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Abstract

In this note we present a construction which improves the best
known bound on the minimal dispersion of large volume boxes in the
unit cube. The dispersion of a subset of the cube is the supremal
volume over all axis parallel boxes in the cube which do not intersect
the given subset. The minimal n-point dispersion is the infimal dis-
persion over all subsets of the cube containing n points. Define the
large volume regime as the set of real volumes greater than %. In this
note we work exclusively in the large volume setting. The construction
presented in this paper yields a dimension independent upper bound
which is an improvement on, and is proportional to the square root of
the best known bound in this regime. We also show that some inter-
mediate estimates are sharp, given that the dimension is taken to be

larger than a specified volume-dependent constant.
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1 Introduction

The dispersion of a subset T C [0,1]? is defined as the supremum of the
volume over all axis parallel boxes in the cube which do not intersect T'.
Consider the class of all n point subsets of the cube. Define the minimal n-
point dispersion as the infimum of the dispersion over all such subsets. The
problem of estimating the minimal dispersion (defined originally in [I4] as a
modification of a concept in [6]) has been given attention in recent years in
such contemporary works as [1],[3],[5],[7],[9],[10],[12],[16],[17]. We will refer
to these works when we discuss the historical progress on the problem, and
the best known bounds on the minimal dispersion. The dispersion of some
particular sets has been studied in [8],[13],[I5]. When the volume is “large”
(r > %‘), the best known upper bound given in [I2] on the minimal disper-
sion is of the order (r — %)_1. In this paper we present a construction which
improves the best known bound on the minimal dispersion of large volume
boxes in the cube. We construct a class of discrete configurations in the cube
which can be employed to yield the result. Let d > 1, and let r € (%, 1].
The inverse of the minimal dispersion is denoted as N(r,d). The number
N(r,d) is the cardinality of the smallest set of points which intersects any
axis parallel box with volume exceeding r. The topic of dispersion is of inter-
est in studying topics in Discrete Geometry and Approximation Theory and
11
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construct a discrete configuration of points in the cube. The cardinality of

in particular random point configurations as in [10]. For each r € (

such a configuration will be shown to be an upper bound for N(r,d). First,
consider the situation when r > % The minimal dispersion is attained with
one point at the center of the cube. Thus, it is clear that in the large volume
regime we are interested in estimating the minimal dispersion when r < %
Theorem improves the best known bound in the large volume setting and

is given by.

Theorem 1.1. Let d > 1, and let r € (3,1]. Then




Let r € (3, 1], and let 1 = (1,1,...,1) € R% We construct a set of points

472
on the diagonal in the following way. Consider the sequence
r r r r
Q(T>:{T7 9 r 9 r 9 r 3 }
1—r 1-— 1i—r 1-— l_ﬁ 1-— ?
Denote the subsequent elements in the sequence as ¢, ¢, ... € Q(r). We

show that there exists a smallest number n > 1 such that
Gn > 1 —r1.
Now construct the configuration
q(r) ={¢1:1<i<n}.

| as

N |#—=

We define a monotone decreasing step function on (}l,

r—laq(r)l. (2)

This function is right continuous, and induces a partition on the interval. We
derive an explicit formula for the endpoints of the intervals, from which we
obtain a formula for the function in . We show that this step function is an
upper bound for the minimal dispersion. From this we obtain the estimate
given in Theorem [I.I} After this we restrict the analysis to the diagonal

{z1: 2 €]0,1]},

and diagonal analogues to obtain some properties of our configurations. Fi-
nally, we use the results on the diagonal analogues to show that some of our
estimates are sharp, given that d > C., where C, is a constant depending on

r alone. We begin with the definitions and notation.



1.1 Definitions and Notation

Let d > 1. Denote the d-dimensional unit cube as [0, 1]%. By convention let
| - | denote the cardinality, and let 1 := (1,1,...,1) € R% The set of all axis

parallel boxes is denoted as

B = {H;[i . I = [a;, b;) C [0, 1]}.

The dispersion of 7' C [0, 1]? is denoted as

disp(T) :=  sup  Vol(B).

Be®B, BNT=0

The minimal dispersion is denoted as

disp*(n,d) := inf disp(T).

TC[0,1)4, |T|=n
Let r € [0, 1]. The inverse of the minimal dispersion is denoted as
N(r,d) := min{n € N : disp"(n,d) < r}.

Let & > 0. Inductively define a sequence of functions { fx }x>o in the following
way. Let Sy = 1. Define fy : [0,1] — [0,1] as the identity fo(z) = z. Given

functions fo, f1,... fr_1, and numbers Fy, 51, ..., Bx_1, define
By = inf{x > 0:2 € dom(fr_1), fe—1(zx) =1}, (3)

and define f : [0, Bx) — R by



Proposition shows that the infimum in is attained for all k£ >
0. We will see that the numbers in are the endpoints of the interval
partition described in the introduction. Let & > 0. It is clear that dom( fx) C

dom(fr_1), hence By < fr_1. Let r € (i, %] The following definition is a

rigorous description of the step function given in . Define
a(r) :=inf{k > 0:r € dom(fy), fr(r)>1—r}+1, (5)

and define
n, = a(r) — 1. (6)

In Remark we show that the infimum in is attained.

2 Previous Work

First some known results related to the dispersion problem will be discussed.
In the paper [1] Aistleitner, Hinrichs, and Rudolf showed that for r < 1,

log, d

(1 —4r) < N(r,d). (7)

r

This lower bound gives a non-trivial estimate showing that the dispersion

asymptotically increases with dimension in the r < 1 regime. The upper

1
bound
27d+1

N(r,d) < (8)

was given by Larcher, and is presented in [I]. This is an improvement on the

r

bound given by Rote and Tichy in [I0]. The inequality given by

N(r,d) < 87d10g2 (?) ()

is a consequence of a general result given in [2]. The authors present an
argument which uses the VC'—dimension of B (which is 2d) instead of the
ambient dimension d. In the paper [1I], Rudolf presented a probabilistic
argument which yields the bound in @ The bound in @D is an improvement



on under the assumption that 7 > exp(—C?) where C > 1 is an absolute
constant. Sosnovec in [12] obtained another upper bound which is better

when d grows to infinity
N(r,d) < C,log,d. (10)

The constant C,. obtained in [I2] grows extremely fast with r. This constant
was improved by Ullrich and Vybiral [16] who showed that

27 1
C, = = logs (=).
72 082 (7")
Litvak in [9] gives an improvement on the known bounds in the regime r <
exp(—d), and showed that

Clnd 1

In (—)

N <
(rd) < =S (-

This result is very close to the best possible in a probabilistic setting. Litvak
also established that in the regime r > (In®d)/(dInIn(2d)) that

Clnd 1

In (—),

r r

N(r,d) <

which is an improvement on the bound given by Ullrich and Vybiral. Now we
turn our attention to the large volume regime r > }L. Sosnovec in [12] gave
dimension independent upper bound for N(r,d). In particular, he proved
that for r € (3,1), and d > 2,

N(r,d) < Li%J +1.

The goal of this paper is to improve this bound. This is established in
Theorem .11



3 Auxiliary

Proposition 3.1. Let i > 0. The function f; is strictly increasing on its

domain.

Proof. Employ induction on i. Let i = 0. By definition dom(fy) = [0, 1]. For
all x € [0,1], fo(z) = x. The base case is seen to be trivial. Assume that
the Proposition holds for i = 0,1,2,...,k. Let z1,29 € dom(fr+1) be such
that 1 < xo. Then by domain inclusion z1, xs € dom( f;). By the induction
hypothesis fr(z1) < fr(x2). It follows from the definition of fi.; as in (4)

that
T i)

<
1= fi(z1) 1= fulz)
This proves the Proposition. O

= for1(22).

Jer1(r1) =

In Proposition (3.2 we show that the infimal definition of the endpoints in ((3)

is attained.

Proposition 3.2. Let ro = 1. For each i > 1 there exists a unique number
r; € dom(f;) = [0, ;)

with the properties

Bi =1Ti—1 (11)
fimi(ri) =1—m; (12)
filry) = 1. (13)

Proof. Note that §; = 1 = ry. Employ induction on n. For each n > 0 we

produce a number r, with the properties , , .
Let n = 1. Recall the definition of f, given in ({4)), by

fo(z) = T~ h(a)

We will show that there exists r; € dom(f;) such that

(1

SRR T



Equivalently, we find the solution to the equation fy(z) — (1 —x) = 0. It is

clear that r; = % is the solution, and that r; < ;. Consequently, By = ry.

This implies that dom(f2) = [0, 82). Hence, 7 has properties (11)), (12), (13).
Let n = 2. Recall the definition of f3 given in , by

We show that there exists ro € dom(f2) such that

T2

SRR )

Equivalently, we show that there exists a solution to the equation

filz)—(1—2z)=0.

The function f; is strictly increasing by Proposition[3.1} Note that f;(0) = 0,
and f1(r1) = 1. Apply the Intermediate Value Theorem to fi(z) — (1 — z).

This yields a unique solution ry < ry such that

fi(ry) = (1 —1ry) =0.

It follows that 3 = r9, and that dom(fs;) = [0, 33). Hence ry has properties

Let & > 2. Assume that there exist numbers 7¢, 71,79, ...,7,_1 with the

properties , , . Under the assumption that dom(fz) = [0, Bx)

where By = ri_1, and fy_1(rx_1) = 1. Recall the definition of fy,; given in

@), by

T

Tl =750y
We show that there exists r, € dom(f;), such that

Tk

L= D) = =7



Equivalently, we show that there exists a solution to the equation

fer(w) = (1 —2) = 0.

The function fi_ is strictly increasing by Proposition[3.1] Note that f_1(0) =
0, and by the induction hypothesis, fx_1(rr_1) = 1. Apply the Intermediate
Value Theorem to fi_1(z) — (1 —z). This yields a unique solution ry < r4_1,
such that

fkfl(Tk) — (1 — T‘k) =0.

It follows that fyy1 = 7%, and that dom(fxy1) = [0, Bry1). This yields a

number 71 with the properties , , . This proves the Proposition.
O

Remark 3.3. For each k > 1, the infimum in the definition of B is attained
at By = rp—1. Proposition [3.9 justifies the assertion following the definition
m (@ Fiz the sequence

{rm}m=0 = {Bm+1}m>o0- (14)

Proposition 3.4. Let n > 1. Let r € (,3) be such that fi(r) < 1 for all
1 <n. Then for all 1 <n,

fica(r) < filr).

Proof. Fix n > 1. Employ induction on i. Let r € (1,1) be such that
fi(r) < 1forall i <n. Let i = 1. Recall the definition of fy, f1. Since r < %,
it follows that

T = fl(r).

1—r

Let 1 < k < n. Assume as the induction hypothesis that for all 1 <i <k,

fo(r)=r<

fica(r) < fi(r).



By assumption fx_1(r) < fi(r), then by definition of f it follows that

r

W) =550 ST 50

= fra(r).

This proves the Proposition. O

Corollary 3.5. Let r € (i, %] Let n > 1 be such that r < r,. Then for all
1< n,

fica(r) < filr).

Proof. Let r € (3, 3]. Let n > 1 be such that r < r,. The sequence {7, }m>o

defined in is decreasing. Hence, r < r, < r,_; < --- < ry. Property
(13)) in Proposition implies that f(ry) = 1 for all & < n. Since r < ry, it
follows by Proposition [3.1| that fi(r) < fx(rx). Hence,

Je(r) < fi(ri) = 1.
Now apply Proposition [3.4] ]

Remark 3.6. C’omllary gives the property that for allmn < k, f,(ry) < 1.

Property in Proposition gives that for all k > 0, fr(ry) = 1. Let
r € (L, %], and recall the definition in (@) given by

172
a(r) :=1inf{k > 0:r € dom(fx), fu(r)>1—7r}+1.
Then we have that for all k > 0,

a(ry) =k =mn,, + 1.

This gives the integral values of the step function in (@ evaluated at the left

endpoints of the interval partition given by

o [rayra), [ras ), [ 1). (15)

The following Proposition shows that the function in is constant over

any interval in the partition ((15)).



Proposition 3.7. Leti > 1. Letr € (i, %] be such that r; <r <r,_y. Then
a(r) =1.

Proof. First, let i« = 1, and let r € (}l, %] be such that 1 < r < 1. Since
r1 = 1, it follows that r = 1. Hence, a(r) = 1.
Let i > 2, and let r € (%, %) be such that r; < r < r;_y. Since r < r;_1,

Corollary [3.5|implies that for all k < i—1, f,_1(r) < fx(r). Apply Proposition
on fi_o to get fi_o(r) < fi—a(r;—1). By Proposition ,

fio(ricy) =1—r;_1.
It follows that
fico(r) < fica(ris)) =1—r;<1—r.

This means that for all £ <17 — 2,
fra(r) <1—r.

It follows that n, > i — 2. Since r; < r, apply Proposition [3.1lon fi_; to get
fiz1(ri) < fi—1(r). Recall that by Proposition [3.2]

fiea(ri) =1—r;.
It follows that
1—r<l-—r= fi—l(ri> < f¢_1(7’)-

Thus, fi_1(r) > 1 —r. It follows that n, <i— 1. Therefore, n, =i — 1. This

proves the Proposition. O

Remark 3.8. Pmposz’tion shows that the function in (@ 15 constant over
the intervals in the partition from . This shows that for each r € (}l, %],

the infimum in the definition of n, as in (@ 18 attained.

A brief discussion on Geometric Rational Sequences follows. We use the

results herein to obtain explicit values for the numbers {rj}i>1 as in ([14]).

10



The paper [4] provides results which can be applied to sequences of the form
defined below.

Definition 3.9. Let r € (1,3]. A Geometric Rational Sequence {x,(r)}n>0

is defined by setting an initial condition xo(r) = r, and recursively defining

r

Tpi1 = .
11—z,

If x, =1, then define 11 = 00, Tpio =0, so that x, 3 =7.

Definition 3.10. Let r € (3, 3]. The reduced form of a Geometric Rational

Sequence {y, (1) }n>o0 is defined by setting an initial condition
yo(r) = -1+,

and recursively defining

r

Yny1(r) = =1 — )

If yn(r) = 0, then define yn41(r) = 00, Yns2(r) = —1, so0 that yuis(r) =
-1+

Remark 3.11. Note that if y,3(r) = —1 +r, then y,,o(r) = —1. Hence,
Ynt1(r) = 00 and y,(r) = 0. This occurs if and only if the sequence {yn(r) }n>0

15 cyclical.
Remark 3.12. Let i > 1, and let r < r;. Then,
yolr) = —1+r,
r
yl(T) =1 + E - —1 + f1(7‘),

yo(r) = —1+ = =1+ fo(r).

1 — fi(r)

Continuing in this way, we see that for all k < i and r < ry,

ye(r) = =1+ fr(r).

11



Proposition 3.13. Let m > 0. Then the reduced sequence {y,(7m)}n>o0 is
cyclical with cycle length m + 3.

Proof. From Remark [3.12] we have that for all £ < m,

Y(Tm) = =1+ fr(rm).

Apply Proposition [3.4] to yield

Je1(rm) < fr(rm)

for all £ < m. This guarantees no repetition in the first m — 1 terms of the
reduced sequence {y,(r)}n>0. By Proposition B.2, f,,(r,) = 1. It follows
that

Y (rm) = fn(rm) =1 =1-1=0.

Recall the reduced sequence given in Definition [3.10f Then by definition
Ym+1 (Tm) = 0

ym+2(rm) =-1
Ymasz(Tm) =1 —1p.

This shows that y,+3(rm) =1 — 17 = yo(rm). It follows that the sequence is
cyclical with cycle length m + 3. [

The following Theorem from [4] will be used. Note that there is a typo-

graphical error in the condition o2 < 4.

Theorem 3.14. Let o, v € R with 0 < 4, and 6 = arccos QiLﬁ A sequence
satisfying Ypi1 = 0 — yln, y1 € R, has a finite or infinite number of cluster
points depending on whether or not % 18 rational. Moreover when % = % ceQ
15 1rreducible, the sequence takes on m distinct values yy, vy, . . . , Ym which are

thereafter repeated in this order.

12



Proposition 3.15. Let n > 1. Let

Then the reduced sequence {yip(Ry)}x>0 has cycle length n + 3.

Proof. Let n > 1. Let

1
40052(7%3)

In reference to Theorem [3.14} the sequence {yi(R,)}r>0 has the parameters
o = —1, and v = R,. Apply Theorem with the given parameters, and

set
-1

T

7r _7r(n+2)'

:arccos(—cos(n+3)) =13

6 = arccos (

Then p
-cQ
7r
By Theorem [3.14} it follows that {yx(R,)}r>0 has cycle length n + 3. O

Remark 3.16. Proposition gives a decreasing sequence of numbers
{Ry}n>0 C (3,%] such that as n goes to infinity R, — %. We show that
these numbers correspond to the numbers {ry}i>1 given in (14). These are

exactly the values of the endpoints in the partition given in .

Proposition 3.17. Recall the sequence {1y }m=o defined in (1{]). Then for
all n > 0,
rn = Ry.

Proof. Apply induction on n. Let n = 1. It is easy to check that r; = % = R,.

Let n = 2. Recall that {R,},~0 is decreasing. Hence, Ry < Ry = (5.
By Proposition it follows that Ry € dom(f;). By Proposition the
sequence {yx(R2)}k>o has cycle length 2 + 3. From Remark [3.11] it follows
that y2(R2) = 0. Then

yQ(Rg) =0=1-1= fg(Rg) — 1.
This implies that fo(Rs) = 1. Thus, 7o = Rs.

13



Let n = 3. Note Ry < Ry = 3. Then by Proposition it follows
that R3 € dom(f3). By Proposition the sequence {yx(R3)}x>0 has cycle
length 3 4+ 3. From Remark it follows that y5(R3) = 0. Then

ys(Rs) =0=1—1= fy(Rs) — 1.

This implies that f3(R3) = 1. Thus r3 = Rs.

Fix £ > 3. Assume that r, = R, for n = 1,2,..., k. Note Ry, <
Ry, = By41. Then by Proposition [3.2] it follows that Ryy1 € dom(fy11). The
sequence {y;(Re+1)}i>0 has cycle length (k4 1) + 3. From Remark [3.11] it
follows that yg41(Rgs+1) = 0. Then

yk-l—l(Rk—i-l) =0=1-1= fk+1(Rk+l) — L

This implies that fy1(Rky1) = 1. Thus, rer1 = Reqr. O

4 Main Results

In this section we obtain an upper bound for the minimal dispersion in the
large volume regime. We also use the results in the Auxiliary [3] to derive a

closed form expression for the bound.

4.1 An Upper Bound for the Minimal Dispersion

Let r € (}1, %], and let n, be as in @ Define the following configurations on

the diagonal
q(r) ={fe(r)1:0 <k <n,}. (16)

It is clear that |q(r)| = n, + 1.
Definition 4.1. Let B= I, x Iy x---x1; € B. The box B is Type 1, if one of
the following conditions holds. There exists 1 < j < d, such that I; C [0, 7],
or such that I; C [f,,(r),1]. There exists 1 < j <d, and 0 < k <mn, — 1,
such that I; C [fx(r), fes1(r)].

14



Definition 4.2. Let B=1; x Iy X --- x I; € B. The box B is Type 2, if the
following condition holds. There exist 1 < 7,1 < d, and 0 < k <mn, — 1, such
that I; C [fe(r),1], and I; C [0, fr41(7)].

Lemma 4.3. Let r € (i, %] Let B € B be a box of Type 1 or Type 2. Then
Vol(B) <.

Proof. Let B = 1) x Iy x --- x I; € *B. First assume that B is Type 1.
Assume that I; C [0,7]. Then the Lemma trivially holds. Assume that there
exists 1 < i < d, such that I; C [f,, (r),1]. Since n, is the smallest integer
such that f,, (r) > 1 —r, it follows that

Vol(B) < || < 1— f (r) <1

Assume that there exists 1 < ¢ < d, and 0 < k£ < n, such that I; C
[fr(7), fex1(r)]. Then

r r— (1 — fu(r)fu(r)
Vol(B) < |I;| = — = = )

O( ) = ‘ ’ fk+1(7“) fk(?") 1_ fk(r) fk(?“) 1_ fk(r)
Recall that n, is the smallest integer such that 1 —r < f,, (r). Since k < n,,
it follows that fx(r) <1 —r. Then

vou(py < T U= Sl DAM) v =rfil)

1 — fu(r) — 1= filr)
Hence, if B € B is Type 1, then Vol(B) < r.
Let B € B be a Type 2 box. By definition there exist 1 <i,j < d and
0 < k < n, —1such that I; C [fx(r),1] and I; C [0, fy41(r)]. Recall the
definition of fy,; as in given by

r

fk+1(7”) = 1——fk(7“)
It follows that

Vol(B) < |L||| = (1 — fi(r))

=T

1— fk(T)

15



This proves the claim. O]

Lemma 4.4. Let r € (1,3]. Let B € B be such that q(r) N B =0. Then B

15 either Type 1 or Type 2.

Proof. Let
P(r)={pi :pi= fi(r), 0<i<n,}. (17)

Then informally

Let B =1, x I, x -+ x I; € B. Notice that q(r) # 0 for all 7 € (1, 5]. Then
it is clear that there exists 1 < ¢ < d such that I; # [0,1]. Define

Q:=1,nNP(r).

If Q =0, then B is Type 1. From here we list the remaining possible cases.

Case 1: In this case Q = {p,,.}. Then p,, € I;. It is clear that I; C (p,,_1, 1].
Since B N q(r) = 0, there exists 1 < j < d such that I; C (p,,,1] or
I; C [0,py,). If I; C (pn,, 1], then by definition B is Type 1. If I; C [0,py,),
then since I; C (pn, 1, 1], by definition B is Type 2.

Case 2: Denote )y = ). In the second case let
0<m<n,,

and define

Qo C {pm:Pmt1, - P, -
The following algorithm shows that B is Type 1 or Type 2. Let I,,,, = I,.
Then it is clear that I,,, C (pm—_1,1]. Recall that BN q(r) = 0. Then there
exists I, , such that I/, C [0,pn) or I, C (pm,1]. If I, N Qo = 0, then
B is Type 1. If I}, C [0,pn), then since I,y C (pm-1,1], B is Type 2. If
I, C (pm,1], then denote I,,, := I, . Let

1<m<n,,

16



and define
Ql = QO N [ml C {pmapm-i-la <. 7pnr}-

If I,, " P(r) = {pn.}, then appeal to Case 1. Since BN q(r) = () there
exists I}, , such that I, C [0,pn) or I}, C (pm,1]. If I, NQ = 0,
then B is Type 1. If I, C [0,py,), then since I,,, C (pm-1,1] B is Type
2. If I, N P(r) = {pn,}, then appeal to Case 1. If I|, C (pm, 1] denote
Iy := I}, C (Pm. 1], and continue the algorithm. At step £ of the algorithm
let

¢t <m<n,,

and define
QZ == ng,l m [mg C {pm7pm+17 AR 7pnr}-

If Q; = 0, then B is Type 1. Assume Q, # 0. If I,,, N P(r) = {p,, }, then
appeal to Case 1. If there exists an interval I, , such that I}, C [0, py,), then
since I,,, C (Pm—1,1] by definition B is Type 2. The algorithm terminates

after at most n, steps.

Case 3: In the last case py € Q. Since BN q(r) = 0 there exists I; C [0, po)
or I; C (po,1]. If I; C [0,po), then B is Type 1. Finally, if I; C (po, 1], then
apply the results in Case 1 and Case 2. This proves the Lemma. O

Corollary 4.5. Let r € (3,1]. Then

Proof. Let n > 1. Let r € (}l, %] be such that r, < r < r,_1. Recall the

configuration q(r) defined as in (16). By Lemma [4.3] and Lemma [1.4] we get
that

disp(q(r)) = .

Since |q(r)] = n, + 1 = n, it follows that N(r,d) < n. O

Corollary [4.5] gives an upper bound for the minimal dispersion.
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4.2 A Formula for the Upper Bound

We derive a simple formula for the upper bound given in Corollary [4.5]

Corollary 4.6. Let r € (3,1]. Then

alr) = {arccos(%l/;)J -

Proof. Let k > 0. By Proposition |3.15[ and the conclusion of Remark it

is clear that
T
e ) = —3=a(rn) = k. (18)

Notice that the function is strictly decreasing on (}l, %] Let r € (}L, %], and

let k > 0 be such that r, <r < r,_;. By Proposition and it follows
that

alr) =k = {WJ - 3.

B
[l
Theorem 4.7. Let r € (3,1]. Then
N(rd) < | ———| - 3.
1
=i
Proof. Let r € (,3]. Then
arceos (—=) > 4/ — +
2\/r’ — 4
This combined with Corollary [4.5] and Corollary [4.6] gives
N < {—J se| | s
arccos (2\/;) r—1
The Theorem is proved. [
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5 Diagonal-Analogues and Sharpness

We prove some results about our configurations on the diagonal and diagonal

analogues in the cube.

5.1 Dispersion of Subsets of the Diagonal

Proposition 5.1. Let r € (1, 3], and let T C [0,1]* be on the diagonal such
that
disp(T') = r.

Then
|T| > n, + 1.

Proof. Let r € (3,1]. Let T C [0,1]* be on the diagonal such that
disp(T") = r.

Let n, be as in (0)), and let q(r) be the configuration as defined in (16). Let
P(r) be as defined in (17). Let

E:{eie[0,1]361<62<"'<6m7 m:|T‘}

such that
T = {611 te; € E}

Assume toward a contradiction that |T'| < n,. Partition [0, 1] into n, + 2

intervals

[Ovpo]v (p())pl]’ (plapQ]v ) (pnr—lvpm-]v (pnr’ 1]' (19)

Since |T'| < n,, there exist at least two intervals which do not intersect E.
Assume E N[0, po] = 0. Then py < e;. Construct the box

B =1[0,e;) x [0,1]%".

Then BNT = (. However, Vol(B) = e; > py = r which contradicts the
assumption that disp(T) = r.
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Now assume
Then e; < pg. Remove [0, pg| from the partition in ((19). Then two intervals

in the partition

(p()vpl]a (p17p2}7 R (pnr—17pnr]7 (pnw 1]

must not intersect E. If there exists ¢ < n, such that e,, < p;y1, then
construct the box
B = [O, 1] X [ph 1} X [07 1]d72'

It follows that BN E = (), however,
Vol(B) = (1 —p;) > pirai(1 —p;) =1

This contradicts the assumption that disp(7') = r. Let i < n, be the smallest

integer such that
E 0 (pi, pia] = 0.

Assume 0 < k < m is the smallest integer such that p;;; < ex. Construct
the box
B =[0,ex) x [p;; 1] x [0,1]"2.

Since T is on the diagonal B N E = (), however,
Vol(B) = ex(1 —p;) > pisa(1 —p;) =1

This contradicts the assumption that disp(7") = r.
The Proposition follows. n

Proposition 5.2. Leti > 0. Let r; be as defined in . The configuration
given by q(r;) in are symmetric on the diagonal. That is, if 0 < j < i—1,
then

1= fi(ri) = fa-n-5(re).

Proof. Let ¢ > 0. Let r; be as defined in . Employ an inductive argument
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on j. Let j = 0. Then by Proposition |[3.2|it follows that

L= fo(ri) =1 —1r; = fi_1(ry).

Let j = 1. Then by definition of the functions, and by Proposition |3.2

T

(1 — fi-a(ri))

By Proposition fiz1(ry) = 1 —r;. It follows that

fi—1(7"i)(1 - fz‘—z(ﬁ)) = (1 - fi—Q(ri)) = T;.

(1 —=r)(1 = fira(ri)) = 74

Then
T
1= fia(ry) = = fi(ra),

in particular
1- fl(ri) = fifQ(ri) = f(ifl)fl(ri)-

Fix 0 < j < i —1, and assume the induction hypothesis, for all 0 < k£ < j.
Namely that

1 — fu(ri) = f(i—l)—k(ﬁ).
We show that
I fj+1(7"z‘) = f(i—l)—(j+1)(7’i).

By the induction hypothesis

1= fi(ri) = fi—1)—5(ri).

By construction of the functions, we have that

T

1= fi—1)—j-1(ri))

Fin=i(r) (1 = fa-n—j-1(ri)) = ( (1 = fi-1—j-1(rs)) = ri.

Therefore,
T

L= fi-n-j-1(ri) = (1= fi(ri)

= fir1(r1).
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It follows that
1 — fir1(r1) = fla—1)—g+1)(ra)-

The Proposition follows. O

5.2 Dispersion of Subsets of the Extended Diagonal

Definition 5.3. Let r € (,3], and d > 1. Let P(r) be given by ,
and denoted as P(r) = {p; : pi = fi(r),0 < i < n,}. Define the Extended
Diagonal as

D(r,d) = [0, po]* U (po, p1]* U+ -+ U (pn,, 1]

Definition 5.4. Let d > 1. Let x = (11,29, ..., 2q) € [0,1]%. Define
s(z) = min{z; : 1 <i < d}.
Proposition 5.5. Let r € (1, 1], and d > 1. Let A C D(r,d) be such that
disp(A) = .
Then

|A| > n, + 1.

Proof. Assume that the hypothesis holds. Let n, be as in (6], and let g(r)
be the configuration as in ([16)). Define

Co = [0>po]d> Cnr+1 = (pnra 1]d-

For 0 < 7 < n, define
C; = (piflypi]d-

Assume toward a contradiction that |A| < n,. The n, points contained in A
must lie in the n, +2 disjoint sets in {C; : 0 < i < n,+ 1} composing D(r, d).
There exist at least two integers i < n,, such that AN C; = 0.
First assume that AN Cy = (. Since A C D, it follows that s(p) > pg for
each p € A. Let
t = min{s(p) : p € A}.
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Construct the box B = [0,t) x [0,1]¢"!. The magnitude of the components
of each p € A is bounded below by ¢. It follows that A N B = (), however,
Vol(B) =t > py = r. This contradicts the assumption that disp(A4) = r.
Now assume that AN Cy # 0. Let 1 < i < n, be the smallest number
such that ANC; = 0. Assume that for all 7 > i, ANC; = 0. Then set t = 1.
Construct a box
B =[0,t] x (pi_1,1] x [0,1]*72.

Since A C @, it follows that BN A = (), however,
Vol(B) = (1 = pi_1) > pi(1 —pi—1) = 1.

This contradicts the assumption that disp(A) = r. Assume that ANC; # 0

for some smallest 7 > i. Then set
t =min{s(p) : p e ANC,}.

Construct a box
B =1[0,t) x (pi_1,1] x [0, 1],

Since A C D, it follows that A N B = (), however,
Vol(B) =t(1 —pi—1) > pi(l —pi—y) =1
This contradicts the assumption that disp(A) = r. It follows that
n, +1 < |A|.
[

Remark 5.6. The condition d > 1 in Proposition 15 required. Let r = %

and d = 1. Note q(r) = {3,%,2}. Define

Up = [O7T]a Uy = (T,f(’l")], Uy = (f(r)v 1- T]v Us = (1 - 1]'
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Then by definition
@(7",1) = UOUU1UU2UU3.

Let A C D(r,1) be the set {3,%}. Then
disp(A) = E
b )

Since |A| = 2, and
ny+1=1q(r)] =3

the Proposition fails. This example shows that Proposition |5.5 only holds
when d > 1.

5.3 Dispersion Dependent Configurations

Proposition 5.7. Let d > 2. Let r,, be as in and let q(r,) be as in @
Let A C D (ry, d), be such that |A] = n, and

disp(A) = 7y,. (20)

Then
A= q (Tn) .

Proof. Assume the hypothesis. Note A # (). For all 0 < ¢ < n define C; to be
as in the proof of Proposition [5.5] Assume that for all 0 < i < n, ANC; # 0.
Then it follows that for all0 <i <n—1, ANC; = {p;1}. Hence, A = q(r,,).
We state here that for all 0 < i < n —1, ANC; # (. This follows directly
from the proof of Proposition [5.5} thus we shall omit the details to avoid
repetition. Then for all 0 <i <n—1,|ANC;| = 1. Now apply induction on
i to show that for all 1 <i¢<n, ANC,_; = {pn_il}.

Let ¢ = 1. Assume toward a contradiction that

ANChq # {pn-l}.

Let p € ANCh_y \ {pn_11}. There exists a maximum component of p
which is less than p,_;. Without loss of generality, assume that this is the
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first component. Denote the magnitude of this component as b(p) < p,_i.
Construct the box
B = (b(p), 1] x [0,1)4",

Since A C @, it follows that AN B = (). However,
Vol(B) =1—=0b(p) >1—pp_1 =1y

This contradicts . Therefore, ANC,_1 = {pn_11}.

Fix 0 < m < n —1. As an induction hypothesis assume that for all
m < k<n-—1 ANCy = {prl}. Assume toward a contradiction that
ANCh1 # {pm-11}. Let p € ANCp—1\ {pm-11}. There exists a maximum
component of p which is less than p,,_;. Without loss of generality, assume
that this is the first component. Denote the magnitude of this component as

b(p) < pm—1. Construct the box
B = (b(p), 1] x [0,pm) x [0,1)4.
Since A C @, it follows that AN B = (). Then

Vol(B) = pp(1 = b(p)) > pm(l — Prm1) = Tn.

This contradicts . Therefore, it follows that ANC,,—1 = {pm—_11}. Hence,
forall 0 <k <n—1, ANCy, = {px1}. Tt follows that A = q(r,,). 0

5.4 Bound Sharpness

Now we show that the bound in Corollary is sharp, given that d is large

11

enough. Recall that for each r € (7, 3], there exists n > 0 such that r, <

r <r,—_1, and

n.+1=a(r)=n.

Theorem 5.8. Let r € (3,1]. Then

N(r,d) =n, + 1,
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given that d > n" ' + 1, where n = a(r).

Proof. Let r = % = rq, then for all d > 2,
N(r,d)=1=n,, + 1.

Let r € (}1,%) be such that 7o < r < r;. Let d > 3. Define Uy = [0, 7],
U, = (r1,1], and denote [0,1]" = (Uy U U;)?. Assume toward a contradiction

that there exists ¢; € [0,1]¢ such that

disp({q:}) = .

Then either ¢; € [0,1]7tx Uy or ¢; & [0, 1]t xUy. Assume ¢; € [0, 1] x .
Construct the box B = [0,1]97! x U;. Then ¢, ¢ B, and

1
Vol(B) =r; = 5>

This contradicts the assumption that disp({g;}) = 7. Assume ¢; & [0, 1]%7! x
Up. Construct the box B = [0,1]97! x Uy. Then ¢, € B, however,

Vol(B) =r; >r.

This contradicts the assumption that disp({¢1}) = . Then 1 < N(r,d), and
by Corollary N(r,d) < 2. It follows that

N(r,d) = 2.

Let 7 be such that r3 < r < ry. Since a(r) = 3, d > 10. Define
Uo = [0,73], Uy = (ro, 1—13], Uy = (1—73,1]. Select two points q1, ¢ € [0, 1]%.
Assume toward a contradiction that disp({qi,¢2}) = r. The components of
¢1 and ¢y are contained in the intervals Uy, Uy, U;. Denote the components
of q1,q2 as {q1}1<i<as {q2i}1<i<a- Let My > 4 denote the largest number of
components of {q; ;}1<i<q contained in a single interval, denoted as U,,,. De-
note the corresponding indices as {a; 1<i<p, :=={a; a1 < ags <--- < apy }-

Let My > 2 denote the largest number of components of {gs 4, }1<i<ns, con-
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tained in a single interval, denoted as U,,,. Denote the corresponding indices
as {b; 1 1 <i < My} C {a;}1<i<nm,- It follows that

41,615 41,6, S Um17

QZ,bn q2,b2 € Umg-

Project onto the components,
q — (0707'"a07q1,b170’07"'707q17b270707""0) = qi?

and
go — (0,0,...,O,QZbl,O,O,...,0,(]271,2,0,0,...,0):q;.

The points are projected onto a 2-dimensional face of [0, 1]¢, given by
{03171 % [0, 1] x {0}P2=0Fb0) 5 [0, 1] x {0}4702.
Note that
¢, € {0} x Uy, x {0}~ s 7 {0}4b2

and
¢ € {0Y L x U,,, x {0320+ s x {0}t

The components ¢, ¢, are contained in ®(ry,2). By Proposition there
exists B’ € 9B such that

B = {0} x I x {0322~ 0Fb0) s 1y x {0} b2,
where q1, ¢, ¢ B'. However, Vol(I; x I5) > ry. Let
B =10,11""1 x I x [0,1]%270+%) 5 1, x [0, 1]47b2.
It is clear that ¢1, g2 & B. However, Vol(B) > ro > r. This contradicts the

assumption that disp({qi1,¢2}) = r. Then N(r,d) > 2, and by Corollary

27



N(r,d) < 3. It follows that
N(r,d) = 3.

Fix n > 3, and let 7,41 <r <r,. Since a(r) =n + 1,
d>(n+1)"+1.

Let q1,qo, ..., q, be arbitrary points in the cube. Assume toward a contra-

diction that disp({qi, qa,...,dn}) = 7. Define the partition
Up=[0,7,), U1 = (10, f1(10)], -+, Upr = (1 — 1y, 1.

For all 1 < ¢ < n, denote the components of ¢; as (¢;1,¢i2,---,¢.q). Denote
di:=(n+1)"+1. Let
_dy—1

Mlzdgi— (n—|—1)+1

denote the largest number of components of {q ;}o<i<a Which are contained

in a single interval, denoted as U,,,. Denote the corresponding indices as

{al,i}lﬁiSMl‘

Let p .
My>dg = ——— +1
2 3 (n+1)

denote the largest number of components of {g24,, }1<i<ar, Which are con-

tained in a single interval, denoted as U,,,. Denote the corresponding indices

as {a2,z‘}1§i5M2~
Forall1 <k <nlet

denote the largest number of components of {qxq,_,,}i1<i<nm,_, Which are

contained in U,,,. Denote the corresponding indices as {ax;}1<i<n,. This

28



guarantees that M,, > 2. Define a projection on 1 < j < n, such that

q] - qjvan,17q‘j7an,2 6 Umj

This embeds into D(ry,2). Then by Proposition [5.7, there exists a box B’
such that ¢ ¢ B’ with I, I5, such that

Vol(I; x I3) > 1y,
This can be extended to a box
B = [0’ 1]an,1—1 x I X [07 1}0471,2_(1“!‘&77,,1) x Iy % [O, 1]d1—an,2‘

It is clear that 1, o, - .., g, € B and that Vol(B) > r,, > r. This contradicts
the assumption that disp({qi1,¢2,...,¢.}) = r. Then n < N(r,d), and by
Corollary .5, N(r,d) < n + 1. It follows that

N(r,d) =n+1.

6 Concluding Remarks

6.1 Construction when r = ;11

When r = 4117 and d is small the following configurations are better than the
best known bound which asymptotically is log(d). We present a configuration

which is easy to describe and visualize.

Proposition 6.1. Let r > ;. Then N(r,d) < 2d.

1
7

Proof. Let d =2 let

Every box BN K = () inside [0, 1]* is contained in one of the following
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0.5 %00, 0.5 x G Gx0.L), G1Ux
GHxGD DHx01 Guxbi pUx@GU )
0.1 x[0,2), (43).x0.1 P.1x (4L, (4.3 x[0,1]

0.1] % (3. 3)

This gives the result in the 2 dimensional case. Let d > 2. Let

11 11 1 1
K: ——...—Mi,—,...,— Mz:—,lggd
! {(2’2’ g 2) 1 ! }

11 1 1 1 3
Ko={(== .. .. My~ ... =):M=2",1<i<db.
272 2" 9 2 4

Let K = K; U K,. Then each box in B € [0,1]¢ such that BN K = () is
contained in a product of d — 2 intervals [0, 1] with one of the boxes in ([21]).

Each of the boxes have volume }l. Therefore,

1

and |K| = 2d.

30



References

1]

2]

[10]

[11]

C. Aistleitner, A. Hinrichs, D. Rudolf, On the size of the largest empty
box amidst a point set, Discrete Appl. Math. 230 (2017), 146-150.

A. Blumer, A. Ehrenfeucht, D. Haussler, M. Warmuth, Learnability
and the Vapnik—Chervonenkis dimension, J. Assoc. Comput. Mach. 36
(1989), 929-965.

S. Breneis, A. Hinrichs Fibonacci lattices have minimal dispersion on
the two-dimensional torus preprint, (2019), arXiv:1905.03856

L. Brand, A Sequence Defined by a Difference Equation, The American
Mathematical Monthly. 62 (7) (1955), pp. 489-492.

A. Dumitrescu, M. Jiang, On the largest empty axis-parallel box amidst
n points, Algorithmica. 66 (2013), 225-248.

E. Hlawka, Abschatzung von trigonometrischen Summen mittels dio-
phantischer Approximationen, Osterreich. Akad. Wiss. Math.- Natur-
wiss. Kl. S.-B. II, 185 (1976), 43-50.

A. Hinrichs, D. Krieg, R.J. Kunsch, D. Rudolf, Fxpected dispersion of
uniformly distributed points, J. Complexity, to appear.

D. Krieg, On the dispersion of sparse grids, J. Complexity 45 (2018),
115-119.

A.E. Litvak, A remark on the minimal dispersion, Communications in

Contemporary Mathematics, to appear.

G. Rote, R.F. Tichy, Quasi-Monte Carlo methods and the dispersion of
point sequences, Math. Comput. Modelling. 23 (1996), 9-23.

D. Rudolf, An upper bound of the minimal dispersion via delta covers,
Contemporary Computational Mathematics - A Celebration of the 80th
Birthday of Ian Sloan, Springer-Verlag. (2018), 1099-1108.

31



[12] J. Sosnovec, A note on the minimal dispersion of point sets in the unit
cube, European J. of Comb. 69 (2018), 255-259.

[13] V.N. Temlyakov, Dispersion of the Fibonacci and the Frolov point sets,
preprint, (2017), arXiv:1709.08158.

[14] M. Ullrich, A lower bound for the dispersion on the torus, Mathematics
and Computers in Simulation, 143 (2018), 186-190.

[15] M. Ullrich, A note on the dispersion of admissible lattices, Discrete
Appl.Math, 257 (2019), 385-387.

[16] M. Ullrich, J. Vybiral, An upper bound on the minimal dispersion, Jour-
nal of Complexity. 45 (2018), 120-126.

[17] M. Ullrich, J. Vybiral, Deterministic constructions of high-dimensional
sets with small dispersion, Preprint, (2019), arXiv:1901.06702

32



	Introduction
	Definitions and Notation

	Previous Work
	Auxiliary
	Main Results
	An Upper Bound for the Minimal Dispersion
	A Formula for the Upper Bound

	Diagonal-Analogues and Sharpness
	Dispersion of Subsets of the Diagonal
	Dispersion of Subsets of the Extended Diagonal
	Dispersion Dependent Configurations
	Bound Sharpness

	Concluding Remarks
	Construction when r = 14


