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cep averaging interpolation due to Motzkin,
Sharna and Straus may be considered as a generalization of Lagrange -
interpolation. It_is then natural to try to find an analogous
generalization of Hermite interpolation. We seek to provide such a
generalization and to study‘some of itsbconvergence properties.
Chapter 0 contains a brief survey of relevant results from‘the vast
literature on Lagrange and Hermite interpolation, as well as a

summary of recent results on averaging interpolation.

Chapter I deals with averaging Hermite interpolation both

@
B

for algebraic and trigonometric polynomials Chapters IT and TII

o v *

are concernedﬂwith the convergence problem on differhnt nodes. While

Chapter II deals with nodes which are the zeros of (L;x )T (x),

Chapter I1I is concerned with Jacobi abscissas; We also show_ in’

4
2

. 'Chapter‘II that averaging‘Hermite interpolators offer some advantage

L

over Hermite-Féjer interpolators with zero derivative at. the nodes.

a
)

In Chapter IV-we discuss the convergence of trigonometric averaging

interpolators on equidistant bodes. . _ ' -

iv
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CHAPTER 1

S

2

PROLEG(MENA

1. Introduction.

st E = cens > ... : -
Let E_ {xln’ ,xnn} y 12X > x> -1 denote

the n-th row of a triangular’matrix E and let £(x) be defined, on
f—l,l]. _For simplicity, we shall often write Xy for xkn .
k=1,...,n . The polynomials of Lagrange and Hermite‘interpblation
at ‘the points of En ». often den?ted by Ln-l(f’%): and H2n—1(f’x)
réspectively, héverbeen studied in grgat detajl for various chéices'
of E for their convergencé behav;pur as n tends to infinity. .Iﬁ
1914, Faber showed'([18]; Vél.,III, Théoxem 2, P 27) that, for evéry
E, there exists a function f ¢ C[f{,i] such that Ln_l(f,x) .does
not converge uniformly to- f(x)ﬂnéh [;1,1]. ‘We then have the

: . . . \
classical result of Féjer that, if E consists of the zeros of

(-]

Tn(x), the Chebyshev polynomial of firs&'hggd, then Hzﬂul(fbx);‘

\ .
the Hermite-Féjer interpolator with zero derivatives -at such points,
> /

converges uniformly to f£(x) on [-1,1] whenever f e C[-1,1].
. Amgng the many diverse results, in this area, we select for

later reference some recent results of Berman, Saxena and Riess.

\
»

' S
2. Hermite-Féjer Interpolation. "
3

CLet w0 = Gexp)ien (e and g () = w00 [Gex)v' (5,
k=1,...,n. Given a function £(x) and a vector y' = (yi,..,,yé),

the Hermitg—Féjer interpolator H2n—1(f’x) = HZnil(f'W;x) defined by



q . . 2; ‘
4./.. 1 . ..\
o " . KR - [
. N . ) _;\
, - - >
(2.1) Hopo1(Eox ) = £(x) 7 Hy Jiif x ) k=1,...,n
o —/'_G/. ! ;r“ '

" ' Vo
is given by the forﬁula 2 or

N
z y.h (x) ,
k-.1 k'k . .

where £gf théAfpndamental polynomials of Hermite-Fejer interpolation

N =

hk(x) and hk(x) we have the explicit formulae:

l

o "(xk) .
hy (x) = (1 (x-x, ) —71—1791 (x) -
(2.3) | o
' —W"(‘xk) .+ ope1, 1H(2s -x )w"(xk) /' (xk) 202
- — X + :
SN CLC ) R RS (xk)) U
- P 2, . S
: by (x) = (x—:ck)lk(X) - S
-(2.4)., | I R
' 1 x2n31 e xk 22
D@ g)? ' ()

3

I51

0, we shall demote (2.2) by

In the special case when 'y'
. : )

Hon- 1(f x). , -
"In 1965 and 1969 Berman([l] [2D)fhas shown that,'when‘
w(x) = (l-x )T ‘ (x), the polynomials H° (f,w x) diverge at alle
_ points of (~1,1), except perhaps at x'- 0, when. f(x) = x,— v
x| and “x® . Later, in 1970, he showed 3] ;hat,‘if'. |

ﬁgngz(f,w;x)’ denotes the extended H-F polynomial.of degree

+ ...



2n-2 ‘uniquely determined byf“

o fH;h‘z(f,xkl : f(xk)y o k=1,...,0-1 -,
Ho! (£, xk) k=1,...,n,"

[

and 1f f = k,'xz then. H° (f,x) diverges.for.every point on -

2n-2
(«1,1)9; A similar result for f(x) = 1x| was obtained by Saxena

A

[20]} in 1967. These reaults are striking when compared with Fejer B
result . [8] and with a recent result of Riess. Riess [19] showed t“»
if w(x) - (l—x )U 2(x),» where ' U (x) are the Chebyehev polynomials

2n-1.

of second kind then H? (f wix) converges to f(x) uniformly on
[-1,1], for all f ¢ C[-l,l]. , N
. . N N ' P \ ) ' " ‘ 1

3. Some Linear Polynomial :.Operators.

Recently the: polyﬁ%mials of Lagrange interpolation have been

generalized in two different ways . by Motzkin and Sharma [16] and

‘Motzkin, Sharma and Straus [17] In the first geperalization, start- -

+

ing with the . fundamental polynomials of Lagrange interpolation
2 (X) =8, Gx) Motzkin and Sharma [16] define inductively, for a .
given integer r < n—l a eequence of fundamental polynomials r(x),

k =-l, «o,n. With these zkr(x) a 1inear polynomial 0perator

L (f x)/ of degree n-r-1 is constructed.

".l
16 R
S TN e

L (f X) = £( )2 (x) .
- 5 ,

These two authors show that Lnr(f,i) has'many*properties similar to

A

=3



those of Lno(f,x) , the Lagrange interpolator at the nodes ‘En in
N

the authors' potation."Among.the results proved in [16] are the

L4
-

following:

(1) .For any_péint'magrix~lE. thefe exists a function
f € C{—l,lj to which Lhrz?,x). fails to converge uniformily on
’ Eli%l].n (Anaﬁoéue of Fabet's rgéﬁlt for Lné(f,g) 7([18],»§olf I1I,
' Theé(gm 2, p: 27).5 . g ' o .

-
’

‘(ii) If x ,x_ are the zeros of an orthogonal paly-

1,... n \
. .

nomial with weight w(x) > 0 and f e c[-1,1] then

.1 .
tm [ L _(f,00-£00 1 Pu(x)dx = 0 .
QD »e ‘.1 BT |

-

e N

(Analogue of Erd8s-Turfn's result [7] for .Lno(flx))n d 3

(i;i) .If theo.xl,...,xn are the zerosg of Tn(x) and

£f e C{-1,1], then
S i. ‘ ’ 4 o

m [ (L _(£,x)<E(%)]7dx =0 .
nr . ‘ St

n > e —.]_ - . _

(Anéibgﬁé of Feldheim'sAresﬁlt»([Q], Theprem>1, p; 78)).' '

| .

4, Averaging Intérpolation.

. . LR

For "t =.1, the pplthmials‘.Lnf(f,x) of ‘§3 are ‘the *.
. E N . . . ) ) . . ' : . : .
» nextftqéinterpolatory polynomials of degree .n-2 [15] which are '
B . | e ) ~v b )
polynpmials of best approximation in the uniform norm on the point

set En' For r>1 a similak'approximation—theoretic property #s -
not available. ° : o \



A

»

ﬂ!..“

. This led Motzkin, Sha}ma and Straus to introduce another .
« ol : K3 :
class of polynomials [17]. Let Aﬁ(z) = z akzk be a given polynomial
o . .

of degree m < n-1 with negative roots. “Consider the n-m-1 1l{near

functionals - ) . ’ ' o S

«

. : m |
(4.1) -Lj(f) = ) a flx) > 1=k -yn-m-1
. k=o I . . .
. . , o , .
The aﬁthbrs éhowed.that, for every f(x), fhere exists a unique
polynomigl P(x) of degree <'n-m-1 such that
(4.2) Lj(P) = Lj(f) R j=1,...,n-m-1 .
. . .r}‘} ’ | l .
Such polynomials P(x) have the following approximation theoretic
meaning. If ' %
Am(z) = (1+alz) . £1+amz).
and,\‘ .: : N
.}“v:t.v:-- . s : R '
‘ .Am(z)’ ='mil PR ' N
4o 2z RN ?kr : :
. r k=0 :
then among aIl’polynbmiéls of degree < n-m-1, P(x) minimizes .
. ’ - : . ' o . . . .
- m-1~ ‘
j-1. “X S
max o 8, .. -
j=1,...,0-m-1 ° ! k<o “er ket .
Vhere _dk.= P(xk)—f(xk) > k = 1,...in c o .

+



| S
The polynomials P(x) -above will be denoted throughout
by Lv(Am,f;x) , v = n-m~1 -and called averaging %nterpolators,
since certatn‘avefages of values, rather than function wvalues,
as prescriBe;. Note;that Qheq m= 1, these polynémials

- reduce to the next-to-interpolatory polynomials mentioned

above.

w

5. Convergence Behaviour of Lv(Am,f;x).

Saxena and Sharma [21] have obtsfned some properties of
vaAm,f;x) when m = 2,‘ ‘Az(z) = 1+2;+z2,0whicﬁ are similar to | -
thoag of the Lagrange interpolators Ln_l(f,x). For éxample:

(1) if Eﬁ consists of the zeros of either Tn(x) or
(l—xz)U;_z(x) and’ f(x) is in the~Dhﬂriipsdhitz clasé on [-l,lj,
then Ln_3(A2,f;x) converges éo f(x) uniformlylon [-1,1]; |

(1i1) 1f En consists of the zeros of 'Tn(x) and

f € c[-1,1], then

6. Table of:Known Results, °

For conveniehce, we list here some of the known convergénce
properties of the operators mentioned above for a variety of poinf

matrices E. The numbers in brackets are bibliographical references.

c 0
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7. Summﬁry of Theslis. _

. '

This work has been motivated by the results of Motzkin,
Sharma and Straus and Saxena and Sharma on avefaging interpolation,
in the hope that the averaging Hermite interpolators (introduéed in
Chapter 1), m;ght havevbetter convergence>pro§erties than éﬁe‘ofdingry
Hermite;Féjer‘inte;polators H;n_l(f,x). R

In Chapter‘I we definé:@heuaveraging Hermite interpolators,
denoted by HN(Am,f;x) (somefimes HN(A,f;x) dgly);- These age{
polynomials of degree < N = (s+1)q—m—1~ which, at thg nodes En’
interpolate a given function f(x), have aséigned derivatives up
to ordét’ s-1, and whose s-th derivatives at ghe'nodeslhave'
prescribed averages. When the derivatives are zero, wé use the
anation Hﬁ(Am,f;x). We also show that HN(Am,f;¥);’have
approximation;theore;ic properties analdgous to. those qf the
avefaging interpolators Lv(Am,f;x) of 8§84 and 5. The germ of

this idea 1s contained in a paper of Motzkin and Sharma ([{5],

Theorem 4), who considered point functionals instéad of averages

il

of values. ‘However, it is‘interestihg to‘note thatAWhilé tﬁe»
approximatién—thebretic properpies of Lv(Am,f;x) are found when
VAm(zf» has negative roots, thg_corresp;;ding one of HNgAm,fgx)
is found when the zeros of Am(z)' have the sign of (fl)sv,>
s being the highest derivativg Qséd-to.define HN(Am;f;x).*-
After the introdpction of HN(Am,f;x),j the.ﬁatural
ﬁuest%oq afises ébout’théiriconvergenCé as, n tends to.infinity.
Wé attend to suchproblémsﬁ?; ‘ Hgn_Z(Al;f§x)' aﬁd. HE#_3(A2,f;x),

~
L4



.22 . .

| , g
- ‘ ° ) . ‘
in the particular case when Al(z) -‘1¥3 and A2(z)_- 1—2;;z2.'

odes E'_ which are the
i 7 l
zeros of (1-x2)T 2(x) and examine the convergence behaviour of

In Chapter II we eonsider the

20— (f,x), Hy (A L5 x) " and H°

2n
‘ necessary and suﬁficient conditions for the iform c 7ence of
(f,x), supplementing some récent results %f Ber... \Ll], [2])

2n 1
who considered mainly.the three functione X, [x\\hand xz. We then

give sufficient conditions for the uniform convergence of E;n‘21A11igaeiz’““

TR
(A2,f x}—"‘and“ﬁ“"fﬁﬁf~EEzﬁ_EE—Eﬂese two operators converges
uniformly for a larger class of functions than H (f x) We also

. o -
show that, in this sense, Hzn_3(A2,f,x) is better tnan
(A),£30). | ’ ~ . ™~
" Chapter III is devoted to the study of the convergence \\\\\

.

behaviour of Hzn_z(Al,f;x), ‘H2n_3(A2,f;x) and of the averaging f\\f\”

‘in;erpelators L3 (A »£3;x) when E consiéts of the zercs of the

" Jacobi polynomials P(a B)( Xx), a,B?> -1. We also consider the

o _ ?
Grinwald-type mean of Ln_3(A2,f;x). The results obtained are
analbgou3'to those of Vertesi [26], Griinwald [10] and:SzegU'[23].f

In Chapter’'1lV, we study théueonvergence behaviour of the

trigonometric.avefaging‘interpolators Tn—i(AZ’f;x) on‘eqdidistant o

nodes, in the case when . AZ(Z) = (1+rz)(l+sz), for all real r,s.
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K - . K
: C . CHAPTER IT '
. . 'AVERAGING INTERPOLATION ON SETS WITH MULTIPLICITIES
) .\V e, - . ‘G.‘ . o | . . ’,,‘
, . . . N //
1. Introduction o : B z
Given n points x < //< X and\a polynomial - o
A (z) = z akz with negative roots, it‘is known ([17] Theorem 1, )
k=0 o
p. 196) that there. exists—a—unique*po ynomial P(x) of degree ‘
| T Toh ThER Tere ex

—_— —

< n-m-1 which satisfies the interpolatory conditions (4. 2)

of Chapter 0, fo§ any given vector

Y

- (yl,---,y )¥ 'Inm ’addition,

L 2

over all Q € Hn-m-l.

" In this chapter, ‘géneralize the above résult to the case

o

n thch each point Xy, h = L,.om has a fixed multiplicity 8.
The main interpolation theorem is contained ind§2 in 83 we outline
a method for constructing the interpolatory polynomials and in §4 4
we obtain\explicit formulae for two special cases. In §5 we study :
o ¥ ‘the case of the particular,point sets., xh+1 = Bxh +y, h -‘l,...,n—l,
h/\ ‘ | Athua generalizing some of the results of [17] In §6 we apply the .
| J. - results of §5 to trigonometric averag}ng interpolation. Finally, in
| §7, ve shall exhibit the partial sums I ' (f x) of the trigonometric
interpolators on equidistant nodes a8 averaging interpolators.

It may be remarked that Theorems 2 1l and 2.2 belcw give for

8 =0 simplified and revised Versions of Theorems 2 and 3 of [17].

e

’ _ fv L - 10 ;'é)
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'where, E 1s the usual forward shift operator on sequences and y

is' either an n—vecgor or a function, in which case y = y(xh)

h = l,..,,n.. Since A (E) = (1+a E)A (E) it‘is,eaey to see that

k|

o B . L =1,...,m.

!
?

‘ﬁ \“ . ; L ﬁ
* . ; * ‘ ‘. / 7 . ll
2. AVeraging'HermiteﬂIdte:pola;ore. ' ' . \\&.
Let ¥ <Af:. < X be n given real numbers and let
P = (pl,...,pn) be a given vector with pdsitivy/ZOmponEnt% 1f '
‘m < n—lq is a given integer, ‘and the a ). are given numbers, set
' ' -m . m .
. : A(z) =TI (1+a z) = 'X akzk
: T el S ck=ol C
(Z.1)
C B . ‘m-1" v X )
: Aml(z) =1x§z)/(l+azz) = Z A2 s 2 =1,...,m .
. . _ : ° k=a - :
and consider the'linear functionals.
' A - -
- Lj(y) (E)(pjyj kZo akpk+jyk+j » . J=1,...,n-m
(2.2) ' ‘ A
‘ : ~ 1 ¢
L ) =4, (E)(p,y X PryiYios » 3= 1,...,0-ml;
AN Py j ‘k =y akz k+j k+j .
2=1,...,m,



o
: .

4

Problem. ., Given s n-vectors y(o),...,y(s) (s > 0)
2rob_em. : . .

H e HN) sptisfying',

’.

1) -

12

L find a

polynomial . ﬁ(x) = Hﬁ(A;,y;x) of degree N = (s+I)njm—1 (abbreviated

-, H(i)(xh) =y, s i=0,...,8-1; h=1, ,n
' R ‘ - ‘ /
(2.4) {
Lm®)y =L@y, 310
e N
Theorem 2.1. - Let 5-3_0 Eg_g_giyenvinteger and let 'alg...,am

of (2.1) be such that (—l)sal >0, = 1,;..,m. Then there exists

Furthermore, H(x) minimizes each of
(2.5) - max \qu_lL (P(B);y(s))l , L
j=1,...,n~mFl - w _

aver all'polynomials P e;nﬁ for which

Oy 0. - :
(2.6) | P( )(xh)'= yé-) . i=0,..,,8-1; h
» .é/( | o |

Proof.  Cledrly (2.4) has a unique solution for every

1 - 1= 0,...,8, implies H(x)

>

1f and ohly if vy

H e HN satisfies (2.4) with ,y(i)'z , 1 -:0,...,8}
@n ' EW  WEREW , v = (5-x,).-

where R(x) 1is cqﬁtinuous](here, 1 particular, Rel

and hence ' ' - )

- a unique polynomial H e Ty, N = (s+1l)n-m-1, sdtigfzins (2.4)

-

~

= 1,...,m

= 1,...,0 .

y(O) E A ’y(s)

]

0. If

" then
‘e ’. (x-xn) s

)s

n-m- 1
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R ) = sl () )IRGE) ¢ B = Lo

Applying (2.3) to the last n-m equations of (2.4), we obtain

(2.8) 0=L.@®y =t w®)+a (H(S)) ,

i i1 1 j+1 1
j = 1,...,n-m .

- ' .
We now show that , R(x) has at least n-m zeros which, by

(2.7)¢ implies that H(x) has at least N+1 zeros, and hence

i

H(x) = 0.

If s 'is even, Apyeeera  are positive, and (2.8) shows

that the.sequence
: » .

(8), n-mtl s n-mt1l
.o {le(H )}j_1 = {AﬁfE)(slpJ(W’(xj)) R(x D)oy

has n-m sign changes. Since all the numbers o, and s!pj(w'(xj))s

are positive, it is easy to see that the sequence {le(H(s))}n -l

n .
has no more sign changes than {R(xj)}j-l ({17], Theorem 1, p. 196).

Hence R(x) has at least n-m zeros

If s 1is odd,’ Gyseees0 are negative and sgn (w' (xh)) =

(—l)n—h, h=1,...,n. Because of the alternating_character of the

1

. sequence &'(xj), we observe that

j1<n‘“) = (LagE) ... (ha ) (D" st ! (e [ *RGxp) =
- (-1)f"‘§ (1-aE)... (1-a E) (s 1p, |w! (xj«).l_sR(xj.)) :

a o  §=1,...,n-ml
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.

and as'the numbers - and slp lw'(x )ISR(x ). are positive, we can
N 2 ] 1 ]
apply the same argument as before to show Phat also in this case R(x)

has at least n-m =zeros.
) \

In order to prove that H(x) minimizes (2.5) let Ws observe
that, aoplying (2.3) to (2.4), we obtain for £ = 1,...,m, the

n-m-1 equalities

L, (@ _»_%Lum{s)_y(s)). .

- (-a,) L Ja® ey o 0, -

Now, let us suppose thatthere is'a P ¢ HN satisfying (2.6) and such

that, for some 2 =1,...,m,

: 3-1; (s)__(s)
™ j=1,.‘-.“f”,‘n-m @< sy
Then +(-a)) 71t (H(S) P >0, ge1, e (i o, > 0,
. ' | S '
- ;f 91 < Q) hence, if s is even, {sz(ﬂ<8)‘P(S))};=1 has

~

n-m sign changes. Also, " H(x) - P(x) ¢ HN and satisfies

H(;)(xh) -;P(i)(xh)'= 0 , i = 0’...’5_1; h = l’._.,n .

I

Hence, as above, H(%)- P(x) The .same - argument holds if s is

odd, so that Theorem 2.1 is completely proved. 0

An analogous result holds for trigonome;ric polynomials

T(x) ‘of degree M (abbreviated Tel )

N
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Theorem 2.2. Let s >0 be a given integer, let @yseeesa of

(2.1) be such that (-1)%, >0, 2 =1, +-+»m and asgume that

x - x; < 2n and that N = (s+1)n—m—l is an even number, N = 2M,

Then there exists a unique T e HM satisfxing (2. 4) Furthermore;

T(x) minimizes each of

[ d \

-1, : o .
=1 max"n-nr*-]_a'ag Lj(U(S)-y(s))' ’ L=1,...,m

. . .
over all Ue HM "for which

U(i)(xh) -.y(i) s { = lo’...,s..l; h = f,'."‘nv "

h
The proof is like that of Theorem 2.1:; Note that the
. gy ‘
coqgitions X =X < 2m, N = 2M are necessary in order to deduce

H(x) = 0 from the fact that H(x) has at least N+1 zeros on

[xl,xn].
¥ , P _
3. A Method for Finding H(x). ‘ /

All the previous notations are retained and, for simplicity,

we shall write Hj for - H(x ), § s) forb (s)(xj) » etc,

(1): s = 0. Following the method of ([17], pp. 199-200),
set |
e R e N s

n-h ‘ o
kzo Werfern - h=noml,ln,

AJ
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0

so that by (2.4) we have ,gj = lj(y),‘ J=1,...,n-m. while
' gn_m+l,...,gn_lagé,determined by the gupposition that H satisfies
(2.4). 1f 1/A6(25 has the expansion o e
' o : 7 o )
> | . VA(z) = ] bz,
’ L k=0 . .

'l

we obtain after some manipulations

; : : n-j ' R

'.\\\\ K . ‘ . : _ ~

Since H € Hn 1’ the divided differences of order n-m 'of the
- —_—e o .

numbers H se++,H  must vanish, 1i.e.,
1" n

T ‘n-m - T
(3.2) | ' kZO. ijk/wj(xj+k) = O},,

where wj(x) - (x—xj)...(x—xn+n_m). From (37;)‘and.(3.2) we ‘obtain
after some simplification the following system in the unknowns

o
f

Bn-mt12 08yt

(3.3) ‘ c, .8 =0, j=1,...,m ,
) : . keo kjTkt] A
<.Vhere "
izo bk"‘i/pi’*‘ij (xi+j) » k = n'-mi'l, ce e ,-u-J
% T Lo o .
_ 120 bk-i/pi+jwj(xi+j)’ ko= o’f"’nfm




9 [

17

The ‘system (3.3) enables us to obtain g , .after whieh¢\

n"ﬂl—l’..‘.gn\

we obtain H(x) by Lagrange interpolation to the values Hl;...,Hn

given by (3.1).

‘f(ii); 8 > 0. This can be reduced to the case s L 0 as
. i | ' o
follows. - Let Q ¢ nsn denote the ordinary Hermite interpolgtor

uniquely determined by:the eonditions ! Co ¢

(3.4) ‘Q(i)(xh) - yéi) " i =.0,.,(cs-1; hy = 1,...,n ,

whose explicit expression can be found)in ([3], pp- 6 7) Since cH(x)

satisfies (2.4), we can write | O )

(3.5) g - H(x) - Q(x)‘+ (Qkﬁ))sn(x}, () (x;xl)...(x—x;>
where R e I sy SO that | ' -

_(3.6& H(B)(xh) = Q(s)(xh):% s!(w'(xh))sxkéh),, h.a 1,...,0.

«
Substituting' (3,6) into the last n-m equatiops of f2.4) we obtdin .
'Lj(y(s)f/l Lj(Q(S))'+,szLj

(WH%R), §=1,...,n-m

ahd hence
.Lj((w')sR) - Lj(i‘s’—q(s’)/sz .- l,L..,nfmi,
»which reduces to the case 8 = 0 by setting pj'= lw (x )| ﬁwheﬁ

8 is odd A(z) = H(1+a z) ‘fust be :eplaced by B(z) = H(l—a z))
°. . . e . o . /

\
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4. The Case of Al(z) = l-z, Az(z) -_l-2t+22 . T ' !

The averaging Hermite interpolators of this section can be

constructed by the method_outlined.abbvé in §3. However when

Al(é) f l—z"pf Aé(z) = l—Z;fz? -1t iébeasigr to use a dlffe}ent s
method. | | | ]
Let Hsn'l (A ,y,x) denote the averaging Hermite interpolator, ;
relative to the polynomial A (z) - Z i , when s = 1, P - 1,
o ' ' 4. '
(1) 0, k= 1,...,n (in‘§3) Also, 1et h (x) Jand h*(x) ﬂenbtg‘.

O
the fundamental polynomials of Hermite interpolanion ((2 3), (2 4)

Chapter I). Set s = x, + ... + x_, and
v n . n

. TR
( p . n | ilf, ] - j* n. 28, %
o y L - —8
»n k=1 (w'(;k?)zl‘l : ﬁc' k=l (w'(xk))
, ) noeel (V.'.(*k)). S k-l (w' (xk)) ' R
n w'(x ) | o | ‘
k=1 - (W (xk)) . - / . ) ' : .
\ “ q 1+(28 - )w"(‘)/wm
F .= )} £(x) & ’ﬁ; ' =N

-

n:~Theoreﬁ'4.l. *I1f m=1 and 'Al(z) = 1-z, then- '

A

,v l "n ,-‘ .
1 . ( ,YX)=' v, B (x)+c h(X) .
N H)he2 Al kzl k k | 2\1 k -

c=c =F /] ,
] n: "n n .

4"



. - !
‘where ‘Fn’ Jn' are given by (4(1). : Q\\ ' . : N

’

Thebrem 4.2. 'If m=2 and A,(2) = 142z+z?; then

[

a

n_. -

: n
\ . -] . = i - *
(4.3) o 5(Agsy3) = [y RGO + ) (dke)hy (x)
n-3 k1 k=1 |
where
) ! : - o! . - =
(4.4) : d +' ke }?zn_:’(Az sy a“xk)' ’ k 1,...,n
‘and d, e re glven by o
-K_F* + K*F | JFr - I°F
v{b ’ 4.5) dzd = nn nn ‘e = e = nn nn
- . T Tn * * ’ T n * *
; JK* - J% JKY - I
n n no . ‘nn

nn _
' .

The proof of Theorem 4.1 being similar to.that of lhecrem 4.2,

iwe siijé>only give the proof of Theorem 4.2. | :
o ' s o T~
Proof of Theorem 4.2. By definition, 2 3(A ,f) satisfies the '

-linear difference equation

°| ot ‘ .
o - _ K
whose general solution is given by (4:4), with d, e arbitféry

Since H° 3(A2,y,x) mua& have degree < 2n-3, we can‘aetermine

',d, e by’ requiring that the coefficients of x2n—l’ x2n12 in
2n 3(A2,y,x) ‘v?nish. Since. ) "
. _ . ... n : ’ h ‘
) o 7 - = oy . »
{416)_- | ?2n-3(42’?’X) kzl ykhk(x) + kzl H (Az,y,xk)h (x) y
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‘ ‘ ‘ ‘ 3
by (2.3) and (2.4) of Chapter I, such cogfficlents are given respectively
by ™ ‘
Al d
dJ + e -~-F =20
n n n
I * *
, dJi + eK - F =0
~ o n n n .
whence (4.5). a

.
Remark 4.1. An interesting property of H (Al,y,x), H;n_3(A2,y;x)

is that, unlike the ordinary Hermite interpolator H (y,x) they

o

reproduce polynomials of degree ;5 1, as seen easily from the

defining equations. If XyseesX are equidistant, Hzn_3(A2,y,x)

‘ réproduces'polynomials of degree < 2.
Remark 4.2. When xl,..l.,xn nre symmetriggl (i.e., -~ xn+1—k’
E = 1,..;?n), tnen hk(x) = hn+l_k(—x) hk(x)=f—hn+l k( x) and it
is easy to see thnt H2n—1(A2’y;x)’ HZn_Z(Al,y;x), 2n 3(A2,y x)
are all even (odd) when y = y(x) is even (odd). JHence, comparing

their degrees and their defining equations we can éée that

HS__,(ALysx) =HY (y,¥) if y(x) is even,

g : .
. . '

2n 3(A ,V3X) = Hzﬁ_z(Ai,y;x) if y(x) 4is odd.

) ' v T o

Lok

5. Special Point Sets.

If the numbers (noglneéessarily_téal)  SEEERPE S sétisfy

" . . 5 - .

: (5;1) . m' “ xh+i = Bxh'+ Y, h=1,...,n~1

‘and p = (pi""’pn) is the special n-vector specified below, we
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obtain an existence and uniqueness theorem for H(x), ﬁore complete
than Theorem 2.1 and which generalizes a theorem of ([17], Theorem 4

P. 207). As in [17] we require that

(B—l)xl +‘Y‘f-0
(5.2)
| gf 41, r= 2,;..,n—i (1f B¢+ 1),

- 80 that"xi,,..,xh are distinct.

Theorem 5.1. Let xl,...,xn satisfy (5;15; (5.2) and let

m . . -
k ' . ;
A_(2) -k; ‘a,z _where m < n-1, be given. Let s >0 be a given
=o .

 integer, and let p = (pl, ;;’Pn)' be the n-vector with components

(5.3) by = G GNT L = li.n,

where w(x) = (x—x ). (x—x ). 'Then there exists a uniq polynomial

He HN’ N = (8+l)n-m-1, Batisfzing (2 4), if and onlz_if

(5.4) _Am<s‘> $0, r=0,..mwl -

Here _Ll,...,Ln_m are gg.in (2 2) with pl, ..f given TX;Ffué)

Proof.- For s = 0 the theorem has-been proved in ([17], Theorem 4,

_p. 207, Remark 1, p. 210). If s > 0 we write
HG) = Q) + w(0TRE),  wx) = (xmx) .. (xox)
T ) .8 ‘ .

where Q e M satisfies (3.4) and R ¢ n_1 - has to be determined.

As in 53 we obtain the system of equations R SN
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L)% = L ®)ys1 50 3=1,... 00

h| h|
Iwhich is a
_§_ ‘ . -§ . . .
R( ) = y y 3 = 1’," ';Q'm y
k=0 S 2 M Wity RO

where
, “Yg = (Y£S)-qé?))/s!wf(xh)s , ha= l,;-,ﬁ:Q

Therefore we have reduced the case s > 0 to the case s = 0 and

»

-the theorem‘is completely proved.- 0o

6.. Trigonometric Analogue.

o

A result similar to the above holds for trigdnoﬁettic

polynomialé when s =0, m=2q.

2q’

-

k=0

‘ . o \ : '
' Theorem 6.1. Let A (2) = ) akzk' be given. Consider the 2n+l

_Boints .xl"';’x2n+l given by

X = he, . h=1,...,2n¢l, ‘nc <

and let s =0 4nd p = (1,...,1). Then there exists a unique

trigonometric polynomial T € Hn—q satisfying (2.4), with s =0,

K

if and oniz'ii

6.1) Am(eic(?q"29+r)) $0, . r=0,..,20-2q .



S wid

IR : o _* . -
Proof. Every trigonometric polynomial T € Hn—q' can be written as

T(x) = zzgﬁ%nﬂ(z) , - z=e .

where H e N, .. . Consequently, (2.4) may be written as

" 2n-2q.
o
‘(6 2)  L(T) = Z zzq 2% (2 =L (y.) = 1 2n-2q
S 3777 o TR ey T L TereetTis
—t . ‘ . .
| _where the points o \
z, the o g - ,2n+1
PR | . i ' ﬁ
satisfy a relation like (4.1) with ~8-= eic,. Yy = 0. Since
. - ; . _ - T
zk+j~é~zk;j we can rewrite (6.2) as
. -
Zq ZnH 2n -2q \ -
. ) . z Z (Z L (y) = -
o ik %k ket "
2q - : ) )
2q-2n 2n—2q
Z %k (yk-i-j by )

. . -~ ’ .
'Now, this reduces to Theorem 5.1, where s = 0. and . A_(Z) .is

réplaced‘b§'the polynomial
2q- - - T T
Aﬁ(z)'= Y (akziqun)zk=5Am(zeic(2qup)3 .
' " k=ol N

| T .
Since condition'(S.é) becomes A:ﬁeirc)’# 0, r=0,.:.,2n-2q, we

L7 \thaing(6fl);' FA'D
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7. The Polynomialéb In,n-q(f'x)r—

Zygmund>({28], p. 8)”héq introduced the partial Quﬁs

o : n-q '

In’n_q(f,x),x 5 a + kzl (ak cos kx+b sin kx), q 1,...,n-1.
(7.1) a a, . (f) 2n+l-jzo f(xj) cpé kxj: , c
o S v . . o
LBy = by () = 7y +1 j_X_o £(xy). sin daxy |
of the . trigonometric polynomial I (f X) € H %;terpqlating.to a
Zﬂ—periodic functiBr f(x) on the points ;xl""’x2n¥i ;giVen by
(7.2), k | L _ 2y . o
- *htl s S 0,1,...,2n .
. : _ : y . * :
. For;the_po}yngmials .I(x) = In;n-q(f%x) € Hn_q we have .
Theorem 7.1. - For evérz"_d < q'<n-1 jﬁxi(x)'iig_gg_avéraging
interpdlatdf‘gg'the.sense ég_ThEbrem 4.2.r More frecisely, gg@have
(7°3) . ~ Lj (I) - Lj(f) ; j=1,.. ',Zn-zq >
where . v A v -
L g/)/é// f(‘ )'; - : .?'. sin §———-q
k=o f‘k-. Tt ak 2-2q+l
B ) . . ; >v
Proof. ‘It is. known ([28], Vol. 2, P. 8) that I(x) = I (f x) . minimizes



2n 2
.kzo' (£0x )-8 (x))°
| \

o , T * ' .
-over all trigonometric. polynomials s eLHn_q ; hence by a famililar

argument, we see that °

(7.4) | z , S(xk%(f(xk)-I(xF??wf-p » 8 € Hn—q .d

k=0

~

In partiéular, (7.4) will hold for each of the trigonometric polynomials

.. 2n’ 2q+j » 1 -
(7.5) s, (x) = T sin —-(x x.)/ - sin i—(xéxz);,
- J 2=0 o 2—j : ‘ .
. ’ o o ‘ ",I‘ e . J = 0:' ..,2n—2q .°

Since_‘sj(xk) is“nbnzero"oﬁly for k = j,...,2q+j‘, on substituting
(7\22/into (7.4) we obtain * ‘

2qH) "2q "

: ‘g7.§> 0= ] sj(xk><f<x )- 1<xk>) ZO-sjggk+j>(f(§k+i)-1<xk+j)) :

-+ k=3

 j ='0,.,.;2n—2q

" Now, it is easy to see that s, (xk+j = g (x ) ak » hence (7.6)
. k. /

‘reduces to. (7 3) and the theorem is proved - o 'f<

3



CHAPTER III  ° : ' \

- CONVERGENCE PROPERTIES OF HERMITE AND AVERAGING HERMITE

INTERPOLATORS ON EXTENDED CHEBYSHEV NODES

B IntroduCtion. o e -

In this chapter we study the convergence properties of the -
Hermite—Fejer interpolators ) 2 +3(f X) (with zero derivatives at

the nodes) and the averaging Hermite interpolators relative to the

polynomials S T 4 _.'

S : - R
o . - ENCRER IO 1-22+2" :

N which we denote respectiﬁely by -

2+2(A f;x? »

2n+1(A f;X)- '

based on the extended Chebyshey nodes xo’f"’xn+1':
‘ L - % = xo,n+2 =1, . ,xn+1 = xnfl;n+2 =-1,
A(1.1) N )

. xk = xk n+2 = C0_3' 21‘1" A'ﬂ' . k ‘=,'l"°"sn ‘> |

. \
4
\

which are the zeros of w(x) = (1—x )T (x), where
T (x) = co8 n arccos x.'% |
In §2, we obtain ‘the’ explicit form of H2 +2(A ,£3%) and

2 01 A2 £3x). In §3, we: find some necessary and sufficient conditions‘_

. . ‘ s’ !

. \ . .
°
. 2 -
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for the uniform convergence of H§n+3(f,x) to f(x) omn 1> x> -1,
As a cofollary we find that 1if f(x) has a nonzero derivative at

x =1 (or x = —1),> then H? (f£,x) does not converge uniformly

2n+3

.'oto f(x), thus improving earlier results of Saxena [18] and D.L.

Berman [1]. In §§4 and 5; we obtain some sufficient conditions for
) o ) . : L .
the uniform convergence of H2n+2(A1,f,x) .and. 2 +1(A ﬁ,x) to f(x)

on 12>x>-1. ‘Compariﬁg the resplﬁs'obtained in §83, 4 and 5, we

find in §6 that H2 +2(Al,f;x) and 2 +1(A LE3x) are{ in some
sense, better than 2 +3(f x).- For example the class of functions
f£(x) such that Ho pp (B> E5%) > £(x) uniformly is larger‘than the

class of functions £(x) such that 2 +3(f x) -+ f(x) uniformly.

o ’,; o o)
2. Explicit Form of H2n+2(A1,f,x) and H2 +1(A f,x).

These polynomials can be: obtained by replacing, in (4. l)

of Chapter II, n with n+2, theAindex of summation ‘k with k-1

~and takingysums from O to mtl.

Since Tn(x) Satisfies the equétion’

(1—x2)T" - xT' + nzT =0 .
n n n

it is easy to see that, 1f. w(x) = (1—x2)Tn(x), “then
\’4 i v
') 3Xk
vy | T LZ o wTER
W(ﬁg o lﬂ%v o

' E 8 _-t"(2n2+1)‘_,> xk-,il',




-, x At
j n"(1-x)
1 -
(w'(x.)) '
“k 1 ,
S .
Since the poi&xts (}.'1) are.symmetr'icél, we havg 842 = X, oot x o
= 0. It is easy to see, g the identity’
1 1T 1 g
(2.1) ~5 Z -5 5 ) = - 1
n° k=1 1—xk n® k=l Tk
that (4.1) of Chai)ter JII- becomes, after simplificatic;n,
( | |
ntl nt+l -X
Jnt2 ™ ey Tt L =0,
kmo  (w'(x)) " k=m0 (W'(x))
o+l ’ ‘ -
% - Z ‘ k+1 - n+2“
1+2 ' 2 2
) kéo  (w'(x))
. .ol (k) n kx,
(2.2) W K:+2 ) _______xi_ .1_2 _ik_.*.% ,
, k=o (! (xk)) k=1 1—xk !
) . o n+1 » w"(xk). o B
P2 = Tp(® = 1 £05) ———=g =
k=0 (w'(x))
. Cn ok EGr) 2 |
=—% ) f—“——;‘—‘? L [E(D-£-D1
k=1 (1—-xk)
n+l » £( ) o+l . W' (%, )
F*+2 = F:+2(f)" '_""fk—T - % £0x) __—ik—g g
“ ATE TS kmo (v (%) k=0 (' (x,))”
i .0 f(x) g
L —17 ) x‘Z‘ +——[f(l) f( 1] - F(f) .

k=1 l--xk

! v
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f . : 29 .

‘ . B ,
If we denote by hk(x), hk(x), k «0,...,ntl the fundamental poly-

nomtals of Hermite interpolation at the points. {dhyl), then (4.5) of

Bl

Chapter T is replaced by

* *

d L2 N2 Fraa Y Koy T
n+2 i ¥k .
Vodne Ko T T n+2
3 :
3 "F* *
- n+2 n+2 Jn+2 Fn+2
. en+2 . . . * * -,, . ', - n

T2 Koe2 - o2 Kog2

We see, by (2.2),.that (4.2), (4.3) and (4.4) of Chapter II-bgcomé

'

n+l n+l

o o
+2(Al,f x) = ] f(xk) h() +cp 1R (),
’ _kwo ! k=0
(2.3) ‘ Lt
Cpt2 T n+2/ n+2v
and
: E | - - ntl nt+l o "
(2.4) 2n+l(A ,£3%) = kzo £(x b, (x) + kzo [d  +(tDe  lh (x) ,
. p - ot .. . : - |
(2.5) ‘ §n+2 + (k+l)en+ H2n+l(A2’f’xk)’ k=0,...,n+1 ,
where ""
' . . . _ nt2 : . *
(2.6) dn+2 ST 7 Gae2 + Ca+2 en+2’. Fn+2/Kh+2' .

3. Convergence of H2 +3(f,x).

We recéll that the polynomial H;n+3(f,x) is determined by
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(3.1) . 2 +3(f X ) f(xk) , H2n+3(f’xk) O,‘ k 0,...,o+1 .
Let H;n l(f,x‘) denote the Hermite interpolator given.by

| He x) = LR (Fx) S0 -
(3.2)' HZn—-l(f"xk) f(xk), o H2n l(f’xk),. 0,‘ k 1,“.’.11 .

We shall prove: ' _ .

[}

S

Theorem 3.1. If f ¢ c[-1,1], “the foilbwing three conditions are
e —— - . R . .

~.egoivalent; » . | : -  . <
(3.3) . . H§d+3 f,x) + f(x) -unifofml “on "; Z_f Zﬁf;i'
. | ‘ . " \,
(3.4) Zn [f(+1) - H (f 111 + H (f,jﬂ) = o(l) 5,

- | oy .f(i'i) —Efx)
(3.5) —1-2- ] —— ;k =o(1) .
| n’ kel (l+xk') -

Here, (3. 4) and (3 5) each consist of two separate conditions at .,

x=+1, which mus t- hold simultaneously ‘ T "

| PrOOf. (1) _(3.3)‘ﬁf-> (3.4). Set

. k-o

(3'.6)‘“ £,(x) = %[f(X)“‘Ff(.-x)‘], fz(x) -_%[f'(:*)—f.(-x)] 5
so that’ '
2 +3(f 0 - Hor +3(f1"‘) + Hs n+3'(~fz”‘) o
Since H; +3(f x) Z f(xk)hk(x) aﬁﬂ hk(x) +1 k( x) by-tﬁeé .

1]

.8 * O . ’ ’ &
[ .
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A X ! e :

symmetry of the noints-(l.l), it is eapy to see that
Homea(£1>%) = [H2n+3(f x) +! Hz w3601
(3:1) S SR S
o . .
H2n+3(f2,X) . [H +3(f,x) +3(f "'x)] i N -
. :; * , ) N . ' N . ‘ . ' |‘ (:?J
" Therefore, it is sufficient to prove the equivalence of @a. 3) (3 4)
| and (3 5) when f£(x) = f (x) and f(x) = f (x) The proof in the ‘

‘Atwo cases being. similar 'we limit ourselves to the case when i :‘ e Te

PR ]

'f<x>-f<x) e S
(f x) and .:u

2 +3
are odd. Therefore by (3 l), (3. 2), we can write

By (3.2) and (3 7) it is ‘clear that H?

5

2n 1(f2,x)

for some P, 4> ' L

\

g (3." & 43“2”‘) . ;1(fé’x') - _xtq x") (%:(}'c)-;)tz

n . L . . PR

Since by Fejer s result [8] H; 'l(fz,x) > f (x) uniformly on :'L ; -'\j

1 Z.xti —l, we see from (3. 8) that (3. 3) is’ equivalent to” p = O '

'q + 0 simultaneously . Evaluating (3.8) and its derivative at X =,1i}f

we'obtain)qon simplifying by mé%ns of (3.1), | o |
U n e R (5D | o

[ . ’ R L ' 9

2 o ge o1
Py +\ 3%‘ = -2n [fz('l)’ﬂzg‘-l(fz’l)l - },12n—“'1(f2’:l,)

Since by the‘abbve remark P +q'.4 0 'the'eoﬂﬁition P, > O;‘ _ ‘1;
9 > 0 is then equivalent to p +3qn+ 0. ' Hence (3.4) htldssince a .

f (l) = -f ( 1.

.‘}\
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T, el
"is equivalent to
|° "

i

n

arbitrary. It 1s enough to prove;that‘ r
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-~,

( 1-x.) 2

- = O(nz). ’. .

as "the proof for x = -i ;isAquite_similar.v Différedtiating.tﬁé. .

v

- known formula

/ ) ‘ / : .
L, 2 .
. Hy o (£,%) = =2 z f(xk)(l—xx X
i " and simplifying by means of T =1, TN = 0 we get *
%y - n f(x )'V .'4; ) .
) u°' (f 1) = - - ——-ﬁ L .
| .n k-l (l—xk) . .
so that . | Y s
i . . A ' ; 2 v o . ‘ - X} - -
- T wiEQ Hzn_l(f,l)] + B! (f 1)
(3.9) ‘ R . .
, - ow £(1) 3-. B . f(xk)
- = 2 z -i:-—-— - -'—2- z -————2- . ‘
k=l . % n k=1 (1_xk) .

When f(x)'= 1 then H

vénishes. This yields

(f x)

1

T -

LY

(11) ;' (3.4) <==> (3.5).. Heré‘We'asaume f(x) - coﬁbletely

=,l<.sqwthat;theﬂieft sideiof (3.9? "

s

. 2n2[f(l):_-H; 1(Es 1)] - (£,1) = o(1) \/

1
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M:J

P n 3
(3£10) S Z — ==
‘ Ly Tk <1_xk>

. Thus (3.9) can be furfher simplified as feilows;

o
)

“2n [f(l)—H° ED1 Hzr'l_l(f,l) =

f(i)-f(xk)
(1—xk)

o

é_
<2

II‘M.’.J‘ .

* This compietes the proof of Theorem 3.1. 0

A more practical sufficient condition for H2 +3( ) to converge

uniformly to 'f°1is given by:

- o

. o & - o
Theorem 3.2. If f e ¢l-1,1] ﬁqs differentiable at x = +1 and
C T — ' - S

f‘{i
| ° Y = £ -0 ‘ i
(3.11) . . (@Y jaf (~1) =0, ,
. . .’ ] . - ) '_!, m
then H2 +3(f) +»f uniformlz on 1>x>-1. | : \ 2
“ N P ~
-~Proof. After Theorem 3.1, it is enough to show that (3.11) imﬁiies (3.5).
, We consider only the case £'= 1, the proof for x = =1 being
‘similar. For arbitrafy 6\»(0 <§<1)
U n f(D-f(x ]
———-———;‘-——-—- = ‘
(3.12) ) ) I, +1,
k=1 (l—xk) Il—xklsd Il—xk|<6 )
| N
Since -f'(1) exits, we obtain immedfately, ' 1 i
T - - % - i v ‘
< = 2 —_— < C — i
1-6 k= l—xk - - § ' . .
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for some C independent‘of n, and, since. 1 - X > 0,

‘n.

'f(l)—f(xk)
%

1

k=1 %

max

2 _'Il xkl<6

Using the identity (2.1) and the hypothesis-(3éll) we obtainf
. n,
.

where €(8)++ 0 1if & >0, Taking 6 = 1/log n and using (3.12)

’

we thus get (3.5).*: g

Remark 3.1. Since » - | o .
. k.2 - 2 2k-1 ky2 .
(3.13) _Cl(;) <1-x = 2 sin” —— ‘U.i CZQHX , k*=1,...,n

where Cl; 02 are independent of k, n, it is easy to see that if

f ¢ C[-1,1] has a nonzero (finite or 1nfinite) derivative at x =1,

4., Jthen - ‘ L :

n E)-f(x) 5
> C

kel ()’

with sz independent of n. Hence, by Theorem 3. 1, H o +3(f,x) does

not converge uniformly to - f(x). In pérticular,»when f(x) = x,

'lxl or ‘xz, the Hermite interpolator HJ (f,x)  with zero
’ S "2n+3 R

derivatives at the extended Cnebysheb nodes does not converge

‘nniformly to fix) (Berman [1], Saxena [18])

-

N S
i - - - — ’1— \

. ) : !
o \ '
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4. Copvergence of H2 +2(A LE3x). ,

When f£(x) 1s an even function we have, by Remark 4.2 of '

[+] l o ) . l N
Cha?ter 1, H2 +2( l,,f,x) = H2n+3(f,x),. hence the theorem below is

a corollary. of Théb;eﬁ 3.1,

Theorem 4.1. lﬁ f € €[~1,1] is even, then HE +2(Al,f;x) > f(x)
uniférmlz on 12>x2> —i if and only ii
1 B f(l)—f(xk)

0 _
S (4.1) s = ) = 0(1)
: ‘ n2 k=1 (l—xk)2 ,

"We shall now prove:

Theorem 4.2. If £ ¢ C[-1,1] is odd and satisfies

4.2) > 1. - IR
' n k=1 _ (1_xk)2 log n
‘then H2 +2(A f;x) > f(x) upiformli'gg; },Zix > -1

Proof. 2 Lo l8y LE;x) 1s odd by Remark 4.2 of Chapter II hence, if

(f x) 1is the Hermite polynomial defined by
2n 1 , . . .-

3 Hyy g () = ), By 1(f’xk) Hora A Ei%)
-k - i,...,n

then, by. symmetry of (1 1), HZn—I(f’x) is also odd so thaf, for

some p , o T



i

A () | gy = By (00 - p x(T_(x))*
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A

Setting x = 1 and simplifying by using H2 +2(A ,£31) = £(1) . we

obtain '

(4.5) N p_ = £(1) - Hzn_l(f,l) |

Now, from (4.4) and (4 5) it is clear that .~ H2 +2(Al,f;X) + £(x)
uniformly on 1.-> x >° —l is equivalent to ' .
ey 1(f x) + £(x) uwniformly, = 1> %> -1,

o
S

By Féjer'e.result, a sufficientAcondition for (4}6) is\‘

v(4’7_) 0 Hon- l(f’xk) - °(log ) _" k 5,1""’n ;
From (4;3), (2.2) and (2.3) we see that
. . . ' 2 .
(4.8) _ Hzn_l(f,xk)' cn+2.. 3 n+2(f)v, | k ; l,..,?n .

Using (2.2) and observing that since f(x) .18 odd and the points .

" (1.1) are symmetfical, we get

S

. (4.9)

Cem -

4 B f(xkl ‘
2'2,' 2
n” k=1 (l-xk)

Also, from (2.1) and (3.10) it follows easily that

om 2eGe) L con () PEGe)
2 T 2.2 2 2 2 2
n k=1 (l—xk) .n k=l (l-xk) (I+xk)

~



1 ! m? o

o -

- 2 +2

(4.12) _"ffﬁli}- £(x) = o (;:;1l:§__) , x> 1-

n2 k-l_v‘(»l-xk)2

Multiplying (4.10) by BE-ECD] = § ED) L (4.9) by -3 and

. . - . .. 1

adding, we obtain ~ - , _ B
. g o £Q)=£( )

4.11) - . CEL () =2 ) xk
. nt+2 - 2 2. .8 1_ )

o ' : ‘ n k=1 xk

Byg(4.7) and (4.8), it follows-that (4.2)~impliesv(4.6), and hence’

(A LE3x%) +'££x);_uni£ormly; ‘ .'D

Coroliary 4.1. ,ig fe C[-l,l] 'is odd and

log (1-x)

‘e

';ythen H (A, £ x) > £()  unifornly on 12 x > L1,

2+2

Prbof. As in the proof of Theorem 3. 2, we have, for arbi;rary

T8 (0 <68 <1),

n "f(l)hf(kk)i

<

k-lt; (l-xk)
2ﬂ_~

L ‘ f(l)Qf(xk):‘ .
- max —_— ]
| 1-x, [ <8

? I-x

“ with ;C independént of - n. Thus by (4.12),
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.y @ (- f(xk)

<
n2 .k=l l-xk) .
<--C-2-+e(6)/ max [ = — lb, ).,
né" ll—xk|<6 \ /1ex, log ,(1—xk)

' whete' €(8) » 0 if § =+ 0. If‘wé_chodse § = log n/n then, by (3 13)
] ;[14xk|_§v6 implies k §;c3_¢n 1og n (c constant) ﬂence '
1 e ' , =1 ’

1,
log n) 7
rso_that:‘.(l».Z).'holdszvand_f by ?he?rem 4;2} 2n+2(A1 £ x) -+ f(x)
uniformly. o '

Puttiﬁg together Theorem 4.1 and Corollary 4.1, &e'get:.

Corolla:y 4.2, Suppose fe C% a l] and its even and odd parts

- f (x), ) (x) defined in (3 6) satisfz,the conditions

-fl?(x) s differentiable at x=1 axia‘. £1(1) =0,
(4213)- o R '
fz(x). Saltislf‘:f.eg f(l) f(x) (m ) x‘._.*"l_- .

: Then\\H2 +2(Al,fp0t%'f(g)v ﬁniformlz ngil 3 *.1 fl- .

-5, Convergence of H2 +1(A2 £; x)

o .f/ Wg.recall that the polynomial 2 +1(A fjx)””is defined
b}’ (—2 wl*.) o

v "



Theorem 5.1. 1If £ € C[-1,1] satisfies

L on EGD-£(x)

(5.1) B . = o(32—)
L n? kel (l‘+‘xk)2 logn
.then H (A f'x)'+ f(x) unifo y on on 1> x > -1.

2n+1
Here (5 1) consists of two simultaneous conditions at’

x =+ 1. The proof- depends on the following

(A

 Lemma 5.1. . ;g fe Q[—l;l] is even and satisfies (5.1), then

.

.25 Hg! ,xk) o n) , k -'o;,,.,m+;,.t

2 +1

4\ .

Proof.’ Since f£(x) islenen, by symmetry of (l;l),fit.folloﬁs that,

with'the notstion of §2,, ¢n+2 = 0 8o that, by,(2.5) and (2.6), to

‘prove (5.2) is the same as to ‘prove that e w2 =,o(l/log n).

—

Using (2 1) and (2. 2) since f(x) is continuous and even, -

we get

| Cn £(x) - ) o
T2 "7 L - (D 0 - Fp (e
k=l Ix | ,

Now in (4.11) replacing £(x) with x£(x), which is an odd

function, and using (2.1) and (5.1) we obtain, =

o



40

a £(D-x £(x)

(x£) Ry
2n2 k=1 (l-xk) 2
L, o ED-EGy) 50 (ex)EGy)
2? el 1) o ke (1-x)°
. anf(l)—f(_ ) |
S = 32 ' - xg F0(1) = o(10 n)";
) o . 2n” k=1 (1-x,) 8
-, Since bj (3.13) it is easy to see that K:'2=-mz + o(n) it follows
from (2.6) that e_,, = o(1/log . .0 -

n+2

. . . o . Q o .
- Proof of Theorem 5.1. As in the proofhof Theorem 3.1, we see that
it is'enouéh to prove the theorem when f(x) = f (x) and |

f(x) = fz(x), in which case (5.1) reduces to a. single condition.
(1): }f(x) -‘fl(x). Since f (x) is ‘even (see (3 6)),_

by - Remark 4.2, Chapter II",H§n+l(AZ’fl;x? .ie‘even. Hence,.the

. o Cx Al » .
Hermite polynomial HZn—l(fl’*)'rdéfined by

(5h3)l' g (F.x) = £(x) ﬁ*' (f A, £,
e HZn-lS‘l’xk) 100 5 Bypg 1% = Hone(Byr £y xk) ’

'k'=.1,.{.;n

.is also even. . Therefore, for some Pys

' ‘5’4) Hor +1( 1’x) ’AHzn—l(fl"x)\'= P, (T, (%)),
' By the same argument used in the proof of Theorem 4.2, we see that .

. in order to prove H2 +l(Az,fl,x) > f (x) uniformly, it is enough
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to show that (5.1) implies

LK S n ‘ ‘
|:\H2n~l(fl’xk) - 6(10811) s . k 1,.-.4,1’1
This, by (5.3), _follows from Lemma 5.1, and the proof for tv:he" case

f(x) = fl(x) is complete.

(1) : f(x) - £ (x) Since £,(x) 1is odd, by Remark 4.2,

Chapter II it 'f.ollows that 2n+1(A2’§2;x) - 2 +2(A fz;x). The

theorem in this case reduces to Theorem 4.2. O

bUsing the.same proof as in Coroilary 4.1, we obtain:

Coroliarj .'5".1’.”'"’E"*"'f—e~—c.[ri_,l]‘__msétr:ALs'fies: the two conditions

('5,5) i ‘ _ £(1) - £(x) = o(——-:——l-i) ,v X 1-

. . e log. (1-x) )

*® S
(5.6) (- - £(x)'= o ( = >llix——) , x> -1+
| wity b * \ log (1+x) N

/\. . ‘ ‘ ‘ Lo .. ) | //‘/ . |

then H2 +1(A ;) + f(x‘)" uniformly on 1 > x> -1.
N

.6, Compgrison of H -+_3(f,x), H2 +3(A f;xv), HE +1(A2 fx)

\ " The results of Theorems 3.1, 4 1 and 5.1 indied:e that o
i .
the operator H2n+1(A f; x) is more powerful cﬁan H ﬁ+2(A1’f ‘x),
~which in turn is. more powerful than Hzﬁ:ﬁ(f,x) Mo?e-.preciaely,
L o . o
- let H gn+3 dénotes the class of functions £(x) (necessa:i_iy

continuous on 1 > X > -1) such that

L)
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’

2r;+3(f x) > £(x), unifqrmly on 1>x>-1

O

. on ’ o
and lee H2ﬁ+2‘A1), 2 +l(A ) be eimilarly defined We can formulate;-

Theorem 6.1.  We have

' °c - _gC oc ,
(6.1)  Mones < Monn (A © Honr1 (A2
Proof i)'. ﬁC HC (A ) from Theofems 3.1, 4.1 and 4 2 -
—_— <l ‘ 2n+3 2n+21017 " e T °T
it follows immediately that 1f f(x) -_f (x) or f(x) = fz(x)
.(see (3.6)), then f € H2 n+3 imﬁlies» fe H2 +2(A ). Therefore,

by linearity, the game 18 true for arbitrary £(x).

. C ) . , I}
. (41): 2 +Z(A ) € ~“',(sz)a_ By Remerk 4.2, it is easy
to see that whenever £(x) = TA(x‘ or f(x) = fz(x),
f e H2 +2(Al) implies f € H2 +l( ) vTPerefo?e,‘by }ineeri Y,
2 +2(A ) c H2 +1(A ). . D K - v

" Remark 6.1, - Both 4nclusions in (6.1) are strict. More precisely,

- e
‘we have
oc : . .
. (1): H2 +3 # H2 +2(A ) ; B? Remark 3.1,\tbe function
o
HC

' o 4 y4C
£(x) = x, 1is in 2n+2(A1) fb’y Theorem»qu.Z.‘ However ,f'vé é) 43

(Berman [11, saxéha [f8]). _:f: ' ' . . o 'li

(41): ﬁz +2(A ) # HZ +1(A2)." The even foﬁctioo'

N P '

f(x) ='J1—xg>/'1og (1—x) is clearly in ku2n+l(A ) by Theorem 5. 1

o

~ However, £(x) 1s not in H2n+2(A1) by Remark 3.1. Io fact, eince

‘w'—__ ) ) - . Coa, ) ] | -v . ‘ ; ' 2
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f(x) 1is even, H5n+2(A1’f;x).- H£n+'3(f,x), but f'-.(x) is infinite

‘at x -,Vl.,'



CHAPTER IV

: ﬁ)

: . CONVERGENCE OF SOME AVERAGING HERMITE-TYPE

" INTERPOLATORS ON JACOBI NODES

~. ' ) " . .~ v ! !

1. Incroduction.

R : (CH:) DN - A
: Let - o,B > -1 and let P (x) denote the' Jacobi

'poiynoniel of degree n given by‘the equation'

‘ o ) 2‘- ,n: .- = __ 'l 1 = ‘ .= (a:B)
(1.1) | __(l—x,)Pn + (B-a x(a+8f2))Pﬁ f n(n-f-a+8+1)Pn .O f ?n = Pn :
and normalized by the condition P(G’B)(l) = (ﬁ:q) . The-zeros-of

-
w(x) = P(a B)(xx ére denoted'by:‘
oo . ' l( ) : ’ . -' .
_ o L(a,B). a,B ’ (a,B) S
‘(1._2) : _ 1> % 270> xy '>"">¥nn 7> -1,
. and for simplicity we write x, . for xig ) :

-\ .
'In 52, we Bhall show that, 1f f e G[-1,1], both.

[ R 0."‘* . e ’ ‘ :
HZn—Z(Al’f’x) and H2 3Z¥ +£3X) converge uniformlyvto f(x)‘ on
 every ciosed'subinterval of 1> x'>l-l.- The behaviour of'these s
two operators is the same as that of H° (f x) defined on the

nodes - (1.1), In §3, we consider the special case a = B and

" obtain a sufficient condition for the\uniform convergence of
. i |

(4,,£3%x)  to £(x). Section 4 deals with the Grﬂnwald-type mear
L _3(A f-x) of L' (A ,E3 x) and its uniform convergence to 4

f(x) on every closed subinterval of l >x > -1, provided £ € C[ -1, l]

- b4 -

»
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We. Shall uge the following relations (23], -(8.9 1) and

¥ oy -

(8.9.2), p. 236), where ‘the notation,,.un ~ vn means u_ - o(v, )

and v r.O(un)-

(1.3) . arccos xk'- 3E + 0(= ) ,’L ' k = 1,..%,n .,
. ez ot xkz 0 _
2 (‘VG,B)" . 'N E . . . ' L
_(1.Al ) |Pn , ”(xk?lﬂ coee ‘_ |
. (B2 B2 x <0 \

Also, we need the quadratuge formula ([23], (l5.3.1), p: 349):

X

~ | . . ‘ -
. . 1 . R .& Kl B; n ) . ! .
(1.5) v.f-_l-g(X) (l—X) <l+x) dx = kzl Akg(xk) .-’{-ARn(g) .
wﬁere_ . B | o o L
PP VO . IS S
SR k. Mkn 1y @B g2 yesm
. ) X17 ' n | ’E‘k' .
1.7) Lo a (B i a+3+1 T (ntot+1)T (n+E+l)
. (1.7) - tn - __:tn .;'r : » ~I‘(n+l)I‘(n+a+B+l) 0
1~‘and Rh(g) = o(l); whenever - f ; cl-1;1]. . {:’i' _a/,,»

:42..vConvérgence of iH° ; (A ;f;k)';‘ H; 3(A £3%).

We recall that Hz 2(A f'x) and H° A2 f;x) ’are:the
B .

:averaging Hermite interpolatora with respect to A (z) = 1—



SR | o ST
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(z) - ]~ 2z+z2 and based,on ‘the phint:s' "(1.2), ‘whéaeexplicit‘forms'

. are given in §4, Chapter II _ A ¢

. THeorem 2.1. I_g f e C.[—1,1] and a,B > -1 then, for-all a, b,

1>a>b>-1, we have.

Iv
»®

qv
o

3 o ‘ ov . ' . : . : o
(2.1) Hzn_‘_z(Al,f,x) > f(_x)‘ n hniformlz on ...a

-

| (2.2) | 2 3(A f;x) + £(x)- -uniformly on va_>_x_>_b .
Furthermoxje., __ii‘ S a <)§;< 0),"' ye can take a=1 (b = -1).

The proof of (2 1) 18 similar to ‘that of (2 2) hence we

E "vshall prove only (2.2,),_._ The proof depends on the following two

lemmas. . | o L S . I
‘ i ¢ : V- S s . . .
Lemma 2.1, Let | (x) = P(“ B) (x) :ai g > -f" let £ ° be g:llven
7 . 4 ) . em— T} e— -
)B*L  then, s n o+,

by (1.7). 1f we sel set p(x) - (1—x) (1+x

— n.

(2.3) J, = 5 p(x)dx * 0(1) ,
- S k=l (w (xk)) \ .
(2.4) o Jr]; = ¥ —'—ik—""— - —' f (x)xdx + o(l)
kel (W';(“k)) ; ‘o .
' . - T VRN S RN
(2.5) K = ‘¥ 7 Tt |  p(x) (arc cosx)dx + o(n)
. k=1 (w'(xk)) S -1 - S



i kx R | L .
: p{x) x(arc cosx)dx + o(n)

l
e
uA
2t
e

1
{2.6) K = ‘ \
o k=1 (w'.(xi;))2 S P |

-

Proof. We shall not prove (2.4) and (2.6), -as their derivation 1s.

Ko

analogous to that of (2.3) and (2.5) respectively

(i). To show (2.3) let us take g(x) =’ l—xz in the

;:qﬁaﬂréture'formula (l;%gg? Since g(x) 1is continuous, (1.5)_bec6mes

) o ‘ fb - - ] ' :
. N X l - m 1 ) .
(2.7) [ eax =t ] —=——.+t o)
S -1 ‘ k=1 (wY(xk)) ,
- i igp SPLY kgL ~
Since by‘Stirltng s asy totic fdrmula t 2 4 0, on dividing
(2.7) by t_ we get <2 3) ~ ' .

\

(i1). In 6rder to prove (2 5), let us obserVe that by
(1i3)IWe haye"°k = % arc cos xk + 0(1). Hence by (2 3) p-

1/
‘n. _arc c08 X,

k=1 (' () k=1 (u' (x,))

. . N -

.k . _a 1 B
S = Z +.0(1)‘ .

Sy

TheQreét follows by taking g(x).= arc cos x - ig (1.5) and following

o . , 4,
the argument of (i). d f S
. a ‘. ' - ' . ¢
L - < L s X * * *
Lemma 2.2 ‘Let f € C[—l,l] apd let J , - J , K ,K, F,F
=== “n n n’ n’ n’ 'n
be given (4 1), aEter I. . 1f 5B > -1, then;
(2.8) SR ¢ 7+ K7 = 00
* LN N nFn nFn T (n) g
A2.9) ¥ ' ‘ ‘—nl,?n % K
. b
VLR O v, .
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"3, - -
‘ ' * * -1 :
(2.20). . (JnKp/r JnKh) = 0(1/n)
- : . 1

Proof. We shall divide the proof into twonpérts.

/

C(1). bTo show (2.8) aq;cy(g")‘ let us‘ob.serv.e first that by

(1.3), we hgve.;" /

o

(2.11) _ . x_= cos (Eﬁ + 0(%9) - co§-5§ + 0(%)

Therefore, ;L\gollows easily that
/

-7 )~ . B .
RETE) Ckm L8
(2.12) s = = ) cos — + 0(CLl) = 0(1)
SR k=1 e k=1 n :

Using (4.1) (Chapter II)(2.3)-(2.6) and (2.12), we easily see that
. ) . %* : -1 .

| 3= 0, T =283 - T =0,

(2.13) ¢ “

o * 1 |

& 7 »0‘(?) » K= 28K, oK~ 0(m)

. and, since f£f(x) 1is continuous"and s = 0(1), Jn = 0.(1), _

L e e
o . n w;( ) \
Fro= 0(1) + 0 ——o——:j£4§ .
noo B k=1 (W'(xk))

Now. from (lli)/l it .fo‘iloiﬁa t%t I"J"(xk”)-/w’(xk).l' < 'é/(l-xizc) .for.

“ R LT . !

1
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some C independent of 'k, n.-.Therefdre,'following the argument of

theé proof of Lemma 2.1, we'see that

' wll (xk)

n . n ' 1 T
k=1 [ (w' (%)) o k=1 (1= ) (W' ()
. v : C ' 'l : ) 6 | .
= [ @%@ ax + o) = 0(1) .
n -1 - .

.t

A B

THerefore F=0(1), F_=0(1) which, combined with (2.13), yields

(2;8) and (2.9). .

(ii)t To prove (ZIlQ),'iet us set

1 : 1 .
I= f, p(x)x dx [ p(x)(arc cos x)dx -
1 -1 ,
. 1. o 1 - o o S
-/ p(x)dx, [ ¥ p(x)x(arc cos x)dx . ‘

-1

o

From (4.1) Chapter I; (2.13) and Lemma ZNl'we'thén obtain, since’
ot+f+1 : _ : ' ' ' T
o,

t o 2
I

' o xT. % ' : n- '
(2.14). Tk - 3% e okt gk = — I + o(n)
St non- n n_ . nn. >“t2 . .

n

| ". It is clear from (2;14)'that'in 6rder to prove (2.10) it is enough

to showAthétf I #.0. But, since ﬁ(x).z 0 .and X, arc cos x

are two non-constant, monotone funcpions, I #0 is-a_cqnééquehce‘
of the so-called Chebyshev inequality in integral form ([12],‘Theorem 4.3,
P. 43).~'Lemma 2.2 is now pfoved. g - A ‘

-

s R
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Proof of Theorem 2.1. By (4.4) of Chapter IT,we eeé*easily,tha;‘

o', . ‘- ' Yy -. .
Hz 1(A LE3%) | Q(dn) +_n9(eﬁ) . k=1,...,n,

.~ where dn; enl are given by (4 5), Chapter I.  Therefotre from

Lemma 2.2 it followa that

(2.18) u°' 1(8,,E50) = o(1) , k=1,...,n
. | N O o o
By ([23], Theorem 14.6, p. 338), (2 15) 1mplies H° “(A £; x) -+ f(x)

uniformly on every closed subinterval of 1>x>-1 (on 1>x>-1"

if a,8 < 0). Therefore Theorem 2.2 is proved. a

\

3. Convergence of L 3( f;x).

'Here we.consider the averaging inﬁerpolétof~ Ln_3(A2,f§x)'

"'with respect. to : A (z) = 1-2z+z2,‘ based on the pointé (1.2) with .
a=f8>-~1." In order to prave our.main theorem, we need tb recall )

RN YO

an explicit formula for Ln_3(A2,f;x). Set

N T
M = z ( %) — e \ i ;‘k ,
B ' xk LT e M
| o k+1 N
K1 © ) wix) o %1t — T vj_
. k=1 e -1 0y %

hr
AT

g
.
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T (3.2) .
. Mn B kan' R

MK ‘ -
,.',n.n‘-‘-]_ PR o L v A

- C, =C - " I("*
'...n n-fl'

and, with 2, = w0 Hexu' G

o o SV
S,(x) = 5,00 = kzl (f;)nak 2 Lot
o ., - | B . . O .
© (3.3 '

o -3 ’ n-i( '
S20(®) = kzl_('ll., (n-k) &y () .

3.82(X)
'l‘her_g,'([Z-l],’Theorem :1,"p‘.' 6)'_ :

NEON Loy

. ) : n -~ . B - ,‘ ] R
- kzl f{?k){“k(X)+Bk(X)S1‘¥?+Ck(X)SZCX)} .
. | } E o 8
. Theorem 3.1. Let the;furict‘ionv_‘ £(x) satisfy' the Di'ni—Lipa'chit:z ‘
“condit_ion g:}_, 1 <x<~1, and let 'a = g8>-1. "I;hen', for .e\}ery 4'
— e v : , -

a,b ¢! > a>b> 1)>, 

(?.5) .;If'n-;3(A2’fv';}3§ + £(x) mifo@z on+ a2x> b .
o LT e e
Furthermore, if o = 8 < 1/2, we can take .a =1, b = -1.-

"ol
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The éroof depends on the -following twq'lemmas.

. ‘ R S ok % L .
Lemma 3.1, “Alg_ a=fg > -1 and~ M B Mn’ Kﬂ"l’ Kn—i’ Bkn’ Ckn

Aare.given (3 l) and (3 2), then-

3.7 - _ l‘K ~ n / s Kn—l.~ n / o,

(3.8)

;Bkn:

N ‘ ' o -

i

" Proof. We divide the proof into three parts.'
'(i).' Since o = B and ' w'(xk) = ( 1) Iw (xk)|

k = 1,...,n, from (1 4) it follows immediately that

W (xk) ~ (- l) m 3/2 a+2 k=1, ..,n. Using this and the

>

fact that the poirnts (1 2) are symmetrical when o =B, we easily'

 obtain from (3.1) that.~-Mn -0 and \,
3 ~;('_1’)n-'1 ' rfu;(aﬁ/-z } ,(j’l'jn—l' n1/2, rzx 'A(E)’a+3/2 .
B ‘ =D n '

Since ‘& .> -1, e thus obtain (3 6)

(ii). From (3 l) it follows immediately, by symmetry, ‘that

g : - n nlebl

‘M = (=1) (—k+1)
%ﬂﬁ¥ gn »k=1' W (xk) S |
§- (—1)j 4 ~-1 ’z‘ a+3/2
wi(x,)  _at2 3 I

. J'l 3 a j:i.
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 hence, following the argument of 1), Kn—l - Mn. ~n' ", Therefore,

B

< by (3.6), Kn-l ~ 1 . Also, as Mn L] Q, we see from (3.1) that.

n ~(—1)’“‘k+l K(1-x,. )

| .Kn:-l - Kn-él = k=1 - | '(xk)
. o - n - 'n
. SR ¢ i% T - *k) koc+3/2

n k=1

Since . 0 <--l-_xk < 2, k = l,...,n,, the last sum is -

o |
0L KM 0wl

"'I‘hi__s, togei:_her with Kn—l ~n3/2, proves (3.‘7).

a . ‘ . . 4f‘,‘v [ . o ) a

'(111) (3.8) follows immediately from (3. 2), (3. 6) and (3. 7)

" The lemma is thus proved _ D B

“Lemma 3.2. If- o= B>-1 1e_ have, for evefy a,b (1 > a’s b> —1)

BN ’ ' n ) R
(3.9) . Z IJL (x) + B (x) + Cy s (x)l < C log n, a>x>b,

where C ~ depends only on a,b. VFurtherr.nore, _:i;g o =8 <-1/2, we

can take a =1, b=-1,."
. ' ”

Proo'f.' From (3. 3) and Lemma 3 1 it: follows immediately that for '

'some C independent of n, the left hand side of. (3. 9) is 1ess than_

C Z llk(x)[ . Therefore u.emma 3.2 follows from a known result ([23]
2T : , ‘

Theorem 14.4, §14.4).



T

Since L

(3.1 - i

'Therefore L

] For,an'grbitrary poiynomia; Q(x)

o
i

L

Proof of Théq;em 3.1. Let Pn_3(x)

\ \

n-3 of best épproximation to~ f(x)
Vo

the ‘modulus of continuity of f(x)

"Jackson ([18], Vol. I Theorem l, P

”~~
w
2
=)
N
12
~~
rh
o’
imn

1<x<-1

(Az

- < n-3, we obtain,

)

3( 2,f x)- f(x)l < |1>

/
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" denote the poiynohial'of degree

mex [P _4()-£G0] = 0Gu(t, 1/n))

-

on 1>x3>-1. If w(f,8) is

_ then, by the famous result of

84,

3x) - is linear‘and reproduces polynomials of degree '

(x) f(X)l +

L -3 (A L £~ P ,x)l

From' (3 4) aﬁd (3 10), we gge that for a > % Z.b , (1 > X i;fl_

1f o= B < -\1/2)

1

| \
\

‘3

4. The Grﬁn&ald-Type Means of L
. L T4

; : . ) ' 1
_fan—B(AZ’_f;x)—f(X)l < € log nw(f, ) .

(A ,E3x) > £(x) uniformly if  £(x) satisfies the

ADini—Lipsghitz'condition on 1>x z_—l; ‘ 0

n:s(A'z.,g;x)~ .‘ .‘ " .. "5 .

Let an integer n and a real number. o be given."Sét

1
2

G vy (@ =l-f, Nenta+D, E=(atD) 2

. let us define-a new polynomial



(4.2) * Q") = F {Qlcos [etr]). + Qcos (o-vD), = cos o

4We shall call Q (x), which has the same- degree as Q(x), the
Grunwald-type mean of Q(x) with' respect. to Y,

, These means have been considered by.Grunweld for‘the case when
a . 1/2 “and Q(*) = Ln:l(f'x) the Lagrange interpolator to f(x)
) atothelChebyehev.ebseisees. He proved [11] that L (f ) > f(x)
‘uniformly on 'i > X > -1 whenever fe C[-l 1]. More recently,
Vértesi [26] showed that when L 1(f x) 1s based on the Jacobi
abscissas with a,B >--l , then L 1(f x) + f(x) unifornly on.

a>x>b . (l>x>—1 1f as<—1/2), provided £ e C[-1,1].

. We, shall prove the analogous result for the averaging interpolator

n 3(A2)f9x) WhEn 0..= B. - B | o | . .’:

fTheoren 4,1, Let f € C[ -1 , 1] and let Q= B > -1. Also let

n 3( 2,f'x) denote the Grdnwald-type mean of - L (Az,f;x)‘ with

. resgect to Yn(q).. Then_ for every a,b. ‘(l:>a > bl} -1),

(4.3) : L:;3§A2;f;x),f'f(x). .nniformlz on a> x.ibij.

.:”‘L

/

Furthermore, if- a=8<-1/2, we car'take a = l, b=-1.
Proof. Since Ln_3(A2,f§x) reproduces polynomiale of_degree
) N . . . . . * . ) .
‘nf3,. it is easy to see that L '(A 3,x) 3(x), Hence,

as in the proof of Theorem 3.1, we obtain

-,
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Qm, X .

N - : )

Ly Ayt =£0| < |2y yG0-€" )| + € G000

' L + IL* (A, £=P__3%)| < w(f Ly(c e+ ) l"’«*(")I)
: . n-32922 T 30" = TR gt 2 k ’

k=1~
X N 1> x>-l .
Uging the result of [26] \
"|L* ‘(A f;x) = f(x)1 < Cw(f"}0 a.>x>b
n-3'72°"° - " AL E e

where C depends only on a;b (1 >wa->b >>41). Fufthermore, when °

a=8 <-1/2 we 'can also take a =1, b = -1." The proof is now

‘ . : y
complete. - 0O ~ C » B 2‘



CHAPTER V

TRIGONOMETRIC AVERAGING INTERPOLATORS ON

EQUIDISTANT NODES

1.” Introduction.

" In this chapter we consider the trigonometric averaging

interpolatore n_l(Az,f,x) with respect to the polynomial

(1.1).‘ L Az(z) = (1+rz) (1+sz) j’ r, 8 real ,
and based on the equidistant nodes ‘ -
- | | *2kn k=0,...,2n
v - ’ N ,l‘.‘., ..
(1.2) 0 % T Mkn T 20l -

- After introducirtg s’ome. notation in éZ’, we s‘“tate our méin__
"‘ results in §3. We.aleo.etatelin:SB that the_Berneteinetype meah |
f:_l(Aé;f;x) converges‘uniformly to f(x) bn; [0 2] for every
f e~C[0;2n]. This is the analogue of a classical result of
Bernetein. _In §§4 and 5 we introdugg and study some'auxiliary_‘
‘pelyﬁomiels'l In §6 we deal with the’ uniform norm of T (A2 £; x) -
-1 (f x), ~where I (f x) is the trigonometri§%l§terpolator to f(x)
"~ at the nodee (1.2), and give the proofs of the convergence |
theorems of §3.. o | |
We‘reeall'that,:by Theo;emhs.l of Chapter II,Tn_l(Az;f;g)b

exists and 1s unique for every 2m-periodic f£(x) if and only if

s



(1.3) C aEMo 4o, K=o, +1, ..., + (1)

/

Since r, s are real, it is easy to see that (1.3) is equivalent

to the condition r # —i and s # -1.

2. Notations and Preliminaries

N

: Let I (£,x) denote the trigonometric interpolator to £(x).

at the points (1.2) and.let , (f x) denote the partia} sum of order

a0 < q < =D of T (£,%). Also, 1ec LS a. (D), by = by (D

Tk o= 0,...,n danote the coefficients of In(f,x), which are given

.~

f?f;‘ Jl by (7.1) of Chapter II - ’ : - )
-  Since I (f,x ) = f(xk), k=0,...,2n -ince, by '
' definition l(A2,f x) depends only on the values f(xk), we have
fn_l(Az,f;x) (AZ’I ,x). Since In(fff) = n5n—l(f’x)'+ a_ cos‘nx "+

+ b sin nx and since T (A >E3x%) reproduces polynomials of degree

a .

< n-1l, we see'easily that

e Tnél(AZ’f;x) = In,n~1(f’ﬁ) + an:n—i(éz’ cos nt;x) +
" .

(2.1) , : P
. ' | _ | + bnTn—l(AZ’ sin nt;x)

. ..j; N . *r . . o ’ . . | B
This expression simp]ifiesfurther when £(x). iS‘even;or;odd 7Since

(f) = O if £ is _even .and a (f) =0 if f is odd, we obtain,_

on writing L (f x) =71 (f x) - a cos nx - bn}sin nx ,. " that

| v

(2.3) (A2, iX ) In(f,x)'-—,an cos nf + anT (A 92 €OS nt; %),

Ki

C(f e&én) R
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' (2.4) '_Tn—l(AZ’s;x) a In(f,x? - bn sin nx‘+ bnTn*l(AZ’ sin nt;*),

1

(f odd)

-Since-“Az(z)’ has real coefficients, we see.immediately that, setting

int

: (2.5) -...;"”" . Tn_l(x) = .Tn_l(Azqe ;X) ’
¢we have
. ﬁ_l(AZ,lcos Qg;x) = Re{rn_l(x)} s
(2.6) ' ’

'Tn—l(AZ’ ﬁin»nﬁ;x)'-‘Im{Tn4l(x)} )

We shall obtain the'explicit form of the polynomial 'T: 1(x) in §4,

In the following, we shall denote by D (x) " the Dirichlet

Kernel . -
v_'we/ﬁin 2n;l X
2.7 . D (x) = ———— =
' R L 2 gin =

: \ a
1 1 dkx
E_+ coe x+ ... + cos nx E— Z e b

2

k=-n .

Also, given e ;:lgondmetricvpolynomial W(x), we introduce
the trigonometric, polynomial

. ST ‘ x, X
@8 - W=y N+ -1,

‘which we shall call the Bernstein-type mean, of . W(x);k_Sueh means have
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been considered by Bernstein who proved ([18], Vol. III, Theorem 1,

p. 72) that In(f,x) f f(x) uniformly on 10,2n], whenever'

>
Bl

f e C[0,27]. . ; T .

3. Statement of the Main‘Results.

.

We state below our main results on the convergence of

»

Tn—l(A f; x) -I (f x) which will be . proued in §7.

o

Theorem 3.1. 'Let . f e C[0,27]" be even and let :;¢I_°! ‘o #'hl be o i

real. Tnen, when r=s5=1, the necessary .and sufﬁicient condition for

T (A, ,£5%) Eg‘@igg.f(X) My_gtl [0,\217] _i_g_tg_h_gg L (£,x)

' tend to f(x) ‘uniformly on [0,2n). For ' r# 1 or s+ 1, if

) ’ . . . B HE | ¢
- . .., N . -. ' . . Q . . ) ‘ -
(3°l) ) . \‘ann(f) = o(l/n) TR N S “
’.where ann(f) is. given (7 1), Chagter HP, then t’ .'; _,_;3' S B

<

.2y, 9 o i(AZ,f;x). S I.(£,0) +0  uniformly on - [0,21]

0

<o

| o - e SR | : | e o
Theorem 3.2. Let £ € CfOAZN] be'odd and let r *“lg s # -1 Eé_ -
_ \ S o

’resl .Then the necessary and sufficient condition for

n 1(A2 f 3x)-1 (f Xx) to tend to zero uniformlxhgn’ [Q,Zn] is that

[

’o(l/log n) , when 'r;-.= 1 or s=1;

. o(l/nz)‘,‘ - when r-# 1 and s 1
where ,bnnﬂf) is given (7 1) Chapter .II.. o : e

Q
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&

. ‘ ‘e * L
| Theorem 3.3. .Let f e C[O,ZﬂJ,. and let Tn—l(AZ’f;x) be given by

€2.8).. ‘Then

(3.4) J .".fn_l(Az"f-'?’f):_; £G) uniformly on - — {0,2n] ..

. \ . . B!
, .
7 o , - ’ int
'A Ex, licit Form of rn_l(x) _'Tn—l‘A e .,x)i

l - In order to obtain 'rﬁ-l‘}s; we . shall need two lemmas. Let .-
~"f\' | n ‘ ..". : : A

’B denote by U (f,x) “the trigonometric'polynomial of degree.” ¢ n-1,

1nterpolating f(x) at the points AO""’*ZnAZ’“ that is,

.. - ) o .-
. . . ' - el §

‘ ~ Cx T o
(Q-L) _Un—l(f’xk) - f(xk) > = k —VIO’.'.,‘ ’2n—2

’

Set F(x). = AZ(E)f(x) where “Ef(x) E,f(x+xi),; Iﬁéﬁ we ﬁéve:

.\‘

: S ‘ RS S . ‘
Lemma 4.1.  Suppose. Az(z) satisfies (1.3) and suppose .that, for a

given f(x) , . S/
: - k «
A ’ N

‘,_rj . . -
. ./'\ .
L
p g
|

e

"Then

. . " ) - u‘k . . 0‘ ‘/'_.' - ’
(4.3) o o T (A, E50) = .Z» w L
L4 aE .o , T “k=l—n_ 9 L 3

i . _ . A (e Y A iy ‘
A : A J *;' - - . :<~ . g gx KU . » .’ g . . ,‘ -
o e . 7':.,' L e - R
This can Be dérlved alSo from.3[17] Theopém_Q,nggmark 2) - e
. . . Ay o : - o
. ' vgﬁ? w' : : ) g
However, we give’ a,dlfgqt_pg%géi 3 oy
Proof. - Let el
—_-_ : : s EE N
B _::a‘ B
A @
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L

T U104, (E)£,%).

Since . -
ikx
3 + (r+s)e

it 1is c¢lear that

(x ) + (z+s)v

A,/

Since (%)

n—l

of averaging interpolation (Chapter I)

L (x

+ rse =
+
-1 j+l) rs V_
!
J,~‘“

. '—".‘5 ) S
has%}qgree - < n-1

-1

Q.

we have-

o

) = Un;l(F;x ), Poe.

by the uniqueness theorem

’ .--Uu,/ ' @
. ,2n—2 8
e ”ﬂ v )’-(,)
- o
0
: v

o is patticu arly EaSy to dEtErmlne for L R

inx . . inxk) i X o ixn,
f(x) = e 7. Since - A (E)e- = e -A (e ) and since
Cix T -ix /2 P ! -ix_/2 -
e-"=_e 1 ,g'@% have. U —1(A2(E)e%3t’x)47 A, (e ! )Un—i(eint’x) X
: ' © fﬁ?ﬁ' o o
This leads to% I . >
Yo |
-Lemma 4.2éﬁfLet i )
R (4&) - Ct* :i’&* = -ie ! ' ) B*: B* -_ie l
' i},”‘ N ST T Tn sin"(xl/Z) n sin,(xl/Z) .
B _ . ot
Then . . N - \‘ - w V"‘ 1 ") v :'é; ' >
- * \ i 3 ’ ;‘4 ié b h.7 X B
;2 ¢ NS S K . é *
’ ‘ . '!El‘ . L3
’ - ) . 5 . i
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P .
e . int _F ‘ - % o - 4
= (4.5) _ Ln_lFe ,X) dJDn_l(x+x2) f:B Dn_l(x+glx\
1x. /2 I ¢ ix, /2 ,
) = 1 n21 o k1 _‘eik(x+x12
s sin (,72)  f 2
N . = ' i
Proof. The trigonometric polynomial Q(x) of degree < n given by
. o _ X - ‘
(4.6) ‘ . Q(x) = + al?n(x—x2 —l) + BDn(xszn) ’
] ¢ inx . .
clearly interpolates. e - for every o, B at the points Xper Hence
Q) = Un_l(eint,x) if o and B are such that «
' R W, , # e
4.7) einx.+ a cos n (x-x, .)+Bcosn (x-x,) =0
- : s -1 20" )
' .9 S . ..
, 'v2 2 ' .. N 'x'l IR v
Since; nx2n—l = (2n- )n + X)), onx, = (22—1)ﬂ + 5 (4.7) reduces
. x
inx 1

b3

to e

.EZ.

equivalent to the system:

. a0 COS X,

' *
Henice o= a 7, '

Dn(,x) ‘cQs ?x D1 ,

@

* *
= oDy (X)) TR

2n-1

observing that ‘x 27~

Lemma 4.3.

+ a cos (nx—xl) = B cos (hg -

X

it is easy to see thét U (e

n—i(x—XZn)'

*2 > *on

The explith form._gA““ﬁ

, 1
1 - 8 cos 5 =

~§J =0 ,i which is

X

i +_d sin'x'é— B sin —%-='O».'

I

T "»‘ R -
as, given by (4.4). Since o

n-1

o

.. . ) q’. ¥ . °
This red$y€§3¢o (4.5) on- ,

=2

néxl. S0 :

c int
Tn;}l(AZ’e 2

%

1

x)

int
v\’x) =

.

is given

\\
\

[ 4
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(4.8) ’
where Y
’.
1k (x+x,)
< (4.9)
w
: C L . . . : ; .
: " The proof follows immediately from Lemmas 4.1 and 4.2. "It
B S : : . " "
“1s ‘now easy to see that ” RNt f/ti'fl e
. ,‘*9 . i >. |
Re{T (x)}= (1~rs)Re{B 101w Im{B ()1},
-1 ’ St 'n T n=-1
(4.10) S T T,

¢
A}

]Im{fn_l(x)}* (l—rs)Im{Ln_l(x)}+ My Re{Bn_l(x)} .

I Vwﬁff? rts - (l+rs) cos (x /2)
(4.11) 5 " 4 oy =
N : n . - sin (x /2)
. 4 A
o _ B v ) ' .
57‘ Unlform Norm of ‘Re{Bh_}(x)}, Im{Bn_.'l(:\c)}‘.~ .

d

For a glven 2W~period1c function f(x), set [lfll = supx~|f(x)|.

. 3
We shall obtain some'estimates for 4[]Re B —lll , | lIm Bn—lll ,
q‘éhéré B (x) is given by k4}9§. - : ' .. ‘
o n-1t00 T D S ‘ S v

. We introduce a trigonometyic. polynomial an;i(x)

- associated to Bn_l(x) by means of the relations -

N A ae
. i e,

(5.1) | Re{B V(X)}= C (x+x ) + cos —%~ (x+x Y

ST o o ~'n-1 o iﬁ




(5.2)
.1.

/}"Imf.Bh_l(x)} = sin
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Xy :
2 Cn—l (32*‘};1). _ '

. It 1s possit;'le to show that

. Proof. (i). Since r

C andv*u_'Aé(“e

-

A little calcﬁ}étfioﬁ ,':é;}_bwa: that’
. R A T PPN

FE e
L,

Lemma 5.1; &_ T
o - o | |1mB__

8

oy

) Ay(e

i

* after  some simplification,

9

. -‘SiﬁCe ‘]cos t| <1 and

C.
-

=1
l(x) T8

~o

- - ~

Lo [
easy to see that

~ eyl = ¢

5 cnql(#) =

o o :  ) I

.

]_H ~

) = (2 cos ikf)A , It then follows from (5.3) - ';';.

sec’ (x,/2) > 0, k=1,...y0n-1,

- n-1 dkx
Z . e
A —I

KA e

@
R S T R -
¥ ’ .‘V o P ' k '..'1‘ '
" L o
<y n=1 . Az.(E)' ‘cos kK .
o - PRI AP -
- B ek i > .
e K, (el 9 : -
By & _

FIT
P TR

3 T e ‘... ."' " ‘d v B
TEbs 'k(i@i?‘f&""&- rs cos k(x+x2) .

o P ’ Gy .
' r‘HRe».ﬁ |l ~n-logn .
. ‘ n—lo ’

o,

= l*, AZ(E) c?s kx = 2;1+cos xk)‘ .cos k(x+xl)

.

¢

% o . -

‘cos k (xFx,) sec

that

1 nil )
4+ = .
o

2 fkg:
£

!

.Vit is

‘ n-1 .
.— _1_ _].:. 2 ,a»-/,‘t‘-‘ .".
_.1.( xl)- gt 2 Y sec . Sy



LA Tk _ n-k+1/2 _ - o-k
Since 3 ot =7, we have cos 7 = sin 20+l f n
- k =1, n-1l, - hence
\"' . ,‘./' .
) lnAm“u }
S : . n-1 g .
Lo n . 2 2
NGO lewsll ~ L G2 L

k=1 v

.~ Therefore, by (5,2),”'l|1m 3n;il[ ~n,
.- N . . .

' (11). 'To prove the second part of (5.4), let us first 1..

observe that, since : A

oy S | : 2
(5.7 ¢ COS —§:='c05‘ =1+ 0(1/n%) -,

we have, by (5.6) and (5.1),.

4
:

Re(B, ) ()= O g (EF) + € (b)) + 0(1)

V‘A

. . L x o . ,"._'
Since “cos k(x+x ) +; co§§k(x+x2) = 2 cos k(x +-——) cos Xg " wg'sge

e .

from (5. 5) that . v g a4 ,
. : . y ' .
) - o . on-1c h X X
¢ - . —l :1: . -——l —E
Cn_l(x+xl) + Cn_l(x) —Aa 3 Z cos»k (x 2) sgc- 5
-0 k=1 :
*k
Since’- sec 45-?»0, l ‘? ,n— then, as above
of ' '
-1 X j
__1 L _k
J[ (x+x ) + C (x)[[ 7t 2 Zi sec.—
s : oo o~ z nk ~ nﬂlog'n >
k=1 "TC
ty _

"y
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o : N ) - v o ,u,
Therefore, by (5.1), e S
- . by B o
IRyl ~ntegn . T

Lemﬁa 5.2. If r=s=1 andllg
(5.8) OB =B (x+—D 4B (x Sy,

) : n-1" n-1 7 . 2 n-1"" 2 i
then

o lmet ] ~oen,  lre sl ~n
(5.9 3 m. -1l og n, e‘ a-it b . ' e?
| o e x
Proof. (i). From (5.3), since cos k (x' + ~§) + cos k (x - —5) =

- o X ' v S , o . b e
=2 cos kx cos — , 1t follows that e
5 16 By ‘( ) = é (x + xl) +c . ( .‘”xi) =
f ) ). _ Cn—l_x - "n-1 X ‘.‘E‘ n-1 x'f._f, - »

md e L B
a 4 ";l "1”n~l xi. Xy ' :
.53t L cos k(x + —3) sec.— . )
. L. - ’ ’ k=l . . B ..
' | BT A
Hence, as in the proof above, part (ii), rlcn—lll =~ n log n. Therefore, -
: % o : ’ : ' L

by (5,2),‘ ‘LIIm Bn%l'lA' log ni ‘ v N . e

.(11). Since Re Bn_l(x = Cn_l(g+¢2)'. cos —5 Cn_l(x+xl)' .

by (5.1), (5.8) and (5.10) y We easily obtain,'on‘using (5.7) and -

et

‘n_ll|'~ n lég-n_,_ that | o R

.

) % . x : M o c
| wRe{Bn_l(X)}%‘cn—lﬁx+%2) +‘Cn_l(x+xl) + 0(log n/n) . .

L —

The rest follows as above. - O

EE e

“© -
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Wyt
HOC I

Lemma 5.3, Let r =1 #nd let s be real, s # 1 and ‘«‘J #_1. Then

l",’logn, ’ IlReBn_1||~n.

(5.11) | 11m Bn_lﬁ!&
Proof. We shall va'sAsume‘ s > 1,  the proof when s < 1 bein'.g'similﬂ.ar.v &
C ' L W : o ¥ ‘ ‘
(i). Since" -A"2(E)1 cos kx = 4 cos k(x+xl) cosz,——lzc- + -
. - ' X, S Six -ix, : ;e
 + 2(s-1)-cos k (x +;—'%) cos —x% and A2.(_e‘ k) AZ e k) = o -’
Y= 4 cos2 —123 (1+2s c'ps‘_—xl;- + sz,) ,  we have - .
ér SR ' 1 : n-il cos k(x+x ) _ B
(5.12) C__,(x) = L '__—--—-—— + o s
, 5 o n-1 4(1+s) k=1 g(xk) o o
" . : . . .
o G , ﬁ’&' , ' ‘go1 D5l cos k(x+x3/2)‘
vonE e B e . )
SRR 2 o elx) cos (x./2)
‘ whére_‘ g-(x) = 1+ 2s cos '_x + 32 Since s > 1, it is easy'to.see L
that there >ar.e twovc.:onstants 1'(1 > Ké >0 such.'that, :-Kl»‘? g()!;)- > KQ
" for all x.° Therefore.,' as’ iﬁ the p]_:oo'f of Léunné 51, ')"!-’ ,,
n-1 n-1 R
cos kx . cos kx : !
) ~ | | ~n1 :
l I 21. g(xk) I l l l kzl g(xk) COS (xk/?_) ' l n og n
By (5.12), thlS 1mplies HC ||~ n log n. Therefore, by (5.2)-,
“Im Bn"l,l,l ~ Iog n. |
™ (i_i)..‘ From (5.7) $ since HC !II ~n log n, it follows
« that » ' ' '
" - (5~13.) . 4. Re{B.r}_l(X)l= Cl]‘fl(x+)_(2) + Cn___l(->.c+_xiv) + AO(log‘on/n) LT
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From (5.12) we see easily that
(N (x+x ) +C _ (x+x ) =

n-1 cos k(xtxg /2) cos (xk/2)

1 _
2(1+a) *2 kzl' ' g(xk) | +' I ,‘ :
L omel e k(xx,/2)
+ (s-1) ) 7
: k=1 g(xk)

23 n "
Hence, by (5.13),° ' S

1|Re Bn_ltL;>/{igAn _ -0

In order te'prove the next lemma, let us observe that, since
ix : - : " ' i
Ky HX ¢ follows from (5.13) that

1

:Sihce' cos fk- o7k ye have llC (x+x ) +C (x+x )ll ~ n.

8,(®) = n (e
) w ’ n-1 ' . o . ‘ -
. ) R A = }_ ikx . -~ : R

(5.14) | | ;f?hz(E) c__,(® =3 kzl e - I

Lemma 5.4. . Let r # +1 and ) # + 1 be real numbefs; Then

“.(5.15) , | Hm Bn_ill.e'l, _ 1|Re B__ 1IL//’y(}w&3'

i

-

Proof. We prove only the first . estimation of (5 15), since the
-éecend part is proved gimilarly.: We shéll show. that llCn_lll ~ m,
which by (5. 2) is equivalent to l[Im B ||'~ 1.

From (5.14) we obtain, by the triangle inequality

-



| 1 ‘ ' ¥ . ‘e
n-ge Llnn_lll 5ﬂ(1+lr|2(1+|5J)I|Cn_1|] -

In order to prove :;the converse inequality, let us set

T L
Pn—l(x) -.(;+rE)Cn_l(x)'. From (5.14) it fOL. s’ that

P G0 + 8B (xtx)) = D, (1)

Hence by'the.trianglg inequality, we see that

AN

(5.16) n - %ﬂi IDﬁ_l(x)I > IPﬁ;l(x)l - |s] [Pn_l(x)|, . for all X

fSince é # i'l; 1t follows easily'ffom (5.16) that

“n=2> (ssDIE ] . Since C_ () + rCn_1_<X*5€1> =B (x) we

obtain, by a similar a ment, f[Pn_ll[ Z;(i—lr|)ll0n_1] . ﬁehbq
a -3 a-lzha-lshile, Il
2 — : , ‘p—l,
and‘tﬂe lemma is proved: B  ”D
o : s
6. Proofsipf Theorems 3.1, 3.2 and 3.3. .
; . - : » -

Proof of Theorem 3.1. When#af 6;0[51,1] itﬂié known that

'“ann(f) = o(1); From (f.3).it is easy to seé’that in ordgr to .prove .

v’ﬁhe first part of Theorem 3.1, it iS'enoughfto'show that Sl -
. (6.1) _ llrn_l(Az,f;x) - -In(f,x)|| = 0(1) a__(f)

- From (5.10) and (4.11) we see that éinﬁe; when r =35 = 1



v

: 3 x X, - X - :
'(6.2) _ M 2(; cos 2) gac 7 7 + o(n) O(n) ,

Re{rn_l(x)}= ~H Im{Bﬁ—l(x)} O(n) Im{Bn—l(i{) }.
Tﬁerefdre, by.ﬁemma 5.1, .
cos nt;x) = 0(1)

(AZ’

Re{rﬁ_lfx)}=_Tnfl

(6.1) now follows from (2.3)."

. In order.to prove the second part’of Theo;em’B.l, we shall

~
show that =
(6.3) : . llTnel(AZ’f;x) —.In(f,x)ll = 0(n) anaﬁf)
We divide the proof into ;w6 parts.." _
: ' ' ‘ o W oW ' Tk
.. - . K C . )
(1): r=1, s #.1. From (4.@1) we see

aws

A . - x .

that o = (1+s) (1 - cos 4—21—) céé -—%— :b(-r-l];) s h.énce,'

‘Refr_, ()} = (1-9) Re(B, 1 () + 0@) In{B__ (0} -

Therefore,'by Lemma 5{3,  |[Re Tn—l"”L n which, by (2.6) proves
(6.3). The case r# 1, s =1 is similar.
. \‘ ) ) . ' . v
N , o (44) r # i, s # 1. We see from (4.10) and (4.11)-that
Boo= 0(n). Therefore, by Lemma 5.4 and (4.10), ||me tn;lll,é O(ﬁ)., .

which implies (6.3). O . = O




»_

y

- (6.5) C s - 10l vl b 0

L AR - ~ -
"d":\‘ - -
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4

;Proof of Thebrem 3.2, . We'firétjéonsider the case when at least one

among r and s is one. In or

(6.4) - [[Tn_l(AZ,f;x) - I (£,%)]] ~ log n'bm(f) g

We divide the proof of (6.4) ihto. two parts.

(1) . T=8= l.‘ iFrom (6.2), since' x1:= 2n/(2n+1).,, we

_see that u ~1/n, hence by (4.10),

T - =7 A . .~ 1 y
Im{rh_l(x)} Tn—l(AZ’Sin ntfx) ;-Re{Bn_l(x)} .
o

Then (6.4) follows from Lemma 5.1 and (2.4)7 ; A‘ o

(ii)' r;?__,4 5 # 1. The ﬁfoof followa' the same lines

as in Lemma 6.2, part (11), with Re{rﬁ 1Kx-)} replaced by -~
£ i - . . R

Imtln_l(X)}~

I

We now consider the case when r #1 4+ s;?'?ﬁ4o;def,to

_prove thg theorem in»this case, welshall show that

. . ; o . : - v
SR . ¢ . . - ce ’? -
o
W

X

"Siﬁte ,cbsw~£<= i'+ 0(17n2) ;and r #ll # 8, it s easy to.sée“that

2
LS x . N .
r+s - (l+rs) cos —%-~ 1. ‘Hence un ~ l/n_,whiCh; by Lemma'S,B'and'

(4 10) sths that :,l[Im rﬁ:ll{‘~‘n2;’\Thus (6.5) 1is ptoﬁed. 50

t

Pfoqf of Theorem 3.3. Sihce'/a :(f)'= o(l),’fb
PR . ' -

£) = o(l) when.,
f(x) " 1s contiﬁuous it will be enough to show that -

nn(

i B

(6.6) ?T (Az,f 0T (f x)H = o(]a (f)]+lb °(fﬂ) Y

et to prove this, we shall show that

LR
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¥

' . . y

* u. =t . * . . . : ' . .
where Tn—i(AZ’f;x) and _In(f,x) are defined as in (2.8).

it is cleafly;enough to show that

6.7 |lRe Tl =0, [|1m <)
: -

_lll = 0(1)

Wheﬁ r=s=1," &e_sée from.(4.5). and.(4.6),that, ‘

73

By‘(2.15

*\ Ve 1o rivie arky oo * -
RE{Tn—ﬂ(x)}z,"”n Im{Bn_l(X)%e 0C) Im{B ()1},

- I ,
v ‘ _' I { * ( ' } o *
- e M1 X)}= Yn Re{‘Bn—l("x)}.f
‘ “ ] . ’ . . L - 5
hence (6:7) follows from Lemma 5.2. 0 - .
- | |
/- o i . ({
- "’ ‘ . . )
/’
b -
o T
; - .
\ i ) "
, , o
. o :GJF R
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