(ip) =  MNX(T; ip, min). 
If ip is not com plete, then pick an arbitrary v  € U(ip). We then have

MNX(T; ip, m ax) =  m ax MNx(T; (ip, m ax) © m, m ax) (Definition 5.1.1)
m6OT(V>,MAX) V 'J

^  M N x(r; (ip, MAX) ® Tv , m ax) ( t "  6  %R(lp, MAX))
=  MNX(r; ipTv , min) (Definition 3.2.4)

^  M N x(r; ip, min) (m ain theorem )
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and conversely M N x(r; ip, min) ^  m nx(F; ipFv , m ax) ^  M N x(r; tp, m ax). □

T h e o r e m  5 .6 .1 .  Let h : X s  —> X s  be a pseudo-hom om orphism  between F — ( X s , f )  and T' =  
( X s , / ' ) ,  w ith  /  =  t ■ f  o h for t £  B. If h is surjective and generation preserving, then

M N x ( r ' ;  h(p)) =  t ■ M N x ( r ;  t  ■ p ) ,

N G x(r'; h(p)) =  N G x(r; t ■ p)

for all p £  fp,s.

Corollary i: Let T =  ( X s , f )  and define —r  =  ( X s , —f ) .  Then m n x ( —r ;p )  =  —m n x ( F  ; —p) 
and n g x ( —T;p) =  N G x (T ;-p ).

Proof. For any position (ip, c) we have t ■ h(ip, c) =  (h(ip), t  • c) =  h(t ■ (ip, c)) from D efinitions 3.2.3
and 3.4.1. T he two equations are equivalent, for

MNX(r'; h(ip, c)) =  t - MNX(r;f ■ (ip, c))

M N x ( r ' ;  h(ip), c) =  t ■ m n x ( T ;  ip,t ■ c)

A(c) • M N x ( r ';  h(ip), c) =  A(c) • t  ■ M N x ( r ; ip,t ■ c)

A(c) • m n x ( T ' ;  h(ip), c) =  A(t ■ c) • M N x ( r ; ip, t-  c)

n g x ( T ' ;  h(ip), c) =  n g x ( T ;  ip, t ■ c)

NGx(r'; h(ip, c)) =  N G x(r; t  ■ (ip, c)).

T he theorem  follows from induction on |W(p)|.

B a s e  case : U(p)  =  0 .  If h(p) has any children then  they  are of the form h(p') for p ' £  since
h is surjective, and then  p' is a  child of p because h is generation preserving. B ut p is a  final
position, so h(p) has no children and m ust be a final position as well. Let p — (ip, c), then
t  ■ m nx(T; t  ■ (ip, c)) =  t ■ MNx(T ;ip, t -c)  =  t -  f(ip) =  t 2 ■ f'(h(ip)) =  f'(h(ip)) =  MNX(T'; h(ip, c))
since /  =  t  ■ f  o h  and f2 =  1.

I n d u c t io n  s t e p .  N ote again that any child o f h(p) m ust be o f the form /i(p') because h is surjective. 
If h(p') <— h(p) then p' <— p and therefore |W(p')| =  |W(p)| — 1.

N G x(r,‘, h(p)) — — m in [NGX(r/;/i(p '))l (Definition 5.1.3)

— — m in [NGX(r;t • p')l (induction)

=  — m in [NGX(r; t ■ p')l (h is generation preserving)
p '* -p

=  NGX(r;f • p) (Definition 5.1.3) □

T h e o r e m  5 .6 .2 .  Let h : X s  —> X s  be a generation preserving anti-autom orphism  o f T =  
( X s , f ) ,  and let p €  iP s such that /i(p) =  p. Then MNX(T;p) =  —MNX(T;—p) and NGx(T;p) =  
n gx(T ; - p ) .

Corollary i: If furthermore /  is isotone then NGX(r;p) =  + 1 .
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Proof. The m ain theorem  is an application of Theorem  5.6.1. The corollary follows from Theo­
rem  5.5.3:iii, where for any ip € X s  we have MNX(T; ip, m ax) ^  MNX(T; ip, min) =  —MNx(T; ip, MAX) 
so th a t  MNX(T;^,MAX) >  0.2 Therefore MNX(T;^,MAX) =  +1 and MNX(T; ip, min) =  - 1 .  □

2N o te  tha t  this  can be  applied in a  more general sense to  multi-valued isotone set colouring games to show that,  
informally speaking, a  symmetrical  posit ion is at  least a  draw for the  player to move next.
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Chapter 6

M etagam es

Theorem s that prove the m inim ax value of certain positions often involve one player im agining that 
the position is som ehow altered, then w inning the gam e from the im aginary position, and finding 
that the actual gam e has been won also. T his section captures such m ethods in a general theory of 
m etagam es. The aim is to  determ ine transform ations of colourings that preserve th e m inim ax value 
while sim plifying th e practical analysis o f the positions.

6.1 S ubgam es and Supergam es

W hen during the  course of a game ( X s , /}  a position p G IPs arises, the  players are essentially 
playing a  game on U(p) from then  on.

D e f in it io n  6 .1 .1 . L et T — ( X s , / )  and let ip be some colouring. The L -s u b fu n c t io n  of /  is the  
function f / iP  : X snu  W  -► B defined by

£ ^  / ( # ) -

The game T/ip =^= ( X S^A^ , / /ip) is the  V '-subgam e of T. For m G DJl(S) and c G £, w rite 
(T ,c )® m  =  ( r /m ,c ) .

Observation i: If S  C  A(tp) then  T/ip =  (0 , f(ip)).

Observation ii: If A(ip) H S  =  0  then  T/ip — T.

Observation in: Since the  subfunction ignores the  uncoloured elem ents of ip we have f / i p  =  
f  j  ip and therefore also T/ip =  Y/ip.

Example 6.1.2. Let /  : B5 —> B and ip G B7 =  (+ , <p, <p, + , (p, —, —). T hen f  /ip : B f1,2,4! —> B is the 
function th a t  m aps £ G B't1,2,4  ̂ to  / (+ ,£ i ,  £2 *+>£4 ) •

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CH APTER 6. M ETAG AM ES 53

So th e  subgam e “fills in” the  elem ents th a t  are coloured in ip and continues the  game from there. 
W hen th is transform ation  is perform ed after every move, then  each move essentially leads from an 
in itial position in some game to  an initial position in a  subgam e whose dimension is one less. For 
th is reason we can w rite  ( r ,  c) © m =  ( r /m , c). The equivalence of each position in a set colouring 
gam e to  th e  em pty position in another set colouring game is confirmed in the  following theorem .

T h e o re m  6 .1 .3 . Let F  =  ( X s , f ) w ith ip G X s , and let T ' =  ( X s  , f ' )  =  T/i/j w ith  p ' G fPs'. Then 
M N X ( r ' ;p ' )  =  MNX(r;pV)-

Corollary i: Let p =  (if), c) G fPs then  m nx(T ; p) =  m nx(T /ip;c).

Due to  th is  theorem , th e  term s position and game are essentially interchangeable. The discussion 
in the  following chapters will therefore concentrate only on em pty positions. T he m ethods can be 
applied to  any position by considering the  corresponding subgame.

Given a particu lar gam e ( X s , / ) ,  and a particu lar move m outside of <S, it is possible to  construct 
a  larger game T ' such th a t  T =  F '/m :

T h e o re m  6 .1 .4 . Let T =  ( X s , f ) ,  let m =  x v w ith  v  ^  S,  and let X '  C  X  such th a t  x  6 X ' . 
Consider th e  game

For th is  game we have T '/m  =  T.

I t should be noted th a t  no t every game T ' satisfying F '/m  =  T needs to  be of th is form, as the  
outcom e functions of T ' only needs to  agree w ith /  for pure colourings ip* G X s+V w ith ip* =  x- 
Modifying the  outcom e function for T ' in any a rb itra ry  way whenever ip* A X still yields a game 
w ith  the desired property.

T he previous construction is an exam ple of th e  opposite of a subgame. W here a subgam e is played 
on a subset of the  original gam e’s colour space, th e  gam e generated in Theorem  6.1.4 is played on 
a superset thereof. A nother construction of th is form will play an im portan t role in the  rem ainder 
of th is  thesis:

D e f in it io n  6 .1 .5 . Let T =  ( X s , f ) ,  and S* S.  The game ( X s  , / )  is the  s u p e rg a m e  of T on 
the  set <S*. This supergam e is denoted T * S * .

T he reason for th is no ta tion  is th a t  T * S* is created from F by adding a set S * \ S  of dead elements. 
Therefore from Theorem  5.4.2 it is evident th a t  the  outcom e w ith optim al play of T * S* is equal to  
the  outcom e of V if th e  added num ber of elem ents is even, and equal to  the outcom e of T* otherwise.

N ote th a t it is crucial for th is definition th a t  S* 2  S,  for if there  were an element v  G S  \  S* then 
th is elem ent would be uncoloured when a pure colouring of S* is projected onto S,  and /  would not 
be able to  assign a value since it  is only defined for pure colourings of S.  This is the  reason th a t 
subgam es m ust be defined using a colouring of the “dropped” elements.

According to  Theorem  5.4.2 the  only th ing  th a t  really m atte rs  about S* in T * 5* is its parity.
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Therefore th e  following shorthand  no tation  is used.

D e f in it io n  6 .1 .6 . Let T =  ( X s , f ) .  T hen  T * □ refers to  T * S* for some a rb itra ry  S* 6  S  where 
|«S*| is even, and F * A refers to  F  * S* for some arb itra ry  S* A S  where |<S* | is odd.

So if |<S| itself is even then  r * D = r = ( r *  A)*, and if |<S| is odd then  r * A  = r  = (F* □)*.

6.2 M etagam es

Game transform ations th a t reduce the  com plexity of th e  analysis often involve breaking down the 
game into several independent local games. This is sim ilar to  w hat happens in C om binatorial Gam e 
T heory ( c g t ) [23, 13]; however, m ost CGT results relate to  the  goal of being the  last player to  
move. This goal is irrelevant in set colouring games, as th e  num ber of moves available to  each player 
trivially  decreases by exactly one w ith every move.

D efin it io n  6 .2 .1 . Let Q — { ( X s ° ,fo) ,  ( X S l , f i ) , . . . ,  ( X ^ - 1, f k - i ) }  be a family of games, and 
/  : Bfc —> B. P u t S  ===== U iezfc “A- T he m e ta g a m e  {(Q , /} ) is the  game

( X s , f o ( f i )ieZk). (6.2.1)

The function /  is its m eta fu n ctio n , and the  games (X Si, f i ) are its co m p o n en t gam es. The 
function ( / i) ie z fc : B5 —> Bfc re tu rns th e  r e su lt  v ec to r  of a given com plete colouring under ((Q , / ) ) .

The result vector contains th e  results of all the  com ponent games for any com plete colouring in BA 
The sets S, do not need to  be pairwise disjoint.

Example 6.2.2. T he game of Y  can be seen as a m etagam e. Consider / y 2 : B¥2 —> B. This function
is equivalent to  th e  m etafunction defined by the  following equations:

/ o  : ( ,  ( £ 0 , 0 , 2  A  £ i , o , i )  V  ( £ 0 , 0 , 2  A  £ o , i , i )  V  ( £ 1 , 0 , 1  A  £ 0 , 1 , 1 ) ,
/ l  : £  ^  ( £ l , 0 , l  A  £ 2 , 0 , 0 )  V  ( £ l , 0 , l  A  £ 1 , 1 , 0 )  V  ( £ 2 , 0 , 0  A  £ 1 , 1 , 0 ) ,
/ 2  : ^  1— * ( £ o , l , l  A  £ 1 , 1 , 0 )  V  ( £ o , l , l  A  £ o , 2 , o )  v ( 6 , 1 , 0  A  £ 0 , 2 , 0 ) ,

/  : £  >-> ( 6  A  6 )  V  ( 6  A  6 )  V  ( 6  A  £ 2 ) .

Given the  pure colouring i p  w ith  6 0 , 1 , 1  =  6 0 , 2 , 0  =  V h , o , i  =  T  and 6 0 , 0 , 2  =  i >  1 , 1 , 0  =  ^ 2 , 0 , 0  =  F ,  
we obtain  the  result vector ( / o ( 6 ) > / i ( V ' ) i / 2 ( 6 ) )  =  ( + , —  , + )  a n d  the  outcom e of the  m etagam e is 
/ ( + ,  —, +)  =  + 1-

D efin it io n  6 .2 .3 . Let Q =  {T i } i ez k and T, =  (X Si, f i ) w ith  S  =  (J iez fe The following term i­
nology is used:

•  Given a m etagam e ((Q , / ) ) ,  the  game T* * S  is th e  em b ed d ed  c o m p o n e n t of Tj in ( (Q , / ) ) .

•  If Si  D Sj — 0 ,  then  T, and Tj are in d e p e n d e n t components.
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•  If  all com ponents are pairwise independent, so th a t  {<S;};e%k is a partition , th en  ( (Q ,/ ) )  is a 
p a r tit io n  gam e.

•  If /  : £ i—> AieZfc then  { { Q , f ) }  is a  c o n ju n c tiv e  m eta g a m e, denoted as Ai^A or ((Q , A ) } .

•  If /  : £ i—> VieZt A then  ((Q , / ) )  is a d is ju n c tiv e  m eta g a m e, denoted as V j E, or ((Q , V)).

T hus a partition  game is a game th a t  can be decomposed into several independent com ponent games, 
w ith conjunctive and disjunctive partition  games being the  m ost common cases.

T h eo rem  6 .2 .4 . Every disjunctive m etagam e \ / i ( X Si , /*) has a dual representation  as a conjunctive 
m etagam e.

In  fact each disjunctive m etagam e can be tu rned  into a conjunctive m etagam e, and vice versa, by 
negating th e  m etafunction as well as all th e  com ponent functions; see the  proof on page 61.

T h eo rem  6 .2 .5 . Every m etagam e where one of th e  players a ttem p ts  to  make the  result vector 
equal to  ip for some ip £ S>Zfc has a representation  as a conjunctive metagam e.

This also implies th a t  any m etagam e in which one of the  players tries to  avoid th e  result vector 
equalling ip is a conjunctive m etagam e. Thus any theorem s abou t conjunctive m etagam es apply to  
all games of th is type.

A supergam e can be regarded as a specific kind of m etagam e:

T h eo rem  6 .2 .6 . Let T =  ( X s , f )  and S* D S.  Then T*<S* =  T A ( X s ' \ s , + )  =  T V ( X s *\s , - ) .

A nother straightforw ard assertion is th a t a subgam e of a m etagam e is equal to  th e  m etagam e of the 
subgames of the  components.

T h eo rem  6 .2 .7 . Let T =  ( ({Ti }i^zk, f } )  w ith  Tj =  (X Si , f i ) and S  =  U jgz ^ e t  ^  e  X s . Then
T / i P = ( { { T i / ip} ieZkJ } } .

6.3  C om paring G am es

W hen two set colouring games ( X s , / )  and ( X s , f )  are defined on the  same colour space and it 
tu rn s  out th a t  f(ip*) >  f'(ip*) for every complete colouring ip* of S,  th en  of course ( X s , f )  is more 
advantageous to  MAX and ( X s , f ' )  is more advantageous to  MIN. This allows a  partia l ordering of 
games defined on the  same colour space.

D efin it io n  6 .3 .1 . Let T =  ( X s , f )  and T' =  ( X s , / '} .  If  f'(ip*) ^  /(V ’*) for all com plete colourings 
ip* £ X s , th en  T' is T -n ecessary  and T is T'-sufR cient. This is denoted as T' ^  T. P u t T' =  T if 
and only if  T ' >  T and T ' ^  T.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CH APTER 6. M ETAG AM ES 56

Observation i: B y induction it  follows th a t  if F 7 ^  F  then  M N x(r';p) ^  MNx(r; p) for all 
P £  Vs -

Observation ii: Let ip G X 5 . If T ' ^  T th en  it  can be easily verified from Definition 5.1.4 th a t  
9Hp(V>, m ax) C 971+ (ip, m ax) and M^(ip,  min) D 9Jl£,(ip, min).

T his is a  p artia l order; it  is possible for games on the  same colour space to  be incom parable. As 
th e  no tation  suggests, when T ' ^  T th en  for T to  be positive it  is sufficient if F ' is positive. If th a t 
is indeed th e  case, then  MAX can win T by using a w inning strategy from T '. Conversely, for T ' to  
be negative it suffices if T is negative, and min can win T' by using a  winning s tra tegy  from T. If 
r ' < r  and r ' > r  then  f  =  f , so it then  indeed makes sense to  w rite r 7 = T.

T he p artia l order can be extended to  com pare games th a t  are no t defined on the  sam e colour space, 
by com paring supergam es th a t  are defined on the  same colour space.

D e fin it io n  6 .3 .2 . Let F =  ( X s , f } and T' =  { X s ' J ' } .  T hen T' >  T if and only if T ' * S * ^ T * S *  
where <S* =  S  U S'.

Observation i: Equivalently, T ' ^  T if and only if f '( ip) ^  f(ip) for all ip G X ‘su,s .

Observation ii: If T =  T7 then  S  \  S'  is dead in T and S' \  S  is dead in T7.

Observation Hi: For any two games T and T7 we have F  V F ' ^  T ^  T A F 7.

Observation iv: For any (} G {□, A } we have T ^  T7 <t=> T * <} ^  T7 * <).

Observation v: ( 0 ,+ )  ^  T ^  (0 , —).

Com paring two games entails “padding” b o th  w ith dead elem ents until the  colour spaces m atch. 
W hile the  added com ponents are triv ial by themselves, they  are not entirely pointless in a metagam e:

T h eo rem  6 .3 .3 . Let T =  { X s , f )  and <S* C S , then

r  * s *  =  {r  if I5* \ is even’
[T*  if \S* \  S\  is odd.

Corollary i: (ro  * □ )  A  (Ti * □ )  =  ( r 0 * A )  A  ( r !  * A )  =  Fo A  Ti * □, and the  same goes for V 
instead of A;

Corollary ii: ( F o  * □ )  A  ( F j  *  A )  =  ( r o  * A ) A ( F 1 * n )  =  r o A F i * A ,  and the  same goes for V 
instead of A .

Corollary Hi: Let () G {□, A } and m G 97l (S) ,  then  ( r  * 0 ) © m =  (F © m) * 0*.

All th is  im m ediately follows from Theorem  5.4.2, by considering the num ber of stars  present in each 
game. From there we have:
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T h e o re m  6 .3 .4 . Let T =  ( X s , f )  and T ' =  ( X s ', / ' )  w ith  T <  T ', and let c G £. If |«S\«S, | and |<S'\<S| 
are even then  M N x ( r ; c)  =  +1 = >  M NX(r';  c)  =  +1 and MNX(F';  c)  =  —1 =^> M N X ( r ; c)  =  —1. If T 
and T ' are isotone then  the  requirem ent th a t  |<S \  «S/ | and \S' \  <S| be even can be dropped.

G am e com parison has the  desired property  th a t  adding a conjunctive or disjunctive com ponent 
preserves th e  comparison:

T h eo rem  6 .3 .5 . Let T0 =  ( X s ° , f 0) and T i =  ( X S l , f \ )  such th a t  r 0 <  IV  For any T2 =  ( X s , f )  
we then  have F o A r 2 ^ F i A r 2  and F o V F 2  GS T i V F 2.

A nother useful observation is th a t  if two games are bo th  necessary or b o th  sufficient for a th ird  
game, then  so are the ir conjunction and disjunction:

T h eo rem  6 .3 .6 . Let Tj = (X Si, f i ) for 0 ^ i ^ 2. If r 0 ^ T2 and T* ^  r 2, then  r 0 V Ti ^ 
roATi ^ r 2. If r 0 sj r 2 and Ti ^  r 2, th en  ro A Ti To VTi gj r 2.

A dding a s ta r to  any com ponent of a m etagam e is the  same as adding a s ta r to  the entire metagam e: 

T h eo rem  6 .3 .7 . Let Q =  { T i } iGZk- P u t Q! =  { r 0* , r i , r 2, . . .  , r fe_ i} . Then ( (£ ) ', / ) )  =  ( (Q ,/)}* .

Com paring two games can be useful when one game is easier to  analyze com putationally  th an  the 
o ther. The next two chapters will deal w ith m appings th a t  can transform  a set colouring game into 
another set colouring game th a t  has lower dim ension and is provably sufficient or necessary.

6 .4  V alues for C on ju n ctive  and D isju n ctiv e  M etagam es

As m entioned in  Section 6.1, w ithout loss of generality  only initial positions need to  be considered 
w hen analyzing m etagam es. T he question a t hand  is: Can the  m inim ax value of a  m etagam e be 
determ ined by analyzing the  com ponent games in  isolation? In  m any cases th is is indeed possible.

T h e o re m  6 .4 .1 . Let Q -  { ( X Si, f i ) } iez k be a partitio n  game w ith S  =  (Jiezfc *%• Then

«<2,V » ^  Ti ^  « Q , A »

for all i G Zfc.

Corollary i: For any c f  f  and 0  G {□, A }, if 3ieZk [M Nx(r, * 0; c) =  + l ]  then  m n x ( ( ( Q ,  V)) * 
0 ; c) =  +1.

Corollary ii: For any c G C and <> G {□, A }, if 3ieZk [m nx(Fj * 0; c) =  —l] then  m nx(((Q , A ) )  * 
0 ;c ) =  - 1 .

In these cases there  exists a winning stra tegy  th a t  concentrates on winning ju s t one com ponent. The 
theorem  therefore even holds when th e  com ponent games are not independent. I t is necessary for 
M AX to  be able to  win each of th e  em bedded com ponents in order to  win the conjunctive m etagam e.
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T his is not in general sufficient for MAX; for instance, when To =  (T^0,1,2} ,£ h  ( 0 V ( i  V £2 } and 
Id  =  (T^3’4} ,^  h-> £ 3  =  £4 }, w ith  MIN having the  first move, MAX wins bo th  To * A  and To * A  b u t 
not To A IV  T he question thus arises w hat circum stances are required for sufficiency.

T h e o re m  6 .4 .2 . Let Q  =  { (A 5’ , f i ) } i e z k be a  partitio n  game w ith S  =  U jgZfc Then:

VieZfc [ M N X ( r j  * □; M IN ) =  + 1 ] = >  m n x ( ( ( Q ,  a ))  * □; m i n )  =  +1;

VieZt [ M N x ( r i  * □ ;  m a x )  =  - 1] = >  m n x ( ( ( Q ,  V ) )  * □ ;  m a x )  =  - 1 ;

Combining Theorem s 6.4.1 and 6.4.2 we have th a t, in an  even or isotone m etagam e, a second-player 
win in each em bedded com ponent is b o th  necessary and sufficient for a second-player win in all the  
components. If all com ponents are even, then  a simple stra tegy  can be used where each move by the 
opponent is answered w ith a move in the  same com ponent. The proof of Theorem  6.4.2 as outlined 
on page 63 uses th is  approach. Such a  stra tegy  m ay be called a  p a r t i t i o n  s t r a te g y ;  an exam ple 
already surfaced earlier, in th e  proof of Theorem  5.4.2 which m ay indeed be regarded as a special 
case of Theorem  6.4.2 since T + * =  T A  ( X 2, + ).

S trictly  speaking a partition  stra tegy  is no t a stra tegy  according to  Definition 3.3.1, since its dom ain 
is no t X s  b u t ra th e r 9Jt(0'S) x X s , a subset of X s  x X s . Moreover, a partition  s tra tegy  is powerless 
to  decide in situations where there  is no previous move by the  opponent, or when the  opponent took 
the  last available move in some com ponent.

For this reason, there  is no component-wise partitio n  s tra tegy  when there  are odd com ponents. 
W hereas a winning stra tegy  for T can easily be transla ted  in to  a winning s tra tegy  for r  * *, the  
reverse is not necessarily the  case. Nevertheless, when the  conditions of Theorem  6.4.2 are m et there 
is a winning stra tegy  th a t  is alm ost as good as a pure partition  strategy. T he w inner can choose 
to  pair up all th e  odd com ponents, trea ting  each pair as an even com ponent. Therefore there  will
be a winning stra tegy  in which each move in an even com ponent is answered w ith  a  move in the
same com ponent, and each move in  an odd com ponent is answered w ith  a  move in either th e  same 
com ponent or the  one th a t  was paired up w ith it.

Theorem  6.4.1 can be “backed up” one move to  give th e  following:

T h e o re m  6 .4 .3 . L e t  Q =  { { X Si , %k b e  a  f a m i ly  o f  in d e p e n d e n t  g a m e s ,  a n d  l e t  0  €  { □ ,  A}. 
I f  t h e r e  e x is t s  a  s u c h  t h a t  m n x ( T :, * 0 ; M I N )  =  —1, t h e n  a n y  m ^  is  a  lo s in g  m o v e  in
( ( ( Q ,  A ) )  * 0 * , M A X ) .  If t h e r e  e x is t s  a  T j  s u c h  t h a t  M N x ( T j  * 0 ; m a x )  =  + 1, t h e n  a n y  m ^  27t(Sj) is  
a  lo s in g  m o v e  in  ( ( ( Q ,  V ) )  * 0 * ,  m in ) .

Corollary i: Let T, and D, be two com ponents such th a t  i /  j .  If M N X (T ,  * 0 ; m i n ) =  —1 and 
M N X ( r j  * 0 ; M IN ) =  - 1 ,  then  M N X ( ( ( Q ,  A)) * 0*; m a x ) =  - 1 .  If m n x ^  * 0; m a x ) =  +1 and
m n x ( T j  * 0; m a x ) =  +1, then  m n x ( ( ( Q ,  V ) )  * 0*; m a x ) =  + 1 .

The justification for th e  m ain theorem  is th a t m ^ DJl(Sj) sets up the  preconditions of Theorem  6.4.1, 
so th a t  th e  player to  move is forced to  move in Sj.  T he corollary then  follows because if there are 
two such com ponents then  the  player to  move cannot move in both  of them  simultaneously, as all 
com ponents are independent.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CH APTER 6. M ETAG AM ES 59

Theorem  6.4.2 can sim ilarly be backed up one move:

T h e o re m  6 .4 .4 . Let Q — { ( X Si , f i ) } ie%k be set of independent games. If there  are no em pty 
com ponents, then:

3 ie z fc[M N x( r i * A ;M A x)  =  + l ] A V ieZ |Ai [MN X(I>D ;MlN )  =  + l]  = >  m n x ( ( ( Q ,  A )) * A ;  m a x )  =  +1; 

3 ieZfc[MNX(ri *A;MIN)  =  - l ]  AVj€Zfc\ j [MNX(r j*Q;MAX)  =  - l ]  =*•  m n x ( ( ( Q , V ) ) * A ; M I n )  =  - 1 .

T he winning opening move in bo th  cases is to  play a winning move in Tj * A , creating a situation  
in which Theorem  6.4.2 applies. T he theorem  also holds when Tj is even, w ith  counterintuitive 
consequences. T he game ((Q , A}} * * can be won by MA X going first, by playing a winning opening 
move in 1^*. However, th is move m ight not  be in T, itself, for it  m ight require m a x  to  play in the  
sta r o f Tt*. If th a t  is th e  case, then  th is opening move for ((Q,  A)) * * does no t work for ((Q , A)) 
itself. Yet there  m ust be a w inning move in ((Q,  A}), otherwise there  would be no winning move in 
((Q,  A)) * *. This w inning move m in ((Q , A)) m ust th en  be in some other com ponent IV  A fter th is 
move, the  game is won for M A X  even though it appears to  contain two com ponents whose sta tu s  is 
unknown, since nothing was specified abou t M N X (I”j * S*; m i n )  or M N x ( r j / m  * S ’, m i n ) .

The discussion in th is section has concentrated  on partitio n  games, w ith results for second-player 
wins in even games and first-player wins in odd games. This leaves th e  following situations to  be 
considered:

•  the  com ponents are no t independent;

•  the  m etagam e has th e  “wrong parity” .

If th e  com ponents are not independent th en  there  can be no general analysis th a t  always settles 
the  m inim ax value of th e  m etagam e based only on the  analyses of the  individual com ponents, since 
examples can easily be constructed  in which th e  outcom e depends crucially on the  overlap between 
com ponents. For instance, if  r 0 =  {TSo, £ i—> £,,) and Tj =  (T ^1, £ i—> £.w), th en  F0 A T] is negative if 
v  /  w  bu t regular if v  =  w.

T he rem aining case is the  “off-parity m etagam e” , nam ely when th e  player who needs to  win all the 
com ponents has th e  first move in an  even gam e or th e  second move in an odd game; in o ther words, if 
th is player does not have th e  last move of the  game. C hap ter 7 will delve deeper into th e  question of 
determ ining the  m inim ax value of a m etagam e by independent analysis of the  com ponents. However, 
as in previous cases, isotone games are much tam er.

6.5 Iso to n e  M etagam es

I f  a ll  c o m p o n e n t s  a r e  i s o to n e  t h e n  t h e  b e h a v io u r  is  m o r e  b e n ig n ,  s in c e  t h e r e  a r e  n o  m is e r e  c o lo u r in g s  
in  a n  i s o to n e  f u n c t io n .  A n o t h e r  w a y  o f  s a y in g  t h i s  is  t h a t  s t a r s  c a n  b e  a d d e d  a t  w ill  t o  is o to n e  
c o m p o n e n ts ,  m a k in g  e a c h  o f  t h e m  e v e n  a s  d e s i r e d .
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T h e o re m  6 .5 .1 . Let Q =  be a family of isotone pairwise independent games. Let n P, rta,
and n N be the  num ber of positive, regular, and negative components.

j positive if nR =  0 and n N =  0:
( ( a  a )} is < regular if n R =  1 and  nN =  0:

[  negative if n R ^  2 or n N ^ 1.

| negative if n R =  0 and n f =  0:

« Q .V »  is < regular if n R =  1 and n P =  0:
1 positive if n R ^ 2 or n P ^  1.

These values can be appreciated intuitively. If all com ponents are positive then  m a x  can win each 
com ponent separately, so MAX could win the  m etagam e by using a partition  stra tegy  if MAX were 
allowed to  skip. B ut an  isotone game th a t  can be won w ith skips can also be won w ithout skips.

If there  is one regular com ponent and the  rest are positive, th en  m a x  wins by playing a winning 
move in the  regular com ponent. This com ponent then  becomes positive, since misere isotone games 
do not exist. If however MIN has the first move, then  MIN can win the  regular com ponent and so 
win the  conjunctive m etagam e.

6.6 P roofs

T h e o r e m  6 .1 .3 . Let T =  { X s , / )  w ith ip £ X s , and let T' =  (X s  , / ' )  =  T/ip w ith  p' £  fPs'. Then  
M N x ( r ' ; p ' )  =  m n x ( T ; p » .

Corollary i: Let p =  {ip, c) €  fPs then MNx(T; p) =  MNX(T/ip; c).

Proof. Induction to  |W(p')|. Let p' =  (ip',c).

B a s e  c a se :  IA{p') =  0 .  Then MNX(r;p'^>) =  MNX(r; ip'ip, c) =  MNX(T';p/) =  f'(ip') =  f{'<p''4>) since 
both p' and p'ip are final positions.

I n d u c t io n  s t e p .  Let p" 6  iP.S'- Prom D efinitions 2.2.1 and 3.2.4 it can be verified easily that
p"tp £  IPs and that p" <— p' if and only if p"ip p'ip. Therefore

N G x(r';p') =  — min [NGXjr7; p")| (Observation 5.1.3:i)
p " ^ p '

=  — m in [n g x (T ;p "V>)] (induction, \ U { p " ) \  <  |W(p')|)
p " — p '

=  -  min _ [n gx(T ; p"ip)\ (p" <— p' p"ip *— p'ip)
p " l /n - p 'l j)

=  NGX(r;pV) (Observation 5 .1 .3:i)

which is equivalent to  M N X (r ';p ')  =  M N X ( r ; p'ip). □
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T h e o re m  6 .1 .4 . Let T =  { X s , f ) ,  let m =  x v w ith  v S,  and let X '  C  X  such th a t \  £ X ' . 
Consider th e  game

For th is game we have T '/m  =  T.

Proof. Let / '  be the  outcom e function of F ' as defined in the  construction. T he gam e F '/m  is 
played on =  X s , w ith  outcom e function f ' / m  =^= f  t—> f ' ( fm) .  I t  rem ains to  show th a t
f ' / m  =  / .  For if* G X s  we have f(ip*m) f((ip*m) \  S)  — f(ip*) by Lem m a 2.2.2:iii. Therefore

f'(ip*m) =  f ( r m )  A  6  X ' )  =  f ( i p * )  A  t r u e  =  f ( r )

since =  m„ =  x  because v G Z)(m). □

T h e o re m  6 .2 .4 . Every disjunctive m etagam e \ / { X Si, f t ) has a dual representation as a conjunctive 
metagam e.

Proof. Since \ J ( X Si, f i )  uses th e  m etafunction /  : £ hh> \ f ieZk we have

z k = V f i =  -  A - f i

which describes a conjunctive m etagam e. □

T h e o re m  6 .2 .5 . Every m etagam e where one of the  players a ttem pts to  make the  result vector 
equal to  ip for some ip G EZk has a representation as a conjunctive metagame.

Proof. The m etagam e in which m a x  a ttem p ts  to  make the  result vector equal to  ip uses the  m eta­
function /  : f  i—> f \„es  ‘ €v according to  Lem m a 2.3.1. Then:

f ° ( f i ) i e z k =  A V i ’ f i -

T his describes the  conjunctive m etagam e obtained by negating / j  whenever ipi =  —1. N egating th e  
function /  itself produces the m etagam e in which MIN a ttem p ts  to  make the result vector equal to  
ip. □

T h e o re m  6 .2 .6 . Let T =  (X 5 , / )  and S* C S.  Then F * «S* =  T A  { X s ' \ s , + )  =  F V  { X s "\s , - ) .

Proof.
T * S *  =  (X 5 *, / )  =  (X ‘SU(S*\'S), /  A  t r u e ) =  (X 5 , / )  A  ( X s ' \ s , + ) 

and analogously T * S* =  T V ( X s *\s , —)■ D

T h e o re m  6 .2 .7 . Let T =  { { {Ti } iezk, f ) )  w ith T; =  ( X Si, ff) and S  =  \Jiezk <%• Let ip G X 5 . Then 
F/V’ =  { ({ F i/^} iez fe, / ) ) -

Proof. W ithout loss of generality assume th a t  A(tp) C S.  The colour space of {{{Ei } ie zk, f ) ) / ip is 
S \ A ( i p )  =  ( U i e z J 5 *)) \-4(V 0 =  U ie z J 5 * \ A ( ip ) )  which is the  colour space of { {{Ti / ip} iezk, f))-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CH APTER 6. M ETAG AM ES 62

For the  scoring functions we have

i i / m ' )  = / ( / < ( ( \  <5) \  $))  i€Zk =  f ( h W *  \  s * ) ) i€Zk = f ( \ f i / m ' ) ) .

since (tp'ip \ S )  \ S i  =  ip'if \  Si  by O bservation 2.1.3:iv. □

T h eo rem  6 .3 .3 . Let T =  ( X s , f )  and S*  C S,  then

r  * 5* =  / r  if i5 * \  S | is even,
} T* if \S* \  S\ is odd.

Corollary i: (Fo * □) A (F j * □) =  (ro  * A ) A ( r i  * A ) =  To A T i * □, and th e  same goes for V 
instead of A;

Corollary ii: (r0 * □) A (F i * A ) =  (r0 * A ) A (F i * □) =  To A Ti * A , and the  same goes for V 
instead of A.

Corollary Hi: Let 0  € {□, A } and m G 9ft(<S), then  (T * 0 ) © m =  (F © m) * 0*.

Proof. The m ain theorem  is a resta tem ent of Theorem  5.4.2. T he corollaries follow in com bination 
w ith  Theorem  5.4.2. □

T h eo rem  6 .3 .4 . Let T =  (X 5 , / )  and V  =  ( X s ' J ' )  w ith  F  <  T ', and let c e  C. If |5 \ 5 ' |  and |S '\ 5 |  
are even th en  M N x(r; c) =  +1 = »  MNX(F'; c) =  +1 and MNX(r'; c) =  - 1  ==> MNX(r; c) =  - 1 .  If T 
and r '  are isotone th en  the  requirem ent th a t |<S \  iS'| and |<S' \  S | be even can be dropped.

Proof. Let S* =  S  U S ’, so th a t  T * S* <  T ' * S * . If  |«S \  <S'| and |<S' \  iS| are even th en  |<S* \  <S| and
\S* \  <S'| are also even since S* \  S  =  S'  \ S  and S* \  S'  =  S \  S'.  We then  have

M NX(r';  c) =  M N X (r '  *S*;c)  (Theorem  5.4.2)

> m n x (F * 5 * ;c )  (F * <S* ^  T ' * S*)
=  M N x ( r ;  c) (Theorem  5.4.2)

from which th e  im plications follow. If b o th  games are isotone then  by Theorem  5.5.2 th e  proof also 
holds when |<S* \  <S| and |<S* \  <S'| are not b o th  even. □

T h eo rem  6 .3 .5 . Let r 0 =  ( X s ° , f 0) and Ti =  ( X S l , f i )  such th a t T0 ^  For any T 2  =  ( X s , f )  
we th en  have F o A F 2 ^ r i A r 2  and F o V r 2 ^ F i V r 2 .

Proof. This follows im m ediately from Observation 6.3.2:i. □

T h eo rem  6 .3 .6 . Let Tj =  ( X Si, f f )  for 0 ^  i ^  2. If Tq ^  T2 and F j ^  T 2 , then  To V T j ̂
r 0 A T j ^  r 2 . If r 0 ^  T 2  and T i ^  F 2 , then  Fo A T i ^  To V T i ^  T 2 .

Proof. Since in general T; ^  Tj is equivalent to  y ^ , e - ŝiusj [fi(ip*) <S= fj(ip*)], th e  theorem  is a
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rew rite of th e  elem entary Boolean equations

(to A  £ 1)  = >  (to V  £ 1) ,

( ( £ 2  = > •  t o )  A  (£2 £ 1 ) )  < != >  (£2  = >  (£0  A £ 1 ) ) ,

( (£ 0  £2)  A  (£1 = >  £ 2 ) )  -£=>• ( ( £q  V  £ 1 )  = = >  £2 ) .  □

T h eo rem  6 .3 .7 . Let Q =  { T i ) i & k . P u t Q' =  { r 0* , r i , r 2, . . . ,  Tfc—1 }. T hen ( (Q’, f ) )  =  ((Q,  / ) )* .

Proof. F irs t consider the  base cases. Using Theorem  6.2.6 we have:

( r 0*) A T x =  ( r 0 A (A’”', + ))  A T 1 =  (To A T r) A ( X w, + ) =  ( r 0 A TO*;
( r 0*) V r ,  =  ( r 0 v ( x w, - »  v r 1 =  ( r 0 v r , )  v ( x w, - )  =  ( r 0 a  r ^ * ;

- ( r 0*) = - (To  a  (X” , +)) = (-ro) v ( - ( X ” , +)) = ( - r 0) v ( x w, -> = ( - r 0)*

where w  is the  dead element and negating a game m eans negating its scoring function. Since any 
m etafunction can be thus composed of conjunction, disjunction, and negation, the  lem m a holds. □

T h eo rem  6 .4 .1 . Let Q — { ( X s ’ . f i ) } i c z k be a partition  game w ith S  =  \Ji€%k Si. Then

«<2,V » <  r ,  <  ((Q,  A»

for all i £ Zfc.

Corollary i: For any c € €, if [ m n x ^  * 5 ; c) =  + l ]  then  m nx(((Q , V)); c) =  +1. 

Corollary ii: For any c £ C, if 3iez k [m nx(Fj * S; c) =  —l] then  m nx(((Q , A)); c) =  —1.

Proof. Let r '  =  V j6 zfe\i T-,, so th a t ((Q,  V)) =  r , ; V T '. By Theorem s 6.2.6 and 6.3.5 we then  have 
* <S =  T; V ( X s \ Si , —) ^  Ti V r '  =  « Q ,V )). Analogously, r< * 5  =  r 4 A (X 5 \ 5*, + ) <  ((Q , A)). 

T he corollaries follow from Observations 6.3.1 :i and 6.3.2:iv. □

T h eo rem  6 .4 .2 . Let Q  =  { ( X Si, f i ) ) iez k be a partition  game w ith S  =  U iezfc Si- Then:

VieZfc [MNX(Fi * □; MIN) =  +1] = >  m n x (((Q , A)) * □; m in ) =  +1;

Viezfc [m n x (F j * □; m ax ) =  - l ]  = t>  m n x (((Q , V)) * □; m ax ) =  - 1 ;

Proof of main theorem. F irs t consider the case w ith two even com ponents, so th a t k =  2, Fo*D =  To, 
r x * □ =  T i, and (F o A F i)* D  =  To A T j. The proof for th is  case goes by induction to  |5o| and |<Si |.

B a s e  ca se : |<?o| =  |«Si| =  0. T hen F0 =  (25, to),  T i =  ( 0 ,£ i ) ,  and ((Q,  A)) =  (25, to A t \ ) .  Since 
for both  com ponents we have MNX(r^ * <S;MIN) =  + 1  and r ,  * S  =  F ,. so that apparently
£0 =  £1 =  + 1  and therefore m n x(((Q , A)); min) =  £q A £1 =  + 1 .
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I n d u c t io n  s t e p .  Let p £  fPs such th a t  p (cps , m i n ) .  Then p =  (ip, m a x )  for some ip £ X s , and 
there is a  m £ Wl((ps ) such th a t  p =  (cps , m i n )  © tn and ip =  <ps m. Since S  =  So U 1S1 and 
So D <Si =  0 ,  w ithout loss of generality assume th a t  m G DJl(<ps °). P u t po =  p \  So, then  
p0 =  ( t^ m , m a x )  \  <So =  (cps m \  So, m a x )  =  ( / “m, m a x )  <— (̂ >5°, m i n ) .  The com ponent To 
is even, so m n x ( T o * ;  m i n )  =  +1 implies th a t  m n x ( T o ;  m i n )  =  +1 according to  Theorem  6.3.3. 
This m eans th a t  n g x ( T o ;  m i n )  =  —1, so n g x ( T o ; P o )  =  +1 from Definition 5.1.3, and from the 
same definition we have th e  existence of m ' £  3Tl(0‘Som) such th a t NGX(To; po®m ') =  —1. Since 
po© m ' =  ( / " m m ',  m i n )  we have N G X ^o/m m '; m i n )  =  —1 and thus M Nx(ro/rttm '; m i n )  =  + 1 . 
B oth m and m' are not moves in T i because _4(m), .A(m') £ So and So H =  0 ,  so th a t 
T i/m m ' =  T i from O bservation 6.1.1:ii. Now bo th  To/m m 7 and T 1 /m m ' are even, and To/m m ' 
is of lower dimension th a n  T0, so by induction  we have MNx(To A T i;p  © m;) =  MNx(To A 
T i; (cps , m i n )  ffim © m ') =  m n x ( ( T 0 A T i)/m m '; m i n )  =  +1. This holds for any p ( ^ . m i n ) ,  

and therefore m n x ( T o  A T i ^ ^ m i n )  =  +1.

T his then applies equally well to  the general case for k =  2 where one or both  com ponents m ay be 
even, as both  To * □ and T i * □ are even, and (To * □ ) A (T i * □) =  (T0 A T i) * □ according to  
Theorem  6.3.3.

T he proof for the general case where k >  2 goes by induction to  the number of com ponents, treating  
T i A T 2 A . . . A r  *._! as one com ponent. T his proves th e case for m n x(((Q , A)); min); the proof for 
m nx(((<2, V ) ) ;  m ax) is identical w ith  the roles o f min and M A X interchanged. □

T h e o r e m  6 .4 .3 .  Let Q =  { ( X 5 i , f i) }i£Zk be a fam ily of independent gam es, and let 0  & {□ , A ) .  
If there exists a Tj such that MNx(Tj * 0;MIN) =  —1, then any m 9Jl(Sj) is a losing move in 
( ( ( Q , A)) * 0 * , MAX). If there ex ists a Tj such th a t MNX(B,- * 0; MAX) =  + 1 , then any m ^ 9Jl(Sj) is 
a losing move in (((Q , V ) )  * 0 * , m i n ) .

Corollary i: Let T, and T  ̂ be two com ponents such that i A  j ■ If M N X (T j  * 0; M IN ) =  —1 and 
m n x ( T j -  * 0; m i n )  =  - 1 ,  then m n x ( ( ( Q ,  A)) * 0*; m a x )  =  - 1 .  If MNX(Tj * 0; m a x )  =  + 1  and 
m n x ( T j  * 0; m a x )  =  + 1 , then m n x ( ( ( Q ,  V)) * 0*; m a x )  =  + 1 .

Proof. First consider the case w ith  m nx(T j * 0 ;m in ) =  —1. P u t T =  ({Q,  A )), and w ithout loss o f 
generality let j  =£ 0 and let m £  9H(Fo). T hen (T * (>*) ©m  =  (P © m )* 0  according to  Theorem  6.3.3. 
T his gam e has parity 0  and contains the com ponent T j / m  =  Tj since m TR(Sj). T his fulfills the  
preconditions o f the corollaries o f Theorem  6.4.1, im plying the conclusion. T he proof for th e case 
M Nx(rj  * <0>; m ax) =  + 1  is analogous. For th e corollary note that for any move m we m ust have 
either m (f 971(r,) or m 911 (Tj) since S,  n  Sj =  0 ,  so that m is a losing move. □

T h e o r e m  6 .4 .4 .  Let Q =  { ( X Si , f i ) } ieZk be set o f independent gam es. If there are no em pty  
com ponents, then:

3ieZk [ M N X ( r i * A ; M A X )  =  + 1 ]  A V j 6Zfc\ i [ M N X ( r <* D ; M I N )  =  + 1 ]  =4> M N x ( ( ( Q ,  a ) )  * A ;  m a x )  =  + 1 ;  

3ieZk [ M N X ( F i * A ; M I N )  =  - 1 ] A V :,e Z t V [MN X(r i * n ; MAX) =  - 1] = *  M N x ( ( ( Q ,  V ) )  * A ; m i n )  =  - 1 .

Proof. W ithout loss o f generality let To be the com ponent such that MNx(Fo * A; m ax) =  + 1 , 
and so MNX(Fj * D ; M I N )  =  + 1  for all 1 ^  i <  k. If k =  1 then ((<2, A)) =  T q and there is
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nothing to  prove, so assume k >  1. Since MNX(]?o * A ; m a x ) =  +1 there exists m €  9 J such 
th a t  MNX((r0 * A)/m;MlN) =  MNX(r0; <j>s °*A m, m i n ) =  MNX(r0/m; (ps °*a , m i n ) =  MNx((r0/m) * 
□  ; m i n ) =  —1. For 1 ^  i <  k we have _4(m) ^  S,  because th e  com ponents are independent, so 
T i/m  =  Tj. Therefore MNX(Fj/m * D ; M I n ) =  m n x ( F j * D ; M I n ) =  —1. Theorem  6.4.2 then  implies 
th a t MNX((((Q, A)) * D )/m ; m i n ) =  —1. Therefore m n x ( ( ( Q ,  A)) * A; m a x ) =  +1. The proof for the  
im plication for m n x ( ( ( Q ,  V)); m i n ) is identical, w ith  the  roles of m i n  and m a x  interchanged. □

T h e o re m  6 .5 .1 . Let Q =  { ^ i } ie z k be a family of isotone pairwise independent games. Let n P, n R, 
and n N be the num ber of positive, regular, and negative components.

positive if n R =  0 and n N =  0
( (2 ,  A)) is < regular if n R =  1 and n N =  0

negative if n R ^  2 or n N ^  1.

negative if n R =  0 and n P =  0
« Q , V »  is < regular if n R =  1 and n P =  0

positive if n R ^  2 or n P ^  1.

Proof. P u t r,; =  (X Si , f i ) and S  D | J < S j  such th a t  |«S| is even. For every F , £ Q we have 
M N X (F j  * 5 ; c) =  M N X (F jj  c) by Theorem  5.5.2 and  Theorem  6.3.3 because is isotone, and for the 
same reason m n x ( ( ( Q ,  A)); c) =  m n x ( ( ( Q ,  A)) * <S; c).

C ase  1: n R =  0 and  n N — 0. T hen each com ponent F, is positive, so M N X (T m i n ) — +1 and there­
fore MNX(Fj*iS; m i n ) =  + 1, from which Theorem  6.4.2 implies th a t  MNX(((Q, A)); m i n ) =  +1. 
Since ((Q , A)) is isotone th a t  also implies th a t MNX(((Q, A)); m a x ) =  +1 by Corollary 5.5.3:iii. 
Therefore {(Q, A)) is positive.

C ase  2: n R =  1 an d  n N =  0. W ithou t loss of generality let To be the  regular com ponent. Since 
M N x (r0 ; m i n ) =  - 1  we have M N X ( r 0 * < S ; m i n ) =  - 1  and therefore m n x ( ( ( Q ,  A)); MIN) =  - 1  
by Theorem  6.4.2. Since M N X ( r 0 ; m a x ) =  + 1 there  is a  move x v such th a t  M N X ( r 0 / x t';  m i n ) =  
MAX. Then T q / x v and all the  rem aining com ponents are positive, from which Case 1 implies 
th a t m n x ( ( ( Q ,  A ) ) / x v ; m i n ) =  m a x , and therefore m n x ( ( ( Q ,  A)); m a x ) =  m a x . T hus ((Q,  A)) 
is regular.

C ase  3: n R ^  2. W ithou t loss of generality let r 0 and Tj be negative. For any move \ v , a t least 
one of To and T i does not contain v  and is still regular. Therefore by Theorem  6.4.1 we have 
m n x ( ( ( Q ,  A ) ) / x v ', m i n ) =  —1, and thus m n x ( ( ( Q ,  A)); m a x ) =  —1. Since ((Q,  A)) is isotone, it 
is negative.

C ase  4: nN ^  1. W ithou t loss of generality let r 0 be the negative com ponent. By Theorem  6.4.1 
we have MNX(((Q, A)); MAX) =  —1. As in Case 3, th is implies th a t ((Q , A)) is negative.

T he proofs for ({Q,  V ) )  are entirely analogous, w ith interchanged roles for MIN and M A X. □
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Chapter 7

Combinatorial Game Theory

Section 6.4 provided some theorem s abou t determ ining the  m inim ax value of a m etagam e by in­
dependent analysis of th e  com ponents. T he theorem s are correlated to  stra tegy  advice where the  
winning player employs a partition  strategy, and involve cases where the winning player needs to  win 
only one com ponent, or makes the  last move of the game. W hen th is is not the  case, it  seems th a t  
any winning stra tegy  m ust be more subtle, dealing w ith  in tricate  interplay between components.

T he field of C o m b in a to r ia l  G a m e  T h e o r y  ( c g t )  has been created for ju s t such purposes [23, 13]. 
C g t  m ethods can be used and modified to  shed more light on the  behaviour of partition  games. The 
discussion in th is  chapter also appeared in [85]; the  developed theory  applies not only to  set colouring 
games bu t to  a more general class of “binary  com binatorial games” , the difference being th a t  a  binary 
com binatorial game need not have a fixed length in term s of num ber of moves played. T he no tation  
and  term inology in th is chapter follows common C G T  conventions and assumes fam iliarity w ith such 
conventions; refer to  [13] for the standard  introduction to  these topics.

7.1 B inary  C om binatoria l V alues

In order to  introduce binary  com binatorial values, th e  d iv is io n  g a m e  will be more useful. In this 
game the  two players take tu rn s  acquiring one of th e  variables, and when all variables have been 
claimed a function assigns the  win to  one of th e  players. This is equivalent to  G A M E - S A T  w ith  the 
additional restriction th a t  M A X may only assign the  value t r u e  to  a  variable, and MIN m ay only 
assign FALSE. Division games were introduced by Yam asaki [102], who also extended them  to  games 
w ith a  predeterm ined b u t not necessarily a lternating  order of play; in th is chapter, only a lternating  
play will be assumed.

T he no tation  for binary games will m irror the  standard  C G T  conventions, w ith  m a x  playing the  role 
of Left and MIN playing Right. W here com binatorial games are built up sta rtin g  w ith the  “atom ic”

66
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gam e { | }, b inary  games s ta r t w ith the  atom ic games T and F.

D e fin itio n  7 .1 .1 . A b in a ry  g a m e is a  game th a t  has no stopping positions o ther th a n  T and F.

This precludes “em pty” stopping positions, so th a t games like {t |} are no t allowed.

If G  is some binary  game, then  its  negation G  is obtained essentially by m i n  and m a x  switching 
roles. This is the  b inary  coun terpart of the  negative of a game in regular CGT, so we have:

D e fin itio n  7 .1 .2 . G =  {G ^ G 17}.

For the  base cases we have of course T =  F and F  =  T. Indeed it will be supposed from now on th a t 
any assertion involving only T and F is to  behave “as expected” .

T he common convention in CGT is “norm al play” , where th e  first player unable to  move is the 
loser. This is not the  goal in set colouring games, where in fact the  first player unable to  move is 
determ ined from the  s ta rt of the  gam e no m a tte r how play proceeds. To tu rn  a binary  game into 
a com binatorial game, allow the  w inner one more move a t the  end of the  game. Then the  game T 
obtains th e  value +1, and th e  game F has th e  value —1. Indeed it does not really m a tte r exactly 
how m any ex tra  moves are awarded a t the  end of the  game, so T and F could be represented by 
any com bination of a positive and a  negative integer. If x  is the  value of a  binary game G, then  the 
value of G  is — x  provided th a t  we choose F =  —T.

D e fin it io n  7 .1 .3 . The com binatorial value of a binary game is obtained by replacing all t ’s w ith 
some positive integer k, and replacing all f ’s w ith —k.

In CGT, a game in which b o th  players always have the  same moves available is called an im p a rtia l 
gam e. I t has been shown th a t  every im partia l game is essentially a variant of the game of Nim [13]. 
T he CGT analysis of set colouring games makes them  almost im partial: bo th  players have the  same 
options available in all positions, b u t the  game ends in the  asym m etrical value T or F instead of 0.

7.2 C on ju n ction s and D isju n ction s

B inary  games combine not by tak ing  th e ir sum, b u t instead by taking the ir conjunction or disjunc­
tion. If  the  players do calculate the  sum  G +  H,  they  will find th a t th e  sum is positive when MAX  

can win G A  i f ,  and negative if MIN can win G V  H.  B u t these conditions are not sufficient, as it  
is no t yet clear w hat happens when bo th  players can win one com ponent. The s ta tu s  of the  sum 
would then  depend on who gets th e  last move, and when fighting over the last move th e  players are 
no longer playing the same game as the  conjunction or disjunction.1

T he solution is to  make the  players play the  com bination of three b inary games, avoiding the  pos­
sibility of a “draw ” . To win the sum of th ree binary  games, one needs to  win a t least two of the

1 Not,e that the definition of binary games does not specify that they have a fixed length, so it is possible for fights 
to arise over the right to move last.
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com ponents. We then  have:

T h e o re m  7 .2 .1 . Let G  and H  be binary  games. The result of G  A H  is equal to  the  result of
G +  H  +  F. T he result of G  V H  is equal to  the  result of G  +  H  +  T.

In  effect, m i n  is given an ex tra  move in G AH,  to  counteract m a x ’s  win in one com ponent. Crucially, 
th is  ex tra  move does not spoil the  legality of play in the  b inary  game G A H ,  because by the  N um ber 
Avoidance Theorem 2 the  result is unaltered when MIN is prohibited from using th is  ex tra  move until 
th e  o ther com ponents have settled on an integer as well.

Continuing on this, it becomes evident th a t  the  result of G  A H  A K  is equal to  the  result of 
G +  H  +  K  +  2 f  and so on, so th a t  the  outcom e of the  conjunction or disjunction of k com ponents 
can be determ ined by com paring the  sum  to  (k — 1 ) t  or (k — 1)f, respectively.

T he expressions G  >  0, G  <  0, G ||0 , and G =  0 will be used in th e  same way as for com binatorial 
games, indicating wins for m a x , m i n , th e  first player, and the  second player. The “Tweedle-Dee and 
Tweedle-Dum argum ent” th en  shows th a t G A G ^ O  and G V G ^  0, because th e  second player can 
ensure th a t  the  two com ponents end in opposite outcom es by always copying the  opponent’s move 
in the  o ther com ponent. Theorem  7.2.1 actually  strengthens th is to  G  A G <  0 and G V G >  0.

7.3 O rder R ela tion

The order relation ^  for binary  games is defined by com paring the com binatorial values.

D e f in itio n  7 .3 .1 . Let G  and H  be binary  games. Then G A II  if and only if the  same relation 
holds between their com binatorial values.

T here is a binary  games analogue to  testing  G  ^  H  by playing their com binatorial difference. If 
G  >  H  then  G - H  >  0 so G - H  +  t  >  0, which m eans th a t  G V H  m ust also be positive. Conversely, 
if G  <li H  then  G — H  <i 0 so G — H  +  f  < i 0, thus if G  A H  >  0 then  G  >  H.

T h e o re m  7 .3 .2 . For G  ^  H  it is necessary th a t  G V H  >  0 and it is sufficient th a t  G  A H  ^  0.

U nfortunately  there usually is a “gap” between these conditions, so the  com parison between G  and 
H  cannot always be resolved by playing a com bination of G  and H.  I t  can be resolved, of course, 
by com paring th e  com binatorial values of G  and H.

T he sta tem ent “G  ^  H  if no G R H  and G A no I C  " does not work for b inary  games, as it  would 
get off on the  wrong foot right away w ith T  ^  F ^  T , since neither T nor F has any options a t all. 
However, it does hold for all the  values to  be encountered in th is chapter, provided th a t  no atom ic 
games are used. W hen replacing T  and F w ith the  later to  be encountered expressions { t * | t * }  and 
{ f * | f * }  it works for those values as well, b u t then  it  becomes a “b o o tstrap  definition” as T *  and F*

2See [13].
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are themselves defined in term s of T and F, so th is can no t be used for a recursive definition of 5?.

T he intuitive m eaning of G  ^  H  in com binatorial games is th a t  Left always prefers G  over H,  
even as p a rt of a sum, irrespective of th e  o ther sum m ands. T he same is tru e  for conjunctions and 
disjunctions. Let G  ^  f f ,  and let K  be some other binary  game. If H  A K  ^  0 th en  G  +  K  +  F ^  
H  +  K  +  f ^ O s o G A K ^ O .  Similarly, if H  A K  it> 0 th en  G +  K  +  f ^ H  +  K  +  F \ \ > 0 s o  
G  A K  it> 0. T he same holds w ith V in place of A.

T h e o re m  7 .3 .3 . If G H  then  M AX prefers G  over H  in any conjunction or disjunction.

T he im portan t consequence is th a t  if two b inary  games have th e  same com binatorial value, then  one 
can be substitu ted  for the  o ther in any conjunction or disjunction. This enables the  use of canonical 
forms for binary  games, which is th e  m otivation for Definition 7.3.1.

7.4  C anon ical Form s

T he formulas of Theorem  7.2.1 reveal th e  outcom e of a  conjunction or disjunction, b u t do not always 
give its correct value, for otherwise th e  games G A (H  V K )  and  G  V (II A K )  would have th e  same 
value G +  H  +  K .  T he roo t cause is the  fact th a t  t V t  =  t  and F A F =  F, where th e  form ulas of 
Theorem  7.2.1 would give 3 t  and 3f.

T he value of a  conjunction or disjunction can be found recursively in th e  sam e way as used for sums:

D e f in it io n  7 .4 .1 . Let G  and H  be binary  games. T heir conjunction G A H  and disjunction G V f f  
are:

G A H  =  { G l A H, G A H l | G r  A H, G A H R},

G  V H  =  { G l  V H, G  V H l  | G r  V ff , G  V H R}.

I t can be verified readily th a t  conjunctions and disjunctions are associative and distributive.

In  th e  theory  of surreal num bers, care was taken not to  define xy  as {x Ly. x y L\xRy, x y R}, since th is  
would end up defining the  same function as x +  y.  However, th e  definitions for A and  V do not define 
th e  same function, since they  behave differently for the  atom ic games T  and F. S tric tly  speaking 
only one of these two operators is needed, as it  can be verified th a t  indeed G  V H  =  G A H  and 
G A H  — G V H , bu t it seems unfair to  choose one as more “basic” th an  th e  other.

T he same construction can be used to  define th e  game “G => i f ” , and by induction it then  tu rn s  
ou t th a t th is is th e  same as G V H.  This takes care of all the  Boolean com binations of two games, 
except G =  f f  and G  =  i f ,  where ‘= ’ is binary  equivalence and the  la tte r  game is th e  exclusive-or. 
These will be ignored for now, as they  tu rn  out to  exhibit different and m ore com plicated behaviour.

W hen one of the  games is atom ic then  it has no left or right options, so we get G A t  — { G L A
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T | G R A t } and so on. Rigorously following the  definition eventually leads to  th e  base cases {t |t }, 
{f |f }, {t |f } and {f |t }. These have th e  p roperty  th a t  all of the ir stopping positions are the  same. 
In general, call a game all-TRUE if all its stopping positions are TRUE, and all-FALSE if they  are all 
FALSE.

Consider the  conjunction G  A  {f |t }, where G  is all-t r u e . N either player w ants to  move in  {f |t }, 
since th a t would im m ediately decide the  whole game in favour of the  opponent. T he game G  A  {f |t } 
is therefore decided by a  fight for the  last move in G, so it behaves like a regular com binatorial 
game. The com binatorial value of an all-TRUE game G  is infinitesim ally close to  T, because the  
com binatorial value G  — T is all-small. The no tation  for all-TRUE and all-FALSE games will m irror 
the regular c g t  notations, so for exam ple {t |t } =  T* and {t | |t |t } =  T j .

According to  the  definition of A ,  the  game G A F  behaves exactly like G  w ith  all stopping positions 
replaced by F. This produces an all-FALSE game, infinitesim ally close to  F. Similarly, G  V T is an 
all-TRUE game. For the  cases G A t  and G  V F it is easily seen by induction th a t  G A T  =  G V F  =  G. 
This is the  binary  games analogue of th e  com binatorial games identity  G +  0 — G.

7.5 P a rity

A dding a dead variable to  a set colouring game has th e  same effect as adding a s ta r to  a com binatorial 
game. B oth represent one ex tra  “skip” move, to  be used by any player. The com binatorial value of 
G* is obtained by adding a s ta r to  the  com binatorial value of G,  for we have

G* =  { G l * ,G \G r * ,G }

where GL and G R are the  typical left and  right options of G.

In a  conjunction or disjunction of games, it does not m a tte r which com ponent a  dead variable belongs 
to , or th a t it belongs to  any com ponent a t all:

T h e o re m  7 .5 .1 . Let G  and H  be binary  games, then  (G *)A H =  (GAH)*  and (G * ) \ / H  =  (G V H )*.

This follows by induction. A nother way of seeing th is  is to  note th a t  G* =  G A ( t * ) ,  so th a t  
(G*) A H  =  G A ( t * )  A H  =  (G A H)  A ( t * )  =  (G A H)*.  For the  disjunction, use G* =  G  V (f* ).

A g a m e - S A T  or division game instance has the  p roperty  th a t  the  identity  of th e  last player to  move 
depends only on the parity  of the  num ber of variables to  be assigned. Call a b inary  gam e e v e n  or 
o d d  if it always ends after an  even or odd num ber of moves, respectively. T hen for even games we 
have G V t  =  t  and G A F =  F, and for odd games we have G V T =  T *  and G A F =  F * .

A game like T  j  is neither odd nor even. B u t it  can easily be m ade even, by adding a s ta r to  every 
stop th a t occurs after an odd num ber of moves. Similarly a game can be m ade odd. To be precise:

D e f in it io n  7 .5 .2 . If G  has options, then  G*D = =  { G L * A |G R* A} and G* A  =^= { G L *D |G 'R*III}. 
If G has no options then  G * □ =^= G and G * A  =^= G*.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C H APTER 7. COM BINATO RIAL GAM E TH E O R Y 71

T he games G  and G  have the  sam e parity. A conjunction or disjunction of two binary  games is even 
if and only if the  com ponents are b o th  even or bo th  odd.

7.6 D eco m p o sa b le  G am es

Consider th e  previously encountered games { t |f } and ( f |t ) .  Denote X  =  { t |f },  so  called because 
it  corresponds to  a division game played on ju s t  one variable, “/ ( x )  =  x ”. Its  value is the  switch 
A t , revealing F *  <  x  <  T *  and f | | x | | t . T he game { f |t } corresponds to  a  division game involving 
one single variable th a t  neither player w ants to  own. I t  does not occur as a one-variable G A M E -  

SA T  instance. This game shall be denoted as Z a , indicating th a t  it is th e  “odd zero” . We obtain  
F <  Za  <  F as well as f * <  Za  <  T *  and Za | | x .

In  regular C G T ,  when G  A  0, then  Left can win when R ight has the first move. The reason is th a t  
G  ^  0 m eans “no G R A 0” , which by recursion m eans th a t  no move by R ight leads to  a game th a t  
R ight wins when Left moves next, so all moves for R ight lose. The same holds for binary  games 
using Za  • W hen G  A  Z a  then  M A X can win when MIN has the  first move, since m a x  prefers G  over 
Za  =  Z a - W hen G  A  Za  then  m i n  can win when MAX has the  first move for th e  same reason.

W hereas canonical forms can be used for conjunctions and disjunctions, the  same is not tru e  for the  
gam e G  =  H,  because Theorem  7.3.3 does no t hold for th e  equivalence operator ‘= ’. I t  already fails 
in th e  base cases w ith ju s t T  and F .  We cannot use (G V H)  A (G V H)  instead of G  =  H  because 
th e  four com ponents would not be independent; each move would affect two com ponents. The game 
G =  H  still has a  com binatorial value and a  canonical form, simply because

G =  H  =  { G l =  H, G =  H l | G r  =  H, G  =  H R}.

In particular, it is easy to  see by induction th a t  (G =  t )  =  G  and therefore also ( G  =  T * )  =  (G* =  
t )  =  G*.  For division games and  G A M E - S A T  we have th a t  G  and G  =  F  are played on th e  negation 
of each o ther’s formula, b u t th is  is no t the  same as playing G , as they  do not interchange Left’s and 
R igh t’s options.

In  general the  canonical form of G =  H,  unlike the  canonical forms of G  V H  and G A H ,  cannot 
be determ ined from the  canonical forms of G  and H  alone. An example is formed by the  games 
F =  { t | f } and F  =  { t , f |t , f ) ,  respectively equal to  { f |t } and { t | f }.

D e f in it io n  7 .6 .1 . A binary  gam e is e le m e n ta r y  if it  lasts a t m ost one move. I t  is d e c o m p o s a b le
if it  is elementary, or the  conjunction or disjunction of games th a t  are themselves decomposable.

W ith  th is term inology, th e  values and canonical forms for decomposable games can be determ ined 
from the  values of the ir com ponents.
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T T *  T  T *

T Z o

T *  ZQ F

t |z d | | f *

Zo FZ a *  F*

F F*

t | | z a |f *t * | |Z a * | f

X*

Za *If

F

7.1a: Division Gam es 7.1b: G a m e-SA T

Figure 7.1: P a rtia l order diagram  for canonical forms in decomposable games. Arrows point tow ards 
greater values. Note: X =  { t |f } ,  ZA  =  { f |t } ,  z d =  {x |x}; X * =  { t * | f * } ,  Za * =  { Z a |z a } ,  

Za* =  { Z o | z D } .

7.7 C anonical Form s for D iv is io n  G am es and G am e-SA T

Only sixteen different canonical forms occur in decomposable division games. T he p artia l order 
diagram  of these forms is shown in Figure 7.1a. Even games are on th e  left hand  side, odd games 
are on the  right. A dding a s ta r corresponds to  reflecting in th e  vertical axis, and negating a  game 
corresponds to  reflecting in th e  horizontal axis. Table 7.9.1 in Section 7.9 lists some exam ples of 
division games w ith these values.

Negating the  form ula of a division game does not always correspond to  negating th e  canonical form 
of the  binary game. Playing on the  negation of a form ula corresponds to  playing th e  game G =  F, 

whose value m ay not be uniquely determ ined by G ’s canonical form. For the  examples in Table 7.9.1, 
negating th e  form ula switches the pairs X , Za  and X * , Za * ,  and  negates all o ther canonical forms.

For non-decom posable division games it m ight be possible to  construct o ther values. Testing all 
com binations of sam e-parity left and right options, th ree new candidates present themselves:
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•  If th e gam e is even and positive, and m ax  has an option T*, then the value is T. B ut if MAX
does not have an option T* then the value is + 1 , not T.

•  If th e gam e is even and negative, and m in  has an option F*, then the value is F. B ut if MIN
does not have an option F* then the value is —1, not F.

•  If the gam e is even and zero.

T he sim plest exam ples are { z |x }  =  + 1  and { x |z }  =  —1. These values are + 1  and —1 regardless o f 
th e choice o f integer for T, so th ey  are in som e sense not identical to T. B ut we are free to  choose 
T =  + 1 , in which case the values + 1  and —1 are not new. The third case would however be new  
regardless, because it would be an even zero, w hile Figure 7.1a only contains an odd zero. Com puter 
searches of nondecom posable division gam es have not yet turned up any instances of an even zero.

These three new candidate values cannot arise from the conjunction or disjunction of two of the  
values in Figure 7.1, as evidenced by Table 7.9.2 in Section 7.9. They do occur when equivalences 
are introduced, for instance w hen X and Z are elem entary division gam es then X =  Z is equal to  +1  
and X =  X and Z =  z are both  equal to  —1.

T h eo rem  7 .7 .1 . A ny decom posable division gam e can be represented by an equivalent gam e w ith  
one o f the canonical forms of Figure 7.1a, which can be done using at m ost three variables.

T he fact that no more than three variables are needed can be verified from Table 7.9.1. S tatem ents  
about decom posable division gam es can be verified by checking only a sm all number of cases. For 
instance:

T h eo rem  7 .7 .2 . An odd decom posable division gam e is equal to  Za  if  and only if m a x  does not 
have an option T and min  does not have an option F. For even decom posable division gam es the  
sam e holds w ith  Za *, t *, and F*.

D ecom posable instances for GAME-SAT only give rise to  the canonical forms T, F, X, and their three 
starred counterparts. In any GAME-SAT position both  players have the same options, so we cannot 
have a canonical form G  =  { G L, . . .  |G R, . . .  } w ith  G L <  G R, as both G L and G R would then be  
dom inated. Therefore in particular Za does not occur. However, GAME-SAT played on the formula 
x =  y  is th e  gam e { x |x }  whose com binatorial value is zero. T his gam e shall be denoted Zn , being  
th e “even zero” as opposed to  the “odd zero” Za-

D e fin itio n  7 .7 .3 . A binary gam e is sem i-d eco m p o sa b le  if  it  is elem entary, or the equivalence 
of two elem entary gam es, or the conjunction or disjunction of gam es that are them selves semi- 
decom posable.

Such equivalences can be allowed in g a m e -S A T  because they  only involve elem entary gam es, so 
th a t their canonical values are known to  be equal to  those of decom posable gam es. T his is different 
from the situation  in division gam es where the equivalence o f two elem entary gam es is + 1  or — 1; 
recall that any equivalence does have a value, but it is in general not uniquely determ ined by the  
values of th e com ponents.

T he winner o f a GAME-SAT instance can be found by com paring the gam e to  ZD. Figure 7.1b
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displays the partial order between the sixteen canonical g a m e-S A T  forms. A s can be seen, the  
figure is identical to  Figure 7.1a w ith  Za replaced by Za*- Section 7.9 contains the m ultiplication  
tables as well as exam ples of g a m e-S A T  instances w ith  given canonical forms. The canonical forms 
need up to  four variables, essentially because specifying a com binatorial zero requires one more 
variable in g a m e-S A T  than it does in division gam es.

N egating the formula o f a GAME-SAT instance corresponds to  negating the canonical form, because 
the left and right options are always the sam e in GAME-SAT, so interchanging them  makes no 
difference. W hen testing com binations o f options, candidate values + 1  and —1 appear as well, but 
th ey  seem  more im plausible as th ey  would occur as odd gam es whereas T and F are even. The 
candidate value 0 for the “wrong” parity does not occur, as it would require an undom inated left 
option that is sm aller than  an undom inated right option, which is im possible in GAME-SAT where 
any left option is also a right option and vice versa.

T h e o r e m  7 .7 .4 .  A ny sem i-decom posable GAME-SAT instance can be represented by an equivalent 
gam e with one of the canonical forms of Figure 7.1b, which can be done using at m ost four variables.

A nd therefore in particular:

T h e o r e m  7 .7 .5 .  Only even GAME-SAT instances can be misere.

T he la tte r theorem  would also follow from th e  stronger sta tem ent th a t  the  loser can always force 
the  game to  be decided only on the  last move, as proved for instance for the  game of misere Hex by 
Lagarias and Sleator [59]. This is however not  tru e  for g a m e-S A T ; consider for instance the  misere 
game (T4,£  i—> (£0 =  0 )  A ( £ 2  =  £3 )), which MIN, when moving second, can decide on th e  second 
move.

Computer searches have not uncovered any other values for general instances in g a m e -S A T  either, 
nor indeed for set colouring gam es w ith  more than two colours.

T h e o r e m  7 .7 .6 .  An even semi-decomposable division game is equal to  Za if and only if m a x  does 
not have an option T *  and m i n  does no t have an option F * .  For odd semi-decomposable division 
games the  same holds w ith ZD * ,  T ,  and F.

This too can be confirmed by checking all possible cases.

7.8 S tra teg ies

Let Q =  { (A 5 ,, /,)} ,:f;zk and 0  G {□, A }. For the  conjunctive partition  game F =  ((Q , A}) Theo­
rem s 6.4.1-6.4.4 can be resta ted  as follows:

i. If there  is a com ponent T, such th a t  r* * 0  ^  0 then  r * 0  ^  0. T he same holds w ith < 1  instead 
of
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ii. If for all com ponents we have F, * □ ^  0, then  r  * □ ^  0.

Hi. If there are two different com ponents i , j  such th a t  F t * 0  <3i 0 and F , * <]i 0, then  F  * 0* ^  0.

iv. If there is one com ponent i such th a t  T, * A il> 0, and for all o ther com ponents j  we have 
Tj * □ >  0, then  r  * A it> 0.

Each of these observations has an accom panying w inning strategy, as described in the  discussion in 
Section 6.4. T he corresponding cases for disjunctive partition  games are ob tained by interchanging 
M AX and MIN, and interchanging >  and < .

In general, then , it would be good to  know how each com ponent is re la ted  to  0, b o th  as an even 
as well as an odd game. W hich com binations are possible? If T ^  0 th en  T* it> 0, because m a x  

can win T* when going first by tak ing  the  star. Similarly, if T ^  0 then  T* <1i 0. T h a t leaves nine 
possible com binations: r  * □ and T * A  are b o th  positive or bo th  negative, or one of them  is fuzzy.

T hree of these com binations have already been encountered in division games as well as g a m e - S A T , 
nam ely the ones where G  and G* are b o th  positive, b o th  negative, or bo th  fuzzy. Three com binations 
have so far only been seen in g a m e - S A T , nam ely the  com binations where G  * A is fuzzy and G  * □ 
is not. These have not been observed in division games, as th e  only fuzzy odd division game seen so 
far is X. For the  rem aining th ree com binations it  is th e  o ther way around; having fuzzy G  * □ and 
nonfuzzy G  * A they  have only been seen in division games, as the  only fuzzy even G A M E - S A T  seen 
so far is x*.

Table 7.8.1 lists w hat is known about th e  conjunction of two independent com ponents for th e  combi­
nations of the  relations of th e  com ponents to  0. T he to p  p a rt of th e  tab le  contains th e  relationships 
th a t  have been found to  occur in practice,3 th e  bo tto m  p a rt contains th e  relationships th a t  are not 
disproved b u t have not been observed. All of these unobserved relations involve m etagam es where 
MAX does not have th e  last move.

An example of a  som ewhat surprising case is the  division game played on the  form ula (w\Zx)A(yVz) ,  
w ith  MAX to  move first. B oth  com ponents of the  conjunction are fuzzy. I t  would therefore seem 
th a t  any opening move by MAX would leave th e  o ther com ponent as a first-player win for MIN. Yet 
m a x  wins th is conjunction, so MAX even wins th e  com ponent in which m i n  moves first. The winning 
s tra tegy  for MAX is necessarily not a partition  strategy, since a partition  stra tegy  loses after MIN 

makes the first move in a  fuzzy com ponent.

7.9 T ables

Table 7.9.1 contains exam ples of division games w ith  given canonical forms. Table 7.9.2 contains the  
“m ultiplication tab les” for V and A, w ith th e  canonical forms occurring in decom posable division 
games. Only th e  even values are listed in th e  tables; all o ther com binations can be obtained by using 
theorem  7.5.1.

3See Tables 7.9.2 and 7.9.4 in Section 7.9.
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> ,>
> ,>

< ,<
,11 < ,<  

I M I  < , <  < , <  
< ,<  < ,<  < ,<

II,>  
II,>  
II,<  
< , <

II,<  
<,<

II , <

II , <  
< , <  
< , <

>!h =,n 
< , n  < , n  
< ,<  < ,<

<, n
< , n
<,<
< ,<

i , > ii,>  ii,<  < , <
i,= ii,< <,<

i,< ii,< <,< <,<

i i , ^
ii ,<

<i,<

II,<  <H,<
<,<  < ,<  
< , <  < , <

11,11 < , | |  < , <
II,<  < , <  < , <
< ,<  < ,<  < ,<

>,11 >,11 <,11 <,<
Ml <,ll <,<

<, l l  <, l l  < , <  < , <
<, l l
< , <

II,<  < , <
<,<  < ,<  
< ,<  < , <

=, l l  =, l l  <, l l
Ml Ml <,ll
<,l l  <, l l  < , <

>,> 
11,11 
< ,<  
II, >  
II,=  
II,<
>,l

<,l

>
<

II <
< <

<,<

<

>

<

< <
< > <

Table 7.8.1: Observed (top) and unobserved bu t no t disproved (bottom ) relations of G*  □ and  G*  A  
to  0, where G  is the  conjunction of two independent b inary  games. Row and colum n entries list the  
same for the  two components.
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canonical form examples canonical form examples
T TRUE 

x  V y  
x V y

t * =  {t |t } TRUE*
x V  y \ /  z  
x V y  V z  
x V y V z  
x V y V z

t *|za x  V y t |za * (x  V y)*  
x  V (y A z)

t * ||z a * |f ( x V  (y A z ) ) *  
w  V (x A (y  V z ) )

t ||Za |f * x  V (y A z)

x* =  {t * |f *} X *

w V ( x A y A z )  
w  A (x  V y  V z)

x  =  {t |f } x

Za * =  {za |z a } x *
( w A x)  V (y A z)  
( w  V x)  A ( y  V z)

za  =  {f |t } X

t |za * ||f * (x A (y  V z ) )*  
m A ( i V ( p  z) )

t * |za | |f x A (y  V z)

Za  |f * x  A y Za * |f (x A y ) *  
x A (y  V z )

F FALSE 
x  A y  
x  A y

F* =  {f |f } FALSE* 
x A y  A z  
x  A y  A z  
x  A y  A z  
x  A y  A z

Table 7.9.1: Exam ples of division games played on various formulas. A V  in a form ula indicates a 
dead variable.
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V T t * |za T*| |Za *|F Za * X* t [ Za  * j [ f * Za |f * F
T T T T T T T T T

T*|Za T T T T T T T t * |za
t * ||za *|f T T T T T T t * |za t * ||z a * |f

Za * T T T T T* |Za t * |za t * |za Za *
X* T T T t * |za T t * |za t * ||z a * |f X*

t |za * ||f * T T T t * |za t * |za t * |za T* | [ Z a  * J F t |z a * ||f *
za |f * T T t * |za t *|Za  t *||Za * |f t * ||za * |f Za * Za  |f *

F T t * |za t * ||z a *|f Z A * X* t |z a * ||f * Za  |f * f

A T t * |za t * ||z a * |f X* Za * t |z a * ||f * Za  |f * F
T T t * |za t * ||za * |f X* Za * t |z a * ||f * Za  |f * F

T* |ZA T*|Za Za * t |z a * ||f * t |za * ||f * za |f * Za  |f * f F
t * ||z a *|f t * ||z a * |f t |z a * ||f * Za  |f * Za |f * z a |f * F F F

X* X* t |z a * ||f * za |f * F Za |f * F F F
Za * Za * Za  |f * Za |F* Za  |f * F F F F

t |z a * ||f * T |z a * ||f * Za  |f * F F F F F F
za |f * za |f * F F F F F F F

F F F F F F F F F

Table 7.9.2: M ultiplication tab le  for V (top) and A (bottom ). N ote th a t the  order of X* and Za * is 
reversed between th e  tables, for cosmetic purposes.

Tables 7.9.3 and 7.9.4 list th e  same for decomposable g a m e - S A T .  A s can be seen in Table 7.9.4, the 
m ultiplication tables for th e  g a m e - S A T  positions look slightly different from those for the  division 
gam e positions.

To conclude, Table 7.9.5 lists observed frequencies for set colouring games of various dimensions 
w ith  two and three colours. W here integers are listed, the  sta tistics comprise an  enum eration of all 
possible games of the  given type. Percentage sta tistics were obtained by random  sam pling of the  
space of games.

In  CGT, a game in which bo th  players always have th e  same moves available is called an im p a r t ia l  
g a m e . It has been shown th a t  every im partial game is essentially a  variant of the  game of Nim [13]. 
T he CGT analysis of set colouring games makes them  almost  im partial: b o th  players have the  same 
options available in all positions except final positions.
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c a n o n ic a l  fo rm e x a m p le s c a n o n ic a l  fo rm e x a m p le s

T TRUE 
x  V y

T* =  { t |t } TRUE* 
x  V y  V z

t * | z d * {x V (y =  z ) )* t |z d ! < III ! N

t * | | z d |f w V  (x  A  ( y =  z ) ) t | |z d * | f * ( w V (x A (y =  z)))*
x *  =  { t * | f * } X *

w  A  (x V y  V z)  
w V ( x A y A z )

x  =  { t |f } X

x  V (y A z)  
x  A (y V z)

z n =  { x |x } x  =  y z a* =  { z g  |Z q} (x =  y)*  
x  =  y  =  z

t |z d | | f * w  A  (x V (y =  z)) T *|Z d *| |f (w A (x V (y =  z)))*
Zo * | f * ( x A  (y =  z))* Zn |F

77Hi
3<H

F FALSE 
x  A y

f * =  { f |f } FALSE* 
x A y  A z

Table 7.9.3: Exam ples of GAME-SAT played on decomposable formulas.

V T T*|Zn* T*||Zq |F X* Zd t |zd ||f * Zd*|f * F
T T T T T T T T T

T*|Zn* T T T T T* |ZD ̂ T* | Zo * T*|Zo* T*|Zo*
T* | |Zq |F T T T T t *|zd * T*|Zq* T* | Zq * t * ||zd |f

X* T T T T t *|zd * T* Zn* t * ||zd |f X*
Zd T T*|Zo* T*|Zd * T*|Zn * Zd Zd Zd Zd

t |zd | |f * T 1 * }Zq * I*|Zo* T*|Zn* Zo Zo Zd T|Zo||F*
Zo* |f * T t * |zd * t * |zo* t * ||zd |f Zo Zo Zd zq *|f *

F T T*|Zq* T*||Zo|F X* Zd t |zd | |f * Zd* |f * F

A T T * | z n * t * ||zd |f Zo X* t |zd | |f * zd* |f * f

T T T*|ZD* t * ||zd |f Zo X* t |zd | |f * z0 * |f * f
t *|Zq* t *|zq* zd Zd Zd t |Zq | |f * zq * |f * zd* |f * f

t * ||zd |f T * | | z n |F z a Zd Zd Zd*|F* Zd* |f * zd* |f * f

Zn Za Za Zd Zd Zd* |f * Zd* |f * Zo* |f * f
X* x *  t |zd | |f * zq *|f * zd* |f * F F F F

t |zd | |f * t |z o | |f * Zo* |f * Zq*|f * Zd*|F* F F F f
zd* |f * z0 * |f * zd*|f * Zo ̂  | F-̂ Zd* |f * F F f  f

F F F F F F F F F

Table 7.9.4: M ultiplication tab le  for V (top) and A (bottom ), w ith z a =  {x |x} . Note th a t  th e  order 
of x* and zD is reversed between the  two tables.
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0 1 2
g a m e  d im e n s io n  

3  4 5 6

1*1 =  2

F T 1 - 5 - 9 8 4 9 - 3 .4 %
X* - - 4 - 5 0 3 2 - 0 .4 %

Zo - - 2 - 2 0 0 0 6 - 7 5 .3 %
Zo * |f * t * |z d * - - - - 2 3 0 4 - 3 .2 %

t |z d | | f * t * | |z d |f - - - - 8 0 9 6 - 5 .6 %

F* T * _ 1 - 25 _ 1 .4 % _

X - 2 - 1 10 - 2 0 .8 % -

Zq * - - - 8 - 1 1 .4 % -

zd |f  t |zd - - - 4 4 - 2 8 .8 % -

t * |zd* ||f  t | |zd* |f * - - - - - 3 .7 % -

w =  3
F T 1 - 163 - 8 .9 % -

X* - - 8 4 - 0 .7 % -

Zo - - 102 - 7 2 .6 % -

Zd * |F *  T * |Z q * - - - - 0 .1 % -

t |zd | |f * t * ||zq |f - - - - 4.4% -

F * T * _ 1 _ 1 .4 % _ _

X - 6 - 7 3 .1 % - -

Zq * - - - 0 .2 % - -

zd |f  t |zd - - - 1 2 .0 % - -

t *|zq* ||f  t | |zd* |f * - - - - - -

Table 7.9.5: Frequencies of values for set colouring games.
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Chapter 8

Superrational Play

Section 5.2 introduced optim al colourings of elements, being th e  “best possible colouring” of a 
given element th a t a player can achieve, w ith the  associated notion of a  ra tional move. This can 
be generalized to  sets of elem ents th a t  have a “best possible colouring” , leading to  “superrational 
play” . In m any cases th is allows sim plification of the  analysis of a game.

8.1 O ptim al C olourings

An optim al colouring occurs when some subset of the  elem ents of a set colouring game is coloured in 
th e  best possible way for one of the  players. Any game T =  { X s , / )  can be said to  impose a partia l 
order on all colourings of S  as follows:

D efin it io n  8 .1 .1 . Let T =  { X s , f )  and ipo,ipi G X s . T hen ipo 4>i whenever T/ipo ^  V/ip j.

Observation i: Equivalently, ipo ipi if and only if f(ip*ipo) ^  f°r all V’* G X s .

Observation ii: If ipo ipi and V’i ^ 2  then  ip0 ip2.

T he preferable moves of Definition 5.2.1 are a special case of th is partia l ordering. If ipo Jjp ipi then , 
if no parity  issues arise, MAX prefers ipo over ip\, even when A{ipo) A A{ip\).  This natu rally  leads 
to  the  notion of optim al colourings. T he following definition is the  generalization of rational moves:

D efin it io n  8 .1 .2 . Let T =  { X s , f )  and ip E  X s . T hen ip is a  m a x im a l co lo u rin g  if ip ip' for 
all ip' E  X s  w ith  A{ip') =  A{ip), and ip is a  m in im a l co lo u rin g  if ip 'lP' for all such ip'. If ip is 
a  m axim al colouring or a m inim al colouring then  ip is an  o p tim a l colouring .

Observation i: Colouring ip is m axim al if and only if T/ip ^  T, and ip is m inim al if and only

81
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if r/ip < r.

Observation ii: Let ip, ip' £ X s  w ith  A(ip') C A(ip). If ip is a m axim al colouring then  r / 'i / ' ^  
r /ip’. If ip is a m inim al colouring then  T/ip <  T ftp'.

For any given set S'  C 5  it is possible th a t  there  is m ore th an  one m axim al colouring, and if ip and 
ip' are bo th  m axim al colourings w ith A(ip) =  A(ip') then  of course T/ip =  T/tp’. I t  is possible th a t 
S'  has a m axim al colouring bu t no m inim al colouring, or vice versa, or neither. For instance, in 
(T2, C (Co =  x) V (Co =  Ci)) th e  set S'  =  {0} has a  m axim al colouring, nam ely Co =  X, b u t no 
m inimal colouring. In (T2,C i—> Co =  Cl) no subset of size 1  has an optim al colouring. Every pure 
colouring of th e  entire set is optim al.

If a certain subset S'  consists of dead elem ents then  every pure colouring of S'  is bo th  m axim al 
and minimal. If T is isotone then  T5  is a m axim al colouring and F5  is a  m inim al colouring for 
any subset S'.  This follows directly from Theorem  5.5.3. I t  is trivial to  see th a t  combining two like 
optim al colourings produces another optim al colouring of the  sam e kind:

T h e o re m  8 .1 .3 . Let T =  ( X s , f )  and ipo,ipi £ X s . If ipo and ip\ are b o th  m axim al colourings 
then  ipoi>i is also a m axim al colouring. If ipo and ipi are b o th  m inim al colourings then  ipoipi is also 
a m inimal colouring.

Any optim al colouring may contain nonm onotone elem ents, b u t should assign th e  appropriate op ti­
m al colourings to  any m onotone elements th a t  appear in it. An exam ple of a  m axim al colouring con­
ta in ing  nonm onotone elem ents is th e  colouring ip =  (+ , + )  £ B 2  in the function C •—> ( C o  =  C l )  A / ( C )  
where /  is some function in which the elem ents 0 and  1 are dead. N either elem ent 0 nor elem ent 1 
has an optim al colouring itself; th is also shows th a t rem oving an elem ent from an optim al colouring 
m ay destroy its optim ality, so the  property  of being an optim al colouring is no t hereditary.

8.2 M etagam es B ased  on  O p tim al C olourings

Based on a p artia l colouring ip, two particu lar games can be defined. These games each involve one 
of the  players a ttem p ting  to  achieve a colouring of A(ip) th a t  is a t least as advantageous as ip itself.

D efin it io n  8 .2 .1 . Let T =  ( X s , f )  and ip £  X s . Define the  game r j  ( X A^ \ f ^ )  w ith 

: X A(-S) —> B defined as

{ H f + i  i f r / c > T/ip,
1 — 1  otherwise.

Analogously define =^= (X A^ , f / / ) w ith  : X A(A) _> g  defined as

£ _ J - i  ifr/ C a M
1 + 1  otherwise.
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Observation i: In  T j  we have f£(ip')  — - 1  •<=>■ 3 l/), e £ S [/(V’*V0 >  f(ip*ip')]. Similarly for 
we have f / / ( ip') =  + 1  ^ , €x s  lf(ip*ip) <  f (ip* ip%

Observation ii: By O bservation 6.1.l:i, if ip £ X s  then  f(ip) =  + 1  •$=>• T ^ =  F  and f(tp) =
- i  = r.

T he specifications T/£  A T /ip and T /£  C T/tp are the  n a tu ra l generalizations of the  notion of 
preferable colourings as introduced in Section 5.2. The generalization of a ra tional move is a  game 
r+ or r~ where ip is optim al.

D e fin it io n  8 .2 .2 . Let T =  ( X s , f )  and S'  C  S.  T he game Tit, is defined as T ^  where ip £
X s  is some m axim al colouring. The game F 5 , is defined as T^ where ip £ X s  is some m inim al 
colouring.

Observation i: T he game T j, is played on S'  w ith the  outcom e function

 ̂ f+ 1  if T/ip ^  r,
1 —1 otherwise

which is equivalent to

f  [ + 1  i f v ^*e x-s[/(V ' * 0  ^  f  (/’*)},
* t - i  < f m i

Similarly, T^, is played w ith th e  outcom e function th a t  re tu rns +1 if and only if F /£  ^  T, 
which is equivalent to  f(ip*(() ^ /(V’*) f°r V’* £ X s .

W hen one player can indeed achieve a  colouring of A(ip) th a t  is preferable to  ip, and in addition 
achieve a win sta rtin g  from ip, th is is sufficient to  win th e  overall game.

T h eo rem  8 .2 .3 . Let T =  ( X s , f )  and ip £ X s . Then

T + A T / i P ^ T ,

T - V T / i P ^ T .

If ip is a m axim al colouring, then  w ith O bservation 8.1.2:i we obtain F.J A T /ip ^  T ^  T/ip. 
In tuitively th is  h in ts th a t  if MAX can win r ,J  then  T/ip =  T. For m inimal colourings we have the 
analogous expression VT / ip  A T ^  T/ip,  so if MIN can win TT then  T/ip — T. The following 
sections will explore these properties more precisely.

8.3  S u b stitu tio n s

T he m ain them e of th is chapter will be th e  simplification of games by “filling in” a certain  colouring; 
th a t  is, colouring some of the  elem ents and carrying on the  game from there.
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D e fin itio n  8 .3 .1 . Let T =  ( X s , f )  and ip G X s . Replacing T w ith T/ip if |«4.(V0| is even, or w ith 
( r /ip)* if |-4(V0| is odd, is called a  su b stitu tio n .

Observation i: S ubstitu ting  ip is equivalent to  replacing F w ith T/ i p*  S.

T his way, substitu tions always preserve th e  parity  of the  game by adding a s ta r if necessary. The 
reason for defining substitu tions th is way is th a t  substitu tions by optim al colourings cannot hu rt 
one of the players.

T h eo rem  8 .3 .2 . Let T =  ( X s , f ) ,  let ip G X s , and let c G £. If ip is a m axim al colouring then  
M N X ( r /ip  * S', c) is M N X ( r ; c). If ip is a m inim al colouring then  M N X ( T / ip  * S; c) ^  M N X ( F ; c).

Corollary i: S ubstitu ting  a m axim al colouring cannot hu rt M A X, and su bstitu ting  a m inimal 
colouring cannot hu rt m i n .

From this we arrive a t the  notion of a cap tu re , which is a case where a particu lar substitu tion  cannot 
h u rt either player. Obviously, if th is  occurs, th en  the  substitu tion  can be m ade w ithout altering the 
m inim ax value of th e  game.

8 .4  C apture

In Hex situations often occur where a set of cells, despite actually  being empty, are already “virtually  
conquered” by one of th e  players. T his happens when one of th e  players can always play in such 
a  way as to  reach a beneficial optim al colouring of those cells. An exam ple is H ayw ard’s edge 
triangle as shown in Figure 1.4 of Section 1.3. This situation  has been defined in  Hex as capturing 
a  set [49, 48]. T he definition will be extended to  set colouring games here.

Consider some game T =  ( X s , f )  where |<S| is even, and some m axim al colouring ip G X s  where 
|-4(V0I is also even. P layer MIN is to  move. Theorem  8.2.3 says A F /ip -p F, so th a t  Theorem  6.4.2 
ensures th a t it  would be sufficient for M A X  to  have second-player wins in b o th  T j  * S  and T/ip * S.  
T he games T// and T/ip  are even, as is S,  so th is  simply m eans th a t it is sufficient for M A X to  have 
second-player wins in T j  and in T/ip.  By O bservation 8.1.2:i we also have T/ip J; F , and since T/ip 
and r  have th e  same parity, Theorem  8.3.2 says th a t  M A X has a second-player win in T/ip if m a x  

has a  second-player win in  T.

Suppose th a t  m a x  does indeed have a second-player win in T J . In th a t case, having a second-player 
win in T/ip would evidently be bo th  sufficient, because A T/ip sj F , and necessary, because 
T/ip >  r. Evidently  th e  m inim ax values of (r, m i n )  and (T/ip, m i n )  m ust be equal. This m eans th a t 
ip can be su b stitu ted  w ithout changing th e  m inim ax value of the  game. I t  gives M A X a partition  
s tra tegy  to  win T by w inning b o th  T^ and T/ip independently.

W h at if A(ip) is odd? T hen b o th  F j  and T/ip are odd. However, the  substitu tion  property  can 
still be m ade to  work by adding a s ta r  to  each com ponent. T he observation then  becomes: if MAX
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has a  second-player win in T ^* , then  the  m inim ax values of T/ip* and F * * are equal. T his gives 
M A X  a  partition  stra tegy  to  win T * *, by winning b o th  F ;j>  and T/pi* independently. According 
to  Theorem  5.4.2, M A X m ust then  also have a second-player win stra tegy  for F. To th is  end, MAX 

can not  use a partition  stra tegy  based on the  strategies for and T/ip*,  since the  two starred  
moves are in separate com ponents so a partition  stra tegy  for T * * will never answer a  s ta r move 
w ith another s ta r  move. The surprising observation is th a t  the  second-player win strategies for the 
com ponents implies the  existence of a second-player win for th e  overall game, yet the  stra tegy  itself 
is unrelated.

These observations hold when M A X has a  second-player win stra tegy  in F 'J, if r t  is even, or in T ^*, 
if r +  is odd. If r  itself is odd, then  th e  substitu tion  observation can also be m ade to  work by adding 
stars. In th a t case only one s ta r is added, since there  is only one odd com ponent, which m eans 
th a t  the observation then  refers to  the  game T* and not to  T itself. In general, we have th en  th a t 
whenever MAX has a second-player win in * □ , and M A X goes second, then  ip can be substitu ted  
in r  * □.

Now suppose th a t  F j  is even and T/ip  is odd, so th a t T is odd also, and suppose th a t  m a x  now 
moves first. If M A X has a first-player win in T /ip and a  second-player win in T j ,  then  m a x  can play 
a winning move in the  T/ip  com ponent. This would then  leave two even com ponents, b o th  w ith 
second-player wins for M A X , and the  substitu tion  of the  m axim al colouring ip can be m ade safely. 
Again by adding stars  th is observation can be m ade to  work for other com binations of parities as 
well, so th a t  the  general sta tem ent is: whenever M A X  has a second-player win in F+ * □, and MAX 

goes first, then  ip can be substitu ted  in T * A .

These properties all rely on M A X having a  second-player win in * □. This is the concept of a
capture.

D efin it io n  8 .4 .1 . Let T =  { X s , / )  and S'  C S.  T hen  S'  is ca p tu red  by m ax if M N x(r^*D ; min) =  
+ 1  for some m axim al colouring ip of S ' . Similarly, S'  is captured by min if M N x(r^ * □; m ax) =  — 1  

for some m inim al colouring ip of S'.

T he use of a  captured set is th a t  its optim al colouring can be substitu ted  w ithou t affecting the  
m inim ax value. This simplifies th e  analysis of th e  game.

T h e o re m  8 .4 .2 . Let F =  ( X s , f )  and S'  C S,  where S'  is cap tured  by player c £ £  w ith associated 
optim al colouring ip £ X s  . T hen M N X (r*D ;c) =  m n x ( T / i p * □; c), and M N x (r* A ; c) =  M N x(r/ i p * 
A ; c).

In o ther words, if a set of elem ents is captured w ith an  optim al colouring ip, then  ip can be substitu ted  
when the captor is to  move and the  game is odd, or when the  cap to r’s opponent is to  move and the 
gam e is even. In th e  cases w ith opposite parity, th e  theorem  refers to  a substitu tion  in T*, which 
may not be of any use in analyzing T itself. However, if T is isotone then  the  parity  does not m atter,
and the  substitu tion  is always safe regardless of whose move it is.
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8.5 D om in ation

In  addition to  allowing substitu tions, captured sets have another strategic consequence. W hen some 
move m =  \ v has the  side effect of capturing a  set S'  th a t  contains v,  th en  m is equivalent to  playing 
the  best possible moves in all the  elem ents of S'  +  v a t once. T hen m m ust be preferable to  any 
move in S'. In Hex th is phenom enon was defined as a  dominating move  [49, 48].

T he base exam ple to  consider in th is  case is when is odd and T /ip is even, m aking T  itself odd. 
Suppose th a t  m a x  has a first-player win in T j ,  and m is a winning first move in T//r  A fter MAX  

plays th is move, bo th  com ponents have become even, and  ip can be substitu ted . T his substitu tion  
m ust be a t least as good for M AX as any o ther move in A(ip), since ip is a m axim al colouring and 
has the  same parity  as a single move in A(ip). This justification is in fact O bservation 8.1.2:ii.

Again by adding stars  in order to  arrive a t these parities, the  general concepts emerge as follows.

D e f i n i t i o n  8 . 5 . 1 .  Let T =  ( X s , f )  and S'  C  S.  T hen  S ’ is d o m i n a t e d  by m a x  if MNx(r]j) * 
A; m a x )  =  +1 for some m axim al colouring ip of S'.  In  th a t  case, any w inning move in (T ^, m a x )  is 
a  d o m i n a t i n g  move for MAX in S'. Similarly, S'  is dom inated  by m in  if MNX(T^) * A; m in )  =  —1 

for some m inim al colouring ip of S',  and then  any winning move in (T,j) * A, m in )  is a dom inating 
move for MIN in S'.

T he following theorem  holds th a t  a dom inating move is indeed a t least as good as all th e  moves it 
dom inates.

T h e o r e m  8 . 5 .2 .  L et T  =  ( X s , f ) ,  and let S'  be dom inated by c G £  w ith associated optim al 
colouring ip £ X s  and dom inating move m. Let m ' 6  Tfl(S'). T hen  n g x ( ( T  * A )/m ; c) <  n g x ( ( T  * 
A )/m ';e ) .

W henever a dom inated set is found, then  only one dom inating move from th a t  set needs to  be 
considered. If it does no t win, then  neither will any other move from th a t  set.

As w ith  cap tured  sets, dom inating moves give useful inform ation if th e  parity  of the  gam e is right. 
In fact, in b o th  cases, the useful inform ation in non-isotone games relates to  cap ture  or dom ination 
by th e  player who will make the  last move of th e  game. The underlying reason is th e  sam e as the  
“off-parity m etagam e” of Section 6.4.

8.6 D e te c tin g  O p tim al C olourings

Identifying captured sets and dom inating moves relies on being able to  construct games of the  type 
Tit, or Ts . . Fortunately  there  tu rn s  ou t to  be an easy way to  do this, if th e  outcom e function is 
given as a C NF or D N F formula. All th a t  needs to  be done is to  delete all o ther elem ents from the 
formula.
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Suppose some function /  : X s  —> B is given in CNF form as A C\ A . . .  A C„_i where each clause Ct 
consists of a disjunction of simple equations of th e  form ipv =  x,  and suppose th a t  S  is partitioned  
into S'  and S".  Then /  can be rew ritten  as

(C' V C") A (Ci V Cl)  A . . .  A (c ;_ !  V C"_x).

In  th is rewrite, C' and C" contain th e  elem ents from S '  and S",  respectively, th a t  appear in Ct .
W hen no element from a  partition  set appears in Ci, then  th e  corresponding subclause C[ or C" is
set to  FALSE. W ithou t loss of generality say th a t  C'0, . . . ,  Ck_ , contain the  elem ents from S',  and 
C'k, . . .  ,Cn_ x do not contain any elements from S'  and  are therefore set to  FALSE. T hen form the  
new formula / '  =  C'Q A C[ A . . .  A C'k_ 1. This form ula is sim ply obtained from the  original form ula by 
removing all elem ents from S ” .

D e f in itio n  8 .6 .1 . Let /  : X s  —> B  and S'  C  S.  If /  is given as a CNF or D N F formula, then  the  
^ '- p u n c tu a t e d  form ula is obtained by removing all elem ents not occurring in S'  from th e  formula, 
and subsequently removing all clauses th a t are empty.

Example 8.6.2. W hen

f{ip) =  (V’O V —ipi) A ( V’O V V'2 ) A (-V ’2  V -V>3) 

we obtain the  following punctuated  formulas depending on S':

S '  =  {0} / ' (V O  =  (V’O) A ( - ^ 0 ) A ( 0 )  =  V’O A - V ’O =  FALSE

S '  =  ( 0, 1 }  / '( V O  =  (V’O v  - V q )  a  ( -V > o ) a  ( 0 )  =  (V’O v  - V » i)  a  - V ’O =  - V ’O a  - 1 / 1
S'  =  {0 ,2 } / '( V O  =  (V’O) a  (V’2) A ( - V ’2 ) =  f a l s e

S'  =  { 0 ,1 ,2 } /'(VO =  (V’O V -V>i) A (-V ’O V -V '2 ) A (-V ’2 ) =  -V ’l A -V ’O A -V ’2

T he claim is th a t  any colouring ip' G X 5  th a t  satisfies / '  is a m axim al colouring under / .  This can 
be appreciated intuitively, for any re-colouring V’*V’/ of some ip* £ X s  leaves each C" undisturbed , 
and  sets all nonem pty C[ to  t r u e .  In Exam ple 8.6.2 there  is no m axim al colouring for elem ent 0, 
b u t there is a m axim al colouring for elem ents {0 , 1 } together.

T h e o re m  8 .6 .3 . Let /  : X s  —> B , S'  C  S,  and ip' 6  X s  . If /  is given as a C NF formula, then  
ip' is a  m axim al colouring under /  if ip' satisfies th e  <S'-punctuated formula. If /  is given as a DNF  

formula, then  ip' is a m inim al colouring under /  if ip' satisfies the  <S'-punctuated formula.

Example 8.6.4. Consider the  3 x 3  Hex game. Using th e  coordinate system  in troduced in Section 2.6 
the  outcom e function in CNF is:

V’ 1 ’(V’a3  V 1pb3 V ipc3 ) A (V’a3  V 1pb 3  V 1pc2) A (lpa 3  V 1pb2 V 1pc2) A (lpa 3  V 1pb2 V V’cOA 

i P̂a2 V 1pb2 V V>c2 ) A {lpa2 V 1pb2 V V’cl) A (V>a2  V V’fcl V V’cl) A (V'al V V’bl V V’cl)A 

ilPa2 V 1pb2 V V’63 V Ipcz) A (V’al V V'bl V ^62 V V>c2 ) A (V’al V V’fcl V 1pb2 V 1pb3 V Vc3 )-

Let 5 ' =  { a l, 61}, then  the  <S'-punctuated formula is

Ip (V 'b l) A (V’a l  V V’b l)  A (V’a l  V V’b l)  A (V’a l  V V’b l)
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which simplifies to  ip >—> ‘iphi ■ So any colouring ip' of S'  w ith  ip'bl =  T R U E  is a  m axim al colouring. 
This means th a t  if MAX w ants to  move in S '  it would be superrational to  set 61 to  T R U E , since th is 
im m ediately achieves a m axim al colouring. For MIN a superrational move in S'  would be to  set 61 
to  FALSE, otherwise M AX can set it to  TR U E on th e  next move and achieve a m axim al colouring, 
reversing M lN ’s  move.

Suppose th e  element a2 is set to  t r u e . T he outcom e function of the Hex game th en  simplifies to

V’ l“̂ (V 'a3 V 1pb3 V l p a )  A ( lp a3 V 1pb3 V 1pc2 ) A { lpa3  V 1pb2 V ^ c2) A ( 1pa3 V 1pb2 V V’c l ) A 

(V 'al V V’bl V V 'cl) A (V’a l  V V’bl V 1pb2 V V’c2) A (V’a l  V V’bl V Vb2 V 1pb3 V i>c3) .

T he <S'-punctuated form ula is

V’ ^  (V’a l  V V’b l)  A (V’a l  V V’b l)  A (V ’a l  V V’b l)

which is sim ply ip i—> (V’a l  V V 'bl)- So now any colouring ip' of 5 '  where ju s t one of the  two elem ents 
is set to  T R U E is a m axim al colouring. Since M AX has a second-player stra tegy  th a t  ensures such a 
m axim al colouring is achieved, the  set S'  is cap tu red  by M AX and can be filled in w ith a m axim al 
colouring. A fter doing th a t, the  outcom e function has simplified to

V' 1 ’ (V’a3 V 1pb3 V V’c3)  A (lpa3 v  Ipb3 V 1pc2) A {lpa3 V 1pb2 V V ta )  A (V’aS V V ta  V V’c l ) -

The converse, nam ely th a t  ip' is not  a  m axim al colouring if / ' ( V ’O =  f a l s e ,  does no t always hold. 
I t  does hold when the  form ula contains no subsum ed clauses:

T h e o r e m  8 . 6 . 5 .  Let /  : X s  —> B, S'  C  S , and ip' G. X s . If /  is given as an  irreducible C N F formula, 
then  ip' is a m axim al colouring under /  if and only if ip' satisfies the  >S'-punctuated formula. If /  is 
given as an irreducible D N F formula, then  ip' is a m inim al colouring under /  if and only if ip' satisfies 
the  <S'-punctuated formula.

For recognizing m inim al colourings, th e  sam e m ethod  is used w ith CNF formulas. A colouring ip' of 
a subset S'  of elem ents is a m inim al colouring if deleting all o ther elem ents from th e  CNF formula 
leaves a form ula th a t is satisfied by ip'.

I t should be noted th a t  a punctuated  form ula is no t the  sam e as a  subgame. In fact, a  punctuated  
form ula cannot in general be obtained by colouring some elements. A nother property  of note is th a t 
the  punctuated  form ula m ethod does not require the  C N F or D N F form ula to  be in its  m ost reduced 
form; it also works when there are subsum ed clauses.

The punctuated  function approach is equally valid for regular SAT problems. If some set of variables 
has a m axim al colouring ip, then  ip can be assigned safely, since any tru e  assignm ent will still be 
tru e  when re-coloured w ith  ip. This generalizes th e  notion of a “pure literal” in SAT, which is a 
literal th a t occurs only in  negated or only in unnegated form. In those cases the  punctuated  form ula 
becomes simply vpp or v^. However in m ost cases th e  punctuated  form ula based on ju s t one elem ent 
will be tty A up  which has no satisfying colouring.
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/ r  f h n / / t n  ( / / m)'
i ’v X v  t r u e TR U E TRU E

~4>v - I p v  FALSE FALSE FALSE

TpvVC' 1pv  V C  TRU E TR U E TRU E

- i p v  v  C 1 ■€
- < C' C'

ipv v  C" 1pv  TRU E T R U E TRU E

- i p v  v  C" - 1 p v  FALSE C" TRU E

ipv V C ' V  C" 1pv  V C  TRU E TR U E TRUE

- I p y  V C 'V  C" —Ipv V C  C' C  V C" C

Table 8.7.1: CNF clauses in binary  games and subgam es punctuated  by S',  where v G S'  and C  and 
C" are clauses containing only elem ents from inside S'  and outside S',  respectively.

8.7  M u tu a l R ecursion

Recall th a t some set S'  is captured by MAX if Tit, * □ is a second-player win, and dom inated by MAX  

if r j ,  * A  is a first-player win. This suggests a m utually  recursive relationship, where a  set S'  is 
dom inated whenever there  is a move in S'  th a t  leaves a  cap tured  set, and S'  is captured whenever 
any opponent’s move in S'  leaves a  dom inated set. As it  tu rn s  ou t both  these conjectures are only 
half true.

T h e o re m  8 .7 .1 . Let T =  ( X s , f ) ,  S'  C S,  and c g t  If  S'  is dom inated by c then  there exists a 
move m =  \ v w ith  v  G S'  such th a t  S'  — v is cap tured  by c in T /m . If S'  is captured by c then  for 
all moves m =  \ v w ith  v  G S'  the  set S'  — v  is dom inated by c in T/m .

Informally, a dom inated set contains a  move th a t leaves a  cap tured  set, and any move in a captured 
set leaves a dom inated set. However, th e  reverse is no t necessarily true. Even if some move xv leaves 
a  captured set S',  then  S' +  v  still m ight not be dom inated. Similarly, even when every move leaves 
a dom inated set th en  th e  original set still m ight not be captured.

T he difference lies in th e  com parison between games of th e  types (T/m )it„ and (T j,) /m . If these 
games were equivalent, th en  the  conjectured m utually  recursive relationship would indeed be “if and 
only if” . However, we have the  following theorem .

T h e o re m  8 .7 .2 . Let T =  ( X s , f )  w ith  S'  C S  and m =  \ v 6 DJt(S). P u t S" =  S'  — v. Then 
^  ( T j / ) /m and (T /m ) g,, sf ( r 5 ,)/m . Equality  does not  necessarily hold.

If /  is given in c n f ,  then  Table 8.7.1 reveals th a t  the  games ( r / m ) J „  and (E j, ) / m  diverge when 
there  is a  clause of th e  form ((ipv /  x)  V C"), where C" is a clause containing no elem ents from S'.

The failure of the  conjecture can be understood intuitively as follows. Assume player c a ttem p ts  to  
achieve an  optim al colouring of S'.  A fter a  move m =  y ” is played in S ' , the  subsequent goal for c 
is to  achieve some colouring ip" of S' — v  such th a t  ip"m is an optim al colouring of S'  in T. For th is 
it is certainly necessary th a t ip" be an  optim al colouring of S' -  v  in the resulting gam e T /m , bu t 
not sufficient, as the  addition of m m ight “spoil” th e  optim ality.
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W h at is needed, then , is th e  assurance th a t  when c reaches some optim al colouring ip" of S'  — v, 
then  ip"m is also an  optim al colouring of th e  same type. This is certainly tru e  in  isotone games like 
Hex, b u t not in general.

D e f in it io n  8 .7 .3 . Let T =  ( X s , / ) ,  S" C 5 , c 6  £, and m =  x v w ith  v  ^  S ”. T hen m a u g m e n ts  
S'  for player c if ip"m is c-optimal for some c-optimal ip" £  X s  .

C h e c k i n g  w h e t h e r  a  m o v e  a u g m e n t s  a  s e t  i s  s i m p l i f i e d  b y  t h e  f o l l o w i n g  t h e o r e m :

T h e o re m  8 .7 .4 . Let T =  ( X s , f ) ,  S" C S ,  c £ €  and m =  y" w ith  v £  S " . If ip"m is c-optimal for 
some c-optimal ip” e  X s  , then  ip"m is c-optimal for every c-optimal ip" £ X s  .

Corollary i: If ip"m is no t c-optimal for some c-optimal ip" G X s  , then  ip"m  is no t c-optimal 
for any c-optimal ip" £  X s  .

According to  th is  theorem , the  requirem ent “for some” in Definition 8.7.3 can equivalently be re­
placed w ith “for all” . The m utually  recursive relationship between captured and dom inated sets is 
th en  given as follows.

T h e o re m  8 .7 .5 . Let T =  ( X s , f ) ,  S'  C S,  and c £  £. If for all moves m =  \ v F S0I(<S') the  set 
S' — v is c-dom inated in T /m , and m c-augments S',  then  S'  is c-captured. If there  exists a move 
m =  x v 6 Ul(S')  such th a t  S' —v  is c-captured in T /m , and m c-augments <S',b then  S'  is c-dom inated 
and m is a c-dominating move in S'.

One can view the  augm entation requirem ent for cap tured  sets as sta ting  th a t  c ends up reversing 
move m. A few obvious cases of augm entation axe:

•  If m is c-rational then  it c-augments any set S ' . This m eans th a t a set is c-dominated i f  and 
only if  there  is a ra tional move th a t  leaves a cap tured  set.

•  If  v  is dead in T /ip" for some c-optimal colouring of S',  then  any move y m will c-augment 
S'.  This m eans th a t  a  set is c-captured if every move leaves a  c-dom inated set which, after 
substitu tion , kills the  move.

•  If m is c-preferable to  m ', and m' c-augments some set, then  m c-augments the  same set. This 
is tru e  even if m and m ' do no t colour th e  same element.

W ith  these observations, the  m utually  recursive rules for isotone games are:

•  A set S'  is c-dominated if and only if there  is a  ra tional move in S'  th a t  leaves a c-captured 
set.

•  A set S'  is c-captured if and only if any c-rational move m in S'  leaves a c-dom inated set which, 
after substitu tion  w ith c-rational moves, kills m.

T he bottom  of the  m utual recursion is provided by the  following rules. Let T =  ( X s , f ) ,  S'  C S,  
and c £ £, then:
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•  If S' =  0  then  S'  is c-captured.

•  If S'  =  {v }, so th a t  |<S'| =  1, then  S'  is c-dom inated if and only if th ere  is a c-rational move
X*-

• If all elem ents in S'  are dead then  S'  is c-captured.

T here rules are easily verified d irectly  from the  definitions.

8.8  S up errational P la y

T he existence of captured and dom inated sets leads to  th e  strategic advice of s u p e r r a t io n a l  p la y . 
T his advice is as follows:

1. If there  exists a captured subset, then  perform  th e  associated substitu tion .

2. If there exists a dom inated subset, then  only one move from this set needs to  be considered, 
provided th a t  the move to  be considered is a dom inating move.

T he term  superrational indicates th a t  th is  s tra tegy  is a generalization of the  theory  of ra tional moves 
from Section 5.2. A rational move \ v 's in fact a dom inating move in th e  subset {?.:}, and a  dead 
cell is one th a t is captured by bo th  players, so th a t  any colouring of th a t  cell is a legal substitu tion .

T he substitu tion  stra tegy  is justified im m ediately by Theorem  8.4.2, as a substitu tion  does not 
change the  m inim ax value of th e  position. I t  does simplify the  analysis of the  position, in th a t  
there  are then  fewer moves to  consider. N ote th a t the  game after substitu tion  has acquired a s ta r 
if the  captured set was odd sized and the  game is no t isotone. In the  original game, w ithou t the 
substitu tion , the  s ta r move is represented by any random  move in th e  cap tured  set. B oth  players 
can essentially tre a t the cap tured  set as a repository of s ta r moves, and one only needs to  move in 
a  captured set if a s tar move is required in the  su b stitu ted  game. In such a  case, th e  cap tor needs 
to  make sure th a t  the  move does indeed cap ture  the  set, whereas the  o ther player can choose any 
random  move w ithin the  cap tured  set.

T he dom ination stra tegy  comes from Theorem  8.5.2, as rem arked previously: A dom inating  move 
in a  subset is guaranteed to  be a t least as good as any other move in th a t  subset. I t  is very well 
possible th a t  a  dom inated set contains m ore th a n  one dom inating move. For th is  reason, whenever a  
dom inating move is found one cannot simply elim inate all of its dom inated moves from consideration, 
because in a set w ith more th an  one dom inating move th a t  would elim inate all moves.

One can harm onize the superrational strategies by defining a te rnary  local game. Given a  game 
( X s , / )  and some subset S'  C  S,  one can consider the  subgam e in which M AX a ttem p ts  to  a tta in  a 
m axim al colouring and MIN attem p ts  to  a tta in  a m inim al colouring of S'.  If neither goal is achieved, 
the  local game is declared a draw. The games Tit, and TiJ, are the  two binary  variants of th is 
te rn a ry  game, nam ely the ones w here the draw outcom e has been declared a  win for MIN and for 
M A X , respectively. As a  consequence, is can be shown th a t  punctuated  formulas have the  property
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th a t  under any colouring th e  value of the  CNF-punctuated form ula is always a t least equal to  the  
value of the  DNF-punctuated formula.

Considering th is  te rnary  local game, the  superrational play stra tegy  can be re-worded as “do not 
make any local m istakes” . M ore explicitly:

•  If th e  local te rnary  game is a win, then  only one locally winning move needs to  be examined.

•  If the local te rn ary  game is a draw, then  only all the  locally drawing moves need to  be examined.

•  If the  local te rn ary  game is a  loss, then  the  subset is already captured by the  opponent.

T he justification is th a t  if a given move m wins the  local te rn ary  game, then  it is a dom inating move 
and therefore a t least as good in T as any other move in S'.  If m loses the  local te rn ary  game, then  
it leaves a dom inated set for the  opponent, and m apparen tly  augm ents th e  rem aining S'  \  m for the 
opponent, as it is p a rt of the  eventual optim al colouring th a t  the  opponent can reach. A nother way 
of saying th is is th a t  a locally losing move can be reversed by an appropriate local reply. Therefore 
any move in the  local te rn ary  game was a t least as good as m in T, so if there  are locally non-losing 
moves then  th e  locally losing moves can be ignored.

The superrational s tra tegy  does not give any advice as to  w hether or not it is wise to  move in a 
certain  subset S'  in the  first place. I t  merely says th a t  i f  one w ants to  move in S ’, then one m ust 
take care not to  make a  local mistake.

8.9 P roofs

T h e o re m  8 .1 .3 . L e t  T =  ( X s , f )  a n d  ipoPpi £  X s . I f  ipo a n d  ip \ a r e  b o t h  m a x i m a l  c o l o u r i n g s  

t h e n  ipo ip i i s  a l s o  a  m a x i m a l  c o l o u r i n g .  I f  ipo a n d  ip\ a r e  b o t h  m i n i m a l  c o l o u r i n g s  t h e n  ipo'fi i s  a l s o  

a  m i n i m a l  c o l o u r i n g .

Proof. I f  b o t h  'ipo a n d  ip\ a r e  m a x i m a l  c o l o u r i n g s  t h e n  f o r  a n y  p u r e  c o l o u r i n g  ip* £ X s  w e  h a v e  

/ ( V , * ( V ’o V ’ i ) )  =  / ( ( ^ * ^ o ) ^ i )  ^  / ( V ’ * V ’o )  3s  / ( V ' * ) -  I f  V ’O a n d  ipi a r e  m i n i m a l  c o l o u r i n g s  t h e n  

s i m i l a r l y  f  (ip*(tpoipi)) / ( V 1* ) -  □

T h e o re m  8 .2 .3 . L e t  T =  ( X s , / )  a n d  ip £ X s . T h e n

r + A r / < / < < r ,

r ^ v r / ^ r .

Proof  N o t e  t h a t  F j  A  T/ip i s  p l a y e d  o n  X s . T h e  p r o o f  r e q u i r e s  t h a t  a n y  ip* £ X s  t h a t  i s  a  w i n  f o r  

M A X  o n  T+ A  T/ip i s  a l s o  a  w i n  f o r  m a x  o n  T. L e t  ip* £ X s  b e  a  w i n  o n  A  T/ip. T h e n  ip* i s  a  

w i n  o n  *  S  a n d  o n  T/ip * S.  P u t  ip*A =  ip* \  A(ip) a n d  iph =  ip* \  U(ip), s o  t h a t  V’wVC* =  V7* 
d u e  t o  t h e  p a r t i t i o n i n g  o f  T>(ip*) i n t o  A(ip) a n d  U(ip). S i n c e  T j  i s  p l a y e d  o n  X A^ \  w e  h a v e  t h a t
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ip*A is a  win on T ^ , and therefore T/ip*^ A L/ip by Definition 8.2.1. Similarly, since T/ip is played 

on X U<-VK we have th a t  ipf a w™ on ^ /ip, and therefore f(ip^ip) =  +1 by Definition 6.1.1. Now 
observe th a t

=  V’w (V ’V’i )  =  i ’u i ’A  =  i>*

from O bservation 2.2.1 :ii since A(ip^) =  A(ip). We then  ob tain

n r )  = f irP u W A ) > f m w > )  = =  + i

where the inequality  follows from T /ip*A PzT/ip.  This proves T j  AT/ip A- T. The proof for r,T v T /ip Js
T is analogous, featuring T / i p \  ^  T/ip and f(ipu4>) =  — 1 and culm inating in f(ip*) <  /(V & ^) —
- 1 .  □

T h e o re m  8 .3 .2 . Let T =  ( X s , / ) ,  let ip G X s , and let t 6  £. If ip is a m axim al colouring then  
MNX(T/ip * <S; c) ^  MNX(T; c). If ip is a m inim al colouring then  MNX(Tftp * S;c)  <  MNX(T; c).

Corollary i: S ubstitu ting  a m axim al colouring cannot h u rt m ax, and substitu ting  a m inim al 
colouring cannot h u rt MIN.

Proof. If |*4(i/0l is even and ip is a  m axim al colouring, then  T/ip ^  T by O bservation 8.1.2:i, which 
m eans T/ip * S  ^  T by Definition 6.3.2. Since T/ip is played on U(ip) and |<S \  U(ip)\ =  |-4(V0I is 
even, by Theorem  6.3.3 we have m n x (T /^ ;c )  — m n x (T /^  * S ; c) ^  m nx(T ;c). If ip is a m inimal 
colouring then  M N X (r/^;c) =  MNX(T/ip * S; c) ^  MNX(T;c) for the sam e reasons. If |*4(V0I is 
odd, then  add a  s ta r to  bo th  T/ip and to  the  rem ainder of the  game, to  obtain  m nx(T /ip*-, c) =  
m nx(((T /ip)*) * (S  * *); c) ^  m nx(T  * *; c) =  m nx(T ; c) for a m axim al colouring and vice versa for a 
m inim al colouring. □

T h e o re m  8 .4 .2 . Let T =  ( X s , f  ) and S'  C S , where S'  is captured by player c G £  w ith 
associated optim al colouring ip G X s  . Then MNX(T * □; c) =  MNx(T/ip * □; c), and MNx(T * A ; c) =  
m nx(T /ip =1= A ; c).

Proof. W ithout loss of generality assum e that c =  m ax, so ip is a m axim al colouring. B y  Observa­
tion  8.1.2:i we have T/ip  * 0  =  (T * ())/ip ^  T * 0  for any 0  G {□ , A }  , and by Observation 6.3.1 :i 
th is m eans m nx(T /ip * 0 ; c') >  m nx(T  * 0; c') for any c' G £ . W hat remains to  be proved is 
m nx(T/V' * □; m in) ^  m nx(T  * □; min) and m n x (T /^  * A ; m ax) ^  m nx(T  * A; m ax). T his is equiv­
alent to  mnx(T/ip  * D;MIn) =  + 1  = >  MNX(r * D;MIN) =  + 1  and wax{T/ ip  * A; m ax) =  + 1  =>- 
MNX(T * A ; MAX) =  + 1 . Since S'  was captured we have, by Definition 8.4.1, MNX(TJ;MIN) =  + 1 . 
T he two im plications then follow from Theorem s 6.4.2 and 6.4.4, respectively. □

T h e o re m  8 .5 .2 . Let T =  ( X s , f ) ,  and let S'  be dom inated by c G £  w ith associated optim al 
colouring ip G X s  and dom inating move m. Let m ' G 9H(5/). T hen  n g x ((T  * A )/m ;c ) <  NGX((T * 
A )/m ';c ) .

Proof. W ithou t loss of generality  assume th a t c =  MAX, so ip is a m axim al colouring. To prove is 
N G X ( ( r  * A ) / m ;  min) ^  N G X ( ( r  * A ) / m ' ;  min), for which it suffices to  prove M NX((T * A ) / m ;  min) =  
— 1 = >  M N X ( ( r * A ) / m ' ;  min) =  —1. Since m  was a dom inating move in Tit, we have M N X ( T j , /m ;  MIN) 
+ 1. Note th a t  (T  * A ) / m  is even. If  M N X ((r  * A ) / m ; M l N )  =  —1 then  apparently  m nx(((T  * 
A ) / m ) / ^ ; M l N )  =  —1, otherwise Theorem  6.4.4 would im ply th a t MNx((T * A ) / m ; M l N )  =  +1.
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Since ip is a m axim al colouring we th en  have M N x(((r * A)/m')/ip-: MIN) =  MNX((r * A ) / i p m Min) ^  
MNX((r * A )/'0 ; MIN) =  —1 and therefore MIN has a w inning partition  stra tegy  in ( r  * A ) /m ' and 
therefore M N x((r * A )/m '; min) =  —1. □

T h e o re m  8 .6 .3 . Let /  : X s  —> B, S'  C S,  and ip' G X 5 . If /  is given as a  CNF formula, then  
ip' is a m axim al colouring under /  if ip' satisfies th e  <S'-punctuated formula. If /  is given as a d n f  
formula, th en  ip' is a m inim al colouring under /  if ip' satisfies the  iS '-punctuated formula.

Proof. Assume /  is w ritten  as the  CNF form ula Co ACi A . . .  A C„_i. Let tp' satisfy the  <S'-punctuated 
formula. To prove is th a t  for any £ e  X s  we have f(£ip') A / (£ ) ,  which is equivalent w ith /(£ )  =  
+1 = >  f (f ip')  =  +1. Let f  6 X s  w ith  /(£ )  =  +1. Consider some clause Cj from the  CNF formula. 
Since /(£ )  =  +1 we have CAf) =  +1 . Now distinguish two cases, based on w hether C7; contains any 
elem ents from S'.

C a se : Ct c o n ta in s  e le m e n ts  f ro m  S'.  P u t Cj =  C- V C" where C[ contains only elem ents from S'  
and C" contains no elem ents from S'.  The punctuated  formula contains th e  clause C', and 
therefore C'Aip') — +1 since ip' satisfies the  punctuated  formula. As C' contains only elements 
from A(ip') we have C'A&P') ~  C'Aip') — +1 and therefore CA£ip') =  C'Afip') V C'i'(£ip') =  +1.

C a se : Cj c o n ta in s  n o  e le m e n ts  f ro m  S'.  Then Cl (fip') =  Cj(£), and since f  satisfies the  whole 
formula, th is  equals +1.

In  either case we have Ci(^ip') — +1 . Therefore CP' satisfies all clauses, and f(£ip') =  +1. The proof 
for m inim al colourings and DNF form ula is analogous. □

T h e o re m  8 .6 .5 . Let /  : X s  —> B, S'  C S,  and ip' G X s . If /  is given as an irreducible CNF formula, 
th en  ip' is a m axim al colouring under /  if and only if ip' satisfies the  <S'-punctuated formula. If /  is 
given as an irreducible d n f  formula, th en  ip' is a m inim al colouring under /  if and only if ip' satisfies 
th e  iS '-punctuated formula.

Proof. Consider the  CNF case, and denote th e  N '-punctuated  formula as f .  . From Theorem  8.6.3  
it is already known th a t  ip' is a m axim al colouring under /  if f'(ip') =  +1. Suppose now th a t 
f'(ip') =  —1, and  th a t  in particu lar it  does no t satisfy the  first k clauses of / ' ,  so th a t  C't (ip') =  —1 
for i <  k and  C (̂ip') =  +1 for i ^  k, w ith  k ^  1. For ip' no t to  be a m axim al colouring there  would 
have to  exist some ip* G X s  w ith  f(ip*) =  +1 and f(ip*ip') =  —1. T h a t m eans th a t  a t least one of 
the  clauses Co A . . .  A Ck- i  is flipped to  FALSE by th e  re-colouring ip*ip', so there  exists some i <  k 
w ith  CAip') =  —1, C'Mip*) =  —1, and CAip*) =  C'Aip*) VC'/iip*) — +1 so C'Aip*) =  +1. Such a  ip* 
exists, unless f(ip*) =  +1 implies C'0(ip*) A . . .  A C’̂ i p * ) .

If  f{ip*) =  + 1  does im ply C'o{ip*) A . . .  AC'k_ 1{'4>*)-, th en  C'f , C " , . . .  ,C'f_l were “superfluous” and 
can all be deleted from the  form ula w ithout changing th e  outcome. In o ther words, th e  clauses 
Co, C i , . •. ,Cfc_i were reducible. The conclusion then  is th a t  f(ip') =  +1 is a necessary condition for 
ip' being a  m axim al colouring if all clauses are irreducible. □

T h e o re m  8 .7 .1 . Let T =  ( X s , f ) ,  S'  C S,  and t  f  t  If S'  is dom inated by c then  there  exists a 
move m =  x v w ith  v  G S'  such th a t S' — v  is cap tured  by c in T /m . If S'  is captured by c then  for
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all moves m — x v w ith v  6  S'  the  set S' — v  is dom inated by c in P /m .

Proof. This follows im m ediately from Definitions 8.5.1 and 8.4.1 w ith definition 5.1.1. □

T h e o re m  8 .7 .2 . Let T =  ( X s , f )  w ith  S'  C S  and m =  \ v £ ®1(<S). P u t S"  =  S' — v.  Then 
( r /m )£ „  ^  ( r j , ) / m  and ( r /m )  gtf ^  ( r 5 /)/tn . Equality  does not  UGCGSsarily hold*

Proof. W riting ou t the  game definitions we obtain

(r/m)J„ = ( +1 “ W ‘l/(r«m) S’ W ”)I' \
\  1—1 otherwise '

and

( r + ) / m  =  ( + 1  > W > 1 .  \
\ 1—1 otherwise. /

Let £ G X s ''v , then  it needs to  be shown th a t if f  wins for MAX in (P g ,)/m  then  f  also wins for MAX 
in (r /m )^ ,,. Let ip* G X s . If f(ip*fm)  ^  f(ip*) then  f( ip*fm) =  f(ip*mfm)  ^  f(ip*m). T he proof 
for ( r /m )^ „  ^  (r~ , ) /m  is entirely analogous. A counterexam ple for equality was already given in 
Table 8.7.1 and accom panying te x t in Section 8.7. □

T h e o re m  8 .7 .4 . Let T =  ( X s , f ) , S " C S ,  c € £  and m =  x v w ith  v S " . If ip"m is c-optimal for 
some c-optimal ip" G X s  , then  ip"m is c-optimal for every c-optimal ip" G X s  .

Corollary i: If ip"m is not c-optimal for some c-optimal ip" G X s  , then  ip"m is not c-optimal 
for any c-optimal ip" G X s  .

Proof. W ithou t loss of generality let c =  MAX. Let ipf, ip’f  G X s  be m axim al colourings where 
ip"m is also a m axim al colouring. Note th a t ip'fm =  rmp'f as Gt(m) =  v (f S" — Apipf),  and th a t 
ipfip'f =  ip-f as A(ip") =  S" =  A(ip'f). For any f  G X s  we th en  have fifip'fvY) =  f(f,'lPi'lp2m) =  
fifip'frnip'f) ^  fifip"™)  >  /(£)> so V;2 m is also a m axim al colouring. □

T h e o re m  8 .7 .5 . Let F =  ( X s , f ) ,  S r C S,  and c G £. If for all moves m =  x v G 9Jl(iS') the  
set S' — v  is c-dominated in T /m , and m c-augments S',  then  S'  is c-captured. If there  exists a 
move m =  x v G 911 (5 ')  such th a t  S' — v  is c-captured in T /m , and m c-augments <S',b th en  S'  is 
c-dominated and m is a c-dom inating move in S'.

Proof. W ithout loss of generality let c =  m ax. Suppose that for all m oves m — y" G 9J1(<S') the set 
S' — v  is MAX-dominated in T /m , and m  MAX-augments S'.  Let ip' be som e m axim al colouring of 
S',  and let m  =  \ v G 9H(cS'). Then M NX ((r/m )J„ * A; m ax) =  + 1  for som e m axim al colouring ip" 
o f S'  — v, so M Nx(r^„m/m  * A; m ax) =  + 1 . Since m  MAX-augments S' — v  we have that ip"m  is a 
m axim al colouring o f S',  and therefore L+, =  r + „ m. So then MNX(T+,/m * A; m ax) =  + 1  for any 
m G 9H(<S'), which by Observation 5.1 -3:iii m eans MNX(r^), * DjMIN) =  + 1 , so by Definition 8.4.1 
this m eans that S'  is MAX-captured.

Suppose there exists a move m =  G 9Jt(<S') such that S' — v is MAX-captured in T/ m, and m m ax- 
augm ents S'.  Then by the sam e reasoning we have MNX(T^,/m * D ; m i n ) =  + 1  for som e m axim al
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colouring i[)' of S'.  From O bservation 5.1.3:ii th is implies th a t  m n x ( F ^ , * A ; m a x ) =  + 1 , so by 
Definition 8.5.1 th is m eans th a t  S'  is MAX-dominated, and th a t  in fact m is a iS '-dom inating move 
for m a x . □
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Chapter 9

Dynam ic Traces

T he previous chapter studies subgam es whose goal is to  obtain  an  optim al colouring ip of a set of 
elements. A special case occurs when ip is sufficient to  settle  th e  value of the  outcom e function. Such 
a colouring is of course optim al, and w inning th e  em bedded com ponent r j  or TT can be sufficient 
for th e  appropriate player to  win th e  full game. In general, it is possible to  define em bedded games 
th a t  are sufficient to  win the  overall game, and to  discover such games dynamically.

Techniques like these are also used in the  game of Go, where a “trace” keeps track  of th e  set of 
board  locations actually  used in achieving some goal. Several Go program  authors use th is  approach 
in various forms, though nothing has apparently  been published about the  subject. T he idea of a 
trace is th a t  it  is some subset of the  board  having a property  th a t  can be proved irrespective of the 
sta tu s  of the  board outside of the  trace.

9.1 W in n in g  E m b ed ded  C om p on en ts

In Section 6.3 the  concept of necessary and sufficient games was defined for games played on the 
sam e colour space. T he definition is in term s of the  partia l order comparison for games, which was 
then  expanded to  games th a t  are not played on the  sam e colour space. Com bining this, we arrive 
a t th e  notion of a dynam ic trace.

Informally, a dynam ic trace  is a sm aller game th a t one of the  players can win, and  th a t  is sufficient for 
the  same player to  win the  larger game. This player can thus win the larger game by concentrating 
only on the  sm aller game. Two exam ples for Hex are displayed in Figure 9.1. Seasoned Hex players 
will notice th a t  only the  m arked em pty cells are relevant in the  positions shown. These sets of 
m arked cells form an “explanation” of sorts for the  victory.

The dynam ic trace concept will be m ade precise in the  following definitions. The definitions only

97
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Figure 9.1: Dynam ic traces for W hite, w ith Black (left) and W hite (right) to  move.

relate to  initial positions, and as w ith  o ther definitions of th is  nature  they  are extended to  o ther 
positions by considering the  subgam e induced by the  position.

D efin it io n  9 .1 .1 . Let T =  { X s , f )  and T' =  (X s  , / ' )  for some S' C S.  Let c G £. T hen T' is a  
d y n a m ic  tra ce  for M A X in ( T ,  c) if the  following two conditions are satisfied:

• r  < r ;

•  M N x (r ' * <S;c) =  +1.

Similarly, T '  is a dynam ic trace  for MIN in ( T ,  c) if T '  ^  T  and M N X (T '  * S\  c) =  —1.

Observation i: If there  exists a dynam ic trace  for M A X in ( r ,  c) then  M N X ( T ; c )  =  + 1 , and if 
there exists one for min then  m nx(T; c) =  —1. This is Observation 6.3.1:i, which applies since 
T ' <  T by definition in th is  case m eans T ' * S  ^  T.

Observation ii: The game T itself is a dynam ic trace  in ( r ,  c ) ,  for MAX if mnx(T; c) =  +1 and 
for min if mnx(T; c) =  —1. This is because T * S  =  T.

Observation Hi: From O bservation i it  follows th a t  a t m ost one player can have a dynam ic 
trace  in (F, c ) ,  and from O bservation ii it follows th a t  a t least one player will have one. So 
exactly one player will have dynam ic traces in any game (r, c).

Observation iv: If F is isotone then  the  term  M N X ( T ; * S; c) in the  second requirem ent can be 
replaced w ith M Nx(r'; c) .  T his is a consequence of Theorem s 5.4.2 and 5.5.2.

As per O bservation ii there will always be a dynam ic trace, b u t of course the  dynam ic trace consisting 
of th e  whole gam e itself is of no use in reducing the  effort needed to  analyze the  game. T he next 
section deals w ith  th e  discovery of smaller dynam ic traces.

Gam es commonly have more th an  one dynam ic trace. The dynam ic trace property  is hered itary  in 
some sense; namely, any supergam e of a dynam ic trace  is itself also a  dynam ic trace.

T h eo rem  9 .1 .2 . Let T =  { X s , f )  and c G C, and let T' =  { X s  , / ' )  be a dynam ic trace  in (r ,c ) . 
T hen for any S "  w ith S'  C S" C S  the  gam e T' * S" is also a dynam ic trace in (F, c).

There need no t be a unique sm allest dynam ic trace in a given game. A game can have several
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incom parable dynam ic traces. A triv ial exam ple is a game w ith outcom e function £ i—> £o V £ 1  V £ 2  V 
• • ■ v£fc_i, w here ^  & V £j ) is a dynam ic trace  for M AX for any 0 % <  j  <  k.

A nother way of creating  bigger dynam ic traces from sm aller ones is combining two or more dynam ic 
traces.

T h e o re m  9 .1 .3 . Let T =  { X s , f )  and c e  €. Let Tq and T j be dynam ic traces in (r, c). If they 
are dynam ic traces for M AX, then  Tq V T j is a dynam ic trace  in (r, c). If they  are dynam ic traces 
for M IN, th en  Tq A T j is a dynam ic trace in (F, c).

Corollary i: If Tq, T j , . . . ,  r^_x are dynam ic traces for M AX in (r, c), then  \ f t TJ is a dynam ic 
trace in  (r, c). If they  are dynam ic traces for MIN in (r, c) then  / \ i T ' is a dynam ic trace for 
MIN in (r, c).

9.2 M u st p lay

Closely related  to  dynam ic traces are w hat Hayward et al called mustplays. W here a dynam ic trace 
is a  sm aller gam e th a t  guarantees a win by using ju s t the  dynam ic trace, a  m ustplay is a smaller 
game th a t guarantees a loss when it is not  used.

D e f in it io n  9 .2 .1 . L et T =  { X s , / )  and T ' =  { X s ' , f )  for some S'  C S.  Then T ' is a  m u s tp la y  in
(T, m a x ) if the  following two conditions are satisfied:

• r ;

•  M N X (r ' * «S*; M IN) =  - 1 .

Similarly, T ' is a  m ustplay in (r, m in )  if T ' ^  T and M N X (r' * <S*; m a x )  =  + 1 .

Observation i: If T ' is a m ustplay in ( r , c )  then  T ' is a  dynam ic trace  in (T,c) © m  for any
move m € 9Jl(<S \  S').

T he definition is quite sim ilar to  the  definition for dynam ic traces, and O bservation 9.2.1 :i establishes 
a  strong link. T he im plication of O bservation 9.2.1 :i follows because F ' =  F '/m  when m ^  S',  which 
makes the requirem ents for Definitions 9.1.1 and 9.2.1 identical.

T he 9.2.l: i  im plication does no t work in the  o ther direction: If some move m produces a dynam ic 
trace  T; for the  opponent, then  T ' m ight still not be a  mustplay. This happens when m was an
unfortunate  move th a t  actually  benefitted th e  opponent. In th e  next section th e  conditions will be
outlined in which m ustplays can be derived from dynam ic traces.

As th e  term  suggests, th e  purpose of identifying m ustplays is the  following theorem :

T h e o re m  9 .2 .2 . Let T =  { X s , f ) ,  and let T ' =  { X s ', f )  be a m ustplay in ( r , c ) .  Let m =  x v G
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If v S'  th en  m is a losing move in (r, c) .

Theorem  9.1.2 has an obvious analogue for m ustplays. If T ' =  (X s  , f )  is a m ustplay for M AX, and 
T" =  ( X s  , f")  ^  T ' w ith S" C  S',  then  T" is also a m ustplay for MAX.

As dynam ic traces combine to  form a bigger dynam ic trace, so do m ustplays combine to  form a 
sm aller mustplay. If  Tq =  ( X s ®, /q) and T j =  ( X S l , f ( )  are m ustplays for MAX, then  the  previous 
observation shows th a t  some game T" =  (X 1̂ 05! , / " )  satisfying T" ^  Tq and T" ^  Tj is also a 
m ustplay for m a x . Such a game does exist, because a t least th e  triv ial game . + ) satisfies
the  requirem ent.

9.3  R ecu rsive  D e tec tio n  o f D yn am ic  Traces

Fortunately, dynam ic traces and m ustplays sm aller th an  the  game itself often exist, and they  can be 
discovered dynam ically th rough m utual recursion w ithout using any game-specific knowledge. They 
can be used as a safe pruning m echanism in game tree search, guaranteed to  prune a t least as m any 
branches as a  — (3 search1 and only to  prune provably irrelevant branches.

T he recursion s ta rts  w ith  the  following, literally  trivial, theorem .

T h eo rem  9 .3 .1 . If T is trivial, w ith  T — ( X s , t),  then  (0 ,  t) is a dynam ic trace  for A- 1 (£) in (T, c).

W hen a winning move is found, a dynam ic trace can be constructed based on a dynam ic trace of 
the  resulting subgam e by adding the  move to  th e  dynam ic trace:

T h eo rem  9 .3 .2 . Let T =  ( X s , f )  and m =  \ v e  97t(<S). If m is a winning move in (T, c), and 
r' =  ( X s ', f )  is a dynam ic trace for c in (T, c) © m, then  the  following game is a  dynam ic trace for 
c in (r, c):

i'" = ( x s'+v, Z » f ,(Z)A(Zv = x)y

This type of construction was seen earlier in Theorem  6.1.4, ensuring th a t  r " / m  =  T '.

W hen a position is a loss, th e  regular m inim ax form ula needs to  examine all possible moves to  
confirm the  loss. Dynam ic traces improve th is by proving losses w ithout exam ining all th e  moves. 
This is possible based on the  observation th a t when all moves to  one particu lar element are found 
to  be losses, then  a  m ustplay T' is established which m eans th a t all moves outside of T' can be 
discarded w ithou t exam ining them .

T h e o re m  9 .3 .3 . Let T =  ( X s , f )  and v  G S.  For each x  € X  let F^, be a dynam ic trace  in 
( r ,  c) ® \ v ■ If all moves { x v)x£X are l°sses m  ( r ^ ) ;  then  / \ x e X T'x is a  m ustplay in (T, c) if 
c =  M AX, and  V xgx  T* 1S a m ustplay in (T, c) if c =  MIN.

1T h e standard gam e tree search algorithm ; see Section  11.1.
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Theorem  9.3.3 examines all possible moves to  one specific element v,  and if th ey  all lose then  
potentially  several o ther moves are proved to  be losses as well. If v adm its a rational move, then  it 
m ay be expected th a t  it is sufficient to  exam ine only one rational move. This is indeed th e  case, as 
per th e  following theorem .

T h e o re m  9 .3 .4 . Let T =  ( X s , / )  and v  e  S.  If for some rational move m G DJl(S) we have th a t  m 
is a  losing move in (r, c) and T ' =  ( X s  , f )  is a  dynam ic trace  in (r, c) © m, then  T ' is a  m ustplay 
in (T, c).

By using the  previous two theorem s, exam ining losing moves identifies m ustplays. W hen a num ber 
of m ustplays are identified th a t  have no common intersection, there apparently  are no moves th a t 
can counter all th e  th rea ts. T he position has then  been proved to  be a  loss. Moreover, the  collection 
of m ustplays combine to  form a dynam ic trace.

T h e o re m  9 .3 .5 . Let T =  ( X s , f ) ,  and let {T' =  ( X Si , / [ )  }jez fc be m ustplays in (T, c), w ith 
C\iez k S( =  0 -  T hen N G X (T ;c )  =  —1. M oreover, if c =  MAX then / \ iei k P'i is a dynam ic trace 
in (r, m a x ) ,  and if c =  MIN then  V j € z k is a dynam ic trace  in (r, m in ) .

If a  position is a loss, then  the  existence of a collection of m ustplays satisfying th e  requirem ent of 
Theorem  9.3.5 is guaranteed. This is triv ially  tru e  since each v  £  S  leads to  a  m ustplay th a t  does 
not contain v,  according to  the  constructions of Theorem s 9.3.3 and 9.3.4.

In  practice it  will be beneficial to  keep th e  dynam ic traces and m ustplays as small as possible. The 
sm aller a dynam ic trace or m ustplay, th e  m ore moves are discarded w ithout needing to  be examined.

9 .4  D y n a m ic  Trace P a ttern s

B oth  dynam ic traces and m ustplays are defined as set colouring games in the ir own right. However, 
th e  practical use of dynam ic traces and  m ustplays lies in discarding moves th a t  are proven losses 
w ithout having been exam ined. For th is  purpose it is actually  sufficient to  keep track  of only the 
colour spaces of th e  games in question.

D efin it io n  9 .4 .1 . Let T =  ( X s , f ) ,  T ' =  ( X s  , f ) ,  and c =  C. If T ' is a  dynam ic trace  in (T, c) 
th en  S'  is a  d y n a m ic  tra ce  p a tte r n  in (T, c). If T ' is a m ustplay in (T, c) then  S'  is a  m u stp la y  
p a tte r n  in (T, c).

T he theorem s of Section 9.3 then  give th e  following rules. Let T =  ( X s , f ) ,  then:

•  If r  is triv ial, w ith  T =  ( X s , t), then  0  is a dynam ic trace p a tte rn  for A_1(f) in (F, c).

•  Let m =  x v ^  3Jl(<S). If m is a w inning move in (T, c), and S' is a dynam ic trace  p a tte rn  in
(r, c) © m, then  S'  +  v  is a  dynam ic trace  p a tte rn  for c in (T, c).

•  Let v  £ S.  For each y  E X  let S'x be a dynam ic trace p a tte rn  in  (F, c) © y ” . If all moves
are losses in ( r ,  c), then  U xe x  a m ustplay p a tte rn  in (F, c).
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•  If for some rational move m G 9Jl(S) we have th a t  m is a  losing move in (F, c) and S'  is a 
dynam ic trace p a tte rn  in (r, c) © m, th en  S'  is a  m ustplay p a tte rn  in (r, c).

•  Let {S ' } i ez k be m ustplay p a tte rn s  in (r, c), w ith f ) i ezk =  0 - Then \J ie%k S'  is a dynam ic 
trace p a tte rn  for c in (r, c).

A search algorithm  based on these observations will be presented in Section 11.2.

9.5 P roofs

T h e o r e m  9 . 1 .2 .  Let T =  ( X s , f )  and c G €, and let T ' =  ( X s  , / ' )  be a dynam ic trace in (T, c). 
T hen for any S'' w ith  S'  C S" C S  the  game F ' * S ” is also a dynam ic trace  in ( r ,  c).

Proof. Note th a t ( r '  * S") * S  =  T' * S  since S ” C  S.  Consider first the  case where T ' is a dynam ic 
trace  for MA X,  so th a t  F ' ^  F, which by definition m eans T ' * <S ^  F. We have F ' * S"  since 
( V * S ”) * S  =  r'*<S ^  r .  Also, M N x((r/ *<S")*iS; c) =  MNx(r'*<S'; c) =  +1, fulfilling bo th  conditions. 
The case where T ' is a dynam ic trace for MIN is entirely  analogous. □

T h e o r e m  9 . 1 .3 .  L et T  =  ( X s , /}  and c € C. Let Tq and T j  be dynam ic traces in (T , c). If they  
are dynam ic traces for m a x ,  then  Tq V T', is a dynam ic trace in (T , c). If they  are dynam ic traces 
for m in ,  then  Tq A r )  is a dynam ic trace in (T , c).

Corollary i: If T,',, F ^ , . . . ,  are dynam ic traces for MA X in ( r ,  c), then  \Ji T ' is a dynam ic 
trace in ( r ,  c). If they  are dynam ic traces for MI N in ( r ,  c) then  f \ t T ' is a dynam ic trace  for 
MIN in ( r ,  c).

Proof. Theorem  6.4.1 and its corollaries im m ediately im ply th e  desired properties. □

T h e o r e m  9 . 2 . 2 .  Let T  =  ( X s , f ) ,  and let T ' =  ( X s  , / ' )  be a m ustplay in (T , c). Let m =  x v € 
3Jl(N). If v  ^  S'  th en  m is a losing move in (F, c).

Proof. F irst consider the  case c =  MAX. According to  Observation 9.2.l:i, F ' is a dynam ic trace  in 
( r ,  c) ® m  =  ( r / m ,  m i n ) .  Since T ' is a  m ustplay in (r, MAX) we have —1 =  MNX(T/ * S*\  MIN) =  
M NX(r'*(N—v); MIN) according to  Theorem  5.4.2 since S*  and S —v  have the  sam e parity. Therefore, 
in order to  m eet the  definition of dynam ic traces, the  owner of th e  dynam ic trace  T ' in (T, c) © m) 
m ust be MIN. Observation 9.1.1 :i then  implies th a t  MNx(T /m ; m i n )  =  —1, which m eans th a t m was 
a losing move in (F, m a x ) .  The proof for the  case c =  MIN is analogous. □

T h e o r e m  9 . 3 .1 .  If T  is trivial, w ith  T  =  ( X s , t),  then  (0 , t ) is a  dynam ic trace  for A- 1 (f) in ( r , c ) .

Proof. Applying the  definitions shows th a t  (0 , t) ^  T and MNX((0, t) * <S; c) =  +1 when t =  +1 , 
and when t =  — 1 the  requirem ents are m et similarly. □

For Theorem  9.3.2 first a lem m a abou t combining supergam es and subgames:
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L e m m a  9 .5 .1 . Let T =  ( X s , f )  w ith  S  C S * , and ip G X s *. T hen  r *  S*/ip  =  (T/ip)*  (S * \ A ( i p ))• 

Proof. W riting out the  expressions reveals th a t  bo th  sides of th e  equation specify the  following game:

T h e o re m  9 .3 .2 . Let T =  ( X s , f )  and m =  \ v e  9H(<S). If m is a  winning move in (T, c),  and 
V  =  ( X s ', f )  is a dynam ic trace for c in (T, c) © m, then  th e  following game is a dynam ic trace  for 
c i n  ( r , c):

r"  =  (A-5 '+",£ . -> / ' ( £ )  A & ,  =  * ) ) .

Proof. This type of construction was seen earlier in Theorem  6.1.4, ensuring th a t  r " / m  — F '. Recall 
th a t  ( r ,  c) © m =  (T /m , c), and th a t  S ’ =  S  — v. Consider th e  case where c — MAX. T his guarantees
th a t  MNX(r' * (S — v);c) =  +1 , and T ' <  T /m , m eaning f'(ip*) <  f(ip*m)  for any ip* G X s . The
two requirem ents are m et as follows.

•  Let f "  be the  outcom e function specified for T ", and let S "  — S ' +  v. Let ip* G X s . If 
f"(ip*) =  +1 then  th is  m eans f ( ip*)  =  f ( i p*  \  S"  \  S')  =  f ( ip*  \  S') =  f'(ip*) =  +1 and 
ipl =  X- T he la tte r implies th a t  ip*m =  ip*. W ith  the  former we then  have f(ip*) =  f(ip*m)  ^  
f'(ip*m) =  f'(ip*) =  +1 , where ip*m \ =  ip* \  S' since V(m)  ^  S'.  A pparently  f"(ip*) =  +1 
implies f(ip*) =  +1, and therefore T" ^  T.

•  W ith  Lem m a 9.5.1 im plying P ' * (S \  v)  =  (r " /m ) * ( S \ v )  =  (T" * <S)/m we have

M N x(r" * S; m a x )  ^  MNX((r" * <S)/m; m i n )  =  M N x ( T / * ( S \  n ) ; M l N )  =  +1.

The proof for c =  m i n  is analogous. □

In  order to  prove the  next theorem s, first a  lem m a abou t com paring a  game w ith  subgam es of 
another game.

L e m m a  9 .5 .2 . Let T =  ( X s , f )  and F  =  ( X s ', f ' ) ,  and let v  G S.  If V  <  T / Xv for all x £ l ,  
then  T ' <  T. Similarly, Vx6x [T / ^  T / Xv) T ' ^  T.

Corollary i: Let S"  C S.  If T ' sC F /ip for all ip G X s ", then  T' ^  T. Similarly, [T' ^
v/ip\  = >  r  ^  r .

Corollary ii: If F '  <C T /m  for some move m th a t  is ra tional for m i n ,  then  T ' sC T. If T ' ^  T /m  
for some move m th a t  is rational for MAX, th en  T ' sC T.

Proof. Let S* =  S  U S',  and let ip* G S*.  P u t y  =  ^* , so th a t  ip*Xv =  ip*. If T ' <  r / Xv then  
f ( ip*  \  S') P f((ip* \  S ) XV) =  f(ip*Xv \  «5) =  f(ip* \  S)  using Lem m a 2.2.2:i. This satisfies 
the  requirem ent for T ' <  P. If T ' ^  T / x v then  sim ilarly f ( i p*  \  S')  >  f(ip* \  S).  Corollary i 
follows by induction to  |<S"|, and Corollary ii follows from th e  fact th a t T /m  <  T /m ' if m is rational 
for m i n ,  and T /m  ^  T /m ' if m is rational for MAX. □

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C HAPTER 9. D YN A M IC  TRAC ES 104

T h e o r e m  9 . 3 .3 .  Let T =  ( X s , f )  and v  £ S.  For each x  G X  let be a  dynam ic trace
in ( r ,  c) © x v - If all moves { x ^ lx e x  are losses in ( r ,  c), then  A xe x  ^x  a m ustplay in ( r ,  c) if
c =  M AX, and V xg x  F x is a m ustplay in ( r ,  c) if c =  m in .

Proof. Consider the  case where c =  m a x ,  then  the  r 'x are dynam ic traces for m in .  P u t V  =  
( X s  , / ' )  =  A x r x , so th a t  S' =  U x 5 X and v f  S'.  The la tte r  is because v  does no t occur in the  
colour space of ( r ,  c) © x v f°r  any x  G X .  According to  Theorem  9.1.3, T ' is a dynam ic trace  for 
m i n  in (T, m a x )  © x v for every x  G X .  Now let m € Wl(S \  (Jx 5 X). T he game F ' has the  following 
two properties:

•  For every x  G X  we have T ' >  T / x v because V  is a dynam ic trace for m i n  in (T, m a x )  © \ v ■ 
By Lem m a 9.5.2 th is implies T ' ^  T. Since T^m) ^  S'  we have T '/m  =  T' ^ T .

•  Note th a t  MNx(T'* (S — v); m i n )  =  —1 because T ' is a dynam ic trace for m i n  in T / x v ■ The sets 
S  — v and S  — w  have equal parity  and b o th  contain S'.  Therefore M N x(r' * (S — w) \ m i n )  =  
m n x ( T '  * (S -  v); m i n )  =  - 1 .

These two properties establish th a t  T ' is a dynam ic trace for MIN in F /x ',;, which m eans th a t  \ w 
was a losing move in (T , m a x ) .  T he proof for the  case c =  m i n  is analogous. □

T h e o r e m  9 . 3 .4 .  Let F  =  ( X s , / )  and v  £ S.  If for some rational move m  £ 911(5 ) we have th a t m  
is a losing move in (T , c) and T ' =  ( X s  , / ' )  is a dynam ic trace  in (T , c) © m , then  T ' is a m ustplay 
in ( r ,  c).

Proof. P u t v =  'D(m). Consider the  case where c =  M AX. Let x  G X .  Since m is ra tional for MAX we 
have r / m  ^  T/x"  and m n x ( T /m  * (5  — v); m i n )  ^  m n x ( T / x v * (S — v ); m i n ) .  Since T ' is a dynam ic 
trace  for m i n  in (T /m , m i n )  we have Y  ^  T /m  and m n x ( T /m  * (5  — n); m i n )  =  —1. Com bining th is 
gives T ' f z T / \ v and M N X (T / x v * (S — v); M IN) =  —1, so T ' is a dynam ic trace for MIN in T / x v ■ Since 
th is  holds for any x G l ,  Theorem  9.3.3 applies. T he proof for c =  MIN is analogous. □

T h e o r e m  9 . 3 . 5 .  Let T  =  ( X s , f ) ,  and let { T ' =  ( X s *, f ( ) } i e z k be m ustplays in (T , c), w ith 
Pii e z k =  0 .  T hen n g x ( F ; c )  =  —1. Moreover, if c =  MAX then  Aiez* F( is a dynam ic trace  in 
( r ,  m a x ) ,  and if c =  MIN then  V iezfc F( is a dynam ic trace  in (T, m in ) .

Proof. Let m  £ 911(5), then  since f ] ieZk 5 '  =  0  there  exists a F ' such th a t  m  f  DJl(S'). According to  
Theorem  9.2.2, m  is a  losing move in ( r ,  c). Since all moves apparently  lose, we have NGX(T; c) =  —1. 
For the  dynam ic trace proof.

Consider first the case w here c =  M AX. P u t T ' =  f \ ieZk F ' .

•  For each F , we have F, F, which by Theorem  6.3.6 implies T' =  Aiez* T( A T.

•  Let m  =  x°  €  9H(5), then

( r '  * 5 ,  m a x )  ©  m =  ( r ' / m  * (S -  v),  m i n )  =  ( (  / \  T '/m )  * ( 5  -  v),  m i n ^

and we have MNx((Aiezfc F '/m ) * (S  — v ) ; m i n )  =  MNx((AieZfc T '/m ) * 5 * ; m i n )  by Theo-
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rem  5.4.2 because S  — v  and <S* have the  same parity. Since S[ — 0  there m ust be a
j  G Zfc w ith  v  ^  Sj .  For T) we then  have r '  /m  =  T ' and  therefore M N x ( ( r '  /m )  * S *; m i n )  =  
M N X ( r )  * <S*; m i n ) .  Since T ' <; Tj by O bservation 6.3.2:iii, th is gives

MNX ( ( A r'/m) * S*; m i n ^  <  MNx((r'-/m) * S*; m i n )  =  MNX(r) * S *; m i n )  =  - 1 .
»eZfc

Therefore A iezfc ^  a dynam ic trace for MIN in ( r ,  c). Also, from O bservation 9.1.l:i th is  means 
M N X ( r ; M A x )  =  —1. Analogously, for the  case c =  m i n  we ob tain  th a t V , 6Z(. h '  is a dynam ic trace
for MAX in ( r ,  c), and therefore M N X ( r ; m i n )  =  +1. In either case we have NG X(T; c) =  —1 . □
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Chapter 10

Properties of H ex

S i n c e  H e x  a n d ,  m o r e  g e n e r a l l y ,  t h e  S h a n n o n  g a m e  a r e  p l a y e d  o n  g r a p h s ,  t h e y  e x h i b i t  m o r e  s t r u c t u r e  

t h a n  s e t  c o l o u r i n g  g a m e s  i n  g e n e r a l .  I n  p a r t i c u l a r ,  t h e  g r a p h  m a k e s  i t  p o s s i b l e  t o  c o n s i d e r  l o c a l i z e d  

p r o p e r t i e s  t h a t  o c c u r  n e a r  a  c e r t a i n  e l e m e n t .  T h e  p u r p o s e  o f  t h i s  c h a p t e r  i s  t o  r e v i e w  a l l  k n o w n  

t h e o r e t i c a l  p r o p e r t i e s  o f  H e x  a n d  u s e  t h e  t h e o r y  e s t a b l i s h e d  i n  P a r t  I  t o  p r o v e  t h e m .

10.1 N o  draw s

T h e  m o s t  f u n d a m e n t a l  o b s e r v a t i o n s  a b o u t  H e x  a r e  t h a t  t h e  g a m e  c a n  n e v e r  e n d  i n  a  d r a w ,  a n d  

t h a t  t h e r e  m u s t  e x i s t  a  w i n n i n g  s t r a t e g y  f o r  t h e  p l a y e r  w h o  m o v e s  f i r s t .  T h e  “ n o  d r a w ”  p r o p e r t y  i s  

i n h e r e n t  t o  s e t  c o l o u r i n g  g a m e s ,  a s  w e l l  a s  t h e  S h a n n o n  g a m e .  H o w e v e r ,  H e x  i s  t r a d i t i o n a l l y  p r e s e n t e d  

w i t h  e a c h  p l a y e r  h a v i n g  a  c e r t a i n  c o n n e c t i o n  g o a l ,  r a t h e r  t h a n  o n e  p l a y e r  t r y i n g  t o  c o n n e c t  a n d  t h e  

o t h e r  p l a y e r  t r y i n g  t o  b l o c k .  I t  i s  a  p a r t i c u l a r  p r o p e r t y  o f  t h e  H e x  g r a p h  t h a t  b l o c k i n g  a  c o n n e c t i o n  

i s  e q u i v a l e n t  t o  e s t a b l i s h i n g  a  d i f f e r e n t  c o n n e c t i o n .

V a r i o u s  p r o o f s  o f  t h e  n o - d r a w  p r o p e r t y  h a v e  b e e n  g i v e n  o v e r  t h e  y e a r s  [ 1 0 ,  1 4 ,  3 2 ] .  T h e  c l e a r e s t  

p r o o f  i s  t h e  o n e  g i v e n  b y  G a l e ,  b a s e d  o n  t h e  f a c t  t h a t  t h e  b o a r d  i s  p l a n a r  a n d  e x a c t l y  t h r e e  c e l l s  m e e t  

a t  e v e r y  c o r n e r  o n  t h e  H e x  b o a r d .  S c h e n s t e d  c a l l e d  t h i s  t h e  “ m u d c r a c k  p r i n c i p l e ” ,  a n d  e x t e n d e d  

t h e  g a m e  o f  Y  a n d  r e l a t e d  g a m e s  t o  b e  p l a y e d  o n  a n y  m u d c r a c k  b o a r d .  A  b o a r d  h a s  t h e  m u d c r a c k  

p r o p e r t y  i f  t h e  g r a p h  w h o s e  v e r t i c e s  c o r r e s p o n d  t o  t h e  b o a r d  c e l l s  a n d  w h o s e  e d g e s  c o n n e c t  e a c h  

p a i r  o f  a d j a c e n t  b o a r d  c e l l s  i s  a  p l a n a r  t r i a n g u l a t e d  g r a p h .  T h e  m u d c r a c k  p r i n c i p l e  i s  a l s o  t h e  b a s i s  

f o r  t h e  n o - d r a w  p r o o f  f o r  t h e  g a m e  o f  Y  u s i n g  t h e  r e d u c t i o n  m e t h o d  [ 4 8 ] . 1

F i g u r e  1 0 . 1  s h o w s  G a l e ’ s  p r o o f .  A n y  p l a n a r  m u d c r a c k  b o a r d  w h e r e  t w o  c o n t i g u o u s  s t r i n g s  o f  o u t e r  

c e l l s  a r e  c h o s e n  a s  o n e  p l a y e r ’ s  g o a l  a r e a s  c a n  b e  d e f o r m e d  c o n t i n u o u s l y  i n t o  a  s q u a r e  a s  s h o w n ,  

i n  w h i c h  t h e  p l a y e r  i n  q u e s t i o n  a t t e m p t s  t o  c o n n e c t  t h e  l e f t  a n d  r i g h t  s i d e s .  W h e n  t h e  b o a r d

JSee Section  4.6.

1 0 7
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F i g u r e  1 0 . 1 :  G a l e ’ s  n o - d r a w  p r o o f  a p p l i e d  t o  a  “ m u d c r a c k ”  b o a r d .

F i g u r e  1 0 . 2 :  A  d i f f i c u l t y  i n  p r o v i n g  t h a t  exactly o n e  p l a y e r  h a s  a  w i n n i n g  s t r i n g .

i s  c o m p l e t e l y  f i l l e d  w i t h  p i e c e s ,  a l l  e d g e s  b e t w e e n  o p p o s i t e l y  c o l o u r e d  c e l l s  a r e  h i g h l i g h t e d .  S i n c e  

e x a c t l y  t h r e e  e d g e s  m e e t  a t  a n y  i n t e r s e c t i o n ,  t h e  h i g h l i g h t e d  e d g e s  d e f i n e  a  s u b g r a p h  o f  d e g r e e  o n e  

a n d  t w o ,  w h i c h  m u s t  t h e r e f o r e  n e c e s s a r i l y  c o n s i s t  o f  s i m p l e  l o o p s  a n d  p a t h s .  T h e  p a t h s  m u s t  s t a r t  

a n d  e n d  a t  t h e  o n l y  v e r t i c e s  o f  d e g r e e  o n e ,  b e i n g  a t  t h e  f o u r  c o r n e r s  o f  t h e  b o a r d .  O n  e i t h e r  s i d e  o f  

s u c h  a  p a t h  i s  a  s t r i n g  o f  p i e c e s  o f  o n e  c o l o u r ,  c o n n e c t i n g  t w o  o p p o s i t e  s i d e s  o f  t h e  s q u a r e ,  a n d  t h u s  

c r e a t i n g  a  w i n n i n g  c o n n e c t i o n  f o r  o n e  o f  t h e  p l a y e r s .  T h i s  i m p l i e s  t h a t  i f  t h e  h o r i z o n t a l  p l a y e r  h a s  

n o t  c o n n e c t e d  t h e  l e f t  a n d  r i g h t  s i d e s ,  t h e  v e r t i c a l  p l a y e r  m u s t  h a v e  c o n n e c t e d  t h e  t o p  a n d  b o t t o m .

T o  m a i n t a i n  t h e  d e g r e e - 3  p r o p e r t y ,  t h e  a d d e d  c o r n e r  e d g e s  m u s t  o r i g i n a t e  f r o m  t h e  e d g e  o f  a  b o a r d  

c e l l ,  n o t  f r o m  t h e  i n t e r s e c t i o n  o f  t w o .  I t  i s  t h e r e f o r e  i m p o r t a n t  t h a t  i n  “ m u d c r a c k  H e x ”  t h e  c o r n e r  

c e l l s  e a c h  b e l o n g  t o  t w o  e d g e s ,  o t h e r w i s e  d r a w s  w o u l d  b e  p o s s i b l e .

A s  G a l e  p o i n t s  o u t ,  t h i s  p r o o f  o n l y  s h o w s  t h a t  at least o n e  o f  t h e  p l a y e r s  m u s t  h a v e  e s t a b l i s h e d  a  

c o n n e c t i o n .  T h e  f a c t  t h a t  t h e  p a t h s  i n  F i g u r e  1 0 . 1  c a n n o t  c o n n e c t  o p p o s i t e  c o r n e r s  o f  t h e  b o a r d  

c a n  b e  s e e n  b y  o r i e n t i n g  e a c h  h i g h l i g h t e d  e d g e  s u c h  t h a t  t h e r e  i s  a  b l a c k  c e l l  o n  t h e  l e f t  a n d  a  w h i t e  

c e l l  o n  t h e  r i g h t .  B u t  a s  t h e  m i d d l e  w h i t e  s t r i n g  i n  F i g u r e  1 0 . 2  s h o w s ,  t h e r e  c a n  b e  w i n n i n g  s t r i n g s  

w h o s e  b o u n d a r y  d o e s  n o t  c o n n e c t  t w o  c o r n e r s .  A  t o p o l o g i c a l  p r o o f  t h a t  t h e r e  c a n n o t  b e  w i n n i n g  

c h a i n s  o f  b o t h  c o l o u r s  c a n  b e  o u t l i n e d  b y  i m a g i n i n g  w i n n i n g  c h a i n s  o f  o p p o s i n g  c o l o u r s ,  e x t e n d i n g  

t h e  w h i t e  c h a i n  t o  t h e  l e f t m o s t  a n d  r i g h t m o s t  c o r n e r  o f  t h e  b o a r d  v i a  t h e  b o r d e r ,  e x t e n d i n g  t h e  

b l a c k  c h a i n  t o  t h e  t o p  a n d  b o t t o m  c o r n e r  o f  t h e  b o a r d ,  a n d  t h e n  i n v o k i n g  a  t h e o r e m  t o  t h e  e f f e c t
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t h a t  t w o  i n t e r i o r  d i a g o n a l s  i n  a  q u a d r i l a t e r a l  m u s t  n e c e s s a r i l y  i n t e r s e c t .

10.2 F irst P layer W in

T h e  f i r s t  p l a y e r  w i n  p r o p e r t y  o f  H e x  i s  u s u a l l y  p r o v e d  u s i n g  N a s h ’ s  “ s t r a t e g y  s t e a l i n g ”  a r g u m e n t :  

I f  t h e r e  w e r e  a  w i n n i n g  s t r a t e g y  f o r  t h e  p l a y e r  t o  g o  s e c o n d ,  t h e n  t h e  f i r s t  p l a y e r  c o u l d  “ s t e a l ”  

t h i s  s t r a t e g y  b y  m a k i n g  a n  i r r e l e v a n t  m o v e ,  a n d  t h e n  i g n o r i n g  t h i s  m o v e  a n d  a p p l y i n g  t h e  w i n n i n g  

s t r a t e g y .  T h i s  s t r a t e g y  w o r k s  b e c a u s e  t h e  e x t r a  p i e c e  c a n  n e v e r  b e  a  d i s a d v a n t a g e ,  a  f a c t  w h i c h  

i t s e l f  w o u l d  n e e d  t o  b e  p r o v e d .2  T h e  s t r a t e g y  a l s o  n e e d s  t o  c o p e  w i t h  t h e  s i t u a t i o n  w h e r e  t h e  m o v e  

i t  r e c o m m e n d s  h a p p e n s  t o  b e  i n  t h e  c e l l  t h a t  a l r e a d y  c o n t a i n s  t h e  i r r e l e v a n t  m o v e ;  c a r e  t h e n  n e e d s  

t o  b e  t a k e n  t o  s h o w  t h a t  t h e  p l a y e r  c a n  a l w a y s  m a k e  a n o t h e r  i r r e l e v a n t  m o v e .

U s i n g  t h e  r e s u l t s  o f  C h a p t e r  3 ,  t h e  f i r s t  p l a y e r  w i n  p r o p e r t y  d i r e c t l y  f o l l o w s  f r o m  T h e o r e m  5 . 6 . 2 .  

T h e  a n t i - a u t o m o r p h i s m  o f  t h e  H e x  b o a r d  c o n s i s t s  o f  r e f l e c t i n g  t h e  b o a r d  i n  o n e  o f  t h e  d i a g o n a l s  a n d  

f l i p p i n g  t h e  c o l o u r  o f  e v e r y  c e l l .  T h e  i s o t o n i c i t y  o f  H e x  f o l l o w s  f r o m  t h e  f a c t  t h a t  i t  i s  a  c o a l i t i o n  

g a m e ,  w h e r e  t h e  c o a l i t i o n s  a r e  t h e  c o n n e c t i n g  p a t h s .

10.3  C om p lex ity

T he Shannon gam e was the first com m only played gam e to  be shown PSPACE-complete, by Even  
and Tarjan in 1 9 7 6  [ 2 9 ] .  Their construction uses a direct reduction from th e QBF problem. Arratia 
proved that the gam e is still PSPACE-complete even if  both  players are restricted to  colouring only  
nodes adjacent to  Short’s last m ove [8]. D espite th e regular structure of th e H ex board, Hex is no 
less com plex than  th e Shannon gam e or QBF. Reisch proved in 1 9 8 1  that H ex is PSPACE-complete 
as well [ 8 0 ] .

T h e  f i r s t  s t e p  i n  R e i s c h ’ s  p r o o f  i s  t o  r e d u c e  QBF t o  “ b i p a r t i t e  G e o g r a p h y ” . T h e  g a m e  o f  G e o g r a p h y  

i s  p l a y e d  o n  a  d i r e c t e d  g r a p h ,  w h e r e  e a c h  p l a y e r  m u s t  m o v e  a d j a c e n t  t o  t h e  p r e v i o u s  m o v e .  T h e  

f i r s t  p l a y e r  u n a b l e  t o  m o v e  l o s e s .  N e x t ,  G e o g r a p h y  i s  r e d u c e d  t o  “ b i p a r t i t e  G e o g r a p h y  o n  p l a n a r  

d i g r a p h s  w i t h  d e g r e e  s j  3 ”  b y  i n t r o d u c i n g  g a d g e t s  t h a t  r e m o v e  a l l  e d g e  c r o s s i n g s  a n d  a l l  v e r t i c e s  

w i t h  i n - d e g r e e  o r  o u t - d e g r e e  l a r g e r  t h a n  3 .  T h e  t h i r d  s t e p  i s  t o  r e d u c e  t h i s  t o  t h e  S h a n n o n  g a m e  

p l a y e d  o n  u n d i r e c t e d  g r a p h s  w i t h  t h e  s a m e  p r o p e r t i e s .  F i n a l l y ,  t h o s e  g r a p h s  a r e  e m b e d d e d  i n  l a r g e  

H e x  b o a r d s  b y  s e t t i n g  u p  H e x  p o s i t i o n s  t h a t  r e p r e s e n t  s u c h  g r a p h s .

W h e r e  a r t i f i c i a l  i n t e l l i g e n c e  a p p r o a c h e s  a r e  c o n c e r n e d ,  w h a t  m a t t e r s  i s  n o t  s o  m u c h  t h e  a s y m p t o t i c  

c o m p l e x i t y ,  b u t  t h e  a c t u a l  e f f o r t  i n v o l v e d  i n  p l a y i n g  t h e  g a m e  o n  a  f i x e d  b o a r d  s i z e .  T h e  r e l e v a n t  

m e a s u r e s  a r e  game tree complexity a n d  state space complexity. H e x  i s  c o m p a r e d  w i t h  a  v a r i e t y  

o f  o t h e r  g a m e s  c o m m o n l y  p l a y e d  b y  h u m a n s  a n d  c o m p u t e r s  i n  [ 5 2 ] .  F i g u r e  1 0 . 3  g r a p h s  t h e s e  

c o m p l e x i t i e s  f o r  v a r i o u s  b o a r d  s i z e s ,  a s  c o m p a r e d  t o  s o m e  o t h e r  w e l l - k n o w n  g a m e s  t h a t  h a v e  b e e n  

s t u d i e d  i n  a r t i f i c i a l  i n t e l l i g e n c e .

2See Theorem  5.5.3.
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F i g u r e  1 0 . 3 :  L o g a r i t h m  o f  g a m e - t r e e  s i z e  ( h o r i z o n t a l )  a n d  s t a t e - s p a c e  s i z e  

g a m e s .  E n t r i e s  l a b e l l e d  “n x  n r e f e r  t o  H e x  o n  d i f f e r e n t  b o a r d  s i z e s .
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O

F i g u r e  1 0 . 4 :  A  H e x  p o s i t i o n  a n d  i t s  t w o  r e d u c e d  g r a p h  r e p r e s e n t a t i o n s  a s  a  S h a n n o n  g a m e .

B o t h  c o m p l e x i t i e s  c a n  b e  r e a d i l y  c a l c u l a t e d  f o r  H e x  o n  a  g i v e n  b o a r d  s i z e .  T h e  s t a t e  s p a c e  c o m p l e x i t y  

o f  H e x  o n  a  b o a r d  o f  s i z e  m x n i s  a l m o s t  e q u a l  t o  3mn, s i n c e  e a c h  c e l l  c a n  b e  e i t h e r  e m p t y  o r  c o n t a i n  

a  b l a c k  o r  w h i t e  s t o n e .  T h e  a c t u a l  n u m b e r  i s  a  b i t  l e s s  s i n c e  t h e  d i f f e r e n c e  b e t w e e n  t h e  n u m b e r  

o f  b l a c k  a n d  w h i t e  s t o n e s  c a n n o t  b e  m o r e  t h a n  o n e  i n  a  l e g a l  p o s i t i o n .  T h e  g a m e  t r e e  c o m p l e x i t y  

w o u l d  b e  ( m n ) !  i f  t h e  g a m e  w e r e  p l a y e d  u n t i l  t h e  e n t i r e  b o a r d  i s  f u l l .  H o w e v e r ,  i n  p r a c t i c e  t h e  g a m e  

e n d s  l o n g  b e f o r e  t h e  b o a r d  i s  f u l l .  I f  t h e  g a m e  t y p i c a l l y  e n d s  w h e n  a  f r a c t i o n  r  o f  t h e  c e l l s  f i l l e d ,  

t h e  g a m e  t r e e  c o m p l e x i t y  w o u l d  b e  a n  e s t i m a t e d  F r o m  s t a t i s t i c a l  s u r v e y s  o f  a c t u a l  H e x

g a m e s  i t  s e e m s  t h a t  r  «  0 . 4  o n  a v e r a g e  i n  g a m e s  p l a y e d  b e t w e e n  t o p  h u m a n  p l a y e r s .

10.4  G raph R ep resen ta tio n s

T h e  e m p t y  H e x  b o a r d  c a n  b e  r e p r e s e n t e d  a s  a  S h a n n o n  g a m e  g r a p h  a s  d i s c u s s e d  i n  S e c t i o n  4 . 7 .  

T h e  g a m e  c a n  t h e n  b e  p l a y e d  o n  t h i s  g r a p h  b y  c o l o u r i n g  t h e  v e r t i c e s .  I n  g e n e r a l ,  l e t  T  =  ( T s , f)  
b e  a  S h a n n o n  g a m e  w i t h  g a m e  g r a p h  Q,  a n d  l e t  v €  S. S u p p o s e  t h e  m o v e  F,; i s  p l a y e d ,  w h i c h  i n  

S h a n n o n  g a m e  t e r m s  m e a n s  t h a t  v h a s  b e e n  c o l o u r e d  w i t h  C u t ’ s  c o l o u r .  I f  a t  t h e  e n d  o f  t h e  g a m e  

s o m e  w i n n i n g  p a t h  V  f o r  S h o r t  e x i s t s  i n  Q, t h e n  V  d o e s  n o t  c o n t a i n  v,  a n d  s o  V  i s  a l s o  a  w i n n i n g  

p a t h  f o r  S h o r t  i n  Q\v. C o n v e r s e l y ,  i f  a t  t h e  e n d  o f  t h e  g a m e  Q\v c o n t a i n s  a  w i n n i n g  p a t h  f o r  S h o r t ,  

t h e n  s o  d o e s  Q, s i n c e  Q\v C  Q. T h i s  m e a n s  t h a t  Q\v i s  a  S h a n n o n  g a m e  g r a p h  f o r  T/vv.

W h e n  t h e  m o v e  m  =  T v  i s  p l a y e d ,  t h e n  n e w  e d g e s  c a n  b e  a d d e d  i n  Q b e t w e e n  a l l  p a i r s  o f  n e i g h b o u r s  

o f  v. T h i s  c r e a t e s  n o  n e w  w i n n i n g  p a t h s  f o r  S h o r t ,  s i n c e  i f  i n  s o m e  f i n a l  c o l o u r i n g  a  w i n n i n g  p a t h  

c o n t a i n s  o n e  o f  t h e  n e w  e d g e s ,  t h e n  v  c a n  b e  i n s e r t e d  i n t o  t h e  p a t h ,  r e m o v i n g  t h e  n e w  e d g e s  b u t  

p r e s e r v i n g  t h e  w i n  f o r  S h o r t .  C o n v e r s e l y ,  a d d i n g  e d g e s  o f  c o u r s e  d o e s  n o t  d e s t r o y  a n y  w i n n i n g  p a t h s  

f o r  S h o r t  e i t h e r .  A f t e r  t h e  n e i g h b o u r h o o d  o f  v h a s  t h u s  b e e n  t u r n e d  i n t o  a  c l i q u e ,  v i t s e l f  c a n  b e  

r e m o v e d  s i n c e  i t  i s  s i m p l i c i a l  a n d  t h e r e f o r e  d e a d .3  T h e  r e s u l t  i s  t h a t  Q/v  i s  a  S h a n n o n  g a m e  g r a p h  

o f  T / t A

F r o m  t h e  o b s e r v a t i o n s  i n  D e f i n i t i o n  2 . 5 . 1 ,  t h e  o r d e r  i n  w h i c h  v e r t i c e s  a r e  c o n t r a c t e d  a n d  d e l e t e d  d o e s  

n o t  m a t t e r .  T h e r e f o r e ,  g i v e n  a n y  c o l o u r i n g  ip £  X s ,  a l l  v e r t i c e s  i n  ip~1 ( t )  c a n  b e  c o n t r a c t e d  a n d  a l l  

v e r t i c e s  i n  ip~1(f )  c a n  b e  d e l e t e d .  T h e  g r a p h  c r e a t e d  b y  t h i s  p r o c e d u r e  i s  t h e  r e d u c e d  g r a p h  o f  t h e  

c o l o u r i n g  ip. T h e  r e d u c e d  g r a p h  r e p r e s e n t s  T/ip a n d  c o n t a i n s  n o  m o r e  c o l o u r e d  v e r t i c e s .  F i g u r e  1 0 . 4  

s h o w s  a n  e x a m p l e  o f  a  H e x  p o s i t i o n  a n d  t h e  t w o  r e d u c e d  g r a p h s  t h a t  r e p r e s e n t  i t .

3See Section  13.2.
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F i g u r e  1 0 . 5 :  P r o o f  o f  f i r s t  B e c k  t h e o r e m

10.5 S tra teg y  T h eorem s

A l l  p r e v i o u s l y  k n o w n  g e n e r a l  t h e o r e m s  a b o u t  H e x  m o v e s ,  a s  m e n t i o n e d  i n  S e c t i o n  1 . 3 ,  c a n  b e  p r o v e d  

d i r e c t l y  u s i n g  t h e  r e s u l t s  f r o m  t h i s  t h e s i s .  A l l  p r o o f s  u s e  t h e  f a c t  t h a t  H e x  i s  i s o t o n e ,  s i n c e  t h e  H e x  

o u t c o m e  f u n c t i o n  i s  a  c o a l i t i o n  f u n c t i o n ,  a n d  s o m e  p r o o f s  u s e  t h e  f a c t  t h a t  t h e  t r a n s f o r m a t i o n  

hn : X n  - >  X n  g i v e n  b y

i s  a n  a n t i - i s o m o r p h i s m .  T h i s  c a n  b e  s e e n  b y  n o t i n g  t h a t  hn m a p s  d i r e c t l y  f r o m  t h e  b l a c k  S h a n n o n  

g r a p h  t o  t h e  w h i t e  S h a n n o n  g r a p h  a n d  v i c e  v e r s a .  F o r  t h e  r e m a i n d e r  o f  t h i s  s e c t i o n ,  l e t  X n  b e  t h e  

n x n  H e x  g a m e  a n d  l e t  MAX b e  W h i t e .  W h e n e v e r  d e a d  c e l l s  o r  c a p t u r e d  s e t s  a r e  u s e d ,  t h e  r e l e v a n t  

r e g i o n s  a r e  o u t l i n e d  a n d  c o r r e s p o n d i n g  p a t t e r n s  c a n  b e  f o u n d  i n  F i g u r e  1 3 . 4 .

P ie t  H e in , 1942; J o h n  N a sh , 1947: O n  a n y  b oard  s iz e  th e r e  e x is ts  a w in n in g  o p e n in g  
m ove.

T h i s  i s  a  d i r e c t  a p p l i c a t i o n  o f  C o r o l l a r y  5 . 6 . 2 : i .

P ie t  H e in , 1942; J o h n  N a sh , 1947: A d d in g  a fr ien d ly  p ie c e  or rem o v in g  an  en e m y  p iece  
is n ever  d isa d v a n ta g eo u s.

T h i s  i s  T h e o r e m  5 . 5 . 3 .

A n a to le  B eck , 1969: O n  an y  b o a rd  s ize  th e r e  e x is t s  a lo sin g  o p e n in g  m ove [10]. T h e  
o p en in g  m o v es in  F ig u re  10 .5 -1  an d  F ig u re  10 .7 -1  as w ell as th e  r e sp o n se  in  F ig u re  10 .6 -  
1 are lo sin g  m oves.

T h e s e  p r o o f s  a r e  o f  t h e  t y p e  MNX(Xrl; p) ^  — MNX(Xn ; p), w h i c h  i m p l i e s  MNx(Xn ; p) =  + 1 ,  o r  

MNX(Xn;p) <  —MNx(Xn ;p), w h i c h  i m p l i e s  M Nx(X„;p) =  —1.

L e t  tjj^ b e  t h e  c o l o u r i n g  i n  F i g u r e  1 0 . 5 - i ,  t h e n :

m n x (X „ ;^ (1), m in ) <  MNX(X„;V>(2),MAX)

=  MNX(X„; V'(4), MAX)

<  MNX(Xn ; m a x )

=  -M NX(Xn ;i/:(1),MIN).

( D e f i n i t i o n  5 . 1 . 1 )  

( C o r o l l a r y  5 . 2 . 2 : i i ,  d e a d  c e l l  i n

( T h e o r e m  5 . 5 . 3 )  

( T h e o r e m  5 . 6 . 1  w i t h  i s o m o r p h i s m  hn)
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F i g u r e  1 0 . 6 :  P r o o f  o f  s e c o n d  B e c k  t h e o r e m .
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F i g u r e  1 0 . 7 :  P r o o f  o f  t h i r d  B e c k  t h e o r e m .

L e t  tp^  b e  t h e  c o l o u r i n g  i n  F i g u r e  1 0 . 6 - ? ' ,  t h e n :

MNX(X„; MAX) >  MNX(X„;?/?(2),MIN)

=  m n x (X„; ^ (4), m in )

=  MNX(X„; V>(6\ m IN)

^  m n x (X„;^>(7\ m in )

=  - m n x (X„;^?(1), m in ).

( D e f i n i t i o n  5 . 1 . 1 )  

( T h e o r e m  8 . 4 . 2 ,  c a p t u r e d  s e t  i n  ip 
( C o r o l l a r y  5 . 2 . 2 : i i ,  d e a d  c e l l  i n  ip^)  

( T h e o r e m  5 . 5 . 3 )  

( T h e o r e m  5 . 6 . 1  w i t h  i s o m o r p h i s m  hn)

L e t  ? / / '■ )  b e  t h e  c o l o u r i n g  i n  F i g u r e  1 0 . 7 - 7 ,  t h e n :

M NX(X„;^(1),MIN) <  MNX(Xn ;V'(2),MAX)

=  MNX(X„; 1p{4\  MAX)

=  MNX(X„; lp̂ %\  MAX)

=  m nx(X „; ip(8\  m ax)

<  MNX(X„; , MAX)

=  - m n x (X „ ;t/>(1), m in ).

( D e f i n i t i o n  5 . 1 . 1 )  

( T h e o r e m  8 . 4 . 2 ,  c a p t u r e d  s e t  i n  ip*'3'*) 
( T h e o r e m  5 . 5 . 2 ,  d e a d  c e l l  i n  ip*5*) 

( C o r o l l a r y  5 . 2 . 2 : i i ,  d e a d  c e l l  i n  ip*7*) 
( T h e o r e m  5 . 5 . 3 )  

( T h e o r e m  5 . 6 . 1  w i t h  i s o m o r p h i s m  hn)

C raige  S ch en sted  and  C h arles T itu s , 1975: A n y  m ove th a t  is  su rro u n d ed  b y  o n ly
th r e e  reg ion s, an d  m an y  m ov es th a t  are su rro u n d ed  b y  four or five  reg io n s, sh o u ld  b e  
avo id ed  [91]. S ee  F ig u re  10 .8 .
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F i g u r e  1 0 . 8 :  S c h e n s t e d ’ s  t h e o r e m s :  m o v e s  m a r k e d  ‘x’ s h o u l d  b e  a v o i d e d  b y  b o t h  p l a y e r s ,  m o v e s  

m a r k e d  ly’ s h o u l d  b e  a v o i d e d  b y  W h i t e .

F i g u r e  1 0 . 9 :  M o v e  x d o m i n a t e s  m o v e  y  f o r  b o t h  p l a y e r s .

B y  “ a  r e g i o n ” , S c h e n s t e d  a n d  T i t u s  m e a n  e i t h e r  a n  e m p t y  c e l l  o r  a  B l a c k  o r  W h i t e  s t r i n g .  A n  

e n u m e r a t i o n  o f  t h e  p o s s i b l e  w a y s  t o  s u r r o u n d  a  H e x  c e l l  w i t h  a t  m o s t  t h r e e  r e g i o n s  s h o w s  t h a t  o n e  

o f  t h e  p a t t e r n s  o n  t h e  b o t t o m  r o w  o f  F i g u r e  1 3 . 4  m u s t  t h e n  o c c u r .

T h e  f o u r - s i d e d  r e g i o n  i n  t h e  s e c o n d  d i a g r a m  o f  F i g u r e  1 0 . 8  i s  o n e  o f  t h e  b o t t o m  r o w  p a t t e r n s  o f  

F i g u r e  1 3 . 4 .  T h e  t h i r d  d i a g r a m ,  a l s o  a  f o u r - s i d e d  r e g i o n ,  c o n t a i n s  t h e  o n e  o f  t h e  d o m i n a t e d  p a t t e r n s  

o f  F i g u r e  1 3 . 4  w i t h  r e v e r s e d  c o l o u r s .  S c h e n s t e d  a n d  T i t u s  p o i n t  o u t  t h e  d o m i n a t i n g  m o v e  t h a t  k i l l s  

t h e  c e n t e r  m o v e .  B o t h  p a t t e r n s  a r e  p a r t  o f  t h e i r  “ b e w a r e  t h e  s q u a r e ”  r u l e .

F i n a l l y ,  t h e  r i g h t m o s t  d i a g r a m  i n  F i g u r e  1 0 . 8  s h o w s  a  f i v e - s i d e d  r e g i o n  w i t h  a  m o v e  t h a t  W h i t e  

s h o u l d  a v o i d .  T h i s  p a t t e r n  i s  t h e  f i f t h  d o m i n a t e d  m o v e  p a t t e r n  o f  F i g u r e  1 3 . 4  w i t h  r e v e r s e d  c o l o u r s .

R y a n  H ayw ard , 2003: A n y  m o v e  o n  th e  seco n d  row  d o m in a te s  th e  tw o  u n d er ly in g  m oves  
o n  th e  first row . S tro n g er  still: a fter  a  m ove o n  th e  seco n d  row , th e  tw o  u n d er ly in g  
c e lls  on  th e  first row  can  b e  “filled  in ” [44].

T h e  f i l l - i n  p r o p e r t y  f o l l o w s  f r o m  T h e o r e m  8 . 4 . 2  w i t h  t h e  c a p t u r e d  p a t t e r n  s e c o n d  f r o m  t h e  t o p  i n  

F i g u r e  1 3 . 4 .  T h e  d o m i n a t i o n  p r o p e r t y  t h e n  f o l l o w s  f r o m  T h e o r e m  8 . 5 . 2 .

In  F ig u re  10 .9 , b o th  p layers sh o u ld  avo id  m ove y.

T h i s  t h e o r e m  i s  d u e  t o  t h e  a u t h o r  i n  2 0 0 3 .  T h e  p a t t e r n s  o c c u r  i n  t h e  s e c o n d  r o w  f r o m  t h e  b o t t o m  

i n  F i g u r e  1 3 . 4 ,  a n d  t h e r e f o r e  m o v e  x d o m i n a t e s  m o v e  y f o r  B l a c k  a n d  B l a c k  s h o u l d  a v o i d  y. A s  

e x p l a i n e d  i n  S e c t i o n  1 3 . 3 ,  W h i t e  s h o u l d  a l s o  a v o i d  y b e c a u s e  i t  i s  r e v e r s i b l e  b y  a  B l a c k  m o v e  i n  x.
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10.6 In du ced  P a th s

A n y  H e x  p l a y i n g  c o m p u t e r  p r o g r a m  s h o u l d  b e  a b l e  t o  d e t e c t  t h e  w i n n i n g  c o n d i t i o n ,  t h a t  b e i n g  t h e  

e x i s t e n c e  o f  a  m o n o c h r o m e  p a t h  c o n n e c t i n g  t w o  o p p o s i t e  s i d e s  o f  t h e  b o a r d .  O n e  a p p r o a c h  i s  t o  

p r e c o m p u t e  a l l  s u c h  p a t h s .

I n  g r a p h  t h e o r y ,  a n  i n d u c e d  p a t h  i s  a  s e t  o f  v e r t i c e s  w h o s e  i n d u c e d  s u b g r a p h  i s  a  s i m p l e  p a t h ;  i n  

o t h e r  w o r d s ,  i t  i s  a n  o r d e r e d  l i s t  o f  v e r t i c e s  w h e r e  t w o  v e r t i c e s  a r e  a d j a c e n t  i n  t h e  g r a p h  i f  a n d  o n l y  

i f  t h e y  a r e  a d j a c e n t  i n  t h e  l i s t .  O n  a  H e x  g r a p h  o n l y  t h e  i n d u c e d  p a t h s  n e e d  t o  b e  c o m p u t e d ,  a s  a n y  

p a t h  c o n t a i n s  a n  i n d u c e d  p a t h .  A  w i n n i n g  i n d u c e d  p a t h  f o r  m a x  p r e c i s e l y  c o r r e s p o n d s  t o  a  m i n i m a l  

c l a u s e  i n  t h e  D N F f o r m u l a t i o n  o f  t h e  g a m e ,  a n d  a  w i n n i n g  i n d u c e d  p a t h  f o r  MIN i s  a  m i n i m a l  CNF  

c l a u s e .  T h u s  t h e  n u m b e r  o f  i n d u c e d  p a t h s  i s  t h e  s a m e  a s  t h e  n u m b e r  o f  m i n i m a l  c l a u s e s .

T a b l e  1 0 . 6 . 1  c o n t a i n s  t h e  n u m b e r  o f  d i s t i n c t  i n d u c e d  p a t h s  f o r  MAX o n  r e c t a n g u l a r  H e x  g r a p h s .  T h e  

“ l e n g t h ”  o f  t h e  g r a p h ,  n a m e l y  t h e  d i s t a n c e  b e t w e e n  t h e  t w o  b o r d e r s  t o  b e  c o n n e c t e d  b y  m a x ,  i s  

l i s t e d  a l o n g  t h e  v e r t i c a l  a x i s .  E m p i r i c a l l y ,  t h e  n u m b e r  o f  i n d u c e d  p a t s  a p p e a r s  t o  b e  r o u g h l y  e q u a l  

t o  2 r m ( r ' - 2 ) , w h e r e  m i s  t h e  “ w i d t h ”  o f  t h e  g r a p h ,  n i s  t h e  l e n g t h ,  a n d  c  i s  s o m e  n u m b e r  u s u a l l y  

b e t w e e n  |  a n d  | .  P a r t i c u l a r  v a l u e s  f o r  c a r e  l i s t e d  i n  T a b l e  1 0 . 6 . 2 .

A l s o  o f  i n t e r e s t  a r e  t h e  l e n g t h s  o f  t h e  i n d u c e d  p a t h s .  T h e  s h o r t e s t  p o s s i b l e  p a t h  o n  a n  m x  n b o a r d  

i s  n ;  w h e n  n  i C  m + 1  t h e n  t h e r e  a r e  ( 2 m  —  n  + 1 ) 2 " “ 2  s u c h  p a t h s ,  a n d  f e w e r  o t h e r w i s e .  T a b l e s  1 0 . 6 . 3  

a n d  1 0 . 6 . 4  c o n t a i n  i n f o r m a t i o n  a b o u t  t h e  a v e r a g e  p a t h  l e n g t h  a n d  t h e  m a x i m u m  p a t h  l e n g t h .  O n  

s q u a r e  g r a p h s ,  w h e r e  n =  m ,  t h e  a v e r a g e  p a t h  f i l l s  a b o u t  |  o f  t h e  b o a r d .

F o r  t h e  7 x 7  H e x  g r a p h ,  t h e  t o t a l  n u m b e r  o f  i n d u c e d  p a t h s  f o r  o n e  p l a y e r  i s  6 8 , 9 1 4  w i t h  a n  a v e r a g e  

l e n g t h  o f  1 5 . 6 3 .  T o  k e e p  a l l  t h e s e  i n  m e m o r y  r e q u i r e s  s t o r i n g  e x a c t l y  1 , 0 7 7 , 0 3 4  c e l l s .  O n  t h e  8 x 8  

g r a p h  t h e  n u m b e r s  a r e  2 , 1 9 5 , 8 3 0  x  2 0 . 8 3  =  4 5 , 7 4 7 ,  2 5 8 .

D u r i n g  t h e  c o u r s e  o f  a  g a m e  t h e  n u m b e r  o f  i n d u c e d  p a t h s  d e c r e a s e s .  W h e n  k e e p i n g  t r a c k  o f  t h e  

n u m b e r  o f  i n d u c e d  p a t h s  f o r  m a x ,  a n y  m o v e  b y  m in  r e m o v e s  a l l  p a t h s  t h r o u g h  t h e  n o d e  i n  q u e s t i o n .  

A  m o v e  b y  M AX a l s o  r e m o v e s  p a t h s ,  a s  i t  c a n  g e n e r a t e  a  “ s h o r t  c u t ”  i n  a  p a t h  t h a t  i s  c o n s e q u e n t l y  

n o  l o n g e r  c h o r d l e s s .  T h e  g a m e  e n d s  p r e c i s e l y  w h e n  o n e  o f  t h e  p l a y e r s  h a s  n o  i n d u c e d  p a t h s  l e f t .

F i g u r e  1 0 . 1 0  s h o w s  t h e  n u m b e r  o f  i n d u c e d  p a t h s  f o r  e a c h  p l a y e r  d u r i n g  a  H e x  g a m e ,  o n  a  l o g a r i t h m i c  

s c a l e .  T h e  g r a d u a l  l i n e s  t h a t  s t a r t  a t  2  m i l l i o n  r e f e r  t o  r a n d o m  H e x  g a m e s ,  a n d  i t  i s  c l e a r  t h a t  t h e  

n u m b e r  o f  p a t h s  d e c r e a s e s  e x p o n e n t i a l l y  d u r i n g  t h e  g a m e .  A t  o d d  m o v e  n u m b e r s  t h e  s t a r t i n g  p l a y e r  

h a s  m o r e  p a t h s  t h a n  t h e  s e c o n d  p l a y e r ,  b y  v i r t u e  o f  h a v i n g  o n e  m o r e  s t o n e  o n  t h e  b o a r d ,  b u t  a t  e v e n  

m o v e  n u m b e r s  t h e  v a l u e s  a r e  t h e  s a m e .  T h e  b l a c k  a n d  g r e y  d o t s  t h a t  s t a r t  a t  2  m i l l i o n  i n d i c a t e  t h e  

n u m b e r  o f  p a t h s  d u r i n g  a n  a c t u a l  g a m e  p l a y e d  b e t w e e n  r e a l i s t i c  p l a y e r s .  T h i s  i s  b a s e d  o n  o n l y  o n e  

s u c h  g a m e ,  b u t  i t  i s  t h e r e  t o  i n d i c a t e  t h a t  r e a l i s t i c  p l a y e r s  l i k e l y  d o  n o t  d e v i a t e  m u c h  f r o m  r a n d o m  

p l a y e r s  i n  t h i s  p a r t i c u l a r  s t a t i s t i c ,  r i g h t  u n t i l  a  f e w  m o v e s  b e f o r e  t h e  g a m e  i s  d e c i d e d .

T h e  l o w e r  l i n e s  i n  F i g u r e  1 0 . 1 0  p l o t  t h e  weighted p a t h  c o u n t s ,  w h e r e  a  p a t h  o f  l e n g t h  I i s  w e i g h t e d  

2~l. T h e  s a m e  o b s e r v a t i o n s  a r e  e v i d e n t  a s  f o r  t h e  u n w e i g h t e d  p a t h  c o u n t .  A s  a  s i d e  n o t e  i t  i s  

r e m a r k e d  t h a t  t h e  s a m p l e  g a m e  w a s  p l a y e d  w i t h  t h e  s w a p  r u l e  a n d  e n d e d  i n  a  w i n  f o r  t h e  s e c o n d  

p l a y e r ,  w h o s e  s t a t i s t i c s  a r e  i n d i c a t e d  b y  t h e  g r e y  d o t s .  D u r i n g  t h e  s a m p l e  g a m e  t h e  e v e n t u a l  w i n n e r
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II 1 2 3 4 5 6 7 8 9 10

1 1 2 3 4 5 6 7 8 9 10
2 1 3 5 7 9 11 13 15 17 19
3 1 5 11 19 29 41 55 71 89 1094 1 9 25 54 107 202 370 666 1,187 2,103
5 1 16 56 148 365 881 2,082 4 ,808 10,900 24,420
6 1 28 124 399 1,225 3,848 12,097 36,964 109,393 315,948
7 1 49 273 1,054 3,948 16,097 68,914 288,385 1,160,865 4,551 ,217
8 1 86 601 2,786 12,622 65,826 382,718 2 ,195 ,830 11,948,849 62,717,006
9 1 151 1,325 7,401 40,880 273,407 2,164,772 17,117,801 126,004,636 880,801,486

10 1 265 2,923 19,712 133,828 1 ,158,787 12,539,626 13 7 ,083 ,594 1,368 ,020 ,170 12,755 ,638 ,497
11 1 465 6,448 52,514 439,378 4 ,956 ,166 73,314,006 1 ,1 05 ,069 ,149
12 1 816 14,222 139,802 1,439,016 21,168 ,066 428,267,45413 1 1,432 31,367 372,008 4,699 ,144 89,908 ,637 2,490,235,05814 1 2,513 69,181 989,841 15,329,082 380 ,403 ,01515 1 4,410 152,583 2,634,032 50,026 ,736 1,608 ,517 ,37516 1 7,739 336,533 7,009,853 163,382,56817 1 13,581 742,248 18,655,329 533,773,26018 1 23,833 1,637,080 49,646,780 1,743 ,746 ,89019 1 41,824 3,610,693 132,121,693
20 1 73,396 7,963,633 351,605,703

1 11 12 13 14 15 16 17 18 19 20

1 11 12 13 14 15 16 17 18 19 20
2 21 23 25 27 29 31 33 35 37 393 131 155 181 209 239 271 305 341 379 4194 3,712 6,537 11,496 20,200 35,476 62,285 109,333 191,898 336,791 591,0625 54,341 120,467 266,478 588,702 1,299,586 2,867 ,698 6,326,511 13,955,435 30,781 ,868 67 ,894,074
6 897,223 2,516,936 6,992,898 19,274,658 52,779 ,342 143,754,548 389,859,030 1 ,0 5 3 ,610 ,190 2,839 ,359 ,2157 17,584,658 67,283,448 255,181,419 959,469,520 3,578 ,534 ,738
8 324,005,708 1,661,833,257

T a b l e  1 0 . 6 . 1 :  N u m b e r o f  i n d u c e d p a t h s  o n m x  n  H e x  g r a p h s  f o r  t h e p l a y e r  t o t r a v e r s e  t h e g r a p h  i n  t h e v e r t i c a l  d i r e c t i o n
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0 8 16 24 32 40 56 64

F i g u r e  1 0 . 1 0 :  N u m b e r  o f  p a t h s ,  u n w e i g h t e d  ( h i g h  l i n e s )  a n d  w e i g h t e d  ( l o w  l i n e s ) ,  d u r i n g  a n  8  x  8  

H e x  g a m e .  M o v e  n u m b e r  i s  l i s t e d  a l o n g  t h e  h o r i z o n t a l  a x i s .  G r a d u a l  l i n e s  i n d i c a t e  v a l u e s  f o r  r a n d o m  

p l a y e r s ,  d o t s  i n d i c a t e  v a l u e s  f o r  a  r e a l i s t i c  s a m p l e  g a m e ,  w i t h  g r e y  d o t s  f o r  t h e  e v e n t u a l  w i n n e r  a n d  

b l a c k  d o t s  f o r  t h e  e v e n t u a l  l o s e r .

n e v e r  r e a l l y  a p p e a r s  t o  h a v e  a  c l e a r  a d v a n t a g e  i n  u n w e i g h t e d  p a t h  c o u n t ,  t h o u g h  t h e r e  a r e  p h a s e s  

b e t w e e n  m o v e s  8  a n d  1 6  a n d  a f t e r  m o v e  2 4  w h e r e  g r e y  h a s  a n  a d v a n t a g e  i n  w e i g h t e d  p a t h  c o u n t .  

H o w e v e r ,  t h i s  i s  a n e c d o t a l ,  a s  i t  i s  u n k n o w n  i f  a n d  w h e n  t h e  p l a y e r s  m a d e  a n y  m i s t a k e s  d u r i n g  t h e  

g a m e .

B a s e d  o n  t h e  s a m e  s a m p l e  g a m e ,  s t a t i s t i c s  f o r  t h e  a v e r a g e  i n d u c e d  p a t h  l e n g t h  a r e  p l o t t e d  i n  

F i g u r e  1 0 . 1 1 .  T h e  p a t h  l e n g t h s  c o r r e s p o n d  t o  t h e  s i z e  o f  t h e  c l a u s e s  i n  a  CNF o r  DNF d e s c r i p t i o n  o f  

t h e  g a m e .  A l l  t h e  o b s e r v a t i o n s  a b o u t  p a t h  c o u n t  a p p e a r  t o  a p p l y  t o  p a t h  l e n g t h  a s  w e l l ,  t h o u g h  t h e  

w i n n e r  o f  t h e  r e a l i s t i c  g a m e  a p p e a r s  t o  h a v e  h a d  m o r e  o f  a n  a d v a n t a g e  i n  p a t h  l e n g t h  t h a n  i n  p a t h  

c o u n t  d u r i n g  t h e  g a m e .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CH APTER 10. PROPERTIES OF HEX 121

20

IS

10

5

0 8 16 24 4032 48 56 64

F i g u r e  1 0 . 1 1 :  A v e r a g e  p a t h  l e n g t h ,  u n w e i g h t e d  ( h i g h  l i n e s )  a n d  w e i g h t e d  ( l o w  l i n e s ) ,  d u r i n g  a n  8  x  8  

H e x  g a m e .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 11

Artificial Intelligence Approaches

N o  s i g n i f i c a n t  r e s e a r c h  e f f o r t  o r  c o m p e t i t i v e  r e s u l t s  e x i s t  f o r  GAME-SAT o r  s e t  c o l o u r i n g  g a m e s  w i t h  

t h e  e x c e p t i o n  o f  H e x  i t s e l f ,  b u t  m a n y  o f  t h e  t e c h n i q u e s  u s e d  i n  o t h e r  a b s t r a c t  g a m e s  m a y  b e  a p p l i e d .  

T h i s  c h a p t e r  p r o v i d e s  a n  o v e r v i e w  o f  s o m e  i m p o r t a n t  AI t e c h n i q u e s  k n o w n  f r o m  l i t e r a t u r e  i n  g e n e r a l  

a b s t r a c t  g a m e  p l a y i n g ,  a s  w e l l  a s  H e x  a n d  QBF.

11.1 Search

T h e  s t a n d a r d  g a m e  t r e e  s e a r c h  a l g o r i t h m  i s  k n o w n  a s  a lp h a -b e ta  search , g i v e n  i n  p s e u d o - c o d e  

i n  A l g o r i t h m  1 .  T h e  a l g o r i t h m  i s  g i v e n  a  p o s i t i o n  p a n d  a  search  w in d o w  [ a , / ? ] .  I f  t h e  n e g a m a x  

v a l u e  o f  p f a l l s  w i t h i n  t h e  [ a , / 3 ]  i n t e r v a l  t h e n  t h e  a l g o r i t h m  w i l l  r e t u r n  t h e  c o r r e c t  v a l u e .  I f  t h e  

n e g a m a x  v a l u e  i s  g r e a t e r  t h a n  j3 t h e n  a  l o w e r  b o u n d  i s  r e t u r n e d ,  a n d  i f  i t  i s  l e s s  t h a n  a  t h e n  a n  

u p p e r  b o u n d  i s  r e t u r n e d .  A t  t h e  r o o t  o f  t h e  s e a r c h  t r e e ,  t h e  a l g o r i t h m  i s  i n i t i a t e d  w i t h  t h e  s e a r c h  

w i n d o w  [ — 0 0 , 0 0 ] .

T h e  a l g o r i t h m  s e a r c h e s  t o  a  g i v e n  m a x i m u m  d e p t h  i n  t h e  g a m e  t r e e ;  t h i s  d e p t h  i s  c a l l e d  t h e  search  
horizon . I f  t h e  h o r i z o n  i s  r e a c h e d  a n d  t h e  g a m e  i s  n o t  y e t  o v e r ,  a  h e u r i s t i c  v a l u e  f o r  t h e  p o s i t i o n  

i s  r e t u r n e d .  I f  n o  m o v e s  a r e  a v a i l a b l e  i n  t h e  g i v e n  p o s i t i o n ,  t h e n  i n  t h e  c a s e  o f  s e t  c o l o u r i n g  g a m e s  

t h i s  m e a n s  t h a t  t h e  g a m e  i s  o v e r  a n d  t h e  o u t c o m e  v a l u e  c a n  b e  r e t u r n e d .

I f  n e i t h e r  c o n d i t i o n  i s  m e t ,  t h e n  t h e  a l g o r i t h m  r e c u r s i v e l y  d e t e r m i n e s  t h e  n e g a m a x  v a l u e  b y  e x a m ­

i n i n g  a l l  a v a i l a b l e  m o v e s .  O n c e  t h e  v a l u e  i s  k n o w n  t o  b e  a t  l e a s t  e q u a l  t o  (3, t h e  l o w e r  b o u n d  c a n  b e  

r e t u r n e d  w i t h o u t  e x a m i n i n g  t h e  r e m a i n i n g  m o v e s .  T h i s  i s  a n  a  -  / I  cutoff, a n d  i t  i s  t h e s e  c u t o f f s  

t h a t  m a k e  t h e  a l p h a - b e t a  a l g o r i t h m  f u n d a m e n t a l l y  m o r e  e f f i c i e n t  t h a n  a  n a i v e  r e c u r s i v e  n e g a m a x  

i m p l e m e n t a t i o n .

C o n s i d e r  a  s e a r c h  t r e e  o f  d e p t h  d i n  w h i c h  e a c h  n o d e  h a s  b c h i l d r e n .  T h e  v a l u e  b i s  k n o w n  a s  t h e

122
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A lp h a B e ta (p , a, p, depth)

in p u t : A  position p w ith bounds a, p  and a search depth.
ou tp u t: The negam ax value o f p if  in th e [ a,  P  ] interval, a lower bound if  th e value is 

>P,  an upper bound if  th e value is < a .

i f  ( SDT(p) =  0 )  th e n  
/*  game i s  over * /

_ re tu rn  O utcome (p);

i f  (depth =  0) th e n
/*  search  h orizon  reached * /  
re tu rn  HeURISTICEval (p);

result <------ oo;

foreach  (m £ SDl(p)) do

currR es * A lp h a B e ta  ( p©m,  —/?, —a ,  depth  — 1);

result =  m ax (resu lt, currR es); 
a  =  MAX (a , currR es);

i f  (result P p )  th e n  
/*  a~P  c u to f f  * /

[_ re tu rn  result;

re tu rn  result;

A l g o r i t h m  1 : T h e  s t a n d a r d  a — p  a l g o r i t h m  t o  c a l c u l a t e  t h e  n e g a m a x  v a l u e  o f  a  p o s i t i o n .
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b ran ch in g  factor. T h e  t r e e  c o n t a i n s  <D(bd) n o d e s .  A  m i n i m a l  s u b t r e e  t h a t  i s  s u f f i c i e n t  t o  p r o v e  

t h e  m i n i m a x  v a l u e  o f  t h e  r o o t  i s  c a l l e d  a  p r o o f  tree . I t  c o n t a i n s  frld/ 2J +  fold/ 2l —  1 a s  a n a l y z e d  b y  

K n u t h  a n d  M o o r e  [ 5 7 ] .  T h e  r e a s o n  t h a t  t h i s  t r e e  i s  s m a l l e r  t h a n  t h e  g a m e  t r e e  i t s e l f  i s  r e l a t e d  t o  

t h e  f a c t  t h a t  i d e a l l y  o n l y  o n e  c h i l d  p o s i t i o n  n e e d s  t o  b e  e x a m i n e d  i n  o r d e r  t o  p r o v e  a  w i n .

T h e  w o r s t  c a s e  b e h a v i o u r  o f  t h e  a l p h a - b e t a  a l g o r i t h m  i s  0(bd). T h e  b e s t - c a s e  b e h a v i o u r  i s  0(bd / 2 ) ,  

w i t h  t h e  p r o o f  t r e e  l i m i t  a c t u a l l y  a c h i e v e d  i f  t h e  a l g o r i t h m  a l w a y s  c h o o s e s  a n  o p t i m a l  m o v e  a s  t h e  

f i r s t  t o  e x a m i n e .  T h u s  t h e  h e u r i s t i c s  u s e d  f o r  c h o o s i n g  t h e  m o v e  o r d e r i n g  a r e  o f  c r u c i a l  i m p o r t a n c e .  

G i v e n  r e a s o n a b l e  m o v e  o r d e r i n g  h e u r i s t i c s ,  t y p i c a l  p e r f o r m a n c e  i s  c l o s e  t o  0(bd̂ 2)\ i n  p r a c t i c e  t h i s  

m e a n s  t h a t  g i v e n  e q u a l  r e s o u r c e s  t h e  a l p h a - b e t a  a l g o r i t h m  c a n  s e a r c h  a  t r e e  t w i c e  a s  d e e p  a s  t h e  

n a i v e  n e g a m a x  a l g o r i t h m .

C o m m o n l y  u s e d  t e c h n i q u e s  t o  e n h a n c e  a l p h a - b e t a  s e a r c h  i n c l u d e :

T ra n sp o sitio n  T ables: A  h a s h  t a b l e  i s  u s e d  t o  s t o r e  v a l u e s ,  b o u n d s ,  a n d  b e s t - m o v e  i n f o r m a t i o n  

f o r  p o s i t i o n s  [ 4 2 ,  9 6 ] .  T h i s  i n f o r m a t i o n  i s  u s e f u l  w h e n  tr a n sp o s it io n s  o c c u r ,  w h e r e  t h e  s a m e  

p o s i t i o n  i s  r e a c h e d  r e p e a t e d l y  v i a  d i f f e r e n t  m o v e  s e q u e n c e s .

I te r a tiv e  D eep en in g : T h e  s e a r c h  p r o g r a m  s t a r t s  w i t h  a  1 p l y  h o r i z o n ,  t h e n  i t e r a t i v e l y  r e p e a t s  

t h e  s e a r c h  w i t h  i n c r e a s i n g  h o r i z o n s  [ 9 6 ] .  T h i s  h a s  t w o  a d v a n t a g e s  o v e r  a  f i x e d  d e p t h  s e a r c h .  

F i r s t ,  t h e  p r o g r a m  b e c o m e s  a n  “ a n y - t i m e ”  a l g o r i t h m ,  t h a t  c a n  b e  t e r m i n a t e d  a t  a n y  d e s i r e d  

m o m e n t  a n d  s t i l l  r e t u r n  a  v a l u e .  S e c o n d ,  t r a n s p o s i t i o n  t a b l e  b e s t - m o v e  r e s u l t s  f r o m  s h a l l o w e r  

s e a r c h e s  c a n  b e  r e - u s e d .

A sp ira tio n  Search: T h e  a l g o r i t h m  i s  n o t  i n i t i a t e d  w i t h  t h e  [ — o o ,  o o ]  i n t e r v a l  b u t  a  s m a l l e r  w i n d o w .  

I f  t h e  r e t u r n e d  v a l u e  i s  i n  t h e  a s p i r a t i o n  i n t e r v a l  t h e n  t h e  g u e s s  w a s  r i g h t  a n d  t h e  v a l u e  i s  

c o r r e c t .  I f  n o t ,  t h e n  t h e  s e a r c h  m u s t  b e  r e - s t a r t e d  w i t h  a  d i f f e r e n t  a s p i r a t i o n  i n t e r v a l .  T h e  

b e n e f i t  i s  t h a t  s e a r c h e s  w i t h  s m a l l e r  a  —  (3 w i n d o w s  e x p a n d  f e w e r  n o d e s .

P rin c ip a l V aria tio n  /  M in im a l W in d o w  Search: A  r e f i n e d  a n d  r e c u r s i v e  v a r i a n t  o f  a s p i r a t i o n  

s e a r c h .  A f t e r  t h e  f i r s t  m o v e  h a s  b e e n  e x a m i n e d ,  t h e  r e m a i n i n g  m o v e s  a r e  e x a m i n e d  w i t h  a  

m i n i m a l - s i z e  w i n d o w  [ 6 5 ] .  T h i s  l e a d s  t o  a  v e r y  e f f i c i e n t  r e f u t a t i o n  o f  a l l  s u b s e q u e n t  i n f e r i o r  

m o v e s .  W h e n e v e r  a  m o v e  i s  n o t  f o u n d  t o  b e  i n f e r i o r  t o  t h e  f i r s t  m o v e ,  i t  m u s t  b e  r e - s e a r c h e d  

w i t h  a  l a r g e r  w i n d o w .

E a c h  o f  t h e s e  t e c h n i q u e s  i s  i n t e n d e d  t o  b o o s t  t h e  a  —  / ?  a l g o r i t h m  i n  a p p r o a c h i n g  t h e  p r o o f  t r e e  

b a r r i e r  o f  & L d / 2 J  +  f r l W 2 !  _  \  n o d e s .  I n  t h e o r y  i t  i s  p o s s i b l e  t o  b r e a k  t h i s  b a r r i e r  b e c a u s e  g a m e  t r e e s  

c a n  c o n t a i n  t r a n s p o s i t i o n s ,  e n a b l i n g  r e - u s e  o f  s t o r e d  i n f o r m a t i o n . 1 T h e  p r a c t i c a l  p e r f o r m a n c e  o f  

g a m e  t r e e  s e a r c h  p r o g r a m s  t e n d s  t o  s t a y  a b o v e  t h e  b a r r i e r  d u e  t o  i n h e r e n t  i m p r e c i s i o n s  i n  t h e  m o v e  

o r d e r i n g  h e u r i s t i c s .

T h e s e  t e c h n i q u e s  a r e  o n l y  d e s c r i b e d  c u r s o r i l y  h e r e ,  s i n c e  t h e y  a r e  w e l l  k n o w n  i n  t h e  g a m e  t r e e  s e a r c h  

l i t e r a t u r e ,  a n d  s i n c e  t h i s  t h e s i s  p r e s e n t s  t e c h n i q u e s  s p e c i f i c  t o  s e t  c o l o u r i n g  g a m e s  t h a t  c a n  b r e a k  

t h e  p r o o f  t r e e  b a r r i e r  e v e n  w h e n  t r a n s p o s i t i o n s  a r e  n o t  t a k e n  i n t o  a c c o u n t .

1 T h is does not increase the  relative efficiency o f  a lpha-beta  as com pared to  negam ax, as the  negam ax algorithm  
profits from transpositions just as well.
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Irregular D ep th  and Irregular B ranch ing Factor

G a m e  t r e e s  f o r  m a n y  c o m m o n l y  p l a y e d  g a m e s  d o  n o t  h a v e  a  u n i f o r m  b r a n c h i n g  f a c t o r .  S o m e  e x i s t i n g  

g a m e  t r e e  s e a r c h  a l g o r i t h m s ,  s u c h  a s  C o n s p i r a c y  N u m b e r  S e a r c h  [6 6 ]  a n d  P r o o f  N u m b e r  S e a r c h  [ 4 ] ,  

e x p l o i t  t h i s  f a c t  b y  e s s e n t i a l l y  g u i d i n g  t h e  s e a r c h  t o w a r d s  “ n a r r o w e r ”  s u b t r e e s  f i r s t ,  t o  o b t a i n  u s e f u l  

a l p h a - b e t a  b o u n d s  q u i c k l y .  T h e s e  m e t h o d s  a r e  n o t  n a t u r a l l y  s u i t e d  f o r  s e t  c o l o u r i n g  g a m e s ,  a s  a  

g a m e  t r e e  f o r  s e t  c o l o u r i n g  g a m e s  a l w a y s  h a s  e x a c t l y  t h e  s a m e  b r a n c h i n g  f a c t o r  f o r  e a c h  s u b t r e e ,  

u n l e s s  t r a c e s  c a n  b e  u s e d .

M a n y  g a m e  p l a y i n g  p r o g r a m s  u s e  m e t h o d s  f o r  s e a r c h  e x t e n s i o n s  a n d  s e a r c h  r e d u c t i o n s .  S e a r c h  

r e d u c t i o n s ,  o r  p r o g r e s s i v e  p r u n i n g ,  o c c u r s  w h e n  t h e  s e a r c h  a l g o r i t h m  d e c i d e s  t o  r e t u r n  a  h e u r i s t i c  

v a l u e  e v e n  t h o u g h  t h e  h o r i z o n  h a s  n o t  y e t  b e e n  r e a c h e d .  T h e  r e a s o n  f o r  m a k i n g  s u c h  a  d e c i s i o n  

m i g h t  b e  t h a t  i t  i s  c o n s i d e r e d  u n l i k e l y  t h a t  t h e  c u r r e n t  b r a n c h  w i l l  i n f l u e n c e  t h e  v a l u e s  h i g h e r  u p  

i n  t h e  t r e e .  A n o t h e r  r e a s o n  c o u l d  b e  t h a t  t h e  a l g o r i t h m  o n l y  c o n s i d e r s  t h e  t o p  m o v e s  a s  c h o s e n  b y  

s o m e  h e u r i s t i c  t h a t  r a t e s  t h e  m o v e s ;  s u c h  m e t h o d s  a r e  c a l l e d  se le c t iv e  search .

A  s e a r c h  e x t e n s i o n  i s  t h e  o p p o s i t e :  t h e  s e a r c h  i s  c o n t i n u e d  e v e n  t h o u g h  t h e  h o r i z o n  h a s  b e e n  r e a c h e d ,  

b e c a u s e  t h e  v a l u e  i s  c o n s i d e r e d  i m p o r t a n t  a n d  u n s e t t l e d .  S e a r c h  e x t e n s i o n s  a n d  s e a r c h  r e d u c t i o n s  

b u i l d  s e a r c h  t r e e s  o f  i r r e g u l a r  d e p t h .  F o r  t h i s  r e a s o n ,  t h e  t r e e  c o n t a i n s  c o m p a r i s o n s  b e t w e e n  h e u r i s t i c  

v a l u e s  o r i g i n a t i n g  f r o m  d i f f e r e n t  s e a r c h  d e p t h s .  I t  i s  t h e r e f o r e  i m p o r t a n t  t h a t  s u c h  c o m p a r i s o n s  b e  

m e a n i n g f u l .  S o m e  h e u r i s t i c s  m a y  n o t  b e  s u i t a b l e  f o r  t h e s e  m e t h o d s ,  s u c h  a s  c o n n e c t i v i t y - b a s e d  

h e u r i s t i c s  i n  t h e  S h a n n o n  g a m e 2  [ 8 3 ] .  T h i s  d a n g e r  i s  e s p e c i a l l y  p r e s e n t  i n  g a m e s  w h o s e  p o s i t i o n s  

c o n t a i n  a  b u i l t - i n  “ m e a s u r e  o f  t i m e ” , a s  d o  s e t  c o l o u r i n g  g a m e s ,  w h e r e b y  p o s i t i o n s  a t  d i f f e r e n t  d e p t h s  

i n  t h e  t r e e  a r e  f u n d a m e n t a l l y  d i s t i n g u i s h e d ,  a s  o p p o s e d  t o  g a m e s  i n  w h i c h  t w o  m o v e  s e q u e n c e s  o f  

d i f f e r e n t  l e n g t h s  c a n  l e a d  t o  t h e  s a m e  p o s i t i o n .

N u ll M ove Search

N u l l  m o v e  s e a r c h  [ 2 6 ]  i s  a  p o w e r f u l  b u t  d a n g e r o u s  e x t e n s i o n  o f  t h e  a l p h a - b e t a  a l g o r i t h m .  B e f o r e  

e x a m i n i n g  t h e  l e g a l  m o v e s ,  t h e  n u l l  m o v e  a l g o r i t h m  f i r s t  e x a m i n e s  w h a t  w o u l d  h a p p e n  i f  t h e  p l a y e r  

t o  m o v e  p l a y e d  a  n u ll m ove, w h i c h  m e a n s  s k i p p i n g  a  m o v e .  I f  t h i s  l e a d s  t o  a  v a l u e  a t  l e a s t  e q u a l  t o  

/ ? ,  t h e n  ft i s  r e t u r n e d  i m m e d i a t e l y  w i t h o u t  e x a m i n i n g  a n y  l e g a l  m o v e s .  T h e  r e a s o n i n g  i s  t h a t  t h e r e  

m u s t  s u r e l y  b e  m o v e s  t h a t  a r e  b e t t e r  t h a n  d o i n g  n o t h i n g ,  s o  t h e  s e a r c h  w o u l d  g e n e r a t e  a  c u t o f f  

a n y w a y .

N u l l  m o v e  s e a r c h e s  g e n e r a t e  c u t o f f s  i n  p o s i t i o n s  f o l l o w i n g  a  “ b l u n d e r ” ,  w h i c h  i s  a  m o v e  t h a t  a c t u a l l y  

d e t e r i o r a t e d  t h e  p o s i t i o n  f o r  t h e  p l a y e r  w h o  m a d e  t h e  m o v e .  I n  o t h e r  w o r d s ,  a  b l u n d e r  i s  a  m o v e  

t h a t  i s  w o r s e  t h a n  a  n u l l  m o v e .  S u c h  m o v e s  a r e  c o m m o n  i n  c h e s s ;  f o r  i n s t a n c e ,  p u t t i n g  a  p i e c e  en 
prise. T h e  c u t o f f s  a r e  g e n e r a t e d  q u i c k l y  b e c a u s e  i n  m o s t  i m p l e m e n t a t i o n s  t h e  n u l l  m o v e  i s  f o l l o w e d  

b y  a  s e a r c h  d e p t h  r e d u c t i o n ,  s o  t h e  o v e r h e a d  c o m p a r e d  t o  e x a m i n i n g  t h e  l e g a l  m o v e s  i s  n e g l i g i b l e .

T h e  d a n g e r  l i e s  i n  t h e  a s s u m p t i o n  t h a t  t h e r e  w i l l  b e  m o v e s  t h a t  a r e  b e t t e r  t h a n  a  n u l l  m o v e .  T h i s  

i s  n o t  a l w a y s  t h e  c a s e .  A  p o s i t i o n  i n  w h i c h  a  s k i p  m o v e  w o u l d  a c t u a l l y  b e  t h e  b e s t  p o s s i b l e  m o v e  i s

2See Section  12.2.
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k n o w n  a s  a  z u g z w a n g  p o s i t i o n .  T h e s e  p o s i t i o n s  d o  o c c u r  i n  c h e s s ,  f o r  i n s t a n c e .  T h e y  a l s o  o c c u r  i n  

s e t  c o l o u r i n g  g a m e s ,  b u t  n o t  i f  t h e  g a m e  i s  i s o t o n e .  N u l l  m o v e s  a r e  s a f e  i n  i s o t o n e  g a m e s  b e c a u s e  

t h e r e  a r e  a l w a y s  m o v e s  t h a t  a r e  b e t t e r  t h a n  a  n u l l  m o v e .  H o w e v e r ,  i n  i s o t o n e  g a m e s  all m o v e s  a r e  

i n  f a c t  b e t t e r  t h a n  a  n u l l  m o v e ,  w h i c h  m e a n s  t h a t  n u l l  m o v e  s e a r c h e s  d o  n o t  g e n e r a t e  a n y  c u t o f f s  a t  

a l l  [ 8 3 ] ,

M u s t p l a y 3  a r e  r e m i n i s c e n t  o f  t h i s  t e c h n i q u e ,  a s  t h e y  a s s e r t  t h a t  t h e  o p p o n e n t  w i n s  i f  t h e  p l a y e r  t o  

m o v e  d o e s  n o t  m o v e ,  t h a t  i s  i f  t h e  o p p o n e n t  “ p l a y s  a  n u l l  m o v e ” ,  i n  s o m e  s p e c i f i e d  r e g i o n .  H o w e v e r ,  

t h e  d e f i n i t i o n  o f  m u s t p l a y s  s o l v e s  t h e  z u g z w a n g  i s s u e  e s s e n t i a l l y  b y  a l l o w i n g  t h e  o p p o n e n t  a  s t a r ,  

w h i c h  c o u l d  b e  u s e d  t o  n e u t r a l i z e  t h e  n u l l  m o v e  i f  d e s i r e d .  M u s t p l a y  t o o ,  b e c o m e  m o r e  p o w e r f u l  

w h e n  t h e  worst m o v e  i s  e x a m i n e d  f i r s t ,  a s  t h a t  t e n d s  t o  l e a d  t o  t h e  s m a l l e s t  m u s t p l a y  p a t t e r n .

T h reat-B ased  Search

T h r e a t  S p a c e  S e a r c h ,  l a t e r  r e n a m e d  d b - s e a r c h ,  w a s  u s e d  b y  A l l i s  t o  s o l v e  t h e  g a m e s  o f  Q u b i c  a n d  G o -  

M o k u  [ 3 ] .  I t  i d e n t i f i e s  g a m e - s p e c i f i c  t h r e a t s ,  w h e r e  t h e  t h r e a t e n i n g  p l a y e r ,  n a m e d  t h e  “ a t t a c k e r ” , 

c a n  a c h i e v e  s o m e  s p e c i f i e d  g o a l  i n  o n e  m o v e .  T h e  s e a r c h  a l g o r i t h m  a t t e m p t s  t o  v e r i f y  t h a t  t h e  

a t t a c k e r  c a n  r e a c h  t h e  g o a l  b y  u s i n g  t h r e a t  m o v e s  o n l y .  T h e  s e a r c h  i s  n a r r o w l y  f o c u s e d  s i n c e  t h e  

“ d e f e n d e r ”  o n l y  n e e d s  t o  c o n s i d e r  t h e  m o v e s  t h a t  c o u n t e r  t h e  t h r e a t .

L a m b d a  S e a r c h ,  b y  T h o m s e n  [ 1 0 0 ] ,  a n d  A b s t r a c t  P r o o f  S e a r c h ,  b y  C a z e n a v e  [ 2 2 ] ,  e x t e n d  t h i s  p r i n ­

c i p l e  t o  t h e  c o n s i d e r a t i o n  o f  “ m e t a - t h r e a t s ” . A  h i g h e r - o r d e r  t h r e a t  o f  level-k i s  a  g u a r a n t e e  t h a t  t h e  

a t t a c k e r  c a n  a c h i e v e  s o m e  w e l l - d e f i n e d  g o a l  i f  g i v e n  t h e  o p p o r t u n i t y  t o  p l a y  k m o v e s  i n  a  r o w ,  w h i l e  

t h e  d e f e n d e r  p a s s e s  e a c h  t i m e .

T h o m s e n ’ s  m e t h o d  i s  a  g a m e - i n d e p e n d e n t  w a y  t o  b u i l d  a  t r e e  t o  d e t e r m i n e  w h e t h e r  t h e  a t t a c k e r  

h a s  a  l e v e l - / c  w i n ,  w h i c h  i s  a  w i n  u s i n g  o n l y  l e v e l - f c  t h r e a t s .  A n y  t r e e  n o d e  w h e r e  t h e  a t t a c k e r  t o  

m o v e  h a s  a  l o w e r - l e v e l  w i n  r e t u r n s  a  w i n  v a l u e .  A n y  n o d e  w h e r e  t h e  a t t a c k e r  t o  m o v e  h a s  n o  l e v e l - / c  

t h r e a t  m o v e s  r e t u r n s  a  l o s s  v a l u e .  I f  a  l e v e l - f c  w i n  i s  f o u n d ,  t h e n  t h e  a t t a c k e r  c a n  a c h i e v e  t h e  g o a l .  

I f  t h e  l e v e l - f c  s e a r c h  r e t u r n s  a  l o s s ,  t h e n  i t  i s  n o t  y e t  k n o w n  w h e t h e r  t h e  a t t a c k e r  c a n  a c h i e v e  t h e  

g o a l ,  a n d  a  h i g h e r - o r d e r  s e a r c h  i s  s t a r t e d  a t  t h e  r o o t .

C a z e n a v e ’ s  A b s t r a c t  P r o o f  S e a r c h  i s  a  v e r y  s i m i l a r  a p p r o a c h ,  i n  w h i c h  l o w  o r d e r  t h r e a t s  a r e  i d e n t i f i e d  

b y  g a m e - s p e c i f i c  k n o w l e d g e .  I n  t h e  c a s e  o f  s e t  c o l o u r i n g  g a m e s  a  level-k t h r e a t  c a n  b e  i d e n t i f i e d  

e a s i l y  i f  t h e  o u t c o m e  f u n c t i o n  i s  g i v e n  i n  CNF o r  D N F f o r m .  I f  i t  i s  i n  C NF t h e n  MIN h a s  a  l e v e l - A :  

t h r e a t  i f  t h e r e  e x i s t s  a  c l a u s e  w i t h  a t  m o s t  k v a r i a b l e s .  F o r  a  D N F f o r m u l a  t h e  s a m e  h o l d s  f o r  M AX.

L a m b d a  s e a r c h  a n d  A b s t r a c t  P r o o f  S e a r c h  h a v e  s i m i l a r i t i e s  w i t h  n u l l  m o v e  s e a r c h ,  i n  t h a t  a  h i g h e r -  

o r d e r  t h r e a t  i s  d e f i n e d  i n  t e r m s  o f  n u l l  m o v e s  p l a y e d  b y  t h e  d e f e n d e r .  B u t  t h e  a t t a c k e r  d o e s  n o t  u s e  

n u l l  m o v e s ,  a n d  s e a r c h  d e p t h  i s  n o t  r e d u c e d  f o l l o w i n g  a  n u l l  m o v e .  A s  w i t h  n u l l  m o v e  s e a r c h i n g ,  

l a m b d a  s e a r c h i n g  c a n  h a v e  p r o b l e m s  w i t h  z u g z w a n g .

T h r e a t - b a s e d  m e t h o d s  d o  w e l l  w h e n  t h e  g a m e  a l l o w s  f o r  l o n g  b u t  “ n a r r o w ”  m e t a - t h r e a t  s e q u e n c e s ,

3See Section  9.2.
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f o c u s i n g  t h e  s e a r c h  b y  e x a m i n i n g  o n l y  m o v e s  t h a t  a r e  r e l e v a n t  t o  t h e  t h r e a t .  T h e y  b u i l d  t r e e s  o f  

h i g h l y  i r r e g u l a r  d e p t h  a n d  r e l y  o n  w e l l - d e f i n e d  g o a l s ;  t h e y  d o  n o t  c o m b i n e  w e l l  w i t h  h e u r i s t i c  v a l u e s .  

D y n a m i c  t r a c e  s e a r c h ,  t o  b e  d e s c r i b e d  i n  S e c t i o n  1 1 . 2 ,  s i m i l a r l y  c o n s i d e r s  o n l y  t h e  m o v e s  t h a t  a r e  

r e l e v a n t  t o  t h e  t h r e a t .

M on te C arlo Search

A  s o m e w h a t  c o u n t e r i n t u i t i v e  s e l e c t i v e  s e a r c h  m e t h o d  i s  M o n t e  C a r l o  s e a r c h ,  w h e r e  t h e  m o v e  r a n k ­

i n g  h e u r i s t i c  i n v o l v e s  a  d e g r e e  o f  r a n d o m n e s s .  S t o c h a s t i c  s e a r c h  m e t h o d s  a r e  m o r e  e s t a b l i s h e d  i n  

g a m e s  f e a t u r i n g  a  s t o c h a s t i c  e l e m e n t  i n  t h e  r u l e s ,  s u c h  a s  B a c k g a m m o n  [ 9 9 ] ,  o r  f e a t u r i n g  i m p e r f e c t  

i n f o r m a t i o n ,  s u c h  a s  S c r a b b l e  [ 9 3 ,  9 5 ]  a n d  c a r d  g a m e s  [ 1 6 ] ,  w h e r e  e x p l o r a t i o n  o f  a  r e p r e s e n t a t i v e  

s a m p l e  o f  t h e  s e a r c h  s p a c e  i s  e n f o r c e d  b y  t h e  p r o b a b i l i s t i c  n a t u r e  i n h e r e n t  t o  t h e  g a m e .

H o w e v e r ,  s t o c h a s t i c  m e t h o d s  h a v e  a l s o  b e e n  u s e d  i n  d e t e r m i n i s t i c  g a m e s  o f  p e r f e c t  i n f o r m a t i o n .  

G r i g o r i e v  t r i e d  a  s i m u l a t e d  a n n e a l i n g  a p p r o a c h  f o r  t h e  g a m e s  o f  G o - M o k u  a n d  R e n j u  [ 4 3 ] ,  w h e r e  

m o v e s  w e r e  e v a l u a t e d  a c c o r d i n g  t o  g a m e - s p e c i f i c  k n o w l e d g e  a n d  t h e n  p r u n e d  s t o c h a s t i c a l l y ,  w h e r e  

l o w e r  r a t e d  m o v e s  h a d  a  h i g h e r  p r o b a b i l i t y  o f  b e i n g  p r u n e d .  T h e  p r o c e s s  w a s  c o n t r o l l e d  b y  a n  

a n n e a l i n g  t e m p e r a t u r e ;  a s  t h e  t e m p e r a t u r e  w a s  l o w e r e d  g r a d u a l l y ,  l o w e r  r a n k e d  m o v e s  w e r e  m o r e  

a n d  m o r e  l i k e l y  t o  b e  p r u n e d .

B r i i g m a n n  i n c o r p o r a t e d  s i m i l a r  i d e a s  i n t o  t h e  g a m e  o f  G o  [ 1 9 ] .  F e e l i n g  t h a t  G o  s e a r c h  t r e e s  w o u l d  

b e  t o o  l a r g e  e v e n  t o  c o n s i d e r  j u s t  t w o  c o n t i n u a t i o n s  a t  e a c h  s e a r c h  n o d e ,  B r i i g m a n n  i n s t e a d  a p p l i e d  

a n n e a l i n g  t o  t h e  g a m e  a s  a  w h o l e .  A l l  t h e  m o v e s  o n  t h e  b o a r d  w e r e  r a n k e d  s t a t i c a l l y ,  a n d  t h e n  a  

g a m e  w a s  s i m u l a t e d  w h e r e  t h e  p l a y e r s  a t  e a c h  m o v e  c h o s e  a  r a n d o m  m o v e ,  w i t h  h i g h e r  r a n k e d  m o v e s  

m o r e  l i k e l y  t o  b e  c h o s e n .  A t  t h e  e n d  o f  t h e  g a m e ,  m o v e  r a n k  w a s  i n c r e a s e d  f o r  all m o v e s  p l a y e d  b y  

t h e  w i n n e r ,  a n d  d e c r e a s e d  f o r  a l l  m o v e s  p l a y e d  b y  t h e  l o s e r .  T h e  w h o l e  p r o c e s s  w a s  t h e n  r e p e a t e d  

n u m e r o u s  t i m e s ,  w i t h  g r a d u a l l y  d e c r e a s i n g  t e m p e r a t u r e .

T h i s  m e t h o d  b e n e f i t s  f r o m  t h e  o b s e r v a t i o n  t h a t ,  i n  t h e  g a m e  o f  G o ,  a  g o o d  m o v e  t e n d s  t o  b e  g o o d  

w h e n e v e r  i t  i s  p l a y e d .  T h i s  i s  c l o s e l y  r e l a t e d  t o  t h e  f a c t  t h a t  t h e  s a m e  m o v e s  p l a y e d  i n  a  d i f f e r e n t  

o r d e r  w i l l  o f t e n  l e a d  t o  t h e  s a m e  p o s i t i o n .  I n  G o  t h i s  i s  n o t  a l w a y s  t r u e  d u e  t o  c a p t u r e s ,  b u t  i t  is 
p e r f e c t l y  t r u e  f o r  a l l  s e t  c o l o u r i n g  g a m e s .  N o t e  t h a t  e v e n  w i t h  p e r f e c t  m o v e  o r d e r  i n d e p e n d e n c e  t h e  

s t a t i c  q u a l i t y  o f  a  g i v e n  m o v e  s t i l l  c h a n g e s  d u r i n g  t h e  c o u r s e  o f  a  g a m e ,  a s  t h e  c o n t e x t  o f  t h e  b o a r d  

p o s i t i o n  c h a n g e s .

T h e  m o v e  o r d e r  i n d e p e n d e n c e  i s  a l s o  e x p l o i t e d  i n  m o r e  r e c e n t  w o r k  b y  B o u z y  a n d  H e l m s t e t t e r  [ 1 7 ] ,  

a l s o  f o r  t h e  g a m e  o f  G o .  A l l  i n i t i a l  m o v e s  a r e  s c o r e d  b y  p l a y i n g  o u t  t h e  r e s t  o f  t h e  g a m e  r a n d o m l y ,  

u s i n g  m i n i m a l  G o  k n o w l e d g e .  A l l  m o v e s  p l a y e d  b y  t h e  w i n n e r  r e c e i v e  c r e d i t  f o r  t h e  w i n ,  r e f e r r e d  

t o  b y  B o u z y  a n d  H e l m s t e t t e r  a s  “ a l l  m o v e s  a s  f i r s t ” . A n o t h e r  m e t h o d  u s e d  i n  t h e i r  e x p e r i m e n t s  i s  

“ p r o g r e s s i v e  p r u n i n g ” , w h e r e  a f t e r  a  n u m b e r  o f  s i m u l a t i o n s  a r e  p e r f o r m e d  t h e  l o w e r  s c o r i n g  m o v e s  

a r e  n o  l o n g e r  s i m u l a t e d .

W h e n  t h e  r e s t  o f  t h e  g a m e  i s  p l a y e d  o u t  r a n d o m l y  t h e  g e n e r a t e d  s e a r c h  “ t r e e ”  h a s  a  b r a n c h i n g  

f a c t o r  o f  1 ,  w h i c h  w o u l d  b e  m o r e  a c c u r a t e l y  d e s c r i b e d  a s  a  h e u r i s t i c  p o s i t i o n  e v a l u a t i o n  r a t h e r  t h a n  

a  s e a r c h .  S t o c h a s t i c  e v a l u a t i o n  w i l l  b e  d i s c u s s e d  i n  S e c t i o n  1 2 . 5 .  S t o c h a s t i c  s e a r c h  m e t h o d s  a r e
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u s e d  w h e n  t h e  f u l l  g a m e  t r e e  i s  t o o  l a r g e  t o  b e  s e a r c h e d ,  a n d  t h e  s t a t i c  p o s i t i o n  e v a l u a t i o n  i s  m o r e  

u n r e l i a b l e  t h a n  a  M o n t e  C a r l o  p l a y o u t  o f  t h e  r e s t  o f  t h e  g a m e .  E v e n  t h o u g h  r a n d o m  m o v e s  a r e  

u n l i k e l y  t o  b e  g o o d  m o v e s ,  t h e  p l a y o u t  s t i l l  g i v e s  u s e f u l  i n f o r m a t i o n  s i n c e  both s i m u l a t e d  p l a y e r s  

a r e  p l a y i n g  e q u a l l y  w e a k l y .  R e c e n t  p r o g r e s s  b y  C o u l o m  i n  t h e  g a m e  o f  G o  h a s  i n v o l v e d  M o n t e  

C a r l o  s e a r c h  i n  w h i c h  m o v e  c h o i c e  a r e  b i a s e d  t o w a r d s  m o v e s  t h a t  h a v e  a c c u m u l a t e d  m o r e  p r o f i t a b l e  

s t a t i s t i c s  [ 2 4 ] .  I n  t h i s  a p p r o a c h  t h e  s e a r c h  w i l l  c o n v e r g e  t o  t h e  c o r r e c t  m i n i m a x  r e s u l t  f o r  t h e  p a r t  

o f  t h e  s e a r c h  t r e e  t h a t  c a n  b e  k e p t  i n  m e m o r y .

11.2 D yn am ic Trace Search

T h e  d y n a m i c  t r a c e  s e a r c h  m e t h o d  i s  a  g e n e r a l i z a t i o n  o f  a  s e a r c h  e n h a n c e m e n t  f o r  H e x  f i r s t  p r e s e n t e d  

b y  t h e  a u t h o r  a t  t h e  C o m p u t e r s  a n d  G a m e s  w o r k s h o p  o f  t h e  2 0 0 0  C o m p u t e r  O l y m p i a d ,  a n d  l a t e r  

s p e c i f i e d  i n  a  t e c h  r e p o r t  [ 8 4 ] .  P s e u d o c o d e  i s  l i s t e d  i n  A l g o r i t h m  2 . I n  i s o t o n e  s e t  c o l o u r i n g  g a m e s  

a  d y n a m i c  t r a c e  c a n  b e  s e e n  a s  a  g u a r a n t e e  t h a t  t h e  a t t a c k e r  w i n s  e v e n  i f  t h e  d e f e n d e r  p l a y s  all 
r a t i o n a l  m o v e s  o u t s i d e  o f  t h e  d y n a m i c  t r a c e  a t  o n c e ,  e n s u r i n g  t h a t  t h e  a t t a c k e r  c e r t a i n l y  w i n s  i f  t h e  

d e f e n d e r  p l a y s  o n l y  o n e  s u c h  m o v e .  F o r  n o n - i s o t o n e  g a m e s  t h e  a s s e r t i o n  w o u l d  b e  s o m e w h a t  w e a k e r :  

T h e  a t t a c k e r  w i n s  e v e n  i f  t h e  d e f e n d e r  p l a y s  a n y  even n u m b e r  o f  m o v e s  o u t s i d e  t h e  d y n a m i c  t r a c e  

a t  o n c e .

D y n a m i c  t r a c e s  i n  H e x  h a v e  b e e n  c r u c i a l  i n  s o l v i n g  a l l  7  x  7  o p e n i n g s  [ 4 6 ] ,  w h e r e  t h e y  w e r e  u s e d  t o  

i d e n t i f y  m u s t p l a y  r e g i o n s .  A s  m e n t i o n e d  i n  S e c t i o n  1 1 . 1 ,  n u l l  m o v e s  d o  n o t  g e n e r a t e  a n y  a-f3 c u t o f f s  

i n  H e x .  Y e t  t h e y  a r e  v e r y  e f f e c t i v e  a t  d i s c o v e r i n g  m u s t p l a y  r e g i o n s .  T h e  r e a s o n  i s  t h a t  m u s t p l a y  

r e g i o n s  t e n d  t o  b e  s m a l l e r  a f t e r  w e a k e r  m o v e s  b y  t h e  o p p o n e n t ,  a s  w e a k e r  m o v e s  a l l o w  f o r  “ e a s i e r ”  

w i n s ,  s o  t h e  s m a l l e s t  m u s t p l a y  r e g i o n  o c c u r s  a f t e r  t h e  m o v e  t h a t  i s  g u a r a n t e e d  t o  b e  t h e  w e a k e s t  

o f  a l l  i n  H e x ,  n a m e l y  a  n u l l  m o v e .  T h i s  r e a s o n i n g  a p p l i e s  o n l y  t o  i s o t o n e  g a m e s ,  a s  a  n u l l  m o v e  

i n  a  g a m e  T  i s  r e a l l y  a  m o v e  i n  t h e  s t a r  o f  T * ,  w h i c h  m a y  h a v e  a  d i f f e r e n t  o u t c o m e  i s  t h e  g a m e  i s  

n o n - i s o t o n e .

D y n a m i c  t r a c e  s e a r c h  i n  H e x  i s  c l o s e l y  r e l a t e d  t o  a n d  b a s e d  o n  a  p r o o f  m e t h o d  u s e d  b y  Y a n g , 4 

c a p a b l e  o f  a u t o m a t i c a l l y  d i s c o v e r i n g  d y n a m i c  t r a c e s .  Y a n g ’ s  p a t t e r n s  w e r e  a l l  d e v i s e d  b y  h a n d ,  

a n d  n o  e f f i c i e n t  m e t h o d  o f  d i s c o v e r i n g  o r  u s i n g  t h o s e  p a t t e r n s  a l g o r i t h m i c a l l y  h a s  b e e n  p r o p o s e d  

y e t .  H o w e v e r ,  Y a n g ’ s  p a t t e r n s  a r e  f a r  m o r e  p o w e r f u l  a n d  e c o n o m i c a l ,  s i n c e  t h e y  e s t a b l i s h  local 
c o n n e c t i o n s  t h a t  c a n  b e  t r a n s p o s e d  a n d  r e - u s e d  i n  o t h e r  a r e a s  o f  t h e  b o a r d ,  a n d  s i n c e  t h e y  a r e  

c a p a b l e  o f  d e c o m p o s i n g  a  c o n n e c t i o n  i n t o  s u b - c o n n e c t i o n s  t h a t  c a n  b e  p l a y e d  i n d e p e n d e n t l y .  I t  

i s  t h e  d e c o m p o s i t i o n  t h a t  p l a y s  a  p o w e r f u l  r o l e  i n  Y a n g ’ s  p a t t e r n s  a n d  i n  A n s h e l e v i c h ’ s  v i r t u a l  

c o n n e c t i o n s . 5

T h e  d y n a m i c  t r a c e s  d i s c o v e r e d  b y  A l g o r i t h m  2  a r e  g l o b a l  a n d  d o  n o t  d e c o m p o s e .  I n  [ 8 4 ]  a  m e t h o d  w a s  

p r o p o s e d  t o  d e c o m p o s e  s u c h  p a t t e r n s  a l g o r i t h m i c a l l y  d u r i n g  a  s e a r c h .  T h i s  m e t h o d  i s  H e x - s p e c i f i c ,  

o r  m o r e  g e n e r a l l y  s p e c i f i c  t o  t h e  S h a n n o n  g a m e ,  a s  i t  t a k e s  a d v a n t a g e  o f  t h e  g r a p h  s t r u c t u r e  o f  t h e  

g a m e  b o a r d .  S e c t i o n  1 4 . 3  c o n t a i n s  a  d e s c r i p t i o n  o f  t h e  p r o p o s e d  a l g o r i t h m .

4 See Section  11.5.
5See Section  11.5.
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P a t t e r n A l p h a B e t a ( p , a , f3, depth)

in p u t : A  p o s i t i o n  p w i t h  b o u n d s  a,  P a n d  a  s e a r c h  d e p t h .

o u tp u t: A  v a r i a b l e  o f  t h e  t y p e  (va lu e , p a ttern ), w i t h  —(valu e , p a ttern ) ( —value, 
p a ttern ). T h e  c o m p o n e n t  va lue  i s  t h e  n e g a m a x  v a l u e  o f  p i f  i n  t h e  [  a,  p  ] 

i n t e r v a l ,  a  l o w e r  b o u n d  i f  t h e  v a l u e  i s  > / 3 ,  a n  u p p e r  b o u n d  i f  t h e  v a l u e  i s  <n. 
T h e  c o m p o n e n t  p attern  i s  a  d y n a m i c  t r a c e  p a t t e r n  f o r  p.

i f  ( 9Jl(p) =  0 )  th e n
|_ re tu rn  (OUTCOME (p), 0 );

i f  (depth =  0) th e n
/*  h e u r is t ic  v a lu e  must be in  in te r v a l  (—1, +1)  e x c lu s iv e  * /
/*  dynamic tr a c e  p a tte r n  i s  ir r e le v a n t  * /

_ re tu rn  (H e u r is t ic E v a l (p), 0 );

result <— ( —1, 0 ) ;  
m ustp lay  <— l l ( p ) ;

foreach  (v €  mustplay) do
m  <—  a  r a t i o n a l  m o v e  y ” ;

currR es < P a t te r n A lp h a B e t a  (p © m ,  -/? , - a ,  d ep th  -  1);

i f  (currRes.value =  + 1 )  th e n  
[_ re tu rn  ( + 1 ,  v  U currR es.pattern );

e lse  i f  (currRes.value — —I )  th e n
resu lt.p a ttern  <— resu lt.p a ttern  U currR es.pattern ;

|_ m u stp lay  <— m ustp lay  f l  currR es.pattern ;

e lse
/*  h e u r is t ic  v a lu e  o b ta in ed , p a tte r n  i s  ir r e le v a n t  * /  
resu lt.va lu e  =  MAX (resu lt.v a lu e , currR es.value); 
a  =  max (a,  currR es.value);

i f  (result P P)  th e n  
/*  a~P  c u to f f  * /

|_ re tu rn  result;

re tu rn  result;

A lg o r ith m  2: D y n a m i c  T r a c e  s e a r c h  a l g o r i t h m  t o  c a l c u l a t e  t h e  n e g a m a x  v a l u e  a n d  a  

d y n a m i c  t r a c e  p a t t e r n  o f  a  p o s i t i o n  i n  a n  i s o t o n e  g a m e .
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11.3 H eu ristics

H e u r i s t i c s  g e n e r a l l y  c o m e  i n t o  p l a y  i n  t w o  d i f f e r e n t  w a y s  i n  g a m e  p l a y i n g  p r o g r a m s :  l e a f  n o d e  

e v a l u a t i o n ,  a n d  m o v e  o r d e r i n g .  M o v e o rd er in g  i n v o l v e s  s e l e c t i n g  w h i c h  m o v e  t o  t r y  f i r s t ;  a  p r o c e s s  

t h a t  i s  o f  c r u c i a l  i m p o r t a n c e  e v e n  w h e n  s o l v i n g  a  p o s i t i o n  i s  f e a s i b l e ,  s i n c e  i t  d e t e r m i n e s  t h e  s i z e  o f  

t h e  g e n e r a t e d  t r e e .  M a n y  m o v e  o r d e r i n g  m e t h o d s  a r e  g a m e - s p e c i f i c .  W e l l  s t u d i e d  g a m e - i n d e p e n d e n t  

m o v e  o r d e r i n g  m e t h o d s  i n c l u d e :

K iller  M oves: I f  a  m o v e  g e n e r a t e s  a n  a — (3 c u t o f f ,  i t  i s  t r i e d  f i r s t  i n  s i b l i n g  n o d e s  a s  c u t o f f s  i n  

s i b l i n g s  t e n d  t o  b e  c a u s e d  b y  t h e  s a m e  s t r a t e g i c  r e a s o n s .

H isto r y  H eu ristic : A  g l o b a l  h i s t o r y  t a b l e  k e e p s  t r a c k  o f  t h e  n u m b e r  o f  c u t o f f s  g e n e r a t e d  b y  e a c h  

p o s s i b l e  m o v e .  M o v e s  w i t h  a  h i g h  h i s t o r y  v a l u e  g e t  h i g h e r  p r i o r i t y .

R e fu ta tio n  T able: A  s e p a r a t e  h i s t o r y  t a b l e  i s  k e p t  f o l l o w i n g  e a c h  p o s s i b l e  m o v e .  T h i s  e n a b l e s  t h e  

d e t e c t i o n  o f  r e f u t a t i o n s  t h a t  a r e  s p e c i f i c  t o  t h e  o p p o n e n t ’ s  m i s t a k e .

S e e  [ 8 9 ,  9 0 ]  f o r  m o r e  i n f o r m a t i o n  o n  t h e s e  h e u r i s t i c s .

L ea f n o d e  ev a lu a tio n  r e f e r s  t o  t h e  e s t i m a t e  o f  t h e  g a m e - t h e o r e t i c a l  v a l u e  o f  a  p o s i t i o n ,  w h i c h  

i s  o f t e n  t a k e n  a s  a n  e s t i m a t e  o f  t h e  “ c h a n c e s ”  o f  w i n n i n g  t h e  g a m e  s t a r t i n g  f r o m  t h e  p o s i t i o n  i n  

q u e s t i o n .  T h i s  b e c o m e s  r e l e v a n t  w h e n  i t  i s  n o t  p o s s i b l e  o r  f e a s i b l e  t o  s o l v e  a  p o s i t i o n  p e r f e c t l y .  L e a f  

n o d e  e v a l u a t i o n  t e n d s  t o  b e  m o r e  g a m e - s p e c i f i c  t h a n  m o v e  o r d e r i n g .  Y e t  t h e r e  a r e  s o m e  g e n e r a l  

m e t h o d s  t h a t  a r e  a p p l i c a b l e  t o  w i d e  c l a s s e s  o f  g a m e s :

M a ter ia l count: T h e  h e u r i s t i c  v a l u e  o f  a  p o s i t i o n  i s  s o m e  l i n e a r  f u n c t i o n  o f  t h e  p i e c e s  l e f t  o n  t h e  

b o a r d .  T h e  w e i g h t s  o f  t h e  l i n e a r  f u n c t i o n  c a n  b e  s u b j e c t  t o  m a c h i n e  l e a r n i n g .  O v e r w h e l m i n g l y  

t h e  m o s t  i m p o r t a n t  i n g r e d i e n t  i n  c h e s s  e v a l u a t i o n ,  m a t e r i a l  c o u n t  a p p l i e s  o n l y  t o  g a m e s  t h a t  

i n v o l v e  t h e  c a p t u r e  o f  p i e c e s  a n d  i s  e n t i r e l y  i r r e l e v a n t  i n  s e t  c o l o u r i n g  g a m e s .

M ob ility : T h e  n u m b e r  o f  l e g a l  m o v e s  a v a i l a b l e  t o  a  p l a y e r  h a s  p r o v e n  t o  b e  c o r r e l a t e d  t o  w i n n i n g  

c h a n c e s  i n  g a m e s  s u c h  a s  c h e s s .6  T h i s  t o o  i s  n o t  r e l e v a n t  i n  s e t  c o l o u r i n g  g a m e s ,  w h e r e  

t h e  m o b i l i t y  a t  e a c h  s t a g e  o f  t h e  g a m e  i s  f i x e d  a h e a d  o f  t i m e ,  e n t i r e l y  i n d e p e n d e n t  o f  w h a t  

h a p p e n e d  p r e v i o u s l y .

M o n te  C arlo  eva lu ation : A p p a r e n t l y  a p p l i c a b l e  t o  a n y  g a m e  w h a t s o e v e r ,  M o n t e  C a r l o  e v a l u a t i o n  

i n v o l v e s  p l a y i n g  o u t  t h e  r e m a i n d e r  o f  t h e  g a m e  u s i n g  e n t i r e l y  r a n d o m  m o v e s  f o r  b o t h  p l a y e r s .

M o n t e  C a r l o  e v a l u a t i o n  g a i n e d  p r o m i n e n c e  i n  g a m e s  i n v o l v i n g  a  s t o c h a s t i c  e l e m e n t ,  s u c h  a s  d i c e  

r o l l s ,  w h e r e  ro llo u t a n a ly s is  c a n  b e  u s e d  t o  e v a l u a t e  a  b o a r d  p o s i t i o n .  T h i s  m e t h o d  p l a y s  o u t  t h e  

r e m a i n d e r  o f  t h e  g a m e  a  g i v e n  n u m b e r  o f  t i m e s ,  a n d  a v e r a g e s  t h e  o u t c o m e .  T h i s  w o u l d  y i e l d  t h e  

m a t h e m a t i c a l l y  e x a c t  e v a l u a t i o n  o f  a  p o s i t i o n  i f  t h e  c h o i c e  o f  m o v e s  w i t h i n  e a c h  s i m u l a t i o n  w e r e

6 A striking exam ple o f th is w as th e  discovery th a t a  heuristic value th a t returns a  ran dom  num ber nevertheless  
produced stronger chess as th e  search d epth  increased [9]. It w as then  understood  th a t th is  m ethod  essen tia lly  rewards 
p osition s w ith  high m obility.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CH APTER 11. ARTIFIC IAL INTELLIG ENCE APPROACHES 131

o p t i m a l .  H o w e v e r ,  i n  p r a c t i c e  i t  t u r n s  o u t  t h a t  e v e n  w i t h  s u b o p t i m a l  m o v e  c h o i c e  t h e  r o l l o u t  a n a l y s i s  

p r o v i d e s  v e r y  a c c u r a t e  i n f o r m a t i o n ,  a s  l o n g  a s  t h e  m o v e  c h o i c e  i s  “ e q u a l l y  b a d ”  f o r  b o t h  p l a y e r s  

d u r i n g  e a c h  s i m u l a t i o n .  R e s u l t s  o f  t h i s  k i n d  a r e  k n o w n  f o r  b a c k g a m m o n  [ 9 9 ]  a n d  S c r a b b l e  [ 9 3 ,  9 4 ,  9 5 ] ,  

f o r  i n s t a n c e .

F o r  g a m e s  t h a t  d o  n o t  f e a t u r e  a  s t o c h a s t i c  e l e m e n t ,  M o n t e  C a r l o  e v a l u a t i o n  m e t h o d s  c a n  s t i l l  b e  

u s e d .  O n e  c a n  p l a y  o u t  t h e  g a m e  a  n u m b e r  o f  t i m e s ,  e n f o r c i n g  s o m e  d e g r e e  o f  r a n d o m n e s s  i n  o r d e r  

t o  e n s u r e  v a r i e t y  i n  t h e  s i m u l a t i o n s .  A b r a m s o n  i n t r o d u c e d  t h e  e x p e c te d  o u tc o m e  m o d e l, t e s t i n g  

i t  i n  c h e s s  [ 1 ]  a n d  t i c - t a c - t o e  a n d  O t h e l l o  [ 2 ] .  I t  i s  a  g a m e - i n d e p e n d e n t  m e t r i c  w h e r e  t h e  g a m e s  w e r e  

p l a y e d  o u t  r a n d o m l y .  T h i s  a p p r o x i m a t e s  t h e  p r o b a b i l i t y  t h a t  t h e  p l a y e r  t o  m o v e  w o u l d  w i n  t h e  g a m e  

i f  b o t h  p l a y e r s  p l a y e d  r a n d o m l y .  T h i s  d i f f e r s  f r o m  t h e  o u t c o m e  w i t h  o p t i m a l  p l a y ;  h o w e v e r ,  t h e r e  i s  

a  d e g r e e  o f  c o r r e l a t i o n .  D e s p i t e  t h e  r a n d o m  b e h a v i o u r  t h e  m o d e l  p r o d u c e s  u s e f u l  i n f o r m a t i o n ,  s i n c e  

b o t h  p l a y e r s  p l a y  e q u a l l y  b a d l y  w i t h i n  e a c h  s i m u l a t i o n .

I n  s e t  c o l o u r i n g  g a m e s  t h e r e  i s  a  d i r e c t  c o r r e s p o n d e n c e  b e t w e e n  M o n t e  C a r l o  e v a l u a t i o n  a n d  a  v a r i a n t  

o f  m o b i l i t y  c o u n t ,  i f  m o b i l i t y  i s  r e d e f i n e d  a s  t h e  n u m b e r  o f  w i n n i n g  s e t s  r e m a i n i n g  f o r  e a c h  p l a y e r .  

S e c t i o n  1 2 . 5  w i l l  c o n t i n u e  o n  t h i s  t o p i c .

11.4  S ta te  o f  th e  A rt in Q b f

W h e r e  B o o l e a n  S a t i s f i a b i l i t y  ( s a t )  h a s  b e e n  w e l l  s t u d i e d  f o r  m a n y  y e a r s ,  Q BF h a s  o n l y  s t a r t e d  

a t t r a c t i n g  a t t e n t i o n  i n  r e c e n t  y e a r s ,  w i t h  a  Q BF s o l v e r s  c o m p e t i t i o n  a s  p a r t  o f  t h e  a n n u a l  SAT  

c o n f e r e n c e  [ 6 1 ,  6 0 ,  7 0 ] .  A  q b f  p r o b l e m  c a n  b e  s e e n  a s  a  g a m e  w h e r e  t h e  “ e x i s t e n t i a l  p l a y e r ”  t r i e s  t o  

s a t i s f y  t h e  f o r m u l a  w h i l e  t h e  “ u n i v e r s a l  p l a y e r ”  a t t e m p t s  t o  f a l s i f y  i t .  Y e t  Q BF d i f f e r s  f r o m  G A M E- 

S A T  a n d  s e t  c o l o u r i n g  g a m e s  i n  t h a t  t h e  o r d e r  o f  a s s i g n m e n t  o f  v a r i a b l e s  i n  q b f  i s  f i x e d ;  t h e  o n l y  

c h o i c e  f a c e d  b y  t h e  p l a y e r s  a t  e a c h  s t a g e  i s  a  b i n a r y  o n e . 7

Since Q BF is PSPACE-complete there exists a reduction from any G A M E -S A T  or set colouring gam e 
to  a  Q BF instance. The difference is in econom y of representation. It should indeed be noted that 
any Q BF instance can in fact be expressed a s  a regular s a t  problem, but at th e expense o f a  possibly  
exponential increase in problem description size.

G i v e n  t h e  f i x e d  o r d e r  o f  a s s i g n m e n t  i n  Q B F , m o s t  o f  t h e  w o r k  d o n e  b y  Q BF s o l v e r s  i n v o l v e s  t h e  e a r l y  

d e t e c t i o n  o f  a  s a t i s f i a b l e  o r  u n s a t i s f i a b l e  i n s t a n c e  b e f o r e  a l l  v a r i a b l e s  h a v e  b e e n  a s s i g n e d :

C o n tra d ic to ry  clause: If there is a clause containing only universal literals, or containing no 
literals at all, the formula is not satisfiable.

T riv ia l tru th : I f  r e m o v i n g  a l l  u n i v e r s a l  l i t e r a l s  y i e l d s  a  s a t i s f i a b l e  f o r m u l a ,  t h e  e n t i r e  f o r m u l a  i s  

s a t i s f i a b l e .

7There can b e som e leeway, since tw o quantifiers o f  th e  sam e ty p e  m ay exchange places, and since ;/)]] =►
V y [ 3 x [ / ( 3 T ,  ? / ) ] ] .
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T r i v i a l  t r u t h  i s  a  s p e c i a l  c a s e  o f  a n  o p t i m a l  c o l o u r i n g  o b t a i n e d  f r o m  a  p u n c t u a t e d  f o r m u l a .  O t h e r  

h e u r i s t i c s  i n v o l v e  t h e  “ f o r c e d  c h o i c e ”  o f  a  v a l u e  t o  b e  a s s i g n e d  t o  a  l i t e r a l .

U n it  litera l: A n  e x i s t e n t i a l  l i t e r a l  o c c u r r i n g  i n  a  c l a u s e  w i t h  n o  o t h e r  e x i s t e n t i a l  l i t e r a l s ,  a n d  a l l  

o t h e r  l i t e r a l s  i n  t h e  c l a u s e  t o  b e  a s s i g n e d  l a t e r .

P u r e  litera l: A  v a r i a b l e  o c c u r r i n g  o n l y  i n  n e g a t e d  f o r m  o r  o n l y  i n  u n n e g a t e d  f o r m .

T h e  u n i t  l i t e r a l  a n d  p u r e  l i t e r a l  h e u r i s t i c s  a r e  s p e c i a l  c a s e s  o f  s u p e r r a t i o n a l  m o v e s .  A  l a r g e  p a r t  o f  

t h e  QBF s o l v e r  l i t e r a t u r e  f o c u s e s  o n  d a t a  s t r u c t u r e s  t o  k e e p  t r a c k  o f  p u r e  l i t e r a l s ,  u n i t  c l a u s e s ,  a n d  

v o i d  q u a n t i f i e r s  [ 3 9 ] ,  a s  w e l l  a s  c h e c k i n g  f o r  s u b s u m e d  c l a u s e s .

S e a r c h - b a s e d  p r o g r a m s  t y p i c a l l y  u s e  C on flic t an d  S o lu tio n  D irec ted  B a ck ju m p in g  ( C S B J ) ,  

w h i c h  i n v o l v e s  s e a r c h  t r e e  p r u n i n g  b a s e d  o n  c o n f l i c t  s e t s  a n d  s o l u t i o n  s e t s .

C on flict se t: A  s e t  o f  e x i s t e n t i a l  v a r i a b l e s  t h a t  c a u s e s  a  c o n t r a d i c t o r y  c l a u s e .

S o lu tio n  se t: A  s e t  o f  u n i v e r s a l  v a r i a b l e s  s u c h  t h a t  a l l  c l a u s e s  n o t  s a t i s f i e d  b y  t h e  e x i s t e n t i a l  

a s s i g n m e n t  a r e  s a t i s f i e d  b y  a t  l e a s t  o n e  o f  t h e  u n i v e r s a l  v a r i a b l e s .

A  c u t o f f  i s  g e n e r a t e d  w h e n  t h e  v a r i a b l e  t o  b e  a s s i g n e d  i s  n o t  c o n t a i n e d  i n  s u c h  a  s e t .  T h e s e  c o n c e p t s  

a r e  c l o s e l y  r e l a t e d  t o  o p t i m a l  c o l o u r i n g s .  T h e  d e t e c t i o n  o f  s u c h  s e t s  c a n  b e  s u b j e c t  t o  l e a r n i n g  [ 4 1 ] .

T h e  s t r o n g e s t  Q BF s o l v e r s  e m p l o y  C S B J  s e a r c h - b a s e d  p r o g r a m s  [ 4 0 ] .  Q b f  s e a r c h  c a n  b e  e n h a n c e d  

w i t h  s t o c h a s t i c  s e a r c h  t e c h n i q u e s  [ 3 8 ] ;  t h i s  c o m b i n a t i o n  i s  c u r r e n t l y  c o n s i d e r e d  t h e  s t a t e  o f  t h e  

a r t  [ 7 0 ] .  T h e  s i z e  o f  i n s t a n c e s  t h a t  c a n  b e  s o l v e d  r a n g e s  f r o m  a t  l e a s t  s e v e r a l  h u n d r e d  t o  a s  m u c h  

a s  a  m i l l i o n  v a r i a b l e s  a n d  c l a u s e s  [ 6 1 ] .  T h o u g h  i t  i s  n o t  c l e a r  h o w  a  g a m e  l i k e  H e x  w o u l d  b e  b e s t  

e n c o d e d  a s  a  Q BF i n s t a n c e ,  t h e  n u m b e r  o f  c l a u s e s  w o u l d  c o r r e s p o n d  t o  H e x  i n  t h e  b o a r d  s i z e  r a n g e  

b e t w e e n  5 x 5  a n d  8  x  8 . 8

T h e  QBF s o l v e r  c o m p e t i t i o n s  i n v o l v e  b e n c h m a r k  i n s t a n c e s  t h a t  w e r e  t a k e n  f r o m  p r a c t i c a l  p r o b l e m s ,  

s u c h  a s  c i r c u i t  d e s i g n ,  a s  w e l l  a s  r a n d o m l y  g e n e r a t e d  p r o b l e m s .  T h e y  d o  n o t  g e n e r a l l y  i n v o l v e  p r o b ­

l e m s  t a k e n  f r o m  a c t u a l  g a m e s .  A f i r s t  i n i t i a t i v e  t o w a r d s  g a m e - s p e c i f i c  a p p l i c a t i o n s  w a s  g i v e n  b y  Z h a o  

a n d  M u l l e r  w i t h  GAME-SAT, w h e r e  s o m e  h e u r i s t i c s  i n v o l v i n g  m o v e  o r d e r i n g  w e r e  e x p l o r e d  [107].

All work in Q BF and GAME-SAT has thus far focused on solving instances; no attention  has yet been  
given to  heuristic m ethods to  play well in instances whose perfect solution is infeasible. One partic­
ular problem w ith  Q BF solving com petitions has been that the very nature of PSPACE-completeness 
prevents efficient verification of the results. The Q BF benchmarks that com e from underlying prob­
lem s m ay have solutions that can be derived by other m eans, from insight into the structure o f the  
problem, but for random ly generated QBF instances th is is not possible. A “Q BF playing com peti­
tion” where programs play against each other by actually assum ing the roles o f the existential and 
universal player would circum vent this problem.

8See Section  10.6.
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11.5 S ta te  o f  th e  A rt in H ex

T h e  s t a t e  o f  t h e  a r t  i n  H e x  c a n  b e  s p l i t  i n t o  t w o  a r e a s :  E x p l i c i t  w i n n i n g  s t r a t e g i e s  f o r  p o s i t i o n s  

t h a t  c a n  b e  s o l v e d  p e r f e c t l y ,  a n d  s t r o n g  h e u r i s t i c  p l a y  f o r  p o s i t i o n s  t h a t  c a n n o t  y e t  b e  s o l v e d .  T h i s  

d i c h o t o m y  i s  p r e s e n t  b e c a u s e  t h e  s t r o n g e s t  k n o w n  r e s u l t s  f o r  e x p l i c i t  w i n n i n g  s t r a t e g i e s  h a v e  b e e n  

d e v i s e d  b y  h a n d ,  n o t  d i s c o v e r e d  b y  c o m p u t e r s .

T h e  s t r o n g e s t  k n o w n  H e x  p l a y i n g  p r o g r a m s  a r e  b a s e d  o n  A n s h e l e v i c h ’ s  v i r t u a l  c o n n e c t i o n  m e t h o d  [ 5 ,  

6 ,  7 ] .  T h e  2 0 0 3  a n d  2 0 0 5  C o m p u t e r  O l y m p i a d  t o u r n a m e n t s  h a v e  b e e n  w i n s  f o r  t h e  p r o g r a m  Six 
b y  M e l i s ,  w i t h  Mongoose b y  H a y w a r d  et al t a k i n g  t h e  s i l v e r  [6 8 ,  6 9 ] .  B o t h  p r o g r a m s  a r e  b a s e d  o n  

v i r t u a l  c o n n e c t i o n s .  I n  t h e  e s t i m a t i o n  o f  t h e  a u t h o r s  i n  q u e s t i o n ,  t h e  p r o g r a m s  a r e  r o u g h l y  o n  p a r  

w i t h  t h e  s t r o n g e s t  h u m a n  p l a y e r s  o n  b o a r d s  o f  s i z e  9 x 9  a n d  1 0  x  1 0  [ 6 7 ] .  O n  l a r g e r  b o a r d  s i z e s  t h e  

h u m a n  p l a y e r s  h a v e  t h e  u p p e r  h a n d .

O n  6 x 6  a n d  s m a l l e r  b o a r d s  t h e  c o m p u t e r s  c a n  p l a y  p e r f e c t l y ;  a n  e x t e n s i v e  o p e n i n g  l i b r a r y  f o r  6  x  6  

w a s  p u b l i s h e d  o n l i n e  o n  t h e  Q u e e n b e e  w e b  p a g e s  [ 8 1 ] .  Y a n g  p u b l i s h e d  t h e  f i r s t  e x p l i c i t  w i n n i n g  

s t r a t e g i e s  f o r  s o m e  o f  t h e  7 x 7  a n d  8 x 8  o p e n i n g s  [ 1 0 4 ,  1 0 5 ,  1 0 6 ] .  T h e s e  s t r a t e g i e s  w e r e  d e v i s e d  

b y  h a n d .  N o s h i t a  p r o v i d e d  a n  u p d a t e d  m e t h o d  t h a t  a l l o w s  f o r  a  m o r e  e c o n o m i c a l  r e p r e s e n t a t i o n  o f  

t h e  p r o o f s  [ 7 4 ] .

T h e  p r o o f s  p r o v i d e d  b y  Y a n g  h a v e  b e e n  t r a n s l a t e d  b y  H a y w a r d  et al i n t o  a  n o t a t i o n  s y s t e m  t h a t  

a l l o w s  t h e  p r o o f s  t o  b e  v e r i f i e d  b y  c o m p u t e r  [ 4 5 ] .  T h e  n o t a t i o n  s y s t e m  i s  b a s e d  o n  p r o o f  t r e e s  w h i c h  

a r e  r e d u c e d  c o n s i d e r a b l y  i n  s i z e  a n d  c o m p l e x i t y .  A  p r o o f  t r e e  i s  a  t r e e  w h e r e  e a c h  m o v e  b y  t h e  

w i n n e r  s p e c i f i e s  a l l  t h e  o p p o n e n t ’ s  r e p l i e s ,  w h i l e  e a c h  m o v e  b y  t h e  l o s e r  s p e c i f i e s  j u s t  o n e  w i n n i n g  

r e p l y .  P r o o f  t r e e s  f o r  H e x  t e n d  t o  c o n t a i n  m a n y  i d e n t i c a l  s u b t r e e s .  I d e n t i c a l  s u b t r e e s  a r e  m e r g e d  

i n t o  o n e  t r e e ,  w h e r e  t h e  r o o t  n o d e  r e p r e s e n t s  a  c h o i c e  w i t h i n  a  c e r t a i n  c o l l e c t i o n  o f  m o v e s .  T h e  

r e s u l t i n g  t r e e s  a r e  c a l l e d  e x c i s e d  t r e e s .

E x c i s e d  t r e e s  a r e  t h e n  s i m p l i f i e d  f u r t h e r  w h e n  t h e  s t r a t e g y  p a r t i t i o n s  i n t o  i n d e p e n d e n t  s u b - s t r a t e g i e s ,  

e s s e n t i a l l y  p a r t i t i o n  s t r a t e g i e s  w h e r e  t h e  w i n n e r  n e e d  o n l y  r e s p o n d  t o  t h e  p a r t i t i o n  r e g i o n  i n  w h i c h  

t h e  o p p o n e n t  j u s t  m o v e d .  F i g u r e  1 1 . 1  s h o w s  s u c h  a n  a u t o t r e e ,  s o  c a l l e d  b e c a u s e  i t  c o n t a i n s  o n l y  

t h e  m o v e s  f o r  t h e  w i n n i n g  p l a y e r .

T h e  r e c i p e  f o r  u s i n g  a n  a u t o t r e e  i s  a s  f o l l o w s .  E a c h  l a b e l l e d  n o d e  r e p r e s e n t s  a  m o v e  t o  b e  p l a y e d  

b y  t h e  w i n n i n g  p l a y e r .  T h e  w i n n i n g  p l a y e r  p l a y s  t h e  m o v e  a t  t h e  r o o t  o f  t h e  t r e e .  W h e n e v e r  t h e  

o p p o n e n t  p l a y s  a  m o v e ,  r e p r e s e n t e d  b y  a n  u n l a b e l l e d  n o d e ,  t h e  w i n n e r  s e l e c t s  a  s u b t r e e  t h a t  d o e s  

n o t  c o n t a i n  t h i s  m o v e .  S u c h  a  s u b t r e e  i s  g u a r a n t e e d  t o  e x i s t ,  b y  t h e  a u t o t r e e  p r o p e r t y  t h a t  t h e  

c o m m o n  i n t e r s e c t i o n  o f  a l l  s u b t r e e s  o f  a  g i v e n  u n l a b e l l e d  n o d e  b e  e m p t y .

I f  a  l a b e l l e d  n o d e  c o n t a i n s  m o r e  t h a n  o n e  u n l a b e l l e d  c h i l d ,  t h e n  t h e  w i n n e r  m u s t  s u b s e q u e n t l y  p l a y  

all r e s u l t i n g  s u b t r e e s  s i m u l t a n e o u s l y .  T h e  a u t o t r e e  p r o p e r t y  g u a r a n t e e s  t h a t  a n y  o p p o n e n t ’ s  m o v e  

r e q u i r e s  a  r e p l y  i n  a t  m o s t  o n e  s u b t r e e .

W h e n  a l l  a c t i v e  s t r a t e g y  t r e e s  h a v e  b e e n  r e d u c e d  t o  a  l e a f  n o d e ,  t h e  e x i s t e n c e  o f  a  w i n n i n g  p a t h  

i s  g u a r a n t e e d .  T h i s  c o m e s  f r o m  t h e  s e c o n d  p r o p e r t y  t h a t  a u t o t r e e s  m u s t  s a t i s f y ,  n a m e l y  i f  o n e  

a r b i t r a r i l y  r e m o v e s  a l l  b u t  o n e  c h i l d  o f  e v e r y  unlabelled n o d e  t h e n  t h e  c o l l e c t i o n  o f  r e m a i n i n g  l a b e l l e d
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c4 d4  a l b l a3 b2

F i g u r e  1 1 .1 :  A  5 4 - n o d e  a u t o t r e e  f u l l y  d e s c r i b in g  a  w i n n i n g  s t r a t e g y  fo r  4 x 4  H e x  a f t e r  t h e  o p e n i n g  
m o v e  d l .

n o d e s  m u s t  c o n t a i n  a  w i n n i n g  p a t h .

I n  t h e  e x a m p l e  o f  f ig u r e  1 1 .1 ,  i f  t h e  o p p o n e n t ’s  r e p ly  t o  d l  i s  a n y t h i n g  o t h e r  t h a n  b 4 ,  c 4 ,  c 2 ,  o r  d 2 ,  
t h e n  t h e  w i n n e r  r e s p o n d s  w i t h  c 3 .  S u b s e q u e n t l y  t h e  w i n n e r  p l a y s  b o t h  r e s u l t i n g  s u b t r e e s ,  r e s p o n d i n g  
t o  b 4  w i t h  c 4  a n d  v i c e  v e r s a ,  a n d  r e s p o n d i n g  t o  c 2  w i t h  d 2  a n d  v i c e  v e r s a .  F i g u r e  1 1 .1  i l l u s t r a t e s  t h e  
e c o n o m y  o f  s t r a t e g y  r e p r e s e n t a t io n  t h a t  t h i s  m e t h o d  a l l o w s ,  u s i n g  o n l y  5 4  n o d e s  w h e r e  t h e  p r o o f  
t r e e  o f  t h e  s a m e  s t r a t e g y  c o n t a in s  7 1 0 4  n o d e s .

A u t o t r e e s  c a n  b e  s im p l i f i e d  f u r t h e r  b y  e n c o d i n g  f r e q u e n t ly  o c c u r r i n g  p a t t e r n s  i n t o  m acros t h a t  m a y  
b e  r e - u s e d  i n  t r a n s l a t e d ,  r o t a t e d ,  a n d  m ir r o r e d  f o r m  a n y w h e r e  o n  t h e  b o a r d .  H a y w a r d  et al t h u s  
t r a n s l a t e d  Y a n g ’s  p r o o f  i n t o  a u t o t r e e  m a c r o s  a n d  v e r i f ie d  t h e  p r o o f s  b y  c o m p u t e r .  T h e  f u l l  p r o o f  
r e q u ir e d  7 3 3 3  n o d e s .  O n e  g e t s  a n  i d e a  o f  t h e  e c o n o m y  o f  r e p r e s e n t a t io n  w h e n  o n e  c o n s i d e r s  t h a t  
t h e  f u l l  p r o o f  t r e e  m u s t  b e  a t  l e a s t  1 3  p l y 9  d e e p ,  a n d  t h e  f ir s t  1 3  p l y  a lo n e  c o n t a in  s o m e  1 2 .7  • 1 0 9  

n o d e s  a lr e a d y .

M u c h  p r o g r e s s  c o u ld  b e  m a d e  i f  s u c h  a u t o t r e e  m a c r o s  c o u ld  b e  d i s c o v e r e d  a n d  u s e d  a u t o m a t i c a l l y .  
N o  m e t h o d s  h a v e  y e t  b e e n  p r o p o s e d  t o  t h i s  e n d .  T h e  d y n a m i c  t r a c e s  d e s c r i b e d  i n  t h i s  t h e s i s  a r e  
c l o s e l y  r e la t e d  t o  Y a n g ’s  p r o o f s  a n d  e x c i s e d  t r e e s ,  i n  t h a t  t h e y  m e r g e  t h e  s u b t r e e s  fo r  o p p o n e n t ’s  
m o v e s  t h a t  h a v e  i d e n t i c a l  r e p l i e s .  I n d e e d  t h e  a u t o t r e e s  i m p l i c i t l y  s p e c i f y  d y n a m i c  t r a c e s ;  i f  o n e  
m a r k s  a l l  t h e  c e l l s  c o r r e s p o n d i n g  t o  l a b e l l e d  n o d e s  d e s c e n d in g  f r o m  a  g iv e n  n o d e ,  t h e  r e s u l t  i s  
p r e c i s e ly  a  d y n a m i c  t r a c e .  T h e  d i f f e r e n c e  i s  t h a t  Y a n g ’s  p r o o f  d e s c r i b e s  local p a t t e r n s  t h a t  c a n  b e  
t u r n e d  i n t o  m a c r o s  a n d  r e - u s e d  e l s e w h e r e  o n  t h e  b o a r d ,  w h i l e  d y n a m ic  t r a c e s  a r e  g lo b a l  s t r u c t u r e s .

9 A  p ly  is on e level in a gam e tree.
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Chapter 12

Shannon Game Heuristics

I n  A l  g a m e  p l a y in g  e n g in e s  t w o  m a in  k i n d s  o f  h e u r i s t i c s  a r e  u s e d :  b o a r d  e v a l u a t i o n ,  a n d  m o v e  
e v a lu a t io n .  A  b o a r d  e v a lu a t io n  e s t i m a t e s  t h e  w i n n i n g  c h a n c e s  g iv e n  a  p o s i t i o n ;  a  m o v e  e v a lu a t io n  
e s t i m a t e s  t h e  s t r e n g t h  o f  a  g iv e n  m o v e  in  a  g iv e n  p o s i t i o n .  T h e  t w o  c a n  b e  r e la t e d ,  s in c e  a  m o v e  
e v a lu a t io n  c o u ld  b e  d e l iv e r e d  b y  c a l c u l a t i n g  t h e  b o a r d  e v a l u a t i o n  o f  t h e  r e s u l t i n g  p o s i t i o n ,  a n d  a  
b o a r d  e v a l u a t i o n  c a n  b e  o b t a i n e d  b y  p i c k in g  t h e  m o s t  a d v a n t a g e o u s  m o v e  e v a l u a t i o n .  B u t  t h e r e  
o f t e n  a r e  c o n s i d e r a t i o n s  o f  i m p l e m e n t a t i o n  e f f i c i e n c y  t h a t  w i l l  l e a d  t o  b o t h  t y p e s  o f  e v a l u a t i o n s  b e i n g  
u s e d  a t  d i f f e r e n t  p o i n t s  i n  t h e  s a m e  p r o g r a m . S o m e t i m e s  a  t h i r d  h e u r i s t i c  m a y  b e  u s e d ,  n a m e l y  a  
d i r e c t  m o v e  h e u r i s t i c ,  w h ic h  p ic k s  a  m o v e  o u t r i g h t  w i t h o u t  c o m p a r i n g  h e u r i s t i c  v a lu e s .

S i n c e  t h e  S h a n n o n  g a m e  i s  p la y e d  o n  a  g r a p h ,  t h e  g a m e  h a s  a n  e x t r a  la y e r  o f  s t r u c t u r e  b e y o n d  b e i n g  
a n  i s o t o n e  s e t  c o l o u r i n g  g a m e .  I n  p a r t i c u la r ,  t h e  g r a p h  i m p o s e s  n o t io n s  o f  d i s t a n c e  a n d  l o c a l i t y .  
T h i s  c h a p t e r  d e s c r i b e s  v a r io u s  h e u r i s t i c s  t h a t  h a v e  b e e n  u s e d  o r  p r o p o s e d  fo r  H e x ,  a n d  t h a t  c a n  a l l  
b e  g e n e r a l i z e d  t o  t h e  S h a n n o n  g a m e .

12.1 F low

T h e  g o a l  o f  c o n n e c t i n g  t w o  t e r m i n a l  v e r t i c e s  in  a  g r a p h  i s  r e m i n i s c e n t  o f  n e t w o r k  f lo w  m o d e l s .  
O n e  m a y  t h i n k  o f  t h e  g a m e  g r a p h  a s  a  n e t w o r k  t h r o u g h  w h ic h  f lu id  o r  e le c t r i c a l  c u r r e n t  i s  t o  f lo w  
b e t w e e n  t h e  t e r m i n a l s .  T h e  e a r l i e s t  m e n t i o n  o f  t h i s  i d e a  i s  b y  S h a n n o n  h i m s e l f ,  w h o  d e s c r i b e d  
b u i ld i n g  a  p h y s i c a l  H e x  p l a y in g  m a c h in e  u s in g  t h i s  a p p r o a c h  in  1 9 5 3  [9 2 ]. S h a n n o n  d e f in e d  a  t w o -  
d i m e n s io n a l  p o t e n t i a l  f ie ld ,  w i t h  b la c k  a n d  w h i t e  p i e c e s  a n d  g o a l  a r e a s  a s  o p p o s i t e  c h a r g e s .  A n  
e l e c t r i c a l  r e s i s t a n c e  n e t w o r k  w a s  b u i l t  t h a t  a l l o w e d  l o c a t i n g  “c e r t a i n  s p e c i f i e d  s a d d l e  p o i n t s ” [3 4 ] , 
w h e r e  t h e  n e x t  m o v e  w o u l d  b e  p la y e d .  L a t e r  S h a n n o n  c o n s t r u c t e d  a  s im i l a r  m a c h in e  t o  p l a y  t h e  
g a m e  B r i d g - I t , 1 a  g a m e  w h ic h  h e  c a l l e d  “B i r d c a g e ” . G r a p h  e d g e s  w e r e  r e p r e s e n t e d  b y  r e s i s t o r s  
w h ic h  w e r e  r e m o v e d  o r  s h o r t - c i r c u i t e d  a c c o r d in g  t o  m o v e s  b y  C u t  a n d  S h o r t .  M o v e s  w e r e  s e l e c t e d

^ e e  Section  4 .5

1 3 5
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b y  p ic k in g  t h e  r e s i s t o r  w i t h  t h e  h i g h e s t  c u r r e n t  [36 ].

A n  a lg o r i t h m ic  v e r s io n  o f  t h e  f lo w  m o d e l  w a s  b u i l t  b y  A n s h e l e v i c h  fo r  h i s  H e x  p l a y in g  p r o g r a m  
Hexy [5 , 7 ] . A n s h e l e v i c h  u s e s  a  v a r ia n t  o f  t h e  m o d e l  w h e r e  t h e  e d g e s  o f  t h e  g a m e  g r a p h  c o n t a in  
r e s i s t o r s ,  a n d  t h e  h e u r i s t i c  e v a l u a t i o n  o f  t h e  b o a r d  p o s i t i o n  i s  d e e m e d  t o  b e  i n v e r s e l y  r e la t e d  t o  
t h e  e l e c t r i c a l  r e s i s t a n c e  b e t w e e n  t h e  t e r m i n a l s .  T h i s  i s  e q u i v a le n t  t o  a  f lo w  m o d e l ,  w h e r e  t h e  f lo w  
c a p a c i t y  o f  a n  a r c  i s  t h e  in v e r s e  o f  i t s  r e s i s t a n c e .  W h e n  a n  e n e m y  p i e c e  i s  p l a y e d ,  t h e  e le c t r i c a l  w ir e s  
a t t a c h e d  t o  i t  a r e  c u t ,  w h ic h  c o r r e s p o n d s  t o  r e d u c in g  t h e  f lo w  c a p a c i t y  t o  z e r o .  W h e n  a  f r ie n d ly  
p i e c e  i s  p l a y e d ,  t h e  r e s i s t o r s  a r e  r e m o v e d  f r o m  t h e  w i r e s  a t t a c h e d  t o  i t ,  c o r r e s p o n d i n g  t o  in c r e a s i n g  
t h e i r  c a p a c i t y  t o  in f in i t y .  H e x y  c a l c u l a t e s  t h e  e n e r g y  d i s s i p a t i o n  a t  e a c h  n o d e  t o  a r r iv e  a t  a  h e u r i s t i c  
m o v e  e v a l u a t i o n . 2

T h e  i m p o r t a n t  a d d i t i o n  t h a t  A n s h e l e v i c h  d e v e l o p e d  c o n s i s t s  o f  v ir tu a l co n n ec tio n s . T h e  c o n c e p t  
o f  v i r t u a l  c o n n e c t i o n s  h a s  b e e n  r e c o g n iz e d  i m p l i c i t l y  b y  H e x  p la y e r s  f r o m  t h e  i n c e p t i o n  o f  t h e  g a m e ,  
a n d  i s  d e s c r i b e d  e x p l i c i t l y  e a r l ie r  b y  B e r g e  i n  1 9 7 7  [1 1 ]. A  v i r t u a l  c o n n e c t i o n  i s  d e f in e d  a s  f o l lo w s .

D e fin it io n  1 2 .1 .1 . L e t  Q b e  a  g r a p h  a n d  l e t  T ,  T '  C  V (G ) b e  t w o  c o l l e c t i o n s  o f  n o d e s .  L e t  
ip £  T V(^ , a n d  l e t  S '  C  ip~l (cp). I f  p l a y e r  c G C  h a s  a  s e c o n d - p l a y e r  s t r a t e g y  t h a t  e n s u r e s  c o n n e c t i n g  
T  a n d  T ' ,  u s in g  o n l y  n o d e s  f r o m  S ' ,  t h e n  c h a s  a  s tr o n g  v ir tu a l co n n ec tio n  b e t w e e n  T  a n d  T  
i n  ip, w i t h  carrier  S'.  I f  c h a s  a  f i r s t - p la y e r  s t r a t e g y  t h a t  e n s u r e s  t h i s ,  t h e n  c h a s  a  w eak  v ir tu a l

• s'c o n n e c tio n  b e t w e e n  T  a n d  T '  in  ip. A  v i r t u a l  c o n n e c t i o n ,  s t r o n g  o r  w e a k ,  i s  d e n o t e d  a s  T  <------ > T '.
S i n c e  a  s t r o n g  v i r t u a l  c o n n e c t i o n  a l s o  m e e t s  t h e  c r i t e r i a  f o r  a  w e a k  v i r t u a l  c o n n e c t i o n ,  t h e  a d j e c t i v e
strong  m a y  o p t i o n a l l y  b e  o m i t t e d .

Observation i:  S i n c e  t h e  S h a n n o n  g a m e  i s  i s o t o n e ,  a  s t r o n g  v i r t u a l  c o n n e c t i o n  a l s o  m e e t s  t h e  
c r i t e r i a  fo r  a  w e a k  v i r t u a l  c o n n e c t i o n .

T h e  s p e c i f i c a t io n  o f  t h e  c a r r ie r  c o m e s  f r o m  t h e  c r u c ia l  o b s e r v a t io n  t h a t  a  v i r t u a l  c o n n e c t i o n  t y p i c a l l y  
d o e s  n o t  n e e d  t o  u s e  a l l  o f  t h e  u n c o lo u r e d  n o d e s  in  t h e  g r a p h .  T h e  c a r r ie r  i s  t h e  v i r t u a l  c o n n e c t i o n  
e q u i v a le n t  o f  a  d y n a m i c  t r a c e .

A  v i r t u a l  c o n n e c t i o n  n e e d  n o t  b e  b e t w e e n  t h e  t w o  t e r m i n a l s  o f  t h e  g a m e  g r a p h .  V i r t u a l  c o n n e c t i o n s  
c a n  b e  i d e n t i f i e d  b e t w e e n  o t h e r  p a ir s  o f  n o d e s  o r  g r o u p s  o f  n o d e s  a s  w e l l .  A  v i r t u a l  c o n n e c t i o n  
b e t w e e n  t h e  t w o  t e r m i n a l s  w i l l  b e  c a l l e d  a  g lo b a l v ir tu a l con n ection ; a n y  o t h e r  v i r t u a l  c o n n e c t i o n  
i s  a lo ca l v ir tu a l co n n ec tio n . B a s e d  u p o n  t h i s ,  A n s h e l e v i c h  d e s c r i b e s  t w o  r u le s  w i t h  w h ic h  l o c a l  
v i r t u a l  c o n n e c t i o n s  c a n  b e  c o m b in e d  t o  f o r m  b i g g e r  v i r t u a l  c o n n e c t i o n s .

D e fin it io n  12 .1 .2 . L e t  Q b e  a  g r a p h  a n d  l e t  ip £  C o n s id e r  t w o  v i r t u a l  c o n n e c t i o n s  %  < So > v
a n d  v  < S l  > 7 j  fo r  p la y e r  c i n  ip, w h e r e  <So H *Si =  0 . I f  ip(v) =  A (c )  t h e n  Tq <So'j Si > 7 j  i s  a  v i r t u a l

S usc o n n e c t i o n  f o r  c in  ip. I f  ip(v) =  (p t h e n  T0 <—5— A  7 ]  i s  a  w e a k  v i r t u a l  c o n n e c t i o n  fo r  c i n  ip. T h i s  
i s  c a l l e d  t h e  A N D  ru le.

D e fin it io n  1 2 .1 .3 . L e t  Q b e  a  g r a p h  a n d  l e t  ip £  T Vl^ h  C o n s id e r  a  s e t  o f  w e a k  v i r t u a l  c o n n e c t i o n s
S -  (J

{ T  ^  T >}i&k  f o r  p la y e r  c i n  ip. I f  C\ieZk Si =  0  t h e n  T  < * * > T '  i s  a  s t r o n g  v i r t u a l  c o n n e c t i o n

2In electrical network theory, th e  energy d issipation  in a  resistor o f resistance ft  at a current o f  I  is equal to  I 2R.
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F i g u r e  1 2 .1 :  A  w e a k  v i r t u a l  c o n n e c t i o n  ( l e f t )  t h a t  c a n n o t  b e  p r o v e d  w i t h  t h e  A n d - O r  r u le s .

fo r  c i n  'ip. T h i s  i s  c a l l e d  t h e  O R  r u l e .

T h e  i n t u i t i o n  b e h i n d  t h e  AND r u le  i s  t h a t  i f  a  p la y e r  c c a n  c o n n e c t  Tq t o  v  a n d  v  t o  7) .  a n d  t h e  
c o n n e c t i o n s  d o  n o t  in t e r f e r e  w i t h  e a c h  o t h e r ,  t h e n  c c a n  c o n n e c t  %  t o  T \ . T h e  OR s a y s  t h a t  i f  c h a s  
s e v e r a l  w a y s  o f  c o n n e c t i n g  T  t o  T '  w h e n  g o i n g  f i r s t ,  a n d  t h e  o p p o n e n t  c a n n o t  in t e r f e r e  w i t h  a l l  o f  
t h e m  a t  t h e  s a m e  t i m e ,  t h e n  c h a s  a  w a y  o f  c o n n e c t i n g  T  t o  T  w h e n  g o i n g  s e c o n d .

These rules enable Anshelevich to  build up larger virtual connections starting from the sm allest 
“atom ic” virtual connections, nam ely the ones w ith  em pty carriers, connecting tw o groups that are 
already connected. In any colouring it is guaranteed th a t either both players have a weak global 
virtual connection, or one player has a strong global virtual connection. F inding a global virtual 
connection m ust therefore be PSPACE-hard. Indeed Kiefer proved th a t it is PSPACE-complete in 
2 0 0 3  [5 4 , 5 5 ] ,

U n f o r t u n a t e l y  t h i s  m e t h o d  i s  n o t  g u a r a n t e e d  t o  f in d  a  g lo b a l  v i r t u a l  c o n n e c t i o n  a t  a l l ,  a s  p o i n t e d  
o u t  b y  A n s h e l e v i c h  [5 ]. F i g u r e  1 2 .1  s h o w s  a n  e x a m p l e ,  b a s e d  o n  a  d i a g r a m  g iv e n  b y  A n s h e l e v i c h ,  o f  
a  v i r t u a l  c o n n e c t i o n  t h a t  c a n n o t  b e  r e d u c e d  t o  s m a l l e r  v i r t u a l  c o n n e c t i o n s  u s i n g  t h e  a n d -OR r u le s .  
B l a c k  h a s  a  w e a k  v i r t u a l  c o n n e c t i o n  b e t w e e n  t h e  t w o  t e r m i n a l s .  T h e  o n l y  w a y  t o  a c h ie v e  t h i s  i s ,  
w i t h o u t  l o s s  o f  g e n e r a l i t y ,  t o  p l a y  a t  t h e  v e r t e x  m a r k e d  O i n  t h e  d i a g r a m  o n  t h e  r ig h t .  T h e  a n d -OR  
r u le s  w o u l d  t h e n  a t t e m p t  t o  p r o v e  t h e  c o n n e c t i o n  b y  f in d in g  s t r o n g  v i r t u a l  c o n n e c t i o n s  b e t w e e n  O 
a n d  b o t h  o f  t h e  t e r m i n a l s .  Y e t  t h e r e  a c t u a l l y  i s  n o  v i r t u a l  c o n n e c t i o n  a t  a l l  fo r  B l a c k  b e t w e e n  O 
a n d  t h e  t e r m i n a l  o n  t h e  l e f t .

T h e  d e e p e r  r e a s o n  t h a t  t h e  AND-OR r u l e s  c a n n o t  r e d u c e  t h i s  c o n n e c t i o n  i s  t h a t  t h e  AND r u le  c o n t a in s  
t h e  i m p l i c i t  a s s u m p t i o n  t h a t  t h e  c o n n e c t i o n  w i l l  u s e  t h e  i n t e r m e d i a t e  v e r t e x ,  b e i n g  O i n  t h e  c a s e  
o f  F i g u r e  1 2 .1 .  H o w e v e r ,  w h e n  p l a y  p r o c e e d s  a s  i n d i c a t e d  i n  t h e  d i a g r a m  o n  t h e  r ig h t ,  w h e r e  a l l  o f  
B l a c k ’s  r e p l i e s  a r e  f o r c e d ,  B l a c k  d o e s  e s t a b l i s h  a  c o n n e c t i o n  b e t w e e n  t h e  t e r m i n a l s  b u t  n o t  t h r o u g h  
O.

T h e  d e d u c t i o n  r u le s  w e r e  e x t e n d e d  b y  R a s m u s s e n  a n d  M a ir e  t o  b e  a b le  t o  f in d  a l l  v i r t u a l  c o n n e c ­
t i o n s  [7 9 ] . T h e i r  m e t h o d  p r o v e s  t h e  “t r i c k y ” v i r t u a l  c o n n e c t i o n s  b y  d o in g  a  l o c a l  g a m e  t r e e  s e a r c h  
t h a t  u s e s  t h e  d e f e n d e r ’s  m u s t p l a y  r e g i o n . 3  I t  i s  n o t  y e t  k n o w n  h o w  e f f e c t iv e  t h i s  m e t h o d  i s  in  
p r a c t i c e .

3See Section  9.2.
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F i g u r e  1 2 .2 :  E x a m p l e s  o f  t h e  t w o - d i s t a n c e  a p p l i e d  t o  H e x :  w h i t e  d i s t a n c e  t o  lo w e r  w h i t e  e d g e  ( l e f t ) ,  
w h i t e  p o t e n t i a l  ( c e n t e r ) ,  t o t a l  p o t e n t i a l  ( r ig h t ) .

12.2 C o n n ectiv ity

N e t w o r k  f lo w  m o d e l s  a r e  r e la t e d  t o  t h e  c o n c e p t  o f  g r a p h  c o n n e c t i v i t y ,  w h ic h  r e f e r s  t o  t h e  n u m b e r  o f  
d i s t i n c t  p a t h s  t h a t  c o n n e c t  t w o  v e r t i c e s  i n  a  g r a p h .  A  h i g h  d e g r e e  o f  c o n n e c t i v i t y  i s  c o r r e l a t e d  w i t h  
a  h i g h  f lo w  c a p a c i t y ,  w h ic h  i n  H e x  l e a d s  t o  a  f a v o u r a b le  p o s i t i o n  a s  t h e r e  a r e  m a n y  w a y s  t o  c o n n e c t .

I n  g e n e r a l ,  a  v e r y  g o o d  p r o p e r t y  fo r  a  h e u r i s t i c  w o u l d  b e  t o  i m p l i c i t l y  r e c o g n iz e  w h e n  a  g o a l  h a s  
a lr e a d y  b e e n  r e a c h e d .  T h e  a n d -OR r u le s  d o  n o t  h a v e  t h i s  p r o p e r t y .  A n  e v i d e n t  h e u r i s t i c  i n  t h e  
S h a n n o n  g a m e  t h a t  d o e s  a c c o m p l i s h  t h i s  i s  t h e  g r a p h  d i s t a n c e  b e t w e e n  t h e  t e r m i n a l s ,  s in c e  t h e  
d i s t a n c e  e q u a l s  z e r o  w h e n  S h o r t  c o n n e c t s  a n d  i n f in i t e  w h e n  C u t  d i s c o n n e c t s .  Y e t  t h e  g r a p h  d i s t a n c e  
i s  m o r e  n a t u r a l l y  s u i t e d  t o  p u z z l e s  t h a n  t o  g a m e s ,  s in c e  i t  i m p l i c i t l y  a s s u m e s  t h a t  o n e  c a n  a lw a y s  
c h o o s e  t h e  m o s t  a d v a n t a g e o u s  r o u t e .  I t  a m o u n t s  t o  c o u n t i n g  t h e  n u m b e r  o f  “fr e e  m o v e s ” o n e  w o u l d  
n e e d  t o  c o m p l e t e  a  c o n n e c t i o n ,  i g n o r in g  t h e  o p p o n e n t ’s  t h w a r t i n g  e n d e a v o u r s .

A  m o d i f i c a t i o n  o f  g r a p h  d i s t a n c e  t o  b e  u s e d  i n  a n  a d v e r s a r ia l  s e a r c h  e n v ir o n m e n t  w a s  i n t r o d u c e d  
b y  t h e  a u t h o r  a n d  u s e d  in  t h e  H e x  p l a y in g  p r o g r a m  Queenbee [8 2 , 8 3 ] .  T h e  d i s t a n c e  o f  a  n o d e  
t o  t h e  g o a l  a c c o r d in g  t o  t h e  s t a n d a r d  g r a p h  d i s t a n c e  i s  o n e  m o r e  t h a n  t h e  s m a l l e s t  d i s t a n c e  o f  i t s  
n e i g h b o u r s  t o  t h e  g o a l .  I n  t h e  tw o -d ista n ce  t h i s  i s  r e p la c e d  w i t h  t h e  second s m a l l e s t  d i s t a n c e  o f  i t s  
n e i g h b o u r s .  T h e  m o t i v a t i o n  b e h i n d  t h i s  c h o ic e  i s  t h a t  t h e  o p p o n e n t  m a y  b lo c k  t h e  s h o r t e s t  p a t h ,  
t h u s  i t  i s  a d v a n t a g e o u s  t o  h a v e  a  g o o d  s e c o n d - s h o r t e s t  p a t h  a v a i la b le .

S o m e  e x a m p l e s  o f  t h e  t w o - d i s t a n c e  a r e  s h o w n  i n  F i g u r e  1 2 .2 .  N o t e  t h a t  t h e  d i s t a n c e s  a r e  c a l c u l a t e d  
in  t h e  reduced graph o f  t h e  p o s i t i o n .  T h e  d i a g r a m  o n  t h e  l e f t  g iv e s  t h e  t w o - d i s t a n c e  t o  t h e  lo w e r  
l e f t  e d g e  f r o m  W h i t e ’s  p o i n t  o f  v i e w ,  t h a t  i s ,  w i t h  w h i t e  n o d e s  c o n t r a c t e d  a n d  b la c k  n o d e s  r e m o v e d .  
T h e  m i d d l e  d i a g r a m  g iv e s  t h e  s u m  o f  t h e  W h i t e  t w o - d i s t a n c e s  t o  t h e  t w o  w h i t e  e d g e s ,  i n d i c a t i n g  
w h ic h  e m p t y  c e l l  i s  c lo s e s t  t o  b e i n g  c o n n e c t e d  t o  b o t h  s id e s .  T h e s e  n u m b e r s  a r e  c a l l e d  t h e  w h ite  
p o te n tia ls  o f  t h e  e m p t y  c e l l s .  T h e  b la c k  p o t e n t i a l s  a r e  c a l c u la t e d  b e t w e e n  t h e  t w o  b l a c k  e d g e s  
a n d  f r o m  B l a c k ’s  p o i n t  o f  v i e w .  T h e  d i a g r a m  o n  t h e  r ig h t  g iv e s  t h e  s u m  o f  t h e  b la c k  a n d  w h i t e  
p o t e n t i a l s ;  n o d e s  w i t h  a  l o w  t o t a l  p o t e n t i a l  t e n d  t o  b e  g o o d  m o v e  c h o ic e s  s in c e  t h e y  a r e  i m p o r t a n t  
in  e i t h e r  e s t a b l i s h i n g  a  f r ie n d l y  c o n n e c t i o n  o r  b l o c k i n g  a n  e n e m y  c o n n e c t i o n  [8 2 ],

I t  c a n  b e  a p p r e c i a t e d  t h a t  t h e  t w o - d i s t a n c e  i s  m o r e  s u i t e d  t h a n  t h e  r e g u la r  d i s t a n c e  t o  H e x  i n  
p a r t i c u la r  b y  c o n s i d e r i n g  t h a t  p l a c i n g  a  s t o n e  o n  a n  e m p t y  b o a r d  d o e s  n o t  d e c r e a s e  t h e  o p p o n e n t ’s  
r e g u la r  d i s t a n c e  a t  a l l ,  r e g a r d le s s  o f  w h e r e  t h e  s t o n e  w a s  p l a c e d ,  w h e r e a s  i t  d o e s  d e c r e a s e  t h e  
o p p o n e n t ’s  t w o - d i s t a n c e  i f  t h e  s t o n e  w a s  p l a c e d  n e a r  t h e  c e n t e r .  M o r e  i m p o r t a n t ly ,  t h e  t w o - d i s t a n c e  
c a n n o t  p e r c o l a t e  t h r o u g h  a  “t w o - b r id g e ” , w h ic h  c o n s i s t s  o f  t w o  e n e m y  p i e c e s  w i t h  t w o  e m p t y  m u t u a l
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F i g u r e  1 2 .3 :  A  f a l s e  p o s i t i v e  fo r  t h e  t w o - d i s t a n c e :  t h e  w h i t e  d i s t a n c e  i s  i n f in i t e ,  y e t  W h i t e  w in s .

n e i g h b o u r s .  A  t w o - b r id g e  f o r m s  a  v i r t u a l  c o n n e c t i o n ,  a n d  t h e  t w o - d i s t a n c e  i m p l i c i t l y  r e c o g n iz e s  t h i s .

I n  a d d i t i o n  t o  g i v i n g  c o r r e c t  a n s w e r s  in  d e c id e d  p o s i t i o n s ,  a n o t h e r  i m p o r t a n t  p r o p e r t y  o f  a  h e u r i s t i c  
i s  t o  r e t u r n  “g o a l  r e a c h e d ” only w h e n  a  g o a l  h a s  i n d e e d  b e e n  r e a c h e d  o r  c a n  f o r c i b ly  b e  r e a c h e d .  
U n f o r t u n a t e l y  t h e  t w o - d i s t a n c e  f a i l s  i n  t h i s  r e g a r d .  F i g u r e  1 2 .3  s h o w s  a  p o s i t i o n  i n  w h ic h  t h e  w h i t e  
t w o - d i s t a n c e  b e t w e e n  t h e  w h i t e  b o r d e r s  i s  i n f in i t e ,  y e t  w h i t e  w i n s .  T h e  Q u e e n b e e  p r o g r a m  u s e s  t h e  
l o w e s t  b la c k  a n d  w h i t e  p o t e n t i a l s  i n  i t s  b o a r d  e v a l u a t i o n ,  w h ic h  w o u ld  s t i l l  r e t u r n  a  f in i t e  a n s w e r  
fo r  W h i t e  i n  F i g u r e  1 2 .3 ,  b u t  f r o m  t h i s  e x a m p l e  l a r g e r  p o s i t i o n s  c a n  e a s i l y  b e  c o n s t r u c t e d  w h e r e  a l l  
w h i t e  c e l l  p o t e n t i a l s  a r e  i n f in i t e  a n d  y e t  w h i t e  s t i l l  w i n s .

T h e  m e r i t  o f  t h e  t w o - d i s t a n c e  i s  t h a t  i t  r e w a r d s  h a v i n g  t w o  s h o r t  c o n n e c t i o n s  h i g h e r  t h a n  h a v i n g  j u s t  
o n e  s h o r t  c o n n e c t i o n .  A  r e la t e d  i d e a  w o u l d  b e  t o  m e a s u r e  t h e  n o r m a l  d i s t a n c e ,  b u t  h a v e  t h e  h e u r i s t i c  
i n c o r p o r a t e  t h e  number  o f  a v a i l a b l e  p a t h s  o f  a  g iv e n  l e n g t h .  S u c h  h e u r i s t i c s  w i l l  b e  d e s c r i b e d  in  
S e c t i o n  1 2 .4 .

12.3 Y -R ed u ctio n

S c h e n s t e d ’s  Y - r e d u c t i o n  t e c h n iq u e ,  d e s c r i b e d  i n  S e c t i o n  4 .6 ,  l e a d s  t o  a  h e u r i s t i c  t h a t  i s  e n t i r e l y  
u n i q u e  t o  Y .  H o w e v e r ,  s in c e  H e x  i s  a  s p e c i a l  c a s e  o f  Y ,  i t  c a n  b e  u s e d  fo r  H e x  a s  w e l l .  T h e  m e t h o d  
d o e s  r e c o g n iz e  r e a c h e d  g o a l s  a n d  n e v e r  g iv e s  f a l s e  p o s i t i v e s .

Y  r e d u c t io n  i s  b a s e d  o n  t h e  f a c t  t h a t  e x a c t l y  t h r e e  c e l l s  m e e t  a t  e v e r y  i n t e r s e c t io n ,  d e f in in g  a  u n i q u e  
c o l o u r  fo r  t h e  c o r r e s p o n d i n g  n o d e  o n  t h e  n e x t  s m a l l e r  b o a r d .  T h e  a u t h o r  h a s  p r o p o s e d  e x t e n d i n g  
t h i s  m e t h o d  t o  a p p ly  t o  p a r t i a l l y  f i l le d  b o a r d s  b y  u s in g  a  p r o b a b i l i s t i c  a p p r o a c h  [8 4 ]. E a c h  c e l l  i s  
a s s ig n e d  a  “p r o b a b i l i t y  o f  o w n e r s h ip ” , w i t h  i n i t i a l  p r o b a b i l i t i e s  b e i n g  0  o r  1  a c c o r d in g  t o  t h e  o w n e r  
o f  a  c e l l ,  a n d  5  fo r  e m p t y  c e l l s .  W h e n  r e d u c in g  a  t r i a n g l e  o f  c e l l s  w i t h  p r o b a b i l i t i e s  pi, P2 , a n d  ps, 
t h e  p r o b a b i l i t y  q o f  o w n i n g  t h e  r e d u c e d  c e l l  i s  t h e  p r o b a b i l i t y  o f  o w n i n g  a t  l e a s t  t w o  o f  t h e  o r ig in a l  
t h r e e  c e l l s .  A c c o r d in g  t o  p r o b a b i l i t y  t h e o r y  t h i s  l e a d s  t o

q  =  P 1 P 2  +  P 1 P 3  +  P 2 P 3  ~  2p ip 2P3-

Y  i s  n o t  a  g a m e  o f  c h a n c e .  M o r e o v e r ,  t h e  p r o b a b i l i t i e s  Pi a r e  n o t  i n d e p e n d e n t ,  s in c e  p l a y in g  a  
p i e c e  o n  t h e  b o a r d  a l t e r s  a  g r o w i n g  n u m b e r  o f  p r o b a b i l i t i e s  d o w n  t h e  c h a in  o f  r e d u c e d  d i a g r a m s .  
N e v e r t h e l e s s  t h i s  m e t h o d  m a y  g iv e  a  g o o d  h e u r i s t i c  i n d ic a t io n .

T o  s im p l i f y  m a t t e r s ,  t h e  i n t e r v a l  [— 1 , + 1 ]  c a n  b e  u s e d  i n s t e a d  o f  [ 0 ,1 ] .  I n  t h a t  c a s e ,  a l r e a d y  p la y e d
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p i e c e s  h a v e  v a l u e s  — 1 a n d  + 1  a n d  a n  e m p t y  c e l l  h a s  v a l u e  0 .  T h e  e q u a t i o n  t h e n  b e c o m e s

q =  \  (Pi +  P2 +  P3 ~  PiPzPz)-

T h i s  r e d u c t io n  m e t h o d  g e n e r a t e s  a  p y r a m i d  o f  v a l u e s ,  s t a r t i n g  w i t h  t h e  | n ( n  +  1 )  c e l l s  o f  t h e  
s i z e - n  g a m e  b o a r d  a n d  g o i n g  d o w n  t o  t h e  s i n g l e  v a l u e  o f  t h e  s i z e - 1  b o a r d  t h a t  r e p r e s e n t s  t h e  f in a l
e v a lu a t io n .  T h e  n u m b e r  o f  c a l c u l a t i o n s  c a r r ie d  o u t  in  t h e  e n t i r e  r e d u c t io n  c h a in  i s  ̂ n(n  +  l ) ( r i  +  2 ) .
T h e  c a l c u l a t i o n s  c a n  b e  d o n e  in c r e m e n t a l ly ,  s i n c e  t h e y  a r e  a l l  l o c a l .  T h i s  s a v e s  q u i t e  a  b i t  o f  w o r k  
a s  p l a y in g  a  m o v e  l e a v e s  m o s t  o f  t h e  v a l u e s  u n c h a n g e d  o n  t h e  b i g g e r  b o a r d s  i n  t h e  r e d u c t i o n  c h a in .

T h e  r e d u c t io n  h e u r i s t i c  c a n  b e  u s e d  t o  r a t e  t h e  a v a i l a b l e  m o v e s .  T h e  m o s t  s t r a ig h t f o r w a r d  w a y  
t o  d o  t h i s  i s  t o  t r y  e a c h  m o v e  a n d  s e e  h o w  m u c h  t h e  e v a l u a t i o n  c h a n g e s .  T h i s  w o u l d  a m o u n t  t o  
a  0 ( n 3 ) x  0 ( n 2) c o m p u t a t i o n .  A  g o o d  e s t i m a t e  c a n  b e  o b t a i n e d  m u c h  f a s t e r  b y  c a l c u l a t i n g  t h e  
p a r t i a l  d e r iv a t i v e  o f  t h e  f in a l  e v a l u a t i o n  w i t h  r e s p e c t  t o  e a c h  o f  t h e  v a l u e s  i n  t h e  r e d u c t io n  p y r a m id .  
T h e s e  c a n  b e  c a l c u l a t e d  e a s i ly ;  i f  v  i s  t h e  f in a l  e v a l u a t i o n  t h e n

dv dv dq dv  1  

d ^ = d ^ ' d ^ = d^'2^ ~ P2P3 ^'

T h i s  i s  t h e  c o n t r i b u t i o n  o f  A ( p i P 2 P 3 )- S i n c e  p\ i s  u s u a l l y  p a r t  o f  t h r e e  r e d u c e d  t r ia n g l e s ,  t h e  
c o n t r i b u t i o n s  o f  t h e  o t h e r  t r ia n g l e s  n e e d  t o  b e  a d d e d .  T h i s  c o m p u t a t i o n  b u i ld s  a  s e c o n d  p y r a m i d  
o f  0 ( n 3) v a l u e s  i n  0 ( n 3) s t e p s ,  u s in g  t h e  v a l u e s  c o n t a i n e d  i n  t h e  r e d u c t io n  p y r a m i d .  T h e  m o v e  
e v a lu a t io n  p y r a m i d  i s  b u i l t  in  t h e  o t h e r  d i r e c t i o n ,  s t a r t i n g  w i t h  t h e  s i z e - 1  d i a g r a m .

A p p l y i n g  t h i s  Y  m e t h o d  t o  t h e  g a m e  o f  H e x  m e e t s  a n  i d e o l o g i c a l  o b s t a c l e  f r o m  t h e  o u t s e t ,  s in c e  
a  H e x  p o s i t i o n  c a n  b e  e n c o d e d  a s  a  Y  p o s i t i o n  i n  t w o  d i f f e r e n t  w a y s :  b y  e x t e n d i n g  t h e  t o p  w h i t e  
e d g e  a n d  t h e  r ig h t  b la c k  e d g e ,  a s  i n  F i g u r e  4 .6 ,  o r  b y  e x t e n d i n g  t h e  o t h e r  t w o  e d g e s .  A p p l y i n g  
t h e  Y  r e d u c t io n  h e u r i s t i c  t o  t h e s e  t w o  e n c o d i n g s  g i v e s  t w o  d i f f e r e n t  a n s w e r s .  T e s t s  o f  t h i s  h e u r i s t i c  
s h o w e d  n o  p r o m is i n g  r e s u l t s  a n d  w e r e  a b a n d o n e d  b y  t h e  a u t h o r .  T h e  o n l y  m e r i t  o f  t h e  m e t h o d  i s  
t h a t  i t  f la g s  n o  f a l s e  p o s i t i v e s  a n d  n o  f a l s e  n e g a t i v e s .  A  b e t t e r  h e u r i s t i c  t h a t  a c h ie v e s  t h i s  i s  b a s e d  
o n  c o u n t i n g  p a t h s ,  t o  b e  d e s c r i b e d  i n  t h e  n e x t  s e c t i o n .

12.4  C oun ting  P a th s

D u e  t o  t h e  c o n s i d e r a t io n s  o f  t h e  p r e v i o u s  s e c t i o n s ,  i f  a  S h a n n o n  g a m e  h e u r i s t i c  i s  t o  u s e  g r a p h  
d i s t a n c e  i t  m u s t  c o n s i d e r  n o t  j u s t  t h e  p a t h  l e n g t h  b u t  a l s o  t h e  n u m b e r  o f  p a t h s .  T h e r e  i s  a n  
a lg o r i t h m  b y  K l o k s  a n d  K r a t s c h  t h a t  f in d s  a l l  m i n i m a l  s e p a r a t o r s  b e t w e e n  t w o  v e r t i c e s  in  a  g r a p h  
Q i n  0(\V(Q)\3n) t i m e ,  w h e r e  n  i s  t h e  n u m b e r  o f  m i n i m a l  s e p a r a t o r s  [5 6 ] . A  m i n i m a l  s e p a r a t o r  in  
t h e i r  t e r m i n o l o g y  i s  a  s e t  o f  v e r t i c e s  t h a t  d i s c o n n e c t s  t w o  g iv e n  v e r t i c e s ,  w i t h  t h e  p r o p e r t y  t h a t  n o  
s u b s e t  a c h ie v e s  t h e  s a m e .  T h i s  c o r r e s p o n d s  t o  a  m i n i m a l  c o l o u r i n g  i n  t h e  S h a n n o n  g a m e ,  a n d  in  
H e x  i t  c o r r e s p o n d s  t o  a n  i n d u c e d  p a t h  i n  t h e  o p p o n e n t ’s  H e x  g r a p h .

W h e n  a  m o v e  i s  p l a y e d  in  a  c e r t a i n  c e l l ,  a l l  i n d u c e d  p a t h s  i n  t h e  o p p o n e n t ’s  H e x  g r a p h  t h r o u g h  t h a t  
c e l l  a r e  b lo c k e d .  S i n c e  t h e  g o a l  o f  t h e  g a m e  i s  e q u i v a le n t  t o  r e d u c in g  t h e  n u m b e r  o f  i n d u c e d  p a t h s  
in  t h e  o p p o n e n t ’s  p a s s  t o  z e r o ,  t h e  i n d u c e d  p a t h  c o u n t  a l s o  l e a d s  t o  a  m o v e  h e u r i s t i c  b y  c o n s i d e r i n g  
t h e  n u m b e r  o f  i n d u c e d  p a t h s  t h r o u g h  e a c h  c e l l .  N o t e  t h a t  p l a y in g  a  m o v e  a l s o  r e d u c e s  t h e  n u m b e r  o f

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CH APTER 12. SH AN N O N  GAM E HEURISTICS 141

f r ie n d l y  i n d u c e d  p a t h s ,  s in c e  s o m e  p a t h s  t h a t  d id  n o t  c o n t a i n  t h e  m o v e  m a y  n o  l o n g e r  b e  c h o r d le s s  
a s  a  r e s u l t  o f  t h e  n e w  c o n n e c t i o n s  e s t a b l i s h e d  b y  t h e  m o v e .

I t  i s  l ik e l y  t h a t  s h o r t e r  i n d u c e d  p a t h s  a r e  m o r e  v a l u a b l e  t h a n  lo n g e r  o n e s .  T h e  i n d u c e d  p a t h  c o u n t  
c o u ld  b e  m o d i f i e d  t o  g iv e  a  h ig h e r  w e i g h t  t o  s h o r t e r  p a t h s ,  f o r  i n s t a n c e  b y  i n t r o d u c i n g  a n  e x p o n e n t i a l  
d e c a y  f a c t o r  a.  F i g u r e  1 2 .4  s h o w s  t h e  n u m b e r  o f  i n d u c e d  p a t h s  t h r o u g h  e a c h  c e l l  o n  a n  e m p t y  1 0  x  1 0  
H e x  b o a r d ,  w i t h  v a r io u s  d i s c o u n t  f a c t o r s .  A  d i s c o u n t  f a c t o r  o f  1 .0  c o r r e s p o n d s  t o  w e i g h in g  a l l  p a t h s  
e q u a l ly ,  w h i l e  a  f a c t o r  o f  0 .0  c o n s i d e r s  o n l y  t h e  s h o r t e s t  i n d u c e d  p a t h s .  T h e  e x a m p l e  i n d i c a t e s  t h a t  
a  m e d i u m  s e t t i n g  o f  0 .5  a p p e a r s  t o  b e  m o r e  s u i t a b le .

K l o k s  a n d  K r a t s c h  h a v e  p o i n t e d  o u t  t h a t  t h e  n u m b e r  o f  m i n i m a l  s e p a r a t o r s  c a n  b e  e x p o n e n t i a l  
i n  \V(Q)\. F o r  i n s t a n c e ,  i f  t h e  t e r m i n a l s  a r e  c o n n e c t e d  b y  k  i n d e p e n d e n t  p a t h s  o f  l e n g t h  I, t h e n  
a n y  m i n i m a l  s e p a r a t o r  c o n s i s t s  o f  a  c h o ic e  o f  o n e  v e r t e x  f r o m  e a c h  p a t h ,  f o r  a  t o t a l  o f  lk m i n i m a l  
s e p a r a t o r s .  D u a l  e x a m p l e s  c a n  b e  c o n s t r u c t e d  w h e r e  t h e  n u m b e r  o f  i n d u c e d  p a t h s  i s  e x p o n e n t i a l  in  
t h e  g r a p h  s iz e .  T h i s  w o u l d  b e  a n  a p p a r e n t  p r o b le m  f o r  i n d u c e d  p a t h  b a s e d  h e u r i s t i c s .

H o w e v e r ,  t h e  p r o b le m s  o f  t h e  a p p a r e n t l y  a r b i t r a r y  c h o ic e  o f  a  =  0 .5  a n d  t h e  e x p o n e n t i a l  n u m b e r  
o f  i n d u c e d  p a t h s  c a n  b o t h  b e  a d d r e s s e d  b y  a  j u s t i f y i n g  t h e o r e t i c a l  o b s e r v a t io n  w i t h  a n  a s s o c i a t e d  
e f f ic i e n t  a p p r o x im a t i o n  a lg o r i t h m ,  t o  b e  d e s c r i b e d  in  t h e  n e x t  s e c t i o n .

12.5 M on te  C arlo

I n  S e c t i o n s  1 0 .6  a n d  1 2 .4  i t  w a s  a s s e r t e d  t h a t  i t  i s  a  u s e f u l  m e t r i c  t o  c o u n t  i n d u c e d  p a t h s  w e i g h t e d  
b y  a  f u n c t i o n  o f  t h e i r  l e n g t h ,  s u c h  t h a t  t h e  w e i g h t  o f  a  p a t h  o f  l e n g t h  I i s  2~l. T h e r e  i s  a c t u a l l y  
s o m e  c o n c r e t e  j u s t i f i c a t i o n  fo r  t h i s  m e t h o d ,  a s  i t  e s s e n t i a l l y  c o r r e s p o n d s  t o  a  M o n t e  C a r lo  e v a lu a t io n  
m e t r i c . 4

T h e  p r o b a b i l i t y  t h a t  MAX w i n s  a  g iv e n  s e t  c o l o u r i n g  g a m e  w i t h  r a n d o m  p l a y  s i m p l y  e q u a l s  t h e  
n u m b e r  o f  c o l o u r i n g s  t h a t  a r e  w i n s  fo r  MAX d i v i d e d  b y  t h e  t o t a l  n u m b e r  o f  c o l o u r i n g s .  F o r  H e x  t h i s  
c o r r e s p o n d s  t o  t h e  n u m b e r  o f  s e t s  o f  e m p t y  c e l l s  t h a t  c o n t a i n  a  w i n n i n g  p a t h .  L e t  k  b e  t h e  n u m b e r  
o f  e m p t y  c e l l s  o n  t h e  b o a r d ,  a n d  l e t  V  b e  a  w i n n i n g  i n d u c e d  p a t h  fo r  M AX, w i t h  l e n g t h  I. T h e  
n u m b e r  o f  s e t s  o f  e m p t y  c e l l s  t h a t  c o n t a in  V,  a n d  t h e r e f o r e  w o u l d  b e  a  w i n  fo r  MAX i f  c o l o u r e d  T , 

i s  2k~l. W h e n  c o m p a r i n g  t w o  p a t h s ,  t h e  f a c t o r  2k c a n c e l s  o u t  a n d  t h e i r  r e la t i v e  w e i g h t s  h a v e  r a t i o s  
p r o p o r t io n a l  t o  2~l. T h i s  i s  w h y ,  i n f o r m a l l y  s p e a k i n g ,  a n  i n d u c e d  p a t h  t h a t  i s  o n e  c e l l  s h o r t e r  i s  
t w i c e  a s  g o o d .

T h e  q u a l i t y  o f  t h e  M o n t e  C a r lo  e v a l u a t i o n  i s  e x p e c t e d  t o  i n c r e a s e  a s  t h e  m o v e  c h o ic e  w i t h i n  t h e  
s i m u l a t i o n s  i s  i m p r o v e d ,  s in c e  u l t i m a t e l y  t h e  c o r r e c t  e v a l u a t i o n  w o u l d  r e s u l t  f r o m  o p t i m a l  m o v e  
c h o ic e s  i n  t h e  s i m u la t io n s .  W o r k  b y  G r ig o r i e v  in  g e n e r a l  g a m e s  [4 3 ], a n d  B r i i g m a n n  [19] a n d  B o u z y  
a n d  H e l m s t e t t e r  [17 ] i n  t h e  g a m e  o f  G o ,  c o n c e n t r a t e d  o n  g r a d u a l l y  i m p r o v in g  t h e  m o v e  c h o ic e  w i t h i n  
t h e  s i m u l a t i o n s  b y  m e t h o d s  s u c h  a s  s i m u l a t e d  a n n e a l in g .  A  g a m e - s p e c i f i c  f ir s t  s t e p  i n  t h i s  d i r e c t i o n  
f o r  H e x  i s  t o  u s e  o n l y  rational r a n d o m  m o v e s  i n  t h e  s im u la t io n s .  T h e  m e t r i c  t h e n  c o r r e s p o n d s  t o  t h e  
f r a c t i o n  o f  b a l a n c e d  s e t s  t h a t  a r e  w i n n i n g  s e t s ,  w h e r e  a  b a la n c e d  s e t  c o n t a in s  h a l f  t h e  r e m a in i n g

4 See Section  11.3.
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F i g u r e  1 2 .4 :  M o v e  e v a l u a t i o n s  f o r  B l a c k  b a s e d  o n  i n d u c e d  p a t h  c o u n t  w i t h  d i s c o u n t  f a c t o r  1 .0  ( t o p ) ,  
0 .5  ( m i d d l e ) ,  a n d  0 .0  ( b o t t o m )  i n  1 0  x  1 0  H e x .  M o v e  e v a l u a t i o n  i n c r e a s e s  w i t h  t h e  s i z e  a n d  s h a d e  
o f  t h e  d i s c s .
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F i g u r e  1 2 .5 :  M o n t e  C a r lo  m o v e  e v a l u a t i o n s  fo r  a  p u z z l e  b y  C l a u d e  B e r g e .  D a r k e r  c e l l s  i n d i c a t e  m o r e  
d e s ir a b le  m o v e s .

e m p t y  c e l l s .

D i a g r a m  1 2 .5  s h o w s  t h e  r a t i o n a l  M o n t e  C a r lo  a n a l y s i s  o f  a  p u z z l e  b y  B e r g e ,  w i t h  W h i t e  t o  m o v e .  
E a c h  m o v e  i s  e v a l u a t e d  a s  t h e  f r e q u e n c y  o f  w i n s  i n  g a m e s  w h e r e  i t  w a s  p l a y e d  f ir s t  b y  W h i t e ,  w h ic h  
i s  e q u i v a le n t  t o  t h e  f r e q u e n c y  o f  w i n s  i n  g a m e s  w h e r e  t h e  m o v e  w a s  p l a y e d  b y  W h i t e  a t  a n y  s t a g e  
o f  t h e  g a m e ,  s in c e  i n  s e t  c o l o u r i n g  g a m e s  i t  d o e s  n o t  m a t t e r  i n  w h ic h  o r d e r  t h e  m o v e s  w e r e  p l a y e d .  
T h i s  p a r t i c u la r  p u z z l e  i s  f u r t h e r  d i s c u s s e d  i n  S e c t i o n  1 3 .8 .
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Chapter 13

Dead Cell Analysis

T h e  s u p e r r a t io n a l  p l a y  c r i t e r i a  s e t  f o r t h  i n  C h a p t e r  8  u l t i m a t e l y  d e p e n d  o n  t h e  a b i l i t y  t o  d e t e c t  
d e a d  e l e m e n t s  a n d  r a t i o n a l  m o v e s .  H o w e v e r ,  a s  w i l l  b e  s h o w n  i n  S e c t io n  1 3 .1 ,  t h e s e  t a s k s  a r e  N P- 

c o m p l e t e  i n  g e n e r a l .  F o r  t h e  S h a n n o n  g a m e  f o r t u n a t e l y  s o m e  r u le s  a n d  m e t h o d s  c a n  b e  s t a t e d  t h a t  
w i l l  i d e n t i f y  m o s t  o f  t h e  i m p o r t a n t  c a s e s .  T h e  s u p e r r a t i o n a l  p l a y  c r i t e r ia  t h e n  a m o u n t  t o  p l a y in g  
l o c a l l y  o p t i m a l  m o v e s  i n  a  g a m e  t o  b e  c a l l e d  t h e  m u l t i - S h a n n o n  g a m e .

13.1 D e tec tin g  L ive C ells

I n  t h e  S h a n n o n  g a m e ,  a n  e l e m e n t  w i l l  a l s o  b e  r e f e r r e d  t o  a s  a  node o r  cell, i n d i c a t i n g  t h a t  t h e  g a m e  
m a y  b e  p l a y e d  b y  c o l o u r i n g  v e r t i c e s  i n  a  g r a p h  o r  c e l l s  o n  a  g a m e  b o a r d .  E s t a b l i s h i n g  w h e t h e r  a  
n o d e  i s  l i v e  o r  d e a d  i s  c o n n e c t e d  t o  t h e  f o l lo w i n g  p r o p e r t y .

T h e o r e m  1 3 . 1 . 1 .  L e t  Q b e  t h e  g a m e  g r a p h  o f  a  S h a n n o n  g a m e ,  a n d  l e t  v  e  V(Q). T h e n  v  i s  l iv e  
i f  a n d  o n l y  i f  t h e r e  i s  a n  i n d u c e d  i n t e r - t e r m in a l  p a t h  t h a t  c o n t a i n s  v.

Proof.

< S = :  L e t  V  b e  a n  i n d u c e d  i n t e r - t e r m in a l  p a t h  c o n t a i n i n g  v. C o n s id e r  t h e  c o l o u r i n g  if = ,
w h ic h  i s  a  c o m p l e t e  c o l o u r i n g  w i t h  a  w i n n i n g  p a t h  fo r  m a x .  T h e  c o l o u r i n g  iJjfv  =  t v '\v  f v i - P \ ' p + v 

d o e s  n o t  c o n t a i n  a  w i n n i n g  p a t h  fo r  M A X , fo r  o t h e r w i s e  V \ v  w o u ld  c o n t a i n  a n  i n t e r - t e r m in a l  
p a t h  a n d  t h e n  V  w o u l d  n o t  b e  a n  i n d u c e d  p a t h .  T h e r e f o r e  t h e r e  e x i s t s  a  c o m p l e t e  c o l o u r i n g  
in  w h ic h  t h e  c o l o u r  o f  v  i n f lu e n c e s  t h e  o u t c o m e ,  a n d  t h u s  v  i s  l iv e .

= > :  L e t  v  b e  l i v e ,  t h e n  t h e r e  e x i s t s  a  c o m p l e t e  c o l o u r i n g  ip  w h e r e  t h e  o u t c o m e s  o f  ip T v  a n d  F" 

d if f e r ,  w h ic h  m e a n s  i p T v  i s  a  w i n  f o r  M AX a n d  ipFv  i s  a  w i n  fo r  MIN b e c a u s e  t h e  S h a n n o n  g a m e  
i s  i s o t o n e .  T h e r e f o r e  ('0t '1,)_1(t r u e ) =  V,_1(t r Ue ) +  v  c o n t a in s  a n  i n t e r - t e r m in a l  p a t h .  L e t

1 4 4
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F i g u r e  1 3 .1 :  N o  n o d e  w i l l  b e  l i v e  a t  t h e  e n d  o f  t h e  g a m e  i f  b o t h  p la y e r s  p l a y  r a t i o n a l l y .

S ' C  1 ( t r u e )  +  v  b e  a n  a r b i t r a r y  m in im a l s e t  t h a t  c o n t a i n s  a n  i n t e r - t e r m in a l  p a t h .  T h e n  S ’
i s  a n  i n d u c e d  i n t e r - t e r m in a l  p a t h .  W e  t h e n  h a v e  v  €  S ’, f o r  o t h e r w is e  S '  C  tj)~ 1 ( t r u e )  — v  =  

(')/;f,', ) ~ 1 ( t r u e )  a n d  t h e n  i()Fv  w o u l d  b e  a  w i n  fo r  M AX. S o  v  i s  c o n t a in e d  in  a n  i n d u c e d  
i n t e r - t e r m in a l  p a t h .  □

N o  n o d e s  a r e  d e a d  i n  t h e  S h a n n o n  g a m e  g r a p h  fo r  H e x  a t  t h e  s t a r t  o f  t h e  g a m e .  H o w e v e r ,  d u r i n g  t h e  
c o u r s e  o f  t h e  g a m e  n o d e s  m a y  become d e a d .  F i g u r e  1 3 .4  i n  S e c t i o n  1 3 .3 1 c o n t a in e d  s o m e  e x a m p l e s .  
F o r  a n y  H e x  p o s i t i o n ,  T h e o r e m  1 3 .1 .1  a p p l i e s  t o  b o t h  t h e  r e d u c e d  g r a p h s  r e p r e s e n t i n g  t h e  p o s i t i o n .

F o r  s e a s o n e d  g a m e  p la y e r s  i t  m a y  a p p e a r  a s  t h o u g h  F i g u r e  13 .1  s h o w s  a  S h a n n o n  g a m e  g r a p h  in  
w h ic h  a l l  n o d e s  a r e  o n  i n d u c e d  i n t e r - t e r m in a l  p a t h s  a n d  y e t  n o  c o m p l e t e  c o l o u r i n g  c o n t a i n s  a  n o d e  
w h o s e  c o lo u r  s i n g l e - h a n d e d l y  d e t e r m i n e s  t h e  o u t c o m e ,  s in c e  t h e r e  w i l l  a lw a y s  b e  t w o  n o d e s  o w n e d  
b y  S h o r t .  H o w e v e r ,  r e c a l l  t h a t  i n  s e t  c o l o u r i n g  g a m e s  t h e  p la y e r s  a r e  n o t  o b l i g e d  t o  u s e  t h e i r  “o w n ” 
c o l o u r s ,  a n d  t h u s  i t  i s  l e g a l  fo r  t h e  g a m e  t o  e n d  w i t h  e x a c t l y  o n e  n o d e  o w n e d  b y  S h o r t .  T h i s  w o u ld  
o f  c o u r s e  r e q u ir e  S h o r t  t o  h a v e  p l a y e d  a n  i r r a t io n a l  m o v e .  I t  w o u ld  n o t  m a k e  s e n s e  t o  m o d i f y  t h e  
d e f in i t i o n  o f  d e a d  n o d e s  t o  c o n s i d e r  o n l y  “r a t i o n a l l y  r e a c h a b le ” f in a l  p o s i t i o n s ,  s in c e  t h e n  a ll n o d e s  
w o u l d  b e  d e a d  f r o m  t h e  s t a r t  i n  F i g u r e  13 .1  w h ic h  w o u l d  in t e r f e r e  w i t h  t h e  t h e o r e m s  a b o u t  r e m o v i n g  
t w o  d e a d  n o d e s  a n d  s o  o n .

D e t e r m i n i n g  w h e t h e r  o r  n o t  a  n o d e  i s  l i v e  i s  t h e r e f o r e  e q u i v a le n t  t o  f in d in g  t h e  m o n o p h o n ic  in ­
terv a l b e t w e e n  t h e  t e r m i n a l s ,  w h ic h  i s  t h e  s e t  o f  a l l  n o d e s  a p p e a r i n g  o n  i n d u c e d  i n t e r - t e r m in a l  
p a t h s .  A  p a t h  b e t w e e n  t w o  v e r t i c e s  m a y  a l s o  b e  c a l l e d  a co n n ec to r  o f  t h e  t w o  v e r t i c e s ,  a n d  t h e n  
a n  i n d u c e d  p a t h  i s  a  m in im a l co n n ecto r . S i m i la r l y  o n e  m a y  s p e a k  o f  a sep a ra to r  s e t  o f  t w o  
v e r t i c e s ,  b e i n g  a  s e t  w h o s e  r e m o v a l  s e v e r s  a l l  p a t h s  b e t w e e n  t h e  t w o  v e r t i c e s ,  a n d  t h e  a s s o c i a t e d  
c o n c e p t  o f  a  m in im a l sep ara tor . F o r  t e r m i n a l  n o d e s  T  =  { r ,  t '}  i t  i s  o b v i o u s  t h a t  s o m e  n o d e  v  i s  
c o n t a i n e d  i n  a  m i n i m a l  t - t '  c o n n e c t o r  i f  a n d  i f  i t  i s  c o n t a in e d  i n  a  m i n i m a l  t - t '  s e p a r a t o r  f o r  e x a c t l y  
t h e  s a m e  r e a s o n s  a s  o u t l i n e d  i n  t h e  p r o o f  o f  T h e o r e m  1 3 .1 .1 , s in c e  a n y  s e t  S '  i s  a  t - t '  c o n n e c t o r  i f  
a n d  o n l y  i f  i t s  c o m p l e m e n t  V(G) \  T \ S '  i s  n o t  a  t - t '  s e p a r a t o r .

A n  a lg o r i t h m  d u e  t o  K l o k s  a n d  K r a t s c h  f in d s  a l l  m i n i m a l  s e p a r a t o r s  b e t w e e n  t w o  s p e c i f i e d  v e r t i c e s  
i n  0 ( n 3R)  t i m e ,  w h e r e  n  =  |V (C /) | a n d  R  i s  t h e  n u m b e r  o f  m i n i m a l  s e p a r a t o r s  [5 6 ] . T h e y  a l s o  
p o i n t  o u t  t h a t  R  c a n  i t s e l f  b e  e x p o n e n t i a l  in  n ,  g i v i n g  t h e  e x a m p l e  o f  t w o  v e r t i c e s  j o i n e d  b y  a  s e t  o f  

v e r t e x  d i s j o in t  p a t h s  o f  l e n g t h  2. E a c h  m i n i m a l  s e p a r a t o r  c o n t a in s  o n e  v e r t e x  f r o m  e v e r y  p a t h ,  
g e n e r a t i n g  a  t o t a l  n u m b e r  o f  2 (-rl~ 2F 2 m i n i m a l  s e p a r a t o r s .

1See page 149.
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F i g u r e  1 3 .2 :  N o n l o c a l  i n f lu e n c e  o n  l i f e  a n d  d e a t h :  r e m o v i n g  n o d e  v  k i l l s  o n l y  w.

The problem of determ ining the m onophonic interval between two vertices is connected to  the  
induced path pairs problem: Given a graph and a set {(vo> wo), (v i , w i ) ,  • • • i (vn - i , w n - i ) }  o f vertex  
pairs, does there exist an induced subpath consisting of k  disjoint induced paths in which for every 
i  E  Z „  vertex u , is joined to  vertex A  result by Fellows showed that for k  ^  2  th is problem is 
NP-complete [3 0 ] . For k  =  2  th e induced path pairs problem reduces to  the problem o f finding a 
m onophonic interval by adding a new vertex adjacent to  both  w o  and W \  and asking w hether th is new  
vertex is on an induced Uo-Ui path. D eterm ining m em bership of a m onophonic interval is therefore 
NP-complete. As a corollary, recognizing dead nodes in the Shannon gam e is NP-complete [49].

The NP-hardness of detecting dead cells in general is u ltim ately connected to  th e fact that the  
property o f life and death is intrinsically nonlocal. Figure 1 3 .2  shows an exam ple where rem oving  
one node kills a rem ote node but none of th e adjacent nodes. The graph can be modified to  have 
such “action at a d istance” occur arbitrarily far away in the graph.

13.2 S im plic ia l N o d es

A  s p e c i a l  c la s s  o f  d e a d  n o d e s  i s  t h e  o n e  c o n t a i n i n g  a l l  n o d e s  t h a t  c a n  b e  s e p a r a t e d  f r o m  t h e  t e r m i n a l s  
b y  clique cutsets. A  c l i q u e  c u t s e t  i s  a  c l i q u e  w h o s e  r e m o v a l  d i s c o n n e c t s  t h e  g r a p h .  F o r  a n y  c l iq u e  
c u t s e t  S '  t h a t  d o e s  n o t  d i s c o n n e c t  t h e  t e r m i n a l s ,  t h e  n o d e s  t h a t  a r e  n o  lo n g e r  c o n n e c t e d  t o  t h e  
t e r m i n a l s  a r e  e v i d e n t l y  d e a d ,  s in c e  a n y  i n t e r - t e r m i n a l  p a t h  c o n t a in in g  v  m u s t  p a s s  t h r o u g h  S '  t w i c e  
a n d  i s  t h e r e f o r e  n o t  c h o r d le s s .  A  p o l y n o m i a l - t i m e  a l g o r i t h m  b y  W h i t e s i d e s  f in d s  a l l  c l i q u e  c u t s e t s  
i n  a  g r a p h  i n  0 (n m ) ,  w h e r e  n =  |V ( f ? ) |  a n d  m  =  | £ ( f / ) |  [1 0 1 ] . T h i s  w a s  la t e r  im p r o v e d  t o  0 ( n 2 69) 
b y  K r a t s c h  a n d  S p in r a d  [5 8 ].

W h e n  a  c l i q u e  c u t s e t  i s  f o u n d ,  a l l  n o d e s  n o t  i n  t h e  s a m e  c o n n e c t e d  c o m p o n e n t  a s  a  t e r m i n a l  a r e  
d e a d .  I f  t h e r e  a r e  c l i q u e  c u t s e t s  t h e n  t h e  a lg o r i t h m s  b y  W h i t e s i d e s  a n d  K r a t s c h  &  S p in r a d  o n l y  
f in d  o n e  i f  t h e m .  T h e  n o d e s  t h a t  a r e  t h e n  i n  t h e  s a m e  c o n n e c t e d  c o m p o n e n t  a s  a  t e r m i n a l  m i g h t  
s t i l l  b e  s e p a r a b le  f r o m  t h e  t e r m i n a l s  b y  a n o t h e r  c l i q u e  c u t s e t .  A n  i m p r o v e m e n t  b y  T a r j a n  f in d s  a n  
e n t i r e  c l i q u e  c u t s e t  d e c o m p o s i t i o n  o f  a  g r a p h  i n  0 { n m  +  n 2 ) t i m e  [9 8 ], w i t h  a  l a t e r  o p t i m i z a t i o n  
b y  L e im e r  in  w h ic h  a l l  c u t s e t s  a r e  m i n i m a l  a n d  t h e  g r a p h  i s  o n ly  d e c o m p o s e d  i n t o  t h e  i r r e d u c ib le  
c o m p o n e n t s  [6 3 ] .

T h e  W h i t e s i d e s  a n d  K r a t s c h  &  S p i n r a d  a l g o r i t h m s  c a n  b e  m o d i f ie d  r e a d i ly  t o  p e r f o r m  d e a d  n o d e  
d e t e c t i o n .  A l g o r i t h m  3  i s  e s s e n t i a l l y  t h e  a lg o r i t h m  p r e s e n t e d  in  [58 ] w i t h  t w o  d i f f e r e n c e s :  T h e
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F i g u r e  1 3 .3 :  T h e  c e n t e r  n o d e  i s  d e a d ,  y e t  t h e r e  i s  n o  c l i q u e  c u t s e t .

a lg o r i t h m  i s  i n i t i a l i z e d  w i t h  a n  i n d u c e d  i n t e r - t e r m in a l  p a t h ,  a n d  d o e s  n o t  h a l t  w h e n  a  c l i q u e  c u t s e t  
i s  f o u n d .  T h e s e  m o d i f i c a t i o n s  d o  n o t  c h a n g e  t h e  r u n t i m e  c o m p le x i t y ;  i n  p a r t i c u la r ,  t h e  n u m b e r  o f  
i t e r a t i o n s  o f  t h e  o u t e r  l o o p  i s  s t i l l  0{\V(G)\),  a n d  t h e  i n d u c e d  p a t h  i n i t i a l i z a t i o n  d o e s  n o t  e x c e e d  
t h e  c o m p l e x i t y  o f  t h e  o u t e r  l o o p .  T h u s ,  A l g o r i t h m  3  w i l l  d e t e r m i n e  t h e  c l iq u e  c u t s e t  l i f e  o r  d e a t h  
s t a t u s  o f  a l l  n o d e s  i n  0 (v ? m ) t im e .

C l i q u e C u t s e t L i v e (C/, t , t ')

in p u t : A  g r a p h  G w i t h  t e r m i n a l  v e r t i c e s  r ,  r ' .
o u tp u t: T h e  s e t  o f  a l l  v e r t i c e s  n o t  s e p a r a b le  f r o m  b o t h  t e r m i n a l  v e r t i c e s  b y  c l iq u e  

c u t s e t s .

V  <— a n  i n d u c e d  t - t '  p a t h  ;
S < - V ( G ) \ V ;
w h ile  5 ^  0  do

C *— a  c o n n e c t e d  c o m p o n e n t  o f  S  ; 
i f  Af(C) is a clique th e n  S  <— S \ C  ; 
e lse

V2  €  V  <— t w o  n o n a d j a c e n t  n e i g h b o u r s  o f  C ;
W\,W2  £ C <— n e i g h b o u r s  o f  v\ a n d  V2  r e s p e c t i v e l y  s u c h  t h a t  t h e r e  i s  a  
W1 -W2  p a t h  i n s i d e  C h a v i n g  n o  i n t e r n a l  v e r t i c e s  a d j a c e n t  t o  V\ o r  1 : 2  ;

{ w i ,w 2} ;
|_  S  S \  { w i , w 2 }  ;

r e tu rn  S  ;
A lg o r ith m  3: D e t e c t i n g  a l l  c l i q u e - c u t s e t - l i v e  n o d e s .

T h e  l i f e  a n d  d e a t h  p r o b le m  is  N P - c o m p le t e ,  s o  t h e  c l i q u e  c u t s e t  a lg o r i t h m  c a n n o t  g u a r a n t e e  t o  
e s t a b l i s h  t h e  c o r r e c t  l i f e  o r  d e a t h  s t a t u s  o f  a l l  n o d e s .  I t  e r r s  o n  t h e  s id e  o f  l if e :  A n y  n o d e  t h a t  
i s  f o u n d  t o  b e  c l i q u e - c u t s e t - d e a d  i s  i n d e e d  d e a d ,  b u t  t h e r e  c a n  b e  c l i q u e - c u t s e t - l i v e  n o d e s  t h a t  a r e  
a c t u a l l y  d e a d  a s  w e l l .  F i g u r e  1 3 .3  s h o w s  a  s im p le  e x a m p l e  o f  a  d e a d  n o d e  in  a  g r a p h  t h a t  h a s  n o  
c l i q u e  c u t s e t s  a t  a ll .

A  s u b s e t  o f  t h e  c l i q u e - c u t s e t - d e a d  n o d e s  i s  f o r m e d  b y  a l l  s im p l i c ia l  n o d e s .  F i n d i n g  a l l  s im p l i c ia l  
n o d e s  c a n  b e  p e r f o r m e d  b y  m a t r i x  m u l t i p l i c a t io n :  I f  A4 i s  t h e  i n c id e n c e  m a t r i x  o f  a  g r a p h ,  t h e n  
v e r t e x  i i s  s im p l i c ia l  i f  ( M 2)u = (A/l2)t,J fo r  a l l  n e i g h b o u r s  j  o f  i. M a t r ix  m u l t i p l i c a t i o n  i s  a l s o  t h e  
b o t t l e n e c k  i n  t h e  K r a t s c h  &; S p in r a d  a lg o r i t h m  fo r  c l i q u e  c u t s e t s ,  s o  f in d in g  s im p l i c ia l  n o d e s  d o e s  
n o t  r e d u c e  t h e  t i m e  c o m p le x i t y .
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T h e  s im p l i c ia l  n o d e  c o n d i t i o n  i s  i n t r i n s i c a l l y  l o c a l .  A  s im p l i c ia l  n o d e ’s  n e i g h b o u r h o o d  i s  a  c l i q u e  
c u t s e t  s e p a r a t i n g  i t  f r o m  any o t h e r  n o d e ,  s o  i t  i s  d e a d  i n d e p e n d e n t  o f  t h e  c o l o u r i n g  o f  t h e  r e s t  o f  
t h e  g r a p h ,  a n d  i n d e p e n d e n t  e v e n  o f  t h e  c h o ic e  o f  t e r m i n a l  n o d e s .  T h i s  a l l o w s  fo r  p a r t i a l  c o l o u r ­
i n g s  i n d u c in g  s im p l i c ia l  n o d e s  i n  t h e  r e d u c e d  g a m e  g r a p h  t o  b e  p r e c o m p u t e d .  T h e  d e a d  c e l l s  i n  
F i g u r e  1 3 .4 ,  t o  b e  d e s c r i b e d  in  t h e  n e x t  s e c t i o n ,  a r e  a l l  d e r iv e d  i n  t h i s  w a y .

13.3 B asic  H ex  P a ttern s

T h e  m o s t  b a s i c  c a s e  o f  a  s im p l i c ia l  n o d e  in  H e x  i s  b a s e d  o n  e x a m i n in g  o n l y  t h e  d i r e c t  n e i g h b o u r h o o d  
o f  t h e  c e l l  o n  t h e  H e x  b o a r d .  T h i s  i s  n o t  q u i t e  t h e  s a m e  a s  s im p l i c ia l  n o d e s  i n  t h e  r e d u c e d  S h a n n o n  
g a m e  g r a p h  o f  t h e  p o s i t i o n .  I t  i s  e q u i v a le n t  t o  u n c o lo u r in g  a l l  c e l l s  n o t  a d j a c e n t  t o  t h e  t a r g e t  c e l l ,  
a n d  t h e n  c h e c k in g  fo r  s i m p l i c i a l i t y  i n  t h e  r e d u c e d  S h a n n o n  g a m e  g r a p h  o f  t h e  r e s u l t in g  p o s i t i o n .  
O b v io u s l y ,  i f  a  c e l l  i s  d e a d  i n  t h i s  m o d i f i e d  p o s i t i o n  t h e n  i t  i s  a l s o  d e a d  i n  t h e  o r ig in a l  p o s i t i o n ,  s in c e  
t h e  o r ig in a l  p o s i t i o n  i s  a  d e s c e n d a n t  o f  t h e  m o d i f i e d  p o s i t i o n  a n d  d e a t h  i s  b y  d e f in i t i o n  i r r e v e r s ib le .

T h i s  r e s t r i c t iv e  t e s t  fo r  s i m p l i c i a l i t y  w i l l  n e v e r t h e l e s s  u l t i m a t e l y  l e a d  t o  a  m e t h o d  t h a t  c a t c h e s  a lm o s t  
a l l  d e a d  c e l l s  t h a t  o c c u r  in  p r a c t i c e ,  a n d ,  m o r e  i m p o r t a n t ly ,  a l l  c a p t u r e d  a n d  d o m i n a t e d  c e l l s .  T h e  
b o t t o m  r o w  i n  F i g u r e  1 3 .4  l i s t s  t h e  f iv e  e s s e n t i a l l y  d i f f e r e n t  p a t t e r n s  fo r  d e a d  c e l l s ,  u p  t o  r o t a t io n ,  
m ir r o r in g ,  a n d  i n t e r c h a n g e  o f  c o lo u r s ,  b a s e d  o n  e x a m i n i n g  o n l y  t h e  i m m e d i a t e  n e ig h b o u r s .

F r o m  t h e s e  d e a d  c e l l  p a t t e r n s  o n e  c a n  c o n s t r u c t  d o m i n a t e d  m o v e  p a t t e r n s  b y  r e m o v i n g  o n e  p i e c e .  
T h e  s e c o n d  r o w  f r o m  t h e  b o t t o m  in  F i g u r e  1 3 .4  s h o w s  t h e  s i x  e s s e n t i a l l y  d i f f e r e n t  p a t t e r n s  t h u s  
o b t a i n e d .  I n  e a c h  c a s e  t h e  m o v e  i n  u n m a r k e d  e m p t y  c e l l  p r o d u c e s  a  p a t t e r n  o n  t h e  b o t t o m  r o w ,  
t h u s  k i l l in g  t h e  e m p t y  c e l l  m a r k e d  ‘ x ’ . T h e  m o v e  i n  t h e  u n m a r k e d  e m p t y  c e l l  t h e n  d o m i n a t e s  t h e  
m o v e  in  t h e  m a r k e d  e m p t y  c e l l  fo r  W h i t e .

T h e  d o m i n a t e d  m o v e  p a t t e r n s  a r e  l i s t e d  a g a in  a lo n g  t h e  v e r t i c a l  a x i s  o f  t h e  t a b l e  i n  F i g u r e  1 3 .4 .  
T h e  e n t r ie s  i n  t h e  t a b l e  s h o w  c o m b i n a t i o n s  o f  t w o  d o m i n a t e d  m o v e  p a t t e r n s ,  y i e l d i n g  c a p t u r e d  
s e t s  f o r  W h i t e  i n  a c c o r d a n c e .  S o m e  c o m b in a t i o n s  p r o d u c e  a  red u c ib le  ca p tu red  p a ttern , w h ic h  
m e a n s  t h a t  t h e  c a p t u r e d  s e t  c a n  b e  d e t e c t e d  u s i n g  a  s m a l l e r  p a t t e r n .  I n  t h e  t a b l e  in  F i g u r e  1 3 .4  
t h e  r e d u c ib le  c a p t u r e d  p a t t e r n s  a r e  i n d i c a t e d  w i t h  a r r o w s  p o i n t i n g  t o w a r d s  t h e  s m a l l e r  p a t t e r n  t h e y  
c o n t a in .

M o r e  c a n  b e  s a i d  a b o u t  t h e  W h i t e - d o m i n a t e d  p a t t e r n s  in  t h e  d ia g r a m .  N o t  o n l y  s h o u l d  W h i t e  a v o id  
t h e  m a r k e d  m o v e s ,  b u t  B l a c k  s h o u l d  a v o id  t h e m  t o o .  T h e  r e a s o n  i s  t h a t  a  B l a c k  m o v e  i n  s u c h  a  c e l l  
i s  r e v e r s ib l e  b y  a  W h i t e  m o v e  i n  t h e  d o m i n a t i n g  c e l l .  L e t  W h i t e  b e  m a x ,  a n d  l e t  ip b e  t h e  c o l o u r i n g  
o f  t h e  d o m i n a t e d  p a t t e r n ,  in  w h ic h  c e l l  w  i s  d o m i n a t e d  b y  v  f o r  M AX. I t  i s  t h e n  p o s s ib l e  t o  p r o v e  b y  
i n d u c t i o n  t h a t  f o r  a n y  p o s i t i o n  p t h e  i n e q u a l i t y  M N X (T ; pipFv) sC M N X (T ; pipFw) h o ld s .  T o  d o  t h i s ,  
c o n s i d e r  t h e  c h i ld r e n  o f  b o t h  p o s i t i o n s .  F o r  e a c h  p a ir  pipFvm  a n d  p^F^m t h e  i n e q u a l i t y  h o ld s  b y  
i n d u c t io n  i f  m i s  a  m o v e  o u t s i d e  o f  {v, w } .  F o r  t h e  m o v e s  in  v  o r  w  t w o  c a s e s  a r e  d i s t i n g u i s h e d  b a s e d  
o n  w h ic h  p l a y e r  i s  t o  m o v e .  I f  MAX i s  t o  m o v e  t h e n  t h e  r a t i o n a l  m o v e s  a r e  pipFvTw a n d  pipFwTv , 
a n d  w e  h a v e  M N x (T ; p^Ft,Tt<’) ^  m n x ( T ;  piprvVrvw) — m n x ( F ;  p^TT™) s in c e  t ” k il ls  w. I f  MIN i s  t o  
m o v e  t h e n  t h e  r a t i o n a l  m o v e s  a r e  pipFvFw a n d  pipvwFv, w h ic h  l e a d  t o  t h e  s a m e  p o s i t i o n .  I n  a l l  c a s e s  
w e  h a v e  t h a t  fo r  e a c h  c h i ld  o f  pipFv t h e r e  i s  a  c h i ld  o f  pipFw w h o s e  m i n i m a x  v a l u e  i s  e q u a l  o r  l a r g e r ,
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F i g u r e  1 3 .4 :  H e x  p a t t e r n s  fo r  d e a d  c e l l s ,  a n d  fo r  d o m i n a t e d  m o v e s  a n d  c a p t u r e d  p a ir s  f o r  W h i t e .
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F i g u r e  1 3 .5 :  E x a m p l e s  o f  r e d u c ib le  p a t t e r n s  fo r  W h i t e - c a p t u r e d  s e t s .

a n d  v i c e  v e r s a .  T h i s  p r o v e s  t h e  i n e q u a l i t y  m n x ( T ; p'ipFv) ^  UNX{T;pipFw).

T h e  o b s e r v a t io n s  w i l l  b e  s u b s u m e d  b y  m o r e  g e n e r a l  p r o p e r t i e s  o f  t h e  multi-Shannon game, t o  b e  
d e s c r i b e d  i n  S e c t i o n  1 3 .6 .

13.4 R ed u cib le  P a ttern s

A  c o m p u t e r  s e a r c h  fo r  H e x  p a t t e r n s  c o n t a i n i n g  c a p t u r e d  s e t s  o r  d o m i n a t e d  m o v e s  r e v e a le d  4 2 7  
s u c h  p a t t e r n s ,  u p  t o  r e f l e c t i o n s  a n d  r o t a t i o n s .  H o w e v e r ,  m a n y  o f  t h o s e  p a t t e r n s  a r e  r e d u c i b l e ,  
m e a n in g  t h a t  t h e  i n f o r m a t io n  p r o v i d e d  b y  t h e  p a t t e r n  c o u ld  a l s o  b e  o b t a i n e d  b y  a p p ly in g  a  s m a l l e r  
p a t t e r n .  R e d u c i n g  a  p a t t e r n  i n t o  s m a l l e r  p a t t e r n s  p r o c e e d s  i n  t w o  s t e p s :  f i l l i n g  i n  c a p t u r e d  c e l l s ,  
a n d  m a t c h in g  s m a l l e r  d o m i n a t e d  m o v e  p a t t e r n s .

T h e  f ir s t  s t e p ,  f i l l i n g  i n  c a p t u r e d  c e l l s ,  i s  d e m o n s t r a t e d  i n  F i g u r e  1 3 .5 .  T h e  t w o  l e f t m o s t  p a t t e r n s  
a r e  b o t h  c a p t u r e d  b y  W h i t e .  B o t h  o f  t h e m  c o n t a i n  a  s m a l l e r  s e t  t h a t  i s  i t s e l f  c a p t u r e d  b y  W h i t e ,  
in d e p e n d e n t  o f  t h e  s t a t u s  o f  t h e  o t h e r  c e l l s .  T h i s  s m a l l e r  s e t  c a n  t h e n  b e  f i l l e d  i n  w i t h  w h i t e  p i e c e s .  
A s  F i g u r e  1 3 .5  s h o w s ,  t h i s  p r o c e s s  c a n  b e  i t e r a t e d  m o r e  t h a n  o n c e ,  a s  f i l l in g  i n  p i e c e s  m a y  c r e a t e  
n e w  c a p t u r e d  p a t t e r n s .  I n  b o t h  e x a m p l e s  o f  F i g u r e  1 3 .5 ,  e v e n t u a l l y  t h e  w h o l e  p a t t e r n  i s  f i l le d  in  
w i t h  w h i t e  p i e c e s ,  c o n f i r m i n g  t h a t  t h e  w h o l e  s e t  w a s  i n d e e d  c a p t u r e d  b y  W h i t e .  T h e r e  a x e , h o w e v e r ,  
la r g e r  c a p t u r e d  p a t t e r n s  t h a t  c a n n o t  b e  t h u s  r e d u c e d ;  e x a m p l e s  w i l l  b e  l i s t e d  i n  S e c t i o n  1 3 .5 .

T h e  s e c o n d  s t e p  i n  r e d u c in g  a  p a t t e r n  i s  d e t e c t i n g  d o m i n a t e d  m o v e s  u s in g  a  s m a l l e r  p a t t e r n .  I n  
F i g u r e  1 3 .4  t h i s  h a p p e n s  t o  a l l  t h e  t a b l e  e n t r i e s  c o n t a i n i n g  a r r o w s ;  t h e  e n t r i e s  a r e  v a l id  p a t t e r n s ,  
b u t  s u p e r f l u o u s ,  a s  t h e  d o m i n a t e d  m o v e s  c a n  a l s o  b e  d e t e c t e d  b y  t h e  s m a l l e r  p a t t e r n  p o i n t e d  t o  b e  
t h e  a r r o w . F i g u r e  1 3 .6  s h o w s  a n o t h e r  e x a m p l e .  A f t e r  f i l l - in ,  o n e  o f  t h e  p a t t e r n s  f r o m  F i g u r e  1 3 .4  i s  
d e t e c t e d ,  a n d  i t  i s  c o n c l u d e d  t h a t  t h e  m o v e  i n d i c a t e d  b y  t h e  w h i t e  d o t  i s  p r e f e r a b le  fo r  b o t h  p la y e r s  
t o  t h e  m o v e  w i t h  t h e  b la c k  d o t .  T h i s  i s  n e c e s s a r i ly  t r u e  a l s o  fo r  t h e  o r i g i n a l  p a t t e r n .

B y  t h u s  r e d u c in g  p a t t e r n s  i n t o  t h e  b a s i c  c a s e s  l i s t e d  i n  F i g u r e  1 3 .4 ,  a lm o s t  a l l  o f  t h e  d e a d ,  c a p t u r e d ,  
a n d  d o m i n a t e d  m o v e s  t h a t  o c c u r  in  H e x  p r a c t i c e  c a n  b e  d e t e c t e d .  S e c t i o n  1 3 .8  w i l l  l i s t  s o m e  
e x a m p l e s .
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F i g u r e  1 3 .6 :  E x a m p l e  o f  a  r e d u c ib le  d o m i n a t e d  m o v e  p a t t e r n .  T h e  m o v e  i n  t h e  w h i t e  d o t t e d  c e l l  i s  
p r e f e r a b le  fo r  b o t h  p la y e r s  t o  t h e  m o v e  i n  t h e  b la c k  d o t t e d  c e l l .

F i g u r e  1 3 .7 :  I r r e d u c ib le  c a p t u r e d  p a t t e r n s  fo r  W h i t e .

13.5 Larger Irreducib le P a ttern s

T h e  b a s i c  p a t t e r n s  i n  F i g u r e  1 3 .4  a l l  h a v e  a t  m o s t  t w o  e m p t y  c e l l s .  L a r g e r  p a t t e r n s  t h a t  a r e  n o t  
r e d u c ib le  m u s t  a l s o  e x i s t .  C o n s id e r  t h a t  p l a y i n g  a  w i n n i n g  o p e n i n g  m o v e  o n  a  b o a r d  o f  s i z e  n  x  n  
e f f e c t i v e l y  c r e a t e s  a n  a r e a  o f  s i z e  ( n  +  2 ) x  ( n  +  2 ) ,  i n c lu d i n g  t h e  b o r d e r  p i e c e s ,  t h a t  m u s t  a p p a r e n t l y  
b e  c a p t u r e d  s e t  fo r  t h e  p la y e r  w h o  p l a y e d  t h e  o p e n i n g  m o v e .  Y e t  t h e  r e d u c t io n s  u s in g  t h e  b a s i c  
p a t t e r n s  c a n n o t  e s t a b l i s h  t h i s .

F i g u r e  1 3 .7  l i s t s  t h e  t h r e e  i r r e d u c i b le  c a p t u r e d  s e t  p a t t e r n s  f o u n d  b y  a  c o m p u t e r  s e a r c h .  E a c h  p a t t e r n  
h a s  t h e  p r o p e r t y  t h a t  n o  s m a l l e r  s u b p a t t e r n  r e v e a l s  a n y  c a p t u r e d  c e l l s  a t  a l l .  N o  o t h e r  i r r e d u c ib le  
c a p t u r e d  s e t  p a t t e r n s  w i t h  f o u r  c o n n e c t e d  e m p t y  c e l l s  w e r e  f o u n d ,  n o r  w e r e  a n y  i r r e d u c ib le  c a p t u r e d  
s e t  p a t t e r n s  w i t h  t h r e e  c o n n e c t e d  e m p t y  c e l l s  a t  a ll .

I f  s o m e  l o c a l  p a t t e r n  c o n t a i n s  a  m o v e  t h a t  c a p t u r e s  t h e  r e s t  o f  t h e  e m p t y  c e l l s ,  t h e n  t h i s  m o v e  i s  
o f  c o u r s e  t h e  b e s t  p o s s i b l e  m o v e  w i t h i n  t h a t  p a t t e r n .  I f  n o  s u c h  m o v e  i s  a v a i l a b l e ,  t h e n  c a r e  m u s t  
b e  t a k e n  n o t  t o  p l a y  a  m o v e  m  t h a t  a l l o w s  t h e  o p p o n e n t  a  r e p ly  t h a t  c a p t u r e s  a l l  r e m a in i n g  e m p t y  
c e l l s ,  a n d  a t  t h e  s a m e  t i m e  k i l l s  m o v e  m . A  m o v e  t h a t  w o u l d  a l l o w  s u c h  a  r e p ly  w o u l d  b e  t h e  w o r s t  
p o s s i b l e  m o v e  t o  p l a y  w i t h i n  t h e  p a t t e r n .

C o m b in i n g  t h e s e  r e q u i r e m e n t s  p r o d u c e s  F i g u r e  1 3 .8 ,  a  l i s t  o f  i r r e d u c ib le  p a t t e r n s  w i t h  i n d i c a t e d  
l o c a l l y  o p t i m a l  m o v e s .  A  l o c a l l y  o p t i m a l  m o v e  i s  o n e  t h a t  e i t h e r  c a p t u r e s  t h e  w h o l e  s e t ,  o r  i f  t h a t  
i s  n o t  p o s s ib l e ,  i t  p r e v e n t s  t h e  o p p o n e n t  f r o m  d o in g  s o .  I n  e a c h  o f  t h e  p a t t e r n s  o f  F i g u r e  1 3 .8 ,  
t h e  m o v e s  i n d i c a t e d  w i t h  w h i t e  m a r k e r s  a r e  m o v e s  t h a t  c a p t u r e  t h e  e n t i r e  s e t  fo r  W h i t e ;  t h e y  a r e  
t h e r e f o r e  l o c a l l y  o p t i m a l  fo r  W h i t e .  T h e  m o v e s  i n d i c a t e d  w i t h  b la c k  m a r k e r s  a r e  m o v e s  fo r  B l a c k  
t h a t  s t o p  W h i t e  f r o m  c a p t u r i n g  t h e  w h o l e  s e t .  I f  a n y  o f  t h e s e  p a t t e r n s  a r e  e n c o u n t e r e d  i n  a  H e x  
g a m e ,  o n ly  one o f  t h e  m a r k e d  c e l l s  n e e d s  t o  b e  c o n s i d e r e d  b y  t h e  a p p r o p r i a t e  p la y e r ;  a l l  o t h e r  m o v e s  
a r e  p r o v a b ly  n o  b e t t e r .

N o t e  t h a t  m a n y  o f  t h e  p a t t e r n s  h a v e  m o r e  t h a n  o n e  l o c a l l y  o p t i m a l  m o v e  fo r  o n e  o r  b o t h  o f  t h e  
p la y e r s .  W h e n  t h e r e  a r e  m u l t i p l e  l o c a l l y  o p t i m a l  m o v e s ,  t h e y  a l l  d o m i n a t e  e a c h  o t h e r .  T h i s  m e a n s
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F i g u r e  1 3 .8 :  I r r e d u c i b le  p a t t e r n s  w i t h  l o c a l l y  o p t i m a l  m o v e s  fo r  W h i t e  a n d  fo r  B la c k .

t h a t  c a r e  m u s t  b e  t a k e n  n o t  t o  s i m p l y  o m i t  a n y  d o m i n a t e d  m o v e ,  fo r  t h e n  n o  m o v e  w o u l d  r e m a in  a t  
a l l .  A  d o m i n a t e d  m o v e  m a y  o n l y  b e  o m i t t e d  p r o v i d e d  t h a t  a t  l e a s t  o n e  o f  i t s  d o m i n a t i n g  m o v e s  i s  
n o t .  O m i t t i n g  m o v e s  f r o m  c o n s i d e r a t i o n  b a s e d  o n  d o m i n a t i o n  i s  o f  c o u r s e  t r a n s i t i v e :  I f  m  d o m i n a t e s  
m ' a n d  m ' d o m i n a t e s  m " , t h e n  b o t h  m ' a n d  m "  c a n  b e  o m i t t e d  f r o m  c o n s i d e r a t i o n  p r o v i d e d  t h a t  m  
i s  n o t .

I n  t h e  t e n  p a t t e r n s  o n  t h e  t o p  a n d  m i d d l e  r o w  o f  F i g u r e  1 3 .8 ,  i f  B l a c k  p l a y s  a  m o v e  t h a t  i s  n o t  
i n d i c a t e d  w i t h  a  b la c k  m a r k e r  t h e n  W h i t e  k i l l s  t h i s  m o v e  i m m e d i a t e l y  a n d  c a p t u r e s  t h e  w h o l e  s e t .  
T h e  t h r e e  p a t t e r n s  o n  t h e  b o t t o m  r o w  d o  n o t  h a v e  t h i s  p r o p e r t y .  I f  B l a c k  m a k e s  a  m i s t a k e ,  t h e n  
W h i t e  w i l l  e v e n t u a l l y  c a p t u r e  t h e  s e t  a n d  k i l l  B l a c k ’s  m o v e ,  b u t  not  i m m e d i a t e l y  o n  t h e  n e x t  m o v e .

A n y  c a p t u r e d  s e t  p a t t e r n  c a n n o t  c o n t a i n  a n  e m p t y  c e l l  t h a t  h a s  a t  l e a s t  t w o  n o n a d j a c e n t  “l i b e r t i e s ” , 
w h e r e  a  l i b e r t y  i s  a n  a d j a c e n t  c e l l  o u t s i d e  t h e  p a t t e r n .  T h e  r e a s o n  i s  t h a t  a n  o p p o n e n t ’s  f i r s t  m o v e  
i n  s u c h  a  c e l l  c o u ld  n e v e r  b e  k i l l e d  f r o m  w i t h i n  t h e  p a t t e r n  a n y m o r e :  N o  m a t t e r  h o w  t h e  r e s t  o f  t h e  
p a t t e r n  i s  f i l l e d  i n ,  t h e  f ir s t  m o v e  c o u l d  s t i l l  b e  p a r t  o f  a n  i n d u c e d  i n t e r - t e r m in a l  p a t h  t h a t  d o e s  n o t  
t o u c h  t h e  r e s t  o f  t h e  p a t t e r n .  T h e  c a p t u r e  a n d  d o m i n a t i o n  o f  s e t s  i s  c l o s e l y  r e la t e d  t o  t h e s e  o u t s i d e  
l i b e r t i e s .  T h e  l o c a l  g a m e s  d e s c r i b e d  i n  t h e  s e c t i o n  o n  s u p e r r a t io n a l  p l a y  a r e  i n  t h e  S h a n n o n  g a m e  
e q u i v a le n t  t o  a  l o c a l  g a m e  b a s e d  o n  t h e s e  o u t s i d e  l i b e r t i e s ,  n a m e l y  t h e  multi-Shannon game.

13.6 M u lti-S h an n on

T h e  m u lti-S h a n n o n  g a m e i s  a  g r a p h  c o l o u r i n g  g a m e  t h a t  c a n  b e  u s e d  t o  d e t e c t  s u p e r r a t io n a l  
m o v e s  i n  a  r e g u la r  S h a n n o n  g a m e .  I t  i s  i n  f a c t  t h e  g r a p h  e q u i v a le n t  o f  t h e  t e r n a r y  g a m e  b a s e d  
o n  p u n c t u a t e d  f o r m u la s  a s  d e s c r i b e d  i n  S e c t i o n s  8 .6 - 8 .8 . A s  t h e  n a m e  s u g g e s t s ,  t h e  m u l t i - S h a n n o n  
g a m e  i s  a c t u a l l y  a  m o r e  g e n e r a l  v e r s i o n  o f  t h e  S h a n n o n  g a m e  i t s e l f ,  a n d  i n d e e d  l o c a l  m u l t i - S h a n n o n  
g a m e s  c a n  e v e n  b e  u s e d  t o  f in d  s u p e r r a t io n a l  m o v e s  i n  l a r g e r  m u l t i - S h a n n o n  g a m e s .
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F i g u r e  1 3 .9 :  E x a m p l e s  o f  m u l t i - S h a n n o n  g a m e s :  w i n  fo r  C u t  ( l e f t ) ,  w i n  fo r  S h o r t  ( m i d d l e ) ,  d r a w  
( r ig h t ) .

D e fin itio n  1 3 .6 .1 . L e t  Q b e  a  g r a p h  w i t h  a  s e t  T  C  V(G), w h e r e  t h e  v e r t i c e s  i n  T  a r e  t o  b e  c a l le d  
t h e  terminal vertices, o r  terminals f o r  s h o r t .  T h e  m u lti-S h a n n o n  gam e b a s e d  o n  {Q, T )  i s  a  g a m e  
p l a y e d  o n  t h e  c o l o u r  s p a c e  w i t h  t h e  s c o r in g  f u n c t i o n  /  : —> T  d e f in e d  a s

+1 if £- 1 ( tr u e )  is a t - t ' connector for every connected pair r, t ' €  T ;

—1 if £- 1 ( tr u e )  is a t - t '  separator for every nonadjacent pair t , t '  &T;  
0 otherwise.

S o m e  e x a m p l e s  o f  m u l t i - S h a n n o n  g r a p h s  a r e  s h o w n  i n  F i g u r e  1 3 .9 .  T h e  g a m e  c a n  e n d  i n  a  d r a w ,  
w h e n  s o m e  b u t  n o t  a l l  p a ir s  o f  t e r m i n a l s  a r e  c o n n e c t e d  b y  S h o r t .  I t  i s  t h e r e f o r e  n o t  s t r i c t l y  a  s e t  
c o l o u r i n g  g a m e  a c c o r d in g  t o  t h e  d e f in i t i o n  i n  C h a p t e r  3 . T h e  r e g u la r  S h a n n o n  g a m e  i s  a  s p e c i a l  c a s e  
o f  t h e  m u l t i - S h a n n o n  g a m e ,  p l a y e d  w i t h  e x a c t l y  t w o  t e r m i n a l s .  T h e  g a m e  o f  Y  i s  s e e m i n g l y  s im i la r  
t o  t h e  m u l t i - S h a n n o n  g a m e ,  h a v i n g  t h r e e  t e r m i n a l s ,  b u t  t h e r e  i s  a  c r u c ia l  d i f f e r e n c e .  I n  t h e  g a m e  o f  
Y ,  p la y e r  S h o r t  n e e d s  t o  c o n n e c t  t h e  t h r e e  s id e s  w i t h  one single chain. I n  t h e  m u l t i - S h a n n o n  g a m e  
t h i s  i s  n o t  r e q u ir e d .  C u r io u s ly ,  t h i s  s t r i c t e r  r e q u ir e m e n t  fo r  t h e  g a m e  o f  Y  r e m o v e s  t h e  p o s s i b i l i t y  
o f  d r a w s .

T h e  m u l t i - S h a n n o n  g a m e  c a n  b e  r e g a r d e d  a s  a  m e t a g a m e  w h e r e  o n e  r e g u la r  S h a n n o n  g a m e  i s  p la y e d  
b e t w e e n  e a c h  p a ir  o f  t e r m i n a l s .  A l l  t h e s e  r e g u la r  S h a n n o n  g a m e s  a r e  p l a y e d  s im u l t a n e o u s ly ,  a n d  t h e  
t a s k  f o r  b o t h  p la y e r s  i s  t o  w i n  all o f  t h e m .  F o r  p la y e r  S h o r t  t h i s  r e q u ir e s  c o n n e c t i n g  e v e r y  p a ir  o f  
t e r m i n a l s ,  a n d  fo r  C u t  i t  r e q u ir e s  d i s c o n n e c t i n g  e v e r y  p a ir .  D e g e n e r a t e  c a s e s  c a n  a r i s e  w h e r e  s o m e  
p a ir  o f  t e r m i n a l s  i s  n o t  e v e n  c o n n e c t e d  a t  t h e  s t a r t  o f  t h e  g a m e ,  o r  a lr e a d y  a d j a c e n t  a t  t h e  s t a r t  o f  
t h e  g a m e ;  t o  d e a l  w i t h  t h i s ,  t h e  p la y e r s  d o  n o t  n e e d  t o  w o r r y  a b o u t  a n y  t e r m i n a l  p a ir  t h a t  cannot 
b e  c o n n e c t e d  o r  d i s c o n n e c t e d  u n d e r  a n y  c o lo u r in g .

T h e  m u l t i - S h a n n o n  g a m e  i s  a c t u a l l y  d e r iv e d  f r o m  t h e  g a m e s  b a s e d  o n  a c h ie v i n g  o p t i m a l  c o l o u r i n g s  
in  t h e  r e g u la r  S h a n n o n  g a m e .  L e t  T  =  { Xs , f )  b e  t h e  s e t  c o l o u r i n g  g a m e  o f  a  S h a n n o n  g a m e  p la y e d  
o n  g r a p h  Q. C o n s id e r  s o m e  a r b i t r a r y  s e t  S '  C S  o f  n o n t e r m in a l  n o d e s .  A  m a x i m a l  c o l o u r i n g  o f  S '  
w o u l d  b e  a  c o l o u r i n g  pi' €  B 5  w i t h  t h e  p r o p e r t y  t h a t  fo r  e v e r y  c o m p l e t e  c o l o u r i n g  pj* G B s  w e  h a v e  
f{p>*) =  + 1  = >  f{tp*ip') =  + 1 .  I f  ip* c o n t a i n s  a  w i n n i n g  c h a in  V  fo r  S h o r t  t h e n :

•  E i t h e r  V  d o e s  n o t  i n t e r s e c t  S',  in  w h ic h  c a s e  ip' d o e s  n o t  d e s t r o y  P; o r

•  V  does intersect S ',  and since S '  contains no terminals of T, 'P must therefore also connect 
two neighbours of S '  with a path inside S'.  Then in order for f (p P ’tp') = + 1  there must be a 
TRUE-coloured chain between these two neighbours in p / .
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F i g u r e  1 3 .1 0 :  C o n v e r t i n g  a  l o c a l  H e x  p a t t e r n  i n t o  a  m u l t i - S h a n n o n  g a m e ,  w i t h  B l a c k  p l a y in g  S h o r t  
a n d  W h i t e  p l a y in g  C u t .

S o  t o  a c h ie v e  a  m a x i m a l  c o l o u r i n g  o f  S '  i t  i s  sufficient fo r  S h o r t  t o  c o n n e c t  e v e r y  p a ir  o f  n e i g h b o u r s  
o f  S '  t h a t  h a v e  a  c o n n e c t i n g  p a t h  i n s i d e  o f  S ' . I t  i s  n o t  a lw a y s  a c t u a l l y  necessary t o  d o  s o ,  b e c a u s e  
i t  c o u ld  h a p p e n  t h a t  t h e r e  i s  s o m e  p a ir  o f  n e i g h b o u r s  o f  S '  t h a t  n e v e r  o c c u r s  i n  a n  i n d u c e d  i n t e r ­
t e r m i n a l  p a t h  in  Q. W h e n  fo r  i n s t a n c e  S '  f o r m s  a  c u t  s e t  b e t w e e n  t h e  t e r m i n a l s  i n  Q, t h e n  S h o r t  
r e a l ly  o n ly  n e e d s  t o  c o n n e c t  n e i g h b o u r s  o f  S '  t h a t  a r e  n o t  i n  t h e  s a m e  c o n n e c t e d  c o m p o n e n t  o f  Q \S ' .

B y  v e r y  s im i l a r  r e a s o n i n g ,  t o  a c h ie v e  a  m i n i m a l  c o l o u r i n g  o f  S '  i t  i s  s u f f i c ie n t  fo r  C u t  t o  d i s c o n n e c t  
e v e r y  p a ir  o f  n e i g h b o u r s  o f  S '  t h a t  a r e  n o t  a l r e a d y  a d j a c e n t  i n  Q. T h e s e  s u f f ic ie n t  r e q u i r e m e n t s  fo r  
S h o r t  a n d  C u t  a r e  e n c o d e d  i n  t h e  r u le s  o f  t h e  m u l t i - S h a n n o n  g a m e  p l a y e d  o n  Q(S'  U  J\f(S'))  w i t h  
t e r m i n a l s  A f(S ') .2 A  w i n n i n g  m o v e  in  t h i s  m u l t i - S h a n n o n  g a m e  i s  t h e r e f o r e  p r o v a b ly  a t  l e a s t  a s  
g o o d  i n  r  a s  a n y  o t h e r  m o v e  in  S ',  a n d  a n y  m o v e  i n  S '  i s  p r o v a b ly  a t  l e a s t  a s  g o o d  i n  T  a s  a  l o s in g  
m o v e  i n  t h e  l o c a l  m u l t i - S h a n n o n  g a m e .

A n  e x a m p l e  o f  t h e  p r o c e s s  o f  g e n e r a t i n g  a  l o c a l  m u l t i - S h a n n o n  g a m e  b a s e d  o n  a  H e x  p a t t e r n  i s  
d i s p l a y e d  i n  F i g u r e  1 3 .1 0 .  T h e  l e f t m o s t  p i c t u r e  s h o w s  t h e  p a t t e r n ,  w h ic h  i s  o n e  o f  t h e  p a t t e r n s  
l i s t e d  in  F i g u r e  1 3 .8 .  T h e  s e c o n d  p i c t u r e  s h o w s  a  p a r t  o f  t h e  S h a n n o n  g a m e  g r a p h  w i t h  B l a c k  
p l a y in g  t h e  r o l e  o f  S h o r t .  S h o w n  a r e  t h e  n o d e s  c o r r e s p o n d i n g  t o  t h e  e m p t y  c e l l s  i n  t h e  p a t t e r n ,  
a n d  t h e i r  n e i g h b o u r h o o d .  I n  t h e  t h i r d  p i c t u r e ,  t h e  n e i g h b o u r h o o d  n o d e s  a r e  t u r n e d  i n t o  t e r m i n a l s .  
T h i s  i s  a l r e a d y  a  m u l t i - S h a n n o n  g a m e  t h a t  r e p r e s e n t s  t h e  p a t t e r n .  H o w e v e r ,  t h e  m u l t i - S h a n n o n  
g a m e  c a n  b e  s im p l i f i e d  b y  r e c o g n iz i n g  t h a t  a n y  c l i q u e  o f  t e r m i n a l s  w h o s e  n e i g h b o u r h o o d s  o u t s i d e  
t h e  c l iq u e  a r e  t h e  s a m e ,  m a y  a s  w e l l  b e  r e p la c e d  b y  a  s in g le  t e r m i n a l .  T h e  r i g h t m o s t  p i c t u r e  s h o w s  
t h e  r e s u l t in g  s im p l i f i e d  l o c a l  m u l t i - S h a n n o n  g a m e .  I f  C u t  h a s  t h e  f ir s t  m o v e ,  t h e n  t h e r e  i s  o n l y  o n e  
w i n n i n g  m o v e  t h a t  g u a r a n t e e s  t h e  e v e n t u a l  d i s c o n n e c t i n g  o f  a l l  s e p a r a b le  t e r m i n a l s .  S h o r t  h a s  n o  
w i n n i n g  f i r s t  m o v e ,  b u t  t h e r e  i s  o n e  d r a w i n g  m o v e  t h a t  g u a r a n t e e s  t h e  c o n n e c t i o n  o f  some, b u t  n o t  
a l l ,  p a ir s  o f  c o n n e c t a b l e  t e r m i n a l s .  T h i s  c o r r e s p o n d s  t o  t h e  a d v i c e  g iv e n  i n  F i g u r e  1 3 .1 0 .

I n  g e n e r a l ,  t h e  l o c a l  m u l t i - S h a n n o n  g a m e  i n d u c e d  b y  S '  h a s  t h e  p r o p e r t y  t h a t  a  m o v e  t h a t  i s  a t  
l e a s t  a s  g o o d  i n  t h e  l o c a l  g a m e  i s  a l s o  a t  l e a s t  a s  g o o d  i n  t h e  g lo b a l  S h a n n o n  g a m e .  T h i s  i s  t r u e  
r e g a r d le s s  o f  t h e  c h o ic e  o f  s e t  S ',  w h ic h  i s  a  r e m a r k a b ly  p r o p e r t y ;  i t  d o e s  n o t  r e q u ir e  t h e  g lo b a l  
S h a n n o n  g a m e  t o  d e c o m p o s e .  F o l l o w in g  t h e  t e r m i n o l o g y  o f  C h a p t e r  8 , m o v e s  t h a t  a r e  o p t i m a l  i n  a  
l o c a l  m u l t i - S h a n n o n  g a m e  a r e  s u p e r r a t io n a l .

T a b le  1 3 .6 .1  l i s t s  t h e  v a r io u s  p o s s i b i l i t i e s  fo r  a  l o c a l  m u l t i - S h a n n o n  g a m e .  I f  e i t h e r  p l a y e r  h a s  a  
s e c o n d - p l a y e r  w i n ,  t h e n  t h e  s e t  o f  n o n t e r m in a l  n o d e s  i n  t h e  m u l t i - S h a n n o n  g a m e  i s  c a p t u r e d  b y  t h a t  
p la y e r ,  a n d  c a n  b e  f i l le d  in .  I f  s o m e  p la y e r  h a s  a  f i r s t - p la y e r  w i n  b u t  n o t  a  s e c o n d - p l a y e r  w i n ,  t h e n

2 R ecall that th e  neighbourhood N ( S ' )  o f S '  does not in tersect S '  itself.
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S h o r t  m o v e s  f ir s t

m o v e s

S h o r t  w i n s d r a w C u t  w i n s
S h o r t  w i n s S - c a p t u r e d - -

d r a w S - d o m i n a t e d u n d e t e r m i n e d -
C u t  w i n s b o t h  d o m i n a t e d C - d o m i n a t e d C - c a p t u r e d

T a b le  1 3 .6 .1 :  P o s s i b l e  o u t c o m e s  o f  a  l o c a l  g a m e

a n y  l o c a l l y  w i n n i n g  m o v e  i s  a  d o m i n a t i n g  m o v e  fo r  t h a t  p la y e r .  T h e  d a s h e s  i n  T a b le  1 3 .6 .1  r e p r e s e n t  
c o m b i n a t i o n s  t h a t  a r e  i m p o s s i b l e ,  s in c e  t h e  m u l t i - S h a n n o n  g a m e  is  i s o t o n e .  T h e  m u l t i - S h a n n o n  
g a m e  o f  F i g u r e  1 3 .1 0  i s  a  f ir s t  p la y e r  w i n  fo r  C u t  a n d  a  d r a w  i f  S h o r t  m o v e s  f ir s t ;  i t  t h e r e f o r e  
r e p r e s e n t s  a  C u t - d o m i n a t e d  s e t .

T h e  p r o c e d u r e  t o  f o l lo w  is :

1 . I f  t h e r e  i s  a  l o c a l  m u l t i - S h a n n o n  g a m e  w i t h  a  s e c o n d - p l a y e r  w i n  fo r  o n e  o f  t h e  p la y e r s ,  t h e  s e t  
o f  n o d e s  i s  c a p t u r e d  a n d  s h o u l d  b e  f i l le d  in .  I t e r a t e  t h i s  s t e p  u n t i l  n o  m o r e  c a p t u r e d  s e t s  a r e  
f o u n d .

2 . F o r  a n y  l o c a l  m u l t i - S h a n n o n  g a m e  t h a t  c o n t a in s  a  d o m i n a t i n g  m o v e ,  n o m i n a t e  o n e  s u c h  d o m ­
i n a t i n g  m o v e  fo r  i n v e s t i g a t i o n  a n d  ig n o r e  t h e  r e s t .

3 . F o r  a n y  l o c a l  m u l t i - S h a n n o n  g a m e  t h a t  c o n t a in s  a  d o m i n a t i n g  m o v e  fo r  t h e  o p p o n e n t ,  i g n o r e  
a l l  t h e  l o c a l l y  l o s i n g  m o v e s .

A l l  t h e  a c t i o n s  o f  t h i s  p r o c e d u r e  f u l f i l l  c o n d i t i o n s  t h a t  a r e  s u f f i c ie n t  fo r  s u p e r r a t io n a l  p la y . A s  s t a t e d  
b e f o r e ,  t h e  c o n d i t i o n s  m a y  n o t  a lw a y s  b e  n e c e s s a r y ;  i n  t e r m s  o f  l o c a l  m u l t i - S h a n n o n  g a m e s  t h i s  
m e a n s  t h a t  a  m o v e  t h a t  i s  a  l o c a l  m u l t i - S h a n n o n  d r a w  m a y  s t i l l  b e  s u p e r r a t io n a l  fo r  S h o r t  o r  C u t .

A s  a  f in a l  n o t e ,  i t  c a n  b e  r e m a r k e d  t h a t  t h e  d e s c r i b e d  p r o c e d u r e  i s  a l s o  s u p e r r a t io n a l  w h e n  t h e  l o c a l  
m u l t i - S h a n n o n  g a m e  o c c u r s  w i t h i n  a  l a r g e r  m u l t i - S h a n n o n  g a m e ;  t h e  a r g u m e n t a t io n  i s  p r e c i s e ly  t h e  
s a m e .

13.7  Efficient P a ttern  M atch in g  in H ex

I n  o r d e r  t o  d e t e c t  p a t t e r n s  o c c u r r i n g  a r o u n d  a  g iv e n  c e l l  e f f ic i e n t ly ,  t h e  f o l lo w i n g  e n c o d i n g  c a n  
b e  u s e d .  T h e  b o a r d  a r o u n d  t h e  g iv e n  c e l l  i s  d i v i d e d  i n t o  s i x  “s l i c e s ” . T h e  c e l l s  in  e a c h  s l i c e  a r e  
n u m b e r e d  a s  s h o w n  in  F i g u r e  1 3 .1 1 .  T h e s e  n u m b e r s  a r e  u s e d  a s  b i t  p o s i t i o n s  in  a  b i n a r y  e n c o d i n g  
o f  t h e  c o n t e n t s  o f  t h e  s l i c e .  T h i s  w a y ,  a n y  p a t t e r n  w i t h i n  a  r a d iu s  o f  a t  m o s t  s e v e n  c e l l s  c a n  b e  
s p e c i f i e d  b y  s i x  i n t e g e r s .  H o w e v e r ,  p a t t e r n s  n e e d  t o  s p e c i f y  fo u r  p o s s ib l e  c e l l  s t a t e s :  e m p t y ,  b la c k ,  
w h i t e ,  o r  i r r e l e v a n t .  T h i s  c o u ld  t h e n  b e  d o n e  b y  u s in g  t w o  b i n a r y  n u m b e r s  p e r  s l ic e ;  T a b le  1 3 .7 .1  
s p e c i f i e s  t h e  e n c o d in g .

F i g u r e  1 3 .1 2  s h o w s  a n  e x a m p l e  f e a t u r i n g  t h e  f ir s t  p a t t e r n  o c c u r r i n g  in  F i g u r e  1 3 .5 .  T h e  t w o  n u m b e r s
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b i t  i n  b i t  in
f ir s t  n u m b e r  s e c o n d  n u m b e r  e n c o d i n g

0  0  c e l l  s t a t e  i s  i r r e le v a n t
0  1  c e l l  i s  e m p t y
1  0  c e l l  c o n t a i n s  a  b la c k  p i e c e
1  1  c e l l  c o n t a i n s  a  w h i t e  p i e c e

T a b le  1 3 .7 .1 :  B i t  e n c o d i n g  fo r  p a t t e r n s .

M)

>-- < “ >- < * / ,» )  < »  y - l
> \  14 )  —(  3 >

25 V - / 2*'

: ju
A **

F i g u r e  1 3 .1 1 :  N u m b e r in g  o f  c e l l s  fo r  H e x  p a t t e r n  e n c o d in g .
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F i g u r e  1 3 .1 2 :  E x a m p l e  p a t t e r n  e n c o d in g .

r o t a t i o n r in g f ir s t s e c o n d h a s h
n u m b e r p a t t e r n n u m b e r n u m b e r l o c a t i o n

0 e , e ,w , w , i , i 0 0 1 1 0 0 0 0 1 1 1 1 7 8 3
1 e , w , w , i , i , e 0 1 1 0 0 0 0 1 1 1 1 0 1 5 6 6
2 w , w , i , i , e , e 1 1 0 0 0 0 1 1 1 1 0 0 3 1 3 2
3 w , i , i , e , e , w 1 0 0 0 0 1 1 1 1 0 0 1 2 1 6 9
4 i , i , e , e , w , w 0 0 0 0 1 1 1 1 0 0 1 1 2 4 3
5 i , e , e , w , w , i 0 0 0 1 1 0 1 0 0 1 1 1 4 2 3

e n c o d i n g  fo r  p a t t e r n s ; e  =  e m p t y c e l l ,  w  = w h i t e  p ie c e ,

fo r  t h e  t o p  s l i c e  a r e  . . .0 0 0 1 0  a n d  . . .0 0 1 1 1  i n  b in a r y ,  o r  2  a n d  7  i n  d e c im a l .  T h e  o t h e r  s l i c e s ,  g o i n g  
c o u n t e r - c l o c k w is e ,  a r e :  ( 6 , 7 ) ;  ( 1 ,  1 );  ( 1 ,  1 );  ( 0 ,  0 ) ;  ( 0 ,  0 ) .  A p a r t  f r o m  d e t e c t i o n  s p e e d ,  t h e  o t h e r  
c o n s i d e r a b l e  a d v a n t a g e  o f  t h i s  e n c o d i n g  i s  t h a t  r o t a t i n g  a  p a t t e r n  b y  6 0  d e g r e e s  i s  t r i v i a l .  M ir r o r in g  
a  p a t t e r n  i s  n o t  t r iv ia l ,  s o  t h e  b e s t  t h i n g  t o  d o  i s  t o  s p e c i f y  a s y m m e t r i c a l  p a t t e r n s  t w i c e ,  o n c e  fo r  
e a c h  h a n d e d n e s s .

T o  a v o id  s c a n n i n g  t h e  e n t i r e  t a b l e  o f  p a t t e r n s  fo r  p o s s i b l e  m a t c h e s ,  e a c h  p a t t e r n  c a n  b e  h a s h e d  t o  o n e  
t w e l v e - b i t  n u m b e r  b a s e d  o n  t h e  “r in g  p a t t e r n ” , d e f in e d  a s  t h e  s t a t e  o f  t h e  s i x  c e l l s  s u r r o u n d i n g  t h e  
c e n t e r  c e l l .  F o r  t h e  p a t t e r n  o f  F i g u r e  1 3 .1 2  t h e  b i n a r y  n u m b e r s  fo r  t h e  r in g  p a t t e r n  a r e  0 0 1 1 0 0  a n d  
0 0 1 1 1 1 ,  a g a in  g o i n g  c o u n t e r c l o c k w is e  s t a r t i n g  w i t h  t h e  t o p  c e l l  a s  t h e  l e a s t  s ig n i f i c a n t  b i t .  T h i s  l e a d s  
t o  t h e  b i n a r y  n u m b e r  0 0 1 1 0 0 0 0 1 1 1 1 ,  o r  7 8 3  i n  d e c im a l .  T h e  h a s h  t a b l e  w i l l  t h e n  s t o r e  a  r e f e r e n c e  
a t  l o c a t i o n  7 8 3  t o  t h e  p a t t e r n ,  a lo n g  w i t h  t h e  r o t a t i o n .  E a c h  p a t t e r n  t h u s  h a s  s i x  r e f e r e n c e s ,  a lo n g  
w i t h  r o t a t i o n  n u m b e r s ,  s t o r e d  i n  t h e  h a s h  t a b l e .  T h e  s i x  r e f e r e n c e s  f o r  t h e  p a t t e r n  o f  F i g u r e  1 3 .1 2  
a r e  l i s t e d  in  T a b le  1 3 .7 .2 .

T o  s c a n  fo r  p o s s i b l e  m a t c h e s  s u r r o u n d i n g  a  g iv e n  c e l l  o n  t h e  b o a r d ,  i t s  r in g  n u m b e r  i s  c a l c u la t e d  a n d  
o n l y  t h e  p a t t e r n s  s t o r e d  a t  t h e  c o r r e s p o n d i n g  h a s h  l o c a t i o n  n e e d  t o  b e  c h e c k e d .  T h e  s l i c e  n u m b e r s  
s u r r o u n d i n g  t h e  g iv e n  c e l l  a r e  c a l c u l a t e d  a n d  m a t c h e d  a g a i n s t  t h e  s l i c e  n u m b e r s  o f  t h e  s t o r e d  p a t t e r n ,  
i n  t h e  o r i e n t a t i o n  t h a t  w a s  s t o r e d  a t  t h e  h a s h  l o c a t i o n .  I n  t h e  i d e a l  c a s e  t h i s  r e d u c e s  t h e  n u m b e r  o f  
p a t t e r n s  t o  b e  c h e c k e d  fo r  p o s s ib l e  m a t c h e s  b y  a  f a c t o r  o f  a p p r o x im a t e ly  6  x  4 6  =  2 4 5 7 6  o n  a v e r a g e ,  
t h o u g h  i n  p r a c t i c e  t h e r e  w i l l  b e  s o m e  c lu m p i n g  a s  t h e  f o u r  p o s s ib l e  c e l l  s t a t e s  d o  n o t  o c c u r  w i t h  
e q u a l  f r e q u e n c y  i n  t h e  s i x  r in g  c e l l s .  F o r  f u r t h e r  e f f ic i e n c y ,  n o t e  t h a t  t h e  s l i c e  n u m b e r s  a n d  r in g  
n u m b e r s  o f  a n y  g iv e n  c e l l  c a n  a l l  b e  c a l c u l a t e d  i n c r e m e n t a l ly ,  a s  e a c h  m o v e  o n  t h e  b o a r d  c h a n g e s  a t  
m o s t  o n e  b i t  i n  t h e  s l i c e  n u m b e r s  a n d  t h e  r in g  n u m b e r .
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F i g u r e  1 3 .1 3 :  B e r g e ’s  p u z z l e  1 w i t h  W h i t e  t o  m o v e  a n d  w i n  ( l e f t ) ,  a n d  i t s  s t a t u s  a f t e r  d e a d  c e l l  
a n a l y s i s .

F i g u r e  1 3 .1 4 :  B e r g e ’s  p u z z l e  2  w i t h  W h i t e  t o  m o v e  a n d  w i n  ( l e f t ) ,  a n d  i t s  s t a t u s  a f t e r  d e a d  c e l l  
a n a l y s i s .

13.8 E xam p les

F i g u r e s  1 3 . 1 3 - 1 3 .1 7  s h o w  t h e  r e s u l t s  fo r  t h e  p u z z l e s  p u b l i s h e d  b y  B e r g e  i n  [1 1 ]. G r e y  p i e c e s  m a r k e d  
w i t h  a  c r o s s  i n d i c a t e  d e a d  c e l l s ;  m a r k e d  b la c k  a n d  w h i t e  p i e c e s  i n d i c a t e  c a p t u r e d  c e l l s ,  a n d  e m p t y  
c e l l s  m a r k e d  ‘ x ’ i n d i c a t e  d o m i n a t e d  m o v e s  fo r  t h e  p la y e r  t o  m o v e  n e x t .

F i g u r e s  1 3 .1 5  a n d  1 3 .1 6  s h o w  t h e  i m p o r t a n c e  o f  i t e r a t i n g  t h e  f i l l - in  o f  c a p t u r e d  s e t s .  B o t h  d i a g r a m s  
s h o w  a  l o n g  “c o r r id o r ” e n t i r e l y  f i l le d  i n  w i t h  c a p t u r e d  p i e c e s  b y  s u c c e s s i v e l y  d e t e c t i n g  t w o  m o r e  
c a p t u r e d  p i e c e s  a f t e r  e a c h  f i l l - in .  F i g u r e  1 3 .1 7  s h o w s  h o w  t h e  b a t t l e  i s  e f f e c t iv e ly  a l r e a d y  d e c o m p o s e d  
i n t o  t w o  u n c o n n e c t e d  a r e a s ,  e v e n  t h o u g h  in  t h e  o r i g i n a l  p o s i t i o n  t h o s e  t w o  a r e a s  a r e  s t i l l  c o n n e c t e d .

B erge’s puzzle 5

T h e  f o l lo w i n g  d i s c u s s i o n  o f  B e r g e ’s  p u z z l e  5  w i l l  s e r v e  a s  a  m o r e  e la b o r a t e  e x a m p l e s  o f  t h e  a p p l i c a t i o n  
o f  d y n a m i c  t r a c e s  a n d  d e a d  c e l l  a n a l y s i s .  D u e  t o  t h e  la r g e  b o a r d  s i z e  a n d  c o m p l i c a t e d  s t r a t e g i c  n a t u r e  
o f  t h e  p u z z l e ,  t h e  c o r r e c t  a n a l y s i s  w a s  n o t  p r e v i o u s l y  k n o w n .

B e r g e ’s  p u z z l e  5  w i t h  W h i t e  t o  m o v e  i s  a  w i n  f o r  W h i t e .  F i g u r e  1 3 .1 8  s h o w s  a  m i n i m a l  d y n a m i c  
t r a c e .  W h i t e  s t a r t s  w i t h  1 . e l l  a n d  t h r e a t e n s  t o  c o n n e c t  e l l  t o  t h e  w h i t e  s t r i n g  a t  e 5 - e l 2 ,  w h ic h  
h a s  a  v i r t u a l  c o n n e c t i o n  t o  t h e  s o u t h w e s t .  I f  B l a c k  m e r e l y  c o n c e n t r a t e s  o n  s t o p p i n g  W h i t e  f r o m  
l in k i n g  u p  t h e s e  t w o  c h a in s ,  p l a y  c o n t i n u e s  w i t h  1 . . . .  d lO ; 2 .  c lO  d 9 ;  3 . c 9  d 8 ; 4 .  c 8  d 7 ;  5 . c 7  d 6 ; 
6 . c 6  d 5 ;  7 . c 5 .  T h e  m o s t  c h a l l e n g i n g  c o n t i n u a t i o n  b y  B l a c k  i s  t h e n  7 . . . .  d 3 ,  f o l lo w e d  b y  8 . d 2 !  
a n d  W h i t e  c o n n e c t s  v i a  b 4  o r  d 4 .

B l a c k  c a n  c o m p l i c a t e  m a t t e r s  b y  t h r e a t e n i n g  W h i t e ’s  v i r t u a l  c o n n e c t i o n  o f  t h e  e 5 - e l 2  s t r i n g .  I f
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F i g u r e  1 3 .1 5 :  D e a d  c e l l  a n a l y s i s  o f  B e r g e ’s  p u z z l e  3  w i t h  B l a c k  t o  m o v e  a n d  w i n .

F i g u r e  1 3 .1 6 :  D e a d  c e l l  a n a l y s i s  o f  B e r g e ’s  p u z z l e  4  w i t h  B l a c k  t o  m o v e  a n d  w i n .

F i g u r e  1 3 .1 7 :  D e a d  c e l l  a n a l y s i s  o f  B e r g e ’s  p u z z l e  5  w i t h  W h i t e  t o  m o v e  a n d  w i n .
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• •  •
a  *  ■ •

F i g u r e  1 3 .1 8 :  D y n a m i c  t r a c e  fo r  W h i t e ’s  w i n  i n  B e r g e ’s  p u z z l e  5

B l a c k  p l a y s  e 4  e a r l y  o n ,  t h e n  W h i t e  d o e s  not  r e s p o n d  w i t h  r e p a ir in g  t h e  c o n n e c t i o n  a t  f 4 ,  b u t  w i t h  
t h e  s t r o n g e r  m o v e  d 5 .  T h i s  n o t  o n ly  r e p a ir s  t h e  c o n n e c t i o n  t o  t h e  s o u t h w e s t  -  t h o u g h  i n  a  l e s s  d i r e c t  
m a n n e r  -  b u t  a t  t h e  s a m e  t i m e  e s t a b l i s h e s  a  v i r t u a l  c o n n e c t i o n  w i t h  t h e  c l l - c l 2  s t r i n g .

I f  B l a c k  i n s e r t s  t h e  m o v e  e 2 ,  t h e n  W h i t e  d o e s  p l a y  a  s i m p le  r e p a ir  m o v e  i n  t h e  f l - f 3 - h l  t r ia n g l e .  
T h e  m a in  l in e  t h e n  c o n t i n u e s  a s  b e f o r e  u n t i l  7 . c 6  d 5 ;  8 . c 5 ,  a n d  t h e n  fo r  e x a m p l e  8 . . . .  d 5 ;  9 .  c 4  
d l ;  1 0 .  d 3  e 3 ;  1 1 . d 2  e l ;  1 2 . b 2 .

T h e  m o s t  d i f f i c u l t  c h a l l e n g e  t h a t  B l a c k  c a n  m o u n t  i s  t h e  f o l lo w i n g  v a r ia t io n :  1 . .. .  g l ;  2 .  d 3  e 2 ;
3 .  c 4 .  B o t h  m o v e s  b y  W h i t e  a r e  t h e  u n i q u e  w i n n i n g  r e p l i e s ,  i g n o r in g  u s e l e s s  d e l a y in g  m o v e s  in  
B l a c k - c a p t u r e d  s e t s ,  a n d  a r e  v e r y  h a r d  t o  f in d  fo r  h u m a n  p la y e r s .  O f  i n t e r e s t  i s  t h e  c o n t i n u a t i o n  3 .  
. . .  d 5 ;  4 .  c 7  e 3 ;  5 .  b 6 , w h ic h  i s  t h e  r e a s o n  t h a t  t h e  c e l l  b 7  i s  i n  t h e  m i n i m a l  d y n a m i c  t r a c e .  T h e s e  
t w o  w i n n i n g  m o v e s  b y  W h i t e  a r e  n o t  u n iq u e ,  b u t  o t h e r  w i n n i n g  m o v e s  o n l y  s e r v e  t o  d e l a y  m a t t e r s  
u n t i l  t h e  m o v e s  in  q u e s t i o n  a r e  r e q u ir e d  a n y w a y .

T h e  o p e n i n g  m o v e  1 . c lO  l o s e s  fo r  W h i t e :  1 . . . .  c l  1; 2 .  a l 2  b l l ;  3 .  a l l  b lO ;  4 . a lO  b 9 ;  5 . a 9  b 8 ; 6 . 
a 8  b 7 ;  7 . a 7  b 6 ; 8 . a 6  c 4  a n d  t h e n  fo r  e x a m p l e  9 .  b 4  c 2 ;  1 0 .  c 3  d 2 ;  1 1 .  d 3  e 2 ;  1 2 . f2  e 3 ;  1 3 . d 4  e 4 ;  
1 4 . f4  d 5 ,  o r  9 . a 4  b 2 H ; 1 0 . b 3  c 2  a n d  s o  o n ,  o r  9 . a 4  b 2 ;  1 0 . b 5  c 5 .  T h e  o p e n i n g  m o v e  1 . b l l  l o s e s  
t o o ,  1 .  . . .  e l l  2 .  b l 2  c lO  3 .  b lO  c 9  4 .  b 9  c 8  5 .  b 8  c 7  6 . b 7  c 6  7 . b 6 . . .

I n  B e r g e ’s  d i s c u s s i o n  o f  p u z z l e  5  h e  c o n c e n t r a t e s  o n  W h i t e ’s  a t t e m p t  t o  c o n n e c t  t h e  p i e c e  a t  g l l  t o  
t h e  n o r t h e a s t .  T h i s  i s  e v i d e n t l y  n o t  n e c e s s a r y ,  a s  W h i t e  c a n  c o n n e c t  a l 4  t o  t h e  s o u t h w e s t ,  b u t  t o  
a n s w e r  B e r g e ’s  q u e s t i o n  t h e  p u z z l e  c a n  b e  m o d i f ie d  b y  f l i p p i n g  t h e  c o lo u r  o f  t h e  p i e c e  a t  a l 4 .  I n  
t h e  r e s u l t i n g  p o s i t i o n  i t  w o u ld  b e  s u f f i c ie n t  fo r  W h i t e  t o  c o n n e c t  g l l  t o  t h e  n o r t h e a s t .  H o w e v e r ,  
F i g u r e  1 3 .1 9  s h o w s  a  d y n a m i c  t r a c e  fo r  Black, w h ic h  m e a n s  t h a t  W h i t e  c a n n o t  c o n n e c t  t o  t h e  
n o r t h e a s t  a t  a ll .

T h e  i m p o r t a n t  c o n c e p t  t o  n o t i c e  in  F i g u r e  1 3 .1 9  i s  t h a t  B l a c k ’s  k 9  g r o u p  has a  triple connection 
to  t h e  s o u t h e a s t ,  m e a n in g  t h a t  a f t e r  a n y  W h i t e  m o v e  t h e  g r o u p  s t i l l  h a s  a  v i r t u a l  c o n n e c t i o n  t o
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F i g u r e  1 3 .1 9 :  D y n a m i c  t r a c e  fo r  B l a c k  i n  m o d i f i e d  v e r s io n  o f  B e r g e ’s  p u z z l e  5 .

t h e  s o u t h e a s t .  B l a c k ’s  t h r e a t  i n  F i g u r e  1 3 .1 9  i s  t o  p l a y  i l l ,  a n d  t h e n  i lO  o r  j lO  o n  t h e  n e x t  m o v e .  
T h e  i l l  g r o u p  w o u l d  t h e n  h a v e  a  v i r t u a l  c o n n e c t i o n  t o  t h e  a l 4 - g l 2  g r o u p .  I t  w o u l d  h a v e  a  t r i p l e  
c o n n e c t i o n  t o  t h e  k 9  g r o u p ,  w h ic h  i n  t u r n  h a s  a  t r i p l e  c o n n e c t i o n  t o  t h e  s o u t h e a s t .  T h i s  i m p l i e s  
t h a t  i s  a  v i r t u a l  c o n n e c t i o n  n o  m a t t e r  w h a t  W h i t e ’s  i n t e r m e d i a t e  m o v e  w a s .

T h e  o n l y  f i r s t  m o v e s  b y  W h i t e  t h a t  p r e v e n t  t h i s  s c e n a r io  a r e  i l l  a n d  h l l .  T h e  m o v e  1 . i l l  l o s e s  
i m m e d i a t e l y  t o  1 .  . . .  h lO  a n d  B l a c k  h a s  a  v i r t u a l  c o n n e c t i o n  f r o m  t h e  a l 4 - f l l - g l 2  g r o u p  t o  h lO  
a n d  f r o m  h lO  t o  k 9 .  T h e  r e m a in i n g  m o v e  t o  i n v e s t i g a t e  i s  t h e  m a i n  l i n e ,  w h e r e  W h i t e  p l a y s  1 . h l l .  
B l a c k  r e s p o n d s  1 . . . .  h l 2  a n d  t h r e a t e n s  t o  w i n  a t  i l l  o r  j l l .  I g n o r in g  t h e  B l a c k - c a p t u r e d  c e l l s  n lO  
a n d  n i l ,  W h i t e ’s  o n ly  o p t i o n  i s  t o  p l a y  2 .  i l l .  T h i s  i s  f o l lo w e d  b y  2 .  . . .  i l 2 .  B l a c k  t h e n  w i n s  a t  
j l l  o n  t h e  n e x t  m o v e ,  fo r  i n s t a n c e  3 .  k l l  j l l ;  4 .  k lO  j lO ;  19 m 7 ,  e x c e p t  w h e n  W h i t e  p r e e m p t s  b y  
p l a y in g  3 .  j l l  a f t e r  w h ic h  B l a c k  c o n n e c t s  w i t h  3 .  . . .  j l 2 ;  4 .  k l l  k l 3 .

B e r g e ’s  d i s c u s s i o n  c e n t e r s  o n  t h e  m a in  l in e  1 . k lO  19; 2 .  h l l .  T h i s  i n d e e d  w i n s  fo r  W h i t e ,  b u t  
u n f o r t u n a t e l y  B l a c k ’s  m o v e  a t  19 w a s  a c t u a l l y  a  b l u n d e r .  B e r g e  m e n t i o n s  t h e  a l t e r n a t i v e  r e p l y  1 . . . .  
k l l ,  w h ic h  i n  r e a l i t y  d o e s  w i n  f o r  B l a c k ,  b u t  i n c o r r e c t l y  c o n c l u d e s  t h a t  W h i t e  h a s  a  w i n n i n g  r e p ly  
i n  t h i s  v a r ia n t  t o o .  I n  l a t e r  p u b l i c a t i o n s  e x t r a  w h i t e  p i e c e s  a p p e a r  a t  m 7  a n d  n 5 ,  a n d  i n  t h a t  c a s e  
B e r g e ’s  a n a l y s i s  d o e s  h o ld .  H o w e v e r ,  t h e  t w o  e x t r a  w h i t e  p i e c e s  d i s t u r b  t h e  “s t u d y ” n a t u r e  o f  t h e  
p o s i t io n ;  w h e r e  F i g u r e  1 3 .1 8  w a s  i n  a l l  l ik e l ih o o d  t a k e n  f r o m  a n  a c t u a l  g a m e ,  a d d in g  w h i t e  p i e c e s  
a t  m 7  a n d  n 5  c r e a t e s  a  p o s i t i o n  t h a t  c a n n o t  a r i s e  i n  a  l e g a l  g a m e  a s  t h e r e  i s  a n  i m b a la n c e  i n  t h e  
n u m b e r  o f  b l a c k  a n d  w h i t e  p i e c e s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 14

Discussion

To conclude th is  thesis, com putational results and open questions follow below, w ith suggestions for 
fu rther research and experim entation.

14.1 H ex  O p en in g  P o sitio n s

Using, among other m ethods, the  notions of “win p a tte rn s” , “dom ination” , and “fill-in” , the  7 x 7  
opening position for Hex was solved [46, 47]. A small opening book of fully solved 7 x 7  positions and 
an extensive book for 6 x 6 positions has been calculated by th e  Queenbee program , and is available 
online [81]. These openings were previously in tractab le  com putationally  [83]. F igures 14.1 and 14.2 
show some results

T he goal of solving the  8 x 8  opening position has no t yet been achieved. T he shape of th e  winning 
region on th e  em pty 8 x 8  board  is a m a tte r of great curiosity, considering th a t  the  w inning regions 
on 2 x 2 th rough 6 x 6  become progressively less com plicated b u t the  w inning region on the  em pty 
7 x 7 is peculiarly complex. For solving 8 x 8  Hex, a  large parallel com putation  using the  m ethods

Figure 14.1: W inning moves, m arked ’w ’, for W hite in 7 x 7 Hex.
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Figure 14.2: W inning moves, m arked ’w ’, for Black in a m ain line after W h ite ’s opening move d2.

described in  th is  thesis combined w ith  th e  stan d ard  opening book generating algorithm  by B uro [20] 
will likely be required.

I t  m ay additionally  be useful to  pre-generate all possible induced paths on the  8 x 8  board, since the 
num ber of these path s  is a  mere 2,195,830.1 A possible approach is to  pre-generate only th e  induced 
path s  up to  a given length, which imposes a stric ter winning condition on the  player who has the 
first move. A n iterative deepening algorithm  th a t  adds increm entally longer pa th s  a t each ite ra tion  
m ay be very efficient. T he num ber of induced path s  of any given length on th e  em pty 8 x 8  board  
is listed in  Table 14.1.1. I t  can be seen th a t  th e  num ber is very m anageable for th e  early iterations.

14.2 H ex  P la y in g  S tren gth

For heuristic play on larger board  sizes, such as the  commonly used lO x  10 or 11 x 11, th e  s ta te  of 
th e  a rt as of 2005 is the  program  Six, based on v irtua l connections. T he following approaches have 
no t yet been tested  fully:

•  R andom  game tree  search or playout analysis, Section 11.1;

•  S tatic  analysis of board sta tes using M onte Carlo sampling, Section 12.5;

•  L am bda search, Section 11.1;

•  Decom position dynam ic trace  search, to  be described below.

1See Section  10.6.
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length  paths cum ulative
8 576 576
9 1,602 2,178

10 3,087 5,265
11 4,854 10,119
12 8,801 18,920
13 15,558 34,478
14 28,694 63,172
15 49,148 112,320
16 80,013 192,333
17 116,054 308,387
18 157,291 465,678
19 204,192 669,870
20 253,332 923,202
21 290,992 1,214,194
22 298,526 1,512,720
23 263,852 1,776,572
24 197,199 1,973,771
25 127,108 2,100,879
26 63,866 2,164,745
27 23,376 2,188,121
28 6,306 2,194,427
29 1,288 2,195,715
30 115 2,195,830

Table 14.1.1: N um ber of induced pa th s  of given length on the  em pty  8 x 8  Hex board.
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I. Black to  move loses because of th ree independent local pa tterns.

II. Black tries one reply...

III. W hite conjectures away the  seemingly unrelated  p arts  of the  p a tte rn . 

Figure 14.3: A utom atically  decomposing a  dynam ic trace  for Hex.

The first two m ethods are essentially the  same, as M onte Carlo sam pling of a board s ta te  is identical 
to  random  search w ith a branching factor of 1.

The dynam ic trace  search algorithm  described in Section 11.2 finds only global connections and is 
no t able to  decompose connections into independent sub-parts th a t can be verified independently. 
A possible m ethod for achieving the  decom position was described in [84] and reproduced here.

The dynam ic trace in Figure 14.3-1 contains th ree independent local connections. W henever Black 
plays in one of these th ree connections, W hite replies in  the  sam e one. Each of th e  local connections 
could be proved independently. Dynam ic trace  search does not recognize this; for each move th a t 
Black tries in region z, the  subsequent search proves th e  connections a t x  and y  again from scratch.

W hen Black tries th e  move in Figure 14.3-II, the  search re tu rns a win for W hite  w ith  the  indicated 
dynam ic trace. Black now notices th a t  th is p a tte rn  consists of three groups of cells. Two of those 
groups were not touched by the  la test black move played. So Black may now conjecture th e  following:
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If  th e  position is indeed a loss, and the  losing dynam ic trace  consists of independent sub-patterns, 
then the  la test move played only interfered w ith one of those sub-patterns.

Let the  in terfered  gro u p s be those groups of the p a tte rn  in 14.3-II th a t are adjacent to  B lack’s last 
move, and call the o ther groups u n to u ch ed . If the  conjecture is true, then  the  untouched groups 
are strong local connections, m eaning the  connection can be established even when th e  defender 
moves first, and the  interfered group is a weak local connection, which m eans the  connection can be 
established if the  attacker moves first. The weak local connection would then  be p a rt of a  strong 
local connection th a t is not yet fully discovered, nam ely connection z  in Figure 14.3-1.

To prove the  conjecture, Black can alter the  position as shown in 14.3-III. T he untouched sub­
p a tte rns are replaced by white pieces, to  solidify the ir connections, and they  are surrounded by 
black pieces. The la tte r  is necessary, because th e  conjecture is th a t the  rem aining p a rts  of th e  losing 
p a tte rn  in 14.3-1 are independent from the  p a rt th a t is yet to  be discovered. I t  m ust therefore be 
enforced th a t  W hite wins w ithout using any of the  cells adjacent to  th e  untouched groups, which is 
achieved by adding the  surrounding black pieces.

In the  position thus created, Black needs only to  check the  cells in the  interfered group of 14.3-II. 
These are th e  three cells indicated in 14.3-III. If  th is yields a loss for Black, then position 14.3-1 
is also a loss for Black, and the  th re a t p a tte rn  for 14.3-1 is the  one in 14.3-III plus the  untouched 
groups of 14.3-II.

14.3 O pen  Q uestions

G am e-SA T  v ersu s Q bf

N either Q BF nor GAME-SAT are more expressive th an  SAT, b u t they  are in m any cases m ore eco­
nomical in the ir representation, sometimes exponentially so. W hen com paring q b f  to  G am e-SA T , 
it  m ay be th a t  for m any “realistic” games the GAME-SAT representation is m ore economical in 
practice. T he standard  Q BF representation  w ith a lternating  existential and universal quantifiers im ­
poses the order in which the  elem ents are to  be coloured, whereas GAME-SAT leaves th e  players free 
in th is  choice. I t m ay be w orth investigating how the  two paradigm s com pare in the ir economy of 
representation of m any games. The comparison would be unfair for set colouring games themselves, 
as g a m e-S A T  is th e  set colouring game for two colours, b u t the  comparison m ay be relevant for 
different types of games.

T he superrational play s tra tegy  applies equally well to  Q BF and SAT solvers, as it  is based on optim al 
colourings which occur in Q BF and SAT as well. Indeed as rem arked in Section 11.4, th e  commonly 
used heuristic of pure literals is a special case of a  superrational move. I t  would be worthwhile to  
investigate how often an optim al colouring occurs in benchm ark q b f  and s a t  instances, b o th  for 
random  instances and for instances based on “real” problems.
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L im itations o f  Set C olouring G am es

In Section 4.8 it was re iterated  th a t  set colouring games do not have any restrictions on choice of 
elem ent or colour. I t  seems unlikely th a t  there  is a way to  m ap a game w ith such restrictions to  an  
equivalent set colouring game, b u t a definite proof is still lacking.

A game w ith restricted  colour choice can under some circum stances be modelled as a set colouring 
game. Hex itself is an exam ple thereof; if th e  game is isotone, th en  it does not m a tte r if the  players 
are restricted to  using only the ir “own” colour. This is not the  case when players are restricted  to  
using only th e ir opponent’s colour, as in Reverse Hex. T he triv ial case of 1 x 1 Reverse Hex is the  
game called in C hapter 7, which does not have an  equivalent as a set colouring game of the  same 
dimension.

However, it does in some sense have an equivalent as a  set colouring game played on two variables, 
nam ely Za . In some cases there  m ight be a m apping from a winning stra tegy  in some game to  a 
winning stra tegy  in another game of a different dimension. Is th is possible?

For gam es w ith  restricted choice of elem ent to  colour, perhaps in som e cases it is possible to  construct 
an equivalent set colouring gam e, particularly when a player’s right to  move in a certain elem ent 
never changes during the gam e as long as the elem ent is uncoloured. Then each player has a static  
subset of elem ents in which to  move. Perhaps it is possible to  augm ent such a gam e w ith  “gadgets” 
th a t will dissuade a player form ever m oving in a certain elem ent. Som ething akin to  th is happens 
for instance in GAME-SAT when played on the formula (£o =  i i )  A . . . ,  in which m oving in t o  or 
t\ guarantees im m ediate defeat for MAX, nor guarantees neither im m ediate defeat nor im m ediate 
victory for MIN.

C om binatorial G am e T heory

In  th is exploration of a new theory  of binary  com binatorial games, the  following open questions and 
conjectures have suggested themselves.

•  Are there  division games or GAME-SAT instances w ith canonical forms different from the  ones 
encountered so far? New forms could only arise from non-decom posable games. C om puter 
searches have found any new forms.

•  If there  are o ther canonical forms, is it still tru e  th a t  each canonical form only occurs in one 
particu lar parity?

•  If there are o ther canonical forms, do they  obey the  “G  A H  if no G R sC H  and G C no H L" 
rule?

•  Is there  a recursive rule for th e  relation th a t  does not invoke com binatorial values?

•  Is it strange th a t  there  can be binary games th a t are “tru er th an  tru e” , for instance T | >  T ?

•  Are there  strategic rules to  explain th e  rem aining cases of m etagam es in Table 7.8.1?
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•  W hat does it  m ean th a t  the candidate values +1 and — 1, if they  do occur, are not identical 
to  T and F ?  Is it safe to  simply choose T  =  +1 and claim th a t th e  values are not new?

•  Does the th ird  candidate value, the  off-parity zero, occur in division games or GAME-SAT? 

Conjectures:

•  Never take a sta r, unless th e  game is Za * or Za *.

•  For th e  assertion G  >  H  in division games, if G  V H  is even then  the  condition G  V H  >  
0 >  G  A H  is not only necessary bu t also sufficient; if G  A H  is odd then  the  condition 
G A H ^ O ^ G v H i s  no t only sufficient b u t also necessary.

These conjectures are form ulated by checking the sixteen known canonical forms, for which they  do 
hold.

Shannon G am e G raphs

Let Q =  (V, £)  and Q' =  (V, £')  be two Shannon game graphs. Then the  graphs are each o th e r’s 
S h an n on  d u a l if any set S'  C V is a term inal connector in Q if and only if it  is a term inal separator 
in  Q' . Playing the  Shannon game on Q is equivalent to  playing on Q' w ith  the  roles of Short and 
C ut interchanged. T he graphs m ay have different edge sets, b u t the  vertices m ust be the  same, as 
th ey  correspond to  th e  game moves and the  two term inals.

Such pairs of graphs are indeed dual, since obviously any graph is th e  Shannon dual of its  own 
Shannon dual, if it has one. Hex graphs have a  Shannon dual, as shown in Figures 4.5 and 10.4. B u t 
it  seems unlikely th a t  every graph has a Shannon dual. I t  is an  open question w hat th e  necessary 
and sufficient requirem ents are for the  existence of a  Shannon dual. P lanarity  is not required, as the  
graphs in Figure 10.4 are not planar.

This is related to  the  more general question of which coalition games can be represented by a Shannon 
game graph. Hex is an isotone game and therefore a  coalition game, and every coalition game has 
dual representations as a DN F and a CN F. B ut it is certainly not tru e  th a t  every CNF or D N F can be 
represented w ith  a Shannon game graph. For instance, the  game of Y is also isotone, bu t the  size-2 
Y  board  does no t have a Shannon game graph.

14.4  C onclusion

T he following quote is commonly ascribed to  chess player Edw ard Lasker2 speaking of the  game of 
Go:

2 N ot to  be confused w ith  former chess world cham pion E m m anuel Lasker.
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Chess is a  game restricted to  th is world, Go has som ething ex traterrestria l. If ever we 
find an ex tra terrestria l civilization th a t plays a game th a t  we also play, it  will be Go, 
w ithout any doubt. -  Edw ard Lasker.

This notw ithstanding th e  fact th a t Go does have some idiosyncrasies, evidenced by the  existence of 
various rule sets and special cases for game outcomes. To conclude th is  thesis I would like to  pu t 
forward a  stronger assertion:

Hex has a P latonic existence, independent of hum an thought. If ever we find an ex tra te r­
restrial civilization a t all, they  will know Hex, w ithout any doubt.

Hopefully, th ey  will have solved 8 x 8  Hex.
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Appendices

A .l  N o ta tio n  C onventions

Table A .1.1 contains a list of constants. T hroughout the  tex t, fixed variable nam ing conventions have 
been used. These conventions are tabu la ted  in Table A .1.2, w ith references to  th e ir type definitions.

A .2 O perators and F unctions

T he relations and functions between the  various variable types, as defined in the  tex t, are listed 
in  Tables A.2-A.2. Table A .2 contains the  functions w ith ju s t one variable type, including un itary  
functions. Tables A .2 and A .2 display the  functions of two or more variable types. There are three 
functions, nam ely ( X s , t),  ( X s , /} , and / ( p , t ) ,  th a t  take  three variable types. These are listed for 
each of the  th ree com binations of two of the ir inpu t types.

A .3 Sam  L loyd’s C om et

T he “C om et” chess problem  m entioned by Berge, now m ostly lost in history, is reproduced in 
Figure A .I .1 T he solution has the w hite king travelling to  g5, while Black can do nothing bu t 
shu ttle  the  bishop between h2 and g l. W hite then  delivers m ate  w ith K xh4 and then  Rxg3. The 
move Rxg3 needs to  be tim ed such th a t  th e  black bishop is on g l.

However, during th is m aneuver th e  w hite king cannot enter a white square, lest black checks the 

'C h ess diagram  created courtesy  o f D irk B ach le’s fe n 2 e p s  softw are.

170
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symbol explanation see definition
0 the  em pty set Section 2.1
N the  set of integers including 0 Section 2.1
Zln the set of integers { 0 ,1 , . . . ,  n  — 1} Section 2.1
B the set of Boolean values Section 2.1
FALSE, TRU E m em bers of B Section 2.1
T the  set of te rn ary  values Section 2.1
4> the  te rn ary  value “unknown” or “unassigned” Section 2.1
X„ n x n  Hex board Section 2.6

size-n Y  board Section 4.6
€ the  set of players Definition 3.1.2
MIN, MAX the  two players Definition 3.1.2
A bijection from £  to  B Definition 3.1.2
T , F stopping positions of a binary com binatorial game Definition 7.1.1
X , ZA com binatorial values for a simple switch and odd zero Section 7.6
Zo com binatorial value for even zero

Table A .1.1: C onstants.

Section 7.7

symbol explanation see definition
i ,3 an integer
k an integer, usually the  dimension or cardinality  of a set
S a subset of N
v , w a set elem ent or graph node
t a tru th  value, elem ent of B or T
T a family of subsets of N
X a set of colours Definition 2.1.1
X a  colour Definition 2.1.1
ip a  colouring Definition 2.1.1
f a  scoring function, usually X s  —> B
G a graph Section 2.5
V a  p a th  in  a graph Section 2.5
r a game Section 3.1
c a player, elem ent of € Definition 3.1.2
m a move Definition 3.2.2
P a  position Definition 3.2.3
t a transition Definition 3.2.5
s a stra tegy Definition 3.3.1
h a pseudo-hom om orphism Definition 3.4.1
Q a family of games Definition 6.2.1
G , H , K a binary  com binatorial game Section 7.1

Table A .1.2: N am ing conventions for variables and functions.
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5
¥ s

[S 2 .5 ]

[ D 3 .2 .3 ]

[ D 3 .3 .1 ]

v, w Af(v) [S 2 .5 ] V ~  w [S 2 .5 ]

t (0 , t) [ D 3 .1 .4] t  =  t! [S 2 .3 ]

X X [S  2 .1 ]

D(V0 [ D 2 .1 .1 ] 'ip C 'ip' [D 2 .1 .1 ]

U M [ D 3 .2 .1 ] Iplp' [D 2 .2 .1 ]

A{tp) [ D 3 .2 .1 ] 'Ip —* ’Ip' [D 2 .2 .3 ]

ip [ D 3 .2 .1 ] 'ip 'ip' [D 2 .2 .4 ]

m{tp) [ D 3 .2 .2 ] 'ip^lp' [D 2 .2 .4 ]

'ip \> Ip' [D 2 .2 .4 ]

Q V(G) [S 2 .5 ] G ^ G f [S 2 .5 ]

m [S 2 .5 ] Gi u  G2 [S 2 .5 ]

c c [ D 3 .1 .2 ]

P W(p) [ D 3 .2 .3 ] p ^ p ' [D 3 .2 .4 ]

9K(p) [ D 3 .2 .3 ]

s s * s ' [D 3 .3 .3 ]

2 ( (2 , A)) [D 6 .2 .3 ]

( (2 , v )) [D 6 .2 .3 ]

r r* [ D 3 .1 .5 ] r  a r' [D 6 .2 .3 ]

r  * □ [ D 6 .1 .6 ] r v r [D 6 .2 .3 ]

r * a [ D 6 .1 .6 ] r  ^  r [D 6 .3 .1 ]

G , H , K G [S 7 .1 ] G >  H [S 7 .2 ]

( j * [S 7 .5 ] G =  H [S 7 .2 ]

G *  □ [ S 7 .5 .2 ] G\\H [S 7 .2 ]

G  *  A [ S 7 .5 .2 ] G ^ H [ S 7 .3 .1 ]

G \ > H [ S 7 . 3 . 1}

G A H [ S 7 .4 .1 ]

G v H [ S 7 .4 .1 ]

unary  binary

Table A.2.1: Functions and relations w ith one variable type; num bers in brackets refer to  the  Section 
of Definition num ber
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a b c d e f g h

Figure A .l: Sam Lloyd’s Comet.
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king w ith th e  w hite-squared bishop. If th e  w hite king stays on black squares, th en  a  parity  argum ent 
shows th a t the  king will always arrive a t g5 a t th e  wrong tim e, no m atte r w hat p a th  was taken. The 
solution is th a t  th e  w hite king needs to  lose one tem po on the  only w hite square where th is  can be 
done safely ou t of reach of black’s w hite-squared bishop, nam ely a8.
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optim al, 86 
parent, 13 
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preferable, 41 
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purified, 22 
regular, 40 
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connectivity, 145 
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disjunctive clause, 14 
disjunctive m etagam e, 58 
division game, 70 
division games, 29 
D NF, 14
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em bedded com ponent, 58 
E nderton , H erbert, 5 
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