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Abstract

The two families of quantum groups of Yangians and quantum loop alge-
bras have a library of similar results on their structures and representation the-
ories. Not until Gautam and Toledano-Laredo’s works in the past decade [GTL13]
[GTL16] has there been an explanation for these correspondences. We present a
selection of results on super Yangians and quantum loop superalgebras for the Lie
superalgebras glyyy and qn. These suggest that a similar connection may exist in

the superalgebra case.
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INTRODUCTION

The story behind quantum groups is one that began in physics literature in
the early 1980s. They were described as “associative algebras whose defining rela-
tions are expressed in terms of a matrix of constants, called a quantum R-matrix”
[CPo4]. By 1985, V. G. Drinfeld and M. Jimbo independently noted that these
quantum groups were Hopf algebras. In particular, many were deformations of
the universal enveloping algebras of Lie algebras. This connection led to the study
of quantum groups from the perspective of algebraic groups and Lie algebras
without any theoretical physics involved. Meanwhile, the quantum Yang-Baxter
Equation first surfaced in the mid 1960s as a condition for a quantum mechanical
many-body problem. From there, it has been established as the “master equation
in integrable models in statistical mechanics and quantum field theory” [Jim89],
though its significance reaches other fields of study. In particular, interest in quan-
tum groups has been fueled by the relationship between quantum groups, the
quantum Yang-Baxter equation, and the theories of representations of Lie alge-
bras in prime characteristic and of invariants of links and 3-manifolds. Notably,
two families of infinite-dimensional quantum groups are Yangians and quantum
loop algebras. Their historical importance lies in the ability to construct solutions to

the quantum Yang-Baxter equation from their finite-dimensional representations.



In this thesis, the goal is to examine the similarities and connections in rep-
resentation theory between two families of quantum groups in the superalgebra
case: the quantum loop superalgebras and super Yangians. Recent work by Sachin
Gautam and Valerio Toledano-Laredo [GTL13] [GTL16] has provided background
for why these similarities exist in the non-super case, for semi-simple Lie algebras.
These similarities have been noted for decades now. One can see an example of
this in comparing the classification of finite dimensional representations in the
two cases, as seen in Theorems 2.6 and 2.9 and the recurring use of Drinfeld poly-
nomials. However, up until recently, the explanation behind these similarities had
not been explained. Here, we investigate some results that work in two superal-
gebra cases. Theorem 4.14 and Theorem 4.18 specify the necessary and sufficient
conditions for the irreducibility of Verma modules over Y (glyn) and U, (gl n[s])
respectively. We show the degeneration process to obtain the super Yangian from
its associated quantum loop superalgebra in Theorem 5.4 for gl and Theorem
6.15 for qn. These suggest that we may be able to assert that a link between quan-
tum loop superalgebras and super Yangians exists in an analogous way to the link
established by Gautam and Toledano-Laredo. This will not be explored in this

thesis, but could be a future research goal.

In the second chapter, we establish the definitions of the structures used in
this thesis, as well as preliminary results on them. This includes general defini-
tions of Yangians and quantum loop (super)algebras. Further, we look at more
specific examples for gly, glyn, and qn. We will also define Verma modules on

some of these quantum groups.

Chapter 3 reviews three major works fundamental to the main ideas of this

thesis [GM12] [GTL13] [GTL16]. This will provide background on the close ties



between Yangians and quantum loop algebras. In particular, we will see how the
Yangian can be derived as a limit form of a quantum loop algebra in Theorem
3.3, how an isomorphism between the completions of the two quantum groups
is constructed in Theorem 3.6, and how certain categories of representations are

equivalent in Theorem 3.12.

Next, Chapter 4 focusses on some aspects of the representation theory of the
super Yangian Y(glyn). In this chapter, the goal is to prove that a few of the
results that apply to Yangians, specifically the results given by Billig, Futorny, and
Molev [BFMo6], also apply analogously to super Yangians. While first looking at
the gly|; case, we arrive at Theorem 4.9, which asserts that a Verma module over
Y(gly1) is irreducible if and only if its irreducible quotient is finite dimensional.
This is followed by the significant Theorem 4.14, which allows us to parametrize
the irreducibility of a Verma module by its highest weight. Further, we will find
an analogous set of results for a subalgebra of the quantum loop superalgebra
that we call the quantum current superalgebra. This centres around determining
the dependency between irreducible Verma modules and their finite dimensional
irreducible quotients (Theorem 4.17) for U, (gl1[s]) and showing when a Verma

module over U, (glyn/[s]) is irreducible (Theorem 4.18).

What follows in the fifth chapter is the degeneration process of obtaining the
Yangian Y (glyy) from the quantum loop superalgebra Y;(Lglyy). The bulk of
this requires the creation of more convenient sets of generators and the manipula-

tion of defining relations.



Finally, in Chapter 6, we follow the degeneration process again, but in the
type q setting. Using similar techniques as in the previous chapter, we define an

isomorphism from Y (qn) to a sum of quotient subspaces of U, (L™ qy).

The final two chapters heavily suggest that there exists an isomorphism be-
tween completions of super Yangians and quantum loop superalgebras. This
would be an analogous result to the isomorphism constructed in the non-super

case by Gautam and Toledano-Laredo, as seen as Theorem 3.6 in Chapter 3.



2

DEFINITIONS AND BASIC PROPERTIES

What follows are the necessary definitions and preliminary results for explor-
ing the results presented later in this thesis. In some cases, we offer multiple
presentations of a single structure; this is because we may need to choose one or

the other depending on which set of relations best suits the situation.

2.1 GENERAL SETTING

2.1.1 Yangians

Originally, V.G. Drinfeld introduced the term Yangian to refer to quantum

groups related to rational solutions of the Yang-Baxter Equation:

R12R13R23 = Rp3R13R12

for an R-matrix R, which is a tensor product of matrices. The latter form uses
the notation R;; = ¢;;(R) for the algebra morphisms ¢;; : A®A - AR A® A,
A a unital associative algebra. In this thesis, A = End(V) for a vector space
V. The index i, j indicates where an element a ® b is sent; ¢p1p(a®@b) =a@b® 1,

P13(a®b) =a®1®Db,and ¢3(a ®b) = 1®a ® b. These equations, named by Fad-



deev in the late 1970s, capture the properties of transformations in various fields
of study within mathematics and physics, with applications in electric networks,

braid groups, and spin models, among others [PAo6].

Before examining more specific cases, let us first define the Yangian for a
complex, semisimple Lie algebra g. First, we recall some basic associated objects
and quantities for the Lie algebra. If we let (-, -) be its non-degenerate invariant
bilinear form, h denote its Cartan algebra, then we can produce a Cartan matrix

A. Its entries are defined

(2, ;)
LZZ']‘ =2
(i, ;)
where the «; are elements of h* that form a basis of simple roots of g. Let d; = ('X‘é’x" ).

Recall that if we let the Cartan matrix be A = (a;j), then D = Y ;c; d;E;; is a matrix
such that DA is symmetric and the d; are coprime integers. Then, we can define

the Yangian of g, with the addition of a parameter 7.

Definition 2.1. Let the Yangian Y;(g) be the associative C[#]-algebra with identity
generated by the elements xij; and h;, where i is an element of the set I of vertices
of the Dynkin diagram of g and r is a natural number. These are subject to the

following relations for i,j € I'and r,s € IN:

(i i) =0 (2.1.1)

[hz‘,o, x]is = Fdia;jx, (2.1.2)

[hi,rﬂfxﬂ — [hi,r/ x]i,s+1: = idizi]h(hi,rxfs +xhiy)  (2.13)

[xfrﬂiji,s} - [xfrﬂfxfs: = idizijh(xfrxfs +aix) (214

[x;;, x;s: = Oijhi s (2.1.5)

5 o ey [ 2] ]] =0 oo

TESy



For the last relation (2.1.6), set m = 1 — a;; where i # j.

We equip the Yangian with a grading with the assignment of degxy, = r =
degh;, and degh = 1. For example, a monomial
+ —
W’xil/r1 Xp e hi, s,
will have degree a +r1 + 12+ --- 4+ 1. We can also see that both sides of the
relations above have the same degree or are zero; for instance, the left and right

hand side of (2.1.4) are each of degree r + s + 1.

The generators of Y;(g) form the coefficients of the following elements of

Yi(g)[[u]]

hi(u) = 1+h Z hiu "1 (2.1.7)
r>0
xF(u) = ) xiu”’1 (2.1.8)
r>0

Note. A slightly different presentation of the Yangian exists, which is essentially
equivalent to the above but with a change in notation. This one is more consistent
with the notation used by Billig, Futorny, and Molev [BEMo6]. We write efr) for

x;t, fl.(r) for x;,, and hl(r) for h; .

2.1.2  Quantum Loop Algebras

Definition 2.2. For a Lie algebra g, we let its loop algebra be L(g) = g[s,s!] =

g ® CJs,s™!] for some indeterminate s.

L(g) is isomorphic to the space of Laurent polynomial maps C* — g [CPg4].
Before presenting the definition of the quantum loop algebra of g, we introduce

the following notation in order to increase readability of the relations. To denote



quantum loop algebra, we can either write Uy (Lg) or U,(Lg); we relate the two
variables 7 and g by the equation g% = ¢”. Further, we let q; := g% = ¢"%/2. Finally,

we recall the g-binomial coefficients (sometimes called Gaussian integers) in Q(q):

qn o q—n
=g
which satisfy
[n]q! = [n]q [1’1 - 1]q e [1]q (2'1'9)
m B [m],!
) — —[n]q![m q_ o (2.1.10)

Definition 2.3. For a complex, semisimple Lie algebra g, let U (Lg) be its quantum
loop algebra. It is an associative algebra with identity over C[[]] with generators
Eix, Fix, and H;y for i € I and k ranging over the integers. These generators are

subject to the relations below, where we leti,j € Iand 7,5,k € Z.

[Hi, Hijs] = 0 (2.1.11)
[Hio, Ejx] = aijEjx (2.1.12)
[Hip, Fix] = —aiFix (2.1.13)
ra;i|g.

[Hir Ejx] = [ ;]]q' E;, .y for nonzero r (2.1.14)

Hy Fy = g
Hi Fx] = — . Fjrx for nonzero r (2.1.15)
Eijs1Ejp — 4, EjiEijs1 = 4; EixEjien — EjiaEi (2.1.16)
FirFyp —q; "FyyFieer = 4, FixFiro — FiFig (2.1.17)

kel — Piki
[Eix, Fii] = 5UW (2.1.18)

i~ i



Fori #j,m=1—aj,and ky,...,kn, | € Z,

" m
Z Z(_l)s Ei/kn(l) T Ei/kn(s) Ej/lEi/kn(s+1) T Eirkn(m) =0 (2'1'19)
TESy s=0 S
-
m m
Z Z(—l)s Fi,kﬂ(l) ce Fi,kn(s) Fj'lFi'kn(s+1) R Firkn(m) =0 (2‘1.20)
€Sy s=0 S
L - 0]1‘
where the elements ¢;, and ¢; , are defined by the series
—r hd; -1 —s
i = ir = -~ i Y; 1,5 -1.
Pi(z) Zl[} z exp ( - | exp (gi—q )ZH z (2.1.21)
r>0 s>1

hd,; _ s
$i(z) = ) ¢i 2" =exp <—2> exp (—(qi —q;") Y Hi ¢z

r>0 s>1

satisfying ; _ = ¢;, = 0 for all k > 1.

> (2.1.22)

If given the quantum affine algebra instead, we can produce the correspond-

ing quantum loop algebra by taking the quotient of the quantum affine algebra by

the ideal generated by C 172 _ 1, where C*1/2 are central elements.

Note. We can also use the generators Xf; and H;, instead, with X; corresponding

to E;,, Xi; corresponding to F;,, and H,;, corresponding to H;,. This is consistent

with the notation used in [GM12] and will be used primarily in Section 3.1.

2.1.3 Classification of finite-dimensional representations and Drinfeld polynomials

This subsection introduces some of the most fundamental concepts to this thesis:

highest weight representations and Drinfeld polynomials. In Chapter 4, we will

revisit Verma modules in the gl y case.



Definition 2.4. Let ¢ = {¢;, }sen ic1 denote a collection of complex numbers. Take
an element A € b in the dual of the Cartan subalgebra such that c;g = diA(a)).
A representation M(A,c) of Yy (g) is called a highest weight representation of high-
est weight (A, c) if there exists a highest weight vector 1) € M(A,c) such that
M(A,¢) = Yi(g)1y, x;;lA =0, and h;,1) = ¢;,1, for alli € I,r € N. Further, for
any h € b, hly = A(h)1,.

Denote the irreducible quotient of M(A,c) by L(A,c). This is the quotient of

the Verma module M(A, ¢) by its unique maximal proper submodule.

Theorem 2.5. Every irreducible finite dimensional representation of Yy (g) is a highest

weight representation for a unique highest weight (A, c).
Finally, we reach the classification theorem for irreducible modules.

Theorem 2.6. The irreducible representation L(A,c) is finite dimensional if and only if

there exist unique monic polynomials {P;(u) € Clu]}er such that

1 P(u+dh)
L Ci P;(u)

r>0

We call the polynomials P;(u) Drinfeld polynomials. Chari and Pressley [CPg4]
offer a proof of this theorem.
We also have a parallel set of definitions and results for the quantum loop

algebra Uy (L(g)).

Definition 2.7. Let ¢ = {’)’iﬁm}meN,iEI denote a collection of complex numbers.
Take an element A € b in the dual of the Cartan subalgebra such that 'yfo = M),
A representation M(A, y) of Uy (L(g)) is called an I-highest weight representation of
I-highest weight (A, ) if there exists a highest weight vector 1, € M(A, ) such
that M(A,y) = Ys(g)1, Eip1y =0, and 97, 1) = i, 1 foralli € Lr € N.

Again, we denote the irreducible quotient of M(A, ¢) by L(A, ¢).

10



Theorem 2.8. Every irreducible finite dimensional representation of Uy (L(g)) is a high-

est weight representation for a unique highest weight (A, 7).

Theorem 2.9. The irreducible representation L(A,y) is finite dimensional if and only if

there exist unique monic polynomials {P;(z) € C|z] }icy with P;(0) # 0 such that

_ —d \ Pi(g%z) _
+ m __ —dideg(P;) L1 q _ m
YimZ = = Vi mZ
ngo 1,m q Pz (Z) n;o 1,m

As for Yangians, we call the polynomials P;(z) Drinfeld polynomials. Again,

Chari and Pressley provide an outline of the proof of this theorem [CPog4].

2.1.4 PBW Bases

Definition 2.10. From any ordered basis of a Lie algebra, we can build a basis for
its universal enveloping algebra. This Poincaré-Birkhoff-Witt (PBW) basis consists of

monomials in the Lie algebra’s basis elements.

This rough idea of what the PBW Theorem is will suffice as a general defini-
tion, as we will see concrete, relevant examples to Yangians and quantum loop
algebras. Throughout this thesis, we take advantage of the existence, or conjec-

tured existence, of bases of this nature.

Theorem 2.11. (Proposition 12.1.8 [CP94]) Fix an ordering on the generators xfr and
hi, of Yy (g). Then, the set of all ordered monomials in these generators is a vector space

basis of Y (g).

Theorem 2.12. Fix an ordering on the generators E;, F;  and H; . of Uy(Lg). Then, the

set of all ordered monomials in these generators is a vector space basis of Uy (Lg).

11



2.2 QUANTUM GROUPS FOR gly

The Yangian of gly can certainly be presented as in the previous general
presentation, but we can use an RTT presentation as well. This will be a more
convenient presentation in some contexts. Let the generators of U (gly) be the

elementary matrices E;; € End(CV) following conventional notation.

Definition 2.13. The Yangian Y (gly) is generated by the elements tf].r), r > 1 subject

to the following relation:
R12T1T2 = T2T1R12 (2.2.1)

where we define

T = T(u) = Zti]‘<u) & Ei]‘

L]
by(u) = 6+ Yt u "
r

Ty =Ti(u) = Ztij(u) ®E;j®1
L]

T7_ = Tz(?]) = Zti]-(v) ®1® Ei]'
L]

R = R(M,Z)) =1- (1/[ — U)il ZEZ] X E]z
]

The relation (2.2.1) is often referred to as the ternary relation or RTT relation.
With some calculations and substitutions, the ternary relation can be shown to be

equivalent to the relation:

M+1) (L M) (L4+1 M) (L L) (M
Hf . )’tlgl)] o Hj )'tl(clJr )] = tl(cj )tz(l ) t;(q-)tﬁ ) (2.2.2)

12



Note that we have an embedding of U(gly) into Y(gly) given by E;; tl(jl).

As well, we have a homomorphism Y (gly) — U(gly) given by T(u) — E(u) =
T+u'-Y,; Ej®E; Then, letting Ey = 1+u - E;®E;j®1and Ep = 1+
v 1. Zi,j Eij ® 1® Ejj, we can rewrite the defining relations in U(gly) as RizE1Ex =

E>E1R1).

2.2.1  Quantum Loop Algebra of gly

Incidentally, none of the results in this thesis directly concern the quantum
loop algebra U,(Lgly). This presentation of it is included for the sake of comple-

tion and comparison to Y(gly). We use that Lgly = gly(Cl[s,s71]).

Definition 2.14. The quantum loop algebra U;(Lgly) is a C(q)-algebra with gen-

(r)

erators Tigr),Tij over 1 <i,j < N,r € Z>¢. These are subject to the relations:

TV =T =0if1<j<i<N (2.2.3)
Ti(iO)TZ(iO) = Tz(zp)Ti(iO) =1for1<i<N (2.2.4)
R(u,v)Tr(v)T1(u) = Ty (1) To(v)R(u, v) (2.2.5)
R(u,v)T2(0)T1(u) = T1(u)T2(v)R(u, 0) (2.2.6)
R(u,v)T(v)T1(u) = T1(u)To(v)R(u,v) (2.2.7)
where we define

T(u) = Z ti]-(u) ® Eij (2.2.8)

ij=1
T(Ll) = Z f,-]-(u) ® Ei]' (2.2.9)

ij=1
tij(u) =) tlgjr)u_’ (2.2.10)

r=0

13



tij(u) = fojr)ur. (2.2.11)
0

2.2.2  Representations and Drinfeld Polynomials

In this section, we present the fundamentals of representation theory of the

) and K" — yl@ fori =

i i

Yangian Y(gly). Let I be the left ideal generated by e
1,...,N,r>0,and .”lm eC.
Definition 2.15. The Verma module of highest weight p(u) is M(u(u)) = Y(gly) /1.

It has a basis consisting of monomials of the form fé(r})) e fi(rl’)) 1, foral) € AT, 7; >

0,1 > 0. These elements fi(%) are similar to those defined in Subsection 2.3.5.

Definition 2.16. Let 7 = (171,72, ...,7n) € C. Define the weight space M(u(u)),

corresponding to the weight u to be

M(p(u))y ={X € M(A(u))|E;X =nX, i=1,...,N} (2.2.12)

Now that we have defined the notion of a weight on M(p(u)), we can es-
tablish some connections between the representation theories of Y(gly) and gly.
In particular, if h* is the dual space to the Cartan subalgebra of gly, with ba-
sis €1,...,en, the weight  of M(u(u)) can be identified with the element #1¢1 +
...yNnéeN in the dual, where we let i7; := 5(E;;). Further, the set of weights of
M(pu(u)) coincides with the set of weights of the Verma module on gly with high-
est weight uM) = ( gl), ceey yﬁ)). This is largely a consequence of our definition
of Verma modules over Y(gly). The weight space decomposition of M(pu(u)) with

respect to the Cartan subalgebra h of g is given by

M(p(u)) = D M(p(u))y, (2.2.13)
I3

14



where 7 is taken over all weights of the Verma module. Now, consider some
submodule K of M(u(u)). Acting on vectors in K by the E; yields the weight
space decomposition of K given by K = @, K; where K, = KN M(u(u)),. Re-
call that the Verma module is generated by the vector 1,,(,). This means that any
proper submodule of the Verma module has zero intersection with the weight
space M(p(u)), ) As a consequence of this, the unique maximal proper submod-

ule of M(A(u)) is the sum of all of its proper submodules.

Definition 2.17. The irreducible highest weight representation L(p(u)) of Y (gly) with
the highest weight y(u) is the quotient of the Verma module by its unique maximal

proper submodule.

Observe that this irreducible highest weight representation is isomorphic to
the irreducible quotient of an arbitrary highest weight representation L with high-
est weight p. Further, it follows that two irreducible highest weight representa-

tions are isomorphic if and only if they have the same highest weight.

Theorem 2.18. Every finite-dimensional irreducible representation L of the Yangian
Y(gly) is a highest weight representation. L contains a unique highest vector, up to a

constant factor.

From this theorem, we conclude that every finite dimensional irreducible rep-
resentation of Y(gly) is isomorphic to a unique irreducible highest weight rep-
resentation. The power of this result lies in the fact that classifying all finite di-
mensional irreducible representations is reduced to determining when L(A(u)) is

finite dimensional, depending on A(u).

15



Theorem 2.19. The irreducible highest weight representation L(A(u)) of the Yangian

Y(gly) is finite dimensional if and only if the following relation holds:

M(u) — Ap(u) = -+ = An(u). (2.2.14)

In the context of the theorem above, we say that a sequence Aj(u) — Ap(u) —
- — An(u) holds if, for any i = 1,2,...,N — 1 and certain monic polynomials

P;(u), we have

u
(u): O (2.2.15)

These polynomials are the Drinfeld polynomials of the corresponding representation

of the Yangian.

Corollary 2.20. Finite dimensional irreducible representations of Y (gly ) are parametrized
by the tuples (f(u), Pi(u),...,Pn_1(u)) for f(u) a formal power series in u~" with con-

stant term 1 and the Drinfeld polynomials associated to the representation.

16



2.3 SUPERALGEBRAS: gly |y

Now, we shift our focus to Lie superalgebras, structures that can be used to
describe supersymmetry in theoretical physics. Since these superalgebras are
equipped with a Z /2Z-grading, in most theories there is a correspondence be-
tween even elements and bosons, and odd elements and fermions. The superalge-

bras explored in this thesis are gl and qn; this section looks at the former.

2.3.1  General Linear Lie Superalgebra

Consider the Z /2Z-graded space C(M|N) = CM & CV with standard ba-
siseq,...,em, eM+1, - - - €M+ N- We implement the notion of parity by setting the
parity of e; to be

1 i<M

li] :=
0 i>2M+1

The superalgebra of endomorphisms of this space, End¢ (C(M|N)), is also a
Z /2Z-graded space. The parity of a basis matrix E,;, is |E,p| = |a| + |b| for
all a,b between 1 and M + N. Then, if we equip this superalgebra with the
superbracket [X,Y] = XY — (—1)XIIVlYX, we produce the general linear Lie

superalgebra gly -

2.3.2 Super Yangian of gly

We will first give a presentation of the super Yangian Y (gly);) following that
of [Zhags]. Let V be a 2-dimensional Z,-graded vector space with homogeneous

basis {v1, v2 } with v; even and v odd. This is the vector module of gl; 11, whose

17



action on V is defined by E ;v = 6,,v,. We can denote the associated vector
representation of gl(1|1) by 7, with w(E,;;) = e,yp, but for simplicity’s sake we
can neglect to distinguish between E;; and e,; and write E,;, instead. Next, define

the permutation operator P: V@ V — V @ V by
P(v, @ vp) = (—1)%v, @ v,
more explicitly given by

P= Y ep®ep(—1)".
a,b=1,2

Finally, we have a solution to the graded Yang-Baxter equation given by the R-
matrix

P
R(u) =1+ —
() =1+

for a formal variable u.

Definition 2.21. Y(gl};) is a Z,-graded associative algebra generated by the ele-

ments tfzrb) for r € Z>¢. The grading is given by setting tffb) even if 4 = b and odd

otherwise. If we define the following series,

T(u) = Y (=1)"ty(u) @ ey (2.3.1)
a,b
() = (—1) g+ Y 1t (23.2)
k=1

we can then state the defining relations of Y (glyj;) in Y(gly1) ® End(V) ® End(V)

as

Tio(1)T13(v)Roz(v —u) = Roz(v —u)Ti3(v) Tia(u) (2.3.3)

18



The relations can be presented more explicitly as

(_ 1 ) 1(a,b;c,d)

[tab(u)/ tcd(v)] - ﬁ (tcb(u>tad(v) - tcb(v)tad<u)) (2-3-4)
n(a,b;c,d)=14+d+ (b+d)(a+d)+ (a+b)(c + d)mod2 (2.3.5)
min(r,s)—1
[ G VA I D (e AT IR CE X
1=0

Theorem 2.22. PBW Theorem: Consider the monomials of the form

(40" ()" ()" (40" (4)" - ()™ ()" ()

where the p;, q;,1i, S; are respectively strictly increasing, b, ¢; € Z~o, and a;,d; € {0,1}.

These elements form a basis of Y (gly|1 ).

We can use a Gauss decomposition of the matrix T(u) to produce another presen-
tation of Y(gly);). To do so, one needs to introduce the notion of quasideterminants.
This can be done for Y (gl n) in general, but this subsection will include both the
general theory and the new generators specific to Y(gl1). It is worth including

here as we will use this new set of generators for Y(gly|;) to describe Y (sly;).

Definition 2.23. Consider an invertible n x n square matrix A over a ring with
identity. If A satisfies the property that the (j,7)-th entry is invertible in the ring,

then the (i, j)-th quasideterminant of A is defined to be

al]. e alj .o a]_?l

|A|1] = ((A_l)ji)_l = \ain o || o g (2.3.7)
Ay - an]- cee Aupp

= aj— row{ (A1 -col;'- (2.3.8)
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where rowg is the i row of A without the j* entry, col;: is the j column of A

without the i*" entry, and A% is A without the i row and j* entry.

First, we need that the quasideterminants |T'|;; of T(u) overalli=1,..., M+ N
to be defined and invertible. The ring we are working over here is the ring of

power series in u~ L.

Since the (i,7)-th entries of T(u) are of the form f;(u) =
1+ tfil)u_l + tff)u_z + - - -, we know that it is invertible due to the nonzero constant

term. Thus, the desired quasideterminants exist.

Now that this condition is met, we can apply Theorem 4.96 by Gelfand and

Retakh [Gel+o05] to obtain, as per Gow [Gowo7y]:

T(u) = F(u)D(u)E(u) 50)
for
dl(u) 0
D(u) = : da () ) : -
0 dMJrN(M)
1 612(74) el,M—i—N(u)
Ew) = . EZ,MJF:N(M) (2.3.11)
0 1
1 )
F(u) = leFM) .. | (2.3.12)
fvani(u)  famano(u) - 1
where
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ti(u) tic1(u)  ti(u)
di(u) = :

tir(u) tiio1(u) | ti(u)

t11(u) tica(u)  tj(u)
€z’j(“) = ‘

tiogi(u) oo tiigia(u) tiogj(u)

tp(u) - tia(u) | ()

ti(u) o tioa(u) o t(u)
fij(”) =

tioqi(u) - tisgia(u)  tiogi(u)

ta(u) -+ tioa(u) o (ti(u)

Explicitly calculating the t;;(u) for 1 <i,j < 2 yields

t11 (u)
tzz(u)
tlz(u)

t21(u)

The formulas (2.3.13), (2.3.14),

= d1 (u)

= dy(u) + fr(u)dr(u)er(u)

= di(u)epp(u) =dy(u)er(u)

= fa(u)di(u) = fi(u)di(u)

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)
(2.3.17)
(2.3.18)

(2.3.19)

and (2.3.15) produce new generating formal series

t11 (u)

(t11(u)) 1o ()

= o1 (u)(t1 (u)) ™!

21

= too(u) — to1 (u) (t11 () 1o (1)

(2.3.20)
(2.3.21)
(2.3.22)

(2.3.23)



Definition 2.24. Let M(A1(u), A2(u)) denote the Verma module of weight A(u) =
(A1(u), A2(u)) for a pair of power series in u~! with complex coefficients. It is
generated by a nonzero highest weight vector 1). The generators of Y(gly);) act on

this highest weight vector in the following ways:

tgrz) 1, = 0, (2.3.24)
t%rl) 1, = /\Y) 1), (2.3.25)
tgz) 1, = /\g) 15, (2.3.26)

where 7 > 0. The constant term of A;(u) is (—1)I1+1,

Lemma 2.25. For every power series f(u) = 1+ fMu=1 ... in u=?, there exists an

automorphism of Y (gly)1)-

Proof. We define ¢¢ : Y(gly1) — Y(gh1) by tap(u) = f(u)te(u) =: ts(u). These

tap(u) satisfy the same relations as the t,,(u). In particular, if [t,,(u),tq(v)] =

_ (a,becd)
CUP (b () o (0) — £ (0) ta (1)), then:

—~——

s (1), £t (0) | = [ () tap (1), £ (0)tea ()]
= ()t () f(0)tca(0) = £ (0)tea () (1)t ()
:f(“)f(v) [tab<u)ltcd(v)]

. (a,b,c,d)
—F(u)f(0) (“’"

(_1)7](a,b,c,d)
= (f)tep () f(0)taa(v) = f(0)tep (0) f (1) taa(ur))
(_1)7](a,b,c,d)

:ui—’() (tcb(u)tad(v) - tcb<v)tud(u))'

u—o

> (tcb(u)tud(v) - tcb(v)tad(u))

Thus, ¢y is indeed an automorphism. O
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Lemma 2.25 will be applied later in order to use a power series to twist the

action of Y(glyj;) on M(Aq(u), Aa(u)).

2.3.3  Super Yangian of sly;

We define the special super Yangian subalgebra of the general linear super
Yangian analogously to the nonsuper case. That is, Y (sl;|;) consists of all elements

of Y(gly;) fixed by the automorphism ¢ for any power series f in u-l,

Lemma 2.26. (Special case of [Gowoy] Lemma 8.2) Y (sly,) is generated by the coef-
ficients of the series dq (1)~ 'dy(u), e1(u), and f1(u).

Theorem 2.27. (Special case of [Gowoy] Proposition 8.1) Let Z(Y(gly1)) be the
centre of Y (gly1). Then,

Y(ghy1) = Z(Y(glj1)) ® Y(sly).

Lemma 2.28. (Special case of [Gowo7] Theorem 4) Z(Y (gly1)) is generated by the

coefficients of the Quantum Berezinian

bl\l(”) = di(u)da(u—1) (2.3.27)
= 1+ Z bu™"
r>1
by = tgrl) - tgz) + terms of lower degree (2.3.28)

2.3.4 Quantum Loop Superalgebra for gly;

Here, we define U;(Lgly) by specializing the more general definition below

for Uy (Lglyn)-
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Definition 2.29. The quantum affine superalgebra U,(Lgly) is generated by the

elements Tig.”), f.j(”)

relations

Rys3(z,w)Tiz(z) Tiz(w)
Ro3(z, w)T12(z) T13(w)

R23 (Z, ZU) T]z (Z)T13(ZU)

T T 0
TOT 0

(0
1y

T13 (w) T12 (Z)R23 (Z, w),
713(w)712 (Z)R23 (Z, ZU),

T13(ZU)T12 (Z)R23 (Z, ZU),

where R(z, w) is the Perk-Schultz R-matrix

2

Z(Z%
+z) (qi—q;"

i<j

R(z,w)

q;) 11®E11+ zZ—w

0

=TTy
~—=(0) (0

1= Téz) Tz(z)
))_Ei®Ej

i7
q; ' )Eij ® Eji
i<j

(zq1 — g7y ")En1 @ En + (202 — 45 ) Exa @ Exp + (2 —

for i,j € {1,2} and n € Z>o. These generators satisfy the

(2.3.29)
(2.3.30)
(2.3.31)
(23.32)
(2.3.33)

(2.3.34)

w)E1 ® Exp +

(z—w)Exn ®Eq +2(q1 — 47 ) En @ Ea + w(g2 — g, 1) E12 ® Ex

(2 — g HWEn ® Enn + (29~

(z—w)En®E;n+2z(g—q~

1

with g; := g% where d; =

-1 i>1

As well, we define T(u) and T(u) as usual; T(u)
= ZrZO Tl(]r)

with coefficients being the generators of the super-

T(u) = 12,]‘:1 Eij ® Tij(u) . We let Tjj(u)
be formal power series in 1!

algebra.

24
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u~" and Tjj(u

w)E1;; ® Exp +

1)E21 ® E1p + w(q_l — E])Elz ® En

1 1=1 i=1
. SO, qi = .

-1 i=2 q_l 1i=2

) = 2120 Tz(jr)ur



2.3.5 Super Yangian of gly;n

Now that the gl;; case is familiar, we list the more general definitions of
quantum groups for gly;y. Much like the way we presented Y(glyj;), we begin
defining Y(glyn) with an R-matrix and elements that satisfy a particular defining
relation with it. Most objects presented here will be similar, only generalized to
arbitrary M and N. It is most convenient to define parity slightly differently than
in the Y(gly;) and Y(glyn) case by instead indexing the rows and columns of

1 a<M

matrices using strictly positive indices. Then, |a| := .
0 a>M

For the vector module V' of glyy, spanned by homogenous elements {v,|a =
1,2,...,M + N}, let P be the permutation operator acting on V ® V given by

P(v, @ vy) = (—1)lltly, © v,. More explicitly, one can write

M+N

P = Z Eab®€ba(—1)|b‘.
a,b=1

We can use it to produce the matrix
p
R(u) =1+—,
(W) =1+

which is an R-matrix satisfying the graded Yang-Baxter equation, where u is a

formal variable.

Definition 2.30. The Z,-graded associative algebra Y (glyy) is generated by the

elements tl(].r) for r € Z~ . Define

M+N

Tu) = Y (-D)Vltu) ®e; (2.3.35)
=1
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ti(w) = Y £ (2.3.36)

(0

In particular, b’ = (—1)l1*1, Then, we can express the defining relations for the

super Yangian as the equality
Th(u)T2(0)Riz(v0 —u) = Riz(o—u)T2(v)Tr(u) (2.3.37)
in Y(glyn) ® End(V) ® End(V). Expansion of this equality yields a more concrete

family of relations on the generating power series

o (i,5:k,1)
] = Sty wne) e @

0, j; k1)

1+1+(G+DE+1D)+ (i+j)(k+1) (mod 2). (2.3.39)

The family of relations (2.3.38) on the power series yields two families of rela-
tions on the generators. First, we have the usual explicit definition of the super-

bracket.
() ) MO @) e (rbs—1-a) (@)
r S a r+s—1—a r+s—1—a a
|:tl] ’tkl j| — (_1)’7(1/],](,1) Z%] (tk] til _ tk] til ) (2340)
a=
Equivalently, we can write

45709~ [0 = 0 (90— ) e

The relation (2.3.41) is produced by multiplying both sides of (2.3.38) by u — v, then

expanding and equating the coefficient of u~"v™° on each side of the equality.
Further, by the skew-super symmetry of the superbracket, we know that

[tlg]m),tl(j)] _ |:tl(]'r)’tl(c§+1):| = (=1) D Uk+11) <[tl(<?+1)’tl(]r)] _ [tl(;),tl(]m)]) _
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As a result, after applying this, we see that (2.3.41) is equivalent to

1 1 . ,
45705 = 570 = (M () ). e

Alternatively, we can look at the super Yangian gl y using its presentation
obtained using Gow’s Gauss decomposition in [Gowoy]. This uses the same ma-
trices (2.3.9 - 2.3.15) as we did in the gl;|; case, only keeping the values of M and

N general.

Definition 2.31. (Theorem 3 of [Gowo7]) The Yangian Y (glyyy) is isomorphic as
an associative superalgebra to the algebra with even generators dfr), d;(r), f].(r),e](.r)
fori e {1,..., M+ N},je{l,..., M+ N —1},j # M,r > 1 and odd generators

31(\;1)/ f]E/rI) for r > 1. These are subject to the following relations, where r,s,t > 1

and i, j, k range over the appropriate admissible values.

dl@) =1 (2.3.43)
Zdl(t)d;(r*f) = 5,0 (2.3-44)
t=0

[dfr),dz(s)} =0 (2.3-45)

(3ij — dijr1) i dl(t)ejwsflft), 1<j<M-1

(1 6] _ . rs—1- .
[di ] }— (8 + 850 Dpd el =10, =M

{ —(51',]' — 5i,j+1) 2:;5 dlgt)ejwrs*lit), M+1< ] <M+n-1
(2.3.46)
p

~(8j = 0i) Dy £ A0, 1< <M1

(r) ()] — r—1 p(rs—1— )
[di i }_ — (8 +0ij11) Tizo j(+ al, =M

(6= i) Tica £, M41<j<M4n—1
\

(2.3.47)
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]kZH_S 1d d(""s—l—t)’ 1<j<M-1

]H (2.3.48)
+o oty T dd T, M<j<M4n-1

eM ,eM =0 (2.3.49)
Fir A1 =0 (23.50)
[e](r),e](.s)] = (=)l (si e](t)e](ﬁs*l*t) - rz;e](r)e](rﬁlt)) , j#M (2.3.51)

t= t=
70, 9] = (—1l (i FIOfiree _Szi 7 jfj<r+s—1—t>>, i £ M (2352)

t= t=
e, el )=, i) = —(—1)Vlelel?) (2353)
[fj(rﬂ)ffj(i)l]_[fj(r)ffj(ﬁl)] _ _(_1)|j‘fj(—:)1fj(5) (2.3.54)
if |j — k| > 1, then [e](-r),e,(cs)] =0 and [f-(r),fk(s)] =0 (2-3.55)
if j # k, then [[e](r),e,(f)],e,(f)] + [[e](r),e,(f)],e,(f)] =0 (2.3.56)
if j # k, then [[f, 171, FO1+ [, 91, 171 = 0 (23.57)
b1, ehi 1 lehi el = 0 (2:3.58)
(i A VAL fiiall = 0 (2.3:59)

These generators dgr), d;(r), elm, and fi(r) are coefficients of the following power

series, respectively.

di(u) = ;)dlmur (2.3.60)
(di(u) ™" = r;dﬁ(’)u‘r (2.3.61)
ei(u) = r;el@w (2.3.62)
filw) = r;zlff”uf (2363)
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Definition 2.32. The subalgebra Y(slyy) is generated by the coefficients of the
series di(u)diy1(u), ej(u), and fi(u) for i € {M+ N —1}. If we define h;(u) :=

di(u)dii1(u), then our generators are hl(r),elm, and fl.(r).

Both sets of generators of the Yangian can be used to produce a PBW-type

basis.

Theorem 2.33. PBW Theorem Fix some ordering on the generators tf].r) of Y(glmn)-
Y (glyvn) is equipped with a PBW basis formed by ordered products of these generators,
where the odd generators (where |i| + |j| = 1 (mod 2)) do not appear with powers of

order greater than 1.

Theorem 2.34. PBW Theorem Fix some ordering on the generators f].(ir),d(r) el”) of

i €
Y(glpyn) for 1 < i < j < m+mnandr > 1. This ordering must be such that the f

generators come first, then the d generators, and then the e generators. We define the f].(ir)

(r)

and e inductively using:

f =

(r) (r)
i+l —Ci

£ =15 0 (=

=[ef7 1 et ) (=)

e —=e

e
for j > i+ 1. Then, Y(glyn) is equipped with a PBW basis formed by ordered products

of these generators.

The proof of Proposition 4.13 will require using the generators x;,—;, h;, for
Y (slyn), introduced in Proposition 9.1 of Gow’s paper on Gauss Decomposition
[Gowoy]. These relations are essentially slight variants of the relations governing

the similar generators for a general Y(g) in Definition 2.1. We can relate the gener-
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ators xl.ir,hi, to the more familiar set of hl(r),efr), and fl.(r) through their associated

power series in u~!:
hiw) = i+ 3 (=) (M = £)) i 5 (=)L (M = )
xf (u) = fi(u+ %(—1)“'(1\4 —i))

5 = ()t o (~1)H (M~ 1))

The following is a simplified version of the PBW basis constructed by Gow.

Theorem 2.35. PBW Theorem Fix any total ordering on the set of generators h;, and
xfr for Y (styyn). Then, ordered monomials in these elements (where odd elements x]j\[/Ls

may only occur in powers of 0 or 1) are a PBW basis for Y (slyn)-

The Verma module M(p(u)) is defined to be the quotient of Y(slyy) by the
left ideal generated by x;; and h;, — yfr) fori =1,2,..., M+ N and r > 0. By
Theorem 2.35 on Y (sl n), we can say further that M((u)) has a basis comprising

ordered monomials of the form

for any ordering on the generators x, ,, « a positive rootand [ > 0,7; > 0, o) € AT
Further, M(p(u)) has a weight space decomposition with respect to h C sly;y
and these weights 7 are of the form 1 = u(®) —kja; — - - - — ka, for nonnegative
integers k;. Then, equip the set of weights with a partial ordering with # preceding
1" if n —#’ is a linear combination of positive roots with nonnegative coefficients.

If we have a composite root f = a;, + - - -a;, for the simple roots a;, then let

xii = xi and we can express
v = (v 1 [ xE]L
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Then, for some decomposition of s into a sum of p nonnegative integers s; +

'+SPI

b = iy Xy -0 165, |

X, = |x: - .. - -
B,s i1,517 7,807 ip—1,5p—1" "ip,Sp

Let r; + - - - + r, be another decomposition of s and
E [ E + + +
Xg, = [xim, [xizlrz, e, [xi,,,l,rp,lrxi,,,rp]“-]]'

Then, the difference x?{/s - xis lies in Y(s[M|N)s,1, the s — 1-filtered part of the

super Yangian. Observe that in the current algebra sly;y ®c Clu], xis = xﬁi ®
u®. So, the difference of these two elements is (x;t — xNgE) ®c u® . There exists
an isomorphism from U (slyy ®c Clu]) to grY(slyn) = @,>0 F-/F—1 sending

xF @us to xf, € F;/Fs_1. Then, what maps to xis? If

xﬁi = [x:i.], [x,f,z,..., [xfipil,xip] )
then its preimage is
[x:til ® ul, [xiE Qu2,... [x?;_l ® usnfl,xl.ﬂ; Qu’r]---]

if,[ lf[ iip,lfxij;]]] @ ustt o,

=[x

Similarly, the preimage of

vt [t + + +
xﬁ,s - [ il,l’l’[ i1’ " " "[ ip,l,r,,,l’ ip,l’p]"']]

is the element

[x*, @u", [xi ®u?,... [xl.ipi1 ® urﬂfl,xi Qu'r] -]

= ey bl g N

31



As a result, xlf - xﬁs +x = 0 for some x € F,_1. This x vanishes in the quotient

F./F,_4. Thus, choice of decomposition of s is irrelevant.

2.3.6  Quantum Loop Superalgebra

Consider the loop algebra

Lalyn = glyny ®C [u,u’l} = P E;j®Cuull (2.3.64)
1<ij<M+N
Here, we use the definition of the quantum loop superalgebra U,(Lglyn)

given by Zengo Tsuboi [Tsu14].

Definition 2.36. The quantum affine superalgebra U, (Lglyn) is generated by the

(n)

elements Ti(jn),f'j fori,j € {1,2,..., M+ N} and n € Z>¢. These generators

satisfy the relations

Ro3(z, w)Tip(2)Tiz(w) = Tis(w)T12(z)Roz(z, w), (2.3.65)
Ry(z,w)T12(z)Ti3(w) = Ti3(w)T12(z)Ros(z, w), (2.3.66)
Ros(z,w)Ti2(2)T13(w) = Tiz(w)Th2(z)Ras(z, w), (2.3.67)
T =T} = Ofor1<i<j<M+N (2.3.68)

Tl.(io)ﬂ?) = 1= TSZQ)I}(I.O) fori=1,.... M+ N (2.3.69)

where R(z, w) is the Perk-Schultz R-matrix

M+N

R(zzw) = Y (zqi —wq; ")E; @ Eii + (z — w) }_ E; ® Ejj
i=1 iZi
+2) (qi—q; DEi ®Ej+w) (q;—q; )Ej ®E;i  (2.3.70)
i<j i<j
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1 i<M

with g; := ¢% where d; = . As well, we define T(u) and T(u) as
-1 i>M
usual; T(u) = Zf‘;”lN E;; ® Tjj(u) and T(u) = Zf\;HlN Eij @ Tij(u) . We let Tjj(u) =

Yr>0 Ti(jr)u*’ (resp. Tij(u) = L,>o Tf]'r)ur) be formal power series in u~! (resp. u)
with coefficients being the generators of the superalgebra. Then, the RTT relation

(2.3.65) is equivalent to:

(_1)|i\|k|+|f||k\ (q*di(SikZ _ l]d 5zkw)Tkl( )Ti]'(Z)
= (=) I gz — 0120 T 2) Tig )
=D (g — g7 [(6i5kz + ickw) Ty (w) Tij(z) — (8j<1z + 8js170) Ty (z) Tej(w)] -
Equating the coefficients of z7"w™° yields
(_1)|i\|k|+|f|\k\ (qfdi(Sika(lS)T(f-i-l) didix T(S‘H)T(]V))

i 4 Kl ij
— (=1) I (g —di 5]1T(’+1)T( ) — g% /’T( )T(SH))

=(=1)(g = g7) [6s 0T + 60T T

]<lT1(lr+1)Tk(]) ]>lT( )T(s+1):| .
We multiply by —1 to align a later proof more closely with one in [CG15].

(_1)\i|\l|+|j\|l\<qfd(5ﬂT(7+1)TI£l) q ,ITI(]>Tk(ls+1))

_ (_1)|i\\k|+|]\|k\(q d5sz( )T(H]) qd 5lkT(5+1)Tl(] ))

:(_1)|i‘|j|(q —q- ) [(5]<ZT(r+1)Tk(;) + (5]>1T( )T(5+1))

— TV 4+ 0TI TY)| (2371)
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Further, U, (Lglyn) is a Zy-graded superalgebra with parity of generators
given by |T0")| = T3] = Ji] + |jl.

Note that the signs (—1)/IK+Ullkl (1)l and (—1)I111 arise, while not
being present in the original relation and its power series, due to the fact that we
use the graded tensor product: (A ® B)(C ® D) = (—1)BlI€l(AC ® BD). In Zhang’s
introduction to the quantum loop algebra [Zha14b], the definition of the Perk-
Schultz matrix R(z,w) reflects this. It includes a cyy, which is the map from

V ®V to itself sending v; ® v; (—1)‘i|‘f|v]- ® v;.

2.3.7  Quantum Current Superalgebra

Call the subalgebra of U,(Lglyn) generated by the Ti(]-r) foralli,jand r > 0
©
1

Uy (alyn @ C[t]). Denote it Uy (gl n|s])-

as well as by all T;;" the quantum current superalgebra. This is a quantization of

2.4 SUPERALGEBRAS OF TYPE (

A new set of notation is used for gl when M = N. Consider the Z /2Z-
graded space C(N|N) = CN @ CN with standard basis e_y,...e_1,€1,...¢€N-

We implement the notion of parity by setting the parity of e; to be

1 i<0
0 i>0

The superalgebra of endomorphisms of this space, End¢ (C(N|N)), is also a
Z /2Z-graded space. The parity of a basis matrix E,j, is |E,,| = |a| + |b| for all

a,b between —N and N, excluding 0. Then, if we equip this superalgebra with
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the superbracket [X, Y] = XY — (—1)IXI¥lY X, we produce the general linear Lie

superalgebra gl -

Then, the Lie superalgebra of type q, denoted qy, is a subalgebra of glyy =
span{E;;| — N < i,j < Nfori,j # 0}. In particular, let qy = span{Eij = E; +
E_;-jl =N <i,j < N}. Note that this means that E; = E;j +E_;j = E_; ; +
Eij = E_;_j. As a result, we only need a subset of the spanning set to produce a

basis for qy. Let this basis be
{Eij = Eij+E7i,fj| —N<i<j<Norl<i=j< N}

Let Lglyn = olnn ®c Clt, t7Y]. The twisted loop superalgebra of type q is the struc-
ture

Liwdn = {X(t) € Lolyn[8(X (1)) = X(1)}

for ¢ : glyy — glyn the involution ((E;;) = E_; j and [ : Lglyn — Lglyn
mapping X () — 1(X)(¢t71). Since if (X) = X, X € qu, we can use ¢ to generate
more elements fixed by the involution. For any Y € glyy, (Y +¢(Y)) = «(Y) +

2(Y) = Y +4(Y) € qn. An alternative definition of the twisted loop superalgebra of

type q is
Lrwan = span{E{] = Ej @t + E_;_j®t",—~N <i,j < N,r > 0}.

When presenting the basis of qn, we effectively needed to take half of the spanning
set. Similarly, the basis of L;,qy is a subset of the spanning set, though not quite
the same proportion. This is because if r = 0, then EZ(JQ) =E;+E, j=E (jL i’

so we take —N < i < j <mnorl <i=j < N. However, if r > 1, then
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El(]r) = Ei]'tr + E,i’,]-t_r = E(_jlrz

i but we only take positive values of r. Thus, there

is no additional restriction on i, j. Take the basis to be

{E;") :=E;@F +E_; j®t"|-N <i,j< N forr>1}

U{E{|-N<i<j<Norl1<i=j<N}
Consider also the twisted current superalgebra
thqN = Spal’l{Eij Qt + E,i,,]‘ X (—t)r}

where —N < i,j < N, r > 0. It is contained in the current algebra glyy ® Clt]
and more closely related to the Super Yangian than Ly,qn. Here, the associated

involution is 7(X(t)) = «(X)(—t).

2.4.1  Queer Yangian

Finally, we present the queer Yangian, i.e. the Yangian of qy. Like the Lie

superalgebra, this Yangian is Z/2Z-graded.

Definition 2.37. The Yangian of the queer Lie superalgebra qy, denoted Yj(qy), is a

(s)

complex associative unital graded algebra. It is generated by the elements ¢, j for

s =1,2,...and i,j = —N,...,N; ij # 0. Parity of these elements is given by

\tl(].s)| = |i| + |j|. The generators satisfy the relations

(u? — UZ)-[tij, ta] - (_1)\i|\k|+|i\|l\+\k\ll\ - (2.4.1)
h(u+0) - (tj(u)ti(v) — tri(0)ti (u))

—h(u =) (t_gj(u)t_i1(v) =t i(0)t; 1 (u)) - (=1)FFI
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where we define t;;(u) to be the formal power series in 1~
ti(u) = i+t Myt Py2 (2.4.2)
ij\#) = 0ij + L ij 4

If we let i = 1, we denote the super Yangian Y(qy). Note that (2.3) of [Nazgg]
tells us that tl(jr) (-1)" = t(_rgl_ i’ implying that one can simply take generators for

values i > 0. Alternatively, let —-N <i<j<Norl<i=j<N.

Observe the following. By dividing both sides of (2.4.1) by (#* — v?), we obtain

00, @) 1) I = R0t o) — 2D 0)
- u jl_ 0 (tfk,j(u)t—i,l(v) - tk,,]-(v)ti/,l(u))(_1)\k\+\l|

[t (1), t (0)] (—1) AT+

hu1! B .
==t (@t )@ a0 )
—(5kj + t,((})v_l N )(51,1 + tl(ll)u—l 4o ))
hu—1
(=Rl 22
(=1) 1+oul

((Lk,j + f(_llljuil O+t )

i
— (O + tz(c,lzjfl + )G+ tg,l_)zufl o ))
=h(ut+ou?4--)
(G )6 i )
(g o )G e )
— (=D R —ou 2 4 Pu B )
((5,k,j 0wty e )

~@ ) T G T ) (24)
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The coefficient of #™"v~° on each side of the equation is

+a—1 s+a—1
ny (Y g

(_1)\k|+|l\+a+1(t£k’] )t(sl+lu 1) t(s;}g—l)ﬁr;”) .
This gives us another defining relation of the queer Yangian. Alternatively, we can
start again with (2.4.1) and simply find the coefficient of u~"v™" for m,n > 0 on
each side of the equation. We produce an identity similar to the other defining
relation of the Yangian Y(gly) of the form (2.2.2). Using the shorthand 0(i,k, 1) =
(—1)HIK+EHKI the left hand side yields

m+2 n m n+2 .
(L] = ] ) ek
and the right hand side yields

h(t(m+1)t( n) t( ) (m+1) —|—t( m) (nJrl) t(”+1)t( ))

kj il kj 1l il
m+1 m+1 n+1 n+1) ,(m
(N ) (e

As a result,

([t 6] = 17802 ) 0k, 1) =

kj il kj kj ll kj il

m+1 m—+1 n+1 n+1 k|+|1
e G T e N R et ) NS VA

G N I AR
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Theorem 2.38. Theorem 2.3, [Naz9g] Let gr Y (qn) be the Z-graded algebra associated
to the filtration on Y (qn) setting deg(tg)) =r—1. Then, gr_Y(qn) is isomorphic to

U(g) for the twisted polynomial current superalgebra Lyqy .

Effectively, Theorem 2.38 tells us that the PBW basis for the enveloping algebra

provides us with a PBW basis for the Yangian.

2.4.2  Twisted Quantum Loop Superalgebra

The next algebraic player in this section is the twisted quantum loop superal-

gebra of type q, denoted U, (L™ qy). This quantum group is defined as follows.

Definition 2.39. The twisted quantum loop superalgebra of type q U, (L™qy) over

complex rational functions in q is generated by the elements Ti(jr)

for r nonnegative,
i,j between —N and N and nonzero. These generators behave according to the

following relations:

Tl.(jo) = Ofori>j (2.4-4)
OO0  — =70 70 (2.4.5)
T12(ZU)T13(Z)523(ZU,Z) = 523('(/0, Z)T13(Z)T12(ZU), (246)
using that
T(z) = Y, Ty(z)®E; (2.4.7)
ij——n ij;éO
Tij (Z) = Z (248)
r>0
o eP SPh]z
S(w,z) = S+ T, 1 T s 1 (2.4.9)
5 = Z(l + (9 - Ega ® Eaa) + Z ) ®E 44 (24.10)
a=1 a=1
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n n
+8< Z E2b®Eba_ Z E0b®Eb ﬂ_ZEb®E ba)

ab=1, a>b ab=1, a<b a,b=1
Egb = Ew+E_;-p E;b =E p+E, o 1<ab<n (2.4.11)
n .
P = Y (—1)|]‘Eij ® Eji (2.4.12)
i,j=—n, ij#0
h = J®l, Lh=1®]. (2.4.13)

The defining relation of U, (L™ qy) is

T]z(ZU)Tlg, (2)523 (C‘lw, C‘lz) = 523 (Cw, CZ) T13 (Z) T12 (ZU) (2.4.14)

where C is an invertible, central, even element. Here, we let C = 1. Take this
defining relation, substitute in (2.4.9) and expand to find the coefficient of w~"z7*

on both sides. This produces:

(=)D g (T e+ — D) — et T

+{j <1}6(i, ], k)e(T, z(l )TIE;H) T(z Dpls+1) _ Ti(lr+1)T(s+1) +T( )T( ))

1

+{=1 < j}0(—i, —j, k)e(T,), T2 — T Vet — AVt 7 1))

+ 000, j k)T = T — e )TV T - O T

=TT - T - R R0

+ {k < i}0(i,j,k)e( Z(IS+2)Tk(jr) _ Ti(ls+1)Tk(]fl) _ Ti(ls+1)T(r+1) " T( )T( ))

+{i < —k}0(—i,—j, )e(TCPT!) — TEVTU D - TEID T 4 1) 70
el IV - TOT) T -7

(2.4.15)

We use the shorthand p(i, j) = [i| +|j|, ¢(i,j) = (6;; + 6;—j)sign(j), and 0(i, j, k) =
(—1)lilliI+lilIkI+[Ki] | The different superscripts appear depending on the powers of

z and w in the expansion of S(w, z). For instance, if finding the power of w™"z"*
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in the term —w 12§, the corresponding terms from Ty (w)Ti3(z) need to provide

w " T1z7571 hence Ti(].r_l)Tk(fH).

In this thesis, some alternative sets of generators for Uq(ﬁqu ~) will be used.

The first set is composed of the elements TZ-S-r), where Tig‘r) =

(r) _ -1
T /(q—q~ "), unless
i = jand r = 0, in which case T.(.O) = (T.(.O) —1)/(q —1). Then, we define another

(r,m)

set of generators Tij given by T( 0) — (] ") and T(r m+l) _ Ti(jrﬂ’m) — Ti(jr’m) .
This gives us equalities such as:

Ti(jy'l) = Ti(er’O) - Ti(jr’o) (2.4.16)
Ti(jr,Z) _ Ti(errl 1) Ti(jr,l)

_ (Ti(jr+2 0) Tl(]rﬂ 0)) (Ti(]'rH'O) B ES’rlO))

_ T _arn 7o s
Ti(jr,a) _ Ti(jr—i-l 2) Ti(jr,z)

_ (Ti§r+2,1) Tl(]r+1 1)) (Tl(]r+1 1) Tl(]r 1))

_ Tér+3,0) - Ti§r+2,0) T§r+2 ,0) + T(r+1 0) Ti§r+2,0)

LT(rL0) JrT(r+1o) ()
ij i

1

_ p(r30) (r+2,0) (r+1,0) (10
= Tl.].r — 3T}, ! +3T;; ! - Ti].r (2.4.18)

After observing this pattern, we can assert the following lemma. This will be

useful in Chapter 6.

Lemma 2.40. For any r and m,

i ( ) pr+m=a0) i < >Ti(jr+a,o)

a=0 a=0

Proof. We prove this by induction. The base case is already proven in (2.4.16).
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Then, we want to show that

m+1 1 B m-+1 1
Ti(jr,m—i-l) _ Z (—1) <m 2— )Ti(jr+m+l a0) _ Z (_1)m7u+1 <m 2— >Ti(jr+a,0)
a=0 a=0
For this, we’ll use that Ti(]-r’mﬂ) = Ti(]-rﬂ’m) - Ti(]-r’m) and the identity

(") = (") + (,"))- Then,

a a

Tér’m“) _ n§r+1,m) B Té.r'm)

- ai:)(—l)“ (’:) Ti(],r+m+1fa,o) N g(_l)a <7;1> TiS‘rerfa,O)

_ :21(—1)41—1 (a ’11 1> Ti(errerl*“'O) (=1 (Z) ESr,O)
() ()

I\ et
(1) (m;— >Tz‘(j+ +1-0,0)

m+-1
(_

a=0
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SIMILARITIES BETWEEN YANGIANS AND QUANTUM LOOP
ALGEBRAS

Throughout this thesis, similar properties will be verified for Yangians and
quantum loop algebras in various settings. The fact that these correspondences
exist is no coincidence. Before exposition of those results, this chapter will provide
an overview of three major results on Yangians and quantum loop algebras with
the goal of providing a backdrop for what will follow. First, Theorem 3.3 outlines
the process through which we can see the Yangian Y(g) as a limit form of the
quantum loop algebra U,(Lg). Then, we look at two important theorems that
provide isomorphisms between the completions (Theorem 3.6) and categories of
finite dimensional representations (Theorem 3.12) of the two families of quantum
groups. In particular, many of my results take place in a superalgebra setting
instead of an algebra setting; this hints that the theorems of this chapter could

have their own analogues in the super case.

3.1 DEGENERATION

+

In this section, we use the presentation of the Yangian with generators x;

and h;, (see Definition 2.1) with i = 1. Our goal is to show that the quantum
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loop algebra U,;(Lg) degenerates to Y(g). This idea of Yangians as limit forms
of quantum loop algebras underlies the connections between the two structures.
Throughout the original paper, Guay and Ma use both Y(g,0) and Y(g) for some
Dynkin diagram isomorphism ¢, but they are isomorphic as Yangians so we will
take o to be trivial and only consider Y(g). Consider the following well-known

proposition.

Proposition 3.1. Uy(£(g))/hUn(L(g)) ~ U(L(g)) and Uy(L(g)) ~ U(L(g))[[H]]
as C[[h]]-modules.

Recall £g = g ® C[s,s!]. Take the sequence of algebra homomorphisms

Up(L(g)) — Un(L(g))/hUx(L(g)) = U(L(g)) - U(g) (3.1.1)

where the last map U(L(g)) — U(g) is defined by sending s — 1. Call the kernel
of the composition of these maps K. Let Y(g) be the C|[[fi]]-algebra generated by
Un(L(g)) and . It is a subalgebra of C((1)) ®cin Un(L(9))-

Finally, we reach the two statements of the main theorem of [GM12].
Theorem 3.2. Y(g)/hY(g) ~ Y(g).

Theorem 3.3. Y} (g) is isomorphic to grx (U (L(g))) where grx (U (L(g))) is the graded
ring @s_o K" /K1,

Proof. See [GM12] for a full proof. The main steps involve first showing that cer-
tain relations hold in the quantum loop algebra, then moving to the quotients
K’ /K'*! given by its filtration. This then reproduces equivalences similar to the
defining relations on the Yangian, leading to the defining relation-preserving alge-

bra homomorphism between the Yangian and grx (Ux(L(g))).
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+ xi

Note that it is enough to let m = 1, as we can write any difference x;, , — x;.

as a telescopic sum:

+ + _

+ + + + +
Xivem — Xir ir+m — Xirm—1 + Xirbm—1 " Xipm—2 +oot Xir+1 — Xy

Thus, if we denote by ¢ the homomorphism between Y;(g) and grx(Us(L(g))),
we can say that the image of ¢ is generated by % and Xi,il - Xif). The Yangian
is generated by elements xz-jfo and xli1 K is generated by differences Xi,ir 1 le;,

j: —_—

so their image A},

Xiir in the quotient space lies in K/K? = C. Thus, these
elements generate @ K" /K"*1. To prove surjectivity of g, it suffices to justify that

X=

T - .
711 — <\;, lies in the image of ¢.

When r = 0, we have Xiﬁ - X;—B = (p(xfl). Observe that (Xl-fl;_i_l - Xlﬁ;) -

(Xi,il - Xi,io) € K?, for instance . Thus, (Xi,iz - Xlﬁ) - (Xi/il - Xi,io) € K? and

X5 —2X5 + X = ¢(Xin) € ¢(Y(g)). So, X — X7 = ¢(Xi2) + ¢(X;1). One
can then follow a similar pattern to see that X’ i,ir =X i,ir lies in the image of ¢ for

all r. Similar arguments apply for the generators h;,, H;,. Thus, ¢ is surjective.

Injectivity follows from showing that we have a basis for grx (U (£(g))) made
up of of images of the Yangian. Specifically, each piece K*/K**1 of ¢ri (U (L(g)))
has a basis consisting of monomials in the elements q)(xl?;), o(x;,), ¢(hiy) with

coefficient ht, 0 <t < s where the sum of r-indices is s — t.

An alternate proof would prove surjectivity and injectivity at the same time.
To do so, we show that the homomorphism is an isomorphism by using PBW
basis of the quantum loop algebra to obtain a basis of K" and thus also a basis
of K"/K"*1. Then, one shows that the homomorphism sends a PBW basis of the

Yangians to this basis of K" /K"*!. Thus, the map is an isomorphism. O
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In later chapters of this thesis, this proof showing degeneration of the Yangian
to the quantum loop algebra will be imitated for the superalgebras gy (Chapter
4) and g, (Chapter 6).

3.2 ISOMORPHISM OF COMPLETIONS

Next, we present a result of Gautam and Toledano Laredo [GTL13] that gives
a map

—

U;(Lg) = Yu(o)
which leads to an isomorphism

—_—

Uy (Lg) = Yu(g)

of completions, defined below. In essence, it is a stronger version of the main
theorem in the previous section. The existence of this isomorphism has been con-
jectured for several decades, but was not proven or constructed until this pivotal

article in 2010.

3.2.1  Completion of the Yangian

Consider the presentation of Y;(g) given in Definition 2.1. We also define a
grading by degxij; = r = degh;, and degh = 1. Let Y}(g)[m] denote the span of all
monomials of degree m. If m = 0, then Y;(g)[0] is equal to the enveloping algebra
U(g). As a result, we can say that any element of the Yangian is the sum of its

homogenous parts, i.e.

Ya(g) = €D Yi(a)m]
m=0
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Critically, the sums of homogenous elements given by the right hand side of
the equation are finite sums. More precisely, we can express an element of the
Yangian as the finite sum Y(©) 4 ... + Y% with Y(") € Y;(g)[m] some finite sum
of monomials of degree m. Thus, when we take the completion of the Yangian, we

can say that

Yi(a) = ﬁo Yi(g) [

with the possibility of infinite sums of Y("). Note that each Y(") is still a finite
sum of monomials of degree m; we can just take infinitely many Y(") for different
values of m. For this reason, the product of two infinite sums produces an infinite

sum of finite graded pieces. More precisely,
(XO 4 xO 4 Y@ 4 y® 4oy =zO0 4z 4

where

z(m) _ Z XDyl
i+j=m

Z(m) is a finite sum due to the fact that i,j > 0 and only finitely many pairs of i, j

can add to m.

3.2.2  Statement of the theorem

Let g := ™", where i = /—1. The relationship between g and 7 is relevant in that
we use one or the other as a parameter depending on the context or what notation
is the most concise.

Theorem 3.4. [GTL13] There exists an algebra homomorphism ¢ : U,(Lg) — 1@

satisfying the following properties.
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—_—

1. Let U,(Lg) be the completion of U,(Lg) with respect to the ideal of z = 1. Then, ¢

induces an isomorphism @) = l@

2. ¢ induces Drinfeld’s degeneration of U, (Lg) to Yy, (g). This is Theorem 3.3 we saw

in the previous section.

¢ is explicitly given by where it maps the loop generators of U,(Lg).

¢(Hip) = d; 't (3.2.1)

¢(Hiy) = ” —hqi_l mX>:O fli,m%m! (3.2.2)

¢p(Eix) = &7 ;Og;fmxzrm (3.2.3)

p(Fp) = &~ Z;Ogi,mxi,m (3-2.4)
m>

Note. If our Lie algebra is of type A, D, or E, then d; = 1.

The formulas (3.2.1- 3.2.4) introduce some new elements of either the Yangian
or its completion. First, the elements /; ,, are an alternative set of generators to the
subalgebra of Y} (g) generated by the 5;,,. The relationship between the two sets

of generators is given by

h Z fli,mu_m_l = log (1 +h Z hi,mu_m_1> (3.2.5)

m>0 m>0

where both sides of the equation lie in Y;(g)[[u"!]]. We can be sure that the
right hand side does indeed have coefficients that lie in Y;(g), i.e. are finite sums,
4

by using the expansion log(1l + x) = x — x; + %3 — % +---. Then, letting x =

nY >0 himu~ ™1, the k-th term of this expansion is
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k k
(=11 /k (h Y hi,mum1> = (-D)*1/k (h Y hi,mu'"> uk

m>0 m>0

= (=1 k-1 (hig + hiqu= ! hjpu? - FuE,

The coefficient of u~' for some I > 0 in the expansion of the k-th term is

(=1 1k 1t ( Yo il 'hz’,jk) :

ittt tje=l—k

As a result, the coefficient of u~! for some | > 0 in the entire expansion of the left

hand side of equation (3.2.5) is

1
Z ( k+1 /k- 1k ( Z hijihij, - - 'hirfk)> ’
k=1 Jitiattje=l—k

which is a finite sum.

Second, we introduce the elements gl.im € Y;(g). This means adding several

definitions to our arsenal. Let G(u) be the formal power series

u
G(u) =log (e“/Z — e—u/Z)

in uQ[[u]] and consider the elements v; in W[[u]] given by

g=nyg e (LAY e,

r>0

Thus, we arrive the elements g € Yh( ) through the equality

1/2
= () Cen (142).
m>0 qi — 4; 2
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—

To justify that these elements do lie in Yy (g), we first show that G(u) € uQ[[u]].

u
G(u) = log <e”/2—e“/2>

1
log - - = —log(1+x)
(1 +(3)5 + (D45 + )
B 2 3

which is clearly in uQ[[u]] after substituting out x in terms of u. Further, observe

that

—u
G(—u) = log <e”/2—e“/2>

- 1 u
= log ei/2 — p—u/2

= G(u)

so G(u) is in u?Q[[u?]] C uQ[[u?]]. Next, 7;(u) € W[[u]] due to the fact that the
derivatives preserve the nature of the series. Finally, we look at the elements g; ,,
in context of the expansion of ¢(E;). Although ¢(E;x) will lie in the completion
of the Yangian and thus contains infinite sums, we still require that each homoge-

neous graded piece is itself a finite sum of elements. We will now verify this for

__ ko
¢(Ei,k) = etit ZmZO gzj,meZTm

50



Let 0" be the pair of homomorphisms on the subalgebra generated by the x;;

(respectively, the x; ) given in each case by

+ . .+ +
(ZFI ler — xj/f+5i]'

and look at k%" using its Taylor expansion. Then,

(P(Ei,k) = k0,+ Z glm zm

m>0

) k2(0'1-+)2 k3(0.+)3
= (1d—|—k(fi++ o1 + 30 Zglm im

m>0

Zgzm 1m+kzg1m 1m+1 Zgzm 1m+2

m>0 m>0

If the elements g are homogeneous of degree 0, then the sum of elements of

degree r in ¢(E; ) is

r

k2 k
glrx1r+kglr 1x1r+2|g1r 2 z+r++ﬁg;r0x:rr

If the elements g~ are of degree 0 but not homogeneous, then

Sim = D 8imls]

for homogeneous elements g/, [s]. Then, the sum of elements of degree r in ¢(E;)

is

r

k2
8iplr —ml+ kg, y[r =1 —ml+ 578 L[r=2—m]+ -+ =gy [-m].

If the elements gi° have some nonzero degree, then the terms we need are drawn

from the sum

Zgim +Zgzm im+re
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In either case, we have a finite sum in each part of degree r in the expansion of
¢(E;x). Similar arguments show that the same is true for ¢(F;y).

Clearly, these formulas are not the most natural choices of maps. Gautam and
Toledano Laredo arrived at them by determining certain conditions necessary on
¢ and ensuring they are compatible with the relations on both sets of generators.
Throughout Chapter 3 of [GTL13], these necessary and sufficient conditions are
broken down further and further until the precise formulas (3.2.1-3.2.4) surface.

Once ¢ is constructed, we can use it to produce more useful maps between

pairs of simpler structures. The following proposition provides an example.

—

Proposition 3.5. [GTL13] Take ¢ : U;(Lg) — Yy (@) as defined above. Then, the special-

ization of ¢ at h = O is the homomorphism
exp” : U(glz,z7']) — U(gls))

defined on elements of g|z,z~!] by

exp* (X ®25) = X @ €.

3.2.3 Notes on completions

—

Before presenting U,(Lg), the completion of U,;(Lg), we will first review
some of the fundamental concepts involved in the inverse limit definition. Sup-

pose, for some algebra A, there exists an inverse system of homomorphisms

...%An(_An_H%...
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with maps 6,11 : A,11 — Ay, where the A, correspond to a filtration of A. A
sequence (a,) of elements is called coherent if for each a, in the sequence, a, € A,
and 6,,11a4,41 = a,. Suppose we take the algebra of all such coherent sequences;

call this the completion A and denote this by

A=1mA/A,.

—

We use this process to construct U,(Lg).

3.2.4 Completion of the quantum loop algebra

Next, we look at Uq/(ﬁ\g), the completion of U,(Lg) , and see how our map ¢
yields an isomorphism between the completions of the quantum loop algebra and
the Yangian.

Consider the sequence
UpLg — U(Lg) — Ug

where the first map sends 7 — 0 and the second maps sends z — 1. Let 7 C Uy Lg
be the kernel of the composition of these maps. The completion of U,Lg with
respect to J is

Uq(ﬁg) = @uq(ﬁg)/(jnuq(ﬁg))-

—

Theorem 3.6. [GTL13] Take ¢ : Uy(Lg) — Yy(g) as defined above. Then,

1. ¢ maps J to the ideal Yy,(g) . = [Ty>1 Ya(9)n-

2. The corresponding homomorphism
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is an isomorphism.

Proposition 3.7. [GTL13] gr(¢) is the inverse of the degeneration isomorphism i :
Yy (g) = Uy(Lg) given in [GM12].

3.3 EQUIVALENCE OF CATEGORIES

In Gautam and Toldano Laredo’s October 2013 article [GTL16], they estab-
lish an equivalence of categories I' between the representations of Yangians and
quantum loop algebras. This equivalence confirms that there is an underlying rea-
son that the correspondences between the two structures and their representations

exist.

For a representation V of Y(g), we need that I'(V) is a representation of
U,;(L(g)). As vector spaces, V = I'(V). We can make sense of what I'(V) by first
taking it to correspond to some algebra homomorphism ¢ : U;(£(g)) — End¢ (V).
Consider the generators ka of U;(£L(g)) and identify them with their image
go()(lj,i) If V has weight space decomposition V' = @, V}, then the way Xiji acts
on each weight space of V should be that it maps X iji : Vi = Vyqy, for the simple
root ;. Then, understanding the specific action of Xi,ik on V,, denoted (Aﬁ)y,
leads to the desired functor I'. Each Xif( belongs to HomC(V},, VP,JF,XZ.). Thus, the
series X" (u) belongs to Homc (Vy, Vi, ) [u71]]-

Gautam and Toledano Laredo work in the general case with certain categories
Ojnt of integrable representations. These are representations of U,(Lg) (resp.
Y4(g)) such that their restriction to U,(g) (resp. g) are integrable representations
in the corresponding category O. This requires finite dimensionality, a weight
space decomposition, and certain restrictions on these weights. However, when g

is a semisimple Lie algebra as is the case here, the categories O;,;(U,(Lg)) and
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Oint(Yn(g)) are simply the categories of finite dimensional representations on the
quantum loop algebra and Yangian. When studying finite dimensional represen-
tations of the Yangian, we can take advantage of the fact that the irreducible rep-
resentations are parametrized by polynomials; this implies that a representation
is essentially given by rankg-many sets of complex numbers. Unfortunately, as
the Yangian is not semisimple, we cannot simply say that any finite dimensional
representation of Yy(g) is the direct sum of some irreducible representations and
study these irreducible building blocks. Nevertheless, the following remark pro-
duces a composition series that will be useful when determining what category of

modules we need to focus on.

Remarks. Take a finite dimensional module M over Y(g). If it is not irreducible,
then it contains an irreducible submodule M; C M. The quotient M/M; is also
a finite dimensional Y(g)-module. If it is not irreducible, then it contains an irre-
ducible submodule M, C M/M;. By the correspondence theorem, M, = M,/ M;
for some module M, with M; C M, C M. After enough iterations of this process,

we obtain a chain
MiCcM,Cc---CM,C---CM,=M

such that My 1/ My is an irreducible module for Y;(g). Such a finite chain must

exist due to the finite dimensionality of M and the fact that dimM;.;/M; > 1.

Introduce the following notation for these relevant categories of modules:
e Mod—Y;(g) for all modules of Y;,(g)
e mod—Yj(g) for finite dimensional modules of Y;(g)

We can use analogous notation for U,(Lg). Next, we define a third category of

modules over the Yangian of g. Consider a set IT € C satisfying IT+ %  TI. It
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follows that IT must be infinite and is the union of sets {r + in|n € Z} for roots
r € C. Then, let mod"' —Y;(g) denote the category of finite dimensional modules
such that the irreducible quotients M1/ My are parametrized by polynomials
Py(u), ..., Prankg(#) with the property that their roots belong to IT.

Similarly, consider a set Q) € C of nonzero complex numbers such that g*1Q) C
Q. Define the category mod**— U,(Lg) to be the set of finite dimensional modules

whose irreducible quotients are parametrized by polynomials with roots in ().
Proposition 3.8. (Proposition 3.5 [GTL16])

1. mod"'—Y;(g) is a subcategory of mod—Yy(g), closed under taking direct sums,

subobjects, quotient, and extensions.

2. mod®~U,(Lg) is a subcategory of mod—Uy,(Lg), closed under taking direct

sums, subobjects, quotient, and extensions.

3. If g is a simple Lie algebra, mod" —Y;(g) and mon—Uq(Eg) are closed under

tensor products.

Proof. This follows from the properties of finite dimensional modules. O

Next, our goal is to examine the action of the generators of the Yangians and
quantum loop algebras on their respective categories of finite dimensional mod-

ules. We will show that these actions are given by rational functions.
Proposition 3.9. (Proposition 3.6 [GTL16])

1. Let V be a module over Yy, (g) on which b acts semisimply with finite dimensional
weight spaces. Then, for every weight u of V, the generating series h;j(u) €
End(V},)[[u~Y]] and xiF (u) € Hom(Vy, Viaa,) [[u™"]] defined in (2.1.7) and (2.1.8)

are the expansions at co of rational functions of u. Further, let

h
tin=hi1— Ehzz,() € Yu(9)".
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Then,

_ ad t; -1
xii(u) = hu 1<1IF 2((1”1)> xfo (3.3.1)

2. Though we will not be using this quantum loop algebra version of this
result, it is kept here for completeness and stress the argument that there
should be a strong connection between the representation theories of the
two structures. Similarly, let V be a module over U,(Lg) on which the operators
K}, act semisimply with finite dimensional weight spaces. Then, for every weight
pof Voand sign ¢ € {+}, the generating series ;(z)* € End(V,)[[zF!]] and
Xf(z)* € Hom(Vy, Vyta,)[[2F1]] are the expansions of rational functions at z =

oo and z = 0 of rational functions in u. Further, let

His = 295097/ (g — g7 ).
Then,

d(Hj1)\ " d(Hi—1)\ " ..
Xf(z) = <1 _ ¢ [gle)> Xy =~z (1 — 8221([1;1];1)> X, (33.2)

and i(z) = o+ (g — 4; ) [XT (2), X,

Proof. First, we justify how this expression for x;"(u) is constructed. ad(t;;) ap-
plied to x7; yields t;1x;, — x75t;1. So, the representation map ¢ : Y;,(g) — End(V)

corresponding to the module V satisfies

plad(tin)x;y) = @(tin)(xy) — ¢(xiy)P(ti1) (33:3)
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since ¢ is an algebra homomorphism. In particular, if we restrict the endomor-

phisms ¢(t;1) and (/)(xfo) to a weight space V, C V or V14, C V', we get maps

Po(tin) = Vu—=Vy (33-4)
¢(ti,1) : Vyiai — Vyiai (335)
4’(3‘%) D Vi = Vi, (3.3.6)

We can choose bases of V,, and V,+,,. Let dy = dimV),, and d, = dimV,+,;. Then,
we can represent these restricted maps as matrices; (3.3.4) as a d; by d; matrix T,
(3-3.5) as a dp by dp matrix T, and (3.3.6) as a d> by d; matrix X. As a result, the
right hand side of (3.3.3) can be expressed as T,X — XTj.

Second, we explain why x;"(u) is rational. The defining relations of the Yan-

*

i74+1- Now, in general, for a vector v and matrix

gian produce that [ti,l,xlﬁ] = +2d;x
A, the product (1 — A/u)~'v will also be a vector and its entries will be rational
functions of u. This applies to our current case. This is simple linear algebra; if
we let B = 1— A/u, then B! = adjoint(B)/det(B). The adjoint of B will be
composed of rational entries. xﬁ) is itself a matrix with rational entries as seen as
an element of Hom(V},, Viu1a,). Suppose this space of homomorphisms is made
up of rectangular matrices of size dy x dp. Let d = did,. We can then identify
Hom(Vw Vinuta;) With C?; xi) is now seen as a column vector. Next, the adjoint
action as seen in ad(t;;) is a linear map from Hom(V}, V}i14,) to itself, so after
choosing a basis of this space and identifying it with C%, we can view ad(t;1) as a
d ® d matrix. Thus, using that A = ad(t;1)v = x% from the argument above and

looking at the definition of xz-lL (u), we see how it is a matrix with rational entries.

+

Third, we justify that /;(u) is rational. This is clear. Since x;" (u) is rational and

hi(u) =1+ [x;" (u), x;], hi(u) must be rational.

Similar arguments apply for the quantum loop algebra case. O
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As an aside, note that we can rewrite x; (1) in the following way:

-1
by _eoo1 (4 ad(tin) +
x;"(u) =hu (1 2du X

1
4,1 +
_hu 1 ad(ti/l) xl/O
- Zdiu

—t ! (1 Ladtin) | (@d(tn))? | (ad(tn))® > Xt

Zdiu (Zdiu)z (2diu)3 10
et (1, 2406 (@d () @d (1)) ()
Zdiu (Zdiu)z
n (ad(ti,l))z(ad(ti,l))(x?,—o) L.
(2du)3
:hu_l 1 + [ti,ll xz—o] (ad(ti,l))[tl‘,llxz_o] (ad(ti,l))z[ti,llxz_o] + L
2d1‘u (Zdiu)z (2di14)3
:huil 14 Zdix;,“l (ad(ti,1>)(2dixz_1) (ad(till))2(2dix;f1) o
Zdiu (Zdiu)z (2di1/l)3
:huil 14 Zdixl.‘fl n Zdi[ti,lfxi-;] (ad(till))(Zdi)[till,x;] o
Zdiu (Zdiu)z (Zdﬂ/l)?’
Zdl'xif1 " (Zdl)(Zdl)x;rz n (Zdi)(Zdi)[ti,lzxi;] o
2d;u (2d;)%u? (2d;)3ud

2y (2di)Pxf,  (2d:)
2d;u (2d;)?u? * (2d;)%u’ T

Il
=t
=
AN
/\/\/\/:\/_\/_\/_\
+

xhoooxh x
=t 1+ 2 S )
u u u
+
—h (14 ) Dm
a>1 ‘
+
_ 1 ia
=hu +h§ -
a>
Similarly,
x; (u) =hu! 4 2d) e
! Zdiu 1,0
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—ad(ti,l) —ad(ti,l) 2 —ad(ti,l) 3 _
Y +< 2du ) T\ 2w ) T ) o

—ad(t;1)(x;,) N (—1)%ad(t;1)%x;,
2d;u (2diu)2

2dix;y ad(tin)(—2dix;;)  —(ad(t;1))*(—2dix;;)
2d;u (Zd'u)2 (2d;u)3 e

2dix;y  (—2d;)%x —(ad(ti1))(— Zd)z >
2du T (24, )2u2 (2d,)° a

_ Xipo X, —(—2d
:hu1<1+u+u;+ (Zd )
+

Thus, in general,

;t( = _1+h2 a+1'

a>1
Definition 3.10. ((GTL16])A finite dimensional representation of Y3 (g) is said to be
non-congruent if, for any i € I, the poles of x;" (u) (resp. x; (1)) are not congruent

modulo Z.

These non-congruent representations form a subcategory of mod—Y3(g) . Our

main goal in this section is to produce a functor from the category of non-congruent
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finite dimensional representations of the Yangian to the category of finite dimen-
sional representations of the quantum loop algebra. This functor I' has been
shown to be exact, faithful, and compatible with shift automorphisms.

As in the previous section, arriving at this functor is not the most intuitive.
Roughly speaking, Gautam and Toledano Laredo take the commuting fields h;(u)
of Y;(g), note that each defines a difference equation on any finite dimensional
representation of Y;(g), and determine how I' must be compatible with these
equations. Let A be a rational function A : C — End(V) that is regular at co and
satisfying A(co) = 1. Then, the system of difference equations we are concerned

with is

plut+1) = Au)p(u), (337)

where ¢ is some function C — End(V). If this system satisfies a particular con-
dition (non-resonance, which won’t be presented here), then there exist unique
solutions ¢ to (3.3.7) that are meromorphic, among other properties. In fact, we

can write them according to the formulas:

PHu) = e AM) T A+ m) A (5:38)
n>1
¢~ (u) = e T A(u—n)e, (33:9)
n>1

where 7 is the Euler-Mascheroni constant. Now, for any i € I, take the difference

equation

Pi(u+1), = hi(u)udi(u),. (3-3.10)

Then, we know that fundamental solutions cpii(u) exist. The coefficient matrix

hi(u), is simply the usual series h;(u), but with a subscript to remind us that we
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are working on one particular weight space V), of V. Introduce two new functions
C — GL(Vy):
& ()y = (u)y

8§ (W = ¢ (u+1),"!

Using (3.3.8) and (3.3.9), these become

—
& Wy = e~ Mo [ hitu— ”)uehhi'om (3.3.11)
n>1
T h
g (w)y = ([T hi(u+n), | er™o. (3.3.12)
n>1

Since ¢;" is meromorphic, evaluating the infinite products [1,%1 (1 — n), and
[T;>1 hi(u+n), at u = zo for some number zy should produce something that
converges, except at finitely many choices at zp. Thus, when zj is not a pole of
hi(u — n) for any n, the infinite product converges to a number. Thus, we can
make sense of g; (1), as well as of g;" (1) using similar reasoning.

Finally, the last step before defining how X ijﬁ acts as an operator V;, — Vjq,
involves choosing a particular union of curves in C satisfying certain properties.

As it happens, the definition of the action of X involves contour integration.

The series x;" (1), and x7°(4),,1; Were shown in Proposition 3.9 to be rational.
Thus, x;" (1), and x;" (1) 44, have finitely many poles. Then, take Cl-j; to be some
disjoint union of curves in C such that Cij;l contains all the poles of xl-i(u) u but
no Z ,-translate of the poles of either x;" (1), or x;"(it),4q,. As long as V is non-

congruent, such a curve will always exist for any choice of i or y.
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Proposition 3.11. The action of Xl.ik as an operator V,, — V14, is given by

(X = o G W)y () (3313)

iu

for scalars c; € C* satisfying

;¢ = diT(hd;)?.

In order to understand how to evaluate this contour integral, we can see how

the operator V, — V14, (2(,jE

f k)}l is a matrix with complex entries. For one,

g7 ()4, is @ matrix whose entries are meromorphic functions; not necessarily
rational functions. As well, xii (1), can be viewed as a matrix, with rational func-
tions on C as entries. Then, the product g;" (1) y+4,; (1), will be a matrix with en-
tries that are meromorphic functions in u. Suppose one entry of g7 (1) 4a, %" (1)
is the function f(u). Then, the corresponding entry of (Xi,ik)y will be the given by

the value of

k
i ﬁi >R £ (1) du
iu

which we can confirm is a complex number. Because of the definition of the x3"(u)
and the fact that /1;(u) = 1+ [x;" (u).x; ], we know that 1;(u) and x; (1), have the
same poles. gii has poles contained in the set of all Z—shifts of the poles of xii (u).
As a result, the poles of f(u) are the poles of x;" (1) and all of its Z-shifts. So, we

can conclude that the contour integral

1 27tiku
— d
g s S0
will be a sum of integrals

1

27i

7€ ekauf(u)du
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where the interior of C contains exactly one pole of f(u), which we know to be

true due to the way C Z-iy was chosen.

27tiku

Naturally, e is holomorphic; we can use its Taylor series expansion. For

one integral 5= 40 2™k £ () du, if the pole contained in C is at u = z, then expand

f(u) as

__ A, A
f(u)—(u_zo)l+ +u_ZO—|—El0+

and expand e?™* as

ekau _ ekazO + bl(u _ ZO) + bz(u _ Z)Z + ...

1
U—2zp

Finally, the value of the integral is the coefficient of in the product of the two

series.

Theorem 3.12. The operator defined in Proposition 3.11 define an exact, faithful functor
I from the category of non-congruent finite dimensional modules over the Yangian Yy (g)

to the category of finite dimensional modules over the quantum loop algebra U,(Lg).
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IRREDUCIBILITY OF VERMA MODULES FOR Y(g[1|1) AND

Y (glmn)

In their article on Verma modules for Yangians [BFMo6], Billig, Futorny, and
Molev arrive at several conclusions on Verma modules for the Yangians Y (g, )
and Y (gly). Specifically, they designate the criteria for reducibility and what
it says about the highest weight of the module. Here, we show that a subset of
this same collection of propositions and theorems hold when applied to the super
Yangians Y (glyj;) and Y (gl n ). In fact, the nature of super Yangians leads
to an upshot not present in the non-super case: Theorem 4.9 asserts that a Verma
module over Y (gly|;) is reducible if and only if the unique irreducible quotient
is finite dimensional. In contrast, for Y (gly) , the most we can conclude is
the sufficient and necessary condition for all weight subspaces of the irreducible
quotient to be finite dimensional. Further, we see how we can parametrize the
irreducibility of a Verma module over Y (gl y) by the nature of the highest

weight u (u) (Theorem 4.14).

An earlier attempt to fit this set of results to the quantum loop superalgebras
Ug(Lgly1) and Uy (Lgly|n) was unsuccessful. This was due to the presence
of barred Tl( jr) generators. In the final section of this chapter, we choose a subalge-

bra, called the quantum current algebra, that satisfies the necessary properties for
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these results to hold, without any of the complications. This leads to Theorems

4.17 and 4.18 on irreducible Verma modules over U, (g1 [s]) and the general

uq(g[M|N[S])'

41 REPRESENTATIONS OF Y (gly|1)

First, we apply the notion of using an automorphism to twist the action of

the Yangian by a power series from Lemma 2.25.

Lemma 4.1. M(Aq1(u), Ay(u)) is isomorphic to the Verma module M(1,v(u)) for

v(u) = %EZ;

Proof. Use the automorphism ¢ corresponding to f(u) = (Aq(u)) ! to twist
the action of Y (glyj1) on M(A1(u), A2(u)). We need to verify that two crucial

aspects of our new Verma module are satisfied, namely that:

i’ll(l/l)l)\ = 1)\

P /\ u
tzz(u)l/\ = Z(M)l)\

Simple calculations show that both hold.

i (u) 1y = (A1 (u)) "M (u) 1y = (A1 ()" Aq(u)1,

=1,

t22() 1 = (A2 (1) Mz (1) 1y = (A1) A2 ()1
_ Aa(u)
M)
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Proposition 4.2. Let M(Aq1(u), A2(u)) be a Verma module over Y (gly|1). Then,
its restriction to Y (slqy) is isomorphic to the Verma module M (v(u)) for v(u) =
A1(u)/Ax(u). Further, M(Aq(u), Ap(u)) and M(v(u)) are irreducible if and only

if the other is.

Proof. We have that:

e(u)l, =0 =e(u)l,,
(dl(u))_le(u)lv :1/(1/[)11,,

(1) )1, =20

~—

1,.

~—

As a result, we have a Y(sly;)-homomorphism ¢ : M(v(u)) — M(A1(u), A2(u))
such that ¢ sends 1, to 1,. Next, we note that ¢ is surjective if M(A1(u), Ax(u))
is generated by 1, as a Y(ﬁ[m)—module. This is satistied by Theorem 2.27 since
all elements of Z(Y(gly1)) act as scalars on M(A1(u),A2(u)) (Lemma 2.28). Next,
we extend M(v(u)) from a Verma module over Y(slyj;) to a module over Y(gly;);
define the action of by (1) on M(v(u)) to be scalar multiplication by A1 (u)Aa(u —

1). Finally, Gauss decomposition gives:

tll(lxl)lv = )\1 (Ll)lv

tzz(u)lv = )\2(1/1)1]/.

As a result, we have a Y(glyj;)-homomorphism ¢ : M(Aq(u), Az2(u)) — M(v(u))

such that ¢(1,) = 1,. Injectivity of ¢ follows from ¢ o ¢ = id i1, ())- O
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42 FrROM Y(gly) TO Y(gly)q)

Before extending results from Y (gl,,) to Y (glyqn), a helpful stepping stone

is to take existing results for Y (gl,) and finding analogues for Y (gly ).

Proposition 4.3. Let Ay, Ay be two formal power series in u! given by
A= Au) = (—D)HT AWy 1 A @2

If the ratio A1(u)/A2(u) is the Laurent expansion at u = oo of a rational function in
u, say % for some polynomials P,Q, then the Verma module M(A1(u), Ay(u)) over
Y (gl is reducible.

Before proving this proposition, we present several smaller, useful lemmas.
This will be similar to the proof of Proposition 3.3 in the paper by Billig, Futorny,

and Molev [BFMo6] on Verma modules for Yangians.

Lemma 4.4. P(u), Q(u) are of the same degree. Their leading coefficients can be chosen

to be (—1)1+1 = —1 and (—1)PPI*1 = 1 respectively.
Proof. We let P(u) = po + p1u + pau® + - - - pru®, Q(u) = qo + qru + qau® + - - - qyui’.

LA AU o po et o
1A 4 APu2 4o Qo+ qut g+ g

—
T+ AN T+ AP U2 ) (go + g+ gaud + - g

= (1 + /\él)u_l + /\éz)u_Z S )(}70 + piu + p2u2 +--- pkuk)

Multiply through both sides of the equation and compare terms for nonnegative

powers of u. We can ignore the negative powers of u because there is no smallest
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power of u and these coefficients do not provide any more information. In fact, all
we need to do is to look at the coefficients for the highest powers of u that appear.

These coefficients are g;u' and pyu¥, thus we can conclude that k = I.

Set d = k. Further, without loss of generality we can let p; = —1and g5 = 1
as one can simply divide the polynomials accordingly to produce ones with these

leading coefficients. ]

Remarks. By the defining relations of the super Yangian, [tgl), tgﬂ = (0. This is

shown using (2.3.4); we have

7(2,52,1) =1+ 14+ (1+1)(2+1) + (2+1)(2 + 1)mod2
=2+6+9=0
(1), 210)] =0 (b ()£ (0) — £21(0) 81 (1))
(1= —1) [t (u) b1 (0)] =0

[t21 (1), t21(v)] =0.

Now, define the vector subspace K of M(Aq(u),A2(u)) to be the span of all

vectors of the form tgrll)tgrf) e térl")l A where at least one r; exceeds d = degP(u) =
degQ(u), with 1 < --- < r¢ as usual. Equivalently, we could define K to be
the span of vectors tgrll)térf) e tgl")l A with 7, > d. In our proof of Proposition

4.3, we show that this is a nontrivial submodule of M(A;(u), A2(u)) implying
the reducibility of M(Aq(u), A2(u)). Next, we show that spanning elements of K

remain in K under the action by tgrl) for values of r greater than d.

Lemma 4.5. If r > d, then tgrl)tgrf) . tgrl")l;L €K
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Proof. First, we show that tgrl) tgrll) € K. By definition of K, this means that r; > d.

By the defining relations of the Yangian,

min(r,r)—1
R vl G Y

a=

min(r)=1 ) b —1—a) (r-r1—1—a) ,(a)

= . (t21 t1 Iy =ty t1 1A>
min(r,r)—1
tgrl)térf)h _ ) (téti)t§r1+r1—1—a)1/\ t§r1+rl —1-a) ()1 >+t( )()h

a=

However, since r > d, tYl)l 1r=0and t%rfﬁ]*l*a) 1, = 0 for all a. Thus,

07 T @, T 01
ity Ta= ), — " Uh = )Y, AR, ek
a=0 a=0

Now, assume tgl) tél) e tgrlk)lA € K. We show that tgrl) térll) e tgrlk)tgl"“)h € K.

t(rk)l

tgq)tgfll) . tél) (Tk+1)1A =[t £ 4(r) tgik)/ "%t1) 11y + £ rk+1) £l )t(ﬁ) 1,

1121 °°° 21

_tgl) [tgl) o tgrlk)/ Te+1) 1) + [t gl)' tg’ikJrl)]té’il) . tgf)h

_|_ t(rk+l) gl)tgil) - téﬁk)l)\

<001y A,

A0

5 t(rk)lA

21
. . . () (r) . g(r0)
By the induction assumption, t;;'t,; ty1 1) € K. Thus, the term
térl"“)tgrl) tgrll) e tgrlk)l 1 € K as K is stable under the action of tgsl) for all s. We have
also used that the elements t;sl) commute with each other. We are left to show that

A €
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[tgrl)/ téflkﬂ)]tgrll) L tg")h _

min(7,rgyq)—1
B (o ) ),
a=0
M) ) 10 ) ()
a -, —1—a T 7
= Z ty'tis . t211 T t21k L5}
a=0
M) 10 @) ) ()
Y, —1—a a T T
Z%] ty ah t t21] T t21k In
a=

Both terms lie in K by the induction assumption and by the stability of K under

the action of tésl). O

Analogous results hold for tgz) and tgrz) in place of tgrl).

Proof. PROOF OF PROPOSITION 4.3

Recall that we can use an automorphism ¢, of Y(gly;) to twist its action
on M(A1(u),A2(u)). This produces an action isomorphic to that of Y(gly;) on
M(f(u)A1(u), f(u)A2(u)). This Verma module is reducible or irreducible exactly
when M(Aq(u),A2(u)) is. Choose f(u) = Ay(u)"'u=?Q(u). Then, our weight

becomes

f)rz(u) = u=Q(u)

= qou g 4 g R

71



Thus, we can use these newly transformed values to assume without loss of gen-
erality that Aq(u) and A(u) are polynomials in u~! of degree less than or equal

to d (the < d occurs if pg or g is 0).

As briefly alluded to above, define the vector subspace K of M(Aq(u), Ax(u))
to be the span of all vectors of the form tgrll)tgf) e tglk)l A where at least one r;
exceeds d, with r{ < --- < 7, as usual. We claim that K is a submodule of
M(A1(u), A2(u)). To do this, we must show that K is stable under the actions of

tgrl), tgrl), tYZ), t;rz). By the defining relations of the Yangian and the remark above, all

generators of type tgsl) pairwise commute, thus K remains stable.

Next, we need to show that tgrl) tgrll) . tgrl")l A € K. This can be done by induc-

tion. We know this to be true for r > d by Lemma 4.5. Assume instead that r < d.

The defining commutator relation yields

] =" (e o),

Ifk=1,rn>d+1 Asaresult, v+, —a—1 > d+1 since a + 1 will never
exceed the smaller of r and r;, guaranteeing that the superscript remains greater

than d + 1. Thus,

i =" (e e

a=0

ML @) gy (rn-1-a) (o)

= (tﬁ t1r1 " ’ Iy — tzrl " ! th 1A)

a=0

min(r,r)—1 . .

=R () i,

a=

By examining each of these terms, we see why tYl) tgll)l A lies in K. First, for all g,

(r+r1—1-a) () (r+r1—1-a) (@)

r+r—1—a>d,sot] 1y = 0and ty 't 1, =0 € K. Next, t;71) =
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/\gﬂ)lA andr+r—1—a>d,so tgfrrl*l*u)tﬁ)h = /\ga)tgﬁrl*l*a)l;\ € K. Finally,

K401, € Kbecause r; > d and £7)1, = A1, thus 77471, = AVV1, e k.

Assume that tgrl) tgrll) ce tgrl")l A € K for all k < p. Then, we show that

t(r)t(rl)

1161 " f(rp)l‘érf’ﬂ)h € K. First, note that

21

LA

B e A R P AR R P
where tV 02 ({0 () (0 2 A0l ) )y (e)q e K On the other hand,
e

= (6 A g
min(r,r)—1
(MR o gy
a=0
R A
min(r,r1)—1

_ Z <tg)t§rl+rl_l_a)t§?) L téflpﬂ)l)\ _ tgi—wl_l_a)tﬁ) tgrf) . tgrlpﬂ)lA)
a=0

By the induction assumption, the terms above all lie in K. When considering the
action of tﬁ) on K above, we used the fact that tﬁ)l A= A%s) 1, = 0 for s > d, since

A1 is a polynomial of degree d so /\gs) =0forall s > p.

An analogous result applies to the action of tg;) ; tész)l A= )\gs)l A = 0 because

/\gs) = 0 for s > d. This is shown similarly. The defining commutator relation

yields
(n) (1) T @) 1m0 _ r4n-1-a) 0
[tzl rtzz} == Zo (t21 tr —ty tzz) (4.2.1)
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since 77(2,2;2,1) =14+143x3+4x3=2=1mod 2. As a result,

min(r,r;)—1
{081, = AP, + Y (tg?tgg”fl*“)_tg*ﬁ*l*“)t;g))h. (4.2.2)
a=0

Ifk=1,thenry >d+1,sor+r,—1—a>d+ 1, either r < r1, in which case
r+r—1—a>rn>d+1,orr >ry,leavingr+r—-1—a>r>r >d+1 If
r=ry,2r—1—a > d+1 trivially. Thus, tg“l_l_a)l/\ € K and tg;”_l_a)h =0.
Repeated applications of (4.2.1) decrease the sum of the superscripts of each term
in the sum by one: when looking at the maximum sum of superscripts, we move
from r 4+ r1 (o iterations) to r +r; — 1, to r + r; — 2, and so on, until we reach a
sum of 1. This is produced by the step in the calculation

)t 1n = 27157 10— 5085, 1+ ) 1

= A1, + 61,

In any case, this shows that said iterations of (4.2.1) will eventually lead to an end
where there are no more appearances of any tész) . Further, each term will lie in K
because these decreasing sum lead to an accumulating increase in the r +-r; — 1 —a-
type superscript, which either works in conjunction with tgz)l A»=0,s>d+1or
the definition of elements in K to ensure that we get our desired elements. Then,
let k > 2. Assume that tgrz) tgql) cee térl’) € Kfor all I < p. Then, our goal is to show

that )£ () f) ¢ g

r) L (r r (rp) (rp+1) ) (r (rp) (rp11)
- [ éZ),téf)} télz) oty )+ térll) [téz),tgf) byt ] 1a

MY @) rtne1ea) (1) (@) ) L)) (pe)
a r-r1—1—a r-ri—1—a a 14 T r 1
== < ;) t21 tzz ' - t21 ' tzz) t212 "'tzlp tzfg+ I
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R R R M DL 1 M S

ek ek

The latter two terms are certainly in K by the induction hypothesis. As before,
the terms in the sum have the property that the sum of superscripts decreases,

meaning that iteration will move all té‘? generators to the right side of the sum.

Then, we either produce a constant /\ga) in front of a term in K, or the fact that

r+r —1—a > d makes the terms not necessarily in K disappear. Thus, by

expanding the bracket, we can conclude that tgz)t(h) ) e g

21 21 "21
(1) ()

(rp) (rps1)
12 %21 tr tyf

2ty € K. First, the defining relation of

Finally, we show that ¢

the super Yangian yields

min(r,r)—1

(A )

) ="

We use that tgll)b\ =0= t;lz)lA forl! >pandr+r —1—a> p+1 to obtain

min(r,r)—1

[tgg)’tgil)] 1, = Z%] (té‘;)tgrf”*l’“)l;\ _ tg;r]flfu)tﬁ)lA)
a=

min(r,r)—1

= R g,

min(r,r1)—1 1
- g,
a=0

—~

Thus, tgrz)térf)l A= térll)tgrz) 1, = 0 € K. Next, for the inductive step, we take

the assumption that tgrz) térll) e térl’)l A € Kfor all k < p and use it to show that

DR T e K
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r) (1) (r (rp) (rp+1)
R R R BN

= (6 A [,

minEr) =l o) ) () u(rest) (r+r1=1=a) (@) () (rp) ,(1p41)
Z a) (r+ri—1-a) (r 1 rrr ) ) T !

- 0 (t22 fp SRR 2V PRl S byt bl 12‘)
a= .

€K by K having stability under the action of tgsl) and tgsz)

We know the last term to belong to K because tgrz) tgrf) e tgl" )tgrl” S A lies in K

and K is stable under multiplication by térll). Thus, tgrz) tgll) x ~t§r1” )tg” “q 1 €K K
is therefore a stable submodule of M(A1(u),Az(u)), which is now shown to be

reducible. ]

4.2.1 Issues in Finding an Analogous Result for the Quantum Loop Algebra

As we have just shown in the proof of Proposition 4.3, an analogous version
of Proposition 3.3 of [BFEMo6] holds when adapting the result on Y (gl,) to Y(gly1).
However, an attempt at producing a parallel proposition for U,(Lgly|;) was unsuc-
cessful. In particular, defining a submodule K that is stable under the action of the
generators of U,(Lgly;) proved to be difficult, mainly due to the incompatibilities
between the Ti(jr) and the Tl(jr) generators. For context, note that expanding the
defining RTT relations of the quantum affine superalgebra produces the following
triplet of equalities:

(_1)|i\|1\+\jw|(qfdjaj,Ti§r+1)T]<(ls) — g% Tigr) T}flsﬂ))

(= 1)Vl 71K (q—dfailegls>Ti<].f+1> — g% T,g;ﬂmgr)) (4.2.3)
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_ (- )|\|J\(q a ){( ]<lTl(lr+1)T]£]) (5]>1T1(I)T(s+1))

_((5i>kTi(lS)T(r+l) + bick T(S'H)Tk(]))]

(_1)|i\|z\+\juz|(q—dj(sﬂi(r—l)i(d) qd (sﬂT( )T(S 1))
, ; _ 1 5 m(5—1) 7R
_(_1)|1Hk|+|]|‘k‘(q d(srkT( )T(T ) _ th‘sszl(d )Tl(]r)) (424)
= = () m=(s—1
= (~)g—q7) [Ty T ~ 5T T )

— (0T )Tif ) 6Ty )Tl((;))]

i i — 5+ r)=s(s—1
(—1) MLl (g T DT gin OIS
g
r r)7a(s—1
= (=1)W(g— g [(0aTy T = 00Ty T )

— r 1
YT T ]

(1) KK (o T 7D s~V 7)) (4.2.5)

Theorem 5.1 will tell us that, with some rearrangement, quotient spaces, and set-
ting M = N = 1, Y(gly;) can be produced from U,(Lgly;) via a degeneration
process. The identity (2.3.71) (repeated as (4.2.3) above) will be shown to corre-
spond to the defining relations (2.3.40) and (2.3.41) of the Yangian. However, the
Tg) generators do not have a natural analogue in the Yangian. As a result, this

complicates defining some subspace K in order to show that it is a submodule,

confirming that the Verma module given by a rational function is reducible.

Specifically, the Verma module M(v(u),v(u)) over U,(Lgly;) is the quotient
of Uy(Lgly)1) by the ideal 7, where

T =< 1), T3, Tun(u) — va(u), Toa (u) — 72 (w), Toa (1) — va(ut), T (1) — T (ut) >
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and v(u) = (v1(u),va(u)), v(u) = (v1(u),72(u)). Thus, M(v(u),v(u)) is spanned
by monomials in the Tg) and Tér) . If we assume that v(u) and v(u) are expan-
sions of rational functions, then problems arise when deciding how to define the
subspace K we want to prove is a nontrivial submodule of M(v(u),V(u)). Sta-
bility with respect to multiplication by Tl(;),TYl), Tl(g),TYZ), Tz(g),ng) , is a difficult
condition to achieve with any natural choice of K. Thus, for the time being we set
this result aside. Instead, we note that an analogue of Proposition 4.3 holds quite

naturally on the quantum current subalgebra U, (gljn(s]) in Section 4.4.

4.2.2  Reducible Verma Modules over Y (glyj;) and Y (sly};)

What follows is a basic result on formal power series from Billig, Futorny, and
Molev’s paper on Verma modules for Yangian [BFMo6]. Here, it is proven more

explicitly and that will be useful in proving later propositions.

Lemma 4.6. For a formal power series in u~", denoted v(u) = 1+ vy 4+ v@y=2 4
-+ -, if there exist a positive integer N and (co,c1,...,cm) € C™ — {0} such that cov") +
vt oo™t = 0 for all ¥ > N, then v(u) is the Laurent expansion at
u = oo of a rational function in u. Further, if this rational function is P(u)/Q(u), then

P(u), Q(u) are monic polynomials of the same degree.

Proof. Let 1//(;) = vN) 4 y(N+Dy=1 ... Multiply it by the polynomial Y7, c;u'.

v(u)(co+cru+ cou+ -+ - cpu™)

= (vN) vy ) (e + cru 4 cout 4 - - - Cp™)

Expand the right hand side and observe the following pattern in coefficients

of uF,k < 0. The constant term will have the coefficient covN) + ¢;v(N+1) 4
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covNF2) o4 o, v(NFM) | Then, the u—-term will have the coefficient covN*t1) +
civIN+2) ooy (NH3) oo o) y(NH+mH1) the 3~2 term will have the coefficient

covN+2) o v(NH3) oy (NH4) g o) y(N+42) and so on. Ultimately, we con-
clude that the coefficient for u*, k < 0 is couNth) 4 cqu(NTh+D) 4 ooy (NFK+2) 4 4

v (NTHR) By applying that
cov) + el e, (M =

for all r greater than or equal to N, we see that all the above coefficients vanish.
However, when we consider the coefficients of positive powers of u, we see that
these do not necessarily vanish. For instance, the coefficient for u is civ®™) 4
N o e vINFm=1) the coefficient for u? is cov(N) 4ev(NFD 4.

+¢,vNFT1=2) "and so on. This ends with the coefficients c,,_1vN) + ¢,,uyN*t1) for

™1 and ¢,,v™N) for u™. Thus, we obtain the general coefficient

bk = i CiV(N_k-H)
i=k

for positive powers k of u. As a result,

v(u)(co+cu+cou+---cpuu™) = byu + bou? + -+ - + byu™.

Note that we can reconstruct v(u) from v(u) and use the calculations above to

show that v(u) is the desired rational function.

V(M) =1+ 1/(1)1,[*1 + 1/(2)1/[72 4 1/(Nfl)qu+1 + MﬁNV(u)

biu + byu® + - - - 4 by
couN + cuN+T . ¢, uN+m
(1 + p(1)y-1 NI V(Nfl)quH)(COuN 4 CluNH et cmul\”m)
couN + cqulN+1 ... 4 ¢ uN+m

— 1 + V(l)ufl _|_ 1/(2) + e _|_ V(Nfl)u7N+1 _|_
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b1u+~-+bmum
C()MN + CluN+1 4+ 4 CmuN+m
CmMN+m 4+ 4 Coy(N_l)u —+ blu + - bmum
CmuNer 4+ 4+ CQMN
uNtm 4 L ((CmV(l) +em-)uN T Ny by - - bmum>

uN+m 4 Cim (CppquNFTm=1 4 ... 4 couN)

Proposition 4.7. Let M(A1(u), A2(u)) be a reducible Verma module over Y (gly|1). Then,

Mu) - : _ . L
o) 3 the Laurent expansion at u = oo of a rational function in u.

Proof. First, we use that M(Aq(u),A2(u)) is isomorphic to the Verma module

M(1,v(u)) for v(u) = Q?EZ

—

and work with M(1,v(u)) instead. We then need

N

to show the result for v(u). M(1,v(u)) has a weight space decomposition
M(Lv(u) = PMQA,v(n)), (4.2.6)
U

where M(1,v(u));, = {X € M(l,v(u))\(tﬂ) — tg))X = yX}. This weight space is
nonzero when 7 is of the form 7 = —v() — 2k for a nonnegative integer k. This
stems from the fact that tg?l;\ =0in M(1,v(u)) for r > 0 and tgrz)l/\ =v1,. If X
is a monomial of the form térll) e tgl")l/\, then (tﬁ) - tg))X = (—vM —2k)X. This

can be shown by induction:
(1 —£2) 500 = 6801 - )0,
() 1= (),
- (=),

= (v =2) i,

8o



Then, if we assume that
()~ ) 60171, = (o i 1)) g,
we can show that (tﬁ) — tg)) tgll) e tgik)l)\ = (—v(l) — Zk) tgll) e tgik)l)\Z

(40— )0 s = DA,
= () e (o

=26 () - ) i

) i,
= 2t g, (—1/(1) —2(k— 1)) ) g,
= (—v(l) - 2k) ) g
If we fix some k, the monomials of the form
tgil)tgﬁ s tgik)l)\, I1<r<rn< <

form a basis for M(1,v(u))_,a)_,. Suppose K is a nontrivial submodule of

M(1,v(u)), thus inheriting the weight space decomposition
K=K, K;=KnM(,v(u)), (4.2.7)
U

Choose k to be the minimum positive integer such that K;, # 0 for 17 = —v() —2k;
in other words, choose k in order to obtain the nonzero weight space of greatest

weight. This condition implies that for any nonzero vector { € Ky, t12(u) = 0.
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Else, for at least one r > 1, tg)g would be nonzero and in the weight space Kj; 12,

contradicting the maximality of 7. Let
¢= ZCr . 1A, (4.2.8)

where we sum over finitely many k-tuples r = (r1,...,7r) with1 < ry < r <

-<rrand ¢ € C.

Next, we determine the action of tYZ), tgrl), and tg? on a monomial tgll) . térl" ),
Recall that, in general, we have
() ,(6) o) "N T ) (rree 1oty (rbso1-0) ()
r) (s ; r+s—1— r+s—1—
[tab ’ tcd } = (_1)’7(% o) IZO (tcb tud o tcb tad) : (4‘2'9)
where 7(a,b;c,d) =1+d+ (b+d)(a+4d)+ (a+b)(c + d)mod2.
In particular,
tgrz)tgll) . ( )1)\ _ [ gz)rtgrll)} tglz) . ( )1 + t( 1) ( )tgfzz) . tgk)l)\
M) ) (1) (140 ) ) gl
r—+r r—+r T T
= <_ Z (tzzt v —tyn tll)) t212 "'t21k 9}
1=0

L) g

min(r,r1)
r),(r 7 D, (r+r1—1-1 r4+r1—1-1) (1 T 7
tgz)téll) T télk)l?» = <_ 12 (féz)tgl+ ' )~ t§2+ ' )tgl))> tgf) U t§1k)1/\
=0
in(r,r

+ 157 (_ Z (t by  —gpt Df%?)) ty) - 1501,

+ t(rl)t(rZ)tgg)tgi?:) . tg’ik)lA
tgrz)tgrll) e — Zt . r’ 2 (4.2.10)

mln(r,r,)
a;) (r+ri—1—a; r+ri—1-—a;) ,(a; 7 r
<_ Eo (t£2)t§1 = tgz )t§1))> t£1+1) o t§1k)1A
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In order to continue to analyze tgrz) {, we need to break the above result down

through the t1; and ty terms. Similar calculations yield the necessary formulas:

KRR 1, = [0, 0] 2 001, DR

21 21 11721 21 21 b A
MO ) rerndea) (e ey | ) ()
a r+ri—1—a r+ri—1—a a r T
:< Y (my T T )) to” by 10
ﬂ1:0

ﬂzZO

min(r,rp)—1
T a r+rp—1—a r+ro—1—a a r T
+ tgll) ( ) : (tglz)tgfr 2 2) tgfr 2 z)tglz))> téf) o t§1k)1/\

n tgll)t(fz)t(f)t(fs) P

11 21 21
( ) ( rl 1
- 1A = Zt - (4.2.11)
min(r) =1 (a;) ((r+ri—1—a;) (rdri—1—a;) ,(a;) (rit1) (rx)
Zo (t21 t1y — 1ty ty ) bty ety In
aj=

(400,000 1 = [0, 5] 54001, 10 [, 2 ] 1,

= [ ) 1, o) )] 1,

G =),
M ) e a0y | ) )
- Z (t21 tyy —ty tyy ) by ety Ia
(1]:0
1) [ ) [ ] 1
in(r,r1)—1
) (T T r+ri—1—a r+ri—1-—a a
- )tgll) . tglk)l)\ _ ( Z (fél )t£2+ 1—1-a1) t§1+ 1 1)t§21))>
a1:0

G t;qu — ) [ S B g ) i

NCRON tglm

71’1

) (r+r1—1—aq) (r+ri—1—ay) (a1) (r2) (i)

( 21 ty Y - t21 ' ' tzzl )) t212 "‘tzlk L5}
ar= 0
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min(r,rp)—1
~ ( N HCR t§§+’““2>t§“;>>) SN

a =0

A [ A (42,0

:1/()( .. 1/\_21- . 711

min(r,r;)—1
( Z (tgl )t(r—H; 1-a;) tg_‘—ri_l_ai)tgi))) t§71i+1) . téylk)l/\ (4‘2‘12)
111':0

Above, we've used that tYZ)lA = 0, tgz)l A= v and tgrl)l;\ =0 forr > 1.
Thus, iterating the application of (4.2.11) and (4.2.12) produces a representation

(s1) . (Sk 1)

of (4.2.10) as linear combination of basis monomials ¢,;" - 1,, after finitely

many steps. Let
N =max{r + 7+ -+ r¢lc; # 0in the sum (4.2.8)}. (4.2.13)

Henceforth, we will only consider values of r in tgg)g that are greater than this
N. Now, choose some monomial tgsll)tgsf) . (s" 1)1 in the expansion of 1.‘12 { such
that 1 < 59 < sp < -+ < spqand s;+sp+---+51 < N—1. What is its
coefficient? By examining the formulas (4.2.10), (4.2.11), and (4.2.12), we pick out
all such terms. Note that the purpose of (4.2.11) is effectively to push all tgsl) -type

factors to the right of the term; the term is only nonzero if s = 0, producing
A

First, we see that (4.2.10) produces two types of terms with k — 1 ¢,; factors with
an inserted pair of tp and t1;: ones where ty; has a lower index, then the ones
with the inverse situation. The tgf) e tg"‘l)té’é")tgrlH"*l*“")tyl"“) e tg")l 1 terms

can be ignored; the high superscript on the t;; causes the production of terms

with insufficiently low superscripts of t5; or, after repeated applications of (4.2.11),
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(s)

vanishing terms with a 1?151 ,5 > 0 immediately before 1,. Instead, we look at the

terms of the form tgll) ce tgf’l)tg;”"_]_a") tgqi)tgf“) ce térl")l A- In the simpler case,
a; = 0, and we get

t(ﬁ) L t(ri—l)t(rﬁLri*l)t(rHl) L t(rk)lA —

+7i—1) 4(r1) (ri-1) (riv1) (re)
21 21t 21 rr D) g )

21 = vl 21 21 I 21

k ri—1 1 1

it [ e (D )
j=it+1 ;=0

),

This produces terms of the form we want with coefficient v("+7i=1), while further
iterations will continually add more terms with coefficients v('*"i~%) from aj =
1,...rj — 1 over all j. Further applications of (4.2.12) yield coefficients ranging
v,y ylrnstrt+4n—k) n particular, the v(") appears when a; = r; — 1 in
(4.2.12), while we obtain the upper limit by observing that each time we apply the
relation, the sum of all super scripts decreases by 1. The v only appear when ¢
has iteratively been pushed completely to the right of the term, immediately next
to 1,. Taking a step back, suppose we start with the original result from (4.2.10)
and apply (4.2.11) and (4.2.12) until we are left with a large sum of monomials

of the form tésf) . t;") té;) tﬁ)

(

since tlﬁ)l A = 0 for b > 0. Thus, we assume our monomials are of the form

1,. Of course, this monomial vanishes unless b = 0
tgsll) e tgslk)tg;)l 1. Obtaining these terms requires at most k applications of our
three relations; each application pushes the non-t;; elements further to the right.
With each iteration of all three relations, the superscript a of ty increases by p

with 0 < p < r;_1. Thus, a ranges from r tor + Y5, (ri —1) = r+ N — k.

Recall that
(=Y oty .
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Then,
k
=YY ety 1.

T oi=1
So, once we pick out our desired terms, we obtain a coefficient that is the afore-

r+N—k)

mentioned linear combination of v(), ..., v . The coefficients of these are

a linear combination of the c,, where the coefficients there are effectively “count-
ing” whether each tgrll) e tgrlk) induces our desired tgsll) e tgslk’l) monomial. More
concretely, the coefficient of tgsll) e tgslk’l) is Zfi 6" Y. crar,iv(’”), where the a,; are
the “counting” coefficients. Note that they are entirely independent of r, since as

long as r > N, any change in  does not cause more or fewer terms in (4.2.10) to

contribute to the relevant coefficient.

Next, we need to show that the coefficient ) . cra,; at v(r+1) is nonzero for
some i; then, we can apply Lemma 4.6, thus completing the proof of Proposition
4.7. In particular, we will show that the coefficient of v 51 is nonzero, where
§ = N—5 —sy —---—5sk_1. Upon inspecting the formulas (4.2.10), (4.2.11), and
(4.2.12), we see that the superscript r +s — 1 can only occur when we have a
tg;rsfl) moved to the right end of the monomial using (4.2.12). Critically, we
recall that each application of (4.2.10), (4.2.11), and (4.2.12) decreases the sum
of superscripts of the terms by 1, with the exception of the first term of (4.2.12)
in which a weight arises. We can use this observation to determine how many
iterations of (4.2.10), (4.2.11), and (4.2.12) should be applied in order to produce

(r+s—1)t§511) e tésl"’l). It follows that these formulas can only

scalar multiples of v
be applied once in total among them, again with the exception of the first term
of (4.2.12) being permitted. As a result, to obtain the desired scalar multiple, one
must apply (4.2.10) once then consider the first term from (4.2.12) and proceed no
further. In turn, we get tgy;rs_l) in (4.2.10) when a; = 0 and we are summing over

r with (i) = (s1,82,---,8i-1,8,Si,...,5¢c1) over i = 1,...k, since those k-tuples are
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the ones that have r; = s in (4.2.10), thus producing the desired tgrzfsfl). As a

result, the coefficient of y(rs=1) ig —Csy) — Csp) — "~ Csgy)- Note that Csyy = 0if

M )

S(i) does not satisfy 51 < sy < -+ <sj-1 <5 <5jp1 < -0 v < 5.

In particular, ¢s, = 0 for all i if s = s; for some j. This is because the super-

(i
scripts must be strictly increasing. As well Cs (i # 0 for exactly one i; else, if both

i

Cs, and Cs;, are nonzero, that would mean that s; < sy < --- <s;_1 <5 <sj41 <

(i
e <sprand sp < sp < --- <81 <8 < Sjyp < - Sg_1, which can only hold
if i = j. Otherwise, if j > i, say, then we would have the chain of inequalities
51 < s < -or <sip <8 < sy < corsjop <8 < sjp < -+ < sp_q, which is
impossible.

We now construct a nonzero coefficient —c,. First, choose r = (r4,...,7,) such
that ¢, is nonzero. Take some index j such that r; > 0 and Zi# ri < N —1. Then,
if welets = (ri,r2,...,7j-1,7j11,...,7%), S(j) = 1, thus ¢s; # 0 and the nonzero

coefficient we need is —c¢g,., = —¢y. O

()
The following corollary follows directly from Propositions 4.2, 4.3, and 4.7.

Corollary 4.8. Let M(v(u)) be a Verma module over Y (sly1). Then, it is reducible if

and only if v(u) is the Laurent expansion at u = oo of a rational function in u.

Theorem 4.9. The Verma module M(A1(u), A2(u)) over Y (gl ) is reducible if and only

if the unique irreducible quotient L(A1(u), Ap(u)) is finite dimensional.

Proof. This is a consequence of Proposition 4.3. In the proof, we saw that the ba-

(r1) (”p)

sis of M(A1(u),A2(u)) is made of monomials t,," - - - t,/"" with strictly increasing

superscripts r;. If Aj(u)/A2(u) is rational, then M(Aq(u), A2(u)) has a nontrivial
submodule K, spanned by monomials térll) e tgrl”) where at least one r; > d. Be-
cause these superscripts are strictly increasing, a monomial in the Verma module
of length p > d must have r, > d, thus belongs to K. As a result, the basis for

M(A1(u),A2(u))/K is given by monomials in the térli) with strictly increasing r;
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where the greatest superscript 7, is at most d. This means that one can have at
most d generators in each monomial. Thus, the quotient is finite dimensional. If it
isn’t irreducible, then it will contain the irreducible L(A1(u), A2(u)), which must

also be finite dimensional. O

Note that the conclusion given by Theorem 4.9 holds for Y(gly;) but does not
hold in the original Y(gl,) case. For those non-super Verma modules, the require-
ment of strictly increasing superscripts is not present, meaning that a monomial
can be of any arbitrary length and not have any r; > d. Thus, we cannot use this

restriction to draw the same conclusion.

Proposition 4.10. Let v(u) = P(u)/Q(u) with P(u), Q(u) polynomials as before and
of degree d. Take the Verma module M(v(u)) over Y (sly1). Then, for any s > d, there

exist constants cy, . .., cs such that the vector

is annihilated by e(u).

Proof. Recall that in (2.3.22) we defined e(u) = (t11(u)) 1t (u).

By Proposition 4.2, M(v(u)) is isomorphic to the restriction of the Y(glyp;)-
module M(Aq(u),Az2(u)) to Y(slyy), where v(u) = Ay(u)/Az(u). Further, there
exists a power series g(u) such that ¢(u)A1(u) and g(u)A2(u) are both polynomi-
als in u~! of degree < d. This approach was taken previously in the proof of
Proposition 4.3. Then, take some s > d. For this choice of 5, X = tgslﬂ)l 1A €K
where K is the submodule of M(A1(u), A2(u)) from the proof of the same proposi-

tion. As a result, tgrz)X = 0 for all r; else, calculations show that

X = e,
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min(r,s+1)—1
s+1) ,(r a),(r+s—a r+s—a),(a
= (tél )tgz) + Zo (tgz)t§1 )~ téz )t§1))> 1x

G0, DT ) sy, rbs—a) (@)
=ty Tty I+ Z (tzz tq Iy =ty tq )1)\

a=0
min(r,s+1)—1 r+ " @, (rt )
r+s—a a a r+s—a
= Z (M ty Ix — Ayt 1p)
a=0

min(r,s+1)—1 .
_ ( Z /\gr—k—s—a)/\ga) . /\gu))\ér s—a)) 1/\
a=0

From here, tgrz)X € Kbut tgrz)X being a scalar multiple of the highest weight vector

would imply that 1, € K, a contradiction. Now, let ¢ be some power series in 1!

with constant term 1 that defines an automorphism ¢,. The image of tésiﬂ) under

that automorphism is téslﬂ) +f (1)1‘;) +- 4 f (s)tg) ; this is found by picking out

—s—1

the coefficient of u in the expansion of ¢¢(t21(u)) = g(u)t2(u). Denote this

coefficient as an element of the module by

L= (5 )1 = 5710 + VB + - 4+ g0 1)1, (4.2.14)

and note that we still have t@g = 0. Finally, Gauss decomposition (see lines (2.3.9)

through (2.3.15) ) yields

ti(u) = di(u) (4.2.15)
to(u) = do(u)+ fi(u)di(u)er(u) (4.2.16)
to(u) = di(u)ern(u) = di(u)er(u) (4-2.17)
ta(u) = falu)di(u) = fi(u)d(u) (4.2.18)
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which allows us to write f(u) = fi(u) = f(u) (11 ()" and e(u) := e;(u)

= (t11(u)) " t12(u). Finally, we rewrite { in terms of f(u). By (4.2.18),

St = (2] (2]
k i j

k .G
t£1) = Z f()tgjl)
i+j=k
Thus,
a) (b a i),
¢= ( )3 8()f§1)> L = < ) g()( )y f()f%)>>h
a+n=s+1 a+b=s+1 i+j=b
= Y 9y Agf)f(“h
atb=s+1  i+j=b
_ 2 Agaﬂ)g(sﬂ—a)f(i)h
0<i<a<s+1
Apply that e(u)Z = (t11(1)) " t12(u)Z = 0 to yield the final result. O

The following proposition is similar to the previous one, but its proof avoids

Gauss decomposition.

Proposition 4.11. Let L(v) be the irreducible finite dimensional Verma module of weight

P(u)
Qu)’

before. As in the case for Y (slp), for sufficiently large s, there exist constants cy, ..., Cs

v(u) over Y(sly,), where v(u) = P(u) and Q(u) are polynomials of degree d as

such that the vector

g = COf(O)]-V + -+ CSf(S)]-V
in the Verma module is annihilated by e(u).

Proof. Let N = max{degP(u),degQ(u)}. The dimension of L(v) is 2N ([Zhags],
Theorem 4 ). Take the elements f(O)lv,f(l)l,,, .. ,f(s)lv in the Verma module M(v).
When passing to L(v), these elements cannot be all linearly independent since

s > dimL(v) — 1. Thus, they are linearly dependent and there exist constants
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co,C1,--.,Cs such that cof(o)lv + 4 csf(s)lv is a nonzero element of M(v) that
becomes zero in L(v). Set { := cof(o)lv + ot csf(s)l,, and let { denote its class

in L(v). There is an exact sequence of the form
0 — rad(M(v)) — M(v) — L(v) — 0

where rad(M(v)) is the unique maximal submodule of M(v). Thus, by exactness,

if { =0, then ¢ € rad(M(v)).

We can show that e(1){ = 0 if we show that e)7 = 0 for all i, i.e. e €
rad(M(v)). If e # 0, then its weight should be the same as the weight of 1,
with respect to the action of the Cartan subalgebra. Let w(v) denote the weight of

an element v. Thus, we have that

w(Q) =w(f'1,) = w(fV)+w(l,)
= —(81 — 82) + H(O)
w(e®) = w(e)+w(?)

= (e1—¢) — (e1 — e2)p”

This implies that e and 1, have the same weight, thus () = a1, for some

nonzero constant a. However, this is impossible because 1, is not an element of

rad(M(v)). Thus, e) = 0 for all superscripts i and e(u){ = 0. O

4.3 GENERALIZING TO gly|n

In Billig, Futorny, and Molev’s article on Yangians [BFMo6], they first present

results on Y (gl,) and Y (sl2) and their Verma modules. Then, they generalize
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to the case of Y (a), where a is an arbitrary simple complex Lie algebra. Simi-
larly, I will move from the results on gl;|; from above, many prompted by their

analogous propositions on Y (g, ), and extend to results on Y (gl n)-

4.3.1 Verma modules on Y (glyyn)

In the original version of the following proposition, we would let a be an
arbitrary simple complex Lie algebra. Here, we specifically use sly;y. This is
because the proof relies on the ¢, f, and d (or h) generators given in Definition
2.31, along with the existing results on gl;); and sl;; from above using the same
type of generators.

To define a Verma module over these generators, we use formulas that were
derived from Gauss decomposition and apply what we know about Verma mod-
ules with the RTT presentation. For instance, if we return to 9[1\1' we use the

formulas (2.3.20) to (2.3.23) to get that

6(}’)1)L = O
a1, = A1,

a1, = A1,

Proposition 4.12. (Analogue of Proposition 3.9 of [BFMo6])

Let p(u) = (p1(u), ..., upmen—1(u)) be the highest weight of the Verma module M(p(u))
over the Yangian Y (slyy ) such that, for some i € {1,..., M + N}, the series p;(u) is
the Laurent expansion at u = oo of a rational function in u. Then, the module M(u(u))

is reducible.

Proof. Take the subalgebra of Y (slyy) generated by the elements {el@ , fi(r) , hlm alry

it is isomorphic to Y(slyj;). Further, if we let 1, be the highest weight vector of
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M(p(u)), then the Y(sly|;)-span of this highest weight vector is isomorphic to the
Verma module M(p;(u)) over Y(sly;). Then, by Corollary 4.8 and Proposition

4.10, there exist constants ¢y, . .., c, such that the vector

is annihilated by e;(u). The relation (2.3.48) on generators e](r) and f]-(s) of Y(slyn)
imply that ej(u){ = 0 forallj=1,..., M+ N — 1. Thus, the submodule Y (s[y;x){
of M(p(u)) does not contain the highest weight vector 1, and we can conclude

that M(p(u)) is reducible. O

The following proposition is the converse of Proposition 4.12.

Proposition 4.13. Let M(p(u)) be a reducible Verma module over Y (slyy ). Then, for
somei € {1,..., M+ N}, u;(u) is the Laurent expansion at u = oo of a rational function

n u.

Proof. M(u(u)) is assumed to be reducible; then, any nontrivial submodule K will

inherit the weight space decomposition of M(pu(u)):
K=K,
U

where K, = KN M(u(u)),.

The standard ordering on the weights dictates that i precedes ' if ' — 1 is
a linear combination of the positive roots with nonnegative integer coefficients.
Choose a maximal weight #; M(u(u)) must contain a nonzero weight vector { €

Xy, that is annihilated by e;(u) for all i. We can write # in the form

n=pu"—ka - —kpay
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for simple roots «;. In general, the coefficients k; are nonnegative integers, not all
zero, but for this particular case, suppose that ky = --- = k;_; = 0 and k; > O for
some index i. Our goal is to prove that y;(u), for this i, is the Laurent expansion

at u = oo of a rational function in u. Without loss of generality, let i = 1.

Next, fix a total ordering on the set of positive roots A*. Call it < and let a; < a;
if i > j. Further, let any composite precede any simple root. Use this ordering
to define an ordering on the generators {x, |« € A™,r > 0} : x,, precedes Xy if
a<Pora=pandr <s.

We claim that ¢ is a linear combination of monomials of the form

e X, T Xeq T Ya g Ly
i.e., no generators x, . where « is a composite root can appear.
o,r

Write { as a sum of pieces with each {; a linear combination of monomials of

degree k.

(=Co+0+G+- -+l

We prove by induction that each of these homogeneous parts is a linear combi-
nation of the desired monomials, without any generators associated to composite

roots. Using reverse induction, assume that (1, ..., {4 satisfy this property, mean-

— X

ing that they are linear combinations of elements of the form x , ---x, , -

xaqul T xl’élfﬂlk1

1. For a simple root a1 and composite root 8, denote y := f — a;

for brevity. Let s be maximal such that fés) appears in (.
The defining relations of Y (slyy) tell us that

x5 x7 ] = Gijhiras
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where we recall that the i and j in x, X correspond to the simple roots a;, ;.

Choose some decomposition of s and write

[ Xps) = [0, [ g0 (X ey %5 sy Xipsy 1)

Oneof a;,..., o;, will be equal to aq; without loss of generality, let i; = 1.

e sy (X sy 137 sy 1o X, 1o 1]]

=[xg W gy X s X )]

+ g L X [xip_l,sp_l’ x;sp]]]]
=[x1,, (X, X e [xiipfl,spfl’ xl;sp]]]]

+ (M50 (X5, gy e+ [xi_p,l,sp,lfxi;,s,,]-"m

=[Mrt51, (X7, 60+ [xipfl,spfl’ xi,,,sp]'"”

We use that each i; is unique, then the first term of nested superbrackets vanishes

as only i1 = 1. Next, take the defining relation

0
(i, 23] = [hip, X5 40) = i%(hi,rx]:'tls +x i),

and view each side of the equation as the coefficient of u~"v™° in the expansion of

some expression involving the series ;(u), x;(v). In particular, take the equivalent

identity
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and rewrite as

i) 5 (0)) = (25 ) 5 ) 0) + o)),

Again, use that 1~ = (u '+ ou2+vu3+ .. to expand and pick out the

coefficent of u~"v*. This yields an alternate defining relation for Y (sl y):

. T
aij + +
(i, X, ]s 7 Z ( ir—1Xjs 141 T xj,sfl+lhi/7*l>
=1
for when r > 1. Thus,

(h145,, [xi;sQ, el [xi,,,l,s,,,l' xip,sp]...]]

=[x, sy (M prsy, [x s sy”"[xip,l,s,,,lfxip,sp]"'m

+ by, X5, 00 1 (X0 g0 [xipfl,spfl’ xi,,,sp]"'ﬂ

=[x o sy (X o) [xi,,,l,sp,l'xip,sp]"'m
r+81

aii _ _
- [_ 22 Z <h117‘+5171xi2,5171+l + xiQ,SzflJrlhlrr‘Fs]*l) 4
I=1
(X gyre e s [xi;,l,s,,,lf x;sp]]]
Ultimately, by continuing to iterate this process and using that |;, x ial
Y, by & P & jx

we will obtain some constant multiple of x = Xq,4s and a sum of elements

B—wy,r+s
of degree smaller than 7 +s.
As a result, the expansion of x;/ , Xp G xd O A X e X G +
x; ;G4 contains a monomial of degree r + k where x ', appears as a factor.
However, by the induction hypothesis, none of the components (i 1,...,{; con-

tain generators associated to composite roots. This means that the expansion of

x4 i for j = k+1,...,r cannot contain x. .. On the other hand, x;,{ = 0. If
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X, r4+s appears in this expansion, then there must be more appearances of x. .

with coefficients that all together add to 0. If the degree of one of these other
monomials is r 4+ s 4+ a for some a, then such a monomial can only occur in
CrastarCrisiatl, Cristat2, - - -, Cq, but this cannot be. Thus, we can conclude that if
B is a positive root such that f — &y is a root as well, then a generator of the form

Xy, cannot appear in the expansion of (.

Further, if B is such that f — a1 is not a root but § — «, is, then we can similarly
show that Xgs still cannot appear in the expansion of B by taking the expansion
of x,4,,0. We can repeat this process until we conclude that § must be a simple
root. Thus, we have shown that only generators associated to simple roots occur

in the expansion of (.

Finally, we confirm that y;(u) is the Laurent expansion at u = oo of a rational

function in u. To do this, we first write { as a sum of vectors of the form

— — — — /
xtxn,m ) xlxnlpk,l Xog,sp v+ x“Z/Skzg

where ' is itself a linear combination of monomials x; v X g 1. At least one
of the vectors ¢’ in { is nonzero. Since x; ,{ = 0, for each {’ it must hold that
xy 0 =0.

The elements x7 ., x5

ayrr Xy @nd g, generate a subalgebra of Y(slyy) that is

isomorphic to Y(sl;) . We see that M(p1(u)) is thus reducible over Y(sly;). By
Corollary 4.8, j11(u) is the Laurent expansion at u# = oo of a rational function in u.

We chose i = 1 without loss of generality; we can conclude that this holds for all

pi(u). ]

This result can be extended to apply to Verma modules over Y(glyy) as

well; this presentation of Y(sly;y) uses generating series ;(u) and x;" (1) which
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are produced by products of the generating series of Y(gly) obtained by Gauss

decomposition. Specifically,

B = di(u 3 (=) (M = 0)) M (5 (~1) (M = )
6 () = filu+ 5 ()M~ )
5 (1) = (~1)Vles(u+ 3 (1)1 (M — 1),

Together, Propositions 4.12 and 4.13 yield the following theorem.

Theorem 4.14. Analogue of Theorem 1.1 of [BFMo6] Let M (i (1)) be a Verma module
over the Yangian Y (glyyn), where p(u) = (pa(u), ..., pmn(u)) and each p;(u) is a

formal power series in u~!

i) = (—1) 4Oyt 4y Wy 4

i i

for ],tl(r) € C. Then, M(u(u)) is reducible if and only if for some index i € {1,..., M+

N} the ratio of series Pf_‘ iflgl)‘) is the Laurent expansion at u = oo of a rational function in

u,
pi(u) — P(u)

piva () Qu)’

where P(u) and Q(u) are polynomials in u of the same degree with leading coefficients

(—1)""+1 and (—1)‘1'+1I+1 respectively.

4.4 QUANTUM CURRENT ALGEBRA

Because of the similarities between Yangians and quantum loop algebras, we
would initially expect that many of the results that held on Y(glyy) would also

hold for Uy (Lglyn). However, this was not exactly the case. For instance, we
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cannot show that an analogue of Proposition 4.3 holds; it most likely does hold
for the quantum loop superalgebra, but it cannot be shown using exactly the same
arguments as for the super Yangian case. The difficulties in defining a module K
were examined in Subsection 4.2.1. In Subsection 2.3.7, we defined the quantum
current superalgebra of glyy; a subalgebra of the quantum loop algebra gener-
ated by T( ) TZJ(O) over all 7,j,r. Thus, its generators are subject to the following
pair of defining relations:
(_1)|z‘\|l\+\jHl|(qfd(SIT(Y"Fl)Tk(l) qdjaj,Tigr)T]£;+l)>
— (—U'ZHHH]H"‘(q’dl"sfka(ls)TiS-rH) g 5sz(S+1)TZ(] )) (4.4.1)

=(=1)llil(g—g71) [((5].<1Ti(lf+1)Tk@ + o5 TV )T(5+1))

—(6a T T 4 84T VT

i i - 0 1 1 _d.5.7(0 r
(—1) = g daﬂT(rH)Tl(d)) — (=1)lkIiTIK dz‘S:kT](d)T(] H)) (4.4.2)

=(=1)1(g =7 [(GrT{ I Ti) = (6T T )]

First, we keep to the gl;|; case, but we’ll define Verma modules over the quantum
current algebra in the general case. One can define an irreducible highest weight
representation on U, (Lglyy) as follows: the highest weight is the pair of series
(v(u),v(u)) with v(u) = (v1(u),...,vm+n(1)) an M + N-tuple of formal power
series in u~! and ¥(u) = (V1(u),...,Vmsn(1)) an M + N-tuple of formal power
series in u. The highest weight vector is denoted 1,y with L;j(u)1,5 = v;(u)l,p
and L;j(u)1,y = 7;(u)1,y for 1 <i < M+ N. As well, T;j(u)1l,y = 0 = Tjj(u)l,z

fori <j.

When concerned only with the quantum current algebra U, (glyyn/[s]), a Verma

module M(v(u)) will yield L;(u)1, = v;(u)1, and Tfio)lv = (vi(o))_llv for1<i<
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M+ N. As before, Ljj(u)l, = 0 = Ljj(u)l, for i < j. If we want to define
the Verma module M(v(u)) as the quotient of Uy(glyj1[s]) by some ideal, we let
J = <L1-Z- - V,-(u)),Ti(iO) (v 1(0 )~%, Lij(u) and Tl(-]-) fori < ]>. Since U, (gly)1[s]) is a

left module over itself, any left ideal will also be a submodule. Let M(v(u)) =
Uq(9[1|1[5])/~7-

Recall that Proposition 4.3 has the criteria that Aq(u)/Az(u) is the Laurent
expansion at u = oo of a rational function in u, which we call P(u)/Q(u) for
some polynomials P, Q. We have shown that these polynomials must be monic
and of same degree. The rest of the proof for U,(gly[s]) should follow that for
Y(gl1) closely; though the relations governing the generators of the structures
are different, they are similar enough that one can define a subspace K and show

that it is a submodule.

First, we show that we can produce commutator relations for U, (glyp; [s]) sim-
ilar to those of Y(g[1|1). To do this, one needs to take (4.4.1) and (4.4.2), plug in

certain values for i, j, k, I, and rearrange.

We start by calculating the commutator of Tl(i) and TZ(I). One distinction be-
tween the super Yangian and the quantum loop superalgebra is the definition of
the commutator bracket. For the super Yangian, we let [A, B] = AB — (—1)4lIBIBA,
However, in the quantum loop superalgebra, we use the q-commutator [A, B]; =

AB — (—1)IAlIBlgBA. The quantum current algebra inherits this.

(—)RII (g1 T DT — Tl Ty

s r+1 s+1 r
— (=) Tl - )

—(—1)2 (g — g (=TS Ty
<

_ r+1 1 r+1 1
T T T T T
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T 4 i)
—

1 1 1 1 —
T T T T g T) — g T g T
T T | 1T+

<~

T, T, - 1 Tl = (g - g7 (T T - T T )

We can form a telescoping sum:

T, T, - T )y = (- g (TS T - T T )
10, T4y = 117 T = (- a7 (TP T - 7T )
T T - 1 T = - a7 (14T TP
T T = T T = (g =) (T - T )
[T(O) T(I’+5+1)] o 0 — O

11 7 721

mm(

[TSH) TZ(I)]Q =(q— q ;} ( r+1+a)T1(i_a) _ Téi_a)Tl({HH))
min(r,s)
[Tl(i)/ T( )] (q q ) Z (Tz(;ﬂrsfll) Tl(f) _ Tz(lﬂ) Tl(;+sfa))

This is very similar to the version of this relation for the Yangian, other than no
decrease to the sum of superscripts. Thus, we will be able to show that the action
of Tl({) on a monomial T(rl) e T(rk )1 A produces another element in K. The relation

we get for [T. 2(2), Tz(l)]q will be similar. Finally, we produce the commutator relation

for T1(2) and Tz(l):

_ r+1 s r s+1
(_1)‘2”2“'1”2‘(5] d1512T2(1+ )Tl(z) _ qdltSlsz(l)Tl(2+ ))
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— (~1) PRI gt T T — gt T
=(-1)21(g = 7) [Ty VT + 61T T )
~ @ T T + 6015V
St
—(m T - TTE ) - (T — T )
= (q—q7) (T - T T )
<~
—T5 T = T YT + T T
=(q—q7) (T - T )
<~

T ) = (13 T = g - (15T - T )

Using the usual commutator instead of the g-commutator simplifies notation.
Again, we can produce a telescoping sum to determine a formula for a single

commutator bracket. This yields

min(r,s)—1

[Tl(;)’ Té{)] — (q _ qfl) Z <T2(£+s—ﬂ) Tl(i) o TZ(;) Tl(;-&-s—a))

a=

=]

When looking at the action of this commutator on the highest weight vector, we

get
(s) m(r) P (r+s—a) (a)  (a). (r+s—a)
[T12 ’T21 ]1‘/ :(q —q ) Z (V2 Vl ) 1/1 ) 11/-
a=0

Our goal is to show that the Verma module contains a nontrivial submodule K,
which we define as the subspace spanned by elements of the form Tz({l) e Tz(ik),

where there is an index i with r; > d = deg(v1(u) /v2(u)).
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(s)

If we prove that T, K C K by induction, then we would use the calculations

above for the base case. Assuming r > d = degP(u) = degQ(u), r +s—a > d for

anya =0,...,min(r,s) — 1, so v§r+s_”) =0and vl(r+s_”) = 0. Thus, [Tl(z), Tz(;)]lv =

0. Now, suppose we have the basis element Tz(;l)TZ(IZ) e TZ(Ik) € Kwithr; <rp <

---1 and r; > d for some i. Then, we expand Tl(;) Tz(Il)T(TZ) e TZ(I"). Use that

21
15 Ty = [T, T )+ () RO O TE) = (132, T3] — 130 T3,

13 Ty T = (133, LT T - T T T T,

min(ry,s)—1
—(q - q—l) < Z}) <T2(£1+s—a) T1(;Z) _ Tz(;) Tl(;ﬁsa))) TZ(Iz) . TZ(Ik)lv

- Ty T - T,
M bsea) ) (@) m(rbs—a)) | () o)
=(q —‘171) < ;) <Tzz1 T — Ty Ty )) Ty Ty 1ly
— T Ty, T T - T, + TV T T T - TP,

min(ry,s)—1
—(q— qfl) ( Z%] (T2(£1+S_a) T1(;Z) _ TZ(;) Tl(lws—a))) TZ(IZ) . Tz(;k)]_v
a=

min(rp,s)—1
—(g— q_l)Tz({l) ( EO <T2(£2+s a)Tl(?) _ Tz(;)Tl(;ers u))) TZ(I3) .. TZ(Ik)lv

+ LV TN T - YR T T T T,

[on

Il
_

i i min(ri.)—1 rit+s—a; a; a; ri+s—a;
ot (TR (e <) )

(Zi:O

(rir1) ()
T21 BRRE TZlk L

After applying commutator relations repeatedly to move the Tz(éﬁsfui)Tl(f") and
Tég")Tﬁﬁs*a") to the right of the product, we’ll obtain basis elements of K with
coefficients in (g — g~ ') and the v(). How do we know these monomials in the
Tz(;) to be in K? First, if i is the first index such that r; > d, then all of r;.1,... 7

are greater than d, so the missing Tz(f) does not mean the element no longer lies
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in K. The only potential problem would be when r,_; < d and rx > d. Then, the

term of the expansion we are concerned with is

min(rg,s)—1
(_1)k—1 (g — q—l)Tz(Il) o Tz({k—l) ( Z (T2(£k+5 ﬂk)Tl(lﬂk) _ Tz(;k)Tl({k-&-s ﬂk))) 1,.

ak:O

ry > d, so ry+s—a, > d. Since we have assumed both v;(u) and v(u) to

Tl(;ﬁs_ak)lv. Thus, this term

be polynomials of degree d, T2(£k+s_”k)lv =0 =
disappears.

As a result, the proof of Proposition 4.3 and related lemmas will proceed al-
most exactly as before, other than insertions of (g —¢~!) in coefficients. Fur-
ther, when necessary we use the g-commutator with AB = [A, B] + (—1)I4/1BlgBA,
adding in g, whereas we used the superbracket in Y(gl;);) with AB = [A, B] +
(—1)I4IIBIBA. Thus, we can conclude that if the quotient of weights is rational,
then the Verma module is reducible.

The next result on Y(gly;) that can be shown to hold on Uj(gly|;[s]) is Propo-
sition 4.7, the converse statement to Proposition 4.3. Namely, we can show that
if M(v1(u),v2(u)) is a reducible Verma module over U, (glyp[s]), then v (u) /v (u)
is a rational function. This uses Lemma 4.6, which is a general result on when a

power series is the expansion of a rational function and needs no adjustment.
Proposition 4.15. Let M(vi(u),v2(u)) be a Verma module over Uy (gl [s]). If it is
reducible, then vi(u)/vo(u) is a rational function.

Proof. A full proof will not be presented here. Instead, what follows is an outline

of the major steps of the proof and what changes in the quantum current case.

First, we use that M(vi (1), v2(1)) ~ M(1,v(u)) for v(u) = 2% This module

v1(u)

has the weight space decomposition

M(1,v(u)) = P M(1,v(u))y

U
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where the weight spaces are M(1,v(u)), = {X € M(l,v(u))|T1((1))T2(g)X =X} A
weight space is nonzero when 7 = v(?) . g% for some integer k. We can prove that

these are the only nonzero weight spaces by induction.

First, note that Tl(l) 2(1) = qu(l) (1) and Tz(z) 2(1) qTZ( T ( ). This means that

0)

0 0
1T )

TS = PTOTOTY, s0 TV TO T, = 20O {1, In general,

MY T, = P T,

Then, for some fixed k, the basis of M(1,v (1)), is made up of monomials of

q
the form Tz(;l)Tz(;Z) e Tz(;")ll, where 1 <r; < --- < 1. We assume that M(1,v(u))
is reducible. Call a nontrivial submodule K. K inherits the weight space decom-

position of the Verma module:

K=K, K;=KnM(@,v(u))y,.
U
Choose k such that v(?)g% := y is the minimal weight with nonzero weight space.
We can compare weights in terms of the power of g; this requires that g is not a

root of unity. We say that v(?) g%

is a greater weight than v(?g% if k > I. We can
then deduce that for any nonzero vector { € K;;, we must have Ty, (u){ = 0. Else,
for at leastone r > 1, Tl(g)C # 0. However, this would make TI(E)C € I(,7X g2 which

contradicts the minimality of #. Since { € K;, = KN M(1,v(u)),, we can write

= Zcr Ty, (4-4.3)

where the sum runs over finitely many k-tuples r = (ry,...,ry) satisfying 1 <y <

7y < -+ < 1. The coefficients ¢, lie in C.
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Next, we look more closely at the equation Tg)g = 0 to see what this says
about the coefficients c,. Ultimately, we want to be able to apply Lemma 4.6 to

v(u) to prove that it is the Laurent expansion at # = oo of a rational function in u.

First, we need to determine the action of Tl(;),Tl(g), and T2(£) on a monomial

Tz(?) ce Tg"). This has been done earlier in this section.

TS Ty T

£ = ) i)
=Y (- N g—q T - T
i=1

min(r;,s)—1
( Z (TZ(ZH_ 1)T1(11) _ TZ(ZZ)T1(11+ z))) T2(11+1) . Tz(lk)lv
11,‘:0

We then determine Tl({)TZ(T) e Tz(gk)lv and TZ(? Tz(;l) .. TZ(I" ), which follows directly
from earlier computations. Most importantly, as in the Y(gly ) case, after iter-
ating the above processes to eliminate Tl(;) and Tg), generators, we conclude that
Tl(g) Tz(?) , Tz(;" )11/ is a linear combination of basis monomials of k — 1 generators,

Tz(il) e Tz(ik‘l)lv. We will be picking out the coefficient of this polynomial.

The rest of the proof is identical to the Y (gly ) case, with one exception; be-
cause the commutator on U, (glyn|s]) does not reduce the sum of superscripts
unlike the Yangian which sees a decrease of 1 per iteration of the commuta-
tor relation, the coefficient for Tz(i]) e Tz(ik’l)lv will be a linear combination of

r+N—k)

v, 0l ,...,vUtN) with the addition of powers of g. In contrast, the

Y(g[M‘N) case only saw a linear combination of v() . yrtN=k), O

The following corollary follows from the previous propositions.

Corollary 4.16. The Verma module M(v(u)) over Uy (sly;[s]) is reducible if and only if

v(u) is the Laurent expansion at u = oo of a rational function in u.
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Likewise, our results on U,(gly|1[s]) lead to this powerful theorem on reducibil-

ity of Verma module, a direct analogue of the result on Y (glyn)-

Theorem 4.17. The Verma module M(vy(u),v2(u)) over Uy (glyy [s]) is reducible if and

only if the unique irreducible quotient L(vq(u),v2(u)) is finite dimensional.

Proof. This applies for the same reason that it does for the Yangian. Because
(Tz({))2 = 0 for all 7, as it is an odd generator, the superscripts in the basis mono-

(r1) | Tz(;k) must be distinct for the monomial to be nonzero. This means

mials T,
that any monomial of d or more generators, where d is the degree of each polyno-
mial in the ratio between weights, must lie in K. As a result, the quotient of the
Verma module by K is spanned by monomials with at most 4 — 1 generators; thus,
this quotient is finite dimensional. If it is irreducible, then we are done; else, the
irreducible quotient is contained within and must be finite dimensional, so we are

done. O

As was true in the Yangian case, once we have proven results for the gl
setting we can extend to the general glyy setting. This is because the more gen-
eral structure contains copies of the gl;|; structure through Gauss decomposition.
These e;, fi,d;, and d] generators (as we called them for Y (gl n) have the property
that, if 7 # j, elm and fj(s) commute. This property is all we need to prove that if
one series (1) of the highest weight u(u) = (u1(u), po(u), ..., pamen—1(u)), then
the Verma module M(u(u)) is reducible. Of course, this requires that we can pro-
duce these alternative generators through Gauss decomposition, which has been
done by Cai, Wang,and Wu [Caig8] for U, (Lgly1)-

Finally, supposing M(p(u)) is a reducible Verma module over U, (slyyn|s]),
we can show that there is an index i € {1,2,...,M + N} such that y;(u) is the
Laurent expansion at u = oo of a rational function in u. This is the converse of

the previous result and the equivalent of Proposition 4.13 on Y (sl ). To do this,
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we need a PBW basis for U, (gl n[s]), which we have by Zhang [Zha14a]. The
other key component we need is a set of generators for U,(glyn(s]) satisfying
certain properties. Suppose these generators are X, X, ,, Hy,r over positive roots
« and r € Z. Then, each triple < X,j r» Xaps Hay > must generate a subalgebra
of U,(glyn(s]) that is isomorphic to U,(slyjy[s]). Again, Zhang provides such a
representation, derived by the work of Yamane [Yamgg] on the relations of affine
Lie superalgebras and of affine quantized universal enveloping superalgebras. All

this leads to the following theorem:

Theorem 4.18. Let M(p(u)) be a Verma module over Uy (glpn|s]). Then, M(p(u)) is

10D _ s the

Hiv1(u)

reducible if and only if, for some index i € {1,... M+ N} the ratio of series

Laurent expansion at u = oo of a rational function in u, i.e.

pi(u) _ P(u)
pivi(u)  Qu)’

where P(u) and Q(u) are monic polynomials in u of the same degree.
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DEGENERATION IN THE glyy CASE

In this chapter, we will show that the Yangian of gl y can be produced by a
degeneration process from the corresponding quantum loop algebra. This mimics
the process for the analogous gl case in [CG15] and the qy case that will be
done in Chapter 6. The goal is to build up a set of results, using new bases and
manipulated defining relations, such that the map in Theorem 5.4 is an isomor-
phism. The details of these proofs are similar enough that we will omit them in

this chapter, while preserving them in the qy case.

Recall that we define Lglyy = g[M|N®C[S,s_1] = @1<i,j<miNEij®

C[s, s '] for some indeterminate s.

5.1 DEFINING A HOMOMORPHISM

First, take the localization of C[gq, g~ !] at the ideal (g — 1). Call it A.

Further, define the elements Tz-(jr) , Tj(r) € Ug(L(glmn) by

(r) —(r)
(T —(n _ Ty

R R
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forr >1,1<i,j <M+ Nunlessr = 0 and i = j. In that case, define

Let U4(L(glpn)) denote the A-subalgebra of U, (L(glyn) generated by the gen-

erators T.(.r) , fl(jr)

i forr > 0,1 <1i,j < M+ N. Consider this version of the sequence

(3.1.1) of algebra homomorphisms, tailored to our setting:

Ua(L(atyvn)) = Ua(L(glyn)) /(g — DUA(L(glmn))

— U(L(glymn)) = U(almn)

where the last map U (L(glyn)) — U(glyn) is defined by sending s — 1. Denote

by i the composition of maps

U(L(glyn)) = Ua(L(glyn)) /(g = DUA(L(glyn)) = U(L(ghn)-

This map sends “qgr) — (—1)|i‘Eijs’ and ?Ejr) — —(—1)|i‘Eijs*’.

Next, consider the subspace U of U4(Lglyn) defined to be the span over C of

2 70

i Tij for all . We also define the ideal K,,, for m > 0 in L’g[M|N to be the span

of elements of the type X ®s"(s — 1), where X € gl and r € Z. We denote by
K, the two-sided ideal of U 4(Lglyy) generated by ¢~ (K,,) N U.

Finally, we define a third set of generators for U(Lglyyy). Set Ti(].r’o) = Tl.(].r)

(r+1,m—1) . T(r,mfl)

and define, recursively, Tl.(].r’m) =T, i . These will be the generators

we will work with for the rest of this chapter. By induction, one can show that
1/J(Ti(].r’m)) = (—1)|i‘E,-]-sr(s —1)™; one can start with Tl-(jr’l) = Z-(]-rH) - Tigr’o) to see
that (T}"") = (=1)Eys 1 — (—1)Egs” = (=1) s’ (s — ).
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Now, define K, as the sum of the ideals (g — g7 1)K, K, - - - Ky, with
Lymo () ()

k s . . _
Y a—oMa > m; ie. it contains all elements of the form (g — ¢ i it

with Z’;ZO m, > m. This will work naturally from the assignment Ti(].r’m) e K.
For example, Ko = U A(ﬁg[M| ~)- Note that K; contains e = g — g7}, sits inside of
Ko, and contains (g — ¢~ 1)U (Lglyyn) =: Z. As a result, Ko/K; ~ EO/I where
Ko/Z =~ Uc(Lglyn) and Kq/Z is the ideal of Uc(Lglyyy) that is the kernel of the

map from U(Lglyy) to U(glyn) sending s to 1. Hence, Ko/K; =~ U(glyn)-

Our ultimate goal is to produce an isomorphism

@ Y(glyn) — P K /K11,
m=0

so first we must ensure that this map respects the properties of the quotient spaces.

Next, we use an existing relation on U,(Lgly ) to determine a natural choice for

the image of a generator of the Yangian under ¢. We will choose (p(tl(]m)) = Tig.l’m),

T(V,m)

though in actuality one could choose (p(tl(;")) =T, and fix any r > 0.

Theorem 5.1. The map ¢ : Y (glyn) — D0 Kin/ K1 is a homomorphism.

Proof. We can rewrite (2.3.71) as

(_1)|i\|l\+|]’\|l\ {q—dﬂsﬂ(TiYH) _ Ti(]'r))Tk(zs) _ :rigr)(qdjaj, Tk(ls+1) q—d i T( ))]

_ (_1)|1Hk|+|]‘|k‘ [q_diéilegls)(T(]rJrl) Ti(jr)) _ (qdiéika(lerl) _ q_diéika(i))Ti(jr)}
:(_1)|i‘|f|(q _ q—l) [(5]<1T1(1r+1)T( 5) +5; >lT( )T(Hl))

~ @k TP T o TITY).
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If we assume that r,s > 1, then for all generators Ta(f ) above, we can write Téf ) =
(p)
T

ab A
q—q!

Then, using the recursively defined elements Téf 4 we can rewrite our

relation in terms of this second set of elements. For instance,

T(H‘l) - T(”)

ij ij o _(r+1) (r)
q q” _Tij Tij
(r+1,0) T(r,O)
T ij
_ 7(r1)
_Ti], .

Thus, dividing both sides of the equation by &2 = (g — g~!)? produces:

g
(1) IR [l (lr+1) _ 20y _ (qigletD) _ gosu(e)) (0]

— (_1)|i||j|£ [(5]‘ ZT(IYH)Tk(]) +5>1T1(I)Tk(]s+1))

(—1) Ml {q—dé( Sr—i—l) T(‘r))Tk(ls)_Tigr)(qdj5jlrlff+1) qfd(sﬂTk(l))]

(5z>le(1 )Tk(]H—l) + 5i<k’Q(ls+l)Tk(j))}

=
(—1) 1711 {qfd 5]1T( )T(S 0) Tigr,o)(qdjale]§;+1,o) e Tk(ls,o))}

_(_1)|i\|k\+\j|\k\ [q—d 5sz(5 0) Tz(] 1) (qdﬂ%kT(S*LO) _ q—di‘sik TIEZS,O))TZ'(;’O)}

= (=1)lllil [(5‘<1T<(r+1’O)T(?’)+5>1T( )T(s+1o))

~ (T T T 4 T OTE)). (5.1.1)

Now, note the following:

q—d Oik T(s O)T 0)

(r1) _  disy(s+1,0) o (7,0) —d;y (8.0) (1)
i a4 Ty T 4 q 5 Ty Tl] (5.1.2)
q—d ‘kaT(s O)T(]r 1) qdiéflengJrl/O)Tl(]r ,0) +q —d o,kT(s O)Tl(]r ,0)

q—d iOik T(S 1) Tz(] 0) + q—di5ik Tk(lS,l) T(] ,0)

1

— g didi (0 p(r1) (s,1) (r,0) d;0y 7(s+1,0) 1=(r,0) —d;6y (8,0) (7,0)
= 1 &k(kl L =Ty Ty )—q Ty ;™ +q T T
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—H]_d S T(s+1 0) T(]r ,0) q_dl.g,.k Tk(ls,o) Tigr,o)

—d.5: r,1 s,1 r,0 ; — s 1,0 r,0

Similar calculations yield that

q—d i0j1 T( )T(S 0) T(] 0) (q le(erl 0) q_dféﬂ TISZS,O)) (513)
q_d],(gﬂ (Tz’(j, )Tk(ls,o) _ Ti(jr,o) Tk(ls,l)) . (qdj(s]-, o q_djéﬂ)Ti(]'r’O)Tk(ISJrl’O)‘

Applying (5.1.2) and (5.1.3) to (5.1.1) gives:

(—1) i {qfdjéﬂ (Tz( )Tk(zs'o) _ TZ-S-“O)T,E?”)

]

ij

— (I [ Tﬁ”hﬁﬂ>_1g>T“®)

1] 1]
_(qd,'5ik . q—d,ﬁlk) k(lSJrl ,0) T(]'T,O)}
= (=1)lllilg [( LT ( )+5]>1T( )T(§+10))
—(‘5i>kTi(ls' )T(r+10) T T(s+1 0) T}((;,o))} ‘ (5.1.4)

Next, recall that Y"i(].r+1’m) — Ti(].r’m) = Ti(].r’mﬂ) and T,Els +n) _ T,EZS " T(S "1 We can

use this for all r,s > 1 and m,n > 0. Below, in Lemma 5.2, we prove by induction
that

i i —d.f: r,m+1 r,m s,n+1
(_1)\llll|+|1\|l\ [q djéﬂ(Tl(] + )TIEZ )_Tig )TIEZ + ))

(g — g T T

(RN g gfp g o)

_(qdi(slk g ~didi) T, (5+1”)Ti§r’m):

=(=1)lllil(g— g~ ){( ]<sz(lr+1m) (sm) 5>’Ti(lr/m)Tk(js+Ln)) (5.1.5)
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_(5i>kTi(ls,n)T(r+l M) iy T(s+1 n)Tk(]r,m)):| ‘

Specifically, we let r = s = 1.

i i —d:b; 1,m+1 1n 1, 1,n+1
(_1)\ 21+17111] [C] djaﬂ(Ti(j m+ )Tk(l ) _ Tz'(j m)Tk(l + ))
— (g% — ”/_djéjl)ﬂgl m)TIEIZ n)] (5.1.6)

— (_1)\il\k|+|f\|kl |:q_di5ik(Tk(ll’n) Ti(jl’mH) _ T,E;’n+l)Ti§1’m))

_ (qdi(5ik _ q*diéik ) Tk(lzn) Tlglm)}
=(=1)(q = g7 [(Gr T T + 8T TE)

o §i>kT'(1’n)T( )+5z<kT( )T(lm) .
il kj

Multiply the equation by (—1)/{I!1+1ill'l and rearrange.

g~ (Tl.(].l"”+ Drim _ Tl.(jl"”) T ")) (5.1.7)
— (L) i ) e t) b))
_ (_1>|i\|j\+|i\|l\+\j|\l|(q 0 )( ]<1T(2m)T(.1'”) Jr(5,>ZT,(1,m)Tk(jz,n))

_(_1)|i\|f\+|i\|l|+\j|\l|(q_qfl)((gkai(l '”)T( )+5z<kT(2n)T(] )).

+ (qd]<5/] _ q—dj(S]-l ) Ti(jl,m) Tk(ZZ,n)

(1) [l R+ i —d;; ( n) (1,m)
(-1) J T (g% — g~k Ty Tij

Next, we look at (5.1.7) in the quotient K+ ,+1/Ky4n42. Here, § = 1 and

kj

qg—q- )T(l )Tk(] n) _ h( (1 m+1)+T51,m))T( n) _ h( (1 m+1)Tk(jl,n)_{_Ti(ll,m)T(.l,n))

g—q ' = € Ky;. For expressions like (7 — ¢ )T T, we can see that
(

1

ki
=nT (l )Tk(] " Asa result, each ”2” in the primary superscript of generators in

kj

II 77

(5.1.7) can be replaced with a "1”. The resulting equation below actually lies in

Kitnt+1/Kpgns2, but we omit the bars for readability.

114



(1L,m+1) 1(1,n) (1,m) (1,n41)
(T; Ty =T Ty )

_(_1)\il\kHlj\lkIHilllHlj\ll\(Tlgllr”)Tiglfm+1) — T/Ell'nH)Ti(jLM))

= ()W g T T 4 g T T

— (1) A g T 4 g (M)

gz

_(_1)\inHlﬂ|k|+\il|l\+|]’\|l\ (qdz5ik _ q*diéik)T(l’n)T(lfm)

Kot

—

Ti§1,m+1)T]§ll,n) _ (_1)(|i\+\j\)(|k\+\l|)Tk(ll,n) Ti§1,m+1) (5.1.8)
1,m 1,n+1 i i 1,n+1 1,m

—(T{MTLD  (—1) WD T Ly

= (=), + 5y TS Tk(]W

— (=) (5, + 6;) TS T,

g T

j i i i 5 —d:5; 1, 1,
_(_1)M‘k‘+|]‘|k|+‘l||”+|]””(qdzfszk —q dz‘szk)Tk(l n)Ti(j m)

The left hand side of (5.1.8) is equal to [Tigl’mﬂ), T,Ell ’n)] — [Ti(jl’m), T,Ell ’”H)], which is

identical to the left hand side of the defining relation of the Yangian if we inter-

(m)

change generators Tig.l’m) with b Our goal now is to show that the right hand

side of (5.1.8) looks like the right hand side of the defining relation on Y (glyy):

(—1)n(ikD) (t,ﬁ?tff) _ f;(é)fff)) = (—1) iIlillkl+ 1711k (t;ﬁ?t?f’ _ t,gj)tl(;)) )
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This is actually a more specific version of the expression, where we let # = 1. We

will instead pursue the general version:

(—1) 71+ [Tkl 711K <tl(<) Z( ) tl(c])tz(l)> .

Observe that
0 i#]

gl—q j=1>M

k

As a result, we can rewrite g%% — g~ %! id;i(q — '), which becomes §;;d;h in

Kiiint1/Kytnso. Further, 6 lT(l oky (1 " T(1 m)T(‘l’”); whenever necessary, we
+n+ +n+ il ki Y

may substitute one index for another if the term is only nonzero if the two indices

are equal. Note also that |i|> = |i| for any index i. Our expression now looks like

[( )l g 5 <1+5>1)+5j1djh] Ti(zl'm)TIEjl'n)
[0S + 6

() g, g ] 70

= (=)W [ (6501 + 8o + (1)) T )
B <5i>k + dick + (_1)|i‘|k|5ikdi> Ti(zl'n)Tk(ijq
= (-1 )Iz\|]\+\1|\l|+|]|\l\h [( i<l +0j>1 + (_1)U|5]’ldj) Ti(lllm)Tzfjl'n)
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, 1 j<M
Finally, note that (—1)lil = = d; and djz. = 1. 6j<; + 0j> + 0j can

-1 j>M
simply be replaced by 1 as one, and only one, of those conditions must be true.

Thus, the right hand side of (5.1.9) is equivalent to

(=)l (T},“”) T " - Tiglf”>T,§}fm>) . (5.1.10)

Thus, we have shown that, in K, 1,11/ K442,

1,m+1 1, 1, 1,n+1

= () g (g g )

If we set q)(tl(jm)) = ( _1)\il|j|Ti51’m) and apply ¢ to the defining relation (2.3.42), we

obtain exactly (5.1.10). This confirms that ¢ is a homomorphism. O

What follows is the proof by induction of the general version of a relation on

Uy (Lglyin)-
Lemma 5.2. The equality (5.1.5) holds for all r,s > 1 and m,n > 0.

Proof. Let the result

(_1)|iHl|+\j|\l| {q—djsj,(Tigr,m+1)Tlgf,n) _ Ti(jr,m)Tk(ls,nH))

_(qdjtsﬂ _ q—djéﬂ)Tl(]r,m) Tk(lS+1,1’l):|
— (_1)\i|\k\+\]'\|k| [q—diéfk(Tk(l‘S,n)Ti(jr,erl) . T}S;,n+l)Ti§r,m))
_(qdiéik o q—diéik)Tl£;+l,n)Ti§r,m)

:(—1)“”]" (g—q7h [(5j<1Ti(lr+l’m)Tk(;’n) + (5j>lTi(lr’m)T,§;+l’n)) (5.1.11)

_(5i>kTi(lS,n)Tk(;+l'm) + (5i<kTi(ls+1,n) Tlgm))} -
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be labelled R(r,m;s,n), where we say that the R(r,m;s, n) holds if the equation
holds. We prove this by induction. We know the base case R(r,0;s,0) holds due to
(5.1.4). The induction step involves first showing that R(r,m + 1;s,0) holds, then
that R(r,m;s,n + 1) holds.

PROOF THAT R(r,m;s,0) HOLDS FOR ALL M, 7,S: If we assume that the re-
lation R(7, m;s,0) holds, we need to show that R(r, m + 1;s,0) does as well, i.e.
that R(r,m+1;s,0) <= R(r+1,m;s,0) — R(r, m;s,0). This notation means
that the left (respectively, right) hand side of R(r, m + 1;s, 0) is the difference of
the left (respectively, right) hand sides of R(r + 1, m;s,0) and R(r, m;s,0).

R(r,m+1;s,0)
==

(_1>|i||l\+|j||l| [q—djaj,(Ti(jr,mH)Tk(;,o) B Ti(jr,m+1)T]<(ls,1)>

_ (qdjéjl _ q—dj5j1 ) T(r/erl) T(s+lr0):|

ij kI
i i —d:5: ,0 , 2 ,1 , 1
_ (_1)\z||k\+|]||k\ [q dzts,k(Tlfls )Ti(jrm+ ) _ Tk(ls )Ti(jrm+ ))
5, —d.5 1,0 Jm+1
_(qdz(szk _ q dz‘slk)Tk(ler )Ti(]'r m+ ):|

=(=1)llil(g—g71) [((5j<lTi(lr+1,m+1)TIE;,0) + (5j>lTi(lr,m+1)T]§;+1,0))
_(5i>’<Tz‘(lS'0)Tk(;H'm+1) + ‘Si<kTi(ls+1,0)TI§jr’m+1))}

==

(_1)|i||l\+|j||1| [q—djzsj,((Ti(jr+1,m+1) B Ti(jr’erl))Tk(ls,O)

_(Ti(errl,m) . Ti(jr,m))Tlgls,l))
djdji —dj5j1)(T(r+1/m) _ T(’fm))T(5+1/0)]

—(q —q ij ij ki

_ (_1)\i||k\+|j||k\ [q_d“s"k(T;gls’O)(T

(r+1,m+1) (r,m+1)
ij - Tz] )

_T(s,l)(T(r+1,m) . T(r,m)))

] ]
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_<qd15ik _ q*di(sik)T(s"'lfO)(T(r+1rm) _ T'("’,m))}

kl ij

:(_1)|i||f|(q _ qfl) [(5j<l(Ti(lr+2,m) . Ti(lr-i-l,m))

+5j>l ( Ti(lr+l,m) . Ti(lr,m) ) Tk(;-i-l,O) )

_(5i>kTi(ls,0)(T(r+2,m) . T(H—l,m)) + 5i<kT(s+1

kj kj

=

ki

(_1)|i||l\+|j||l| {qfdjéﬂ(Ti(jr+1,m+1)T(s,0) _ prim) p(s1)

_ (qdj&jl _ qfdj(sjl ) Ti(jr+1,m) T}EZS—FLO)}

il

ij

,0) (T(H-l,

kj

kl )

m) _ plrm)

i i —d;é; 5,0 r+1,m+1 s,1 r+1,m
— (=1)lillkI+1jllE [q didi (O p(r+LmtD) _ ol )Ti<]_+ )

ij
_ (qd15ik _ q*di(sik) Tk(lS—H,O) T(H—l,m)}

1]

_ (_1)\illl|+UH1\ [l]idf‘sﬂ(Ti(jr'm—H)T(s’o) _ T(r'm)T(s’l)

kl

_ (qd](s]l _ q—djéﬂ ) Ti(jr,m) Tk(ls"rl,o)]

+(_1)|i||k\+|j||k\ [q—d15ik (Tk(lS’O)T(r’erl)

]

_ (qdi(sik _ q—di5ik) Tk(lerer)Ti(jrzm)}

:(_1)|i||j|(q g [(5j<lTi(lr+2,m)T]§;,0) + 5j>lTi(z

ij

kl )

s,1 r,m
_ st

— Ok TEO T 4 s T T(r“’m))]

kj
+ [(_1)\i\\f\(q g [(5j<l(_Ti(lr+1,m)
— Gk T (=T + 8T

==

ki

ij

kj

)TIE;'O) +0j51(—
1]

(_1)|i||l\+|j||l| {q—dj(sj,(T(¢+1,m+1)T(s,o) B T(r+1,m)T(s,1))

)

_(qdjéjl _ q—djajl)Ti(jr+1,m)Tk(ls+1,0)}

(1) lilkI [q—diaik(T£;,0>T§r+1,m+1>

ij
— (g% — q—dﬂsik)Tk(lsHIO)T(rH,m)}

1]
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r+1,m) T(s+l,0))

(r,m)
Til

T(s,l)T(’rJrl,m))



_ [(_1)\i\\l|+\j\\l\ [qfdj(sﬂ(Ti(jr,erl)Tk(ls,o) _ Ti(jr,m)TI((ls,l))

— (g% — g~ 4idiry r(rm) T(S“'O)]

ij kl
i i —d:é: 5,0 r,m+1 s, r,m
_(_1)|1||k\+|1||k\ [q dlélk(Tk(l )Ti(]_ +1) _ k(l 1)Tz'(j ))
0 —d.é: s+1,0 r,m
_(qdz(szk — q dz(szk) Tk(l+ )TZ(] ):|i|

—(=1) g = g7 [0 TG 4 0T )
_(5i>kTi(ls’0)Tlg+ZIM) + 5i<kTi(ls+1'0)Tl£jr+1’m))]
_ [(—1)\1'\\1\(6/ —q 1 [(5j<,Tﬂr+1,m)T,§;,o> n 5f>lTi(zr’m))Tk(fH’O)

1

- <‘5i>kaf’°)Tk‘f“’m) + ok T Tk(]'r,m)} }

==

R(r+1,m;s,0) — R(r,m;s,0)

Next, we show that R(r,m;s,n+1) = R(r,m;s +1,n) — R(r,m;s,n) to com-

plete the proof.

R(r,m;s,n+1)

—

i i —d:é. r,m+1 s,n+1 r,m s,n
(_1)\z|\l|+|]\|l\ [q d](S],(Ti(j + )Tk(l +)_Ti(j )Tk(l +2))

_(qd]§ﬂ _ q—d]éjl)Tlgf’,m) T]{([S+1,n+1)j|
i i —d:5: s,n+1 r,m s,n r,m
— (_1)| |k 171 [K| [q d,&k(Tk(l + )T'l(] +1) _ Tk(z +2)Ti(j ))

d;d; —d;é; +1,n+1 r,m

j ki

_(5i>kTi(S’n+1)Tk(;+l'm) +5i<kTi(ls+1’n+1)Tk(;’m))}

= (_1)“”]"((1 _ 1/]_1) [(5.<1Ti(lr+1,m) T(s,n+1) _|_5j>lTi(lr,m) Tk(]_s+1,n+1))

—

(_1)\1Hl|+|]\|l\ |:q—d]-<5]-l(Tigr,m+l)(T]£i+1,n) o Tk(ls,n)) _ Ti(]'r,m)(T]<(15+1’n+1) . Tk(ls,nJrl)))
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_(qdj(sﬂ _ q*dj(sjl)Ti(jr/m)(T(s"'Zr”) _ T(5+1/”))

kl kl
i i —d.5; s+1,n s,n rm+1 s+1,n+1 sn+1 r,m
_ (_1)|1Hk|+|]|\k\ [q dlélk((Tk(le ) _ Tzfz ))Ti(j +1) _ (Tk(l+ +1) _ Tk(l + ))Ti(j ))
5 —d.5 s+2,1 s+1,n rm)
_(thézk — q dt(szk)(Tk(l—"_ ) _ Tk(l+ ))'Tl(] )-
il — r+1,m s+1,n s,n
= (=1)W(g = g7) [Ty (1 = TH™)

+5j>lTi(lr,m) (Tk(;JrZ,n) . T]((;+l,n) ))

—(Opk (T = TP TIN5, (T — ) )|

—

(_1)\i|\l|+|j\|l\ [qfd]-&j,(Tigr,m+1)TI£;+l,n) B ,1_,1'(]‘r,m)Tk(ls+l,n+1))

_ (qd](sj[ _ qid]ﬁjl ) Ti(jr,m) Tk(ls—&-Z,n)}

— (_1)|i\|k|+|j|\k\ [q*diéik(TlngH/")T(WH) _ T(S+Ln+1)T(r,M))

ij kl ij

_ (qdﬂSik _ q_di‘sik ) T(

s+2,1) (r,m)
kl Ti :|

j
+ {(_1)\i|\l|+|j||l\ [q—dj5j1(Ti§rlm+1)(_Tk(lszn)) _ Ti(]'r’M)(_Tk(lstrl)))

— (—=1)/illkl+il1kd |:q_di5ik(_Tk(ls/n))Ti(jr/erl) _ (_Tlgls,n+1))Ti§r,M))

_ (qdi5fk _ q—diJfk) (_ Tk(l”lr”) ) Ti(jr’m)} ]
= (-)llilg—q7") [(5j<zT;(,’“’m) TE 4 6 Ty T )

T T 4 T T

[0 — 47 [Ty (<TE) + Ty (TS

_ <5i>k ( . rl-.i(ls,n) ) Tk(jr—&-l,m) 1 i ( . Ti(ls—&-l,n—&-l) )Tk(jr,m) )} ]

<~

(—1) 17T [q—djéﬂ(T(’/mH)T(SH,n) _ T(r,m)T(s+1,n+1))

ij Kl ij ki
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il k| =-17] 1k —d;0; +1, ,m—+1 +1,n+1 ,
— (—1) Ml +lIK [q 6k(Tk(ls n)Tigrm )_Tlgls n )Ti(jrm))

i0i —d;é; s+2,n r,m
_(th(szk — q dz(szk)Tk(l+ )TZ(] ):|

_ [(_1)\i|\l|+|j||l\ [q—djajl(Tgrm+1)Tk(l n) T(‘r,m)T(s,n+1))

ij Tk
_(qdjéﬂ —q d5 Z s+1n }
— (1) Ikl 1711k [q—d ‘Ssz(S”)Tlgrm“) _ Tlgls,n+l)Ti§r,m))
_(qdféik _ q—d,ﬁlk s+1 ) H

- (_1)\i|\j|(q —q ) [(5]<1Tl(lf+1 m)Tk(jsH,n) + 5, >1T( )T(s+z n))
_(5i>kTil kj

_ [(_1)\i|\j|(q Y [(5]<1T(r+1 m)Tl{(§,n) +‘5j>lTi(zr'm)Tk(;+Ln))

(s+1,n) T(r+1,m) . Ti(ls+2,n) Tk(jr,m) )}

_ (5i>kTi(ls,n) T(r+1 m) 4 5l< T(s+1 n+1) Tk(] ))} ]

—

R(r,m;s +1,n) — R(r,m;s,n)

5.2 BIJECTIVITY

Now that ¢ : Y(glyn) — @Di—o Km/Kp+1 has been shown to be a homo-

morphism, we will find also that it is an isomorphism under the assumption of

Conjecture 5.3 below. To do this, we will show that it sends a basis of Y (gl M‘N) to

a basis of @;,_o K /K;+1. We have a PBW basis for the Yangian, as was stated

above in Theorem 2.33. As of yet, it is not known if there exists a PBW basis

for our presentation of the quantum loop superalgebra U, (L(glyy). However,

one can expect that such a basis will exist, as it is a reasonable expectation given
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what else we know about U (L(glyyn))- Thus, we present a PBW theorem as a

conjecture.

Conjecture 5.3. There exists a PBW basis for Uy(L(glyn))- Specifically, the basis is

composed of ordered monomials in the generators 7}(;) and Tl(jy), where the odd generators

(if li| + |j| =1 (mod 2)) may only occur in powers no greater than 1.

One would expect the proof for Conjecture 5.3 to be similar to Gow and
Molev’s proof of a PBW theorem for U,(Lgly) [GMog]. From there, we need
to produce a basis for the subspaces K, and for the quotients K, /K, 1. These
details will be omitted here, but the process would be very similar to what is
done for the g, case in Section 6.2. One would also have to show that a basis

for U(Ly(glyn)) in the Tigr) generators will yield a basis for U, (L(glyy)) in the

T(r,m)

ij generators.

(m)y _ p(1m)

Theorem 5.4. The map ¢ : Y (glyyn) — D0 Kin/Kini1 with q)(ti] j o isan

isomorphism.

Proof. This is a consequence of Theorem 2.33, Conjecture 5.3, and the necessary
steps outlined above. The details that have been omitted here will be included in

the next chapter for the analogous qx case. ]
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SUPERALGEBRAS OF TYPE ¢

We will now shift focus to the queer Yangian Y (qy ) and the twisted quan-
tized loop algebra of type q denoted U, (L' qx). Most importantly, we show
that Drinfeld’s result on Yangians as a degeneration of quantum loop algebras
[Dri87], as shown by [GM12] holds in this case. Specifically, this isomorphism
portraying queer Yangians as limit forms of the twisted quantized loop algebra
is stated in Theorem 6.15. Showing this requires altering the appearance of the
generators and defining relations of U, (L' qy ) until they resemble those of
the Yangian, as is done over the course of Section 6.1, then showing bijectivity

between PBW bases in Section 6.2.

6.1 RELATIONS AND PRELIMINARY CALCULATIONS

Consider the complex associative unital algebra U, (qn) as defined by Ol-

shanski [Olsg2].
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Definition 6.1. Let ¢ € C — {0 }. The complex associative unital algebra U, (qn )
is generated by the elements L;; for i < j. These generators satisfy the defining

relations

Ly;L_; ;=L Lij;=1 (6.1.1)

L1,2)L(1,3)S(2,3) = S(2,3)L(1,3)L(1,2) (6.1.2)
where S is the R-matrix same as the S defined in (2.4.10) and we let

L=:Y L;®E; € Uy(qn) ® End(CNIV).

i<j

Both sides of (6.1.2) lie in U,(qn) ® End(CNIV) @ End(CNIV).

By Nazarov [Nazgg], there is an embedding of graded associative unital alge-

bras U(qn) — Y(qn) given by
1 i
Lij — t]<i)-( 1)”.

Likewise, we have an embedding of U,(qy) into the twisted quantum loop algebra

We now produce another set of generators for U, (L™ qy). Using the Ti(jr) gener-

inductively on m by Ti(].r’o) =

(r,m)
ij ij

ators introduced in Subsection 2.4.2, define T

and Ti(].r’mﬂ) = Ti(er’m) - Tl.(jy’m). The defining relation (2.4.15) of the quantum loop

superalgebra U, (L™q,) can be rewritten in terms of these T

ij -type generators

using that
N p(s+2) _ p(r=1) m(s+1) _ (r41) (s +1) | (1) ()
;T — T VT - T+ T T

T —amg ) ) 4
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r=1) m(s+1) (r+1) (s+1) ok ( )
Tz(] )Tk(l) - Ti(j Ty " — Tz']' + T

s5+2 s+1 s
T~ 21 1)

+ (TZ(JV) Tl(]r 1))Tk(ls+1) o (Tl(]7’+1) Tl(]r))TlflS+1)

r r r— 1

=TTy =21 4+ 1)) — (1) — 21 4 T V)T Y
s,2 r—1,2 s+1,0
=101 — T AT,

T, +D ) g0 )

p VT = T'(r-i-l)(T('S-ﬁ-l) _ T(S)) + (T(r+1) . T(r))T(s)

il kj kj il

— TZ(I”+1O)T( )—|—T( )T(SO)’

T, T 1 T = T DTt )

k,—j k,—j i,— k,—j
_ (r=1,0)(s,1) (r—=1,1) (s, 0)
_Ti,—l Tk,—j - Ti,—l Tk -j"

Finally, the defining relation (2.4.15) becomes

(=1)PUApkD) go (i) (12,(]?/0) Tk(lsrz) _ Tigrfl,Z) TJSISH'O))
. .. 7, s, r—1, s+1,0
+ 4 < 160, e(T T — T

+ {=1 < j}0(—i, =, K)e(T ") T2 — T A Tt )

—|—£9(Z,],k)( (H_lO)T( )+T( )T(SO))

= e0li,j, =R (T T - T )

_q<p( )(T( )Tz(]r(]) Tk(ls+1,0)Tl(]r 12))

+{k < i}6(i,j, k)e(T Z(l )Tk(jr,o) - iri(zs+l'0)Tz£;71'2))

+{i < —k}0(—i,—j, k)e(T) T — T O Tl 1)
+¢6(i, ], k)(Ti(ls,l)T(r+1 ,0) " T( )T(r 1))

.. X 71,1
= e0(i,j, k) (T 1O = TETO ),
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Name the relation above R(7,0;s,0). By induction, we can produce a more general

R(r,m;s,n) using secondary superscripts other than zero.

Call the following generalization of R(r,0;s,0) the relation R(r,m;s,n). The
base case in the proof by induction is R(r,0;s,0) itself, which we know to be true.
(1PN ED oG (e g 2] gl )
4 < 100 Re(Ty T - T )
1 < 0, Re(T T gl gy
+e0(i,j, k) (Ty T T 4 T
= e6(i,j, —k) (T T - 1)
:q<P(i,k)(Tl((IS/”+2)7~i§r/m) _ T}E;+1,n)Ti§r—l,m+2))
+ {k < i}0(i, j, k)e(T" 2 T,g"") - 7;§S+1'”>T,fj‘1'm“))
+ {i < —kO(—i, —j k)e(TC A TO) — TC Tl )
+e0(i, j, k) (Ty " VT 4 T i)

—e0(i, j, k) (TS VTl I T,

Next, we use the basic identity Tl.(f’mﬂ) = Ti(jrﬂ’m) — Ti(].r’m) to show R(r,m +
1;s,0)holds, followed by R(r,m;s,n +1). This is similar to the strategy in the

proof of Lemma 5.2 above.

PROOF THAT R(7,m;s,0) HOLDS FOR FIXED /M AND ALL 7,S: If we as-
sume that R(r,m;s,0) holds, we need to show that R(r,m + 1;s,0) does as
well, i.e. that R(r,m + 1;5,0) <= R(r +1,m;s,0) — R(r,m;s,0). Similar

to its use above, this notation means that the left (respectively, right) hand side
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of R(r,m+ 1;s,0) is the difference of the left (respectively, right) hand sides of
R(r+1,m;s,0)and R(r,m;s,0).

R(r,m+1;s,0)
==

(—1)p(i’j)p(k’l)qq’(j’l)(T(r’m+1)T(s’2) . T(-r_l’m+3)T(s+l’0))

ij kl ij kl

+ {] < l}@(l, j’k)s(Ti(ll’,m-‘t-l)Tk(jS,Z) _ Ti(lT—l,m+3) Tk(jS-‘rl,O))

+ {1 < j}0(—i, —f, K)e(T VT2 — gl gLy

.. r+1,m+1 s,1 r,m+2 5,0
+e0(i,j, k) (T ™ +)Tk(j V4T +)Tlgj )

— e0(i, j, —k) (Ti(,i_zl'm+l)T1£filj) _ Ti(,r:zl'erz)Tk(,sioj))

i 5,2 r,m—+1 s+1,0 r—1,m+3
:qq)(,k)(Tk(l )Tz(] + )_T]£[+ )Tz(] + ))

+{i < —k}0(—i, —j, k)e(T ) TV — Ol L)y

—e0(i,j, —k) (TL) TU D Uty

=

(=1)PEDPED) Go(d) ((Tl.(j”r]’m) _ Ti(jf,m) ) Tk(ls,Z)

. (T(r,m+2) . T(rfl,erZ))T(erl,O))

ij ij kI

n {] < Z}G(ll j/k)g((Ti(lr+l/m) o Tl(lr,M))Tk(]S/Z)

r,m r—1,m+2 s+1,0
_(Ti(l +2)_Ti(l + ))Tk(j+ ))

+ {1 < j}0(—i, —j,K)e((T{m — Ty T

i, i,—1

(rm+2)  (r—1,m+2)\ m(s41,0)
(T =TT )

+ (Ti(lr+1,m+l) o Ti(lr,erl))Tk(;,O))
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[ (—1)PEDpDgell) (T

= e0(ij, =R (T2 =T T
rm+l r—1,m+1 s,
- (Ti(,—l - Ti(,—l i ))Tk(,—oj))

:q(P(i/k) (Tk(lS,Z) (Ti(jVJrl,m) . Ti(jr,m))
_ k(lSJrl,O) (Ti(jr,erZ) . Ti(jrfl,m+2)))
k< YOG, R)e (TP (T — 1)

s+1,0 r,m—+2 r—1,m+2
_Ti(l+ )(Tlfj +)_Tk(f )
+{i < —k}O(—i, —]',k)S(TSS{i)(TYkZLm) - Tyk’?))

. TES;F[LO) (Tirlélr;_erZ) . Tgrkjjl,erZ)))

€0 (i, j, k) (T (T2 = 1)

+ Ti(ls'o)(Tk(errl’m*l) _ Tk(jr,m-&-q)))

(7, —k) (1O (T = TU )

_ T(S

—i

,0 , 1 -1, 1
,l)(TErkfi;-i- ) _ Tirk’j m+ )))

=

(r+1,m) 4 (s,2) (r,m+2) +1,0)
ij Ty = Tijr - Tk(ls )

+ {] < Z}@(i, j/k)g(Ti(lrJrl,m)Tk(js,Z) . Ti(lr,m+2)Tk(;+l,0))

H{t <Y (T TS - TR

+ €9(i,j, k) (Ti(lr—O—Z,m)T]f;,l) + Ti(lr+1,m+1) Tk(;,O)>

—eb(i,j, k) (T TN Ty T,Ef;oj))]

(r,m) T(S,Z) . T(rfl,m+2) T(s+1,0)

L) p (k1) (il
_ [(_1)17( Netkd goti) (T T, ij . )

i < 130G e(Ty " TG — T )

AL < YO =] R)e(T TS = T T

+e0(i, j, k) (T T T o)

— €0(i, ], —k)(Tl.(L_ll’m)T]{(ilj) — T}/[‘ll""“)T,Ef;oj))}
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= [q<ﬂ(i,k)(Tk(IS,2)T(r+1,m) _ T(s+1,0)T(‘r,m+2))

ij ki ij

. .o s,2 r+1,m s+1,0 r,m—+2
+ {k < i}0(i,j, k(T T - gl )

+{i < —k}o(—i,—j, k)e(T T — TEALO TRy

+ e6(i,j, k) (Ti(ls,l) Tk(jr+2,m) + Ti(ls,o)Tk(;H,mH))

.. 1 , .0 ,mA4-1
—e0(i,], —k)(T(fi,z)TYk?) - Tgsz‘,l)TErk,r?+ )

i s,2 r,m s+1,0 r—1,m+2
- {qq)( 'k)(Tk(l )Ti(j ) Tk(z+ )Ti(j i ))

+{k < i}G(i,j,k)s(Ti(lS’z)Tk(;’m) - Tl.(f“"))T,f]T*l'm“))

. . . s,2 r,m s+1,0 r—1,m+2
+{i < —k}O(—i, —j, k)e (T T — il

+e0(i, j,k)(TY ngﬂ'm) + Ti(ls'O)ng'mH))
—e0(i,j, —k) (T TV ™ = T U L)
=

R(r+1,m;s,0) — R(r,m;s,0)

PROOF THAT R(r,m;s,n) HOLDS FOR FIXED 1,1 AND ALL 7,S A second
induction process is now necessary to generalize for any n as well. Similar to
the process in the last step, we justify that R(r, m;s, n) holds by showing that
R(r,m;s,n+1) <= R(r,m;s+1,n) — R(r,m;s,n). We use that Tk(ls’”ﬂ) =

(s+1,n) (s,n)
Tkl - Tkl .

R(r,m;s,n+1)

=
i,i i r,m s,n+3 r—1,m+2 s+1,n+1
(_1)P(,])P(k,l)qw],l)(Ti(j )Tk(l +3) _ TZ_(]_ + )Tlgl+ +1))
+ {7 < 100 k) (T T ) — T )

+ {—l < ]'}9(_1', _]"k)g(Ti(,rjl”)Tk(’Sf}Jﬂ) _ Ti€i;1’m+2)T]£fjjl'n+l))
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+ €9(i, ]./ k) (Tj([r+1,m)T]<(;/n+2) + Ti(lr,m—i-l) Tk(js,n—i-l))

.. —1, ’ 2 _1/ 1 ’ 1
—e0(i,j, —k) ({7 T gl e,

:qq)(i,k) (Tk(ls,n+3) Ti(jr,m) . Tk(lerl,nJrl) Ti(jrfl,m+2))

kj il kj
+{i < —Kk}O(—i, —j, k)e(T Tl — R
0 (i, k) (T T T et
—e0(i, j, —k) (T UL gDty
=
(_1)p(i,j)p(k,l)qu(j,l)(Ti(jrzm)(TIS;+1,n+2) B Tk(ls,nJrZ))
L R )

7 < 1RO R)e (T (T — )

o T(r—l,m+2)<T(s+2,n) T(S-‘rl,n)))

il kj Tk
{1 < JY0(—i, —, k)e(TIA (Tt 2) o)y
_ T,-(,:LMH)(TIE,SLZ'H) _ Tk(’s:rjl,n)))

.o r+1,m s+1,n+1 s,n+1
+£9(lr]/k)(Ti(l+ )(Tk(j+ +)_Tk(j =

r,m+1 s+1,n s,n
+ T T — 1))

o €0<i, j, —k) (T'(r—l,m) (T(S+'1,ﬂ+1) - T(S,ﬂ-‘rl))

i,~1 k,—j k,—j
(r—=1,m+1) ;(s+1,n) (s,n)
-T (T = Tey))

:q<p(i,k) ((Tk(lerl,n+2) . T(s,n+2) ) T(r,m)

kl if
s+2,n s+1,n r—1,m+2
- (Tk(l ) - k(l ))Ti(j ))
. .. s+1,n+2 s,n+2 r,m
+{k<l}9(1']/k)€((Ti(l+ ' )_Ti(l ' )>Tl§j )

o (Ti(ls—i-z,n) o Ti(lS-Fl,ﬂ))Tk(;’—l,m-‘—Z))

+ {1 < —k}@(—l, —j, k)g((TESiﬁl,n+2) _ (TESZ-,’?+2))T£7‘];:'Z)

_ (T(S+2,ﬂ) T(s+1,n))T(r71,m+2))

—il T i —k,j
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.o s+1,n+1 s,n+1 r+1,m
+e0(i, j, k) (T — Tyt

+ (Ti(ls—i-l,n) . Ti(ls,n)>Tk(]7",m+l))

= o6 (i, j, k) ((TSFD = e pl

(s+1,n) (s,n)ym(r=1,m+1)
_ (Tisl,l n _ Tisi,}; )Tirk’j m )

=

(r,m) (s+1,n+2) (r=1,m+2)r(s+1,n)
i Th - Ty Ty )

. .o r,m s+1,n+2 r—1,m+2 s+2,n
{7 < 1B0Gj, k) e(Ty " T ey

ri(i,j)zo(k,l)qu(j,l) (T

+{—1 < jY0(—i,—j, k)e(T el g2 ey

+€0(i,], k) (Ti(lr+1,m)Tk(;+1,n+1) i Ti(lr,m+1)TI§;+1,n))

—S@(i, i, —k) (Ti€171/m)T]£fjj1/n+l) . Ti(’;;fll,erl)Tk(,s:rjl,n))}

(r,m) T(s,n+2) . T(rfl,m+2) T(s,n)

_ [(_1)P(i,f)r’(k,l)q¢(j,l)(Ti]_ i p o)

4 {] < 1}9(1, j’k)s(Ti(lr,m)T]((;,n+2) . Ti(lrfl,m+2) . Tk(;Jrl,n))

. . . r,m s,n+2 r—1,m+2 s+1,n
+{-I< ]}9(_1/_]'k)€(Ti(,—l )Tk(,fjJr ) - Ti(,fl ’ )Tk(,jj ))

.. r+1,m s,n+1 r,m—+1 s,n
+€0(l/]'k)(Ti(l+ )Tk(j +)+Ti(l +)Tl£j ))

—e0(i,j, —k) (Tﬁ[f”"ﬁ,ff;’f” - Ti(f_‘ll'm“)T,ff;’}))]

|:qq)(lrk) (Tk(ls—i_l’n_‘—Z) Ti(jrrm) T]SIS+2,H) Ti(jr—l,m+2))

. P s+1,n+2 r,m s+2,n r—1,m+2
(k< i}0(i, j, k)e(T TR T gl gt

+{i < —k}O(—i, —j, k)e(TU AT g2 p et

.. s,n+1 r—1,m s,n r—1,m+1
—59(111/—k)(T£i,1+ )Tgk,j ) - TEi,l)TEk,j ! ))]

i s,n+2 r,m s+1,n r—1,m+2
_{qgo('k)(Tlgz +)Ti(j : Tk(z+ )Tz(] +))

. . . s,n+2 r,m s+1,n r—1,m+2
+{i < —kYO(—i, =, K)e((T 2T U — Tl b))
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.. s,n+1 r+1,m s,n r,m—+1
+59(1/]/k)(Ti(z +)Tk(j+ )+T1'(l )Tk(j +))

. s,n+1 r—1,m s,n r—1,m+1
— €0(i, ], _k)(TSi,z+ )Tgk,j ) - Tgi,l)T(—k,]' i ))}
==

R(r,m;s+1,n) — R(r,m;s,n)
Thus, we obtain the relation R(r,m;s,n):
i i i r,m s,n+2 r—1,m+2 s+1,n
(AR s gl
+ {—l < ]}9(_1’ _]" k)S(Tz(,ZT) Tk(,s;n]-i-Z) _ Ti(,r_—ll,m—O—Z) T]{(:Sjjl,n))
4 89(1.’ i, k) (Ti(lr+1,m) T}{(js,n+1) + Ti(lr,erl) Tk(;,n))
.. r—1,m s,n+1 r—1,m+1 s,n
—e0(i, j, _k)(Ti(,—l )Tk(,fjJr ) Ti(,fl i )Tk(,—j))
i k (s,n42) (r,m) (s+1,n) (r—1,m+2)
:‘14)(1 )(Tkl L7 =Ty T )
+ {k < Z}Q(Z,], k)S(Ti(ls'n+2) T]S]r,m) . Ti(ls-i-l,n)Tk(}'—l,m-i-Z))

i < RO, ] Re(TE T T T )
4 89(i, j, k) (Ti(ls,nJrl)Tk(jr+1,m) + Ti(ls,n) Tk(]‘r’erl))

—ef(i,j, —k) (T T gl b

This generalization to m, n is essential since those components of the generators
are what determine how elements map from Y(q,) to K,,/K;,+1 for some ideals

K in order to have an isomorphism, as will be seen in more detail below.

Given the above defining relations how do we define the K,,? First, they must
contain the Ti(jr’m) and they must be nested as K,;, O K, 1. Further, as ideals we

need K, - Ky, = Ky m,-
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We reproduce the sequence (3.1.1) of algebra homomorphisms in a q,-setting:
Un(L™qn) — Un(L"qn) /MU (L n) — U(L ) — U(qn) (6.1.3)

where the last map U(L™q,) — U(qy) is defined by sending s — 1. Denote by ¢

the composition of maps
Un(L"qn) — Up(L"q)n/hUR (L 4n) — U(Lan).

This map sends 1 : ’L'i(jr) — (=1)lI(Eys" + E_;_js™"). Next, consider the subspace

U of Uy(L"™q,) defined to be the span over C of Ti(jr),ris.r) for all . We also
define the ideal K, for m > 0 in £™q, to be the span of elements of the type
Xy ®s(s—1)"+X_®s (st —1)" over r € Z and X = X, +X_ € qy,
where X = Y, icijEsi1;. Finally, we denote by K,, the two-sided ideal of
Ua(Lqy) generated by ¥~ 1(K,) NU. If ¢(Ti§r)) = (=1)(E;s" + E_;_js™"), then
also gb(Ti(]-r’O)) = (—=1)ll(Eys" + E_;_js™"). Then,
(1) = (10 = 1) = (1) — (1)
(—~D)(E;s™ + E_j s ) — (=1)VI(Eys" + E_; _js7")

)
( 1>\z| (Eij<sr+1 _ Sr) + E_l‘,_]‘(57771 _ Sfr))

= (=)l (Eijs’(s —1)4+E ;s (s — 1)) ,
Similarly,

IP(Ti(jr,Z)) — (_1)|i\ (Eijsr(s _ 1)2 + E_i,_]_s—r(s—l _ 1)2)
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and from further iterations we can infer that

w(Ti(jr,m)) — (_1)|i\ (Eijsr(s 1)+ E,i,,jsfr(sfl _ 1>m) € Ky,

Thus, because it can be expressed in terms of T generators, "Fl-(]-r’m) e K.

We can then define K,, as the sum of the ideals (g — q_l)mo]l<mlll<m2 e Ky,
with Z’;ZO m, > m; i.e. it contains all elements of the form (g — g~ !)™ Ti(;};ml)
L. (7’k,771k)

Tik/jk

K.

with 2’;:0 m, > m. This extends naturally from the assignment Ti(jr'm) €

Thus, Ko = U4(£™g,). Note that K; contains ¢, sits inside of Ko, and contains

(g — g HUu(L™q,) =: Z. As a result, Ky/K; ~ Eg% where Ko/Z ~ Uc(L"™qy)
and K; /7 is the ideal of Uc(L™q,) that is the kernel of the map from U(L™q,)
to U(q,) sending s to 1. Hence, Ko/K; ~ U(qy).

Our ultimate goal is to produce an isomorphism ¢ : Y(q,) = Br—o Kin/Kint1,
so first we must ensure that this map respects the properties of the quotient spaces.
Next, we use an existing relation on U, (L™ qy) to determine a natural choice for

the image of a generator of the Yangian under ¢.

Upon examination, both sides of R(r, m;s,n) are in K, 4,42. For instance, dis-

regarding the constants, we see that the first line has Tl.g.r’m) Tk(lS "2 e K,y - Kui2 =
Kyinio and Tl.(].rfl’mﬂ) T,Sf“’n) € K12 - Ky C Kyyyypo. Similarly, since e € Ky, we

obtain &6 (i, j, —k) T TV 1™ € Ky - Ko - Kin € Ko

—i,l

For convenience, label each line of R(r,m;s, n) as follows:

@( _1)p(i,]')p(k,1) q(p(]',z) (Tl(]rm) Tk(ls,n+2) . Ti(f—l,m+2) Tk(ls+1,n) )
(

]
@+ {j < 1300, K)e(Ty" T — 1Pt

() + {1 < jY0(=i,—j, R)e(T P T — T Pt

135



(4)+e0(i,j k) T T k(]S m1) T'(r'mH)ng'n))
ORIy —k><T£i71'm)T£f;’§“) e g

@qf{’ lk s (sn+2) (] m) T}((is+1,n):,1i(]'r71,m+2))
@+ {k < i}0(i,j,k)e(T, s n+2)Tk(] m) Tz'(ZSH’n)T;((jFLmH))
+ {Z < k}e(—l —], ) ( (S ”+2)T(k]) . T(_Si-,&il,n)TSr];jl,m-Q—Z))

@ + 89(i,j, k)(Tils,n—&-l)T(T-i-l Jm) + T( )Tk(]f’,m+1))

— &0 (i, j, —k) (TS TO 1) — T Tl

Lines @,@,@,@,@, and are in K, 12, while @,@,@, and lie in

| (L

Thus, viewing both sides of R(r,m;s,n) as elements in K1 n12/Kpinis re-

duces the relation to the equality (1) + @’ + @’ = @’ + @’ + ’.

Note that the possible values for ¢(j,1) are ¢(j,I) = 0,£1. We have that
o) 1 N ql/’(]l)(qf{’(ll) AL

7]1)“ i +1. Asaresult, if ¢(j,1) =

g?Uh = g#UGh —1 41 =
0, then q?U%) is equal to 1. If ¢(j,I) = =+1, then we obtain i%ﬂ) +1 =

ImodKj.

Using this, the following equality holds in Ky,1y+2/Ky1n43. Set h = & €
K;/Ks.
@/ (_1>p(i,j)p(k,l)(Tigr,m)TIEZS,n+2) _ Ti(]'rfl,erZ) Tk(lerl,n))
) - j —k><T£:1’m’T,Ef;';+” - Tff_ﬁ T

! 1+2) (7, 1, ~1,m+2
@ (Tk(zs n+ )Ti(jr m) Tk(;+ n)Ti(jr m+ ))
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@/ +h9(l ]/ )( (Sn+1)Tk(jr+1'm)+T( ) k(]rm-i—l))

/ 1o, _k)<T£s{,rlz+1)T£r];jl,m) . T(_si,,r;)TErk—,jl,m+l))

Next, the goal is to eliminate appearances of r +1 in generators in K1, and
analogous situations; we want to reduce to only r,s in the first superscript. For

example, note that

(r—=1,m+2) _ (r,m+2) (r—1,m+3)
T =hm AT /
where Ti(].r_l’m+2) € Ko, Ti(jr’mﬂ) € K12, and Y}(]-r_l’m+3) € Ky;43. Similarly,

s+1n) _ p(sn+1 (s,n
T — i) | plem),

As a result, line @’ becomes

(_1);7( Jp(k, )(Tz(] ) Iflsn—i-Z)_(T(]rm—O—Z)_i_T(r 1,m+3))<T(sn+1)+Tk(lsn)))

= (_1)P(1f])P(k,l)(Ti§rrm) Tk(lsrnﬂ) _ :pigr,m+2) ngz' )) € Kominio/Kninis

Applying similar substitutions to all lines yields

(=) (it 2) 2 (6.1.4)

+ 10, j,k)(T 1( )T(sn+1)+T(rm+1)T]£js,n)>

—h9(i,j,—k)(Ty_’T)T(S_’;H) Tl(,r_TH)TIS ]))

s,n+2 r,m s,n r,m—+2
(Tk(l )Tz‘(j ) Tk(l )Tz’(j ))
+10(i, j, )( TS "+1)T( m) + T( )T(r m+1))

— 16(i, j,—k) (T DT o)
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We want to compare this to the defining relation of Yi(qn), repeated here.

([1,4) - [17, 7] oG

m+1 m+1 n+1 n+1
:h@g] M D) g ) (o) o ))

m+1) ,(n n m+1 n+1 n+1 k|41
—h (f(,k,j )t(—i),l tl(c )]tl( - . k)]t( il ot tl(c ])tl(,—)l> (—1) kI

—

() (+2)

(t(m+2)t(n) . (_1)p(i,j)p(k,l)tkl ;

ij kI
I (1D ED Y (i 1)

= (KA DR ) )

zl B kj zl kj il

m+1 m—+1 n+1 n+1
_ h (t( k] )t( l)l - t](( )]tl( ] ) t( k)] ( o ) + t]({ ] )tl(/,)l) (_1)|k‘+‘l|

After switching (i, j, m) with (k,1,n), we produce
(12— () ) 042
_tl(cl )tz(]m+2) + (_1)17( )p(l])t(]m—i—m)tl({;l)) 9(1,’]_’ k)

= (t V) e

n+1),(m m) (n+1 n m+1 m+1),(n i i
(D, ) D ) 2y

+1 +1
) i)y

Multiplying both sides by —6(i, j, k) and using that
—0(i, 7, k) (—1)HUl = — (1)l kRl
= —(—1) KD+ 1)+
= —0(i,j, —k)

(r,m

yields (6.1.4) after identifying T; ) with tf;n). This confirms that the map ¢ de-

scribed in (6.1.5) below is a homomorphism.
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Recall that U 4(L™q,) is generated by the Tig.r), where ri(].r) = i(].r) /(q—q7"),
unless i = j and r = 0, in which case Ti(io) = (Ti(io) —1)/(q9—1). Set Ti(jr’o) = Ti(jy)
= . We will refer to these elements as

(r,m+1) (r+1,m) (r,m)
Tl] ij - T;

if
having double superscripts to distinguish them from the elements Tl.(jr). Then,

(6.1.4) holds for the Ti(jr’m) with m > 0 if r > 2. Below, we show that (6.1.4) in

and, inductively,

fact holds for r > 1, though further changes must be made to the computations to
accommodate the r = 0 case.

Define the map

¢ :Y(an) = D Kn/Kuia (6.1.5)

m=0

(m)y _ plrm)
(P(tij )_Tij

for some fixed choice of r > 2. By the computations above it preserves the defin-
ing relations of the Yangian of type q, so we can conclude that ¢ is an algebra
homomorphism. Ultimately, we will show that it is in fact an isomorphism in
Section 6.2.

Note that since one could chose any other integer greater than 2 and the rela-
tions still follow, we may as well choose the simpler route and generally only use
r = 2. We can see that r = 1 will not cause problems by taking R(2,m;s,n) and
manipulating the equation in K, 4,2/ Ky n+3; we will eventually arrive at (6.1.4)

with 7 = 1. One can use s = 1 in (6.1.4) with the same justification.

6.2 ISOMORPHISM
In this section, we prove that the map ¢ above in (6.1.5) is an isomorphism,

implying that the queer Yangian is a degenerate form of its associated quantum

loop superalgebra. To show that ¢ is biective, we can prove that it sends a basis
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of ordered monomials to a basis of ordered monomials. This will first require

defining an ordering on generators and monomials of U, (L™ qn).

Recall that our presentation of U, (L™ qy) consists of generators T\ for —n <
p q 25

ij
i<j<mnr>0and Tl.(jr) for —n < j < i < n,r > 1. Note that we can use T.(.r)

ij
(0)

and T;’ elements in place of these when necessary. Alternatively, we can use the

generators Tl.(jo’m)

We produce this generating set using that

for —n <i<j<mnm>0and T for —n <j<i<n m>0.

1
01y _ _(1 0 L0) _ (1)
T = of) o and 9 = of

then using that

Tl.(jr’mﬂ) i(].rﬂ’m) — T(r’m) for larger values of m. Consider the

ij
pattern that arises when attempting to keep all r-values in Tl-(jr’m) to either 0 or 1.
These computations assume that i < j. If j < i, then we stop once we have an

expression with all first superscripts, i.e. r-values, equal to 1.

(1) _p(10) _ 1(01) | (00)
T =T =T + T
(2) o (2,0) o (1,0) (1,1) o (0,1 0,0 0,2 0,1
o) =T = T80+ T = TPV TP T 4 T
:Tz‘(jo'z) +2Ti(j0’1) N Tigo,o)

() _ 7(30) _ p21) , 1(20)
T =T =T AT
(1,2) (1,1)

=712 L T

(10) , (11)
i y o T T

_r(12) (11) , (10)
=1,/ +21" + T,

_ i(jO,S)_i_,]-,i(jO,Z)+2n§0,2)+2Ti§0,1)_i_Ti(jO,l)_’_Ti(jO,O)
. (03) (0.2) (0,1 0,0
=1."% 4+ 31,0 4+ 37 4 T
4 (40) _ (31 30) _ (22) 21 12 11 1,0
o =M = 10V 100 = 13 4 1Y 4 1) oM 4 T
(1,2) (1,2) (1,0)

_7(13)
=T,/ + T,

(12) | m(L)
R e

(11)
i ar 4,

j
_(13) | ag(12) AL | p(10) _ (04) | (03) |, Am(03)
=T 431 3T 4 T = TV 4 T 4 3T

01)

T S

(0,2) (0,2) (0,1)
+ 3T, + 3T +3T;; ; i

g g g
_(04) | 4(03) | ,7(02) 01) , (00
=1 +41% + 6T 4T + T
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From this, we infer the following lemmas that allows us to replace sets of genera-

tors. The above equalities effectively act as our base cases.

Lemma 6.2. For fixed m and r > 1,

r—1 r—1
) _ r—1\ (Lr—14m—a) =1\ _(1,m+a)
Tj(jrm_z(g)Tijr mu_z(a Tijmu.

a=0 a=0

Proof. We prove the result by induction on r. The base case is clear, when r = 1,

we have Ti(l’m) = (8)

]' T(1,171+m70) _ T'(‘l,m)

i i Thus, assume the result holds for all

n < r. Then, we aim to show that

T(f+1,m) _ Ti(r,m+1) + Ti(jr,m)

ij j

=1\ mrart) | e (7= 1\ (1mta)
()

*
|

a=0 a=0
Lot =1\ mta) e (=1 (e

:Z<a_1>Ti(jma)_|_ ) )Tjjma)

a=1 a=0

r—1 - -
_ [((r 1> N <r 1>> Ti('l,m+a):| L Ti(l mir) Tl(l m)

= a—1 a ] ] ]
_ r—1 Kr) Ti(.l,m+a):| i Tl(] mer) Ti(_l,m)

= a ] ] ]
_ Xr: r T'('l,era)

a=0 a K

Lemma 6.3. For —n <i < j <n, fixed m,and r > 0,

(r/m) — - r (0,m+a) _ 4 r (0,r+mfa)
£ (£ O

a=0 a=0
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Proof. We prove this by induction on r. Base cases appear above.

T(H—l,m) (r ,m+1)

(r,m)
8 _{_T”rm

<)T(Oa+m+1 _i_i(V) Ou—i—m
a=0 a
r
0a+m 0a+m
1 ()
a— 1> =

a
> (Oatm } (0 rimt1) Ti(jo'm)

::i

[l 1
~ p~Y
+ Q,M~

3
Il
_

|
1=~

I
= 2
g KR
= o
TN N T N
——~ _>
Q
<
\_/
/\
v
=3
)
B
+
S

1]

S~ 2
—_ =

+

1
_ r+ > Ti(jO,u+m)
a=0 a
O
Lemma 6.4. For —n <i<j<mn,andr >1

0=y (M) =y (T oo

T\ mo\a)
Proof. This is a special case of the previous lemma; Tl( )= T, O

] 1]

Lemma 6.5. For all r,m,

Proof. Prove by induction. First, we prove the assertion for fixed r with induction

on m. We see that the base case holds; l(; 0 — Tig‘r)/ Tl.(].r’l) - Ti(].”l'o) — Tl(]’ 0) _

((1))(_1)0+r+1—r—11_157+1)_f_(%)( 1)0+r r () . Then,

(rm+1) _ (r+1,m) (r,m)
Tjj _ Tijr m) Tijrm
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m+r+1 m m+r
(_1)m+r+1fa,[(ﬂ) _ } :

a—r—1 i
a=r+1 a=r

m-+r m
_ _q\m+r—a (ll) m o 0 (m+r+1)
=% ((, o) () -

a=r+1

4 m m-—+r—a m m T
-5 (G )= (§) o

(ax m+1 m+r—a -\a m m r
— % () emred s ()

a=r+1 \2 =T
My N0 (m+r+1)
+ (m>( 1) T
m+r+1 1
Z <7Zj—r) 1)m+r+1 a,qgﬂ)

O]

When considering an ordering on monomials built up from generators, we
will use the notion of the height of a generator. For a generator T( ") we define
height(Ti(j’ )) = j —i. Extend this to monomials; the height of a monomial is the

sum of the weights of each generator. For instance,

P
height(T," " T2 ) = Y (j — i)
k=1

Proposition 6.6. Consider monomials formed by products of Ti(jr). Define the following

ordering on these single-superscript generators:

T <1y it i>k
or: i=kj>1I

or: i=kj=1r>s

Then, ordered monomials in these generators span Uy (L™ qy).

In this proof and throughout this section, if the generators in a monomial are

in the correct order, we can refer to the monomial as reduced.
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Proof. Take the monomial M = cm[T;;, Ti(].r) where c); € C. First, we show that
if a monomial with two terms is not reduced, it can be rewritten as a reduced
monomial along with the sum of other monomials either with generators in cor-
rect order or, if in incorrect order, with smaller sums of superscripts. Thus, by
induction, these incorrect monomials can themselves be rewritten correctly (as re-

duced monomials) since those sums of superscripts can only decrease finitely, to

0.

(5+2) (1)

Suppose we have the incorrectly ordered monomial T}, , where the issue

lies specifically in that i > k. Then, by (2.4.15),

q(p(i,k) T1515+2) TZ_ST)

= (- 1)17(1]) (kl)c]"’(]l)(Tl(] )TJSISHJ)

+ (=1)PEDPED go i) (T ) _ =D pls+1) _ gl pls+)y

ij Tkl ij ki ij kI
+{j < 130G, j,K)e(Ty TS — T VTS T 0T

+{=1 < jY0(—i,—j (T TP — T VD - VT T T )

+26(i, j, k) (T VTt — T.(f)T@)

il “kj
—e0(i,j,—k)(T{ VT — T T )
T - T - 1y 62

—{k <i}0(i,j,k)e(T l(ZS+2) Tk(}) _ Ti(ls+1)Tk(](—1) _ Ti(ls+1)T(r+1) n T( )T( ))

— {i < —k}0(—i,—j, k)e(T(s“)Tﬁ,zJ. _ Tﬁij;”TY,;j” _ Tﬁj”T““) +TC, 1" )])
—e0(i, k) (T T — TP T

+0(i, ], —k)(TESJDTYijl) - Tgsi),z Tyk),j)'

Next, we show that all terms from line (6.2.1) onwards satisfy the condition of

either being properly ordered or of smaller sum of superscripts. First, since i > k,
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any monomial in the form Tig.r) T]fls ) where j,1,1,5 can be anything is in the proper
ordering. This leaves the following terms to consider:
- 1) p(r—1 1 1
. qq)(z,k)(Tk(lS) Tl_(jr) . Tk(ls+ )Ti(jr ) Tk(ls+ )Tigr+ ))
) . 2 1) p(r—1 1 1
—{i < —k}0(—i,—j, k)g(TS.'; )Tf’k),j _ Tf:; )Tyk,j ) _ Tﬁj )Tfrk; )y Tﬁsi),lTErlglj)

+0(i, ], —k)(TESJDTYijl) - Tgsi),z TE’,Z,].).

We then use induction on either the heights, sums of superscripts, or first super-
scripts to show that any of these incorrectly ordered terms can, eventually, be
written as a sum of reduced monomials. In the first line, the terms

q¢(i,k)(TI£;)Ti§r) . T,ff+1)Ti§r*1))

have a sum of superscripts lesser than our original monomial and the term with
Tlfls ) Tl.(er), while having the same sum of superscripts, sees a decrease in the su-
perscript in the first generator. Thus, this will continue to decrease with each
attempt at obtaining reduced monomials. Eventually, if s = —2, say, we get
Tk(fl)Ti(er) = 0. Next, the terms

{l < —k}G(—l, _]-, k)g(TESij;Z) T(:’]B’] o Tgsij;l) TEV]:JU o TESI-;U TEr]le) + TESi)’l TE?‘]?{])

will also eventually vanish because of a decrease in height. Wheni < —k,i+k <0,

SO

height(T /' T") ) = j+1+i+k < j+1—i—k=height(T; 2'T}).

This means that those terms will also vanish after enough attempts at rewriting all

elements in terms of reduced monomials, as height cannot decrease indefinitely.
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Finally, we can use induction on the sum of superscripts on

)(T(S_H)T(r_l) o T(S) T(")

eb(i,j, —k) (T2, vy —il —k,j)'

These terms have a sum of superscripts s 4 r, a decrease in comparison to our
original sum of superscripts s + r + 2. Thus, repeated iterations of attempts at
obtaining properly ordered monomials will decrease the sum of superscripts until
one or both generators vanish. We use that Tl(]m) =0forallm <0and form =0
ifi #j.

No details will be given to prove the second case as it is very similar to the

first. This is when the two generators are in the wrong order but i = k,I < j, i.e.

(5+2) (1)

the monomial is T i

Finally, we have the case when the two generators are in the wrong order but

i = k,j = I and we differentiate using superscripts. Let r +1 < s+1, i.e. the

(r—i-l)T(s-H)

incorrectly ordered monomial is T; Here, the approach is slightly differ-

(r+1) T(s+1
ol

8i~i)sign(i) = sign(i), p(i,j)* = (il + |j1)* = [i* +20illjl + |j* = 1il + 2[il j| + I]
so (~1)PEDPGi) = (~1)li+lil | and (i, j,i) = (— 1)U = (—qy20lil+i =
(=), 87, , —i) = (—1)WlilHil=+ =il = (—q)lili+=l) = (— 1)l

ent. Start by isolating the term T;; in (2.4.15). Use that ¢(i,i) = (6;; +

9(1 ], ) (7+1)Ti§5+1)

— — (=1)Plpli) (gotd T ") TZ(SH) — o) T.(?+2)T,(.’))

(
ij i ij
@D pig) A@G) (1) (s) (r—=1) p(s+1) (r+1) m(s+1)
(—1)PRDp) g @it (T] Tij Tij sz Tl] Tz’j )
_ () p(s+2) (r=1)p(s+1) _ (r+1) (s +1) (r) p(s)
{j <j}o(ij,i)e(T, i Ly Ty Ty Ly Ty LT )

—{=j < J}0(=i, =, DT T - TN T
— Ti(:’]“l)T(s‘*'l) 4 T( r) T( )])

—e6(i,j,i) (T} T} )) +¢0(i,j,—i) (T VTS - 10 1))
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+ q(p(z,l)(T(S)T(r) _ T(S‘H) T("_l) T(S'H) T(H‘l))

ij “ij 1] if Y ij
+{i< i}e(i/j/i)S(Ti(‘s +2)Ti(jr) - Ti(]‘S+1)Ti(]‘r_1)
— 1T+ TOT))
ij ol
+{i < —i}0(—i, —]}i)ﬁ(TEs;jz)TYi),j - Tgsifjl)TErijfl)
B TS;;;l)T(rJrl) + T( ) T( Z)])
+¢€0(i, j,1)(T, (SH)Ti(er) - Tz‘(j )Tz(r))
—e0(i, j, —i)(T (Si]—l)T(rz]l) SSI)JTEZ)J)

_ (_1)\i|+|j|(q51gn(]) Tig‘ )Ti(js+2) _ qs1gn(1)Tl(]s+2)Tl(] ))

_ (_1)‘i|+|j|qsign(j)(Ti(jr) Tz'(jS) . E(]'ril)Tz(JSH) Tl(]rH)Ti(jSH))

—e(~1 )|z\( Tz(])Ti(J‘S))+8( )I]l( (,])T1(,SJ;1) T.(’r)-T.(,S)-)

—{—j <jyo(—i,—j, i)E(Tz‘Er—)]’Ti(,S:;Z) - Ti(,rf;l)r‘ri(fil)

_ ].;(’C-i}l)T(s+1) i T( r) T( )])
+{i < —i}6(—i, _j/i)E(TESiTjZ)TEri),j - Tgsifjl)TYijjl)

_ TSS;;UT(”FU + TSZ)]TEZ)])
+ q51gn( )(Tz(] )Ti(jr) i Ti(js+1)Ti5'rfl) . Ti§s+1)Ti§_r+l))

+e(-1)l(T (s+1)Ti(jr+1) _ Tz‘(jS) Ti(jr)) —e(—D)l(T (SZJ;UTZ;U — TESZ.),].TYZ-),]-).

All terms in the last three rows are correct as is (—1)!*lilgsign(®) TZ-S-HZ)Tig-r) in the
tirst row. The incorrectly ordered terms, up to a coefficient, are Ti(jr) Tl.(jerz), Ti(].r)Ti(js),

(r=1) p(s+1) r(r+1) p(s+1) (r=1) p(s+1) (r) +2 +1 +1
VT, T T, oD 0 g r DT and T T

In
most of these cases, we can use the argument on induction on the sum of su-
perscripts. If j < —j or, equivalently, j < 0, then the only remaining term is
(—1)|i‘+‘f|q5"ign(f)(Ti(].r+1)ﬂ(].5+1)), which we can simply move to the left hand side
and consolidate with our original monomial. If j > —j or, equivalently, j > 0, then

Ti(]'r+1) T(s+1)

the two remaining terms are (—1)!1+1ilgsign()( i ), which can be consol-
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idated as just stated, and {—j < j}0(—i, —j,i)sT.(r_tl)T(sfl). To deal with this

i i,—j
T(r—&-l) T‘(S—i—‘l)

second term, we simply replace j with —j in (2.4.15) and isolate for T;""T; " ".

The right hand side of the equation will only contain reduced monomials or
ones that can be reduced by induction. We do not have any problematic {j <
—j}0(—i,j, i)sTiYH) Ti(jSH) term because of the assumption that j > —j.

Thus, we know that any monomial in two generators can be corrected accord-
ing to our chosen ordering. It follows that we can do this with a monomial in
any arbitrary length, as the reordering process comprises swapping consecutive

generators in the way described above. O

Proposition 6.7. Consider monomials formed by products of qu). Define the following
ordering on generators:
<t if i>k

or: i=kj>I

or: i=kj=1r>s

Then, ordered monomials in these generators span Uy (L™ qy).

Proof. This follows from the previous proposition. We use the relation

q¢(i,k) T1§15+2) Ti(jr)

— (= 1)PENPED goGh (T TEF2)y

+ (=1)PEDPED go ) (T ) _ =D pls+1) _ gD pls)y

ij “kl ij kl ij kl
. . . r s+2 r—1 s+1 r+1 s+1 r s
+{j < l}e(l’]lk)e(Ti(l )Tk(j+ ) Ti(l )Tk(j+ ) Ti(l ! )Tk(j+ '+ Ti(l )Tk(j))

. . . r s+2 r—1 s+1 r+1 s+1 r s
{1 < }O(=i, =, (T TP — T DT - TV L T 0

+ 0, j, ) (T VT - T T)

—e0(i, , _k)(TiEr:ll)Tk(,sjjl) - Ti@lﬂfiﬂ
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i S r s+1 r—1 s+1 r+1
_q<p(z,k)(Tk(l)Ti§) _ TIEZ+ )Tl( ) _ TIEZ+ )Tl(]+ ))

j
— {k < i}6(i,j, k)e(T, 1(15+2) Tk(]r) _ Ti(fH)Tk(;_l) _ Ti(ls+1)T(r+1) i T( )T( ))

B {Z < —k}g(—l, _j, k)g(TESJEZ) TEI’]E,] . TES:;DTEYI;]U . TES:l*l) T£7+1) 4 T( Z)IT( )])

— &6(i,j ) (T3 T - TPTY)

+ (i, j, —k) (T3 TO D — T 7)), (6.2.2)

Note that there is the possibility that i = j and » = 0. Then, we must use that

(0)
70— qT’T’l To work with this, take Ti(io) and rewrite it as Ti(io) = Ti(io) —1+1. After

ii
a few more algebraic manipulations, we can proceed. The same would apply

if k =1 and s+ 2 = 0. Here, we restrict to the simpler case and assume no

T(")
rearranging is needed. Divide by (g — g~1)?, use that Tig D= #, and it becomes

qq)(i,k) Tk(ls+2) Tigr)

=(—1)Plp (kl)qﬁa(]l)(ng )Tk(l)+2)
+ (—l)P(i'f)P(k")q‘P(f'l)(Tlg )Tk(lS) _ Tig'r_l)Tl<(7+1) _ Ti§r+1)TIE;+1))
+{j < 1}0(i,j, k)e( Z(I )Tk(]s+2) Ti(lr 1)Tk(]s+1) l(lr+1)Tk(]S+1) n T(I )Tk(]))

O I NG IR C IR
+€0(i,j, k) (T, (Hl)rk(]sﬂ) — i )Tk(j))
—e0(i,j, ) (55 0

i s r s+1 r—1 s+1 r+1
g ) eI )

— {k < i}0(i,j, K)e(ry ) — oY — o )
—{i < —k}0(—i,—j, K)e(z P2l — DD N0 4 26 20
—eb(i,j, k) (Ve Y =)

+¢0(i, j, —k) (T(Sﬁl)’fﬁk ]1) T(Si)/lrfrlzlj) (6.2.3)
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when rewritten using Tig.r) — type generators. O

Finally, we make one last change of generators and use the third set, in the

form Tl.(jr’m) .

Proposition 6.8. Consider the monomials formed by products of Ti(jo’m) for —n < i <
j<mn,m>0and Ti(jl’m)for —n < j<i<mn,m2>0. Define the following ordering on

these double-superscript generators:

T < T it i>k
or: i=kj>I
or: i=kj=Ilm>n
T < Ty it ik
or: i=kj>I
or: i=kj=Im>n
Rewriting Ti(j]’m) as Téomﬂ) + Tl.(jo’m) allows us to compare the two types of generators.
For instance, 7}(].1’7”) < Ti(]-o’m) because Tl-(jl’m) = i(jo,m+1) + Y}(].O’m) and T}S-O’mﬂ) < 7}(]-0’"1).
Thus, Ti(].l’") < Tl.(jo’m) ifn>m.
Then, using this partial ordering and comparing monomials using lexicographical

ordering, these ordered monomials span U (L™ qy).

Proof. Lemma 6.4 tells us that
" — Zy " r(0.a)
i a) i

Suppose we have a reduced monomial Tig.r)’fk(ls ), ie. Tl.g.r) < Tk(ls ) according to the

ordering defined in Proposition 6.7. Then,
& — [y (M0 ) [y (5) 00
T T = (Z(:) <a> Tij ) <bZ;,) <b> Ty )
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v (1[5 0a) (00
-L 1 () ()

Examine the different flavours of terms from this sum. Note that every term pre-
serves the order of the subscripts in the generators, hence any possible nonreduced
monomials that surface can only have been produced because of the superscripts.
If 2 > b, then the term must be a reduced monomial. If 2 < b, the term may
not be reduced. However, the sum of secondary superscripts of the generators in
the monomial is less than or equal to 7 +s. If equal, we know that the monomial
is reduced. Else, this lower upper bound on the sum of secondary superscripts
means that, by induction, after enough attempts at obtaining reduced monomials

this sum will eventually decrease to zero and we are done.

For a monomial of arbitrary length, the reducing process comprises consider-
ing pairs of adjacent generators, which we know can be done. Thus, we have an

ordering on the generators Ti(jO,r) and Yﬂigl,r)‘ .

Proposition 6.9. The ordered monomials in the Ti(].r) fori <j,r>0o0ri>jr>1are
linearly independent over C(q).

Proof. Suppose Y cyM = 0, where c)y € C(q) and M is a monomial in the Tigr).
Clear any denominators in the coefficients cj; so that we effectively have that
cum € Clg,q971]. Then, if each of these cy is equal to (g — 1)®p(q,q~ 1) for some
exponent eys. After dividing through by one of these (g — 1), we can assume that
at least one cy; does not lie in the ideal (g — 1)C[g,4!]. Next, let A = Cl[g,q7!].
Then, if U4(L™q,) is the A-subalgebra of U,(L'™qy) generated by the Tigr), we
have that 0 = Y cyM € U4(L™q,). We have that

UA(/:tqu)/(q - 1)UA(£tqu) = U(/jtqu).
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As a result, passing to this quotient produces
Y cuM =0, e €Clg,q7')/(9-1)Clg,q '] =C

Here, M belongs to the classical PBW basis for U(£”q,), which is made up of
monomials in the generators of £/%q,. As a result, this forces that c3; = 0 for
all M, thus each cj is an element of (g — 1)C[g,g~']. However, this is a direct
contradiction to the assumption that at least one cj has no factor of (3 —1). As a

result, each c); = 0 and thus the monomials M are linearly independent. ]
Corollary 6.10. The ordered monomials in the Tigr) form a basis of Uy (L™ qn).
Proof. This follows directly from Propositions 6.8 and 6.9. O

In particular, these monomials may have positive and negative powers of
10,

5 by [Olsgz2] (6.4), diagonal elements have exponents in Z. However, since

7O 7

— 1= 70 —(0) i :
i 1Y) =1=T7 T;” by defining relations, we can choose to only take gen-

—i,—i"ii

d —d
0)) with (T(O) ) where necessary. Further,

—i,—i

erators with i > 0 and replace (T(

ii
2

(Ti(jo)) = 0 when Tl.(jo) is odd, i.e. |i| 4+ |j| = 1. This means that the ordered
monomials will contain these generators only with exponents of 0 or 1. Again, the

same held in [Olsg2] (6.4).
Corollary 6.11. The ordered monomials in the ”L’i(jr) form a basis of U, (L™ qn).

Proof. This follows directly from Propositions 6.10 due to the simple relationship

between the two types of generators. O

Proposition 6.12. The ordered monomials in the Tl"l.(jo’m) for —n <i<j<mn,m>0and

Ti(jl’m) for —n < j <i<mn, m > 0are linearly independent over C(q).

(0,m)
Ti].

and Tl.(jl’m) with coefficients cpy € C(g). Suppose Y.cyM = 0. Denote by M™**

Proof. Take a linear combination ) cyM in these ordered monomials in
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(0,m)

the maximal monomial with cymex # 0. By Lemma 6.5, we know that T.. =

Yoo () (=1)m ”TZS ) and T.(‘l’m) =y ) (—1)mta ( ). Thus, replace every

TZ_(JO, " in each M with T Ly my(=1)me aTS ?) and every T( ) vith Tigmﬂ) n

Yoy (afl)(—l)m“*“qs. ). Then, write

ZCMM = ZC’I\\//IM/

where the M are monomials in the T generators. If M"™** is some product of gener-

(O ml) T(Ormso) T(l,nl) T(l )

ators T, ke s, with coefficient cpmar, then M™% is the

i 77T Tisgljsy 1 Tkl

(my) (msg) __(m+1) (nq1+ )
product of 7; ., T Tk Ty

. Notably, since these T-generators
each have a coefficient of 1, the coefficient CM/;; is equal to cpmer. However, since
Y. cuM = Y. cyM = 0, by the linear independence of the T generators, all cy =0.
In particular, % = 0, thus cpymx = 0, which is a contradiction to the fact that

cmmax 7 0. We can then conclude that the double-superscript generators form

linearly independent monomials over C(q). O

The following Corollary follows from Propositions 6.8 and 6.12.

Corollary 6.13. The ordered monomials in the T for i > jand i(jO,r) fori <jforma
basis of Uy (L™ qn).

In particular, these monomials may have positive and negative powers of

Tll 0, ; by [Olsg2] (6.4), diagonal elements have exponents in Z. However, since

0)(0) — 7 70
T,°TY, ;=1=T, ,T;” by defining relations, we can choose to only take such
70

d —d
generators with i > 0 and replace ( p ) with ( (l) 1) where necessary, then

2
use that T, = (- 1)1'9,+1 = (- )T, + 1. Further, ( .(.”) = 0 if

T ij

)y —
|Ti]‘ =1
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Proposition 6.14. A basis for K,, /K, 11 is given by the classes of ordered monomials of

the form (g — q_l)moﬂ(jﬁ’ml) e Ti(]-rk’m") with Y _om, =mand i < jifr;=0,i>jif

1"1':1.

Proof. As was observed above, the basis for each K, is given by monomials of the

form (g — qfl)mﬂ".l“i(jrl’ml) e Tl.g.r"’m") with Y¥_m, > m. In general, we have that
Tl.(jl’m) + (—1)mT£11ni3 € Ky+1 C Ky41. The same applies for Tigo’m). As a result,
in K, /K,;,11 , we have Tl.(].l’m) = (—1)’”“TS’;2. Thus, it is enough to choose only
half of all Ti(o’m) and Ti(l’m). Further, 1,(J(Tl.(].0’0) )=E;+E i j= lp(T(O’O) ); thus, for

] j —i—j
7(00)

ij ,weuse (0 <i <. O

Theorem 6.15. The map ¢ : Y(qn) — Do Kin /K11 with (p(tg")) = Tigl’m) is an

isomorphism.

Proof. This follows from the fact that ¢ maps a basis of the Yangian to a basis of

@Z.;:O Km/Km—H- t
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