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Abstract

Elastic modeling is essential for mechanical behavior of biopolymer spherical shells [such as
ultrasound contrast agents (UCAs), spherical viruses and enzymes] characterized by high structural
heterogeneity and geometric imperfection. The effects of structural heterogeneity and geometric
imperfection on pressured buckling and free vibration of biopolymer spherical shells are studied in

detail in three chapters of this thesis.

1) An axisymmetric geometric imperfection sensitivity analysis is conducted based on a refined
shell model recently developed for pressured buckling of biopolymer spherical shells of high structural
heterogeneity and thickness nonuniformity. The influence of related parameters (including the ratio of
radius to average shell thickness, the ratio of transverse shear modulus to in-plane shear modulus, and
the ratio of effective bending thickness to average shell thickness) on imperfection sensitivity is
examined for pressured buckling. The actual maximum sustainable external pressures for typical
imperfect spherical biopolymer shells (viral capsids and ultrasound contrast agents) are predicted based
on physically realistic parameters.

2) Initial post-buckling and geometric imperfection sensitivity of a pressured biopolymer
spherical shell based on non-axisymmetric buckling modes and associated mode interaction are studied.
The comparison with the results obtained based on the axisymmetric imperfection sensitivity analysis
identified the cases in which a more accurate non-axisymmetric analysis with the mode interaction is
required for imperfection sensitivity of pressured buckling of biopolymer spherical shells. The
implications of the non-axisymmetric analysis to two specific types of biopolymer spherical shells
(viral capsids and ultrasound contrast agents) are discussed.

3) A refined shell model is employed to study the effect of high structural heterogeneity on natural
frequencies and vibration modes of biopolymer spherical shells. With this model, the structural

heterogeneity of a biopolymer spherical shell is characterized by an effective bending thickness and



the transverse shear modulus. With physically realistic parameters for spherical viruses and enzymes,
the natural frequencies and vibration modes predicted by the present refined shell model are in better
agreement with some known simulation results, which suggest that the refined shell model could offer
a relatively simple model to simulate free vibration of biopolymer spherical shells of high structural
heterogeneity.

The theoretical models and numerical results achieved in this thesis help clarify to what degree
the structural heterogeneity and geometric imperfection in biopolymer spherical shells affect their
global mechanical response such as pressured buckling and free vibration. Using physically realistic
parameters for some typical biopolymer spherical shells, the predictions of actual maximum
sustainable pressure and natural frequencies and associated vibration modes provide plausible

comparisons with known simulations and experiments of specific biopolymer spherical shells.
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Chapter 1: Introduction

1.1 Research background

Spherical shell-like geometrical structures are common in various biological objectives. One example
is the micro-scaled shell-like ultrasound contrasts agents (UCAs), which are manufactured by
encapsulating an insert gas into a thin biocompatible shell and can be used as carriers for target drug
and gene delivery (Liu et al., 2006; Sboros, 2008). The other example is nano-sized spherical virus
coated by a protein shell (known as capsid) (Mateu, 2013). Enzymes, generally spherical (“globular’)

proteins, is another example of the biopolymer spherical shells.

The pressured buckling and free vibration of bio-related spherical shells are critical to fulfill their
functions through the life cycle. For the buckling behavior of biopolymer spherical shells, the study on
pressured buckling and rupture of the spherical virus shells (capsid) is of particular interest as they
determine the resistance to osmotic shocks and the maximum ejection pressure of DNA in the host cell
(Bealle et al., 2011), which is relevant in understanding their biological functions such as protecting
genetic materials, maturation, and infection of cells (Hernando et al., 2014; Mateu, 2013; Roos et al.,
2007). Emerging biomedical applications (e.g. perfusion imaging, drug delivery (Guo et al., 2016; Liu
et al., 2006; Qin et al., 2009; Sboros, 2008) involving ultrasound contrasts agents (UCAs) rely on an
understanding of pressured buckling and rupture of UCAs at or above a predetermined incident

acoustic pressure (Chitnis et al., 2010, 2013).

For the vibration behavior of biopolymer spherical shells, a viral capsid protects viral genome from
hostile environment of the host cell, and excitation of capsid vibration could find application in either
diagnosis or treatment of viral diseases (Babincova, 2000; Dykeman and Sankey, 2008; Ford, 2003;

Talati and Jha, 2006; Yang et al., 2015). And it has been experimentally observed that the large-scale



conformational changes in a viral capsid can be described by low-frequency modes and are relevant to
the fulfillment of viruses’ specific functions (Dykeman and Sankey, 2009, 2010a, 2010b; Kononova
et al., 2016; Peeters and Taormina, 2008; Tama and Brooks, 2005). Also, a detailed picture of the
enzymes’ vibrational modes and frequencies are useful for understanding their cooperative motion and
changes in conformation, which can potentially lead to correlated active site opening and/or closure, a
phenomenon important for substrate binding and product release (Dykeman and Sankey, 2010a;
Mahajan and Sanejouand, 2015; Marques and Sanejouand, 1995; Pentikainen et al., 2008; Wells et al.,
2015). Therefore, research on the elastic modeling (such as pressured buckling and free vibration) of
biorelated spherical shells is of great importance to understand their biological functions through the

life cycle and for their biomedical applications.

1.2 Research motivation

Compared with classical homogeneous thin shells, a common key feature of biopolymer spherical
shells is their high structural heterogeneity and geometric imperfection, such as structural
inhomogeneity and geometrical imperfection of UCAs confirmed by scanning electron microscopy
(Chlon, 2009) (see Fig. 1.1), as well as structural inhomogeneity and high geometric nonuniformity of
spherical virus shells revealed by x-ray crystallography (Verdaguer et al., 2013) and cryotransmission
electron microscope tomography (Baker et al., 1999; Caston, 2013) (see Fig. 1.2). For many
biopolymer structures such as microtubules that have similar structural heterogeneity and geometric
imperfection, it is known that some important physical phenomena related to buckling and vibration
behaviors are greatly influenced by transverse shear resistance, bending modulus and imperfect
boundaries (intensively studied in many research work, see e.g. (Arani et al., 2017; Baninajjaryan and
Beni, 2015; Beni et al., 2017; Civalek and Demir, 2010; Daneshmand and Amabili, 2012; Fu and

Zhang, 2010; Gu et al., 2009; Heireche et al., 2010; Kis et al., 2002; Kucera et al., 2016; Liew et al.,



2015; Mehrbod and Mofrad, 2011; Pampaloni et al., 2006; Shi et al., 2008; Shen, 2010; Tounsi et al.,
2010; Xiang and Liew, 2012; Zhang and Wang, 2015)). These phenomena cannot be explained by the
simple homogeneous elastic shell model without transverse shear. As stated by Gibbons and Klug
(Gibbons and Klug, 2008), “although homogenized continuum models provide an explanation of
biopolymer spherical shell indentation mechanics consistent with experiments, the degree for which
heterogeneity in these protein assemblies affects their global mechanical response is still unclear.”
Therefore, the present thesis aims to develop more accurate shell models for biopolymer spherical
shells which can account for some high-order effects associated with their structural heterogeneity such

as transverse shear, effective bending thickness and geometric imperfection.

Fig. 1.1 Electronmicrographs of UCAs (Kooiman et al., 2009). Copyright 2009. Reproduced with

permission from Elsevier.

Fig. 1.2 Representations of the CCMV viral capsids (Gibbons and Klug, 2007a). Copyright 2007.

Reproduced with permission from Springer Nature.
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1.3 Literature review

1.3.1 Elastic modeling of classical homogeneous spherical shells
1.3.1.1 The pressured buckling modeling of classical homogeneous spherical shells

The calculations of the linearized buckling pressure of spherical shells were first made by Zoelly
(Zoelly, 1915) and Schwerin (Schwerin, 1922), who considered that the buckling displacement is

axisymmetric. Their solutions were based on the assumption of infinitesimal displacements from the

linear pre-buckling solution, o =gR/(2h), w/R = q/ [(1 - u)E ] (R/h) and were obtained in terms

of Legendre functions. The critical pressure for linearized buckling is given by

2E (hY
e : (1.1)
E «/3(1—;12)(1%)

where R is the radius of the spherical, 4 its thickness, ¢ the external pressure, o the membrane stress,
w the radial displacement, and £ and s are Young’s modulus and Poisson’s ratio of the shell materials,

respectively.

j |
- .

- -

p N
]

Fig. 1.3 A classical homogeneous spherical shell subject to external pressure



The first complete general analysis of the problem based on the linear theory of elastic stability is due
to Van der Neut (Van der Neut, 1932). He found that the linear buckling pressure (1.1) corresponds to
(2n+1) linearly independent buckling modes, only one of which is axisymmetric while all others are

non-axisymmetric. The integer n can be determined as the nearest natural number by

2301-2)R[h~n(n+1). (1.2)

This classical shell model was developed based on the assumptions that the spherical shell is thin and
therefore the transverse shear strains are neglected, the shell thickness is uniform, and the spherical
shell is perfect. We call a spherical shell "perfect", if it is homogenous with uniform thickness and all
points on the outer/inner surface have same distance from the centre (see Fig. 1.3). Otherwise, the
spherical shell is imperfect. As we can see from Figs. 1.1 and 1.2, there exists imperfect boundaries,

uneven surfaces and pores in the shells.

For decades, this theoretical prediction was found to be in disagreement with the experimental results
(Carlson et al., 1967; Homewood et al., 1961; Kaplan and Fung, 1954; Krenzke et al., 1967; Seaman,
1962; Tsien, 1942). Early efforts to come to terms with this discrepancy between experiments and shell
theory focused on the post-buckling behavior of imperfect shells (Karman and Tsien, 1939; Tsien,
1942) and their extreme sensitivity to initial imperfections (Hutchinson, 1967; Koiter, 1945, 1963,
1969; Thompson, 1962, 1964). Thompson (Thompson, 1962) made a simplified analysis of a spherical
shell with initial imperfections but used only two terms to represent the deformation with a constant
dimple angle. Thompson (Thompson, 1964) then performed a theoretical buckling stability analysis
using Koiter’s (Koiter, 1945, 1963) initial post-buckling theory for axisymmetric imperfection.
Koiter’s (Koiter, 1945, 1963) major contribution is to develop a general theory of elastic stability which
connected imperfection sensitivity to the initial post-buckling behavior of the perfect structure.

Hutchinson (Hutchinson, 1967) extended Thompson’s (Thompson, 1962, 1964) use of Koiter’s (Koiter,



1945, 1963) initial post-buckling theory to include non-axisymmetric modes. His simplified analysis
by using shallow shell theory is limited to thin shells, for which classic buckling wavelengths are small
compared to the cap dimensions. Koiter (Koiter, 1969) performed an extensive investigation of the
post-buckling behavior of the complete spherical shell. This included some modifications of
Hutchinson’s non-axisymmetric analysis (Hutchinson, 1967) and a considerable amplification of
Thompson’s axisymmetric analysis (Thompson, 1962, 1964). He added the fourth-order terms in the
axisymmetric analysis and the obtained results which are close to Hutchinson’s (Hutchinson, 1967).
Based on the seminal works done by (Hutchinson, 1967; Koiter, 1969; Thompson, 1962, 1964) and
other extensive research work (Murray and Wright, 1961; Kalnins and Biricikoglu, 1970; Koga and
Hoff, 1969; Sabir, 1964; Walker, 1968), it became well established that the primary cause for this

discrepancy is the presence of geometric imperfections.

The intense study of the nonlinear buckling behavior of complete spherical shells largely ended almost
five decades ago with the publication of Koiter’s (Koiter, 1969) monumental paper on the post-
buckling behavior and imperfection sensitivity of complete spherical shells subject to external pressure
(Hutchinson, 2016). Until very recently, the post-buckling behavior and imperfection sensitivity of
shells have been extensively studied numerically and experimentally (Evkina and Lykhachova, 2017;
Hutchinson, 2016; Hutchinson and Thompson, 2016; Jimenez et al., 2017; Lee et al., 2016; Yu et al.,
2017). Lee et al. (Lee et al., 2016) study the effect of a precisely fabricated dimplelike geometric
imperfection on the critical buckling load of spherical elastic shells under pressure loading. For the
first time, experimental results of imperfect spherical shells have been accurately predicted, through
both finite element modeling and shell theory solutions. In particular, they found that the buckling
pressure becomes independent of the amplitude of the dimplelike defect beyond a critical value. This
phenomenon is also observed by Hutchinson (Hutchinson, 2016) (who considers several types of

geometric imperfections including dimple-shaped undulations and sinusoidal-shaped equatorial



undulations and use the shell theory), and Jimenez et al. (Jimenez et al., 2017) (who consider precisely
defined geometric imperfections and use finite-element analysis). This observation proves that the
direct application of Koiter-type theory to complete spherical shells under external pressure, first
presented by (Thompson, 1962, 1964) and somewhat later by (Hutchinson, 1967) and (Koiter, 1969),

turns out to be valid for only small imperfections.

1.3.1.2 The free vibration modeling of classical homogeneous spherical shells

Vibration of elastic closed spherical shell was first examined by Lamb (Lamb, 1882), by means of the
membrane theory, and then by Federhofer (Federhofer, 1937) who employed the classical bending
theory of shells. More detailed treatments of axisymmetric vibration of a closed spherical shell were
given by (Baker, 1961) and (Kalnins, 1964) who used membrane and classical bending theories,
respectively. Wilkinson (Wilkinson, 1965) subsequently investigated the axisymmetric modes of a
complete spherical shell including the effects of transverse shear and rotary inertia. Two frequency
equations for the axisymmetric vibration of a closed spherical shell are derived in (Wilkinson, 1965).
The first frequency equation for spheroidal vibration modes is written as a cubic equation in €27 as

follows (Wilkinson, 1965)

O [2k (i, ~kee, )/ (k, (1= ) ] =0 {(kk, kc>[r+4<1+ﬂ>/( (1-)]
b [12(R/RY (k1) +(c, +K, )+ 2k +4,) /(1= ) =1) /]
+Q2{(1+,u)(2—r)(12(R/h)2k2+c,)+kr[r(r—3—,u)+2(1+,u)((r—2)/ks+1)] (1.3)

+k1[2r(r+4,u)/(ks(1—y))+r(r+12(R/h)2+ )+ (1+3u) (12(R/h) —2/ks)—(1—y)}}
~(r=2)[ r(r=2)+2(1+ ) (r=1+ ) [k, + (1= ) (12 R/RY +1) | =0,

and the second frequency equation for torsional vibration modes is written as a quadratic equation in

Q? as follows (Wilkinson, 1965)



Q' [4(kk, ~ ke, )k, (1= ) | =297 12(RIRY (K k) + (e, +k, )+ (K +k, ) (r = 2) &,

+(1-p)(r=2)[ (= 2)/k +(12(R1R) +1) | =0, (1.4)

where R is the radius of the spherical shell, % is its average thickness, 4 is Poisson’s ratio of shell
. . . . 1(hY 1(hY
material, k is the shear coefficient, the tracers are given by £ :1+E E , k, :g E ,

2
k, =1+i(%j , ¢, =2 (Kraus, 1967, Wilkinson and Kalnins, 1965), and » = n(n+1) , where n

denotes the mode number. Q denotes the dimensionless natural frequency defined by

o _ PR (1= )

Z , where E is Young’s modulus, ¢ is time, and p denotes the mass density of the

shell, @is the angular frequency.

It is known that this classical shell model for studying free vibration of spherical shells is developed
based on the assumptions that the transverse shear modulus equals to in-plane shear modulus, the

thickness of spherical shell is uniform, and the spherical shell is perfect.

Theoretical investigations regarding the non-axisymmetric modes have been reported as well
(Niordson, 1984, 1988; Silbiger, 1962; Wilkinson and Kalnins, 1965). Silbiger (Silbiger, 1962)
presents the first discussion of the presence of non-axisymmetric modes of spherical shells and claims
that non-axisymmetric modes for a complete spherical shell do exist and that they are degenerate,
meaning that the non-axisymmetric frequencies are identical to corresponding axisymmetric modes.
Silbiger (Silbiger, 1962) attributes this to the spherical symmetry of the shell and goes on to state that,
corresponding to each natural frequency, there exists 2n+1 linearly independent modes at each mode

number n. All other modes (at a given frequency) are linear combinations of these modes.



Attempts at correlating the theoretical results with either experimental or simulated results (both for
axisymmetric and non-axisymmetric modes of vibration) are almost completely lacking (Duffey et al.,
2007). Recently, Duffey et al. (Duffey et al., 2007) presented a comparison of natural frequencies and
vibration modes obtained from axisymmetric and non-axisymmetric theories of vibration of complete
spherical shells (Wilkinson, 1965) with finite element simulations and experimental results.
Comparisons of the axisymmetric frequencies are good (see Table 1 and 2 in (Duffey et al., 2007)).
Also, finite element calculations and experimental results support the existence of 2n+1 independent

vibration mode (see figures 4 and 5 in (Duffey et al., 2007)), in agreement with (Silbiger, 1962).

1.3.2 Pressured buckling of biopolymer spherical shells

Recently, the shell material properties of polymer-shelled UCAs have been explored based on
mechanical deformation through an atomic-force microscope (AFM) (Sboros, 2007), and buckling and
rupture (Chitnis et al., 2010, 2011a, 2011b, 2013; Marmottant et al., 2011) of polymer-shelled UCAs
are studied in detail. In terms of spherical viruses, the complex mechanical properties have been studied
extensively, using the method of AFM nanoindentation (Mateu, 2012; Michel, 2006), continuum
elasticity by Nelson and Widom (Lidmar et al., 2003; Widom et al., 2007) and Bruisnma and Gelbart
(Nguyen et al., 2005, 2006), and molecular dynamics simulation by May and Brooks (May, 2011; May
and Brooks, 2011, 2012). In particular, the mechanical stability and rupture of viral capsid under
different external and internal mechanical loadings (Nguyen et al., 2005; Siber, 2006; Siber and

Podgornik, 2009; Zandi and Reguera, 2005) have been investigated by many researchers.

Based on the feature of biopolymer spherical shells, the effect of structural heterogeneity and geometric
imperfection on the pressured buckling of biopolymer spherical shells has received considerable

attention. For examples, a refined elastic spherical shell model has been developed in (Ru, 2009) to



explore the effect of structural heterogeneity and thickness nonuniformity on pressured buckling of
biopolymer spherical shells; this model was recently employed by Chitnis et al. to study the rupture of
ultrasound contrast agents (UCAs) (Chitnis et al., 2010, 2011a, 2011b, 2013). Wan et al. (Wan et al.,
2015) showed that structural defects in spherical crystalline shells affect the shells’ ability to sustain
external hydrostatic pressure. Gibbons and Klug (Gibbons and Klug, 2006, 2007, 2008, 2015)
demonstrated by finite element simulations that nonuniform geometry and geometric defects have
meaningful effects on the mechanical failure of viral capsid. May et al. (May et al., 2011) and May and
Brooks (May and Brooks, 2011, 2012) revealed nonuniform elastic properties of spherical viruses due
to the heterogeneity of the structure and the anisotropy of the biomolecular interactions through
molecular dynamics simulation based on a buckling transition predicted by Lidmar et al. (Lidmar et
al., 2003) and Widom et al. (Widom et al., 2007). Chitnis et al. (Chitnis et al., 2010, 2011a, 2011b,
2013) emphasized that the shell imperfection influences the rupture load of polymer-shelled UCAs.
Also, Nguyen-Thanh et al. (Nguyen-Thanh et al., 2015) developed an extended isogeometric element
formulation (XIGA) based on Kirchhoff-Love shell theory for through-the-thickness cracks in thin

shell structures, which is also significant for the future study on imperfect biopolymer shells.

It should also be noted that in more realistic biopolymer spherical shells, both the geometric
imperfection and the buckling pattern can be non-axisymmetric. For examples, the structural model of
spherical viruses’ shell (capsid) obtained by X-ray crystallography shows the non-axisymmetric
geometric imperfection (e.g. fig. 1 in (Michel et al., 2006)). Bealle et al. (Bealle et al., 2011)
demonstrated that deformation patterns of osmotically induced buckling of capsid-like icosahedral
vesicles are non-axisymmetric (see their fig. 3). Also, Chitnis et al. (Chitnis et al., 2010) showed
different buckling modes and the asymmetric rupture of UCAs in their static pressure experiments (see
their fig. 3), and Yin et al. (Yin et al., 2005) found various post-bifurcation modes with shape

transitions in biomembrane cells.
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Therefore, it is of great significance to study the effect of geometrical imperfection (both axisymmetric
and non-axisymmetric) on pressured buckling of biorelated spherical shells (such as UCAs and
spherical viruses) and the influence on their biological functioning. In particular, when a non-
axisymmetric imperfection is involved, the effect of the non-axisymmetric modes and the mode
interaction on the imperfection sensitivity of pressured biopolymer spherical shells is worthwhile to be

investigated.

1.3.3 Vibrational properties of biopolymer spherical shells

The study on vibrational properties of biopolymer spherical shells is an area of growing interest
recently due to its close relation with their biological functions. A number of approaches have been
developed to investigate vibration behaviors of biopolymer spherical shells, such as experiments
(Tama and Brooks, 2005; Tsen et al., 2006, 2007), continuum elastic models (Balandin and Fonoberov,
2005; Ford, 2003; Ghavanloo and Fazelzadeh, 2015; Kahn et al., 2001; Tsen et al., 2006, 2007; Widom
etal., 2007; Yanget al., 2009), elastic network modeling (Bergman and Lezon, 2017; May et al., 2011;
May and Brooks, 2011, 2012; May, 2014; Peeters and Taormina, 2008, 2009), and atomistic
simulations (Dykeman and Sankey, 2008; 2009, 2010; Wells et al.,, 2015). To mention a few,
Babincova et al. (Babincova et al., 2000) suggested that viruses can be inactivated by ultrasound
resonance in the GHz region. Motivated by this hypothesis, several groups investigated vibrational
modes of viruses (Balandin and Fonoberov, 2005; Dykeman and Sankey, 2008, 2010a, 2010b; Tsen et
al., 2006). Ford (Ford, 2003) has reported theoretical estimates of vibrational frequencies of spherical
virus particles using the liquid drop model and an elastic sphere model. Talati and Jha (Talati and Jha,
2006) used an elastic continuum model to calculate low-frequency vibrational modes of spherical

viruses immersed in a medium. Widom et al. (Widom et al., 2007) identified and classified vibration
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modes of a virus capsid based on a simple mass-and-spring model. Dykeman and Sankey (Dykeman
and Sankey, 2008; 2009, 2010a, 2010b) calculated low-frequency vibration modes and frequencies of
large protein assemblies (such as enzymes and viral capsids), where the vibration modes are modeled
with full atomic detail. Yang et al. (Yang et al., 2009) predicted vibrational modes of several
icosahedral viruses and an icosahedral enzyme using continuum models, and they estimated the
macroscopic material properties such as the Young’s modulus or Poisson’s ratio by fitting the
predictions to an anisotropic network model. May and Brooks (May et al., 2011; May and Brooks,
2011, 2012; May, 2014) applied two-dimensional elasticity theory to viral capsids and developed a

framework for calculating elastic properties of viruses.

However, bio-related spherical shells are characterized by high structural heterogeneity and thickness
non-uniformity. Such a key feature of bio-related spherical shells has not been well addressed in the
previous related studies on free vibration behavior. In particular, almost all previous continuum models
are based on the classical homogeneous shell model and are often limited to axisymmetric vibration.
Therefore, it is of great interest to investigate the role of high structural heterogeneity and thickness

nonuniformity on axisymmetric and non-axisymmetric free vibration of biopolymer spherical shells.

1.4 Research objectives

In view of the fact that biopolymer spherical shells are characterized by high structural heterogeneity
and thickness non-uniformity, a refined elastic spherical shell model was developed in (Ru, 2009)
based on axisymmetric assumption, which was recently used to study the rupture of ultrasound

contrasts agents (UCAs) by Chitnis et al. (Chitnis et al., 2011a, 2011b, 2013). The effect of structural

heterogeneity and thickness non-uniformity on the linear critical pressure ¢, for small-deflection

linearized axisymmetric buckling of a perfect biopolymer spherical shell given by the refined model is

12
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where E is Young’s modulus, g is Poisson’s ratio of the biopolymer spherical shell, &, is the shear

coefficient, R is the average radius, / is the average thickness, G is the in-plane shear modulus, G’
is the transverse shear modulus, and £, is the effective bending thickness. Clearly, the critical value
(1.5) given by the refined model reduces to the classical formula (1.1) when transverse shear strains

are neglected (G"/G = o0) and h, =/, as shown in (Ru, 2009). Here, the deviation of trasverse shear

modulus G~ and effective bending thickness h, from the in-plane shear modulus G and the average
thickness % indicate the structural heterogeneity and the thickness nonuniformity, respectively. The

deviation of G~ from G indicates the anisotropy, which is due to the underlying heterogenous
microstructures. It should be noted that the terminology "heterogeniety" in this thesis is referring to the
inhomogeneous microscopic structures of which the characteristic length is far smaller than the radius
of spherical shells. The separation of scales permits the homogenization of microstructures. Therefore,
in the model of this thesis, the material is assumed to be homogenous and possesses effective material

properties.

Owing to the axisymmetric assumption made in (Ru, 2009), only one axisymmetric buckling mode
exists. The linearized axisymmetric buckling mode is given by the » -degree Legendre functions
P (cos @) (Koiter, 1969; Zhang and Ru, 2016), where the integer » can be determined as the nearest

natural number by the following formula (Ru, 2009; Zhang and Ru, 2016)

6(1- )k, 9(5)2(%3

k31— 1) G R )2
1+ u G h h

~n(n+l). (1.6)
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Also, it is seen that the formula (1.6) reduces to (1.2) when transverse shear strains are neglected

(G"/G=w)and h,=h.

It is known that for some typical biopolymer shells (such as microtubules), transverse shear modulus
can be much lower than in-plane shear modulus (Kis et al., 2002; Pampaloni et al., 2006; Shi et al.,
2008), and therefore transverse shear could become significant for shorter-wavelength deformation.
For biopolymer spherical shells, because wavelengths are always shorter as compared to the diameter,
it is expected that transverse shear could be relevant for biopolymer spherical shells. In particular, in
view of similar thickness non-uniformity and structural heterogeneity of microtubules and biopolymer
spherical shells, it is assumed here that the transverse shear modulus G™ could be much lower than the

in-plane shear modulus G and the effective bending thickness /4, can be different from the average

shell thickness /2 (Ru, 2009).
Based on this refined model, we carry out the study on the following topics:

(1) Investigate the effect of axisymmetric geometric imperfection on pressured buckling of a
biopolymer spherical shell.
(2) Non-axisymmetric geometrical imperfections and mode-interaction on the imperfection

sensitivity of pressured biopolymer spherical shells.

(3) Investigate the effect of structural heterogeneity and thickness non-uniformity on natural

frequencies and vibration modes of biopolymer spherical shells.

1.5 Thesis layout

The present thesis is organized as follows:
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Chapter 1 provides a general research background and motivation of the involved research topics, the

literature review and the objectives of my research.

Chapter 2 investigates the post-buckling behavior and imperfection sensitivity of pressured buckling
of a biopolymer spherical shell based on axisymmetric assumption and the above-mentioned refined
shell model. Detailed research on the influence of related parameters (including the ratio of radius to
average shell thickness, the ratio of transverse shear modulus to in-plane shear modulus, and the ratio
of effective bending thickness to average shell thickness) on imperfection sensitivity is conducted. In
addition, with physically relevant data in the literature for viral capsids and ultrasound contrast agents,

the actual maximum external pressure an imperfect biopolymer spherical shell can sustain is predicted.

Chapter 3 extends the axisymmetric imperfection sensitivity analysis proposed in chapter 2 to a non-
axisymmetric analysis with the mode interaction. The cases that need the more accurate non-
axisymmetric analysis with the mode interaction are discussed in detail. The actual maximum external
pressures predicted in chapter 2 for two types of biopolymer spherical shells are modified based on the

non-axisymmetric analysis.

Chapter 4 proposes a refined shell model to study the effect of high structural heterogeneity on natural
frequencies and vibration modes of biopolymer spherical shells. With physically realistic parameters
of spherical viruses and enzymes, the results predicted by the refined shell model are compared with

known simulation results and the results obtained by the classical homogeneous shell model.

Chapter 5 summarizes the major conclusions of this research and suggests a few research topics for

future studies.
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Chapter 2: Axisymmetric imperfection sensitivity on pressured buckling

of a biopolymer spherical shell

2.1 Introduction

This chapter aims to examine axisymmetric imperfection sensitivity of biopolymer spherical
shells of high structural heterogeneity using the refined shell model (Egs. (1.5) and (1.6)) developed in
(Ru, 2009). The methods for axisymmetric post-buckling of classical homogeneous spherical shells
developed in previous seminal works, e.g. by Thompson (Thompson, 1962, 1964), Hutchinson
(Hutchinson, 1967), Koiter (Koiter, 1945,1963,1969) and Budiansky and Hutchinson (Budiansky and
Hutchinson, 1964), will be employed to study the imperfection sensitivity of structurally heterogeneous
biopolymer spherical shells based on the refined shell model (Ru, 2009). In section 2.2, the
axisymmetric post-buckling modes of a pressured perfect biopolymer spherical shell are derived.
Furthermore, the axisymmetric imperfection sensitivity is studied in section 2.3 with an emphasis on
the influence of key parameters on the axisymmetric imperfection sensitivity for two specific types of
biopolymer spherical shells (ultrasound contrasts agents UCAs and spherical viruses). Finally, main

conclusions are summarized in section 2.4.

2.2 Axisymmetric post-buckling modes of a pressured perfect biopolymer

spherical shell

In this section, post-buckling modes of a prefect biopolymer spherical shell defined by the
refined model (Ru, 2009) are studied. The present chapter focuses on buckling under static pressure,

and viscous effect can be ignored reasonably although such viscoelastic effect may play a significant
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role in high frequency vibration of some biopolymer shells. The procedures and formulations given in
this section were developed in Budiansky and Hutchinson’s work (Budiansky and Hutchinson, 1964)
on post-buckling of elastic structures, based on Koiter’s general nonlinear theory of elastic stability
(Koiter, 1945,1963). Since geometric imperfection of the biopolymer shells can be assumed to be

axisymmetric, we shall confine ourselves to axisymmetric postbuckling.

Spherical coordinates ¢ (0<g@<r), 0 (0£0<27)and z (—h/2<z<h/2) are used to describe a

biopolymer spherical shell of middle surface radius R and average shell thickness / , where the radial
coordinate z, whose sign is taken positive outward, indicates the distance of a point in the shell to the

middle surface. The linear mid-face strains (including 2 transverse shear strains e ., e,  and the
change in curvatures &, k, and k) of a spherical shell are given in terms of the displacements of

the middle surface u,v,w and the rotations «,f of the normal of the middle surface in ¢, 6

directions by (Ru, 2009) (the detailed derivation is given in Appendix A)

1 ou w u 1 ov w 1 ou 10v v
e,=——+—, ¢g=—cotpt—-—-"""—+—, ¢,=———+————Coty,
 Rop R R Rsinp 00 R Rsinp 00 ROp R

1 1
e, =— a—w—l+ﬂ, ez:—%—£+a, (2.1)
Rsinp 00 R ” ROp R
1 1 1
k z—a—a, kgzgcot(p+ - %, ky=—— a—Ol+—%—£cot¢)
Y Rop R Rsing 00 “ Rsinp 00 ROp R

For axisymmetric post-buckling of an elastic spherical shell (with v= =0 ando( )/06=0, see

e.g. (Ru, 2009)), based on the simplifications (Kraus, 1967; Ru, 2009) that the contribution of two in-

plane displacements u and v to the transverse shear strains e,_, e, is negligible, and using the

simple nonlinear term of Sander’s nonlinear kinematic relations (Sanders, 1961) and the shear

deformation theory of Reddy and Liu (Reddy and Liu,1985), Eq. (2.1) is replaced by
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Here, transverse shear deformation is included as a potentially significant factor for thick biopolymer

spherical shells (Gibbons and Klug, 2007).

Based on Hooke's law, the relationship between the stresses and strains (&, &,, 7,5 V2> Vo- » S€€

definitions in Appendix A) on the biopolymer spherical surface are given by

%y

- L (a,+ue,)
1-u L2 20T (2.3)

* *
O-(ptg:G}/(pH’ O-(pz:G}/(pz’ O-Hz:Gyﬁz'

(e, +ue,). o,=
where E is Young’s modulus, g is Poisson’s ratio of the biopolymer shell, G is the transverse shear
modulus, and G is the common in-plane shear modulus determined by ( E, z).

Furthermore, based on the isotropic linear plane-stress stress-strain relation, the in-plane resultant

membrane forces, bending moments and transverse shear forces are given by (Ru, 2009)

'N En |1 e
4 — hz ﬂ 4 , N(pg — Ghe(pa,
[Ny | 1=pul e

M 1 K
(p} :D[ ﬂ}{ w}’ M, =Dy, (2.4)
M, u 1k,

0,= kSG*hewz, 0, =k,G he,_,

where k_ is the shear coefficient, which is a dimensionless quantity and depends on the shape of the
cross section (defined by £k, = 6(1 + ,u)z/(7 +12u+ 4,L12) for the circular section and

k,=5 (1 + ,u) / (6 +5 ,u) for the rectangle section) (Stephen, 1980). It is introduced to account for the
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fact that the shear stress and shear strain are not uniformly distributed over the cross section (Stephen,

1980). The bending stiffnesses of a biopolymer spherical shell are assumed to be determined by an

effective bending thickness 7, as

p-_th o G @)
12(1- ) S V)

For biopolymer spherical shells, as stated above, it is assumed here that the transverse shear modulus
G" could be much lower than the in-plane shear modulus G and the effective bending thickness 7,
can be different from the average shell thickness / (Ru, 2009). It is the two new parameters (G, hy)

of the refined model (Ru, 2009) which distinguish biopolymer spherical shells of high structural

heterogeneity and thickness non-uniformity from classical elastic shells defined by ( £, w2, h).

For a spherical shell, when the uniform external pressure ¢ reaches to the critical value of buckling

pressure (bifurcation point), the spherical shell suffers deviation from its spherical geometrical shape.
The displacement of the spherical shell in initial post-buckled state can be written in the asymptotic

expansions (Budiansky and Hutchinson, 1964; Danielson, 1974)

u=u,+S&u, + 9802”2 + 0(503),
w=w,+ é:owl + gozwz + O(‘)::o3 ), (2.6)

a=a,+5a, + 5020‘2 + 0(503)

where the displacement (u,,w,, &, ) are pre-buckling deformations prior to buckling, (u,, w,,«, ) are

linearized buckling modes, the auxiliary displacements (u,,w,,«, ), which will be used to analyze the

instability of post-buckling behavior in Appendix B, are all taken to be orthogonal to the buckling
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7pex( O 0 )
mode (u,,w,,q, ) (defined by Jj .[o [a_wlj[%jjez sinpdpd®=0), and £, is a nondimensional
® ®

amplitude factor.

Substituting the displacements (2.6) into the midface strains (2.2) and then into Eq. (2.4), and

considering that the spherical shell under uniform external pressure ¢ prior to buckling is in a uniform
S=—

membrane state of stress (N, , = N,, =—¢R/2) with a pre-buckling inward radial displacement w,

(u,=0,00=0,w, = —(l— ,u)qu / (ZEh) ) (Hutchinson, 1967), the in-plane resultant membrane

forces, bending moments and transverse shear forces have the asymptotic expansions (Budiansky and

Hutchinson, 1964; Danielson, 1974)

N +l Eh | ow,
N, | [No| [N, ” " 21-4°\ Rop
N, Ny Ny, N +l Eh ow,
M, =0 |+&| M, |+&2| V2T 2 Rag ) |+OED,
0 2.7)
M@ M91 M(/)Z
_Qw i _O i _Qaﬂ _ M@z
_Qaﬂ _
NW:O, MW—O, 0,=0

where N, and N, (i = 0,1,2) represent membrane forces with linear strains.

The equilibrium equations of a spherical shell can be derived from the variational principle (Budiansky

and Hutchinson, 1964; Danielson, 1974)

%J‘: J-Ozﬂ(N(pgew +N,0e,+ N ,oe,,+M,0k,+M,0k, + M ,0k,, +0,0e, +0,de,.)

2.8)
] 1 ¢7 pon lou w .
R’ s1n¢d¢d9:5I0 IO [N¢05£E%+EJ+NQO5%}RZ sin pdpd 0
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The integral on the left-hand side of Eq. (2.8) is the internal virtual work, while the right-hand side of

Eq. (2.8) is the external virtual work represented by the work of pre-buckling state membrane forces,

l ou w
and (—— + —] is the linear part of ¢ since the pre-buckling state is described by linear membrane

The midface strains (2.2), the displacement w given in (2.6) and the expansions (2.7) are then
substituted into Eq. (2.8), which gives, on using the integration by parts and collecting the coefficients

of du, ow and da separately (Budiansky and Hutchinson, 1964; Reddy, 2002)

o2 a .
0=¢, {IO jo H—%(NWRsm(p)+N91Rcos¢J5u
+ —i(Nosinqo%)+N1Rsing0+NmRsingo—i(Q Rsing) [ow
op op ! op 7

0 . .
+(—£(M¢1R sing)+ M, R cosgo+Q¢1R2 sin (pjé‘d}d(pdé’

+ ”{(NMR sin@)n,du+ (N, sin (08_401 +0, Rsinp)n, 6w+ (M, Rsin (p)n(pé'a}dS}
oS

T 27 1 Eh ow, . 0 .
502{‘[0 _[0 K 021 a(lp)stm(o)—%(N(szsm(p)

+l Eh (an Y’ Rcosp+ N,,Rcosp |Su
21— 42" Rog
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where N, =N, n, is the unit normal vector at the edge of the spherical shell. In the case of a

spherical shell section clamped along its boundary, the boundary condition is # =w=a =0 and the
boundary expressions vanish, whereas in the case of a closed spherical shell, the boundary expressions
also vanish owing to the continuity of all displacements.

Since ou, ow and oa are arbitrary and independent, the linear & -term leads to the (first-order)

Euler equations for (u,,w,,, ) (Budiansky and Hutchinson, 1964; Reddy, 2002)

ON cos
. +( ol o) £ 0
op sin @
aQ‘/"+Q P (N, +N,)+N,RVw, =0 (2.10)
ol - — NV o1 0 W = .
op sin @

cos @

oM,
RQ, = L (M, - M) ——
op

sin ¢

Following the procedure given in (Ru, 2009) which define #, and Q,, in terms of two new functions

/(@) and g () as

9 _ % @.11)

and substituting Eq. (2.11) into Eq. (2.10) gives 3 equations for ( f,,w,,g,)

[R°V? +(l—,u)]fl +(1+)w, =0

RV’g, - 1Eh (v I+ )+NV2wl 0 (2.12)
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Finally, eliminating f,(¢) and g (¢) in (2.12) leads to a decoupled equation for w,, the linearized
0

critical value of the external pressure, as given by (1.5) in the form of (g_hj (considering

N, =—¢R/2), is determined by the minimum value of N, for a non-zero w, as

L Amm O EREE -

Clearly, the critical value (2.13) given by the refined model reduces to the classical formula (1.1) when

transverse shear strains are neglected (G~ / G =) and A, =h, as shown in (Ru, 2009).

The linearized axisymmetric normalized buckling mode is given by (Koiter, 1969)

w, =—hP, (cos @) (2.14)

where P isthe n-degree Legrende function and the integer n canbe determined as the nearest natural

number by the following formula (Ru, 2009)

* 2 3
2 G (R h
R e 6(1—#)&(}(}1} (hj
D s o
2 _ L xn(n+1)>> 1 (2.15)
R on-1 kBU-w) G R(1Y)
EhD l+u G hih

Actually the buckling mode wj, is the nth eigenfunction of the following eigenvalue problem (Ru,

2009)

_ —n(n+1) w

2
Vw IS

(2.16)

and therefore is determined by
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—n(n+1) "

Vzw1 = s )

(2.17)

where the integer » is determined by (2.15). Also, it is proved in (Ru, 2009) that the inequality

condition (n(n+1) >>1) listed in (2.15) is met as long as the following condition is satisfied

G (+p) (hoj”h
RSO S 2 N T (2.18)
G k\B1-pH\h) R

In particular, all physically realistic parameters of biopolymer shells used in this chapter well satisfy
the condition (2.18).

To derive formulas of u, and ¢, , it follows from the first and third equations of (2.12) that the
expressions of fand g, have similar form as Eq. (2.14). Therefore, combined with Eq. (2.17), the first

Laplacian of f and g, gives

—-n(n+1
1., v@;%gl (2.19)

—n(n+1)
VheT
Subsequently, we can get specific expressions of f and g, by introducing Eqs. (2.14), (2.17) and
(2.19) into the first and third equations of (2.12). Then substituting f, and g, into Eq. (2.11), the

buckling mode u,, ¢, are determined as

g+ 8
b D= (1= ) o ")
6(1— ,u)kG— K (:j (2.20)
o == . 3a—ﬂ(cos¢))
h @
n(n+1)— (1 1)+ 61— )k, %(,J (hj
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Therefore, (2.14) and (2.20) are the linearized buckling modes given by the refined model developed
for biopolymer spherical shells with the integer n determined by (2.15).

Next, to determine the auxiliary displacements (u,,w,,, ), setting ou, 6w and da orthogonal to
(u,, W, ) in Eq. (2.9), dividing by & and then letting £, vanish, the rearranged equations give the

second-order Euler equations for (u,,w,,«, ) (Budiansky and Hutchinson, 1964; Reddy, 2002)

ON,, N cosp Eh  coso| ow, ’ . Eh 0w, O'w, _
2 % 5ing 200+ ) sing\ Rép ) 1—u* RO ROQ*
8 aN 2
22 +0,, =L~ (N, + Npy) + N,RVw, +—2 o +N,,RVw, — Eh_[ow ] o @a21)
op sin @ 0p RoOp 21— )\ Rop

oM cos @
2 +(M,,—~M,)——-RQ,, =
sin @

Likewise, define u, and @, in terms of two new functions f,(¢) and g,(¢)

_% _% (2.22)

Inserting Eq. (2.22) into Eq. (2.21) leads to 3 equations for ( f,,w,,g,)

2 _ 2
[RV:+(-w)]f, +(l+,u)w2+_[|: ow 0 Vﬁ1+1 ’ucot(p(aawlj }dgo:o
9

ROp Op 2R
a 2
RV’g, —E—h(sz j+NRV2w2 “’1%+N1R w, — Eh_[om | _ (2.23)
1—u R’ op Rop 7 2(1— u)\ RO@

(RV s RkGhJ (
= A

1 zﬂjwz:O

By introducing the buckling mode w; (Eq. (2.14)) into the third term on left hand side of the first

equation of (2.23), it can be proved through Mathematica that the formula gives
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2
ow, O°w, 1—u ow, <
+ to| — | do=h) H, P, (2.24)
J. Rop 00° | 2R coty £y 4 kZ:(; 2B (Cos @)

where P,, are Legrende functions of degree 2k, and H,, can be obtained easily through Mathematica.

Then, it follows from Eq. (2.23) that the formulas of w,, f, and g, are

wy ==h) Cy B, (cosp),  f,=h) DyPB,(cosp), g, =h) G,PB,(cosp) (2.25)
k=0 k=0 k=0

Where C,,, D,, and G,, are some undetermined coefficients. Accordingly, with the use of Egs. (2.17)

and (2.19), the first Laplacian of w,, f, and g, gives

L 2k(2k+1
Vzwz = _hz(R—z)CszQk (cos @),
k=0

2 2k(2k +1
v, =iy D b P eoso, (2.26)

k=0

N —2k(2k +1
Vig, = hz(R—z)szsz (cos @)

k=0
Introduction of Eq. (2.24), (2.25) and (2.26) into the first and third equations of (2.23) gives the
expressions of D,, and G,, in terms of the unknown C,, . Then substituting the resulting expressions
D,, and G,, into (2.25) and combining with (2.22), the auxiliary displacements (u,,a, ) in terms of

the unknown C,, are given by

u2=hi —(1+u)C,, +H,, P, (cosp) |,
0p| 5 2k(2k+1)—(1- )
(2.27)
a, =£i 2k@k+) == p) 3 +11|C,, B, (cose)
ROp|ix G (RY( h
—2k(2k+1)+(l—,u)—G(hj 7 6(1— )k,
0
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Now we consider the orthogonality condition, expressed by the equation (Koiter, 1969; Reddy, 2002)

[ 2% ) k2 i pdpd & = 0 (2.28)
0 JO aq) a¢

The orthogonality condition requests that the expansion of w, in a series of Legrende functions does

not contain any term of degree n. In the case of an odd integer n of the buckling mode, it follows

immediately from the expression of w, in (2.25) that the orthogonality condition (2.28) is satisfied.
On the other hand, for an even integer n, this orthogonality condition requires C,, =0 for k =n/2 or

C, =0. Therefore, a unified form of these two cases is given by, instead of (2.25) and (2.27)

w, = _hz *CZkIDZk (cos @),

k=0

u, :hi > —+ )Gy, + 1y, P, (coso) |, (2.29)
0p|is 2kQ2k+1)—(1—-p)
azzﬁi > 2kQk+ )=~ 4) - +1(C,, B, (cos )
R 09| i% G (RY( h
2k (2k +1)+(1— ,Ll)—G(hj | 6= wk,
0

where the star on the summation sign denotes that the terms k =n/2 is omitted if » happens to be
even. The expression of w, derived here is the same as the expression developed by Koiter (Koiter,
1969). In conclusion, Eq. (2.29) represents the auxiliary displacements (u,, w,, &, ) with unknown C,,

to be determined by minimizing the energy increment for any fixed value of &,. The determinant of

C,, is illustrated in Appendix B.
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2.3 Axisymmetric imperfection sensitivity of an imperfect biopolymer spherical

shell

Before analyzing the imperfection sensitivity of a pressured imperfect biopolymer spherical shell,
it is relevant to examine post-buckling behavior of a pressured perfect biopolymer spherical shell
defined by the refined model (Ru, 2009). Based on Koiter’s general nonlinear theory of elastic stability
(Koiter, 1945,1963) and the procedure developed in his work on post-buckling behavior of a complete
spherical shell (Koiter, 1969), with the use of Eq. (2.7) and (2.8), the potential energy for a spherical

shell is given by

1 T 2 .
P=3 I 1 (N, + Nygy + Mk, + Mk, + 0,0, )R’ sin pd pd0

2.30
1 o7 p27 1 ou w - ( )
_EJ-O Io N‘/’O __+E +Nye, |R”sinpdpdd

R 0@

We denote the potential energy of a spherical shell in the pre-buckling equilibrium state 7 whose

stability is to be investigated by P, . The energy criterion requires a comparison of P, with the potential
energy P, of an arbitrary state // in the neighborhood of the pre-buckling equilibrium state 7. The
increment in the potential energy of the spherical shell due to the transmission from state 7 to state /7,
P[ﬁ] =P, — P, is a potential energy functional of the displacement field # from the state 7 to state
I . According to the displacements (2.6), the displacement field # is (u—u,, w—w,,a—q,) .

Therefore, the increment in potential energy is obtained as (Danielson, 1974)

n 1 T 27 .
P[u]zE jo jo [N, (e, —€,0)+ Ny(e,—ey) + Mk, + Mk, +Q,e,. |R* sin pd pd

1 ¢z p2n 1 O(u—u w—w ‘
_EJ.O J-o {NW(E (aq) 0)+( 2 0)]+N60(€9—690)}R281H(pd(pd9

(2.31)

Equations (2.2), (2.6) and (2.7) are then substituted into Eq. (2.31) to give
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. N, N,
Pli]=2nER’ {égozp2 [(upwl,al);E—;JJrgf {133 [t,, w,, ]+ B, [(ul,wl,al),(uz,wz,az);E—;}
(2.32)
N,
+§o4 {])4 [ulaW1:a1]+le [(ulawual)a(”zawzaaz)]+})2 [(uzawzaaz);E_;l}}"‘o(fos)}
where the first order terms are absent because the pre-buckling state 7 is an equilibrium configuration;

see Appendix C.

Therefore, post-buckling behavior of a pressured perfect biopolymer spherical shell defined by
the refined model (Ru, 2009) can be described by the potential energy functional (2.32). The analysis
of stability of post-buckling behavior and calculation of the potential energy functional (2.32) can be
carried out by following the procedure developed in Koiter’s work (Koiter, 1969) on post-buckling
behavior of a complete spherical shell. In doing so (the detailed derivation and analysis are provided
in Appendix B), two conclusions, similar to that given in Koiter’s work (Koiter, 1969), can be

summarized as: (i) the post-buckling behavior of a pressured prefect spherical shell described by (2.32)
is actually unstable, therefore the linearized critical value (%j given by Eq. (2.13) is actually the
maximum loading a prefect spherical shell can sustain; and (ii) the third order term of (2.32) is
negligible over the initial post-buckling range, which indicates that the potential energy functional

(2.32), which describes the post-buckling behavior of a pressured perfect biopolymer spherical shell

defined by the refined model (Ru, 2009), can be finally simplified as

~1_ 3| g2 & 4 %
P[i]=27Eh {50 AZ(EhJ—HjO A“(Ehﬂ (2.33)

where the expressions of 4, (g—;j and 4, (g—;j are showed in Appendix B.
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2.3.1 Imperfection sensitivity and a verification of the refined model

Based on the above two conclusions for post-buckling behavior of a pressured perfect biopoly mer
spherical shell defined by the refined model (Ru, 2009), now let us study the imperfection sensitivity
of an imperfect biopolymer spherical shell. We shall restrict our investigation to the effect of initial
geometric imperfection in the shape of the linear buckling mode. Any types of imperfections can be
projected to a function space spanned by the buckling modes, which form an orthogonal basis. The
compressed component is negligible in practice (Koiter, 1969). Due to the orthogonality, each
component of the imperfection only affects the critical load of the corresponding mode. So the
component of the buckling mode, which gives the lowest critical load of perfect spherical shell, lead

to the lowest critical load of imperfect spherical load (Hutchinson, 1967). Therefore, we consider a
small stress-free initial imperfection described by w = gowl (see Fig. 2.1), where w is the linear
buckling mode defined by w, =—hP (cosp) (see Eq. (2.14)) and &, is the nondimensional

imperfection parameter normalized by the average thickness % (Koiter, 1969). Here, the spherical shell

with imperfections is assumed to be initially stress free when no deformation occurs on the original

— Oow 0
shape. Then the term &, g o

is added to ¢, and other strain-displacement relations in (2.2) keep
RO@ ROp ’

unchanged (Budiansky and Hutchinson, 1964)
Lou wtw 1{o(w+w)) (w 1 ow Y
e, =——+ +— - =+=| —
 Rop R 2\ Rogp R 2\ Rop

lou w 1 owY) - ow ow,
=— | — | +{——
Rop R 2\ ROp ROp ROp

(2.34)
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The expression (2.7) for membrane forces ( N o N, ,) are augmented by terms involving the order 504?0

2
and higher; similarly, the term 27th3§0(,?0 I:%(:;—‘J sinpd@ together with others of higher
4

orders than 505_0 are added to Eq. (2.33). Following Koiter (Koiter, 1945, 1963, 1969), we now limit

ourselves to the lowest-order approximation by neglecting all terms of higher orders than ;‘05_0

. N N _ (N
P[a]=27ER [502,42 [E—]‘;j +&°4, (E—;J +&E A, [E—;lﬂ (2.35)
where
N, N, (ow Y N
Al =22 = T2 25 singdp =4, —2 236
I(Ehj J Eh(haqoj SRPEr =S g, (2:36)

where 4, can be obtained by introducing the buckling mode (2.14) and using Mathematica.

g

Fig. 2.1 The initial geometric imperfection in the shape of the linear buckling mode (Sato, 2015).

Copyright 2015. Reproduced with permission from Cambridge University Press.
Therefore, the equilibrium state of the imperfect biopolymer spherical shell in the neighborhood of the

critical bifurcation point is characterized by the stationary value of Eq. (2.35) with respect to the

amplitude factor &, which gives
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Pl g g (Mo sazoa (Mo )sga[ o)
a{:o —2§0A2(E}J+4§0 A4(Ehj+§oAl(Ehj_O (2'37)

Since stable equilibrium state of the imperfect shell is defined by a positive second variation of the
. . . N, : .
energy expression (2.35), to determine the maximum value of T an imperfect spherical shell can

sustain, we consider the zero of the second variation of the energy expression (2.35)

o*Pla]
o0&}

N, N,
=24, =2 |+12&74,| =2 |=0 2.38
(2)ornera ) 250

Eliminating the amplitude factor §, from Eqs. (2.37) and (2.38), we obtain an equation for the

*

maximum load [E_(;lj an imperfect spherical shell can sustain, as a function of the imperfection
cr

parameter 5_0

(B ECAICI

The diagrammatic sketch of the equilibrium state for perfect and imperfect spherical shells is illustrated

in Fig. 2.2. Stable branch is indicated by a solid curve, while unstable branch by a dotted curve.

Therefore, for specific given parameters k,, i, R/h,G" /G, h/h, , we can get the value of the maximum

N*
load [E_(;lj of an imperfect biopolymer spherical shell determined by the nondimensional

imperfection parameter £, by Eq. (2.39), and then calculate the so-called “knockdown factor” A

defined by
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A= (Z(I’J / (gj (2.40)

where (%) given by Eq. (2.13) is the actual maximum load a prefect shell can sustain. Therefore,

the dependence of the knockdown factor 4 on the imperfection parameter £ can be obtained based

on Egs. (2.13), (2.39) and (2.40).

Imperfect, 50 =0

S

Fig. 2.2 The configuration of equilibrium path for perfect and imperfect spherical shells

To validate the present model and formulation, for example, with £=0.3, k, =5/6, let us examine
the classical case which is given by the present refined model with 4, =h and G'/G = . For the

classical case, Koiter’s result of imperfection sensitivity for axisymmetric buckling mode is given with

the notation used in the present chapter (see Eq. (10.9) in (Koiter, 1969))
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B 2
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where the integer n is determined by

2«/3(1— 1) % ~n(n+1)>>1 (2.42)

It is readily seen that our condition (2.15) reduces to (2.42) if 4, =h and G'/G = .

e

—=— Present Results | —=— Present Results |

0.8 - 7;.'7 --a-- Kpiter's Results 1 0.8 --a- Kpiter's Results

0.6 - 0.6 ;*"\_‘t._ 4
L L \l%:‘-“lh‘. 4
\* =l
< = a3ohT;
i i AL
0.4} 0.4 i
I I R/h=250
0.2} 02| n=28 -
0_0 _I L PR 1 PR PR | L L | Rezeea PR 1 PR L | 00 -I L L L | - PR 1 L L | L PR | L L
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£ o

Fig. 2.3 The comparison between Koiter’s results and our results with 4,/h=1, G*/Gzoo for

different R/h for (a) buckling modes of odd degree and (b) buckling modes of even degree
The comparison of the present results with Koiter’s data for the classical case (with 4, =/ and

G"/G =) is shown in Fig. 2.3 for buckling modes of an even or odd degree n. It is seen from Fig.

2.3 that the results given by the present model are very close to Koiter’s ones (Koiter, 1969) and both

become even closer when n increase. We can also conclude that our results are more accurate
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according to comments in (Koiter, 1969) that there is a relative error of order n~' when calculating the

N,
quartic terms A4, (E_;zj . This offers a verification of the present formulations and methods.

2.3.2 The influence of key parameters on imperfection sensitivity

The major goal of this chapter is to examine how the high structural heterogeneity, defined by the

key parameters R/h,G"/G,h,/h in the present refined shell model, affects the imperfection

sensitivity of pressured biopolymer spherical shells. Therefore, let us investigate how the above-

mentioned three key parameters influence the imperfection sensitivity with physically realistic

imperfections.
(a) 10 b T TTT T L L P L T 7 LI ] (b) 1-0 _I. T T T T T M} T ]
R/h=250 | -¥\ R/h=250 classical thin shell -
L i _ L : i
0.8 —e—R/h=80 ] 0.8 * —e—R/h=10 biopolymer shell |
: —+—R/h=30 A - e, 1
] I ‘. ]
[ —e—R/h=10 | I o ]
0.6 T 0.6 |- ‘\\\‘\;
< . <
04 - 0.4 - -
0.2 - 0.2} .
00 -I PR SR T [N TN SRR SR ISR TR SN SR [N SR TR TR T SR S | 0_0 _I " 1 L | | | N I !
0.0 0.2 0.4 0.6 0.8 1.0 000 002 004 006 008 0.10

gﬂ g[]/\lR“/’h
Fig. 2.4 Numerical results with fixed G*/ G=o and h,/h=1. (a) The influence of R/l on the

imperfection sensitivity and (b) The influence of realistic imperfection on the knockdown factor
We firstly investigate how the parameter R/A influences the imperfection sensitivity and compare

the predicted imperfection sensitivity of biopolymer spherical shells with classical elastic thin shells
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of much larger R/h. We fix the values k, =5/6 and £2=0.3, and the classical case is defined by
h,/h=1, G"/G = o with varying value of R/h. The dependence of the knockdown factor 4 given
by (2.40) on the imperfection parameter £ (normalized by average thickness) is shown in Fig. 2.4(a)
for a range of R/h between 10 and 250, which well agrees with Koiter’s results (see Fig. 10.1 in
(Koiter, 1969)). The physically realistic normalized imperfection parameter &, for spherical viruses
(see table 2.2) is very low (typically not bigger than 0.23) as compared to the normalized imperfection
parameter £, of classical elastic thin shells (typically not lower than 1.2-1.5, see e.g. (Koiter, 1969)

and Hutchinson, 1960)). For majority of viral capsids having radius between 10 and 50 nm with a
thickness of a few nanometers (typically 2-3nm, corresponding to a single protein layer), we find that

the parameter R/A has little effect on the imperfection sensitivity. More specifically, let us compare a
biopolymer spherical shell of R/A =10 with a classical elastic thin shell of R/A =250, as shown in

Fig. 2.4(b). Since realistic imperfection amplitude depends on both radius and thickness, it is

reasonable to assume that physically realistic imperfection amplitude scales with é?o / A /R/ h . Thus, the
dependence of the knockdown factor 4 on é,?o / A / R/h is shown in Fig. 2.4(b) where the horizontal axis
is denoted by é?o / 1/R/ h . It is seen from Fig. 2.4(b) that, over the range [0, 0.1] of é,?o / 1/R/ h (which

means that the range of the normalized imperfection parameter &, is [0, 0.3] for biopolymer shells and

[0, 1.5] for the classical elastic thin shells), the biopolymer spherical shell of smaller R/A is actually
less-sensitive to physically realistic imperfection as compared to the classical elastic thin shells of

much larger R/h , because the realistic normalized imperfection parameter &, of biopolymer spherical

shells are much smaller than the normalized imperfection parameter &, of classical elastic thin shells.
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Let us examine the effect of G"/G on the imperfection sensitivity. Then, we choose 4, J/h=1
and R/h=15, the influence of different G"/G (within the range (0.07, ) defined by the condition
(2.18)) on the imperfection sensitivity is illustrated in Fig. 2.5. It is seen from Fig. 2.5 that the
knockdown factor 4 given by (2.40) remains almost unchanged from G'/G = to G*/ G=0.07.
Therefore, it is concluded that the effect of G*/G on the imperfection sensitivity is negligible when

G’ /G varies within a physically realistic range for biopolymer spherical shells.

b s T AT e
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 2.5 The influence of G*/G on the imperfection sensitivity with fixed R/A=15 and hy/h=1

Lastly, let us examine the effect of /4, /4 on the imperfection sensitivity. For this end, let us choose
R/h=15 and G"/G ==, we investigate the imperfection sensitivity for different 4, /i . As shown in
Fig. 2.6, with h, / h decrease from 1.45 to 0.4, the knockdown factor 4 decreases substantially, which

indicates that the parameter 4,/ has a greater impact on the imperfection sensitivity. Therefore, it is

concluded that effective bending thickness has a greater effect on the imperfection sensitivity and
therefore the thickness non-uniformity of biopolymer spherical shells could be mainly responsible for

the imperfection sensitivity.
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From Figs. 2.4, 2.5 and 2.6, we can see the slopes of all curves tend to infinite when the imperfection

amplitudes &, go to zero, which means that the pressued buckling load is extremely sensitive to

vanishingly small imperfections. Here it should be stated that our results shown in Figs. 2.4, 2.5 and
2.6 (the knockdown factor monotonically decreases with increasing amplitude of imperfection) are
qualitatively consistent with those of (Lee et al., 2016) (e.g. see their figures 4 and 6), (Hutchinson,
2016) (e.g. see his figure 7) and (Jimenez et al., 2017) (e.g. see their figure 2) for small-amplitude
imperfections. Since the present weakly nonlinear initial post-buckling analysis with small-amplitude
imperfection/deflection cannot be applied to arbitrarily large imperfections, our results shown in Figs.
2.4, 2.5 and 2.6 cannot be compared to those of Lee et al. (Lee et al., 2016), Hutchinson (Hutchinson,
2016) and Jimenez et al. (Jimenez et al., 2017) for sufficiently large amplitude of imperfections (where

it is found that the knockdown factor approaches a constant limit value for sufficiently large amplitude

of imperfections).
1.0 —— T — T T T T T T
— hy/h=145
0.8 —— b /h=10
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Fig. 2.6 The influence of 4, /h on the imperfection sensitivity with fixed R/h=15 and G*/ G=ow
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2.3.3 Imperfection sensitivity of specific biopolymer spherical shells

In this section, the combined effect of the three key parameters (R/ h,G" /G, h, /h ) on the
imperfection sensitivity is studied based on physically realistic parameters of two typical biopolymer
spherical shells: UCAs and spherical viruses, with reasonable imperfection amplitude parameter &, .

The actual maximum pressure an imperfect biopolymer spherical shell can sustain will be predicted

and compared to the critical pressure of a prefect spherical biopolymer shell.
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Fig. 2.7 The imperfection sensitivity of polymer-shelled UCAs with the relevant parameters in table
2.1

First, let us examine polymer-shelled UCAs, with the relevant parameters (shown in table 2.1)
suggested by Chitnis et al. (Chitnis et al., 2013) for the present refined shell model. Two varieties of
polymer-shelled UCAs, named by two manufacturers (Point and Philips), are employed in their study.

The effective bending thickness used by Chitnis et al. (Chitnis et al., 2013), obtained by fitting
experimental rupture data to the refined model with the shell parameters ( £ =1.35GPa, G =0.4G,

k,=5/6, 1t=0.4)is employed. Figure 2.7 shows the imperfection sensitivity for these two varieties
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of UCAs by using these parameters. From Fig. 2.7, it is seen that the actual maximum external pressure

keeps not lower than 60% of that of a prefect spherical Point UCAs shell with the reasonable

nondimensional amplitude é?o :|h—h0| / (2h) (see the marker in Fig. 2.7). However, for the Philips

type, which has much lower value of 4, /h than the Point type, the value of actual maximum load an

imperfect shell can sustain can drop to as low as only 5%-20% (see the markers in Fig. 2.7) of the
critical loading for a prefect spherical UCAs shell, which suggests that the thickness non-uniformity
has the greatest effect on the imperfection sensitivity, and high non-uniformity of shell thickness can
make the actual maximum buckling load more sensitive to even minor imperfection and lead to a

maximum pressure much lower than that of a prefect spherical shell.

Table 2.1 Relevant parameters for two varieties of polymer-shelled UCAs

UCA type R(nm) h(nm) ho(nm)  R/h hoh — G¥G E — |h — h0|/(2h)

Point 1900 14.5 9.4 130 0.65 0.4 0.18
Philips 1 1000 31.6 4.8 30 0.15 0.4 0.42
Philips 2 1100 40.2 4.7 25 0.12 0.4 0.44
Philips 3 1300  82.2 6.4 15 0.08 0.4 0.46
Philips 4 1200  121.5 6.6 10 0.05 0.4 0.47

Next, we examine the imperfection sensitivity with relevant parameters for some typical spherical
viruses. Table 2.2 shows the relevant parameters obtained from (May and Brooks, 2012) for some

typical imperfect spherical virus shells which are divided into four groups based on the parameters
(R/h,G"/G ,h,/h) and the nondimensional imperfection amplitude 50 = |h—ho| / (2h). In (May and
Brooks, 2012), the Foppl-von Kanman number 7, which is a ratio of the two-dimensional Young’s

modulus Y and the common bending modulus x , is obtained by calculating ¥ and x with a
multiscale method developed by (May and Brooks, 2011). Therefore, the effective bending thickness
is calculated through Foppl-von Kanman number from the relationship (Landau and Lifshitz,1986)
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The results shown in Fig. 2.8 are obtained based on the data in table 2.2. From Fig. 2.8, it is concluded
that with the relevant parameters for some typical spherical virus shells, the maximum pressure of an

imperfect spherical virus shell could reduce to 55-65% (see the markers in Fig. 2.8) of the maximum

pressure for a perfect spherical virus shell with the ratio R/A ranging from 3 to 6, A, / h ranging from 1.15
to 1.45, and the nondimensional imperfection amplitude 5_0 ranging from 0.07 to 0.23. As stated above, the

ratio G*/G, whose range is limited by the condition (2.18), has negligible effect on the imperfection

sensitivity when it varies within a physically realistic range.
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Fig. 2.8 The imperfection sensitivity of spherical virus shells with the relevant parameters in table 2.2
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Table 2.2 Relevant parameters for some typical spherical viruses

Group Virus R(m) h(mm) honm) RA - hoh  G¥G & =|h—hy|/(2h)
cowpea chl'orotic 11.8 2.9 4.2 4 1.45 0.5 0.23
| mottle virus
tumipyellow 157 26 36 5 138 05 0.20
mosaic virus
tobacco necrosis  12.9 25 3.1 5 1.25 0.5 0.12
virus
cocksfootmottle 35 57 34 5 126 05 0.13
virus
2 sesbani‘a mosaic 13.0 2.6 31 5 1.20 0.5 0.10
virus
southernbean 431 57 33 5 122 05 0.11
mosiac virus
VLP 16.2 2.6 3.1 6 1.20 0.5 0.10
flockhouse virus  13.7 43 52 3 1.21 0.5 0.11
3
simian virus 40  21.2 5.3 6.7 4 1.26 0.5 0.13
bovine 245 6.3 7.4 4 1.17 0.5 0.09
4 papilloma virus
norwalk virus 15.8 6.2 7.1 3 1.15 0.5 0.07

2.4 Conclusions

Imperfection sensitivity of pressured buckling of structurally heterogeneous biopolymer
spherical shells is analyzed based on a recently developed refined elastic shell model. The formulas
and solution procedure used in this chapter are validated by comparing the predicted results with the
known classical data when the structural heterogeneity vanish and thus the present refined model
reduces to the classical shell model. For structurally heterogeneous biopolymer spherical shells, the
present analysis predicts that the effective bending thickness could be mainly responsible for the

imperfection sensitivity of imperfect biopolymer spherical shells, although the effect of transvers shear
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modulus is usually negligible. Based on physically relevant data available in literature for polymer-
shelled UCAs and spherical viruses, the present model predicts that actual maximum external pressure
could be reduced to 60% of that of a prefect UCA shell or to 55-65% of that of a prefect spherical virus
shell, respectively. A major conclusion of the present chapter is that, because biopolymer shells are
relatively thicker (defined by smaller radius-to-thickness ratio, e.g. 3-6 for spherical viruses and 10-
130 for polymer-shelled UCAs) and the realistic imperfection amplitude normalized by thickness is
relatively low, typical biopolymer spherical shells are only moderately sensitive to geometrical
imperfections, as compared to classical elastic thin shells of much thinner thickness (defined by much
larger radius-to-thickness ratio, say >>100) which can be extremely sensitive to geometrical

imperfections.
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Chapter 3: Non-axisymmetric imperfection sensitivity on pressured

buckling of a biopolymer spherical shell

3.1 Introduction

The aim of this chapter is to study the imperfection sensitivity of pressured biopolymer
spherical shells based on non-axisymmetric buckling modes and the associated mode interaction. The
methods for imperfection sensitivity of classical elastic spherical shells developed in previous seminal
works, e.g. by Hutchinson (Hutchinson, 1967), Koiter (Koiter, 1945, 1963, 1969) and Budiansky and
Hutchinson (Budiansky and Hutchinson, 1964), will be employed. In section 3.2, the refined shell
model formulated in (Ru, 2009) originally for linearized axisymmetric buckling is further developed
to study initial post-buckling of a biopolymer spherical shell with non-axisymmetric buckling modes
and the mode interaction. In section 3.3, the developed formulation is used to study the non-
axisymmetric imperfection sensitivity, and the results are compared to the results obtained in chapter
2 based on axisymmetric assumption with an emphasis on the influence of key parameters on the non-
axisymmetric imperfection sensitivity. Furthermore, the non-axisymmetric imperfection sensitivity is
detailed in section 3.4 for two specific types of biopolymer spherical shells (ultrasound contrasts agents

UCAs and spherical viruses). Finally, main conclusions are summarized in section 3.5.

3.2 Post-buckling of a biopolymer spherical shell with the mode interaction

In this section, weakly-nonlinear, non-axisymmetric initial post-buckling of a biopolymer
spherical shell is studied based on the refined elastic spherical shell model proposed in (Ru, 2009)

initially for linearized axisymmetric buckling of biopolymer spherical shells without mode interaction.
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Spherical coordinates @ (0<g@<7),0 (0<0<27) and z (—h/2<z<h/2) are used to
describe a biopolymer spherical shell of middle surface radius R and average shell thickness /i, where
the radial coordinate z , whose sign is taken positive outward, indicates the distance of a point in the
shell to the middle surface. Based on Sanders’ nonlinear kinematic relations (Sanders,1963) and the
shear deformation theory of Reddy and Liu (Reddy and Liu, 1985), for non-axisymmetric large-
deflection post-buckling of an elastic spherical shell, the non-linear mid-face strains (including 2

transverse shear strains e, , e, and the change in curvatures &, k, and k) of a spherical shell are

given in terms of the displacements of the middle surface u, v, w and the rotations «, # of the normal

of the middle surface in @,8 directions by

lou w 1 ow Y u 1 ov w 1 ow ’
e, =——+—+—| —— |, g=—Colpt——t—t—| ——— |,
Rop R 2\ Rop R Rsinp 06 R 2\ Rsingpof

1 ou 1ov v [8WJ( ow ]
€y ="~ ~t————cotp+ - ,
Rsinp o6 ROp R ROg )\ Rsinpof
ez_lﬁw a, e, 1 a—W+ﬁ, k:la—a, kgzgcot(wr 1 %,
” ROp Rsing 00 Y ROog R Rsing 00
1 8a+18,[5‘_,8

(3.1)

Based on the isotropic linear plane-stress stress-strain relation, the in-plane resultant membrane

forces, bending moments and transverse shear forces are given by (Ru, 2009)

'N En |1 e
@ — h - ﬂ @ , N(og — Ghe‘og,
[Ny | 1=pul e

M 1 K
"’}:D[ ”}[ "’}, M,, =Dk, (3.2)
‘M, u 1k,

Q(p = kSG*hewz, 0, = kSG*hegz ,
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where E is Young’s modulus, u is Poisson’s ratio of the biopolymer shell, &, is the shear coefficient
(e.g. 5/6 in (Kraus, 1967)), G  is the transverse shear modulus, G is the common in-plane shear
modulus determined by ( £, ), and the bending stiffnesses of a biopolymer spherical shell are
assumed to be determined by an effective bending thickness 4, as

ER D - Gl

D:12(1—ﬂ2)’ T

(3.3)

For a specific isotropic biopolymer shell, the average thickness /4 can be defined based on its non-
uniform geometrical thickness, and then the Young's modulus can be defined based on its actual
in-plane elastic modulus. Furthermore, the effective bending thickness 4, can be calculated by the
Young's modulus and its actual bending rigidity measured from experiments or calculated from
micro/molecular simulations, as seen Eq. (2.43) and in (May and Brooks, 2011). Thus, with the
present refined model, bending behavior of a biopolymer shell of high structural heterogeneity can

be modeled with the single parameter 4,. For biopolymer spherical shells, it is assumed that the

transverse shear modulus G~ could be different, or even much lower, than the in-plane shear modulus

G . Also, the effective bending thickness /4, can be considerably different from the average shell

thickness /1 (Ru, 2009). It is the two additional parameters (G, 4, ) which distinguish a biopolymer
shell of high structural heterogeneity and thickness non-uniformity from a classical elastic shell defined

by (E, i, h).

The nonlinear deformation field of the spherical shell in initial post-buckled state is written as

(Budiansky and Hutchinson, 1964; Hutchinson, 1967)
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U=uy+u +u,+...,

V=V, Y, o,

W=Wy+ W AW, F o, (3.4)

a=a,+a +a,+...,

ﬂzﬁo +:B1 +ﬂ2 T
where the displacements (u,,v,,w,,,, 3, ) are pre-buckling deformations prior to buckling. For a
prefect spherical shell under a uniform applied external pressure ¢, this is just a uniform radial
displacement (u, =v, =, = f, =0,w, =—(1-)qR’ [(2Eh) ). Here, (u;,v,,w;,a;,f3 ) are the

deviations from the pre-buckling state expanded in the linear buckling modes, (u;, v;, w;,a; , ﬁ; ) are

the deviations expanded in the second-order buckling modes which are orthogonal to (ul* , vl* , wl* , 051* , ﬁl* )

*

2z exf 0w, \( O :
(defined by M D% R gin @dpd0 =0), and the omitted terms in the present initial post-
0 0 6¢ a¢

buckling analysis are higher-order mode terms which are orthogonal to both (ul* ,vl* ,wl* ,al* , ﬂl*) and
(U3, V3 W5, 05, ).

Substituting the displacements (3.4) into the midface strains (3.1) and then into Eq. (3.2), and
considering that the spherical shell under uniform external pressure ¢ prior to buckling is in a uniform

membrane state of stress ( N, = N, = N, —qR/2), the in-plane resultant membrane forces, bending

moments, and transverse shear forces have the expansions (Budiansky and Hutchinson, 1964;

Hutchinson, 1967)

47



_ o ) I\
N;z N 1 Eh : ow, u (jﬁwl
_ _ - - 21— | ROp Rsin p00
Mol o] N N N
® " .
Na N Nal ]\7‘92-}-l Ehz U awl + —?Wl
00 . 21-p Rog Rsin o6
N¢19 O NqoBl
M 0 M, N, +Gh Gwl* 8w]*
"= + T e Rog )\ Rsin o0 +ooe (3.5)
Ma 0 Mm .
. M
M(p@ O Mq;@l M(:jz
0 ;
Q«) le 22
_O _ * M(p92
O | O )
Q(pZ
O |
where N;i, N;, N;ai, M;. , M ;, M;gi, Q; and Q;. (i=1,2) represent forces and moments with

linear strains.

The potential energy criterion can be applied to analyze the buckling and post-buckling behavior of
spherical shells. The potential energy for a biopolymer spherical shell can be given by (Hutchinson,

1967; Kraus, 1967)

1 T 27 .
P=2 [T] Nye, + Nyey + Ny + Mk, + Mok, + Mk o+ O,e,. +0ye, )R sin pd pd 0

—lrj.zﬁ N, 1ou, w +N,o| Leote+ 1 v W R*sinpdpd 0
200 do 1 "I ROp R R Rsinp 00 R

(3.6)

where the first integral on the right side of Eq. (3.6) is the strain energy, and the second integral is the

1 o
energy of the applied pre-buckling membrane forces, and (Ea_qu%] and
p

u 1 ov w
—cotp+ —+— | are the linear parts of e and e, respectively, because the pre-bucklin
[R ¢ Rsing 06 Rj P ? o 1P Y P s

state is described by linear membrane theory.
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3.2.1 Non-axisymmetric buckling and post-buckling modes

First, let us carry out the linearized buckling analysis. Unlike Ru (Ru, 2009) and Zhang and

Ru (Zhang and Ru, 2016) (i.e. chapter 2) which were limited to axisymmetric buckling (with v= =0
and 8( ) / 060 =0), we are now dealing with non-axisymmetric deformation of a spherical shell. With

the use of Eq. (3.6), the equilibrium equations of a spherical shell can be derived from the variational

principle on the basis of the potential energy criterion (Hutchinson, 1967)
1 T 27
> [T (NS¢, + NySe, + N, 5e,,+ M 5k, + M5k, + M ,0k,, +0,5¢,. +0,5€,.)

. (3.7)
~ P YR sin pdpdé.
Rsinp 00 R

stin(od(pdezlj‘ﬁj.h N S|~ YN, 5| Leotp+
200 do | T (RO 7R

The mid-face strains (3.1), the displacement w given in (3.4) and the expansions (3.5) are then
substituted into Eq. (3.7), which gives, on using the integration by parts and collecting the coefficients

of ou,év,0w,0a and OSf separately (Hutchinson, 1967) (all boundary terms vanish owing to the

continuity of all displacements in a closed spherical shell (Zhang and Ru, 2016)).

49



0 Jo

0 —(N, s1n(p% —i(—Ng0

an* * . * . 0 * . 0 %
—)+ N _Rsinp+N, Rsinp—— Rsingp)—— R) |6w
8;0 dp~ 06 sing 00 )+ N, P+Ng 2 o0 (9, ®) 20 (Op )j

ai (M Rsingp)+ M, R COS(/)—%(M;OIR) + Q;IR2 sin (pj ox

2R(1—,u2) o sin g0

* £\ 2 * 2
—(1-u )a 6w1 _om +u om cos @+ .Gw] cosg | |Su
06 sin pod op sin pod
\2 . \2
0 .« . . 0 .\« Ehsin g 0 ow ow,
+| —— (N, ,,Rsinp)— N, ,Rcosp—— (N, ,R)+ ———~| ——| pu| =L | + !
{ og RSN~ Noga R e03 9= 5 0 (NoxF) 2R(1—,uz)[ ﬁﬁ[ﬂ(ﬁ(p] [sinqﬁ&j]

ol 2 e

* . * . a * . a 3k a aw*
+ [NMR sing+ N,y,R s1n(o—%(Q¢2R sin @) _%(Q”R) +N, [—%[sm gogn

U V2 A e | A VAP I VA A A S VoL
00\ sing 00 op\ * op 00 ) 00 sing 00 7 Op

En [(owY . ow ).
+——|| — | sin@+| — sing |ow
2R(1-u)\\ 00 sin o

a * . * 8 * * .
+[—£(MMR sing)+M,,R cosga—%(M(,,ng) + Q¢2R2 sin (Pj oa

( 68(/) (M R sin @) — (M;R) ~M_, Rcosp+Q, R’ sin (o] 5,8} d(odﬁ}

N N
(N Rsinq))+N;chosq)—a%(N;mR)+E—h[—i{smw(?}lj + usi n(p{ v j}
4

+ (— ai (M 4, Rsin @) — % (Mg,R)—M y,Rcos 9+ Q,, R’ sin go] 5,8} d(odﬁ}
(4

(3.8)

where N, =N,, = N,, the first brace on the right side of Eq. (3.8) contains all linear buckling modes

and the second brace contains all second-order buckling modes. For the linearized buckling analysis,

only the linear buckling modes in the first brace are retained. Since Su , ov,0w, da and Jf are

arbitrary and independent, we have the Euler equations (equilibrium equations) for five unknowns
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ul* , vl* , W;k , 051*, ﬂl* , which are valid for linear non-axisymmetric buckling of biopolymer spherical shells

(Hutchinson, 1967; Kraus, 1967)

* *

ON, 1 ON,,

ol SN NG cosg _ 0.
op sing 69 sin @
ON s .1 ON,, LN, Cosp .
dp sing 00 “'Sin g
a ’ ’ * * *
o, L0 +0), Cf’S(/’ (N, +Nj)+ N,RV?wi =0, (3.9)
Oop sing 00 sin
. oM 1 5M* cos
RQ(pl = 2+ (M 0l Mm) ¢
op smgo 00 sing’
.M, .
RO, = e 1 oM,, +oM’, 220
dp sing 00 “'Sing

In a similar way as Prasad (Prasad, 1964), let us define u;,v, and Q;l,Q;l in terms of two new

functions ;" (¢,8) and g, (@,60) as

op 00 (3.10)
. og . og
Q(pl _%5 QH] —aielcscgﬂ,

and then substituting Eq. (3.10) into Eq. (3.9), the five equilibrium equations will reduce to three

equations for ( f",w;, g/ ), which is valid for linear non-axisymmetric buckling of biopolymer

spherical shells

[R*V 4+ (=) | £+ 1+ wywi =0,

szg*—l—(v £+ L2 ]+N Vi =0, (3.11)
7

(RV+1 ——kGhj [
R
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Following the procedure given in (Ru, 2009) for axisymmetric case, eliminating f" and g, in (3.11)

leads to a decoupled equation for w, for non-axisymmetric case as follows

R[ RV +(1- )][kGhV“wl kGh( )v2 }

Eh 2 (1 R 2
l_ﬂ{RV { ) k.G }}(l+,u)v w, (3.12)

L e

It is known (Kraus, 1967; Victor et al., 2009) that the Legendre functions solve the following

eigenvalue problem:

) 1 o (ow . 1 o*w . n(n+l) .
Viw, (60,9)— 7 . - lsm(ﬂ +— M;l =W == ( )Wl, (3.13)
R sing| 0@\ 0@ sinp 060

where the nth eigenvalue y, is determined by —y, R* =n(n+1)>>1 (n is a natural number). Thus,

for non-axisymmetric deformation with condition —y, R* >> 1, Eq. (3.12) is reduced to the eigenvalue

problem

2
'R (N, +kG'h)- xR (Eh+N %k G h]+Eh%k G'h=0. (3.14)

The critical value of N, is determined by the stationary condition dN,/dy =0. It follows from Eq.

(3.14) that

2
27R* (N, +kG'h) =R’ [Eh+N R—k G hj (3.15)
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Eliminating y from Eqgs. (3.14) and (3.15), the linearized critical value of the external pressure, as

given in the form of (Z—Zj , 1S given by

cr

L AR B e

Clearly, the critical value (3.16) is same with the formula (2.13) developed based on the axisymmetric

assumption, and reduces to the classical formula (1.1) when transverse shear strains are neglected

(G"/G =) and h,=h, as shown in (Ru, 2009).

In particular, the corresponding value of y, is given by

2 G R, h
R ah 6(1- u)k, f(ff(h*f
—y R = 13 zn(n+1)>>1. (3.17)
\/E]ZDkGh | k\/3(1 )G Rk )2
1+ u G h h

Likewise, Eq. (3.17) is same with the formula (2.15) based on the axisymmetric assumption. It is

proved in (Ru, 2009) that the inequality condition [n(n+1)>>1] is met as long as the following
condition is satisfied

%

G RkA31-v?) h

In particular, all physically realistic parameters of biopolymer shells studied in the present chapter well

(3.18)

satisfy the condition (3.18).

Let us now derive the expression of ( “1* ,vl* , wl* , 0(1* , ﬁl* ). Actually, w; is the nth eigenfunction of

the eigenvalue problem (3.13) with n determined by (3.17). To obtain the eigenfunction wl* ((0, 49)
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corresponding the nth eigenvalue y, determined by —y R* =n(n+1), one can solve Eq. (3.13) by
using Legendre polynomials and the separation of variables (Victor et al., 2009). The general form of

the linear combination of buckling modes (i.e. the eigenfunction wl* ((p, 9)) is given by (see also (Koiter,

1969)

n
%

w (9,6)=—h {fofji (cosp)+ Y (&, cosmb+x, sinmd) P" (cos (0)}, (3.19)

m=1

where P, (cos (p) is the Legendre-polynomial of degree n, I_Dnm (Cos go) is the associated normalized

Legendre-polynomial of degree n and order m , and &, .k, denote total (2n+1) independent

nondimensional amplitude factors normalized by the average thickness /. The integer n can be
determined as the nearest natural number by Eq. (3.17). Here, it is seen from the representation (3.19)
that there are in general (2n+1) independent and mutually orthogonal linear buckling modes (one of
which is axisymmetric, while other 27 are non-axisymmetric) at the same value of the critical buckling

load (3.16), although chapter 2 (Zhang and Ru, 2016) only considered the axisymmetric linear mode

Ew =—&hP, (cosp) (with &, =k, =0) (see Eq. (2.14)).

To derive formulas of ul* , vl* , 051* and 3/, it follows from the first and third equations of (3.11) that the
expressions of fl* and gl* have a similar form as Eq. (3.19). Therefore, combined with Eq. (3.13), the

first Laplacian of fl* and gl* gives

V*f, =(R—2) 1, Vg (3.20)
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Subsequently, introducing Egs. (3.13) and (3.20) into the first and third formulas of Eq. (3.11), we can

get specific expression of fl* and gl* . Then substituting fl* and gl* into Eq. (3.10), the expressions of

* * * * . .
u,,v,,a, and B, are determined in terms of w, as

|5 S L) RIS
n(n+1)—(1-pu) op n(n+1)—(1—-u) 06 (3.21)
L1 H ow . 1 H ow, '
a =— , B== csc o,
R| —n(n+)+(1—-u)—H | Op R| —n(n+)+(1—-pn)—H | 060

G(h)(RY
where H = 6(1 —H )ks E h_ ; . Therefore, (3.19) and (3.21) give the deviations based on the
0

(2n+1) independent and mutually orthogonal linear buckling modes shown in (3.19) which are all

associated with the same critical load (3.16), where the integer n is determined by (3.17).

Next, to determine (u;, v;, W;,a; , ﬂ; ), retaining only the second-order buckling modes in the
second brace of Eq. (3.8), the rearranged equations give the second-order Euler equations for

(14,5, Wy, @y, 3 ) (Hutchinson, 1967; Kraus, 1967)
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+£ (1—/1) owi o cosg =0
00 R@(p Rsin (p@@ s1ngo6¢9
ON,y, . 1 0oN,, LN Cose Eh 8w1 ow,
0p sing 00 “? sing 2R(1—y R@(p Rsm(p66’

+%{(1_y)sin(p[igpj[mfr;aaﬂ{(1 p)cos (/’(2g;j(zes?:;69ﬂ}

0

a ’ )i * * * * * * * *
oz, 1 300, 2°°S¢’ (V4 Njp)+ NyRY W, +—— 0[N sing 2y 7 O
dp sing 00 % sin sing Rop\ * Rop " ROO
 \2 * 2
+ .1 9 N;l—_l %ﬁLN;}m Ow_|___Eh om + ?Wl sing |=0
sing 06 Rsing 00 Rop ) 2(1—-u)||\ Rop Rsin 00

oM, oM,

2y () S22 R
Oop singp 060 sin @ (3.22)
oM, . .

LI _1 oM,, +2M,, 222 RO =0
dp sing 00 7% sing

By substituting (u,,v;,w,,a,, 3 ) into Eq. (3.22), the deviations ( u,,v,,W,,,, 3, ) expanded by
N,
second-order buckling modes can finally be determined as function of —= (See the detailed procedure

in Appendix D).

3.2.2 Non-axisymmetric post-buckling

The nonlinear, non-axisymmetric initial post-buckling of a biopolymer spherical shell can be
studied using Koiter’s general nonlinear theory of elastic stability (Koiter, 1945) and the procedure
developed in his work on post-buckling behavior of a complete spherical shell (Koiter, 1969). Thus,

with the potential energy Eq. (3.6), the increment in the potential energy of the spherical shell due to
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the transmission from pre-buckling equilibrium state / to an arbitrary state /7 in the neighborhood of
state 7 , P[ﬁ]zPH—P, , is a potential energy functional of the displacement field # =
(u—uy,v=vy,w=—w,,a—a,,—f,) . Therefore, the increment in potential energy due to the

transmission from state 7 to state 7 is obtained as

n l T 27
P[M]ZEJ.O L [N(p(ew—e¢0)+N9(ee—e90)+nge¢9

+M k,+ Mk, +M ok, +0,e,. + Qg(eez]R2 sin od pd 6

_%J‘O”IOZ”{NW[l@(”—“oL(W—Wo)] (3.23)

R O¢p R

8(v—v0)+(w—w0)
Rsingp 06 R

+Nyo [(u ;u‘)) cot+ HRZ sin pdpd 6

Egs.(3.1), (3.4) and (3.5) are then substituted into Eq. (3.23) to give in the form

. T TR
P[u]th3{13{(ul,vl,w,,al,ﬂ]);E—;lD

* * * * * * * * * * * * * * * NO 324
+(P3|:”1’V1’W15a1aﬁ1]+El|:(”1"’1:w1:a1:ﬂ1)’(uzavz’wz’azaﬂz)QE (3-24)
* * * * * * * * * * * * * * * * * * * * .NO
+ Rt[ul’vl’wl’al’ﬂl:|+1:’21|:(ulﬂvlﬂwlﬂal7ﬂl)’(uZ’VZ’WZ’az’ﬂz)]_’_F)Z (uzavszzaaz’ﬂz)vE_h

where the subscript denotes the order of the term in the bracket and the first number of a double
subscript denotes the order of the first term in the bracket, and the second number denotes the order of

the second term in the bracket. The specific expressions of these terms are given in Appendix E.
. . o, . * * * *® * * * * * * NO
Firstly, the orthogonality condition (D.6) ensures B, (u1 VLwLa, B ),(uz,vz, w,,a,, 3 )’E_h

vanish for any value of the load N,, which can also be confirmed by introducing the deviations

ul*,vl*,wl*,al*,ﬁ: ((3.19) and (3.21)) and (u,,v,,w;,a,, /) ((D.1) and (D.4)) into the third equation
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in Appendix E and calculating with Mathematica when all parameters (k,, i, R/h,G" |G ,h,/h) are

given and the integer n is obtained by (3.17). Also, by doing this, the other expressions in Appendix

E are given by

[ Ny N A A , 1 , ,
Az(ﬂjﬂi[(ul,vl,wl,apﬂl);E—h}z[AszzoE—hj[(éo) +5 ((;) +(x;) )} (3.25)

i=1

* * * * * *
A, =P3[ulﬂvl’wl’alﬁﬂl:|

. 3 > 2 u (3.26)
= A0 (8) + A0S (&) +(k ) |+ X S+ k) 4, (86,6 +28m w5, kx5,

(2 it 8 (oo i ) (ot ) (ot )|
Ay (Z_;lj(fo )4 +2A:01. (ﬂj(fo )2 ((é )2 +(x;, )2)

+ Z 5 H‘] k) 401/1{( j(foé"f §k+2§O§K/Kk_§OKin§k)

i,j,k=1

n

+ > S(i+j+k-1) W( Zj(g,.gjgkg,—K,.xjxkzc,+3§i§jxk;<,—3;<ixj§k§,)

0,7k l=1

n N
+ Z 5(z+l Jj- k)C4yk,[Ehj(§§§k§,+KKKK+2§§KK+2KK§k§I)
Jok,1=1

_ 5(1+] k— l) 4%( ;](fiél./(krc,JrKiK/fké),

ijkl=1

(3.27)

. N « [N, « [N,
where coefficients Ay, By, Ay, Ay, Ay are real numbers, A40(E;’J,A4Oi (E_;zj’ A (E_fozj ,

B =2 No and C},,, Ny are functions of Ny and can be calculated easily through Mathematica,
W\ Eh "\ Eh Eh

and O is the Dirac’s delta symbol. Here, it is noted that Eqs. (3.25) and (3.26) are identical to Koiter’s

formulas for second and third order terms (see Eq. 4.24 and Eq.5.15 in (Koiter, 1969)), and the third-

order term A, vanishes for buckling modes of an odd degree n. Thus, similar as the axisymmetric case
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based on the axisymmetric mode without mode interaction (Koiter, 1969; Zhang and Ru, 2016), the

fourth-order term A [2[—2) is essential for non-axisymmetric post-buckling. Therefore, based on

Koiter’s (Koiter, 1945, 1969) general nonlinear theory of elastic stability, the potential energy
functional (3.24), which describes the initial post-buckling behavior of a pressured perfect biopolymer

spherical shell, is given by
* N * Ed N
Pla]|=ER | 4| =2 |+ 4, + 4,| = 3.28
[4] {(Ehj : (Ehﬂ (3.28)

for both cases when the integer # is an even or odd number.

3.3 Non-axisymmetric imperfection sensitivity of an imperfect biopolymer

spherical shell

Based on the formulation of non-axisymmetric post-buckling behavior of a pressured perfect
biopolymer spherical shell, let us now study the non-axisymmetric imperfection sensitivity of an

imperfect biopolymer spherical shell.

3.3.1 Formulation of imperfection sensitivity with the mode interaction

Similar as Koiter (Koiter, 1969) and Hutchinson (Hutchinson, 1967) for a classical homogeneous
spherical shell, the general form of geometric imperfection is given in the form of the linear

combination of buckling modes by

n

W = —h{foPn (cosp)+ (g?m cosmf + K, sin m@)}_’n'" (cos go)} (3.29)

m=1
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where &, and k, are the nondimensional axisymmetric and non-axisymmetric imperfection

amplitudes normalized by average thickness /4, respectively.

With the imperfection (3.29), the nonlinear strain-displacement relations (3.1) becomes to

lou w 1 ow) ow ow
e,=——+—+— + ,
 Rop R 2\ Rop ROp Rogp

o ow I _ow Y. _ow _om
Rsing 060 R 2\ Rsingd@ ) Rsinpdh Rsinpod’

1 ou 1lov v ow ow ow oW, ow,  ow
e,=—F———+————cotp+ - + - + - ,
” Rsingd0 ROp R RO@ )\ Rsinpo@ ) ROp Rsinpdd RO@ Rsin ol

(3.30)

u
e, =—cotp+
R

In the presence of the imperfection (3.29), the expression (3.5) for membrane forces (N, N,) are

augmented by terms involving the order 5050,@_1.,7(@ and higher; similarly, the term

n

EW’ {AIO E_;l{fofo +EZ(§§I + KK, )}} together with other higher orders than {,&,, &.&; and ki,
i=1

are added to Eq. (3.24). Following Koiter (Koiter, 1969), we now limit ourselves to the first-order
approximation by neglecting all terms of higher orders than 50920 , é:lg?l and x k., , thus the potential

energy functional which describes the post-buckling behavior of a pressured biopolymer spherical shell

with the imperfection (3.29) is given by
k3 N 3H £ N * N
Pla|=ER | A)| =2 |+ 4, + 4, | =2 |+ 4| = 3.31
1l { ()44l 5) (Ehﬂ ey
: . SNy Y.
where the specific expression of A4, (E_;zj is given by
A(‘(ﬂj: jz” [ Nolfow (fow ) (L om 1 oW G odede  (3.32)
E 0 JoV Eh|\ hop )\ hop hsingp 060 )\ hsingp 060
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By introducing the deviation w, (3.19) and geometric imperfection (3.29) into Eq. (3.32) and

calculating with Mathematica with given parameters (k,,u,R/h,G /G, h,/h) and the integer n
determined by (3.17), we have

* No g & _ l n _ B
4 (E—hj—Alo Zh [§o§o+22(éé +z<,.x,,)} (3.33)

i=l1
where the value of 4, can be obtained easily through Mathematica.

In chapter 2 (Zhang and Ru, 2016), the imperfection sensitivity for an axisymmetric imperfection

without considering non-axisymmetric buckling modes and the mode interaction

(&= 5_1 =k, =k, =0,i=1,2,3,...,n) has been studied, and the dependence of the actual maximum load

an imperfect biopolymer spherical shell can sustain on the axisymmetric imperfection amplitude 5_0 is

given as Eq. (2.39). Now, let us investigate the role of non-axisymmetric buckling modes and
associated mode interaction by using Hutchinson’s method (Hutchinson, 1967). Interaction between
the axisymmetric and non-axisymmetric modes will occur only if the nonlinear coupling coefficients
in the third and fourth order terms (Eqs. (3.26) and (3.27)) are nonzero (i.e. the argument in Dirac’s
delta symbol equals 0) (Hutchinson, 1967). Therefore, as we can see from Egs. (3.26) and (3.27), two
or three or four of these linear buckling modes will interact. Also, it can be verified by Mathematica

that the order of the subscript i, j,k ori, j,k,/ doesnot affect the values of these coupling coefficients

(€8 Ay (g—;lj = Ayie (g—zj ), which implies that the terms like &,&,&,&, and &,&,k,k, have same

coefficients, and this also applies to other terms in Eqgs. (3.26) and (3.27). Therefore the effect of mode

interaction on the imperfection sensitivity between &, &,, &, and & is same with that between

&y, &5, k, and K . Therefore, we shall focus on non-axisymmetric buckling modes & (i =1,2,3,...,n)
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and the associated mode interaction. For the sake of brevity, similar to the case discussed in Hutchinson
(Hutchinson, 1967), we take two-mode interaction as an example to show this procedure. The
interaction between three or four modes follows the similar procedure as shown numerically in Fig.

3.2 (the number of the mode interaction can be seen from the legends of Fig. 3.2).

Let us firstly consider the axisymmetric imperfection —h& P, (COS(p) and the mode interaction

between the axisymmetric mode & P, (cos¢@) and a non-axisymmetric mode &, cos moP" (cos go)

(m=1,2,3,...,n). In this case, the potential energy functional (3.31) becomes

- K £oB, j[g WLe j+A;‘0 (&) + A (&, + 4, (%]504

Eh
N N (3.34)
+ 40m ( j(gog ) 4mmmm ( 0 jg 4 * — §0§0:|

Eh

The two equilibrium equations obtained by the first variation of (3.34) with respect to &, and & ,

: : N, .
respectively, in terms of —~, are given by

8P[u]

o . 2 « & 3 N,
2[/1 +B,, hj50+3A30(§0) +4A40(Eh)(§0) +24( jgog ]OEhg’ =0(3.35)

oP[a] . N, Noj s
agm (A B Ethm + 2 40m( jgo g 4mmmm (Eh gm - 0 (336)

0

Before the maximum load is reached, the load increases with the amplitude of the axisymmetric mode

(with & =0) (Hutchinson, 1967). Then Eq. (3.35) has three solutions and only one of them reduces

to the undeformed shell &, =0 at % 0 and therefore is the physically most significant branch of
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the solutions (called “natural branch”, (Koiter, 1945, 1969)), which is given as an implicit function X,

determined by solving Eq. (3.35) with £ =0
N. —
=X, | =2, 3.37
e o

The nature branch loses its stability at the critical value of the load E_ioz where a bifurcation occurs.

For this case, a bifurcation develops when a non-zero &, increases, which is determined by solving
equilibrium equations (3.35) and (3.36) for &, and &, with 50 =0 (i.e. the equilibrium path for the
perfect spherical shell) (Hutchinson, 1967), and the solution is given by the implicit expressions Y,

and Y as

N, (N,
go_Y()(E—hj, gm_Ym(Ehj. (3.38)

Following the bifurcation, the load the shell can sustain falls with a deflection consisted of both the
axisymmetric and the non-axisymmetric modes. The post-buckling behavior of such a biopolymer
spherical shells is illustrated by Fig. 3.1, where stable branch is indicated by a solid curve, and the

unstable branch by a dashed curve.

%

N
Thus, the maximum load the imperfect shell can sustain, denoted by (E_;J , 1s the bifurcation

pressure determined by canceling out &, through Eqs. (3.37) and the first equation of (3.38) and is

determined by
N, = N,
Xl | == & |-Y || =~ =0 3.39
’ {( Eh Jcr é:()] ’ {[ Eh jch ( )
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Fig. 3.1 Post-buckling equilibrium path in terms of the two amplitudes éo and ggm for the case of an

axisymmetric imperfection

Let us now consider a non-axisymmetric imperfection —hfi cosi@]_Jni (cos qo) (i #* 0) and the mode
interaction ~ between  two  non-axisymmetric = modes /¢ cos i<913,j (Cos (0)(1' * 0) and

hé; cos j@l_Dnj (cos (o) (j#i and j#0). In this case, the potential energy functional (3.31) becomes

P[ﬁ]:Eh3{(A§0+B* gj{ (&7 +¢, )} @;Jﬁ“

* No 4 * & ’ 1 * NO
+A4jjjj (E_h]g/ +A4W(Ehj(§i§i) 2 56}

The two equilibrium equations obtained by the first variation of (3.40) with respect to & and &, in

(3.40)

N,
terms of —~, are given b
Eh gl Yy
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oP[d] ( . . N, w (NY.s —w (NY.., 1 .N, =
o :(Ago +BzoE_;lj§i+4C4im(E_;lj§[ +2C4W(E—;ljf[§j +5A10—;lé:0 (3.41)
o, = (Azo +B,, E_](’)lj g, +4C, (E_;lj §j3 +2C,;; (E—;l) ézfj =0 (3.42)

Before the maximum load is reached, the load increases with the amplitude of the non-axisymmetric

mode /¢ cosiOP! (cos@)(i#0) (with & =0) (Hutchinson, 1967). Then Eq. (3.41) has three

solutions and only one of them represents the natural branch and is given by an implicit function X,

N, =
& =X (Efj (3.43)

Bifurcation occurs when a non-zero ¢, develops, which is determined by solving equilibrium

equations (3.41) and (3.42) with é?, =0 (i.e. the equilibrium path for the perfect spherical shell)

(Hutchinson, 1967) and the solution is given by the implicit expressions Y, and ¥, as

N, (N
fr[B) g or(2) s

Following the bifurcation, the load the shell can sustain falls with a deflection consisted of the two

non-axisymmetric modes. Thus, the maximum load the imperfect shell can sustain, denoted by

N *
(E_;l} , is the bifurcation pressure determined by canceling out & through Eqs. (3.43) and the first

cr

equation of (3.44) and is determined by

No* | _ N_O* _
o) 2] )
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Therefore, with the mode interaction, we can determine the actual maximum load an imperfect

*

biopolymer spherical shell can sustain (E_;z] as a function of the nondimensional imperfection

amplitude g?o or g?, . Thus, one can calculate the so-called “knockdown factor” A defined by

Hutchinson (Hutchinson, 2010)

z:[No*j /(NOJ (3.46)
en) [\ En),

where (E_;lj given by Eq. (3.16) is the linear critical load, which is also actually the maximum load

a prefect shell can sustain. Therefore, the dependence of the knockdown factor A on the imperfection
amplitude 5_0 or di can be obtained based on Egs. (3.16), (3.39) and (3.46) for an axisymmetric

geometric imperfection and Egs. (3.16), (3.45) and (3.46) for a non-axisymmetric geometric

imperfection, respectively.

3.3.2 Non-axisymmetric imperfection sensitivity of an imperfect biopolymer spherical shell

One major goal of this work is to study how the non-axisymmetric buckling mode and the mode
interaction affect the imperfection sensitivity. For this end, let us compare the result obtained in chapter
2 (Eq. (2.39)) based on the axisymmetric assumption to either Eq. (3.39) for an axisymmetric
imperfection with mode interaction or Eq. (3.45) for a non-axisymmetric imperfection with mode

interaction, respectively. From Fig. 3.2, it can be seen that the effect is quite similar for different sets

of values of the key parameters R/h,G"/G ,h,/h .
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Firstly, it is seen from Figs. 3.2a, 3.2c and 3.2¢ that, by comparing Eq. (3.39) with our previous results
(Eq. (2.39)), the mode interaction has a significant effect on imperfection sensitivity of even a
biopolymer spherical shell of an axisymmetric imperfection. Furthermore, the effect is more significant
with more modes interacted each other. Figures 3.2b, 3.2d and 3.2f show how the non-axisymmetric
geometric imperfection affects the imperfection sensitivity with the same four-mode interaction. It is
seen that the non-axisymmetric imperfection with large wave number in € direction (see Eq. (3.29))

has a greater effect on imperfection sensitivity. Therefore, to compare the mode interaction effect
among different key parameters R/h,G"/ G,h,/h , we consider the combination of the mode
interaction and the non-axisymmetric imperfection that has the greatest influence on imperfection
sensitivity with the results shown in Fig. 3.3. With fixed values of k, =5/6, £=0.3 and the other
parameters, the dependence of the knockdown factor 4 defined by (3.16), (3.39), (3.45) and (3.46) on
the imperfection parameter 5_0 or f_, (normalized by average thickness) is shown, respectively, in Figs.
3.3a, 3.3b and 3.3c for a range of R/h between 10 and 80, in Figs. 3.3d, 3.3e and 3.3f for a range of
G*/G between 0.1 and oo, and in Figs. 3.3g, 3.3h and 3.3i for a range of /,/h between 0.2 and 2.0.
From Fig. 3.3, it can be seen that for most cases of biopolymer spherical shells characterized by
different key parameters R/h,G"/ G,h,/h (which are physically realistic for typical biopolymer

spherical shells) shown in Figs. 3a-3h, the difference between the knockdown factor based on the mode
interaction and non-axisymmetric imperfection and that predicted by chapter 2 (Eq. (2.39)) based on

axisymmetric mode without the mode interaction is around 30%. However, for the case of biopolymer

spherical shells characterized by R/h=30,G" / G =,h,/h=0.2 shown in Fig. 3.3i, the difference is
less than 10% or even smaller when the key parameters R/A and h,/h are smaller. Therefore, we can

conclude that:
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1) If a relative error less than 10% is acceptable, the imperfection sensitivity based on the
simplified axisymmetric analysis as given in chapter 2 (Zhang and Ru, 2016) is practically
useful under reasonably mild conditions that biopolymer spherical shells have relatively thicker
average thickness (defined by moderate radius-to-thickness ratio, say, <30) and higher
thickness non-uniformity (defined by smaller effective bending thickness-to-average shell
thickness ratio, say, <0.2).

2) However, in other more general cases, the relative errors between the results based on the
present non-axisymmetric analysis with the mode interaction and that predicted by the
simplified axisymmetric analysis can be significant (typically around 30% or even larger). In

such cases, a more accurate non-axisymmetric analysis with the mode interaction is required.

For some cases considered here, the non-axisymmetric modes and the associated mode interaction can
have a significant effect, in a non-trivial way, on imperfection sensitivity of pressured biopolymer
spherical shells. This justifies the relevance of the present non-axisymmetric analysis of imperfection

sensitivity.
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Fig. 3.2 The effect of the non-axisymmetric buckling mode and the mode interaction on imperfection
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Fig. 3.3 (a) (b) (c) The influence of R/A on the imperfection sensitivity with fixed G*/ G =00 and
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3.3.3 The influence of key parameters on imperfection sensitivity

With the refined model, it is the two additional parameters ( G, 4, ) which distinguish a biopolymer
shell of high structural heterogeneity and thickness non-uniformity from a classical elastic spherical
shell defined by (£, £¢, h, R). Therefore, it is worth investigating how the high structural heterogeneity,
defined by the key parameters R/h,G"/ G,h,/h in the refined shell model, affects the non-

axisymmetric imperfection sensitivity of a pressured biopolymer spherical shell. As shown in Fig. 3.3,

it can be concluded that

1) Within the range of R/A between 10 to 80 (which is realistic for typical biopolymer spherical
shells), the parameter R/A has only a moderate effect on the non-axisymmetric imperfection
sensitivity.

2) The effect of G*/ G on the non-axisymmetric imperfection sensitivity is negligible when
G*/ G varies within a physically realistic range (say, between 0.1 to o) for biopolymer
spherical shells.

3) The parameter h,/h has a greater impact on the imperfection sensitivity. Therefore, the

thickness non-uniformity of biopolymer spherical shells could be mainly responsible for the

non-axisymmetric imperfection sensitivity.

These conclusions are qualitatively similar to those obtained in chapter 2 on axisymmetric buckling of
biopolymer spherical shells with axisymmetric imperfections. Again, it should also be stated that
results shown in Figs. 3.2 and 3.3 (in which the knockdown factor is extremely sensitive to vanishingly
small imperfections and monotonically decreases with increasing amplitude of imperfection) are

qualitatively consistent with those of (Lee et al., 2016) (e.g. see their figures 4 and 6), (Hutchinson,
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2016) (e.g. see his figure 7) and (Jimenez et al., 2017) (e.g. see their figure 2) for small-amplitude

imperfections and cannot be applied to arbitrarily large imperfections.

3.4 Imperfection sensitivity of specific biopolymer spherical shells

In this section, the effect of the non-axisymmetric buckling mode and mode interaction on imperfection
sensitivity is studied for two typical biopolymer spherical shells: UCAs and spherical viruses. The
physically relevant parameters for UCAs and spherical viruses are shown in table 2.1 and table 2.2,
respectively. The actual maximum load an imperfect biopolymer spherical shell can sustain will be
evaluated and compared to the prediction obtained in chapter 2 based on axisymmetric mode without

mode interaction.

First, let us examine polymer-shelled UCAs, with the relevant parameters shown in table 2.1 suggested
by (Chitnis et al., 2013) for the refined shell model (also see details in chapter 2). Two kinds of
polymer-shelled UCAs, named by two manufacturers (Point and Philips), are employed in their study.
Figure 3.4 shows the imperfection sensitivity based on the present non-axisymmetric analysis for
polymer-shelled UCAs of an axisymmetric imperfection (figure 3.4a) and a non-axisymmetric
imperfection (figure 3.4b), respectively. From Fig. 3.4, it is seen that the present non-axisymmetric
analysis makes the maximum load reduced to approximately 40% (see the marked in the Fig. 3.4 and
table 3.1) of that of a prefect spherical Point UCAs shell, or to approximately 2%-15% (see the marked
in the Fig. 3.4 and table 3.1) of that of a prefect spherical Philips UCAs shell, respectively, which is
around 25% or 5% lower than the prediction obtained in our previous work (see Fig. 2.6 in chapter 2

and table 3.1) based on axisymmetric mode without mode interaction, respectively.

Next, let us examine the imperfection sensitivity with physically relevant parameters shown in table

2.2 for some typical spherical viruses which are divided into four groups based on the parameters
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(R/h,G"/ G ,h,/h) and the nondimensional imperfection amplitude &, or & . The results shown in

Fig. 3.5 are obtained based on the data in table 2.2. From Fig. 3.5, it is concluded that the present non-
axisymmetric analysis makes the actual maximum load reduced to 25-40% (see the marked in the Fig.
3.5 and table 3.2) of that of a perfect spherical virus shell, which is around 30% lower than the
prediction obtained in our previous work (see Fig. 2.7 in chapter 2 and table 3.2) based on axisymmetric

mode without mode interaction.
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Fig. 3.4 The imperfection sensitivity of polymer-shelled UCAs with the relevant parameters listed in

table 2.1 (a) axisymmetric geometric imperfection (b) non-axisymmetric geometric imperfection
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Table 3.1 The comparison the reduction of the maximum load between the axisymmetric analysis in

chapter 2 and the present non-axisymmetric analysis for two varieties of polymer-shelled UCAs.

Non-axisymmetric analysis

Axisymmetric Non-axisymmetric analysis
UCA type . . . .
analysis (Axisymmetric imperfection) (Non-axisymmetric imperfection)
Point 65% 40% 40%
Philips 1 20% 15% 13%
Philips 2 15% 10% 8%
Philips 3 10% 5% 4%
Philips 4 5% 2% 2%
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Fig. 3.5 The imperfection sensitivity of spherical virus shells with the relevant parameters listed in

table 2.2 (a) axisymmetric geometric imperfection (b) non-axisymmetric geometric imperfection

Table 3.2 The comparison of the reduction of the maximum load between the axisymmetric analysis

in chapter 2 and the present non-axisymmetric analysis for some typical spherical viruses.
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Axisymmetric Non-axisymmetric analysis Non-axisymmetric analysis

Group analysis (Axisymmetric imperfection) (Non-axisymmetric imperfection)
1 55% 25% 30%
2 62% 30% 35%
3 64% 32% 37%
4 65% 31% 38%

3.5 Conclusions

The present chapter studies the effect of non-axisymmetric buckling modes and the associated mode
interaction (up to four-mode interaction considered) on imperfection sensitivity of pressured buckling
of structurally heterogeneous biopolymer spherical shells. Our results show that the maximum load (or
the so-called “knockdown factor”) predicted based on the present non-axisymmetric buckling modes
with the mode interaction can be significantly lower than those predicted based on the axisymmetric
mode without the mode interaction. For example, with physically realistic parameters for typical
imperfect biopolymer spherical shells, the maximum load predicted by the present non-axisymmetric
analysis drops to approximately 25%-40% of that of a prefect spherical virus shell, which is about 30%
lower than the previous estimation based on axisymmetric mode without the mode interaction.
Therefore, imperfection sensitivity of pressured buckling of biopolymer spherical shells can be
significantly influenced by non-axisymmetric imperfections and non-axisymmetric modes with the
mode interaction, although this influence can be relatively small (say, with a relative error less than
10%) for those biopolymer spherical shells with moderate radius-to-thickness ratio (say, less than 30)
and smaller effective bending thickness (say, less than 0.2 times average shell thickness). This justifies
the relevance of non-axisymmetric imperfection sensitivity with the mode interaction for biopolymer

spherical shells of high geometric heterogeneity.
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Chapter 4: Free vibration of biopolymer spherical shells of high structural

heterogeneity

4.1 Introduction

This chapter aims to investigate the role of high structural heterogeneity and thickness
nonuniformity on free vibration of biopolymer spherical shells. For this purpose, a refined shell
model originally proposed in (Ru, 2009) for pressured buckling of biopolymer spherical shells
(also employed by (Chitnis etal., 2011) to study rupture of ultrasound contrast agents) is employed,
in which two additional parameters (called “effective bending thickness” and “transverse shear
modulus”™) are added to the classical elastic homogeneous shell model to define the high structural
heterogeneity and thickness nonuniformity. In section 4.2, using the analysis procedure for free
vibration of a classical elastic spherical shell developed in several previous works, e.g. by (Wilkinson
and Kalnins, 1965) and (Wilkinson, 1965, 1966), the refined shell model is used to study natural
frequencies and associated vibration modes of'a biopolymer spherical shell, for both axisymmetric
and non-axisymmetric modes, respectively. Furthermore, in section 4.3, the role of high structural
heterogeneity and thickness non-uniformity on free vibration of a biopolymer spherical shell is
investigated by examining the effects of effective bending thickness and transverse shear modulus
on natural frequencies and the associated vibration modes, with detailed comparison to the
predictions given by the classical homogeneous shell model. Finally, main conclusions are

summarized in section 4.4.
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4.2 Basic equations for free vibration of a biopolymer spherical shell

In this section, linear axisymmetric and non-axisymmetric free vibration of a biopolymer
spherical shell of high structure heterogeneity and thickness nonuniformity is studied based on the
refined shell model proposed in (Ru, 2009). To this purpose, we shall adopt an analysis procedure
similar to that developed in (Wilkinson and Kalnins, 1965) and (Wilkinson, 1965, 1966), on

axisymmetric and non-axisymmetric vibration of a classical homogeneous spherical shell.

Consider a biopolymer spherical shell defined by the spherical coordinates @ (0<@p<7x), 0
(0<0<2x)and z (—h/2<z<h/2) (taken positive outward) and having middle surface radius R
and average shell thickness /. The linear mid-face strains (including 2 transverse shear strains e,_,
€

and the change in curvatures k,, k, and k) of a spherical shell are given in terms of the

z

displacements of the middle surface (u,v,w) and the rotations (¢, B ) of the normal of the middle

surface in ¢, @ directions by (Ru, 2009)

1l ou w u 1 ov w
e, =——+—, e, =—cCotQp+— —+—,
Y ROp R R Rsingp 00 R
L O 1 Vg e m D My e L M Y g @)
” Rsinpof ROp R ” ROp R Rsingp 060 R
k :la_a’ kg:gcot¢+ 1 %’ kg:#a_a+l%_ﬁcot¢
“ R Og R Rsing 060 ” Rsinp 00 ROp R

Furthermore, based on the isotropic linear plane-stress stress-strain relation, the in-plane resultant

membrane forces, bending moments and transverse shear forces are given by (Ru, 2009)

'N En |1 e
o | _ h2 H || € ’ N¢e theth’
[Ny | 1-pul e

M 1 K
¢}=D[ “}[ 4"}, M,, =Dy, 42)
M, u 1]k,

0, = kSG*hew, Q,=k.G he,_,
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where E is Young’s modulus, u is Poisson’s ratio of the biopolymer shell, &, is the shear coefficient

(e.g. 5/6 in (Kraus, 1967)), G  is the transverse shear modulus, G is the common in-plane shear

modulus determined by ( £, ), and the bending stiffnesses of a biopolymer spherical shell are

assumed to be determined by an effective bending thickness 4, as

po_ Ehk  , _Gh 4.3)
12(1-47) P12

Likewise, for biopolymer shells, it is assumed that transverse shear modulus G~ can be much lower
than the in-plane shear modulus G , and the effective bending thickness /, can be considerably
different from the average shell thickness # (Ru, 2009). It is the two additional parameters (G, hy)
which distinguish a biopolymer shell of high structural heterogeneity and thickness non-uniformity

from a classical elastic shell defined by ( E, 1, h).

Finally, five equations of motion for five unknowns u,v,w,a, f of linearized free vibration of a

spherical shell are given as follows (Kraus, 1967; Ru, 2009; Wilkinson and Kalnins, 1965)

a;j: ¥ azav;,g cscp+(N, —N,)cotp+0, ZRPh("I%”kZ %j’
8;\7;9 + 6(;\/09 cscp+2N,, cotp+0, ZRPh(kl Z_;)+Rk2 %j’
Z_Qfﬂ(/)+%csc¢+Q¢00t¢—(Nw+N9):Rphkl%v’ Y
ag;[: +%csc¢+(M¢, —M,)cotp—RO, = szhs (%ZZ[ h 852;}
62/[;9 L M, cscp+2M ,, cotp— RO, = R102h3 [%Z_;}Jrk’ a@%j
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. 1(hY 1(hY 3(hY
where the tracers are given by k, =1+ —| — | .k, ==| — | ,k, =1+—| — | ,c, =2 (Kraus, 1967;
12\ R 6\ R 20\ R

Wilkinson and Kalnins, 1965), ¢ is time, and p denotes the mass density of the shell.

4.2.1 Axisymmetric free vibration of a biopolymer spherical shell

First, let us investigate axisymmetric free vibration of a biopolymer spherical shell. For this case, we

set all @ -variations in Eqs. (4.1) and (4.4) to zero, thus five equations (Eq. (4.4)) are reduced to three

equations (the first, third and fourth equations of (4.4)) for u,w,a (spheroidal mode) and two
equations (the second and fifth equations of (4.4)) for v, (torsional mode), and the former is

decoupled from the latter. Therefore, axisymmetric motions of a spherical shell are either of a
spheroidal mode with no motion in the circumferential direction, or of a torsional mode in which the
motion is exclusively in the circumferential direction (Wilkinson, 1966). This remains true for the

refined shell model as confirmed in the present work. Now let us discuss the two cases separately.
4.2.1.1 Frequency equation for spheroidal vibration modes

The equations governing axisymmetric spheroidal deformations of a biopolymer spherical shell are

written for three unknowns U, W, & as follows (the first, third and fourth equations of (4.4) with setting

60 -variations to zero, and the other two unknowns v,  vanish) (Wilkinson, 1966)
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ON o’u o’a
6; +(N,—Ny)cotp+Q, :Rph(k1¥+Rk2 v ),
o0 o*w
a(;’ +0, cotp—(N, + N,) = Rphk, . (4.5)

aM 3 2 2
5t (M, ~My)cotg RO, = Roh [ﬁa “ ik “],

+
12 \Ro* " o

In a similar way as (Wilkinson, 1966), let us define u and Q, in terms of two auxiliary functions

/g as

_I _%
op’ 7 0p

u (4.6)

Setting all € -variations in Eq. (4.1) to zero, introducing Eqs. (4.1), (4.2) and (4.6) into Egs. (4.5) and

assuming that the time dependence of all shell variables (u, w,« ) is of the form cos wf, where @ is

the angular frequency, we have three equations for (w, f,g)

R
(V2+A1)f+E—hA2g+A3w:O,

R
Blvzf+E(Bzvz+BS)g—(V2—B4)w=O, (4.7)
%C1V2f+vzg+%(?2w:0,
where
A=(1- QO (k +k A =(1-2)+20Q% (1 kG A =(1 - Q%
=(1-m)+ (1+ 2)» 2 ( H)+ (+'u)k G’ - (1+ ) 25
3
Bl=(1—u)+92[hi](c,+k,), p=2t2
0 s
(4.8)
2(1- 42 20y
k, h X G\ hy
3
B, =—(1—u)-Q° L k., cl=_—1, cz=_—2+ klzgf,
hy —u l—p 1-p

80



and Q° denotes the dimensionless natural frequency defined by

2 204 2
szpRa)T(l,u). (4.9)

By treating the Laplacian operator as an algebraic quantity, we can derive from Egs. (4.7) an uncoupled

equation in the radial displacement w

Vow+ WV w+ W, Vw+Ww=0, (4.10)

0’ 0
where Laplacian operator for the axisymmetric case takes the form V° ( ) = —(2) +cot (0(—) and

op op
W, = A + A, - B, — 4,C, — 4,B,C, + B,C,,
W, =—AB, + AB, + A,B,C, — A,B,C, — A,C, + B,C, + A,B,C,, (4.11)
W, = AB,C, — 4,B,C,.

In the case of axisymmetric motion of a complete closed spherical shell, the radial displacement w of

the spheroidal modes is given by (Wilkinson, 1965)
w={,P,(cosg)cos ar, (4.12)
where &, is arbitrary constant, n is any non-negative integer (7 =0,1,2,3,...), and P, (COS (0) is the

Legendre-polynomial of degree n. Introducing Eqs. (4.8), (4.11) and (4.12) into Eq. (4.10) and

considering the identity Van (cos (p) = —n(n + l) P (cos gp) , the resulting frequency equation may be

written as a cubic equation in €27 as follows
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3 3
+klln(kl+k2)+(c,+kr)[h£j +ki kl+k’[h£] J((?;*[lr,u_lj]
0 s 0

vo% {(1+,u)(2—r)[77k2 +(hi]3 c,}k,, [r(r_z_ﬂ)(hﬁf +2(14 ) (4.13)

0 0

x[“;_z)g +1J(hﬁoj3]+kl {ﬁr(r+4,u)gk br(rbnt )+ (1430)

s s

x[n—k%g,‘j—(l—y)}}—(r—Z){r(r—Z)Jr2(lk+ﬂ)(r—l+y)g* +(1—,L12)(77+l) =0,

2 3
where 17 =12 (%j (hij and r=n (n + l) . It is noted that the frequency equation (4.13) given by the

0

present refined model reduces to the classical formula (1.3) when G* =G and h, = h, as expected.

It is confirmed by solving Eq. (4.13) with Mathematica that for the present refined model with

physically realistic parameters of biopolymer spherical shells, there are always three positive roots
Q,Q,,Q, (Q<Q,<Q,) for n=12,3,... and two positive roots €2,, 2, for n= 0, which give
dimensionless natural frequencies. For example, the dimensionless natural frequencies for different

values of 7 are plotted in Fig. 4.1 for the parametersk, =5/6, £=0.3, R/h=10, G*/G =1.0 and

h,/h =1.0, which is identical to figure 1 in (Wilkinson, 1965).
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Fig. 4.1 The dimensionless natural frequencies corresponding to different values of n

The radial displacement w of the associated vibration mode is given by (4.12), while the associated
tangential displacement u and rotation ¢ can be obtained based on Eq. (4.6), in which the expressions
of f and g can be derived from Egs. (4.7) as

Ff=FEV'w+EViw+ E,w,

Eh

\ i (4.14)
Gg =?(sz w+GViw+Gw),

where F,F,,F,.F,,G,,G,,G,,G,, which are also used in the following non-axisymmetric analysis,

are related to the parameters defined in (4.8), as given in Appendix F.

It is seen that because w given by (Eq. (4.12)) only depends on the value of n, the radial displacements
w of different vibration modes corresponding to the same value of » are the same. However, because
u and a given by Eq. (4.6) depend on the value of dimensionless natural frequency Q, the tangential
displacements u and rotations & of different vibration modes corresponding to the same value of n

are different.
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4.2.1.2 Frequency equation for torsional vibration modes

In the torsional case, axisymmetric motion of a biopolymer spherical shell is governed by the following

two equations for two unknowns v, (the second and fifth equations of (4.4)) with setting & -

variations to zero, and the other three unknowns #, W, vanish) (Wilkinson, 1966)

oN , o’y o’p
a; +2N(p9COt(0+Q9:R,Oh[kly‘f‘sz? ,

4.15
aM""’+2M cotp—RQ —R'Dh3 c_,8_2v+k 82_ﬂ o
0p e TR T T Rae T ek )

Similarly, Setting all @ -variations in Eq. (4.1) to zero, introducing Eqgs. (4.1), (4.2) into Eqgs. (4.15)

and assuming that the time dependence of all shell variables (v, ) is of the form cos wf, we have two

coupled equations in v and Q,

V12+ﬂ v B[ 24 0, =0,
1—u Eh\1-u

(4.16)
\%Z5 e BV + 25, 0, =0,
1—u Eh I—u
2y 2 (0) () : o2 . .
where V, ( ) = F+ Cotgoa— —( )Csc @ . Then, by treating V|~ as an algebraic quantity, one
4 4

may obtain an uncoupled equation in the tangential displacement v

VV Y+V,V v +V =0, (4.17)
where

V, =B, (1—,u)2 . V,=2(1—-u)(—4,+B,+AB,), V,=4A4B,—4A4,B, (4.18)
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In the case of axisymmetric motion of a complete closed spherical shell, the tangential displacement

v of the torsional modes is given by (Wilkinson, 1965)
v=¢,B (cosg)cos ar, (4.19)

where ¢ is arbitrary constant, £ is any non-negative integer (k =0,1,2,3,...), and Pk1 (cos (p) is the
associated Legendre-polynomial of degree k and order 1. Then introducing Eq. (4.19) into Eq. (4.17)
and considering the identity Vlszl (Cos (o) = —k(k + l) Pkl (cos gp) , we obtain the following quadratic

frequency equation in €27

S

—_

Ry

+

NW‘

N—

+

—_

(@)

g

+

\)N‘

N—
N\
S| =
~—3

(4.20)

2 3
where 7 = 12(%) (hﬁj and r = k(k+1). It is also noted that the frequency equation (4.20) given

0
by the present refined model reduces to the classical formula (1.4) when G =G and hy="h, as
expected.

Similarly, it is confirmed by solving Eq. (4.20) with Mathematica that for the refined model with

physically realistic parameters of biopolymer spherical shells, there are always two positive roots
Q,,Q, (Q,<Q,) for k=1,2,3,... and one positive root O for k=0, which give dimensionless
natural frequencies. For example, the dimensionless natural frequencies for different values of k are
plotted in Fig. 4.2 for the parameters k, =5/6 , £=0.3, R/h=10, G*/G =1.0 and #,/h=1.0,

which is identical to figure 2 in (Wilkinson, 1965).
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Fig. 4.2 The dimensionless natural frequencies corresponding to different values of &

The tangential displacement v in the 6 (circumferential) direction of the associated vibration mode is

given by (4.19), while the associated rotation /S in the circumferential direction can be obtained based

on the expression of Q,, which is derived from Eqgs. (4.16) as

0, =—E—hi(1_—”v12v+4v]. 4.21)

R 4, 2

It is seen that because v given by (Eq. (4.19)) only depends on the value of %, the tangential

displacements v of different vibration modes corresponding to the same value of & are the same.
However, because f given by Eq. (4.21) depends on the valve of dimensionless natural frequency €2,

the rotations S of different vibration modes corresponding to the same value of k are different.

Therefore, for axisymmetric free vibration of a biopolymer spherical shell, for given parameters
(u.k, ,R/h,G / G,h,/h), one can determine the dimensionless nature frequencies from Eq. (4.13) or

Eq. (4.20) for each value of n or k, respectively. Thus, there are total five natural frequencies
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associated with each pair (n, k). Three of them, determined by Eq. (4.13) for each value of n, are
associated with the spheroidal modes (i.e. torsionless modes in (Wilkinson and Kalnins, 1965), or
coupled bending-stretching modes in (Rochal et al., 2017)), and the other two, determined by Eq. (4.20)
for each value of k, are associated with the torsional modes (i.e. toroidal modes in (Mcgee and Spry,
1997), or thickness-shear modes in (Kraus, 1967)). For the spheroidal modes, the radial displacement
w is given by (4.12) while the tangential displacement u and the rotation « in @ direction are
determined from (4.6) and (4.14). For the torsional modes, the tangential displacement v is given by

(4.19) while the rotation £ in @ direction is obtained from (4.21). Therefore, the spheroidal modes

have radial and tangential components while the torsional modes have only a tangential component.

4.2.2 Non-axisymmetric free vibration of a biopolymer spherical shell

Next, let us investigate non-axisymmetric free vibration. In a similar way as (Wilkinson and Kalnins,

1965), let us define u,v and Q,,Q, in terms of four auxiliary functions f,g.w,A as

A o

Uu=——wysingp, v=——csco,
o 08 (4.22)

og . og
=—=—Asinop, =—csco.
o, 20 o, Oy 59 S5C?

Similar to the axisymmetric case, introducing Eqgs.(4.1), (4.2) and (4.22) into Egs. (4.4) and assuming

that the time dependence of all shell variables (u,v,w,a, ) is of the form cosw?, one gets two
uncoupled equations (one is same as Eq. (4.10) and the other is similar to Eq. (4.17) with ¥/ in place
of v) for (w, ) given by (for detailed procedure based on (Kalnins, 1961; Wilkinson and Kalnins,

1965), see Appendix F)
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Vow+ WV w+ W,V w+Ww=0 (4.23)

and
VY +V,Viy +Vy =0, (4.24)
where the Laplacian operator for the non-axisymmetric case takes the form

(-2 o) 20

-+ cotp—— +csc’ @—-=2 . The remaining three auxiliary functions ( f,g,\) are
op op 06’

related to w and ¥/ by (see details in Appendix F)

Eh 1 (l-u_,
A=—"=— | = EV + Ay |,
vy

oy . A
Ff=FV'w+EV'w+Fw+F, 8—V/sm(p+ F, Z—sm 0, (4.25)
¢ ¢

Eh oy . oA\ .
Gg=—|GV'w+GVw+Gw+G, l'//smgo+G6—sm(p
R op op
where the parameters F, F,, F,, F,, F,, F,,G,,G,,G;,G,,G,,G, are related to parameters in (4.8) as
given in Appendix F. It is also proved that Eqgs. (4.23), (4.24), (4.25) reduce to the classical formulas

(see Egs. (3)-(7) in (Wilkinson and Kalnins, 1965) for the non-axisymmetric vibration) when G' =G

and h, = h, as expected.

In the non-axisymmetric case, for a complete spherical shell, the general solutions of (4.23) and (4.24)
are a linear combination of solutions of the separable form (Bryan, 2017; Wilkinson and Kalnins,

1965)

:[ Z 7, cosm@P" (cos gp)} cos wt (4.26)
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and
k
W= { > 7, cosmOP" (cos go)} cos o, (4.27)

where 7,7, are arbitrary constants, P (cos (p) is the associated Legendre-polynomial of degree n

and order m, and the indexes n and k are two non-negative integers.

It can be easily verified that natural frequencies depend on the integer n or k but are independent of .
In view of the fact that the governing equations (4.23) and (4.24) for non-axisymmetric vibration are
the same as the governing equations (4.10) and (4.17) for axisymmetric vibration, frequencies
equations for non-axisymmetric vibration are identical to the frequencies equations Eqgs. (4.13) and
(4.20) for axisymmetric vibration. Thus it is concluded that for each non-negative integer value of n or
k, the dimensionless natural frequencies for non-axisymmetric vibration are identical to the
dimensionless natural frequencies for axisymmetric vibration and can be determined by the frequencies

equations Eqgs. (4.13) and (4.20) for axisymmetric vibration.

Therefore, for given parameters ( 4,k , R/h, G / G,h,/h), the natural frequencies and the associated
vibration modes (u,v, w,a, ) for non-axisymmetric vibration of a biopolymer spherical shell can be

determined, as illustrated below for the case of the parameters (k, =5/6, u#=0.3, R/h=10,

G*/G =1.0 and %,/h=1.0) used in Figs. 4.1 and 4.2. First, for any non-negative integer n (say, n=>5),

the radial displacement w can be determined by Eq. (4.26), and the three dimensionless natural
frequencies can be obtained through Eq. (4.13) (see Fig. 4.1). For example, it is seen from Fig. 4.1 that
the lowest natural frequency for n=5 gives Q2 =1.0. Next, to determine the corresponding tangential

displacements u,Vv and rotations &, from Egs. (4.22) and (4.25)), the corresponding value of the

non-negative integer k£ can be determined as the nearest natural number by introducing the natural
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frequency Q=1.0 into Eq. (4.20) (see Fig. 4.2, with 2=1.0, the nearest natural number k=2). Thus,

the four auxiliary functions f,g,, A can be determined by (4.25) and (4.27), and the corresponding
tangential displacements u, v and rotations &, are obtained through Eq. (4.22). Therefore, for non-
axisymmetric free vibration of biopolymer spherical shells, corresponding to a natural frequency, the
values of n and k can be determined by Eqs. (4.13) and (4.20), respectively. Then, the corresponding

vibration modes (u«, v, w, cr, [3) can be obtained by Egs. (4.22), (4.25), (4.26) and (4.27).

It is seen from the representation (4.26) that there are in general (2n+1) independent vibrational modes
corresponding to each natural frequency (one of which is an axisymmetric mode, while all other 2n
modes are non-axisymmetric), consistent with the conclusion made by (Silbiger, 1962) for classical
spherical shells. Because of spherical symmetry, the frequencies of the non-axisymmetric modes are
identical to the frequencies of the axisymmetric modes of the same integer n. The statements of Silbiger
(Silbiger, 1962) regarding the number of independent modes, 2n+1, are confirmed by simulations (see
figures 4 and 5 in (Duffey et al., 2007)) and theoretical verification (see figure 4 in (Bryan, 2017)) for
classical homogeneous shell. As we shown here, all of these results remain valid for the present refined

shell model for biopolymer spherical shells of high structural heterogeneity.

4.3 Influence of high structural heterogeneity on vibration of a biopolymer

spherical shell
The major goal of this work is to examine how the high structural heterogeneity, defined by the key
parameters (R/h,G / G,h,/h), affects the natural frequencies and vibration modes of a biopolymer

spherical shell. Now, let us investigate how these parameters influence free vibrational of a biopolymer

spherical shell with their physically realistic values.
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4.3.1 The influence on axisymmetric free vibration

For the axisymmetric case, the three frequencies of the spheroidal vibration modes determined by Eq.

(4.13) are denoted by Q,, Q,, Q, (€, <Q, <Q.), while the two frequencies of the torsional vibration

modes determined by Eq. (4.20) are denoted by €2,, Q. (€2, <Q.).

4.3.1.1 The influence of key parameters

Let us now investigate how the key parameters ( R/h,G"/ G,h,/h ) influence the axisymmetric

vibration frequencies and the associated vibrational modes. It is known that for biopolymer spherical
shells, the low-lying frequencies and the associated vibration modes are usually involved in their
biological functions, and one can gain insights into the collective motions relevant to biological
function by examining the lowest frequency modes (Balandin and Fonoberov, 2005; Bergman and
Lezon, 2017; Dykeman and Sankey, 2008, 2009, 2010; Ford, 2003; Ghavanloo and Fazelzadeh, 2015;
Kahn et al., 2001; May et al., 2011; May and Brooks, 2011, 2012; May, 2014; Peeters and Taormina,
2008, 2009; Talati and Jha, 2006; Tama and Brooks, 2005; Tsen et al., 2006, 2007; Wells et al., 2015;

Widom et al., 2007; Yang et al., 2009). Therefore, we shall focus on the dimensionless natural

frequency €2, and €2, for spheroidal modes and €2, for the torsional modes (see Figs. 4.1 and 4.2 that
Q) is much larger than Q, and Q,, and €2, is much larger than Q, for same value of » and £,

respectively).

Let us first investigate the influence of the parameter R/A , for fixed values k, =5/6, 1£=0.3,

G / G=1.0 and h,/h=1.0. In this case, the present refined model reduces to the classical shell model

(Egs. (4.13) and (4.20) reduce to Egs. (1.3) and (1.4)), and the effect of R/A on the natural frequencies

of a classical spherical shell has been investigated (e.g. see (Bryan, 2017; Mcgee and Spry, 1997; Talati
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and Jha, 2006)). For the present study, the dependence of the dimensionless natural frequency Q given
by Eq. (4.13) for the spheroidal modes and Eq. (4.20) for the torsional modes on the non-negative
integer n or k is shown in Figs. 4.3a and 4.3b, respectively, for a range of R/A between 5 and 50. It is
seen from Figs. 4.3a and 4.3b that the frequencies of the spheroidal modes decrease with increasing
value of R/h, which is consistent with the known results (see e.g. table II in (Talati and Jha, 2006),
table IV and figure 3 in (Mcgee and Spry, 1997), and figure 2 in (Bryan, 2017)). On the other hand,

the frequencies of the torsional modes remain fairly unchanged when R/A varies from R/h=35 to

R/h =50, which is consistent with known results (e.g. Table V and figure 4 in (Mcgee and Spry,

1997)).
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Fig. 4.3 The effect of R/% on natural frequencies

Next let us examine the effect of transverse shear modulus G~ / G and effective bending thickness
hy/h on the vibration frequencies and the associated modes for fixed values k, =5/6 and £ =0.3.
The influence of varying G*/ G within the range [0.01, 1] (with fixed value /4,/h=1.0), and the
influence of varying /,/h within the range [0.2, 1] (with fixed value G*/ G=1.0) on the natural

frequencies of a spherical shell are illustrated in Figs. 4.4 and 4.5 for three different values of R/,

92



respectively. It is seen from Figs. 4.4 and 4.5 that when G / G decreases from 1.0 to 0.01, or when

h,/h decreases from 1.0 to 0.2, the frequencies of the spheroidal modes decrease substantially

(especially for larger n) for thicker and small-radius spherical shells (defined by smaller value of R/%),
while the decrease is negligible for thinner and larger-radius spherical shells. On the other hand,
transverse shear modulus and effective bending thickness have almost no effect on the vibration

frequencies of the torsional modes.

The Stick spectrum of the corresponding vibration modes for the cases illustrated in Figs. 4.4 and 4.5
are shown in Figs. 4.6 and 4.7, respectively, where the horizontal axis denotes the vibration modes (“S”
denotes the spheroidal modes and “T” denotes the torsional modes) and the vertical axis denotes the
corresponding dimensionless natural frequencies ). Similar stick spectrums of vibration of some
spherical viruses can be seen in (Dykeman and Sankey, 2010) (see their figures 4, 7, 11). It can be seen

from Figs. 4.6 and 4.7 that G~ / G and h,/h have a significant effect on the vibration modes of thicker

and small-radius spherical shells. Specifically, for thicker and small-radius spherical shells, if
transverse shear modulus is much lower than the in-plane shear modulus or/and the effective bending
thickness is considerably smaller than the average thickness, the spheroidal modes of shorter
wavelength (corresponding to larger integer n, as seen in Figs. 4.4a and 4.5a) become the dominant

modes in the low frequency range (say 0.5<Q<2).
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Fig. 4.7 The effect of h,/h on the associated vibration modes for three values of R/h. (a)R/h=5;
(b) R/h=20; (c) R/h=50

Therefore, since biopolymer spherical shells are relatively thicker and smaller in radius (defined by
smaller radius-to-thickness ratio, e.g. see R/h ranging from 3 to 6 in table 2.2 for several viral capsids,

and figures 2 and 3 of (Yang et al., 2009) for Lumazine synthase and viral capsid STMV, respectively),
and are of high structural heterogeneity and thickness non-uniformity (characterized by transverse

shear modulus much lower than the in-plane shear modulus G and an effective bending thickness
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significantly smaller from the average shell thickness), the actual frequencies of spheroidal modes of
a biopolymer spherical shell could be much lower than those predicted by the classical homogeneous
shell model (see Egs. (1.3) and (1.4)), although the frequencies of torsional modes can be quite close
to those predicted by the classical homogeneous shell model. For the vibration modes of biopolymer
spherical shells, the spheroidal modes with shorter wavelength are more likely dominant in the low-
frequency range, as confirmed using simulation methods (e.g. atomistic modeling (Dykeman and
Sankey, 2010)). Indeed, as seen in figures 5, 8 and 12 of (Dykeman and Sankey, 2010), the
displacement patterns of three types of spherical viruses in the lowest-frequency range are largely

dominated by the spheroidal modes.

4.3.1.2 Comparison with the known results

In order to justifies the relevance of the present refined shell model for specific biopolymer spherical
shells, let us compare our predicted results with some know data. First, let us compare the results given
by the present refined model for the icosahedron with the known results obtained with the mass-and-

spring model given in (Widom et al., 2007). The dependence of frequencies of the spheroidal modes
(Q,;n=0 (breathing mode), Q2;;n=6,10,12) and torsional modes (£2,;k = 6) on varying value of
h,/h (equivalently, varying value of the Foppl-von Karman number y (defined by (2.43)) is shown
in Fig. 4.8, with fixed values k, =5/6, u=0.3, R/h=4 (Lidmar et al., 2003; Widom et al., 2007)
and G*/ G =1.0. It is seen from Fig. 4.8 that the results given by the present model are qualitatively

consistent with the known results shown in figure 4 of (Widom et al., 2007). As shown in Fig. 4.8 and

figure 4 of (Widom et al., 2007), the frequencies of spheroidal modes (i.e. €;n=26,10,12 in Fig. 4.8

and the mixing mode ¥, ,Y,,,,},, in (Widom et al., 2007)) decrease with increasing Foppl-von
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Karman number y and the decrease is more significant for larger integer n (i.e. €2;n =12 in Fig. 4.8
and Y,,, in (Widom et al., 2007)), while the frequencies of the torsional mode (i.e. €2,;k =6 in Fig.
4.8 and the tangent mode X, in (Widom et al., 2007)) and the breathing mode (i.e. Q,;n=0 in Fig.

4.8 and ¥, in (Widom et al., 2007)) remain almost unchanged with varying value of y .
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Fig. 4.8 The dependence of frequencies of the spheroidal modes ( Q,;n=0 (breathing mode),

Q,;n=6,10,12) and torsional modes ( 2,;k = 6 ) on the Foppl-von Karman number y .

Table 4.1. Parameters used in the present refined shell model for biopolymer spherical shells of high
structural heterogeneity, where the Young’s modulus E is determined based on the relative Young’s

modulus in table 4 of (Yang et. al., 2009), which is in the reasonable range provided in (Yang et. al.,

2000).
Types k, p(kg/m’y M  E(Gpa) R(m) h (mm) G/G  hy/h
Lumazine synthase  5/6 987.60 0.30 6.4 6 3.6 1.0 0.8
Virus capsids STMV ~ 5/6 823.82 0.24 3.7 7 3.1 1.0 0.75
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Let us now compare the results given by the present model for two biopolymer spherical shells

(Lumazine synthase and Virus capsids STMV) to those predicted by the classical shell model (1.3) and
(1.4) (which can be obtained by the present model with G~ / G=1.0 and &,/h=1.0) and simulation

results of (Yang et. al., 2009) (see tables 2 and 3 in (Yang et. al., 2009)). Yang et. al. (Yang et. al.,
2009) employed the coarse-grained elastic network to obtain discretized frequencies and associated
vibration modes for the two specific spherical shell-like biomolecular assemblies (Lumazine synthase

and Virus capsids STMV), and then to estimate the Young’s modulus ( £) Poisson’s ratio ( &) by
fitting them to the continuum shell model (based on the assumptions of axisymmetric motion and the
transverse shear modulus equal to the in-plane shear modulus). The parameters R and /4 are
calculated based on the inner and outer radii shown in figures 2 and 3 in (Yang et. al., 2009), and the
parameters p, 1, E are obtained from table 4 in (Yang et. al., 2009). To apply the present refined shell
model to biopolymer spherical shells of high structural heterogeneity, we have chosen k, =5/6,
G / G =1.0 (to be consistent with the assumption made in (Yang et. al., 2009)) for the two
biomolecular assemblies with /,/4 = 0.8 (for Lumazine synthase) and #,/h =0.75 (for virus capsids

STMV) determined by fitting the results in (Yang et. al., 2009), respectively, as given in table 4.1. For
both cases, the results of the classical shell model shown in table 4.2 are obtained with /,/h =1.0 and

otherwise identical parameters as the refined shell model. As shown in table 4.2, the results given by
the present refined shell model, for both natural frequencies and associated vibration modes, agree well
with the simulation results in (Yang et. al., 2009), although the results given by the classical shell
model show significant deviations from the simulation results of (Yang et. al., 2009). For example, it
is seen from table 4.2 that, compared to Yang et al.’s simulations (Yang et. al., 2009), the classical
shell model considerably overestimates the natural frequencies of spheroidal modes especially for

larger n (see n=3,4,5 for Virus capsids STMV, for which the frequencies predicted by classical shell
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model are about 30-50% higher than the simulation results of (Yang et. al., 2009), while the latter are
very close to those predicted by the present refined shell model with the maximum relative errors not
more than 5%). This offers an evidence of the physical relevance and usefulness of the present refined
shell model over the classical shell model for biopolymer spherical shell of high structural

heterogeneity.

Table 4.2. Comparison for two specific spherical shell-like biomolecular assemblies (Lumazine

synthase and Virus capsids STMV), where V +W and V, refer to spheroidal modes with angular
momentum index n, X refers to torsional modes with angular momentum index n, ¥ refers to

breathing mode, (€2,,€2,) are the calculated frequencies correspond to spheroidal modes, and €, is

the calculated frequencies correspond to torsional modes.

Lumazine synthase

Results of table 2 in (Yang

et. al., 2009) Classical shell model The refined shell model
Frequency  vibration Frequency Vibration Frequency  Vibration
o’ (ps™) Mode o’ (ps™) Mode o’ (ps™) Mode

0.83817
V,+W, 0.99153 Q,(n=2) 0.84248 Q,(n=2)

0.84045

1.41542
X, 1.52197 Q,(n=2) 1.43243 Q,(n=2)

1.42215

1.98688
V,+W, 2.66892 Q,(n=3) 2.15597 Q,(n=3)

1.99022
3.09788 Vs 2.99600 Q,(n=0) 2.99600 Q,(n=0)
3.26416 X, 3.80491 Q,(n=3) 3.52810 Q,(n=3)
3.44217 4 4.01303 Q,(n=1) 3.69429 Q,(n=1)
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Virus capsids STMV

Results of table 3 in (Yang et.

al., 2009) Classical shell model The refined shell model
Frequency Vibration Frequency Vibration Frequency Vibration
o’ (ps™) Mode o’ (ps™) Mode o’ (ps™) Mode
0.43242 V,+W, 0.45131 Q,(n=2) 0.40445 Q,(n=2)
0.73901
V,+W, 1.05 Q,(n=3) 0.79236 Q,(n=3)
0.82876
1.05426 X, 0.94754 Q,(n=2) 0.93702 Q,(n=2)
1.22444
V,+W, 2.05953 Q (n=4) 1.42567 Q (n=4)
1.46058
1.81925 v, 1.64603 Q,(n=0) 1.64603  Q,(n=0)
2.13790
V. +W, 3.56305 Q (n=5) 2.42355 Q (n=5)
2.28670
2.30968 4 223733 Q,(n=1) 2.20857 Q,(n=1)

4.3.2 The influence on non-axisymmetric vibration modes

Since axisymmetric and non-axisymmetric modes of the same index » or k correspond to exactly the

same natural frequencies, as explained previously, here we shall focus on how the key parameters

(R/h,G"|G ,h, /1) affect the non-axisymmetric vibration modes.

As stated previously, there are in general (2n+1) independent vibrational modes corresponding to one
natural frequency. Therefore, the number of the independent vibration modes corresponding to one

natural frequency is determined by the value of the integer n, and then depends on the two key

parameters (G*/ G, h,/h) determined by the high structural heterogeneity. It is seen from Figs. 4.4
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and 4.5 that when the key parameter G~ / G or /and h,/h decreases, the integer n, and therefore the
number of the independent vibration modes, increases in the low-frequency range (say €2, <2.0) for
thicker and smaller-radius spherical shells. Since biopolymer spherical shells, often characterized by
low transverse shear modulus and smaller effective bending thickness, are relatively thicker and
smaller in radius, the actual number of independent vibration modes corresponding to a lower
frequency predicted by the present model could be much larger than that predicted by the classical
homogeneous shell model. For example, let us compare two cases in Fig. 4.5a: one is

R/h=5,G"/G=1.0;h,/h=1.0 (the classical shell model), and the other is
R/h=5,G"|G=1.0; hy/h=0.2 (the present refined shell model). All independent vibration modes

for <6 and the corresponding frequencies are shown in Fig. 4.9 (Fig. 4.9a for the classical shell
model, and Fig. 4.9b for the present refined shell model). It is seen from Fig. 4.9 that the number of
independent vibration modes of a low frequency (say, around (2 =1.0) predicted by the present refined
shell model is 37 (determined by (3+4+5+6)x2+1), which are considerably large than the number
7 (determined by 3x2+1) predicted by the classical shell model, in qualitative agreement with known
atomistic simulation results for several viral capsids (see e.g. figures 4 and 5 in (Peeters and Taormina,
2008) and figures 1-3, 6, 7, 10, 11 in (Peeters and Taormina, 2009)) which showed a low frequency
plateau characterized by a large number of vibration modes (e.g. 24 vibration modes for STMV, and

40 vibration modes for RYMV).
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Fig. 4.9 All independent vibration modes for n<6 and the corresponding frequencies (a) the classical

shell model; (b) the present refined shell model

4.4 Conclusions

Free-vibration frequencies and vibration modes of a biopolymer spherical shell of high structural
heterogeneity are investigated with a refined shell model. Unlike the classical homogeneous shell
model, this refined shell model of biopolymer spherical shells is characterized by an effective bending
thickness (which can be quite different from the average thickness) and the transverse shear modulus

(which can be much lower than the in-plane shear modulus). Our major results include

1). Two frequency equations are derived for axisymmetric spheroidal and torsional modes of a
biopolymer spherical shell of high structural heterogeneity, and the effects of structural heterogeneity
on natural frequencies can be investigated by studying the influence of the effective bending thickness

and transverse shear modulus on natural frequencies.

2). For example, the natural frequencies of spheroidal modes of several specific virus capsids STMV

predicted by the present model are about 30-50% lower than those predicted by the classical
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homogeneous shell model, in good agreement with known simulation results. This offers an evidence
of the physical relevance and usefulness of the present refined shell model for biopolymer spherical

shell of high structural heterogeneity.

3). Also, the present refined shell model predicts that the spheroidal modes with shorter wavelength
are dominant in the lowest frequency range, qualitatively consistent with the known displacement

patterns in the lowest frequency range obtained by other researches using simulation methods.

4). In addition, in the low frequency range of several viral capsids, the number of independent vibration
modes predicted by the present refined shell model is much larger than that predicted by the classical

homogeneous shell model, in qualitative agreement with known atomistic simulation results.

All of these results suggest that the refined shell model could be used to simulate mechanical behaviors

of biopolymer spherical shells of high structural heterogeneity.
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Chapter 5: Conclusions and future works

5.1 Conclusions

The main conclusions of this research are summarized below:

1) A recently developed refined elastic shell model is employed to conduct an axisymmetric
imperfection sensitivity of pressured buckling of biopolymer spherical shells. Results show that

1.1) the axisymmetric imperfection sensitivity of imperfect biopolymer spherical shells is
mainly influenced by the effective bending thickness, but insensitive to the transverse shear modulus;

1.2) with the physically relevant parameters for polymer-shelled UCAs and spherical
viruses, the maximum sustainable pressure of an imperfect UCA shell or an imperfect spherical virus
shell could reduce to 60% or 55-65% of the maximum sustainable pressure for a perfect UCA shell or
a spherical virus shell, respectively;

1.3) compared to classical elastic thin shells that can be extremely sensitive to geometrical
imperfections, typical biopolymer spherical shells are only moderately sensitive to geometrical
imperfections.

2) Furthermore, a non-axisymmetric imperfection sensitivity analysis is conducted. Results show
that:

2.1) the present non-axisymmetric imperfection sensitivity analysis can predict much lower
maximum pressure than those predicted based on axisymmetric imperfection sensitivity. For example,
with physically realistic parameters for some typical imperfect biopolymer spherical shells, the
maximum load predicted by the present non-axisymmetric analysis drops to approximately 25%-40%
of that of a perfect spherical virus shell, which is about 30% lower than the predicted maximum load

based on axisymmetric imperfection sensitivity;
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2.2) for the biopolymer spherical shells of moderate radius-to-thickness ratio (say, less than 30)
and smaller effective bending thickness (say, less than 0.2 times average shell thickness), the
imperfection sensitivity based on the simplified axisymmetric analysis is practically useful, while a
more accurate non-axisymmetric analysis with the mode interaction is required in other more general
cases.

3) A refined shell model is presented to study free-vibration frequencies and vibration modes of
a biopolymer spherical shell of high structural heterogeneity. Major results include:

3.1) two frequency equations are derived for axisymmetric spheroidal and torsional modes of
a biopolymer spherical shell of high structural heterogeneity. With the frequency equations, the
predicted natural frequencies of spheroidal modes of virus capsids STMV are about 30-50% lower than
those predicted by the classical homogeneous shell model, in good agreement with known simulation
results. This justifies the usefulness of the present refined shell model for biopolymer spherical shell
of high structural heterogeneity;

3.2) the present refined shell model also shows that the shorter-wavelength spheroidal modes
are the dominant vibration modes in the lowest frequency range, which is confirmed by other works
using simulation methods;

3.3) the number of independent vibration modes corresponding to a lower frequency predicted
by the present model is much larger than that predicted by the classical homogeneous shell, in

qualitative agreement with known atomistic simulation results.

In summary, to study the axisymmetric and non-axisymmetric imperfection sensitivity of
pressured buckling and free vibration of biopolymer spherical shells, a refined shell model is developed
and employed in the present research. Compared with the classical homogeneous shell model, higher-
order effects, caused by structural heterogeneity, thickness nonuniformity and geometric imperfection,

on global mechanical response of biopolymer spherical shells are carefully examined. The main
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achievements in the thesis are: 1) Axisymmetric and non-axisymmetric imperfection sensitivity
analyses are conducted to study the effect of geometric imperfections on pressured buckling of
biopolymer spherical shells; 2) clarify the cases in which the simplified axisymmetric analysis is
practically useful and the cases in which a more accurate non-axisymmetric analysis with the mode
interaction is required; 3) A refined shell model is developed to study free-vibration frequencies and
vibration modes of a biopolymer spherical shell of high structural heterogeneity. As compared to the
imperfection sensitivity in previous work done by Koiter (Koiter, 1969) and Hutchinson (Hutchinson,
1967), the axisymmetric and non-axisymmetric imperfection sensitivity analyses in the present work
are done for biopolymer spherical shells characterized by structural heterogeneity (measured by
transverse shear modulus) and thickness non-uniformity (measured by effective bending thickness). In
particular, the present work investigates how the key parameters (transverse shear modulus and
effective bending thickness) affect the imperfection sensitivity. With physically realistic parameters
for some typical biopolymer spherical shells, the predictions of actual maximum pressure and natural
frequencies and associated vibration modes given by the present model provide plausible comparisons

and explanations for known simulations and experiments.

5.2 Future works

Based on research results achieved in the present thesis, the following topics are recommended for

further studies:

1) The effect of geometrical imperfection on the natural frequencies and vibration modes of

free vibration of biopolymer spherical shells:

In chapter 4, we study the effects of structural heterogeneity and thickness nonuniformity on the
natural frequencies and vibration modes of biopolymer spherical shells. In the future, it is worthwhile
to investigate the axisymmetric and non-axisymmetric imperfection sensitivity analyses of free
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vibration of biopolymer spherical shells, as we did to the pressured buckling of biopolymer spherical

shells.

2) Further explore the viscous effect on the high frequency vibration of biopolymer

spherical shells:

In chapter 4, we only focus on the low frequency vibration of biopolymer spherical shells,
therefore the viscous effects can be ignored reasonably. However, for the high frequency vibration of
biopolymer spherical shells, such viscous effects may play a significant role and should be considered

in the future study.

3) Further consider more general geometric imperfections and large imperfections:

In (Lee et al., 2016; Hutchinson, 2016), they considered more general geometric imperfections
such as dimple-shaped undulations and sinusoidal-shaped equatorial undulations with larger
imperfection amplitude for pressured buckling of classical homogeneous spherical shells, which is

worthwhile to be studied for pressured buckling of biopolymer spherical shells

4) Further study on other mechanical behaviors of biopolymer spherical shells:

Based on the refined shell model employed in this thesis for biopolymer spherical shells of high
structural heterogeneity and thickness nonuniformity, other mechanical behaviors such as indentation,

adhesion and fracture of biopolymer spherical shells are worthy to be further studied.
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Appendix A: The Strain-displacement relations

This work is based on the the strain-displacement relations expressed in arbitrary orthogonal
curvilinear coordinate system (Sokolnikoff, 1956). The normal and shear strain components are related

to the components of the displacement vector by (Kraus, 1967; Sokolnikoff, 1956)

3
g= U | 1y® U s
oa, \/g 2g, 1= 0a, \/a

(A.1)

i1# ],

v, = 1 g oY +g oY i=123
i ’g[gj zaaj \/g ]aa[ \/g b 9“9~

where @;, U, and g, are, respectively, the curvilinear coordinates of the surface, components of the

displacement vector and geometrical scale factor quantities, and are defined below for application to

spherical shells

a =9, a,=0, a,=z, U, =U, U,=V, U, =W,

g, =4 (1+z/RY, g, =A(1+2/R), g =1, (A2

where U, V, W are the displacement vector compentens, Ai are Lame’s parameters (defined by
A =R, A, =Rsing for spherical shells) (Toorani and Lakis, 2000). Substituting Eq. (A.2) into Eq.

(A.1), we obtain the following strain-displacement equations in the spherical shell space

1 ou 1 (8V U . j
E,=———| —+W |, &,=—— —+—cosp+Wsmg |,
” R(1+z/R)\ o¢ Rsing(1+z/R)\ 06 R

=singp— d + L 2 v
Voo q)&(p Rsing(1+z/R) ) sing 80\ R(1+z/R) )
(A3)

1w of U
7 " R(1+2/R) o9 +R(1+Z/R)E[R(1+Z/R)]’

1 ow 0 V
= R si 1 R)—
o Rsing(1+z/R) 06 +Rsing(1+z/ )GZ(Rsingo(l+z/R)]’
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where €,, & and 7,9, ), Vy, are, respectively, the normal and shearing strain components. We can

assume that the displacement components are presented by the following relationships

U(p,0,2)=u(p,0)+za(e,0),
V(9.0.2)=v(0.0)+zpB(p.0),
W (9.0.2)=w(p.0).

(A.4)

The @ and £ represent the rotation of tangents to the reference surface oriented along the parametric

lines @ and @ respectively. Substituting Eq. (A.4) into Eq. (A.3)

E,=€,+tZK,, &y =€y+ZKy, V.9 =€, +ZK,,

Vpr =€, —Z—RE Yo- =€, —Z— =€

where the midface engineering strains are given by

lou w u 1 ov w 1 ou 1ov v
e, =——+—, e =—cotp+———+—, e,= —+————cotg,
 ROp R R Rsingp 00 R ” Rsinpod ROp R
I ow v low u
T4 B, e, =————ta,
Rsmgp@@ R ”“ ROp R
and the change in curvatures are given by
1 da a 1 0 L 80{ 19
= ky, =—cotp+— —'B, ko = Ga 105 ﬂ oty
Rago R Rsing 060 Rs1n(p6¢9 Raq) R
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Appendix B: Axisymmetric post-buckling analysis of a pressured perfect

biopolymer spherical shell

B1. Instability of post-buckling behavior of a pressured perfect biopolymer

spherical shell

In order to determine the instability of post-buckling behavior, we should examine the sign of Eq.
: N | . : :
(2.32). First, the term B, | (4, w,, 1), (u2’W2’a2);E in Eq. (2.32) will vanish for any value of the

load N, according to the orthogonality condition (2.28), which can also be confirmed by introducing

the buckling modes (2.14) and (2.20) and the auxiliary displacements (2.29) into Eq. (C.3) and
calculating with Mathematica. Also, it follows from Egs. (C.1) (C.2) (C.4) (C.5) and (C.6) that the
expressions of these equations are given by

N, N, N,
g{(ul’wl’al)’E_;}zAz (E_;J:Azo + By E_;l’ P3[M1,W1,al]=A3,

n

F, [ul’wl’al] =4,, b, [(”1>W1>a1)> (uz’Wz’az)] =—4, _Z *AIZCZk’ (B.1)

k=0

N -k ’ rN
b |:(u2, WZ’QZ);E_;:l = A+ B41C02 + Z Czkz (Ak +B; E_;J,

k=1

where A4,,,B,,,4;,4

402

A,,B,, A, B, 4, and A can be obtained easily through Mathematica and

the star attached to the summation sign indicates that the terms k& =n/2 is omitted if #n happens to be

an even number.

Next, we introduce the critical buckling load given by (2.13) into the first equation of (B.1), and it

turns out to be zero because (u,,w,,«,) is the linearized buckling mode and the value of the load

126



corresponding to the linearized buckling mode is the critical buckling load given by (2.13). Therefore,
to investigate the stability around the critical buckling state, we need to examine the higher order terms

in (2.32), and the stability condition requests (Koiter, 1945, 1963, 1969)

N
&R [, w o]+ & [Rl [, w0 ]+ By [, w0, (15 w3 00) [+ Py l:(”zawzvaz);E_;}] >0 (B.2)

Thus, a necessary condition for stability is P, [ul,wl,al] = 4, =0 since otherwise an arbitrary choice

of the sign of 50 can make the third-order term negative. Then, for the case of buckling modes of an

even degree n, B, [ul,wl,al] do not vanish and (B.2) can be negative, we therefore arrive at the
conclusion that the equilibrium at the critical buckling load is unstable for any even degree n. On the
other hand, if the degree n of the buckling modes is odd, B, [ul,wl,al] = A, =0. In this case, it will be

necessary to investigate the fourth-order terms in (2.32), and the stability condition becomes (Koiter,

1945, 1963, 1969)

N,
F, [u1awlaa1]+l)21 [(u1=W1aa1),(u2aW2aa2)]+Pz |:(uzawzaaz);E_;l:| >0 (B.3)

We now investigate the minimum of the energy increment for any fixed value of the amplitude factor

N,
&y Minimizing the sum of B, [(u;, w;, @), (,, wy, )]+ P, {(uz,wp%);E—;} with respect to C,;

for any fixed value of the amplitude factor ¢ 0, We obtain

N,
oP,| (u,,w,,a,);—>
apzl[(“anal),(uz,wz,az)]+ 2[( 2272 2) Eh}

9Cy, 0Cy;

=0 (B.4)

and C, ¢ 1s obtained by introducing the fourth and fifth expressions of (B.1) into (B.4)
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4
2B

41

Cy = Al
N
2| 4 +B >
(el

k=0

no.. . (B.5)
k=1,2,..n, but k;tE if nis even

Then introducing the resulting expressions C2 ¢ (B.5) into the fourth and fifth expressions of (B.1) and

adding all the coefficients of fourth-order terms gives

N, ) N,
4, (E_ZJ:a[ul,wl,al]zz_\ggt{gl [<u1,w1,al),<uz,w2,a2>]+Pz[(uz,wz,az);E—;}
n\2 n n\2 B6)
.(4 (
:A40+A41_A42_(A0) _Z ( k)

By = 4(,4,; +B] ]];[}OJ

where the star attached to the summation sign still indicates that the terms &k =n/2 is omitted, if n

happens to be an even number.

Therefore, according to Koiter’s general nonlinear theory of elastic stability (Koiter, 1945, 1963), the

further necessary condition for stability, more restrictive than (B.3), is that (B.6) must be non-negative
for arbitrary values of ggo . Now introducing the critical buckling load (2.13) into (B.6), we find that
(B.6) is negative for a buckling mode of an odd degree n, which shows that post-buckling behavior of

the pre-buckling equilibrium state at the critical buckling load is also unstable when the integer 7 is an

odd number. Therefore, post-buckling behavior of a pressured perfect biopolymer spherical shell

N,
defined by the present refined model is unstable, and the linearized critical value (E_;zj given by

(2.13) is actually the maximum loading a prefect biopolymer spherical shell can sustain because it

cannot sustain any pressure higher than the critical value given by (2.13).

128



B2. Calculation of potential energy functional (2.32)

Based on the Koiter’s general nonlinear theory of elastic stability (Koiter, 1945, 1963), to the lowest-

order approximation, the potential energy functional (2.32) becomes

Pli] =27ER’ {502/12 (%)*503‘43} (B.7)

for buckling modes of an even degree I (at which P, [”1 W, ] =4, #0), or becomes

~1_ e (No)zay [N
P[i]=27Eh {go Az(Ehj+§o A{E}J} (B.8)

for buckling modes of an odd degree n (at which P, [ul,wl,al] =4,=0).

However, according to Koiter’s investigation of post-buckling behavior of a complete spherical shell
for the classical buckling model (Koiter, 1969), neglecting the fourth-order term in Eq. (B.7) is
questionable and the third-order term is negligibly small over most of the post-buckling range, which
indicates that Eq. (B.8) will be used to described the post-buckling behavior for both an even and an
odd degree . Therefore, we further investigate if it still holds for biopolymer spherical shells defined

by the present refined model.

Figure B.1 shows that the relative magnitude of the coefficient of fourth-order term and the coefficient

f third-order term (7= 4 Ny 4) the post-buckli (¢ N Ny ) for buckli
(0] 1ra-order term - — over the post-buckKlimg range =| — — Or pbuckKln
“\ mn 3 p grang Eh Eh). g

N,
modes of an even degree . The value of ¢ is smaller than or equal to one since (E_}Ozj is the

maximum loading a prefect spherical shell can sustain. Figure A.la shows the results for the classical

case, which is given by the present refined model with A, =/ and G / G =, Itis seen from Fig. B.1a
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that, consistent with Koiter’s conclusion (Koiter, 1969), the coefficient of fourth-order term at the

critical load ( ¢ =1) is nearly an order » larger than the coefficient of third-order term, which indicates

N,
that the fourth-order term 504/14 (E_;zj becomes already non-negligible for values of the amplitude

factor fo of order of magnitude »™'. In other words, neglecting the fourth-order term is already

1

questionable when the dimples amount to a fraction ™' of the average shell thickness /. Also, as

shown in Fig. B.1a, during the post-buckling range which means that ¢ decrease from 1, although the
relative magnitude decreases rapidly, it still keeps a value greater than 1 especially in the neighborhood
of the bifurcation point. In addition, since the value of & o Will keep increasing with the decrease of ¢,

consistent with Koiter’s (Koiter, 1969), the third-order term is negligibly small over most of the post-

buckling range and the fourth-order term is essential for a proper understanding of the post-buckling
behavior. In terms of the other two key parameters G~ / G and h,/h, as shown in Fig. B.1b and B.1c,
the variation of G° / G and h,/h within a physically realistic range strengthens the tendency that the
third-order term can be omitted for an even degree n.

Therefore, the potential energy functional (2.32) is finally simplified to Eq. (B.8) for both an odd and

an even degree n, which explains that, appealing to our physical intuition, the choice of an even or an
odd integer n controlled by the small changes of R/h,G"/ G,h,/h through (2.15) will not have any

significant consequences for the post-buckling behavior of a biopolymer spherical shell defined by the

present refined model. And the post-buckling equilibrium state in the neighborhood of the bifurcation

point is specified by the stationary value of Eq. (B.8) as a function of the amplitude factor ¢ 0-
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30[ B 30 B
20l —*—R/k=80, n=16 ] —— G'/G=0.1,n=12 ! —o—ly/h=0.6, n=12
: 25} ] 25} _
—s—R/h=20, n=28§ —— G/G =005 n=24 / —A—h/h:0.4,n:lﬁ
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Fig. B.1 The relative magnitude of the coefficients of fourth and third order terms over the post-
buckling range with fixed (a) G*/G=OO , hy/h=1.0 (b) R/h=20, h/h=1.0 (c) R/h=20,

G*/Gzoo
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Appendix C: Detailed expression of terms in Eq. (2.32)

N,
|:(u1’Wl’al) Eh}_
2 2
7 1 ou, w u, W, Oup w )\ y W,
j 5 +— | +| —coto+— | +2u +— || —cotp+—
o |1 20-u) |\ hOp h h h hop h )\ h h
IN(owm Y. 1 [(h)|(o) 0
ool ow ) | 22| (e cotp) +2u| 2 |(a, cot @)
2 Eh\ hop 240—= ) hy op op

2
! k,— G o +£0¢1 singpd @
T 0r ) G\ hoe  h

2
Pg[%,w],a]]=r 1 3 LAY B +ﬂ(—00t¢+—j ik sin @d ¢ (C2)
o |2(0—*)R|\ hép h h h )|\ hop

N,
11|:(u1,W1,0[) (u2’W27a ) Eh}:
j” ! 3 %+m %wt& +(ﬂcot(p+mj(u—200tq)+ﬁj
o V= hop  h \noo ) \n n )\ h h
+u o +m( cotp+ —Zj u 8u2+& (ﬂcot(p+ﬁj
nop  h )\ h h noo  h )\ h 7
+Nof Ow ) Owy ) +(alcot(p)(a2cot¢>)
Eh\ hop \ hog 12(1
+,u(%0:0 j(oz2 cotp)+ ﬂ(%j(al cot (p)}

1 G oW R ow, R :
k, — a +—a, |rsinpdg
2(1 ) h@(p h hop h

1 (A (ow )|,
H[ul,wl,al]—fo{S(I_ﬂz)bj ha(pj }IUW'(D (C4)

(C.1)

(C.3)
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P, [(“1»""1’0‘1)’(”29""2’&2)] =

= 1 h Ou, w |[ Ow, Ow, u, w, \[ ow, ’
'[ —| = |12 +—L || =L —2 |+| Zcotp+—2 || —- (C.5)
0 20—\ R )| \noe " 1 )\ hophoo ) \n n \ hop
2
+u 2(—cotg0+ j O Owy +(u—zcotgo+&j o sin pd @
h h )\ hdp hog h h )\ hop
N,
|:(”2’W2:a2) Eh:|
2 2
J” ! - Oy 1 +(u—2c0t(0+ﬁj +2u Oy 4 21 (u—200t§0+ﬁj
0o 20— 2|\ hop  h h h oo h )\ h h
IN,(ow,) 1 (h)|(oaY oa,
oo My | ] S22 | + (e cotp) +2u| S22 |(a, cotp)
2 Eh\ hop 24(1-pu7)\ A, op 6(0

2
! k,— G [ ow, +— R sin pdg
a0 G\ hoe 0

(C.6)
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Appendix D: Determination of (u,,v,,w,,a,,5)
In order to solve Eq. (3.22), similar to the determination of ( u; , v; , W;, 0!; , ,32* ), let us define u; , V; and

Q;z, Q,, in terms of two new functions £, (©,0) and g,(,0) as

u, :%, v, :%cscgo,
PP,

- . (D.1)

* g * g

Q(pZ :a_;a Q¢92 :a_HZCSC(Da

Inserting Eq. (D.1) and (u,,v,,w,,@,,8 ) (Egs. (3.19) and (3.21)) into Eq. (3.22) leads to three

equations for ( f ,W,,g,)

[RVZ+(=w) | £+ 1+ )W, + F =0

Eh

* * 2 3
RVzgz—l—(szz + 2

R2

j+N0v2w;‘ +L=0 (D.2)

(sz +1_Tﬂ_%kSG*th; —(kSG*hVZ kG I;fjw’; 0

where the expression of /" is determined by introducing Wl* (Eq. (3.19)) into the fourth, fifth and
sixth terms of first and second equation of (3.22) and the expression of L is determined by introducing
(ul* ,Vl* ,Wl* ,061* ,ﬂl*) (Egs. (3.19) and (3.21)) into the sixth, seventh and eighth terms of the third

equation of (3.22). The specific expressions of F and L are given by
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(F;L)= h{ 3 (50) (F05,;L05,)P,, (cosp)

n

+> & (&, cosmd +x, sinmb) i (F15,; L15 )Py (cos @)

m=l k=[mi2]
+ ) (éé‘j —Kin)COS[(i+j)9] > (F2iy,’; L2057 )P (cos )
i,j=land jzi k=[ (i+))/2]
" - (D.3)
+ (@;i +/<i/<j)cos[(j—z ] z (F312k ', L3i]," )P, (cosp)
i,j=land j>i

+ Zn: (filcj+§jlci)sin[(i+j)9] Zn: (F4iy’; L4 )P/ (cos @)

i,j=land j>i k=[ (i+)/2]

£y (&x,— &, )sin[ (j—i)0] S (Fsil ,Lszgk’)g;f(cosgp)}

i,j=land j>i k=[ (j-i)/2]

where P, are Legendre functions of degree 2k and Elk (cos (0) are the associated normalized
Legendre-polynomial of degree 2k and order / . The value of (FO0;L05) , (F17;L1%) ,
(F2i57 5 L2i57) , (F3il5L3i) , (F4ih/;L4i7) and (F5ij;L5i,") can be obtained easily

through Mathematica.

Then, it follows from Eq. (D.2) that the formulas of w, f, ,g, are similar to /" and L, which are

given by
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n

(Wz;fz*;gZ):h{ 4 (fo) (Wogkafozkvgozk)sz (COS§D)

(=}

+Y & (&, cosmb+x, sinmb) Y (wl?k,fIZk,glzk)E’,’j(COS(p)
m=1

k:|—m/2_|

+ Zn: (éfz _KiKi)COS[(i+j)9:| Zn: (w2l;(’,f21;zf,g21’“)P’“ (cos go)

i,j=land j>i k=[ (i+))/2]
" n _ (D.4)
+ ) (§i§j +K[Kj)COS|:(j—l')19:| > (w312k s 31 g3l )szj’ (cos )
i,j=land ji k= (j-0)/2]
+ Zn: (é’l.zcj +§J.Kl.)sin [(i+j)<9} i (w4z;’,f4z;;’,g4z’”)P’” (cosp)
i,j=land j>i k=] (i+)/2]
+ Y (fl.Kj —§jr<l.)sin[(j—i)0] > (wSzzk s 517 g5i, )132’,;"'(c05(p)}
i,j=land j>i k=[(j-i)/2]

where (w03, £03,5205,) , (Wly; f15,5815,) , (W2i,/; 203,75 220,7)  (wW3i,'; /33,3 238,")
i+j.

(wais; f4iy; g4isy’) and (W5i"; £5i],; g5il,") are some undetermined coefficients. Accordingly,

with the use of Egs. (3.13) and (3.20), the first Laplacian of w,, £, , g, gives

. . . < —2k(2k+1
(Vzwz;vzfz ;Vzgz) = h{ (50 )2 (Wozkafozkagozk )(R—z-l_)sz (cos (0)
k=0
2 ) z . w \ —2k(2k+1) =,
+Z§0 (fm cosmb +x, smm@) : 1(v1;12k,f12k; 12k)gpzk( (p)
m=1 k= m/2
2 g 2k 2k 1
+ Z (fifj—zcizgi)cos[(ﬂj)&:' Z (wzz;f,le;f, Hj) Lt )PW( 0sp)
i,j=land j>i k=[(i+))/2]
d d A\ —2k(2k +1 (D:3)
+ Z (§i§j+Kin)cos|:(j_i)0:| z (W3lzk 3 f3i,5 g3 ;kl)(——i—)Pzécl( (/7)
i,j=land jzi k= (j-1)/2]
3 (e )sinf(i))0] S (i £ g ) = B (cosp)
i,j=land ji k=[(i+/)/2]
< ) < i\ —2k(2k +1
+ Z (é:in_éngi)SIHI:(j_i)eil Z (WSlzk S50 850 2jkl>¥Pzil( (/’)}
i,j=land j>i k=[(j-i)/2] R

136



Then substituting Eq. (D.3), (D.4) and (D.5) into Eq. (D.2), these undetermined coefficients can be
calculated and then combining with Egs. (D.1) and (3.2), the non-axisymmetric second-order

% * * * *
deviations u,,V,,W,,Q,, 3, can be finally determined in terms of Ny

Eh

Then consider the orthogonality condition, expressed by the equation (Koiter, 1969)

[ M9 ) B2 i pdpd € = 0 (D.6)
0 JO a¢ a¢

The orthogonality condition requests that the expansion of w;, in a series of Legrende function shall
not contain any term of degree n (Koiter, 1969). In the case of an odd critical degree 7 of the buckling
mode, it follows immediately from the expression of w;, f,,g, in (D.4) that the orthogonality

condition (D.6) is satisfied. On the other hand, for an even value of I, this orthogonality condition

requires (w03,; £05,5805,) = (wla,; f1h; glh) = (W2iys 20y g2y ) = (w3il,'; £3i),"; g3il,")

= (wail/; f4il s gdity = (w5il,’; £5i],"; g5i),") for k=n/2.
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Appendix E: Detailed expression of terms in Eq. (3.24)
* * * * £ N
f)zl:(ulal)],Wl:al’ﬁl);E_;l}:
* *\2 * * *\ 2
27 g7 1 Oou, w u, 1 ov w
I I | =—+—| +| —cotop+—/—-—"+—
0 20\ 20-w )|\ hOp h h hsing 06 h
)y 1 oy w
—cotp+—m—+—
h hsing 00  h

1 1w v v ’
+ +————cotgp
4(1+,u) hsingp 060 hop h

3 %\ 2 * 0\ 2 * *

+%(ﬂj o +| & cotp+ L % +2u o a; cotp+ L %

241-p )\ h op singp 060 op sing 00

1 (Y| 1 o 0B ’

n (_Oj % +ﬂ—,6’1* cot

48(1+,u) sinp 060 O

R . ow ) (R 1 ow )

—a + W + —ﬁl*+_—ﬁ sin od pd 6

h ha h hsing 060

2 )
+ 1 om sin od pd 0
hsing 00

(E.1)

22 h|((ou W u 1o w\)ow Y
J‘ I +— [+ u —cotgo+ ——+— —
2(1 Y7, )R hop h h hsingp 060 h hog
* * * * E'2
w U 1 ov, w 1 ow ’ E2)
+ cot(o+ ——+— —
h@(o h hsingp 00 h hsing O@

1 h Gul ov, V1* ow, 1 ow
— cotp sin od pd 6
l+y R hsmgo 00 h@(p h hoe )\ hsing O@
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N,

11[(”::Vrswr’al*:ﬂ1)(uzavzzwz’azaﬂz) Eh:|_
J.ZEJ.” l 3 a_ul*_{_ﬁ a_u; Kz + “_l*cot(p+ - a_vl*+ﬁ u_;cot(p_lr_ - a_\};_‘rﬁ
o Jo - )|\ hOop h )\ hop h h hsinp 060 h )\ h hsinp 060 h
S TN 7SO Nl S ) G SR [ PP S L LS
hop h h hsing 00 h hop h h hsinp 060 h
1 1 ou ov, v 1 au; ov, v,
+ ——L+—L ——Lcoty + ——cot(p
2(1+u) |\ hsing 060 hop  h hsing 00 hop h
+;[ j 9a, | 2a, +| @ cotp+—— % a;cot¢++%
12(1- 1) op )\ Op singp 060 singp 060
oa; 6,82* oa, 6/3:
— t — t
+ﬂ(( op j[% o (/Hsmgo 00 JJ{ op j(al T Gng sing 060
) 1 Oa, aﬂ;“ R oa, Of, .
— ||| —= te || — —2+22 - t
2 (hj [Esmgo 00 Op ficoty sinp 00 O@ Py cote
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2(1+y ) G h hog h hsing 060 i hsin @ 00
+J‘2” i 1 o 1 oW sin pd pd
0 h@(p h@go hsing 060 )\ hsing 00
(E.3)
P, [(u;‘,v;‘,w*,a(‘,ﬂl*),(u;,v;,w*,a;,ﬁ;‘)]=
27 6u1 wl ow, u, o, w 1 ow 1 ow,
I I +| —cotp+——m—+— || — -
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Appendix F: Derivation of Equations (4.23)-(4.25)

Substitution of (4.1), (4.2) and (4.22) into Egs. (4.4) results in

0’ (—y/singo) N 1-p o ( l//smga)
op’ 2 06’

R(1-4)

csc’ @

0 R
£[<V2 +A1)f+EAzg+A3w}+

6(—1/ sing)

cotp— (u+cot go)(—t//sin(p)— (Asing)

Eh
+Qzl 1 [kl —y sing)+k, (ksG—*h(—Asin(o)—l//singoﬂzO,
( +A)f+—Ag+Aw+ 1+’ua(_wsmw)+3_#(—l//Sin¢)COt¢ =0
1 2 2 a¢ 2 ?
R R(1+u
BIV2f+E(BZV2+B3)g—(V2—B4)w+ (2 )
[[ 1* 8(—Asm(p)+l8(—y/sm(p)]+3—y[ 1* (—Asin(ﬂ)+l(_WSin(P)jCOt(p}=O,
kG h op R op 1+ u\ kG h R

0 (~Asi 0 (—ysi
0 (EhCV f+Vg e wj+kGh 1* ( iln¢)+l ( Wim(p)
op\ R R kG h op R op

1 9(-Asing) 1 0(-ysing)
+cot(0(kG*h o0 +E o0 —(,U+cot2(p)

s

: 1 :
G (—A sin gp) + E(_W sin (0)}

+

1—u 1 0*(-Asing) 10’ (~wsing R2
CSC2§D[kSG*h (592 )+E (aez ) — (~Asing)

o0 eesmor ggtoasme-ous |

N

o wsi
{EhCV f+Vg ih C2w+[—( y(;smgo)

0,

0

= +(—wsing)cotp

__Eh (8(—A sing)
R(l—,u) op

+(—Asing)cot goﬂ =0.
(F.1)

Integration of the second equation of (F.1) with respect to 8, followed by differentiation with respect

to @ and subtraction from the first equation of (F.1) gives
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(1= &) RV + 24y +24,A =O. (F.2)

Similarly, integration of the fifth equation of (F.1) with respect to 8, followed by differentiation with

respect to @ and subtraction from the fourth equation of (F.1) gives
(1- 4)B,R’V’A-2(A4,-B,)A=2(4,-B )y =0. (F.3)
Thus, an uncoupled equation in {/ can be obtained through Egs. (F.2) and (F.3):
PV +V, Vi +Vy =0, (F.4)

In order to obtain a single uncoupled equation in W, the auxiliary functions s and g are eliminated
from the third equation of (F.1) with the aid of the second and fifth equations of (F.1). With this

manipulation, furthermore, the terms containing ¥ and A can be eliminated after the use of (F.2)

and (F.3), and the uncoupled equation in W is obtained as

Vow+ WV w+ W,V w+W,w=0. (F.5)
The expression for the determination of the auxiliary function A can be derived from Eq. (F.2) in the
form

A= —E—hl(l_—‘uvzw + Alt//j (F.6)
R4\ 2

and f and g can be derived from the second, third and fifth equations of (F.1) in the form

. A
Ff =F,R'V*w+ F,R*V w+ Fw+F, g—l'//sm(/)+ F, g—sm o,
¢ ¢

(F.7)
RGg= Eh(G2R4V4w+ G,R*V>w+G,w+G, aa—‘/’sin 9+G, Z—Asin goj,
¢ ¢
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where

F, = A,B*> —2AB B, + A,>B,C, — A,>BB,C;* — 4,B,B,C, — A A,B,C, + A A,B,B,C,>

(F.8)

+ A B C, — AAB + AABB,C,+ABB,+A’B,— A’B,B,C,,
F,=-4,+A4,B,C,+B,, (F.9)
F,=-A4,B,C, + 4,B,’C,C, + B,B,C, + A,B, — A,B,B,C, — B,B, — A, A, — A, A,B,’C,” (F.10)

+2A4,4,B,C, + A,B, — A,B,B.C, + A,B, + A,°C, — A,’B,C> — 4,B,C, — A A, + A A,B,C,,

F, = 4,°C, + B ’C, —24,’B,C,C, —2A4,B,C, + 4,B,B,C,C, + A,B,B,C, + A,B,B, — A,B,B,
+A4,>B,C,C, — A A,B,C, + A A,B,°C,C, + A, A,B,C, — A A,B, — A, A,B,B,C;’ + A A,B,B,C, (F.11)
— AB>C,— A4,°B,C, + A A,B, + A,>B,B,C}* — 4 4,B,B,C, + A,B,B,C,,

1-—
F,= T’“(—AIAZBZCI + AB,B,C,+ A A, — AB,— A,B + BB,

5

(F.12)
~4,C,~B/C, + 4,’B,C] +24,B,C, - 4,B,B,C}} ),

1_
F, =—2“ (~4,B,C, + 4,B,B.C, — 4,B,B, + A A,B, - 4, 4,B,’C, + 4"B,’C}?), (F.13)

Gl = A2312 _2AIBIB3 + A2231C1 _AzzBleclz _AzBlB3C1 _AlAzB3C1 + A]AszBacl2 (F 14)
+ ABC — A AB + A A,BB,C + ABB,+A’B,— A’B,B,C,, '

G,=A - AB,C, -B, (F.15)

G, =—AAC, + AA,B,C>+ A’ - A’B,C,— AB, + AB,C, — A B, — AB,’C,C, + 4B,B,C,

(F.16)
—BB,C, + BB, + A A, —2A4A,B,C, + AAB,’C’> — A,B, + A,B,B,C, + AB,C,,

G, =-A4B" + A A,B,C,— AAB,B,C’ + A,BB,C,+ A’B,C, — A’B, — 4°B,’C,C,
+A4’B,B,C,— AB,B,C, + ABB, - 4 4,C, + 4 4,B,C,C, + AB,C, + 4,B,C, (F.17)
— 4,BB,C,C, - B,B,C, — A,A,B,C, + A A,B, + A, A,B,B,C;’ — 4 A,B,B,C, — 4 B,B,C,,

1_
G, = —2ﬂ (=47 =B’ +24,B,+ A’B,C, = A BB,C, + 4, 4,C, - 4, 4,B,C; (F.18)

~4,B,C,+ 4,BB,C + BB,C, - 4,BC,),

G, = I‘Tf‘( AAB.C — A’B, + A’BC, + A BB, — 44,8, C’ — 4B,BC,). (F.19)
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