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A bstract

This thesis exam ines the  axisym m etric collapse of a  m ixed region in stra tified  

fluid w ith and  w ithout ro ta tion . At its d ep th  of n eu tra l buoyancy, the  m ixed 

region in trudes into the am bient. At the  sam e tim e, the  collapse excites in te r

nal waves in the  underlying fluid and  a t th e  level of th e  p ropagating  int rusion. 

T he purpose of th is thesis is twofold: to  exam ine the  evolution of axisym 

m etric intrusions in stratified  fluid and  to analyze the  p roperties of downw ard 

propagating  in ternal waves excited during  the  collapse. T his is done through  

th ree in terrela ted  studies.

F irst we present a series of axisym m etric p a rtia l-dep th  loek-release experi

m ents in uniform ly stratified  fluid. We show th a t  the  collapse excites in ternal 

waves in the  underlying fluid and m easure the  resu lting  conical wavefield using 

a non-intrusive analysis technique called syn the tic  Schlieren. We also estim ate  

the  energy tran spo rted  due to  the  waves relative to  the  in itial available p o ten 

tial energy.

T he second study  investigates the  dynam ics of the evolving in trusion  for 

bo th  two-layer and uniformly stra tified  am bient. E xperim ents were perform ed 

w ith the  fluid in solid body ro ta tion  and  in th e  absence of ro ta tion . In the  

non-ro tating  experim ents, we show th a t the  in trud ing  fluid is significantly 

influenced by in teractions w ith in ternal waves launched by the re tu rn  flow 

of the am bient into the lock. We describe how the  evolution of th e  collapse 

changes under the  influence of ro ta tion  and  find th a t, for low Rossby num bers, 

ro ta tion  inh ib its th e  radial p ropagation  of the current.

T he th ird  s tudy  exam ines the influence of ro ta tio n  on dow nw ard p ro p ag a t

ing in ternal waves generated by the  collapse of a m ixed region in uniform ly 

stratified  fluid. Experim ents are used to ca lib ra te  a num erical m odel which



we then use to  explore a wider range of p aram eters  th an  the  geom etric con

s tra in ts  of the  experim ental ap p a ra tu s  would allow. In particu lar, we explore 

the  influence of the  aspect ratio  of the  lock and  the  Rossby num ber 011 the 

properties of the  canonical wavefield and associated  energy tran spo rt.

These results are then  ex trapo la ted  to  pred ict the  energy tran sp o rt of 

downward propagating  in ternal waves genera ted  by the  collapse of a m ixed 

region left in the wake of a tropical cyc lone.
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C hapter 1 

In troduction

1.1 M otiva tion

1 .1 .1  O cea n  M ix in g

T he ocean is stab ly  stratified  consisting of a surface m ixed region, a  strongly 

stratified  pycnocline layer and  a  weakly stra tified  abyss. Incom ing solar rad i
ation  is absorbed by the  surface m ixed region and wind driven m ixing redis
trib u tes  the  heat th roughou t th is layer. T he  d ep th  varies (50 200 m) as a
result of heating  and cooling at the  ocean surface and  tu rbu len t m ixing w ith 
the  underlying fluid. In the  layer below, the  tem p era tu re  decreases rapidly 
w ith increasing dep th  as it transitions from  the  relatively  w arm  near-surface 
w ater to  the  cold abyss, which is why th is  pycnocline region is known as the  
therm ocline. The high specific heat capacity  of w ater m akes th e  ocean the 
largest heat reservoir on the p lanet. Yet m ost ocean w ater is contained  w ithin 
abyssal w aters th a t are m aintained by the  influx of cold dense cu rren ts  form ed 
a t h igh-latitudes. Heat exchanges betw een the  abyss and  the  ocean surface 
occur through  diapvenal m ixing of the* pycnocline layer. It follows th a t an 
accurate  param eterization  of ocean m ixing, a key aspect of clim ate modelling, 
requires an understanding  of how the  cool, dense w ater flowing into the  deep 
abyss re tu rn s  to the  surface.

The m eridional overturning circu lation  (M O C) is the  process by which 
cold dense w ater formed in th e  N orthern  A tlan tic  and  A n tarc tic  oceans is re
d istribu ted  th roughout the ocean in terior up-welling a t m id-la titudes. Sand- 

strdm  argued tha t the relative pressures a t locations of heating  and cooling 
govern a buoyancy driven circulation and  th a t, furtherm ore, a s teady  circu
lation can be m aintained against the  re ta rd ing  effects of friction only if the 
ocean is heated  at a higher pressure th an  it is cooled (Sandstrom , 1908, 191G;
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W unsch L: Ferrari. 2004). W hile th is type  of buoyancy forcing takes place in 
the upper ocean, since it is heated  to  the  d ep th  of the  photic  zone (~  200 in) at 
m id-latitudes and cooled a t the surface near the  poles. S andstrom 's effect im
plies hom ogeneous density in the  abyssal ocean. In o ther words, a circulation 
m anifests between the therm ocline layer at m id -la titudes and  the  surface at 
higher la titudes w ith no circulation evident in the  abyss. However, th e  ocean 
abyss is weakly stra tified  and since buoyancy forcing alone cannot explain the 
observed density  profile, sources of m echanical energy are sought to  explain 
the dissim ilitude (Ferrari & W unsch. 2009).

A ssum ing a global upwelling th roughou t th e  ocean abyss, an  average ver
tical eddy diffusivity of 10_4 n r / s  is required  to  m ain tain  the  observed s tru c 
ture, b u t observations indicate a  uniform  background diffusivity on the  order 
of 10- 5 m 2/s  (M unk & W unsch, 1998). H ighly localized m ixing is a plausible 
explanation for th e  large discrepancy.

Dye release experim ents ind icate  the  presence of highly localized turbulence 
in th e  ocean, even above the  therm ocline layer (G ran t et al., 19G8; W oods & 
Wiley, 1972). These observations are co rroborated  by m icrostructu re  m easure
m ents taken  during  the  C oastal M ixing and  O ptics E xperim ent (CM O) (Oakey 
& G reenan, 2004: Sunderineyer et al. , 2005) and  su p p o rt th e  conjecture th a t 
highly localized m ixing is a m ajor co n trib u to r to  th e  upwelling branch  of the  
m eridional overturning circulation, b u t th e  sources of m echanical energy th a t 
con tribu te  to  localized mixing, especially in the  ocean abyss, rem ain  unquan 

tified.
S tratified  fluids support in ternal waves which move due to  buoyancy forces, 

transporting  bo th  energy and m om entum . W hen these waves are confined to  
an interface, as is the  case in a  two-layer fluid, they  are called interfacial waves. 
More complex stra tifications allow for in ternal waves th a t  p ropaga te  vertically 
as well as horizontally.

W here these waves break they  form  tu rb u len t patches th a t  cause irre
versible diapvcnal m ixing in the  stra tified  fluid. If a tu rbu len t m ixing event 
occurs over the  vertical extent of the  pycnocline, the  collapse of the  m ixed 
patch  can lead to  the form ation of an in trusion  and an  associated  interfacial 
wave th a t p ropagate  along the  pycnocline (M aderich et al., 2001). T his thesis 
will show th a t the  collapse can also act as a m echanism  for the  generation of 
downward p ropagating  in ternal waves which have th e  po ten tia l for causing di- 
apycnal m ixing in the  abyss. Wave breaking generates tu rbulence which mixes 
a region of fluid and since the collapse of the  m ixed region, in tu rn , generates
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Figure 1.1: Energy pathw ays, sources (circles) and  reservoir (shaded rec tan 
gles). U nits are in T W  if not s ta ted  explicitly. T he  d o tte d  line represents the 
am ount of power inpu t to  the in ternal wave field from  the  collapse of a m ixed 
region resulting from a moving hurricane discussed in C hap ter 4.

internal waves, in ternal waves facilitate th e  cascade energy from large to  small 

scales in the ocean interior.
Turbulent patches generated  by breaking of the  ocean in ternal wave held 

are prim arily  responsible for the  estim ated  1.5 — 2 T W  required to  m ain tain  
the  observed stratification (Ferrari & W unsch, 2009). In ternal wave breaking 
tends to  occur near boundaries, in regions of rough topography  such as the 
continental shelf, or due to wave-wave in terac tions in the  ocean interior, bu t 
the m echanism s by which in ternal waves are  generated  have not yet been 

com pletely catalogued.
M unk & W unsch (1998) constructed  an '‘im pressionistic '’ ocean energy 

budget which outlined the m ajor energy reservoirs, th e ir  sources and th e  in
terchanges between them . T his order of m agnitude  estim ate  of the  energy 
budget has been debated  and corrected yet it rem ains incom plete (Ferrari fe 

W unsch, 2009. 2010). The baroelinic conversion of tid a l energy in to  the  in ter
nal wave field was estim ated  to  account for as m uch as 1 TW , w ith  ano ther 

0.2 T W  a ttr ib u ted  to th e  direct forcing of the  w ind (Ferrari k  W unsch, 2009, 

2010).
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Figure 1.1 sum m arizes these con tribu tions in a sim plified and m odified ver
sion of their energy budget focusing upon the  con tribu tion  of in ternal waves. 

The incongruency between th e  power required to  m ain ta in  the  stab le  s tra tifi
cation against global deep w ater form ation and  th e  am ount of energy inpu t to  
the in ternal wave-held th a t is available for diapvcnal m ixing are  ascribed to the 
m echanical generation of in ternal waves th rough  in terac tions w ith  b o ttom  to 
pography or to  local instabilities. B ut the  pathw ay th a t th e  energy takes from 
the  sources, shown as circles on the  d iagram , to  the  reservoir, shown by shaded 
squares, is not well understood. T his thesis investigates a h ith e rto  unexplored 
pathw ay through  which energy from  the  surface wind field is tra n sp o rted  to  
the abyssal ocean in ternal wave field; th rough  th e  collapse of a  m ixed region 
generated bv a large-scale ocean m ixing event resulting , for exam ple, from  a 

tropical cyclone.
Tropical cyclones are transien t events th a t occur sporadically, bu t recent 

studies show they may be an im portan t source of energetics for ocean m ixing 
(Boos et al., 2003; Sriver & H uber. 2007; E m anuel. 2001) and  nu trien t tra n s
port (Lin et al. , 2003). Tropical storm s can m ix th e  ocean b eneath  them  to 
depths of several 100 m etres (Gregg, 1976) leaving cold w ater wakes (Price, 
1981) th a t re tu rn  to  near pre-storm  conditions over a  period lasting  weeks to  
m onths through  the  process of restra tifica tion  (Em anuel. 2001).

H urricanes typically lower th e  sea surface tem p era tu re  (SST) (D 'A saro  
et a l .  2011) by 1 3 °C while slow m oving typhoons have been observed to  
lower the  SST by up to  9°C . Em anuel (2001) dem o n stra ted  th a t a substan tia l 
am ount of th e  ocean heating required to  drive th e  polew ard heat flux m ay be 
accounted for by localized m ixing due to trop ical cyclones. These storm s are 
responsible for as much as 15% of peak  ocean heat transport. (Sriver t  H uber. 
2007) and are one plausible m echanism  for generating  the  d iapycnal m ixing 
necessary to  drive the  M eridional O vertu rn ing  C ircu lation  (Boos et al ., 2003).

Recent studies have a ttem p ted  to  quantify  the  power th a t is im parted  

to  surface waves, near-inertial interfacial waves and  geostrophic cu rren ts  by 
the passage of a  hurricane (Nilsson. 1995). Liu et al. (2008) estim ated  th a t, 
on average, tropical cyclones cause an increase of po ten tia l energy of about 
0.05 T W  (this value was added to  the  budget in Figure 1.1). These studies 

focused on the  dynam ics of the  upper-ocean  response to  a hurricane. L ittle  is 
known about the  physical collapse of a m ixed region as a m echanism  for the 
excitation of in ternal waves. These dynam ics will be explored in th is thesis 
through a com bination of labora to ry  experim ents and num erical sim ulations.
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1.2 G ravity  C urrents and  In tru sion s

The s tudy  of density  driven flows in labo ra to ry  experim ents was m otivated  
by environm ental flows in the a tm osphere  and  ocean including sea breezes, 
thunderstorm  outflows, river outflows, lava, estuarine  and  pollu tion flows as 
well as num erous industrial phenom ena.

Driven by horizontal differences in pressure, a  gravity  curren t form s when 
fluid of uniform  density  flows horizontally  into fluid of a different density  or 
into density stra tified  fluid. In the  la tte r  case, the curren t can p ropagate  w ithin 
the interior of the  fluid and is referred to  as an  in trusive grav ity  curren t or, 

simply, an intrusion.
M ost studies of gravity curren ts and in trusions were perform ed in recti

linear geom etries in which the  curren t p ropaga ted  along the  length of a long 
rectangular tank . T here have been relatively few studies in axisym m etric ge
om etries in which the  curren t spread rad ially  from  a  cylindrical lock. Of those 
experim ents, very few exam ined p a rtia l-d ep th  lock release and even fewer in
volved ro tation . This section will review th e  relevant theory  and experim ents 
and show how th e  work presented in subsequent chap ters  bridges appreciable 
gaps in the  litera tu re .

1.2 .1  R e c tilin e a r  G e o m e tr y

Experim ental studies of gravity cu rren ts  were first reported  by Schm idt (1911) 
who exam ined cold curren ts flowing into relatively  w arm  am bient fluid. He 
found th a t th e  shape of the  current head changed w ith tem p era tu re  so th a t 
mixing above th e  curren t head increased w ith  increasing Reynolds num ber (as 
reported  by Simpson (1972)). K eulegan (1957) perform ed a series of lock- 
release experim ents in which salty  lock-fluid was released in fresh-w ater am 
bient exploring th e  speed and shape of th e  p ropagating  curren t. Benjam in 
(19G8) theoretically  considered th e  m ore general case in which fluid of one 
density, pi, was separated  by a ga te  from am bient fluid of lower density, p„. 
W hen the  lock was ex tracted  the  lock-fluid flowed as a gravity  curren t into the 

am bient along the  rigid bo ttom  boundary. M eanw hile the  am bient fluid flowed 
over the gravity  current inter th e  lock replenishing the  lock-fluid. S hortly  af
ter release', th e  front of the curren t was observed to  travel a t a near-constan t 
speed. D uring the so-called “slum ping phase"" th e  front speed was predicted



to be

f /  =  Fr6N/ 7 7 7 ( 1 . 1 )

where the  Froucle num ber Fiy is the ra tio  of inertia  to  g rav itational forces, H 

is the  to ta l dep th  of the  fluid and g' =  g(pi — pa) / p a is the  reduced gravity. 
According to  Benjam in (1968)

ing conservation of energy he found th a t  a uniform  gravity  curren t progresses 
steadily  only if it occupies ha lf the space originally occupied by th e  lighter 
fluid (/? =  / / /2 ) .  In th is case, the  Froude num ber is given by F rfc =  Fr0 =  1/2.

M ost theoretical and  experim ental stud ies of grav ity  curren ts have assum ed 
a constan t volume is released from a lock in a rectilinear geom etry (Sim pson kz 
B ritter, 1979; H uppert kz Simpson, 1980; M axw orthv et a l .  2002). In th is case, 
gravity curren ts are known to  p ropagate  a t  near-constan t speed, as predicted  

by Benjam in (1968) for 6 10 lock lengths .
H uppert kz Sim pson (1980) exam ined the  evolution after th e  slum ping 

phase. Using a ‘box m odel’, which assum ed th a t  the  curren t evolved as a se
ries of equal-area rectangles, they  described the  collapse in term s of a Froude 
num ber as it depended on th e  fractional d e p th  of th e  current head  relative to 
the  to ta l d ep th  of the  am bient . A fter the  slum ping phase, in w hat is called the 
self-similar regime, the  speed was p redicted  to  decrease as the  head-height of 
the  current decreased. Using shallow w ater theory, the  self-sim ilar regim e was 
found to begin ab ru p tly  when a wave (a "rear bore” ) launched by the  re tu rn  
flow into th e  lock caught up w ith the  in trusion  head (R o ttm an  kz Simpson,

Theoretical predictions of th e  in itial speed of an in trusion in a  stra tified  
am bient were established for b o th  two-layer (Cheong. K uenen kz L inden, 2006; 

F lynn & Linden. 2006) and uniform ly stra tified  (B olster et al.. 2008) fluids. In 
linearly stra tified  fluid, bo ttom  propagating  gravity  cu rren ts  were first stud ied  
in experim ents by M axw orthy et al. (2002) who characterized  the  speed of 
the  curren t in term s of the buoyancy frequency A\ which is a  m easure of the  
streng th  of the  stratification , and  the  to ta l d e p th  of the  fluid / /  so th a t

rz

( 1 .2 )

where h = h / H . the relative dep th  of th e  cu rren t head. A dditionally, by apply-

1983).

U =  F r ,\7 / . (1.3)
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Here again. Fr is the  Fronde num ber. T hey  found th a t Fr ~  0.2Gb when the  
density of th e  current was equal to  the  density  a t the  b o ttom  of the  am bient. 
W hen the speed of th e  current was less th an  the  speed of a linear mode-1 
wave (Fr <  0.3) a rhythm ic coupling betw een th e  cu rren t and  th e  in ternal 
waves was observed. T he in teraction  w ith  successive wave fronts caused the  
current to accelerate and  decelerate. For faster curren ts, the  wave and  current 

propagated ou t for ~  16 lock-lengths before th e  wave separa ted  from the 

current and moved ahead of it.
E xperim ents have shown th a t  the  evolution of rectilinear in trusions in s tr a t

ified am bient is significantly a ltered  by genera ting  and  in terac ting  w ith  in ternal 
waves (Wu, 1969; A m en & M axworthy, 1980; Holyer & H uppert. 1980; S u ther
land et al., 2004a: M unroe et al., 2009; Tan et al.. 2011). W u (1969) perform ed 
the first experim ents investigating in ternal waves generated  by the  collapse of 
a localized pa tch  of fluid. T he cylindrical lock was s itu a te d  a t m id-dep th  a t 
one side of a rectangu lar tan k  filled w ith  uniform ly stra tified  fluid. He was 
able to  observe the generation of in ternal waves th rough  the  displacem ent of 
dyed isopycnal surfaces and inferred th a t  th e  in itia l collapse was entirely  re
sponsible for th e  generation of in ternal waves. He also noted  th a t  the  peak 
spectral energy density  was associated w ith waves having frequency around  
0.8 of the buoyancy frequency.

If the  density  of the in trusion  is the  average density  of the  uniform ly s tra ti
fied am bient, then  the  in trusion is called sym m etric . For sym m etric  in trusions 
propagating in a two-layer fluid, the  in trusion  density  is the  average am bi
ent density and  th e  upper and  lower layer d ep th s  of th e  am bient are equal. 
In a two-layer am bient, sym m etric in trusions were observed to  p ropagate  a t 
near-constant speed well beyond 10 lock lengths (Su therland  et al., 20046; 
Sutherland & N ault. 2007) w ithout en tering  th e  self-sim ilar regime. They 
found th a t th e  in trusion excited a  m ode-2 so litary  wave th a t  depressed and 
elevated the  interface surrounding the  in trusion  head. T h is wave carried  the  
intrusion forward despite  a continuous decrease in the  in trusion  head height.

An intrusion is said to  be asym m etric if its density  differs from the  density  
of the  am bient fluid. In a two-laver am bient. S u therland  et al. (20046) found 
th a t large am plitude interfacial waves were excited. M unroe et al. (2009) found 

th a t in uniformly stratified  fluid, asym m etric  in trusions were entirely  halted  
when m ode 1 in ternal waves, which were launched by the  return-flow  th a t 
reflected off the lock end of the  tank , caught up  to  the  head  of the  intrusion.

A tm ospheric and oceanic gravity  cu rren ts  have head heights much sm aller



than  the  am bient dep th , and so are b e tte r  represented  by p a rtia l-dep th  lock 
release experim ents. However, only a handful of such experim ental studies 

exist.
A tan k  filled w ith a hom ogeneous fluid overlying a linearly  stra tified  bo ttom  

layer serves as a simple model of the  ocean and therm ocline or the  troposphere 
underlying th e  stra tosphere. T h is set-up  has been used to  s tudy  partia l-dep th  
intrusions and the waves they generate (F lynn & S u therland , 2004; Sutherland  
et al .  2004a). Downward p ropagating  in ternal waves excited  by the  in teraction  

of the  in trusion w ith am bient were m easured using a non-in trusive analysis 
technique called synthetic  Schlieren (S u therland  et al., 1999). T he in trusion 
advanced a t constan t speed exhibiting  no resonant in terac tions w ith  in ternal 
waves. By com paring experim ents w ith sim ulations, which had a  significantly 
deeper lower boundary, they found th a t long w avelength d istu rbances were 
excited by the  re tu rn  flow. These filtered downw ard p ropagating  waves while 
also tran sp o rtin g  energy over long d istances (S u therland  et al .  2004a).

Sutherland  et al. (2007) exam ined th e  collapse of a  m ixed region into uni

formly stra tified  am bient. In th is case they  found th e  in trusion  excited verti
cally p ropagating  waves. They were able to  m easure wave characteristics and 
their associated energy tran sp o rt using syn thetic  Schlieren (Su therland  et al., 
1999). The experim ents presented in C hap ter 2 will explore how these wave 
characteristics change in  an axisym m etric geometry.

1 .2 .2  A x isy m m e tr ic  G e o m e tr y

T here have been relatively few studies exam ining th e  speed of rad ially  spread
ing gravity curren ts released from a cylinder. G eom etry  and  m ass conservation 
d icta tes  th a t  the  head height m ust decrease as the  rad ius increases. T his im
plies th a t  the  front should decelerate shortly  a fte r release.

In their s tudy  of bo ttom  propagating  gravity  cu rren ts  released from  a  cylin

drical lock into a uniform  density  am bient, H uppert & Sim pson (1980) used 
a box model to  predict th a t the  front position of axisym m etric  gravity  cur
rents changes w ith tim e / proportionally  to  /C 2 during  th e  self-sim ilar regime. 
In experim ents th is regime was observed to  estab lish  itself a fter propagating  

approxim ately  3 loek-radii.
In con trast to  H uppert A Sim pson (1980). M cM illan k  Su therland  (2010) 

used a com bination of laboratory  experim ents and  num erical m odelling to 
show th a t vertically sym m etric axisym m etric in trusions in two-layer am bient
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propagated a t constant speed beyond 8 lock radii even though th e ir head 
height decreased with radial distance. N um erical sim ulations confirm ed th a t 
the non-zero thickness of the interface resu lted  in a m ode-2 so litary  wave 
th a t surrounded the intrusion head and carried  it rad ially  outw ards. This 
caused the  current to move at near-constan t speed even as th e  wave am plitude' 
decreased w ith radial d istance as rA ' 2.

In cylindrical lock release experim ents exam ining asym m etric  in trusions in 
two-layer fluids, a m ode-1 in ternal wave was excited by th e  re tu rn  flow into 

the lock which caught up  w ith th e  in trusion  head and  inh ib ited , or som etim es 
halted, its forw ard advance (H oldsw orth et ni ,  2012a). T he  experim ental 
results are presented in C hap ter 3.

M ost labora to ry  experim ents investigating in trusions in an  uniform ly s tr a t 
ified fluid have exam ined in trusions resu lting  from  continuous forcing of a  tu r 
bulent pa tch  (M anins, 1976; M axw orthy & M onism ith, 1988; Silva & Fernando. 
1998). The constan t volume lock-release experim ents presented  in C hap ter 
3 exam ine the  collapse of the m ixed p a tch  after tu rbu lence has d issipated. 
H oldsworth et al. (2012a) found th a t  asym m etric  in trusions in uniform ly s tr a t 
ified fluid behaved sim ilarly to  two-layer curren ts; ha lting  due to  in teractions 
w ith m ode-1 in ternal waves generated  by the  asym m etric  re tu rn  flow in to  the 
lock. In  the sym m etric case a  m ode-2 wave was excited and  caught up w ith 
the  intrusion heacl. Because the  in trusion  was m oving slowly relative to  the  
two-layer case, instead of carrying th e  in trusion  forw ard it inh ib ited  or even 
halted  the  in trusion ’s radial advance.

1 .2 .3  R o ta t io n a l E ffec ts

T he ro ta tion  of th e  E a rth  can influence fluid m otion for flows th a t  have large 
horizontal scales and evolve over long tim e-scales. T hrough  th e  Coriolis effect , 
ro ta tion  changes the  d irection of flow by deflecting fluid to  the  right in the  
northern  hem isphere and to  the  left in th e  sou thern  hem isphere. Localized 
mixing increases the  system s’ po ten tia l energy (P E ) by creating  a density  per
tu rba tion  which undergoes a g rav ita tiona l ad ju stm en t form ing into a curren t 
and releasing kinetic energy (K E) in the  form of interfacial waves.

T he horizontal scale above which ro ta tio n  is non-negligible is given by the  
(internal) Rossby deform ation radius.

L o  = U / f .  (1.4)
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Here If is th e  characteristic- speed, which for in trusions is re la ted  to  buoyancy 
through expressions like equation (1.1). If the  collapse of the  m ixed pa tch  takes 
place over scales on the  order of L n th en  ro ta tio n  dom inates and  inh ib its  the  
forward m otion of the current. T he Ross by num ber Ro =  U /  f  L  describes the  
relative im portance of inertial and Coriolis term s where U is the  characteristic  
velocity. L is the  length scale over which th e  velocity varies and  /  is the  Coriolis 
param eter. For Ro C  1, the steady  s ta te , known as geostrophic balance, is 
reached when the outw ard radial pressure gradient force is balanced  by the  
Coriolis force.

A com bination of labora to ry  experim ents and  num erical m odelling have 
been used to  investigate the  axisym rnetric spreading  of rot a t ing bo ttom -propagating  
gravity curren ts in a uniform  density  am bient (U ngarish k  H uppert, 1998; 
H allw orth et al., 2001; Ungarish k  Zemach, 2003). In experim ents w ith Ro 
of order unity, H allw orth, H uppert k  U ngarish (2001) found th a t ro ta tio n  re
duced the  m axim al distance, R max, to  which th e  cu rren t p ropagated . T hey 
determ ined R nmx depended on L q so th a t  the  ra tio  of R m:ix/  Li> ranged from 
3.7L o  -  5.1 L p  for Rossijy num bers betw een 0.6 and  1.5. O nce /frnax was 
reached the  flow reversed direction and  the  m ajo rity  of the  lock-fluid retu rned  
inward, accum ulating near the  tan k  centre. T h is m ass of fluid then  exhib ited  a 
second outw ard pulse which propagated  ou t rad ially  and  often exceeded /?raax 
by a short distance. T he frequency of th e  pulsations, ojp, increased w ith the 
ro tation  ra te  of the  fluid, il,  according to  ujp =  2 .100 . T h is  resu lt was inde
pendent of the  in itial conditions ind icating  th a t  the  pulsations were a  result 
of inertial oscillations.

Ungarish k  H uppert (2004) used a one-layer shallow w ater approxim ation  
to analyze axisym rnetric gravity curren ts a t th e  base of a s tra tified  am bient in 
the presence of a uniform  background ro ta tion . G ravity  cu rren ts  propagating  
beneath  uniform ly stratified  am bient have a lower in itial speed and  shorter 
/frnax relative to  the  hom ogeneous case. T hey  found good agreem ent betw een 
their approxim ation and the  in itial speed of the  curren t, b u t ad m itted  th a t  the 
model breaks down over larger tim e scales because it does not incorporate  the  

influence of in ternal waves. T he in trusions form ed in to  lens-shaped vortices 
in the  steady  sta te . These studies of axisym rnetric grav ity  cu rren ts  in solid 
body ro ta tion  have focused on eases where Ro >  1 because if the  Rossbv 
deform ation radius. Lp .  is less th an  the in itial rad ius of the  patch . R.  then  
only a small deviation from geostrophic balance is possible.

Lelong k  Sunderm eyer (2005) num erically stud ied  the  g rav ita tional ad 
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ju stm en t of an isolated lens in a continuously stra tified  am bient and its  de
pendence on th e  Rossbv num ber Ro =  X h / f f i ,  where h is the  in itial height 
of the anomaly. T he ad justm ent of the  p a tch  evolves in two phases consisting 
of a slum ping phase, during which in ternal waves are em itted , followed by a 
geostrophically balanced phase. High frequency waves were em itted  first, at 
the  s ta r t  of the  slum ping phase, followed by low frequency waves released just 
before entering the  balanced phase. T hey found th a t  balanced vortical mo
tions were most efficiently generated  when Ro =  1, ro ta tio n  dom inated  so th a t 
very little  kinetic energy was converted to  po ten tia l energy w hen Ro <  1, and 
much of the  in itial po ten tia l energy was converted to  kinetic energy during  the 
initial ad justm ent resulting in a weak vortex  when Ro >  1.

Lelong & Sunderm eyer (2005) varied Ro by changing th e  horizontal length 
scale of the patch . C hap ter 4 will show th a t  changing the  aspect ra tio  of the 
patch  can change the  dynam ics of the  slum ping phase, thereby  altering  the 
generated waves even in the  absence of ro ta tion . T he  dynam ics of th e  evolving 
patch  during th e  slum ping phase are  found to  be d ic ta ted  b o th  by the  aspect 
ratio  of the  m ixed region and by th e  associated Rossbv num ber.

T he geostrophic ad justm ent of an isolated axisym rnetric lens was studied 
by S tu a rt et al. (2011) using a com bination of experim ents and  num erical 
models. They focused on the  dependence of the  velocity and length-scale of 
the  ad justm ent on the  B urger num ber, B u =  R o2. F inding  th a t  the  veloci
ties scaled w ith th e  reduced gravity  wave speed and  the  ad justm en t d istance 
scaled w ith the Rossbv deform ation rad ius of the  patch , Lelong & Sunderm eyer 
(2005) characterized properties of the  lens and  its relationship  w ith  in itial con
ditions. In the  experim ents presented in C hap ter 3, H oldsw orth et al. (2012a) 
focus, instead, on the  speed of the  in trusion  and its  in terac tion  w ith  interfacial 
waves im m ediately following its release from  the  lock, for the m ost p a rt  in 
experim ents w ith  Rossby num ber order un ity  and  higher.

1.3 T h esis  O verview

Table 1.1 sum m arizes th e  experim ental con tribu tions to  th is  problem  discussed 
in the  previous sections. P rio r to  the  work presented  here (H oldsw orth et al .  
2010, 2012«), little  was known abou t the  evolution of in trusions in an  ax- 

isym m etric geom etry beyond vertically sym m etric  cases. For the  first tim e, 
downward propagating  in ternal waves generated  by the collapse of a mixed 

region in an axisym rnetric geom etry were m easured and their associated  eu-
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Two-Layer Uniform
non-rotating Holdsworth et ul. (2012a )(a sym m .)  

Holdsworth et al. (2010)(igw ) 
M cM illan 8c Sutherland  
(2010)(sym m .)
Sutherland 8c N ault (2007)

H oldsw orth e t al. (2012a) 
Sutherland 8c N ault (2007)

rotating Holdsworth et  ul. (2012 u) H oldsw orth e t  al. (2012a)
H oldsw orth 8c Sutherland ((in  prepa
ration for subm ission  to  P liys. F lu 
ids)

Table 1.1: T his tab le  sum m arizes th e  available lite ra tu re  exam ining axisym - 
m etric in trusions and in ternal wave generation  in stra tified  fluid w ith and 
w ithout ro ta tion  in labora to ry  experim ents.

ergy tran spo rt estim ated  for bo th  n on -ro ta ting  (H oldsw orth et al ,  2010) and 
ro ta ting  cases (Holdsw orth & Sutherland , (in p repara tion  for subm ission to  
Phys. Fluids).

L aborato ry  experim ents were perform ed w ith  th ree  goals in m ind: exam ine 
the  speed and evolution of th e  in trusion, investigate in terac tions betw een the 
propagating intrusion and the  generated  waves, and  explore how the  charac
teristics of the  waves depend on the in itia l conditions.

C hap ter 2 presents the  first exam ination  of in te rnal waves generated  by the  
axisym rnetric collapse of a m ixed region in a  n on -ro ta ting  uniform ly stratified  
am bient (Holdsworth et al .  2010). T his is an  idealized case which neglects 
the com plicated dynam ics of surface winds, tu rbu lence  and ro ta tion . The 
s tudy  focuses on those high frequency waves which p ropagate  over tim e scales 
short com pared w ith th e  E a r th 's  ro ta tiona l period. W ith  respect to  s to rm 
generated waves, the  s tudy  is relevant to  waves genera ted  during the  in itial 
collapse phase.

C hap ter 3 reports upon lock-release lab o ra to ry  experim ents th a t exam ine 
the collapse of a  localized cylindrical m ixed p a tch  of fluid in b o th  two-laver 
and uniform ly stra tified  am bients (H oldsw orth et a l ,  2012a) th e  focus here is 
upon intrusions and no t the  in ternal waves they  generate. T he experim ents 

were perform ed w ith and w ithout ro ta tio n  in a cylindrical tank . Unlike b o t
tom  propagating  gravity  currents, non-ro ta ting  in trusions typically  propagated  

m any lock radii a t constan t speed. In vertically  asym m etric  cases they  stopped  
ab rup tly  due to  in teractions w ith in ternal waves. R o ta tion  had no im pact on 
the in trusion’s initial speed. However, it lim ited the  m axim um  d istance prop

agated by the  in trusion and caused the  pa tch  to  expand and con tract as it 

approached equilibrium .
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To explore the  effect of ro ta tion  upon wave generation  by in trusions, t.lie 
non-ro tating  experim ents of H oldsw orth et al. (2010) were repeated  on a ro ta t
ing table. These results are presented in C h ap te r 4. Two d istinct wave-packets 

were generated during the in itial collapse. T he first was generated  im m edi
ately  upon release and had  a peak  frequency near th e  buoyancy frequency: the 
second emerged after a t least one buoyancy period w ith  a peak frequency near 
the  inertial frequency. T he energy associated w ith the  wave*-packets was found 
to  be m uch higher for Ro <  1 when th e  undu la tion  of the  pa tch  was susta ined  
in the process of geostrophic ad justm ent .

The num erical m odel of th e  fully nonlinear equation  in axisym rnetric ge
om etry  allowed for the exploration of c ircum stances beyond the  reach of the  
labora to ry  experim ents. A fter testing  its valid ity  by com paring  it w ith  corre
sponding lab experim ents, sim ulations were perform ed for m ixed region col
lapse a t  much larger scales. From  these results, th e  m odel is used to  m ake 
a  crude estim ate  of the  am ount of energy im parted  to  dow nw ard p ropaga t
ing in ternal waves which have the  po ten tia l for diapycnal m ixing in the  ocean 
abyss.



C hapter 2

T he A xisym rnetric C ollapse o f a 
M ixed  P atch  and Internal W ave 
G eneration  in U niform ly  
Stratified  F luid

2.1 In trod u ction

T his chapter presents the  first, exam ination  of the  axisym rnetric collapse of a 
m ixed region in a uniform ly stra tified  am bient as a  m echanism  for the  genera
tion  of downward p ropagating  waves using a  series of labo ra to ry  experim ents. 
T he extension to  axisym rnetric geom etries is non-triv ia l because as the  in tru 
sion advances radially its height m ust decrease in vertical ex ten t as a  result 
of m ass conservation. A visualization technique known as Synthetic  Schlieren 
was applied to  determ ine th e  frequency, rad ia l wavenum ber, and  vertical dis
placem ent am plitude of the in ternal waves. These results were th en  used to 
estim ate  the  am ount of energy they  tra n sp o rte d  to  g rea ter dep th .

D etails of the  experim ental se t-up  and  im age processing are  described in 
Sec. 2.2. T he m ethods used to  com pute wave frequency, radial w avenum ber 
and vertical displacem ent am plitude  are explained in Sec. 2.3 and  the  fraction 
of the system ’s available po ten tia l energy ex trac ted  by the  waves is given in 
Sec. 2.4. In Sec. 2.5 the  results are scaled so as to  pred ict wave energetics on 

oceanic scales.
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Figure 2.1: Schem atic of experim ental se tu p  showing (a) Top view of th e  tan k  
showing a  hollow cylinder of radius R c in serted  a t  the  cen tre  of the  tank , (b) 
Front view showing the  partia l depth , / / c, to  which th e  cylinder was inserted. 
The conductiv ity  probe traverses th e  fluid th rough  th e  centre of th e  cylinder,
(c) D ensity profile m easurem ents before and  afte r the  fluid in th e  cylinder was 
mixed. T he m easured height of the  m ixed region, H m, is indicated.

2.2 E xp erim en ta l S etu p

A schem atic diagram  of the  labora to ry  set-up  is shown in F igure 2.1(a). In 
order to  take the  best advantage of the  Schlieren visualization  m ethod , the  
experim ents were conducted in a rec tangu lar ta n k  th a t is I I j  =  48.5 cm in 
height w ith a square base m easuring L  =  47.5 cm on each side. T he '‘Double- 
Bucket’’ technique (O ster, 1965) was used to  fill th e  tan k  w ith  uniform ly salt 
stratified fluid to  a  dep th  of approxim ately  45c:m.

To cap tu re  the  small-scale m otion of vertically  p ropaga ting  in ternal waves, 
a digital cam era was situa ted  in front of th e  tan k  and  a  screen of black and 
white lines was a ttached  to  the  back. An array  of fluorescent lights provided 
back illum ination of the  image screen from which light travelled  th rough  the 
tank . T he Sony D C R-TRV 6 CCD cam era, s itu a ted  L r ~  400 cm from the
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tank , was zoomed in so th a t the  tan k  filled the  field of view of th e  cam era. 
The corresponding pixel resolution was 0 .067cm.

A hollow cylinder was inserted  carefully (to  avoid d istu rb ing  the  s tra ti
fication) into the centre of the  tan k  to  a p a rtia l dep th , I IC. T he  set-up  is 
illustrated  in Figure 2.1(b). Two cylinders of radii R c =  3 .85cm  and  5 .05cm  

were used in the experim ents. T he fluid w ith in  the  tran sp aren t cylinder was 
thoroughly m ixed to  a dep th  II rn. m odera te ly  above I I, ,  w ith  an oscillating 
m echanical stirrer. T he fluid w ith in  the  cylinder was then  allowed to se ttle  
until tu rbu len t m otions subsided.

Traversing the  fluid vertically, a  conductiv ity  probe (Precision M easure
m ent Engineering M odel II) m easured the  density  as a function of dep th . Two 
profiles were taken  w ith  the  probe inserted  th rough  the  centre of the  cylin
der. The first was taken before the fluid w ith in  the  cylinder was m ixed and 
provided a  m easure of the background density  gradient. T he second probe 
m easurem ent was taken  after th e  fluid in the cylinder was m ixed and , from 
the  density  profile, the dep th  of the  m ixed region. was determ ined.

T he to ta l density  is defined by w here p totai =  Po + p(z)  + p (* .  y,  z) w here po 
is th e  reference density a t the  top  of th e  fluid, p  is the  background density  and  p 
is th e  p e rtu rbation  density. An exam ple of the  density  profiles for a particu la r 
experim ent is shown in Figure 2.1(c). T he  background density  profile shows 
th a t the  fluid was uniform ly stra tified  th roughou t the en tire  d ep th  of the  tank . 
The profile taken after the fluid in the  cylinder was m ixed shows th a t the 
density  rem ained constant over the  d e p th  of the  well-mixed region followed 
by a  small transition  region below which the  fluid was uniform ly stratified . 
The m easured depth  of the m ixed region, H m , was taken  to  be the  d istance 
between the  surface and  the top  of th e  tran s itio n  region.

T he background density gradient was calculated  by fitting  a line to  the 
am bient density  profile, p(z),  below th e  d ep th  of the  b o tto m  of the  cylinder. 
From this, we determ ined th e  frequency N  = y / (-g / p 0) ( d p / d z ), which ranged 
from 1.2 s " 1 to  1.6 s_1.

T he experim ent proceeded by rap id ly  ex trac ting  th e  cylinder vertically. 

T he m ixed fluid collapsed under the  force of buoyancy, m oving upw ard and 
downward tow ard a level of n eu tra l buoyancy. T h is  m otion caused th e  colum n 

of fluid beneath  the  cylinder to  u n du la te  up and  down and in ternal waves 
im m ediately began to rad ia te  from th e  u ndu la ting  colum n. To exam ine the 
effect of varying the  mixed region dep th , th ree  successive experim ents were 
perform ed w ith Hr ~  5 cm, 10 cm and  15 cm.
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Figure 2.2: Snapshots of the  experim ent shown (a) one (b) two and  (c) th ree  
buoyancy periods, 7J, =  2tt/ N ,  after th e  cy linder was ex trac ted . In  th is  ex
perim ent dye was added  to  the  m ixed fluid to  a  d e p th  H m ~  4.2 cm  w ith  an 
am bient stra tification  N  ~  1 .4s-1 . T h e  black an d  w hite lines on th e  back of 
the  ta n k  are used to  m easure fluctuations of th e  density  gradient w ith  Syn
thetic  Schlieren.

In trud ing  into the  stratified  am bient, th e  m ixed fluid flowed horizontally  
a t the  dep th  of neu tra l buoyancy approx im ately  equal to  half th e  d ep th  of the  
m ixed region, H m/ 2. A top view of th e  experim ent confirm ed th a t  th e  sp read
ing of the  in trusion was axisym rnetric, and  from  the  front view of th e  tank , 
we observed th a t the  intrusion head th inned  as it spread radially. I t  travelled 
a t  a  near constan t speed for th e  first two buoyancy periods th en  slowed over a 
d u ra tion  of abou t one buoyancy period and  s topped  before reaching th e  edge 
of th e  tank.

In a  few of the  experim ents dye was added  to  the  m ixed fluid to  visualize 
the  in trusion and to  determ ine its speed. F igure  2.2 shows the  evolution of the  
in trusion over th ree  buoyancy periods in an  experim ent where H m ~  4.2 cm, 

N  =  1.4 s-1 and  R c — 5.05cm .
Isopycnal surfaces d istu rbed  by in te rnal waves caused th e  local density  

gradient to  increase or decrease relative to  th e  background density  gradient. 
Synthetic Schlieren (Sutherland  et al., 1999; F lynn  et al., 2003) m akes use 
of th e  optical principle th a t light rays bend  m ore w here th e  refractive index 

changes rapidly. By m easuring vertical displacem ents of th e  im age beh ind  the  
tan k  of black and  w hite lines having th ickness (3 m m ) and  assum ing th e  waves 
are axisym rnetric, a  sim ple m atrix  inversion is used to  determ ine the  vertical 
gradient of th e  fluctuation density  field, dzp.

T his field is directly proportional to  th e  change in th e  squared buoyancy 

frequency due to  the  waves AiV2(r, z, t) =  - (g/po)dzp. T he  tim e ra te  of change

- 1 0  0 10 - 1 0  0 10 - 1 0  o 10
x  fcrnl x  fcml x  fcml
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Figure 2.3: (a) A snapshot taken  from th e  d ig ital cam era before th e  s ta r t  of 
an experim ent. T he edges of the  nearly  tra n sp a ren t cylinder are  visible, (b) 
T he dtz  field calculated  using Synthetic  Schlieren a t t  =  2T& (c) N 2 com puted  
from dtz  a t  the  sam e t. Some asym m etry  is observed betw een th e  left and right 
side of the  im age as each side was com puted  separately. For th is  experim ent 
N  ~  1.5 s-1 , H m ~  10 cm and  R c — 5.05 cm.

(a) T  =  Tb (b) T  =  2 Tb ( c )T  =  3 T fc
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Figure 2.4: T he field after (a) one (b) two and  (c) th ree  buoyancy periods. 
T he param eters for th is experim ent are  th e  sam e as those for th e  experim ent 
in F igure 2.3. These im ages are sym m etric as th e  left side is a reflection of the 
right.

of th is field, N 2, is calculated by m easuring differences in A N 2 betw een suc
cessive fram es taken A t  =  0.04 s a p a rt and  has the  effect of filtering slowly 
evolving variations such as long hydrosta tic  waves a t  the  level of th e  in tru 
sion or am bient tem pera tu re  and  lighting changes in th e  laboratory . T he  N 2 
field enhances changes due to  in ternal waves which occur over relatively fast 
time-scales.

F igure 2.3 dem onstrates the  procedure used to  calcu late the  N 2 field. The 
d igital image shown in figure 2.3(a) was taken  after the  fluid in th e  tran sp aren t
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cylinder was m ixed and tu rbu len t m otions had  ceased. It illu stra tes  the  th in  
horizontal lines th a t  make up  the  Schlieren im age screen. In  th is  experim ent 
H m ~  10 cm, N 2 ~  2 .3 s-2 and  R c =  5 .05cm . C om paring  an  im age taken 
two buoyancy periods after th e  ex trac tion  of th e  cylinder w ith  an  im age taken 
A t  earlier we com puted the  vertical velocity of the  ap p aren t d isplacem ent, dtz 
shown in F igure 2.3(b).

F inally  the  dtz  field is axisym m etrically  inverted  (F lynn  et al., 2003) to  
produce the N 2 field shown in F igure 2.3(c). Specifically, the  im age to  the  
right of th e  centreline was inverted to  determ ine  th e  wavefield to  th e  right. 
Separately, the  left image of the  dtz  field was used to  find th e  wavefield to  
the  left. F igure 2.3(c) shows an  exam ple of th e  N 2 field which resu lts from 
processing each side independently. If th e  processed im ages d id  not exhibit 
satisfactory  reflection sym m etry  abou t th e  vertical centre line th en  th e  as
sum ption  of axisym m etry was shown to  be  incorrect (presum ably  because the  
cylinder was no t well ex tracted  vertically) and  th e  experim ent was excluded 
from analysis. For those experim ents which d id  display th e  requisite  sym m e
try, th e  entire  N 2 field was determ ined  from  th e  righ t side of th e  im age and 
used for subsequent analysis.

F igure 2.4 shows th e  evolution over th ree  buoyancy periods of the  N 2 
field for th e  sam e experim ent as th a t  shown in F igure  2.3. T he im ages show 
the  dow nw ard p ropagation  of wave cones em anating  from  the  b o tto m  of the  
collapsing m ixed region. From  th is field th e  frequency, rad ial wavenum ber, 
vertical displacem ent am plitude and in teg ra ted  energy flux were com puted.

Reynolds num bers were determ ined  for th e  in trusive grav ity  cu rren t as 
well as for the  vertically  propagating  in ternal waves. For th e  in trusion , Re =  
N H ^ / u  ranges from  4.3 x 103 to  3.8 x 104. Using a  characteristic  velocity of 
U = oo/kr and a  characteristic  leng th  scale of L  — k ~ l th e  R eynolds num ber 
for the  in ternal waves ranged from 2.1 x 102 to  8.3 x 102. These values were 
large enough th a t  viscosity did not play a  significant role in  th e  evolution of 
the  flow.

2.3 T h eory  and A n a ly sis

T he Navier-Stokes equations for sm all-am plitude, axisym rnetric waves in a 

Boussinesq, incom pressible and inviscid fluid are  used to  derive a  differential 
equation describing th e  evolution of the  stream function , i p (r , z , t ) ,  in polar 
coordinates (see appendix  A for a  descrip tion  of coord inates). T he  stream -
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Table 2.1: Polarization  relations for th e  vertical displacem ent (£), stream fune- 
tion  {ip), tim e change in th e  p e rtu rb ed  squared  buoyancy field (A7f2), verti
cal velocity (w),  rad ial velocity (ur), and  pressure fields (p ). T he  vertical 
wavenum ber is given by k z  =  ( k T / u > ) \ / N 2 —  u j 2 .

function is defined so th a t  u =  V  x (ip0) a n d  its  s tru c tu re  m ay be represented 
by a  superposition  of Bessel and  com plex exponential functions.

T he stream function  and all o ther fields of in terest a re  re la ted  to  th e  vertical 
displacem ent, £, th rough  th e  po larization  rela tions (A nsong & S utherland , 
2009) listed in Table 2.1. Using th e  equations o f m otion, these relationships 
were derived by defining th e  vertical displacem ent such th a t  w — d £ /d t .

At a  fixed vertical level 2 , the  Fourier-Bessel tran sfo rm  is used to  com pute 
in ternal wave properties from radial tim e series of the  N 2 field using

N  M  

n= 0 m = 0

in which it is understood  th a t  the  field is th e  real p a rt  of th e  sum . Here 
kn =  a n/ R  is the  radial w avenum ber given in term s of th e  zeroes a n of Jo(r) 
where th e  rad ial ex ten t R  =  20 cm is ju s t less th a n  half of th e  w id th  of the  
tank , L /2 . We define ujm =  (2 n / T ) m  w here T  is th e  du ra tio n  of th e  tim e 

series. T he  vertical wavenum ber can  th en  be  deduced from  th e  dispersion 
relation kz =  kr \ f ( N / o j ) 2 — 1.

Figure 2.5 dem onstrates th e  technique used to  com pute th e  peak  values 
of frequency and wavenum ber using the  sam e experim ental d a ta  th a t  was 
used to  produce Figure 2.3. F irst, th e  rad ia l tim e series shown in 2.5(a) was 
transform ed using the  Fourier-Bessel series expansion given by equation  (2.1)
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F igure 2.5: (a) A radial tim e series of th e  field taken  10 cm  below the  m ixed 
region, (b) T he corresponding frequency/w avenum ber power spectrum  |AN2| 
com puted from  the  tim e series, (c) Fourier Pow er spectrum  for frequency, to, 
fit w ith  a  parabo la  th rough  th ree  poin ts a b o u t th e  m axim um  (gray line), (d) 
Bessel Power spectrum  for rad ial wavenum ber, kr , fit w ith  a  pa rabo la  (gray 
line). T he experim ental param eters are th e  sam e as those given in F igure 2.3.

to  find the  am plitudes A n2 . These were squared  in m agnitude to  create  the  
contour plot shown in F igure 2.5(b), w hich ind icates the  power associated  w ith 
each discrete frequency and rad ial wavenum ber. T here  is some spread  in b o th  
frequency and  wavenum ber, yet m ost of the  pow er is concen tra ted  w ith in  a 

narrow  range.
Isolating the  dom inant frequency involves Fourier transform ing  several ver

tical slices of the  rad ia l tim e series taken  from  th e  iVt2 field. A t fixed r , the  
squared Fourier coefficients are p lo tted  as a function  of frequency to  c rea te  a 
Fourier power spectrum . T he peak  of th is spectrum , £*/*, determ ines the  central 
frequency of the  wave-packet a t each r  (Fig. 2 .5(c)). Similarly, th e  peak  rad ial 
wavenum bers, fc*, were found for fixed tim es t from  th e  power determ ined  from 
successive Bessel transform s of Art2 (Fig. 2.5(d)).

Because of the  finite dom ain size, Fourier-Bessel coefficients were deter
m ined a t discrete values of kn and  u!m . To increase precision in our de term ina

21



0.8

0.6
o

0.4
0.5 0.2

0.00.0

_ ★ ★★★★

*★

r [cm] t [si

Figure 2.6: Peak  values of (a) frequency and  (b) rad ia l w avenum ber calculated  
from successive transform s of th e  rad ial tim e series shown in F igure  2.5.

tion  of th e  dom inant frequencies and  w avenum bers a  p a rab o la  was fit to  th ree 
points abou t the  m axim um  value in each power spectrum  and  th e  peak  of th a t  
parabo la  was taken  to  be the  peak  of th e  spectrum .

F igure 2.6(a) shows the  peak  frequency, w*, for a  range of r . T he  radial 
locations were chosen near th e  centre of th e  ta n k  w here th e  h ighest am plitude 
undulations of the  fluid occurred and  hence w here th e  signal was strongest. 
Figure 2.6(b) shows k t for several tim e steps chosen every eighth  of a  period 
over two buoyancy periods beginning one buoyancy period  after th e  cylinder 
was ex tracted . These p lots were averaged to  ob tain  rep resen ta tive  values of iot 
and /c* for waves a t each vertical position  z,  along w ith  th e ir  associated  error 

estim ates.
Finally, the  peak frequencies and  peak  rad ial w avenum bers were averaged 

over a  range of heights to  arrive a t a  characteristic  w avenum ber, k t , and  fre

quency, 67,, for each experim ent.
T he am plitude of th e  vertical displacem ent field was derived from  the  Nj* 

field using th e  relationship betw een A^  and  given by th e  polarization  
relations in Table 2.1 so th a t a t  a fixed level z

- A N2(kn ,ujm) . ,
£ ( r , t )  =  u  AT2 f K f r ^ = T J ° ( k n T } e  ■t ' o ^ o kn N W N 2 - u j l

(2 .2 )

T he m axim um  value of |£| was found for several rad ial tim e series taken  a t 
different vertical locations to  ob tain  the  m axim um  vertical displacem ent of the  
waves near r  =  0. A single characteristic  vertical displacem ent am plitude  was 
found for each experim ent by averaging over Hrn — 11 cm  <  z  < H m — 9 cm and

22



the  s tan d a rd  deviation of these values was used as a  m easure of uncertainty.
T he range of heights used to  evaluate |£| were chosen as high as possible 

to  m axim ize th e  am ount of inform ation th a t  could be acquired  before any 
waves reflected on the  tan k  walls, while ensuring th a t  any erroneous Schlieren 
m easurem ents, due to  turbulence in th e  m ixed region, were avoided. For 
consistency am ongst th e  experim ents, th e  vertical slices used in th e  calculation 
of frequency and  wavenum ber, am plitude  and  energy were taken, in a  2 cm 
range, approxim ately  10 cm below the  m ixed region, H m.

T he flux of energy, J-'e (z ) =  f j* w p r d r  dO, due to  th e  in ternal waves
crossing a  fixed vertical level is tran sien t during  the  process of collapse and 
re-stratification. W aves propagate  dow nw ard a n d  away from  the  m ixed region 
eventually reaching th e  side of th e  tan k  an d  reflecting back tow ards th e  centre. 
However, experim ents show th a t  wave generation  was m ost substan tia l during 
the  first few buoyancy periods. To cap tu re  th e  m ajo rity  of energy ex trac ted  
by the  waves while avoiding interference from  reflecting waves a t  la te  tim es, 
T e  was in teg rated  a t a  fixed height over two buoyancy periods to  ob ta in  the  
energy as

In m ost experim ents 7 \ was taken  to  be one buoyancy period, TJ, =  2vr/ N , 
after the  s ta r t  of the  experim ent. However, w hen H m was sm all th e  waves 
took longer to  p ropagate  well below the  m ixed region so Tj =  2Tf> was used 
for those experim ents. In  either case =  Xj +  2TJ,.

To ensure th a t  the  energy estim ate  was as accu ra te  as possible, th e  calcu
lation involved sum m ing over all frequencies and  wavenum bers of th e  Fourier- 
Bessel spectrum . T he in tegrated  flux taken  over two buoyancy periods de
creased w ith increasing dep th  below th e  m ixed region. For exam ple, th e  pro
file for th e  experim ent shown in F igure 2.3 is p lo tted  in F igure 2.7. Large 
values im m ediately below the  m ixed region were a  consequence of errors in 
the  Schlieren m easurem ent which gave unphysical resu lts where th e  m otion 
was tu rbu len t. F u rther below, the  energy decreased due to  the  tran sien t na

tu re  of the  waves th a t took  a  longer tim e to  p ropagate  a  g reater d istance  below 
the collapsing m ixed patch.

A conservative estim ate of th e  energy flux was therefore taken  to  be the

(2.3)
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Figure 2.7: Typical energy profile. T he  tim e in teg ra ted  flux given by equation  
(4.5) for th e  experim ent shown in F igure  2.3.

average value of T e {z ) over a  2 cm  range a b o u t a  d e p th  of 10cm  below the 
m ixed region. In tegration  of the  m ean energy flux in  tim e  gives the  energy 

th rough  equation (4.5).
For analysis purposes, the  energy (in Joules) is norm alized by th e  in itial 

available po ten tia l energy (A PE ). T h is  is given by

in which p, and  p j  are  in itial and  final density  profiles, respectively, as de
term ined  by probe m easurem ents shown, for exam ple, in F igure 2.1. In  the 
absence of mixing, the  entire  volum e of fluid in  the  cylindrical lock would col
lapse to  form  a th in  horizontal layer of uniform  density  (S u therland , 2002). In 
our experim ental set-up, the  layer thickness is so sm all so th a t  the  final s ta te  is 
well approxim ated as a  continuously stra tified  fluid. T hus, an estim ate  of the  
A P E  th a t  ignores m ixing m ay be expressed in  term s of explicitly  determ ined  

experim ental param eters by

{pi  —  p / ) g z  rdzdrdO
•2rr r R  r H ,

(2.4)

n p p H ^ R l N *
(2.5)
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Figure 2.8: U  is p lo tted  against th e  characteristic  velocity  scale N H m . The 
best fit line passing through  the  origin is shown as a  dashed  line.

2 .4  R esu lts

To determ ine if the  waves were excited by th e  in itia l collapse as opposed to  
the  propagating  intrusion, in trusion  speeds, U, were found by applying linear 
regression to  rad ial tim e series th a t  track  th e  in trusion  head  a t its  level of 
neu tra l buoyancy. For a  series of these experim ents, U  is p lo tted  against th e  
characteristic  velocity scale N H m in F igure 2.8. T h e  slope of th e  best-fit line 
passing th rough  the  origin is the  dim ensionless Froude num ber Fr =  U / N H m =  
0.085 ±  0.001. T h is is significantly sm aller th a n  th e  value F r =  0.13 ±  0.02 
m easured for rectilinear in trusions (S u therland  et al., 2007) generated  by th e  
collapse of a  m ixed region in stra tified  am bient and  sm aller th a n  th e  value 
Fr =  0.125 predicted  by linear theory  (B olster et al., 2008).

T he axisym rnetric geom etry used in our experim ents m ay ac t to  slow th e  
in trusion  th rough  la tera l spreading and  consequent reduction  of head  height. 

A detailed  explanation for th e  lower and  constan t observed speed is being 
exam ined in research d istinct from  th is  study.

If in ternal waves are excited by th e  head  of th e  in trusion  th en  the  speed 

of the  in trusion  should set the  phase speed of th e  waves, Cp =  u>/kr , and  the  
p lot of oj/ N  against krH m should exhibit th e  sam e linear rela tionsh ip  as U 
against N H m . F igure 2.9 shows th is  is no t th e  case. In stead , uj/ N  is relatively 
constan t w ith respect to  krH m. M oreover, snapsho t im ages show th a t  lines of
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Figure 2.9: N on-dim ensional plot of uj/ N  against krH m. T he  d o tte d  line has 
slope Fr =  0.085 ±  0.001 which is the  Froude num ber m easured from  the  
in trusion speeds. A characteristic  vertica l e rro r b a r is shown in th e  lower left 
hand corner.

constan t phase em anate  from below th e  m ixed region and  not th e  in trusion 
front. T his fu rther suggests th a t  th e  oscillating fluid below th e  collapsing 
m ixed region launches the  waves.

T he values of uj/ N ,  which lie w ith in  a  narrow  range ab o u t 0.8, ind icate  
th a t  the  frequency of the  waves is set by th e  buoyancy frequency. A narrow  
range of relative in ternal wave frequencies was also observed in  rectilinear 
studies of collapsing m ixed regions in uniform ly stra tified  fluid (W u, 1969; 
S utherland  et al., 2007; M unroe et al., 2009) for which 0.6 <  uj/ N  <  0.8. It is 
a t  a  frequency of 0 .8N  th a t in ternal grav ity  waves m ost efficiently tra n sp o rt 
energy and  hence exert th e  g rea test feedback on th e  source th a t  generates 

them  (D ohan &; Sutherland, 2003; S u therland  et a l ,  2004a).
We expect th a t  the  radius of th e  cylinder sets th e  w avelength of th e  waves. 

Figure 2.10 shows th a t  the  value of kr rela tive  to  th e  rad ius of th e  cylinder 
lies in a  range of k rR c between 1.5 and  3.5, w ith  m ost values near 2. Using 
the  relationship  krR c ~  2, we find th e  first zero crossing of J0(krr)  is o 0 — 
1.2R c. Because th is is approxim ately  equal to  th e  rad ius of th e  cylinder, it 
strongly supports the  hypothesis th a t  th e  rad ius of th e  cylinder sets th e  radial 
wavelength, \ r . A n asym ptotic  expansion of th e  Bessel function shows th a t  
the  wavelength is 27r/Ay w ith am plitude  decaying from  the  source as r _ 5.
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Figure 2.10: Relative frequency p lo tted  w ith  relative rad ia l w avenum ber for a 
range of experim ents. A characteristic  vertical error b a r is shown in th e  lower 
left hand  corner.
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Figure 2.11: The m axim um  am plitude  of th e  vertica l d isplacem ent field p lo tted  
against half the  height of th e  m ixed region. A best fit line passes th rough  the  
origin w ith given slope.

The m axim um  vertical d isplacem ent am plitude  is p lo tted  against the  height 

of the  m ixed region in Figure 2.11. A lthough th e  am plitudes do not vary  much 
from experim ent to  experim ent, over a  narrow  range th e  am plitude is observed
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Figure 2.12: T he in tegrated  energy flux norm alized by th e  available po ten tia l 
energy is p lo tted  against th e  height of th e  m ixed region norm alized by the  
radius of the  cylinder.

to  increase linearly as a  function of th e  d ep th  of th e  m ixed region. In  the  
absence of a  m ixed region (Hm =  0) no in ternal waves are  generated  and  so 
|f  | =  0. A line passing through  th e  origin is fit to  th e  d a ta  resulting  in a  slope 
of |f  | / ( H m/ 2) =  0.032 ±  0.002. T h a t is, the  vertical displacem ent am plitude  
is 3.2% the  half-depth  of the  m ixed region. T his sm all fraction  indicates th a t  
m ost of the energy released by th e  collapse goes into th e  rad ial m otion of the  
in trusion and  re tu rn  flows.

F igure 2.12 shows the po ten tia l energy carried  away by dow nw ard prop
agating in ternal waves for each experim ent over 2 buoyancy periods given as 
a percentage of the  A PE. D espite  th e  sc a tte r  in F igure  2.12, th e  m easure
m ents give a  useful order-of-m agnitude es tim ate  of th e  energy ex trac ted  by 
the  waves. T he average am ount of p o ten tia l energy im parted  to  th e  in ter
nal wavefield from the  m ixed region is found to  be on th e  order of 2%. This 
fraction m ay be considered an  underestim ate  because it  m easures only the  
energy associated w ith the  tran sien t waves occurring before they  reflect from 
the boundaries of the  tank.

T his result is sm aller th an  th a t  found for rectilinear in trusions (Su therland  
et a l ,  2007) in which alm ost 10% of th e  A P E  was ex trac ted  by in ternal waves 
over two buoyancy periods. T he fraction  of energy ex traction  is consisten t with 

a recent s tudy  exam ining in ternal waves generated  by axisym rnetric convective
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plum es (Ansong & Sutherland, 2009) for which the  energy associated  w ith  the  
in ternal waves a t the  level of neu tra l buoyancy was around  4% of th e  p lum e’s 
kinetic energy.

An explanation for the  relative decrease in in ternal wave energy is provided 
by exam ining th e  relationship betw een th e  collapsing fluid an d  th e  in ternal 
wavefield. This is m ediated by th e  re tu rn  flow th a t  moves inw ard im m ediately  
above and below the  intrusion in order to  replace fluid lost to  th e  outflow. 
The energy im parted  to  in ternal waves is governed by th e  kinetic  energy and 
u ltim ately  th e  speed in the re tu rn  flow which, in  tu rn , is governed by th e  in tru 
sion’s speed. Because m ass conservation d ic ta te s  th a t  th e  nose of th e  in trusion 
decreases in height as it spreads la tera lly  in an  axisym rnetric geom etry, the  
re tu rn  flow is no t as fast as th e  rectilinear case.

2.5 D iscu ssion  and C on clu sion s

The axisym rnetric collapse of a  localized m ixed region in a  s tra tified  am bient 
generates an  intrusion and excites vertically  p ropaga ting  in te rnal gravity  waves 
in the  underlying stratified  fluid. O ur analysis suggests th a t  th e  frequency of 
these waves is set by the  buoyancy frequency of th e  fluid and  th e  wavelength 
is set by the  rad ius of the  m ixed patch. V ertical displacem ent am plitudes are 
relatively sm all and  increase as th e  d e p th  of th e  p a tch  increases according to  
the  relation |£| f ( H m/ 2) =  0.032 ±  0.002. We found th e  am ount of energy 
tran spo rted  by th e  waves over two buoyancy periods to  be on th e  o rder of 2% 
of the  system ’s available po ten tia l energy.

In th e  absence of ro ta tional effects, tu rbu lence, and  w ind induced curren ts, 
adap ting  our results directly to  oceanic circum stances of storm s generating 
in ternal waves is p rem ature , b u t is th e  first s tep  tow ards quantify ing  th e  frac
tion of energy available for deep ocean m ixing from  th e  collapsing m ixed region 
following a  m oving hurricane. Since the  waves scale w ith  th e  collapsing m ixed 
region, we can conclude th a t tu rbu lence w ith in  the  m ixed p a tch  does no t con
trib u te  to  th e  generation of the  m easured  in ternal waves. Subsequent energy 
considerations are  specifically associated w ith  th e  collapse of th e  m ixed region 
as a  m echanism  for the  generation of in te rnal waves which tra n sp o rt energy 

to  the  region underlying the  m ixed region.
Em anuel (2001) gives a  sim ple exam ple using param eters  characteris tic  of 

H urricane E douard, which left a  cold w ater wake w ith  a  tem p era tu re  change of 
3°C to  a  dep th  H m ~  50 m, and along-track and  cross-track lengths of 2000 km
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and 400 km, respectively.
Using the  established relationship betw een th e  height of the  m ixed region 

and th e  vertical displacem ent field, we pred ict th e  am plitude of th e  waves to  
be |£| ~  0.8 m. T he a rea  traversed by a  hurricane is no t rad ially  sym m etric, 
bu t for predictive purposes we assum e th a t  th e  rad ius of th e  m ixed patch  is 
a t least as big as half th e  cross-track dim ension, 200 km. Because we found 
kr ~  2 / R c we predict th a t  the  rad ial w avelength of the  in ternal waves would 

be A ~  600 km.
Buoyancy frequencies observed in th e  open ocean can vary from  abou t 

0 .0008s-1 (Pinkel & A nderson, 1997) to  0.009 s-1 (Ladd & Thom pson, 2000) 
so th a t  the  buoyancy period, TJ,, can range from  10 m inutes to  over 2 hours. 
Since oj =  0.8N ,  corresponding wave frequencies range from  6 x  10- 4 s-1 to  

7.2 x  10-3 s-1 .
Liu et al. (2008) estim ate  th a t  the  passing hurricane increases th e  system ’s 

available po ten tia l energy a t a  ra te  of 0.16 T W  so we conservatively assum e 
th a t  1017 J  of A P E  contribu tes to  the  collapse of th e  m ixed region during  the  
18 day lifespan of the storm . T he am ount of energy ex trac ted  by th e  in ternal 
waves in our experim ents varied from ab o u t 1% — 5% of th e  system ’s available 
po ten tia l energy which am ounts to  1015 — 5 x 1015 J  of wave energy over 2Tb. 
T his indicates th a t  6 x  1010 — 4 x 1012W  of power is in p u t to  th e  in ternal 
wavefield from  a  single moving hurricane over two buoyancy periods. These 
values are com parable to  the  steady  and  globally d is tr ib u ted  power associated  
w ith  the  tides, b u t it m ust be em phasized th a t  wave generation  by a  hurricane 
is a  localized and  tran sien t event.

H urricanes occur infrequently  and  over sho rt tim e-scales. So a  globally 
averaged annual estim ate  of the  energy ex trac ted  by deep ocean in ternal waves 
provides a  m ore conservative estim ate  of the  influence of hurricane-generated  
in ternal waves relative to  those genera ted  by th e  tides.

T here  are  abou t 80 tropical cyclones each year (Em anuel, 2001) of which 

abou t 50 develop into hurricane s tren g th  storm s. Using an  annual average, 
we find th a t  th e  power input from  trop ical cyclones to  the  in ternal wavefield 

from the  collapse of the  m ixed region ranges from  1 x 109 W  to  8 x 109 W . T his 

result is com parable to  Nilsson (1995) 1 G W  estim ate  of th e  power tra n sp o rted  
away, horizontally, by near inertial waves th a t  m anifest as undu lations of the  
therm ocline. Because the  in ternal waves in our s tudy  p ropagate  vertically, 
they  would have a  m ore significant im pact upon  m ixing in the  oceanic abyss.

By ex trapo la ting  th e  results of our lab o ra to ry  experim ents, we have shown
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th a t  in ternal waves left in the  wake of a  m oving hurricane can tra n sp o rt a  sig
nificant am ount of energy th rough  th e  s tab le  stra tifica tion  of th e  deep ocean 
abyss where they  m ay con tribu te  to  deep ocean mixing. Because hurricanes 
and m ixed region collapse evolve on tim e-scales com parable to  th e  e a r th ’s 
ro ta tional period, in the  next stage of ou r research we will ex tend  these ex
perim ents by perform ing them  on a  ro ta tin g  tab le  thus sim ulating  th e  Coriolis 
effects.
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C hapter 3

Intrusions in S tratified  F lu id  
and th e  Influence o f  a U niform  
B ackground R o ta tio n

3.1 In trod u ction

In th is  chap ter, we present a  series of lock-release lab o ra to ry  experim ents th a t  
exam ine th e  collapse of a  localized cylindrical m ixed p a tch  of fluid in  b o th  

two-layer and  uniform ly stra tified  am bient. T hey  were perform ed w ith  and 
w ithout ro ta tio n  and  focus on the  evolution of th e  in trusion.

Unlike b o tto m  propagating  gravity  curren ts, non-ro ta ting  in trusions typ i

cally propagated  m any lock rad ii a t constan t speed, som etim es stopp ing  abruptly . 
T he experim ents perform ed here show th a t  in te rnal waves play a  crucial role 
in th e  evolution of th e  intrusion. For asym m etric  cases, th e  rad ia l advance 
of th e  in trusion was slowed or even h a lted  by in terac tions w ith  m ode-1 waves 
launched by the  re tu rn  flow.

R o ta tion  can also lim it th e  m axim um  d istance  p ropaga ted  by th e  in trusion.
In th e  two-layer case, ro ta tion  caused th e  p a tch  to  periodically  release outw ard  
pulses as it  approached equilibrium . W hereas, in uniform ly stra tified  fluid, the  
oscillatory m otion of the  patch  was relatively  sm ooth.

The experim ental set-up and  th e  m ethods used to  analyze th e  in trusion  

speeds are presented in Sec. 3.2 w ith th e  resu lts  shown in Sec. 3.3. Conclusions 

are given in Sec. 3.4.
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3.2 S et-u p  and A n a ly sis  M eth o d s

3 .2 .1  E x p e r im e n ta l S e tu p

(a) Two-layer (Side and Top View)

(b) Uniformly Stratified (Perspective View)

Figure 3.1: Experim ents were perform ed in a  cylindrical ta n k  of height H r  and 
inner d iam eter D t  =  90.7 cm  w ith a  hollow cylindrical lock of rad ius R c. T he 
tan k  was filled to  a  to ta l d ep th  H.  (a) T he  two-layer experim ents consisted 
of a  lower (upper) layer d ep th  (flu) w ith  density  pL (Pu) and  a  fu ll-depth  
lock, w hereas in (b) the  uniform ly stra tified  experim ents the  inner cylinder 
was suspended to a  partia l-dep th  H c.

Figure 3.1 illustra tes th e  labora to ry  se tu p  for (a) two-layer and  (b) uni
formly stra tified  experim ents. All experim ents were perform ed in  a  cylindrical 
acrylic tan k  of height H T =  30.0 cm and  inner d iam eter of D f  =  90.7 cm. The 

tan k  was centred  on a  Geophysical F lu ids R o ta tin g  Table (A ustra lian  Scientific 
Instrum ents) which can ro ta te  a t frequencies SI betw een 0.020 and  15.00 s-1 . 

A series of experim ents were perform ed while th e  tan k  was s ta tio n a ry  and 
ano ther series were perform ed w ith  th e  fluid ro ta tin g  in itially  in solid body 
ro tation .

A m onochrom e COHU CCD cam era was s itu a ted  on a  m etal fram e 2 m 
directly  above the  centre of the  tan k  to  record  a top  view  of th e  experim ents. 
From  these, tim e series were constructed  showing th e  rad ially  spreading flow.
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As shown in Figure 3.1(a) the  two-layer experim ents consisted of a  salty  
lower layer of density p\_, and height below a  freshw ater layer of d ep th  h\- 
and density  p\j. In all experim ents H  = h l  +  hu =  10 cm was th e  to ta l dep th  

of th e  fluid.
For th e  two-layer experim ents, a  sm all am ount of dye was added  along the  

density  interface. Evenly spaced lines a t the  base of th e  tan k  were used to  
establish an accurate  coord inate system .

T he experim ents were perform ed shortly  afte r th e  two-layer stra tifica tion  
was established so as to  m inim ize diffusion across th e  interface. However, some 
m ixing did occur during  the  filling stage  and resu lted  in a  typical interface 
half-thickness of hp ~  0.5 cm.

A hollow acrylic cylinder of rad ius R c =  6 cm was th en  carefully inserted  
in th e  centre of the  ta n k  and  ex tended  to  th e  fu ll-depth  of th e  fluid. T his 
formed a  lock. T he fluid w ithin the  lock was m ixed so th a t  the  density  of th e  
fluid pc was th e  depth-w eighted average density  of th e  background fluid. In 
some of the  experim ents this density  was increased or decreased, respectively, 
by adding sa lt or displacing a  q uan tity  of fresh w ater w ith in  th e  cylinder.

A  sm all am ount of food colouring was th en  m ixed in to  th e  lock to  visualize 
the  intrusion. D ensity m easurem ents ind icated  th a t  th e  dye d id  no t signifi
cantly  affect the  density  of the  lock-fluid. A fter th e  tu rbu lence  from  m ixing 
the  lock-fluid had dissipated  the  cylinder was rap id ly  ex trac ted  vertically  using 
a  string  and pulley system  th a t  helped ensure a  vertica l ex traction .

T he Reynolds num bers, Re =  U21M / V ,  ranged  from  2 x 103 to  1 x 104. In  the  
ro ta tin g  two-layer experim ents th e  ro ta tio n  ra tes  ranged  from  of D =  0.05 s” 1 
to  O =  0.2 s-1 .

Figure 3.1(b) shows the  experim ental se tup  for the  continuously stra tified  
fluid experim ents. T he tan k  was filled w ith  salt s tra tified  fluid to  a  d ep th  
H  (between 17 cm and 19 cm) using the  s ta n d a rd  “D ouble-B ucket” technique 
(O ster, 1965). For experim ents w ith  ro ta tio n , th e  w ater in  th e  buckets was 
allowed to  reach room  tem pera tu re  before filling th e  ta n k  to  m inim ize th e  
effects of double diffusion during  the  lengthy spin-up  process. M easurem ents 
of th e  density  were taken a t several heights to  verify th a t  th e  background 
density  increased linearly w ith  increasing dep th . L inear regression was th en  

applied to  th e  m easurem ents of th e  am bient density  profile, p(z) ,  to  find the  
density  gradient. From  this we determ ined  th e  buoyancy frequency, which 
ranged from N  = 0 .53s-1 to  2 .27s-1 .

For the  uniform ly stra tified  experim ents, a  grid  of evenly spaced lines

34



placed a t  the  top  of th e  fluid was used to  estab lish  the  coord inates a t the  
level of the  in trusion  by m aking a  sim ple ad ju stm en t for th e  index of refrac
tion  using Snell’s law.

T he value of p c  was not m easured d irectly  for all of the  s ta tio n a ry  exper
im ents. So th e  m easured value of H m was used in stead  for the  non-ro ta ting  

cases.
Taking care not to  d istu rb  the  am bient s tra tifica tion , a  hollow acrylic cylin

der of rad ius R c =  5.3 cm was inserted  into th e  cen tre  of th e  tan k  and  sus
pended a t d ep th  H c. T he  fluid w ith in  th e  tra n sp a re n t cylinder was then  m ixed 
w ith a  torsionally  oscillating m echanical s tirre r to  a  d e p th  H m, m oderately  
sm aller th a n  H c. To exam ine th e  effect of varying th e  m ixed-region d ep th  we 
exam ined a  range of experim ents w ith  H m betw een 2 cm and  th e  fu ll-depth  of 

the  fluid, H.
T he p artia l-dep th  m ixed layer, H m, could be m easured  visually  from  side 

views before th e  s ta r t  of an experim ent. To determ ine Hm m ore accurately, 
m easurem ents were taken  of th e  density  of th e  lock-fluid, p c . In  com bination 
w ith th e  m easured density  profile, pc was used to  com pute th e  d ep th  below 
the  surface Zc =  H m/ 2, a t which th e  in trusion  p ropaga ted  along its  level of 

neu tra l buoyancy.
Like the  two-layer fluid experim ents, th e  lock-fluid was dyed, m ixed and  

the  cylinder was ex tracted  once th e  residual tu rbu lence  had  vanished. A m etal 
cylinder and rod  were used b o th  to  suspend and  to  guide th e  cylinder during  
extraction.

For th e  uniform ly stra tified  fluid experim ents th e  R eynolds num ber Re =  
N H ^ / v  ranged from 8.5 x 102 to  7.0 x  104. In  th e  ro ta tin g  experim ents th e  
tan k  was gradually  ro ta ted  up  to  a  frequency of 0.02 <  0  <  0.3. Dye lines 
ensured the  en tire  volume of fluid was u ltim ate ly  in solid body  ro ta tion . T his 
spin-up process typically took  over 12 hours. M easurem ents of th e  density  
profile p(z)  taken  before and after spin-up  ind ica ted  th a t  th e  s tra tifica tion  
was not changed during the  spin-up process.

In  all of th e  experim ents th e  in trusion  m oved a t near-constan t speed, U, 
shortly  after being released from th e  lock. O nly those experim ents in which 

the  in trusion propagated  axisym m etrically  were analyzed.
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3 .2 .2  T h eo r y  an d  A n a ly s is

Lock exchange experim ents have been used to  s tu d y  in trusions of uniform  
density, pc, in a  two-laver am bient fluid w ith  an  upper (lower) layer density  

Pu (p l ) of dep th  h\j (hi) .  T he  speed of the  in trusions m ay be characterized  by 
two independent non-dim ensional param eters , e and  A. T he  relative density  
difference between the  in trusion and  the  average density  of th e  am bient is 

represented by

is the  depth-w eighted average am bient density.
The relative difference betw een th e  u pper and  lower layer d ep th s  is repre

sented by

in which H  =  hu  +  h i .  We explored a  range of density  configurations charac
terized by th e  experim ental param eters |A | <  0.667 and  —0.237 <  e <  0.675.

W hen e =  0 and  A =  0 the  in trusion  is vertically  sym m etric  and  equal 
masses of lock-fluid are tran sp o rted  in each layer. T his c ircum stance has been 
studied extensively in labora to ry  experim ents (Holyer & H uppert, 1980; B rit- 
te r  & Simpson, 1981; Lowe et al., 2002). Following th e  approach  of B enjam in 

(1968), Holyer & H uppert (1980) m ade th e  first p red iction  of in trusion  speeds 
in vertically sym m etric cases w ith e a n d /o r  A  non-zero. However, S u therland  
et al. (20045) found th a t  the  theory  was in agreem ent w ith  th e ir  experim ents 
for intrusions only if e =  0. If e differed m odera te ly  from  zero, the  theory  
significantly underpredicted  th e  speeds.

W hen e / 0  the  interface ahead  of th e  in trusion  was depressed or elevated 
by the  intrusion. This generated  a  long in terfacial wave th a t  p ropaga ted  ahead  
of th e  intrusion. Cheong et al. (2006) m ade a  p red iction  of th e  front speed 
in the  case where e =  0 by considering th e  energy associated  w ith  each layer. 
Observing th a t  an in ternal wave m oving ahead  of th e  in trusion  m odified the  
front condition for the  intrusion, F lynn  & L inden (2006) independently  derived 
a  prediction of the  speed in the  m ore general case of a rb itra ry  e. R ecasting

=  Pc ~  (p) 
~~ Pl ~  Pu

(3.1)

where

H
(3.2)
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th e  form ula for th e  speed in term s of c an d  A  gives

U2l =  1 -  A 2 +  4Ae (3 .4 )

where g' =  (pL -  Pu)/Po-
U ngarish (2006) used shallow w ater theo ry  to  pred ict th e  speed of gravity  

curren ts beneath  uniform ly stra tified  am bient. However, by requiring th e  flow 
to be hydrostatic, th e  theory  could not be ex tended  to  in trusions which excite 
non-hydrostatic  in ternal waves M unroe et al. (2009).

Following the  approach of Cheong et al. (2006), B olster et al. (2008) pre
dicted  the  speed of in trusions in uniform ly stra tified  fluid w ith  buoyancy fre
quency N  =  \ f ( -g / p o ) (d p / d z ) where p is th e  background density  profile. T heir 
form ula was recast in term s of e by M unroe et al. (2009) to  give

Here e is given by equation  (3.1) w here P l corresponds to  th e  density  a t 
the  b o ttom  and  pu corresponds to  th e  density  a t  th e  fluid surface and  (p) is 
th e  average of the  two densities.

In  partia l-dep th  lock-release experim ents (S u therland  et al., 2007) in uni
formly stratified  fluid th e  in trusion  was found to  evolve as if released from  a 
full-depth lock in a  ta n k  of d ep th  H m in  which I Im is height of th e  m ixed 
lock-fluid. Taking e =  0 and H  =  IIm in equation  (3.5), th e  speed is given by

T his result agrees w ith th e  experim entally  determ ined  Froude num ber (S u ther
land  et al., 2007) of U / N H m =  (0.13 ±  0 .02).

A n exam ple of a  vertically sym m etric in trusion  m oving along a  sharp  in te r
face in a  two-layer fluid (e =  0, A  =  0) is shown in F igure 3.2. T he  top  view 
in (a) shows th a t  the  radially  spreading in trusion  shortly  after release from  
th e  lock rem ains nearly  axisym m etric. T he tim e series in (b) is constructed  
across the  d iam eter in the  x-direction. T h is clearly  shows the  advance of the  
in trusion head a t near-constan t speed for a t  least 6 lock radii.

Figure 3.2(b) also illustra tes how the  position  of the  in trusion  head was 
tracked  as it advanced in tim e. L inear regression was used to  o b ta in  a  m ea
sure of the  near-constan t speed as the  slope of th e  line shown. Slopes were 

com puted on bo th  sides of th e  tim e series. T hese slopes were th en  averaged 
w ith slopes m easured from ano ther tim e series taken  across th e  d iam eter in

(3.5)

Us P =  ^ N H , (3.6)
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(a) Top View (b) Time Series (y=0)

-20  0  20 
r  [cm]

Figure 3.2: Two-layer experim ent w ith  A  =  0, e =  0, /?l =  1.0504g /c m 3, 
pc =  1.0248 g /cm 3 shown from  (a) th e  to p  view taken  w hen t  ~  10 s and  (b) 
as a  tim e series constructed  across th e  d iam eter in th e  x-direction. T he  slope 
of th e  w hite line shown gives th e  speed, U,  of th e  curren t.

the  ^-direction. T he s tan d ard  deviation  am ongst these  values was used as an 

estim ate  of the  error in m easurem ent.
T he Rossby num ber describes th e  relative im portance  of in ertia  and  ro ta 

tion  and  is given by

R  o =  L o / R c (3-7)

where R c is th e  radius of the  cylindrical lock. L D is defined by equation  (1.4) 
and  th e  characteristic  velocity, Uc, used for the  two-layer and  uniform ly s tra ti
fied cases was taken  from  equations (3.4) and  (3.5) respectively, w ith  equation
(3.6) being used for p artia l-dep th  lock-release experim ents. Accordingly, Ro is 
defined a  priori, in term s of the  independen t experim ental param eters, ra the r 
th a n  from  m easured quantities. For Ro 1 inertia l forces dom inate  and  the  
ad justm en t of the  patch  is expected  to  behave sim ilarly to  th e  non-ro ta ting  
case. However, for small values of th e  Rossby num ber, R o <C 1, the  curren t 
is expected to  be influenced by ro ta tio n  during  the  slum ping phase and  then  
rapidly  ad just to  geostrophic balance.
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Figure 3.3: T im e series taken from  n on -ro ta ting  experim ents in a  two-layer 
fluid w ith  H  =  10cm, R c =  6 cm, and  (a) hL =  2 .5cm , pl  =  1 .1047g /c m 3, 
pc =  1.0248g /cm 3, (b) hL =  5cm , pl  =  1.051 g /c m 3, pc =  1.0375 g /cm 3, (c)

=  2 .5 cm, Pl =  1 .1047g/cm 3, pc — 1.0781 g /c m 3.

3.3  R esu lts

3 .3 .1  N o n -r o ta t in g  E x p e r im e n ts

For all th e  non-ro tating  experim ents, the  cylindrical ga te  was ex trac ted  and  the  
lock-fluid collapsed spreading radially  outw ard. S im ultaneously re tu rn  flows 
above and  below the  in trusion’s head  m oved inw ard to  replace th e  lock-fluid. 
The in trusion  propagated  outw ard a t near-constan t speed for a  d istance  of a t 
least 1.5 lock radii and, for th e  vertically  sym m etric  two-layer experim ents, 
often exceeded 7 lock radii. In th e  two-layer experim ents th e  d u ra tio n  o f the  
constan t speed regim e depended on th e  pa ram ete rs  e and  A.

T im e series for d istinct e and  A  cases are shown in F igure  3.3. As in 

th e  vertically sym m etric case shown in F igure  3.2 w hen e =  0 and  A  ^  0 
(Figure 3.3(a)) the  intrusion p ropaga ted  rad ially  a t near-constan t speed un til 
im pacting the  side wall of the  tank .

W hen e ^  0 , A  =  0 the  in trusion  sta lled  afte r p ropagating  a  sho rt d istance 
from th e  lock, slowing to  the  poin t of alm ost stopping. T hen  it accelerated  
once m ore and p ropagated  outw ard  un til it im pacted  th e  ta n k  wall. T his 
stalling  behaviour is indicated  by th e  black arrow  in th e  tim e series in F igure 

3.3(b).
W hen t / 0  and  A / 0  the  in tru sion ’s behaviour was rem arkably  different, 

as shown in Figure 3.3(c). The in trusion  p ropaga ted  a t near-constan t speed 
a relatively short d istance from th e  lock and  th en  rap id ly  cam e to  a  ha lt. In 
some experim ents, the  intrusion stalled  tem porarily  afte r p ropaga ting  some 
distance from the  lock, bu t then  accelerated  again  m oving a  sho rt d istance
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again before stopping.
As in  the  corresponding rectilinear in trusion  s tu d y  (S u therland  et al., 

2004?;), the  qualita tive  features th a t  d istinguish  th e  various cases are explained 
by considering in teractions of the  in trusion  w ith  interfacial waves. W hen  e =  0, 
a  mode-1 interfacial wave is no t efficiently excited  ahead  or beh ind  th e  in tru 
sion. Instead , a  m ode-2 interfacial wave surrounds the  in trusion  head and 
carries it forward a t  constan t speed even as th e  head height decreases (McM il
lan & Sutherland , 2010). T he  stalling  and  stopp ing  of the  in trusion  in cases 
where e ^  0 is a ttr ib u te d  to  in teractions of th e  in trusion  w ith  a  m ode-1 in
terfacial wave launched by the  re tu rn  flow th a t  en ters th e  lock a t different 
speeds above and below the  interface. T h is  vertically  asym m etric  forcing of 
th e  interface launches a  large am plitude  m ode-1 wave th a t  catches up  w ith  the  
in trusion head and  stops it.

F igure 3.4 shows the  m easured in trusion  speeds p lo tted  as a  function  of th e  
theoretically  predicted  speed, Lr2L, given by equation  (3.4). E xperim ents were 
distinguished according to  A  and  e, as ind ica ted  by th e  legend. T he  dashed 
line, U =  U2L, shows th a t th e  speeds p red ic ted  for rectilinear in trusions were 
higher th a n  the  m easured speeds for all of th e  experim ents. A pplying linear 
regression revealed th a t  U =  (0.72 ±  0 .04)L^l • T he s ta n d a rd  error in slope 
m ay be deceptively small as a  consequence of requiring th e  fit line to  pass 
th rough  zero so th e  root m ean squared  erro r (RM SE) is also reported . T he 
root m ean square error is given by R M SE =  \ / ( y  — U )2/ n  =  ± 0 .54  where U 
is th e  experim entally  determ ined  value and  y  is th e  value ob tained  through  
linear regression.

An exam ple of a  continuously stra tified  experim ent is shown in F igure 3.5. 
T he partia l-dep th  m ixed region in  th e  lock collapsed afte r th e  cylinder was 

ex tracted  m oving along th e  level of n eu tra l buoyancy a t a  d ep th  of zc — H m/ 2 
below th e  surface of th e  fluid. T he  in trusion  head  th inned  as it p ropaga ted  out 
radially, m oving a t near-constan t speed for approxim ately  3R c before rapidly  

stopping.
Figure 3.6 shows the m easured in trusion  speeds p lo tted  against th e  th eo re t

ical in trusion speed, f/NP, given by equation  (3.6). T he  dashed  line, U  =  f/NP, 
shows th a t  rectilinear theory  consistently  over-predicted  the  speeds. T he  slope 
of a  best-fit line passing through th e  origin gives U =  (0 .69±0 .04){ /NP (RM SE: 

±0 .18). T his value is consistent w ith  th e  slope found for axisym m etric in tru 
sions in non-ro tating  environm ents, (H oldsw orth et al., 2010) b u t is signifi

cantly  sm aller th a n  the value U ~  1.04[/NP m easured for rectilinear in trusions
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Non-rotating, two-layer fluid
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Figure 3.4: T he m easured speeds U p lo tted  against th e  theo re tical speeds f/21, 
p redicted  by equation (3.4). E xperim ents were categorized according to  values 
of € and  A  as indicated by the  legend. T he line U  =  U21. is p lo tted  and  shows 
th a t  on average the  observed speed of th e  in trusion  was less th a n  th e  speed 
predicted  by rectilinear theory. A characteristic  vertical error b a r is shown in 
th e  lower left corner of the  plot.

(a) Top View (b) Time Series (x = 0)

0  10 20

Figure 3.5: In trusion in uniform ly stra tified  fluid shown from  (a) th e  top  view 
taken  when t  ~  4 s and  (b) as a  tim e series construc ted  across th e  d iam eter 
in th e  y-direction. The partia l-dep th  lock-release experim ent had  H rn — 8 cm, 
N  =  1.6 s_1 and R c =  5.3cm .
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Non-rotating, uniform stratification

Figure 3.6: T he  m easured speeds U are  p lo tted  against th e  theoretical speeds 
given by equation (3.6). Rectilinear theo ry  overpredicts th e  speed of the  o u t
going in trusion  which is shown by the  p lo tted  line U  =  UNP.

(Sutherland  et al., 2007) generated  by th e  collapse of a  m ixed region in s tr a t 
ified am bient.

T he  d istance over which th e  in trusion  decelerated  to  a  h a lt was relatively 
short and  a  self-similar regime was n o t evident. Typically, i?max was betw een 
1.5R c and  ARC. Even for full-depth lock-release experim ents in uniform ly s tr a t 
ified fluid (Hm =  H )  th e  in trusion  did no t im pact th e  side walls of th e  tank . 
Some lateral oscillations were exhib ited  by the  p a tch  and  were a ttr ib u te d  to  
in teractions of the  intrusions w ith  in te rnal waves excited  ahead  of th e  in tru 
sion reflecting off the  tan k  side walls as well as by in te rnal waves genera ted  by 
the  re tu rn  flow into th e  lock. However, th e  s topp ing  d istance was a ttr ib u te d  
to  th e  re tu rn  flow into the  lock launching interfacial waves th a t  caugh t up  to  
the  in trusion  head. These dynam ics were observed in a  rectilinear geom etry 

by M unroe et al. (2009).
F igure 3.7 shows th a t  the  stopping  d istances were w ith in  error of th e  esti

m ate, R *, p red icted  through extension of M unroe et al. (2009) who considered 
the  tim e  for a  m ode-1 wave launched by th e  re tu rn  flow in to  the  lock to  catch 
up  to  the  rad ial front of the  intrusion. T he wave was assum ed to  travel a t 

speed c =  N H m/TT and  traversed a d istance / imax +  2R c before reaching the  
front.

Because the  geom etry of the  experim ents d id  no t allow us to  cap tu re  ver
tical cross-sections of the  flow evolution, we im plem ented a  fully non-linear
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Figure 3.7: T he distance from  the  edge of th e  cylindrical lock, R,  p lo tted  
against the  height of th e  m ixed region, H m . T h e  m easured  stopping  d istance 
of the  intrusion, R max, com pared w ith  th e  d istance  a t  which a  m ode-1 in ternal 
wave catches up w ith  th e  front of th e  in trusion , R*.

num erical sim ulation to  exam ine th e  in te rnal wave catch ing  up  w ith  th e  front 
of the  intrusion. T he code, described by M cM illan & S u therland  (2010) (A p
pendix  B) solves th e  Navier-Stokes equations in cylindrical coord inates by 
approxim ating spatia l derivatives w ith  second order finite difference and tim e 
stepping w ith the  leapfrog m ethod. A t th e  free-slip boundaries the  no norm al 
flow condition is imposed.

Figure 3.8 shows six snapshots taken  over two buoyancy periods of a  sim u
lation th a t  was initialized w ith  the  sam e p aram ete rs  as  th e  experim ent shown 

in F igure 3.5. A t t =  1.6s th e  black arrow s highlight th e  m otion of th e  re
tu rn  flow which sets the  am plitude of th e  in ternal wave a t  th e  d ep th  of th e  
intrusion. In  the  subsequent images th e  black arrow s ind icate  th e  m otion of 
the  in ternal wave launched by the  re tu rn  flow and  w hich catches up to  and 
stops th e  advance of th e  in trusion  head. T he  tim e a t which th e  wave arrives 
a t  the  front of the  intrusion appears to  coincide w ith  th e  in trusion  reaching 
its  m axim um  radius of propagation.

T he qualita tive  n a tu re  of th e  collapse was noticeably  different in th e  ro ta tin g  
experim ents. For all experim ents w ith  significant ro ta tion , a fte r th e  in itial 

“slum ping phase,” which occurred relatively  quickly, th e  in trusion  p ropagated

3 .3 .2  T h e  E ffec ts  o f  R o ta t io n
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Figure 3.8: Cross-section of a  passive tracer field construc ted  from  a  num erical 
m odel of th e  experim ents in F igure 3.5. T he grayscale represents the  concen
tra tio n  and  black arrows highlight the  form ation  and  subsequent m otion of 
th e  interfacial wave.
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Figure 3.9: T im e series taken  from  ro ta tin g  experim ents in  a  two-layer
fluid w ith  =  0 .2 s-1 , H  =  10cm , R c — 6 cm and  (a) H L =  2 .5cm , 
pL =  1.0254g /cm 3, pc =  1 .0186g/cm 3 (b) H L =  5cm , pL =  1.0254g /c m 3, 
pc =  1 .0186g/cm 3, (c) H l =  2 .5cm , pL =  1 .0254g /cm 3, pc =  1 .0050g /cm 3. 
In (a) the  oscillatory period, Tp, m easured as th e  tim e  betw een th e  first and  sec
ond outw ard pulse and the  m axim um  rad ius of propagation , Rmax are  shown.

out a t near-constan t speed, rapidly decelerated  and , unlike non-ro ta ting  cases, 
reversed directions.

T im e series taken  from typical two-layer ro ta tin g  experim ents are  shown 
in Figure 3.9. T he experim ental pa ram ete rs  were chosen to  be sim ilar to  
those of the  non-ro tating  experim ents in F igu re  3.3. For each p lo t, th e  Rossby 
deform ation rad ius L o  and the  rad ius of th e  cylinder R c is ind ica ted  on the  
right hand  side.

Figures 3.9(a) and  3.9(b) show experim ents w here e ither e =  0 or A  =  0. 
Unlike the  non-ro tating  equivalents shown in F igure  3.3, th e  ro ta tin g  in trusion  
did not im pact the  side wall of th e  tank . In stead , th e  d irection  of flow reversed 
abruptly . In  the  cases for which e and  A  were b o th  non-zero (F igure 3.9(c)) a 
longer period of deceleration was apparen t from  th e  tim e-series.

T he two-layer experim ents explored m odera te  values of the  Rossby num ber 
(Ro >  1) so th a t  the  in trusion p ropagated  ou tw ard  a t  near-constan t speed for 
a m easurable distance before being affected significantly by ro ta tion . A ccord
ingly, ro ta tio n  was not expected to  influence th e  in itia l speed of th e  in trusion.

T he m easured speeds are p lo tted  against U^l in F igure  3.10. T he dashed 
line, U =  t/m , shows th a t  rectilinear theory  over-predicts th e  speed of the  
intrusions. A  best-fit line passing th rough  th e  origin gives U =  (0 .68± 0.03) 
(RMSE: ± 0 .33), com parable to  th a t  m easured  for non-ro ta ting  cases.

T he distance, Rmax, over which th e  in trusion  p ropaga ted  before th e  decel
eration began and the  flow changed d irection  is illu s tra ted  by w hite vertical 
bars in F igure 3.9(a); it is the  radial d istance traversed  by the  in trusion  from
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Figure 3.10: For the  two-layer ro ta tin g  experim ents, th e  m easured  speeds U 
are p lo tted  against the  theoretical speeds IJ2h given by equation  (3.4). E xper
im ents were separa ted  according to  values of e and  A  as shown in th e  legend. 
T he line U =  is p lo tted  and  shows th a t  for all cases th e  observed speeds 
were less th a n  the  predicted  speeds. A characteristic  vertical e rro rbar is shown 
in the  lower left corner of th e  plot.
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Figure 3.11: For the  two-layer ro ta tin g  experim ents, th e  m axim um  distance 
propagated  by the  intrusion, f?max, (illu stra ted  in figure 3.9) is norm alized by 
the  Rossby deform ation radius, L& given by equation  (1.4) and  p lo tted  against 
the  Rossby num ber given in equation  (3.7).
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Figure 3.12: T he top  view of a  ro ta tin g  fu ll-depth  lock-release experim ent in 
uniform ly stratified  fluid after (a) one, (b) two, and  (c) th ree  buoyancy periods. 
In th is  experim ent H  =  17.5 cm, Q =  0.3 s""1, N  =  2.27 s” 1

the  inner edge of the  cylindrical lock.
F igure 3.11 shows a  non-dim ensional p lot of R mAX/ L D against Ro. For 

Ro >  2, R max < L d . However, for R o <  2 we found th a t  1 <  R m ^ / L n  <  2. 
This is a  sm aller ratio  th an  th a t  observed for gravity  cu rren ts  p ropagating  
beneath  uniform  am bient (H allw orth et al., 2001)

V isually tracking  th e  concentration  of dye in F igure 3.9 revealed regular 

pulsations of the  in truding  fluid. T h e  dye in itially  concen tra ted  in th e  lock 
moved outw ard after th e  release of th e  lock becom ing less concen tra ted  before 

reaching R max. T hen th e  dye appeared  to  collect near th e  cen tre  of th e  ta n k  
once m ore and  the second outw ard  pu lsa tion  began.

T he front of th is second pu lsa tion  m oved ou tw ard  tow ard R mAX a t near
constan t speed, often overshooting i?max by a  sho rt distance. T he  pulsations 
continued as the  patch  ad justed  to  th e  steady  s ta te . B u t th e  dye lines g radually  
b lurred  and becam e m ore difficult to  track.

T he  in trusion behaved in a  qualita tively  sim ilar m anner to  a  gravity  cur
rent. T he lens-shaped bulk of fluid expanded an d  con tracted  as it released 
outw ardly propagating pulses. By averaging over th e  tim e betw een successive 
pulses H allw orth et al. (2001) found u; =  1 .05 /.

T h e  tim e from the  beginning of th e  experim ent to  th e  first ou tw ard  pulse Tp 
is illu stra ted  in Figure 3.9(a). In experim ents for which Tp could be m easured 
the  corresponding frequency uip =  2tt/T p was found to  increase as th e  ro ta tion  

ra te  of the  fluid increased so th a t  ojp =  2 .8/ ,  significantly higher th a n  th a t 
observed for bo ttom  propagating  curren ts.

In  th e  uniform ly stratified  experim ents, the  ad justing  p a tch  form ed a  lens
shaped s tru c tu re  th a t  a lternatively  expanded and con tracted  vertically  and
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Figure 3.13: T im e series taken  from ro ta tin g  experim ents in continuously s tr a t
ified fluid for increasing m agnitudes of th e  Rossby num ber Ro =  L D/ R C w ith  
N  ~  1 .5 s-1 , R c ^  5cm  (a) H m =  7 .5cm , Q =  0 .3 s -1 (b) H m =  12.7cm , 
fl =  0 .1 s-1 and (c) H m =  14.9cm , Q =  0 .0 3 s-1 . T he oscillatory period  7) is 
illustrated  in (a) and is m easured as the  tim e betw een the  beginning of first 
and second expansion.

horizontally. The top  views shown in F igure  3.12 were taken  from  a  fu ll-depth 
lock-release experim ent. In F igure 3.12(a) one buoyancy period had  passed  and  
the  in trusion front advanced in spokes. A fter two buoyancy periods (F igure 
3.12(b)) the  finger-like tendrils a t th e  leading edge w rapped  around  th e  pa tch  
as it contracted  anticyelonically to  form  an  ou ter sp iral s truc tu re . A fter th ree  
buoyancy periods (Figure 3.12(c)) th e  lens had  expanded again and  over longer 
tim es was observed to  oscillate latera lly  as th e  lens ro ta ted  anticyelonically.

Partic les th a t  were placed on th e  surface of th e  lock-fluid a t  th e  s ta r t  of 
the  experim ent revealed, as expected, th a t  th e  am bient above the  collapsed 
m ixed layer ro ta ted  cyclonically.

F igure 3.13 shows radial tim e series for th ree  experim ents w ith  increas
ing values of the  Rossby num ber. T he in trusions p ropagated  o u t rad ially  a t 
near-constan t speed for abou t one buoyancy period. C om pared w ith  the  non
ro ta ting  experim ents (e.g. see F igure 3.5) the  in itia l near-constan t speed phase 
lasted  for a  sho rter tim e and  the  in trusion  traversed  a  shorter rad ia l distance.

F igure 3.14 shows the  m easured speeds p lo tted  against the  theo re tical rec
tilinear speeds as defined in  equation  (3.6). T he dashed  line, U = UNP, shows 
th a t  the  theory  over-predicted th e  speeds. C onsisten t w ith  the  non-ro ta ting  

case, U =  (0.68 ±  0 .04)t/NP (RM SE ± 0 .16). D om inated  by inertia l forces, 
ro ta tion  did not effect the  in trusion  speed during  the  in itial collapse phase.

In the  absence of ro ta tion  we saw th a t  th e  advance of an  asym m etric  in
trusion stopped  as a consequence of in terac tions w ith  in ternal waves. R o ta 
tion additionally  influenced the  stopping  d istance for sm all Rossby num bers
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Figure 3.14: For the  ro ta tin g  uniform ly s tra tified  experim ents th e  m easured 
speeds U are p lo tted  against the  speeds pred icted  by equation  (3.6). T he  line 
U  = UNP is p lo tted  and shows th a t  for all cases th e  m easured  speed was less 
th an  the  predicted  speed.

(Ro <  1); in some cases, stopping a t  d istances less th a n  one lock-radius.
T he tim e series shown in F igure 3.13 com pares th e  stopp ing  d istance, R max, 

to  the  Rossby deform ation radius, L p .  T he  rad ius of th e  cylinder, R c, is indi
cated  on th e  right hand  side. For Ro =  0.5 (F igure 3.13(a)) a  relatively  short 
period of near-constan t speed was observed. W hen  Ro =  2.8 (F igure 3.13(b)) 
the  near-constan t speed phase lasted  longer. T he  tim e series clearly shows the  
oscillatory m otion of th e  p a tch  as i t  geostrophically  ad justs. Increasing the  
Rossby num ber even fu rther to  Ro =  9 (F igure 3.13(c)) resu lted  in an  in tru 

sion th a t  behaved m ore sim ilarly to  the  non-ro ta ting  case. T he deform ation 
radius extended beyond the  radius of th e  ta n k  an d  so th e  in trusion  stopped  
moving well before the Coriolis effect could im pact its  m otion.

For th e  range of Rossby num bers tes ted  in  our experim ents R max was be
tween 0.7R c and  3R c. T he  relationship  betw een R max/ L p  and  Ro is shown 

in Figure 3.15. For Ro <  1, R m?LX/  L p  E  (1 ,3 ). T he in trusions overshot the  
equilibrium  position as it geostrophically  ad justed . In  agreem ent w ith  S tu a rt 
et al. (2011) th e  graph shows th a t  th e  m axim um  rad ius of p ropagation  scaled 
w ith the  Rossby deform ation rad ius for sm all Rossby num bers (Ro >  1). For 
values of Ro >  2 the  pred icted  deform ation  rad ius was m uch larger th a n  the  
recorded stopping distance since L p  —> oo as /  —*■ 0.

T he coun ter-ro tation  of th e  in trusion  can lim it R m&x (U ngarish & H uppert,
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Figure 3.15: For the  continuously stra tified  ro ta tin g  experim ents, th e  m axi
m um  d istance traversed by th e  in trusion, R max, (illu stra ted  in figure 3.13) is 
norm alized by th e  Rossby deform ation radius, given by equation  (1.4), and 
p lo tted  against th e  Rossby num ber, defined by equation  (3.7).

2004), b u t the  associated theory  for an  axisym m etric  in trusion  (U ngarish, 
2009) which does not account for th e  influence of in te rnal waves, over-predicted 
th e  stopping distance by a  significant factor even for experim ents w ith  large 
Rossby num bers. T he stopping  d istances were m ore accu ra te ly  p red ic ted  by 
considering direct in teractions of th e  in trusion  w ith  in ternal waves (M unroe 

et al., 2009).
T he top  views in F igure 3.12 an d  th e  tim e series in F igure  3.13 clearly 

dem onstra te  the  oscillatory behaviour of th e  patch . T hese oscillations create  
a  wave-like p a tte rn  in the  tim e series. T he  tim e to  th e  first trough , T). (shown 
in Figure 3.13(a)) decreased as the  frequency of ro ta tio n  increased.

T he experim ent shown in F igure 3.13(b) has a  com parable Rossby num ber 
to  the  two-layer experim ents shown in F igure 3.9. In  th e  two-layer experi
m ents th e  patch  pulsated  in  a  series of ou tw ard  bu rsts, while in  the  uniform ly 
stra tified  experim ents the oscillations were relatively sm ooth  and  the  second 

d ilation  of th e  patch  was m uch shorter.

3 .4  D iscu ssion  and  C on clu sion s

T he initial speeds of in trusions generated  by the  collapse of a  uniform  density  
patch  in stratified  fluid were found to  be 65-70% of those p red ic ted  by recti-
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linear theory. In  bo th  two-layer and  uniform ly stra tified  fluids ro ta tio n  had 
no significant influence on the  speed of th e  in trusions during  th e  in itial stage 
of collapse for bo th  types of stratifications.

In  no experim ents d id  we observe th e  characteristic  features of the  self
sim ilar regime predicted  for and  observed in b o tto m  propagating  gravity  cur
rent experim ents. In the  non-ro ta ting  two-layer experim ents th e  in trusion  
propagated  a t constan t speed beyond 1 R C if e =  0. For experim ents w ith 
t 7̂  0 , as a  resu lt of breaking vertical sym m etry  a  m ode-1 in terfacial wave was 
efficiently excited by th e  re tu rn  flow in to  th e  lock. T his caught up  w ith  the  
p ropagating  intrusion, stalling  or even halting  its  advance. In  all th e  uniform ly 

stra tified  experim ents th e  in trusion, which p ropagated  m ore slowly th a n  b o th  
m ode-1 and  m ode-2 in ternal waves, s topped  a b ru p tly  w ithou t reaching the  
tan k  wall. In  vertically sym m etric cases th e  in trusion  ha lted  by losing energy 
to  th e  m ode-2 wave th a t  moved ahead  of it. In asym m etric  cases, ju s t as in 
the  two-layer cases, th e  re tu rn  flow dom inan tly  excited  a  m ode-1 wave th a t  
was responsible for its relatively short stopp ing  distance.

R o ta tion  fu rther lim ited th e  m axim um  propagation  d istance of th e  in tru 
sions. S topping distances were sho rter for th e  ro ta tin g  experim ents as com
pared  to  th e  non-ro tating  cases for sm all Rossby num bers (Ro <  1). T he 
stopping d istance of th e  intrusion was a  m axim um  of th ree  tim es th e  Rossby 
deform ation rad ius which is sm aller th an  th a t  observed for b o tto m  p ropaga t

ing gravity  curren ts (H allw orth et a l ,  2001). For larger Rossby num bers the  
deform ation rad ius extended beyond the  rad ius of the  ta n k  and  th e  stopping  
d istance of the  in trusion was influenced by in teractions w ith  th e  generated  
in ternal waves.

In the  two-layer ro ta ting  experim ents th e  p a tch  periodically  exh ib ited  o u t

ward pulsations. W hereas, in th e  continuously stra tified  case th e  ad justing  
lens oscillated m ore sm oothly abou t an  equilibrium  radius. T he frequency of 
the  oscillation of the patch  increased as th e  ro ta tio n  ra te  increased, b u t the  
frequency was difficult to  m easure accurately.

D ue to  restrictions of the experim ental se tup , th is  s tu d y  focused upon  in

trusions released from locks w ith  aspect ra tio s R c/ H m < 1 .  In  sim ulations 
not reported  upon here it was found th a t  th e  in trusion  speed increased w ith  

R c/ H m , asym ptoting  for R c/ H m >  2 to  constan t values consisten t w ith  those 
observed in rectilinear geometries. I t  is an tic ipa ted  th a t  grav ity  cu rren ts  and 
intrusions em anating  from locks of sufficiently large rad ius should  in itia lly  have 
the  speed of rectilinear intrusions; th e  sm all cu rva tu re  of such locks should  not
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influence th e  evolution of th e  slum ping fluid as it approaches steady  s ta te . It 
is surprising th a t  in trusions em anating  from  locks w ith  aspect ratios of order 
unity  should propagate a t constan t speed for d istances longer th a n  7R c. T he 
generation of in ternal waves and  subsequent in terac tions m ust play a  role in 
establishing the  steady  s ta te  speed. However existing theories are no t read
ily adap ted  to  cap tu re  these dynam ics: B en jam in’s theory  assum es s teady  
s ta te  from th e  ou tset and so ignores wave generation  and  transience  associ
a ted  w ith  the  collapse of a  cylindrical p a tch  of fluid; shallow w ater theory  
ignores effects associated w ith  the  generation  and  evolution of large am pli
tude, non-hydrostatic  waves. C learly m ore work rem ains to  be done in  theory  

and experim ent.
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C hapter 4

T he A xisym m etric  C ollapse o f a 
M ixed  P atch  and Internal W ave  
G eneration  in U n iform ly  
Stratified  R o ta tin g  F lu id

4.1 In trod u ction

In  th is  chapter, the  axisym m etric experim ents presented  in C h ap te r 3 investi
gating m ixed region collapse are reconsidered, b u t w ith  th e  fluid in solid body 
ro tation . Num erical sim ulations are  also perform ed. Like th e  non-ro ta ting  
case, the  collapse excited dow nw ard p ropagating  in ternal waves th a t  have th e  
po ten tia l for m ixing in the  abyss. W e are  p articu la rly  in te rested  in estim ating  
th e  energy tran sp o rt due to  these waves. So th e  conical wavefield was analyzed 
w ith  synthetic  Schlieren to  determ ine th e  frequency, rad ial wavenum ber, and 
the  m axim um  vertical displacem ent due to  th e  waves.

A fter verifying th a t th e  num erical m odel could reproduce th e  experim ental 
d a ta , we perform ed a  series of sim ulations th a t  ex tended  the  p a ram ete r range 
to  those m ore relevant to  th e  ocean. Specifically, we exam ined how the  aspect 
ratio  of th e  lock changed the  dynam ics of collapse and  its affect on th e  energy 
tran sp o rt by internal waves. Independently , for a  fixed lock aspect ratio , we 
explored th e  dependence of th e  collapse on th e  Rossby num ber.

O ur investigation of downw ard p ropagating  in ternal waves in uniform ly 

stra tified  ro ta tin g  fluid leads to  several form ulae th a t  describe th e  rela tionship  
betw een the  in itial conditions and  th e  p roperties of th e  waves. T hese form ulae 
are then  used to  m ake an order-of-m agnitude es tim ate  of th e  power in p u t from 
a  moving hurricane to  the  in ternal wave field th rough  th e  collapse of th e  m ixed
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region it generates.
The experim ental se tup , num erical m odel and  analysis techniques are de

scribed in section 4.2. T he results for b o th  th e  experim ents and  th e  num erical 
m odel are presented in section 4.3. Finally, we ex tend  our resu lts  to  oceanic 
scales and conclude in section 4.4.

4.2 S et-u p  and A n a ly ses

4 .2 .1  E x p e r im e n ta l S e tu p  a n d  A n a ly s is  M e th o d s

Experim ents were perform ed on a  G eophysical F lu ids R o ta tin g  Table (Aus
tra lian  Scientific Instrum ents). We used a  square  tan k  (m easuring L  — 50cm  
on each side) for best results from th e  syn the tic  Schlieren analysis technique. 
The experim ental se tup  is shown in F igure  4.1. A Schlieren im age screen of 
black and w hite horizontal lines was a tta ch e d  to  th e  back of th e  ta n k  and 
illum inated by a  fluorescent-light-sheet secured d irectly  beh ind  it.

A camera 
■A

mirror

Figure 4.1: Schem atic diagram  of th e  experim ental a p p a ra tu s  s itu a te d  on a 
ro ta tin g  table. A m irror was a  d istance of L mt from  th e  ta n k  and  below 
the  cam era. A cylindrical lock of rad ius R c was inserted  to  a  p a rtia l-d ep th  H c 
in the  square tan k  (L  =  50 cm).

T he m ethod of synthetic  Schlieren was described in C h ap te r 2 . I t  is the  
same m ethod  used by H oldsw orth et al. (2010) to  derive the  change in the  

squared buoyancy frequency due to  th e  waves A N 2(r, z , t )  = ~(g/po)dzp and
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its  tim e derivative, N f .  The details of th is  m ethod  were described in section
2.2 and are illustrated  by F igure 2.3.

T hree experim ents were perform ed using th e  sam e experim ental ap p a ra tu s  
shown in F igure (4.1) b u t w ith the  im age screen replaced by a  random  p a tte rn  
of dots. These experim ents verified th a t  th e  wave characteristics determ ined  
by synthetic  Schlieren were no t biased by using an  im age screen of horizontal 

lines.
T he videos of d istortions of random  d o t im ages were analyzed using open- 

source software for advanced im aging velocim etry  called “u v m at” . T he  soft
ware im plem ented a  m ethod called C orrela tion  Im age V elocim etry (CIV) th a t  
relies on direct cross-correlations betw een im age pairs of p a tte rn  boxes to  track  
particles . Like synthetic  Schlieren w ith  lines, C IV  involves track ing  apparen t 
displacem ents of th e  image screen. However, C IV  m easures horizontal as well 
as vertical displacem ent. A series of im age correla tions were perform ed for 
each pair of fram es to  track  the  m ovem ent of th e  dots. Thus, in trusion  front 
velocities were determ ined by finding particle  d isplacem ents betw een images 
A t  =  0.067 s apart. In practice, however, using th e  screen of do ts resu lted  in a 
noisier iVt2 field th an  th e  screen of horizontal lines which m ade m easurem ents 
of the am plitude difficult. Therefore, w ith  th e  exception of th ree  experim ents 
from which uj and k r  were determ ined, th e  ro ta tin g  experim ents p resen ted  here 
were analyzed w ith  synthetic  Schlieren using horizon tal lines.

To ensure the  Sony D C R-TRV 6 C C D  cam era  was far enough away th a t  it 
received a nearly  parallel d istribu tion  of light passing th rough  th e  tank , it was 
m ounted above and to  one side of th e  ta n k  po in ting  dow nw ard tow ard  a  m irror 
angled 45 degrees from the  horizontal. T he  light travelled  a  to ta l d istance of 
Lem +  L mt =  165 cm from the  near-side o f th e  ta n k  to  the  cam era  lens after 
reflecting off th e  m irror (see F igure 4.1).

T he “D ouble-Bucket” technique (O ster, 1965) was used to  fill th e  tan k  

w ith linearly stratified  fluid to  a  to ta l d ep th  of H  ~  40 cm. Before filling 
th e  tan k  th e  w ater in th e  buckets was allowed to  reach room -tem pera tu re  to  
prevent any vertical tem pera tu re  g rad ien ts from  interfering w ith  the  experi
m ent. Poin t m easurem ents of the  density  were used to  construc t a  vertical 
density  profile of th e  am bient p  from  which th e  constan t buoyancy frequency 
N  =  \J ( -g / po)(dzp) was found. For all th e  ro ta tin g  experim ents presented  

here, N  ranged from N  =  1.57 s-1 to  1 .77s_1.
A hollow acrylic cylinder of rad ius R c — 5.3 cm was suspended above the 

centre of th e  tan k  and extended down from  the  surface of the  fluid to  a  partial-
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d ep th  of H c between 5.2 cm and  15 cm. T he  fluid w ith in  th e  cylindrical lock 
was th en  m ixed w ith an  oscillating m echanical s tirre r un til th e  density  was 
uniform  to  a  dep th  H m, m oderately sm aller th an  I I  c. We added  a  sm all am ount 
of dye to  th e  lock to  visualize the  in trusion , b u t it d id  no t significantly affect 
the  density  of the  lock-fluid. D ensity  m easurem ents of the  lock-fluid, pL, were 
recorded and  used to  verify th e  d ep th  of n eu tra l buoyancy below th e  surface, 

Hm/ 2 .
Over a  period typically lasting  12 hours or m ore the  en tire  system  was 

then  allowed to  “spin-up” so th a t  the  am bient and  lock-fluid were co-ro tating  
a t a  constan t ra te  fl in the  counter-clockw ise direction. W hen  th e  tab le  began 
ro ta tin g  turbulence was expected w ith in  th e  ta n k  especially near th e  corners; 
if th e  m agnitude of spin-up was too  large th en  th e  s tra tifica tion  could becom e 
non-linear.

Several tes t experim ents were perform ed in which th e  stra tifica tion  was 
m easured before and after spin-up to  ensure th a t  th e  linear s tra tifica tion  was 
not significantly a ltered  by th e  sp in-up  process. D ifferent coloured dye was 
added  layer by layer while th e  tan k  was filling. Once filled, th e  w ater in 
th e  ta n k  appeared  as a  colum n of evenly spaced horizontal dye-lines. W hen 
ro ta tio n  was in itia ted  isopycnal surfaces were d istu rb ed  an d  tu rb u len t m ixing 
began in th e  tan k  corners. Prom  th e  to p  view, th e  dye was observed to  spin 
into five d istinc t vortices: one larger vortex  in th e  centre and  four sm aller 
ones in each of th e  corners. A fter 12 hours, th e  dye lines had  b lurred , b u t 
th e  individual dye-lines were still easy  to  distinguish . P o in t m easurem ents of 
the  density  were taken  a t a range of vertical positions to  determ ine N  before 
and  after th e  spin-up, confirming th a t  th e  density  stra tifica tion  was negligibly 
affected by spin-up.

R ota tions rates varied from  0.03 s" 1 to  0.45 s " 1. Accordingly, th e  Rossby 
num bers, defined by Ro = U / f R c w ith  U =  ^ N H m being th e  p red ic ted  speed 
of a  rectilinear intrusion (see fig. 3.6), ranged from  Ro =  0.3 to  Ro =  5.6.

A n experim ent began after the  fluid in th e  ta n k  reached solid body  ro ta tion . 
T he cylindrical lock was rap id ly  ex trac ted  vertically  releasing th e  lock-fluid 
into th e  am bient. T he cam era recorded a  side view of the  experim ent and  its 
im pact on th e  am bient.

A n exam ple of a  ro ta ting  experim ent is shown in F igure 4.2 a t tim es 2Tb 
and  3Tb a fter the  cylinder was ex tracted , w here Tb = 2 ir /N  is th e  buoyancy 
period. T he Schlieren image screen of black an d  w hite lines is visible in the  
background of each image and  visual m arkers (sm all black dots) placed a t the
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Figure 4.2: Side view of the  tan k  a fte r (a) 2Tb and  (b) 3T b . Below each 
image the  N f  field the  corresponding iVt2 field is shown ((c), and  (d)). T he 
experim ental param eters are N  =  1.77 s- 1 , H  =  40.6 cm, H m — 14 cm, /  =  
0 .502s-1 . Note: the  surface is s itu a te d  5 .6cm  above th e  to p  of the  fram es 
shown.

near and far side of th e  tan k  were used to  set th e  world coord inates a t the  
m id-point of the  tank . The colum n of m ixed fluid collapsed vertically  form 
ing an  in trusion a t th e  dep th  where it was neu tra lly  buoyant, approxim ately  
H m/ 2 below the  surface. Like th e  n on -ro ta ting  experim ents, im m ediately  after 
the  experim ent began the  lock-fluid th in n ed  as it sp read  rad ially  (F igure 4.2 
(a)). B ut, instead  of halting  due to  in terac tions w ith  in ternal waves, th e  in tru 
sion reversed directions w rapping anti-cyclonically  into a  lens-shaped vortex  
(Holdsw orth et al., 2012a). As the  p a tch  con trac ted  rad ially  it was observed to  
thicken (Figure 4.2 (b)). This process repea ted  periodically  un til equilibrium  
was reached.

Taking th e  tim e derivative of th e  A N 2 field has th e  advantage of filtering 
slowly evolving pertu rbations excited  du ring  th e  in itia l collapse and  enhancing
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changes due to  in ternal waves which occur over relatively fast tim e-scales. 
F igure 4.2 shows an  exam ple of th e  N 2 field com puted  from  successive fram es 
A t  =  0.03 s ap art a fter (c) 2Tb and  (d) 3Tb. Since th e  experim ents were 
assum ed to  be azim uthally  sym m etric, th e  iV2 field was found for r  >  0 and 
reflected abou t z =  0 to  ob tain  the  full field as shown in  th e  figure.

R eynolds num bers for the  in trusion, defined by Re =  N H ^ / v ,  ranged from

3.3 x 103 to  4.4 x  104. Instead  using a  wave-based tim e-scale of T  =  oj~ 1 and 
a  characteristic  length scale of L =  A:” 1 th e  Reynolds num ber for the in ternal 
waves ranged from 1.2 x 102 to  6.3 x  102. For Re th is  large, viscosity d id  not 
p lay a  significant role in the  evolution of the  flow over th e  relatively  sho rt tim e 
scales during which the  waves were analyzed.

4 .2 .2  T h eo r y  an d  A n a ly s is

In m ost of our analyses of th e  in ternal waves, we exam ined rad ial tim e series 
of the  TV2 field, which was m easured d irectly  by syn thetic  Schlieren. T h is field 
is related  to  all o ther quan tities of in terest th rough  th e  po larization  relations 
for axisym m etric in ternal waves listed  in Table 4.1 th a t  were derived from  the  
Navier-stokes equations given by (4.7).

In  particu lar, th e  downw ard p ropagating  in ternal waves were m easured 
and  analyzed from the  N? field a t a  fixed vertical level z ju s t below th e  m ixed 
region. From  a radial tim e series, N f  is Fourier-Bessel decom posed according 

to

in which it is understood  th a t  th e  ac tu a l field is real p a r t  of th e  righ t-hand  side 
expression. The radial wavenum ber kn = a n/ R  is given in term s of the  zeroes 
a n of J 0(r) and th e  tan k  half-w idth R  = L /2 .  T he  corresponding frequency is 
L0 m = (27r/T)m  where T  is the  du ra tio n  of th e  tim e series. For each Ay =  kn 
and  u  =  u>m , the  vertical wavenum ber, Ay, can be deduced from  th e  dispersion 
relation

where th e  angle 6 of constan t-phase lines to  th e  vertical is given in term s of

N  M

(4.1)
n—0 m=0

(4.2)
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S truc tu re  R elation  to
___________  __________ -P__________

£ =  \A ^J a (k rr)e l{-kzZ'u>t̂  +  cc 
ip =  \ A M k rr)e i{-kzZ- ^  + c c

■U A

N 2 =  ±AN? J0(krr )e iVe*z-ut'> +  cc A Nl
-k zu)N2A('

w  =  ^ A wjQ(krr)e%('kzZ~ut:) +  cc A w =  - iuA ^
v  =  \ A vJi{hrr )e l(kz!:'*3t'> +  cc A v

= -f f t A *
P — \ A pjQ{kTr)e l(kzZ~'JJt') +  cc A p =

w2k z
iVy.

Table 4.1: Polarization  relations for th e  vertical displacem ent (£), stream func- 
tion  (ip), tim e change in the  p e rtu rb ed  squared  buoyancy field (A'2), verti
cal velocity (w), radial velocity (ur ), an d  pressure fields (p). T he  vertical

w avenum ber is given by kz =  k r ^j  —------— . Here cc denotes th e  complex

conjugate.

u , N ,  and /  by

1 / 2cu2 -  ( N 2 +  f 2)
~  2  C ° S  V  N 2 ~  P

(4.3)

As the collapse of the  m ixed region began, colum nar undu lations form ed 
directly  beneath  th e  lock-fluid. In th e  absence of ro ta tion , p o ten tia l energy was 
rapidly  converted to  kinetic energy and  th e  colum nar m otion decayed quickly. 
However, in solid body ro ta tion  the  co lum nar m otion persisted  as the  m ixed 
region repeated ly  expanded and  con trac ted  while undergoing geostrophic ad
ju stm en t.

F igure 4.3 (b) shows the norm alized rad ial tim es series ex trac ted  from  the  
N 2 field for th e  experim ent shown in F igure  4.2. For com parison, a  norm alized 
radial tim e series taken  from a  non-ro ta ting  experim ent w ith  sim ilar in itial 
conditions is shown w ith th e  sam e color-scale in F igure  4.3 (a). Ignoring the  
discrepancies due to  image resolution, th e re  are obvious qua lita tive  difference 
betw een th e  figures. In b o th  cases, th e  h ighest am plitudes occurred near r  =  0. 
Because the  phase lines are nearly  horizontal directly  beneath  th e  collapsing
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Figure 4.3: R adial tim es series of th e  N f  field norm alized by N 3 for an 
experim ent from th e  non-ro tating  s tu d y  H oldsw orth et al. (2010) w ith  (a) 
N  =  1 .53s-1 , H  =  45cm , H m =  14cm , an d  (b) ro ta tin g  experim ent w ith 
sim ilar param eters N  =  1 .77s-1 , H  =  40 .6cm , H m =  14cm , /  =  0 .502s- 1 .

patch , th e  region directly  beneath  the  form er location of the  cylindrical lock 
was excluded from our analysis of th e  wave p roperties.

Wave characteristics were determ ined  by averaging resu lts m easured  from 
th e  rad ial tim e series over th ree  heights a t z0 — A z, z0, an d  z0 +  A z  where 
zq is taken betw een 5 and 15 cm below th e  m ixed region and  A z  =  0.18 cm. 
A t each of th e  heights the N 3 field was tru n c a te d  from  7 \ (w hen th e  in ternal 
waves were ju st s ta rtin g  to pass th ro u g h  th a t  height), over an  in teger num ber 
of buoyancy periods to  T2 =  T\ + n t Tb. For th e  experim ents, th e  ex traction  
of th e  cylinder caused the  en tire  experim ental a p p a ra tu s  to  v ib ra te  for a  few 
seconds after the  release of th e  cylinder. To avoid m easuring these  v ib rations 
we chose Tj =  2Tb. A fter abou t 30 s, th e  in te rnal waves began  reflecting off 
th e  side walls leaving a  narrow  window of tim e in which to  m easure th e  waves. 

For th is  reason, we chose n* =  2.
Wave frequencies were determ ined  from  rad ia l and  vertical tim e series using 

th e  sam e technique used by H oldsw orth et al. (2010); a  detailed  descrip tion is 
presented in C hap ter 2. At a  fixed r , th e  Fourier transform  was applied to  the  
N? field and  a parabo la  was fit to  th e  power of th ree  frequencies ab o u t the  
peak. T he location of the m axim um  of th e  resu lting  pa rabo la  was taken  to  be 
th e  central frequency, u/„. Averaging cen tral frequencies de term ined  from  all 
radial and  vertical tim e series resu lted  in a  single characteris tic  frequency, aJ*.
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T he s tandard  deviation provided an  es tim ate  of th e  error.
R adial w avenum bers are defined by kr =  2 n /  Ar . where Ar is th e  rad ial 

wavelength. As described in A ppendix  C, rad ial wavelengths were es tim ated  
by applying th e  continuous wavelet transform  to  rad ia l tim e series of th e  A')2 
field

0 100 200 300

I 8 ^ I

10 15 20 25 30 35 40
r  [cm]

Figure 4.4: (a) T he am plitude of a  rad ia l slice of £ a t  z+ = H  — H m — 5 cm  and 
t * =  Tb for a  sim ulation w ith th e  sam e p aram eters  as th e  experim ent shown in 
F igure 4.2. T he solid line was taken  d irectly  from  th e  N f  field ~  5 cm below the  
m ixed region, (b) T he  corresponding wavelet power spectrum  com puted  using 
the  D O G 3 wavelet. T he  d o tted  w hite line represents the  cone of influence and 
the  left side of the  r-ax is is ~  R c. Values of th e  Pow er spectrum  are ind icated  
by the  colour bar on an  a rb itra ry  scale.

F igure 4.4(a) shows a radial slice of A)2 for the  sam e experim ent shown in 
Figure 4.3 (b) (excluding r  <  R c). T he d a ta  was norm alized by su b trac tin g  
the  m ean and  dividing by th e  s ta n d a rd  deviation  before applying the  wavelet 
transform . F igure 4.4(b) shows th e  corresponding wavelet power spectrum  
as a  function of r  and the  Fourier scale. T he  colour contours represent th e  

m agnitude of the  power spectrum .
Oscillations of the  signal generate  wavelet coefficients of large m agnitude. 

In th e  wavelet power spectrum , the  largest coefficients are generated  a t Fourier 
scales peaking a t a  characteristic  \ r . Therefore, th e  characteris tic  rad ial wave
length was determ ined by finding th e  Fourier scale w ith  the  h ighest m ag

n itude  coefficients. For the  exam ple in F igure 4.4(b), the  h ighest m agni
tude  coefficients were generated  a t a  scale w here Ar ~  IT cm which im plies

~  0.37 cm -1 .
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To im prove accuracy in the  calcu lation  of k ,  th e  rad ia l series was padded 
w ith  zeros before transform ing. T he draw back of th is  process is th a t  it in tro 
duces discontinuities a t th e  edge of th e  spectrum . T he perim eter of th e  affected 
region is draw n as a  w hite d o tted  line in 4.4(b) and w ith in  th e  con tours of th is 
perim eter, known as th e  cone of influence, edge effects are  considered negli
gible. N ote th a t  only a  small po rtion  of the  parabo lic  con tour known as the  
th e  cone of influence is visible here an d  th a t  it is th e  region to  th e  right of the  
dashed line which is no t influence by edge effects.

R adial tim e series were ex trac ted  a t a  series of tim es t* taken  every Tb/8  
over n„Tb. To ob tain  a  single characteristic  value of th e  rad ia l w avenum ber for 
each experim ent k+, we averaged over all of these tim es and  th ree  heights.

T he vertical displacem ent field, £, was derived from  th e  iVt2 field using the  
relationship  between and AN2 given by th e  polarization  rela tions in Table 
4.1. A t a  fixed vertical level

{ (r , t )  = Y Y  (4.4)

W hen the  m ixed region collapsed a t the  cen tre  of th e  ta n k  it generated  
waves th a t  decreased in am plitude as th ey  p ropaga ted  dow n an d  away from  
th e  centre. Consequently, th e  m axim um  vertical d isplacem ent occurred  near, 
b u t no t necessarily a t r =  0. In solid body  ro ta tion , large am plitude  colum nar 
m otions d irectly  beneath  the  lock-fluid obscured th e  p a tte rn  of waves. So the  
m axim um  displacem ent could not be m easured  directly.

A ssum ing the  s truc tu re  of th e  wave was m odelled well by a  Bessel function, 
J ( r )  =  A Jo(kr (r + r')), th e  m axim um  am plitude, A, was found by e x trap o la t
ing from the  best fit of J (r )  to  a  rad ia l slice of £ (r)  taken  a t a  fixed 2 and  t for 
r  > R c. T he characteristic rad ial w avenum ber fc* was used to  form  an  in itial 
approxim ation of th e  fit. Then, th e  signal was phase-shifted  by r '  and  d ila ted  
by A  un til th e  approxim ation was w ith in  RM S error of 0.001 of th e  signal. 
F igure 4.5(a) shows an exam ple of how th e  m easured  am p litude  varies w ith  
radius. T he solid line corresponds to  th e  slice taken  d irectly  from  the  d a ta  
for r  >  R c and the  dashed line shows the  corresponding fit Bessel function. 
T he m axim um  value of J ( r )  was found for each t t and  was averaged to  ob tain  
th e  characteristic  value A*. Finally, characteristic  vertical displacem ent am 

plitudes, |41*, were found for each experim ent by averaging resu lts  from  radial 
tim e series a t  different tim es.

T he vertical flux of energy, Tt;{z)  =  f j*  tup rdrdO, due to  th e  in ternal
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Figure 4.5: T he am plitude of th e  vertical displacem ent field, £ as a  function 
of rad ius for a sim ulation w ith N  =  1.77 s-1 , H  =  500 cm, H m =  14 cm, 
/  =  0.502 s-1 . T he solid line represents th e  rad ia l series ex trac ted  from  the  
d a ta  a t z  =  H  — H m — 5 cm. T he dashed  line is th e  Bessel-fit of th e  d a ta  used 
to  determ ine th e  m axim um  am plitude.

waves crossing a  fixed horizontal level is tran s ien t during  the  process of collapse 
and  re-stratification. So the  flux of in ternal waves th rough  a  fixed level was 
m easured and in teg rated  over an  integer num ber of wave periods n*Tw, where 
Tw =  27t/uJ*, to  ob tain  th e  energy as

In  th e  analysis of the  experim ents, 7 \ =  2Tb and  T2 =  T\ +  2Tw. B u t, in 

general, Ti =  n\Tb and T2 =  Ti +  n*T„. where n\  and  n* are  integers.
T he wave period was used to  tru n c a te  th e  field, b u t th e  calculation 

involved sum m ing over all frequencies and  w avenum bers of th e  Fourier-Bessel 
spectrum . Because of the  transien t n a tu re  of the  waves, th e  in teg ra ted  flux 
decreased w ith increasing dep th  below th e  m ixed region. A conservative esti
m ate  of th e  energy flux was therefore taken  to  be the  average value of T e ( z ) 

over a  2 cm  range.
For analysis purposes, the  energy was norm alized by the  available po ten tia l 

energy as defined by equation (2.4), in which p* and  p f  are the  in itial and  final 
density profiles, respectively. T he in itia l density  profile was taken  to  be linear

g jV4 ^  k 3 \ / \ N 2 — upn=0 m=0 Rn V  lJV

(4.5)

n=0 ra= 0
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p  =  p0( l  — yy-2)- T he final density  profile was taken  after th e  fluid in the  
cylindrical lock had  been m ixed and  tu rbu lence  in  th e  lock had  dissipated:

P l  \z\ >  H m, |r | <  R c
p ( z , r ) =

otherw ise.
(4.6)

T he calculation results in th e  sam e equation  for th e  available p o ten tia l energy 
given by equation (2.5).

4 .2 .3  G o v ern in g  E q u a tio n s  a n d  N u m e r ic a l M o d e l

T he Navier-Stokes equations for sm all-am plitude, axisym m etric waves in a 
Boussinesq, incom pressible and  inviscid fluid on th e  / -p la n e  are given in cylin
drical coordinates by

du  du  du
a t  + “ * : +  ”’a i

v
r

uv

- f v -  

+  f u  =

1 dp  
Po d r

+  v V 2u
u

d v  dv  dv
—  +  U —  +  W — h
d t  dr  d z  r

d w  dw  dw
~ d t + U l f r + W l h

dp  dp  dp dp
d t  d r  d z  d z

-v V 2v +

1_

Po 

k V 2p

dp
Wz P9 +  i 'V  w (4.7)

_  I d  fru] dw  
V  • u  =  — 1 +  —  =  0 

r  d r  d z

where u  =  (ur ,u o ,u z) =  (u , v , w ), g  is th e  g rav ita tiona l acceleration, p0 is 
th e  characteristic  density, u  is the  k inem atic  viscosity, k is th e  diffusivity and 
/  =  2f2 w ith  f2 the  background ro ta tion . T hey  describe th e  evolution of the  

flow and were used here to  analyze and  m odel th e  collapse.
The num erical m odel th a t  solves these equations is th e  sam e as th a t  used in 

previous studies of intrusive gravity  cu rren ts  (M cM illan & S utherland , 2010; 
H oldsw orth et a l ,  2012a), b u t here ro ta tio n  is included. A m ore com plete 
description of the  m odel is given in A ppendix  B. Explicitly, th e  code replaces 
th e  m om entum  by the equation for azim uthal vorticity, £ =  dzu  — drw:

d (  _  dQ/r  
dt Ur d r

w■ <%
d z

V 2C -
c +

1 d  [v2 + f vr]  
r  d z

(4.8)

Prom the  continuity  equation for an incom pressible fluid, one can define 

th e  stream function  ip so th a t u  =  V  x (ip0). Explicitly, the  com ponents of 

velocity are  given by u =  -dzip and  w = - d r(rip). T hus, th e  stream function  is
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related implicitly to  the azimuthal vorticity by

v 2 ^  -  ^  =  - C -  ( 4 - 9 )

T he stream function  is found from  th e  azim uthal vortic ity  by inverting equation  
(4.9) in Fourier-Bessel space and  th en  transform ing  back to  real-space.

E quation  (4.8) w ith the  u-m om entum  and  in ternal energy equation  in (4.7) 
are used to  advance £, v, p in  tim e. T h e  physical p aram eters  are all taken  to  be 

constan t w ith  g =  981 c m /s2, p0 =  1 <?/cm3, an d  u =  0 .01cm 2/s . For salt w ater, 
th e  appropria te  value of k is around  1CT5 cm 2/s . B ut, for num erical stab ility  
and  efficiency, k was taken to  be =  0.01 cm 2/s . T h is  value is sm all enough th a t  
it did not influence the  relevant dynam ics. T he  m odel was in itialized using 
th e  p e rtu rb a tio n  density  field given by equation  (4.6) for a  specified N ,  Hm 

and  / .
The system  of equations shown in equations (4.8) an d  (4.9) was discretized 

using a second-order finite-difference schem e in space w ith  free-slip boundaries. 
T he leap-frog scheme was used to  advect th e  equations in tim e w ith  an  Euler 
back-step every 20 tim e steps. For v isualization  purposes, a  passive trace r field 
was also advected in  tim e. Unless otherw ise specified, a  square 500 cm  x 500 cm 
dom ain in (r, z) space was used w ith  a  tim e s tep  of A t  =  0.005 s, A z  =  0.48 cm, 
A r  =  0.31 cm.

(a ) 2Tb

35
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I  20*4
15
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5

Figure 4.6: T he iV2 field taken  from direct num erical sim ulations a t (a) t =  2Tb 
and  (b) t =  3Tb. This sim ulation was in itialized w ith th e  sam e param eters  as 
th e  experim ent shown in F igure 4.2 and  has th e  sam e grayscale.

For th e  experim ent shown in F igure  4.2, th e  signal of in ternal waves was 
particu larly  strong com pared to  th e  background noise m aking it an  op tim al 
choice for qualita tive  com parisons w ith  th e  num erical m odel. F igure 4.6 shows

-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15
r  [cml r  [cm]
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th e  iVt2 from  th e  sim ulation after 2Tb an d  3Tb. In b o th  cases, in ternal waves 
were generated  beneath  the collapsing region im m ediately  afte r th e  ex traction  
of the  lock. These exhibit phase lines approxim ately  fixed a t a  narrow  range 
of angles to  the  vertical. B oth  F igures 4.2 and  4.6 have the  sam e grayscale 
showing th a t  the  experim ental and sim ulated  wave am plitudes are  also in ap
proxim ate agreem ent. M ore rigorous q u a n tita tiv e  com parisons betw een the  
experim ental d a ta  and the  num erical sim ulations will be m ade afte r a  discus
sion of experim ental results below.

4 .3  R esu lts

T he sim ulations allowed for a  larger range of in itia l conditions th a n  were pos
sible in the  laboratory. Specifically, in C h ap te r 2 we found th a t  th e  vertical 
displacem ent of the  waves increased w ith  the  increasing d ep th  of th e  m ixed 
region, b u t only a  small range of N  was possible in th e  50 cm  ta ll tank . In 
C hap ter 3 th e  dim ensions of th e  experim ental ap p a ra tu s  only allowed for as
pect ratios R c/ H m <  1. T he num erical m odel showed th a t  the  in trusion  speed 
approached the  rectilinear wave speed for R cf  H m 1, b u t th e  consequences 
on in ternal wave generation are n o t well understood .

To im prove our understand ing  of th e  effect of varying N  and  R c/ H m on 
the  generation of in ternal waves in th e  underly ing  fluid, we present a  series of 
sim ulations w ith  no ro ta tion  before exam ining th e  effects of non-zero / .

4 .3 .1  E ffect o f  L ock  A s p e c t  R a t io  o n  N o n -r o ta t in g  In 
tru sio n s

T he ocean basins ex tend  horizontally  for thousands of kilom etres, b u t the  
average d ep th  is less th an  5 km . T his, and  th e  influences of stra tifica tion  and 
ro ta tion  resu lt in geophysical oceanic phenom ena typically  having horizontal 

scales th a t  are much larger th a n  th e  vertical scales. In  particu la r, for m ixed 
regions resulting from  tropical cyclones, R c 3> H m. B ut, in our labora to ry  
experim ents 0.3 <  R c/ H m < 1.2. In  th is  section, th e  effect of increasing lock 

aspect ra tio  on the  generation of in te rnal waves is explored using a  series of 
sim ulations of non-ro tating  intrusions.

Figure 4.7 shows th e  sim ulated N?  field for increasing values of th e  aspect 
ratio  and a  fixed buoyancy frequency of N  =  1.5 s -1 and  /  =  0 s“ 1. Each im age 
is a  com posite of the  passive trace r field, displayed using a  red  colourm ap
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Figure 4.7: Com posite images of th e  N% field for z  < H  — IIm w ith  blue 
colourm ap indicated  and  the  passive tra c e r  field for z > H  — H m in red  ex
trac ted  a t t  = Tb for increasing values of th e  aspect ra tio  of th e  lock: (a) 
R c =  5 cm, H m =  50 cm, (b) R c — 5 cm, H m =  5 cm, (c) R c =  100 cm, 
H m =  5 cm  where N  =  1.5 s-1 , /  =  0 s _1.

over the  d ep th  of the  mixed region, and  _/Vt2 field below, displayed w ith  a  blue 
colourm ap. T he cross-section was ex trac ted  at t =  Tb to  cap tu re  th e  generation 
of th e  waves im m ediately following th e  in itia l collapse.

W hen R c/ H m =  0.5 the collapsing m ixed region excited waves th a t  prop
agated  down and away from the  m ixed region. T h is  is th e  differentiating 
case because the  vertical scale of th e  collapse H mj 2 is equivalent to  th e  ra 
dial length-scale. In  o ther words, th e  half-dep th  of th e  p a tch  is equal to  the  
half-w idth.

W hen R c/ H m =  0.1, after one buoyancy period  in ternal waves p ropagated  
ou t from beneath  the  centre of th e  m ixed region. Increasing th e  vertical ex ten t 
of pa tch  relative to  its horizontal ex ten t resu lted  in higher am plitude  waves.

W hen R c/ H m =  20 the effect of collapse upon  wave generation  was sig
nificantly different. Im m ediately after th e  release of th e  lock-fluid, in ternal 
waves form ed ju st beneath  the  location where th e  edge of th e  cylindrical lock 
was located. Fanning out sym m etrically  ab o u t th a t  point, waves p ropagated  
downward radially  inward and  outw ard. T he fluid beneath  th e  cen tre  of the  
m ixed region rem ained sta tionary  un til these waves (and  th e  re tu rn  flow into 
th e  lock) propagated  to  the  centre of th e  tank . H aving m uch lower relative 
H m, the  vertical ex ten t of the  collapse was m uch sm aller th a n  in th e  larger 
H m cases, resulting  in relatively low am p litude  waves.

In  F igure 4.8 the  norm alized characteristic  frequency is p lo tted  against the  
characteristic  radial wavenum ber for a  series of sim ulations. A narrow  range 
of frequencies were observed in th e  non -ro ta ting  experim ents ((H oldsw orth
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Figure 4.8: Norm alized plots of wave frequency versus rad ia l w avenum ber 
for non-ro tating  sim ulations. In  (a) k+ is norm alized by R c and  in (b) k t is 
norm alized by H m . T he do ts represent th e  sim ulations w ith  R c/ H m <  1 and 
the  squares represent sim ulations w ith  R c/ H m > 1. T he  sim ulations shown 
in black have fixed N  =  1.5 s-1 w ith  R c/ H m betw een 0.1 to  50. T he poin ts 
shown in blue have fixed R c =  10cm , and  N  was varied  such th a t  for b o th  
N  =  0.75 s-1 and N  =  3 s -1 , R c/ H m ranged  from 0.25 to  2 (A t =  0.5 s, 
A z  =  0 .25cm , A r =  0.125cm ).

et a l ,  2010) presented in C hap ter 2). B u t, th ere  we explored a  relatively n a r
row range of buoyancy frequencies betw een 1.2 s -1 to  1 .6s- 1 . In  add ition  to 
sim ulations w ith fixed N  =  1 .5 s-1 (shown in black), th e  figure shows sim ula
tions in which N  =  0 .75s-1 and  N  =  3 s -1 (shown in blue). T he  frequencies 
u7* ranged from 0.64N  to  0.95N  w ith  an average value of 0.75 N .

Because R c and the  characteristic  inverse rad ial w avenum ber, k t , are  bo th  
rad ial length-scales, it is n a tu ra l to  expect R c to  set k ¥. However, th e  results 
of the  spectral analysis shown in F igure  4.8 dem o n stra te  th a t, for R c >  H m 
(displayed as squares), k * scales m ore readily w ith  H rn th a n  it does w ith  R c: 
k+Hm ranged from 1.2 to  3.1 and  k , R c ranged from  1.5 to  117.

Figure 4.9 (a) shows th a t  k t R c decreases to  from  3 to  1.5 as th e  aspect 
ratio  decreases from  1 to  0.1. T he average value k*R c ~  2.3 is in agreem ent 
w ith the  non-ro ta ting  experim ents presented  in C h ap te r 2 where k*R c ~  2 . 
For large aspect ratios, an  approxim ately  linear fit to  k t R c vs R c/ H m is shown 

as a  dashed line in Figure 4.9 (b) an d  is given by £;* H rn =  [2.46 ±  0.03]. T he 
dispersion relation in equation (4.2) explains how th e  rad ial w avelength is set 
by the  vertical wavelength of th e  waves. If /  =  0 s -1 , th e  rad ia l wavenum ber 
is given by kr =  (kz )[N 2/u>2 — l ] 1/2. Because we find oj ~  0 .75iV, th en  k r =  
0.88kz , w ith  k z being set by H m . T h is implies k zH m ~  2.8.
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(a) low aspect ratio dependence (b) high aspect ratio dependence
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Figure 4.9: T he dependence of th e  rad ia l w avenum ber on the  height of the 
m ixed region for non-ro ta ting  sim ulations w ith  N  =  1.5 s- 1 . S im ulations w ith
(a) R c/ H m <  1 and  (b) R c/ H m >  1 are  show n separately. T he  best-fit line is 
shown for R c/ H m >  10 cm as a  grey dashed  line.

Figure 4.10 (b) shows th a t ,  for R c > H m, |£ J  increases only m oderately  
w ith  R c. This is illu stra ted  by th e  d o tted  line given by |£|» =  0.001 R c. 
T he slope is sm all enough th a t  th e  am plitude  is well approx im ated  by |£*| ~  

0.12H m for R c/ H m > 1.
W hen R c H m , the  influence of R c becom es rela tively  un im portan t. In

ternal waves are generated a t  th e  edge of the  collapsing m ixed region. And, 
H m determ ines th e  characteristics of th e  vertically  p ropagating  waves.

F igure 4.11 shows th e  vertical d isplacem ent am plitude  norm alized by the  
radius of the  cylinder and p lo tted  as a  function  of R c/ H m for increasing N  
and fixed R c =  10 cm. A m plitudes, m easured Tb a fte r th e  release of th e  lock, 
increased w ith increasing H m .

T he flux of energy passing th rough  z  = H  — I Im — 10 cm  was com puted 
using equation (4.5) in tegrated  from  T\ =  Tb to  T2 =  T b 4- 2TW. T h is is shown 
in F igure 4.12 as a  fraction of the  available po ten tia l energy of th e  m ixed pa tch  
given by equation (2.5). T he m axim um  am oun t of energy was tra n sp o rte d  by 

th e  waves when th e  dep th  over which the  collapse took  place was equal to  th e  
radius of the  patch  (i.e. R c/ H m =  0.5).

Relatively less energy was em itted  for increasing and  decreasing aspect 
ratios w ith  as little  as 0.04% released w hen R c/ H m =  50. In p a rt th is  is 

because waves are generated in itially  near r  =  R c so th e  available po ten tia l 
energy near the  centre of the  lock does not co n trib u te  to  wave generation. 
These dynam ics can be understood  m ore clearly by exam ining th e  energy
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Figure 4.10: M axim um  vertical d isplacem ent am plitudes p lo tted  against the  
half-depth of the  m ixed region for th e  sam e sim ulations shown in F igure  4.9. 
Sim ulations w ith  (a) R c/ H m < 1 and  (b) R c/ H m > 1 are  shown separately. 
T he best-fit line is shown for R c/ H m >  10 as a  gray d o tte d  line

equation given by equation (4.5). If R c/ H m 2 > 1, th en  H rn sets b o th  |£| 
and  Ay. Because sm aller Hrn implies larger Ay relatively less energy is released. 
Conversely if R c/ H m <  1, Ay increases as R c decreases. So th e  energy ex tracted  
by the  waves is significantly lower for sm aller aspect ratios.

4 .3 .2  E ffec t o f  R o ta t io n

In solid body ro tation , the  physical collapse of the  m ixed region was qua lita 
tively different th a n  in the  non-ro ta ting  cases. From  a  top  view, th e  m ixed 
region was observed to  propagate rad ially  for a  sho rt d istance  before the  
patch  contracted  while ro ta ting  anti-cyclonically, and  began  latera lly  oscil
lating  abou t its  equilibrium  radius. T he side view revealed th a t  th e  in trusion  
developed in to  a  lens-shaped s tru c tu re  following curved isopycnal surfaces.

R o ta tion  lim ited the  outw ard propagation  of th e  curren t so th a t  for R o <  1 
very little  deviation from solid body ro ta tio n  was possible and  there  was no 
outw ard rad ial m otion beyond R c.

Figure 4.13 shows a com posite im age of th e  passive tracer field an d  the  
radial velocity field. T he collapsing p a tch  is shown as a  black con tour ou tlined  

by a  th in  w hite line. A fter only t =  3Tb, th e  difference betw een th e  ro ta tin g  
and non-ro ta ting  case is already  apparen t. In  th e  non -ro ta ting  case (a) the  
intrusion th inned  as it spread radially  un til it s topped  due to  in teractions 
w ith in ternal waves (Holdsworth et al., 2012a). In  (b) ro ta tio n  dom inated  and 
m ost of th e  lock-fluid am assed near the  centre expanding and  con tracting  as
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Figure 4.11: Vertical displacem ent as a  function of R c/ H m for N  shown in 
the  legend. Sim ulation param eters were R c =  10 cm  /  =  0 s_1, A t =  0.5 s, 
A z  =  0.25 cm, A r  =  0.125 cm.
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Figure 4.12: T he energy flux a t a  height 5 cm  b en ea th  th e  m ixed region given 
as a  fraction of available po ten tia l energy tra n sp o rte d  away by dow nw ard prop
agating  in ternal waves s ta rtin g  17j after th e  lock was released and  in tegrated  
over 2Tw. These sim ulations have th e  sam e param eters  as F igure 4.9
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Figure 4.13: T he shape of the  in trusion  a t  t  =  3Tb in (a) non -ro ta ting  fram e 
and  (b) ro ta ting  fram e for the  sam e in itia l conditions given by N  — 1 .6 s-1 , 
H m =  10 cm, R c =  5 cm, A t  =  0.25 s, A z  =  A r  =  0.098 cm. T he com posite 
image shows the  radial velocity field (colour contours) w ith  th e  passive tracer 
field showing the  shape of th e  in trusion  as a  black con tour ou tlined  by a  th in  
white line.

it ad justed  tow ards a geostrophically  balanced  s ta te . T h is  oscillatory m otion 
had  a  resonant im pact on th e  rad ia l velocity of th e  am bient as it responded 

to  th e  ad justing  patch. C om paring the  two velocity fields, it is evident th a t  
ro ta tion  restric ted  the  rad ial tran sfer of energy.

Figure 4.14 (a) plots th e  wave frequency ZJ* norm alized by the  buoyancy 
frequency against the  rad ial w avenum ber k * norm alized by  th e  rad ius of the  
cylinder. C haracteristic  values were m easured  betw een 2Tb and  2Tb +  2Tw and 
lie w ith in  a  narrow  range so th a t  0.67 <  ZJ*/N  <  0.99 and  2.7 <  k*R c <  5.2.

B ut, com pared w ith the  non-ro ta ting  experim ents (H oldsw orth et al., 2010) 
presented in C hap ter 2, the  ro ta tin g  experim ents exh ib ited  a  w ider range of 
frequencies. This is m ost likely a d irect resu lt of th e  inertia l oscillation of 
th e  lock-fluid which additionally  excited  in te rnal waves a t  frequencies in the  

near-inertial range.
Vertical displacem ent am plitudes |£|* were m easured  betw een 2Tb and  2.5Tb 

and  are p lo tted  in Figure 4.14 (b) against H mf 2. I t  is clear from  the  figure 
th a t  the  vertical displacem ent due to  th e  waves increased w ith  increasing H m . 
B ut, given the variability  in the  d a ta  it is unclear w hether |£ |, varies linearly 

w ith H m .
Figure 4.15 shows the  fraction of available p o ten tia l energy in p u t to  th e  

in ternal waves over 2TW. T he  fraction of available p o ten tia l energy released 
varied from  0.5% to 13% w ith  3% released on average. To some ex ten t, th is
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Figure 4.14: In (a) the  characteristic  frequency norm alized by th e  buoyancy 
frequency is p lo tted  against th e  characteris tic  rad ia l w avenum ber norm alized 
by the  height of th e  m ixed region for th e  ro ta tin g  experim ents (circles) and 
corresponding sim ulations (squares). E rro r bars are  ind icated . For th e  sam e 
d a ta  (b) the  m axim um  vertical displacem ent am plitudes are p lo tted  against the  
half-depth  of the  m ixed region. T he  associated  sim ulations an d  experim ents 
are  connected by a  grey line. A typ ical vertica l error ba r is shown in th e  lower 
left corner. For the  sim ulations A t  =  0.00125 s, A z  =  0.09 cm, A r  =  0.047 cm.
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Figure 4.15: T he energy flux th rough  z o  =  H — H m — 5  cm  s ta r tin g  1 T b  afte r the
lock was released and  in tegrated  over 2Tw for each of th e  ro ta tin g  experim ents.
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plot agrees w ith th e  results presented in F igure  4.12 because th e  energy peaks 
for R c/H m =  0.5, b u t there  is a su b stan tia l am ount of variab ility  in th e  d a ta  
which m ay be a  result of the  ro ta tion  of th e  fluid.

Frequencies and  radial wavenum bers m easured  from  sim ulations initialized 
w ith the corresponding experim ental param eters  are  p lo tted  in F igu re  4.14 (a). 

Like the  experim ental da ta , the  non-dim ensional frequencies and  wavenum bers 
lie w ithin a  narrow  range; 0.83 <  U ,/N  <  0.92 and  2.2 <  k+Rc <  3.8.

T he am plitudes are p lo tted  w ith  th e  experim ental d a ta  in F igure  4.14 (b). 
Each square denotes a  sim ulated resu lt which is connected w ith  th e  experim ent 
to  which it corresponds by a  grey line. Since th e  vertical d istance  over which 
the  fluid collapsed was H m/ 2, th is d e p th  was expected to  set the  in itia l vertical 
displacem ent am plitude of the  in ternal waves. In itia l vertical displacem ents 
|£|* were m easured approxim ately 5 cm  below H m . F igure 4.14 (b) shows 
th a t  am plitudes increase w ith  increasing H m. B u t, since N  varies, th e  exact 
relationship is not readily apparen t from  th e  d a ta .

Considering the  transien t n a tu re  of th e  waves and th e  erro r associated  w ith  
the  experim ents, the  q uan tita tive  agreem ent betw een th e  num erical m odel and 
th e  experim ental d a ta  is w ith in  the  m easurem ent error. T his provides fu rther 
evidence th a t  the axisym m etric code reproduces th e  wave dynam ics observed 
in the  experim ents.

In the  following sim ulations we explore th e  influence of th e  Rossby num ber 
w ith  fixed R cjH m =  2. T he range of Rossby num bers th a t  could be  investi
ga ted  for a  given lock aspect ratio  R c/H m was constra ined  by th e  fact th a t  
in ternal waves only exist for /  <  u  < N  (equation (4.2)). T he Rossby num bers 

range from Ro =  0.09 to  Ro =  1000.
For sim ulations in the  extrem e case w here /  ~  N  (i.e. N  =  1.5 s_1 and 

/  =  1.49 s_1), the  patch  expanded and  con tracted  as th e  system  retu rned  
to  equilibrium . B ut, any undu lations of th e  underly ing fluid were dam ped. 
Consequently, no in ternal waves were released. For sm aller values of / ,  in ternal 
waves were released im m ediately following th e  collapse of th e  m ixed region, 
even for R o d  w hen the  in trusion d id  no t p ropagate  an  appreciable d istance 

beyond one lock radii.
Figure 4.16 shows a  snapshot of th e  N f  field a t t ~  21T* for (a) th e  non

ro ta ting  case and decreasing Rossby num bers (F igure 4.16 (b ),(c ),(d )). In 
the  absence of ro ta tion , the  wavepacket excited  during  th e  in itia l collapse 
propagated  to  the  edge of th e  dom ain and  any fu rther wave generation  was of 

relatively low am plitude. Yet when Ro =  0.09 (Figure 4.16 (d)) relatively high
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Figure 4.16: Com posite images of th e  N f  field for z <  H  — H m shown w ith  a 
blue colourm ap and the  passive tracer field for z  > H  — Hrn shown in red  a t 
t  =  21Tfc(90s) for (a) th e  non-ro ta ting  case and  decreasing Rossby num bers 
((b )-(d )). All of the  figures have th e  sam e colorscale ind ica ted  in th e  upper 
right. The sim ulation param eters were N  =  1.5 s_1, Hrn =  5 cm, R c =  10 cm 
and  /  was varied.
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(a) unfiltered (b) low-pass filtered (c) high-pass filtered
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Figure 4.17: The N? field for a  sim ulation  w ith  Ro =  0.125 and  th e  sam e 
param eters as th e  experim ent shown in F igure 4.16. A t t =  6Tb (a) the  
unfiltered field, (b) the  low band-pass Fourier filtered field and  (c) the  high 
band-pass com ponent are  shown.

am plitude waves were still being excited. R o ta tio n  ac ts to  confine th e  radial 
p ropagation of th e  in ternal waves to  a  conical region ju s t  below th e  lock-fluid 

and, the  radius of the  cone a t a  fixed vertical level ju s t below th e  m ixed region 
depends on L D.

For all of the  Rossby num bers exam ined here, the  in itia l collapse released 
downward propagating  in ternal waves. A fter ab o u t two buoyancy periods, 
a lthough th e  exact tim e varied depending  on th e  Rossby num ber, a  second 
wavepacket was generated. T his wavepacket was d istinguished from  th e  first 
because the  angle m ade by phase lines to  th e  vertical was noticeably  larger 
th an  th a t  of the  wave generated  initially.

We separated  the  signal into tw o wavepackets using a  Fourier band-pass 

filter w ith  a  frequency cutoff of u> = f  +  0 .5 (N  — / ) .  Even w hen /  =  0 s _1, the  
secondary wavepacket was generated  and  separa ted  according to  uJ* <  N /2 . 
An exam ple of th e  wavepacket separa tion  for Ro =  0.125 is shown in Figure 
4.17. T he sam e colorscale was used in all th ree  images to  d em onstra te  th a t  the  
high band-pass com ponent is of relatively large am plitude. Over tim e, b o th  
wavepackets move down and away from  th e  m ixed region, b u t th e  d irection  of 
propagation  of th e  low-pass com ponent is relatively  horizontal.

M easured over the  first th ree buoyancy periods, the  characteristic  frequen
cies u7» are represented by 9 using equation  (4.3) in F igure  4.18 (a). T he 
dispersion relation  given by equation  (4.2) entails th a t  u> = N  a t 9 =  0 and 
u  — f  if 9 =  7t/2. The plot of sin 9 vs. cos 9 shows a  separa tion  betw een the

r  {cm] r  [cm] r  [cm]
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Figure 4.18: (a) Sim ulated early-tim e frequencies associated  w ith  the  high and 
low band-pass wavepackets are given in  term s of 0 as defined by equation  (4.3) 
and (b) the  corresponding radial wavenum bers. Here, N  =  1 .5 s " 1, Hrn =  5 cm, 
R c =  10 cm.

characteristic  frequency associated w ith  each of th e  w avepackets. E quation  
(4.3) can be rearranged  to  m ake th e  rela tionship  m ore in tu itive  as follows

u 2 =  f 2 +  N 2( l - s m 2 8).  (4.10)

So 0 ~  7r/2 for frequencies n e a r - /  and  waves p ropaga te  horizontally. A nd, for 
frequencies near N,  9 >  0 and  waves p ropagate  relatively  vertically.

F igure 4.18 (b) shows th a t  th e  rad ia l w avenum ber decreases in tim e for all 
Rossby num bers. In itially  (betw een Tb an d  3Tb), th e  characteris tic  w avenum 
bers for the  near N  wave and  the  near-inertia l wave were A;* =  0.64 cm -1 and 
k t =  0.49 cm -1 , respectively, for all Rossby num bers. T h e  p lot shows th a t  
betw een 3Tb and  6Tb th e  w avenum ber decreased for high and  low frequency 

wavepackets.
F igure 4.19 shows th a t  th e  near-iV waves h ad  sm all relative am plitude 

for sm all Rossby num bers, b u t th is  was nearly  constan t for larger Ro. T he 
n ear-inertia l wave am plitude peaked around  Ro =  0.1.

F igure 4.20 shows the  to ta l fraction of available p o ten tia l energy tra n s
ported  downward by th e  waves over tim e. T he energy tra n sp o rt was com puted  
by in tegrating  the  vertical energy flux over 21Tb. For th e  near-inertia l wave, 
we found th a t  for large Ro nearly  100% of th e  to ta l energy was tran sp o rted  
over th e  first 6Tw, while only ab o u t 65% of th e  to ta l energy was tran sp o rted  
in th e  low Ro cases. In th e  case of th e  near N  waves, betw een 65% and 

80% of the to ta l energy tran sp o rt by th e  wavepacket occurred in  th e  first 3Tw

77



0.020

0.015

□ n e a r- / 
o near-iV

M k 0.010

0.005
a  □

0.000
0.0 0.2 0.4 0.6 0.8 1.0

Ro

Figure 4.19: N orm alized vertical d isplacem ent am plitudes determ ined  from 
sim ulations are p lo tted  as a  function of the  Rossby num ber m easured after 
t = Tb. These are  the  sam e sim ulations p lo tted  in F igure 4.18.
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Figure 4.20: B ar graphs showing the  to ta l energy released afte r t  =  3Tw, 6TW 
and 2lTJ,(90s) for (a) th e  near-inertial waves and  (b) th e  near- N  waves. These 
are  the  sam e sim ulations p lo tted  in F igure 4.18.
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Figure 4.21: D istribu tion  of energy betw een th e  near-inertia l wavepacket and 
th e  near-fV  wave in  th e  first 21Tb. These values represent th e  sum  of the  
energy associated w ith  bo th  wavepackets shown in F igure  4.20.

w ith  over 90% tran sp o rted  after 6TW for all Rossby num bers. Overall, wave 
generation was m ost substan tia l in  th e  first 3T w -  6Tw. B u t, g rea ter energy 
tran sp o rts  are possible in th e  case of low Rossby num bers because ro ta tion  
sustains oscillations of the  patch , thereby  susta in ing  wave generation.

For the  near -N  wavepacket, th e  to ta l fraction  of available po ten tia l energy 
released was higher for sm aller Ro where ro ta tio n  enhanced  th e  oscillations of 
th e  patch. However, th e  near-inertia l waves tra n sp o rte d  th e  g rea test am ount 
of energy w hen Ro c; 0.13. T h is  is in co n tras t to  th e  n on -ro ta ting  experim ents 
in which th e  colum nar m otions caused by th e  in itia l ad ju stm en t d issipated  

relatively quickly.
T he analysis of bo th  the  am plitude  and  th e  energy ind icates th a t  th e  n e a r-  

inertia l com ponent of the  in ternal wave peaked for Ro ~  0.13. T h is finding is 
supported  by S tu a rt et al. (2011) who found th a t  the  m ost effective conversion 
of po ten tia l energy to  kinetic energy occurred in th is  case. As they  explained 
for th is  Rossby num ber (R c ~  L D ), th e  collapse m ost efficiently generated  a 

single geostrophically balanced lens (Lelong & Sunderm eyer, 2005).
A bar graph  illustra ting  how th e  to ta l energy tra n sp o rt over 2 \T b was

d istribu ted  am ongst the  wavepackets is shown in F igure  4.21. T he near A'

wavepacket tran sp o rted  m ore energy th a n  th e  n ea r-in e rtia l wavepacket by 
an  order-of-m agnitude. W hile the  m axim al am ount of energy tran sp o rted  

by the  near-inertial wave occurred around  Ro =  0.1, the  fraction of energy
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tran sp o rted  by th e  near N  wave increased w ith  increasing ro ta tion .
These differences can be explained, in p a rt, by appealing to  our investi

gation of th e  aspect ratio  of the  lock. W ith o u t ro ta tio n , th e  m ixed region 
underw ent a  g rav itational ad justm en t and  spread  as it m oved ou t radially, 
effectively increasing its aspect ra tio  R c/ H m . B u t, ro ta tio n  lim ited  th e  radial 
propagation  of th e  intrusion. So th e  lock-fluid m ain ta ined  a relatively  sm all 
aspect ra tio  (R c/ H m >  1) as th e  pa tch  continued  to  oscillate, thereby  releasing 
m ore energy th a n  in the  large Rossby num ber cases.

Increasing the  ra te  of ro ta tion  and  so decreasing th e  Rossby num ber below 
Ro =  0.125 shifted the  entire  frequency spectrum  tow ards N  an d  caused the 
waves to  p ropagate  nearly vertically.

T h a t the  near-iV  wave released m ore energy for low Rossby num bers de
spite a  decrease in wave am plitude fu rther su p p o rts  th e  claim  th a t  th e  sus
tained  undulations of the  patch , which cause wave generation  to  continue over 
relatively long periods, is responsible for the  observed increase in  energy tran s
port.

4 .4  D iscu ssion  and  C on clu sion s

Using a  com bination of labora to ry  experim ents and  num erical sim ulations we 

exam ined th e  collapse of a  m ixed region in uniform ly stra tified  am bient as a 
m echanism  for th e  generation of dow nw ard p ropagating  in ternal waves. T he 
experim ents were perform ed in solid body  ro ta tio n  and  com pared w ith  th e  
related  non-ro ta ting  study  (H oldsw orth et al. , 2010). T hey  also allowed us to  
validate a  num erical model which we used to  ex tend  th e  p a ram ete r range from 
those explored by th e  experim ents.

T he geom etry of the  lock played a  significant role in determ in ing  th e  qual
ita tive  n a tu re  of the  collapse. For large aspect ratios typical of ocean phenom 
ena, we found th a t  the  height of th e  m ixed region set th e  vertica l displace
m ent am plitude and  radial w avenum ber so th a t  th ey  are approx im ated  by 
|£|* ~  0.1 H m and  fc* =  2.46 ±  0.03H ^ 1. W hen  Ro <  1, we found k*R c — 2.3. 

T he greatest am ount of energy was tra n sp o rte d  by th e  in ternal waves when 
R c =  H m/ 2 and th e  vertical displacem ent of th e  waves was set by th e  com bined 

influence of N  and  IIm.
U nder th e  influence of ro ta tion , th e  axisym m etric collapse of a  m ixed region 

in uniform ly stratified  fluid excited dow nw ard p ropagating  in te rnal waves for 
f  < N ,  b u t the  behaviour changed depending  on th e  Rossby num ber. For
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all Rossby num bers exam ined here, th e  collapse excited  in ternal waves w ith  
two d istinctive peaks in the  frequency spectrum . T he  highest am plitude  waves 
were generated  w ith  u?» ~  0.75iV and  a  secondary peak  occurred for oj near the  
inertial frequency. The lower th e  Rossby num ber, the  closer /  is to  TV which 
lim its the  range of frequencies for which in te rn a l waves can  be generated . T h a t 
the near-TV com ponent was enhanced w ith  decreasing Rossby num ber, m ay be 
a  result of th is  constrain t.

T he wavefield was separated  in to  high-pass and  low-pass com ponents w ith  
a  band-pass Fourier filter. T he near-TV w avepacket was found to  tra n sp o rt 
substan tia lly  m ore energy downw ard and  away from  th e  m ixed pa tch  releasing 
an even larger fraction of energy for low Rossby num bers. For th e  near-inertia l 
wave, the  energy was m ost substan tia l w hen Ro ~  0.1 which is no t surprising 
since it is a t th is Rossby num ber th a t  Coriolis and  pressure g rad ien t forces are 
close to  balance.

For m odera te  to  large Ro, wave generation  was m ost su b stan tia l during  the  
first (3-6) Tw. However, for low Ro, undu la tions of the  fluid colum n beneath  
the  lock-fluid were sustained. T h is  caused  wave generation to  persist over 
longer tim e periods. So a larger fraction of th e  available po ten tia l energy of 
the pa tch  was tran spo rted  vertically  by th e  waves.

These results can be ex trapo la ted  to  ocean scales em ploying th e  sam e pa
ram eters used by H oldsworth et al. (2010). H urricane E douard  (Em anuel, 
2001) left a  cold w ater wake w ith  a  tem p e ra tu re  change of 3°C to  a  d ep th  
Hm ~  50 m. T he  along-track and  cross-track lengths were 2000 km  an d  400 km, 
respectively. Buoyancy frequencies observed in th e  open  ocean vary  from  abou t 

0.0008 s_1(Pinkel & A nderson, 1997) to  0.009 s_1 (L add & T hom pson, 2000) so 
th a t  th e  buoyancy period, 7), ranges from  10 m inu tes to  over 2 hours.

These param eters im ply an aspect ra tio  of R c/ H m =  4000 and  very low 
Rossby num bers Ro betw een 2.82 x 10-3 and  2.5 x 10~5. T he  com puta tional 
cost of im plem enting a  num erical sim ulation  w ith  such a  large dom ain and 
ro ta tion  ra te  was too high for our d irec t num erical sim ulations, b u t we can 
make a  crude prediction by ex trapo la ting  from  th e  results we have.

For large aspect ratios, our results im ply th a t  in ternal wave frequencies 
would range from 6 x 10- 4 s-1 to  7.2 x  10~3 s_1 an d  th e  am plitude  would 
be |£|* ~  5m . Hence, the  radial w avelength of th e  in ternal waves would be 

Ar ~  1.3 x 102 m, set by the d ep th  of th e  m ixed patch .
In  Figure 4.12, approxim ately 0.04% of th e  available p o ten tia l energy was 

im parted  to the  in ternal waves when R c/ H m =  50 and  /  =  0 s _1 over 2Th. We
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have shown th a t  the  energy tra n sp o rt was h ighest in th e  first few buoyancy 
periods so we assum e th a t  th is value is abou t 80% of the  to ta l (over ~  21 Tb), 
which gives 0.05%. Figure 4.21 shows th a t  th a t  2% of th e  available po ten tia l 
energy was ex tracted  when R c/ H m — 2 for Ro =  1000, and  a b o u t 5.2% was 
ex tracted  when R c/ H m =  2, for Ro =  0.09. Since th e  n on -ro ta ting  case is 
v irtually  indistinguishable from the  Ro =  1000 case when R c/ H m =  2, we 
ex trapo la ted  from these results to  find th a t  th e  fraction  of available po ten tia l 
energy tran sp o rted  away by dow nw ard p ropaga ting  waves in th e  case when 
R c /H m =  50 and  Ro =  0.09 was abou t 0.14%.

Liu et al. (2008) estim ated  th a t  th e  passing hurricane  increased th e  avail
able po ten tia l energy of the m ixed layer a t  a  ra te  of 0.16 TW . So we suppose 

th a t  2 x  1017 J  of available po ten tia l energy con tribu tes to  the  collapse of the  
m ixed region during the  18 day lifespan of th e  storm .

Assum ing abou t 0.14% of the  available p o ten tia l energy of th e  pa tch  is 
tran spo rted  away by th e  downward p ropagating  in te rnal waves, we found th a t  
betw een 2 G W  and  23 G W  of power is in p u t to  th e  in ternal wavefield over 
^  21 Tb.

T here are  abou t 50 hurricanes per year (Em anuel, 2001). A veraging an
nually, we find th a t  the  power inpu t from  trop ical cyclones to  th e  in ternal 
wavefield from the  collapse of th e  m ixed region is on th e  order of 0.5 GW . 
T his is an order-of-m agnitude sm aller th a n  th e  es tim a te  of Nilsson (1995) for 
the  power tran sp o rted  away, horizontally, by near inertia l waves p ropagating  
along the  therm ocline.

Since th is  approxim ation is based on th e  p a ram ete rs  associated  w ith  a  m ild 
trop ical storm , th is is thought to  be an  underestim ate . M ore violent trop ical 
storm s have even sm aller Rossby num bers an d  deeper m ixed regions which 
m eans th a t th ey  have the  po ten tia l to  tra n sp o rt m ore energy below th e  m ixed 
region. In sp ite  of this, th is s tudy  has shown, in  con trast to  the  ex trapo la tion  
from the  ro ta tin g  results of C hap ter 2, th a t  th e  s teady  inpu t of power to  the  
in ternal wavefield from hurricanes th rough  th e  collapse of the  m ixed region 
makes a  relatively sm all con tribu tion  to  d iapycnal m ixing in th e  ocean abyss 
when com pared to  the  steady  inpu t of energy to  th e  in ternal wavefield due to  
the  forcing of the  of the  wind, 0.2 T W , tides, 1 T W  or even from  geotherm al 

vents, 0 .05T W  (Ferrari & W unsch, 2010).
T he axisym m etric m odel used here d id  no t include th e  effects of tu rb u 

lence, wind driven m ixing and  vorticity  in th e  in itia l m ixed patch , and  it did 
not im plem ent a  realistic ocean stra tifica tion . Even so, th e  m odel provides an
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order-of-m agnitude estim ate  of th e  energy carried  away by dow nw ard prop
agating  in ternal waves resulting  from  th e  collapse o f a  m ixed region in  the  

ocean.
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C hapter 5 

D iscussion  and C onclusions

Prio r to  the  work presented in th is  thesis, little  was known ab o u t axisym m etric 
in trusions in stra tified  fluid and  th e  in ternal waves th ey  generate. W e exam ined 
a  series of experim ents and  sim ulations exploring th e  ax isym m etric  collapse of 
a  m ixed region in stra tified  and  ro ta tin g  fluid.

Previous work, described in C h ap te r 1 and  sum m arized in Table 1.1, showed 
th a t sym m etric intrusions in two-layer am bient p ropaga ted  a t near-constan t 
speeds even as their head-heights decreased because a  m ode-2 in terfacial wave, 
excited by the  in trusion  head, carried  th e  in trusion  forw ard (S u therland  & 
N ault, 2007; M cM illan & S utherland , 2010). T he  non-ro ta ting  experim ents 
presented in C hap ter 3 confirmed these resu lts and, m ore im portan tly , they  
showed th a t  in vertically  asym m etric  cases a  m ode-1 wave was excited  by the  
re tu rn  flow which caught up w ith  the  front of th e  in trusion , ha lting  its advance.

For experim ents perform ed w ith a  uniform ly stra tified  am bient the  in tru 
sion stopped ab rup tly  w ithou t reaching the  ta n k  wall. As in th e  two-layer 
case, a  sym m etric collapse a t  m id -dep th  efficiently excited  a  m ode-2 wave, 
while an  asym m etric re tu rn  flow from  a  collapse above or below m id-dep th  
excited a mode-1 wave. However, since th e  in trusion  m oved m ore slowly th an  
bo th  mode-1 and mode-2 waves, its advance was ha lted  by in teractions w ith  

the  waves.
T he collapse of th e  p a rtia l-d ep th  m ixed p a tch  on th e  am bient in uniform ly 

stratified  fluid generated  in ternal waves th a t  p ropaga ted  dow nw ard and  away 
from the  patch. In a non-ro ta ting  fluid, th e  characteristic  frequency of th e  con
ical wavepacket, was se t by the  buoyancy frequency (ui ~  0.75A ). However, 
the in itial conditions which set th e  rad ia l w avenum ber and  vertical displace
m ent am plitude depended on th e  aspect ra tio  of th e  lock-fluid R c/ H m.

For aspect ratios typical of ocean phenom ena (R c H m), H m set the

84



radial w avenum ber and th e  m axim um  vertical displacem ent due to  the  waves 
was set by th e  com bined influence of N  and  H m. F u rthe r s tu d y  is needed to  
evaluate the  relationship betw een th e  am plitude  N  and  H m .

T he aspect ra tio  of th e  lock governed th e  qualita tive  n a tu re  of th e  collapse 
so th a t  the  largest fraction of th e  available po ten tia l energy was tran sp o rted  
by the  in ternal waves when H m/2  =  R c. A relatively  sm aller fraction  of energy 
was released for higher and  lower aspect ratios.

Never before had the  in itial front speed of an  ax isym m etric  in trusion  prop
agating in stratified  fluid been exam ined. In b o th  two-layer an d  uniform ly 
stra tified  am bient, intrusions em anating  from  locks of com parable d ep th  and 
radius were found to  be 30-35% slower th a n  the  predictions of rec tilinear the 
ory.

In  the  absence of ro ta tion , th e  two m ost significant resu lts  of th is  thesis 
are th a t  the  speed and d istance p ropaga ted  by th e  in trusion  is influenced by 
in teractions w ith  in ternal waves, an d  th a t  th e  aspect ra tio  of th e  lock-fluid, 
R c/H m , can significantly im pact th e  evolution of the  collapse.

R o ta tion  had  no im pact on th e  in itia l in trusion  speed. However, for low 
Rossby num bers (Ro <  1), ro ta tio n  lim ited th e  m axim um  d istance  p ropa
gated  by th e  intrusion by deflecting th e  rad ial flow of th e  cu rren t azim uthally. 
T he p a tch  oscillated abou t its  equilibrium  rad ius as i t  approached  a  s ta te  of 
geostrophic balance. Hence, increasing th e  energy tra n sp o rtd u e  to  vertically 
p ropagating  in ternal waves.

In  uniform ly stratified  fluid, th e  sim ulations presented  in C h ap te r 4 dem on
s tra te d  th a t  the  oscillatory m otion  of th e  ad justing  p a tch  susta ined  undula
tions of the  underlying fluid. T hrough  th is  m echanism , th e  conical region in 
which th e  waves propagated  was lim ited  by th e  ro ta tio n  of th e  fluid; becom ing 
sm aller for lower Ro.

For all finite Rossby num bers, we found th a t  the  generated  in ternal wavepacket 
could be separa ted  into two d istinc t com ponents: one had  frequencies near- 

N  and  relatively higher am plitudes, th e  o ther had  frequencies n e a r- / . The 
fraction of available po ten tia l energy ex trac ted  by th e  near-/  wave was g rea t

est when Ro ~  0.13. Energy tra n sp o rt was m ost su b s tan tia l in th e  first 3T w 
to  6Tw, the  to ta l du ration  of th e  ad ju stm en t was not de term ined  here and 
w arran ts fu rther study.

For the  near-iV wave, the  fraction  of energy tra n sp o rt was higher for lower 
Rossby num bers despite a  decrease in th e  am plitude of th e  waves. A lthough 
the  am plitudes were sm aller th a n  those m easured for non -ro ta ting  cases, the
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sustained m otion of the patch  caused a  g rea ter am oun t of energy to  be released 
over the  sam e tim e period.

In C hap ters 2 and 4 we identified one of the  pathw ays th rough  which energy 
from the  atm ospheric wind field is transferred  to  the  ocean in ternal wavefield 
(Figure 1.1). We ex trapo la ted  from  our resu lts to  pred ict the  annual power 

contribu tion  to  the  in ternal wave field from  th e  collapse of a  m ixed region 
left in the  wake of a  tropical cyclone. T he  power con tribu tion  was found to  be 
sm all com pared to  the  direct forcing of th e  w ind and  tides. O ur idealized s tudy  
neglected the  influence of w ind-driven circulations associated  w ith  th e  m ixed 
patch, a  realistic ocean s tra tifica tion  and  tu rb u len t mixing. T hese add itional 
dynam ics should be investigated before definitive conclusions are  draw n ab o u t 
the  energy tra n sp o rt due to  th e  in te rnal waves and  the  po ten tia l they  have for 
m ixing in the  abyss.

O ur results are m ore d irectly  applicable to  pervasive patches of localized 
tu rbu len t m ixing in the  ocean in terior th a t  have aspect ra tio s betw een 10 and  
1000 (Sunderm eyer et a l, 2005). We have shown th a t  these patches gener
a te  downw ard propagating  waves th a t  can  tra n sp o rt energy to  g rea ter dep th . 
The succession of wave breaking, creating  a  m ixed pa tch  and  a  m ixed pa tch  
collapsing to  excite waves constitu tes a  previously unexplored m echanism  for 

energy to  cascade from large to  sm all scale.
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A pp en d ix  A  

C oordinates and V ector  
Id entities

Polar Cylindrical Coordinates

x  =  r  cos 9 r  =  y ,x 2 +  y 2

y  =  r  sin 9 9 =  ta n -1 ^

z  =  z

Gradient

For a  scalar /

V7 f  =  = ( d f  1 ( V  d f \
J \ d x ’ d y ' d z )  \ d r , r d 9 ' d z ) '

For a  vector A



Laplacian



A p p en d ix  B  

A xisym m etric  N u m erica l M od el

Governing Equations

The num erical m odel solves the  N avier-Stokes equations for sm all-am plitude, 
axisym m etric waves in a  Boussinesq, incom pressible and  inviscid fluid ro ta tin g  
w ith an  angular acceleration of Q.  T he  equations a re  given in  cylindrical 
coordinates by

d u  du  du  v 2
m + u f r  + w d - z ~ T

f  1  d P  f v  = - - - - - - - - —  +  u
Po dr

W
u '

dv dv dv u v
-T- +  u —  +  w —  + -----1- f u  =  - v
d t d r d z  r

dw  dw  dw  1 
—-  +  u —  +  w —  =  — 
d t d r  d z  po

V 2u +

dp
d z P9 +  i/V w

dp  dp  dp dp  __2 
a i + u f r + w T z + w d l  =  KV >

I d  [ru 1 dw
V • u = ----  —  +  -x-

r  d r  d z
0

(B .l)

(B.2)

(B.3)

(B.4)

(B.5)

T he code replaces th e  vertical an d  rad ia l m om entum  by th e  equation  for 
azim uthal vorticity, Q =  dzu  — drw:

1 d  \v2d£
d t

d ( / r
dr

d£
’d z

v V 2c c f v r \
d z

(B.6)

From the  continuity  equation for an  incom pressible fluid, one can define th e  
stream function ij) so th a t  u =  V x  (ipd). Explicitly, th e  com ponents of velocity 

are given by

u  =
dip
H z

1 dirip)
w  = ----- —

r  d r

(B.7)

(B.8)

89



M odel Param eters
u radial velocity
V azim uthal velocity
w vertical velocity
/  =  2fi the  Coriolis param eter
P pressure
P fluctuation  density
Po reference density
P background density
9 grav ita tional acceleration
K diffusivity
V kinem atic viscosity

Thus, the  stream function  is re la ted  im plicitly  to  the  az im uthal vortic ity  by

VV -  % =  - ( ■  (B.9)

The strem function and th e  vortic ity  are  represented  by a  com bination  of 
the  first order Bessel function in r  and  a  sine function in 2 so th a t  for field /  

(=  tjj or C) a t a  tim e t

1 j

f ( r , z )  =  EE A f(k i ,r r i j) J i( k ir ) s m (m z ) .  (B.10)
i—0 j =0

T he stream function  is determ ined spectra lly  from  th e  azim uthal vortic ity  by 
transform ing C to  Fourier-Bessel space. T h e  Laplacian  given by equation  (B.9) 
in th is space is inverted and th e  resu lting  field is transform ed  back to  real- 
space. Velocities are com puted d irectly  using equations (B.7) and  (B.8).

T he spatia l derivatives in equations (B .2), (B .4), (B.6) are approx im ated  
using second order finite differencing. T hey  are s tepped  forw ard in  tim e using 
the  leap-frog scheme which is initialized using second o rder forw ard differenc
ing. To prevent th e  growth of num erical e rro r an  E uler-backstep  is im ple

m ented every 20 tim e steps in which the  fields from  th e  previous tim e steps 
are averaged. T he free-slip boundaries satisfy u • n =  0.

To visualize the  movem ent of th e  fluid in trusion  a  passive tracer field was 
advected along w ith  the  o ther fields.

M odel Im plem entation and Validation

Before sim ulating the  experim ents w ith  th e  num erical m odel we first perform ed 
a  series of sim ple te s ts  for which the  solution could be determ ined  analytically.
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Having done th is  we th en  validated  the  m odel w ith  our experim ental d a ta . Us
ing th e  sam e in itia l conditions from  the  labo ra to ry  experim ents we initialized 

several high resolution runs (A t  =  0.125 s, A z  =  0.09 cm, A r  =  0.05 cm ). 
Q ualitatively, th e  m odel was able to  cap tu re  th e  collapse an d  evolution of th e  

intrusion.

2.0

\ expt 
• sim1.5

U  1.0

0.5

0.0
20

Figure B .l: Com parison of experim entally  determ ined  speeds w ith  num erical 
sim ulations.

For a  series of sim ulations th e  in itia l near-constan t speed was calcu lated  
and com pared w ith  the  experim ental d a ta . F igure  B .l  shows th a t  th e  sim ula
tions produce currents th a t  have higher speeds th a n  those observed from  the  

experim ents. W hile the  d iscrepancy is sm all relative to  the  experim ental error, 
the  fact th a t th e  sim ulated speeds are  consisten tly  higher th a n  those m easured 
in th e  experim ents indicates th a t  th ere  is a  system atic  error. T he m ost likely 
explanation is th a t  a 2D  m odel canno t c ap tu re  all of th e  dynam ics present in 
the  labora to ry  experim ents. For exam ple, th e  in trusion  m ay be losing some 
energy to  the  generation  of tu rbulence. T hus, the  m odel cap tu res the  trends 
in the  d a ta , b u t overpredicts the  speed.

In  C hap ter 4 we showed th a t  th e  m odel sim ulated  th e  generation of in ternal 
waves qualitatively. F igure 4.14 d em onstra ted  th a t  th e  q u an tita tiv e  features 

of these waves were well represented by th e  num erical sim ulations.
To ex tend  spacial dom ain of the  m odel we referred to  the  C ourant-Friedriehs- 

Lewy (CFL) equation. T he condition requires th a t  th e  tim e step  is kept sm all 
enough so th a t  inform ation has tim e to  p ropaga te  th rough  the  spacial steps
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and is given by

a  = u £  ( b . i i )

A lthough there is a 2D  representation  of th e  CFL condition, usually  it is 

enough to  consider each spacial resolution separa te ly  as shown in equation 
B . l l .  In th e  sim ulations presented in  th is  thesis the  largest vertica l m otions 
occurred w ith in  the  first few seconds. If th e  m odel d id  not becom e u n sta 
ble im m ediately th en  the  rad ia l C FL  condition  was th e  determ in ing  factor. 
Typical values for s tab le  configurations ranged  from  20 <  CT < 70. Sim ilarly 

Cz =  U g  ranged from 20 <  C z <  60.
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A pp en d ix  C 

W avelet Transform s

T he wavelet transform  of a  signal s ( t ) is given by

-hoo

s(a, b) =  J  s ( t ) T ai6 (t) d t ( C . l )

— OO

where

Ta,b(t) =  -~j= T
v  a

(C.2)

and T( t )  is the  complex conjugate of th e  “m other w avelet” T (t).  For scale a a t 
tim e b th e  wavelet bases are d ila tions and  tran sla tions  of th e  m other wavelet. 
W avelet coefficients s(a, b) are  determ ined  using wavelet basis functions.

T he choice of m other wavelet was guided b o th  by th e  s tru c tu re  of the  
in ternal wave signal and  by th e  application . R eal-valued wavelets, such as the  
fam ily of G aussian derivatives, re tu rn  only a  single com ponent m aking them  
well su ited  to  isolating peaks in the  power spectrum . T he  G aussian  fam ily 

consists of th e  G aussian function and its  derivatives (D O G  wavelets). As the  
num ber of the  G aussian derivatives increase th e  num ber of wavelet oscillations 
increases as well. Since th e  signal contains a  sm all num ber of oscillations, we 
choose to  use a  lower order G aussian wavelet. G aussian  wavelets of increasing 
order were tested  and it was found th a t  th e  D O G  3 w avelets de term ined  the  

radial w avenum ber m ost accurately.
T he wavelet power spectrum , also know n as th e  scalogram , is defined by

To find the  wavelet power spectrum  we ad ap ted  the  on-line wavelet toolbox 
provided by Torrence & Com po (1998) who provide a de ta iled  descrip tion of

P (a , b) =  |s(o , 6)|2 . (C.3)
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th is process. The open-source toolbox is freely available and  is w ell-tested 
(Linkenkaer-Hansen et al., 2001; Moy et al., 2002; H oldsw orth et al., 20126).

The wavelet scale can  be re la ted  analy tically  to  w hat is typically  referred 
to  as the  Fourier P eriod  to  determ ine Fourier m odes. B ut, in th is  case, the  
transform  is being applied to  a  length-scale and  no t a tim e-scale so we instead  
refer to  it as the  “Fourier scale” .
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