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Abstract

This thesis examines the axisymmetric collapse of a mixed region in stratified
fluid with and without rotation. At its depth of neutral buoyancy. the mixed
region intrudes into the ambient. At the same time. the collapse excites inter-
nal waves in the underlving fluid and at the level of the propagating intrusion.
The purpose of this thesis is twofold: to examine the evolution of axisym-
metric intrusions in stratified fluid and to analyze the properties of downward
propagating internal waves excited during the collapse. This is done through
three interrelated studies.

First we present a series of axisymmetric partial-depth lock-release experi-
ments in uniformly stratified fluid. We show that the collapse excites internal
waves in the underlying fluid and measure the resulting conical wavefield using
a non-intrusive analysis technique called synthetic Schlieren. We also estimate
the energy transported due to the waves relative to the initial available poten-
tial energy.

The second study investigates the dynamics of the evolving intrusion for
both two-layer and uniformly stratified ambient. Experiments were performed
with the fluid in solid body rotation and in the absence of rotation. In the
non-rotating experiments, we show that the intruding fluid is significantly
influenced by interactions with internal waves launched by the return flow
of the ambient into the lock. We describe how the evolution of the collapse
changes under the influence of rotation and find that. for low Rossby numbers.
rotation inhibits the radial propagation of the current.

The third study examines the influence of rotation on downward propagat-
ing internal waves generated by the collapse of a mixed region in uniformly

stratified fluid. Experiments are used to calibrate a numerical model which



we then use to explore a wider range of parameters than the geometric con-
straints of the experimental apparatus would allow. In particular. we explore
the influence of the aspect ratio of the lock and the Rossby number on the
properties of the canonical wavefield and associated energy transport.

These results are then extrapolated to predict the energv transport of
downward propagating internal waves generated by the collapse of a mixed

region left in the wake of a tropical c¢yvclone.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Ocean Mixing

The ocean is stably stratified consisting of a surface mixed region, a strongly
stratified pycnocline layer and a weakly stratified abyss. Incoming solar radi-
ation is absorbed by the surface mixed region and wind driven mixing redis-
tributes the heat throughout this layer. The depth varies (50 200m) as a
result of heating and cooling at the ocean surface and turbulent mixing with
the underlying fluid. In the layer below, the temperature decreases rapidly
with increasing depth as it transitions from the relatively warm near-surface
water to the cold abyss, which is why this pyenocline region is known as the
thermocline. The high specific heat capacity of water makes the ocean the
largest heat reservoir on the planet. Yet most ocean water is contained within
abyssal waters that are maintained by the influx of cold dense currents formed
at high-latitudes. Heat exchanges between the abyvss and the ocean surface
occur through diapvenal mixing of the pycnocline layer. It follows that an
accurate parameterization of ocean mixing. a kev aspect of climate modelling,
requires an understanding of how the cool, dense water flowing into the deep
abyss returns to the surface.

The meridional overturning circulation (MQOC) is the process by which
cold dense water formed in the Northern Atlantic and Antarctic oceans is re-
distributed throughout the ocean interior up-welling at mid-latitudes. Sand-
strom argued that the relative pressures at locations of heating and cooling
govern a buoyancy driven circulation and that. furthernmore. a steady circu-
lation can be maintained against the retarding effects of friction only if the

ocean is heated at a higher pressure than it is cooled (Sandstrom, 1908, 1916;



Wunsch & Ferrari. 2004). While this type of buovancy forcing takes place in
the upper ocean. since it is heated to the depth of the photic zone (>~ 200 m) at
mid-latitudes and cooled at the surface near the poles. Sandstrom’s effect im-
plies homogeneous density in the abyssal ocean. In other words. a circulation
manifests between the thermocline layer at mid-latitudes and the surface at
higher latitudes with no circulation evident in the abyss. However, the ocean
abyss is weakly stratified and since buoyancy forcing alone cannot explain the
observed density profile, sources of mechanical energy are sought to explain
the dissimilitude (Ferrari & Wunsch, 2009).

Assuming a global upwelling throughout the ocean abyss, an average ver-
tical eddy diffusivity of 107*m?/s is required to maintain the observed struc-
ture, but observations indicate a uniform background diffusivity on the order
of 107° m?/s (Munk & Wunsch, 1998). Highly localized mixing is a plausible
explanation for the large discrepancy.

Dye release experiments indicate the presence of highly localized turbulence
in the ocean. even above the thermocline layer (Grant et al., 1968; Woods &
Wiley, 1972). These observations are corroborated by microstructure measure-
ments taken during the Coastal Mixing and Optics Experiment (CMO) (Oakey
& Greenan, 2004; Sundermeyer et al., 2005) and support the conjecture that
highly localized mixing is a major contributor to the upwelling branch of the
meridional overturning circulation, but the sources of mechanical energy that
contribute to localized mixing, especially in the ocean abyss, remain unquan-
tified.

Stratified fluids support internal waves which move due to buoyancy forces,
transporting both energy and momentum. When these waves are confined to
an interface, as is the case in a two-layer fluid. they are called interfacial waves.
More complex stratifications allow for internal waves that propagate vertically
as well as horizontally.

Where these waves break they form turbulent patches that cause irre-
versible diapyenal mixing in the stratified fluid. If a turbulent mixing event
occurs over the vertical extent of the pycnocline, the collapse of the mixed
patch can lead to the formation of an intrusion and an associated interfacial
wave that propagate along the pvenocline (Maderich et al.. 2001). This thesis
will show that the collapse can also act as a mechanism for the generation of
downward propagating internal waves which have the potential for causing di-
apvenal mixing in the abyss. Wave breaking generates turbulence which mixes

a region of fluid and since the collapse of the mixed region, in turn. generates
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Figure 1.1: Energy pathways. sources (circles) and reservoir (shaded rectan-
gles). Units are in TW if not stated explicitly. The dotted line represents the
amount of power input to the internal wave field from the collapse of a mixed
region resulting from a moving hurricane discussed in Chapter 4.

internal waves. internal waves facilitate the cascade energy from large to small
scales in the ocean interior.

Turbulent patches generated by breaking of the ocean internal wave field
are primarily responsible for the estimated 1.5 — 2TW required to maintain
the observed stratification (Ferrari & Wunsch, 2009). Internal wave breaking
tends to occur near boundaries, in regions of rough topography such as the
continental shelf, or due to wave-wave interactions in the ocean interior. but
the mechanisms by which internal waves are generated have not yet been
completely catalogued.

Munk & Wunsch (1998) constructed an “impressionistic” ocean energy
budget which outlined the major energy reservoirs. their sources and the in-
terchanges between them. This order of magnitude estimate of the energy
budget has been debated and corrected vet it remains incomplete (Ferrari &
Wunsch, 2009, 2010). The baroclinic conversion of tidal energy into the inter-
nal wave field was estimnated to account for as much as 1 TW, with another
0.2 TW attributed to the direct forcing of the wind (Ferrari & Wunsch, 2009,
2010).



Figure 1.1 summarizes these contributions in a simplified and modified ver-
sion of their energy budget focusing upon the contribution of internal waves.
The incongruency between the power required to maintain the stable stratifi-
cation against global deep water formation and the amount of energy input to
the internal wave-field that is available for diapvenal mixing are ascribed to the
mechanical generation of internal waves through interactions with bottom to-
pography or to local instabilities. But the pathway that the energy takes from
the sources, shown as circles on the diagram. to the reservoir, shown by shaded
squares, is not well understood. This thesis investigates a hitherto unexplored
pathway through which energy from the surface wind field is transported to
the abyssal ocean internal wave field; through the collapse of a mixed region
generated by a large-scale ocean mixing event resulting, for example, from a
tropical cyclone.

Tropical cyclones are transient events that occur sporadically, but recent
studies show they may be an important source of energetics for ocean mixing
(Boos et al., 2003; Sriver & Huber. 2007; Emanuel. 2001) and nutrient trans-
port (Lin et al, 2003). Tropical storms can mix the ocean beneath them to
depths of several 100 metres (Gregg. 1976) leaving cold water wakes (Price,
1981) that return to near pre-storm conditions over a period lasting weeks to
months through the process of restratification (Emanuel, 2001).

Hurricanes typically lower the sea surface temperature (SST) (D’Asaro
et al.. 2011) by 1-3°C while slow moving typhoons have been observed to
lower the SST by up to 9°C. Emanuel (2001) demonstrated that a substantial
amount of the ocean heating required to drive the poleward heat flux may be
accounted for by localized mixing due to tropical cyclones. These storms are
responsible for as much as 15% of peak ocean lieat transport (Sriver & Huber.
2007) and are one plausible mechanism for generating the diapycnal mixing
necessary to drive the Meridional Overturning Circulation (Boos et al., 2003).

Recent studies have attempted to quantify the power that is imparted
to surface waves, near-inertial interfacial waves and geostrophic currents by
the passage of a hurricane (Nilsson. 1995). Liu et al. (2008) estimated that.
on average, tropical cyclones cause an increase of potential energy of about
0.05 TW (this value was added to the budget in Figure 1.1). These studies
focused on the dynamics of the upper-ocean response to a hurricane. Little is
known about the physical collapse of a mixed region as a mechanism for the
excitation of internal waves. These dynamics will be explored in this thesis

through a combination of laboratory experiments and numerical simulations.



1.2 Gravity Currents and Intrusions

The study of density driven flows in laboratory experiments was motivated
by environmental flows in the atmosphere and ocean including sea breezes,
thunderstorm outflows, river outflows. lava, estuarine and pollution flows as
well as numerous industrial phenomena.

Driven by horizontal differences in pressure, a gravity current forms when
fluid of uniform density flows horizontally into fluid of a different density or
into density stratified fluid. In the latter case, the current can propagate within
the interior of the fluid and is referred to as an intrusive gravity current or,
simply. an intrusion.

Most studies of gravity currents and intrusions were performed in recti-
linear geometries in which the current propagated along the length of a long
rectangular tank. There have been relatively few studies in axisymmetric ge-
ometries in which the current spread radially from a cylindrical lock. Of those
experiments, very few examined partial-depth lock release and even fewer in-
volved rotation. This section will review the relevant theory and experiments
and show how the work presented in subsequent chapters bridges appreciable

gaps in the literature.

1.2.1 Rectilinear Geometry

Experimental studies of gravity currents were first reported by Schmidt (1911)
who examined cold currents flowing into relatively warm ambient fluid. He
found that the shape of the current head changed with temperature so that
mixing above the current head increased with increasing Reynolds number (as
reported by Simpson (1972)). Keulegan (1957) performed a series of lock-
release experiments in which salty lock-fluid was released in fresh-water am-
bient exploring the speed and shape of the propagating current. Benjamin
(1968) theoretically considered the more general case in which fluid of one
density. p;. was separated by a gate from ambient fluid of lower density. p,.
When the lock was extracted the lock-fluid flowed as a gravity current into the
ambient along the rigid bottom boundary. Meanwhile the ambient fluid flowed
over the gravity current into the lock replenishing the lock-fluid. Shortly af-
ter release, the front of the current was observed to travel at a near-constant

speed. During the so-called “slumping phase™ the front speed was predicted



to be

U = Fr,W/g' (1.1)

where the Froude number Fry, is the ratio of inertia to gravitational forces, H
is the total depth of the fluid and ¢ = g(p — pa)/pe is the reduced gravity.
According to Benjamin (1968)

I

- [ha-h)(2-h)

where i = h/H. the relative depth of the current head, Additionally, by apply-
ing conservation of energy he found that a uniform gravity current progresses
steadily only if it occupies half the space originally occupied by the lighter
fluid (h = H/2). In this case, the Froude number is given by Fr, = Fro = 1/2.

Most theoretical and experimental studies of gravity currents have assumed
a constant volume is released from a lock in a rectilinear geometry (Simpson &
Britter, 1979; Huppert & Simpson, 1930; Maxworthy et al., 2002). In this case,
gravity currents are known to propagate at near-constant speed, as predicted
by Benjamin (1968) for 6-10 lock lengths .

Huppert & Simpson (1980) examined the evolution after the slumping
phase. Using a ‘box model’, which assumed that the current evolved as a se-
ries of equal-area rectangles, they described the collapse in terms of a Froude
number as it depended on the fractional depth of the current head relative to
the total depth of the ambient. After the slumping phase, in what is called the
self-similar regime, the speed was predicted to decrease as the head-height of
the current decreased. Using shallow water theory. the self-similar regime was
found to begin abruptly when a wave (a “rear bore”) launched by the return
flow into the lock caught up with the intrusion head (Rottman & Simpson,
1983).

Theoretical predictions of the initial speed of an intrusion in a stratified
ambient were established for both two-layer (Cheong. Kuenen & Linden, 2006:
Flynn & Linden, 2006) and uniformly stratified (Bolster et al.. 2008) fluids. In
linearly stratified fluid. bottom propagating gravity currents were first studied
in experiments by Maxworthy et al. (2002) who characterized the speed of
the current in terms of the buovancy frequency N. which is a measure of the

strength of the stratification. and the total depth of the fluid H so that

U=FNH. (1.3)



Here again. Fr is the Froude number. Thev found that Fr ~ 0.266 when the
density of the current was equal to the density at the bottom of the ambient.
When the speed of the current was less than the speed of a linear mode-1
wave (Fr < 0.3) a rhythmic coupling between the current and the internal
waves was observed. The interaction with successive wave fronts caused the
current to accelerate and decelerate. For faster currents, the wave and current
propagated out for ~ 16 lock-lengths before the wave separated from the
current and moved ahead of it.

Experiments have shown that the evolution of rectilinear intrusions in strat-
ified ambient is significantly altered by generating and interacting with internal
waves (Wu, 1969; Amen & Maxworthy, 1980; Holyer & Huppert. 1980; Suther-
land et al., 2004a: Munroe et al., 2009; Tan et al.. 2011). Wu (1969) performed
the first experiments investigating internal waves generated by the collapse of
a localized patch of fluid. The cylindrical lock was situated at mid-depth at
one side of a rectangular tank filled with uniformly stratified fluid. He was
able to observe the generation of internal waves through the displacement of
dyed isopycnal surfaces and inferred that the initial collapse was entirely re-
sponsible for the generation of internal waves. He also noted that the peak
spectral energy density was associated with waves having frequency around
0.8 of the buoyancy frequency.

If the density of the intrusion is the average density of the uniformly strati-
fied ambient, then the intrusion is called symmetric. For symmetric intrusions
propagating in a two-layer fluid, the intrusion density is the average ambi-
ent density and the upper and lower layer depths of the ambient are equal.
In a two-layer ambient, svmmetric intrusions were observed to propagate at
near-constant speed well beyond 10 lock lengths (Sutherland et al.. 2004b;
Sutherland & Nault. 2007) without entering the self-similar regime. They
found that the intrusion excited a mode-2 solitary wave that depressed and
elevated the interface surrounding the intrusion head. This wave carried the
intrusion forward despite a continuous decrease in the intrusion head height.

An intrusion is said to be asymmetric if its density differs from the density
of the ambient fluid. In a two-layer ambient. Sutherland et al. (2004b) found
that large amplitude interfacial waves were excited. Munroe et al. (2009) found
that in uniformly stratified fluid, asymmetric intrusions were entirely halted
when mode 1 internal waves. which were launched by the return-flow that
reflected off the lock end of the tank. caught up to the head of the intrusion.

Atmospheric and oceanic gravity currents have head heights much smaller

=



than the ambient depth. and so are better represented by partial-depth lock
release experiments. However., only a handful of such experimental studies
exist.

A tank filled with a homogeneous fluid overlving a linearly stratified bottom
layer serves as a simple model of the ocean and thermocline or the troposphere
underlying the stratosphere. This set-up has been used to study partial-depth
intrusions and the waves they generate (Flynn & Sutherland, 2004: Sutherland
et al., 2004a). Downward propagating internal waves excited by the interaction
of the intrusion with ambient were measured using a non-intrusive analysis
technique called synthetic Schlieren (Sutherland et «l., 1999). The intrusion
advanced at constant speed exhibiting no resonant interactions with internal
waves. By comparing experiments with simulations, which had a significantly
deeper lower boundary, they found that long wavelength disturbances were
excited by the return flow. These filtered downward propagating waves while
also transporting energy over long distances (Sutherland et al.. 2004a).

Sutherland et al. (2007) examined the collapse of a mixed region into uni-
formly stratified ambient. In this case they found the intrusion excited verti-
cally propagating waves. They were able to measure wave characteristics and
their associated energy transport using synthetic Schlieren (Sutherland et al.,
1999). The experiments presented in Chapter 2 will explore how these wave

characteristics change in an axisymmetric geometry.

1.2.2 Axisymmetric Geometry

There have been relatively few studies examining the speed of radially spread-
ing gravity currents released from a cylinder. Geometry and mass conservation
dictates that the head height must decrease as the radius increases. This im-
plies that the front should decelerate shortly atter release.

In their study of bottom propagating gravity currents released from a cylin-
drical lock into a uniform density ambient, Huppert & Simpson (1980) used
a hox model to predict that the front position of axisymmetric gravity cur-
rents changes with time ¢ proportionally to t'/2 during the self-similar regime.
In experiments this regime was observed to establish itself after propagating
approximately 3 lock-radii.

In contrast to Huppert & Simpson (1980). McMillan & Sutherland (2010)
used a combination of laboratory experiments and numerical modelling to

show that vertically symimetric axisvinmetric intrusions in two-layer ambient



propagated at constant speed bevond 8 lock radii even though their head
height decreased with radial distance. Numerical simulations confirmed that
the non-zero thickness of the interface resulted in a mode-2 solitary wave
that surrounded the intrusion head and carried it radially outwards. This
caused the current to move at near-constant speed even as the wave amplitude
decreased with radial distance as /2,

In cylindrical lock release experiments examining asynimetric intrusions in
two-layer fluids, a mode-1 internal wave was excited by the return flow iuto
the lock which caught up with the intrusion head and inhibited, or sometimes
halted, its forward advance (Holdsworth et al., 2012a). The experimental
results are presented in Chapter 3.

Most laboratory experintents investigating intrusions in an uniformly strat-
ified fluid have examined intrusions resulting from continuous forcing of a tur-
bulent patch (Manins, 1976; Maxworthy & Monismith, 1988; Silva & Fernando.
1998). The constant volume lock-release experiments presented in Chapter
3 examine the collapse of the mixed patch after turbulence has dissipated.
Holdsworth et al. (2012a) found that asymmetric intrusions in uniformly strat-
ified fluid behaved similarly to two-layer currents; halting due to interactions
with mode-1 internal waves generated by the asymmetric return flow in to the
lock. In the symmetric case a mode-2 wave was excited and caught up with
the intrusion head. Because the intrusion was moving slowly relative to the
two-layer case, instead of carrying the intrusion forward it inhibited or even

halted the intrusion’s radial advance.

1.2.3 Rotational Effects

The rotation of the Earth can influence fluid motion for flows that have large
horizontal scales and evolve over long time-scales. Through the Coriolis effect,
rotation changes the direction of flow by deflecting fluid to the right in the
northern hemisphere and to the left in the southern hemisphere. Localized
mixing increases the systems’ potential energy (PE) by creating a density per-
turbation which undergoes a gravitational adjustment forming into a current
and releasing kinetic energy (KE) in the form of interfacial waves.

The horizontal scale above which rotation is non-negligible is given by the

(internal) Rossby deformation radius.

L[) = [/f (14)



Here UV is the characteristic speed. which for intrusions is related to buovancy
through expressions like equation (1.1). If the collapse of the mixed patch takes
place over scales on the order of L then rotation dominates and inhibits the
forward motion of the current. The Rossby number Ro = [// f L. describes the
relative importance of inertial and Coriolis terms where {7 is the characteristic
velocity. L is the length scale over which the velocity varies and f is the Coriolis
parameter. For Ro <« 1, the steady state. known as geostrophic balance, is
reached when thie outward radial pressure gradient force is balanced by the
Coriolis force.

A combination of laboratory experiments and numerical modelling have
been used to investigate the axisymmetric spreading of rotating bottom-propagating
gravity currents in a uniform density ambient (Ungarish & Huppert, 1998;
Hallworth et al.. 2001; Ungarish & Zemach, 2003). In experiments with Ro
of order unity, Hallworth, Huppert & Ungarish (2001) found that rotation re-
duced the maximal distance, Rp.., to which the current propagated. They
determined Ry, depended on Lp so that the ratio of Rp../Lp ranged from
3.7Lp - 5.1Lp for Rosshy numbers between 0.6 and 1.5. Once Rp.x was
reached the flow reversed direction and the majority of the lock-fluid returned
inward, accumulating near the tank centre. This mass of fluid then exhibited a
second outward pulse which propagated out radially and often exceeded Ryax
by a short distance. The frequency of the pulsations, w,, increased with the
rotation rate of the fluid, §2, according to w, = 2.10Q2. This result was inde-
pendent of the initial conditions indicating that the pulsations were a result
of inertial oscillations.

Ungarish & Huppert (2004) used a one-layer shallow water approximation
to analyze axisymmetric gravity currents at the base of a stratified ambient in
the presence of a uniform background rotation. Gravity currents propagating
beneath uniformly stratified ambient have a lower initial speed and shorter
Rax relative to the homogeneous case. They found good agreement between
their approximation and the initial speed of the current, but admitted that the
model breaks down over larger time scales because it does not incorporate the
influence of internal waves. The intrusions formed into lens-shaped vortices
in the steady state. These studies of axisymmetric gravity currents in solid
body rotation have focused on cases where Ro > 1 because if the Rossby
deformation radius. Lp, is less than the initial radius of the patch. IR, then
only a small deviation from geostrophic balance is possible.

Lelong & Sundermever (2005) numerically studied the gravitational ad-
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justment of an isolated lens in a continuously stratified ambient and its de-
pendence on the Rossby number Ro = Nh/fR. where h is the initial height
of the anomaly. The adjustment of the patch evolves in two phases cousisting
of a slumping phase. during which internal waves are emitted, followed by a
geostrophically balanced phase. High frequency waves were emitted first, at
the start of the slumping phase. followed by low frequency waves released just
before entering the balanced phase. Thev found that balanced vortical mo-
tions were most efficiently generated when Ro = 1, rotation dominated so that
very little kinetic energy was converted to potential energy when Ro < 1, and
much of the initial potential energy was converted to kinetic energy during the
initial adjustment resulting in a weak vortex when Ro > 1.

Lelong & Sundermeyer (2005) varied Ro by changing the horizontal length
scale of the patch. Chapter 4 will show that changing the aspect ratio of the
patch can change the dynamics of the slumping phase, thereby altering the
generated waves even in the absence of rotation. The dynamics of the evolving
patch during the slumping phase are found to be dictated both by the aspect
ratio of the mixed region and by the associated Rossby number.

The geostrophic adjustment of an isolated axisvmmetric lens was studied
by Stuart et al. (2011) using a combination of experiments and numerical
models. They focused on the dependence of the velocity and length-scale of
the adjustment on the Burger number, Bu = Ro®. Finding that the veloci-
ties scaled with the reduced gravity wave speed and the adjustment distance
scaled with the Rossby deformation radius of the patch, Lelong & Sundermeyer
(2005) characterized properties of the lens and its relationship with initial con-
ditions. In the experiments presented in Chapter 3, Holdsworth et al. (2012q)
focus. instead, on the speed of the intrusion and its interaction with interfacial
waves immediately following its release from the lock. for the most part in

experiments with Rossby number order unity and higher.

1.3 Thesis Overview

Table 1.1 summarizes the experimental contributions to this problem discussed
in the previous sections. Prior to the work presented here (Holdsworth et al..
2010, 2012a), little was known about the evolution of intrusions in an ax-
isymmetric geometry bevond vertically symmetric cases. For the first time,
downward propagating internal waves generated by the collapse of a mixed

region in an axisvmmetric geometry were measured and their associated en-
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Two-Layer [Uniform

mon-rotating [Holdsworth et ol. (2012¢)(asymm.) [Holdsworth et al. (2012a)
Holdsworth et al. (2010)(igw) Sutherland & Nault (2007)
MMeMillan & Sutherland
(2010)(symin.)

Sutherland & Nault (2007)

potating Holdsworth et al. (20124¢) Holdsworth et al. (2012a)
Holdsworth & Sutherland ((in prepa-
ration for submission to Phys. Flu-
ids)

Table 1.1: This table summarizes the available literature examining axisym-
metric intrusions and internal wave generation in stratified fluid with and
without rotation in laboratory experiments.

ergy transport estimated for both noun-rotating (Holdsworth et al., 2010) and
rotating cases (Holdsworth & Sutherland, (in preparation for submission to
Phys. Fluids).

Laboratory experiments were performed with three goals in mind: examine
the speed and evolution of the intrusion. investigate interactions between the
propagating intrusion and the generated waves, and explore how the charac-
teristics of the waves depend on the initial conditions.

Chapter 2 presents the first examination of internal waves generated by the
axisymmetric collapse of a mixed region in a non-rotating uniformly stratified
ambient (Holdsworth et al., 2010). This is an idealized case which neglects
the complicated dynamics of surface winds, turbulence and rotation. The
study focuses on those high frequency waves which propagate over time scales
short compared with the Earth’s rotational period. With respect to storm-
generated waves. the study is relevant to waves generated during the initial
collapse phase.

Chapter 3 reports upon lock-release laboratory experiments that examine
the collapse of a localized cylindrical mixed patch of fluid in both two-laver
and uniformly stratified ambients (Holdsworth et al.. 2012a) the focus here is
upon intrusions and not the internal waves they generate. The experiments
were performed with and without rotation in a cvlindrical tank. Unlike bot-
tom propagating gravity currents, non-rotating intrusions typically propagated
many lock radii at constant speed. In vertically asymmetric cases thev stopped
abruptly due to interactions with internal waves. Rotation had no impact on
the intrusion’s initial speed. However. it limited the maximum distance prop-
agated by the intrusion and caused the patch to expand and contract as it

approached equilibrium.
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To explore the effect of rotation upon wave generation by intrusions. the
non-rotating experiments of Holdsworth et al. (2010) were repeated on a rotat-
ing table. These results are presented in Chapter 4. Two distinct wave-packets
were generated during the initial collapse. The first was generated immedi-
ately upon release and had a peak frequency near the buovancy frequency: the
second emerged after at least one buoyancy period with a peak frequency near
the inertial frequency. The energy associated with the wave-packets was found
to be much higher for Ro < 1 when the undulation of the patch was sustained
in the process of geostrophic adjustment.

The numerical model of the fully nonlinear equation in axisymmetric ge-
ometry allowed for the exploration of circumstances bevond the reach of the
laboratory experiments. After testing its validity by comparing it with corve-
sponding lab experiments, simulations were performed for mixed region col-
lapse at much larger scales. From these results, the model is used to make
a crude estimate of the amount of energy imparted to downward propagat-
ing internal waves which have the potential for diapycenal mixing in the ocean

abyss.
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Chapter 2

The Axisymmetric Collapse of a
Mixed Patch and Internal Wave
Generation in Uniformly

Stratified Fluid

2.1 Introduction

This chapter presents the first examination of the axisymmetric collapse of a
mixed region in a uniformly stratified ambient as a mechanism for the genera-
tion of downward propagating waves using a series of laboratory experiments.
The extension to axisvmmetric geometries is non-trivial because as the intru-
sion advances radially its height must decrease in vertical extent as a result
of mass conservation. A visualization technique known as Synthetic Schlieren
was applied to determine the frequency. radial wavenumber. and vertical dis-
placement amplitude of the internal waves. These results were then used to
estimate the amount of energy they transported to greater depth.

Details of the experimental set-up and image processing are described in
Sec. 2.2. The methods used to compute wave frequency, radial wavenumber
and vertical displacement amplitude are explained in Sec. 2.3 and the fraction
of the system’s available potential energy extracted by the waves is given in
Sec. 2.4. In Sec. 2.5 the results are scaled so as to predict wave energetics on

oceanic scales.
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Figure 2.1: Schematic of experimental setup showing (a) Top view of the tank
showing a hollow cylinder of radius R, inserted at the centre of the tank. (b)
Front view showing the partial depth, H., to which the cylinder was inserted.
The conductivity probe traverses the fluid through the centre of the cylinder.
(¢) Density profile measurements before and after the fluid in the cvlinder was
mixed. The measured height of the mixed region, H,,, is indicated.

2.2 Experimental Setup

A schematic diagram of the laboratory set-up is shown in Figure 2.1(a). In
order to take the best advantage of the Schlieren visualization method, the
experiments were conducted in a rectangular tank that is Hy = 48.5cm in
height with a square base measuring L = 47.5 cm on each side. The “Double-
Bucket” technique (Oster, 1965) was used to fill the tank with uniformly salt
stratified fluid to a depth of approximately 45 cm.

To capture the small-scale motion of vertically propagating internal waves.
a digital camera was situated in front of the tank and a screen of black and
white lines was attached to the back. An array of fluorescent lights provided
back illumination of the image screen from which light travelled through the
tank. The Sony DCR-TRV6 CCD camera. situated L. ~ 400 cm from the



tank. was zoomed in so that the tank filled the field of view of the canera.
The corresponding pixel resolution was 0.067 cimn.

A hollow cvlinder was inserted carefully (to avoid disturbing the strati-
fication) into the centre of the tank to a partial depth, f{.. The set-up is
illustrated in Figure 2.1(b). Two cylinders of radii R, = 3.85 cii and 5.05cm
were used in the experiments. The fluid within the transparent cvlinder was
thoroughly mixed to a depth H,,, moderately above H,., with an oscillating
mechanical stirrer. The fluid within the cvlinder was then allowed to settle
until turbulent motions subsided.

Traversing the fluid vertically. a conductivity probe (Precision Measure-
ment Engineering Model II) measured the density as a function of depth. Two
profiles were taken with the probe inserted through the centre of the cylin-
der. The first was taken before the fluid within the cylinder was mixed and
provided a measure of the background density gradient. The second probe
measurement was taken after the fluid in the cylinder was mixed and, from
the density profile, the depth of the mixed region, H,,. was determined.

The total density is defined by where piotal = po +p(2) + p(2, y, 2) where po
is the reference density at the top of the fluid, 7 is the background density and p
is the perturbation density. An example of the density profiles for a particular
experiment is shown in Figure 2.1(c). The background density profile shows
that the fluid was uniformly stratified throughout the entire depth of the tank.
The profile taken after the fluid in the cylinder was mixed shows that the
density remained constant over the depth of the well-mixed region followed
by a small transition region below which the fluid was uniformly stratified.
The measured depth of the mixed region, H,,, was taken to be the distance
between the surface and the top of the transition region.

The background density gradient was calculated by fitting a line to the

ambient density profile, 5(z), below the depth of the bottom of the cylinder.

From this, we determined the frequency N = \/(-g/po)(dp/dz), which ranged
from 1.257! to 1.6s71.

The experiment proceeded by rapidly extracting the cylinder vertically.
The mixed fluid collapsed under the force of buoyancy. moving upward and
downward toward a level of neutral buoyancy. This motion caused the column
of fluid beneath the cvlinder to undulate up and down and internal waves
immediately began to radiate from the undulating column. To examine the
effect of varying the mixed region depth, three successive experiments were

performed with H,. ~ 5cm, 10em and 15 cin.
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Figure 2.2: Snapshots of the experiment shown (a) one (b) two and (c) three
buoyancy periods, T, = 27 /N, after the cylinder was extracted. In this ex-
periment dye was added to the mixed fluid to a depth H,, ~ 4.2cm with an
ambient stratification V ~ 1.4s~!. The black and white lines on the back of
the tank are used to measure fluctuations of the density gradient with Syn-
thetic Schlieren.

Intruding into the stratified ambient, the mixed fluid flowed horizontally
at the depth of neutral buoyancy approximately equal to half the depth of the
mixed region, H,,/2. A top view of the experiment confirmed that the spread-
ing of the intrusion was axisymmetric, and from the front view of the tank,
we observed that the intrusion head thinned as it spread radially. It travelled
at a near constant speed for the first two buoyancy periods then slowed over a
duration of about one buoyancy period and stopped before reaching the edge
of the tank.

In a few of the experiments dye was added to the mixed fluid to visualize
the intrusion and to determine its speed. Figure 2.2 shows the evolution of the
intrusion over three buoyancy periods in an experiment where H,, ~ 4.2cm,
N =14s5"1and R, = 5.05cm.

Isopycnal surfaces disturbed by internal waves caused the local density
gradient to increase or decrease relative to the background density gradient.
Synthetic Schlieren (Sutherland et al, 1999; Flynn et al., 2003) makes use
of the optical principle that light rays bend more where the refractive index
changes rapidly. By measuring vertical displacements of the image behind the
tank of black and white lines having thickness (3 mm) and assuming the waves
are axisymmetric, a simple matrix inversion is used to determine the vertical
gradient of the fluctuation density field, 0,p.

This field is directly proportional to the change in the squared buoyancy
frequency due to the waves AN?(r, z,t) = -(g/po)9.p- The time rate of change
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Figure 2.3: (a) A snapshot taken from the digital camera before the start of
an experiment. The edges of the nearly transparent cylinder are visible. (b)
The 0,z field calculated using Synthetic Schlieren at t = 2T}, (¢) N? computed
from &z at the same ¢. Some asymmetry is observed between the left and right
side of the image as each side was computed separately. For this experiment
N ~15s7!, H,, ~10cm and R, = 5.05cm.
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Figure 2.4: The N? field after (a) one (b) two and (c) three buoyancy periods.
The parameters for this experiment are the same as those for the experiment
in Figure 2.3. These images are symmetric as the left side is a reflection of the
right.

of this field, N2, is calculated by measuring differences in AN? between suc-
cessive frames taken At = 0.04s apart and has the effect of filtering slowly
evolving variations such as long hydrostatic waves at the level of the intru-
sion or ambient temperature and lighting changes in the laboratory. The N?
field enhances changes due to internal waves which occur over relatively fast
time-scales.

Figure 2.3 demonstrates the procedure used to calculate the N? field. The
digital image shown in figure 2.3(a) was taken after the fluid in the transparent
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cylinder was mixed and turbulent motions had ceased. It illustrates the thin
horizontal lines that make up the Schlieren image screen. In this experiment
H, >~ 10cm, N? ~ 23572 and R, = 5.05cm. Comparing an image taken
two buoyancy periods after the extraction of the cylinder with an image taken
At earlier we computed the vertical velocity of the apparent displacement, 9,2
shown in Figure 2.3(b).

Finally the 8,z field is axisymmetrically inverted (Flynn et al, 2003) to
produce the N? field shown in Figure 2.3(c). Specifically, the image to the
right of the centreline was inverted to determine the wavefield to the right.
Separately, the left image of the J,z field was used to find the wavefield to
the left. Figure 2.3(c) shows an example of the N2 field which results from
processing each side independently. If the processed images did not exhibit
satisfactory reflection symmetry about the vertical centre line then the as-
sumption of axisymmetry was shown to be incorrect (presumably because the
cylinder was not well extracted vertically) and the experiment was excluded
from analysis. For those experiments which did display the requisite symme-
try, the entire N? field was determined from the right side of the image and
used for subsequent analysis.

Figure 2.4 shows the evolution over three buoyancy periods of the N?2
field for the same experiment as that shown in Figure 2.3. The images show
the downward propagation of wave cones emanating from the bottom of the
collapsing mixed region. From this field the frequency, radial wavenumber,
vertical displacement amplitude and integrated energy flux were computed.

Reynolds numbers were determined for the intrusive gravity current as
well as for the vertically propagating internal waves. For the intrusion, Re =
NHZ /v ranges from 4.3 x 10° to 3.8 x 10*. Using a characteristic velocity of
U = w/k, and a characteristic length scale of L = k! the Reynolds number
for the internal waves ranged from 2.1 x 10? to 8.3 x 102. These values were
large enough that viscosity did not play a significant role in the evolution of
the flow.

2.3 Theory and Analysis

The Navier-Stokes equations for small-amplitude, axisymmetric waves in a
Boussinesq, incompressible and inviscid fluid are used to derive a differential
equation describing the evolution of the streamfunction, #(r, z,t), in polar

coordinates (see appendix A for a description of coordinates). The stream-
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Table 2.1: Polarization relations for the vertical displacement (£), streamfunc-
tion (¢), time change in the perturbed squared buoyancy field (N?), verti-
cal velocity (w), radial velocity (u,), and pressure fields (p). The vertical
wavenumber is given by k, = (k,/w)VN? — w?.

function is defined so that u = V x (z[)é) and its structure may be represented
by a superposition of Bessel and complex exponential functions.

The streamfunction and all other fields of interest are related to the vertical
displacement, &, through the polarization relations (Ansong & Sutherland,
2009) listed in Table 2.1. Using the equations of motion, these relationships
were derived by defining the vertical displacement such that w = 90£/dt.

At a fixed vertical level z, the Fourier-Bessel transform is used to compute
internal wave properties from radial time series of the N? field using

N M
N2 t) =3 Aga(kn, wim) Jo(knr)e ™, (2.1)

n=0 m=0
in which it is understood that the field is the real part of the sum. Here
k. = ay,/R is the radial wavenumber given in terms of the zeroes a,, of Jy(r)
where the radial extent R = 20cm is just less than half of the width of the
tank, L/2. We define w,, = (2n/T)m where T is the duration of the time
series. The vertical wavenumber can then be deduced from the dispersion

relation k, = k, \/(Wﬁ_)?——_l_

Figure 2.5 demonstrates the technique used to compute the peak values
of frequency and wavenumber using the same experimental data that was
used to produce Figure 2.3. First, the radial time series shown in 2.5(a) was

transformed using the Fourier-Bessel series expansion given by equation (2.1)
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Figure 2.5: (a) A radial time series of the N? field taken 10 cm below the mixed
region. (b) The corresponding frequency/wavenumber power spectrum |Ayg|
computed from the time series. (c¢) Fourier Power spectrum for frequency, w,
fit with a parabola through three points about the maximum (gray line). (d)
Bessel Power spectrum for radial wavenumber, k., fit with a parabola (gray
line). The experimental parameters are the same as those given in Figure 2.3.

to find the amplitudes Ay2. These were squared in magnitude to create the
contour plot shown in Figure 2.5(b), which indicates the power associated with
each discrete frequency and radial wavenumber. There is some spread in both
frequency and wavenumber, yet most of the power is concentrated within a
narrow range.

Isolating the dominant frequency involves Fourier transforming several ver-
tical slices of the radial time series taken from the N? field. At fixed 7, the
squared Fourier coefficients are plotted as a function of frequency to create a
Fourier power spectrum. The peak of this spectrum, w,, determines the central
frequency of the wave-packet at each r (Fig. 2.5(c)). Similarly, the peak radial
wavenumbers, k., were found for fixed times ¢ from the power determined from
successive Bessel transforms of N? (Fig. 2.5(d)).

Because of the finite domain size, Fourier-Bessel coeflicients were deter-

mined at discrete values of k,, and w,,. To increase precision in our determina-
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Figure 2.6: Peak values of (a) frequency and (b) radial wavenumber calculated
from successive transforms of the radial time series shown in Figure 2.5.

tion of the dominant frequencies and wavenumbers a parabola was fit to three
points about the maximum value in each power spectrum and the peak of that
parabola was taken to be the peak of the spectrum.

Figure 2.6(a) shows the peak frequency, w., for a range of r. The radial
locations were chosen near the centre of the tank where the highest amplitude
undulations of the fluid occurred and hence where the signal was strongest.
Figure 2.6(b) shows k, for several time steps chosen every eighth of a period
over two buoyancy periods beginning one buoyancy period after the cylinder
was extracted. These plots were averaged to obtain representative values of w,
and k, for waves at each vertical position z, along with their associated error
estimates.

Finally, the peak frequencies and peak radial wavenumbers were averaged
over a range of heights to arrive at a characteristic wavenumber, k,, and fre-
quency, w,, for each experiment.

The amplitude of the vertical displacement field was derived from the N?
field using the relationship between A¢ and Ay: given by the polarization
relations in Table 2.1 so that at a fixed level 2

N M

'AN"’(knawm)
nz—:o 7n§:0 knN?y/N? — w2,

The maximum value of |£] was found for several radial time series taken at

Jo(knT)e-iwmt .

(2.2)

different vertical locations to obtain the maximum vertical displacement of the
waves near r = (. A single characteristic vertical displacement amplitude was
found for each experiment by averaging over H,,—11cm < z < H,,—9cm and
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the standard deviation of these values was used as a measure of uncertainty.

The range of heights used to evaluate |£| were chosen as high as possible
to maximize the amount of information that could be acquired before any
waves reflected on the tank walls, while ensuring that any erroneous Schlieren
measurements, due to turbulence in the mixed region, were avoided. For
consistency amongst the experiments, the vertical slices used in the calculation
of frequency and wavenumber, amplitude and energy were taken, in a 2¢m
range, approximately 10 cm below the mixed region, H,,.

The flux of energy, Fg(z) = 02” fOR wprdr df, due to the internal waves
crossing a fixed vertical level is transient during the process of collapse and
re-stratification. Waves propagate downward and away from the mixed region
eventually reaching the side of the tank and reflecting back towards the centre.
However, experiments show that wave generation was most substantial during
the first few buoyancy periods. To capture the majority of energy extracted
by the waves while avoiding interference from reflecting waves at late times,
FE was integrated at a fixed height over two buoyancy periods to obtain the

energy as

T2
E=| Fgadt (2.3)
T
N M Ai%(kn,wm)Jl(an)

=272 R? )
4 ”°f{3n§ k3 /IN? — w2 |N*

In most experiments 7] was taken to be one buoyancy period, Ty = 27 /N,

after the start of the experiment. However, when H,, was small the waves
took longer to propagate well below the mixed region so T} = 2T, was used
for those experiments. In either case Ty = T} + 2T5.

To ensure that the energy estimate was as accurate as possible, the calcu-
lation involved summing over all frequencies and wavenumbers of the Fourier-
Bessel spectrum. The integrated flux taken over two buoyancy periods de-
creased with increasing depth below the mixed region. For example, the pro-
file for the experiment shown in Figure 2.3 is plotted in Figure 2.7. Large
values immediately below the mixed region were a consequence of errors in
the Schlieren measurement which gave unphysical results where the motion
was turbulent. Further below, the energy decreased due to the transient na-
ture of the waves that took a longer time to propagate a greater distance below
the collapsing mixed patch.

A conservative estimate of the energy flux was therefore taken to be the
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Figure 2.7: Typical energy profile. The time integrated flux given by equation
(4.5) for the experiment shown in Figure 2.3.

average value of Fg(z) over a 2cm range about a depth of 10cm below the
mixed region. Integration of the mean energy flux in time gives the energy
through equation (4.5).

For analysis purposes, the energy (in Joules) is normalized by the initial
available potential energy (APE). This is given by

2n
APE = / / / (pi — py)gz rdzdrdd, (2.4)

in which p; and gy are initial and final density profiles, respectively, as de-
termined by probe measurements shown, for example, in Figure 2.1. In the
absence of mixing, the entire volume of fluid in the cylindrical lock would col-
lapse to form a thin horizontal layer of uniform density (Sutherland, 2002). In
our experimental set-up, the layer thickness is so small so that the final state is
well approximated as a continuously stratified fluid. Thus, an estimate of the
APE that ignores mixing may be expressed in terms of explicitly determined
experimental parameters by

npoH3, REN?

APE =
E 12

(2.5)
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Figure 2.8: U is plotted against the characteristic velocity scale N H,,. The
best fit line passing through the origin is shown as a dashed line.

2.4 Results

To determine if the waves were excited by the initial collapse as opposed to
the propagating intrusion, intrusion speeds, U, were found by applying linear
regression to radial time series that track the intrusion head at its level of
neutral buoyancy. For a series of these experiments, U is plotted against the
characteristic velocity scale N H,, in Figure 2.8. The slope of the best-fit line
passing through the origin is the dimensionless Froude number Fr = U/N H,, =
0.085 £+ 0.001. This is significantly smaller than the value Fr = 0.13 & 0.02
measured for rectilinear intrusions (Sutherland et al., 2007) generated by the
collapse of a mixed region in stratified ambient and smaller than the value
Fr = 0.125 predicted by linear theory (Bolster et al., 2008).

The axisymmetric geometry used in our experiments may act to slow the
intrusion through lateral spreading and consequent reduction of head height.
A detailed explanation for the lower and constant observed speed is being
examined in research distinct from this study.

If internal waves are excited by the head of the intrusion then the speed
of the intrusion should set the phase speed of the waves, ¢, = w/k,, and the
plot of w/N against k,H,, should exhibit the same linear relationship as U
against N H,,. Figure 2.9 shows this is not the case. Instead, w/N is relatively
constant with respect to k.H,,. Moreover, snapshot images show that lines of
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Figure 2.9: Non-dimensional plot of w/N against k.H,,. The dotted line has
slope Fr = 0.085 + 0.001 which is the Froude number measured from the
intrusion speeds. A characteristic vertical error bar is shown in the lower left
hand corner.

constant phase emanate from below the mixed region and not the intrusion
front. This further suggests that the oscillating fluid below the collapsing
mixed region launches the waves.

The values of w/N, which lie within a narrow range about 0.8, indicate
that the frequency of the waves is set by the buoyancy frequency. A narrow
range of relative internal wave frequencies was also observed in rectilinear
studies of collapsing mixed regions in uniformly stratified fluid (Wu, 1969;
Sutherland et al., 2007; Munroe et al., 2009) for which 0.6 < w/N < 0.8. It is
at a frequency of 0.8/N that internal gravity waves most efficiently transport
energy and hence exert the greatest feedback on the source that generates
them (Dohan & Sutherland, 2003; Sutherland et al., 2004a).

We expect that the radius of the cylinder sets the wavelength of the waves.
Figure 2.10 shows that the value of k&, relative to the radius of the cylinder
lies in a range of k,R. between 1.5 and 3.5, with most values near 2. Using
the relationship k,R. ~ 2, we find the first zero crossing of Jo(k,r) is o =~
1.2R.. Because this is approximately equal to the radius of the cylinder, it
strongly supports the hypothesis that the radius of the cylinder sets the radial
wavelength, A,. An asymptotic expansion of the Bessel function shows that

the wavelength is 27 /k, with amplitude decaying from the source as r~ 2.
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Figure 2.10: Relative frequency plotted with relative radial wavenumber for a
range of experiments. A characteristic vertical error bar is shown in the lower
left hand corner.
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Figure 2.11: The maximum amplitude of the vertical displacement field plotted
against half the height of the mixed region. A best fit line passes through the
origin with given slope.

The maximum vertical displacement amplitude is plotted against the height

of the mixed region in Figure 2.11. Although the amplitudes do not vary much
from experiment to experiment, over a narrow range the amplitude is observed
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Figure 2.12: The integrated energy flux normalized by the available potential
energy is plotted against the height of the mixed region normalized by the
radius of the cylinder.

to increase linearly as a function of the depth of the mixed region. In the
absence of a mixed region (H,, = 0) no internal waves are generated and so
|€] = 0. A line passing through the origin is fit to the data resulting in a slope
of |€] /(Hm/2) = 0.032 &+ 0.002. That is, the vertical displacement amplitude
is 3.2% the half-depth of the mixed region. This small fraction indicates that
most of the energy released by the collapse goes into the radial motion of the
intrusion and return flows.

Figure 2.12 shows the potential energy carried away by downward prop-
agating internal waves for each experiment over 2 buoyancy periods given as
a percentage of the APE. Despite the scatter in Figure 2.12, the measure-
ments give a useful order-of-magnitude estimate of the energy extracted by
the waves. The average amount of potential energy imparted to the inter-
nal wavefield from the mixed region is found to be on the order of 2%. This
fraction may be considered an underestimate because it measures only the
energy associated with the transient waves occurring before they reflect from
the boundaries of the tank.

This result is smaller than that found for rectilinear intrusions (Sutherland
et al., 2007) in which almost 10% of the APE was extracted by internal waves
over two buoyancy periods. The fraction of energy extraction is consistent with
a recent study examining internal waves generated by axisymmetric convective
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plumes (Ansong & Sutherland, 2009) for which the energy associated with the
internal waves at the level of neutral buoyancy was around 4% of the plume’s
kinetic energy.

An explanation for the relative decrease in internal wave energy is provided
by examining the relationship between the collapsing fluid and the internal
wavefield. This is mediated by the return flow that moves inward immediately
above and below the intrusion in order to replace fluid lost to the outflow.
The energy imparted to internal waves is governed by the kinetic energy and
ultimately the speed in the return flow which, in turn, is governed by the intru-
sion’s speed. Because mass conservation dictates that the nose of the intrusion
decreases in height as it spreads laterally in an axisymmetric geometry, the
return flow is not as fast as the rectilinear case.

2.5 Discussion and Conclusions

The axisymmetric collapse of a localized mixed region in a stratified ambient
generates an intrusion and excites vertically propagating internal gravity waves
in the underlying stratified fluid. Our analysis suggests that the frequency of
these waves is set by the buoyancy frequency of the fluid and the wavelength
is set by the radius of the mixed patch. Vertical displacement amplitudes are
relatively small and increase as the depth of the patch increases according to
the relation |¢| /(H,,/2) = 0.032 £ 0.002. We found the amount of energy
transported by the waves over two buoyancy periods to be on the order of 2%
of the system’s available potential energy.

In the absence of rotational effects, turbulence, and wind induced currents,
adapting our results directly to oceanic circumstances of storms generating
internal waves is premature, but is the first step towards quantifying the frac-
tion of energy available for deep ocean mixing from the collapsing mixed region
following a moving hurricane. Since the waves scale with the collapsing mixed
region, we can conclude that turbulence within the mixed patch does not con-
tribute to the generation of the measured internal waves. Subsequent energy
considerations are specifically associated with the collapse of the mixed region
as a mechanism for the generation of internal waves which transport energy
to the region underlying the mixed region.

Emanuel (2001) gives a simple example using parameters characteristic of
Hurricane Edouard, which left a cold water wake with a temperature change of
3°C to a depth H,, ~ 50m, and along-track and cross-track lengths of 2000 km
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and 400 km, respectively.

Using the established relationship between the height of the mixed region
and the vertical displacement field, we predict the amplitude of the waves to
be |£] ~ 0.8m. The area traversed by a hurricane is not radially symmetric,
but for predictive purposes we assume that the radius of the mixed patch is
at least as big as half the cross-track dimension, 200 km. Because we found
k, ~ 2/R. we predict that the radial wavelength of the internal waves would
be A >~ 600 km.

Buoyancy frequencies observed in the open ocean can vary from about
0.0008s™! (Pinkel & Anderson, 1997) to 0.009s! (Ladd & Thompson, 2000)
so that the buoyancy period, T}, can range from 10 minutes to over 2 hours.
Since w = 0.8N, corresponding wave frequencies range from 6 x 1074s™! to
72x1073s7L

Liu et al. (2008) estimate that the passing hurricane increases the system'’s
available potential energy at a rate of 0.16 TW so we conservatively assume
that 1017 J of APE contributes to the collapse of the mixed region during the
18 day lifespan of the storm. The amount of energy extracted by the internal
waves in our experiments varied from about 1% — 5% of the system’s available
potential energy which amounts to 10’ — 5 x 10*® J of wave energy over 27,,.
This indicates that 6 x 10° — 4 x 10'2W of power is input to the internal
wavefield from a single moving hurricane over two buoyancy periods. These
values are comparable to the steady and globally distributed power associated
with the tides, but it must be emphasized that wave generation by a hurricane
is a localized and transient event.

Hurricanes occur infrequently and over short time-scales. So a globally
averaged annual estimate of the energy extracted by deep ocean internal waves
provides a more conservative estimate of the influence of hurricane-generated
internal waves relative to those generated by the tides.

There are about 80 tropical cyclones each year (Emanuel, 2001) of which
about 50 develop into hurricane strength storms. Using an annual average,
we find that the power input from tropical cyclones to the internal wavefield
from the collapse of the mixed region ranges from 1 x 10°W to 8 x 10°W. This
result is comparable to Nilsson (1995) 1 GW estimate of the power transported
away, horizontally, by near inertial waves that manifest as undulations of the
thermocline. Because the internal waves in our study propagate vertically,
they would have a more significant impact upon mixing in the oceanic abyss.

By extrapolating the results of our laboratory experiments, we have shown
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that internal waves left in the wake of a moving hurricane can transport a sig-
nificant amount of energy through the stable stratification of the deep ocean
abyss where they may contribute to deep ocean mixing. Because hurricanes
and mixed region collapse evolve on time-scales comparable to the earth’s
rotational period, in the next stage of our research we will extend these ex-
periments by performing them on a rotating table thus simulating the Coriolis
effects.
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Chapter 3

Intrusions in Stratified Fluid
and the Influence of a Uniform
Background Rotation

3.1 Introduction

In this chapter, we present a series of lock-release laboratory experiments that
examine the collapse of a localized cylindrical mixed patch of fluid in both
two-layer and uniformly stratified ambient. They were performed with and
without rotation and focus on the evolution of the intrusion.

Unlike bottom propagating gravity currents, non-rotating intrusions typi-
cally propagated many lock radii at constant speed, sometimes stopping abruptly.
The experiments performed here show that internal waves play a crucial role
in the evolution of the intrusion. For asymmetric cases, the radial advance
of the intrusion was slowed or even halted by interactions with mode-1 waves
launched by the return flow.

Rotation can also limit the maximum distance propagated by the intrusion.
In the two-layer case, rotation caused the patch to periodically release outward
pulses as it approached equilibrium. Whereas, in uniformly stratified fluid, the
oscillatory motion of the patch was relatively smooth.

The experimental set-up and the methods used to analyze the intrusion
speeds are presented in Sec. 3.2 with the results shown in Sec. 3.3. Conclusions
are given in Sec. 3.4.
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3.2 Set-up and Analysis Methods

3.2.1 Experimental Setup

(a) Two-layer (Side and Top View)

PU R.

hu

Hy pc

{b) Uniformly Stratified (Perspective View)

Dy

Figure 3.1: Experiments were performed in a cylindrical tank of height Hr and
inner diameter Dy = 90.7 cm with a hollow cylindrical lock of radius E.. The
tank was filled to a total depth H. (a) The two-layer experiments consisted
of a lower (upper) layer depth hy, (hy) with density pr, (py) and a full-depth
lock, whereas in (b) the uniformly stratified experiments the inner cylinder
was suspended to a partial-depth H..

Figure 3.1 illustrates the laboratory setup for (a) two-layer and (b) uni-
formly stratified experiments. All experiments were performed in a cylindrical
acrylic tank of height Hy = 30.0 cm and inner diameter of Dy = 90.7cm. The
tank was centred on a Geophysical Fluids Rotating Table (Australian Scientific
Instruments) which can rotate at frequencies © between 0.020 and 15.00s™}.
A series of experiments were performed while the tank was stationary and
another series were performed with the fluid rotating initially in solid body
rotation.

A monochrome COHU CCD camera was situated on a metal frame 2m
directly above the centre of the tank to record a top view of the experiments.
From these, time series were constructed showing the radially spreading flow.
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As shown in Figure 3.1(a) the two-layer experiments consisted of a salty
lower layer of density pp and height Ay below a freshwater layer of depth hy
and density py. In all experiments H = hy + hy = 10cm was the total depth
of the fluid.

For the two-layer experiments, a small amount of dye was added along the
density interface. Evenly spaced lines at the base of the tank were used to
establish an accurate coordinate system.

The experiments were performed shortly after the two-layer stratification
was established so as to minimize diffusion across the interface. However, some
mixing did occur during the filling stage and resulted in a typical interface
half-thickness of h, >~ 0.5cm.

A hollow acrylic cylinder of radius K, = 6 cm was then carefully inserted
in the centre of the tank and extended to the full-depth of the fluid. This
formed a lock. The fluid within the lock was mixed so that the density of the
fluid pe was the depth-weighted average density of the background fluid. In
some of the experiments this density was increased or decreased, respectively,
by adding salt or displacing a quantity of fresh water within the cylinder.

A small amount of food colouring was then mixed into the lock to visualize
the intrusion. Density measurements indicated that the dye did not signifi-
cantly affect the density of the lock-fluid. After the turbulence from mixing
the lock-fluid had dissipated the cylinder was rapidly extracted vertically using
a string and pulley system that helped ensure a vertical extraction.

The Reynolds numbers, Re = Uy, H/v, ranged from 2x 103 to 1x10%. In the
rotating two-layer experiments the rotation rates ranged from of = 0.05s7!
to 2 =0.2s71.

Figure 3.1(b) shows the experimental setup for the continuously stratified
fluid experiments. The tank was filled with salt stratified fluid to a depth
H (between 17 cm and 19cm) using the standard “Double-Bucket” technique
(Oster, 1965). For experiments with rotation, the water in the buckets was
allowed to reach room temperature before filling the tank to minimize the
effects of double diffusion during the lengthy spin-up process. Measurements
of the density were taken at several heights to verify that the background
density increased linearly with increasing depth. Linear regression was then
applied to the measurements of the ambient density profile, 5(z), to find the
density gradient. From this we determined the buoyancy frequency, which
ranged from N = 0.53s7! to 2.27s7 L.

For the uniformly stratified experiments, a grid of evenly spaced lines
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placed at the top of the fluid was used to establish the coordinates at the
level of the intrusion by making a simple adjustment for the index of refrac-
tion using Snell’s law.

The value of pc was not measured directly for all of the stationary exper-
iments. So the measured value of H,, was used instead for the non-rotating
cases.

Taking care not to disturb the ambient stratification, a hollow acrylic cylin-
der of radius R, = 5.3 cm was inserted into the centre of the tank and sus-
pended at depth H.. The fluid within the transparent cylinder was then mixed
with a torsionally oscillating mechanical stirrer to a depth H,,, moderately
smaller than H.. To examine the effect of varying the mixed-region depth we
examined a range of experiments with H,, between 2cm and the full-depth of
the fluid, H.

The partial-depth mixed layer, H,,, could be measured visually from side
views before the start of an experiment. To determine H,, more accurately,
measurements were taken of the density of the lock-fluid, p.. In combination
with the measured density profile, pc was used to compute the depth below
the surface zc = H,,/2, at which the intrusion propagated along its level of
neutral buoyancy.

Like the two-layer fluid experiments, the lock-fluid was dyed, mixed and
the cylinder was extracted once the residual turbulence had vanished. A metal
cylinder and rod were used both to suspend and to guide the cylinder during
extraction.

For the uniformly stratified fluid experiments the Reynolds number Re =
NH2? /v ranged from 8.5 x 102 to 7.0 x 10%. In the rotating experiments the
tank was gradually rotated up to a frequency of 0.02 < © < 0.3. Dye lines
ensured the entire volume of fluid was ultimately in solid body rotation. This
spin-up process typically took over 12 hours. Measurements of the density
profile g(z) taken before and after spin-up indicated that the stratification
was not changed during the spin-up process.

In all of the experiments the intrusion moved at near-constant speed, U,
shortly after being released from the lock. Only those experiments in which

the intrusion propagated axisymmetrically were analyzed.
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3.2.2 Theory and Analysis

Lock exchange experiments have been used to study intrusions of uniform
density, pc, in a two-layer ambient fluid with an upper (lower) layer density
pu (pL) of depth hy (hy). The speed of the intrusions may be characterized by
two independent non-dimensional parameters, € and A. The relative density
difference between the intrusion and the average density of the ambient is
represented by

e= e o) (3.1)
PL — PU
where
h ~h
(p) = wpy — ALPL (3.2)

H
is the depth-weighted average ambient density.

The relative difference between the upper and lower layer depths is repre-
sented by

(hu — h)

A=-—nn"t
H

in which H = hy + hy. We explored a range of density configurations charac-

terized by the experimental parameters |A| < 0.667 and —0.237 < € < 0.675.

When ¢ = 0 and A = 0 the intrusion is vertically symmetric and equal

(33)

masses of lock-fluid are transported in each layer. This circumstance has been
studied extensively in laboratory experiments (Holyer & Huppert, 1980; Brit-
ter & Simpson, 1981; Lowe et al., 2002). Following the approach of Benjamin
(1968), Holyer & Huppert (1980) made the first prediction of intrusion speeds
in vertically symmetric cases with ¢ and/or A non-zero. However, Sutherland
et al. (2004b) found that the theory was in agreement with their experiments
for intrusions only if ¢ = 0. If ¢ differed moderately from zero, the theory
significantly underpredicted the speeds.

When € # 0 the interface ahead of the intrusion was depressed or elevated
by the intrusion. This generated a long interfacial wave that propagated ahead
of the intrusion. Cheong et al. (2006) made a prediction of the front speed
in the case where ¢ = 0 by considering the energy associated with each layer.
Observing that an internal wave moving ahead of the intrusion modified the
front condition for the intrusion, Flynn & Linden (2006) independently derived
a prediction of the speed in the more general case of arbitrary €. Recasting
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the formula for the speed in terms of € and A gives

1
Uy = Z\/g'H\/ 1 — A? +4Ae (3.4)

where g’ = (pL — pu)/po.
Ungarish (2006) used shallow water theory to predict the speed of gravity

currents beneath uniformly stratified ambient. However, by requiring the flow
to be hydrostatic, the theory could not be extended to intrusions which excite
non-hydrostatic internal waves Munroe et al. (2009).

Following the approach of Cheong et al. (2006), Bolster et al. (2008) pre-
dicted the speed of intrusions in uniformly stratified fluid with buoyancy fre-
quency N = \/(-g/po)(dp/dz) where p is the background density profile. Their

formula was recast in terms of € by Munroe et al. (2009) to give

1 / 1
=-N 24 - .
Un 1 H\ /3¢ +4 (3.5)

Here ¢ is given by equation (3.1) where pp corresponds to the density at
the bottom and py corresponds to the density at the fluid surface and (p) is
the average of the two densities.

In partial-depth lock-release experiments (Sutherland et al., 2007) in uni-
formly stratified fluid the intrusion was found to evolve as if released from a
full-depth lock in a tank of depth H,, in which H,, is height of the mixed
lock-fluid. Taking € =0 and H = H,, in equation (3.5), the speed is given by

1
UNp = gNHm. (3.6)

This result agrees with the experimentally determined Froude number (Suther-
land et al., 2007) of U/NH,, = (0.13 £ 0.02).

An example of a vertically symmetric intrusion moving along a sharp inter-
face in a two-layer fluid (e = 0, A = 0) is shown in Figure 3.2. The top view
in (a) shows that the radially spreading intrusion shortly after release from
the lock remains nearly axisymmetric. The time series in (b) is constructed
across the diameter in the z-direction. This clearly shows the advance of the
intrusion head at near-constant speed for at least 6 lock radii.

Figure 3.2(b) also illustrates how the position of the intrusion head was
tracked as it advanced in time. Linear regression was used to obtain a mea-
sure of the near-constant speed as the slope of the line shown. Slopes were
computed on both sides of the time series. These slopes were then averaged

with slopes measured from another time series taken across the diameter in

37



{(a) Top View {b) Time Series (y=0)

t[s}

7 [em]

Figure 3.2: Two-layer experiment with A = 0,¢ = 0, p, = 1.0504g/cm3,
pc = 1.0248 g/cm?® shown from (a) the top view taken when ¢ ~ 10s and (b)
as a time series constructed across the diameter in the z-direction. The slope
of the white line shown gives the speed, U, of the current.

the y-direction. The standard deviation amongst these values was used as an
estimate of the error in measurement.

The Rossby number describes the relative importance of inertia and rota-
tion and is given by

Ro = Lp/R. (3.7)

where R, is the radius of the cylindrical lock. Lp is defined by equation (1.4)
and the characteristic velocity, U, used for the two-layer and uniformly strati-
fied cases was taken from equations (3.4) and (3.5) respectively, with equation
(3.6) being used for partial-depth lock-release experiments. Accordingly, Ro is
defined a priori, in terms of the independent experimental parameters, rather
than from measured quantities. For Ro >> 1 inertial forces dominate and the
adjustment of the patch is expected to behave similarly to the non-rotating
case. However, for small values of the Rossby number, Ro <« 1, the current
is expected to be influenced by rotation during the slumping phase and then
rapidly adjust to geostrophic balance.
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Figure 3.3: Time series taken from non-rotating experiments in a two-layer
fluid with H = 10cm, R, = 6cm, and (a) h, = 2.5cm, pr, = 1.1047 g/cm?,
pc = 1.0248g/cm®, (b) hy = 5cm, pp = 1.051 g/cm?, pe = 1.0375g/cm?, (c)
hy =2.5cm, p;, = 1.1047g/cm?, pc = 1.0781 g/cm?.

3.3 Results

3.3.1 Non-rotating Experiments

For all the non-rotating experiments, the cylindrical gate was extracted and the
lock-fluid collapsed spreading radially outward. Simultaneously return flows
above and below the intrusion’s head moved inward to replace the lock-fluid.
The intrusion propagated outward at near-constant speed for a distance of at
least 1.5 lock radii and, for the vertically symmetric two-layer experiments,
often exceeded 7 lock radii. In the two-layer experiments the duration of the
constant speed regime depended on the parameters ¢ and A.

Time series for distinct ¢ and A cases are shown in Figure 3.3. As in
the vertically symmetric case shown in Figure 3.2 when ¢ = 0 and A # 0
(Figure 3.3(a)) the intrusion propagated radially at near-constant speed until
impacting the side wall of the tank.

When € # 0, A = 0 the intrusion stalled after propagating a short distance
from the lock, slowing to the point of almost stopping. Then it accelerated
once more and propagated outward until it impacted the tank wall. This
stalling behaviour is indicated by the black arrow in the time series in Figure
3.3(b).

When ¢ # 0 and A 5 0 the intrusion’s behaviour was remarkably different,
as shown in Figure 3.3(c). The intrusion propagated at near-constant speed
a relatively short distance from the lock and then rapidly came to a halt. In
some experiments, the intrusion stalled temporarily after propagating some

distance from the lock, but then accelerated again moving a short distance
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again before stopping.

As in the corresponding rectilinear intrusion study (Sutherland et al.,
2004b), the qualitative features that distinguish the various cases are explained
by considering interactions of the intrusion with interfacial waves. When ¢ = 0,
a mode-1 interfacial wave is not efficiently excited ahead or behind the intru-
sion. Instead, a mode-2 interfacial wave surrounds the intrusion head and
carries it forward at constant speed even as the head height decreases (McMil-
lan & Sutherland, 2010). The stalling and stopping of the intrusion in cases
where € # 0 is attributed to interactions of the intrusion with a mode-1 in-
terfacial wave launched by the return flow that enters the lock at different
speeds above and below the interface. This vertically asymmetric forcing of
the interface launches a large amplitude mode-1 wave that catches up with the
intrusion head and stops it.

Figure 3.4 shows the measured intrusion speeds plotted as a function of the
theoretically predicted speed, Usy, given by equation (3.4). Experiments were
distinguished according to A and ¢, as indicated by the legend. The dashed
line, U = UL, shows that the speeds predicted for rectilinear intrusions were
higher than the measured speeds for all of the experiments. Applying linear
regression revealed that U = (0.72 £ 0.04)Us;, . The standard error in slope
may be deceptively small as a consequence of requiring the fit line to pass
through zero so the root mean squared error (RMSE) is also reported. The
root mean square error is given by RMSE = \/(y_—m_ = +0.54 where U
is the experimentally determined value and y is the value obtained through
linear regression.

An example of a continuously stratified experiment is shown in Figure 3.5.
The partial-depth mixed region in the lock collapsed after the cylinder was
extracted moving along the level of neutral buoyancy at a depth of zc ~ H,,/2
below the surface of the fluid. The intrusion head thinned as it propagated out
radially, moving at near-constant speed for approximately 3R, before rapidly
stopping.

Figure 3.6 shows the measured intrusion speeds plotted against the theoret-
ical intrusion speed, Uyp, given by equation (3.6). The dashed line, U = Uyp,
shows that rectilinear theory consistently over-predicted the speeds. The slope
of a best-fit line passing through the origin gives U = (0.69£0.04)Ux, (RMSE:
+0.18). This value is consistent with the slope found for axisymmetric intru-
sions in non-rotating environments, (Holdsworth et al., 2010) but is signifi-
cantly smaller than the value U ~ 1.04Uy, measured for rectilinear intrusions
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Figure 3.4: The measured speeds U plotted against the theoretical speeds Usy,
predicted by equation (3.4). Experiments were categorized according to values
of € and A as indicated by the legend. The line U = Usy, is plotted and shows
that on average the observed speed of the intrusion was less than the speed
predicted by rectilinear theory. A characteristic vertical error bar is shown in
the lower left corner of the plot.

(a) Top View (b} Time Series (z = 0)
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Figure 3.5: Intrusion in uniformly stratified fluid shown from (a) the top view
taken when t ~ 4s and (b) as a time series constructed across the diameter
in the y-direction. The partial-depth lock-release experiment had H,, = 8cm,
N =16s"!and R, =5.3cm.

41
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Figure 3.6: The measured speeds U are plotted against the theoretical speeds
given by equation (3.6). Rectilinear theory overpredicts the speed of the out-
going intrusion which is shown by the plotted line U = Uyp.

(Sutherland et al., 2007) generated by the collapse of a mixed region in strat-
ified ambient.

The distance over which the intrusion decelerated to a halt was relatively
short and a self-similar regime was not evident. Typically, Ry,.x was between
1.5R, and 4R,. Even for full-depth lock-release experiments in uniformly strat-
ified fluid (H,, = H) the intrusion did not impact the side walls of the tank.
Some lateral oscillations were exhibited by the patch and were attributed to
interactions of the intrusions with internal waves excited ahead of the intru-
sion reflecting off the tank side walls as well as by internal waves generated by
the return flow into the lock. However, the stopping distance was attributed
to the return flow into the lock launching interfacial waves that caught up to
the intrusion head. These dynamics were observed in a rectilinear geometry
by Munroe et al. (2009).

Figure 3.7 shows that the stopping distances were within error of the esti-
mate, R*, predicted through extension of Munroe et al. (2009) who considered
the time for a mode-1 wave launched by the return flow into the lock to catch
up to the radial front of the intrusion. The wave was assumed to travel at
speed ¢ = NH,,/n and traversed a distance Rpyax + 2R, before reaching the
front.

Because the geometry of the experiments did not allow us to capture ver-
tical cross-sections of the flow evolution, we implemented a fully non-linear
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Figure 3.7: The distance from the edge of the cylindrical lock, R, plotted
against the height of the mixed region, H,,. The measured stopping distance
of the intrusion, Ryax, compared with the distance at which a mode-1 internal
wave catches up with the front of the intrusion, R*.

numerical simulation to examine the internal wave catching up with the front
of the intrusion. The code, described by McMillan & Sutherland (2010) (Ap-
pendix B) solves the Navier-Stokes equations in cylindrical coordinates by
approximating spatial derivatives with second order finite difference and time
stepping with the leapfrog method. At the free-slip boundaries the no normal
flow condition is imposed.

Figure 3.8 shows six snapshots taken over two buoyancy periods of a simu-
lation that was initialized with the same parameters as the experiment shown
in Figure 3.5. At ¢t = 1.6s the black arrows highlight the motion of the re-
turn flow which sets the amplitude of the internal wave at the depth of the
intrusion. In the subsequent images the black arrows indicate the motion of
the internal wave launched by the return flow and which catches up to and
stops the advance of the intrusion head. The time at which the wave arrives
at the front of the intrusion appears to coincide with the intrusion reaching
its maximum radius of propagation.

3.3.2 The Effects of Rotation

The qualitative nature of the collapse was noticeably different in the rotating
experiments. For all experiments with significant rotation, after the initial

“slumping phase,” which occurred relatively quickly, the intrusion propagated
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Figure 3.8: Cross-section of a passive tracer field constructed from a numerical
model of the experiments in Figure 3.5. The grayscale represents the concen-
tration and black arrows highlight the formation and subsequent motion of
the interfacial wave.
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Figure 3.9: Time series taken from rotating experiments in a two-layer
fluid with Q@ = 02s™!, H = 10cm, R, = 6cm and (a) H, = 2.5cm,
pr = 1.0254g/em®, pc = 1.0186g/cm?® (b) H = 5cm, pr = 1.0254g/cm?,
pe = 1.0186g/cm?®, (c) Hy, = 2.5cm, py = 1.0254 g/cm®, pc = 1.0050 g/cm?.
In (a) the oscillatory period, T, measured as the time between the first and sec-
ond outward pulse and the maximum radius of propagation, R., are shown.

out at near-constant speed, rapidly decelerated and, unlike non-rotating cases,
reversed directions.

Time series taken from typical two-layer rotating experiments are shown
in Figure 3.9. The experimental parameters were chosen to be similar to
those of the non-rotating experiments in Figure 3.3. For each plot, the Rossby
deformation radius Lp and the radius of the cylinder R, is indicated on the
right hand side.

Figures 3.9(a) and 3.9(b) show experiments where either ¢ = 0 or A = 0.
Unlike the non-rotating equivalents shown in Figure 3.3, the rotating intrusion
did not impact the side wall of the tank. Instead, the direction of flow reversed
abruptly. In the cases for which ¢ and A were both non-zero (Figure 3.9(c)) a
longer period of deceleration was apparent from the time-series.

The two-layer experiments explored moderate values of the Rossby number
(Ro 2 1) so that the intrusion propagated outward at near-constant speed for
a measurable distance before being affected significantly by rotation. Accord-
ingly, rotation was not expected to influence the initial speed of the intrusion.

The measured speeds are plotted against Usp in Figure 3.10. The dashed
line, U = Uy, shows that rectilinear theory over-predicts the speed of the
intrusions. A best-fit line passing through the origin gives U = (0.68+0.03)U;L
(RMSE: +0.33), comparable to that measured for non-rotating cases.

The distance, Rpyax, over which the intrusion propagated before the decel-
eration began and the flow changed direction is illustrated by white vertical
bars in Figure 3.9(a); it is the radial distance traversed by the intrusion from
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Figure 3.10: For the two-layer rotating experiments, the measured speeds U
are plotted against the theoretical speeds Usy, given by equation (3.4). Exper-
iments were separated according to values of € and A as shown in the legend.
The line U = Uy, is plotted and shows that for all cases the observed speeds
were less than the predicted speeds. A characteristic vertical errorbar is shown
in the lower left corner of the plot.

Rotating, two-layer fiuid
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Figure 3.11: For the two-layer rotating experiments, the maximum distance
propagated by the intrusion, Ry, (illustrated in figure 3.9) is normalized by
the Rossby deformation radius, Lp given by equation (1.4) and plotted against
the Rossby number given in equation (3.7).
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Figure 3.12: The top view of a rotating full-depth lock-release experiment in
uniformly stratified fluid after (a) one, (b) two, and (c) three buoyancy periods.
In this experiment H = 17.5cm, Q = 0.3s7!, N = 2.27s7!

the inner edge of the cylindrical lock.

Figure 3.11 shows a non-dimensional plot of Ryax/Lp against Ro. For
Ro 2 2, Ryax < Lp. However, for Ro < 2 we found that 1 < Ry./Lp < 2.
This is a smaller ratio than that observed for gravity currents propagating
beneath uniform ambient (Hallworth et al., 2001)

Visually tracking the concentration of dye in Figure 3.9 revealed regular
pulsations of the intruding fluid. The dye initially concentrated in the lock
moved outward after the release of the lock becoming less concentrated before
reaching Rpnax. Then the dye appeared to collect near the centre of the tank
once more and the second outward pulsation began.

The front of this second pulsation moved outward toward Rj.x at near-
constant speed, often overshooting Ry by a short distance. The pulsations
continued as the patch adjusted to the steady state. But the dye lines gradually
blurred and became more difficult to track.

The intrusion behaved in a qualitatively similar manner to a gravity cur-
rent. The lens-shaped bulk of fluid expanded and contracted as it released
outwardly propagating pulses. By averaging over the time between successive
pulses Hallworth et al. (2001) found w = 1.05f.

The time from the beginning of the experiment to the first outward pulse T,
is illustrated in Figure 3.9(a). In experiments for which 7, could be measured
the corresponding frequency w, = 2w /T, was found to increase as the rotation
rate of the fluid increased so that w, = 2.8f, significantly higher than that
observed for bottom propagating currents.

In the uniformly stratified experiments, the adjusting patch formed a lens-
shaped structure that alternatively expanded and contracted vertically and
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Figure 3.13: Time series taken from rotating experiments in continuously strat-
ified fluid for increasing magnitudes of the Rossby number Ro = Lp /R, with
N ~ 155!, R. ~ 5cm (a) H,, = 7.5cm, 2 = 0.3s7! (b) H,, = 12.7cm,
Q=0.1s5"! and (c) H,, = 14.9cm, Q = 0.03s™*. The oscillatory period T; is
illustrated in (a) and is measured as the time between the beginning of first
and second expansion.

horizontally. The top views shown in Figure 3.12 were taken from a full-depth
lock-release experiment. In Figure 3.12(a) one buoyancy period had passed and
the intrusion front advanced in spokes. After two buoyancy periods (Figure
3.12(b)) the finger-like tendrils at the leading edge wrapped around the patch
as it contracted anticyclonically to form an outer spiral structure. After three
buoyancy periods (Figure 3.12(c)) the lens had expanded again and over longer
times was observed to oscillate laterally as the lens rotated anticyclonically.

Particles that were placed on the surface of the lock-fluid at the start of
the experiment revealed, as expected, that the ambient above the collapsed
mixed layer rotated cyclonically.

Figure 3.13 shows radial time series for three experiments with increas-
ing values of the Rossby number. The intrusions propagated out radially at
near-constant speed for about one buoyancy period. Compared with the non-
rotating experiments (e.g. see Figure 3.5) the initial near-constant speed phase
lasted for a shorter time and the intrusion traversed a shorter radial distance.

Figure 3.14 shows the measured speeds plotted against the theoretical rec-
tilinear speeds as defined in equation (3.6). The dashed line, U = Uyp, shows
that the theory over-predicted the speeds. Consistent with the non-rotating
case, U = (0.68 £ 0.04)Uxp (RMSE £0.16). Dominated by inertial forces,
rotation did not effect the intrusion speed during the initial collapse phase.

In the absence of rotation we saw that the advance of an asymmetric in-
trusion stopped as a consequence of interactions with internal waves. Rota-
tion additionally influenced the stopping distance for small Rossby numbers
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Figure 3.14: For the rotating uniformly stratified experiments the measured
speeds U are plotted against the speeds predicted by equation (3.6). The line
U = Uyp is plotted and shows that for all cases the measured speed was less
than the predicted speed.

(Ro < 1); in some cases, stopping at distances less than one lock-radius.

The time series shown in Figure 3.13 compares the stopping distance, Rpax,
to the Rossby deformation radius, Lp. The radius of the cylinder, R,, is indi-
cated on the right hand side. For Ro = 0.5 (Figure 3.13(a)) a relatively short
period of near-constant speed was observed. When Ro = 2.8 (Figure 3.13(b))
the near-constant speed phase lasted longer. The time series clearly shows the
oscillatory motion of the patch as it geostrophically adjusts. Increasing the
Rossby number even further to Ro = 9 (Figure 3.13(c)) resulted in an intru-
sion that behaved more similarly to the non-rotating case. The deformation
radius extended beyond the radius of the tank and so the intrusion stopped
moving well before the Coriolis effect could impact its motion.

For the range of Rossby numbers tested in our experiments R,.x was be-
tween 0.7R. and 3R,. The relationship between R../Lp and Ro is shown
in Figure 3.15. For Ro < 1, Ryax/Lp € (1,3). The intrusions overshot the
equilibrium position as it geostrophically adjusted. In agreement with Stuart
et al. (2011) the graph shows that the maximum radius of propagation scaled
with the Rossby deformation radius for small Rossby numbers (Ro > 1). For
values of Ro 2 2 the predicted deformation radius was much larger than the
recorded stopping distance since Lp — oo as f — 0.

The counter-rotation of the intrusion can limit Ry., (Ungarish & Huppert,
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Figure 3.15: For the continuously stratified rotating experiments, the maxi-
mum distance traversed by the intrusion, Rumay, (illustrated in figure 3.13) is
normalized by the Rossby deformation radius, given by equation (1.4), and
plotted against the Rossby number, defined by equation (3.7).

2004), but the associated theory for an axisymmetric intrusion (Ungarish,
2009) which does not account for the influence of internal waves, over-predicted
the stopping distance by a significant factor even for experiments with large
Rossby numbers. The stopping distances were more accurately predicted by
considering direct interactions of the intrusion with internal waves (Munroe
et al., 2009).

The top views in Figure 3.12 and the time series in Figure 3.13 clearly
demonstrate the oscillatory behaviour of the patch. These oscillations create
a wave-like pattern in the time series. The time to the first trough, 7;, (shown
in Figure 3.13(a)) decreased as the frequency of rotation increased.

The experiment shown in Figure 3.13(b) has a comparable Rossby number
to the two-layer experiments shown in Figure 3.9. In the two-layer experi-
ments the patch pulsated in a series of outward bursts, while in the uniformly
stratified experiments the oscillations were relatively smooth and the second
dilation of the patch was much shorter.

3.4 Discussion and Conclusions

The initial speeds of intrusions generated by the collapse of a uniform density
patch in stratified fluid were found to be 65-70% of those predicted by recti-
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linear theory. In both two-layer and uniformly stratified fluids rotation had
no significant influence on the speed of the intrusions during the initial stage
of collapse for both types of stratifications.

In no experiments did we observe the characteristic features of the self-
similar regime predicted for and observed in bottom propagating gravity cur-
rent experiments. In the non-rotating two-layer experiments the intrusion
propagated at constant speed beyond 7R, if ¢ = 0. For experiments with
¢ # 0, as a result of breaking vertical symmetry a mode-1 interfacial wave was
efficiently excited by the return flow into the lock. This caught up with the
propagating intrusion, stalling or even halting its advance. In all the uniformly
stratified experiments the intrusion, which propagated more slowly than both
mode-1 and mode-2 internal waves, stopped abruptly without reaching the
tank wall. In vertically symmetric cases the intrusion halted by losing energy
to the mode-2 wave that moved ahead of it. In asymmetric cases, just as in
the two-layer cases, the return flow dominantly excited a mode-1 wave that
was responsible for its relatively short stopping distance.

Rotation further limited the maximum propagation distance of the intru-
sions. Stopping distances were shorter for the rotating experiments as com-
pared to the non-rotating cases for small Rossby numbers (Ro < 1). The
stopping distance of the intrusion was a maximum of three times the Rossby
deformation radius which is smaller than that observed for bottom propagat-
ing gravity currents (Hallworth et al., 2001). For larger Rossby numbers the
deformation radius extended beyond the radius of the tank and the stopping
distance of the intrusion was influenced by interactions with the generated
internal waves.

In the two-layer rotating experiments the patch periodically exhibited out-
ward pulsations. Whereas, in the continuously stratified case the adjusting
lens oscillated more smoothly about an equilibrium radius. The frequency of
the oscillation of the patch increased as the rotation rate increased, but the
frequency was difficult to measure accurately.

Due to restrictions of the experimental setup, this study focused upon in-
trusions released from locks with aspect ratios R./H,, < 1. In simulations
not reported upon here it was found that the intrusion speed increased with
R./H,, asymptoting for R./H,, 2 2 to constant values consistent with those
observed in rectilinear geometries. It is anticipated that gravity currents and
intrusions emanating from locks of sufficiently large radius should initially have

the speed of rectilinear intrusions; the small curvature of such locks should not
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influence the evolution of the slumping fluid as it approaches steady state. It
is surprising that intrusions emanating from locks with aspect ratios of order
unity should propagate at constant speed for distances longer than 7R.. The
generation of internal waves and subsequent interactions must play a role in
establishing the steady state speed. However existing theories are not read-
ily adapted to capture these dynamics: Benjamin’s theory assumes steady
state from the outset and so ignores wave generation and transience associ-
ated with the collapse of a cylindrical patch of fluid; shallow water theory
ignores effects associated with the generation and evolution of large ampli-
tude, non-hydrostatic waves. Clearly more work remains to be done in theory
and experiment.
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Chapter 4

The Axisymmetric Collapse of a
Mixed Patch and Internal Wave
Generation in Uniformly
Stratified Rotating Fluid

4.1 Introduction

In this chapter, the axisymmetric experiments presented in Chapter 3 investi-
gating mixed region collapse are reconsidered, but with the fluid in solid body
rotation. Numerical simulations are also performed. Like the non-rotating
case, the collapse excited downward propagating internal waves that have the
potential for mixing in the abyss. We are particularly interested in estimating
the energy transport due to these waves. So the conical wavefield was analyzed
with synthetic Schlieren to determine the frequency, radial wavenumber, and
the maximum vertical displacement due to the waves.

After verifying that the numerical model could reproduce the experimental
data, we performed a series of simulations that extended the parameter range
to those more relevant to the ocean. Specifically, we examined how the aspect
ratio of the lock changed the dynamics of collapse and its affect on the energy
transport by internal waves. Independently, for a fixed lock aspect ratio, we
explored the dependence of the collapse on the Rossby number.

Our investigation of downward propagating internal waves in uniformly
stratified rotating fluid leads to several formulae that describe the relationship
between the initial conditions and the properties of the waves. These formulae
are then used to make an order-of-magnitude estimate of the power input from
a moving hurricane to the internal wave field through the collapse of the mixed
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region it generates.

The experimental setup, numerical model and analysis techniques are de-
scribed in section 4.2. The results for both the experiments and the numerical
model are presented in section 4.3. Finally, we extend our results to oceanic
scales and conclude in section 4.4.

4.2 Set-up and Analyses

4.2.1 Experimental Setup and Analysis Methods

Experiments were performed on a Geophysical Fluids Rotating Table (Aus-
tralian Scientific Instruments). We used a square tank (measuring L = 50 cm
on each side) for best results from the synthetic Schlieren analysis technique.
The experimental setup is shown in Figure 4.1. A Schlieren image screen of
black and white horizontal lines was attached to the back of the tank and
illuminated by a fluorescent-light-sheet secured directly behind it.
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Figure 4.1: Schematic diagram of the experimental apparatus situated on a
rotating table. A mirror was a distance of L,,; from the tank and L., below
the camera. A cylindrical lock of radius R, was inserted to a partial-depth H,
in the square tank (L = 50cm).

The method of synthetic Schlieren was described in Chapter 2. It is the
same method used by Holdsworth et al. (2010) to derive the change in the
squared buoyancy frequency due to the waves AN?(r, z,t) = -(g/po)0.p and
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its time derivative, N?. The details of this method were described in section
2.2 and are illustrated by Figure 2.3.

Three experiments were performed using the same experimental apparatus
shown in Figure (4.1) but with the image screen replaced by a random pattern
of dots. These experiments verified that the wave characteristics determined
by synthetic Schlieren were not biased by using an image screen of horizontal
lines.

The videos of distortions of random dot images were analyzed using open-
source software for advanced imaging velocimetry called “uvmat”. The soft-
ware implemented a method called Correlation Image Velocimetry (CIV) that
relies on direct cross-correlations between image pairs of pattern boxes to track
particles . Like synthetic Schlieren with lines, CIV involves tracking apparent
displacements of the image screen. However, CIV measures horizontal as well
as vertical displacement. A series of image correlations were performed for
each pair of frames to track the movement of the dots. Thus, intrusion front
velocities were determined by finding particle displacements between images
At = 0.067 s apart. In practice, however, using the screen of dots resulted in a
noisier NV? field than the screen of horizontal lines which made measurements
of the amplitude difficult. Therefore, with the exception of three experiments
from which w and k, were determined, the rotating experiments presented here
were analyzed with synthetic Schlieren using horizontal lines.

To ensure the Sony DCR-TRV6 CCD camera was far enough away that it
received a nearly parallel distribution of light passing through the tank, it was
mounted above and to one side of the tank pointing downward toward a mirror
angled 45 degrees from the horizontal. The light travelled a total distance of
Lon + Ly = 165 cm from the near-side of the tank to the camera lens after
reflecting off the mirror (see Figure 4.1).

The “Double-Bucket” technique (Oster, 1965) was used to fill the tank
with linearly stratified fluid to a total depth of H ~ 40cm. Before filling
the tank the water in the buckets was allowed to reach room-temperature to
prevent any vertical temperature gradients from interfering with the experi-
ment. Point measurements of the density were used to construct a vertical
density profile of the ambient 5 from which the constant buoyancy frequency
N = \/W was found. For all the rotating experiments presented
here, N ranged from N = 1.57s7! to 1.77s7L.

A hollow acrylic cylinder of radius R, = 5.3 cm was suspended above the

centre of the tank and extended down from the surface of the fluid to a partial-
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depth of H. between 5.2cm and 15cm. The fluid within the cylindrical lock
was then mixed with an oscillating mechanical stirrer until the density was
uniform to a depth H,,, moderately smaller than H.. We added a small amount
of dye to the lock to visualize the intrusion, but it did not significantly affect
the density of the lock-fluid. Density measurements of the lock-fluid, pi, were
recorded and used to verify the depth of neutral buoyancy below the surface,
Hp./2.

Over a period typically lasting 12 hours or more the entire system was
then allowed to “spin-up” so that the ambient and lock-fluid were co-rotating
at a constant rate €2 in the counter-clockwise direction. When the table began
rotating turbulence was expected within the tank especially near the corners;
if the magnitude of spin-up was too large then the stratification could become
non-linear.

Several test experiments were performed in which the stratification was
measured before and after spin-up to ensure that the linear stratification was
not significantly altered by the spin-up process. Different coloured dye was
added layer by layer while the tank was filling. Once filled, the water in
the tank appeared as a column of evenly spaced horizontal dye-lines. When
rotation was initiated isopycnal surfaces were disturbed and turbulent mixing
began in the tank corners. From the top view, the dye was observed to spin
into five distinct vortices: one larger vortex in the centre and four smaller
ones in each of the corners. After 12 hours, the dye lines had blurred, but
the individual dye-lines were still easy to distinguish. Point measurements of
the density were taken at a range of vertical positions to determine N before
and after the spin-up, confirming that the density stratification was negligibly
affected by spin-up.

Rotations rates varied from 0.03s7! to 0.45s7!. Accordingly, the Rossby
numbers, defined by Ro = U/fR, with U = %N H,,, being the predicted speed
of a rectilinear intrusion (see fig. 3.6), ranged from Ro = 0.3 to Ro = 5.6.

An experiment began after the fluid in the tank reached solid body rotation.
The cylindrical lock was rapidly extracted vertically releasing the lock-fluid
into the ambient. The camera recorded a side view of the experiment and its
impact on the ambient.

An example of a rotating experiment is shown in Figure 4.2 at times 27}
and 3T, after the cylinder was extracted, where T, = 27 /N is the buoyancy
period. The Schlieren image screen of black and white lines is visible in the
background of each image and visual markers (small black dots) placed at the
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Figure 4.2: Side view of the tank after (a) 27} and (b) 37, . Below each
image the N2 field the corresponding N7 field is shown ((c), and (d)). The
experimental parameters are N = 1.77s™!, H = 40.6cm, H,, = l4cm, f =
0.502s7!. Note: the surface is situated 5.6cm above the top of the frames
shown.

near and far side of the tank were used to set the world coordinates at the
mid-point of the tank. The column of mixed fluid collapsed vertically form-
ing an intrusion at the depth where it was neutrally buoyant, approximately
H,,/2 below the surface. Like the non-rotating experiments, immediately after
the experiment began the lock-fluid thinned as it spread radially (Figure 4.2
(a)). But, instead of halting due to interactions with internal waves, the intru-
sion reversed directions wrapping anti-cyclonically into a lens-shaped vortex
(Holdsworth et al., 2012a). As the patch contracted radially it was observed to
thicken (Figure 4.2 (b)). This process repeated periodically until equilibrium
was reached.

Taking the time derivative of the AN? field has the advantage of filtering
slowly evolving perturbations excited during the initial collapse and enhancing
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changes due to internal waves which occur over relatively fast time-scales.
Figure 4.2 shows an example of the N? field computed from successive frames
At = 0.03s apart after (¢) 27, and (d) 37,. Since the experiments were
assumed to be azimuthally symmetric, the N? field was found for r > 0 and
reflected about z = 0 to obtain the full field as shown in the figure.

Reynolds numbers for the intrusion, defined by Re = N H2, /v, ranged from

! and

3.3 x 10% to 4.4 x 10*. Instead using a wave-based time-scale of T = w™
a characteristic length scale of L = k' the Reynolds number for the internal
waves ranged from 1.2 x 10? to 6.3 x 102. For Re this large, viscosity did not
play a significant role in the evolution of the flow over the relatively short time

scales during which the waves were analyzed.

4.2.2 Theory and Analysis

In most of our analyses of the internal waves, we examined radial time series
of the N? field, which was measured directly by synthetic Schlieren. This field
is related to all other quantities of interest through the polarization relations
for axisymmetric internal waves listed in Table 4.1 that were derived from the
Navier-stokes equations given by (4.7).

In particular, the downward propagating internal waves were measured
and analyzed from the N? field at a fixed vertical level z just below the mixed
region. From a radial time series, N? is Fourier-Bessel decomposed according
to

N M
NEr,t) =D > Aga(kn, wm)Jo(kar)e™mt. (4.1)
n=0 m=0

in which it is understood that the actual field is real part of the right-hand side
expression. The radial wavenumber k, = o, /R is given in terms of the zeroes
o of Jo(r) and the tank half-width R = L/2. The corresponding frequency is
wm = (2n/T)m where T is the duration of the time series. For each k, = k,
and w = wp,, the vertical wavenumber, k., can be deduced from the dispersion
relation

k2 k2
k2 + k2 k} + k2
=N2%cos?6 + f%sin?4,

w2 =N2 + f2

(4.2)

where the angle 8 of constant-phase lines to the vertical is given in terms of
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Structure Relation to

Ae
£ = %Ang(krr)ei("’z‘“t) + cc
’d) = %Ale(krT)ei(kzz-wt) + cc Aw =
LW
-’L-k—AE
Nt2 — %AN%JO(kTT)ei(kzz—wt) + cc AN; —
—kZQ)NQAg

w= %AwJo(krT.)ei(kzz-wt) + cc Ay = -iwAg

v=iAh(kr)e® st e A,
=-fr- A

p= M) e 4, =
Wk,
iPo 2 Ag

Table 4.1: Polarization relations for the vertical displacement (&), streamfunc-
tion (1), time change in the perturbed squared buoyancy field (N?), verti-
cal velocity (w), radial velocity (u,), and pressure fields (p). The vertical

N? — 2
wavenumber is given by k, = k, EE——f— Here cc denotes the complex
conjugate.
w, N, and f by

1, <2w2——(N2+f2)).

6 = = cos N2 (4.3)

As the collapse of the mixed region began, columnar undulations formed
directly beneath the lock-fluid. In the absence of rotation, potential energy was
rapidly converted to kinetic energy and the columnar motion decayed quickly.
However, in solid body rotation the columnar motion persisted as the mixed
region repeatedly expanded and contracted while undergoing geostrophic ad-
justment.

Figure 4.3 (b) shows the normalized radial times series extracted from the
N field for the experiment shown in Figure 4.2. For comparison, a normalized
radial time series taken from a non-rotating experiment with similar initial
conditions is shown with the same color-scale in Figure 4.3 (a). Ignoring the
discrepancies duc to image resolution, there are obvious qualitative difference
between the figures. In both cases, the highest amplitudes occurred near r = 0.
Because the phase lines are nearly horizontal directly beneath the collapsing
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Figure 4.3: Radial times series of the N? field normalized by N3 for an
experiment from the non-rotating study Holdsworth et al. (2010) with (a)
N = 1.53s7!, H = 45cm, H,, = 14cm, and (b) rotating experiment with
similar parameters N = 1.77s™}, H = 40.6cm, H,, = l4cm, f = 0.502s7!.

patch, the region directly beneath the former location of the cylindrical lock
was excluded from our analysis of the wave properties.

Wave characteristics were determined by averaging results measured from
the radial time series over three heights at 2o — Az, 29, and 2y + Az where
2o is taken between 5 and 15cm below the mixed region and Az = 0.18 cm.
At each of the heights the N? field was truncated from 77 (when the internal
waves were just starting to pass through that height), over an integer number
of buoyancy periods to T, = T + n.7T;. For the experiments, the extraction
of the cylinder caused the entire experimental apparatus to vibrate for a few
seconds after the release of the cylinder. To avoid measuring these vibrations
we chose T} = 2T;,. After about 30s, the internal waves began reflecting off
the side walls leaving a narrow window of time in which to measure the waves.
For this reason, we chose n, = 2.

Wave frequencies were determined from radial and vertical time series using
the same technique used by Holdsworth et al. (2010); a detailed description is
presented in Chapter 2. At a fixed r, the Fourier transform was applied to the
N? field and a parabola was fit to the power of three frequencies about the
peak. The location of the maximum of the resulting parabola was taken to be
the central frequency, w,. Averaging central frequencies determined from all
radial and vertical time series resulted in a single characteristic frequency, w,.

60



The standard deviation provided an estimate of the error.

Radial wavenumbers are defined by k, = 27w /A., where A, is the radial
wavelength. As described in Appendix C, radial wavelengths were estimated
by applying the continuous wavelet transform to radial time series of the N}
field
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Figure 4.4: (a) The amplitude of a radial slice of £ at 2z, = H — H,, —5cm and
t, = T} for a simulation with the same parameters as the experiment shown in
Figure 4.2. The solid line was taken directly from the N2 field ~ 5 cm below the
mixed region. (b) The corresponding wavelet power spectrum computed using
the DOG 3 wavelet. The dotted white line represents the cone of influence and
the left side of the r-axis is ~ R.. Values of the Power spectrum are indicated
by the colour bar on an arbitrary scale.

Figure 4.4(a) shows a radial slice of N? for the same experiment shown in
Figure 4.3 (b) (excluding r < R.). The data was normalized by subtracting
the mean and dividing by the standard deviation before applying the wavelet
transform. Figure 4.4(b) shows the corresponding wavelet power spectrum
as a function of r and the Fourier scale. The colour contours represent the
magnitude of the power spectrum.

Oscillations of the signal generate wavelet coefficients of large magnitude.
In the wavelet power spectrum, the largest coeflicients are generated at Fourier
scales peaking at a characteristic A,. Therefore, the characteristic radial wave-
length was determined by finding the Fourier scale with the highest mag-
nitude coefficients. For the example in Figure 4.4(b), the highest magni-
tude coefficients were generated at a scale where A\, ~ 17cm which implies
k, ~0.37cm™ L.
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To improve accuracy in the calculation of k. the radial series was padded
with zeros before transforming. The drawback of this process is that it intro-
duces discontinuities at the edge of the spectrum. The perimeter of the affected
region is drawn as a white dotted line in 4.4(b) and within the contours of this
perimeter, known as the cone of influence, edge effects are considered negli-
gible. Note that only a small portion of the parabolic contour known as the
the cone of influence is visible here and that it is the region to the right of the
dashed line which is not influence by edge effects.

Radial time series were extracted at a series of times ¢, taken every 7,/8
over n,Ty. To obtain a single characteristic value of the radial wavenumber for
each experiment k,, we averaged over all of these times and three heights.

The vertical displacement field, £, was derived from the N? field using the
relationship between A¢ and Ayz given by the polarization relations in Table
4.1. At a fixed vertical level

il -ANz(knawm)
; n;) k,N2\/N2 — w2,

When the mixed region collapsed at the centre of the tank it generated

Jo(knr)e™mt, (4.4)

waves that decreased in amplitude as they propagated down and away from
the centre. Consequently, the maximum vertical displacement occurred near,
but not necessarily at r = 0. In solid body rotation, large amplitude columnar
motions directly beneath the lock-fluid obscured the pattern of waves. So the
maximum displacement could not be measured directly.

Assuming the structure of the wave was modelled well by a Bessel function,
J(ry = AJy(k.(r +7')), the maximum amplitude, A, was found by extrapolat-
ing from the best fit of J(r) to a radial slice of £(r) taken at a fixed z and ¢ for
r > R,. The characteristic radial wavenumber k. was used to form an initial
approximation of the fit. Then, the signal was phase-shifted by ' and dilated
by A until the approximation was within RMS error of 0.001 of the signal.
Figure 4.5(a) shows an example of how the measured amplitude varies with
radius. The solid line corresponds to the slice taken directly from the data
for r > R, and the dashed line shows the corresponding fit Bessel function.
The maximum value of J(r) was found for each ¢, and was averaged to obtain
the characteristic value A,. Finally, characteristic vertical displacement am-
plitudes, |£|., were found for each experiment by averaging results from radial
time series at different times.

The vertical flux of energy, Fg(z) = 02" fOR wp rdr df, due to the internal
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Figure 4.5: The amplitude of the vertical displacement field, £ as a function
of radius for a simulation with N = 1.77s"!, H = 500cm, H,, = l4cm,
f = 0.502s7!. The solid line represents the radial series extracted from the
data at z = H — H,, — 5cm. The dashed line is the Bessel-fit of the data used
to determine the maximum amplitude.

waves crossing a fixed horizontal level is transient during the process of collapse
and re-stratification. So the flux of internal waves through a fixed level was
measured and integrated over an integer number of wave periods n,T,,, where
Ty = 27 /@, to obtain the energy as

T
E={ Fedt (4.5)

T

7'{' R2p Z Z mA N2 kn?wm)Jl (an) (T2 - Tl)
0 .
T8N n=0 m=0 kAVIN? — Wi

In the analysis of the experiments, T} = 2T, and Ty, = T, + 27,,. Baut, in

general, Ty = m T, and T, = Ty + n.T,, where n; and n, are integers.

The wave period was used to truncate the N? field, but the calculation
involved summing over all frequencies and wavenumbers of the Fourier-Bessel
spectrum. Because of the transient nature of the waves, the integrated flux
decreased with increasing depth below the mixed region. A conservative esti-
mate of the energy flux was therefore taken to be the average value of Fg(z)
over a 2cm range.

For analysis purposes, the energy was normalized by the available potential
energy as defined by equation (2.4), in which p; and py are the initial and final

density profiles, respectively. The initial density profile was taken to be linear
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P = po(l — NTzz). The final density profile was taken after the fluid in the
cylindrical lock had been mixed and turbulence in the lock had dissipated:

z{ 2 Hp, i} < R,
p(z,r)z{p[‘ 2| 2 Him, |r] < R (4.6)

p  otherwise.
The calculation results in the same equation for the available potential energy
given by equation (2.5).
4.2.3 Governing Equations and Numerical Model

The Navier-Stokes equations for small-amplitude, axisymmetric waves in a
Boussinesq, incompressible and inviscid fluid on the f-plane are given in cylin-
drical coordinates by

%%+ug;+w%—%2—fv=—%g§+'/[v2“‘,Tuz]
%+u%§+wg—g+%+fu=—u[v2v+%]
%+ug§+ gp+w-5—aﬁ=nvgp

where u = (ur, ug,u;) = (u,v,w), g is the gravitational acceleration, poy is
the characteristic density, v is the kinematic viscosity, k is the diffusivity and
f = 29 with Q the background rotation. They describe the evolution of the
flow and were used here to analyze and model the collapse.

The numerical model that solves these equations is the same as that used in
previous studies of intrusive gravity currents (McMillan & Sutherland, 2010;
Holdsworth et al., 2012a), but here rotation is included. A more complete
description of the model is given in Appendix B. Explicitly, the code replaces
the momentum by the equation for azimuthal vorticity, { = 0,u — d,w:

o _ _ o oK ], 10W* + for]
ot or Oz r2 r 0z ’

[v% — (4.8)

From the continuity equation for an incompressible fluid, one can define
the streamfunction ¥ so that u = V x (¥8). Explicitly, the components of

velocity are given by u =-0,¢¥ and w = %Gr(rw). Thus, the streamfunction is
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related implicitly to the azimuthal vorticity by
Y

72

Vi — = = —(. (4.9)

The streamfunction is found from the azimuthal vorticity by inverting equation
(4.9) in Fourier-Bessel space and then transforming back to real-space.

Equation (4.8) with the v-momentum and internal energy equation in (4.7)
are used to advance (, v, p in time. The physical parameters are all taken to be
constant with g = 981 cm/s?, po = 1 g/cm?®, and v = 0.01cm?/s. For salt water,
the appropriate value of x is around 10~° cm?/s. But, for numerical stability
and efficiency, x was taken to be = 0.01 cm?/s. This value is small enough that
it did not influence the relevant dynamics. The model was initialized using
the perturbation density field given by equation (4.6) for a specified N, H,,
and f.

The system of equations shown in equations (4.8) and (4.9) was discretized
using a second-order finite-difference scheme in space with free-slip boundaries.
The leap-frog scheme was used to advect the equations in time with an Euler
back-step every 20 time steps. For visualization purposes, a passive tracer field
was also advected in time. Unless otherwise specified, a square 500 cm x 500 cm
domain in (r, z) space was used with a time step of At = 0.005s, Az = 0.48 cm,
Ar =0.31cm.

(a) 2T, (b) 375 N [s7%] E——
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Figure 4.6: The N? field taken from direct numerical simulations at (a) t = 2T,
and (b) ¢t = 37,. This simulation was initialized with the same parameters as
the experiment shown in Figure 4.2 and has the same grayscale.

For the experiment shown in Figure 4.2, the signal of internal waves was
particularly strong compared to the background noise making it an optimal
choice for qualitative comparisons with the numerical model. Figure 4.6 shows
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the Nf from the simulation after 27, and 37,. In both cases, internal waves
were generated beneath the collapsing region immediately after the extraction
of the lock. These exhibit phase lines approximately fixed at a narrow range
of angles to the vertical. Both Figures 4.2 and 4.6 have the same grayscale
showing that the experimental and simulated wave amplitudes are also in ap-
proximate agreement. More rigorous quantitative comparisons between the
experimental data and the numerical simulations will be made after a discus-
sion of experimental results below.

4.3 Results

The simulations allowed for a larger range of initial conditions than were pos-
sible in the laboratory. Specifically, in Chapter 2 we found that the vertical
displacement of the waves increased with the increasing depth of the mixed
region, but only a small range of N was possible in the 50cm tall tank. In
Chapter 3 the dimensions of the experimental apparatus only allowed for as-
pect ratios R./H, < 1. The numerical model showed that the intrusion speed
approached the rectilinear wave speed for R./H,, > 1, but the consequences
on internal wave generation are not well understood.

To improve our understanding of the effect of varying N and R./H,, on
the generation of internal waves in the underlying fluid, we present a series of
simulations with no rotation before examining the effects of non-zero f.

4.3.1 Effect of Lock Aspect Ratio on Non-rotating In-
trusions

The ocean basins extend horizontally for thousands of kilometres, but the
average depth is less than 5km. This, and the influences of stratification and
rotation result in geophysical oceanic phenomena typically having horizontal
scales that are much larger than the vertical scales. In particular, for mixed
regions resulting from tropical cyclones, R, > H,,. But, in our laboratory
experiments 0.3 < R./H,, < 1.2. In this section, the effect of increasing lock
aspect ratio on the generation of internal waves is explored using a series of
simulations of non-rotating intrusions.

Figure 4.7 shows the simulated N? field for increasing values of the aspect
ratio and a fixed buoyancy frequency of N = 1.5s7! and f = 0s~!. Each image
is a composite of the passive tracer field, displayed using a red colourmap
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Figure 4.7: Composite images of the N2 field for = < H — H,, with blue
colourmap indicated and the passive tracer field for z > H — H,, in red ex-
tracted at ¢ = T, for increasing values of the aspect ratio of the lock: (a)
R. = 5cm, H,, = 50cm, (b) R. = 5cm, H,, = 5cm, (¢) R, = 100cm,
H,, =5cm where N = 1557}, f =0s71.

over the depth of the mixed region, and N? field below, displayed with a blue
colourmap. The cross-section was extracted at ¢ = T}, to capture the generation
of the waves immediately following the initial collapse.

When R./H,, = 0.5 the collapsing mixed region excited waves that prop-
agated down and away from the mixed region. This is the differentiating
case because the vertical scale of the collapse H,,/2 is equivalent to the ra-
dial length-scale. In other words, the half-depth of the patch is equal to the
half-width.

When R./H,, = 0.1, after one buoyancy period internal waves propagated
out from beneath the centre of the mixed region. Increasing the vertical extent
of patch relative to its horizontal extent resulted in higher amplitude waves.

When R./H,, = 20 the effect of collapse upon wave generation was sig-
nificantly different. Immediately after the release of the lock-fluid, internal
waves formed just beneath the location where the edge of the cylindrical lock
was located. Fanning out symmetrically about that point, waves propagated
downward radially inward and outward. The fluid beneath the centre of the
mixed region remained stationary until these waves (and the return flow into
the lock) propagated to the centre of the tank. Having much lower relative
H,,, the vertical extent of the collapse was much smaller than in the larger
H,, cases, resulting in relatively low amplitude waves.

In Figure 4.8 the normalized characteristic frequency is plotted against the
characteristic radial wavenumber for a series of simulations. A narrow range

of frequencies were observed in the non-rotating experiments ((Holdsworth
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Figure 4.8: Normalized plots of wave frequency versus radial wavenumber
for non-rotating simulations. In (a) k, is normalized by R. and in (b) %, is
normalized by H,,. The dots represent the simulations with R./H,, < 1 and
the squares represent simulations with R./H,, > 1. The simulations shown
in black have fixed N = 1.5s~! with R./H,, between 0.1 to 50. The points
shown in blue have fixed R, = 10cm, and N was varied such that for both
N = 0.75s' and N = 3s~!, R.,/H,, ranged from 0.25 to 2 (At = 0.5s,
Az =0.25cm, Ar =0.125cm).

et al., 2010) presented in Chapter 2). But, there we explored a relatively nar-
row range of buoyancy frequencies between 1.2s7! to 1.6s~!. In addition to
simulations with fixed N = 1.5s™! (shown in black), the figure shows simula-
tions in which N = 0.75s™! and N = 3s7! (shown in blue). The frequencies
w, ranged from 0.64N to 0.95N with an average value of 0.75N.

Because R, and the characteristic inverse radial wavenumber, &, 1, are both
radial length-scales, it is natural to expect R, to set k,. However, the results
of the spectral analysis shown in Figure 4.8 demonstrate that, for R. > H,,
(displayed as squares), k, scales more readily with H,, than it does with R.;
k,H,, ranged from 1.2 to 3.1 and &, R, ranged from 1.5 to 117.

Figure 4.9 (a) shows that k,R. decreases to from 3 to 1.5 as the aspect
ratio decreases from 1 to 0.1. The average value k,R, =~ 2.3 is in agreement
with the non-rotating experiments presented in Chapter 2 where kR, ~ 2.
For large aspect ratios, an approximately linear fit to k. R, vs R./Hp, is shown
as a dashed line in Figure 4.9 (b) and is given by k,H,, = [2.46 £ 0.03]. The
dispersion relation in equation (4.2) explains how the radial wavelength is set
by the vertical wavelength of the waves. If f = 0s™!, the radial wavenumber
is given by k, = (k,)[N?/w? — 1]'/2. Because we find w ~ 0.75N, then k, =
0.88k,, with k, being set by H,,. This implies k,H,, >~ 2.8.
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Figure 4.9: The dependence of the radial wavenumber on the height of the
mixed region for non-rotating simulations with N = 1.5s~!. Simulations with
(a) R./H,, <1 and (b) R./H,, > 1 are shown separately. The best-fit line is
shown for R./H,, > 10cm as a grey dashed line.

Figure 4.10 (b) shows that, for R, > H,,, |£,] increases only moderately
with R.. This is illustrated by the dotted line given by [, = 0.001R..
The slope is small enough that the amplitude is well approximated by |€,| ~
0.12H,, for R./Hy, > 1.

When R, > H,,, the influence of R, becomes relatively unimportant. In-
ternal waves are generated at the edge of the collapsing mixed region. And,
H,, determines the characteristics of the vertically propagating waves.

Figure 4.11 shows the vertical displacement amplitude normalized by the
radius of the cylinder and plotted as a function of R./H,, for increasing N
and fixed R, = 10cm. Amplitudes, measured T}, after the release of the lock,
increased with increasing Hp,.

The flux of energy passing through z = H — H,, — 10 cm was computed
using equation (4.5) integrated from Ty = T, to Ty = T, + 2T,,. This is shown
in Figure 4.12 as a fraction of the available potential energy of the mixed patch
given by equation (2.5). The maximum amount of energy was transported by
the waves when the depth over which the collapse took place was equal to the
radius of the patch (i.e. R./H,, =0.5).

Relatively less energy was emitted for increasing and decreasing aspect
ratios with as little as 0.04% released when R./H,, = 50. In part this is
because waves are generated initially near r = R, so the available potential
energy near the centre of the lock does not contribute to wave generation.
These dynamics can be understood more clearly by examining the energy
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(a) low aspect ratio dependence (b) high aspect ratio dependence
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Figure 4.10: Maximum vertical displacement amplitudes plotted against the
half-depth of the mixed region for the same simulations shown in Figure 4.9.
Simulations with (a) R./H,, < 1 and (b) R./H, > 1 are shown separately.
The best-fit line is shown for R./H,, > 10 as a gray dotted line

equation given by equation (4.5). If R./H,, > 1, then H,, sets both ||
and k.. Because smaller H,, implies larger k. relatively less energy is released.
Conversely if R./H,, < 1, k, increases as R, decreases. So the energy extracted
by the waves is significantly lower for smaller aspect ratios.

4.3.2 Effect of Rotation

In solid body rotation, the physical collapse of the mixed region was qualita-
tively different than in the non-rotating cases. From a top view, the mixed
region was observed to propagate radially for a short distance before the
patch contracted while rotating anti-cyclonically, and began laterally oscil-
lating about its equilibrium radius. The side view revealed that the intrusion
developed into a lens-shaped structure following curved isopycnal surfaces.

Rotation limited the outward propagation of the current so that for Ro <« 1
very little deviation from solid body rotation was possible and there was no
outward radial motion beyond R,.

Figure 4.13 shows a composite image of the passive tracer field and the
radial velocity field. The collapsing patch is shown as a black contour outlined
by a thin white line. After only t = 3T}, the difference between the rotating
and non-rotating case is already apparent. In the non-rotating case (a) the
intrusion thinned as it spread radially until it stopped due to interactions
with internal waves (Holdsworth et al., 2012a). In (b) rotation dominated and
most of the lock-fluid amassed near the centre expanding and contracting as
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Figure 4.11: Vertical displacement as a function of R./H,, for N shown in
the legend. Simulation parameters were R, = 10cm f = 0s™!, At = 0.5s,
Az=025cm, Ar =0.125cm.
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Figure 4.12: The energy flux at a height 5 cm beneath the mixed region given
as a fraction of available potential energy transported away by downward prop-
agating internal waves starting 17} after the lock was released and integrated
over 2T,,. These simulations have the same parameters as Figure 4.9
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Figure 4.13: The shape of the intrusion at ¢t = 37} in (a) non-rotating frame
and (b) rotating frame for the same initial conditions given by N = 1.6s7},
Hy = 10cm, R, = 5cm, At = 0.25s, Az = Ar = 0.098cm. The composite
image shows the radial velocity field (colour contours) with the passive tracer
field showing the shape of the intrusion as a black contour outlined by a thin
white line.

it adjusted towards a geostrophically balanced state. This oscillatory motion
had a resonant impact on the radial velocity of the ambient as it responded
to the adjusting patch. Comparing the two velocity fields, it is evident that
rotation restricted the radial transfer of energy.

Figure 4.14 (a) plots the wave frequency @, normalized by the buoyancy
frequency against the radial wavenumber k. normalized by the radius of the
cylinder. Characteristic values were measured between 27T, and 27, + 2T, and
lie within a narrow range so that 0.67 < @,/N < 0.99 and 2.7 < k.R. < 5.2.

But, compared with the non-rotating experiments (Holdsworth et al., 2010)
presented in Chapter 2, the rotating experiments exhibited a wider range of
frequencies. This is most likely a direct result of the inertial oscillation of
the lock-fluid which additionally excited internal waves at frequencies in the
near-inertial range.

Vertical displacement amplitudes |£|, were measured between 27} and 2.5T;
and are plotted in Figure 4.14 (b) against H,,/2. It is clear from the figure
that the vertical displacement due to the waves increased with increasing Hp,.
But, given the variability in the data it is unclear whether |€|, varies linearly
with H,, .

Figure 4.15 shows the fraction of available potential energy input to the
internal waves over 2T,,. The fraction of available potential energy released
varied from 0.5% to 13% with 3% released on average. To some extent, this
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Figure 4.14: In (a) the characteristic frequency normalized by the buoyancy
frequency is plotted against the characteristic radial wavenumber normalized
by the height of the mixed region for the rotating experiments (circles) and
corresponding simulations (squares). Error bars are indicated. For the same
data (b) the maximum vertical displacement amplitudes are plotted against the
half-depth of the mixed region. The associated simulations and experiments
are connected by a grey line. A typical vertical errorbar is shown in the lower
left corner. For the simulations At = 0.00125s, Az = 0.09cm, Ar = 0.047 cm.
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Figure 4.15: The energy flux through zy = H— H,,,—5 cm starting 17} after the
lock was released and integrated over 2T, for each of the rotating experiments.
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plot agrees with the results presented in Figure 4.12 because the energy peaks
for R./H,, = 0.5, but there is a substantial amount of variability in the data
which may be a result of the rotation of the fluid.

Frequencies and radial wavenumbers measured from simulations initialized
with the corresponding experimental parameters are plotted in Figure 4.14 (a).
Like the experimental data, the non-dimensional frequencies and wavenumbers
lie within a narrow range; 0.83 < @,/N < 0.92 and 2.2 < k. R, < 3.8.

The amplitudes are plotted with the experimental data in Figure 4.14 (b).
Each square denotes a simulated result which is connected with the experiment
to which it corresponds by a grey line. Since the vertical distance over which
the fluid collapsed was H,,/2, this depth was expected to set the initial vertical
displacement amplitude of the internal waves. Initial vertical displacements
|€]. were measured approximately 5cm below H,,. Figure 4.14 (b) shows
that amplitudes increase with increasing H,,. But, since N varies, the exact
relationship is not readily apparent from the data.

Considering the transient nature of the waves and the error associated with
the experiments, the quantitative agreement between the numerical model and
the experimental data is within the measurement error. This provides further
evidence that the axisymmetric code reproduces the wave dynamics observed
in the experiments.

In the following simulations we explore the influence of the Rossby number
with fixed R./H,, = 2. The range of Rossby numbers that could be investi-
gated for a given lock aspect ratio R./H,, was constrained by the fact that
internal waves only exist for f < w < N (equation (4.2)). The Rossby numbers
range from Ro = 0.09 to Ro = 1000.

For simulations in the extreme case where f ~ N (i.e. N = 1.5s7! and
f = 1.49s71), the patch expanded and contracted as the system returned
to equilibrium. But, any undulations of the underlying fluid were damped.
Consequently, no internal waves were released. For smaller values of f, internal
waves were released immediately following the collapse of the mixed region,
even for Ro <« 1 when the intrusion did not propagate an appreciable distance
beyond one lock radii.

Figure 4.16 shows a snapshot of the N? field at ¢t ~ 217, for (a) the non-
rotating case and decreasing Rossby numbers (Figure 4.16 (b),(c),(d)). In
the absence of rotation, the wavepacket excited during the initial collapse
propagated to the edge of the domain and any further wave generation was of
relatively low amplitude. Yet when Ro = 0.09 (Figure 4.16 (d)) relatively high

74



CACh —

(@ f5§00~0 [s71] (b) Ro=1 —0.01 0.01
... 4 '

400
100 —50 0 50 100 ~100  —50 0 50 100
(¢) Ro= 0.125 (d) Ro= 0.09
500

-100 =50 0 50 100

7 {em}

Figure 4.16: Composite images of the N? field for = < H — H,, shown with a
blue colourmap and the passive tracer field for z > H — H,, shown in red at
t = 21T,(90s) for (a) the non-rotating case and decreasing Rossby numbers
((b)—(d)). All of the figures have the same colorscale indicated in the upper
right. The simulation parameters were N = 1.5s7!, H,, = 5cm, R. = 10cm
and f was varied.
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(a) unfiltered (b) low-pass filtered (c) high-pass filtered
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Figure 4.17: The N? field for a simulation with Ro = 0.125 and the same
parameters as the experiment shown in Figure 4.16. At t = 67T}, (a) the
unfiltered field, (b) the low band-pass Fourier filtered field and (c¢) the high
band-pass component are shown.

amplitude waves were still being excited. Rotation acts to confine the radial
propagation of the internal waves to a conical region just below the lock-fluid
and, the radius of the cone at a fixed vertical level just below the mixed region
depends on Lp.

For all of the Rossby numbers examined here, the initial collapse released
downward propagating internal waves. After about two buoyancy periods,
although the exact time varied depending on the Rossby number, a second
wavepacket was generated. This wavepacket was distinguished from the first
because the angle made by phase lines to the vertical was noticeably larger
than that of the wave generated initially.

We separated the signal into two wavepackets using a Fourier band-pass
filter with a frequency cutoff of w = f+0.5(N — f). Even when f = 0s~!, the
secondary wavepacket was generated and separated according to @. < N/2.
An example of the wavepacket separation for Ro = 0.125 is shown in Figure
4.17. The same colorscale was used in all three images to demonstrate that the
high band-pass component is of relatively large amplitude. Over time, both
wavepackets move down and away from the mixed region, but the direction of
propagation of the low-pass component is relatively horizontal.

Measured over the first three buoyancy periods, the characteristic frequen-
cies w, are represented by 6 using equation (4.3) in Figure 4.18 (a). The
dispersion relation given by equation (4.2) entails that w = N at 8 = 0 and

w = fif § = 7/2. The plot of sinf vs. cosf shows a separation between the
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Figure 4.18: (a) Simulated early-time frequencies associated with the high and
low band-pass wavepackets are given in terms of 8 as defined by equation (4.3)
and (b) the corresponding radial wavenumbers. Here, N = 1.5s7!, H,, = 5cm,
R, =10cm.

characteristic frequency associated with each of the wavepackets. Equation
(4.3) can be rearranged to make the relationship more intuitive as follows

w? = f2+ N?(1 —sin?6). (4.10)

So 8 ~ /2 for frequencies near—f and waves propagate horizontally. And, for
frequencies near—-N, 6 > 0 and waves propagate relatively vertically.

Figure 4.18 (b) shows that the radial wavenumber decreases in time for all
Rossby numbers. Initially (between T;, and 37}), the characteristic wavenum-
bers for the near-N wave and the near-inertial wave were k, = 0.64cm™"! and
k., = 0.49cm™', respectively, for all Rossby numbers. The plot shows that
between 3T, and 67}, the wavenumber decreased for high and low frequency
wavepackets.

Figure 4.19 shows that the near-N waves had small relative amplitude
for small Rossby numbers, but this was nearly constant for larger Ro. The
near—inertial wave amplitude peaked around Ro = 0.1.

Figure 4.20 shows the total fraction of available potential energy trans-
ported downward by the waves over time. The energy transport was computed
by integrating the vertical energy flux over 217,. For the near-inertial wave,
we found that for large Ro nearly 100% of the total energy was transported
over the first 67, while only about 65% of the total energy was transported
in the low Ro cases. In the case of the near-N waves, between 65% and

80% of the total energy transport by the wavepacket occurred in the first 37,
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Figure 4.19: Normalized vertical displacement amplitudes determined from
simulations are plotted as a function of the Rossby number measured after
t = T,. These are the same simulations plotted in Figure 4.18.
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Figure 4.20: Bar graphs showing the total energy released after ¢t = 37, 67,
and 217T3(90s) for (a) the near-inertial waves and (b) the near-/N waves. These
are the same simulations plotted in Figure 4.18.

78



0.06 —

Il total

0.05 B near—-f
W 0.04 Bl near-N||
%
T
> 0.03
o
2
o 0.02

0.01

0.090.12502 04 06 08 1 10 1000
Ro

Figure 4.21: Distribution of energy between the near-inertial wavepacket and
the near-N wave in the first 217,. These values represent the sum of the
energy associated with both wavepackets shown in Figure 4.20.

with over 90% transported after 67, for all Rossby numbers. Overall, wave
generation was most substantial in the first 37, — 67,,. But, greater energy
transports are possible in the case of low Rossby numbers because rotation
sustains oscillations of the patch, thereby sustaining wave generation.

For the near—N wavepacket, the total fraction of available potential energy
released was higher for smaller Ro where rotation enhanced the oscillations of
the patch. However, the near-inertial waves transported the greatest amount
of energy when Ro ~ 0.13. This is in contrast to the non-rotating experiments
in which the columnar motions caused by the initial adjustment dissipated
relatively quickly.

The analysis of both the amplitude and the energy indicates that the near-
inertial component of the internal wave peaked for Ro =~ 0.13. This finding is
supported by Stuart et al. (2011) who found that the most effective conversion
of potential energy to kinetic energy occurred in this case. As they explained
for this Rossby number (R. ~ Lp ), the collapse most efficiently generated a
single geostrophically balanced lens (Lelong & Sundermeyer, 2005).

A bar graph illustrating how the total energy transport over 217, was
distributed amongst the wavepackets is shown in Figure 4.21. The near-N
wavepacket transported more energy than the near-inertial wavepacket by
an order-of-magnitude. While the maximal amount of energy transported

by the near-inertial wave occurred around Ro = 0.1, the fraction of energy
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transported by the near-N wave increased with increasing rotation.

These differences can be explained, in part, by appealing to our investi-
gation of the aspect ratio of the lock. Without rotation, the mixed region
underwent a gravitational adjustment and spread as it moved out radially,
effectively increasing its aspect ratio R./H,,. But, rotation limited the radial
propagation of the intrusion. So the lock-fluid maintained a relatively small
aspect ratio (R./Hp, > 1) as the patch continued to oscillate, thereby releasing
more energy than in the large Rossby number cases.

Increasing the rate of rotation and so decreasing the Rossby number below
Ro = 0.125 shifted the entire frequency spectrum towards N and caused the
waves to propagate nearly vertically.

That the near—/N wave released more energy for low Rossby numbers de-
spite a decrease in wave amplitude further supports the claim that the sus-
tained undulations of the patch, which cause wave generation to continue over
relatively long periods, is responsible for the observed increase in energy trans-
port.

4.4 Discussion and Conclusions

Using a combination of laboratory experiments and numerical simulations we
examined the collapse of a mixed region in uniformly stratified ambient as a
mechanism for the generation of downward propagating internal waves. The
experiments were performed in solid body rotation and compared with the
related non-rotating study (Holdsworth et al., 2010). They also allowed us to
validate a numerical model which we used to extend the parameter range from
those explored by the experiments.

The geometry of the lock played a significant role in determining the qual-
itative nature of the collapse. For large aspect ratios typical of ocean phenom-
ena, we found that the height of the mixed region set the vertical displace-
ment amplitude and radial wavenumber so that they are approximated by
|€]« ~ 0.1H,, and %, = 2.46 £ 0.03H;!. When Ro < 1, we found k,R, ~ 2.3.
The greatest amount of energy was transported by the internal waves when
R. = H,,/2 and the vertical displacement of the waves was set by the combined
influence of NV and H,,.

Under the influence of rotation, the axisymmetric collapse of a mixed region
in uniformly stratified fluid excited downward propagating internal waves for
f < N, but the behaviour changed depending on the Rossby number. For
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all Rossby numbers examined here, the collapse excited internal waves with
two distinctive peaks in the frequency spectrum. The highest amplitude waves
were generated with @, ~ 0.75N and a secondary peak occurred for w near the
inertial frequency. The lower the Rossby number, the closer f is to N which
limits the range of frequencies for which internal waves can be generated. That
the near— N component was enhanced with decreasing Rossby number, may be
a result of this constraint.

The wavefield was separated into high-pass and low-pass components with
a band-pass Fourier filter. The near-N wavepacket was found to transport
substantially more energy downward and away from the mixed patch releasing
an even larger fraction of energy for low Rossby numbers. For the near-inertial
wave, the energy was most substantial when Ro ~ 0.1 which is not surprising
since it is at this Rossby number that Coriolis and pressure gradient forces are
close to balance.

For moderate to large Ro, wave generation was most substantial during the
first (3-6) T,,. However, for low Ro, undulations of the fluid column beneath
the lock-fluid were sustained. This caused wave generation to persist over
longer time periods. So a larger fraction of the available potential energy of
the patch was transported vertically by the waves.

These results can be extrapolated to ocean scales employing the same pa-
rameters used by Holdsworth et al. (2010). Hurricane Edouard (Emanuel,
2001) left a cold water wake with a temperature change of 3°C to a depth
H,, ~ 50m. The along-track and cross-track lengths were 2000 km and 400 km,
respectively. Buoyancy frequencies observed in the open ocean vary from about
0.0008 s~1(Pinkel & Anderson, 1997) to 0.009s!(Ladd & Thompson, 2000) so
that the buoyancy period, T}, ranges from 10 minutes to over 2 hours.

These parameters imply an aspect ratio of R./H,, = 4000 and very low
Rossby numbers Ro between 2.82 x 1073 and 2.5 x 10~3%. The computational
cost of implementing a numerical simulation with such a large domain and
rotation rate was too high for our direct numerical simulations, but we can
make a crude prediction by extrapolating from the results we have.

For large aspect ratios, our results imply that internal wave frequencies
would range from 6 x 107*s~! to 7.2 x 1073s™! and the amplitude would
be |€]. =~ 5m. Hence, the radial wavelength of the internal waves would be
Ar =~ 1.3 x 102 m, set by the depth of the mixed patch.

In Figure 4.12, approximately 0.04% of the available potential energy was
imparted to the internal waves when R./H,, = 50 and f = 0s™! over 27,. We
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have shown that the energy transport was highest in the first few buoyancy
periods so we assume that this value is about 80% of the total (over =~ 217}),
which gives 0.05%. Figure 4.21 shows that that 2% of the available potential
energy was extracted when R./H,, = 2 for Ro = 1000, and about 5.2% was
extracted when R./H,, = 2, for Ro = 0.09. Since the non-rotating case is
virtually indistinguishable from the Ro = 1000 case when R./H,, = 2, we
extrapolated from these results to find that the fraction of available potential
energy transported away by downward propagating waves in the case when
R./H,, = 50 and Ro = 0.09 was about 0.14%.

Liu et al. (2008) estimated that the passing hurricane increased the avail-
able potential energy of the mixed layer at a rate of 0.16 TW. So we suppose
that 2 x 1017 J of available potential energy contributes to the collapse of the
mixed region during the 18 day lifespan of the storm.

Assuming about 0.14% of the available potential energy of the patch is
transported away by the downward propagating internal waves, we found that
between 2GW and 23GW of power' is input to the internal wavefield over
~ 21Tb.

There are about 50 hurricanes per year (Emanuel, 2001). Averaging an-
nually, we find that the power input from tropical cyclones to the internal
wavefield from the collapse of the mixed region is on the order of 0.5 GW.
This is an order-of-magnitude smaller than the estimate of Nilsson (1995) for
the power transported away, horizontally, by near inertial waves propagating
along the thermocline.

Since this approximation is based on the parameters associated with a mild
tropical storm, this is thought to be an underestimate. More violent tropical
storms have even smaller Rossby numbers and deeper mixed regions which
means that they have the potential to transport more energy below the mixed
region. In spite of this, this study has shown, in contrast to the extrapolation
from the rotating results of Chapter 2, that the steady input of power to the
internal wavefield from hurricanes through the collapse of the mixed region
makes a relatively small contribution to diapycnal mixing in the ocean abyss
when compared to the steady input of energy to the internal wavefield due to
the forcing of the of the wind, 0.2 TW, tides, 1 TW or even from geothermal
vents, 0.05 TW (Ferrari & Wunsch, 2010).

The axisymmetric model used here did not include the effects of turbu-
lence, wind driven mixing and vorticity in the initial mixed patch, and it did
not implement a realistic ocean stratification. Even so, the model provides an
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order-of-magnitude estimate of the energy carried away by downward prop-
agating internal waves resulting from the collapse of a mixed region in the

ocean.
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Chapter 5

Discussion and Conclusions

Prior to the work presented in this thesis, little was known about axisymmetric
intrusions in stratified fluid and the internal waves they generate. We examined
a series of experiments and simulations exploring the axisymmetric collapse of
a mixed region in stratified and rotating fluid.

Previous work, described in Chapter 1 and summarized in Table 1.1, showed
that symmetric intrusions in two-layer ambient propagated at near-constant
speeds even as their head-heights decreased because a mode-2 interfacial wave,
excited by the intrusion head, carried the intrusion forward (Sutherland &
Nault, 2007; McMillan & Sutherland, 2010). The non-rotating experiments
presented in Chapter 3 confirmed these results and, more importantly, they
showed that in vertically asymmetric cases a mode-1 wave was excited by the
return flow which caught up with the front of the intrusion, halting its advance.

For experiments performed with a uniformly stratified ambient the intru-
sion stopped abruptly without reaching the tank wall. As in the two-layer
case, a symmetric collapse at mid-depth efficiently excited a mode-2 wave,
while an asymmetric return flow from a collapse above or below mid-depth
excited a mode-1 wave. However, since the intrusion moved more slowly than
both mode-1 and mode-2 waves, its advance was halted by interactions with
the waves.

The collapse of the partial-depth mixed patch on the ambient in uniformly
stratified fluid generated internal waves that propagated downward and away
from the patch. In a non-rotating fluid, the characteristic frequency of the con-
ical wavepacket, was set by the buoyancy frequency (w ~ 0.75N). However,
the initial conditions which set the radial wavenumber and vertical displace-
ment amplitude depended on the aspect ratio of the lock-fluid R./Hp,.

For aspect ratios typical of ocean phenomena (R. > H,,), H,, set the
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radial wavenumber and the maximum vertical displacement due to the waves
was set by the combined influence of N and H,,. Further study is needed to
evaluate the relationship between the amplitude N and H,,.

The aspect ratio of the lock governed the qualitative nature of the collapse
so that the largest fraction of the available potential energy was transported
by the internal waves when H,,/2 = R.. A relatively smaller fraction of energy
was released for higher and lower aspect ratios.

Never before had the initial front speed of an axisymmetric intrusion prop-
agating in stratified fluid been examined. In both two-layer and uniformly
stratified ambient, intrusions emanating from locks of comparable depth and
radius were found to be 30-35% slower than the predictions of rectilinear the-
ory.

In the absence of rotation, the two most significant results of this thesis
are that the speed and distance propagated by the intrusion is influenced by
interactions with internal waves, and that the aspect ratio of the lock-fluid,
R./H,,, can significantly impact the evolution of the collapse.

Rotation had no impact on the initial intrusion speed. However, for low
Rossby numbers (Ro < 1), rotation limited the maximum distance propa-
gated by the intrusion by deflecting the radial flow of the current azimuthally.
The patch oscillated about its equilibrium radius as it approached a state of
geostrophic balance. Hence, increasing the energy transportdue to vertically
propagating internal waves.

In uniformly stratified fluid, the simulations presented in Chapter 4 demon-
strated that the oscillatory motion of the adjusting patch sustained undula-
tions of the underlying fluid. Through this mechanism, the conical region in
which the waves propagated was limited by the rotation of the fluid; becoming
smaller for lower Ro.

For all finite Rossby numbers, we found that the generated internal wavepacket
could be separated into two distinct components: one had frequencies near-
N and relatively higher amplitudes, the other had frequencies near-f. The
fraction of available potential energy extracted by the near- f wave was great-
est when Ro ~ 0.13. Energy transport was most substantial in the first 37,
to 6T, the total duration of the adjustment was not determined here and
warrants further study.

For the near-N wave, the fraction of energy transport was higher for lower
Rossby numbers despite a decrease in the amplitude of the waves. Although

the amplitudes were smaller than those measured for non-rotating cases, the
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sustained motion of the patch caused a greater amount of energy to be released
over the same time period.

In Chapters 2 and 4 we identified one of the pathways through which energy
from the atmospheric wind field is transferred to the ocean internal wavefield
(Figure 1.1). We extrapolated from our results to predict the annual power
contribution to the internal wave field from the collapse of a mixed region
left in the wake of a tropical cyclone. The power contribution was found to be
small compared to the direct forcing of the wind and tides. Our idealized study
neglected the influence of wind-driven circulations associated with the mixed
patch, a realistic ocean stratification and turbulent mixing. These additional
dynamics should be investigated before definitive conclusions are drawn about
the energy transport due to the internal waves and the potential they have for
mixing in the abyss.

Our results are more directly applicable to pervasive patches of localized
turbulent mixing in the ocean interior that have aspect ratios between 10 and
1000 (Sundermeyer et al., 2005). We have shown that these patches gener-
ate downward propagating waves that can transport energy to greater depth.
The succession of wave breaking, creating a mixed patch and a mixed patch
collapsing to excite waves constitutes a previously unexplored mechanism for
energy to cascade from large to small scale.
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Appendix A

Coordinates and Vector
Identities
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Laplacian
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Appendix B

Axisymmetric Numerical Model

Governing Equations

The numerical model solves the Navier-Stokes equations for small-amplitude,
axisymmetric waves in a Boussinesq, incompressible and inviscid fluid rotating
with an angular acceleration of 2. The equations are given in cylindrical

coordinates by

%+u%+wg§—1;—2—fv=—%%+V{V2u-%] (B.1)
%+ug§+wg§+%+fu=—u[v2v+%] (B.2)
%Et)— +u?9—1: +w‘2—f :;1; [g—g - pg] +vViw (B.3)

%g +u—g—§ +w%§ +w% = kV?p (B4)
v.u=%ag“]+%§=o (B.5)

The code replaces the vertical and radial momentum by the equation for
azimuthal vorticity, ( = d,u — d,w:
7]
C__ % K

W= — [Vz( —

¢ 10 [v? + for]
= Yo Yo —] T - (BY

r2 r 0z
From the continuity equation for an incompressible fluid, one can define the
streamfunction ¥ so that u = V x (1/19) Explicitly, the components of velocity

are given by

o
_10(ry)
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Model Parameters

radial velocity
azimuthal velocity
vertical velocity

the Coriolis parameter
pressure

fluctuation density
reference density
background density
gravitational acceleration
diffusivity

kinematic viscosity

i
B
o

RErQBIDPOV/ S @@

Thus, the streamfunction is related implicitly to the azimuthal vorticity by

Vi — ¥ —(. (B.9)

r2

The stremfunction and the vorticity are represented by a combination of
the first order Bessel function in » and a sine function in 2 so that for field f
(=1 or ) at a time ¢

I J
flr,z) = Z Z Ay (ki, my)Ji(kir) sin(mz). (B.10)
i=0 j=0
The streamfunction is determined spectrally from the azimuthal vorticity by
transforming ¢ to Fourier-Bessel space. The Laplacian given by equation (B.9)
in this space is inverted and the resulting field is transformed back to real-
space. Velocities are computed directly using equations (B.7) and (B.8).

The spatial derivatives in equations (B.2), (B.4), (B.6) are approximated
using second order finite differencing. They are stepped forward in time using
the leap-frog scheme which is initialized using second order forward differenc-
ing. To prevent the growth of numerical error an Euler-backstep is imple-
mented every 20 time steps in which the fields from the previous time steps
are averaged. The free-slip boundaries satisfy u-n = 0.

To visualize the movement of the fluid intrusion a passive tracer field was
advected along with the other fields.

Model Implementation and Validation

Before simulating the experiments with the numerical model we first performed
a series of simple tests for which the solution could be determined analytically.
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Having done this we then validated the model with our experimental data. Us-
ing the same initial conditions from the laboratory experiments we initialized
several high resolution runs (At = 0.125s, Az = 0.09cm, Ar = 0.05cm).
Qualitatively, the model was able to capture the collapse and evolution of the
intrusion.

2.0 T T
¢ expt .
15 KL sim { i
i /
/1,/ {
U1lo} ,¥ i
0.5 + i
00 L. [l {
0 5 10 15 20

H,N

Figure B.1: Comparison of experimentally determined speeds with numerical
simulations.

For a series of simulations the initial near-constant speed was calculated
and compared with the experimental data. Figure B.1 shows that the simula-
tions produce currents that have higher speeds than those observed from the
experiments. While the discrepancy is small relative to the experimental error,
the fact that the simulated speeds are consistently higher than those measured
in the experiments indicates that there is a systematic error. The most likely
explanation is that a 2D model cannot capture all of the dynamics present in
the laboratory experiments. For example, the intrusion may be losing some
energy to the generation of turbulence. Thus, the model captures the trends
in the data, but overpredicts the speed.

In Chapter 4 we showed that the model simulated the generation of internal
waves qualitatively. Figure 4.14 demonstrated that the quantitative features
of these waves were well represented by the numerical simulations.

To extend spacial domain of the model we referred to the Courant-Friedrichs-
Lewy (CFL) equation. The condition requires that the time step is kept small
enough so that information has time to propagate through the spacial steps
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and is given by

At
Cr=Ux (B.11)

Althongh there is a 2D representation of the CFL condition, nsnally it is
enough to consider each spacial resolution separately as shown in equation
B.11. In the simulations presented in this thesis the largest vertical motions
occurred within the first few seconds. If the model did not become unsta-
ble immediately then the radial CFL condition was the determining factor.
Typical values for stable configurations ranged from 20 < C, < 70. Similarly
C, = U% ranged from 20 < C, < 60.
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Appendix C

Wavelet Transforms

The wavelet transform of a signal s(t) is given by

§(a,b) = / s(t) Yap (t) dt (C.1)
where
Toult) = %T (t - b) (C.2)

and Y(¢) is the complex conjugate of the “mother wavelet” T(¢). For scale a at
time b the wavelet bases are dilations and translations of the mother wavelet.
Wavelet coefficients §(a, b) are determined using wavelet basis functions.

The choice of mother wavelet was guided both by the structure of the
internal wave signal and by the application. Real-valued wavelets, such as the
family of Gaussian derivatives, return only a single component making them
well suited to isolating peaks in the power spectrum. The Gaussian family
consists of the Gaussian function and its derivatives (DOG wavelets). As the
number of the Gaussian derivatives increase the number of wavelet oscillations
increases as well. Since the signal contains a small number of oscillations, we
choose to use a lower order Gaussian wavelet. Gaussian wavelets of increasing
order were tested and it was found that the DOG 3 wavelets determined the
radial wavenumber most accurately.

The wavelet power spectrum, also known as the scalogram, is defined by
P(a,b) = |3(a,b)[*. (C.3)

To find the wavelet power spectrum we adapted the on-line wavelet toolbox
provided by Torrence & Compo (1998) who provide a detailed description of

93



this process. The open-source toolbox is freely available and is well-tested
(Linkenkaer-Hansen et al., 2001; Moy et al., 2002; Holdsworth et al., 20125).

The wavelet scale can be related analytically to what is typically referred
to as the Fourier Period to determine Fourier modes. But, in this case, the
transform is being applied to a length-scale and not a time-scale so we instead
refer to it as the “Fourier scale”.
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