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Abstract

We consider the Cauchy problem to the Magneto-Hydrodyanmics Equations
(MHD) in R3, and present specific criteria for which its corresponding energy
equality holds. Specifically, we show that very weak solutions to the MHD equations
(in the distributional sense) satisfy the energy equality, provided they belong to the
space L"(0,T; L*(R*)) with 2 + 2 = 1 for s > 4. Further, we also consider
regularity criteria on the gradient of the solution to the MHD Cauchy problem. That

is, we show very weak solutions to the MHD equation satisfy the energy equality if

Vu, VB € Lw3(0,T; L*(R%)), for 2 < s < 12,
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Chapter 1
Introduction

Fluid dynamics involves the branch of physics relevant to the motion of fluids,
specifically to the relevant forces, both internal and external, that may act on a
fluid, inducing such a flow. Initially, the forefront of study in this area began in
1757 by the Swiss mathematician Leonhard Euler who derived the so-called in-
compressible Euler equations, a set of mixed type PDE that describe the flow of an
incompressible (density of a fluid particle remains invariant along its flow), inviscid
Newtonian fluid under certain initial data. Such equations were then later gener-
alized by French mechanical engineer Claude-Louis Navier and Irish physicist and
mathematician George Gabriel Stokes from 1822 (Navier) to 1842-1850 (Stokes),
and so named the incompressible Navier-Stokes equations, a set of mixed type PDE
that additionally accounted for internal frictional effects (viscosity) on the fluid. In
practice, such equations are readily applied in real-world applications (mainly nu-
merically) to optimize velocity flow fields along a variety of geometries (streamline
or make more aerodynamic), including car bodies, aircraft hulls, heat exchangers,
etc, to attain a desired performance or output/efficiency in engineering. Other areas
of application include weather forecasting by predicting future flow/wind patterns,
jet/aircraft propulsion applications, as well as fluid flow in pipes for oil transport,
among many others. A further generalization of the Navier-Stokes equations, and
of main interest in the following thesis, includes certain PDEs that model flows of
electrically conducting fluids, or “magneto-fluids”, which react differently while in
the presence of an electromagnetic field. Such an area (Magnetohydrodynamics)

was first developed by Swedish electrical engineer and plasma physicist Hannes
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Olof Gosta Alfven, with the derivation of the Magneto-Hydrodynamics Equations
(MHD). Interestingly, applications of such fluids (for example plasma and liquid
metals), are used in various biomedical areas, including magnetohydrodynamic-

based 1 laser beam scanning, and targeted drug delivery, among others [26].

Beyond the physical applications of such equations, basic questions from a purely
mathematical viewpoint are often considered next, in an attempt to determine the
validity, or well-posedness of such derived PDEs. Thatis, in particular, it remains fa-
mously unsolved whether the incompressible Navier-Stokes equations admit (given
smooth initial data) a unique globally defined (in R?) and smooth solution, as well
as other similar equations including the MHD PDE. Interestingly, well-posedness
(or global regularity) of solutions to the incompressible Navier-Stokes equations
has been shown in the 2-dimensional case. In this direction, it has been shown that
by imposing additional integrability conditions (regularity or “Prodi-Serrin” type
criteria) on initial data, one can achieve global regularity or well-posedness to the
3D incompressible Navier-Stokes equations. Other pertinent questions regarding
PDEs often include transient or long-term time behavior of solutions, numerical
algorithms/simulations, as well as regularity criteria, or differentiability conditions
of solutions as mentioned above, the latter being considered throughout the remain-
der of this thesis. Finally, solving these questions for fundamental PDEs of this
type is often pertinent, as well as necessary, for understanding properties of more
complicated PDE, and thus is a foundational starting point for theoretical work in

this area.

The remainder of the chapters of this thesis are presented sequentially as follows:
Chapter 2 first presents an overview of the field and review of the literature regard-
ing the Navier-Stokes and MHD equations, as well as underlining the main results
and motivation behind the theorems that will be proven in the subsequent chapters.
Chapter 3 presents the mathematical theory required for the proofs of each theorem
outlined in Chapter 2. Specifically, a more detailed overview of the fluid dynam-
ics equations mentioned above will be presented, outlining required definitions of
specific pertinent function spaces, the motivation behind the weak formulation of

solutions, such as Leray-Hopf weak solutions, as well as a brief derivation of the



MHD equations. Chapter 4 overviews an essential existence method (Galerkin)
of approximate (or regularized) solutions to the MHD equations, which will be
necessary for the proofs of the results of this thesis. Chapter 5 presents specific
L™ L? estimates for the non-stationary Stokes system, another necessity for the proofs
later in this thesis. Finally, Chapter 6 presents the new main results of the thesis,
specifically proving that the energy equality for the MHD equations holds for weak
solutions (in the distributional sense) under a variety of regularity criteria (see the

abstract or Chapter 2 for details of each theorem).



Chapter 2
Overview and New Results

As an introduction to our discussion, and segue into more complicated topics pre-
sented later throughout this thesis, a slightly more in-depth analysis of each fluid
equation mentioned in the introduction, as well as historical results will be outlined
below, which will serve as an underlying motivation for the following new results.
In addition, three new theorems (Theorem 1.1-1.3) are listed near the end of this
section, which will serve as the foundational results that the remainder of this thesis

will attempt to prove.

2.1 Fluid Equations

2.1.1 Incompressible Euler Equations

As anatural beginning to our discussion, we present chronologically by year derived,
the order of fluid PDE mentioned in the introduction, starting with the incompress-
ible Euler equations. Specifically, the remainder of this thesis will assume the fluid
in question is Newtonian (viscous stresses on fluid and strain rate are linearly de-

pendent) and incompressible (invariant density along particle flow).

Assuming first an inviscid Newtonian fluid at constant density, the incompressible
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Euler equations in the whole space R3, read

du+u - Vu+ Vp =0,
{tu gy (t,7) € (0,00) x R? @.1)

V.u=0,

with initial data u(z,0) = ug(z) € R3. Here u denotes the velocity flow field, and

p the pressure field.

One may note that the first equation of (2.1) is equivalent to Newton’s second
law of motion, that is, the pressure acting on a fluid particle is linearly depen-
dent on its acceleration, whereas the second divergence-free equation describes the
incompressibility assumption. The derivation of (2.1) is elementary and uses a gen-
eralization of Leibniz’s rule for integrals (Reynold’s transport theorem), allowing
the interchanging of time derivatives and limits for the material derivative. Since
the derivation is rather lengthy, we omit it in our discussion, however see [25] or

Tao’s blog [47] for a full discussion and proof.

2.1.2 Incompressible Navier-Stokes Equations

A natural generalization of the incompressible Euler equations includes the addition
of a viscosity term to account for internal force effects on the fluid. Specifically, the
flow of a Newtonian, incompressible fluid may be described by the incompressible

Navier-Stokes equations:

ou+u-Vu+ Vp =rvAu,
{ ' b (t,2) € (0,00) x R3 (2.2)

V.-u=0,

with initial data u(z,0) = ug(x) € R3. Here again, u and p denote the velocity
flow and pressure fields respectively, whereas v denotes the viscosity of the fluid.
Further, throughout the rest of the thesis, for ease of readability, and without loss
of generality, we assume the viscosity v = 1. The derivation of the incompressible
Navier-Stokes equations is done similarly to the incompressible Euler equations;
however, more computation is required when dealing with the extra viscosity term.

See again Tao’s blog for example [47].



Of greatest importance remains the question of the existence and uniqueness of
smooth solutions in the whole space, as well as the continuous dependence on
smooth initial data (global well-posedness) to the Navier-Stokes equations. Specif-
ically, such a problem was first shown in the 2-dimensional case by Ladyshenkaya

(see [40] section 5 for a proof), with the 3-dimensional case remaining unsolved.
A priori/Energy Estimates

One attempt at solving the global well-posedness problem in R? starts with a
suitable weak formulation of a solution to (2.2) (see section 3.3), where certain
“compactness arguments” have been developed that prove the global existence of
such solutions (in the distributional sense) to (2.2). Such a method comprises: (1)
showing the existence of a sequence of approximate weak solutions to a regular-
ized version of the Navier-Stokes equations, (2) showing the solutions don’t blow
up in finite time (finding uniform bounds/energy estimates), and (3) proving the
limit of the subsequence itself is a weak solution. Importantly however, by con-
struction, such weak solutions lack suitable differentiability criteria, and it remains

unknown whether one can construct a smooth weak solution with smooth initial data.

Following step (2) listed above, a priori estimates may be derived which may
hint at possible suitable function spaces where weak solutions may lie. This is
often the starting point for all analysis regarding existence and smoothness theory
for the Navier-Stokes equations, and is the motivation for the construction of the
Leray-Hopf weak solution. ([24] and [31]).

Following the discussion above, let Q2 C R? be open and bounded. We expect
regular solutions with L?(() initial data of (2.2) to satisfy the equality (2.3) below.

¢
/|u(m,t)|2 dx+2/ /|Vu(7’,x)]2 dxdT:/ |luo()|? du, (2.3)
Q 0 Jo Q

where t € [0, 7], T > 0. We call this the energy equality (or inequality if we have

less than or equal to). Importantly, finding weak solutions that satisfy the energy



inequality is a key step in showing in-time global regularity of solutions (this will

be rigorously explained in later chapters) We motivate (2.3) below.

Assuming the existence of a solution u to (2.2) of sufficient regularity (differen-
tiable enough so that all operations below are well-defined), dotting the momentum

equation of (2.2) by v and rearranging gives
/((‘3tu-u—Au~u+(u'V)u-u—l—Vp'u)da;:0, (2.4)
Q

Integrating by parts, and using the divergence free condition V - u = 0, one notes

for each term that
/(u-V)u-udx:(), and /Vp-udxzo, (2.5)
Q Q

and

—/Au-udx:/ |Vul? dr, (2.6)
Q Q

whereby combining (2.5) and (2.6) with (2.4) and integrating from 0 to ¢t € (0,7")
with respect to time yields the estimate (2.3). For example, letting n denote the
outward normal unit vector, the second term of (2.5) is estimated via integration by

parts:

/Vp-udx:/ p-u-ﬁd@Q—/pdiV(u)dm,
Q o9 Q

Here one often considers solutions w that vanish on the boundary, and thus using
as well the divergence free condition, one immediately gets the result. A similar

computation shows the other two equality’s in (2.5) and (2.6).

Here, one can construct weak solutions with minimal regularity criteria that au-
tomatically satisfy the energy inequality and thus attain global in-time existence,
however given enough differentiability on the solution, equality can be satisfied
instead. This is the main motivation for the following thesis, specifically, what addi-

tional regularity criteria is required for a weak solution to satisfy the energy equality.



Historical Results (Navier-Stokes)

One of the first results motivated by the above comes from Leray [31] and Hopf
[24] who have shown the existence of global weak solutions to (2.2) for an initial
condition in the L? sense uy € L2(R?) := {u € L*(R?®) : V- u = 0}. Moreover,
for 7" > 0, such weak solutions w lie in the Leray-Hopf class (2.7)

u € L*0,T; H'(R*)) N L*(0, T; L2(R?)) (2.7)

and satisfy the energy inequality (see section (3.3)).

t
lu(®)liz- + 2/0 IVu(r)||22 dr < Jluol|7e, (2.8)

Despite satisfying the energy inequality, it is still unknown whether Leray-Hopf
weak solutions satisfy the corresponding energy equality. Also, despite establishing
global in-time existence of Leray-Hopf weak solutions, the question of uniqueness
also remains famously unsolved. In this direction, however, uniqueness results have
been proven for Leray-Hopf weak solutions that are assumed smooth [32]. Attempts
at showing such uniqueness results have proven slow, with only partial progress

being made only recently, see e.g. [30, 39, 45].

In this direction, additionally, global regularity results have been shown when extra
differentiability criteria are imposed on either the solution w or initial data ug. In
this direction, the first major results were shown by Prodi [37] and Serrin [41] who
established global regularity when certain “Prodi-Serrin type criteria” were met.

That is, one attains regularity of a solution u past some 7" > 0 if
T
Il sy = [l dt < 29)
where p, g are well-defined such that % + 2 <lforqg>3

Such results were later made stronger by weakening the differentiability assumption

to include values at % + 2 < 1 with ¢ > 3, see e.g. [21, 43], as well as for ¢ = 3



when the regularity criterion (2.10) holds [15].
esssup o ) [|u| s < o0, (2.10)

Extensions and refinements of such Prodi-Serrin type criteria have been studied
extensively, with a variety of main results listed, see e.g. [2, 3,4, 6,7, 8,9, 10, 11,
12, 17, 23, 27, 34, 36, 38, 44, 48, 49, 50].

In the direction of satisfying the energy equality, the first main regularity result
comes from J.-L. Lions [33], who proved that Leray-Hopf weak solutions that ad-
ditionally belong to the space L*(0, T'; L*(R?)) satisfy the energy equality on [0, 7]
for 7" > 0. In fact, J.-L. Lions result was later improved by Galdi [19], showing
the Leray-Hopf requirement (2.7) was unnecessary and that the regularity criteria
u € L*0,T; L*(R?)) was sufficient.

Extensions to J.-L. Lions result were later introduced by Shinbrot [42] which gener-
alized the regularity of Leray-Hopf solutions w to a broader array of L" L* spaces for

r,s > 1. Specifically, it is proven that if Leray-Hopf weak solutions to (2.2) satisfy
T s 3 . 2 2

we L7(0,T; L*(R%)) with — + — = 1 for s > 4, (2.11)
ros

then the corresponding energy equality (2.3) holds. Similarly to the result by Galdi,
the Leray-Hopf condition was again shown redundant and dropped by Berselli and
Chiodaroli [5], showing weak solutions to (2.2) satisfy the energy equality if only
(2.11) is satisfied.

2.1.3 Magneto-Hydrodynamics Equations

Following the order listed in the introduction, it is also of great interest to study
the velocity field of a conducting fluid when under the influence of a magnetic
field. Such motion is mathematically described by simultaneously solving both the
Navier-Stokes equations for fluid motion and Maxwell’s Electromagnetic equations,
given certain initial data. (See section 3.2 for a more in-depth discussion of such

equations and a brief derivation).



Here the following thesis will be considering the three-dimensional Cauchy problem

for the Magneto-Hydrodynamics (MHD) Equations which reads:

Ou+ (u-V)u—1nAu+ VP =(B-V)B,
OB+ (u-V)B —1nAB = (B -V)u, (t,r) € [0,7] x R* (2.12)
V-u=V-B=0,

with initial data
u(z,0) =up € R*, B(x,0) = By € R®. (2.13)

for any 1" > 0, where the total pressure P is given by
Lne
P:p+§|B\ ) (2.14)

where v and B are the fluid velocity and magnetic field, respectively, p the pressure
field, and 1, v, the coeflicient of viscosity and coefficient of magnetic resistivity,
respectively. Here for simplicity and without loss of generality, we assume again

that V) =V = 1.

Specifically, such equations are derived via coupling the Navier-Stokes equations
for fluid flow (2.2), with Maxwell’s electromagnetic equations. (see section 3.2 for
details, or e.g. Duvaut-Lions [14] and [28]).

Following the discussion regarding the incompressible Navier-Stokes equations,
regularity criteria results for weak solutions satisfying the energy equality are listed
below. Specifically, a recent paper by Lai and Yang [29] generalized Galdi’s [19]
result to the 3D MHD Cauchy problem (2.12). Specifically they show that weak so-
lutions (in the distributional sense) to (2.12) that also lie in L*(0, T'; L*(R?)) satisfy
the energy equality for the MHD equations (2.15)

3 U@ E1BO B+ [ [ ATanEHTBE R =5 [ (uli+ Bl
(2.15)
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forall0 <t < T and ) = R3.

Other relevant results regarding the MHD equations are minimal, however see
e.g. [51].

2.2 List of New Results

In light of the above discussion, we first seek to generalize the result of Lai and
Yang [29] to a format similar to that presented by Berselli and Chiodaroli [5]. That

is, one of the main results of the thesis is stated as follows

Theorem 1.1. Suppose u, B € L2 (R* x (0,T)) are weak solutions to the MHD
Equations (2.12) (in the distributional sense) defined by (3.32), with initial data
ug, By € L2(R3). Then if u, B satisfy the condition (2.16) below, they fall in the

Leray-Hopf class (2.7) and satisfy the energy equality (2.15).
r s 3 . 2 2
u, B € L"(0,T; L*(R?)) with — + — = 1 for s > 4, (2.16)
TS
Regularity Criteria on the Gradient of the Solution

Next, mainly as a mathematical curiosity, and natural analogue to Theorem 1 of
Berselli and Chiodaroli [5], it is also of interest to study results when regularity
criteria are imposed on the gradient of the solution. Specifically, Berselli and Chio-
daroli showed that Leray-Hopf weak solutions to the Navier-Stokes Cauchy problem
(2.2) imposed with any of the regularity criteria (B1)-(B3) below, satisfy the energy
equality (2.3).

(Bl) Vu e L%3(0,T;L*(Q))  for

N
N
»
A

|

(B2) Vu € L55(0,T; L5(Q))  for

S}
IN
v
IN
w

(B3) Vu e L':(0,T;L5(Q)) for s> 3,



As of current knowledge, this is one of very few, if any result, that deals with regu-

larity criteria on the gradient of the solution so that the energy equality is satisfied.

In this direction, we prove a similar result for Leray-Hopf weak solutions to the
MHD Cauchy problem (2.12), as stated by Theorem 1.2.

Theorem 1.2. Suppose u, B € L2 (R x (0,T)) are Leray-Hopf weak solutions to
the MHD Equations (2.12) defined by (3.32), with initial data uy, By € L*(R3). If
in addition u, B both satisfy any of the conditions (B1*)-(B3*) above, then the pair

satisfy the energy equality (2.15).

(B1%) Vu,VB e Lz5(0,T;L*(Q))  for

role
A
®
N

(B2*) Vu,VB € L5 (0,T; L5(Q))  for

[S1N=)
IN
V)
IN
&

(B3*) Vu,VB € L'3(0,T;L*(Q)) for s> 3,

Finally, through a similar method to the proof of Theorem 1.1, we attempt to gener-
alize Theorem 1.2 for very weak solutions, dropping the Leray-Hopf condition. That
is, imposing certain regularity criteria on the gradient of the solution, the energy
equality (2.15) will hold, making the Leray-Hopf condition redundant. As such we
have Theorem 1.3.

Theorem 1.3. Suppose u, B € L2 (R? x (0,T)) are weak solutions to the MHD
Equations (2.12) (in the distributional sense) defined by (3.32), with initial data
uo, By € L2(R3). Then if Vu, VB € L7 12(0,T; L3()), for 2 < s < 2, then
u, B satisfy the energy equality (2.15).

12



Chapter 3
Preliminary Setup

In the following chapter, we will introduce pertinent definitions and terminology,
as well as useful lemmas that will be crucial later when proving Theorem 1.1-1.3.
Specifically, we begin this section by outlining important function spaces that will
be used when considering weak solutions to the Navier-Stokes and MHD Cauchy
problems. Such function spaces are necessary in our study, which will be deemed
very useful when applying certain results from functional analysis. Succeeding this,
we provide a more in-depth analysis of the MHD Equations with a brief derivation
starting from the incompressible Navier-Stokes and Maxwell’s Electromagnetic
equations, with at the end, a reformulation of the MHD Cauchy problem in a
more condensed form for later ease of use. Nearing the end of this chapter, weak
formulations of solutions as well as pertinent L? estimates are presented (with proof)

which will be needed later in Chapter 6.

3.1 Function Spaces

We start by introducing a few important function spaces that will be used through-
out this thesis, which will be pertinent when discussing Leray-Hopf weak and weak
solutions (in the distributional sense) to (2.12). For a full rigorous discussion, see
Evan’s textbook on PDE’s [16].

Firstly we define an important well known function space that deems useful when

13



approximating solutions (density argument) to PDE’s.

Definition 2.1.1. Given an open set {2, we denote by C2°(£2) the function space of

all compactly supported smooth functions on 2.

Next when discussing sufficient integrability conditions or regularity criteria on

weak solutions, so called L” spaces must be considered.

Definition 2.1.2. Let (£2,X, 1) be a measure space. Denote by LP(Q2), p > 1
the space of all measurable functions f : 2 — R (or C) whose norm defined by
(3.1) or (3.2) is finite.

For p € [1,00):

1l = ( / !fl”dﬂ)p < o0, G.1)

[ f]loo := esssup| f| < oo, (3.2)

For p = oc:

Since we will be working with solutions defined on 2 x [0,7) for Q C R* and

T > 0, a natural extension of Definition 2.1.2. is given.

1. Denote by L"(0,7; L*(2)) the function space
[0,T] x Q — R (or C) with finite norm

T
T ( [

Next, in order to deal with regularity on solutions to (2.12), we define the so-called

Definition 2.1.3. Let r,s >

of all measurable functions

1
Sobolev function spaces. Theory from functional analysis regarding these spaces
will be of great importance when proving Theorem’s 1.1-1.3 later.
Specifically, the weak formulation of solutions is necessary when studying the

Navier-Stokes or MHD PDE’s, hence we define an important weakening of the stan-

dard derivative in R", which will also prove useful when defining Sobolev function

14



spaces.

Definition 2.1.4. Let  C R” be an open set. Further let u,v € L}, () and

« a multi-index. Then v is the at"-weak derivative of v if

/Qqu: (—1)“'/91;@@, (3.4)

for all test functions ¢ € C2°(12).

Here the mixed partial derivative of ¢, D% is defined by

ooy
D = —————
4 OFL ... 9an’

Tn

(3.5)

Definition 2.1.5. Let || < k be a multi-index (o € Nf}) of order & € N. We denote
the Sobolev space W#P () the space of all measurable functions f on {2 where its

mixed partial derivative exists weakly and lies in LP((2). That is,
WhP(Q) := {u € LP(Q) : D*u € L*(Q) for all |a| < k} (3.6)
Lemma 2.1.6. W*?(Q)) is a Banach space with norm

> ID%ullney  pE[L,00),

o<k

> ID%u| ey p= o0,

|lal<k

||U||kap(9) = 3.7

Specifically, when & = 1 and p = 2, we denote W*?(Q) := H'(Q). Here, as
notation would imply, H'(2) is a Hilbert space.

Also required are various function spaces that are constructed by taking the com-
pletions of a restricted class of divergence free functions under a suitable norm. We

list a few below for use later.

Definition 2.1.7. We define the list of spaces below as follows

15



Coo() ={p e C2(Q): V¢ =0}
L%(€2) := the completion of CZ (€2) under the L? norm.
H; () := the completion of CZ% under the W'*norm

Dr:={p € CX(R?*x [0,T)): V¢ =0}

3.2 Overview of the MHD Equations

3.2.1 Derivation of the MHD Equations

In this section we give a brief overview of the MHD partial differential equa-
tions, with an additional brief derivation. Specifically, such derivation is achieved
via coupling the Navier-Stokes Equations for incompressible flow, with Maxwell’s

electromagnetic equations, which are again listed below for completeness.

Incompressible Navier-Stokes Equations:

B — Au+tu-Vu+ Vp=J,
{t“ ptuVuEVP=ho e 0.00) xR (38)

V.-u=0,

with initial data u(z, 0) = ug(z) € R3. Here u denotes the velocity flow field, p the
pressure field, and f a body force.

Next we list Maxwell’s electromagnetic equations, which determine electromag-

netic effects on conducting body or fluid.

16



Maxwell’s Electromagnetic Equations:

(,B+V x E =0,
—0D+V x H =,
V-D = pe,

|V -B=0,

(t,r) € (0,00) x R? (3.9)

again with some initial data. Here B, F/, D, H, J, p. denote the magnetic induction,
electric field, electric displacement, magnetic field, electric current density, and

electric charge density respectively.
Derivation of the MHD Equations

Here we provide a brief derivation of the MHD Equations, where a full in-depth
example can be read in for e.g ([14] and [28]). Specifically we follow the derivation
outlined by [28].

It’s well known that one can relate the electric current density J to the magnetic
induction B and electric field £ by

J=peu+o(E+uxB), (3.10)

where ¢ > 0 is a constant and denotes the electric conductivity. Or under the

assumption of quasi-neutrality (% < 1), one finds
J=0(E+uxB), (3.11)

Here it is understood that v and B are vector valued functions in R?, and as such for
simplicity in notation, symbols indicating this will not be included throughout the

thesis.

Assuming a free space, or non-magnetizable or non-polarizable medium, the mag-
netic induction B and magnetic field H are equal, scaled by a factor. Namely, we

have B = ugH, for some constant fig.
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Finally assuming no odd phenomena such as high frequencies in the medium, the
time change in the displacement current 0; D can be neglected in Eq (3.9) resulting
in

J=V x H, (3.12)
Combining the above assumptions (3.12) with B = puoH into Eq (3.11) and rear-
ranging yields

1
EF=—VXxB—uxB, (3.13)
O o

whereby substituting (3.13) into (3.9) gives

1
B+ —V xVxB-Vx(uxB)=0, (3.14)
OHo
Directing our attention to the Navier-Stokes Equations (3.8), we separate the body
force f as the sum of the external body force f.,; and Lorentz’s force f,, expressed

as
fom =peE+J x B~ Jx B, (3.15)

where the RHS is approximated due to the quasi-neutrality assumption, where the
term p.E can be neglected. Substituting (3.15) into (3.8) and assuming a zero

external body force f.; = 0, one obtains
1
u+u-Vu—Au+Vp=—(V x B) x B, (3.16)
Ho

Finally, using the following general formulas from vector calculus listed below

VXxVxu=V(V-u)—Au,

|B?

2 Y
Vx((wxB)=v(V-B)—B(V-v)+(B-V)v—(v-V) x B,

(VxB)xB=(B-V)B-V (3.17)
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with the equations (3.14) and (3.16) and the divergence free conditions V - u =
V - B =0, yield the desired MHD Equations.

ou+ (u-V)u—11Au+ VP = (B -V)B,
OB+ (u-V)B —nAB = (B -V)u, (t,x) € [0,T] x R* (3.18)
V-u=V-B=0,

with initial data
u(z,0) =up € R*, B(x,0) = By € R®. (3.19)

3.2.2 Reformulation of the MHD Cauchy Problem

Next, for readability and ease of computation later when proving Theorem’s 1.1-
1.3, we wish to re-express the above MHD equations into a single condensed PDE
that resembles the Navier-Stokes equations. Motivating this, we note that Theorem
1.1 has already been proven by Berselli and Chiodaroli [5] for the Navier-Stokes
Cauchy problem (2.2), hence in an attempt to mimic their proof, we will rewrite
the MHD equations (2.12) in a similar format to (2.2). Looking at each system,
of main difference are the non-linear terms given by u - Vu for the Navier-Stokes
Cauchy problem, and both B - VB and B - Vu for the MHD Cauchy problem. This

motivates the following definition.

Notation. Moving forward, we denote the brackets (-, -) by the L2(€2) inner product.

That is, we have the following definition.

Definition 2.2.1. Let f, g be two real functions on a measure space ) with measure

p. Then denote by the L? inner product of f and g by

To condense each system (2.2) and (2.12) into an identical form, a bilinear form B
is defined below for each set of equations. As will be shown soon, such a map B
will help combine both equations of the MHD system (2.12) into a singular cou-
pled equation that looks almost identical to (2.2). We first start by rewriting the
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Navier-Stokes PDE (2.2) in a more condensed form by introducing a bilinear form
B through definition 2.2.2. Specifically, such a bilinear form B is used to combine

all non-linear terms of each PDE into a single function.

Definition 2.2.2. Let v € L*(0,7; L?(R3)) N L*(0,T; W?(R3)). Then de-
fine when working with the Navier-Stokes Equations (2.2) the bilinear operator
BHEW : H&,U(Q) X H(:]L,O'(Q) — (H&,J(Q)>* by

Bray (u, ) :==u -V, (3.21)

where ¢ € Dr.

Assuming u is a solution (or even weak solution (see section 3.3 for a defini-
tion)) of sufficient regularity to the Navier-Stokes Cauchy problem, multiplying the
Navier-Stokes equations (2.2) by a test function ¢ € Dy, integrating by parts and
using the boundary and divergence free conditions, one easily obtains an equiva-
lent formulation of (2.2). This is done similarly to deriving the energy equality in

Chapter 1 and is thus skipped.

at(uv 90) - <u7 atQO) + (VU, VQO> + <B(u7 u)? @) - 07
V.-u=0,

with initial data u(z,0) = ug(z) € R?

Here (-, -) denotes the standard dot product (the sum of the products of two vector

valued functions coordinates).

Similarly for the MHD Cauchy problem (2.12), one can define a different bilin-
ear form Byyp := B through definition 2.2.3, and with the help of the standard
Stokes operator defined in definition 2.2.4, one can condense the MHD equations in

a similar fashion done to (3.22).

Definition 2.2.3. Let I' € L>(0,T; L2(R?)) N L?(0,T; W?(R?)) where I :=
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(u, B). Then define when working with the MHD Equations (2.12) the bilinear
operator 3 : Hg () x Hj () — (Hg ,(2))* by

B, ®):=(u-Vo1 — B -V, u-Voys— B-V), (3.23)
where ® := (1, ps) € Dr.
Definition 2.2.4. Define by A the standard Stokes operator in §2 by
A:=—PA, (3.24)
where P, is the Helmholtz-Leray projection given by (1 < p < o0)
P, i LP(Q) — LE(Q),  (Pyu); = u; + 0i(=A)"'V -, (3.25)

Here, by letting I' := (u, B) be a sufficiently regular solution (or again weak
solution) to the MHD equations (2.12) with ® := (¢1,p2) € Dy, similarily to
(3.22), an equivalent formulation for the MHD Cauchy problem is

{at(ra qj) - (F7 at\I’) + (VF’ V\I]) + <B(F’ F)’ \I]> =0, (t733) S (0, OO)XRB

V : Fl = 0,
(3.26)
with initial data I'(z, 0) = Ty(z) := (ug(x), Bo(z)) € R* x R?

If the test functions are time independent with W & ng,(R?’), the first equation
of (3.26) reduces to

oL, 0) 4+ (VI VU) + (B(I',I'), ¥) = 0, (3.27)
or equivalently using definition 2.2.3.
o' + AI' + B(I',T") = 0, (3.28)

For details see Lai and Yang [29]
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3.3 Leray-Hopf Weak and Weak Solutions

In this section we introduce the notion of weak solutions to both the Navier-Stokes
equations (2.2) and MHD equations (2.12), giving a variety of different solution

definitions with different ’strengths’, some more general than others.

We start by defining the weakest (or most general) formulation of solution to the
Navier-Stokes equations, where only satisfaction in the distributional sense is re-
quired. That is, construction of strong solutions with sufficient differentiability (or
regularity) globally in time is unknown, however one can weaken the regularity
requirement and develop theory with a weaker definition of a solution that one nor-

mally cannot with strong solutions. This leads to the following definition:

Definition 2.3.1. v € L2 __(R? x (0,7)) is a weak solution (in the distributional

loc,o

sense) to the Navier-Stokes Cauchy problem (2.2), if

T
/ / (u-8t90+u-Ag0+u-Vgo-u)dxdt:—/ Ug - Pode, (3.29)
0 R3 R3
V¢ € Dy and initial data ug := u(z,0) € L2(R?)

Strengthening definition 2.3.1. one may then define the notion of a Leray-Hopf
weak solution, which has the additional requirement of solving the energy inequal-
ity, with other regularity criteria added on top of being a distributional solution.

Specifically:
Definition 2.3.2. « € L>(0,T;L2(R?)) N L*(0,T; W"?(R?)) is a Leray-Hopf

weak solution to the Navier-Stokes Cauchy problem (2.2), if it is a weak solution (in

the distributional sense), as well as solves the energy inequality

t
lu(t) 122 + 2 / IVu(P)|a dr < [uoZe, (3.30)
0
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and the initial data strongly converges in the L? sense
|lu(t) —ugllzz =0 as t— 0%, (3.31)

Next, as a standard analogue to weak solutions to the Navier-Stokes equations, we
give an equivalent formualtion for weak solutions (in the distributional sense) to the

MHD equations. Specifically we have

Definition 2.3.3. The pair (u, B) € L2 (R® x (0,7)) is a weak solution (in

loc,o

the distributional sense) to the MHD Cauchy problem (2.12), if

T
/ / (u~8t90+u-Agp+u-Vgo-u—B-V@-B)dmdt:—/u0~g00dx,
0 Jrs Q

T
/ / (B-8t¢+B-A¢+u-V¢-B—B-V¢-u)d$dt:—/Bo-qbodx,
P R EX?)
Vo, ¢ € Dr and initial data ug := u(x,0), By := B(x,0) € L2(R3)

Again strengthening the formulation of a weak solution, a Leray-Hopf weak so-

lution to the MHD equations is defined below.

Deifnition 2.3.4. The pair (u, B) € L>*(0,T; L2(R3)) N L?(0, T; W'(R?)) is
a Leray-Hopf weak solution to the MHD Cauchy problem (2.12), if

(1) (u, B) is a distributional solution to (1.1)

T
/ /(u-(?tgp—ku-gp—u-Vu-g0+B-VB-g0)dxdt:—/uo-gaodx,
o Ja Q

T
/ /(B-3t¢—VB-qu—u-VB-ng—B-Vu-gb)dxdt:—/Bo-gzﬁodx,
Q 0
’ (3.33)
Vo, ¢ € Dr and initial data ug := u(x,0), By := B(x,0) € LZ(R?)
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(2) (u, B) satisfies the energy inequality for the 3D MHD Equations

2 [ U@l 1B) ) dr+ t (V) Z+HIVB(s)12)ds < 5 [ (luoll3+11BolZ)da.
2 Q 0 JQ 2 Q
(3.34)

(3) the initial data strongly converges in the L? sense

|u(t) —ugllzz =0 as t— 0%,

(3.35)
HB(t)—B0||L2 — 0 as t—>0+,

Here one notes that smooth solutions to either (2.2) or (2.12) are automatically

Leray-Hopf weak solutions, which themselves are weak solutions.

3.4 [P Estimates

In this section we briefly discuss a few pertinent LP estimates and interpolation
inequalities that will be useful later in our discussion. All estimates presented in

this subsection have been developed by other authors and are well-known.

Of first interest is the so called “Young’s inequality”, which allows one to esti-
mate a product of non-negative real numbers by their sum, scaled and taken to a
specific power. Importantly, such an inequality is useful when proving pertinent L”
estimates such as Holder’s inequality, or estimating the non-linear term in the MHD

Equations (or in other PDE’s).
Theorem 2.4.1. (Young’s Inequality for Products). Let a,b > 0 and p,q > 1
be real numbers, such that % + % = 1. Then one has

P q
ab < % + % (3.36)

Proof. 1It's well known that the exponential function f : R — R,  — " is

convex on R. Hence for all z,y € R and ¢ € [0, 1], one has
=Y < ge 4 (1 —t)e?, (3.37)
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Setting # = In(a”) and y = In(b?) with t = © (and thus 1 —¢ = _), one gets through
simple arithmetic and (3.37)

ab = 6ln(ab)

_ 6%pln(a)+%qln(b)
_ 6% ln(ap)Jr% In(b7)

. . (3.38)
S _eln(ap) + _eln(bq)

p q

a? bl
P q

OJ

Of next importance is a fundamental L” estimate that generalizes the famous Cauchy
Schwartz inequality for L? norms. Specifically Holder’s inequality provides L”
bounds for the products of two L? integrable functions by their individual L” norms.
Such an inequality is integral when studying the convergence of sequences of certain
terms in PDE’s. Below we provide the statement of the theorem with a brief proof.

Theorem 2.4.2. (Holder’s Inequality) Suppose f, g are measurable functions on
Q. Further let f € LP(Q) and g € L4(Q), withp, ¢, € [1,00] and J+ © = . Then
one has

1 Follzry < 1S lzm@llgllznca (3.39)

Further when » = 1 and p = ¢ = 2, Holder’s inequality reduces down to the well-

known Cauchy Schwarz inequality.

Proof. Assuming the statement of the theorem, we first prove (3.39) when r = 1.
Firstly, we assume p,q < oo, since the extremum case p = oo, ¢ = 1 (or vice
versa) is trivial. Next we may also assume || f|zr(), ||9]|Ls() € (0,00). The
limiting case at oo is trivial, whereas if either norm is 0 (without loss of generality
if || f||zr@@) = 0), then f = 0 almost everywhere and hence || fg||;1) = 0 with

respect to some measure.
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Normalizing f and g, define F' := —L— and G :=

9
171 llgllq
|G||; = 1, and thus using Young’s inequality one gets

Then one has || F||, =

LE]15

Gl 1 1
| Hq:——i-—il, (3.40)

IFGy <
¢ P q

+

whereby substituting F' and G in terms of f and g on the LHS of (3.40) and some

simple arithmetic gives the claim for r = 1.
For r € (1,00) with % = ]lj + % (the case r = oo is trivial), one simply notes

that if f € LP(Q), g € LY(N), then | f|” € L7(Q) and |g|" € L7 () whereby using
=+ 2 =1, one gets through Holder’s inequality for 7 = 1, that

= [Ifllpllglla; (3.41)

RICR

1 1
Ifall- = 1I(Fo)llT < L/ I2llg"

Thus proving the claim. [

Similarly, one can extend Holder’s inequality to products of multiple L? integrable

functions.

Theorem 2.4.3. (Generalized Holder’s Inequality) Let 7, py, . .., pm € [1, 00] with
>+ =1L Furthertake f; € LP/(Q2) for j = 1,...,m. Then

i=1 p;

11 < I 1fillemee), (3.42)
i=1 L7 () i=k=1

Proof. Follows from an induction argument with Holder’s inequality.
Similar to Holder’s inequality, it is also of interest to find L? bounds of a sin-
gle function by a product of L” norms of itself, with certain weights. That is, an

equivalent formulation of Holder’s inequality follows

Theorem 2.4.4. (Convex interpolation inequality) Suppose f, g are measurable
functions on 2. Further let f € LP(2) and g € L9(Q2), with 0 < p < g < o0,

26



0<0<1and%:1p%9—|—§. Then one has

£ 1@ < NIty 1 1y (3.43)

Proof. Suppose the hypothesis above. Then by Holder’s inequality one gets

LAl = 177 £ 200 < P00 2y = DN (3.44)

]

Finally since regularity criteria on the gradient of the solution to the MHD Equations
will be considered, interpolation estimates that relate the L” norms of certain weak
derivatives of functions are necessary. Of specific, estimates of the form (3.45) are

of interest for functions u € C2°(R").
[ul|Lan) < CllDul|ze@n), (3.45)

where 1 <p <n,1 <q<ooand C > 0is a constant.

It turns out, in fact, ¢ in (3.45) may not be chosen arbitrarily, and instead is re-
lated by the dimension of the space n € N and the value of p chosen. Motivating
this, it should be expected that for arbitrary u € C°(R"), the re-scaled mapping
ux(x) := u(Ax) (where A > 0, x € R™), which also lies in C2°(R™), satisfy (3.45).

That is we expect a sort of scaling invariance to hold, and thus the following:
|uxl| Loy < C|| Dl e @ry, (3.46)
Through a simple change of variables, one notes that

[ twlrde= [ uoa)ras = [ e Gan
n Rﬂ/

R"

/ Dus|? dz = A / Du(Az)|P dz = AP / Du()lP dr,  (3.48)
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whereby substituting (3.47) and (3.48) into (3.46) yields

A7 ul| agrny < CA' 77 | Dul|pageny, (3.49)
or rearranging (3.49) one has

lull parny < CA” 24| Dul| o ey, (3.50)

From here one can note that if A — 0 or oo, the estimate (3.50) breaks down if
1— % + % # 0. Hence we arrive at a desired relation between p, ¢ and n. That is, we
require 1 — % + % = 0, orrearranging, similarily ¢ = n"—_pp for the estimate (3.50) to be

true. We make the above rigorous with a statement of the theorem with a proof below.

Theorem 2.4.5. (Sobolev Embedding) Let 1 < p < n with n € N. Denote
by p* the Sobolev conjugate of p by

Pt = , (3.51)

then for all functions u € C!(R"), there exists a constant C' > 0 dependent on p
and n such that
ul Lo* mny < Cl|Dul| Lo @ny, (3.52)

Proof. We follow the proof given by Evans [16]. Specifically, we show Theorem
2.4.5. for p = 1 first, then generalize to p € [1,n).

Suppose the hypothesis above, with p = 1. Since u € C°(R"™) has compact

support, its components (denote by u; for ¢ = 1,...,n) vanish at =co. Hence we
have o
u(:c) = / ($1,---;1'i—1,yi>xi+1,---,wn) dyl, (353)

Taking the upper limit of the integral in (3.49) to oo, one has foreachi =1,...n

ju(@)| S/|DU(x1,---,yi,---,xn)\dyi, (3.54)
R
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Or taking the product of (3.54) as ¢ = 1,...n varies, and raising to the power of

1
n—17

one gets

n =
u(z)[=1 <] (/ |Du(xy, ... 4. .., 1) dyi> : (3.55)
i=1 \WR

Integrating (3.55) with respect to x1, we find using the generalized Holder’s inequal-
ity (Theorem 2.4.3)

/|u|nn1 dzq S/H(/ | Dul| dyi> " dxy
R R \JR
= (/ |Dul dy1> 7 </H(/ | Dul dy@-) 7 dw1> (3.56)
R Ry \JR

1

1 n n—1
< Du dy) // Du| dzdy; ,
([ 1Dl <H| | dn,

Similarly, following verbatim steps done above in (3.56), integrating (3.56) with

respect to x5 and applying the generalized Holder’s inequality again gives

n =
//yuwl dxldx2§H<///]Du| dxldxgdyi) : (3.57)
R JR i—3 \JRJRJR

Repeating the above steps n times yields the estimate

. o1
/ |u| =T dz < </ | Dul| dx) , (3.58)

proving the result for p = 1.

(n—1)

® where a = £ > 1.
n—p

Finally when p € (1,n), define a scaling of u, uby u = |u
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Then one notes by Holder’s inequality that

(.

n—1

= d:c) < a/ |u|*| Du| dw
Rn

(a—1)p pf%l %
<« lu| 71" dx |Dul? dx |
R® Rn

Since by the choice of «, one has “% = (a=1)p
n—1 p—1

yields the claim for general p € (1,n), finishing the proof. O

(3.59)

= n"—zo. Hence rearranging (3.59)

For added interest, with more machinery, one can extend the Sobolev Embed-
ding Theorem, allowing one to estimate L” norms of higher order mixed derivatives

D7 of L” integrable functions.

Theorem 2.4.6. (Gagliardo-Nirenberg interpolation inequality) [35] Let 1 < ¢, 7 <
+oo and p > 1. Further let j,m € N U {0} such that j < m, with § € [0,1]

satisfying
1 ] 1 1-46 ]
_:l+e(-—T>+— Jcg<n, (3.60)
p n r on q m
then for some constant C' > 0, one has
1D7ul| Lo gny < CID™ul| T ] Loy (3.61)

when v € LI(R").
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Chapter 4

Galerkin Method for Existence of

Solutions

One of the main ingredients for the proofs of Theorem’s 1.1-1.3 is showing the
existence of a solution pair to a so called regularized version of the MHD Cauchy
problem (2.12), or Galerkin Method. One may then prove certain properties of the
regularized solution and show it approximates the original solution to (2.12), for
which both solutions of each system will inherit each others proprieties. As such,
before stating the required theorem, we begin by defining a standard space-time

mollifying technique for the regularization of the variables in (2.12).

Definition 4.1. Let g : R® x (0,7) — R3 be locally integrable, and ¢ > 0.
Then we define by ¢(¢) and 9(e) the space and space-time mollifiers of g respectively

9Nz, -) = /Rd ke(x —y)g(y, )y,  gelz,t) :/0 je(t — 8)g' (z, s)ds,

je(r) == €ej(r/e), k(&) =€ Pk(E/e), (,6) e RXR?,

and
jeC>®(—~1,1) and k€ CX(R?),
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Following the mollifying techniques presented above, we consider a regularized
version of the 3D Cauchy problem (2.12)

out — Auf + (U(e) . V)ue — (B(s) . V)B6 + Vp© = fi,
0B + (U(e) . V)BE — (B(E) . V)u6 = AB®+ f5, (t, JJ) S (0, T) x R3

V.-u=V-B =0,
4.1)

with initial conditions
€(. _ (9 €(. 10 3
u(-,0) =uy’, B(,00=DB,’, on R “4.2)

where fi, fo € C5°((0,T) x R3) with T > 0.

Recall from section 3.2 equation (3.26), a condensed form of the MHD Cauchy
problem (2.12) is written as

{at(r, U= Lo +(VE VI + B0 =0 (0,00 xR

VFZZO,

with initial data T'(z,0) = To(z) := (ug(), Bo(x)) € R® x R3, where I' := (u, B)
and ¥ € Dr.

Mimicking this process, a condensed regularized system to (4.1) is

o'+ AI'“ + B(I'(o, 1) = f,
' oI = f (t,z) € (0,T) x R? 4.3)
V.-I“=0,
with initial conditions
r(-,0) = (u(-,0), B(-,0)) =T5, on R (4.4)

where ' = (u€, B€), (o) = (u(e), B(o)) and f = (f1, f2).
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Theorem 4.2. Existence of Solutions to the Regularized MHD Cauchy Problem.

Let T == (u§, BS) € L2(R?) be initial data to the system (4.3)-(4.4). Then the
Cauchy problem (4.3)-(4.4) admits a unique solution T'* = (u®, B) such that

I e L0, T; LA(R*) N L*(0, T; W (R?)) (is Leray-Hopf) 4.5)

and

max ([Ju(t)|3 + | B(1)]]3) +/O (V@ + VB (@)]3) dt

te[0,7

. (4.6)
< [lgll5 + 1B5115 + C/O (LA @IE + 1L20)11%) dt,

for some constant C' > 0.

Proof. Here we follow the proof given by Lai and Yang [29], omitting the proof
for uniqueness, since it is not necessary for the thesis. Specifically we consider first
the system (4.3)-(4.4) on the restricted domain Bg x (0,7") for T" > 0, where By
denotes the ball centered at the origin with radius R > 0.

0P+ Ad + B(©, D) =
{t TAL+5(O6,9) =1, (t,z) € (0,T) x Bg 4.7

V.-d=0,

with boundary and initial conditions chosen such that

®=0 on 0Bg x (0,7)
4.8)
O(-,0) =Py, on Bp
and
ngr;o ||(I)0 — (I)()RHQ = O, (49)

Here the existence of such a ®,, is shown in Appendix A, Theorem A.2.
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4.1 Local in time existence

We first show the existence of local in time solutions to the system (4.7)-(4.9).
Specifically, the idea is to construct a sequence of approximate solutions ®,, that
at each time ¢ > 0, lay in a finite-dimensional Hilbert space (Banach space that
admits an inner product). Exploiting the orthogonality of a specific basis, we may
reduce the system (4.7)-(4.9) to a system of ODE’s, allowing the use of standard
ODE theory for existence and uniqueness, simplifying the problem. Thus before

beginning, we provide a well known eigenfunction theorem from PDE theory.

Lemma 4.3. Take ) C R? smooth and bounded. Then there exists functions
N = {a; : i € N} such that

() N is an orthogonal basis in L2 (€2)
(17) Aa; = Na; Vi € N suchthat 0 < A, < \,y1 > o0VneN (4.10)
(ii) A is an orthogonal basis in H; ()

Definition 4.4. We denote the projection operator P, : L? — L2 by

n

P® = (,a;)a;, (4.11)

i=1

where a; € N, and (-, -) denotes the standard dot/scalar product.

Continuing the proof, we construct approximate solutions ®,, that belong to the

space P, L2 Vt > 0, by considering the Cauchy problem

0;®, + A®, + B,B(O,,P,) = P,f,
' ( )= Fuf (t,2) € (0,T) x By (4.12)
V-9, =0,
with initial condition
®,(0) = P, P, 4.13)
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where we are searching for functions ®,, and ©,, of the form

n n

q)n(xv t) = Z Cz<t>ak($)v @n(ZL‘, t) = ZEZ@)C%(ZE)? (4.14)

k=1 k=1

To determine the constants ¢} (¢) and ¢} (¢), we exploit the orthogonality of the basis
N. Specifically, taking the L? inner product of (4.12) with a;, for k = 1, ..., n, one
gets

> (%cy(tmj, ak) + (G () Aaj, ar) + 3 (B (B)ai, ¢ (t)ay), ax) = (f an),
(4.15)

where we used the well known fact that (P,u, a;) = (u, ax,) Yu € L*(R3).

Since by Lemma 4.3 Aa; = \a; Vi € N, and are orthogonal in L?(Bg), (3.15)
simplifies to a system of linear ODE’s

d
(1) + M (1 +ZDW: =fi, k=1,...,n (4.16)

i,7=1

where

Diﬂf = <B<ai7aj)7ak>u fk(t) = (f('7t)7ak) and E?@) = (@naai)v (4.17)

where the initial conditions are determined similarly by taking the L? inner product
of (3.13) with ag, yielding

% (0) = (Pog, ax), (4.18)
Here we conclude from classical ODE theory, since we have a countable system of
linear ODEs, system (4.16)-(4.18) admits a unique solution tuple (c,...,c!) on

the local time interval [0,7,,) with 0 < T,, < T'. Hence we have the existence of a
sequence of solutions ®,, to the system (4.12)-(4.13) of the form (4.14).
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4.2 Uniform Estimates on ¢,

In order to show the existence of a global in-time solution to (4.7)-(4.9), one ap-
proach is to extract a strongly convergent subsequence from {®,, },cn through the
well known Aubin-Lions Lemma (see Appendix A Theorem A.l.) (compactness
argument). As such, uniform estimates on ®,, and 0,®,, in L*(0,T’; (H; ,(Bg)))
and L*(0,T; (H; ,(Bgr)*)) respectively, are needed.

We first find uniform bounds on ®,,. By the above argument in section 4.1, we
have the existence of a sequence of solutions {®, },cy on [0,7,) to the system
(4.12)-(4.13). Taking the L? inner product of @, (s) with (4.12) yields

(0s@n (), Pn(s)) + (APn(s), Pu(s)) + (PuB(On(s), Pu(s)), Puls)) = (f, Puls)),

(4.19)
By the product rule, the first term on the LHS of (4.19) can be rewritten as
1d 9
(0.0(5), @ul5) = 55 19u(5) 3o, (4.20)

whereas the second term can be rewritten as (using the definition of the Stokes

operator and the projection operator)

(AP (s), Pu(s)) = (PAP(s), Pu(s)) = (—APn(s), PPu(s)) = (=APn(s), Pu(s))

= ||V‘Dn(3)||%2(33)7
(4.21)

where in the last step we integrate by parts and use the fact that V - ©,, = 0.

Next, the third nonlinear term on the LHS of (4.19) vanishes, since
Hence for s > 0, combining (4.20)-(4.22) with (4.19), one gets
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1d
5@\@71(8)“3 +[IV®a(s)l3 = (f, Puls)), (4.23)

Integrating (4.23) from O to ¢ for all ¢ € [0, T},), using (4.9) and applying the Cauchy

Schwartz and Young’s inequalities, one obtains
t t
2 2
[[@n(t) ||%2(BR)+/ IV®n(5) 1725, dT < ||<1>o||2+K/ 1f(s)l[sdr < C, (4.24)
0 0 5
where K > 0 is a constant and C' > 0 is a constant independent of ¢ and n.

Finally, since the second term on the LHS of (4.24) is non-negative, taking the
time supremum over [0, 7' of (4.24), one obtains the estimate

T T
| 190y i < Il + 5 [l an @29)

where K > 0 is a constant.

Hence ®, € L>(0,T;L*Bg)) N L*(0,T; Hj,(Br)) and thus one obtains the

uniform bound

[Pl oo (0,702 RY)NL20,mH BR)) < C, (4.26)
0,0

4.3 Uniform Estimates on 0,9,

Next we show uniform estimates on 0,®,, in L*(0,T; Hy ,(Br)*) as mentioned
previously. In a similar fashion for the bound on ®,,, taking the L? inner product of
(4.12) with an arbitary test function ¢ € H, &U(R R), gives

<8tq>na 90) = _(A(I)m 90) - <PnB(@n, (I)n)a S0> + (f7 90)

4.27)
= (AP, ¢) — (B(0,,2.), Pup) + (f.9)
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Next we estimate each term on the RHS of (4.27). Specifically, the first term on the
RHS of (4.27) estimates as follows

’(Aq)m@” = |(_PA(I)mSO)| = |(_A<I)n + v@a@” = | - A(I)n;90| (4.28)

whereby integrating by parts and using the divergence free boundary condition, one

arrives at

(A2, 0)] = (V2. V) < [V, el oligen  (429)

Next, for the second term on the RHS of (3.27), using Holder’s inequality with the

Sobolev embedding theorem, gives for some constant ¢ > ()

[(B(On, @), Prp)| < |OnllL2@p) |V Pull 2@ | Paell o)
< ||Vl 2@p | Bal iy 1) (4.30)

S C||V(I)nHL2(BR) HQOHH&U(BR)

with the last term of (3.27) dealt with similarly
N < 105, Nolioemy < el fll g, el 43D)
Hence combinging (4.27) with (4.29)-(4.31), one gets

0@l e < UV Ballizr + 15, ) 432

Squaring both sides of (4.32) yields

1020ty By < cUIVOalTaey) + 211 Pnllz2@n I f]

< (VP 225,y + Hf“ig(BR))v

2
Lo T 1725 )

(4.33)
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for which integrating from 0 to 7" and using (4.24) yields

T T
[ 100l o < ([ 190Gy s+ [ WO, @)
T
(ol + [T15IR as)

Hence 0,®,, € L*(0,T; (H; ,(Br))*) and thus one obtains the uniform bound

(4.34)

||at(1>"||L2(07T;(H670(BR))*) S C, (435)

4.4 Global in time Existence

Finally we show the global in time existence of a solution pair I'* = (u€, B¢) to the

regularized system (4.1), thus in turn proving Theorem 4.2.

The idea is to extract a convergent subsequence with limit @ via the Aubin-Lions
Lemma (Appendix A, Theorem A.1.) and prove it’s a solution to the system (4.7)-
(4.9) for each R > 0. Next, one can extend such a sequence of solutions {® g} g~ to
the whole domain 2, defining values of ®; outside the ball B, to be zero. Applying
a standard diagonalization argument then shows such a sequence {®r} r~o strongly
converges to a unique solution to (4.1), ending the proof. A summary of the above

is outlined below.

Summarizing the above subsections, we have proved the existence of a constant
C > 0 such that

[Pl Lo 07 22@R )220 508 ey < € and - ([0:@ul 20,153 8 )y < C,
(4.36)
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Hence by Aubin-Lions Lemma, there exists VR > 0 a subsequence (still denote by
®,,) ®,, — ®p such that

®, — ®p, strongly in L*(0,T; L2(Bg))
®, — ®p, weakly starin L=(0,T; L(Bg)) (4.37)
V®, — Vdg, weaklyin L*(0,T; L*(Bg))

Dotting ¢ € Dy with equation (4.7) and integrating from [0,T) (and integrating by

parts), one gets

T T T T
- [ @napdte [ (V0. T des [ (B0 @) e dt = (@o 00D+ [ (1.6
0 0 0 0
(4.38)
Here from (4.37), taking the limit of the first and second term of the LHS of (4.38)

as n — 00, one gets

T T
/ (®,, ) dt — / (@, Ohop) dt, (4.39)
0 0

and . .
/ (VD,, V) dt — / (VOgr, V) dt, (4.40)
0 0

where when taking the limit of the third term of the LHS of (4.38), one notes that
B(©,,®,) — B(©,%) =B(6, —6,P,) + B(6,d, — dr), 4.41)

thus we see by Holder’s inequality that

T T
| e -e.0.0 dt\sc | 10w - 0lvellols d
0 0

T 3 T 3
sap(/ ||@n—@||idt> (/ ||V<I>n|]§dt) -0,
0 0

(4.42)
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and using (4.37) again we get
T
| 50,2, 20,00 >0 @43
0
Hence combining (4.42) and (4.43) with (4.41) we deduce that

T T
/ (B(On, @), ) dt — / (B(©, Br), ) dt. (4.44)
0 0

Hence combining (4.39), (4.40) and (4.44) with (4.38) after passing to the limit one
gets

T T T T
- [ @no)des [ (VerTe)dts [ (B0, Br)phdt = (@004 | (o)t
0 0 0 0
(4.45)

Therefore @ is a weak solution to the system (4.7).
Finally, extending each ®p by 0 outside By for each R > 0 and denoting these
same extensions by ®r, we aim to apply the Aubin-Lions Lemma with a standard
diagonal argument to show existence.
Firstly it’s clear by the estimate (4.24) that such extensions ¢ satisfy

1 t

Slen@IB+ [ Ivenlds <c. (446)

0

for some constant C' > ( invariant of the radius R.
Hence the above implies ®r — ® weakly in L?(0, T; W2(RR?)).
In addition, using the estimate (4.34), for R > 1, one also has

T T
| 100l e ds < c (chou% = [ uren ds) S @

where c is another constant invariant of the radius R.
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Taking S € N such that S < R, one notes through inclusions of L” spaces on
compact sets (and thus Sobolev spaces) that (H; ,)*(Br) C (H;,)*(Bs) and thus
combining both (4.46) and (4.47), one sees

10eP R 20,132y Bs)) T 1 RR I 2207 H2 (Bs)) < ||at¢’R||L2(0,T;(H570)*(JBR)) + 1P, L2(0,1;H1 BR)
<C,
(4.48)

Applying a diagonalization argument with Aubin-Lions lemma, one can extract a
convergent subsequence from {®} g, (still denote it as {®y}r) such that o — P
strongly in L?(0,T; L?*(Bg)) for all S € N.

Finally, the limit ® is indeed a solution to the system (4.1)-(4.2). This is due
to the fact that since each @y are weak solutions, using the definiton of a weak
solution to (4.1)-(4.2) and taking the limit as R — oo, one gets the claim, ending
the proof. See Lai and Yang for full details [29]. U
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Chapter 5

Global in time L" I.° estimates for the

non-stationary Stokes system

Before proceeding with the proofs of Theorems 1.1-1.3, we require further machin-
ery on the so called non-stationary stokes system. Specifically, this section outlines
a variety of global in time L"L® estimates for the non-stationary stokes system in
R3 (5.1), which will be useful later in the proof of Theorem 1.1. In this section we
adapt a portion of Berselli’s paper [5] for the MHD Cauchy Problem (2.12).

Theorem 5.1. Solonnikov [46] (see also Giga and Sohr [22]). Let Q C R3 be
smooth and bounded and F € L®(0,T; L?(2)), where 1 < «, 8 < oo. Then the

initial value non-stationary stokes system

ON— AN+ VO =F,
(t,x) € (0,T) x Q (5.1)
V-A=0,
At,z) =0 (t,z) € (0,T) x 09,
A0,2) =0 x € ),

admits a unique solution (v, #) such that for some constant ¢ > 0 dependent on
a, 3,T and (2,

10| Loy + | PeAX|| parsy + (VO] La(rey < cl| Fll ez, (5.2)
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The following is an immediate corollary which will allow us to deal with higher

order systems.

Corollary 5.2. Let Q C R? be smooth and bounded and F : R® — R® with
F € L*0,T;L%(Q)), where 1 < a,3 < oo. Further, let A\ = (A1, \y) where
A : R? — R3and 6, : R® — R. Then the Cauchy problem (5.3)

(t,z) € (0,T) x Q (5.3)
V . )\Z - O7
At,z) =0 (t,z) € (0,T) x O,
A0,2) =0 x €,

admits a unique solution (v, #) such that for some constant ¢ > 0 dependent on
o, 8,7 and (2,

1Ol Lo(sy + | Po AN ooy + [IVO| osy < el Fllpowsy, (5.4

Proof. The proof follows by applying Theorem 4.1 to each \; U

In an attempt to mimic the coupled system (3.26), we set F = B(7y,\) where
v € L™(0,T; L*()) is a nice enough divergence-free mapping. Here for simplicity,
the remainder of this section will assume v = (7;,72) and A = (Aq, A2) where
i, A 1 R = R3and 0, : R® — R.

Adapting Berselli and Chiodaroli [5], we have

Lemma 5.3. Let QO C R® be smooth and bounded, and v € L"(0,T; L*(2))
with V - 7; = 0 in D/, for a.e. t € [0, 7. Then the initial value 3D cauchy problem
(5.5

DN — AN + V0, = Bi(7, \),
{t (%) (t,2) € (0,T) x Q (5.5)

V)\ZZO,
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M, 2) = 0 (t,2) € (0,T) x O,
A0,2) =0 x € €,
admits a unique solution (), ) with A € L*(0,T; H*(R3)) N L>(0,T; L2(R?)

In addition if VA € L*(0,TL?(Q)) (1 < «a,8 < c0), then one also has for
c>0

S S S < i S @
O,y FIPAN g o HIVO o e < ellblliron [V ALy,
(5.6)
Proof. The existence of a unique solution (v, §) in the Leray-Hopf class (2.7) is
shown in Section 4 above by Theorem 4.2 (or Lai and Yang [29]). Next, applying

the triangle inequality with Holder’s inequality gives

1B(7, )”LTM(LS+ﬁ = |(71- VA =72 - VA, 71 - VA — 12 - V) L (15
<> e
(4,5)<2
< > HMallz v ||L5‘L%
(4,5)<2
< X Iilleras VA e sy
(4,5)<2
< clvller @ IVl Lo ws),
(5.7)
in which combining (5.4) with (5.7) gives the result. U

Following the idea presented in Berselli and Chiodaroli [5], we will apply Lemma
5.3 a finite number n € N times, using a straightforward induction argument. As

such, an interpolation result given by Amann [1] will be needed.

Lemma 5.4. Take ¢ € W'»(0,T; L4(Q)) N LP(0, T; W24(Q) N Wy () with

45



»(0) =0, (1 < p,q < o). Then one gets

1
¢ e L0, T;W,4(Q) Vp <p. where —=

1
— (5.8)
P+« b

1
2 Y
Using the interpolation result above, one can show the following result.

Lemma 5.5. Let v € L"(0,T;L%(Q)) be such that 2 + 1 = x < 1. If the
solution (), #) to (5.3) satisfies VA € L*(0, T; L?()), then

sB ro
a1 N s < .
VA€ L(0,T; L++5 () Va1_<r+a> , (5.9)

Proof. Take ¢ = A as in Lemma 5.4. Assume VA € L%(0, T Lﬁ(Q)) then we
have A € L*(0,T; Wg?). We want to show that A € L (0, T; WO s+ﬁ)

By Lemma 5.3, we have for some constant ¢ > 0

sB < CHV’ V}\HL@ L,B (5.10)

L7 (L#)
Yo (L547)

Hence A\ € Wlp(O T; L4(Q)) N LP(0,T; W>9(Q) N W, %(Q)). Further letting

p=isandg= +6’ applying Lemma 5.4 gives
1,28 1 1 1

A€ LP(0, T; W, (Q)) Vpi < p., where — := — — 3 (5.11)

D« p

We note that ) ) L1 .
S o rre S0 2 (5.12)

Qq (H—a)* ro 2 p 2 p
for which p; = a; < p, can be chosen, completing the proof. [

Next, we aim to apply a bootstrapping argument to Lemma 5.5 by considering
the sequence (a,, Bn)nen defined recursively as (terminating if «,, or (3, reach

either 1 or +00)

T, 5B
:: = .1
Opt1 (7’ n Oén)* Br+1 st B, n €N, (5.13)
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for which simple computation shows

1 1 1 1 1
n —k—-+—+— neN, (5.14)
Ont1 5n+1 2 Qp Bn

From here, by the recurrence definition (5.13), it follows that «, is increasing, while
B, is decreasing. That is, repeated use of Lemma 5.5 results in an increase in
regularity of the solution (A, #) in the time variable, at the expensive of regularity

in the space variable.

Lemma 5.6. Let v € L7(0,7;L*(Q)) be such that 1 + 1 = x < Further
define the pair («,, 5,) as in Lemma 5.5. Then the solution (), #) to (5.3) satisfies

N =

VA€ L%(0,T; L (Q)) Va, < ay, (5.15)

with

B(y,A) € L7 (0,T; L+ (92)), (5.16)

Proof. (5.15) follows immediately by induction, whereas (5.16) follows similar to
the proof of Lemma 5.3, by Holder’s inequality. [
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Chapter 6

Main Results

6.1 Initial Outline of Proofs

In this section we begin by providing a broad outline for the proof of Theorem
1.1 (with slight modifications and/or additions to this structure for the proofs of
Theorems 1.2 and 1.3). The structure for the proof of Theorem 1.1 can be divided

into three crucial parts, specifically, we need to prove:

Step 1. Show weak solutions to (2.12) which also have an additional restricted
regularity (in this case are in the space L*(0, T'; L*(R?)), the reasoning of which is
made clear later in the proof), fall in the Leray-Hopf class 2.7. (The proof of this
step is taken directly from Lai and Yang [29]).

Step 2. Show Leray-Hopf weak solutions to (2.12) which are alsoin L*(0, T'; L*(R?))

satisfy the corresponding energy equality.

Step 3. Apply a bootstrapping argument to solutions of Step 1, to extend the

allowed regularity of solutions that satisfy the energy equality.

That s, steps 1 and 2 prove Theorem 1.1 for weak solutions in L*(0, T'; L*(R?)), with
step 3 extending the allowed regularity to the space L"(0, T; L*(R?)) for 242 =1,
with s > 4.
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Here Steps 2 and 3 are motivated by the arguments presented by Berselli [5] for
the incompressible Navier-Stokes eqations. We adapt such arguments for the MHD

equations.

6.2 Proof of Theorem 1.1

6.2.1 Proof of Step 1

Suppose u, B € L _(R3 x (0,T)) are weak solutions to the MHD Equations (2.12)

loc

(in the distributional sense) defined by (3.32), with initial data ug, By € L(R3).
Then if u, B € L*(0,T; L*(R3)), they fall in the Leray-Hopf class (2.7) and satisfy
the energy equality (2.15).

Proof. Here we follow the arguments presented by Lai and Yang [29]. Let Q2 := R3.
Following the mollifying techniques presented in section 4, we consider a regular-

ized version of the 3D Cauchy problem (2.12)

Ot — Auf 4 (uqe) - V)u® — By - VB + Vp© = fi,
0B + Ue) * VB¢ — B(E) -Vu* = AB + fo, (t, l‘) € (0, T) x R3
V-u=V-B =0,

(6.1)
with initial conditions
€. _ (e €. _ nl) 3
U(,O)—UO, B(70)_307 on Ru (62)
where fi, fo € C5°((0,T) x R3) with T > 0.
Or following equation (3.26), consider the equivalent coupled system
Ol + AT + B(L'(0), 1) = f, ‘
t T, T =1 (t,2) € (0,T) x R® 6.3)
V.-T°=0,
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with initial conditions
F6(~,0) = (u6(~,0),Be(-,O)) =1If, on R3 (6.4)
where ['¢ = (ue, BE), F(e) = (U(e), B(E)) and f = (fl, fQ)

Through a standard Galerkin method presented in section 4, it was shown
that the system (6.3)-(6.4) with initial data I'§ € L2(R®) admits a unique solu-
tion I'“ = (u, B¢) in the Leray-Hopf class (2.7) and satisfies the energy estimate
(6.5).

T
max ([|u(£))5 + | B°(t)]] +/0 (IVulls + [V Be|l3)dt

te[0,T

. 6.5)
<l + 15315+ [ UAWI + 1501,

for some constant ¢ > 0.

Notation. Here as an abuse of notation, we use the same variable I'¢ to denote
the solution of the system (6.1). This will be done a variety of times to avoid using

needlessly many variables.

Here I'“ is a weak solution to (6.1) and satisfies (following the approach outlined in

section 3.2),
0T, W) + (VI V) + (B(I', ¥), ') =0, (6.6)

or equivalently for any U = (¢, ¢) € Dr integrating from 0 to 7" gives
T
/ (0T, W) + (VI V) + (B(I, W), T))dt = (T, ¥(0)), (6.7)
0

Letting I" be defined by Theorem 1.1, taking the difference of (6.1) with (6.7) and
integrating by parts (as to pass all the regularity on W), gives

T T
/ (D=T%, U+ AU+B(T ), ¥))dt = — / (B(I'=T(o), ¥), T')dt—(To—T5, ¥(0)),

0 0
6.8)
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From here, the rest of the proof will be dedicated to showing

T
/ (T =T f)dt — 0
0

, for which since f € C§°((0,T) xR3) is arbitrary, I" can be identified with lim,_, T,
and hence also I is in the Leray-Hopf class (2.7). As such, from the results of step
2, I solves the energy equality (2.15) and the proof will be finished.

To work with (6.8), we first wish to condense it by considering the reverse time
system of (2.12). Following the argument presented by Lai and Yang [29], for
f € Cs((0,T), xR3), the 3D Cauchy problem

O + AT + B(T (o), ) + Vpe = f,
{t (Lo, 1) =1 (t,z) € R® x (0,00) (6.9)

V- -T€=0,

Y =0 inR?
where T (z,t) := —T'((2,T —t) and f(z,t) = — f(z, T — t), admits a solution
T e Wi NnWyy.
3 )

Letting A (t,7) := [¢(T — t,x), with ©(t,z) = p(T — t,x), then A, solves
the system (4.10)

BAc + AN, + B(To, A) — VO = — F,
{t (Feo, A d (t,2) € (0,T) xR®  (6.10)

V-A =0,

Az, T)=0 inR?

By using a standard density argument in D7, taking ¥ = A, as our test function in
(6.8), one obtains through (6.10)

T T
/ (F—Ff,f+V@6)ds:/ (B(I'= T, A), D)dt — (To =T, A(0)), (6.11)
0 0
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Firstly, since V- (I'=I') = 0in D'(T") for almost every ¢ € (0, T"), one gets through
integrating by parts

T
/ (I =T, VO)dt = 0, (6.12)
0

Further, by Theorem 4.2, one has for some constant ¢ > 0

T
IO <e [ 15l 6.13)
0
for which using the Cauchy Schwartz inequality gives
lim [Ty — 7, Ac(0)] < i [T — I | Ac(0)
e—0 e—0
T
<clig [T =T [ IF@13a 614
e—0 0 5
— 0,

Finally we aim to show that the nonlinear term in (6.11) goes to zero. Specifically

we want to show that
T
/ (B(I' — Lo, Ao, T)dt =0, (6.15)
0

Indeed, since I' € L*(0, T'; L*(IR?)), the nonlinear term is estimated by

T
/0 (B(I' = L, Ae), D)t < [Tz [ B = Lo, Al 4 4,
<IPzssy D T = Tigg s VA 22y
(4,4)<2
S C||F||L4(L4)||VA€||L2(L2)||F — F(e)||L4(L4)a
(6.16)

Here (6.16) goes to 0 as ¢ — 0 since I' € L*(0,T, L*(R?)) and A, is Leray-
Hopf. The latter is true by Theorem 4.2. for which such solutions lie in VA, €
L2(0,T; L*(R3)).
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Combining all (6.12)-(6.16) into (6.11) one obtains

T
/ (I =T, f)ds — 0, (6.17)
0

From here, by Theorem 4.2 (4.6), there exists a convergent subsequence of {I"“}.~.

We will denote such limit as I',.,. Hence one gets using (6.17) that

T T
/ (' = Treg, f) ds—)/ (I =T¢ f)ds =0, (6.18)
0 0

and since f € C§°(R® x (0,7)) is arbitrary, one can identify I" with I',.,. Finally
by Theorem 4.2 I',, is Leray-Hopf, and hence so must I' be as well, proving Step
1. ]

6.2.2 Proof of Step 2:

Suppose u, B € L2 (R* x (0,T)) is a Leray-Hopf weak solution to the MHD
Equations (2.12) (in the distributional sense) defined by (3.32), with initial data
ug, By € L2(R®). Then if u, B € L"(0,T; L*(R?)) with 2 + 2 = 1 for s > 4, they

satisfy the energy equality (2.15).

Proof. The remainder of steps 2 and 3 are modifications of arguments presented by
Berselli and Chiodaroli [5]. Let (u, B) be definied as in the above hypothesis, with
initial data ug, By € L2(92). Fix T € (0, 00) with ¢y € (0,T]. Then by a standard
density argument, there exists a sequence {(u,, By)}nen C C§°([0,T); C5°(92))
that converges to (u, B) € L*(0,T;V) N L"(0,T; W,*(Q)), where V denotes the
space of divergent free mappings on H}(Q). Letting ¥ := (V,,)c = ((un)e, (Bn)e)
as our test function, integrating (3.26) from 0 to ¢, € (0,7 with respect to time

gives

(C(t0), (Wn)e(to)) = (To, (Wn)e(0))

v ((r,atwn)a (T, V(W,),) — (BT, <wn>e>)dt,
(6.19)
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Mollifying and passing to the limit for each term in (6.19) is outlined in Galdi [20],
where the two following facts are used

T T T
| ey = [r e — [ jerje
0 0 €E—r 0

T @1

(F(t)v (F)e(t)) = T + 0(6),

(6.20)

where the first limit requires ' € L?(0,T;V).

Next when passing to the limit, the only difficulty arises in the nonlinear term

of (6.19). Specifically when comparing to the energy equality, we want to show

to
/ (B(T',T), (¥,).) dt — 0, 6.21)
0

e—0t

Expanding (6.21) and rearranging into groups of terms we get

/Oto (B(T',T),(¥,).) dt = /Oto (- Vu, (up).) dt
_ (/OtO(B.Vu, (Bn)e) dt+/OtO(B~VB,(un)e) dt)

+ /t0<u VB, (B,).) dt

= L1+ Lo + Ls,
(6.22)

where the above is organized such that each line goes to 0 if (I',,). is replaced by
I" via integration by parts. We now show indeed (6.22) goes to 0 as ¢ — 0 and

n — 0o.
In an attempt to avoid receptiveness, we estimate L; in (6.22) here, and simi-

larily L, when looking at the proof of Theorem 1.2. (Both proofs have similar

arguments). Estimates for each L; are accomplished similarily. Specifically, one
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notes

to to
L, = / (u-Vu, (up)e — (u)e) dt + / (u-Vu, (u). —u) dt
0 0
to
+ / (u-Vu,u) dt 6.23)
0

where each L' denotes each term of L; on the RHS of (6.23) fori =1,...3.

Specifically, estimating L!, one obtains through Holder’s inequality and convex

interpolation

sV ((un)e = ue)ll 2 |lully dt

LA“@-Vuxume—@nad4sgAmnm

to
2-T 1
< / [l g [V ((un)e = ue)llcalJulls *ullZ, ~ dt
0
T 91
< Nl 1 () — el 3 el
T 91
< ||F||ZTTL; (Tn)e — F€||L2TI/VQ§*2HUHL%2
— 0,
(6.24)
Similarly for L2, again Holder’s inequality and convex interpolation give
to to
/ (u-Vu, (u). — u) dt' < / Nullps || V| 2 || we — |z dt
0 0
fo 9-r T
< [ sl o = =l
2T T q
< ullgrs [Vull iz 2 l[ue — ull o [lue — ullZ, 1
2T T g
<P ep e IVT g 22 ITe = Tll oo 1Te = T E 1
— 0,
(6.25)
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Finally, for L2, as will be explained similarly later in the proof of Theorem 1.2, one

notes that . .
0 0
/ (u- Vg, u,) dt — / (u-Vu,u) dt, (6.26)
0 0

hence since the LHS of (6.26) equals zero by integration by parts, we have L3 — 0
if

to to
/ (u - Vg, uy,) dt — / (u-Vu,u) dt‘
0 0

to
< / (u-V(u, —u),u) dt‘ 6.27)
0

to
/ (u- Vg, u, —u) dt
0

— 0,

_|_

Estimating the first and second terms on the RHS of (6.27) is done similarly to that
shown in (6.24) and (6.25). Hence one gets L? — 0

Combining the above one gets L; — 0, and following a similar procedure for

Ly and Ls, we get
to
RGO RARTE 6.28)
0

Combining (6.28) with (6.19) when passing to the limit (through standard properties
of mollifiers), one obtains the energy equality, finishing the proof. [

6.2.3 Proof of Step 3:

Suppose u, B € L (R x (0,T)) are weak solutions (in the distributional sense)

to the MHD Equations (2.12) (in the distributional sense) defined by (3.32), with
initial data uo, By € L2(R®). Then ifu, B € L"(0,T; L*(R%)) with 2 + 2 = 1 for
s > 4, they fall in the Leray-Hopf class (2.7) and satisfy the energy equality (2.15).

Proof. Following a verbatim proof of Step 1 up to Equation (6.15), we con-
tinue the proof differently by changing the bound on (6.16). Specifically since
I' € L7(0,T; L*(R®)) with 2+ 2 = 1 for s > 4, one has ' — 'y — 0 in
L7(0,T; L*(R?)). Letting ' — ' = (', T'y) and A, = (A4, Ay), following a similar
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approach, Holder’s inequality gives

B(I' = L'y, Ao

T

L1 (Lﬁ)

T
/0 (B(T' = To), A, T)dt < ||T| 1)

= I 1B = Lo A 2y ) o

< ||F||L’“(LS) Z ||Fz _Fi(e)”LT(LS) VAJ'HL%(LS%Z)
(4,5)<2

< N or@n) VAN 5 222y IT = Tollr ey,

(6.29)
Hence the RHS of (6.29) goes to 0, if either
Bl —T(,A) € L2 (L=1(R%) or VA, € L5(L+2(R%),  (6.30)

Here one notes by setting » = s = 2 reduces down to the case proven by Step’s 1
and 2. Now we apply a sort of bootstrapping argument iterating Lemma 5.6, starting

with our base case r = s = 2.

Letting (v, 1) = (2,2) with K = %, Lemma 4.6 gives for n € N (by letting
(7 A, 0) := (L), A, ©9))

_ 1 1 3
lf.‘)’l—‘e,/\6 c L% O,T;LB" RS here n:& and__|__:_’
( ( ) ) ( ( )) v 6 s+ 57171 7% ﬁn 2

(6.31)
or by induction, this is equivalent to
B(T,A) € L7 (0,T; L) neN, (6.32)
where ,
s s
n = n = €N, 6.33
“ s—n b 2n+s " 6.33)

From here we consider two cases, omitting the case when s = 4, (since we have

already proved it).

Case 1. Suppose s > 4 is even. That is, s = 2k with £k > 2, k € N. Then
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it follows that

s 2k 2s
Op—1 = = = ,
s—k+1 k+1 2+s (6.34)
2s 2m s
Br—1 =

2k—1)+s 2m—1 s—1
giving B(I'(o), A¢) € L%(Li) as desired.
Case 2. Suppose s > 4 is odd. Here our goal is to interpolate around Lﬁ(Rg’)

and L2+ (R3). For the former, (6.33) implies f3,, is strictly decreasing and hence we
wish to find NV € N such that

S
1 <fBnp < 1 < B, (6.35)
that is 5 5
S S S
1< < < 6.36
2IN+1)+s s—172N+s’ (6.36)
Solving (6.36) gives

S S
——2<N<--1 6.37
5 2= 5 b (6.37)

Letting k£ € N denote the integer part of 5, such an N € N that satisfies (6.37) is
N=Fk—-1, (6.38)
Applying Holder’s inequality, one gets

1B =T, Al 2

s+2 (LSTSI)

< || = T, Al s, BT = T, AN, 6
1-6 1-6
e = N WO [ CC i s i
where we have
S 1— 91 01 s+ 2 1-— 92 92
— _|_ P and e + -, (6.40)
s—=1  Byy1 PBn 2s anNy1  an
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here, both cases of (6.40) gives

91:02:N—§+2, (6.41)

where by using (6.37), one gets ;, 05 € [0, 1), allowing the use of Holder’s in (6.39).
Finally, the RHS of (6.39) is finite by Lemma 5.6 and one gets B(I' — I'(¢), A,) €

2s

L3 (L7 (R3)), satisfying the regularity requirement (6.30) and thus finsihing the

proof. [

6.3 Proof of Theorem 1.2

We begin this section by proving Theorem 1.2. Specifically we present a modifica-
tion of the argument given by Berselli and Chiodaroli [5] for the MHD equations.

Formally, we show the following.

Theorem 1.2. Suppose u, B € L. (R x (0,T)) are Leray-Hopf weak solutions to
the MHD Equations (2.12) defined by (3.32), with initial data uy, By € L*(R3). If
in addition u, B both satisfy any of the conditions (B1*)-(B3*) below, then the pair

satisfy the energy equality (2.15).

(B1*) Vu,VB € L%3(0,T;L*(Q)) for

roles
AN
»
AN

(B2*¥) Vu,VB € L7 (0,T; L*(Q))  for

al©o
IN
»
IN
&

(B3*) Vu, VB € L'"5(0,T; L*(Q)) for s> 3,

Before proceeding, the credit of the proof is given to the ideas of Shinbrot [42]
and Berselli and Chiodaroli [5], with a few modifications introduced here when
dealing with the non-linear term. The main idea’s are the same, however Theorem
1.2 is necessary for completeness when dealing with Theorem 1.3, which is an

entirely new result.

Proof. We follow a verbtaim approach outlined in step 2 in section 6.2 above.
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That is, let (u, B) be definied as in Theorem 1.2, with initial data ugy, By € L(12).
Fix T € (0,00) with ¢, € (0,7]. By standard density arguments, there ex-
ists a sequence {(uy,, B,)}neny C C3°([0,7); C3°(2)) that converges to (u, B) €
L2(0,T;V) N L7(0,T; W,°(2)), where V denotes the space of divergence free
mappings on HJ(2). Letting ¥ := (¥,,). = ((un)e, (Bn)c) as our test function,
integrating (3.26) from 0 to ¢, € (0, 7] with respect to time gives

(C(t0), (Wn)c(to)) = (To, (Wn)c(0))

v ((r,atwn)a (VI V(W,),) — (BT, <wn>e>)dt,
(6.42)

Expanding the nonlinear term in (6.42) and rearranging into groups of terms we get

/U ’ (B(T,T), (V,)).) dt = /0 v (u- Vu, (u,).) dt
_ (/OtO(B -Vu, (By)e) dt + /OtO(B VB, (un).) dt>

+ /t0<u VB, (B,).) dt

=L+ Ly + L3,
(6.43)

where the above is organized such that each line goes to 0 if (I',,). is replaced by
I" via integration by parts. We now show indeed (6.43) goes to 0 as ¢ — 0" and
n — o0. The first line of (6.43) goes to 0 by Berselli and Chiodaroli [5]. Following
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a similar approach to their proof, the second line can be rewitten as

L= /0 (B-Vu, (B,). — (B).) dt — /0 (B VB, (u). — (u).) dt
+/0 (B - Vu,(B). — B) dt—/o (B- VB, (u)e—u) dt (6.44)
+/O(B~VU,B) dt—/O(B-VB,u) dt

= Ly+ L3+ L3,
where each LY denotes each line of L, in (6.44) fori =1,...3.

We now show that for fixed ¢ > 0, L} — 0 asn — oo, L3 — 0 ase — 07,
and L3 = 0 given the assumptions of Theorem 1.2. Here each term in L3 and L3
can be bounded simlarily. For example the first term in L} is dealt as follows

Let (u,B) € L"(0,T; L*(X2)) where either of the conditions from Theorem 1.2
are satisfied. Then if % + % =1, % = % + S% and Si = % — L1 Holder’s inequality

3
with Sobolev embedding gives

/ (B Vu, (B). — (B).)) dt

0

to
< / 1Bz [ Vullzs | (B)e — (B)el.: di

to
< [ NBI VB IVl (B = (Bl B — (Bl d 645

to
<C [ IVBIL IV BI IVul IV (B = BN IV (B.). = (B
< OHVBH%;L;||VB||2;T(2§”vu”L}L;”V((Bn)e — (B)o)llz; 7

AV((Br)e = (B 1352

where the final step requires n% + n% + nis =1, wheren, = L, 1y = ﬁ and 13 = 7.
1.

T
9°
Here one can verify that all indicies are well defined if r, s >

It follows from standard properties of mollifiers that

Tim [V((Bn)e = (B))lzgrs =0 and - lim [[V((Bn)e = (B)e)llzz.02 = 0,
(6.46)

61



and hence .
0

lim [ (B-Vu,(B,). — (B).)dt =0, (6.47)

n—oo 0

Applying a similar argument to all the other terms of L} and L2, shows L — 0 and
L3 — 0.

Dealing with the third line in (6.44) requires the specific grouping of terms on
the second line in (6.43) for a certain cancellation to occur. We clarify this now
by showing L3 = 0. Since {(u,, By)}nen is a smooth sequence converging to
(u, B) € L*(0,T;V) N L"(0,T; Wy *(Q), integration by parts gives

to to
/ (B - Vuy, B,) dt + / (B-VB,,uy,) dt
0 0

to to
= —/ (B-VBy,u,) dt+ / (B -V By, u,) dt (6.48)
0 0

— 0,

where the RHS of (6.48) goes to 0 as n — oo. To finish the proof for Ly, we want

to show

/ * (B, B,) di+ / (BB, w) dt — / * (B, B)di / (BBt

’ ’ ’ ’ (6.49)
in which the proof will be concluded for L,. Taking the absolute value of the
difference of (6.49), applying the Triangle Inequality, we see

to to to to
/(B-Vun,Bn)dt+/ (B-VBn,un)dt—/ (B-Vu,B)dt—/ (B~VB,u)dt'
0 0 0 0

<

to
/ (B-Vuy,, By — B) dt‘ +
0

to
/ (B-V(up, —u),B) dt‘
0 (6.50)
+

to
/ (B-VB,,u, —u) dt‘ +
0

to
/ (B-V(B, - B),u) dt‘ |
0
Here we show each term of (6.50) goes to 0 by considering each of the 3 cases of

Theorem 1.2. Specifically, we will deal only with the first two terms on the RHS of
(6.50), since the last two terms are dealt with similarly.
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Case 1: Suppose VI; € Lz3(0,T; L*(Q)), for 5<s<

[S23Ne]

The first term on the RHS of (6.50) is shown first. Specifically let % + % =1,
% = S% + 1T—9 and si = % — % Then for some constant C' > 0, Holder’s inequality

with Sobolev embedding gives

to
/ (B -Vuy, B, — B) dt‘
0
to
<| [ 1Bl ¥ sz 1, ~ Bl a

< | [ 1B BVl 1, — B 12, - Bl ]

(6.51)
< 0| [ 1V BIL VB IV 198, = B 9B - B a
< CIVBI Ly 15 IVBIl 72 Vunll g £ IV (Br = Bl 0 [V (Br = B)ll2 %
< CIVTI L 1 IVT 35 IVl g [V (T = D)% 1 V(T = D352
— 0,
where the final step requlres + + =1, wheren, = §,m2 = 55 and 3 = 1.

Here one can verify that all lndICICS are well defined if % <s< 5.

Likewise, let 2 + 1 = 1,1 = £ 4 =0 and L = 1 — 1 Then for C > 0,

S s s* s

Holder’s inequality with Sobolev embedding gives

to

1Bz IV (un = u)l

<| / B2
[

/Oto((B - V(uy, —u), B) dt'

2(1-6
B||Lg IV (u, — )|

Ls*

it

<C

72 NV (= w)]

st

< CIVBIIZ 1 IVBI 2 11V (= ) grs
0
< CIVTIZ L IVT IS 2 IV (To = Dl
— 0,
(6.52)
where the final step requlres + —|— =1, where n; = o5, 12 = ﬁ andnsz =r.
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Here one can verify that all indices are well defined if 3 < s < 2.

The third and fourth terms on the RHS of (6.50) can be bounded similarily to
(6.51) and (6.52) respectively.

Case 2.a: Suppose VI; € L55(0,T; L*(Q)), for <s<

o
Sl

We provide estimates for the first term of (6.50), for which the other terms are
bounded similarly. Specifically, let % + % =1, % + g + 15_*0 and si = % — % Then
Holder’s inequality with Sobolev embedding gives

to
/ ((B - Vuy, B, — B) dt’
0

to
< \ [ 1215519 ) 1, ~ Bl dt\

to
6 -0 6 —0
<| [ UBIEIBI IV 18, ~ Bl 15, - B

to (6.53)

< c] / |BII% IV B [Vatnl 22 1B — Bll%a IV (By — B)[15:° dt\

< OB 12 IV B3 % IVl 23 | Ba = Bl 12 V(B = B)|11555

< Ol %z 22 VTN 2 VTl g 2 10 = Tl e 12 1V (T = D)1

— 0,
where the final step requires n% + niz =1, where n, = ;75 and 1; = .

_5s
Case 2.b: Suppose VI'; € L5-5(0,T; L*(Q2)), for 2 <s<3.
. 1,1 _11_6_,1-6 1 _1_ 1

Again for the first term of (6.50), let sts=33:=5+=% and ~=5"3 Then
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Holder’s inequality with Sobolev embedding gives

to
/ (B - Vuy, B, — B) dt‘
0

to
<| [ 1BV ) sl Bl

to
<| [ 1811V unlos 1B~ BIE 15, ~ Bl dt'

Ls"
(6.54)
<C

to
| 1B elus115, = B 195, - B ‘”’

< C|Bllzgr2|Vunl z.rs

< Ol zser2 VL]

By = Bll7s 12 IV (B = B)|I 1%
Lo = Tl 2 IV (T = D)1 %

L L3
— 0,

where the final step requires 77% + n_12 = 1, where 1y = {75 and 1, = r. Again itis
easily checked that all indicies are well defined.

Case 3: Suppose VI; € L'*5(0,T; L*(Q)), for s> 3.

Again we only provide estimates for the first term of (5.50), since the others are done
similarly. Specifically let % + % = 1and % = g. Then for some constant C' > 0,
Holder’s inequality with Sobolev embedding gives

to
/((B-Vun,Bn—B)dt’
0
to
< \ [ 115219 ) 182~ s dt]

to
—0 —0

<| [ B I B IV 18, ~ Bl 15, — B

- (6.55)
<l B IVBIL IVunlos | Br = Bll72 IV (B = B)| 1" dt
= o L2 Lg n||Lg n L2 n Ls
< OB 12 IVBIl 7 % IVl 25 B = Bl 12 V(B = Bl 1%
< O e 2 VTN 5% IVl g2 T = T e 2 V(T = DI

— 0,

where the final step requires n_21 + n% = 1, where 1, = 1%9 and 75 = r. Here one

can verify that all indices are well defined if s > 3.
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Finally, following a verbatim approach outlined above, the last line L3 of (6.43)

can be shown to go to 0, completing the proof of Theorem 1.2. 0

6.4 Proof of Theorem 1.3

To finish the thesis, we prove a new result for very weak solutions to the MHD

Cauchy problem (2.12), dropping the Leray-Hopf condition. That is, we show

Theorem 1.3. Suppose u, B € L2 (R? x (0,T)) are weak solutions to the MHD
Equations (2.12) (in the distributional sense) defined by (3.32), with initial data
ug, By € L2(R3). Then if Vu,VB € L98877812(O,T; L5(Q)), for 2 < s < 2, then

u, B satisfy the energy equality (2.15).

We follow a similar approach to the proof of Theorem 1.1 for regularity criteria
on I instead of VI'. Specifically the goal is to show that assuming the conditions of
Theorem 1.3, then the solution is automatically Leray-Hopf, and thus the problem

reduces down to the simpler case of Theorem 1.2.

Following a verbatim argument to the proof of Theorem 1.1, the proof remains

unchanged, with the exception of bounding the nonlinear term in (6.11).

Proof. By definition, we write B(I' — I'(), A.) in its components where subscripts
(+); denote mappings from R? — R3. Letting superscripts (-)¥ denote the individual

components from R — R of each (-); component, rewriting the nonlinear term one
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gets

/DT(B(F T, A),D)dt = //BF I, A)-Tdt

//Z )" —Ty)i - VA, - T dadt
//Z ™I = T()i - VA, - Ty dodt

(4,5)<2
i#]

=1+ ]2a
(6.56)

Next, writing I, and /5 in its components (where summing over indices m,n =

1,...,31is carried out but not written), and integrating by parts, one gets

T 2
I =/ /Z(—1)i+1(r—r(€))r~am/\g-r?f dxdt
/ / Z (T —T)" - A2 - 0, dwdt
/ /Z (T —T(0)i- A, - VI dadt
/ /Z|r To)i - Ae - V| dadt,
Likewise, doing the same for /; and combining everything we get
T
/ (B(I' =Ty, Ac) dt</ /Z\ (0 —T(y)i - A, - VI | dadt
0
//Z [T =T(9)i A, - VIa| dwdt (6.58)

(4,5)<2
i#]

= J1 + JQ,

(6.57)
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Next we find suitable L"L° estimates for J; and J,. Specifically, since A, is
Leray-Hopf, we interpolate between L°L? and L% LS, using the fact that VA, €
L*(0,T; L*(Q)).

Indeed, leti—l—%—%% =1L i=1—1land1 = z_la—i_%' Then for some con-

stant C' > 0, Holder’s inequality with Sobolev embedding gives (checking if each

norm is well-defined later)

/ Zur Do)illis A
[ 31w -

2
<CY VT =T)ill g

i=1

Ji <

Lq ||VF1||L6 dt

<C

Ll ||VF1|

Le dt (6.59)

A,

Aei ||L§Lz ||VF1 ||LTTL;§>

Continuing the estimate for .J; (6.59), for % = % + % with 2 < ¢ < 6, convex
interpolation with sobolev embedding gives

Ji < CZ IV(T —T)illerrs

=1

2
<OV -T),

=1

S OIVE =T gllgrs [VI| grs [ Ac HLooLzHVA IILsz

VIl errs HAez

||A€z

L’%

3
VI 1202 (6.60)

LrLs LnLs

€4

— 0,

where the above norms are well-defined When 2 <5< 12

Hence J; (and by similar argument J5) go to 0 as ¢ — 0. Hence by reason-
ing similar to Theorem 1.1, I' is also Leray-Hopf. Finally, it’s clear that the space
Lo=12 (0, T; L¥(€2)) for 2 < s < 2 s covered by the cases listed in Theorem 1.2,

since by the chain of inclusions of L? spaces on compact sets, we note
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<5 < 8s < for 12< <9
00 — <s< -
—25s—3 7 9s—12 — 7 )
= L5 (0,T; L*() € L=5(0,T; L()), (6.61)
and
95 8s 9 12
1< < <o for —-<s< —
58— 6 — 95— 12 5 5

6 ) (6.62)
s LR (0, T 15(9) € L5 (0, T 14(9),

where (6.61) and (6.62) reduces down to conditions (B1*) and (B2*) of Theorem
1.2, finishing the proof. O

Here one also notes that the same result of Theorem 1.3 holds for the incompressible

Navier-Stokes system (2.2), where the operator BB changes to B(u) := [, u- Vu dx.

We omit the proof since it is almost identical to the above.
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Chapter 7
Conclusion and Future Work

In the preceding thesis, we have shown a variety of regularity results on weak so-
lutions to the incompressible MHD Cauchy problem, generalizing previous results
only known for the incompressible Navier-Stokes equations. Of specific, we first
presented by Theorem 1.1, a natural analogue of Berselli and Chiodaroli’s result for
the Navier-Stokes equations [5] to the MHD equations. That is, it was shown that
weak solutions in the distributional sense to the MHD Cauchy problem (2.12) with
additional regularity in L"(0,T’; L*(R®)) with 2 + 2 = 1 for s > 4, satisfies the
corresponding energy equality (2.15). This was proven using three crucial steps,
beginning by showing MHD weak solutions in L*(0,T; L*(R?)) are Leray-Hopf,
then that MHD Leray-Hopf weak solutions in the same space satisfy the energy
equality, and finally by applying a bootstrapping argument on weak solutions to
extend the allowed space of integrability where the equality is satisfied (with other
pertinent lemma’s used including an existence or Galerkin method for solutions).
Of next results presented was Theorem 1.2, which in contrast to Theorem 1.1 where
regularity criteria was imposed on the solution itself, out of sheer curiosity, and an
analogue to Berselli and Chiodaroli’s result for the Navier-Stokes Cauchy problem,
integrability conditions were imposed on the gradient of the solution to the MHD
equations instead. In particular, it was first shown (Theorem 1.2) that Leray-Hopf
weak solutions to the MHD Cauchy problem with additional integrability conditions
imposed on its gradient, satisfy the corresponding energy equality (2.15). With The-
orem 1.1 in mind, we finished the thesis with Theorem 1.3, attempting to drop the

Leray-Hopf condition, such that only sufficient regularity criteria on the gradient of
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a weak solution is sufficient to satisfy the energy equality.

A variety of future work on the above theorem’s can be considered, first and fore-
most with extending the integrability condition of Theorem 1.3 to match that of
Theorem 1.2. Specifically, since Theorem 1.1 generalized Berselli and Chiodaroli’s
result of the Navier-Stokes equations to the MHD equations without weakening
the prescribed regularity condition, it seems expected (however unknown) that the
same should hold true for regularity criteria on the gradient of the solution when
dropping the Leray-Hopf condition. Of additional interest is extending the space
of regularity from Theorem 1.1 of weak solutions (to both the Navier-Stokes and
MHD equations) outside L"(0,7; L*(R*)) with 2 + 2 = 1 for s > 4. Specifically,
it was shown by Beirao da Veiga and Yang [13] that Leray-Hopf weak solutions to
the incompressible Navier-Stokes equations that also lie in L™ (0, T’; L¥(R?)) with
% + % = 1 for 3 < s < 4, satisfy the energy equality. It is currently unknown if this
is true for both the Navier-Stokes and MHD equations if we drop the Leray-Hopf

condition.
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Appendix A (Auxiliary Lemmas)

Theorem A.l. (Aubin-Lions Lemma in L?) [39] Let Q@ C R3 be smooth and
bounded and H (§2) a Hilbert Space. Then for R > 1 such that

HUHHLQ(O,T;H&”(BR)) + HatunHL2(07T;(H0170(BR))*) < C foralln € N, (71)
There exists u € L?(0,T; H(f2)) and a subsequence {u,, }icn of u, such that
u,, —u stronglyin L*(0,T; H). (7.2)

Here we prove a necessary approximation result required for the proof of Theorem
4.2. Specifically equation (4.9). The proof is given by Lai and Yang [29] and we
present it here for completeness.

Theorem A.2. Let ® € H'(R?*)NL2(R?). Then there exists a sequence {® g} r~o C
H& (BR) N Lg (BR) such that

}%1_{1;0 ||<I) - CI)R|’H1(R3) = O, (73)

Proof. Let ® € H'(R?) NLZ(R?) and ¢ € C'(R) be a cut off function defined such
that

1if ()] <1,

0 if |¢(z)| > 2,

©
I

(7.4)

with ¢ (z) = ¢(1F).

Denote by B := {z : R < |z| < 2R} the open annulus bounded radially by R
and 2RR.
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We consider the system
Vuwg = —v- VF, (7.5)

By Galdi [18] there exists a unique solution wr € H}(B) with suitable initial data
to (7.5) satisfying the estimate (7.6)

IVwrllz28) < cllv - V& 12(s), (7.6)
for some constant ¢ > ( independent of the radius R.
Next by Poincare’s inequality and the estimate (7.6), one gets
||VwR||L2(BR,2R) < ClRvaRHLQ(BR,zR) < CQHUHLQ(BR,QR)’ (7.7)
where C7, Cy > 0 are constants.
Extending wx, to R3 such that wg := 0 in R*\ B and defining
U =Y 4+ wg, (7.8)

one can show through a standard density argument that v € H, é’a (B2g), and thus for

¢ > 0 arbitrary, there exists a sequence {T}>0 C % (Bag) such that
10 = Vel 3 o) < € (7.9)
Choosing vi := v, we estimate the following
v = vr|lm sy < ||v = Tel| L2y + | VU = VT 12(r3), (7.10)

Evaluating the first term on the RHS of (7.10) one notes by the triangle inequality
and the definition of v that

[0 = Vel 23y < [[0e =Vl 23y + [[v = Dl 2(ms)

R (7.11)
< e+ [[(1 =)l r2@s) + [lwallz2s),
where by the construction of 1%, taking R — oo and € — 0, one obtains
|[v = De||2r3) — 0, (7.12)
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In a similar fashion, the second term on the RHS of (7.10) is estimated by (using

the product rule when evaluating V (/%v))

||VU — VEEHLQ(RS) < ||V5€ - VUHL?(R?’) + ||Vv — VEHLQ(R?’)
< e+ [|(1 =) Vol r2ms) + IV 0| 2@s) + [ Vwrllz2es),
(7.13)

giving similarly as R — co and € — 0
||VU - V@eHL2(R3) — 0, (714)

Hence combining (7.11) and (7.13) with (7.10) one achieves the desired result. []
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