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Abstract

Acoustic wave propagation, reflectivity and transmissibility in porous media are
presented. A new experimental method of probing various materials was developed.
It utilizes a large ultrasonic source and a near-point receiver. The effects of geomet-
rical spreading and averaging at the point of observation are minimized.

The calibration of the method on elastic materials immersed in water revealed a
large amplitude drop at the so-called Rayleigh angle of incidence. Extensive mod-
elling has shown that the phase of the reflection coefficient is solely responsible for
this energy drop and the apparent shift of the wave-field is attributed to a "spatial
dispersion effect” and not a leaky Rayleigh wave in the solid as previously suggested
in the literature. This was supported by experimental measurements. The method
was sufficiently understood to be used in more complex materials.

In addition to the compressional and shear wave modes, a transmission exper-
iment conducted on a thin water-saturated porous plate definitively detected the
highly attenuated slow P-wave. Further, an additional mode that may be the poros-
ity wave was observed. Further modelling is necessary to confirm this fourth wave.
Measured velocities and attenuations of the transmitted waves are in agreement
with the theory. Further, the reflectivity experiment revealed conversions of both P
and S-waves to slow P-waves. To the author’s knowledge, this is the first reported
observation of such conversion modes in a reflectivity experiment.

Reflectivity curves were acquired from water-saturated thick porous plates im-
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mersed in water. These plates exhibit a low degree of sintering and large thickness,
and consequently large "dry” P and S-attenuations and not all required parameters
could acceptably be obtained. A numerical approach is employed instead yielding
satisfactory reflectivity results. However, some features were not modelled properly.

Both the Biot and the de la Cruz/Spanos theories were reviewed, employed in the
modelling, and compared in the context of the present experiments. When water
is considered both theories adequately explained the observations but similarities
break down for higher viscosity fluids.

Zoeppritz’s equations are found to disagree with the observations at ultrasonic

frequencies. Extrapolation to seismic frequencies is left to future work.
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Chapter 1
Introduction

During my tenure at the University of Alberta, it is important to note that
additional contributions in the field of deep crustal seismology were made. The
author has accomplished another project begun with Dr. E. R. Kanasewich on depth
migration. The map of the topography of the Mohorovici¢ discontinuity in Alberta
was revised using 1900 km of reanalyzed reflection profiles acquired as part of the
Lithoprobe Alberta Basement Transect. These data were depth migrated using a
parallelized algorithm that accounts for steeply dipping structures and an improved
crustal velocity model based on rock physics measurements was employed. This
work was published elsewhere and one paper (Bouzidi et al., 2002) was dedicated to
the memory of E. R. Kanasewich, a pioneer in deep crustal seismology. However,
to maintain the theme of the present research the author has chosen not to include

this material in the thesis.

The ultimate goal of the present work is to conduct experiments on wave prop-
agation, reflectivity, and transmission in water-saturated porous materials on one
hand and to model and test theoretical concepts on the other. It is important to
study this problem, as Zoeppritz’s equations do not describe properly the reflectiv-
ity and transmission in fluid-saturated materials. However Zoeppritz’s equations are
commonly used in Amplitude Variation with Offset (AVO) studies and assume that
the media involved are elastic. The present work will address this problem.

In this thesis experimental reflectivity and transmission tests on porous materi-
als of various properties are conducted. The modelling of theoretical concepts are
presented along the experimental results.
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CHAPTER 1. INTRODUCTION 2

The thesis is divided into two parts. The first part will deal with the calibration
and characterization of the ultrasonic source-receiver pair; the primary equipment
developed and used in these experiments. This process is conducted on well known
isotropic and elastic materials. The second part will be devoted to experimental
measurements of wave propagation, reflection, and transmission in fluid-saturated

porous materials.

In order to properly conduct laboratory acoustic reflectivity measurements, the
source-receiver pair must be well characterized and calibrated. In chapter 2 the fun-
damental theory on wave propagation and reflection from fluid-solid boundaries will
be reviewed with an emphasis on the phase angle that plays a major role as will be
demonstrated later in the reflectivity of bounded wave fields. This theory is then ex-
tended to bounded acoustic beams and to bounded acoustic pulses with an extensive
numerical modelling to illustrate the role of the phase of the reflection coefficient in
the reflected wave field. These type of wave fields will be treated both theoretically
and numerically in details in this chapter. This work was necessitated by the first
observations of reflectivity where an unexpected behaviour of the reflectivity curve

was found.

In general, laboratory experiments are usually conducted with acoustic sources
and receivers of non-negligible size compared to the dimensions of the experiment.
If the source and receiver are considered as point source-receiver pair, errors will be
induced on any measurement and must be corrected for. Many times this is not
easily achievable without many approximations. On the other hand using very small
transducers as sources adds complications to laboratory measurements. The energy
transmitted by a point source is usually not intense enough to discern weak events
from the background noise. Furthermore, diffractions from the equipment can be
problematic. To overcome these problems a new laboratory method is developed.
The idea is to use as large a source as possible combined with as small a receiver
as possible. A large transmitting source was constructed from a large piezo-electric
ceramic sheet; this produces a stable wave field with the amplitude along the main
axis of propagation remaining constant to large distances. The measurements ac-
quired with this type of wave field are much closer to a hypothetical plane wave.
However, despite the efforts in the present work to obtain a plane wave, this type
of wave field is still bounded both spatially and temporally; these realities must be
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CHAPTER 1. INTRODUCTION 3

taken into account in any modelling calculation. The receiver on the other hand is

made as small as possible to avoid any averaging around the point of observation.

The receiver that is used in this study is very small compared to the source, with
an area 0.046% of that of the source. This reduces drastically the averaging effects
of signals detected by the receiver. This source-receiver pair is highly directional, a
feature that ensures lateral arrivals are very weak relative to those whose wave fronts
are parallel to the receiver surface. This source-receiver pair will be used in most of
the experimental work presented in this study. Chapter 3 is devoted to experimental
results and calculated models in the calibration process of the source-receiver pair.
The experimental reflectivity calibration will be conducted on 3 solid materials, a

copper alloy, a soda-lime glass, and an aluminium block.

An acoustic goniometer was developed. The experimental calibration of the re-
flectivity from water and the three elastic solid interfaces revealed an unexpected
energy drop near the S-wave critical angle of incidence. The horizontal velocity of
the reflected wave coincides with that of a Rayleigh wave that would propagate at
the surface of the solid in the absence of the fluid medium at exactly the angle of
minimum reflectivity. This angle is referred as the Rayleigh angle and the phe-
nomenon itself as the Rayleigh angle effect in earlier literature. This complicates
experimental analysis, but makes it more interesting. Several authors studied this
effect and proﬁosed theories to explain the behaviour of the reflected wave field at
this particular angle of incidence. This effect is also known in the optics literature as
the Goos-Hanchen shift. It was first experimentally observed by Goos and Hanchen
(1947). Schoch (1950) has experimentally observed this phenomena in acoustic ex-
periments and presented photographs of a displaced acoustic beam upon reflection
from a fluid-solid interface using schlieren photograph. He has also explained the ef-
fect and gave an approximation for the displacement of the reflected beam along the
reflecting boundary (Schoch, 1952a; Schoch, 1952b). Brekhovskikh (1960) has fol-
lowed the work of Schoch and approximated the energy distribution of the displaced
reflected beam. He also pointed out that the displacement is analogous to the theory
of propagation of a pulse in a dispersive medium. Since then, however, many authors
proposed alternate explanations. Diachok and Mayer (1970) observed a pronounced
minimum reflectivity at the so-called Rayleigh angle in a reflectivity experiment from

a fluid and a solid medium and attributed this phenomena to a conversion of the
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CHAPTER 1. INTRODUCTION 4

incident wave to a Rayleigh-type wave at the interface. Horowitz and Tamir (1971)
argued at that time that the beam displacement was not well understood. They pro-
posed an analytical formulation for the displacement of a reflected Gaussian beam
for electromagnetic waves. A theory was proposed by Tamir and Bertoni (1973) that
attributes this effect to a leaky surface wave for electromagnetic waves. A similar
theory was proposed for the observed phenomenon for a reflected acoustic beam at
the Rayleigh angle and was attributed to a leaky surface wave (Bertoni and Tamir,
1973). Experimental measurements were also acquired near the Rayleigh angle and
were used to measure the beam displacement (Breazeale and Adler, 1974; Breazeale
et al., 1977) and material properties (Neubauer and Dragonette, 1974). Recently an
experimental study on a water-porous material interface at the Rayleigh angle was
presented by Guo-Zhen et al. (2001) where the displacement is also photographed.
However it is important to note that their experiment is conducted on a porous
material with large bulk and shear moduli which makes the case study close to the

ones performed on elastic media by others as mentioned above.

Most publications related to the Rayleigh angle focus on the displacement of
Gaussian beams and earlier experimental work focused around this particular angle
of incidence. In this study an extensive modelling of the reflectivity of bounded
acoustic beams and bounded acoustic pulses from water-solid interfaces will be pre-
sented and supported by experimental results for a wide range of angles of incidence.
In this study the observed phenomenon at the Rayleigh angle is explained by what
will be called ”spatial dispersion” and not to a leaky Rayleigh wave as suggested in
earlier work despite the existence of surface waves at post P and S critical angles of
incidence.

In chapters 4 and 5 the fundamental plane wave theory of wave propagation,
reflection-transmission at interfaces between fluid and fluid-saturated porous mate-
rials will be given. The plane wave theory is extended to bounded acoustic pulses
with an emphasise on the phase of the reflection coefficient that plays an important
role in the reflected wave field. As experimental measurements and interpretation of
reflectivity from water and water-saturated porous material interfaces are the ulti-
mate goal of the present work it is important to review the literature in this domain.
This review will be presented with a focus on fluid-solid skeleton interaction, a man-
ner somewhat different from the literature in this domain. The theoretical concepts
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will be illustrated by modelling examples.

A large part of published work of wave propagation and reflection-transmission
in fluid-saturated porous media is theoretical. Interest in acoustic wave propagation
in porous media became more important for many scientists after the publication of
two classical papers in this topic by Biot (1956a; 1956b). However there exists work
prior to that of Biot on wave propagation in porous materials such as the work of
Frenkel (1944) on seismoelectric phenomena in moist soils and the work of Morse
(1952) on wave propagation in granular media. In his theory Biot demonstrated that
two dilatational waves and one shear wave can propagate in such media. This theory
requires several elastic coefficients to be measured. An experimental methodology
to measure these parameters was proposed later by Biot and Willis (1957). In this
theory only viscous losses due to fluid movement relative to the solid skeleton were
included in the attenuation of the wave modes that can propagate in fluid-saturated
porous materials. Later the theory was generalized to include other processes such
as anisotropy and viscoelasticity (Biot, 1962a; Biot, 1962b). A set of boundary
conditions for boundary value problems involving porous media was developed by
Deresiewicz and Skalak (1963).

Since then many authors developed alternative theories. Among these, that de-
veloped by de la Cruz/Spanos (1985) is based on a different physical background.
The equations of motion were derived at the microscopic scale then averaged to
obtain the macroscopic equations of motion. This is in contrast with the Biot the-
ory that treated the problem directly at the macroscopic scale and neglected the
existence of viscous stress in the fluid. In de la Cruz/Spanos’s theory the viscous
stress of the fluid was included in the formulation of the problem, consequently,
a second S-wave was also found to propagate in such media. The authors have
refined the theory to include thermomechanical coupling (de la Cruz and Spanos,
1989b; Hickey et al., 1991; de la Cruz et al., 1993) which allows 4 P-waves and
two S-waves to exist. However the attenuation of these extra waves is extreme and
consequently they would be difficult to observe in nature. With respect to reflec-
tivity, de la Cruz/Spanos (1989b) proposed a set of boundary conditions based on
different physical background from that of Deresiewicz and Skalak (1963). Hickey et
al. (1995) suggested a set of experimental tests for the measurements of the elastic
coefficients involved in the theory of de la Cruz/Spanos. The reflection-transmission
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CHAPTER 1. INTRODUCTION 6

boundary value problem was solved by de la Cruz et al. (1992) according to their

theory and boundary conditions for hypothetical materials and conditions.

In the present work both Biot’s and de la Cruz/Spanos’s theories will be inves-
tigated and used to model the experimental observations of wave propagation and

reflectivity-transmission at water and water-saturated porous material interfaces.

A theoretical study of reflectivity of acoustic waves at a water-sediment interface
(ocean bottom) was given by Stoll and Kan (1981) where the loss in the solid skeleton
was taken into account. However, the description of the boundary value problem and
the choice of parameters was not supported by experimental measurements. Another
purely theoretical calculation of the reflection coefficients in fluid-saturated porous
media was given by Santos et al. (1992). The debate on the boundary conditions
related to porous media is still not completely settled as some experiments do not
always conform with the proposed models. The boundary conditions revisited by
Gurevich and Schoenberg (1999) were derived from the Biot’s equations of poroe-
lasticity. These conditions are similar to those of Deresiewicz and Skalak (1963)
with a variant for the open pore conditions at the interface. A recent publication by
Denneman et al. (2002) deals with theoretical reflectivity and transmission at fluid-
porous medium interface with both open pore boundary conditions and sealed pore
boundary conditions. The authors considered fluid-saturated porous media filled
with air and with water and found remarkable differences between the open pore
conditions and the sealed pore conditions. These results have implications for the

interpretation of observations of reflectivity versus angle of incidence in the field.

In the experimental domain, Wu et al. (1990) showed measurements of trans-
mitted fast P, slow P, and S waves through porous media. However the authors
have treated the boundary value problem as an elastic case as considered by Biot
in the low frequency limit (Biot, 1956a) and therefore attenuation was not included.
In this paper none of the observed wave forms were shown. Beamish et al. (1983)
have measured longitudinal and transverse sound velocity in liquid *He-filled porous
Vycor as a function of temperature and pressure and found that Biot theory applies
well to the results. They were also able to observe the transition from the low to
high frequency limits that agrees well with the Biot theory. Warner and Beamish
(1988) applied the velocity measurements successfully in “He-filled porous materials
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to measure the surface area of such materials. The measurement of the S-wave ve-
locity and attenuation in “He-filled porous material can also be used to calculate the

parameters that characterizes the porous medium geometry (Warner and Beamish,
1994).

The first successful observation of the slow P-wave predicted by Biot theory
was made by Plona (1980) in sintered glass spheres. A more recent observation
of this wave was made in a water-saturated Nivelsteiner sandstone by Kedler and
Smeulders (1997). A numerical simulation of the Biot slow P-wave in a water-
saturated Nivelsteiner sandstone was recently presented by Arntsen and Carcione
(2001). Discrepancies in the amplitudes of the events between the observation and
the predictions were attributed, without hard evidence, to non-Biot attenuation

mechanisms.

The slow P-wave has a large attenuation and is consequently not easily observ-
able. In most cases (Plona, 1980; Kedler and Smeulders, 1997), it was observed
as a low amplitude event relative to the stronger P and S observed wave modes.
These earlier experiments used small source-receiver pairs in which the transducers
of the sources and receivers were of the same size. In the present study, definitive
evidence of the existence of the slow P-wave with a relatively strong amplitude will
be presented in a transmission experiment through a thin (2.46 cm) water-saturated
porous sample constructed from sintered glass beads. Moreover, other converted
modes related to the slow P-wave will also be observed in a reflectivity experiment
using the same porous sample. To the author’s knowledge this is the first time that
hard evidence of converted modes involving the slow P-wave have been reported
in a reflectivity experiment. This was made possible by the use of a large acoustic
source in the experiments. Geerits and Kedler (1997) have presented mainly theoret-
ical work along with some experimental results of a transmission through a porous
medium. Their measurements were made for the fast P, the slow P, and S waves at
only angles of incidence of 24°, 54°, and 45° respectively. During their experiment
scanning with the receiver to search for the maximum energy of the arrivals was used.
In the present experimental transmission test, the source and the receiver remain
fixed during measurements for all angles of incidence, only the sample orientation is
changed.
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In chapter 6 the experimental methodology for measurements of the required
parameters describing porous materials is highlighted. The experiments used in this
study were also described.

In chapter 7 and chapter 8 a complete experimental and modelling study on
a reflectivity-transmission was conducted on a thin synthetic porous plate. In the
transmission experiment the slow P-wave is observed strongly at all angles of inci-
dence. In the reflectivity experiments several converted waves were observed. Con-
verted fast P and S-wave modes to a slow P-wave were observed. Reiterating again
here, to the author’s knowledge this is the first time such wave conversions were ob-
served experimentally. It was also possible to measure wave speeds and attenuations
of all the transmitted waves. This makes the study complete as all relevant param-
eters and measurements were made in this experiment. The reflectivity calculated

from the set of measured parameters is found to agree with theory.

In chapter 9 reflectivity observations were acquired at the interfaces between
water and water-saturated synthetic thick (7 cm) samples with a wide range of per-
meability and pore sizes. Not all parameters could be measured on these due to the
thickness and the high attenuation related to the solid skeleton for both P and S
waves. In these cases numerical modelling was used instead to find the best set of
parameters that would give the closest reflectivity to the observed one. The reflec-
tivity curves agree well with calculations but disagreement in the detail is noticeable
particularly at post P-critical angle of incidence. Discrepancies between the full elas-
tic Zoeppritz’s (Zoeppritz, 1919) and porous media theory solutions are substantial
at the frequency range used in this study. Therefore Zoeppritz’s equations cannot be

applied to laboratory reflectivity measurements from fluid-saturated porous media.

Concluding remarks, a summary of the results, and suggestions for future work
are given in chapter 10.
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Chapter 2

Plane waves, bounded acoustic
beams, and bounded acoustic

pulses in isotropic media

2.1 Introduction

The laboratory method used in the forthcoming experimental investigation of the
reflectivity of porous media uses a large source transducer that generates a broad
"bounded” acoustic pulse in a water filled tank. The pulse is referred to as bounded
because it is both spatially and temporally limited. In order to properly describe the
behaviour of the acoustic wave field generated by this source, the field is decomposed
into its Fourier components. Fach Fourier component represents a plane wave with
an angular frequency and a direction of propagation defined by its wave number
vector. It is therefore important to first briefly review plane wave propagation and
the partitioning of energy at a fluid-solid interface. There are as well some interesting
effects when acoustic beams are reflected at post-critical angles of incidence that are
useful to review. One of these that occurs most strongly at what has been called
the Rayleigh angle (Schoch, 1950; Brekhovskikh, 1960) is of particular significance

to experimental observations.

A review of wave propagation in isotropic media is first given followed by the
solution to the reflection-transmission problem at a fluid-solid boundary. The phase

of the reflection coefficient will be studied in detail as it plays a dominant role in
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CHAPTER 2. WAVES IN ISOTROPIC MEDIA 10

the understanding of bounded acoustic beams and bounded acoustic pulses reflected
from a fluid-solid boundary. An example of a water-glass interface will be given as an
illustration that will show the importance the phase of the reflection coefficient plays
in the reflectivity response of a fluid-solid boundary. Finally numerical reflectivity

results will be given for both bounded acoustic beams and bounded acoustic pulses.

In this thesis a "bounded acoustic pulse” refers to a wave field limited in both
time and space whereas a ”bounded acoustic beam” is only bounded in space and
is monochromatic. These two type of wave field are distinguished because the phase
shift that these experience will depend on frequency even though the reflectivity of
a plane wave has a frequency independent reflection coefficient when isotropic and
elastic media are involved. This substantially complicates, but also makes more

interesting, the experimental observations.

In achieving these results a great deal of computational effort was made. Many
codes were developed for forward modelling, migration, and reflectivity of both
bounded acoustic beams and bounded acoustic pulses. Some of these programs
involve significant running time to accomplish the results that will be presented,
particularly for preparing the data for each angle of incidence in the reflectivity
models of the bounded acoustic pulses.

2.1.1 Geometry of the problem

The reference frame that will be used at all time is the (Z, £) cartesian coor-
dinate system where £ and Z are the horizontal and vertical directions respectively
(Fig. 2.1). This coordinate system will be used in all two dimensional problems and
the third dimension g if needed is normal to the plane of the paper. The reflection
and transmission coefficients are all written in terms of the vertical and horizontal
wave numbers. This will allow a better understanding of the reflectivity of bounded
acoustic beams and particularly of bounded acoustic pulses. Indeed, the develop-
ment of the theory here was necessitated by the earliest observations of the acoustic
reflectivity tests. It was anticipated, perhaps naively, that the experimental reflec-
tivity curves would be easily interpretable using plane wave theory as occurs often
in experimental geophysics. This was not the case and a more realistic description

of the bounded acoustic pulse was required.
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Wave front . .
>/ Direction of propagation

Z"

Figure 2.1: The two dimensional reference frame used in all 2D problems. The third

dimension 4 is normal to the plane (Z, 2).

To the author’s knowledge bounded acoustic pulses have not been investigated in
detail in the literature. It is therefore crucial to give a complete description of these
wave fields as they are used exclusively in the experiments. The present analysis
is based on the theoretical work described in Brekhovskikh (1960) but likely first
developed by Schoch (1950). This work is reviewed and then applied to model the
response of reflected bounded acoustic pulses. Initially, however, we begin with an
overview of wave propagation in fluids, this material exists in many texts but it is
included in order to introduce the reader to the nomenclature and mathematical

methods employed.

2.2 Wave propagation in real fluids

The fluid used in the forthcoming experiments is water. In this section plane
waves propagating in real fluids with viscosity are first considered. Viscous fluids
can support a shear stress and consequently S-waves can propagate although in
reality they are highly attenuated. Attenuation and dispersion of both longitudinal
and shear waves vary with viscosity. Here the propagation of both longitudinal and

shear waves in real fluids will be considered.

All bounded acoustic beams and bounded acoustic pulses can be decomposed onto
plane waves. These basic concepts presented will demonstrate that in the frequency

range used here one can ignore completely transverse waves and attenuation of P-
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waves in water. Such plane waves are then used in constructing bounded acoustic
beams and bounded acoustic pulses. It is important to understand the behaviour
of bounded acoustic beams and bounded acoustic pulses to properly interpret and
support the later experimental observations, the unusual characteristics of which

were not expected when this work was began.

2.2.1 Plane waves in fluids

The derivation of the equations that describe wave propagation in fluids below
is a shortened version of that found in many texts which will follow the work of
Bhatia and Singh (1986). The wave equation in real fluids is given by the acoustic
approximation to the Navier-Stokes equation for small displacements. In the absence
of body forces this equation is given by Bhatia and Singh (1986)
po—g—% =—Vp+ (b + 31);77> VV -7+ V4 (2.1)
where py represents the unperturbed fluid mass density, ¢ the particle velocity, ¢
time, p pressure, b bulk viscosity, and 7 the shear viscosity. n is the quantity more
commonly known as viscosity, it can be easily experimentally measured (Gray, 1963).
The bulk viscosity is a dynamic parameter that depends on the time rate of change of
the density of the fluid as it is perturbed by the wave. Bulk viscosity is very difficult

to measure directly and it must be inferred from ultrasonic wave attenuation (Bhatia
and Singh, 1986).

To develop the approximation, expand the pressure p in a Taylor’s series and
retain terms of first order

p(p) = p(po + dp) = p(po) + (%) ) (p— po) (2.2)

where py and p are the unperturbed and perturbed densities respectively. Equation
2.2 can be rewritten as

The equation of continuity is given by
Op -
5;+pgv-v~—0 (2.4)
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Combining equations 2.3 and 2.4 allows equation 2.1 to be rewritten as

0 e e
g =m0 2| (64 50) 99 507 (25)

1
where V = (%) * is constant and is the speed of sound in the fluid. Now, us-
ing Helmhotz decomposition we express the particle velocity ¥ in terms of a scalar

potential ¢ and a vector potential 1/7

— a - = 7
v—é—t(ng—Fwa) (2.6)
Substituting equation 2.6 into equation 2.5 we obtain
PaE = [POVQ + (b+ 5"7) 52] Vi (2.7)
for longitudinal waves and
) Dy
L == 2.
Po g = N5V ¥ (2.8)

for transverse waves.

2.2.2 Effect of fluid viscosity on acoustic plane waves

Real fluids can support shear stress which is, of course, highly dependent on
viscosity. Shear waves thus can propagate in real fluid due to viscosity although in

practice one may never actually be able to observe this, particularly for low viscosity
fluids.

First consider longitudinal waves, specifically an Z propagating plane wave with
particle velocity in the Z direction. Then equation 2.7 becomes

¢ 5 4\ 97 &%
p()——-*at2 = l:povo + <b+ '3'77> "—"&f:l _6.2132 (2.9)
Using plane wave solutions of the form

¢ = gpe'lEet) (2.10)

where k is the wave number, which is in general complex, and w is the angular

frequency, we get the dispersion relation

k? = pow” (2.11)
[poVE +iw (b+ 4n)]
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Let k = k—-l + 115; where k?l represents the propagation vector perpendicular to lines
of constant phase, and ks represents the attenuation vector, perpendicular to the
lines of constant amplitude. In general, ki and 15; need not be parallel. The scalar

potential can then be rewritten as
¢ — ¢Oe~—kzmei(k1m-wt) (212>

The phase velocity and the attenuation can be derived from equation 2.11. First
rewrite this equation as

w1

k% - k)g - 22]471]432 = "‘/:05-1—_—!——22‘):
Wy

(2.13)

Let w << w, where w, = g&j% often known as the viscosity relaxation frequency
3

(Bhatia and Singh, 1986). In the low frequency limit (107 Hz) solving for k; and ks

and keeping only terms of first order in f; we get

V="V, (2.14)

Thus there is no dispersion in the phase velocity of longitudinal waves as can be seen
through equation 2.14 where the velocity of the propagation V' remains constant.

The attenuation in the other hand increases with viscosity and is given by

w? 4

Equation 2.15 can be used to infer the bulk viscosity b (Bhatia and Singh, 1986).

In the absence of bulk viscosity equation 2.15 reduces to Stokes attenuation formula

given by
okes wn
k5'oRe (w) = 230 (2.16)
Using equation 2.15 and equation 2.16 we obtain
4 k2 _ kStokes
b=3 ("‘—“——kgtoies ) n (2.17)

In the formula above k is the total observed attenuation that includes attenuation
due to both the shear and bulk viscosities. k5%*¢* is found using the shear viscosity
n, the unperturbed fluid mass density py, and the velocity of sound in the fluid
Vo. Therefore at any given frequency the bulk viscosity can be inferred from the
measurement of the total attenuation and the Stokes attenuation.
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A more common way to describe attenuation is by the dimensionless quality
factor @ (see e.g. Aki and Richards (1980), Guéguen and Palciauskas (1994), and
O’Connell and Budiansky (1978)) that is given by

2k
= 2.18
Q== (218)
where F is the total energy in a wave cycle and AFE is the dissipated energy during
a wave cycle. For a plane wave we have

Qw) =

W
2k V)

where ky is the attenuation, V; is the phase velocity at the angular frequency w. In

(2.19)

the case of a viscous fluid we have

Q(w) - POV()2

= Shr ) (2.20)

The attenuation is illustrated by two examples, water (low viscosity) and glycerol

Fluid Vo 7 Po
m/s Pas kg/m3

Water 1500 0.001 2.5 1000

Glycerol 1923 1.499 1.1 1261.3

| 3 o

Table 2.1: Properties of water and glycerol at 20°C. V4 is the velocity of sound, n
the shear viscosity, b the bulk viscosity, and py the unperturbed density. Data from
Bhatia and Singh (1986), after Litovitz (1960).

(high viscosity). The properties of these two fluids are given in table 2.1. These
data are from Bhatia and Singh (1986), after Litovitz (1960). The attenuation and
the quality factor are plotted against frequency in figure 2.2 for water and in figure
2.3 for glycerol. We see that the quality factor is very high (very low attenuation)
for water (in the order of 10° at 1 MHz). Therefore within the displayed frequency
range one can safely neglect attenuation of P-waves in water. Glycerol in the other
hand has a lower quality factor than water, in the order of 190 at 1 MHz. Thus in

glycerol the attenuation is not negligible at the considered frequency range.

Now consider transverse waves propagating in the & direction and let the particle

motion be in the Z direction. Because the displacement (or velocity) is derived
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Figure 2.2: Attenuation and quality factor ) of longitudinal plane waves in water.
The quality factor is very high and is of the order of 10° at 1 MHz.
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Figure 2.3: Attenuation and quality factor @) of longitudinal planes wave in glycerol.
The quality factor is low and is of the order of 190 at 1 MHz.

from the curl of the vector potential, the latter must be in the ¢ direction to be
perpendicular to both the velocity and the wave number vector k. In this case
equation 2.8 becomes

&, 0

P =15V Yy (2.21)
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Using a plane wave solution of the form

P = e’ (2.22)
we get the dispersion relation
12 = 70 (2.23)
n

Letting k = kq+iks as for longitudinal waves, the vector potential 1; can be rewritten

as

-

w — (gwﬂemkzwei(lﬁlm—wt) (224)
From the dispersion relation 2.23 we have k; = ky. The phase velocity and the

6

x 10
3 L ; ; 2
—— Attenuation : :
— = Quality factor Q
T : o
é Do e et 1 5
B LT _l______] &
-‘:—‘: >“l
: 2
|5} 1 o T S .0 =
£
< o
0 : : : —1
0 0.5 1 1.5 2
Frequency (MHz)

Figure 2.4: Attenuation and quality factor ¢} of transverse plane waves in water.

attenuation of the viscous waves are then given by

wwz:eﬂf (2.25)

Po
_ (em)?
M@——(%> (2.26)
Qw) = 05 (2.27)

Note that for transverse waves both the phase velocity and the attenuation depend
on frequency. The phase velocity increases whereas the attenuation decreases with
increasing viscosity. The quality factor is constant (0.5) and is independent of the

fluid properties for all frequencies and is very low (Figs. 2.4-2.5). The attenuation
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Figure 2.5: Attenuation and quality factor @) of transverse plane waves in glycerol.

The quality factor factor is very low.
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Figure 2.6: Phase velocity of transverse plane waves in water and glycerol.

is very high for water and moderate for glycerol. The phase velocities of transverse
waves in water and glycerol are shown in figures 2.6. These velocities are very low for
water and reach the value of 175 m/s at 2 MHz for glycerol. In light of these results
we can safely neglect the transverse waves in water in the forthcoming experiments.
To carry the experimental work which will be described and discussed in this study
a frequency bandwidth limited signal will be used (0.2-1.2 MHz). All experiments
will be conducted in a water filled tank.
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2.3 Plane waves in non-attenuating media

In this section we first investigate the type of waves that can propagate in an
isotropic, homogeneous, and non-attenuating medium. This review will follow the
work of Bedford et al. (2000). Create a Cartesian space (£,7,2) that contains an
isotropic, homogeneous, and non-attenuating medium (Fig. 2.1), the § axis points
outwards perpendicular to the plane of the paper. Let the particle motions for
all possible wave modes that can propagate in such media lie in the (Z, 2) plane.
Subscripts ., and , indicate components in the corresponding direction. The wave

equations are given in terms of potentials by

d*¢ o%¢ 0%
5 =V (%5+a_z3> (2.28)
R i ]
e = (‘5; = (229)

for dilatational and rotational waves respectively. As is shown in many texts the
dilatational wave velocity V,, and the S-wave velocity V; are given in terms of material
parameters by

G = (22 230)
V., = (%)é (2.31)

where A and p are the Lamé constants.

2.3.1 Solutions to the dilatational wave equation

Assume solutions to equation 2.28 of the form
¢ = f(z)e'Fee) (2.32)

The potential for compressional waves as given by equation 2.32 assumes that the
wave propagates in the & direction with a real wave number k, but with no restric-

tions in the Z direction. By substituting this solution into the equation of motion

2.28 we get , \
d°f(z) w _
dz2 <[/p2 B ki) f(z) =0 (2.33)
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Equation 2.33 has solutions of the form
f(z) = Aet*=* 4 Be =2 (2.34)
where A and B are arbitrary complex numbers and k, is the vertical wave number
given by
w? 5 3
Note that here k, can either be real or pure imaginary according to the sign of the

quantity under the square root.

2.3.1.1 Case where k, is a real number

i kﬁ < —325 then k, is real and the solution given by equation 2.32 becomes
P
¢: Aei(kxm—l-kzz——wt) +Bei(kzm~kzz-—wt) (236)

The first term of equation 2.36 represents waves travelling with a component in
the positive Z direction whereas the second term represents waves travelling with a
component in the negative Z direction. k, and k, represent the projections of the
wave number & in the direction £ and 2 respectively. Equation 2.36 can be rewritten

as
¢ — Aez(k: sin 8z-+k cos Oz —wt) + Bez’(k sin 8z —k cos 0z—wt) (237)

where 8 is the angle between the wave number k and the 2 direction (Fig. 2.1). Now
let the wave be travelling with a component in the positive 2 direction (B = 0). The

displacement is then given by

L, O, 09,
= — e 2.38
Y8 + 82" (2.38)
Using the solution given by equation 2.37 we get
i = [Zik Asin 0 + 2ik A cos f] gi(ksin otk cosfz—ut) (2.39)
which can be rewritten as
@ = ikAe'FE-t) (2.40)
The physical displacement is then given by the real part of equation 2.40 and is
w=k|A] cos("-f——wt—!-arg(A)«I—g) (2.41)

The amplitude of the wave is k | A |. These are longitudinal waves that propagate
with a real wave number.
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2.3.1.2 Case where k, is a pure imaginary number

If k, is a pure imaginary number (case where k2 > —“;:5) then equation 2.34 becomes
f(z) = Ae™"* 4 Beh® (2.42)

where A and B are arbitrary complex numbers and h is a real positive number given

by
2 w? : (
h = (kx — ———> 2.43)
sz
In this case we have
¢ — Ae—hzei(kma}~—wt) + Behzei(kzm—wt) (244)

The first term of equation 2.44 represents waves travelling in the Z direction with am-
plitudes decaying exponentially with increasing z and increasing exponentially with
decreasing z. The second term represents waves travelling in the £ direction with
amplitudes increasing exponentially with increasing z and decreasing exponentially
with decreasing z. Now let the wave be travelling with amplitudes increasing in the
positive & direction and decaying with increasing z (B = 0). The other direction

(A = 0) can be treated similarly. Equation 2.44 can then be rewritten as
¢ — Aei(kzw—}-kzz—wt) (245)

where k, is
k, =1ih (2.46)

Thus equation 2.45 can be rewritten as
¢ = AgiFT—) (2.47)

with k given by

k = ky +ih (2.48)

where k, and & are the components of the wave number k in the direction £ and 2

respectively. Furthermore we have
K = k> —h? (2.49)

W
ko= =
Ve
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The displacement is given by equation 2.38. Using the solution given by equation
2.44 we get
7 = i Akeilker=wtg—hz (2.51)

The physical displacement is then given by the real part of equation 2.51

U =| A | [:T:km cos(k,z — wt + arg(A) + —g) — zhsin(kyz — wt + arg(A) + *)] e he
(2.52)
These type of waves are a special case of the general inhomogeneous waves that can
propagate in attenuating media (and will be discussed again later in the porous media
study in chapter 4). Here these waves propagate with a pure imaginary wave number
k, in the 2 direction and a real wave number k, in the Z direction. The amplitude
increases exponentially in the negative Z direction and decays exponentially in the

positive Z direction.

2.3.2 Transverse wave

Consider transverse waves travelling in the # direction. Let the physical displace-
ment be in the (£, 2) plane and the vector potential ¢ be in the § direction. In this

case equation 2.29 becomes

(2.53)

Oy _ 1o (0P Oy
g = s ( a2 T o )

This equation has the same form as equation 2.28 and can be treated in a manner
similar to that for longitudinal waves described above. The vector potential can be
written as

h, = CeilFE=w) (2.54)

where k = T The displacement is given by
=V x1y (2.55)
using equation 2.54 in equation 2.55 we get
i = —iC [k,5 — ky5] & (FF-1) (2.56)
The physical displacement is given by the real part of equation 2.56 and is

Uy =| C | [k;2 — kz2] cos(k - T — wt + arg(C) — g) (2.57)
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and the amplitude of the wave is | C' | k. In the case where k = k, -+ ih equation
2.57 becomes
@ = C [hd + iky2] e h*eihar—u1) (2.58)

and the physical displacement is then

i, = [2 | C | heos(kgz — wt + arg(C)) — 2 | C | kysin(kyz — wt + arg(C))] e
(2.59)
with the amplitude of the wave | C' | ke™*. These waves are of the same type as

those described above for inhomogeneous dilatational waves.

2.4 Reflection-transmission of acoustic waves at a

liquid-solid interface.

Even though the following two-dimensional boundary value problem has been
solved in many texts, but often only partially treated for particular needs, it is
essential to give here the solutions for the reflection-transmission coefficients as it is
the framework upon which the experiments will build. The treatment will be given
in terms of wave numbers as this will be found useful in describing propagation of
bounded acoustic beams and bounded acoustic pulses in elastic media. Furthermore
it will help understand the reflection-transmission problem in porous media that will
be treated later. A spatial shift in the experimental reflected pulses will be discussed
in great detail. It will turn out that understanding this unexpected phenomenon is

central to the interpretation of the experimental results.

Consider a steady state dilatational plane wave be incident on a plane boundary
between a fluid and a solid. Let the two isotropic media (a) and (b) be in perfect
contact at the plane z = 0. Let the medium (a) be a liquid (with negligible viscosity)
and the medium (b) be an elastic solid. A monochromatic plane wave (frequency w)
travelling in the liquid at an angle 8 with respect to the Z axis strikes the boundary
between the liquid and the isotropic solid. In this case three waves are generated
at the boundary, a reflected P-wave, a transmitted P-wave, and a transmitted S-
wave (Fig. 2.7). Let the incident and reflected P-wave potentials be denoted by
superscripts * and " respectively and the transmitted P-wave and S-wave potentials

be denoted by a superscript *. Subscripts , and , will denote the components of
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the considered vectors and subscripts , and ; will denote P and S transmitted waves

respectively.
Z)
Incident P Reflected P
Interface
e
x’ Medium (a) X
Medium (b)
Transmitted P
zZv Transmitted S

Figure 2.7: Waves generated at an interface between a liquid (medium (a)) and a

solid (medium (b)) by an incident P-wave.

2.4.1 Boundary conditions at a fluid-solid boundary

The general boundary conditions at an interface between a fluid (a) and a solid
(b) are

e continuity of normal stress across the boundary
e continuity of tangential stress across the boundary

e continuity of the normal particle displacement (or particle velocity) across the

boundary

The first two conditions can be combined to

ol = o (2.60)

where n; are components of the normal unit vector 7 to the boundary. To satisfy
these conditions three waves must be generated at the interface (Fig. 2.7).

2.4.2 Displacement and velocity potentials

This boundary value problem is approached by using scalar and vector potentials
and writing the boundary conditions given above in terms of the components of
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these quantities. Let ¢ and zﬁ be the scalar and vector potentials respectively. Using
Helmhotz decomposition of a vector field, the particle displacement @ and the particle

velocity ¢ can be written as

@ = Vo+Vxi (2.61)
I
7 = —5;(\7¢+V><¢> (2.62)

where ¢ describes the potential field created by a longitudinal particle motion and zﬁ
describes the potential field created by a rotational particle motion. The combination

of the two fields form the total potential field of the acoustic wave propagation.

2.4.3 Stress tensor for an isotropic solid

Let z; be the Z, ¢, and Z directions for ¢ = 1,2, 3 respectively. For an isotropic

solid material the stress tensor is given by
011 012 013

0 =1 021 092 U023

031 032 033

We also have 091 = 019, 031 = 013, and o3y = 023. The general stress components
are given by

O (o o N D (e a
Uﬁzua;@w+VX¢Oﬁﬂ%$(V¢+VX¢L+A%V% (2.63)
§ 2

i
where p and A are the Lamé constants and ¢ and j take the values 1,2, 3, and z; are

the Cartesian coordinates and
1 @ i2=9
0ij = =
0 : i#]

For a stress generated by a longitudinal wave (Y7 X 1/7 = 0) equation 2.63 becomes

8%
6:z:i8:cj

oij = 21 + A6, V3¢ (2.64)

and for a stress generated by a transverse wave (V¢ = 0) equation 2.64 becomes

—,

o =1 (a(v x§); OV x ;p)j>

+
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Using the longitudinal and transverse wave phase velocities

1
A+2u\?
V, = ( + ) (2.66)
P
v, = (-‘f> ’ (2.67)
p
equations 2.64 and 2.65 become
oy = 2pV2 o _ 6:: V2 | + pV26;, V3¢ (2.68)
" s 6(17235% g p -t
OV x 9); | OV x )
i = pV? ! 2.69
U?J st ( axj + 8(131 ( )
Evaluating the stress components we have explicitly for a longitudinal wave
5?¢ 5%¢
_ 1209 2 oY@
in the 2 direction and
Ogr = 2pV2 ¢ (2.71)
mz * Oxdz '
in the Z direction. For a transverse wave we have
5%
22 = 2pVEE 2.72
022 = 20V 55 (2.72)
in the Z direction and 5% o
Our = pV [*8}7‘1/ - —éz—gy} (2.73)

in the Z direction.

2.4.4 Stress tensor in a real fluid

The general stress tensor (Bhatia and Singh, 1986) for a real fluid with non-
negligible viscosity is given by

277(% [Bi (*¢>+ v x g/?)j + 48—_ (%+ ¥ x qﬁ)] (2.74)

where p is the fluid pressure, 7 is the shear viscosity, and n = b+ —3—77 where b is the

bulk viscosity. In the limit of vanishing viscosity equation 2.74 approaches

Oy = —péij (275)
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and the vector potential 1; = (. All stress components vanish save for the principal

stress —p which may be written as
p=pV:V?¢ (2.76)
In the fluid we will neglect the viscosity and write the non-zero stress component as
0., = —pV3V?¢ (2.77)

that is also equal to 0., and oy,.

2.4.5 Monochromatic plane wave reflection-transmission co-

efficients

The potentials of the incident, the reflected, and transmitted waves are described

by
¢i — ei(k,;zz+kimm—wt)
q/)r — Aei(krzz+krmz-wt)
¢t — Bei(kpzz—i—k:pzw—wt) (278)
,‘r/—;t — C,gei(kszz—}—ksxm—wt)

where A, B, and C are complex amplitudes, and k is the wave number. Complex
potentials are considered here for purely mathematical purposes as this will simplify
greatly the problem. The actual potentials are the real parts of equations 2.78. All
potentials are normalized with respect to the incident wave.

2.4.6 Boundary conditions

The boundary conditions in the case of a two dimensional problem are

a

Oz = Oy
a — b

ol = oo (2.79)
a _— b

Uz - vz

There are no constraints on v,, 04y, and o,,. In the solid medium (b) the normal
stress is given by
82 ¢t

+ (V! = 2V o + 207V

821&;
020%

82 A
ot, = v 0

P 922

(2.80)
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and the tangential stress is given by

52 ¢ 32¢t ath
— bys2 Yy Y 281
=WVt (83:2 822> (2:81)
In the fluid medium (a) the normal and tangential stresses are respectively
05, = —p"VVH(' +¢7) (2.82)
oz, = 0 (2.83)

In equations 2.79 through 2.83 upper case V' and lower case v designate the wave

speed and the particle velocity in the fluid respectively.

2.4.7 Solution

Using the potentials given in equations 2.78 in the boundary conditions 2.79 we

get
bvp2k12)z¢t + pb [sz _ 2‘/32] k§m¢t+
20V 2kgokortt — V2 [k + k] ¢ —
pV2 [ki® + ki) ¢ = 0 (2.84)
2kipkp: 0 + [kgp — k2], = 0
kpet + kol — ks’ — kind' = 0

In order for equations 2.84 to hold for all z at all times on the plane z = 0 we must

have all the exponential terms equal. Therefore we must have
ki = ko = kpy = ks (2.85)

which is simply the generalized Snell’s law. The fact that these horizontal wave
numbers components remain real valued is important as will be seen in the discussion
later. Let the & component for all wave numbers in both media be simply &, and let

p= %Z. We also have k;, = —k,,. Rearranging equation 2.84 we get

—pV2k2 [V2K2 - 2V2RE 2V2hk,, | [ A PV 22
0 ks R2—K] | | B|l=1 o (2.86)
kiz k;pz kz C kiz

Replacing V2, V2, and V? by ¥ k27 k2’ and “’2 respectively we have

—pk? [k? —2K2] 2k, A pk?
0 2k, [2K2—K]||B|=| 0 (2.87)
kiz kpz ka: C kiz
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where ki, = [k2 — k2]z, ky, = (k2 — k22, and ks, = [k2 — k2]2. Solving the system
of equations 2.87 we get the complex amplitudes A, B, and C of the reflected scalar
potential ¢", the transmitted scalar potential ¢*, and the transmitted vector potential
Jt respectively. Explicitly:

1 1

(2k2 — K2)? + 4[k2 — k2]
(2k2 — k2)% + 4[k2 — k2]

k2 — k2]2k2 — pk2[k2 — k2]
(k2 — k2]3k2 + pki[k2 — k2]
(2k2 — k2)? + 4[k2 — K2)3 k2 — k2]3k2 + pka[k2 — K2]3 (k2 — k273
.2 214 1.2
: L ——
(2K2 — k2)2 + 4[k2 — K2)3[k2 — k2]3k2 + pk[k2 — k2]3 [k — k2]

F~ k)
R

A =

(2.88)

=) ol
(SIS N
[T T

(ST

(ST

The complex amplitudes A, B, and C describe the maximum amplitudes of the
potentials at the interface z = 0. When z # 0 the amplitudes of the reflected and
transmitted waves depend on the complex wave numbers in the Z direction beyond
the P and § critical angles. Using equations 2.78 in equation 2.61 we get the complex

displacements
u" = 1A [krzi' + krzé] ei(k’"zz‘*_k”x"wt)
ul) iB [kped + kyp, 2] eilhez=thpoz—wt) (2.91)
ui = ¢ [_k"sz«i + ksxé] €i(ksz7’+k”'w_’wt)

The normalized complex amplitudes are A, E—]’fﬂ, and C,fs for the reflected P, the

transmitted P, and the transmitted S waves respectively. It is also important to
note that the physical displacements are given by the real parts of equations 2.91.
The particle velocity is the derivative of equations 2.91 with respect to time. It
is very important to notice that the normalized amplitude for the reflected wave
remains the same for the potential, the displacement, particle velocity, pressure, and
particle acceleration. No matter what is measured in a reflected wave experiment we
obtain the same value as long as we normalize the reflected wave to the measured
direct arrival.

Another quantity that is important to verify is the energy balance of the bound-
ary. This energy balance of the boundary is calculated through the total energy
flux normal to the boundary of the incident wave and all reflected and transmitted

waves. The energy flux is given by the complex Poynting vector (Auld, 1973)

- 1,4
J==5[v-5] (2.92)
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where v* is the complex conjugate of the particle velocity field, and & is the stress
tensor of the wave field. The energy flux normal to the boundary is then
1
J, = ~3 V0. + V304, (2.93)

The average power flow density is the real part of equation 2.93. For a plane longi-

tudinal wave of complex amplitude A in an isotropic elastic medium we have

0r = —Ap [VPK? = 2V2E2] ilbremthar—ut) (2.94)
Ouz = —2ApV 7 kykp,e/FrzsThor=et) (2.95)
v, = Awkpzei(kp“”k’”m*“"t) (2.96)
vy, = Awkgebperthaz—wl) (2.97)
Using equations 2.94 through 2.97, equation 2.93 leads to
1 tAr
Toe =5 LA p| bpe | w [Vyhy — V7] etdreties) (2.98)

where Jp, is the Z component of the energy flux of the P-wave. For a plane transverse

wave of complex amplitude A in an isotropic elastic medium we have

o, = —2 APVSkakszei(szz+kmm~wt) (2_99)
Oz = —ApVE [k} — kL] eilboszthaa=ei) (2.100)
v, = Awkge!kzzthez—ut) (2.101)
vy = —Awk,,e'kszthaz—ut) (2.102)

Using equations 2.99 through 2.102 equation 2.93 leads to
1 ,
Joo =5 LA p | s | wPetrotied (2.103)

where J,, is the Z component of the energy flux of the S-wave. The energy fluxes
Jizy Jrzy Jpz, and Js, of the incident P, reflected P, transmitted P, and transmitted

S waves respectively are
1

Jiy = ép(“)kzuﬁ (2.104)
J, = ——%[AIQ PV (2.105)
T = 5| B oY |k | wieiotis) (2.106)
I = %;clz o) | f, | P giArathss) (2.107)
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The above equations take into account the fact that k., and k,, of the incident P-

wave, and the reflected P-wave are real and of opposite sign. Let p = 522 The

normalized energy fluxes to the incident energy are

Joy = —| A (2.108)
Jpe = p|BJ? '%zte“"’g(’“pz) (2.109)
Jo = p|CP l-%—leimg(k“) (2.110)

z

It is important to emphasize here that the energy fluxes that enter into the energy
balance of the boundary, given above, are normal to the fluid-solid interface. The
physical energy fluxes are given by the real parts of the above equations. We note
that the reflected energy flux is always real whereas the energy fluxes of the trans-
mitted P and S waves can be complex beyond the corresponding critical angle of
incidence. Furthermore, beyond the P and S critical angles of incidence, k,, and
ks, are pure imaginary, respectively. Consequently the corresponding energy fluxes
are purely imaginary and thus the physical energy fluxes vanish. On the other hand
below the critical angles the £ components of the wave numbers are real thus the
energy fluxes are real. In the light of these results the transmitted P and S waves
beyond the P and S critical angles of incidence respectively do not contribute to the

energy balance of the boundary.

Because the reflectivity of a diversity of materials is the main objective of this
study, the reflection coeflicient given by equation 2.88 in the next section on numer-

ical modelling will be examined in some detail.

2.5 Numerical results for monochromatic plane

wave reflectivity

In this section we will give numerical models of the partitioning of monochromatic
plane wave energy incident to a fluid-solid interface. We will emphasize the reflection
coefficient as many of the forthcoming experiments will deal with reflectivity using
a bounded acoustic pulse as a source signal. These examples highlight some of the

important aspects of amplitude and phase of reflected and transmitted waves. Such
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information is crucial to the later understanding of the bounded acoustic beams and

bounded acoustic pulses.

2.5.1 Water-copper alloy

The case of the acoustic reflectivity from the interface between water and copper
alloy has relevance to later reflectivity calibration tests. The material properties
as measured in the laboratory using a conventional ultrasonic pulse transmission
methods are listed in table 2.2. In this table all physical properties are taken from
laboratory measurements. This example is for illustration and therefore no error

estimates are given here. The partitioning of energy using the energy flux equations

Material P velocity S velocity Density

m/s m/s kg/m?
Copper 4789 2300 8901
Water 1493 - 995

Table 2.2: Laboratory measured material parameters used in the numerical example.

given in the previous section at the water-copper boundary is given in figure 2.8.
This shows the energy balance at the boundary as the incident wave normal energy
flux equals the sum of the normal energy fluxes of the reflected and transmitted
waves. Note that beyond the P and S critical angles of incidence the transmitted
P and S waves, respectively, do not contribute to the energy balance at the bound-
ary. However these waves do exist as evanescent surface waves travelling along the
boundary and decaying exponentially in the Z direction. The calculated amplitudes
of the potentials at the boundary are given in figure 2.9. The amplitudes beyond the
critical angle for each wave mode have only a meaning near the boundary as these
waves become evanescent, decaying exponentially away from the boundary in the
positive 2 direction. These waves propagate as surface waves but do not contribute
to the energy balance of the boundary as the normal energy flux beyond the critical
angles is zero (Fig. 2.8). Below the P-critical angle of incidence the energy is par-
titioned mainly between the reflected and the transmitted P-waves. The reflected
P-wave as the angle of incidence exceeds the P critical angle loses energy to the

profit of the transverse wave which reaches maximum energy between the P and S
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Figure 2.8: The normalized energy distribution normal to a water-copper alloy

boundary. The properties of the materials used are listed in table 2.2.

critical angles. Beyond the S-critical angle total reflection occurs and all the energy
is reflected as a P-wave. Other changes occur to the waves past the critical angles

as will be demonstrated below.

The phase of the reflection-transmission coeflicients are given in figure 2.10.
Beyond the P critical incidence angle all wave modes are phase shifted. The trans-
mitted P-wave has a zero phase angle below the P-critical angle of incidence. Far
away from the boundary (Fig. 2.11) we are interested in the phase of the reflected
P-wave and transmitted S-wave. Below the S-critical angle of incidence the phase
of the reflected P-wave is nearly zero (or equivalently 27) and nearly no apparent
phase change is observable. However we notice that the reflected P-wave experiences
an abrupt phase shift from 27 to a small value of approximately 0.357 just after the
S-critical angle of incidence. The maximum phase shift in this region is 180° at the
so-called Rayleigh angle; an angle that will become important to later observations.
This particular angle of incidence coincides with the angle of incidence (or emer-
gence) at which the apparent horizontal velocity of the reflected wave is equal to
that of a Rayleigh wave that would travel in the solid in the absence of the fluid. For
the example described in this section for a fluid-copper alloy boundary the maximum

phase shift occurs at an angle of incidence of approximately 43.97°. This particu-
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Figure 2.9: (a) The amplitudes of the potential for the three wave modes generated
at the boundary. These amplitudes have a meaning only near the boundary. Be-

yond the critical angle the transmitted waves become evanescent waves travelling

as surface waves along the boundary. (b) The amplitudes of the potentials far from

the boundary, i.e. removed from the influence of the evanescent waves.
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Figure 2.11: The phase angle of the reflected P, and transmitted S waves far from
the boundary. The phase of the transmitted P-wave is zero. Waves beyond corre-
sponding P and 8§ critical angles are neglected. 6% and 6§ are critical angles for the

P and S waves respectively. Phase angles of all wave modes are given relative to 27
(360°), thus all angles are > 0.
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lar angle of incidence will be of great interest when dealing with bounded acoustic

beams and bounded acoustic pulses.

2.6 Phase distortion of the reflected monochro-

matic plane wave field

In this section, the effects of phase shifts of post-critical incidence angle reflections
are first brought to the reader’s attention. The apparent shift, or displacement, of a
reflected acoustic beam from the normally expected geometric reflection point will be
highlighted and the angle at which this effect is greatest: the so-called and perhaps
inappropriately named, Rayleigh angle is discussed. This effect will impact the
experimental measurements and will reappear as we continue through to successive
levels of acoustic beam complexity. The phase angle from the reflection coefficient
given in equation 2.88 can be subdivided onto three regions delimited by 67 and 6;
the P and S critical angles of incidence respectively. Region I is where the angle of
incidence is below the P-wave critical angle (6 < 9]‘;'), region II is where the angle of
incidence is between the P-wave and S-wave critical angles % > 6 > 6%, and region
IIT is where the angle of incidence is beyond the S-wave critical angle (6 > 6%). In
region I the reflection coefficient is real and thus the phase shift is zero. In region II
nearly all terms of the reflection coefficient in equation 2.88 are real except for that
which contains a purely imaginary wave number in the Z direction of the P-wave in

the solid. In this case we can write for purposes of brevity

a = (2k2—k?)° (2.111)
b= 4(k2—K2)? (K2 — k2)? K2 (2.112)
¢ = pkt (K2~ k) (k- k2) 7 (2.113)

where a, b, and c are always real. Using equations 2.111 to 2.113 in equation 2.88

we get for incidence angles in region II

a+1i(b—c)

A:a+i(b+c)

(2.114)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. WAVES IN ISOTROPIC MEDIA 37

The phase shift ¢ is then given by

—20k% (2k2 — k2)* (K2 — K2)? (& — i)}
(263 — k)" +16 (2 — k) (2 — k2) (k? — k2) k3 — p°R3 (K2 — )
(2.115)
For incidence angles in region III the wave number components in 2 direction of P

1

@ = tan"

and S waves are both pure imaginary numbers. Consequently we have

a = (2 -k (2.116)
b= —4(k2—k2)? (k2 K2)? A2 (2.117)
o o= pkt (k2= k2)? (K2 — k)72 (2.118)

where a, b, and ¢ are always real. Using equations 2.116 to 2.118 in equation 2.88
we get for incidence angles in region I1I
A= 0tboie (2.119)
a—+b+ic

The phase ¢ is then given by

| =20k (B2 - B2)E (8 - kD) (282 — K2)" — 4 (2 — K2)* (K2 — K)7 2]
@ =tan"~ " . 5
[(2h2 — k2)” — 4 (k2 — k2)* (2 — ) B2 (K2 — K2) = 2R3 (k2 — 2)
(2.120)
The phase angle for all incidence angles is given by
(0 kg <k,
r 1 1
1 —2pkA(2h2—k2)” (K2—h2) 2 (K2 -k2)?
o | W0 | G 16 (k3 (- KD R () bo 2 Ky < Ko
—2pk§(k§—k§)% (kg—kg)% [(2k3-k§)2—4(k§—k§)% (kg~k§)%k3}
tan“l 1 pl k:c > ks
| |or2-r-a(ia-13) 02— haz] (k2-r)-pk8 (k2-43)
) (2.121)

Although it is not obvious, equation 2.121 is a continuous function.

Now let a plane wave be incident onto a fluid-solid boundary at an angle 8. Let a
steady state wave field be ¢(z) = I(z)e* =" on the plane z = 0 (Fig. 2.12). Here, kq,
is the projection of the wave number & on the 2 axis. Following Brekhovskikh (1960)

we can express the wave field on the plane z = 0 in Fourier domain and extend it to
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Figure 2.12: Plane wave front with a given intensity distribution on the plane z = 0.
The wave is reflected at a boundary located at z = h between two media of different

material properties.

any point in the space (£, 2). We have

+00 +co
S(ky) = [ d(@,0)e e dy = f Iz, 0)eos7 ke gy (2.122)
The wave field on the plane z = 0 is given by the inverse Fourier transform
1 [t :
¢(z,0) = o / ®(k, e =dk, (2.123)

To describe the wave field at any point (z,z) in the space (%, 2) it is sufficient to

write

1 +o0 )
b(z,2) = = / Bk, ) kamth=2) g (2.124)

because equation 2.124 satisfies the wave equation. Thus to find the incident wave

field at the plane z = h we write

1 +oo 4
Pine(x, B) = 5 / B (kg eilkerthzh) gr (2.125)
The reflected wave field at z = h can be written as
1 Foo ‘
Pref(,h) = o R(k,)®(ky)ek=rtb=h) qp (2.126)

where R(k;) is the reflection coefficient at the boundary. Replacing ®(k,) by its

quantity from equation 2.122 into equation 2.126 we obtain

]. +00 +00 ; / '
aﬁref(w,h):—z-; / / R(k,)I(z',0)e!hose’ —ko'thoathzh) gt gp. (2.127)
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where 7' and z are used for the space coordinate Z to differentiate between the for-
ward and the inverse Fourier transforms. Now we can write the reflection coefficient

as
R(k,) =| R(k,) | e®t*=) (2.128)

and replace it in equation 2.127 we obtain
1 [t fteo e )
Gres(,h) = 5~ / j/ | R(k,) | I(z)e!Fosn'~kaa'thazthohtolke)) go gl (2.129)
T Jeoo
Introducing a change of variable k = k, — ky, equation 2.129 becomes
1 [fee [t - /
Gres(z,h) = 5~ / / | R(k) | I(z')elr@=a)rhosatelm)thabl gpr g (9.130)
mJ- )
Expanding ¢(k) around kg, we have

o(k) = p(kos) + @' (koo )k + %W,’(kem)ﬂ2 o (2.131)

where o' (kgs) = — [Q‘g—gzil] - . If I(z) is large enough such that x is small we take

into account only the first two terms of equation 2.131 and equation 2.130 becomes

+o00 +00
bres(z, h) = El;ew(kaz)/ / | R(k) | I(xr)ei[f-:(ac-—;g/—kzp'(l~cem))ﬂLlcfazamLkzh]dac/d,ﬁ

(2.132)
Schoch (1950) was the first to introduce this expansion and give an approximation
to the displacement. The incident wave field can also be written as

+oo +oo
¢znc z, h / / m[(:c ml)+k6$m+kzh]d$ dk (2133)

It is important to compare carefully the incident and reflected wave-fields as there is
an important point that relates to the phase. If we compare the incident wave field
in equation 2.132 to that of the reflected wave field in equation 2.133 we notice each

plane wave present in the decomposition will be
e shifted along the & direction by an amount equal to —¢'(kg,)

e modulated by the absolute amplitude of the reflection coefficient

This is somewhat unanticipated and not well known consequence of plane wave
reflectivity at a fluid-solid boundary. This will lead to a new intensity distribution
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I(z). As a result, the reflected wave field will exhibit various patterns and shapes
depending on the wavelength and the width of the intensity distribution I(z). As
all planes waves are shifted with a different amount dependent upon the wavelength
this is essentially a spatial dispersion effect. This will be shown below for a plane
wave and numerically later when reviewing bounded acoustic beams. The spatial
displacement along the boundary is (Schoch, 1950; Brekhovskikh, 1960)

Aw - [580(’%)L B (2.134)

Ok,

This shift will be important when the phase angle of the reflection coefficient changes

0.08 ; T : : . : . : x
g i : : : : : | —— Displacement
L, : g : : | — - S Critical angle
’§0.06' ....... g T :(43_97.:,.0_062): ....... ).~ Rayleighangle | I
= g : : : : : : :
= g : : :
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Figure 2.13: Displacement as a function of incidence angle calculated via equation
2.134 for a water-copper alloy interface. The wavelength in the fluid is approximately

1.9 mm.

abruptly such as in the case of post shear critical angle 8¢ reflection from a fluid-solid
boundary (Fig. 2.13). In this figure the displacement is calculated at post S-critical
angle of incidence (43.97°) shown by the dashed line, that is at total reflection. We
notice that the maximum shift, or displacement, is at the so-called Rayleigh angle
with a value of approximately 6.2 cm. At this angle the phase is exactly 180° and
near this angle it varies abruptly. It is worthwhile noting that the displacement can
be negative, that is in the —x reverse direction along the boundary when the angle
of incidence is at grazing angles and approaches 90°. Consider that particular angle

of 43.97° and let I(z) =1 for all z. If the wave field does not contain wave numbers
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below the S-critical angle we have | R(ke,) |= 1 and @(kg;) = 7. In this case the
displacement is given by equation 2.134 with the phase shift ¢ given by equation
2.121 for k, > k.

At the angle where the phase is exactly 180° the displacement is considerable
(nearly 6.2 cm for a wavelength of 1.9 mm). This is readily observed as will be
demonstrated later by numerical modelling and supported by experimental results
with bounded acoustic pulses. To explain the spatial shift given above Brekhovskikh
(1960), who followed the work of Schoch (1950), has considered a plane wave and a
perfect reflector (Reflection coefficient of unity and zero phase). Here we will consider
a plane wave travelling at an arbitrary angle 6 with respect to the 2 direction (Figs.
2.14-2.15) and take into account the reflection coeflicient for the reflected wave. Let
the incident plane wave be ¢inc(z,0) = ¥¥?) at z = 0. Then the incident plane

wave at z = h can be written as

Z’ | Wave front

A

-
A\ 4

010
Medium 1

Medium 2

Zy

Figure 2.14: The displacement along the £ axis is null if the reflection coefficient is

real. A, that is shown here corresponds to the geometrical ray theory.

Dinc(T, h) = e'Femthe) (2.135)

where k, = (k? — ki)% The reflected wave as it travels back from the boundary
z=htoz=0Iis
bref(T,0) = R(ky)etkrat2hzh) (2.136)

where R(k;) is the reflection coefficient at the boundary located at z = 0. If the
reflection coefficient is real then equation 2.136 becomes

Gres(2,0) =| R(k,) | eb=rt2beh) (2.137)
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Figure 2.15: Besides the normal geometrical shift A; we have an extra displacement

As due the phase change of the reflection coefficient at the boundary.

The ratio between the reflected and incident waves at z =0 is
R(k;) =| R(ky) | %" (2.138)

Here R/(k;) can be regarded as a virtual reflection coefficient of the plane wave from
the plane z = 0. ¢(k,) = 2k,h represents the phase change as the wave has travelled
from z = 0 to z = h and back to z = 0. Using equation 2.134 the displacement along

the plane z = 0 can be calculated. For a given angle of incidence # we have
Ay = kg (k% — k2.)"2h = 2htand (2.139)

which is exactly what is expected from the ray geometry and used by Brekhovskikh
(1960) in his example.

Now consider the case where R(k,) is complex. Then equation 2.138 becomes

R'(ks) =| R(k,) | " ®kzhtwolks)) (2.140)
where @(k,) is the phase of the reflection coefficient R(k,). The displacement A in
this case is

A = 2kgo(k* — k2.) 2 h + ¢ (kog) (2.141)
or ok

A = 2htang + | 22Us) (2.142)

akz kx=kos

Thus the wave field is displaced along the plane z = 0 by A, = 2htan® plus

Ay = [?%%l]k . (Fig. 2.15). Thus there is an extra shift in the £ direction due
z =Rz
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Figure 2.16: Lateral displacement A as a function of wavelength in the case of a

water-copper boundary at incidence angles near the Rayleigh angle of 43.97°.

Displacement (cm)

0 y :
0 0.5 1 1.5
Frequency (MHz)

Figure 2.17: Lateral displacement A as a function of frequency in the case of a water-
copper boundary at the Rayleigh angle of incidence (43.97°) and in the frequency
range of 0.2-1.5 MHz.

to the phase change at the boundary z = h. This phase shift of a plane wave is the
basis in considering any wave field with an arbitrary (smooth) intensity distribution
at the reflecting boundary. Each plane wave present in the Fourier decomposition
of the considered field will be displaced by a different amount and thus the reflected
intensity distribution will be of various shapes that depend on the properties of
the materials considered and the frequency content of the source signal. In figures
2.16, 2.17, and 2.18 the displacement as a function of frequency and wavelength is

given. This shows a great dependence of the displacement A on the frequency and
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Figure 2.18: Displacement A as a function of wavelength in the case of a water-
copper boundary at the Rayleigh angle of incidence (43.97°) and in the frequency
range of 0.2-1.5 MHz.

wavelength.

2.7 Monochromatic bounded acoustic beams

Now that the basic theory behind plane wave propagation and reflectivity has
been discussed it is important to move to the next step of describing monochromatic
but spatially bounded acoustic beams. The final goal will be a description of the

bounded acoustic pulses used in the forthcoming experiments.

A monochromatic acoustic beam is a steady state plane wave bounded in space.
An acoustic beam will exhibit various patterns of intensity distribution upon reflec-
tion from a fluid-solid boundary near the so-called Rayleigh angle existing a few
degrees beyond the S-critical angle of incidence as described in the previous section.
At this angle the phase of the reflection coefficient is exactly 180°. The reflected beam
is apparently displaced a considerable distance, compared to wavelength, along the
boundary when reflected near this particular angle. This effect is also known in
the optics literature as the Goos-Hanchen shift because it was first experimentally
observed by Goos and Hinchen (Goos and Hidnchen, 1947). In acoustics Schoch
(1950) has first observed and photographed, using schlieren photograph (see Schoch
(1950), figure 22, page 185), in), a displaced reflected ultrasonic beam and was able
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to measure the shift A. He was the first to develop a theory and give the first order
displacement in a detailed theory of the reflectivity at the Rayleigh angle (Schoch,
1952a; Schoch, 1952b).

Following the work of Schoch (1950) as mentioned earlier, Brekhovskikh (1960)
had included the second order term in the expansion of the reflection coefficient
phase to approximate the intensity distribution across the reflected acoustic beam.
The schlieren photographs presented in his book for a xylene-aluminium interface
show a displaced reflected bounded beam (see Brekhovskikh (1960), figure 32-33,
page 109).

Since then many workers have studied reflection at this particular angle of inci-
dence both theoretically and experimentally. Diachok and Mayer (1970) observed a
pronounced minimum reflectivity at a water-brass interface. They have used 7 MHz
transducers of unspecified size to generate and record the reflected signal. They
suggested that the incident energy is converted into a Rayleigh-type wave on the
fluid-solid interface rather than being totally reflected back into a longitudinal wave
in the fluid. Tamir and Bertoni (1973) have associated the beam displacement of elec-
tromagnetic (or light) waves to leaky waves that are excited at the boundary by the
incident wave field. The displacement in the case of acoustic waves is also associated
to leaky waves (Bertoni and Tamir, 1973). Becker (1971) studied theoretically the
influence of the material properties, including attenuation, on the reflectivity at the
Rayleigh angle and found that the observed magnitude of the minimum reflectivity

varied substantially with material properties.

The Rayleigh angle and velocity have also been measured by the means of acous-
tic beam displacement where a null strips appear on the schlieren photographs
(Neubauer and Dragonette, 1974). Their experiments were conducted using 5.3
MHz transducers. They presumed this effect was associated with the interference
of the excited Rayleigh wave and a reflected wave that are 180° out of phase. They
have also found that the calculated Schoch displacement is inadequate to explain
the observations. Their measurements of Rayleigh wave velocity were based on the
observation of the minimum reflectivity at the dark strip shown in the schlieren
photographs.

Similar work has bean carried by Breazeale et al. (1977) and Ngoc et al. (1980)

using a Gaussian beam and an analytical solution was proposed. The experimental

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. WAVES IN ISOTROPIC MEDIA 46

measurement (Breazeale et al., 1977) of the displacement was found to be too large
compared to that predicted by Schoch. However it is in good agreement to that pro-
posed by Bertoni and Tamir (1973). Other applications of this phenomena have also
been tested in other media such as in a multilayered viscoelastic medium (Schmidt
and Jensen, 1985).

2.7.1 Fourier components

As the introductory material shows, there are a number of explanations for the
apparent shift. However, in this thesis the experimental results will be found to
be explained by the analytic solution given in part by Brekhovskikh (1960). A
summary of this approach is given here. Specifically a spatially bounded acoustic

beam of infinite time extent will be described using Fourier methods.

Brekhovskikh (1960) has represented a bounded acoustic beam as a superposition
of plane waves. Here a bounded acoustic beam means spatially bounded but of
infinite temporal extent. This theory assumes that if a wave field is known at a given
time on one plane in the considered space of constant velocity it can be extended to
the whole space at later time. First consider a plane wave propagating at an angle
# with respect to the 2 direction as shown in figure 2.19. The wave strikes a screen
containing an open slit with an opening of 2a (¢c/). As a result a beam, shown
by the dashed lines, is formed. This acoustic beam does satisfy the wave equation
as will be shown below. The slit width must be much larger than the wavelength.
Suppose that the field is zero behind the screen except at the slit. Suppose that
in the plane of the slit the field behaves as if the screen did not exist. The field
is then completely determined by the wave equation and the boundary conditions.
The angle of incidence is important to consider here as the reflectivity of the wave
field from a boundary will depend on this. The field in back of the screen is then
a beam with a propagation angle § between the direction of propagation and the 2
axis. It is sufficient to know the field at the slit and the wave number in order to
determine the wave field at any point in the (Z, 2) space. The potential field ¢ of
the incident plane wave in front of the screen is assumed to be of the form

¢ = ¢'lkoamthe—iot) (2.143)
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Figure 2.19: Bounded acoustic beam formed by a plane wave with wave number k
at an angle # with respect to the 2 direction incident on a screen containing an open
slit of width 2a. After Schoch (1950) and Brekhovskikh (1960)

where

Koy k sin 6 (2.144)
k, = kcosd (2.145)

I

where k is the wave number in the medium. After it passes through the slit we have

at z = 0 (omitting the time dependence)

ehoat . _p < x>q
#(z,0) = { 0 lxpa (2.146)

&(z) can be generalized by writing and dropping out the time dependence
¢(z,0) = F(z)e®=" — o0 <z < +00 (2.147)

where F(z) is a slowly varying function of z. The field at the plane z = 0 is
represented by the Fourier integral

+o0 )
#(z,0) = / ®(ky)e*=*dk, (2.148)

o0
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The function ®(k,) is given by

Ok,) = 1 +°°¢(x 0)e =g
27 J_o ’
+00
- L F(z)eikeah)z gy (2.149)
27 f oo

In the case of a beam formed by a plane wave passing through a slit we have

Flz) = 1, —a<z<aq,
Flzy = 0, |z|>a (2.150)
leading to
|
R
sin(kg, — kg)a
= ———— 2.151
w(Foz — F2) (2151
The field everywhere in the space (&, 2) is
+o0
6(z,2) = / By )i+ (2.152)
where k, = (k — k;)?. This equation is well known in the seismic exploration

community as ”forward phase shift modelling” when k, and z are positive, or the
" phase shift migration” when k, and z are negative, see Clearbout (1985) for exam-
ple.

The Gibbs phenomena that the inverse Fourier transform introduces via equation
2.152 causes difficulties in the forward modelling of a wave field. To reduce this
problem the edges of the beam can be modulated by a slowly decreasing function
such as a cosine ramp, for example. Let a monochromatic acoustic beam (mono-
frequency w) be travelling at an angle 6 with respect to the z axis. Let the wave
field be of infinite extent in the ¢ direction and known on a given (%,¢) plane. For
convenience let this plane be at z = 0. Let the intensity modulation function F(z)

be of the following form

0 @ z<—-b
s(cos(ko(z+a))+1) : —b<z<-a
F(z)= ﬁ 1 ¢ —a<z<a (2.153)
s(cos(ko(z —a))+1) : b=z >a
L 0 z>b
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where b > a > 0 and b = a+ ;. In this case F'(z) describes the intensity distribution
of the field on the plane z = 0. The beam is of intensity 1 between —a and a with
cosine ramps at the edges. For convenience the time dependence is left out. The

potential field is completely described on the plane z = 0 by
P(z,0) = F(x)eo=" (2.154)

In the Fourier domain equation 2.154 is

k? sin [(kgy — kz)b] + sin [(kez — kz)a]

) = S I = (b = o) (koz — k)

(2.155)

The derivation of ®(k,) is given in detail in appendix A. Equation 2.155 is a sum
of two sinc functions with frequencies a and b

sin [(kgy — kz)b]  sin [(kpy — ks)a]
k) = e O (1%9— Fe)

(2.156)

modulated by the function

kg

R I )

(2.157)

The presence of the function T'(z) damps the ringing part of ®(k,). This damping
depends on the wave number ko of the damping functions 1[cos[ko(x & a)] + 1]. The
smaller kg is the larger the damping of ®(k,) is and less Gibbs phenomena is observed.
(k) is plotted in figure 2.20 for a given angle # = 15°, medium velocity of 1500 m/s
(ie. k= 3267.3 m~! and ky, = 845.6 m™!), and a slit opening of 2a = 7 cm. Two
plots are shown without and with the damping function in figures 2.20-a and 2.20-b
respectively. The ringing is greatly reduced with the damping function and this is
useful for modelling purposes. We see that the amplitude decreases as k, increases
or decreases from kg,. The maximum amplitude, equal to 2 in case (a), is located at
kg.. Only a small range of angles around the main angle of incidence 8 are significant
in the decomposition. This decomposition may contain inhomogeneous plane waves
if energy is present in the region |k,| > k. All the Fourier components have the same
wave number in their particular direction of propagation. We notice in figure 2.20
that the dominant wave number corresponds to that of the plane wave propagating
in the direction perpendicular to the beam. We also notice the ringing character
of ®(k,) (Fig. 2.20-a). This is due to the fact that in the description of the wave
field on the plane z = 0 the function F(x) is not a smoothly varying function of z
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Figure 2.20: (a) : Plot of ®(k,) given by equation 2.151. (b) : Plot of ®(k,) given
by equation 2.156 with the edges of the beam modulated by a cosine ramp. Note
the maximum amplitude when the wave number equals kg,.

but rather is discontinuous at the edges. This ringing effect is greatly reduced when
&$(k,) is modulated by the function given by equation 2.157 (Fig. 2.20-b). The
inverse Fourier transform of ®(k,) will lead to Gibbs phenomena as described in
many text books (see e.g. Wylie (1961)); the original data is not properly recovered
as such ringing effects will be significant. To obtain the field at all z > 0 each Fourier

component is multiplied by the operator ¢*+* where k, = (k2 — k2)z. This phase
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shift operator will forward continue the data in space, in the direction of propagation
if k, is positive, or in the opposite direction if k, is negative. The space domain wave

field is then recovered by taking the real part of the inverse Fourier transform.

2.8 Bounded acoustic pulses

The meaning given here to bounded acoustic pulses are wave fields generated by
exciting a transducer of a given shape and size by a time-limited pulse. This will
generate a pulse that is bounded in time (frequency) and space (wave number). The
use of bounded acoustic pulses in laboratory experiments is convenient. Let ¢(z, 0, )
be the wave potential field generated by a line segment source located at z = 0, one
example is given in figure 2.21. By analogy to the monochromatic bounded acoustic
beam discussed above the wave potential field of a bounded acoustic pulse can be

written in the Fourier domain as

X (cm)

0.1 02 03 04 05 06 07 08 09
Amplitude

Figure 2.21: An example of a synthetic bounded acoustic pulse. The width is 0.08 m
centred at £ = 0. The frequency bandwidth is 0.2-1.2 MHz. The potential wave

field shown here is at position z = 0 where the source is located.

1 -+o0 +co ] )
&(z,0,t) = 1772—/ / (ks 0, w)e="etd, dw (2.158)
where the function ®(k,,0,w) is given by the Fourier integral

+o0 +00
Bk, 0,w) = / 8(z,0, t)e~Fem et gt (2.159)
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In the case of a pulse the integration limits are reduced to the spatial interval [z1, x5

and to the time interval [t;, ts].

T2 t2 . .
B(ky, 0,w) = / / B(z, 0, £)e et drdi (2.160)
1 ty

&(z,0,t) at the plane z = 0 is given by equation 2.158. The wave field described by
equation 2.160 can now be extended to the whole space z > 0 by forward continuation
(or to z < 0 by backward continuation) as in the previous sections. This continuation
is achieved by the multiplication of each frequency component w of ®(k,,0,w) by

ik Az

the phase shift operator e followed by the inverse Fourier transform in k, and

w. k. is simply the wave number in the Z direction defined as
k, = (K2 — k)2 (2.161)

where k,, is the wave number in the medium for each frequency component present
in the wave field ®(k,,0,w) and k, is the wave number in the Z direction (spatial

Fourier components). The wave field in the space (%, 2,t) is then given by

1 oo pFoo . o
o(z,2,t) = EE/ / ®(ky, 0, w)eke e teih== dk_duw (2.162)

Equation 2.162 is an exact solution that describes precisely the wave field everywhere
in the space (, 2, t) given the known wave field ¢(z,0,t) at z = 0. Now let a reflector
be at depth z = h. The wave field at this interface is

1 [t [+ G
Bz, b, t) = yoe / / ®(ky, 0, w)eF=me™teth=hdk du (2.163)
The reflected wave field ¢" at z = h is
1 el o
¢ (z, h,t) = yo / / R(kz)®(kg, 0, w)etr=metetb=h gl du (2.164)

where R(k,) is the reflection coefficient at the boundary. The reflected wave field
everywhere is then produced by backward continuation as

1 +00 +o00 i } ) )
# (@2t = 1 / / R(ky) D (ka, 0, w)eihemeioteibehg=hsdz gl gy (9.165)

where Az = |h — z|. Equation 2.165 describes precisely the reflected wave field
everywhere in the space (Z, 2, t).
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2.9 Modelling of bounded acoustic beams

In order to better understand the behaviour of bounded acoustic beams and
bounded acoustic pulses as they propagate through a medium at a given velocity
the exact solution for the propagation will be used. This is described by equation

2.152 for bounded acoustic beams and by equation 2.162 for bounded acoustic pulses.

2.9.1 Monochromatic flat acoustic beams

Here a flat acoustic beam means one with a flat wave front of a given width
around the centre of its axis of propagation. The amplitude in this uniform region
of the beam is constant. Let such a beam travel in the Z direction. This type of
beam can be achieved, for example, by a piezo-electric plate continuously vibrating
at a given frequency fy. For purposes of illustration only let this frequency be 0.2
MHz and the medium be water with a velocity of 1500 m/s. Then the wavelength
is A = 0.0075 m. Let the width of the beam be 0.06 m and the potential field be
known on the plane z = 0. Note that here the wave is supposed to be of infinite
extent in the ¢ direction. This bounded acoustic beam can then be extended to the
whole space of constant velocity. The wave field that is continued forward along
the Z direction is shown on figure 2.22. This is a snapshot at a given time. As
the wave travels away from the plane z = 0, which we could also consider as a
source, it diffracts and spreads. The diffracted energy from the edges interferes with
the central portion of the beam. The amplitude of the beam edges increase, a
result of diffraction effects, as these migrate inwards and merge together at about
z = 7 cm. The axial amplitude of the beam oscillates, due to perturbation from
the diffracted energy from the edges. The peak amplitude along the axis of the
beam is actually attained when the diffractions from the edges of the beam merge
together. Thereafter the axial amplitude decreases with distance. This decrease is
mainly governed by geometrical spreading. This is best illustrated in figure 2.23 and
figure 2.24 by the peak amplitude of the cross section of the beam (perpendicular
to the propagation axis). In figure 2.24 where the propagation extends to a longer
distance than in figures 2.22 and 2.23 we distinguish three regions where the peak
axial amplitude of the beam behaves quite differently:

e Region I: Near the source (0 to 5 cm) the amplitude oscillates around the initial

value of 1. This is essentially due to diffraction effects from the edges.
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Figure 2.22: Downward continuation along Z direction of a monochromatic bounded
flat beam wave field normalized to the input. The width of the beam is 0.06 m and
the frequency is 0.2 MHz. The dashed line shows the beam axis.

30

Z (cm)

0 0.2 0.4 0.6 0.8 1 1.2
Normalized amplitude

Figure 2.23: The amplitude, normalized to the input, along the cross section of the
beam shown in figure 2.22. The dashed line is the beam axis. See also figure 2.24.

» Region II: Increase of amplitude (5 cm to 8 cm) to reach a peak at about 8 cm
this is essentially due to the increase of the amplitudes of the edges as the

latter migrate towards the centre (Fig. 2.23).
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Figure 2.24: The amplitude envelope (Hilbert transform in the & direction) along
the axis of the beam shown in figure 2.22. Note the change of amplitude along the
axis. Three regions I, II, and III where the amplitude behaves quite differently are

distinguishable (see text for more details). The wave field is normalized to the input.

e Region III: A decrease of amplitude thereafter ( 10 cm and up) this is due
primarily to geometrical spreading. As figure 2.24 shows, the amplitude along
the propagation axis of the beam oscillates as diffracted energy from the edges

of the beam perturbs this region.

2.9.2 Monochromatic Gaussian beams
2.9.2.1 Propagation

A bounded Gaussian acoustic beam is a beam where the intensity distribution
across the wave front may be described by a bell shaped Gaussian distribution. The
behaviour of these beams differs somewhat from flat beams in the near field. In the
far field, however, the behaviour is more similar. The amplitude along the axis of
the beam decreases as the beam propagates away from the source. The amplitude
decrease is primarily governed by geometrical spreading. This type of beam does
not exhibit the inward propagating diffraction effects seen in figure 2.22. This is
illustrated in the example given in figure 2.25 with the same characteristics as that
of figure 2.22 except that the amplitude envelope is a Gaussian. Figures 2.26 and

2.27 illustrate the behaviour of the beam as a constant phase travels away from
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Figure 2.25: Downward continuation of a monochromatic bounded Gaussian beam

normalized to the input. The dashed line shows the beam axis.
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Figure 2.26: The amplitude envelope, normalized to the input, along the cross
section of the beam shown in figure 2.25. The dashed line is the beam axis.
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Figure 2.27: The amplitude envelope (Hilbert transform in x), normalized to the
input, along the axis of the beam shown in figure 2.25.

the source.

2.9.2.2 Acoustic beam reflectivity

Here will be presented a reflectivity of a monochromatic Gaussian beam of width
8 cm. The source will be located above the z=0 plane and, for convenience, only
the wave field below z=0 will be displayed. Let the beam width versus wavelength

ratio be 7. A two medium space will be used where the first medium containing

Material P velocity S velocity Density

m/s m/s kg/m?
Glass 5787 3455 2492
Water 1498 - 995

Table 2.3: Laboratory measured properties of the fluid (water) and the glass sample

used in the numerical example.

the incident and reflected energy is water and the second medium is a solid: soda-
lime glass. The characteristics of the media are summarized in table 2.3 above.
The frequency of the monochromatic acoustic Gaussian beam will be varied from

0.1 MHz to 2 MHz in a series of example calculations. The wavelength in the fluid
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(velocity: 1498 m/s) varies from 15 mm to 0.75 mm. Therefore the wavelength is
large compared to the beam width. Geometrical spreading will be more apparent
in the figures for the lower frequency examples because of the scale at which these
are produced. The reflected bounded beam exhibits no apparent lateral shift in the
reflected beam. Similar behaviour of the reflected beam is noticeable at P and S pre-
critical angles of incidence where a partial reflection occurs (Figs. 2.28 and 2.29).
For the media used here the S-critical angle of incidence is 25.66° and the Rayleigh
angle is 28.1°. The Rayleigh angle is the angle at which the phase of the reflection

coeflicient is exactly 180°.

X (cm)

0.2 04 0.6 0.8 1 1.2 1.4
Normalized amplitude

Figure 2.28: Amplitude envelope of a monochromatic Gaussian beam (f = 0.5 MHz,
8 cm wide, and v = 26.7) reflected from a fluid-glass interface. The angle of inci-
dence, 10° < 6; = 15.00°, The axis of the incident and reflected beams are high-
lighted by the white arrows.

First a beam of 0.5 MHz (Wavelength A = 3 mm) is incident at an angle of 10°
that is below the P-critical angle of incidence. We see a partial reflection occurring
with no apparent shift of the beam (Fig. 2.28). A similar result is found when the
angle of incidence is 20° that is in between the P and S critical angles of incidence
(Fig. 2.29). In figure 2.30 the beam is incident at an angle of 35°, which is well
above the S-critical angle of incidence 6% = 25.66°. We see that total reflection

occurs as explained in earlier sections in this chapter. Again this angle corresponds
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Figure 2.29: Same conditions as in figure 2.28 except for the angle of incidence of
20° that is greater than the P critical angle 67 = 15.00° and less than the shear
critical angle 8¢ = 25.66°.

to the angle of incidence where the reflected wave horizontal (parallel to the bound-
ary) velocity is the Rayleigh wave velocity in the absence of the fluid. Solving for
surface wave propagation along the interface between the solid and a vacuum leads
to a velocity that equals the apparent velocity along the boundary of a reflected
wave at the same interface when the vacuum is replaced by a fluid. In the follow-
ing examples the beam will be incident at the Rayleigh angle where the maximum

spatial dispersion is expected.

In the examples in figures 2.31 through 2.34 we see that no distortion is apparent
in the reflected beam although it clearly shows the apparent lateral shift discussed
in section 2.5. The frequency used is relatively high 3 MHz, 2 MHz, 1 MHz, and
0.5 MHz with wavelengths of 0.5 mm, 0.75 mm, 1.5 mm, and 3 mm, respectively.
The calculated Schoch displacement (dashed line) is close to that expected for the
first example, slightly off for the second one, and clearly off in the third example.
This suggests that the Schoch displacement is only valid in the case of a very large
beam width compared to the wavelength.

Distortion will appear at lower frequencies but keeping the beam width constant.
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Figure 2.30: Amplitude envelope of a monochromatic Gaussian 0.5 MHz beam (8 cm
wide) from a fluid-glass interface. The angle of incidence, 35°, is greater than the
shear critical angle 8¢ = 25.66°. Total reflection occurs with no shift of the beam.
The axis of the beam at angles of incidence and reflection is highlighted by the white

arrows. The ratio of the beam width versus the wavelength is 26.7.

The reflected beam exhibits various patterns of energy distribution. This is evident
in the next two examples in figures 2.35 and 2.36 where distortion is apparent as
the intensity distribution is no longer uniform across the beam. A null strip (very
low intensity) in the reflected beam is evident in the example of figure 2.35 near
the geometrical reflection axis. Moreover, in the example of figure 2.36, several null
strips (or low intensity strips) are evident. These null strips are similar to those
apparent in the schlieren photographs as shown earlier (Schoch, 1950; Diachok and
Mayer, 1970; Neubauer and Dragonette, 1974; Breazeale et al., 1977; Ngoc and
Mayer, 1980). In these last two examples the frequencies are relatively low, 0.2 MHz
and 0.1 MHz respectively and the Schoch displacement is in total disagreement
as expected. Here the Schoch displacement is much larger than the observation.
This is in agreement that its validity is only for the cases where the beam width
is very large compared to wavelength. In all the examples discussed sequentially
in this section in figures 2.31 through 2.36, the ratio of the beam width versus the
wavelength decreases as the wavelength increases. The ratio varies from 160.21 to

5.34. It is also apparent in these figures that the strips of higher intensity are not
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Figure 2.31: Amplitude envelope of a monochromatic Gaussian 3 MHz beam (width
8 cm) from a fluid-glass interface. The angle of incidence is the Rayleigh angle
(28.1°). The beam is apparently shifted upon reflection and the dashed arrow is
at the calculated Schoch displacement. The ratio of the beam width versus the
wavelength is 160.21.

perfectly parallel to the geometrical reflection ray. This is due to the short beam
width. When the beam width increases under the same conditions the reflected
energy, although displaced, remains parallel to the geometrical reflection ray. This
can be seen in the examples of figure 2.37 and figure 2.38. These examples are
similar to those of figure 2.35 and figure 2.36 except that the beam width is tripled.
We see that the number of null strips is reduced and that the energy is reflected
parallel to the geometrical reflection ray. It is difficult to describe beam displacement
when the beam is distorted. Instead it is more meaningful to discuss the intensity
distribution and define the point at which maximum intensity occurs in a cross-
section. The first derivative of the phase of the reflection coefficient is not sufficient
to describe the displacement of the maximum intensity as higher derivatives must
be taken into account and Schoch displacement approximation fails to predict this
point. Consequently, the analysis of reflectivity curves are complicated and require
modelling on a case by case basis; simple analytical expressions such as Zoeppritz’s

equations are not sufficient to interpret experimental observations.
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Figure 2.32: Amplitude envelope of a monochromatic 2 MHz Gaussian beam (width
8 cm) from a fluid-glass interface. The angle of incidence is the Rayleigh angle
(28.1°). The beam is apparently shifted upon reflection and the dashed arrow is
at the calculated Schoch displacement. The ratio of the beam width versus the
wavelength is 106.81.
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Figure 2.33: Similar to figure 2.32 with a frequency of 1 MHz. The ratio of the
beam width versus the wavelength is 53.40. Incidence at Rayleigh angle of 28.1°.
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Figure 2.34: Similar to figure 2.32 with a frequency of 0.5 MHz. The ratio of the
beam width versus the wavelength is 26.70. Angle of incidence at Rayleigh angle of
28.1°.
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Figure 2.35: Similar to figure 2.32 with a frequency of 0.2 MHz. The ratio of the

beam width versus the wavelength is 10.68. Incidence at angle of 28.1°.
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Figure 2.36: Similar to figure 2.32 with a frequency of 0.1 MHz. The ratio of the

beam width versus the wavelength is 5.34. Incidence at angle of 28.1°.
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Figure 2.37: Amplitude envelope of a monochromatic 0.2 MHz Gaussian beam
(24 cm wide) from a fluid-glass interface. The angle of incidence is the Rayleigh
angle (28.1°). The beam is shifted and the dashed line is the calculated Schoch
displacement. The ratic of the beam width versus the wavelength is 32.0.
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Figure 2.38: Amplitude envelope of a monochromatic 0.1 MHz Gaussian beam
(24 cm wide) from a fluid-glass interface. The angle of incidence is the Rayleigh
angle (28.1°). The beam is shifted and the dashed line is the calculated Schoch
displacement. The ratio of the beam width versus the wavelength is 16.0.

2.10 Modelling of bounded acoustic pulses

In this section we model the propagation and reflectivity of bounded acoustic
pulses. This will be the basis of all subsequent experiments. Equation 2.162 and
2.165 are exact descriptions of the propagation and reflection of a bounded acoustic
pulse respectively. These equations will be used in all calculations. The solid medium

is a copper alloy with its properties listed in table 2.4. A source of 8 cm width lies at

Material P velocity S velocity Density

m/s m/s kg/m3
Copper 4789 2300 8901
Water 1493 - 995

Table 2.4: Laboratory measured properties of the fluid (water) and the copper alloy

sample used in the numerical example.
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Figure 2.39: Amplitude envelope of the source generated bounded acoustic pulse at
z = 0 used in the numerical calculations. The frequency bandwidth is 0.2-1.2 MHz.
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Figure 2.40: F-k spectrum of the acoustic bounded pulse of figure 2.39.

z = 0 in a water medium of velocity 1493 m/s. The generated bounded acoustic pulse
potential wave field is assumed to be of the form given in figure 2.39. The central
frequency of the pulse is at 0.78 MHz and the bandwidth is 0.2-1.2 MHz (Figs. 2.39
and 2.40). The wavelength then varies from A = 0.75 mm to A = 1.5 mm. Therefore

the bounded acoustic pulse width is much larger than the wavelength. For this case
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the calculated Rayleigh angle, as defined in earlier sections, is 43.97°. In the figures
presented in this section the amplitude envelope (Hilbert transform in time) of the
wave fields are shown as important points appear better in these type of plots. The
modelled bounded acoustic pulse shift will be compared to the calculated Schoch
displacement. The S-wave velocity will also be inferred from the modelled Rayleigh
angle and the P-wave velocity. It will be shown that the minimum reflectivity is
observable at the Rayleigh angle.

2.10.1 Propagation

As the wave propagates forward in the water it also diffracts from the edges of
the transducer. Figure 2.41 shows the amplitude envelope (via Hilbert transform)
of the cross-section of the wave field. The propagation extends to the far field of
3 m. The energy at the edges migrates towards the centre of the bounded acoustic

X (cm)
-15 -10 -5 O 5 10 15
Source

i

0 0.2 0.4 0.6 0.8 1 1.2
Amplitude

Figure 2.41: The maximum of the amplitude envelope of the cross-section of the
bounded acoustic pulse as it propagates in the Z direction. The wave field shown
here extends to the far field. The vertical dashed line shows the axis of the pulse.
Note that the vertical axis is compressed relative to the horizontal one.

pulse. Figures 2.42 and 2.43 illustrate better this behaviour. The amplitude of the
edges increase with propagation distance, mainly due to diffracted energy that moves

inwards. The amplitude along the axis of the bounded acoustic pulse as it propagates
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Figure 2.42: The maximum of the amplitude envelope of the cross-section of the
bounded acoustic pulse as it propagates in the 2 direction. The near-field is shown

here. The vertical dashed line shows the axis of the pulse.
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Figure 2.43: The maximum amplitude along the axis of a propagating bounded
acoustic pulse. We distinguish three regions where the relative behaviour is quite

different (see text for more details).

in the 2z direction remains constant until about z = 45 cm, a distance at which the
edges start merging together making the amplitude at the centre higher than the
initial value reaching a peak value at about one metre away from the source. The

amplitude decreases thereafter with no diffraction effects. Spreading of the beam is
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Figure 2.44: Forward continuation of the wave field of figure 2.39 to a distance of
z =20 cm (a) and to a distance of z = 40 cm (b). Note the motion of the diffracted
energy inwards. The vertical line shows the axis of the pulse (see text for more
details).

primarily responsible for further decay in the amplitude along the axis. Thus the

bounded acoustic pulse exhibits a variable behaviour mainly in three regions:
e Region I: From z = 0 to about 45 cm where the amplitude is nearly constant.
e Region II: From z = 45 cm to about 1 m where the amplitude increases.
e Region III: From z = 1 m and thereafter where the amplitude decays.

It is apparent from figure 2.43 that the amplitude along the axis of propagation of
the beam remains stable to a relatively large distance of about 30 cm, compared
to bounded acoustic pulse width. The forward continuation of the original field at
z = 0 of figure 2.39 is shown in figure 2.44, where the amplitude envelope of the
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wave field is presented at two distances, z = 20 cm and z = 40 cm away from
the source. It is important here to note that according to the numerical results
and the discussion given above, the bounded acoustic pulse behaviour is suitable to
laboratory experimental studies such as reflectivity. Experiments conducted within
this limit will require little or no corrections to the observed amplitudes. A source
of the same size as described above will be used in the forthcoming reflectivity
experiments from a various set of materials immersed in water. The experiments
are conducted in a water tank with propagation distances within region I where the

amplitude along the axis is nearly constant.

2.10.2 Bounded acoustic pulse reflectivity

There are many factors that will influence the behaviour of a reflected bounded
acoustic pulse. These include the aperture of the transducer, the properties of the
fluid and the solid, and the transducer bandwidth, among others. This is relatively
complex and to highlight some interesting characteristics a series of examples is

given.

The reflectivity of the bounded acoustic pulse 8 cm wide, discussed above, will be
developed. A two medium space will be used where the first medium is water from
which the bounded acoustic pulse is incident onto a copper alloy solid medium. The
characteristics of the media are summarized in table 2.4 above. The spatial pulse
width is quite large compared to the wavelength (1.9 mm at the dominant frequency
of 0.78 MHz). The reflectivity of the bounded acoustic pulse from the interface is
modelled via equation 2.165 as a function of incidence angle and is shown in figure
2.45. 'The calculated plane-wave Zoeppritz’s solution using equation 2.88 for a
monochromatic plane wave is shown for purposes of comparison. The measurement
points are equidistant from the geometrical reflecting point that remains constant
for all angles of incidence. We see that the reflectivity of the bounded acoustic pulse
matches quite well the plane wave solution except in the vicinity of those incidence
angles where there is a substantial change in the plane wave reflectivity. The most
important difference is that at the Rayleigh angle where we see a large decrease in the
reflected amplitude. This is expected as the bounded acoustic pulse experiences an
important apparent displacement laterally along the interface at this angle. Thus the

reflectivity around the Rayleigh angle is a measure of the wave field at the edge of the
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Figure 2.45: Reflection coefficient of a reflected bounded acoustic pulse from a
copper plate immersed in water in contrast with a plane wave reflectivity response.

Note the large drop in amplitude at the Rayleigh angle.

bounded acoustic pulse where the field is quite low in amplitude. Furthermore the
reflected wave field is distorted. At the P and S wave critical angles the reflectivity
is somewhat averaged. Indeed at any principle angle of incidence there are plane
wave components with an angle of incidence that is lower and others with angle of
incidence that is higher than the principle propagation angle. Thus all sharp edges
will be smoothed out relative to the expected theoretical monochromatic plane wave

reflectivity.

Figure 2.46 shows three frames as the bounded acoustic pulse impinges at S pre-
critical angle of incidence onto the interface and reflected back to the liquid medium.

In this case no apparent shift nor distortion in the reflected field is apparent.

Figure 2.47 shows three frames as the bounded acoustic pulse impinges at Rayleigh
angle (43.97°) onto the interface and reflected back to the liquid medium. We see
clearly that reflection does not occur at the expected geometrical point. We see
rather a displaced wave field to the right by about 6.8 cm, a value that is close to
the width of the incident bounded acoustic pulse. Thus the displacement is sub-
stantial and the calculated Schoch displacement of 6.4 cm is close to the observed

one of 6.8 cm. The disagreement is within 6%. In this case the bounded acoustic
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Figure 2.46: Three time snap shots of a bounded acoustic pulse impinging from
a water medium onto a copper solid and reflected back to the water (see material
properties in table 2.4). Bounded acoustic pulse width: 8 cm. Central frequency:
0.78 MHz. Frequency bandwidth: 0.2-1.2 MHz. Incidence at shear pre-critical angle
of incidence (30°). (a): Incident bounded acoustic pulse, (b): Wave field strikes the
boundary. (¢): Reflected bounded acoustic pulse.
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Figure 2.47: Three time snap shots of a bounded acoustic pulse impinging from
a water medium onto a copper solid and reflected back to the water (see material
properties in table 2.4). Bounded acoustic pulse width: 8 cm. Central frequency:
0.78 MHz. Frequency bandwidth: 0.2-1.2 MHz. Incidence at the Rayleigh angle
(43.1°). (a): Incident bounded acoustic pulse, (b): Wave field strikes the boundary.
(c): Reflected bounded acoustic pulse. A substantial displacement of the reflected
bounded acoustic pulse is noticeable from the expected geometrical reflection. The

dashed line shows the maximum amplitude of the reflected wave field.
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pulse is not displaced in its entirety but rather spatially dispersed. The meaning
given here to the spatial dispersion is that each wave number component present in
the incident wave field is shifted by a different amount according to its frequency
and its angle of incidence. As a result energy is still present around the geometrical

reflection direction.

It is possible to infer the S-wave velocity from the observed Rayleigh angle
(Neubauer and Dragonette, 1974). Indeed, use of the Rayleigh angle information
may be the only way to obtain this information given that the reflectivity curve has
no readily apparent feature that may be picked at 6. Neubauer and Dragonette
(1974) have attributed the null strip as giving the minimum observable reflectivity.
In fact the search for the null strip is not necessary in order to observe a minimum
amplitude in the reflectivity response. Keeping the source and the receiver at angles
defined by geometrical reflection will allow one to observe a minimum amplitude in
the reflectivity response. The Rayleigh angle is coincident with the minimum reflec-
tivity response. In the case described here no null strip is evident in the reflected
bounded acoustic pulse of the numerical results in figure 2.47. Now let this Rayleigh
angle be fg. The horizontal velocity of the reflected wave field in the liquid is

__Y
= SineR

(2.166)

where V; is the velocity in the fluid. The Rayleigh wave velocity (Ewing et al., 1957)
is then given by the solution 0 < ¢ < V; of the equation

E ot (24 16 1%
‘—/'6—8"784'4—0 (22‘—"‘7;2—>-16(1—V3>:0 (2167)

S

Vp and V; are the P-wave and S-wave velocities of the solid respectively. This equa-
tion can be rewritten to solve for the S-wave velocity. To do so the knowledge of V,,
and Vp is required. Vi can be measured from the observed Rayleigh angle whereas
Vp can be measured from the P-critical angle ¢ when available. But in general the
shape of the reflectivity at this critical angle is a smooth curve that does not allow a
precise reading of this angle. It is preferable to measure directly the P-wave velocity

via a pulse transmission experiment. Equation 2.167 can then be rewritten as

16 V2
ij — 16 (1 - -ﬁ) VE+24VEAVA - 8VAVE 4 VE =0 (2.168)
p p
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This equation admits, in general, more than one solution that satisfies the condition
0 < V; < V,. But a unique solution can be achieved by using the fact that the
Rayleigh angle 65 is close to the shear critical angle 8. In the case of a low com-
pressibility solid the S-wave velocity can be approximated from equation 2.167 by
letting the compressional wave velocity of the solid be infinite. Then equation 2.167
admits one real solution Vg = 0.9194V; (Ewing et al., 1957). This solution can then
be used to infer V, and will be given by

V, = 1.0467Vx (2.169)

In the present numerical example given above the Rayleigh angle is 43.97° and
the deduced horizontal velocity from equation 2.169 of the reflected wave front is
Vi = 2150 m/s. This leads to an S-wave velocity of V, = 2251 m/s which is close
to the input S-wave velocity of V; = 2300 m/s within 2.1%. However if we use
equation 2.168 with the compressional wave velocity given in table 2.4 we get the
S-wave velocity of V; = 2300 m/s that is more precise (in this case exact) than that
inferred from equation 2.169. The discrepancy will be larger when equation 2.169
is applied to low compressible solids but implementation of equation 2.168 leads to
better results. Indeed, to find the material properties, the P-wave velocity V, is
needed. It is therefore better to make use of it to obtain a more accurate S-wave

velocity.

2.11 Discussion

In light of what was discussed in the previous sections the Rayleigh angle phe-
nomena is attributed purely to a spatial dispersive and interference effect. It is worth
noting that Schoch (1950), as reiterated by Brekhovskikh (1960), associated this ef-
fect to a phase shift of the reflected wave field. Since then, however, there have been
a number of alternative explanations. Here it is believed the experimental results
in the next chapter, however, will confirm the above Schoch’s and Brekhovskikh’s
analysis. The word spatial is used here in analogy to the velocity dispersion effect

in dispersive media.

A bounded acoustic beam will have a distribution of horizontal wave numbers

in the Fourier domain according to its width and wavelength. That is, each Fourier
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plane wave component present in the wave field is displaced by a different quantity
according to its angle of incidence. A larger spatial beam width corresponds to
a narrower band of wave numbers distribution (or equivalently a range of angles of
incidence) in the Fourier domain. If the beam width is wide enough such that the vast
majority of angles of incidence present in the decomposition are close to the principal
angle of incidence in the direction of beam propagation then the whole beam would
be uniformly displaced along the boundary. In such a case the Schoch displacement

approximation gives a very good estimate of the displacement as indicated in figures
2.32 and 2.33.

On the other hand, if the beam width is narrow compared to wavelength then the
distribution of its wave number components will be broader. In this case, significant
proportions of the beam will have wave numbers that correspond to angles of inci-
dence both less than and greater than the 6. As such, (see figures 2.35 and 2.36 for
example), the various components of the beam will have a range of displacements.
The beam will appear highly dispersed and the intensity distribution distorted as
indicated in these figures.

Some workers (Tamir and Bertoni, 1973; Bertoni and Tamir, 1973; Breazeale et
al., 1977) have attributed the beam displacement and distortion to the existence of
a Rayleigh wave that is excited at the interface between the fluid and the solid. In
this concept, the Rayleigh wave propagates along the interface as a surface wave in
the solid. They presume this Rayleigh wave can leak energy into the liquid and thus
is attenuated in the direction of propagation. Indeed an evanescent surface wave
does exist after the S-critical angle of incidence but this wave should not contribute
to the boundary energy balance as was demonstrated earlier in the solution of the
boundary value problem in section 2.5. Consequently it cannot leak energy upwards
into the liquid. Furthermore, if this wave were to loose energy as it propagated its
horizontal wave number must be complex valued as proposed by Bertoni and Tamir
(1973). This violates the foundation of the solution given to the boundary value
problem; that is, the projection of all wave numbers of all wave modes generated at
the boundary on the interface must be equal to that of the incident wave according
to Snell’s law (Equation 2.85). The wave number of the incident wave is real valued

as considered in the solution to the boundary value problem in section 2.4.
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In the plane wave decomposition of the bounded acoustic pulse inhomogeneous
waves might be present but these do not carry enough energy to create a leaky wave
strong enough to counter balance the reflected wave to create null strips as observed
in experiments (Schoch, 1950; Brekhovskikh, 1960; Neubauer and Dragonette, 1974;
Breazeale et al., 1977). It is also clear in figure 2.40 that inhomogeneous wave energy
is almost absent in the Fourier decomposition of the incident bounded acoustic pulse.
The spectrum shown in figure 2.40 is for normal incidence, however the same result
is found for all angles of incidence. Instead of invoking the Rayleigh wave, here the
phenomenon is interpreted as a purely effect of spatial dispersion. The dispersion,
and hence the displacement, depends on the wavelength (frequency). Indeed, the
larger the wavelength relative to the transducer dimensions the larger the distribution
of the components in the Fourier domain with the result that more dispersion occurs.
Conversely, the broader the relative frequency range the smaller and more uniform

the displacement is.

From what has been described in the previous sections, we see that in order
to investigate wave propagation and particularly reflectivity experiments one must
well characterize the initially generated wave field. First, the characteristics of both
bounded monochromatic acoustic beams and bounded acoustic pulses change with
distance from the source due to diffraction. That is, there can be significant changes
in amplitude along the axis of the transducer. However bounded acoustic pulses
exhibit relatively long distances over which the amplitude along the axis of propa-
gation is uniform (Figs. 2.42 and 2.43). This amplitude remains constant at much
larger distances than in monochromatic bounded acoustic beams. This will allow
the recorded events to become less sensitive to small diffracted arrivals from the
apparatus. Precisely because they are limited in time, interference between the en-
ergy at the axis with that diffracted from the edges is lessened. These type of wave
fields are preferred over the monochromatic bounded acoustic beams in laboratory
experiments as the corrections, that might be difficult, needed to account for axial
amplitude variations are reduced or eliminated. Further, the larger the source the
greater the distance the wave field will maintain uniform amplitude along the propa-
gation axis. For example a source 8 cm wide (0.78 MHz peak frequency) will produce
a pulse that propagates with constant axial amplitude to a distance of approximately

30 cm (Fig. 2.43). This is important in a practical sense because it means that within
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this distance spreading corrections are not required if a sufficiently small receiving

transducer is used.

It is worthwhile to note that in the preceding theory all wave fields were supposed
to be of infinite extent in the third dimension . If this is not taken into account
in the Fourier decomposition (by solving a 3D problem) errors might be substantial
if the width of the bounded acoustic pulse is too small. To minimize these errors
the length of the source in the § direction should be as large as possible in any

experiment and must be greater than the width in the £ direction.

2.12 Conclusions

This chapter began with a review of fundamental theory of plane wave propaga-
tion in fluids, of plane wave reflectivity, of Rayleigh angle effects, and of monochro-
matic spatially bounded acoustic beam. This review leads to the development of a
technique of modelling a bounded acoustic pulse. The theoretical or numerical mod-
elling presented in this chapter suggest that bounded acoustic pulses offer a good
way to probe various materials using reflectivity. While the initial idea of using
”large transducers” to do this were supported it is necessary to characterize well the
wave field generated by each individual source used in experiments. It was shown
that bounded acoustic pulses are well suited for laboratory experiments. However,
because the pulse is spatially bounded its reflectivity from a fluid-solid interface ex-
hibits an apparent lateral displacement along the interface when the phase change of
the reflection coefficient is not negligible (i.e. at post S-critical angle of incidence).
Substantial displacements occur at the maximum phase of the reflection coefficient
at the so-called Rayleigh angle. When the beam width is much larger than the
wavelength, at this particular angle of incidence the wave field is displaced or shifted
laterally in its entirety. For wave fields with small widths severe distortion occurs
in the intensity distribution of the reflected beam. This phenomenon is interpreted
as a spatial dispersion due to interference of the various components of the pulse of

differing wave number (angle of incidence) and hence displacement.

Further, it is unlikely that a Rayleigh wave generated at the interface is strong
enough by itself to oppose the reflected wave field and create null strips as observed

in experiments by other workers. Inhomogeneous waves that can be present in the
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decomposition of the incident wave field would not be strong enough to excite a
strong leaky Rayleigh wave. Indeed in the numerical modelling calculations the
same result is obtained whether inhomogeneous waves are included or not. The

results agree with the dispersive effect.

This behaviour can occur at any boundary between two media if the phase of the
reflection coefficient changes abruptly. The reflectivity of a bounded acoustic pulse
from a fluid-solid interface exhibits a large drop of amplitude at the Rayleigh angle
of incidence. In general a minimum reflectivity will be observable at the Rayleigh
angle when maximum bounded acoustic pulse shift occurs. The observed Rayleigh
angle can be used to infer the S-wave velocity and, indeed, may be necessary to
employ as there is no clear indication of the S-wave critical angle of incidence in the
reflectivity curve. Near the P and S critical angles an averaged reflectivity is observed
in the bounded acoustic pulse response because sharp changes in the amplitude of
the reflected wave, as calculated through Zoeppritz’s equations, are smoothed out.
Thus the reflectivity obtained from a bounded acoustic pulse is very close to that
anticipated by Zoeppritz’s equations except at the Rayleigh angle and at the P
and S critical angles of incidence. In the next chapter a method of calibrating the
reflectivity from well known solids we will presented. It will be also shown that the
numerical modelling presented here agrees very well with the experiments providing
evidence to support the theoretical ideas of Schoch (1950) presented here.
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Chapter 3

Laboratory calibration of
reflectivity using bounded acoustic

pulses

Introduction

The main purpose is to fundamentally study the acoustic reflectivity from a fluid
filled porous medium. The previous chapter showed, however, that such experiments
are not necessarily easily interpreted due to the real effects of finite transducer geom-
etry even on well understood elastic materials. The concept of a bounded acoustic
pulse was introduced in the last chapter. Here will be given the results of a series of
reflectivity experiments of such a pulse on a variety of solids. The results confirm the
validity of the theory, and, also provide a calibration of the experimental configura-
tion. Laboratory acoustic reflectivity experiments can be problematic when acoustic
source and receiver transducers are not well characterized. To obtain reliable results
from such experiments it is important to characterize the source and receiver used
in experimental work. Furthermore, the shape and type of sources one can use in
experiments can lead to large variations in the recorded signals that must be sepa-
rated from the background noise. Small sources can lead to various diffracted events
and undesired reflections from the experimental setup that could be as strong as the
desired acoustic response one seeks to acquire. Large sources, on the other hand

offer a good signal strength that could be recorded even without amplification.
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The generated acoustic pulse from a large transducer can travel relatively long
distances with the amplitude along the axis of propagation remaining constant.
Events other than the desired reflectivity are much weaker and arrive later in the
recorded trace making event separation easy. The propagation and reflectivity of
bounded acoustic pulses from a fluid-solid interface was studied in great detail in
chapter 2. The numerical models presented in chapter 2 showed that the reflectiv-
ity response from fluid-solid boundaries agrees quite well with Zoeppritz’s equations
except at angles of incidence where the phase (or the amplitude) of the reflection co-
efficient changes abruptly. There an apparent displacement of the bounded acoustic
pulse along the interface upon reflection was observed. At incidence angles where
the absolute value of the reflection coefficient exhibits sharp changes the reflectivity

response is also smoothed.

Here, will be described a laboratory method for reflectivity tests. The method
relies mainly on the use of a large transducer that generates a wide bounded acoustic
pulse. The transmitted signal is recorded by a highly directional point-like receiver.
The experiments are conducted in a water filled tank. A mechanical scanner is first
used to characterize the source and the receiver behaviour. An acoustic goniometer
is then used to acquire the reflectivity response from well known solid materials.
Reflectivity experiments were conducted on three blocks composed of a soda-lime
glass, an aluminium alloy, and a copper plate. The apparatus and the experimental
setup used here will first be described including a discussion of source and receiver
character. The observed reflectivities will be found to agree with those expected
from theory developed in the last chapter. As such, these results both confirm the

theory and serve as an important calibration of the experimental technique.

3.1 Experimental equipment and setup

A large variety of experimental equipment was developed specially for this ex-
periment. This equipment included a large piezo-electric transmitter, a tiny piezo-
electric receiver, a mechanical 3D scanning device, and an acoustic goniometer to
carefully mount the transducers and sample. While the descriptions may be brief,
it is worth noting that the transducer developments in particular required a great
deal of repeated attempts with a number of failures before an acceptable signal was
obtained.
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3.1.1 Transmitter

A large acoustic source is constructed using a piezo-electric plate (PZT-840,
American Piezo Ceramics Inc.) that is 10.2 cmx7.6 cm and 0.254 cm thick. It
is mounted in a casing made out of an electrically non-conducting material (Fig.
3.1). The resonance frequency of the plate is in the order of 0.78 MHz. The trans-
ducer face directly in contact with water is coated with two thin layers (< 0.001 cm):
a layer of electrically conductive epoxy covered with a layer of acrylic lacquer. This
electrically isolates the electrode from the surrounding water while allowing maxi-

mum acoustic coupling. A thin layer of highly conductive copper is bonded to the

Handle
Input pulse
Casing l Damping material
i um——]
Tem Piezoelectric plate

Figure 3.1: Cut-away schematic view drawn to scale of transmitting acoustic source
used in all experiments. The source is 8.27 cm wide in the third dimension not

shown.
back face of the transducer with conductive epoxy. In this way a high electrical
coupling is obtained.

The chamber to the back of the plate is filled with a urethane rubber (Flexane™™)
and tungsten mixture. The purpose of this mixture is to mechanically dampen the

piezo-electric plate in order to shorten its pulse length, or equivalently, increase
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the transducer frequency bandwidth. The mixture is both highly attenuating and
has an elastic impedance (pV') close to that of the PZT-840 piezo-electric material
permitting a narrower pulse to be transmitted into the surrounding liquid. This
construction procedure has reduced drastically the ringing effect of the transducer

produced when excited by a broad band pulse.

3.1.2 Receiver

The receiver is constructed with a very small and very thin piezo-electric plate
cut from a PZT-850 (American Piezo Ceramics Inc.) The receiver is 1.9 mm x1.9 mm
and 2.01 mm thick, mounted in a plastic casing (Fig. 3.2). As for the acoustic source

described above, the face of the plate in contact with water is coated with two layers

Casting Casing Power

I A
:

Damping material Preamplifier Output signal

Piezoelectric plate

Figure 3.2: The near-point receiver with a preamplifier used in all experiments. The

piezo-electric plate is 1.9 mmx1.9 mm and 2.01 mm thick.

of a thin conductive epoxy and a thin acrylic lacquer. The plate has a surface area of
3.6 mm?, only 0.046% that of the area of the source (7752 mm?). The width of the
receiver is on the order of the wavelength of the source pulse (about 1.9 mm ) and,
as will be seen the bounded source pulse is highly uniform over such dimensions. As

such, the receiver is treated as a near-point receiver.

The signal is boosted by a preamplifier mounted near the transducer to increase
the signal to noise ratio. The gain of the preamplifier can be set to either 2 or

4 and its phase response is tested and found to be nearly zero over the frequency
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bandwidth of the pulse. The back of the transducer is also filled with a same damping
material used for the source reducing the ringing effect. The resonance frequency of

the receiver is of the order of 1 MHz.

Tests on the receiver have shown that it is highly directional and picks mainly
wave arrivals with wave fronts parallel to the surface of the transducer, this minimizes

the effect of non directed scattered energy.

3.1.3 Three dimensional acoustic scanner

In order to characterize the source and the receiver transducers a three dimen-
sional in-house acoustic scanner (Fig. 3.3) was constructed. This apparatus allows

the wave field in the fluid created by the source to be sampled at any interval to

Figure 3.3: The acoustic scanner used to characterize the source and the receiver.
The device is immersed in a water tank. Note the large transducer source compared

to the near-point receiver.

distances up to 40 cm. The acoustic source allowed motion is along the vertical
axis, whereas the receiver is free to move in three dimensions. Thus the wave field

produced by the source can be monitored in a large volume in front of the source. A
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Figure 3.4: Setup for recording of a bounded acoustic pulse at a given distance away
from the source. The diagram is not to scale. The dotted arrows show the scanning

directions.

diagram of the experimental setup to record the wave field along an axis perpendic-
ular to the axis of propagation of the bounded acoustic pulse is shown in figure 3.4.
The ultrasonic pulser (Panametrics pulser Model 5800) sends a broad band pulse
signal (12.5 to 100 uJ) that excites the transmitter to produce a narrow frequency
bandwidth bounded acoustic pulse about its resonance frequency of 0.78 MHz. The
receiver senses the signal as (i.e. variations in pressure in the water) it moves along
a line parallel to the face of transmitter. The pre-amplified signal is then sent to the
digital recording oscilloscope (Tektronix TDS 420A) for previewing and recording at
the sampling rate of 0.040 us.

The advantages of these characterization experiments are to well define the be-
haviour of the source-receiver pair. The use of large source is justified in the sense
that it allows the generated bounded acoustic pulse to propagate large distances
(30 cm) with a relatively stable amplitudes around the propagation axis as shown in

chapter 2. This minimizes any corrections which could be needed if a smaller source
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were used. The point receiver in the other hand has to be as small as possible to
minimize the averaging effect of large receiving transducers. The energy transmitted
by the source is large at far field that even a tiny receiver could still pick a large ar-
rival. The directionality of the source and receiver minimizes any obliquely arriving
energy that might be scattered by the equipment. The acoustic scanner permits us
to measure the near and the far wave field that would be compared to models to
test the validity of the theory described in chapter 2.

3.2 Acoustic goniometer

An acoustic goniometer with two arms, one holding the source and the other the
receiver, can be positioned at different angles of incidence and reflection (Fig. 3.5).
A correct scale diagram of the experimental setup to record the wave field at a given

angle of incidence is shown in figure 3.6. We notice the relative size of the source

Figure 3.5: Photograph of the reflectivity experiment from a soda-lime glass sample
in water using an acoustic goniometer. A transmitting source produces a bounded
acoustic pulse and a near-point receiver captures the signal reflected from the water-

glass interface. Note that top of goniometer is out of the water and is not seen.
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Figure 3.6: Diagram of the reflectivity experiment corresponding to the photograph
of figure 3.5. The goniometer, the source, the receiver, and the sample are drawn to

scale.

compared to receiver and the goniometer. By design this experimental setup records
only the wave field at the centre of the reflected bounded acoustic pulse. Further, the
centres of the transmitter and receiver remain at constant distance regardless of the
angle of incidence; this reduces or eliminates any geometrical spreading corrections
required. The bounded acoustic pulse path is shown in gray without taking into

account the geometrical spreading.
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With this setup, and primarily due to the physical size of the source, measure-
ments cannot be taken at angles of incidence less than the minimum angle of in-
cidence of 12.5%. Large angles of incidence are also limited to 60°, at this angle
the source and the glass sample (or any other sample of the same size) are nearly
in physical contact allowing no further movement of the source. Another problem
beyond this angle of 60° is that other arrivals, such as a direct wave from the trans-
mitter to the receiver, interfere with the reflected signal. Consequently quantitative

measurements are limited to angles of incidence between 12.5° and 60°.

This experimental setup has further advantages. Because the bounded acoustic
pulse produced by the source is strong and the receiver highly directional, events
arriving off the axis of the reflection path are much weaker and do not noticeably
disturb the reflected signal.

The angles are directly measured on a scale with tick marks of 0.25° with a
reading error of about 0.05°. The angles in the experiments were measured in steps
of 0.5° with a reading error of about 0.01°. The source and receiver are aligned using
a laser to ensure that the measured reflected energy by the receiver is indeed coming
from the centre of the source. The alignment is done for both the source and the
receiver by replacing each at a time by a laser source. The sample surface is always
aligned with the diameter of the goniometer and its surface coincides with a plane

perpendicular to the plane of the goniometer (Fig. 3.6).

3.3 Source and receiver characterization results

The experiments in this thesis rely on signal fidelity and quality. As such it is
important that the specialized transducers developed be well characterized. In this
section we discuss the signals produced by the source and the measurement of the
bounded acoustic pulse. This information is critical to later modelling of expected
reflected responses.

The signal produced by the source is recorded by the near-point receiver at a
distance of 2 cm and a sampling rate of 0.04 us. It has a narrow frequency bandwidth
(0.2 MHz to 1.2 MHz). The wavelet and the amplitude spectra are shown in figure
3.7. The bounded acoustic pulse is recorded using the setup of figure 3.4. The
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Figure 3.7: (a) Waveform observed along the axis of the transmitter at a distance
of 2 cm. (b) Amplitude spectra of (a). The frequency bandwidth is about 0.2 to 1.2
MHz.

receiver is positioned 2 cm away from the source and the bounded acoustic pulse
is sampled along a line parallel to the plane of the source transducer at 1 mm and
2 mm steps for the vertical and horizontal directions respectively. The normalized
recorded waveforms are shown in figure 3.8 in both the vertical and the horizontal
direction. The vertical and horizontal recorded wave fields are not acquired at the
same conditions. The velocity in the water varied slightly during the vertical and
horizontal data acquisition respectively. The generated bounded acoustic pulse has
a flat arrival time and a nearly-constant amplitude in a large area around the axis
of propagation. We also notice, as expected, that the bounded acoustic pulse is

wider in the horizontal direction than in the vertical direction according to the
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Figure 3.8: (a) Source wave field recorded 2 cm from the source along a line parallel
to the plane of the source transducer in the vertical direction. (b) Wave field in the
horizontal direction at the same distance. The vertical line represents the centre-axis

of propagation.

lateral dimensions of the source. Some coherent noise is also noticeable after the
main bounded acoustic pulse. These events might have been generated by ringing
between the back of the piezo-electric plate and the plastic housing (Fig. 3.1) within
the damping material, perhaps because of insufficient attenuation or because of the
closeness of the receiver to the source. These events occur at slightly different times,

probably due to the variation in the fluid velocity as mentioned above. Diffractions
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from the edges of the transducer are also clearly apparent. However, at the centre
of the bounded acoustic pulse diffractions and reverberations do not interfere with

the first arrivals of interest.

As noted earlier, it is important that we understand the bounded acoustic pulse.
One aspect of this is knowing how the pulse will change with propagation distance.
The wave field is modelled near the source given in figure 3.8 as it propagates in
the fluid medium using the methods described in chapter 2. Specifically, we now
calculate its shape and amplitude at a distance of 35 cm from the same plane and
compare these calculations to the experimental wave field recorded at the same
distance. To do so recall the equation 2.162 describing the wave field as an integral

in the space (£,2,t), this equation is
1 +oo  po0 ) ) )
o(z, z,t) = Z—E/ / ®(ky, 0, w)e e etk gk dw (3.1)
T Jeoo J—o0

where ®(k,,0,w) is the wave field recorded on the plane z = 0 transformed into
the Fourier domain (k,, w). k; and k, are the horizontal (£) and the vertical (2)
wave numbers respectively. ¢(z, z,t) is the wave field everywhere in the space (Z, 2)
and at any time ¢. Using equation 3.1 the wave field recorded at 2 cm away from
the source is calculated at a distance of 35 cm. This is accomplished by first taking
the double Fourier transform of wave field recorded at z = 0 in time and z, phase
shifting by multiplication by the operator e**** where z = 0.35 m, and finally taking
the double inverse Fourier transform. To speed up the process the Fast Fourier
Transform algorithm can be used. Depending on memory availability the process

can be done in steps in the 2 direction that sum up here to the desired distance of
35 cm.

The observed and calculated wave fields at a distance of 35 cm are shown in fig-
ure 3.9. We notice that these are in excellent agreement despite the reverberations
present in the model. This distance of 35 cm is greater than the source-receiver
distance of 20 cm used in the reflection experiments. We notice that the "reverber-
ations events” are present in the model above 250 ps but not in the observed data.
This further supports the contention that these events are probably a result from
the proximity of the source and receiver (2 cm) when the input wave field data is
acquired.
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Figure 3.9: a) Observed wave field at a distance of 35 cm from the source. b) Mod-
elled wave field at the same distance. The input to the model is the vertical scan

shown in figure 3.8-a.

The maximum amplitude envelope, calculated through the Hilbert transform, of
both observed and modelled wave fields at distances of 2 cm and 35 cm are compared
in figure 3.10. At 2 cm both the vertical and horizontal wave fields show a large area
around the axis of propagation where the amplitude is nearly-constant. However the
horizontal bounded acoustic pulse is wider than the vertical one. At 35 cm the model
and the observed amplitudes are in excellent agreement despite a misalignment of

about 2 mm, this is likely due to the precision of the scanner positioning system at
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Figure 3.10: The normalized maximum of the amplitude envelope, calculated
through the Hilbert transform. (a) Observed wave field at 2 cm away from the
source in two directions, vertical and horizontal. (b) Modelled and observed wave

field at 35 cm away from the source in the vertical direction.

the 35 cm distance. The edges of the bounded acoustic pulse increase in amplitude
and migrate inwards towards the centre as predicted by the model given in chapter
2. This is evident in the amplitude envelope of the cross section of the acoustic
bounded acoustic pulse as it propagates in the fluid as shown in the composite image
of figure 3.11-a. The wave field as predicted by the model in chapter 2 spreads energy
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Figure 3.11: Forward model from 0 cm to 40 cm of the wave field shown in figure
3.8. a) Colours represent the peak of the amplitude envelope at each distance z.
b) Peak of amplitude envelope along the axis of the same transducers as calculated
and as observed. The amplitude along the axis of propagation in the % direction

remains nearly constant to about 30 cm.

outwards and inwards by diffraction as it propagates. The amplitude at the centre
of the acoustic bounded acoustic pulse as a function of propagation distance is given
in figure 3.11-b with the model superimposed. We see that they are in very good
agreement. This confirms that the forward modelling of the bounded acoustic pulse

using equation 3.1 adequately and effectively describes the wave field at any point in
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front of the acoustic source and places further confidence in the reflectivity modelling

in previous and later chapters.

3.4 Reflectivity results and discussion

In order to perform reflectivity experiments on complex, and not necessarily well
understood, materials such as fluid-saturated porous media, it is imperative that
the source and the receiver be calibrated on well known materials. Here reflectivity
experiments are conducted on blocks of three solid, isotropic, and low attenuation

materials (Fig. 3.12): a soda-lime glass, a copper alloy, and an aluminium alloy.

Figure 3.12: The three samples used in the experiments, an aluminium sample, a
glass sample, and a copper sample. The plastic sample was not used. Coin is a 1988

Canadian dollar for scale

The surfaces used for the reflectivity experiments were flattened within 0.075 mm
for the glass and 0.025 mm for the copper and aluminium. This was the maximum
that could be achieved with the available equipment used. Waveforms were acquired
with incidence angle from these blocks using the goniometer setup (Fig. 3.5 and 3.6).
A wide range of angles of incidence was covered from 12.5° to 60°, i.e. those angles
allowed by the physical setup of the experiment. The P and S wave velocities for the
three samples were directly measured in independent ultrasonic pulse transmission
tests. These materials are non-porous and the properties are assumed constant
throughout the measurements. The density was determined by weight and volume

measurements on the samples. The velocity of water was measured in each test
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Figure 3.13: Water velocities during the experiments on the aluminium alloy, copper
alloy, and glass blocks of figure 3.12. The source-receiver distance is normalized with

respect to the first offset.

by ultrasonic transmission through the fluid at various distances. The results are
summarized in figure 3.13 where the error in the velocity is calculated by taking
twice the standard deviation of the time picks at various offsets. The density of
water was directly measured with a densitometer during each and was found to vary
very little and assumed to be 99541 kg/m? for all the forthcoming experiments. It
is also worthwhile to mention that the water used is distilled water but its purity
may not have been kept high due to the filtration system used that could have
added some gas. To keep this problem to the minimum the water was regularly
replaced. The compressional V,, and shear V; velocities are measured using the
multiple reverberations by fitting a line through the maximum energy. This is only
done when the wavelet does not show large distortions within the multiples else
the first break is used. The errors are taken to be twice the standard deviation or
one time sample and 0.25 mm in the thickness measurements of the samples. The
measured properties of the fluid and the solids are listed in table 3.1 and are in

agreement with published values (Gray, 1963).

From the measured properties of table 3.1 other useful parameters can be calcu-
lated. The elastic properties of the materials, the Rayleigh wave velocity, and the
critical angles are calculated and are listed in table 3.2. The bulk modulus K and
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Material Ve Vs I Puw Ve
m/s m/s kg/m? kg/m® m/s
Glass 5787+ 10 3455 +2 2492+£15 9951 1498+2
Copper 478914 230049 890160 995+£1 1493%7
Aluminium 6442430 3134+2 26994+20 995+1 1489+3

Table 3.1: Properties of the materials used in the reflectivity experiments where V,,

is the P-wave velocity, V; the S-wave velocity, p the density of the solid material.

The density p,, and the velocity V,, of water are given in the last two columns as

measured during each experiment with a densitometer and wave propagation in the

water respectively. Because of the change in conditions for each experiment the

velocity of water in the tank has slightly changed from one experiment to the other.

Material by 0¢ Or Vg

[¢] o o m/S
Glass 15.00+£0.05 25.69+0.05 28.29+£0.06 316142
Copper 1817+ 0.14 40.48+0.42 43964047 2151 +8
Aluminium 13.36£0.09 28.37£0.08 30.57+0.10 292843

Table 3.2: The P-wave critical angle %, the S-critical angle 6%, the Rayleigh angle,

and the Rayleigh wave velocity calculated from the properties of the materials listed

in table 3.1.

the shear modulus y are given respectively by

4

3%

i

I

The Young’s modulus is given by

_ 9Kyu
3K +pu

and the Poisson’s ratio by
- 3K —2u
6K +2u

)

(3.4)

(3.5)
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Material K 7 E v Ky
GPa GPa GPa - GPa
Glass 43.8+14 297+02 728+08 022+£001 22401

Copper 1414+44 471407 1271+£21 0354+£001 22+0.1
Aluminivm 76.7+25 265+02 71.3x£08 034+£001 22401

Table 3.3: Parameters calculated using the properties of the materials listed in table
3.1. K, u, E, and o are the bulk modulus, the shear modulus, Young’s modulus,

and Poisson’s ratio respectively. K, is the bulk modulus of the water.

These material properties are calculated in the present experiments for the glass,
copper, and aluminium. The results are listed in table 3.3. The P and S wave critical

angles are given by

v
c a1 f TW

g, = sin (Vp> (3.6)
6° = sin”t (-‘(-}ﬂ) (3.7)

The Rayleigh wave velocity corresponds to a surface wave that can propagate at the
surface of the solid in the absence of the fluid. If the P and S wave velocities are

known the Rayleigh wave velocity can be calculated (Ewing et al., 1957)

¢t (24 16 14
L gt fllehal 1— 2 ) = ,
Sostre (H-a) - sz) 0 (33)

s P

This equation, where the unknown velocity is ¢, admits always a real positive solution
less than V;. This solution is the Rayleigh wave velocity Vz. Note that here the
Rayleigh wave solution is completely independent of the fluid. Thus if a surface
wave propagates along the interface with the Rayleigh wave velocity it must ignore
the presence of the fluid. The Stoneley wave potentially could be present, but its
velocity is nearly the same as water and is not detected in this experiment. Indeed
in the fluid-solid boundary value problem discussed in chapter 2 surface waves exist
only after the P-wave critical angle of incidence. There exists an angle at which the
apparent horizontal wave velocity of the reflected wave into the fluid equals that of
the Rayleigh wave velocity. This angle that is commonly called the Rayleigh angle
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is given simply by

|74
—aip-l [ e
fr = sin (VR> (3.9)

Now compare the S-wave critical angle of incidence and the Rayleigh angle. We
know that % > Y\}‘:‘ since Vg < V; and therefore sin 6 < sinfx. This shows that the
Rayleigh angle 6z is always greater than the S-wave critical angle of incidence 65.
In the present experimental work the calculated Rayleigh wave velocities and angles

for the three cases studied here are given in table 3.2.

Recall the equation describing the reflected bounded acoustic pulse from a fluid
solid boundary. This equation is:

+o00  pto0
¢(z,2,t) = -4—17;2 / / R(ky)®(ky, 0, w)elkamthe@hrlzDretl gpe g, (3.10)

Here ®(k,,0,w) is the two dimensional Fourier transform in the & direction and
time ¢ of the wave field at z = 0. R(k;) is the complex reflection coefficient at
the boundary between the fluid and the solid. k, is dependent on k., and is given
by k, = (k* — kg)%. h is the distance between the plane z = 0 and the interface.
Using the properties given in table 3.1 we can calculate the reflection coeflicient
at the boundary for any angle of incidence. Using equation 3.10 we can calculate
the wave field at the plane of the receiver and thus model the reflectivity from the
boundary. These calculated results are given in figures 3.14, 3.15, and 3.16 for
glass, copper alloy, and aluminium alloy respectively. = Three normalized curves
are shown in each of these figures: the experimental measurements, the plane wave
solution (i.e. Zoeppritz’s equations), and the bounded acoustic pulse model. Note
that the bounded acoustic pulse observed and modelled reflectivities are determined
by normalizing the reflected amplitude by that for the pulse directly transmitted
without reflection but with the same travel distance. The peak amplitude envelope

value was employed.

The experimental results are in excellent agreement with the bounded acoustic
pulse model even down to the fine details of various extremes at angles post . The
standard deviation of the difference between the experimental measurements and
the calculated model for each case are, 1.1 % for the glass, 3.4 % for the copper, and
1 % for the aluminium. The copper standard deviation is larger in part because of

the deviation the experimental and model result at 8. These deviations are quite
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Figure 3.14: The reflectivity from a water-glass interface. Material properties are
listed in table 3.1. a) Three normalized curves are shown, the experimental bounded
acoustic pulse measurements, the plane wave solution, and the bounded acoustic
pulse model. b) and c) are the amplitude envelope of: b) Bounded pulse experiment,

¢) Bounded pulse model.

small as most of the discrepancies occur beyond the S-critical angle of incidence.
The plane wave solutions (Zoeppritz’s equations) are in good agreement except near
the critical angles 87, 07, and 0g. Further, the plane wave theory cannot account

for the oscillatory behaviour of the reflectivity at post fg angle of incidence. It
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Figure 3.15: The reflectivity from a water-aluminium interface. Material properties
are listed in table 3.1. a) Three normalized curves are shown, the experimental
measurements, the plane wave solution, and the bounded acoustic pulse model.
b) and c) are the amplitude envelope of: b) Bounded pulse experiment, ¢) Bounded

pulse model.

is further worth noting that this oscillatory behaviour was thought to initially be
representative of noise in the experiment. The later modelling, however, shows this
"bumpy” character to be a real physical effect inherent to such type of measurement.
At the Rayleigh angle the plane wave solution does not show any abrupt drop in
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Figure 3.16: The reflectivity from a water-copper interface. Material properties
are listed in table 3.1. a) Three normalized curves are shown, the experimental
bounded acoustic pulse measurements, the plane wave solution, and the bounded
acoustic pulse model. b) and c¢) are the amplitude envelope of: b) Bounded pulse

experiment, ¢) Bounded pulse model.

amplitude.
Near 0% and 0% angles the measured and calculated reflection coefficients are

smoothed because the bounded acoustic pulse contains a variety of wave numbers

as explained in chapter 2. Thus there is a good agreement between the experiment
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and the calculated reflectivity via modelling with a bounded acoustic pulse and via
Zoeppritz’s equations except at the P critical angle, the S critical angle, and the
Rayleigh angle. In figures 3.14, 3.15, and 3.16 are also shown another view of these
amplitude results. The panels b) and c) of these figures display the maximum ampli-
tude envelope calculated via the Hilbert transform. The models and the experiments
are in excellent agreement. The direct arrivals at large angles of incidence in the
experiments (Fig. 3.17) interfere with the reflected signal of interest and increase the
standard deviation calculated above and limit, as mentioned earlier, the maximum
angle to about 60°.

Angle of incidence (°)
40 50 55

134 A ?(E(LQ J".l)‘:!J:'

Direct arrivals

139 - g :
144 % i

o
;-;3 149 Reflected arrivals L
E
- )
154 - J /J
---—-I.!Q-—_““ —---—-——--——--——
159 - —q!‘_gg“_w--———!gm-m——u x

o S S S S

AiiZssRiil KRkl

Figure 3.17: The direct arrivals in the water-copper reflectivity experiment at large
angles of incidence. Their intensity increases with angle of incidence. The data is

amplified and the reflected arrivals are clipped to better show the direct arrivals.

The analysis to present has focussed on amplitudes but the phase shifts upon
reflection also contain information as noted in chapter 2. Consequently, we take a
close look at the wave form at the Rayleigh angle. The experimental and modelled
traces are compared in the first two panels in figures 3.18, 3.19, and 3.20. As the
angle of incidence approaches the Rayleigh angle the recorded and modelled signal
experiences an evident phase shift. The character of the wavelet changes as it is
flipped and distorted. The signal seems to be arriving a little earlier as the trailing
lobes suggest. The phase distortion is confirmed in the plotted phase shifts as a
function of angle of incidence shown in the third panel of these figures for each
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Figure 3.18: Water-glass reflectivity experiment. (a) The recorded and (b) the
modelled traces around the Rayleigh angle of incidence. ¢) The unwrapped phase
difference between the direct arrival and each recorded reflected trace. The solid,
the dotted, and the dashed vertical lines show the P-critical, S-critical, and Rayleigh
angles of incidence respectively.
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Figure 3.19: Water-aluminium reflectivity experiment. (a) The recorded and (b) the
modelled traces around the Rayleigh angle of incidence. ¢) The unwrapped phase
difference between the direct arrival and each recorded reflected trace. The solid,

the dotted, and the dashed vertical lines show the P-critical, S-critical, and Rayleigh
angles of incidence respectively.
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Figure 3.20: Water-copper reflectivity experiment. (a) The recorded and (b) the
modelled traces around the Rayleigh angle of incidence. ¢) The unwrapped phase
difference between the direct arrival and each recorded reflected trace. The solid,
the dotted, and the dashed vertical lines show the P-critical, S-critical, and Rayleigh

angles of incidence respectively.
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experiment. There is a great similarity between the model and the experiment. The
signal experiences a large phase distortion upon reflection near the Rayleigh angle
of incidence 0. Near this angle the phase of the reflection coefficient changes by

nearly 27.

3.4.1 Material property measurements

The purpose of reflectivity measurements is to obtain some information on the
elastic properties of the medium under study. Here a variety of elastic properties
are inferred from the observed reflectivity curves and compared to more direct ob-
servations obtained in pulse transmission experiments. In the previous chapter, and
as reported by earlier workers (Schoch, 1950; Brekhovskikh, 1960), the angle at
which the greatest shift occurs, and as indicated by the minimum in the reflected
amplitude, at an angle of incidence with the horizontal slowness equal to that of the
Rayleigh wave. It wasalso experimentally observed by later workers (Diachok and
Mayer, 1970; Neubauer and Dragonette, 1974; Breazeale et al., 1977). It is worth-
while noting that this effect was first observed in optics (Goos and Hinchen, 1947).
While we may not yet fully comprehend why this should be, it is useful to test the
idea.

First we calculate the Rayleigh wave velocity from the measurement of 6. It is
worthwhile noting that both the compressional and shear wave velocities are required
to calculate the Rayleigh wave velocity through equation 3.8. Then the angle can be
calculated via equation 3.9. The Rayleigh angles 8 measured from the observations
and the Rayleigh wave velocity Vi inferred via equation 3.9 are summarized in table
3.4. These results are compared to those calculated via equation 3.8 and equation
3.9 for the three experiments, glass, copper, and aluminium. These are in excellent

agreement with each other as the discrepancies are very low.

It is possible to infer the S-wave velocity from the observed 0z and the com-
pressional wave velocity Vp. The P-wave velocity can be either measured in an
independent experiment or if available using the P-critical angle of incidence from
the reflectivity response (Table 3.5). Recall equation 2.168

16

2
‘—/—Z—Vf — 16 (1 - %—) VE 4 24VEVE —8VAVE 4+ VE =0 (3.11)
p p
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Material Measured Inferred  Calculated
Or (°) Ve (m/s) Vg (m/s)
Glass 28.204+£0.1 317015 3161+2
Copper 44.03+0.1 2148+ 14 2151+8
Aluminium 30.38+£0.1 29444+ 15 292843

Table 3.4: The Rayleigh angle 8 measured from the reflectivity measurements and

the inferred Rayleigh wave velocity Vi.

Measured  Inferred Measered
Material 9; Vp Ve

0 m/s m/s
Glass 144405 60244213 5787410

Copper 18.6 £0.25 468783 4789+ 14
Aluminium 13.2+0.25 6502 £ 134 6442 £ 30

Table 3.5: The observed critical angle 85, and the inferred P-wave velocity Vp for

the glass, aluminium, and copper.

where the unknown is the S-wave velocity V. An approximation can also be made to
this equation and be used without the knowledge of the compressional wave velocity
(Neubauer and Dragonette, 1974). It is more precise to use the full Rayleigh wave
equation 3.8 and therefore it is adopted here. For a given Vp and a given Vi the
solution V; to this equation is non unique in the range Vz < ¢ < Vp. But it is always
possible to use the constraint that the S-critical angle of incidence is close to the
Rayleigh angle and therefore choose the S-critical 6¢ angle of incidence that is the
closest to the Rayleigh angle 6. Using this fact we take the solution that gives the
closest 8¢ to 8. Using the observed g, the velocity of water V,,, and an independent
measurement of the compressional velocity Vp, the corresponding S-wave velocities
V, are inferred for the glass, copper, and aluminium. The results are summarized in
table 3.6 and compared to the S-wave velocities measured via independent ultrasonic

transmission experiments. The results are in excellent agreement with each other.

It is also possible to estimate the density of the solid material by using the re-
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Material Measured V; Inferred V;
m/s m/s

Glass 3455 £ 2 3467 + 20

Copper 2300+ 9 2297 + 16

Aluminium 3134+ 2 3153+ 18

Table 3.6: The inferred S-wave velocities from the observed Rayleigh angles given
in table 3.1. The measured V, given here is measured independently via ultrasonic

transmission.

flection coefficient and the results already established for the P-wave velocity and
the S-wave velocity. Between the P and S critical angles of incidence the observed
reflectivity using the bounded acoustic pulse is very close to that obtained from
Zoeppritz’s equation. Therefore the magnitude (or alternatively the phase) of the
reflectivity in this zone can be used to invert for the density of the solid material. Be-
tween P and S critical angles of incidence the reflection coefficient given by equation
2.88 can be rewritten as
_ Ak - k2)3[k2 — K2)2k2 — pk2lk2 — k23 (A2 — k2|75 — i(2k2 — k2)?
A[k2 — K2R (K2 — R2JTR2 + kA2 — KBRS — K213 — i(2k2 — k2)?

The absolute value of the reflection coefficient given above can be used to solve for

(3.12)

the density p that is the ratio between the density of the water and that of the solid.
This equation then can be rearranged and a fourth degree polynomial in p can be
derived which can be solved numerically. The solution is non unique. A unique
solution can be found by restricting the density to be greater than that of water.
The results are summarized in table 3.7. The errors in the measured densities are
calculated based upon the reading error on the scale used for weighing and measuring
the volume of the samples. The error is taken to be 1 g for the weight reading and
0.25 mm in the length measurements. For the inferred densities the errors are based
on one standard deviation from the mean density calculated from the value of the
reflection coefficient in the range of angles between the P and S critical angles. The
range is 6° centred between the P and S critical angles of incidence. The inferred
densities are close to those measured directly through weighing. The errors are in
the same range for both the measured and the inferred densities. The precision on

the inferred densities depends on the noise present in the observed data. The glass
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sample shows larger errors in the inferred density as the reflection coefficient curve

for this sample is noisier than the copper and aluminium samples.

Material Measured p, Aps Inferred p, Aps
kg/m3 %  kg/m? %
Glass 2492 £ 15 06 2495+80 3.2
Copper 8901 £ 60 0.7 887090 1.0
Aluminium 2699 + 20 0.7 2715+45 1.7

Table 3.7: Inferred and measured densities p; of the glass, copper, and aluminium
from the reflectivity of the bounded acoustic pulse in the range of angles were the
reflectivity response is very close to that of the plane wave solution derived from

Zoeppritz's equations. Ap, gives the % error.

The inferred S-wave velocities calculated from the observed Rayleigh angle, water
velocity, and compressional velocities are in excellent agreement with the indepen-
dently measured S-wave velocities via ultrasonic pulse transmission. It is worthwhile
noting that the measurement of the Rayleigh angle can be achieved without searching
for an absolute minimum reflectivity. Neubauer et al. (1974) have used a different
technique to search for the minimum reflectivity such as a null strip that would
appear in a reflected beam. In general the reflected bounded acoustic pulse can
have more than one very local minimum as shown in chapter 2. The search for the
absolute minimum can be experimentally complicated and is not required to find
the Rayleigh angle. Indeed in the present experiments the position of the source
and the receiver are kept at equal angles of incidence and emergence respectively.
No search for the minimum reflectivity was performed. The results given here for
the material properties are in excellent agreement with those measured directly by

ultrasonic pulse transmission.

3.4.2 Summary of the results

'The reflectivity of a bounded acoustic pulse from a water-solid boundary can be
used to derive the physical and acoustic properties of solid materials. The reflectivity

response of a bounded acoustic pulse from a water-solid boundary exhibits a large
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amplitude drop at the Rayleigh angle near the S-critical angle of incidence. The
sharp changes in the reflectivity curves calculated from the plane wave solution
derived from Zoeppritz’s equations are smoothed out. The Rayleigh angle, the P-

critical angle of incidence (or an independent measurement of the compressional

Material 6r I’A Vs Ps
0 m/s m/s kg/m?
Glass 28.240.1 5787410 3467420 2495480

Copper 440+0.1 4789+14 229716 887090
Aluminium 30.44+0.1 6442 30 3153 £18 2715445

Table 3.8: Summary of the inferred materials properties from the reflectivity re-
sponse of a bounded acoustic pulse from a water-solid boundary. The experiments
were conducted on a glass, copper, and aluminium blocks immersed in water. The
observed critical angle 67, Rayleigh angle 0g, and reflectivity response were used to
infer the compressional wave velocity Vp, the S-wave velocity V;, and the density p;

of the solid materials.

wave velocity), and the absolute value of the reflection coefficient from a water-
solid boundary are used to infer the physical and acoustic properties of the three
solids. Direct measurement of the density and velocity of sound of the water are
required. The results are summarized in table 3.8. These inferred properties are in
excellent agreement with the direct measurement of these properties via ultrasonic

pulse transmission through the solids.

3.5 Conclusions

Reflectivity experiments were successfully carried out on three solid materials
with a range of elastic physical properties. The laboratory method uses an acoustic
source constructed from a large piezo-electric plate and a near-point piezo-electric
receiver. The wave field generated by the source is a bounded acoustic pulse limited
in time and space. It exhibits a narrow range of propagation angles around the
principle angle of propagation. As confirmed in the laboratory, the amplitude near
the axis of propagation remains nearly constant as far as 30 cm away from the source.

Therefore, the signal of interest near the centre of the bounded acoustic pulse is much
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stronger than any other event that could be scattered by the apparatus. The use of
a point receiver minimizes the wave field smoothing a larger receiver induces. The
use of this source-receiver configuration permits investigation of materials in a small

confined volume, this is important in many laboratory based experiments.

The characterization of the source and receiver was performed using a scanner in
a water filled tank. Measurements confirmed the expected predictions by the theory
using an exact solution for the forward modelling of a bounded acoustic pulse based
on the Fourier integral pair. It was possible to invert for the material properties

using the measured fluid velocity and the observed reflectivity.

The observed reflectivity from three solids was compared to that calculated for
a bounded acoustic pulse and to that anticipated by Zoeppritz's equations (plane
wave solution). The reflectivity measurements were in excellent agreement with
the more realistic bounded acoustic pulse models. Consequently, the measurements
here both confirm the theoretical developments and act in calibration of the exper-
imental methodology, a result with important consequences for the later tests on
fluid-saturated porous media.
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Chapter 4

Plane waves and bounded acoustic
pulses in fluid-saturated porous

media

4.1 Introduction

The ultimate goal of this study is to make the first experimental reflectivity
measurement from fluid-saturated porous materials. Plane waves, bounded acoustic
beams, and bounded acoustic pulses were already studied both theoretically and
experimentally in great detail in chapters 2 and 3 for elastic and isotropic materi-
als. Here a similar procedure will be followed for fluid-saturated porous materials.
Bounded acoustic beams will not be studied in detail as it is found in chapter 2 that
bounded acoustic pulses are more suitable for experimental laboratory work. In or-
der to properly model bounded acoustic pulses in fluid-saturated porous materials
a theoretical study of plane waves in such materials will first be reviewed. This will
be followed by analysis of bounded acoustic pulses and modelling examples. Both
wave propagation in fluid-saturated porous materials and in the next chapter reflec-
tivity from a boundary between a fluid and fluid-saturated porous material will be

considered.

One main objective of the present study is the analysis of experimental reflectivity
from a boundary of water and a water-saturated porous synthetic rock. It is essential

to compare a model that would explain the laboratory observations. Since the early
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work of Biot (1956a; 1956b) many workers have developed similar theories adapted
to particular situations for materials with various pore-geometries (Dvorkin and
Nur, 2000a; Dvorkin and Nur, 2000b; Dvorkin et al., 2000). de la Cruz/Spanos
(1985; 1989b) have developed an alternative theory based on a different physical
background. For the present work these two theories were both found to be sufficient

to explain the forthcoming experimental observations.

Fluid-saturated porous materials are two phase-materials composed of a porous
solid skeleton and a fluid saturant. The fluid saturant can move within the pores
of the solid skeleton as a wave propagates through. To avoid confusion, here the
solid skeleton is referred to as the "frame” and to the mineral grains as the solid
material. First a review of wave propagation in porous materials will be given fol-
lowing the early work of Biot (1956a; 1956b) and a relatively recent work of de la
Cruz/Spanos (1985; 1989b). These theories will be treated using complex scalar and
vector potentials and make use of the complex constant that relates the potentials
in the solid skeleton and in the fluid for a given wave type. This differs from ear-
lier treatments and allows the mathematics involved to be significantly simplified in
the description of the theories, particularly the reflection-transmission at a bound-
ary between water and a water-saturated porous medium. Both propagation and
reflection-transmission will be illustrated by examples. Further, a more direct way
to provide a set of easily measurable properties allows us to avoid determination of
some of the more poorly physically constrained parameters necessary in the original
presentation of Biot. These theories will be compared within the framework of this

particular experimental study.

4.2 Biot theory

The original derivations of Biot are summarized in appendix B. Scalar and vector
potentials are instead employed here as these will simplify the equations of motion.
It is convenient to use Helmhotz decomposition and express the displacement vector
4 in terms of the scalar potential ¢ and the vector potential J For the solid and

the fluid components the displacements can be written as

@ = V¢l +V xyp® (4.1)
g = Vel 4V x g (4.2)
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where the superscripts () and () denote the solid and the fluid respectively. Recall
the coupled equations of motion B.32 and B.33 derived in appendix B
a2 02 nB3% o
- (&) _q® — 50— (7 — g) )
(1 =B g — pragg (9 = a0 + Flw) T (@ — 1) =
VA + (A + ) V (V- ) +Qv (V-a)  @43)

&? P e - nB* o 4
ﬂp(f)(9752 ) s (i) - #0) - Fw) L= (@) — ) =
QV (Vi i) + RV (6" ) (4.4)

where (3 is the porosity, 1 the shear viscosity, K the permeability, p'* the density
of the solid (mineral grains), p) the density of the fluid, pjs is the coupling mass
density due to relative motion of the fluid with respect to the solid, uas the shear
modulus of the solid skeleton (frame), and finally A, @, and R are the so called Biot

parameters. These parameters will be studied in detail later.

4.2.1 Propagation of dilatational waves

To allow only dilatational waves to propagate apply the divergence operator to

equations 4.3 and 4.4 and use equation 4.1 and 4.2

02
T80 — T (69~ 90) + P D (g0 - g0 -

V2 [(A+2ur) 6 + Q¢7)] (4.5)

a2
(1-B)p e

and

H? 15}
B0 269+ p128t2 (69 = $) — Fw )”}fi 2 (69— 9 =

V2 [Q¢) + Re!)] (4.6)

which are the coupled equations for the propagation of dilatational waves. Now

consider plane wave solutions of the form

¢(s) — D(s)ei(wt—lgd') (47)
o = phgi(wt-F3) (4.8)

where D®) and DY) are the complex amplitudes of the wave potential in the solid

and the fluid respectively. These complex amplitudes contain both the amplitude
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and relative phase information of the solid component with respect to the fluid
component. This information will be used in this study to clarify many aspects
related to the behaviour of all wave modes that can propagation in fluid-saturated
porous materials. k is the complex wave number, Z is the position vector, w is the
radial frequency, and 7 is the square root of —1. The complex form of the potential
is used for mathematical convenience only and the physical displacements are given
by the real parts of equations 4.1 and 4.2. With these solutions equations 4.5 and
4.6 lead to

¢+

2 21 (s) 2 : np?
K (A+2upy) —w*(1—08)p +wp12+sz()

[ng w?pry — iwF(w) 775 ] o =0 (4.9)

[kQQ — w?pry — iwF(w )ﬂﬁ ] A+

2 25 (f) ng* _
KR+ wpy — w8 +iwF(w ) g =0 (4.10)

For a given propagating wave the potential fields qﬁ in the solid and in the fluid
are related to each other by a complex number. This can be readily established by

taking the ratio of the complex scalar potentials given in equations 4.7 and 4.8. This
D)

complex number is ¢ = £y then we can write
¢ = ¢l (4.11)
Equations 4.9 and 4.10 then lead to the second order equation
al’> +b(+c=0 (4.12)
where a, b, and c are
a = —(A+2um) (wl)m +iF(w )77;;2) +
Q (wl1 =96 - wps — P L) (4.13)

b = (A+2uy) (wmz ~wBp¥) +iF(w )77]5:) +
16
R (w(l — B)p" — wpyy — iF(w) = 7 ) (4.14)

77,32 2
c = Q (wpm —wBpY) +iF(w) L ) +R (wplg + zF(w)—-~> (4.15)
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Equation 4.12 admits two solutions (; and (5. Therefore two compressional waves
can propagate in a fluid-saturated porous medium. The average displacement # can
be written as (Deresiewicz and Skalak, 1963)

i = gaw + (1 - B)a® (4.16)

which is also valid for the scalar potential ¢ (¥ = ﬁqﬁ for a P-wave). The average

potential of the aggregate is then given by

¢ = (1—-0)¢" + pg\) = [a(1 - p) + f] oV (4.17)
For each of the solutions (; and (; equations 4.9 and 4.10 can be combined to lead

02l
ot?

where [ = 1,2 for the two solutions. Note that ¢{®) and ¢ satisfy also equation 4.18.

Using a plane wave solution for the potential field ¢ in equation 4.18 the dispersion

(G = 8)p" + BpY] = [G(A+2um + Q)+ R+ Q] VD (4.18)

relation leads to

k=

G(1—B)p + BpY) } : 419

e+ 2um + Q)+ R+ Q
Letting k; = k,; — tk; then the real and imaginary parts of k; provide the phase
velocity and attenuation of each wave type respectively. These two solutions are
those of two dilatational waves, commonly known as the fast dilatational wave and
the slow dilatational wave. Equation 4.18 can then be written for plane P-waves as
9*¢f)

912

which is the wave equation for compressional waves, the fast (I = 1) and the slow

ViU 4 k- =0 (4.20)

P-wave (I = 2), in a fluid-saturated porous material.

4.2.2 Rotational waves

To allow only rotational waves to propagate apply the curl operator to equations
4.3 and 4.4 and use equation 4.1 and 4.2

s & s & (s X ﬁ2 9 s X
)6t2 B pross (w( ) —W)) +F(w)%-5; (w( ) w(f)) -

par V2 (4.21)
—, 2 - —
ﬁp(f W + P (w@ PV )) - F(w)%g——% (w) - qp(f)) =0 (4.22)

(1= B)p
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Now consider solutions of the form

B®) = 2, DO i(wt=F3) (4.23)
D) = 2, DU gi(w—F7) (4.24)
where D® - k = 0 and DY) - k = 0. Using these solutions equations 4.21 and 4.22
lead to
nB7 -
B = (1= 009+ pua? 4 iF )| 79
2
[plng + zF(w)w%’%—} YU = 0 (4.25)
s + P I 09+ [ 3010 = gz iF @) 2| 59 = 0 (820

For a given propagating wave the vector potential field 1,5 in the solid and fluid
components are related to each other again here by a complex number. This complex

s
number is (3 = —(5

P = (gp) (4.27)
Using equation 4.27 in equation 4.26 we get

BpNw — praw — zF(w)ﬂgE

6=~ ,
? Praw + zF(w)ﬂI’%

(4.28)

Therefore we have one solution, only one S-wave can propagate in a fluid-saturated

porous material. Equations 4.21 and 4.22 can be combined to

2 —
(1= BP9+ Bp0] Sz = puae Gy V) (4.29)

Using a plane wave solution for the vector potential field z/-; the dispersion relation

leads to the complex wave number given by

1

(1-8)p%¢ + ﬂp(f)} ’
w3

Letting k3 = k,3 — ik;3 then the real and imaginary parts of k3 provide the phase

ks = w (4.30)

velocity and the attenuation of the S-wave. Equation 4.29 can be simply rewritten
as

82
S ot

which is the wave equation for the propagation of S-waves in a fluid-saturated porous

VAW 42—y =0 (4.31)

material.
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4.3 de la Cruz/Spanos theory

The original work of de la Cruz/Spanos is summarized in appendix C. Here
this theory will be treated using scalar and vector potentials as for the Biot theory.
Recall the coupled equations of motion derived in appendix C

s a s 82 =g = 77/8 a f
(1_5)p<>8t2~<)_p126t2( @ — g0y 4 1 = at( —ah) =

pi V2 + [(1 - B) [K@ + g(l—l:—ﬁ—)w} ~ 6K } \Y (v : 71(3))

+o KOV (Va0)  (4.32)

o0 2 an 4, & (@ — @) — Q@f_aa_ (@ —av) =

ErN Bz \
K8, (V@) + KD (8- 5,)V (V- 30) +

{gf% [55’7’(6- ) B3,V (v a’<f>)]} (4.33)

where (3 is the porosity, 17 the shear viscosity, £; the bulk viscosity, K the permeabil-
ity, K) the bulk modulus of the fluid, K the bulk modulus of the solid (mineral
grains), u{® the shear modulus of the solid (mineral grains), p(*) the density of the
solid (mineral grains), p) the density of the fluid, py, is the coupling mass density
due to relative motion of the fluid with respect to the solid, pps the shear modulus
of the solid skeleton (frame), and finally 6, and 67 are two parameters called by the
authors the solid and the fluid dilation parameters. These parameters will be studied
in detail later.

4.3.1 Propagation of dilatational waves

To allow only dilatational waves apply the divergence operator to equations 4.32
and 4.33 and use equa,tion 4.1 and 4.2.

82

(1-8)pY at2¢ ~Pegs (') = 6 + Flw )775 o

(8) _ A4N) —
K@t(¢ —o) =

[(1 ~B)K® + %ﬂM ~ 0K (s’] V24 + 5, KOVE) (4.34)
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s 16 a s

KW§ v 4+ KD (5 — 1) V2ol 4
4 P 20 (), o200
3"[(# + 1) aqb +V T +
op'e)

dplf)
& [5 v? 5 T (6~67) VZT]

(4.35)

which are the coupled equations for the propagation of dilatational waves in a fluid-
saturated porous material. To treat this theory in the same frequency range as the
Biot theory a viscosity correction factor F(w) (see appendix B) is applied to the
Darcy term (third term in both equations 4.34 and 4.35). Consider plane wave solu-
tions of the form given in equations 4.7 and 4.8. Using these solutions in equations
4.34 and 4.35 we get

[k2 {(1 —B—0,)K® + %uM] —w? (1= 8) p®) 4+ w?pyg + sz(w)ﬂf—ﬁ;} o) +
[kz(sffds) — w2pyy — z‘wF(w)ﬂ;?-] $) =0 (4.36)

{k2K(f)6s — w?piy — sz(w)ng—?] o) +
[kQK(f) (8~ 85) + wPpra — w?BpY) + in(w)ﬂg—"’] ) +
o K24 (46 + B — 1) + €087 | 91+ [$nk? + K267 (B — 6)] ) = 0 (4.37)
Now using equation 4.11 in equations 4.36 and 4.37 to a second order equation is
obtained
aC*+b(+c=0 (4.38)

where a, b, and ¢ are

X

T nB>
a = _w(1~ﬁ)ﬂ()—wﬂl2“lF( )K}

:K(f)53+z'w [g ( (s)+[3 1>+§f5sH _

-

wpra +iF(w 15 2} [(1 —B—6)K©® + %uM} (4.39)
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4
b = |wpp+iF(w )ﬂﬁ } {K(f)és +iw—3-17 (% + 0 - 1) +iw£f5s] +
. 2
w(l-72) p(s) —wpig — ZF(CU)%:I X

_ 2
K(f) (,6—(5f)+iw§77+iw€f (Igﬁ(sf)] — [wpu—%»iF( )776 } 5fK

wpiz — w8 +iF(w) 1 ] [(1 B 6K gm] (4.40)

c = [wplg—l—zF( )775] [.K'(f)(ﬂ—éf)—m'wé

27+ iws (B~ 5f)} +

[w/)m —wBp +iF(w )nﬁg} 5K (4.41)

Equation 4.38 admits two solutions and therefore two dilatational waves can propa-

gate in a fluid-saturated porous medium according to the present theory.

4.3.2 Rotational waves

To allow only rotational waves to propagate apply the curl operator to equations
4.32 and 4.33 and use equation 4.1 and 4.2

> - P oy .
(1- ﬁ)p(S)é_ﬁ (s) _ P (w(s)_wm) nB* o (w(s) w(f)) _

K ot

s V1) (4.42)

»h 9~ 2 @ _p) 180 ) _

Fp 8t2¢ +p126t2 (1/’ ) - K ot (w ~g) =

. _____il_j’__f\_{___ = Y 2.7 2
(1=8)n [(1__[%(5) ] 5V ¥ +ﬁ'76tv ) (4.43)
Now consider solutions of the form

,‘p(s) - QD(S)Bi(wt—E a':’) 4 44)
) = gD (et-F2) (4.45)
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—

where D©® - k = 0 and DY) - k = 0. Using these solutions equations 4.42 and 4.43
lead to

2 (8),,2 5% g
K par = (1= B) pVw? + prow” +iF (W)= | ¢

[Plzuﬂ t i ] JN = 0 (4.46)
2 —,
[plzw +iF(w )775 —ik*(1 - B)n [(T:—L%/IW — 1” P4
2
[ﬁp” Jw — praw — iF(w)%i— - iﬁnkz} $0 = 0 (4.47)

For a given propagating wave the vector potential field zE in the solid and fluid

components are related to each other again here by a complex number. Let this

complex number be (5 = g—%—
P = ¢yl (4.48)
Equations 4.46 and 4.47 lead to the second order equation
aC*+ bl +c=0 (4.49)
o = (1=8n|1-75) 92— paw? — iF(w)wnﬁ2 el -1 (4.50)
£ | [T 5@
. _ 2 . nG° 1227 _
b = (1 ,3)7][,012(0 +ZF(w)wK][(1——ﬂ) o) 1]—%—
n8” 15
Bn [(1 —B) pPw? — prow? — zF(w)w————J + ipipr [plgw +iF(w) % } (4.51)
2 2
c = POn [p12w2 + zF(w)w%J + i [ﬁp(f)w — praw — iF(w) _7][5?] (4.52)

Equation 4.49 admits two solutions, therefore two S-waves can propagate in a fluid-
saturated porous rock according to the present theory. The S-wave with the larger
velocity is called the shear fast wave and the lower velocity one is called the slow

S-wave. These will be looked at in more details when the two theories are compared.

4.4 Porosity-pressure wave propagation

It is important to reiterate that the de la Cruz/Spanos theory, in contrast with

the Biot theory, allows for a dynamic porosity. The porosity change couples with the
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fluid pressure change resulting in additional dilatational processes. The processes
stemming from this coupling will not be studied in detail here but a summary will

given in this section.

If one allows the porosity to change as a compressional wave propagates in a
fluid-saturated porous material, a coupling occurs between the porosity and the
pressure of the fluid saturant. A wave, called second sound in mechanics, is caused
by dynamic coupling between the porosity and fluid pressure changes. This problem
is addressed by Spanos (2001) where all dilatational processes are allowed in the
formulation of the problem. The equations of motion, the pressure equation, and

the porosity equation lead to 4 dilatational solutions that are:

e A sound wave where both the solid skeleton and the fluid experience compres-
sions nearly in phase and consequently this wave experiences low attenuation.
The velocity of this wave is greater than the sound wave in the fluid and less
than that in the solid skeleton.

e A sound wave where both the solid skeleton and the fluid experience com-
pressions almost out of phase and consequently this wave experiences high

attenuation. The velocity of this wave is less than the sound wave in the fluid.

o A fluid flow coupled to the solid skeleton deformations (close to the incom-
pressible limit of the fluid) where a change in porosity and pressure propagates
through the solid skeleton. At the high frequencies used in the present exper-
iments this process propagates faster than the first S-wave and about 400-500
m/s slower than the fast P-wave.

e A porosity diffusion process.

The first two processes described above are the fast and slow P waves described ear-
lier. At low frequencies the last two processes are strongly coupled with each other
and are a result of pressure-porosity changes. The waves linked to the porosity-
pressure coupling are observed to damp out with distance of propagation leaving
behind an increase in pressure that equilibrates though a diffusion process. A com-
plete description of the theory can be found in Spanos (2001) chapter VIIL

The porosity-pressure coupling has already been applied in industrial technologies
such as groundwater, waste disposal, and oil recovery (Spanos, 2001).
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4.5

Porous media parameters

In order to properly model wave propagation and reflectivity experiments in a

fluid-saturated porous material several parameters need to be determined through

laboratory measurements. For the Biot theory the parameters are:

The density of the porous solid (mineral grains) p®®.

The density of the fluid saturant p(f).

The porosity 3.

The permeability K.

The shear viscosity of the fluid 7.

The shear modulus of the solid skeleton ppy.

The coupling mass density between the fluid and the solid pis.

The bulk moduli due to the interaction of the fluid and the solid R, @), and
A which have been defined in terms of the static measurements of K,,, Ky,
K& and ppy.

For the de la Cruz/Spanos theory the parameters are:

The density of the porous solid (mineral grains) p{*).

The density of the fluid saturant p).

The porosity .

The permeability K.

The shear viscosity of the fluid 7.

The shear modulus of the solid skeleton pp,.

The coupling mass density between the fluid and the solid p1s.
The shear modulus of the solid mineral grains p(*).

The bulk modulus of the solid mineral grains K,
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e The bulk modulus of the fluid saturant K.
e The bulk viscosity of the fluid &;.

e The dilation parameter for the solid 4.

e The dilation parameter for the fluid d;.

The parameters p\9, p) B, K, pyr, pt), K, 5, and K) can, in principle, be
determined through standard laboratory measurements. The fluid bulk viscosity &y,
discussed in chapter 2, can be inferred from ultrasonic attenuation measurements
(Bhatia and Singh, 1986). The other parameters involve more complex laboratory
experiments and will be discussed below.

4.5.1 Parameters for the Biot theory

The Biot parameters A, @), and R are given by (Appendix B)

R = MpBKu, (4.53)
A = Qﬁ + Ky — 2 (4.55)
= R M SMM .
where M is given by
6K'LLTL

M= 4.56
(Kn ¥ K2 — Kol (4.56)
In the above equations the measurable quantities are:

e The bulk modulus K, measured in an unjacketed test experiment as described
in appendix B section B.2.2.

e The bulk modulus Kj; measured in an jacketed test experiment as described
in appendix B section B.2.1.

e The shear modulus pyy.

e The coeflicient of fluid content v measured in test experiment as described in
appendix B section B.2.3.
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The coefficient of fluid content is given by

1
7=AV~———1~—+

T (4.57)

and if the solid material is isotropic and homogeneous then equation 4.57 becomes

1 1
=70 (ﬁ - W) (4.58)

and equations 4.53-4.56 hold with K, = K). See appendix B for more details and
the significance of the various parameters involved in equations 4.57 and 4.58.

The relation 4.58 is used by many workers to model the acoustic wave propagation
through porous media. However this relation might be too restrictive (Hickey and
Sabatier, 1997). Hickey et al. (1995) have shown that the coeflicient of fluid content
can be calculated by

1 1 1 1

The second term on the right hand side represents the deformation associated with
a change in porosity during an unjacketed test experiment. This term vanishes when

Ky = K®© and equation 4.59 becomes equation 4.58.

It is also possible to allow the bulk modulus Kj; and the shear modulus pus of
the solid skeleton to be complex to account for losses associated to various processes
within the aggregate (Biot, 1962a; Biot, 1962b). Stoll et al. (1981) have incorporated
complex shear and bulk moduli for the solid skeleton in an acoustic reflectivity
modelling study from boundaries between water and water-saturated lose porous
sediments, such as the ocean floor. The complex form of the shear and bulk moduli
allows for viscoelastic losses within the solid skeleton (solid frame). However it is
important to note that it is allowed only if K s and pys are frequency independent as

equations 4.53 through 4.56 were derived based upon static laboratory experiments.

To complete the set of parameters given above that are needed for modelling
wave propagation in fluid-saturated porous media the dynamic mass transfer pio
and the viscosity correction factor F(w) must be determined. It is possible to infer
p12 from the measurement of the S-wave velocity. However pis is very sensitive
to small variations of the S-wave velocity as it will be shown later. According to

Johnson et al. (1987) this coefficient is independent of the mechanical properties of
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the solid and the fluid but it is always proportional to the fluid density and porosity.
This coefficient is defined by the following equations

i = —(E—1)BpY (4.60)
¢ = c+i#gmﬁ’(w) (4.61)

where p12 is defined as the dynamic drag factor. ¢ is the dimensionless quantity
known as the tortuosity, that is the ratio of the length of a direct path between two
points in the porous material over the length of the shortest path joining the same
points through the voids within the porous material and ¢ is defined as the complex

viscosity. F'(w) is the viscosity correction factor defined as

1
where A has dimensions of length and is given within:
2 i,(Ty)|?dA
R flup(r )l (4.63)

A [l (F)PdV

where the integration in the numerator is over the walls of the pore-grain interface
and that of the denominator is over the pore volume. This is just the surface to
pore volume of the interface where each area is weighted to the local value of the
field. The derivation of these results can be found in Johnson et al. (1987). The
complex tortuosity given by equation 4.61 suggests that the dynamic mass transfer
p12 is dominated by viscous effects at low frequencies and by inertial effects at high

frequencies. A cross over frequency can be defined as

g

At low frequencies (2= < 1) viscous effects dominate and at high frequencies (2= > 1)
inertial effects dominate. At frequencies close to w,. the viscous effects and inertial

effects are of comparable magnitude.

It is important here to note that the complex drag coefficient pi, is defined by
simply combining the mass transfer p;2 and the Darcy term appearing in the original
Biot theory, a combination valid only for plane waves. g7 is given by

nB?
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This term appears in all the 4 equations describing P and S plane wave propagation
in porous media. Assuming that p;s = —(¢ — 1)8p!) equations 4.61 and 4.65 lead

to equation 4.60. These results will be detailed later for practical purposes.

The relative movement of the fluid with respect to the solid skeleton depends on
the viscous penetration depth (Warner and Beamish, 1994) that is given by
1
Ouisc = [3277)7;] 2 (4.66)
for an oscillation of angular frequency w. This defines a second critical frequency
W, = ;@?%?2— at which 0, = R where R is the pore radius. At frequencies w < w/,
the penetration depth is larger than the pore size and the fluid essentially moves
with the solid skeleton, on the other hand when w > w, the viscous penetration
depth is smaller than the pore size and this portion of the fluid essentially decouples
from the solid skeleton. This change in behaviour will accordingly affect the sound
velocity and attenuation. Thus there is a pore size that determines the crossover from
low-frequency to high-frequency behaviour. This approximation for the viscosity
correction factor was used by Warner and Beamish (1994) in the study of sound
propagation in superfluid-filled porous media. For modelling wave propagation in

porous media both the tortuosity ¢ and the parameter A must be determined.

4.5.2 Parameters for the de la Cruz/Spanos theory

For this theory most of the parameters can be determined in standard laboratory
experiments as mentioned earlier. p;s can be determined in the same way as for the
Biot theory. The last two parameters, the dilation parameters é, and d; for the
solid and the fluid respectively must be determined. This is done in laboratory
measurement test as given in Hickey et al. (1995). The details of the measurements
can be found in the appendix C. The solid and fluid dilation parameters are given
respectively by

Ky (1= 8) K - Kj)
PRy (K — Kf) + K¢ Kpe
5 = fot D (Ko — 5Ky (4.68)

BEy, (K6 — K;) + K Ky,

where K, and K}, are measurable bulk moduli in experimental laboratory tests and

5, = B (4.67)

the others parameters are as described within the present section. K, and K, are
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the bulk moduli measured in drained compressibility tests and are defined as

1 1 AV)
= e | T 4.69
Kpe Vo (Ap e — (4.69)
1 1 AV
—_ = = 4.70
Kbp % (Ap(f)>p:p0 ( )

where Vj is the initial volume of the sample, p is the confining pressure, and pt/) is

the fluid pore pressure. These experiments are given in more detail in appendix C.

4.6 Comparison between Biot’s theory and de la

Cruz/Spanos theory

It is shown in sections 4.2 and 4.3 that two dilatational waves can propagate in
a fluid-saturated porous material for both Biot and de la Cruz/Spanos theories. It
is also shown, however, that two S-waves can propagate in a fluid-saturated porous
material in de la Cruz/Spanos theory whereas only one S-wave can propagate ac-
cording to Biot theory. It is important to recall here that the two theories are based
on different physical backgrounds. Biot has treated the fluid-porous material at a
macroscopic point of view whereas de la Cruz/Spanos theory has treated the fluid-
porous material first at a microscopic point of view before averaging to obtain their
final result as macroscopic equations of motion. Looking closely at the wave equa-
tions 4.32 and 4.33 we notice extra terms that are not present in the Biot theory.
These terms are enclosed between braces and are present only in equation 4.33. All
other terms in both equations have their counterparts in the wave equations of Biot
theory given by equations 4.3 and 4.4 despite the differences in the formulation of
the various parameters. These extra terms between braces are terms that originated
from the formulation of the stress in the fluid component. In de la Cruz/Spanos
theory the stress due to both the shear and bulk viscous effects are included. These
terms are responsible for the second S-wave not present in the Biot theory. A second
S-wave can propagate with the bulk viscosity taken into account or not. These terms

can be very important particularly when high viscosity fluids are considered.

In the forthcoming reflectivity experiments on synthetic porous samples only
water will be used. Water is a low viscosity fluid and the extra terms in de la

Cruz/Spanos theory will turn out to have very little effect on the results in this
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case. Furthermore in the framework of the present study the various bulk moduli
that could be measured in laboratory experimental tests are not readily available.
The size of the mineral grains in the porous synthetic samples that are used in the
experiments vary in a small range. Therefore it is assumed that the samples are
isotropic and the unjacketed bulk modulus K, is taken to be close to the bulk

modulus K of the solid mineral grains.

Hickey et al. (1995) has given a comparison between Biot and de la Cruz/Spanos
theories and will be reviewed below. For clarity the coefficients ), R, A, and ~ as
defined in the Biot theory in appendix B will be written with a subscript . and ,
for the de la Cruz/Spanos and Biot theories respectively. Recall the fluid pressure
equation C.18 and the porosity equation C.19 of de la Cruz/Spanos theory

1 ap(f)_ - out) 196

TGRS % " Gor (4.71)
88 o 8EY - g
o =0V gV (4.72)

where [ is the unperturbed porosity and & is the perturbed porosity. Note that
whenever not explicitly mentioned (3 is the perturbed porosity. The above equations
lead to

—BY) - pg) = KD§,V - a® + K (B - 6;) aP (4.73)

where p/) is the fluid pressure, and pq is the initial fluid pressure. All other parame-
ters have the same significance as those used in previous sections. In the Biot theory
the equation of the fluid pressure is written as

—B8(pY) — po) = QV - @ + Ra) (4.74)
comparing the two equations one has

Q = KWs, (4.75)
R = KW (8-6) (4.76)

Finally comparing equations 4.32 in the de la Cruz/Spanos theory and equation 4.3
of the Biot theory the coefficient () must also be

Q = K¥g; (4.77)
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Combining equation C.37 with equation 4.75 and equation C.44 for 8 = 1, using the
notation K (1) = Ky, and K, = K we obtain

BEun K [(1 - B)K® — Ky
K [ = B) KW + BK®] — K K

The expression for () as given in the Biot theory by equation B.20 after using equation
C.50 for the coeflicient of fluid content is

B BK2 K [(1 - BK® — KM]
T K2 [(1-B) K0 + K6 — KO Ky, KU)

Qv (4.79)

It is obvious that equations 4.78 and 4.79 are equal only if K,, = K.

Combining equation C.37 with equation 4.76 and equation C.44 for § = 1 we

obtain
BK, KD KE)

Kn[(1=0)K® + KO} — K KW
The expression for R as given in the Biot theory by equation B.19 after using equation
C.50 for the coefficient of fluid content is

R, = (4.80)

. BPK: KWK
TR [(1-B) KD + KO - KOKy KD

(4.81)

Again here it is obvious that equations 4.80 and 4.81 are equal only if K, = K.

Comparing equations 4.32 in the de la Cruz/Spanos theory and equation 4.3 of
the Biot theory the coefficient A is for de la Cruz/Spanos theory

Ac=1(1- ) ~ 8] K@ — 2y (4.82)

Using equations 4.75, 4.76, 4.77, and 4.82 we get

A, = R + Ky — g + BK, K@ (4.83)
and for the Biot theory the coeflicient A is found to be
z 2

Again A, and A, are equal if we have K, = K.
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The last coefficient to compare is the coeflicient of fluid content y. For de la
Cruz/Spanos theory we have

1 1 1 1

and for the Biot theory we have

1 1
=0 [m - -K—u;] (4.86)
and it is obvious that equations 4.85 and 4.86 will be equal only if K, = K.
Equations 4.75 and 4.77 lead to

K(s) 5,

which is the compatibility condition between the two theories. Using this condition

in equation C.40 we get
1 1 1

Ky Ky K®
Equation C.44 for 8 = 1, the hydrostatic limit as assumed above for @, R, A, and

(4.88)

v, becomes
1 1 1
= — 4.89
and using equation 4.88 in equation 4.89 we get
1 1

which again is the same condition for the parameters Q, R, A, and 7 to be equivalent
for both theories. Therefore if K,,, = K ) then the two theories are equivalent but de
la Cruz/Spanos theory contains extra terms mostly related to viscosity as discussed

in section 4.3. The importance of these terms will be discussed later.

Now recall the equation of fluid content 4.57 for the Biot theory

1
v=AV - — 4+ !

=+ %% (4.91)

If the unjacketed bulk modulus K, is large compared to the bulk modulus of the
fluid the coefficient of fluid content is dominated by AV, the volume of fluid that
enters the pores under an unjacketed test. The expression of the coefficient of fluid
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content in de la Cruz/Spanos theory does not require the measurement of the volume
of fluid that enters the pores during an unjacketed test even when the unjacketed
bulk modulus K,, differs from that of the mineral grains K ). The coefficient of fluid
content for both theories are plotted against K., in figure 4.1. If K,,, = K the two
theories provide the same coefficient of fluid content provided that the bulk modulus
of the mineral grains K and that of the fluid K) are known. In the case where
the unjacketed bulk modulus K, differs from that of the mineral grains K() the
de la Cruz/Spanos theory provides the coefficient of fluid content if the unjacketed

<019 4+— ; |
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Figure 4.1: The coefficient of fluid content ~ against the unjacketed bulk modulus
Kun. Equation 4.85 is used to calculate «y for de la Cruz/Spanos theory and equation
4.91 is used for Biot theory. The volume that enters the pores in the unjacketed
test is varied from —0.251 x 107% to —0.272 x 107° m®/m?. The two equations lead
to the same result for AV = —0.261 x 107% m3/m3.

bulk modulus K., is known and the Biot theory requires both the unjacketed bulk
modulus K, and the volume AV of fluid that enters the pores during the unjacketed
test. It is always possible to find a value of AV for the two equations 4.85 and 4.91
to be equivalent. It still remains to do laboratory experiments to compare the
two equations in nature. Therefore equation 4.85 is preferred for modelling fluid-
saturated materials when the unjacketed bulk modulus is not equal to the bulk

modulus of the mineral grains.

The two theories would give the same models within the mentioned extra terms.
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The equation of motion of de la Cruz/Spanos theory would become

S 82 8 82
(1-8)0 )5}’5@{ ) P12@

(
VA + A+ ] V (V- @9) + QY (V@) (4.92)

2
(@ — @) + Fw) 199 (gt _ @) =

QV (V@) + RV (V@) +
{(1 —B)n [(1 fl‘g)ﬂs - 1] Z% lv?a'@ + %i‘i' (Y7 ~ a’<8>)] } +
{ﬁn?— [vzﬁ(ﬂ 4 %ﬁ (* . ﬁm)] } 4

{%% (@9 (-39) + RY (¥-2)] } (4.93)

Equations 4.92 and 4.93 are equivalent to equations 4.3 and 4.4 developed in the
Biot theory with extra terms involving particle velocities shown between braces. The
importance of these extra terms will be examined in the next section on numerical
modelling.

de la Cruz and Spanos stated that if the strains of the Biot theory are reinter-
preted including the dynamic porosity then the Biot theory becomes a static limit
of their theory.

4.7 Modelling wave propagation in porous media

Modelling wave propagation in fluid-saturated porous media is of interest in many
domains of research, such as understanding the interaction between the solid and the
fluid constituents, and characterization of porous rocks to find their mechanical and
physical properties. We first model an example of a fluid-saturated porous medium
that is close to those used in experimental tests described later. Here the material is
assumed to be isotropic and homogeneous and therefore the unjacketed bulk modulus

Kun is taken to be equal to the bulk modulus of the mineral grains K.

As a high viscosity example take glycerol with the properties described in table
4.1. and as a low viscosity fluid take a water-saturated porous sample with the
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kg/m®* GPa Pas Pas

1261.3 4.664 1.499 1.649

Table 4.1: Properties of glycerol used in the present example. The data is from
Bathia (1986) and Hickey (1994).

Parameter Description Value Units
pts) Density of the mineral grains 2450 kg/m?
o) Density of the fluid saturant (water) 995 kg/m3
i Shear viscosity of the fluid saturant (water) 0.001 Pa.s
& Bulk viscosity of the fluid saturant (water)  0.0025 Pa.s
K Bulk modulus of the fluid saturant (water) 2.215 GPa
K Bulk modulus of the mineral grains 43.7 GPa
ut®) Shear modulus of the mineral grains 25.8 GPa
8 Porosity of the solid material 0.39 ——
K Permeability , 20 x 10712 m?

S Tortuosity 1.5 ——

Table 4.2: Properties of the illustrative water-saturated porous material used for the
modelling of wave propagation using both the Biot theory and de la Cruz/Spanos
theory. All parameters are close to measured ones in the laboratory except for the
shear and bulk viscosities that are after Litovitz (1960).

solid skeleton and the fluid saturant described by the parameters of table 4.2. These
values taken for this example are for illustration purposes only. These are similar
to what was anticipated the physical properties of the test samples to be in the
forthcoming experiments. Here the "dry” solid skeleton (filled with air) is assumed
to behave for small deformations as a homogeneous, isotropic, linear viscoelastic
(HILV) material (Borcherdt, 1977; Borcherdt, 1982). The complex bulk and shear
moduli can be derived from the compressional and shear wave velocities and the
associated attenuations of the solid skeleton. Here the values of the phase velocities

and attenuations are given in table 4.3. The derived complex bulk and shear moduli
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P phase velocity S phase velocity) P attenuation S attenuation
Vs (m/s) Vs (m/s) agp (m™Y)  afg (m™)
2500 15530 10.2 25.

Table 4.3: The compressional and shear wave phase velocities and the associated
attenuations of the ”dry” solid material at 0.78 MHz.

are given in table 4.4. The results are assumed and the derivation of the procedure to
obtain these parameters will be described in the next chapter. The acoustic source
signal that will be employed for the forthcoming experiments in porous media is
the same as the one described in chapter 2 and chapter 3. The frequency range of
the input signal is 0.2-1.2 MHz with a peak amplitude at 0.78 MHz. The average
radius of the solid grains of the sample considered here is about 180 pum with an
approximate average pore radius of about 35 pm. This leads to an approximate
viscous penetration depth of d,;,. = 1.6 ym and a critical frequency w, = 1.6 kHz.

As the frequency of the input signal is above w, and is very approximate a viscosity

Fluid Ky J75Y; P12 A
GPa GPa kg/m3 pm

Water 4.553 +10.021 3.509 +40.057 -194 10

Glycerol 4.631 +170.021 3.651 +140.058 —246 10

Table 4.4: The complex bulk and shear moduli of the solid skeleton, the mass
transfer p;9, and the assumed characteristic length A of the pore size of the porous

material. The real and imaginary parts of the moduli are in GPa.

correction factor will be applied in the present case. In the present illustrative
modelling two results will be displayed, one for a low frequency range 0 Hz-20 kHz,
and a second for a relatively high frequency range of 0 MHz to 2 MHz. The second
frequency range includes the frequency bandwidth of the signal that will be employed
in the experiments on porous media. The first frequency range will highlight the
frequencies where changes in the wave propagation behaviour are expected to differ
from the high frequency behaviour. The calculated viscosity correction factor using

equation 4.62 and the parameters taken from table 4.2 is shown in figure 4.2. The real
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Figure 4.2: The real and imaginary parts of the viscosity correction factor F(w)
calculated using equation 4.62. The parameters are taken from table 4.2. (a) Low
frequencies. (b) High frequencies. Here a value of A = 107%m is assumed to calculate

the correction factor F'(w).

and imaginary parts of the viscosity correction factor differ at low frequencies (Fig.
4.2-a) but are indistinguishable at high frequencies (Fig. 4.2-b). The dynamic mass
transfer pio (Tab. 4.4) is dominated by inertial effects for the case of water and by
the viscous effects for the case of glycerol according to the results calculated for the
frequency 0.78 MHz. The parameters of table 4.2 and table 4.3 and the calculated
viscosity correction factor are used to calculate the Biot and de la Cruz/Spanos

parameters and the results are presented in table 4.5.

The phase velocity of the S, the fast P, and the slow P waves are shown in
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Fluid A Q R ¢ s

GPa GPa GPa - -
Water 3.524 —40.019 1.051 —¢0.001 0.811 0.0241 0.4746 — ¢0.0004
Glycerol 4.867 —0.022 2.066 — ¢0.002 1.598 0.0473 0.4429 — 40.0004

Table 4.5: The derived parameters A, @, R, d;, and §, of the water-saturated
porous material and a glycerol-saturated porous material. The units of the real and

imaginary parts of A, (J, and R are in GPa. d; and §; are dimensionless.

figure 4.3 at a low frequency range and in figure 4.4 at a high frequency range. The
corresponding attenuations are shown in figures 4.5 and 4.6. The phase velocities
of the fast P-wave and the S-wave exhibit very little dispersion at low frequencies
and almost no dispersion at high frequencies. On the other hand the slow P-wave

exhibits large dispersion at low frequencies and very little at high frequencies.

In these examples the solutions for both theories discussed in this chapter are
presented. The second S-wave is left at the end of the section and will be discussed
alone as it is not present in the Biot theory formulation. It is noticeable that for this
case the results are indistinguishable for both theories despite the extra terms that
are included in the calculation using de la Cruz/Spanos theory. It is important here
to note that the S-wave velocity of the fluid-saturated porous sample decreases from
the S velocity of the "dry” skeleton whereas the fast P-wave velocity increases from
the P-wave velocity of the "dry” skeleton. This suggests the following observations,

many of which are already well known:

e The S-wave velocity of the water-saturated porous sample is dominated by the
increase of the density of the sample.

e The shear modulus is not influenced by the presence of the fluid within the

pores under the implicit assumptions employed.

e The bulk modulus of the fluid-saturated porous sample is higher than that of
the 7dry” sample.

e The presence of the fluid increases the stiffness of the porous skeleton. This

effect is greater than the increase in the density of the sample.
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Figure 4.3: Calculated phase velocities of the fast P-wave, the slow P-wave, and the

S-wave at a frequency range 0-20 kHz in a water-saturated porous material.

e The attenuation of the fast P-wave is relatively small whereas those of the S

and slow P waves are large.

e The fast P and S wave attenuations of the empty solid skeleton contribute in

part to the overall attenuation of the fluid-saturated porous sample (Figs. 4.5
and 4.6).

e At high frequencies (0.2-1.2 MHz) the attenuations of all the wave modes
are nearly linear functions of frequency. In ranges where the attenuation is

nearly linear with frequency, the quality factor will be approximately constant,
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Figure 4.4: The phase velocities of the fast P, the slow P, and the S waves at
a frequency range 0-2 MHz in a water-saturated porous material. Note, for this
particular case the differences in the velocities predicted by each of the theories

cannot be seen.

however an absolute measure of the attenuation cannot be obtained in this
manner. An absolute measure would require measurements over an adequate
range of low frequencies where a noticeable curvature is in the attenuation

curves are expected.

e The attenuation functions change more rapidly at low frequencies, particularly

for the slow P-wave.
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Figure 4.5: The attenuations of the fast P-wave, the slow P-wave, and the converted

S wave at a frequency range 0-20 kHz in a water-saturated porous material.

e The shape of these curves is essential in the determination of the true attenu-
ations from the actual laboratory measurements of the attenuations.
Note also that in this case both Biot and de la Cruz/Spanos theories attenuation

predictions are indistinguishable.

To further study the behaviour of all the wave modes present it is essential to
look at the relative amplitudes and phase angles of the motions between the solid
and fluid field components. The relative amplitudes and relative phase angles are
given by the complex coefficient ratios (1, (3, and (3 given by the frequency dispersion
relations for the fast P, the slow P, and the S waves. The absolute value is the relative
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Figure 4.6: The attenuations of the fast P, the slow P, and the converted S waves

at a frequency range 0-2 MHz in a water-saturated porous material.

amplitude and the angle is the relative phase. Note that in the formulation used
in this chapter these coefficients are given for the solid over the fluid components.
Therefore a high relative amplitude indicates a solid component dominance whereas

a low value indicates a fluid component dominance.

The relative amplitudes and relative phase angles are given in figures 4.7 through
4.10 for the frequency range of 0-20 kHz and for the frequency range of 0-2 MHz. The
relative amplitude of the fast P and the S waves exhibit a solid component dominance

and the slow P-wave exhibits a fluid component dominance. This behaviour is more
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Figure 4.7: The relative amplitudes (solid over fluid) of the fast P, the slow P, and

the S waves at a frequency range 0-20 kHz in a water-saturated porous material.

pronounced at high frequencies. The relative phase shows better this behaviour as
a low phase angle indicates that the relative movement of the solid and the fluid is
low. The larger the phase angle the greater the relative movement between the fluid
and the solid is. In figure 4.9 and figure 4.10 the relative phases of the fast P, the
slow P, and the S waves are shown for the frequencies in the range of 0-20 kHz and

0-2 MHz respectively.
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Figure 4.8: The relative amplitudes (solid over fluid) of the fast P, the slow P,

and the converted S waves in a high frequency range 0-2 MHz in a water-saturated
porous material.

The relative phase angle for the fast P and S waves is low with a value of nearly
5° and 10° respectively but still contributes to the attenuation. The slow P-wave on
the other hand exhibit a relative phase angle of nearly 180° and consequently a large
relative solid-fluid movement. Therefore, the slow P-wave is mainly a wave that is
dominated by fluid flow, and consequently a high dependance on the fluid properties

and the pore geometry of the solid skeleton is expected for this wave.
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Figure 4.9: The relative phase (solid over fluid) of the fast P, the slow P, and the
converted S wave in a low frequency range 0-20 kHz in a water-saturated porous

material.

For an illustrative example results at 0.78 MHz, a frequency at the peak of the
input signal that will be used in the forthcoming experiments on porous media, will
be given. The amplitude of the fast P-wave is 35% higher in the solid skeleton
than in the fluid with a relative phase angle between the two motions of 1.8°. The
amplitude of the S-wave is 165% higher in the solid skeleton than in the fluid with
a phase angle of 5.71°. The amplitude of the slow P-wave is 86% higher in the fluid
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Figure 4.10: The relative phase angles (solid over fluid) of the fast P, the slow P, and
the converted S waves at a frequency range 0-2 MHz in a water-saturated porous

material.

than in the solid skeleton with a relative phase angle of 179°. The fluid and the solid
movements for the slow P-wave at this frequency are nearly opposite of each other
and therefore it has more viscous losses and higher attenuation that the fast P and

S waves.

The de la Cruz/Spanos theory shows that a second S-wave also can propagate in a
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Figure 4.11: The phase velocity, the attenuation, and relative amplitudes (solid over
fluid components) of the slow S-wave in de la Cruz/Spanos theory at a frequency

range 0-20 kHz. Water and water-saturated porous material boundary.

fluid-saturated porous material. As explained earlier the second S-wave is essentially
due to the presence of the extra terms in the formulation of the theory derived from
the inclusion of the viscous stresses in the fluid stress tensor. Therefore one can
expect that this wave will be essentially dominated by the fluid viscosity. Indeed
the relative amplitude for this wave is highly dominated by the fluid component as
illustrated by figures 4.11 and 4.12 for the frequencies in the range of 0-20 kHz and 0-
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Figure 4.12: The phase velocity, the attenuation, and relative amplitudes (solid over

fluid components) of the slow S-wave in de la Cruz/Spanos theory at a frequency

range -2 MHz. Water and water-saturated porous material boundary.

2 MHz respectively. It also exhibits an extremely high attenuation and a vanishing

low phase velocity. Therefore the slow S-wave can be neglected for low viscosity

fluids. Consequently, the two theories are nearly equivalent for the low viscosity

fluid-saturated porous material studied here.

Differences between the theories are, however, significant for high viscosity fluids.

As an illustration the water is replaced by glycerol with properties given in table 4.1.
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Figure 4.13: The phase velocity and the attenuation, of the slow P-wave in a glycerol-

saturated porous material at a frequency range 0-2 MHz.

The calculated parameters are given in tables 4.4 and 4.5. As before, the fast P and
S waves velocities and attenuations are the same. The results for the two theories
show a difference only for the slow P-wave as shown in figure 4.13. The second S-
wave result is shown in figure 4.14. Obviously there is a difference both in the phase
velocity and attenuation of the slow P-wave as expected. The second S-wave present
in de la Cruz/Spanos theory is more significant in this example than in the water

saturated porous material example. This wave behaves as an S-wave in the fluid
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Figure 4.14: The phase velocity and the attenuation, of the slow S-wave (de la
Cruz/Spanos theory) at a frequency range of 0-2 MHz.

as the results here are almost identical to those presented for wave propagation in
glycerol using the Navier-Stokes equation in chapter 2 (Figs. 2.5, 2.6). Regardless,
the attenuation of both waves remains large and they are likely to be difficult to
detect in nature.

4.8 Influence of the solid skeleton properties on

wave propagation

In this section a study of the influence of the solid skeleton properties on the

wave propagation will be examined numerically. It would be expected that the
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permeability and viscosity will influence greatly the propagation of the slow P-wave
as it highly depends on fluid flow. The goal here is to determine the parameters that

influence the different wave modes.

The propagation of pure elastic, i.e. non-dissipative, waves in fluid-saturated
materials is discussed in Biot (1956a). Pure elastic waves propagate in the absence
of energy losses in the solid component and in the absence of viscous losses. Energy
losses will be negligible only when the solid is purely elastic and the fluid is non-
viscous or the permeability is significantly very high. In most rocks these conditions
are very rarely met. As waves propagate through a fluid-saturated porous medium,
the fluid movement relative to the solid contributes to the overall attenuation. The
influence of the solid skeleton properties and fluid flow will be considered here. It is
important to note the attenuation might also be influenced by other processes (Biot,
1962a; Biot, 1962b) such as chemical interactions that are not considered here. As
well we have ignored potential of heterogeneous fluid pressure in the pore space that
leads to what is called ”squirt flow” mechanisms (O’Connell and Budiansky, 1977;
Dvorkin and Nur, 2000a; Dvorkin and Nur, 2000b).

The influence of the relative motion between the fluid and the solid components
depends also on fluid viscosity and permeability since these two parameters influence
greatly the relative motion and thus energy losses. Two examples are shown in
figures 4.15 and 4.16 where the permeability is varied while other parameters are
kept constant as for the water-saturated porous material described in tables 4.2
and 4.4. For low permeability materials the increase of permeability results in an
increase of the attenuation of the S and fast P waves while the attenuation of the slow
P-wave decreases (Fig. 4.15). In the example given in figure 4.15 the permeability
varied from 0.004 x 1072 m? to0 0.01 x 1072 m2. The drop of the attenuation of the
slow P-wave with increasing permeability is directly related to the fact that the fluid
motion has less resistance to flow, the slow P-wave being mainly driven by fluid flow.
On the other hand the relative flow for the fast P and S waves are less important as
for these two waves the relative phase angle between the fluid and solid components
is small. An increase of permeability (for low permeability materials) will allow
more flow causing more viscous losses. However for high permeability materials
(Fig. 4.15) where the permeability varied from 0.04 x 1072 m? t0 0.1 x 107!2 m? we

notice a different behaviour for the fast P and S waves with the attenuation instead
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Figure 4.15: Influence of permeability on the attenuation of the fast P-wave (a), the
slow P-wave (b), and the S-wave (c) in a water-saturated porous material. Perme-
ability K varies from 0.004 x 1072 m? t0 0.01 x 107! m? (0.00412 D to 0.01031 D)

increasing as indicated by the arrows.

decreasing with increasing permeability. For high permeability materials an increase
of permeability would make the viscous losses less pronounced and therefore the
attenuation would decrease with a permeability increase. However the attenuation

of the slow P-wave would still decrease as this type of wave is mainly flow driven.

It is important to note here that the attenuation part linked directly to fluid
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Figure 4.16: Influence of permeability on the attenuation of the fast P-wave (a),
the slow P-wave (b), and the S-wave (c) in a water-saturated porous material. Per-
meability K varies from 0.04 x 107 m? to 0.1 x 107 m? (0.0412 D to 0.1031 D)

increasing as indicated by the arrows.

flow is represented in the equations of motion by —F—(—“—’f)(ﬂﬁ which is the viscous drag
coefficient. 7 is the shear viscosity, F'(w) is the viscosity correction factor, 8 is the
porosity, and K is the permeability. Therefore an increase of viscosity would have

the same effect as a decrease of permeability or vice-versa.

Now it is important to examine the effect of the solid skeleton on the different
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Figure 4.17: Influence of the P-wave attenuation of the solid skeleton on the overall
attenuation in a water-saturated porous material. (a) fast P-wave, (b) slow P-wave,
and (c¢) S-wave. The arrow shows the direction of increase of agp for the curves
shown. The S-wave attenuation of the solid skeleton is kept at apg = 1078 s/m. agp
varied from 2 x 1079 s/m to 5 x 107% s/m.

waves modes propagating in fluid-saturated porous materials. Let a porous material
be described again by the parameters given in tables 4.2 and 4.4 except now the
attenuation of the P and S waves in the solid skeleton are varied. In figure 4.17
the S-wave attenuation of the solid skeleton is kept at 107 s/m while the P-wave

attenuation is varied from 2 x 1076 s/m to 5 x 107® s/m. The increase of the P-wave
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Figure 4.18: Influence of the S-wave attenuation of the solid skeleton on the overall
attenuation in a water-saturated porous material. (a) fast P-wave, (b) slow P-wave,
and (c) S-wave. The arrow shows the direction of increase of agg for the curves
shown. The P-wave attenuation of the solid skeleton is kept at app =1 x 1075 s/m.
g varied from 20 x 107¢ s/m to 50 x 1078 s/m.

attenuation of the solid skeleton has no effect on the S-wave attenuation and very
little effect on the slow P-wave. Therefore the attenuation of the P-wave of the
solid skeleton affects mainly the fast P-wave attenuation. In figure 4.18 the P-wave

attenuation of the solid skeleton is kept at 1 x 107% s/m while the S-wave attenuation
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of the solid skeleton is varied from 20 x 107% s/m to 50 x 107¢ s/m. The increase of
the S-wave attenuation of the solid skeleton also has very little effect on the overall
attenuation of the slow P-wave. The change of the S-wave attenuation of the solid
skeleton affects mainly both the S-wave and fast P-wave attenuations. Therefore
the solid skeleton attenuation has very little effect on the slow P-wave which is in
agreement with the fact that this wave is mainly flow driven and affected mainly by
parameters that contribute to resistance to flow such as permeability K, viscosity 7,
porosity 3, and pore structure of the solid skeleton.

4.9 Choice of parameters to model fluid-saturated

porous materials

In contrast with homogeneous, isotropic, and elastic media, fluid-saturated porous
materials involve more parameters that are required in order to properly model wave
propagation in such media. In this section we focus on how to properly choose the
various parameters involved in the description of wave propagation in fluid-saturated

porous materials.

As described in section 4.5 most of the parameters can be measured in laboratory
experiments. However some of these parameters are not readily measurable such as
the mass transfer p; and the viscosity correction factor F(w). These are dynamic
parameters and therefore need to be determined or inferred in dynamic experiments.

p12 is given by equation 4.60 and the viscosity correction factor F(w) by

PEICIOME
where A has dimensions of length and is given within:
2 (7o) |2 d A

AT Tla,(MPdv

Most of the parameters present in equation 4.94 are otherwise readily measurable.
These are the permeability K, the shear viscosity 7, the porosity 3, and the fluid
density o). The dynamic parameter A is not readily measurable as relative fluid-
solid movement must be found. One way to determine these parameters is to fit the

observed data, for example in a reflectivity experiment, to the modelled one by a
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choice of a proper set of these parameters. F'(w) given by equation 4.94 is the complex
conjugate of that given by equation 4.62 as found in Johnson et al. (1987). The
reason the conjugate is used here is important to mention as one must always keep
in mind the way the problems are solved. In this study the wave number k is defined
as k, — ik; as the solutions for wave propagation were defined as eiwt—k3) where 7 is
the position vector. An alternate, perhaps more direct, approach to determine these

very difficult to measure dynamic parameters will be described here.

Recall the equations of propagation of S-waves in fluid-saturated porous media.
These are given by the coupled equations
o 7 s d .
1- 8)p® L) — ( RO (f)) Flw ( RO (f)) -
pu V3 (4.96)

T0 4 oo T (69 - 59) = F) T2 (0 - g0) =0 (407

n
Br K ot

ot?

In these coupled equations there are seven unknown parameters, which are the poros-
ity (3, the mass transfer pio, the viscosity correction factor F(w), the fluid shear
viscosity 7, the permeability K, the shear modulus of the solid skeleton p,s, and the
fluid density p'. It is important to note that uys can be determined by evacuating
the fluid and measuring the S-wave velocity of the "dry” solid skeleton. In that case,
equations 4.96 and 4.97 lead to

(1= B D) = oy P20 (4.98)

A measurement of the shear plane wave velocity and attenuation of the "dry” solid
skeleton will give a good approximation for the complex valued p5s. Replacing the
process by saturating the sample by a fluid with density pi) equations 4.96 and 4.97
lead to

T80 1 809 TG0 = 750 (4.99)

1—
( 'B) 3t2 ot?
Recall that the solid and fluid components for the shear plane wave are related by a

complex number (3. A measurement of the S-wave velocity and attenuation leads to

the determination of the complex number (3 (equation 4.28) and would be given by

w?BpH)

B — 21— B0

(4.100)
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For plane waves equations 4.97 and 4.98 lead to

2
W1 - B)p"® —w? (G —1) {pm +- iF(w)%} = k2upCs (4.101)
B + (G - 1) {Pm + z’F(w)g@g] = 0 (4.102)

Now let the drag coefficient pis be replaced by G for clarity as it is different from
p12- G is given by

G = pry +iF ()12 (4.103)
wK
Equation 4.102 is readily solved for G and leads to
ﬂp(f)
= 4.104
G (4.104)

G also appears in the coupled equations 4.5 and 4.6 for propagation of P plane waves.
Therefore the measurement of the shear modulus of the ”dry” solid skeleton pip,, the
density of the mineral grains p(*), the density of the fluid p), the porosity 3, and
the fluid-saturated shear velocity and attenuation that will define k3 is sufficient.
This is an important point as measuring these parameters allows one to avoid the
measurement of the shear viscosity 7, the permeability K, and particularly the
mass transfer po, and the viscosity correction factor F'(w). This approach simplifies
tremendously the problem and reduces drastically the number of measurements and
more importantly the mass transfer p12 and the viscosity correction factor F(w)
need not to be inferred and therefore no model is required for these parameters.
However to extrapolate the data to other frequencies a model for both p;3 and F(w)
is required. Assuming the model for py5 is that given by equation 4.60 and the model
for F(w) that given by equation 4.94 it is possible to infer the parameter A and it

2K 1
A= 5. (FF> (4.105)

where 4,5 is given by equation 4.66, F,. the real part of F(w), and F; the imaginary

is given by

i

part of F(w). This result assumes the knowledge of 3, ¢, 1, p¥), and K.

If the frequency is high enough so that the real and imaginary parts of F'(w) are
approximately equal then equation 4.104 can be used to infer py, and F(w) without
assuming a model for p5. In this case equation 4.104 can be rewritten as

ns*
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where F.(w) is the real part of F(w). Equation 4.106 then provides F, and pia.
These are given by

p2 = Gr+Gi (4.107)
Flw) = Gq;’giw (1+1) (4.108)

The mass transfer p12 and the viscosity correction factor F'(w) are given in readily
measurable quantities that are the permeability K, the porosity (3, the fluid shear
viscosity 7, and G. Taking the approximation for F(w) given by Johnson et al.
(1987) for high frequencies we have

) 2
A= SG@ (2”w 77) (4.109)

Now return to the illustration example treated in the previous sections. Let
us assume that the S-wave velocity and attenuation of the fluid-saturated porous
sample are measured properly. Following the procedure described above using the
wave number for the S-wave as a result from the modelling in section 4.8 we get p1a,
F(w), and consequently A. The results using the exact and the approximate methods

are identical and are given in table 4.6. This shows that it is very useful to use the

Shear wave velocity Shear wave attenuation pio A
m/s m™? kg/m3 pm
1480.6 40.62 —-194 10

Table 4.6: The inferred pq5, and A from the S-wave velocity and attenuation of the
fluid-saturated porous sample.

shear velocity and attenuation measurements of the fluid-saturated porous sample
hence avoiding any assumption with regards to piy and F(w). It is also important
to note these parameters are very sensitive to small variations of the fluid-saturated

S-wave velocity and attenuation.

4.10 Conclusions

In the light of what has been developed in this chapter wave propagation in

fluid-saturated porous materials involve more complex wave equations with several
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parameters that affect both the phase velocity and the overall attenuation. This is
in contrast with the non-porous elastic and isotropic materials studied in chapters
2 and 3. In general theory suggests that three wave modes (or four if the slow
S-wave is included) can propagate in fluid-saturated porous materials. Tt is found
that both Biot and de la Cruz/Spanos theories lead to similar results when the
unjacketed bulk modulus is equal to the bulk modulus of the solid mineral grains
for a low viscosity fluid such as water. However, if the unjacketed bulk modulus
is not equal to the bulk modulus of the mineral grains the volume of fluid that
enters the pore during an unjacketed test need not to be measured in Hickey et. al
(1995) parameter determination and must be measured in the Biot and Willis (1957)
parameter determination. In the case of water as the fluid saturant the second S-wave
present in the de la Cruz/Spanos theory can for practical purposes be neglected. It
is also found that the slow P-wave is mainly driven by fluid flow and is affected very
little by the attenuation of the solid skeleton. It is mainly affected by fluid properties
and by the pore structure of the solid skeleton. The attenuations of the fast P-wave
and the S-wave are highly dependent on the solid skeleton properties. For modelling
wave propagation in fluid porous materials several parameters need to be measured
to properly describe the behaviour of the observations one might seek in laboratory
experiments such as reflectivity experiments. It is important to include as much as
one can of all the parameters and reduce the assumptions in order to simplify the

formulation of the model that would be used in comparison with observations.
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Chapter 5

Reflection-transmission of plane
waves and bounded acoustic pulses

in fluid-saturated porous media

5.1 Introduction

In this chapter the boundary value problem at an interface between a fluid
and a fluid-saturated porous material will be approached using both plane waves
and bounded acoustic pulses in a similar manner as that employed in the fluid-
elastic isotropic solid boundary value problem solved in chapter 2. Fluid-saturated
porous materials are more complex and require many parameters in contrast with
elastic-isotropic materials as discussed in chapter 4. To understand the reflectivity
and transmission of bounded acoustic pulses in fluid-saturated porous materials the
boundary value problem is first solved for plane waves and the result extended to
bounded acoustic pulses. Bounded acoustic pulses as described in chapter 2 and
chapter 3 can be decomposed onto plane wave components in the Fourier domain in
both time and space.

In fluid-saturated porous materials two compressional waves, a fast P-wave and
a slow P-wave can propagate. When low viscosity fluid saturates porous materials
only one S-wave can propagate. A second S-wave, however, exists for high viscosity
fluids as found in the de la Cruz/Spanos theory. In the present study all forthcoming

reflectivity experiments will be conducted on synthetic sandstones with water as the
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fluid saturant. In the case where the unjacketed bulk modulus K, is equal to the
bulk modulus of the mineral grains K and that the fluid saturant has low viscosity
the Biot theory and de la Cruz/Spanos theory are nearly equivalent. Therefore it is

assumed that the second S-wave is negligible.

In order to solve the boundary value problem a set of boundary conditions must
be used. There are two sets of boundary conditions that were developed under dif-
ferent physical bases. One set of boundary conditions is developed by Deresiewicz
and Skalak (1963) based on Biot theory. The other set of boundary conditions was
developed by de la Cruz/Spanos (1989a). Here both sets of boundary conditions
will be re-examined for the boundary between a fluid and a fluid-saturated porous
material. The boundary value problem of a fluid and a fluid-saturated porous ma-
terial will be treated in two dimensions and the reference frame will be that used in
chapter 2 (Fig. 2.1).

5.2 Wave equations

Here the second S-wave is neglected and the unjacketed bulk modulus K, is
assumed equal to the bulk modulus of the mineral grains K. In a boundary
value problem for reflectivity and transmission in fluid-saturated porous materials
it is essential to first determine the wave numbers of all wave modes that would be
generated at the boundary between the fluid and the fluid-saturated porous material
assuming that all parameters were known. Each wave number will provide both the
phase velocity and the attenuation for the corresponding wave mode. Depending on
the boundary value problem two or three waves will be generated at the interface
and would propagate into the fluid-saturated porous material. Only one P-wave
can be reflected back into the fluid medium. Recall the wave equations for both

compressional and shear waves in a porous medium from equations 4.5, 4.6, 4.21,
and 4.22. These are

s

np* 8
atZ (

(1-08)p éf)(s)‘*Pmatz (¢() ¢(f))+F( ) ¢ — g ) =

V2 [(A+ 2uM)¢ ) + Q¢! (5.1)
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and

2
502 g0y, 2 o (¢< o) = F) 0 (g0 gy =

V2 (@6 + Rg\D) (5.2)

ot?

for dilatational waves and

25 . .
(1-8)p® atzw‘ )~ s (w“ §0) + Fw) ns” o (0 — ) =

29 /. .
500 TG 1 pras (39 = 30) = F) -2 (0 - g0) =0 (5.0

for shear waves. Equations 5.1 through 5.4 were solved for planes waves in the

previous chapter with wave numbers for the fast and slow P waves given by

QL= B)p® + Bp) ] :

fi=w [Cz(A+2uM+Q)+R+Q (5:5)

where the various parameters were defined in chapter 4. (; is a complex number that
relates the component of the corresponding P-wave in the solid and the component
of the corresponding P-wave in the fluid. It is found from the frequency equation
4.12 where [ = 1, 2 for the fast P and slow P waves respectively. The S-wave number

is given by

(1= B)p9¢ + BpN]?
1arG3

kg =W (56)
where (3 is again a complex number that relates the component of the S-wave in the

solid and the component of the S-wave in the fluid. It is given by equation 4.28.

Therefore if all parameters involved in equations 5.1 and 5.4 are known the wave
numbers are determined by equations 5.5 through 5.6 where the complex constants
(i, for | =1 and [ = 2, are given via equation 4.12 and the complex constant (3 via
equation 4.28. These wave numbers provide the attenuation and phase velocity for
each wave mode.
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5.3 Stress components

Recall the stresses in the solid and in the fluid components respectively from

equations B.1 and B.2

oy = 2pumei; + (Aeq + Qerx) 0y (5.7)
s = Q@gl+REkk (58)

where again here the various parameters are defined in chapter 4. A repeated index

implies summation over the index. e and ¢ are given by

I OIND
1

where 4, j means the derivative of the i*® component with respect to the j** direction.

For a two dimensional problem use the reference frame defined in chapter 2 (Fig.
2.1) and let all displacements lie on the plane (£, 2) and using Helmhotz decomposi-
tion, the displacement @ = Y7¢ for dilatational waves and 4 = V X 1/7 for transverse
waves, ¢ and 1; are the scalar and vector potential respectively. We consider only
transverse waves with displacement components in the Z and Z directions only. In
this case we consider only the vector potential with one component in the § direction.

For dilatational waves, equation 5.9 leads to the components

52¢(S)
32(/)(8)
a2¢(s)
€ = S (5.13)

where e,, = €,,. Equation 5.10 leads to a similar results by replacing the subscript
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(s) by (). Then equations 5.7 and 5.8 lead to the following stress components

52 029l §2p) 9Pt §lh)
oz = ZHM——(%:—2 +4 ( O + 022 ) +@ ( 2 + 022 ) (5.14)
92 Pols) G2l 02pl)  §2lN)

0x? 022
52¢(s)
= 2 .
8¢ 52l P 92l
= 1
s Q(3x2 * 822>+R<8x2 * 3z2) (5.17)
The fluid pressure is given by pt/) = n__g, and in terms of () and R as
266) 32\ R (%D D
n__Q (09 o7 _E 1
P 3 ( 62 " 82 ) B\ o2 T o7 (5.18)
For transverse waves the vector potential can be written as
¥ =9, (5.19)
In this case equation 5.9 leads to the strain components
52 1(18)
¢ 0x0z (5.20)
52 és)
zz 5.21
¢ B30z (5:21)
L[y oM
ey = = - 22
¢ 2 ( 0x? 022 (522)

where e,, = e,, and equation 5.10 vanishes. Then equations 5.7 and 5.8 lead to the

following stress components

Oy
7 MM 5202 (5.23)
Oy

= 2 5.24
7 MM 5202 (5.24)

Oy oy
Ozz = UM ( 51:2 - 622 (525)
s = 0 (5.26)

In a real fluid the stress components are given by equation
2\ =

045 = —p(f)éij + (ff - '3‘77> V- ’U(SU + 277’Uij (5.27)
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where plf) is the fluid pressure, &; is the bulk viscosity, 7 is the shear viscosity, ¥ is
the particle velocity, and d,; is the Kronecker delta. For a low viscosity fluid only
the principle stress components of the stress tensor are non-zero
Ope = —ptf (5.28)
0., = —p (5.29)

The fluid pressure can be expressed as

- o7

Vp = —p<f)-5¥ (5.30)
or 82¢

p= “P(f)*a“tg (5.31)

The stress components derived in this section will be useful for solving the boundary

value problem of a fluid and a fluid-saturated porous material.

5.4 DBoundary conditions for a fluid-porous mate-

rial interface

The two sets of boundary conditions at a boundary between a fluid and a fluid-
saturated porous material that are considered here are that derived by Deresiewicz
and Skalak (1963) and that derived by de la Cruz/Spanos (1989a). When a P-wave
strikes a boundary between a fluid and a fluid-saturated porous material from the
fluid medium only one wave is reflected as a P-wave. Three waves are transmitted
into the fluid-saturated porous material, a fast P-wave, a slow P-wave, and an S-

wave.

Let a medium (a) be a fluid and a medium (b) be a fluid-saturated porous ma-

terial. Here the reference frame given in chapter 2 (Fig. 2.1) will be used.

5.4.1 Deresiewicz and Skalak boundary conditions in porous

media

The complete derivation of the boundary conditions can be found in Deresiewicz
and Skalak (1963). The boundary conditions at an open boundary between a fluid
and a fluid-saturated porous material are
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e The normal total stress on the bulk material of the porous medium and the

stress in the fluid medium must be continuous at the boundary.
e The tangential stress in the porous medium must vanish at the boundary.
e The fluid pressure must be continuous across the boundary.

e The normal component of the averaged particle velocity over the bulk material
in medium (b) and the normal fluid particle velocity in medium (a) must be

continuous at the boundary.

In terms of equations these boundary conditions are

{02+ s}, = {-p'}, (5.32)
{002}, =0 (5.33)
{P"}, = {p"}, (5.34)
{(1 =B + i}, = {vN} (5.35)

where all parameters have the meaning as described in appendix B.1.

5.4.2 de la Cruz/Spanos boundary conditions in porous me-
dia

The complete derivation of the boundary conditions can be found in de la Cruz

and Spanos (1989a). If the stress due to viscosity is neglected the boundary condi-

tions at an open boundary between a fluid and a fluid-saturated porous material are

then given by

e The normal stress in the solid skeleton of the porous medium and the normal

stress in the fluid medium must be continuous at the boundary.

e The normal stress in the fluid of the porous medium (b) and the normal stress

in the fluid medium (a) must be continuous at the boundary.

e The tangential stress in the solid skeleton of the porous medium () must vanish

at the boundary because the fluid is assumed not to support shear stress.

e The normal component of the averaged particle velocity over the bulk material
in medium (b) and the normal component of the fluid particle velocity in

medium (a) must be continuous at the boundary.
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It is important to note that here the stress in the bulk porous material (solid and

fluid) is given by equation 18 in de la Cruz and Spanos (1989a)
055 = Boly) + (1 - Bty (5.36)
whereas in Deresiewicz and Skalak (1963) it is given by
oy =0 +5 (5.37)

Therefore in order to make a reasonable comparison the boundary conditions stated
here will be written according to equation 5.37. In light of this the present boundary
conditions can be written as

{o2}, = {-(1-p)pP}, (5.38)
{s}, = {-8}, (5.39)
{ci}, =0 (5.40)
{v.}, = {v\V}, (5.41)

In these conditions the authors defined the velocity in the fluid-saturated porous
material from the equation of continuity (continuity of momentum per unit area).

It is defined as 5 "
PP (1 = B)v:” + Bp Pz
o= ) + B

which is the density weighted and averaged velocity field in the bulk material per

v, = (5.42)

unit mass.

5.4.3 Comparison of the two boundary condition sets

Now compare equations 5.32 through 5.35 in Deresiewicz and Skalak (1963) with
equations 5.38 through 5.41 of de la Cruz and Spanos (1989a). The first boundary
condition given by equation 5.32 is simply the sum of the two boundary conditions
given by equations 5.38 and 5.39. The boundary condition given by equation 5.34
and that given by equation 5.39 are equivalent. The boundary condition given by
equation 5.33 is exactly equation 5.40. However the boundary condition given by
equation 5.35 and that given by equation 5.41 are fundamentally different. In the
Deresiewicz and Skalak (1963) boundary conditions the particle velocity of the solid

skeleton and that in the fluid are averaged over the bulk material and equated
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to the particle velocity of the fluid medium. In the de la Cruz/Spanos boundary
conditions however the velocity in the fluid-saturated medium is mass averaged over
the bulk material per unit mass. Therefore the only difference between the two sets

of boundary conditions is in the continuity of the particle velocity field.

5.5 Plane wave solutions

Consider plane wave solutions to the present boundary value problem. Let the
fast P-wave, the slow P-wave, and the S-wave be respectively denoted by subscripts
1, 2, and g in the fluid-saturated medium (b). Let the waves in the fluid medium (a)
have no subscripts. Denoting the position vector by # and the wave number by k

the scalar potentials and vector potential are then

¢, = BOWt=ED L U giwi-Fi) (5.43)
by = COeiwt=F) | Of) gilwt—Fz D) (5.44)
by = DEjeilwt—Fad) | plf) geilwi—Fad) (5.45)

in the fluid-saturated porous medium (b) and

¢inc = ei(Wt”E‘F) (546)
bres = Ee@F (5.47)

in the fluid medium (a). Using the fluid-solid complex amplitudes ratios (;, [ = 1,2, 3
and k = Tk, + 2k, equations 5.43 through 5.47 can be rewritten as

(D — B gilet—tnza=krzz) (5.48)
SS) = (3 BWeilwi-kiaz—k1:2) (5.49)
s = O iwt—hamhanz) (5.50)
() = (OWDeilwtknr—kaz) (5.51)
W = pU)geilwi-hsea—hs:z) (5.52)
"§S) = (3D geilwi-ksoa—ks:z) (5.53)
by = ilt—kea—ks2) (5.54)
broj = Feti(-wi=kea+ks2) (5.55)
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Using equations 5.15, 5.24, 5.16, and 5.25 the normal and tangential stress compo-

nents in the fluid-saturated medium (b) are

0 = — [20mGik, + (AG + Q) K] 617 — [2pm Gk, + (AG + Q) K] 6 —
[2parkacka:Cs] ) (5.56)
0o = — 2parCikiaki] 857 — [2uarGhackan] 65 — [ (K3, — K3.)] ¢ (5.57)

In the fluid-saturated porous material, the stress and pressure are given by

s=— [K(QG +R)] ¢ — [K2(QG + R)] 4 (5.58)

and ) ,
oD = I:kl (Q% +R)} ) 4 [’fg (QC; +R)] 2

respectively. The normal stress component in the fluid medium (a) is the fluid

(5.59)

pressure that is
b= p(f)w2 (¢znc + ¢ref) (560)

The boundary conditions 5.32 through 5.35 lead to

[2um Gk, + (AG + Q) K + k3 (Q¢ + R)] ¢t +

[200Ceks, + (Al + Q) k3 + k3 (Q¢2 + R)] I+ 2uarkscks.Cs) P =
PO (Gine + Brer) (5.61)
[2Ck1okrs] 6 + [20akankan] 687 + (G (K2, — k2.)] 08D =0 (5.62)

[—k% (Q% i R)] D+ [—————kg (Q% il )] 8 = P (Bine + 6re)  (5:63)
(1= B)G1 + Bl k16 + (1 — B)Ca + Bl kaus”) +
[(1 - 5)@3 -+ g] k3z¢§f) = kz¢mc - kz¢ref (564)

In order for these boundary conditions to hold for all x at z = 0 and at all times the
exponential factor in all potentials must be equal. Therefore the following condition

must be satisfied
ky = ki = koy = k3 (5.65)

which is simply a generalized Snell’s law. This condition states that all horizontal
(% direction) wave numbers for all generated wave modes at the boundary must be

equal to that of the incident wave. As the incident wave is assumed to be a P-wave
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with no attenuation k, must be real and therefore all horizontal waves numbers must

be real. The above boundary conditions can then be rewritten as

[2emGik], + (AG + Q) K + K (Q¢ + R)] BY +
(263 Gak3, + (AG + Q) k3 + k3 (Qla + R)] CV) + 2uarksgks. (5] DY) =
_.p(f)w2 — p(f)MZE (5.66)

[2¢1k1ck1z) BY + [2Cakasks,] V) + [ (K3, — Kk3,)] DY) =0 (5.67)
{’ff (@G + R)] B 4 [W] O = fDu? 4 pD2E  (5.68)

B8 2
(1= B)¢1 + Bl k1 BY + [(1 — B)G + B8] k2. O +
(1= B)¢s + B ks DY) =k, — k. E (5.69)

This is a linear system of 4 equations with 4 unknowns. Rearranging the terms in

these equations we have

TU = H (5.70)

where T is a 4 x 4 known matrix, U is the unknown vector, and H is a known vector.

The elements of H are

Hy = pu? (5.71)
Hy =0 (5.72)
Hy = pN? (5.73)
Hi=k, (5.74)
The elements of the unknown vector U are
U, = BY) (5.75)
U,=C (5.76)
U; = DY) (5.77)
U=E (5.78)
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The elements of the known square matrix T are

Ty = 2umGiki, + (AG + Q) K + k3 (QG + R) (5.79)
Tio = 2punCoky, + (AG + Q) k3 + k3 (QC + R) (5.80)
Tis = 2unrkssksCs (5.81)
Ty = —pPw? (5.82)
I3 = 2Gkiskr, (5.83)
139 = 2Qokaska: (5.84)
Tos = (3 (K3, — k3,) (5.85)
Tps =0 (5.86)
Ty = -’fi—(—@%ﬂl (5.87)
Ty = 113_(9%—";@ (5.88)
Ty = 0 (5.89)
Tay = —pw? (5.90)
T =[(1 - B)G + Bl k1. (5.91)
Tyo = [(1 — B)C + B] k. (5.92)
Tus = [(1 = B)Cs + B] kze (5.93)
Ty = k, (5.94)

As the solutions are not in a simple form they will not be given explicitly. The
solutions will be studied in details in the next section.

The scalar and vector potentials for the reflected P-wave, transmitted P-waves,
and transmitted S-wave can now be expressed using equations 5.48 through 5.55
for both the wave components in the solid skeleton and in the fluid. However the
complex displacements (or velocities) for the P-waves are given by the gradient of
the scalar potentials ¢ and for the S-wave by the curl of the vector potential zﬁ
The physical displacements (or particle velocities), however, are the real parts of the

complex displacements (or velocities).

The de la Cruz/Spanos boundary conditions lead to the same result except that

the fourth boundary condition given by equation 5.64 is replaced by equation 5.41
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with the velocity in the fluid-saturated porous material is defined by equation 5.42.
This leads to the same linear equation 5.70 where the last row of the matrix 7" is

replaced by
3 [p(s)(1 - B)G +p(f)ﬁ]

(P11 B)C+ V5]
S SR R (5.96)
(D1~ B)G +pV0]
13 = PO —6) +pPp e (5.97)
Ty = k, (5.98)

5.6 Modelling with plane waves in porous media

Now an illustrative example of a boundary value problem will be treated in this
section. Let a medium (a) be a fluid and a medium (b) be a fluid-saturated porous
medium. The two media will have the material properties as given in tables 4.2,
4.3, and 4.4. Using equation 5.70 the reflected and transmitted potential fields were
calculated. It is always important to verify the energy balance of the boundary.
This will be done in the classical way of calculating the normal energy fluxes that
strike the boundary and those that leave the boundary. The total energy flux must
be balanced, therefore if normalized to the incident energy flux must equal 1. The
normal energy flux given by equation 2.93 is valid for any type of wave. Here the
energy flux for each wave mode present at the boundary is calculated. The result
is shown in figure 5.1 where the total energy flux is 1. It is worthwhile noting that
the contribution to the energy balance fast post P-wave critical angle of incidence
is highly dominated by the slow P-wave. However it is also important to note that
the total energy flux for any given wave mode must include the interaction energy
between the velocity fields and the stresses for all the other waves present in the
same medium. For example the transmitted fast P-wave energy flux is

1 *(s s *(s ; 1 *
J1, = ) l:vl,(z )ng)z + Uli )U§x)z:| T 9 ['Uéf)sl] (5.99)

However the velocity field of this wave will interact with the stresses of the other
waves present in the medium. Therefore this interaction energy must be included

to properly account for all energy contributions of the fast P-wave to the energy
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Figure 5.1: Absolute values of normalized energy fluxes normal to the boundary of
all generated wave modes. Absolute values are shown. Note the dominance of the

slow P-wave at past post P-wave critical angle of incidence.

balance of the boundary. The interaction energy is given by

T == [500f2 401008 ] = 5 [1152] = [oi08 +0i02]  (5.100)
The energy flux of the transmitted fast P-wave is given by the real part of Jy, + JI,.
In order to better understand how the interaction energy affects the energy balance of
the boundary, the energy fluxes (including interaction energy) are plotted keeping the
sign that shows whether the normal energy flux is directed away from the boundary
or towards the boundary. In the present illustration the incident wave has a positive
energy flux. Figure 5.2 shows energy fluxes of all wave modes with the correct
sign and include the corresponding interaction energy. We notice that some waves
exhibit a change of sign with angle of incidence. The transmitted fast P-wave and
the transmitted S-wave show better this behaviour. The most obvious is the S-
wave whose energy flux becomes negative above 60° of angle of incidence. Above
this angle the energy flux is directed towards the boundary as it is negative. Note
also that the slow P-wave contributes much more than the S-wave to the energy
balance of the boundary. The interaction energy varies with angle of incidence, it
can either be positive or negative. However the interaction energy vanishes for non-
attenuating media as shown in chapter 2. In contrast with pure elastic waves, surface

waves in attenuating media do contribute to the energy balance of the boundary in
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Figure 5.2: Normalized energy fluxes normal to the boundary of all generated wave
modes. All energy fluxes are shown with the corresponding sign and include the

corresponding interaction energy.
a reflection-transmission boundary value problem.
5.6.1 Amplitudes versus angle of incidence

Now we examine the amplitudes of the reflected P-wave, the transmitted fast

P-wave, the transmitted slow P-wave, and the transmitted S-wave. In figure 5.3

2 A A 1 \ il 1 ) 1 1
L — Reflected P
o '| - — Transmitted fast P
| ep—'h +=- Transmitted slow P | |
1.5 ,: \ - Transmitted S

Normalized amplitude

incidence angle (°)

Figure 5.3: Normalized amplitudes in the solid skeleton of all generated wave modes
at a boundary between water and a water-saturated porous material.
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and figure 5.4 the amplitudes of the scalar potentials of the transmitted fast P-
wave and the slow P-wave and the vector potential of the S-wave are presented for
the fluid component and the solid component of the fluid-saturated porous material
respectively. As it is noticeable the reflected wave does not show total reflection until

the angle of of incidence of 90° is reached. The transmitted fast P-wave does appear

2 1 iN 1 ‘ A 1 ] 1 1
i — Reflected P

o 8 ! - — Transmitted fast P
B 1.5 P .=+ Transmitted siow P | |
= Jt - Transmitted S
Q.
= }
O
kel
(6]
N
©
£
Q
Z

incidence angle ()

Figure 5.4: Normalized amplitudes in the fluid component of all generated wave

modes at a boundary between water and a water-saturated porous material.

after the P-wave critical angle of incidence and shows approximately an amplitude
in the solid skeleton slightly higher than that in the fluid. The S-wave appears at
all angles of incidence (except at normal incidence) with an amplitude higher in
the solid skeleton than in the fluid. The slow P-wave however appears at all angles
of incidence and the amplitude in the fluid is much higher than that in the solid

skeleton. This reiterates the dominance by fluid flow of this wave.

5.6.2 Phase angle versus angle of incidence

The phase angle against the angle of incidence is illustrated in figures 5.5 and 5.6
for the fluid and the solid skeleton respectively. The phase of the waves are nearly
identical for the fast P-wave and the S-wave. However the phase of the slow P-wave
in the solid is 180° out of phase with that in the fluid (Figs. 5.5 and 5.6).

Now we take a close look at the phase of the reflected wave as this will play a role
in the reflectivity experiments forthcoming using a bounded acoustic pulse. The

phase angle versus the angle of incidence of the reflected wave exhibit large changes
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Figure 5.5: The phase of the fluid component for all generated wave modes at

a boundary between water and the water-saturated porous material considered in

section 4.7.
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Figure 5.6: The phase of the solid component for all generated wave modes at
a boundary between water and a water-saturated porous material considered in
section 4.7.

beyond the P-wave critical angle of incidence (Fig. 5.7). First the phase angle of the
reflected wave increases smoothly to a peak of 52.5° at an incidence angle of about

37° and then decreases to 8° at an angle of incidence of 54°. An abrupt jump of the
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Figure 5.7: The phase of the reflected wave at a boundary between a fluid and a

fluid-saturated porous material considered in section 4.7.

phase angle at an angle of incidence of 60° is noticeable. The phase angle changes
by about 150°. We expect that this abrupt change will play a role similar to that
observed in the elastic reflectivity studied in chapter 2 and chapter 3 when acoustic

bounded pulses are reflected from a fluid and an elastic solid interface.

Industrial practice in petroleum geophysics uses reflectivity as a diagnostic for
fluids; however, simpler elastic conditions are assumed. As such it is interesting to
contrast elastic and poroelastic reflectivities. Now the same model will be assumed
to be an elastic medium (i.e. Zoeppritz’s equations where only one P-wave and one
S-wave exist) with the P and S wave velocities assumed to be those calculated from
the porous medium model in which the slow P-wave is present. The density of the
medium is calculated using the densities of the water and of the solid grains according
to the porosity. The results are shown in figure 5.8. For the sake of comparison the
corresponding porous medium solutions are shown in figure 5.9. However, to better
compare the two figures the waves in the porous medium are averaged over a unit
volume of the solid and fluid components. The results obviously are different for the
energy balance, the amplitudes, and the phase angles. The elastic medium theory
does not describe properly the reflectivity-transmission at the boundary between the
water and the water-saturated porous material in the frequency range of the signal
used here.
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Figure 5.8: The reflectivity-transmission at the boundary between water and an elas-
tic medium replacing the water-saturated porous material using Zoeppritz’s equa-
tions. The P and S wave velocities are 2710 m/s and 1480 m/s respectively. a)
Energy balance. b) Amplitudes. c¢) Phase angles.
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Figure 5.9: The reflectivity-transmission at the boundary between water and a

water-saturated porous material. The wave fields are averaged over a unit volume

of the bulk material. a) Energy balance. b) Amplitudes. c) Phase angles.
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5.7 DBounded acoustic pulses in porous media

As for the reflectivity of acoustic bounded pulses from fluid-elastic solid interfaces
the phase angle of the reflectivity response from a fluid and a fluid-saturated porous
material will play a major role when abrupt changes occur in the phase of the
reflection coefficient. Recall the representation of an acoustic bounded pulse by the

Fourier integral pair from equations 2.158 and 2.159
1 00 +o00 ] ]
o(z,0,t) = 21—7?5/ / ®(ky, 0,w)e* e dk, dw (5.101)
where the function ®(k,,0,w) is given by the Fourier integral
+o00  p4oo ] )
&k, 0,w) :/ é(z,0,t)e"FTe " i dudt (5.102)
and the reflected wave field ¢" at an interface located at z = h (equation 2.164)
1 +oo  pdoo ) ) )
¢"(z, h,t) = ?4—713/ / R(ky)®(ky, 0, w)e=Te®tei=hdl du (5.103)

where R(k;) is the reflection coefficient at the interface. As for the elastic case
equation 5.103 still holds for an interface between a fluid and a fluid-saturated porous
material provided the reflection coefficient is properly replaced by the one calculated
using the porous media wave propagation and boundary value problem. In this
case the reflection coefficient is dependent on frequency and equation 5.103 will be

properly rewritten as
1 +o0 +00 ) i ) )
¢z, 2,t) = — R(ky, w)®(ky, 0, w)eeteitethhoib=bzgt 4., (5.104
A% J oo J-oo

where Az = |h — z|. Equation 5.104 is an exact expression of the reflected P-wave

from the fluid and the fluid-saturated porous material.

5.8 DBounded acoustic pulse modelling in porous

media

Using equation 5.104 an exact reflectivity response is obtainable when a wave field
that is finite both in time and space is used. If the reflection coefficient exhibits large
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and abrupt jumps the reflected acoustic pulse will experiences a phase shift along
the boundary of the fluid and the fluid-saturated porous material. Sharp changes
in the amplitude of the reflection coefficient will also play a role in the reflectivity
response of bounded acoustic pulses from fluid and fluid-saturated porous materials.
Sharp changes seen in the single wave number plane wave will be smoothed (averaged
over a small range of incidence angles) as has been already observed and discussed
in the elastic reflectivity response studied in chapter 2 and 3. Furthermore the
reflectivity response from interfaces between a fluid and a fluid-saturated porous

material depends on frequency and consequently the pulse shape will be also affected.

Here the illustration example studied in previous sections will be used to model
the reflectivity response using two acoustic bounded pulses of different widths and a
frequency bandwidth of 0.2 MHz to 1.2 MHz. The result is presented in figure 5.10
where the responses of 2 cm wide and 8 cm wide bounded pulses are compared. The
results of the two wave fields are shown along with the plane wave solution (Fig.
5.10-a). Clearly the phase change as shown in section 5.6 beyond the P-wave critical
angle of incidence has a severe effect on the narrow 2 cm bounded pulse. The wide
bounded 8 cm pulse has a closer reflectivity response to the plane wave solution in
the vicinity and past the critical angle 67. Therefore it is a convenience to use large
bounded acoustic pulse as sources to study reflectivity and transmission in porous
materials.

5.9 Conclusions

As has been shown in the previous chapter and verified by modelling in the
present chapter, the reflectivity response from a fluid and a fluid-saturated porous
material is more complex than that from a fluid and an elastic solid material. The
boundary conditions are different as more equations are needed to solve the boundary
value problem due to the presence of a second P-wave in the fluid-saturated porous
material for the case illustrated here. The slow P-wave contributes more to the
energy balance of the boundary than the reflected P-wave or the transmitted S-wave
at all angles of incidence. The phase of the slow P-wave in the solid skeleton is
180° out of phase with that in the fluid and consequently the large attenuation.

Therefore it is important to include this wave in modelling reflectivity response from
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Figure 5.10: Theoretical reflectivity response at a water and a water-saturated
porous material interface. The material is the same as that used in the illustra-
tion example in section 5.6. a) Three types of incident wave fields, a plane wave, an
8 cm wide source, and a 2 cm wide source are used. Amplitude envelope displays of
the reflectivity for b) the 8 cm wide and the ¢) 2 cm wide bounded pulses calculated
using equation 5.104. The frequency bandwidth is 0.2 MHz to 1.2 MHz.

fluid-saturated porous materials. All generated waves at the interface between a
fluid and a fluid-saturated porous material are frequency dependant and exhibit

attenuation that must be taken into account. The attenuation of the solid material,
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if not negligible, plays a major role in the overall attenuation. It is also shown
numerically that Zoeppritz’s equations do not properly describe the boundary value
problem and show large discrepancy with the porous media theory. Laboratory
measurements of reflectivity and transmission must take into account the size of the
source used. Large acoustic wave fields lead to much closer measurements to the

plane wave theory predictions.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



185

Chapter 6

Experimental measurement of

porous media parameters

6.1 Introduction

In current industrial practice, the change in the strength of seismic reflection
with angle of incidence is increasingly employed in the search for hydrocarbons.
Such measurements of Amplitude Variation with Offset (AVO) (or with Angle AVA)
assume the reflectivity can be described as if occurring at the contact between two
perfectly elastic materials. Usually, a variety of approximations to the full Zoep-
pritz’s equations that describe the variation in reflectivity with angle of incidence
from the interface between two elastic media are employed in AVO impedance in-
versions (e.g. Shuey (1985)). However the propagation of waves in porous media
and the associated boundary conditions differ from that of elastic solids. Additional
propagation modes are generated at the porous media boundaries and the reflec-
tivity response is different from that anticipated by Zoeppritz’s equations as shown
in chapter 5. In most cases, however, AVO is most usually applied to detect fluids
in porous rocks, but the elastic theory may not necessarily describe properly the
reflectivity in this case. Attenuation and the existence of a second P-wave influence

the reflectivity and transmission in fluid-saturated porous materials.

In this chapter six porous samples constructed from sintered soda-lime glass

beads of various grain diameters are characterized.

"To properly model the measured reflectivity several parameters must be first de-
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termined as pointed out in chapter 4 section 4.5. First a description of the synthetic
porous samples is given followed by the methodology used for the determination of
all parameters and then the corresponding measured parameters for the six synthetic
porous samples used in the reflectivity experiments. The reflectivity results from the
interface between water and water-saturated synthetic samples will be presented in
chapters 8 and 9 with the corresponding calculated models for each synthetic sam-
ple. To the best of the author’s knowledge, these are the first careful and complete
experimental tests of reflectivity and transmission of acoustic waves from porous
media.

The properties that will be measured are tortuosity ¢, permeability K, P and S

phase velocity of the solid skeleton, and the attenuation of the solid skeleton.

6.2 Tortuosity measurement

Tortuosity is a dimensionless quantity that is defined as the length of the shortest
path joining two points through the voids within a porous material normalized to the
length of the straight path joining the same points. This quantity is always positive
and greater than unity. The more tortuous a porous medium is the more it resists
flow and consequently is less permeable. The experimental measurements of tor-
tuosity of porous materials using electrical conductivity leads to acceptable results
provided that the solid portion of the porous sample is non-conductive (Johnson et
al., 1982). If the solid skeleton is non-conductive a porous medium filled with a
conductive fluid solution will exhibit a potential between two points as a function of
the length through the voids joining these points and the current applied. Therefore
electrical conductivity measurements in a saturated porous material with a conduc-
tive fluid solution can be used to infer tortuosity. In this section a description of

such experiments will be given.

6.2.1 Experimental setup

The experimental setup for the tortuosity measurements in the present study
is shown in figure 6.1. Figure 6.2 shows a photograph of the electrical conductivity
experiment conducted on the saline solution. This setup is designed according to the

size of the samples that are used in this study. A porous sintered glass bead sample
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Figure 6.1: Setup for electrical conductivity measurement through porous media.

fits into a non-conductive container. The sample is impregnated to saturation under
vacuum with an electrically conductive saline water solution. A low frequency (60
Hz) alternating current is input through two large end electrodes C; and C, that
cover exactly two opposing sides of the sample. The current is deduced from the
voltage V; across a known resistance R. This setup produces equipotential surfaces
parallel to the current electrodes C'y and C; provided that the structure of the sample
is homogeneous. A voltage V; at the surface is obtained across electrodes (P, ..., Fs)
of known spacing. The experiment is repeated by replacing the sample with only
the conductive saline water solution. For each sample the pair of voltages V; and
Vo are measured across different electrodes at the surface of the sample. Uniform
results were obtained for all the samples that showed very little change in the readings
between any two equidistant electrodes. This indicates the porosity is homogeneously
distributed in the samples and therefore the tortuosity can be accurately deduced.
The results on porous synthetic materials using this methodology will be given in
the next chapter.
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Figure 6.2: Photograph of the electrical conductivity experiment apparatus.

6.2.2 Tortuosity derivation

Here are given the relationships between electrical conductivity and sample tor-
tuosity. Let , and , subscripts represent the porous sample and the saline solution,
respectively. Let 1 and 5 subscripts for the potential V refer to the measured poten-
tials V} and V5, respectively, as shown in figure 6.1. Let Z and ¢ be the impedance

and the current, respectively. We can write

where the electrical impedances Z, and Z; are

L
z, =22 (6.5)

8S,
L,
z,="F = (6.6)
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L, is the distance between the electrodes P, and Fy that follows the shortest tortuous
path through the pore space. L, is the direct straight line distance between the same
electrodes. S; is the area of the current electrodes C; (or C3) in contact with the
solution through the voids at the surface of the sample, hence given by S; = A
where A is the surface of the electrode and 3 the porosity. In the other hand S, is
the area of the current electrodes C; (or C3) in contact with the solid skeleton at the
surface of the sample, hence given by S, = (1 — 8)A. Using equations 6.1 through

6.4 we can write

Vap 2y Vas
2 Zp 2 6.7
Vip  Zs Vs (67)
This equation can be rewritten as
V;os = g‘/sp (68)

where Vps = Vo,Vis, V5p = E%S;Vgsle, and ¢ = %f is the tortuosity of the sample.
Thus the tortuosity is deduced directly from the slope of equation 6.8. If the porosity
of the porous sample is uniform then the ratio % = 1 otherwise these surfaces must

be measured.

6.3 Permeability measurements

Another parameter that characterizes porous media and plays a major role in
the behaviour of the slow P-wave is the permeability K. Here a simple experiment
is designed to measure the permeability of the synthetic porous samples used in this
study. However this apparatus is only adequate for samples that have sufficiently
large permeability.

6.3.1 Experimental setup

A modified falling head device was designed and constructed for permeability
measurements. The experimental setup is given in figure 6.3 and a photograph in
figure 6.4. It is based on fluid flow through a porous sample. The experiment is
monitored by a digital camera that takes images at known given time intervals. The
changing fluid levels in cylinders 1 and 2 are read from linear scales. During the
falling head experiment automatic photographs are taken at short time intervals
that vary with the speed of the falling of the water column. Snap shots are given in

figure 6.5 taken at two different times that show the change in the water columns.
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Cylinder 2 Cylinder 1

SR JEDEII .

Water Porous
¥ sample

Figure 6.3: Schematic of the apparatus used to measure permeability. hq is the
head between the top of the sample and the fluid level on cylinder 1. hq is the head
between the bottom of the sample and the fluid level on cylinder 2.

Figure 6.4: Photograph of the apparatus used to measure permeability.
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LS

Figure 6.5: Two snap shots showing a difference in the water columns of 7 cm within

11 minutes time difference.

6.3.2 Permeability derivation

In this experiment the fluid flow is assumed governed by Darcy’s law

K dp
= e 6.9
1= I (6.9)
where K is the permeability, 1 the fluid viscosity, ¢ is the Darcy fluid velocity defined
as the volume that flows through a unit surface area per unit time, and j—i’ is the
pressure gradient in the direction of flow from cylinder 1 to 2. The positive direction
(Fig. 6.3) is taken in the direction of flow. At any given time the pressure gradient

between the top and bottom of the sample is given by

dp _ pg(h — ho)
i (6.10)
where p is the density of the fluid, ¢ is the gravitational acceleration, L the length
of the sample, and h; and hs are the hydraulic heads as given in figure 6.3. Let
h' = hy — hy. This quantity is always positive since h; > hy at all times. The
velocity ¢ can be written as

vy dh'
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where vy is the volume of fluid that flows through the porous sample per unit length
per unit time, "Z; is the change of A’ per unit time, and A is the surface area of the
base of the sample that is in contact with the sample. Using equations 6.10 and 6.11

in equation 6.9 we get

dh'  2KpgA
I A2
h/ ’UO’)’]L dt (6 )
Integrating both sides we get
& L _ 2KpgA /
- dt 6.13
/h’l W vonl Ji, (6:13)
which leads to . 0K oA
1 Py
— 14
" (h’ ) ool (6:14)

where At =1y — ;. Let H =In (h: ) and P = 3%37%‘3 then we rewrite equation 6.14
as

H = PAt (6.15)

which is the equation of a straight line; the permeability can be deduced from its

slope P. The permeability is then given by

PyynL
= 6.16
K=< (6.16)

6.4 Phase velocity measurement

6.4.1 Methodology

To determine the solid skeleton properties the P and S wave phase velocities of
the solid skeleton of a porous medium are needed. To illustrate the procedure used
in the determination of the phase velocity, let z1(t) and z5(t) be two transmitted
waveforms recorded at two different locations r; and ry as the wave travels through

a given sample. The recorded waveforms z1(t) and x3(t) can be written as

z1(t) = s(t) * g1(t) * hy(t) (6.17)
zo(t) = s(t) * ga(t) * ha(t) (6.18)

where s(t) is the input signal, g(t) represents other energy losses than attenuation,

and h(t) is the attenuation response of the medium. g¢(¢) includes various effects
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such as the source and receiver coupling and instrument response. In the frequency
domain equations 6.17 and 6.18 are

X1(w) = S(w)G1(w)Hy(w) (6.19)

Xo(w) = S(w)Ga(w)Ha(w) (6.20)
The deconvolution of the signal z,(f) with respect to the signal z,(¢) is given by
(Dziewonski and Hales, 1972)

_ Xow) _ Xo(w)X7(w)
X1 (w) | X1 (w)[?
where X{(w) is the complex conjugate of X;(w). The numerator in equation 6.21 is
the same as the cross-correlation of z5(t) with respect to z1(t). The wrapped phase

of z91(t) is totally contained in the cross-correlation and is given by
Ad(w) = ¢a(w) — $1(w) + 2mn(w) (6.22)

where n(w) is an integer. The presence of this integer in the phase difference illus-

X21(LU> (621)

trates the non-uniqueness of the phase difference. To find the correct phase velocity
from equation 6.22 a knowledge of the range of expected velocities or a third station
is necessary (Dziewonski and Hales, 1972). Equation 6.22 leads to the time delay

A
talw) = 22 (6.23)
and the phase velocity is then given by
c(w) = (ra—m) (6.24)

ta(w)
where 7, and rs are the distances from the source to the stations 1 and 2 respectively.
One major difficulty that makes use of the expression 6.24 problematic, however, is
that the unwrapped phase of a waveform depends greatly on the low frequency noise
component. Higher noise levels result in larger errors in the evaluation of the phase

difference in the unwrapping process.

6.5 Attenuation measurements

6.5.1 Methodology

To include the attenuation of the P and S waves of the solid skeleton these must

be measured. Attenuation of rocks can be measured in the laboratory by various
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methods. To do so the following procedure will be followed in the measurement
of attenuation in a laboratory. The most common method when the level of noise
is acceptable is the direct method. Assuming the source signal s;(t) and sq(t) are
identical equations 6.27 and 6.28 lead to

Xi(w) _ Gi(w) Hi(w)

Xolw) ~ Calw) Halw) (6:25)

Taking the natural logarithm of 6.25 we get

Xl(w)> (Gl(w)> (Hl((U)>

In =in{——=1+In 6.26
(%o Galw) (o) (6:26)
Let the left hand side of equation 6.26 be Y(w). Assume that G; and Gy do not

depend on frequency. G includes all energy loss effects except attenuation. These

effects include source and receiver coupling, reflectivity, and instrumental response.
In this case we can replace the first term on the right hand side by a constant B.

The attenuation filter H; and Hj, can be written in the frequency domain as

Hi(w) = e~®f"n (6.27)
Hy(w) = e~ (6.28)
(6.29)

where ogfV is in units m™.

Qg is the attenuation coefficient constant independent
of frequency. f is the frequency and N is an exponent that varies in general from 2
to 0.5 as the frequency increases from the seismic frequency to ultrasonic frequency
bands (Courtney and Mayer, 1993), and r the distance between the source and the

receiver for each recorded signal. Using this model, equation 6.26 then becomes
Y(w) =agf¥(ry—r)+ B (6.30)

where ry must be larger than ;. For a linear model (i.e. N = 1) equation 6.30 is that
of a straight line where the slope determines the coefficient . B is the intercept
that contains information about all other losses such as source and receiver coupling,
reflectivity, and instrumental response. This model is also used in the determination
of the attenuation in vertical or cross-well seismic profiles using the frequency shift
method (Quan and Harris, 1997).
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6.6 Solid skeleton characterization

The solid component of the fluid-saturated porous material, is characterized by
the measured P and S wave phase velocities of the "dry” solid skeleton. It is also
important to estimate the P and S wave attenuations as these may play a large
role in the behaviour of wave propagation in a fluid-saturated porous material as
suggested by the modelling illustrated in figures 4.5 and 4.6. However the measured
”dry” shear modulus and bulk modulus of the solid skeleton would be only valid to
be used in the equations 4.53 through 4.56 if the phase velocities and attenuations
of the ”dry” solid skeleton is frequency independent as these equations were derived
through static laboratory measurement tests. Due to the low degree of sintering and
because the experiments are conducted at zero effective confining pressure the " dry”

samples used in this study exhibit both nontrivial S and P wave attenuations.

6.6.1 Methodology

Assume that the "dry” solid skeleton (filled with air) behaves for small de-
formations as a homogeneous, isotropic, and linear viscoelastic (HILV) material
(Borcherdt, 1977; Borcherdt, 1982). In doing so we neglect any other mode (for
example Biot slow P-wave) generated during the measurements of the P and S wave
arrivals. It is important to note that the amount of humidity that is present in the
"dry” samples plays a major role in the velocity of the P-wave particularly (see e.g.
King et al. (2002)). It is important not to completely ”dry” the samples. In this

?

study the samples were washed and then let ”dry” at room temperature for about

24 hours. It is found that not all samples gave satisfactory results.

The equation of motion that govern the HILV is given by

o*u

[KM + 'L%M} v (ﬁ : a’) + V3 =
where Kjr and pjs are the complex bulk and shear moduli of the HILV, and 4 is the
particle displacement. Let ¢ and 15 be the scalar and vector potentials (V x J = (,
and V x ¢ = 0). Using Helmhotz decomposition 4 = v o+ V x 1,27 equation 6.31
can be written as

4 9. 8¢
[KM + guM] Vg = P o (6.32)
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for P-waves and

. 27
Vi = p—t 6.33
puVY =p 502 (6.33)
for S waves. Using plane wave solution of the form
b = Agwi~ke) (6.34)
¥ = BjeltiheD (6.35)
in equations 6.32 and 6.33 respectively we obtain
[ S— 6.36
P o T (049
B2 o= 22 (6.37)
25%

where 7 is the position vector. k, and k; are the wave numbers for the S and P waves

respectively. For homogeneous plane waves with a wave number k, = {+ — ic, and
P

ks = ¢ — o, for P and S waves respectively, equations 6.36 and 6.37 lead to the
complex bulk and shear moduli

pViw?
= 6.38
Ha (W? — a2V2 — 2io,wVs) (6.38)

91,2
pw=V, 4

K = P —— 6.39

M (w2 A 2iozpwV;) Elad (6.39)

If a linear model o = oy f is used for the attenuation then both moduli are indepen-

dent of frequency. In this case equations 6.38 and 6.39 become

4 pV2
= 2 6.40
Ha (472 — a2, V2 — dmiag, V;) (6.40)
4m*pV? 4
- = 6.41
(4 = g, V2 — dmiag,V,) 3 M (6.41)

Ky =

where agf is a real constant and is in m™! and consequently aq is in s.m™*. In this
model both the shear modulus py and the bulk modulus Kj, are complex but are

independent of frequency.

To infer pup and Ky we need to measure both the P and S wave phase velocities
and attenuations.
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6.7 Conclusions

Important parameters that are needed to properly model wave propagation,
transmission, and reflection in porous materials were discussed. The porosity and
density can be directly measured through weights of "dry” and water-saturated
samples. Simple experiments were constructed for the measurement of the tortu-
osity and permeability. The bulk and shear moduli of the fluid free solid skeleton
were assumed to be frequency independent and consequently can be deduced from

the measurements of the P and S wave velocities and attenuations.
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Chapter 7

Transmission experiments through
a water-saturated thin porous

plate immersed in water

7.1 Introduction

Biot has derived a theory for propagation of acoustic waves in fluid-saturated
porous media that predicted the existence of a second compressional wave in such
media (Biot, 1956a) and (Biot, 1956b). Since then, several other approaches have
been proposed such as that of de la Cruz and Spanos (1985). Numerous attempts
have been made in the laboratory to detect the highly attenuated slow P-wave. Plona
(1980) has first observed the slow dilatational wave in a porous synthetic rock. Then
other workers have claimed to have observed this wave both in synthetic rocks (John-
son and Kojima, 1994), (Geerits and Kelder, 1997); and in a natural Nivelsteiner
sandstone (Kedler and Smeulders, 1997). Here a modified experiment is presented
that employs a large transducer to create a near plane wave for transmission through
porous plates. This method has been successfully employed in the calibration of re-
flectivity on elastic materials in chapter 3 and in Bouzidi and Schmitt (2000). Here,
the method allows a definitive detection of the slow dilatational wave that plays an
important role in the characterization of the porous material. The attenuation of the
recorded wave modes were measured. This is the first quantitative measurement, to
the author’s knowledge, of the attenuation of the slow compressional wave. The in-

trinsic attenuation due to fluid flow is dissociated from the observed attenuation that
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also includes the attenuation associated to the solid skeleton of the porous material.

In this chapter a transmission of a bounded acoustic pulse through a water-
saturated porous material immersed in water was conducted on a thin synthetic
porous plate constructed from sintered soda-lime glass beads. The sample labelled
S082 that is originally designed for transmission measurements will also be used in
reflectivity measurements as it was the only sample constructed that allowed for a
complete characterization. It was constructed thin (2.46 cm) to allow the observation
of the second P-wave. This elusive wave has been clearly observed in the present
experiment. The same large acoustic bounded pulse source and near-point receiver

were used in the experiments as for elastic media in chapter 3.

First a description of the synthetic porous sample will be given. It will be followed
by the determination of all relevant parameters by the test devised in chapter 6. Then
the transmission experiment will be described and results will be presented with the
corresponding calculated models. Measurements of velocities and attenuations will

be deduced from observations and compared later to calculated values.

7.2 Synthetic sample description

A porous synthetic plate was made from sintered glass beads using a graphite
mold with an interior designed to be 2.50 cm thick and 22 cm for each of the other
dimensions. The mold is packed with soda-lime glass beads with diameter ranging
from 150 pm to 212 um. The sample is then brought slowly to 700°C. The duration
of the process has lasted about 4 hours. Then the oven was shut down and the
sample was kept inside for about 20 hours. This process allowed the sample to cool
down slowly and release stress that may build up during the cooling phase. This
resulted in a very uniform sample 2.46 cm thick with nearly perfect flat surface. A
picture of the sample is shown in figure 7.1 and another S.E.M. photograph of the
surface of the sample is shown in figure 7.2. Note that the diameter of the glass
beads supplied by the manufacturer are not very precise as they are designed for
sand blasting purposes. Therefore the sample contains beads that are smaller or
larger in diameter than the diameter range given above. The porosity of the sample
and density of the glass beads are measured through weights of the ”"dry” and water-

saturated porous sample under vacuum conditions. The tortuosity, the permeability,
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Figure 7.1: Photograph of the porous synthetic sandstone S082 used in the trans-

mission experiment.

Figure 7.2: S.E.M photograph of the surface of the porous synthetic sandstone S082

used in the transmission experiment.

the "dry” velocities, and the attenuations of the porous sample are determined by
the methods described in chapter 6 sections 6.3, 6.4, 6.5, and 6.6 respectively. The
results are summarized in tables 7.1 and 7.2. The overall sample is uniform and it

surface large enough (22 cmx22 cm) to receive a large incident acoustic bounded
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Property p(s) p(f) n K& KO g S K

Units kg.m™2 kgm™3 Pas GPa GPa - - m™2 x 10712
Value 2455 995 0.001 43.7 2.209 0.382 1.439 19.9

Error % 14 0.5 - 5 1 2.1 0.1 3.5

Table 7.1: Measured porous sample S082 characteristics and properties. p*) mineral
grain density, p) density of water, K(*) is the bulk modulus of the mineral grains,
K is the bulk modulus of water, 3 is the porosity, < is the tortuosity, and K is
the permeability.

Property F Ve Vi Qgp Qs

Units MHz m/s m/s m™* m!
Value 0.78 2540 1555 6 27
Error % — 0.6 225 10 10

Table 7.2: Measured "dry” dynamic properties of the porous sample S082. V), is
the "dry” P-wave phase velocity, V; is the "dry” S-wave phase velocity, agp is the
P-wave attenuation of the "dry” sample, cgg is the S-wave attenuation of the ”dry”

sample. The attenuations are given at the frequency 0.78 MHz.

pulse. The source is the same used in all experiments. The frequency bandwidth of
the source is 0.2 to 1.2 MHz. The predominant wavelength in the fluid is 1.9 mm
which is larger than the average grain size of 0.175 mm. Since the type of glass used
to make the beads is of various quality, the density might vary slightly from batch
to batch. A range of density values are given for soda-lime glass and a mean value is
taken to be 2455 kg.m™3 and the error is taken as the difference between the mean
and the extreme value. The bulk modulus of the beads is taken to be 43.7 GPa with
an error of 5%. All the other parameters listed in table 7.1 are actual measurements

in the laboratory.

7.3 Experimental procedure

A new experimental method of probing porous materials has been developed us-

ing a large area (10 cmx 7.5 cm) ultrasonic transducer (see chapter 4) as an acoustic
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Figure 7.3: Wave transmission through a water-saturated synthetic porous plate
using an acoustic scanner. A large source transducer is used to generate a nearly

flat and large beam. The transmitted wave field is recorded by a near-point receiver.

source (Fig. 7.3). One major advantage of such a source is that the central am-
plitude of the generated bounded acoustic field remain nearly constant within the
dimensions of the experiment. This simplifies the analysis and makes small events
easily detectible. This method turns out to be very useful in detecting the slow com-
pressional wave in fluid-saturated porous materials. The setup as described in figure
7.3 allows measurements of the three propagating modes within the water-saturated
porous sample for a large range of angles of incidence. Both the large source and the
near-point receiver remain fixed as the plate is rotated from -50° to +50° in steps of
1°. In this configuration the receiver always points to the centre of the source. The
acoustic bounded pulse that reaches the point receiver of any wave mode emerges
parallel to the incident one but shifted to the left (or the right) with a distance that
depends on the velocity of the wave mode considered within the porous sample ac-
cording to the Snell’s Law of refraction. However the wave field of any transmitted
wave mode will be spread near critical angles as all wave numbers present in the
incident acoustic bounded pulse will be refracted at different angles. This is actually

true only if the velocity of the wave mode is much higher than that of water. Because
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Figure 7.4: A cartoon of the transmission experiment showing the three wave modes.
The angle of incidence changes as the porous sample rotates while the source and
receiver remain constant. 1, 2, and 3 show the area where the rays originate for
the fast P-wave, the S-wave, and the slow P-wave respectively. 1: Fast P-wave with
velocity of 2500 m/s, and incidence angles of -30° to +30°. 2: Converted S-wave
with a velocity of 1450 m/s, and incidence angles of -50° to +50°. 3: Slow P-wave
with a velocity of 980 m/s, and incidence angles of -50° to +50°. The velocity in
the water is 1490 m/s.

the source used here generates a large and flat bounded acoustic pulse, wave arrivals
at the point receiver originate from a small area around the centre that depend on
the velocity of the wave mode. For example if the velocity of a wave mode is equal
to the velocity of the surrounding medium (here water) the arrival always originates
from the centre of the source for all angles of incidence. As the velocity increases
or decreases from that of water this area will increase. This is illustrated in figure
7.4 for three wave modes, a fast compressional wave (1: 2500 m/s angles -30° to
+30°), a converted S-wave (2: 1450 m/s angles -50° to +50°), and a slow compres-
sional wave (3: 980 m/s angles -50° to +50°). For a large number of incident angles

the three wave modes originate from an area that has a constant amplitude within
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the dimensions of the experiment. This allows the attenuation of these waves to be

considered without major correction such as geometrical spreading.

7.4 Experimental observations

Here observations of transmitted wave modes through the porous sample as
recorded by the point receiver with the setup described in the previous section will
be presented. Before pointing out the various arrivals, it is first convenient to show
the arrival times at which various waves that propagate in the water, then through
the water-saturated sample, and finally back in the water that would be detected
at the point receiver. Three probable but hypothetical waves with velocities, faster,
equal, and slower than that of water are considered. For simplicity the trajectories
will be calculated using Snell’s law. Consider a fast wave with velocity of 2500 m/s,
a wave with velocity 1490 m/s equal to that of water, and finally a slow wave with
a velocity of 980 m/s. The distances travelled are shown in figure 7.5 for a source-

receiver distance of 17 cm. The total distance travelled in the water medium by
each wave with the corresponding velocity is shown in panel a) for angles of incidence

varying from —50° to +50°. This shows that the total distance travelled in the water
for all three waves decreases as the angle of incidence increases (or decreases) from
normal incidence as the sample is rotated. The second panel b) shows the distance
in the sample as a function of angle of incidence. It shows clearly that the distance
travelled by each wave in the sample increases for all angles of incidence that depart
from normal incidence. Panel ¢) shows the overall distance travelled by each wave
which again increases for all angles of incidence that depart from normal incidence
except that of the wave which has the same velocity as that of water that remains
constant for all angles of incidence. Therefore a wave with a velocity in the sample
that is equal to that of water will appear at the same time regardless of the angle
of incidence. Since the overall travel distance always increases with angle of inci-
dence the arrival time for these waves will be progressively dominated by the travel

distance in the sample.

If the velocity of the wave is lower than that of water then the arrival time will
increase as the angle of incidence departs from the normal incidence and therefore
this wave will show a curvature towards increasing arrival times relative to normal.

On the other hand, if the velocity of a wave is greater than that of water then the
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Figure 7.5: Travel distances and arrival times of the various waves that are trans-
mitted through a thin water-saturated porous plate immersed in water. a) Total
distance travelled in water. b) Distance travelled in the sample. ¢) Total distance

travelled in the sample and in the water.

arrival time will decrease with increasing (or decreasing) angles of incidence; and
consequently this wave will curve towards shorter arrival times. Therefore using
the setup as described in the previous section various wave arrivals will be easily

identifiable on the display of the recorded traces.

The waveforms recorded in the experiment of section 7.3 are displayed in figure
7.6. The recorded amplitudes by the point receiver are displayed with each trace
normalized by its root mean square (RMS) amplitude. This helps to show better the
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Figure 7.6: Observed transmitted bounded pulse through a thin water-saturated
porous plate immersed in water. Each trace is normalized by its RMS amplitude.
The amplitudes are true along the time axis. The unknown arrival labelled by a

question mark could be interpreted as described in chapter 4 section 4.4.

wave field at large angles of incidence. In this display many wave modes are clearly
distinguished. One event, labelled as slow P-wave, is curving towards increasing
time and therefore its velocity within the sample must be less than that of water.
This event is clearly the slow P-wave that is excited at the first boundary and then
converted to a sound wave in the water at the second boundary. The event labelled
converted S-wave is an S-wave excited at the first boundary and then converted at
the second boundary back to a sound wave. This event is curving subtly towards
increasing time suggesting that the velocity is less than but nearly that of water.
The large amplitude event is the fast P-wave and is curving towards the decreasing
time indicating its velocity is greater than that of water. The other events are
mainly multiples of the fast P-wave. The multiple at about 135 us appear only
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above 10° of angle of incidence suggesting, but not confirmed, that it is a first order
multiple that is converted as an S-wave at the first boundary and back to a P-wave
at the second boundary. It is evident that beyond the P-wave critical angle (33.1°)
most of the transmitted energy is converted to the S and slow P waves. Despite
the high attenuation of the slow P-wave it appears strong at all angles. Each trace
is normalized by its RMS amplitude but no gain is applied along the time axis.
This is in accordance with the illustrative example studied in chapter 5. Another
event worth noting is that labelled with a question mark which curves upwards
and therefore its velocity must be higher than that of water. The interpretation of
this event could be the ”porosity wave” predicted by de la Cruz/Spanos theory as
reported in chapter 4 section 4.4. Its approximate velocity, picked from the observed
data, is 1800 m/s.

7.5 Phase velocities of the observed waves

The bounded acoustic pulse is recorded after travelling through the water-
saturated synthetic porous sample. The data shown in figure 7.6 will be used in
this section to infer the measurement of the phase velocity and the attenuation of
the fast P, the slow P, and the converted S waves. The arrival of each wave mode is
isolated by a time window and used along with the source wavelet to calculate the
phase velocity and attenuation according to the procedure described in sections 6.5
and 6.6. To calculate the phase velocities the travel distance must be known. For
the fast P-wave the data used is at normal incidence and therefore the distance is
simply the sample thickness. However for the slow P-wave the arrivals at low angles
of incidence are highly contaminated by the first multiple of the fast P-wave. The
converted S-wave is simply very weak at low angles. Therefore the far 11 traces
(large angle of incidence) are used for both the slow P-wave and the S-wave where
these transmitted events appear strong. The distances used are those leading to
the least spreading of calculated velocities. The phase velocity of the fast P-wave is
shown in figure 7.7 and calculated according to the procedure described in section
6.5. The phase velocities are 2730 £20 m/s, 1485415 m/s, and 1015410 m/s, for
the fast P-wave, the S-wave, and the slow P-wave respectively. These velocities are
all given as the mean value at the peak frequency 0.78 MHz of the input signal.

The results are shown in figures 7.7, 7.8, and 7.9. A summary is given in table 7.3.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 7. POROUS MEDIA TRANSMISSION EXPERIMENT 208
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Figure 7.7 Measured phase velocity of the fast P-wave. A mean value of
2730+20 m/s is measured. The error is taken as the extremes of the results of
11 arrivals of the fast P-wave (shaded area).
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Figure 7.8: Measured phase velocity of the S-wave. A mean value of 1485+15 m/s

is measured. The error is taken as the extremes of the results of 11 arrivals of the

converted S-wave (shaded area).

Although the trends in these figures are suggestive of abnormal dispersion (i.e. ve-
locities decreasing with frequency) the experimental error cannot prelude the cases

of constant velocity or normal dispersion (i.e. velocities increasing with frequency).

Wave mode Fast P Slow P Shear
Phase velocity (m/s) 2730+20 1015+10 1485415

Table 7.3: The measured phase velocities of the fast P, the slow P, and the converted
S waves.
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Figure 7.9: Measured phase velocity of the slow P-wave. A mean value of
1015+10 m/s is measured. The error is taken as the extremes of the results of
11 arrivals of the slow P-wave (shaded area).

Angle of incidence (°)
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Figure 7.10: Calculated arrival times via Snell’s law. The velocities of table 7.3 are
used. The unknown arrival labelled by a question mark (approximately 1800 m/s)
could be interpreted as described in chapter 4 section 4.4.
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Alternatively, it is also convenient to show that the velocities of the observed
wave modes can be approximated by using Move Out (MO) corrections based on
Snell’s law. The calculated travel times for the three wave modes are superimposed
on the display of the recorded data (Fig. 7.10). The MO corrections are calculated

Angle of incidence (°)
50 -40 -30 -20 10 0 10 20 30 40 50
O. L

3] [y
Q Q

&«
o

Arrival time (us)

40-

-15 -10 -5 0 5 10
Normalized amplitude
Figure 7.11: 4 main events, the fast P, the converted S, the slow P, and "the poros-
ity wave labelled 7” corrected to normal incidence. The Move Out corrections
were calculated with the measured velocities given in table 7.3 that are respec-

tively 2730 m/s, 1485 m/s, 1015 m/s, and 1800 m/s for "the event labelled with a
question mark”.

according to the geometry of the experiment described by the schematic diagram
given in figure 7.4. For each of the three events of interest, the fast P-wave, the S-
wave, and the slow P-wave an MO correction is applied according to the velocity of
each wave as given in table 7.3. The MO process is applied such that the travel time
is corrected to become only that across the sample and at normal incidence. The

result is shown in figure 7.11 where the three events are nearly flattened. However
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the fast P-wave exhibits a curvature at high angles of incidence. This is normal
according to the geometry of the problem. The centre of the wave field generated by
the source evolves as it propagates as described in detail in chapter 3. The minimum
travel distance in the present problem is 17 ¢m, which includes the travel distance
both in the water medium and the water-saturated porous sample. At this distance
the stable part of the bounded acoustic pulse is reduced and waves emanating from
the parts far from the centre of the source have a different geometry which has not
been taken into account in the calculation. However the fast P-wave arrivals in the
central traces are nearly flat. These originate from the neighbourhood of the centre
of the source and their geometrical path is close to that used to calculate the travel

time curves.

7.6 Attenuations of the observed waves

The same data used for the phase velocity is used in the attenuation measure-
ments for the three observed wave modes. The attenuation are measured according
to the procedure described in sections 6.6. However it is important to note that
in the small frequency range the attenuations will not exhibit the curvature that is
typical of attenuation in porous media. Recall equation 6.30 the attenuation model
described in section 6.6 chapter 6

Y(w) =aofN(ry — 1) + B (7.1)

To use this equation either the data must be known in a wide range of frequencies
including low frequencies or the exponent N must be given. If a linear model (N = 1)
is assumed some of the attenuation is diluted in the intercept B and is not readily
retrievable. Therefore one must know the exponent N in order to obtain an absolute
measurement of attenuation from the observed data. At this stage not all parameters
that are needed for modelling were measured. The dynamic mass transfer pi5 can
be inferred from the tortuosity, the porosity, and the fluid density. However the
viscosity correction factor F'(w) is not known and can not be measured at this point.
An alternative will be described below.

As pointed out earlier in section 4.9 chapter 4 py3 and F(w) (and eventually shear
viscosity 7 and permeability K) can be replaced if the phase velocity and the atten-

uation of the S-wave of the fluid-saturated porous medium are known. At present
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only the phase velocity of the S-wave is measured, not the attenuation. It cannot be
measured directly as the model to apply is unknown. A similar problem holds for
the measurement of the attenuation of the fast P and slow P waves. However within

the range of frequency bandwidth present in the input signal these attenuations are

Property S velocity S attenuation pio F(w) A
Units m/s m? kg/m* - pm
Value 1487.9 41.5 —187.5 21.6441:21.64 10.8

Table 7.4: Inferred dynamic mass transfer pi9, the viscosity correction factor F(w),
and the characteristic length A at the frequency 0.78 MHz.

varying linearly. A straight line fit will provide the attenuation for each of the three
modes within an unknown constant. At this point a solution to the problem would
be that shear attenuation that provides the attenuations of the three modes paral-
lel to the measured ones and also the fast P and slow P wave velocities be in the
measured range. Using the measured phase velocities and the attenuations (within
a constant) of the fast P, the slow P, and the S waves it is possible to numerically
calculate the attenuation of the S-wave that leads to the best fit of the observations.
It is found that the attenuation of the slow P-wave is highly dependent on the S-wave
velocity because the latter depends on p;o that in turn influences greatly the phase
and attenuation of the slow P-wave. In table 7.4 the numerical results are calculated
at the peak frequency 0.78 MHz. p;» and F(w) are inferred and consequently A is
calculated. Also pio can be inferred from the tortuosity, the porosity, and the density
of the fluid. Note that the velocity of the S-wave is given to more significant digits
than reasonable in order to point out that the slow P-wave is highly influenced by a

small change in the S-wave velocity, therefore in the p; parameter.

The observed attenuations are given in figures 7.12, 7.13, and 7.14 for the fast
P, the converted S, and the slow P waves respectively. The calculated attenuation
curves are overlayed. It is important to note here that the attenuation of the fast P
and the S waves are highly influenced by the attenuation of the solid skeleton given
in table 7.2. The influence of the shear and P-wave attenuation of the solid skeleton

is described in section 4.8.
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Figure 7.12: Measured attenuation of the fast P-wave. The observed attenuation
(shaded area) is calculated with 11 fast P-wave arrivals. The attenuation at the

peak frequency of the source wavelet is shown with an error bar of 6.5%.

Frequency (MHz)
0 0.2 0.4 0.6 0.8 1 1.2
60 B B ] ? T
R Observed .................... =
50 . o MOdeI .......................................
- __ Skeleton : X L :
§,40- 41-5m_1 ........ ............ ..... ............. //,/.
= — t2.8m7 : " : - =7
-9 8ff e aremmem e ————— 1 8 8 8 & 10 :. Caoe s s AR :. DR ] ./. ..... : ............ Ao
o 30 : : : _ =
-3 - - - -
c : ; -
320. ............ Ny (I AT REY L T .
< : -7 :
10 v~ /,.—’ .................................................... L
- : : :
Y Ca— ; ; ; :

Figure 7.13: Measured attenuation of the S-wave. The observed attenuation (shaded
area) is deduced from 11 converted S-wave arrivals at post S-critical angle of inci-

dence. The attenuation at the peak frequency of the source wavelet (0.78 MHz) is

shown with an error bar of 4.6%.
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Figure 7.14: Measured attenuation of the slow P-wave. The observed attenuation
(shaded area) is calculated with 11 slow P-wave arrivals. The attenuation at the

peak frequency of the source wavelet (0.78 MHz) is shown with an error bar of 9.9%.

7.7 Conclusions

An experimental method that employs a large transducer to probe porous ma-
terials was developed. The large source and the point-receiver pair has success-
fully recorded the transmitted slow P-wave through a 2.46 cm thick water-saturated
porous synthetic rock. This wave appeared strongly at all angles of incidence with-
out amplification. The method does not require the receiver to move in search for
detectible arrivals. The velocities and attenuations of the fast P, the slow P, and
the converted S waves were successfully estimated. The arrival time for each wave is
calculated and matches the observed recorded data. The overall attenuation of the
converted S and fast P waves were highly influenced by the attenuation of the solid
skeleton. As expected the slow P-wave is highly attenuated. All useful parameters
needed for the modelling of wave propagation in the water-saturated porous material
have been determined. Over the relatively narrow bandwidth of the experiments, it
is difficult to see any dispersion (see figures 7.7, 7.8, and 7.9) let alone relate this
dispersion to the attenuation.
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Chapter 8

Reflectivity experiments from the
interface between a fluid and a

fluid-saturated thin porous plate

8.1 Introduction

As described in chapter 6 the elastic theory does not necessarily properly de-
scribe the reflectivity from fluid-saturated porous material interfaces due to both

attenuation and the existence of a second P-wave.

In this chapter the results of the reflectivity experiments from a water and a
water-saturated porous material interface that were conducted on a thin porous
synthetic plate constructed from sintered soda-lime glass beads will be given. The
reflectivity measurements are conducted using the same setup used in chapter 3 to
measure reflectivity from a fluid and elastic solid interfaces. The author believes
these are the first quantitative studies of reflectivity from a liquid-porous medium

interface.

The thin porous sample labelled S082 is originally designed for transmission
measurements as described in the previous chapter. Reflectivity measurements were
also conducted on this sample. The large acoustic bounded pulse source and the

near-point receiver were used in the experiments as for elastic media in chapter 3.

First a description of the synthetic porous sample will be given. It will be fol-
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lowed by the determination of all relevant parameters that are needed for modelling
wave propagation in porous media. Then the reflectivity results from the interface
between water and the water-saturated synthetic porous sample are presented with

the corresponding calculated model.

8.2 Experimental reflectivity from water and a

water-saturated thin porous synthetic sample

In this section a complete reflection experiment from an interface between water
and a thin (2.46 cm), water-saturated porous plate, including identification of all
possible converted waves present, will be discussed in details. Identification of these
wave modes is important for two reasons. First, it can help us understand where the
amplitude of the primary reflection may be disturbed by interfering arrivals. Second,
the arrivals seen are to the best of the author’s knowledge the only experimental
observations of wave mode conversion between S and slow P waves. It turns out
that this analysis is important to understand these data. Then the focus will be on
the main reflection from the water and the water-saturated porous sample interface.
The calculated plane wave and bounded acoustic pulse models will be compared
to the experiments, this may be considered as a fundamental test of porous media

theories.

The sample is immersed in water after being saturated by the same fluid under
vacuum conditions. The same setup used to acquire reflectivity from water-elastic
solid materials interfaces as described in chapter 3 is used here. The porous sample
is described in detail in chapter 7. First a study of the observed wave events will be

conducted according to simple ray theory and event travel times only.

A schematic of the reflectivity experimental setup is given in figure 8.1. The
source was described in chapter 3. Energy arriving at the point receiver can be
modelled by simple ray tracing. The two edges of the source (S1 and S2 in figure
8.1) act as diffraction source points, and as such, as individual sources. These edge
diffraction events are clearly seen in the characterization images of chapter 3. It is
found that the edge of the source labelled S1 in figure 8.1 plays a major role in the
reflected events from the second boundary between the water-saturated sample and
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Figure 8.1: Setup diagram of the acoustic goniometer (to scale) for the reflectivity

measurement. Using ray theory three possible sources can be considered. The edges

of the source act as diffraction points denoted here as S1 and S2 and the flat portion

of the source generates a flat acoustic bounded pulse. The porous sample is 2.46 cm

thick.

the water medium. Because of geometry only one event emanating from the edge
labelled 52 is seen. The central flat part of the source labelled S3 generates a nearly
flat wave field and its propagation and reflection behaviour differs from the edges as

the P-wave critical angle is approached.

This setup is used to acquire reflectivity at source-receiver angles varying from
12.5° to 60°. This range is limited by the physical aperture that the configuration
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Figure 8.2: Uninterpreted observed data using the setup of figure 8.1.

allows. The uninterpreted observed data is shown in figure 8.2 as a variable area
wiggle plot where a constant gain is applied and high amplitudes clipped in order
to better visualize weak events. Interpreted data is shown in figures 8.3, 8.4, and
8.5. Several events are distinguishable in the display. For reference, the flat lying
event beginning at 138 us is the primary reflection of interest here. It is flat (i.e.
at constant arrival time) as intended in the construction of the goniometer. A ray
tracing code was written for this particular geometry in order to differentiate between

these various observed events. In the previous chapter the three wave modes that can
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Figure 8.3: Observed data using the setup of figure 8.1. Overlayed curves are arrival

time of various wave modes originated from the source edge only (S1 in figure 8.1).
The trajectories are, P in water, P1 fast P in sample, P2 slow P-wave in sample, and

S shear in sample. See text for details for each combination shown in the legend.

propagate in such a material were detected and the phase velocities measured in the
transmission experiment. These velocities will be employed here in calculating arrival
times to assist in identification of the various events present in the cbservations.
Various combinations of wave arrivals that are converted at both interfaces of the

water-saturated porous sample with the enveloping water medium will be considered.
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Figure 8.4: Observed data using the setup of figure 8.1. Overlayed curves are arrival

e

time of various wave modes originated from the source edge (S2 in figure 8.1). The
trajectories are, P in water, P1 fast P in sample, P2 slow P-wave in sample, and S
shear in sample. The anticipated S2 arrivals are not seen due to the use of the highly
directional source-receiver pair. See text for details for each combination shown in
the legend.

Following the system used in global seismology to distinguish branches of ray
paths, the portion of the path in the water medium of a wave either emanating
from the source or reflected back to the receiver is denoted P. For example, the wave

directly from the transmitter to the receiver is denoted ”P” and that directly reflected
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Figure 8.5: Observed data using the setup of figure 8.1. Overlayed curves are arrival
time of various wave modes originated from the centre of the source (S3 in figure
8.1). The trajectories are, P in water, P1 fast P in sample, P2 slow P-wave in
sample, and S shear in sample. See text for details for each combination shown in

the legend.

as "P-P”. The travel path within the sample is denoted first by the mode along the
down-going path, and second for that along the up-going path with combinations
P1-P1, P1-P2, P1-5, S-S, S-P2, and P2-P2 where P1 represents the fast P-wave, P2

the slow P-wave, and S the S-wave.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 8. POROUS MEDIA REFLECTIVITY EXPERIMENTS 222

The results of the estimated arrival times from the edge of the source S1 to the
receiver are overlayed on the observed data in figure 8.3. It is worthwhile reiterating
that the fast P, the converted S, and the slow P wave speeds used in this analysis
are 2730 m/s, 1485 m/s, and 1015 m/s respectively. The direct arrival (i.e. not
reflected) is shown as P in the display. At large angles this wave interferes with the
event of interest for the study of the variation of reflectivity with angle. The event
denoted as P-P1-P1-P is the reflection of the fast P-wave at the second interface.
This wave interferes with the primary reflection at approximately 40°. Because of
this interference the reflectivity is not expected to match the model beyond this
angle perfectly. It is important to note that this interference problem would be even

more severe for a narrower aperture transmitter.

The event denoted P-P is the reflection of the S1 diffracted wave from the first
interface. This event is also flat in time and lags the primary reflection by 15 us but
is relatively very weak. Thankfully, this turns out not to be a problem in measuring

the amplitudes of the main reflection at the first interface.

The events denoted as P-P1-S-P and P-S-P1-P are the converted P1 to S and
S to P1 at the second interface. These events arrive simultaneously. Similarly the
event denoted as P-P1-P2-P (or P-P2-P1-P) is a converted fast P1-wave to a slow P2-
wave at the second interface. To the author’s knowledge, this is the first documented

observation of such mode conversions.

The event denoted by P-S-S-P is the converted shear mode and exhibits high
energy at large angles as the theory suggested in chapter 4.

Another interesting event is that denoted as P-S-P2-P (or P-P2-S-P) which is
a converted S-wave to a slow P-wave at the second interface. However this event
interferes with the P-S-S-P event at low angles. The event P-P2-P2-P is the slow
P-wave mode that is generated at the first interface but is highly attenuated as the
distance travelled in the sample is large. However this event is very weak and does
not show properly without substantially amplifying the data.

The results of the arrival times from the edge of the source S2 to the receiver are
overlayed on the observed data in figure 8.4. Only the direct arrival shown as P in

the display emanates from the edge of the source S2 and no other event matches the
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arrival times.

The bulk of the energy generated by the large source travels as a flat acoustic
bounded pulse maintaining a stable amplitude at large distances as demonstrated in
chapter 3. The events generated by rays originating from the central portion of the
source labelled S3 in figure 8.1 are shown in figure 8.5. The main event of interest is
the reflected wave P-P. The later events match and follow a pattern similar to that
for S1 (Fig. 8.3). The range of angles at which these events appear decreases with
increasing velocity. This display shows that the main energy of all events do indeed

originate from the centre of the source.

The calculated travel time curves for all possible combinations of converted
wave modes as given in figures 8.3, 8.4, and 8.5 completes the identification of
all of the events. A summary is given in figure 8.6 where the time series are
amplified. There are several events worth noting. There are two reflected P-
waves (P-P) from the first interface originating from the edges of the source la-
belled S1 and S2. All other events are reflected from the second interface be-
tween the water-saturated porous sample and the water medium. We distinguish
the reflected fast P-wave (P-P1-P1-P), the converted S from P1 at interface 2
(P-P1-S-P), the reflected converted S-wave, the converted S-wave to a slow P-wave at
interface 2 (P-S-P2-P), a converted slow P-wave from the fast P-wave at interface 2
(P-P1-P2-P), and the reflected slow P-wave (highly attenuated, P-P2-P2-P). It is
interesting to note that despite the high attenuation associated with the slow P-
wave it is detected by the setup as three arrivals. The arrival P-P2-P2-P is similar
to the transmitted P-P2-P already reported in the literature (Plona, 1980; Kedler
and Smeulders, 1997) and analogous to that detected in the transmission experiment
described in chapter 7. However this wave has not been reported as a reflected wave.
Furthermore, two other modes of this wave are detected by the present experiment.
First as a converted fast P-wave to a slow P-wave and as a converted S-wave to a
slow P-wave. These two modes appear clearly in the observed data. In this highly
porous material a large portion of the energy is converted to slow P-wave modes at

both interfaces between the water medium and water-saturated porous material.

Now let us focus on the reflected event. The wave reflected from the first interface

originates always from the centre of the source. This event is shown in figure 8.7 plot-
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Figure 8.6: Identification of events detected by the reflectivity setup of figure 8.1.
The type of waves are, P sound wave in water, P1 fast P-wave, P2 slow P-wave, and

S S-wave. See text for various combination of ray paths.

ted in the true observed amplitudes. The data displays clearly the variation of ampli
tude with angle of incidence. However the data is contaminated at some angles by the
P-P1-P1-P,

the P-P1-S-P, and the direct wave modes as mentioned earlier (Fig. 8.3). The
data is contaminated beyond approximately 40° angle of incidence. Therefore the
observed reflectivity should not be expected to match the calculated models beyond

this angle as the models do not incorporate the reflection from lower interface.
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Figure 8.7: Displays of the recorded reflectivity from a water and a water-saturated

porous plate normalized to the input signal.

The measured parameters given for the porous sample S082 (Tables: 7.1 and 7.2
chapter 7) are used to calculate both the reflectivity of a plane wave and of a bounded
acoustic pulse in a manner similar to that in chapter 3 in elastic media. The results
are shown in figure 8.8 where the maximum of the amplitude envelope calculated
via Hilbert transform is used in the amplitude measurements. It is important to
reiterate that the amplitudes in Figure 8.8 are normalized by the amplitude of the
direct arrival recorded separately by setting the source and the receiver at a straight
distance equal to the reflection path. Figure 8.9 displays the phase angles versus the
angle of incidence of the observed and modelled reflectivity. The results agree well

with each other.

The complete reflection-transmission experiment for the porous sample S082
studied here is given in figure 8.10 for plane waves where the wave fields are aver-
aged over a small volume element of the saturated porous material. Using Zoeppritz’s
equations an elastic model is calculated for the water-saturated porous material char-
acterized by the P and S wave velocities, 2730 m/s and 1485 m/s respectively, and is
shown in figure 8.11. Evidently the two do not agree with each other for the energy
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Figure 8.8: Reflectivity from water and a 2.46 cm thick porous synthetic sample
saturated by water. a) The observed and modelled reflection coefficients. b) Ob-

served amplitude envelope of the reflected wave. ¢) Modelled amplitude envelope of

the reflected wave. The P-critical angle is calculated with Snell’s law. There is no

S-critical angle of incidence.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 8. POROUS MEDIA REFLECTIVITY EXPERIMENTS 227
(a)
1 I3 1 '8 2'3 2'8 313 318
.0.85+
N
=
‘3.’ 0.8
o
@
3 0.751
o
i
0.7 -
(b)
= 0.85 7
N
T
S o084l
Q
&
50.75-
®
i
0.7 -
()
1'3 1|8 2.3 2‘8 33 318
d[ o Observedphase | ...l VS
'S 4071 5 Modelled phase 28088%82
E : : 8% ——> 8 : 90,
T D0 A i O S R.. 1. U ook
- R : :
§ 0- 080@@8@068655666' o e e 69 ..................... i
__20- .............................. F -

-10 0

10 20
Phase angle (%)

30

40

Figure 8.9: a) Phase angle of the observed reflectivity. b) Phase angle of the mod-
elled reflectivity. ¢) The observed and modelled phase angle at 0.78 MHz. The
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The wave fields are averaged over a unit volume of the bulk material. a) Energy

balance. b) Amplitudes. ¢) Phase angles.
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Figure 8.11: The reflectivity-transmission of an elastic medium replacing the water-

saturated porous material. The P and S wave velocities are 2730 m/s and 1485 m/s

respectively. a) Energy balance. b) Amplitudes. ¢) Phase angles.
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balance of the boundary, the amplitudes, and the phase angles at the frequency of
0.78 MHz.

8.3 Discussion

In the light of the experimental results and the calculated models for the reflec-
tivity from the porous sample S082 it appears that the reflectivity curve matches well
the calculated one. This suggests that Biot and de la Cruz/Spanos theories appear
both appropriately describe this type of highly porous and permeable material.

For this porous material it is found that

e The observed reflectivity matches well that predicted by modelling,.

The observed phase angle of the reflectivity matches well the modelled one.

The measured phase velocities of the fast P, the slow P, and the converted S

waves agree with calculations.

The measured attenuations of the fast P, the slow P, and the converted S waves

agree with calculations.

First observation of a slow P-wave converted from a fast P-wave and from an

S-wave.

8.4 Conclusions

Reflectivity experiments were conducted on a synthetic thin water-saturated
porous plate. The results were compared to modelled reflectivity using measure-
ments of all relevant parameters and a full wave propagation theory in porous media
was employed. The results are very satisfactory for this sample. The experimen-
tal data obtained using the bounded acoustic pulse employed in this experiment
matches closely the calculated bounded acoustic pulse model. The plane wave re-
flectivity is very close to the experiment except at the P-wave critical angle were
the sharp change in reflectivity is smoothed in a manner similar to the observed
reflectivity from water-elastic solid interfaces presented in chapter 2 and 3. It is

found that large acoustic wave fields lead to closer results to plane wave solution.
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It is also found that the Zoeppritz’s equations (i.e. fully elastic) do not properly
describe the observations in this frequency range. The experiments detected wave

mode conversions from both the fast P and the S waves to a slow P-wave.
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Chapter 9

Reflectivity from water and weakly
consolidated water-saturated

porous materials interfaces

9.1 Introduction

In this chapter results of the observed reflectivity curves from the boundary
between water and water-saturated thick porous synthetic blocks will be presented.
These samples exhibit a large permeability that varies between 4 D and 326 D. First a
description of these samples will be given. These samples could not be characterized
with the same level of confidence as the thin sample discussed in chapters 7 and 8 and
as such are considered separately here. Further, there are some concerns that the
sintering process in these thick samples is not homogeneous. The attenuation of the
solid skeleton is further large and was difficult to estimate. Despite these deficiencies,
the results are of interest and provide additional support to the observations of

chapter 8.

The samples were designed to be 7 c¢cm thick to avoid reflected arrivals from
the second boundary between the material and the water. However the degree of
sintering of the glass beads was not sufficient and consequently the attenuation
of the solid skeletons does not allow enough energy to be transmitted for velocity
and attenuation measurements. Smaller samples were cored from the original large

samples in order to perform velocity and attenuation measurements but the results
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were not satisfactory. Consequently these samples will be treated with a different
procedure than that used to study the thin porous plate presented in the previous
chapters. The modelling procedure relies more on numerical calculations rather than
measurements of all parameters. While the results of these measurements cannot be
as definitive as those for the better characterized sample discussed in the previous

chapters, the results are consistent with and supportive of the findings of chapter 8.

9.2 Porous synthetic samples

9.2.1 Sample construction

Synthetic porous sandstones were constructed by sintering glass beads with sizes
ranging from 30 — 40 mesh to 170 — 325 mesh. The beads were commercial glass
beads used commonly for sand blasting purposes. The beads are not sorted exactly
and the sizes given by the manufacturer do not always match the actual mesh size
as revealed by S.E.M photographs (Figs. 9.1 and 9.2). A graphite mold was used
to construct the six porous samples used in this study by sintering glass beads in
a programmable electric oven. The temperature increase with time curve was the
same for all samples. The temperature was slowly raised from room temperature to
700°C. The duration of the process was approximately four hours. The oven then
automatically shut down and was kept closed for about 20 hours in order to minimize
residual stress that would build up if the cooling process is not slow enough. Uniform
synthetic porous samples were obtained. The glass beads were not highly sintered
and consequently the samples are very fragile. The benefit of this is that the samples
are also highly compressible relative to the saturating water and this increases the

slow P-wave effects.

All samples were 22 cmx22 cm and 7 cm thick except for one sample that is
2.46 cm thick that was studied in detail in chapters 7 and 8. The resulting porous
synthetic sandstones were uniform with flat surfaces. The characteristics of the
samples are given in table 9.1. The S.E.M photographs in figures 9.1 and 9.2 display
the enlarged surface of each sample. These samples exhibit a wide range of bead
sizes which do not always agree with the mesh sizes given in table 9.1 particularly
sample S040 that shows beads as small as 20um diameter.
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Figure 9.1: S.E.M photographs of the surface of the porous synthetic sandstones
used in this study (Samples S040, S060, and S081).
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Figure 9.2: S.E.M photographs of the surface of the porous synthetic sandstones
used in this study (Samples S082, S100, and S130).
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Sample Mesh dy ot Length Width Thickness
- um kgm™3  cm em cm
S040 30— 40 425—-600 2455+35 224 22.4 7.03
S060 50— 70 212-300 2455+35 224 22.4 7.03
S081 70—-100 150212 2455+35 224 22.4 7.03
5082 70—100 150 —212 2455+35 224 22.4 2.46
S100 100 — 170 90— 150 2455+35 224 22.4 7.03
5130 170 -325 45— 90 2455+35 224 224 7.03

Table 9.1: Porous samples characteristics. Mesh size, grain diameter d,, mineral

grain density p®, and dimensions of the sample.

9.2.2 Porosity measurements

The porosities were measured using water-saturated and ”dry” weight measure-
ments of the samples. The results are given in table 9.2. The porosity varies between

34% and 40%. Therefore the samples are very porous.

Sample S040 S060 S081 S082 S100 S130
Porosity # 0.336 0.346 0.385 0.391 0.397 0.379
Error % +2 +2 +2 +2 +2 +2

Table 9.2: Measured porosities of the porous synthetic samples used in this study.

9.2.3 Tortuosity measurements

The details of the electrical conductivity tortuosity measurements were given in
chapter 6. An example of conductivity measurements is given in table 9.3 and in 9.4

for the porous sample S060.The tortuosity results for the samples given in  table

Vis (mV) 11.2 222 348 448 658 91.6 1174 131.6 153.6
Vos (mV) 142 278 436 56.0 822 1244 146.2 1644 192.2

Table 9.3: Measured electrical potentials for the saline solution.
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Vip (mV) 102 204 302 456 61.8 768 103.8 112.6 130.2
Vap (mV) 55.0 108.6 161.4 2422 330.0 407.0 532.2 596.2 688.6

Table 9.4: Measured electrical potentials for the porous sample S060 saturated with
the same saline solution as that in table 9.3.
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Figure 9.3: Tortuosity results for the porous samples described in table 9.1.

Sample mesh d, I} S

pm - - -
S040 30— 40 425-—-600 0.336 1.505
S060 50— 70 212—-300 0.346 1.495
5081 70 — 100 150 —212 0.385 1.439
S082 70 — 100 150 —212 0.391 1.439
S100 100 - 170 90—150 0.397 1.476
S130 170 - 325 45— 90 0.379 1.387

Table 9.5: Porous samples characteristics, grain diameter dg, porosity 3, and mea-
sured tortuosity <.

9.1 are shown in figure 9.3. These samples show very little variation in tortuosity
(standard deviation: 0.026, mean: 1.468) as well as in porosity (standard deviation:
0.0254, mean: 0.3722). The results are summarized in table 9.5.
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9.2.4 Permeability measurements

The details of the permeability measurement procedure were given in chapter

6. The permeability measurement results of the six synthetic porous samples are

mesh dg 08 p K K
Sample — pm - kg/m* D  m?x10712
S040 30— 40 425 -600 0.336 2455 326 316
S060 50— 70 212-300 0.346 2455 64 62
S081 70— 100 150 —212 0.385 2455 30 29
S082 70— 100 150 —212 0.391 2455 21 20
S100 100 - 170 90— 150 0.397 2455 22 22
S130 170 — 325 45— 90 0.379 2455 4 4

Table 9.6: Properties of the synthetic porous samples used in this study, grain

diameter d,, grain density p, porosity G, and measured permeability X in D and m?.
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Figure 9.4: Measured permeability for the porous samples described in table 9.1.

given in table 9.6. In the present study the permeability test is run with 6 cylindrical

porous samples cored from the original samples. The results are shown in figure 9.4
and figure 9.5.
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Figure 9.5: Measured permeability for the porous sample S082.

For the sake of comparison the permeability can also be expressed (Walsh and

Brace, 1984) as follows
(1N (VN1
()7 (x) (&) -

where m is equal to 2 for circular tubes and equal to 3 for cracks. < is the tortuosity

and was described earlier. For the model above we have the porosity § =1 — ; ”(2)
kis

and the tortuosity ¢ = %. The minimum diameter of the pores is 212_-_3 of the

diameter of the beads. The permeability is K = 5573%d2 where dj is the diameter
of the grains. The results using equation 9.1 are close to those measured directly
in the above experiment. Furthermore, these measurements agree with published

results on similar glass bead sands (porosity: 0.40) (Gray, 1963).

9.2.5 Phase velocity and attenuation measurements of the
solid skeleton

Attempts to measure the P and S phase velocity and attenuation on the air-

saturated thick samples were not satisfactory. Unfortunately not enough wave energy

was transmitted through due to large attenuations. It is possible that the samples

are not uniformly sintered along the thickness length. The wave forms are greatly
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Figure 9.6: Transmission wave forms and estimated first arrival P-wave velocities of
the "Dry” solid skeletons of the porous samples described in table 9.1. For display
purposes the wave form of the thin sample S082 discussed in chapters 7 and 8 is
stretched 4 times, therefore the reading of the vertical time for this wave form must
be divided by 4.

distorted (Fig. 9.6) and the velocities are low confirming the low degree of sintering
of the glass beads the samples were constructed with. The reflectivity measurements
on these samples will rather be influenced by the near surface portion of the material
than the deep part. The near surface of the solid skeleton exhibits higher stiffness
than in the centre. Consequently the velocity at the near surface would be higher.
Near surface core samples were taken from the original large ones to perform velocity
and attenuation measurements. As the S.E.M. photographs revealed the pore and
grain sizes vary quite significantly from one sample to the other. The grain sizes
decrease in the order the samples were listed in table 9.1. The sample S040 displays
a wide range of grain size diameters. Attempts to measure both phase velocities and
attenuations on these samples were unsuccessful. The cored samples were too short
and the surface could not be made perfectly parallel to allow precise measurements,
furthermore a coupling agent had to be used to allow enough energy to be transmit-
ted. This had influenced the measurements and particularly the attenuations. The
P and S velocities were measured using two wave forms acquired on two samples
with a small difference in thickness and the results are given in table 9.7 with uncer-
tainties calculated assuming 0.25 mm uncertainty on the thickness measurements.
These velocities will be used in the next section as a starting set in the numerical

calculations.
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v, V.
Sample m/s m/s

S040 1980 £95 1050 £ 50
S060 2310 £ 190 1330+ 110
S081 22904190 1765+ 100
S100 1890 £ 260 1160 + 160
5130 2140 =190 1600 £ 140

Table 9.7: Estimated P and S wave velocities on thin samples cored from the large
original ones. The uncertainties were calculated using an error estimate of 0.25 mm

in the measurements of the thickness of the samples.

9.3 Reflectivity observations and modelling

In this section the observed reflectivity curves from the thick water-saturated
porous samples described in the previous section will be given along with the first
attempt to calculate the corresponding models using the estimated parameters. The
bounded acoustic pulse used in previous experiments is used to acquire reflectivity
from the five thick synthetic water-saturated samples described in the previous sec-
tion. The frequency of the source signal is in the range of 0.2 MHz to 1.2 MHz with
the main peak at the frequency 0.78 MHz. The velocity in the water medium as
measured during each experiment is 1490 m/s except during the experiment of the
S130 sample where the measured velocity was 1475 m/s, probably due to changes in
temperature and purity of the water. Therefore the wavelength in the water at the
peak frequency of 0.78 MHz is 1.9 mm.

9.3.1 Numerical approach

Using the estimated velocities measured in the previous section a numerical ap-
proach is used to find the best set of parameters py, A, @, R, and A that leads to a
good fit of the observed and the calculated reflectivities using the measured porosity.
It was possible to find a set of parameters that produce a close model to the observed

reflectivity curve for all samples except for sample S040, the most permeable one.

For this sample it was not possible to find a set of parameters iy, A, @, R, and
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A without adjusting the porosity from a measured value of 0.336 to a value of 0.435.
It is interesting to point out that this sample is also the least uniform in terms of
the consistency of bead sizes as indicated in the S.E.M. photographs of figures 9.1
and 9.2. It is unlikely that an error of 23% would have been made on the porosity

measurement as it was performed twice with the same result found.

This suggests that the sample S040 was not completely under vacuum and may
only have been partially saturated. An alternative probable scenario for this sample
is a scattering problem since the size of the beads cover a large range of diamaters
nearly from <« 10 pm to > 500 pm. This sample exhibits small pores as well as
large pores of various shapes (Fig. 9.1). This might indicate that this sample grossly

violates the assumptions of the Biot and de la Cruz/Spanos theories considered here.

The parameters py, A, @, R, and A found by numerical calculations are listed

in table 9.8 The velocities and attenuations deduced from the parameters of table

oY, A Q R A
Sample GPa GPa GPa GPa pm
5040 1.568 +10.025 4.946 +i0.203 0.869 —i0.008 0.838 +i0.001 50
5060 3.752 +140.177 3.584 4+¢0.182 1.086 — :0.006 0.636 + ¢0.001 0.26
S081 5.256 4+40.110  3.266 + i0.431 0.845 —i0.022 0.796 + ¢0.002 0.15
5100 4.717 +40.168 2.881 +i0.149 0.897 —¢0.010 0.790 +¢0.001 0.19
5130 6.385 +i0.633 4.138 +1i0.476 0.849 —¢0.027 0.695+¢0.001 0.16

Table 9.8: upr, A, @, R, and A resulting from the numerical calculations to find the
best set that leaded to a best match of the observed and calculated reflectivities.

9.8 are given in table 9.9. Some of the velocities agree within the limits of the
uncertainties with those measured via transmission tests whereas others (S081 and
5130) do not. However, due to the small thickness and the precision on the flatness of
the surfaces of the samples the measurements are not very reliable. A small variation
in the thickness of 0.01 mm will change the velocity by 50 m/s. The unjacketed bulk
modulus must be complex if estimated from the parameters A, (J, and R derived from
the static experiments. This suggests that the "dry” bulk modulus K, cannot be
estimated from the velocity measurements and attenuations when the solid skeleton

exhibits large attenuations that could be frequency dependent.
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V;) Vs Qop Qps

1 1

Sample m/s m/s sm™' sm”
5040 1990 930 59 33
S060 2180 1390 87 106
S081 2610 1665 65 40
5100 2455 1585 58 71
5130 2905 1840 123 169

Table 9.9: Calculated P and S wave velocities and attenuations using the parameters

of table 9.8. A linear model is assumed for the attenuations.

9.3.2 Observed and modelled results

The results of the observed reflectivities, the plane wave models, and the bounded
acoustic pulse models are shown in figures 9.7 through 9.11.  The models were cal-
culated using the numerical approach above and the estimated parameters given in
table 9.8. The modelled results are close to the observed curves. However, not all
the features that appeared in the observations were adequately matched, particularly
beyond the P-wave critical angle of incidence where the phase angle changes with
angle of incidence. It is important here to point out that the plane wave calculated
reflectivity is also close to the bounded acoustic pulse models even at the P-wave
critical angle of incidence. This is mainly due to the high P and S attenuations the
solid skeletons of these samples exhibit. Indeed some tests were performed during
the numerical approach described above and found that when the attenuations were
not taken into account a sharp change in the plane wave reflectivity occurs at the

P-critical angle of incidence.

9.4 Conclusions

The reflectivity responses from boundaries of water and water-saturated thick
porous samples that exhibit high P and S attenuations of the solid skeleton and
high range of permeabilities were acquired in laboratory experiments. Most of the
parameters needed for modelling calculations were measured. However the velocities

on the "dry” solid skeletons were not very accurate and the attenuations could not
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Figure 9.7: Observed and modelled reflectivity from a boundary between water and a
water-saturated 7 cm thick synthetic porous plate. a) Measured, modelled, and plane
wave reflectivity response. b) Observed maximum amplitude envelope. ¢) Modelled
maximum amplitude envelope. Material labelled 5130 with a permeability K=4 D.
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Figure 9.8: Observed and modelled reflectivity from a boundary between water
and a water-saturated 7 cm thick synthetic porous plate. a) Measured, modelled,
and plane wave reflectivity response. b) Observed maximum amplitude envelope.
¢) Modelled maximum amplitude envelope. Material labelled S100 with a perme-
ability K=22 D.
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Figure 9.9: Observed and modelled reflectivity from a boundary between water
and a water-saturated 7 cm thick synthetic porous plate. a) Measured, modelled,
and plane wave reflectivity response. b) Observed maximum amplitude envelope.
¢) Modelled maximum amplitude envelope. Material labelled S081 with a perme-
ability K=30 D.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 9. WEAKLY CONSOLIDATED POROUS MATERIALS 247
(a) Angle of incidence (%)
0 10 20 30 40 50 60
a) ] L] : i 1L L] Ll
5 14~ Plane wave model | T e -
B — ~ Bounded pulse model
g o _Bounded pulse experiment
T 0.5 it it i o i UTTUTTORES.. 4 i o S S A
N
o
£ :
] : o,
z O § T T 1] T ¥ f/«m-‘mi

0.5

0.4
Normalized amplitude

0.1 0.2 0.3
Figure 9.10: Observed and modelled reflectivity from a boundary between water
and a water-saturated 7 cm thick synthetic porous plate. a) Measured, modelled,
and plane wave reflectivity response. b) Observed maximum amplitude envelope.
¢) Modelled maximum amplitude envelope. Material labelled S060 with a perme-

ability K=64 D.
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Figure 9.11: Observed and modelled reflectivity from a boundary between water
and a water-saturated 7 cm thick synthetic porous plate. a) Measured, modelled,
and plane wave reflectivity response. b) Observed maximum amplitude envelope.
¢) Modelled maximum amplitude envelope. Material labelled S040 with a perme-
ability K=326 D.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 9. WEAKLY CONSOLIDATED POROUS MATERIALS 249

be measured. A numerical approach is used to estimate the remaining parameters
and a best fit of the reflectivity curves were estimated. The modelled curves describe
well the observations despite that not all details that appear in the observations were
matched by the models. It is also possible that the theories considered here do not
hold for the porous sample S040 that exhibits large variation in pore and bead size

diameters.
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Chapter 10
Conclusions

In this thesis work, a complete experimental and modelling study of wave prop-
agation, reflectivity, and transmission in porous materials was presented. A new
ultrasonic reflectivity method of probing the mechanical properties of both elastic
and poroelastic materials was developed. The first parts of the work describe an
ultrasonic configuration consisting of a "large” transmitter, that simulates a plane
wave response as much as possible, and a "small” point receiver that samples uni-

formly the resulting pulsed wave field.

The amplitude along the axis of propagation of the generated wave field by
the large source remains nearly constant at large distances from the source. This
makes many weak events detectible at large distances without major corrections to
the measurements. The near-point receiver minimizes averaging of the wave field
near the point of observation. The source and receiver were well characterized and

calibrated on isotropic elastic solids.

The analysis was not able to fully use simple plane wave assumption, however,
finite transducer effects needed to be accounted for. An exact expression of the
source wave field is used in all modelling calculations. It is found that the reflection
coefficient from a water-elastic solid interface experiences a large drop of amplitude.
Many earlier authors attributed this to a leaky Rayleigh wave, but here an extensive
numerical modelling has shown that the phase of the reflection coefficient is the only

responsible for this phenomenon. This is supported mainly by

e Surface waves travelling in the elastic solid along the interface do exist at post

P (and eventually S) critical angle of incidence but do not contribute to the
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energy balance of the boundary.

o A surface wave that would leak energy to the fluid medium above the solid will
have a complex horizontal wave number, as considered in some literature, and
would violate the boundary value problem that requires the horizontal wave

number to be a real number only.

e Extensive modelling has shown that any reflection coefficient that exhibits
large changes in the phase angle as a function of angle of incidence will produce

similar effects in the reflectivity of bounded acoustic pulses.

e Any abrupt change in the reflection coeflicient will be smoothed out in the

reflectivity of bounded acoustic pulses even when the phase is null.

A comparison of two theories that attempt to describe waves in porous media was
made. It is found that the Biot and de la Cruz/Spanos theories are nearly equivalent
when water is the saturating fluid and if the unjacketed modulus is equal to the mod-
ulus of the solid minerals. In this case the compatibility condition §,K) = §;K(®
is met. However it is important to note that the Biot theory does not account for
dynamic porosity in contrast with the de la Cruz and Spanos theory. Furthermore
if the fluid is replaced by one with a higher viscosity, substantial differences occur.
This is particularly true for the slow P-wave phase velocity and attenuation. This
viscosity effect will in turn affect any reflectivity and transmission partitioning of
energy. However, the experiments in the thesis used water, a low viscosity fluid, and
were unable to distinguish any differences between the two theories. It is also worth
noting that the de la Cruz/Spanos theory predicts other processes that occur during

wave propagation due to porosity and fluid pressure coupling.

The theories used in this thesis work were rewritten exclusively in terms of scalar
and vector potentials. The analysis focussed on the interaction between the fluid
and the solid skeleton for each wave mode that propagates in fluid-saturated porous
materials. This is done through the complex number that relates the potentials in the
fluid and the solid skeleton. It is also found that if the S-wave is well characterized
by its phase velocity and attenuation the measurements of several parameters, the
permeability K, the viscosity 7, and more importantly the mass transfer p1o and the

viscosity correction factor F(w) are not required.
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The calibrated source and receiver were first used in a series of transmission and
reflectivity experiments in a number of water-saturated synthetic porous materials
constructed of sintered glass beads. A complete transmission and reflection experi-
ment was conducted on a thin synthetic porous plate. The source and receiver pair
permitted a definitive observation of the slow P-wave that appeared strongly at all
angles between -50° and +50° angles of incidence. It was possible to measure ac-
curately the velocities and attenuations of the fast P, the slow P, and the S waves.
These observed velocities agreed well with those predicted using measurements of

all relevant parameters in separate experiments.

A reflectivity experiment was also conducted on the same sample and several
converted wave modes were observed. On this sample several measurements were
performed of the observed wave modes mainly

e The phase velocity of the fast P, the slow P, and the S waves.

e The attenuations of the fast P, slow P, and S wave. However these measure-
ments are not absolute and modelling was required in the final results. More-
over the P and S attenuations of the solid skeleton were found to contribute in

part to the overall attenuations.

The observed data from the reflectivity experiment revealed the following mode

conversions that to the author’s knowledge have not previously been observed
e P-P1-P2-P: A converted fast P-wave to a slow P-wave at the second boundary.
e P-S-P2-P: A converted S-wave to a slow P-wave at the second boundary.

e P-P2-P2-P: A generated slow P-wave at the first boundary and reflected from
the second boundary.

For this thin porous sample the theoretical calculations agree well with the observa-
tions of

e the phase velocities of all wave modes,
e the attenuations of all wave modes,

e the reflectivity curve,
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o the phase angle of the reflected wave, and

e the calculated arrival times for all combination of wave conversions at the

boundaries.

It is also possible that the ” porosity wave” predicted by de la Cruz/Spanos theory was
observed. However, this interpretation at present remains speculative and further
modelling using theory that incorporates this additional mode is necessary to support

this possibility.

It is worth reiterating that the use of purely elastic solutions, as is assumed in
geophysical field studies which explore for hydrocarbons, cannot explain the observed

reflectivity curves.

Reflectivity experiments were also conducted on weakly sintered synthetic glass
bead thick samples. The large attenuation of both P and S waves of the solid
skeleton influence the overall reflectivity responses. These samples exhibit a wide
range of permeability and pore size and could not be characterized to the same
level of confidence as with the thin sample. It is found that the theory agrees quite
well with the experiments but subtle changes in the observed reflectivity were not
featured by the calculations particularly at post P-wave critical angle of incidence.
Some of the discrepancies in the sample with the largest beads may be due to either
errors in the determination of porosity or in violation of the underlying assumption
the sample is homogeneous at the scale of wavelengths used. However, the major
conclusion of this thesis is that the Biot and de la Cruz/Spanos theories appear to
adequately describe the reflectivity of the interface between a low viscosity liquid

and a high porosity saturated porous medium.

It is also found that the reflectivity calculated from Zoeppritz’s equations does
not agree with that calculated from the porous media theory. This might have
an implication in AVO analysis at least in any laboratory physical modelling of

reflectivity and transmission in fluid-saturated porous materials.

As future work it would be interesting to conduct the same experiments with the
source and receiver developed in this study by replacing the low viscosity fluid (water)

by a high viscosity fluid (e.g. glycerol) and test the differences the calculations
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have revealed between the Biot and de la Cruz/Spanos theories. Another simple
experiment is to construct small samples then saturate them with a high viscosity
fluid and conduct velocity and attenuation measurements to test both theories at

various frequency bandwidths.

What would be the response at low frequencies? Do Zoeppritz's equations ap-
proximate well reflectivity from fluid-saturated porous materials? To help answer
these questions it would be interesting to calculate the response of a simple layered
porous medium with various properties and saturated with various fluids using the
equations of wave propagation in porous media. This would lead to an AVO anal-
ysis on the calculated models that would be compared to that calculated through

Zoeppritz’s equations and related approximations.
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Appendix A

Acoustic beam with a cosine taper

For purposes of modelling, the edges of a bounded acoustic beam can be modu-
lated in different ways. One of them is to modulate the bounded acoustic beam with
cosine ramps at the edges. This is just an example that is used in the text to show
the removal of the ringing effect in the Fourier domain. Envisage a monochromatic
beam (frequency w) travelling at an angle o with respect to the z axis (Fig. 2.1).
Let F(z) be of the form

( 0 : z<-b
5 (cos [ko(x + a)] + 1) —-b<z<—a
F(z) = < 1 : —a<z<a (A1)
5(cos [ko(z — a)] + 1) b>z>a
L 0 z>b
then we can write
I ‘
®i(ky) = 5/ (cos [ko(z — a)] + 1)e ke —ka) gy, (A.2)
(k) = j/ ilkas—k2)e gy (A.3)
1_a b .
(k) = 3 / (008 [k (@ — a)] + 1)eilkaehels g (A.4)
To evaluate equation A.2 and equation Adlet y =z —a and m = koy — k. We
have
1 —ima b-a — 3 1 —ima bre —im
&y(m) = 3¢ cos (koy)e ™ dy + 3¢ e "™dy (A.5)
0 0
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The first term of equation A.5 can be rewritten as

1 _ b—a - . b—a
Q1(m) = 5@'”’“‘ / cos (koy) cos(my)dy — —Zz—e‘”"'“ / cos (koy) sin(my)dy
0 0
(A.6)
Equation A.6 is evaluated using table of integrals (Dwight, 1964). Here we assume

that m # £ky. The case where this condition is not met will be given later.

1 e [sin([(ko = m)(b—a)] | sin[(ko + m)(b—a)]
<I>11(m) = —2—6 | Z(kg—m) + 2(k0+m) } —
1 —ima [cos|[(m — ko)(b—a)] | cos[(m + ko)(b~ a)]} 3
2 3 2(m — k‘o) 2(m |- /-CQ)
7 —ima i 1 1
2° |3tm—F) " 2+ Ry) (A7)

Equation A.7 can be rewritten as

im

_ —imb —ima A8
Pulm) = s (e ™) A8
The second term of equation A.5 leads
— e p—imb _ —ima A9
<I>12(m) om (6 € ) ( )
We also have
1. b—a ' 1. b—a
O3(m) = —e“”“/ cos (koy)e™ dy + -e”"“/ ™ dy (A.10)
2 0 2 0
The first term of equation A.10 can be rewritten as
1 . b—a ;o b—a
$31(m) = ée’ma / cos (koy) cos(my)dy + %e”’“’ / cos (koy) sin(my)dy (A.11)
0 0

Equation A.11 is evaluated using table of integrals (Dwight, 1964)

1 . [sin[(ko —m)(b—a)] | sin[(ko + m)(b — a)]
D51 (m) = 2° i 2(ko —m) 2(ko +m) } B
Ly 2l i) ol K9]
2 A 2(?7?,'— ko) 2(m+k0)
L gima ! + ! (A.12)

2 _2(m — ko) 2(m + ko)
Equation A.12 can be rewritten as
“m

Pl = =g =)

e + ™) (A.13)
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The second term of equation A.10 leads

Bsp(m) = — -

2m

(eimb __ eima) <A14)

Equation A.3 leads to

Py(m) = g-s-m%@ (A.15)

Gathering equations A.8, A.9, A.13, A.14, and A.15 we get

ky
2m(k2 — m?)m

O(m) = [sin (mb) + sin (ma)) (A.16)

replacing m by its value we have

0 [(kaz — kz)b] + sin [(kap — ko )a]
2ﬂ(kaw - kw) [k'g - (kaz - kw)z]

(k) = k2 (A.17)

when ko, — k; # 1ko. In the case where k., — k, = £k the integration of equations
A5, A.11, and equation A.3 leads to

cos (koa)  sin (koa)
4]€0 7Tk50

B(+ky) = (A.18)

which completes the description of the known field on the z = 0 plane in the Fourier

domain. Equation A.18 is also the limiting case of equation A.17, thus equation
A.17 is valid for all k.

_ k2 sin [(koz — kz)b] + sin [(koz — kz)a]
Q(km) a 2m [kg - (kam - kw)2] (kaz - kz)

(A.19)
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Appendix B

Review of the Biot theory

B.1 Introduction

A review of the original work of Biot (1956a; 1956b) will be given here. These pa-
pers contain several typographical errors that we hope to correct here. The derived
equations of motion and solutions are the most used in the literature for wave prop-
agation in porous media. The equations of motion governing the wave propagation
in porous materials saturated with a single fluid were derived in (Biot, 1956a; Biot,
1956b). A review of this theory will be given along with the experimental determi-
nation of the different parameters involved (Biot and Willis, 1957). In the following
the superscripts ) and () will denote the solid skeleton (solid frame) and the fluid
components respectively. A repetitive index implies a summation over the index.
Using the fact that there exists a potential energy Biot derived the stress-strain

relations

oij = 2pmei; + (Aeq + Qere) 5 (B.1)
s = Qey+ Rew (B.2)

where 6,5 is 1 if ¢ = j and is 0 if ¢ # j. 0,; are the stress components acting on the
solid portion of a unit volume element of the aggregate. s is stress acting by the
fluid portion on the wall of the considered element. e; and € are the divergences of
the displacement @ of the solid and the displacement /) of the fluid respectively.
The above equations describe the stresses in the solid and in the fluid in a small
unit volume of the aggregate, that is a two phase material, composed of a porous

solid skeleton and a fluid that completely saturates the void volume within the solid
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skeleton. The stresses in the solid and the fluid are linked together by the parameters
() and R. As the wave propagates through the element the solid skeleton and the
fluid interact with each other. For example as the volume element compresses the
pore pressure increases and a portion of the fluid flows out of the element. As the
fluid flows out viscous friction occurs. There is a great dependence between the
solid and the fluid through inertia and viscous flow, flow that is highly dependent

on frequency. The strain relations are given by

]‘ 3 3

€ = '2— (u’E,J)+u§,Z)) (BB)
1

€j = 'Q‘(Uz(,fjbf “ﬁ)) (B4)

where 4, j means the derivative of the i* component with respect to the 7% direction.

tas is the shear modulus of the solid skeleton.

B.2 Determination of Biot parameters

The coefficients @, R, A, and pps can be determined experimentally (Biot and
Willis, 1957). The shear modulus of the solid skeleton py can be measured directly.
The other parameters can be derived from experimental tests using the stress-strain
relations given in equations B.1 through B.4. A review of the methodology of Biot
and willis (1957) will be given below.

B.2.1 Jacketed compressibility test

A fluid-saturated specimen of the solid material is enclosed in a thin impervious
jacket (Fig. B.1). The specimen is then subjected to a confining pressure P, and
the pore pressure is kept constant by allowing fluid flow through an opening to the
atmosphere. The dilatation of the specimen e; is measured and the bulk modulus

Ky of the solid skeleton (solid frame) is then given by

P
Ky=-= (B.5)

Cig
In this case the total fluid pressure is applied to the total external surface of the
specimen. Thus the fluid pressure (confining pressure P,) is equal (with a negative

sign) to the average principal stresses o;;. The pore pressure remains constant. Thus
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Opening to atmosphere

Fluid under
pressure

~—_j_ impervious
jacket

/
Fluid saturated porous material

Figure B.1: Jacketed compressibility test setup.

we have

Equations B.1 and B.2 yield in this case

0 = Qeu‘ + REii (B7)
1 2
306 = | ghM + A | ey + Qe (B.8)

Equations B.7 and B.8 yield
9 2
—e—; = ghu + A-— = (B.9)
Using equation B.5 in equation B.9 we get
2

2
Ko = 2p+ A— % B.
M 3,UM-|- I (B.10)

We can see here that A— % plays the role of the Lamé constant for the solid skeleton
in the presence of the fluid.
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B.2.2 Unjacketed compressibility test

Fluid under
pressure

/
Fluid saturated porous material

Figure B.2: Unjacketed compressibility test setup.

In this test a fluid-saturated specimen of the porous material but with no imper-
vious jacket is placed in a same fluid and a confining pressure is applied (Fig. B.2).
The dilatation e;; of the specimen is measured and an unjacketed bulk modulus K,
is determined by

Ky = — =2 (B.11)

€
In this test the confining fluid pressure P, acts on both the solid and the fluid on

each surface of the specimen. Thus we have

%Uié =—(1-0B)F (B.12)

and equation B.1 and B.2 yield in this case

—BP. = Qe+ Rey (B.13)
1
gUu‘ = <“§ﬂM + A) i + Qe (B.14)
Combining equations B.12 through B.14 we get
(R+Q) 2 @
1 —_— n = — — .
( == Ky ghu + A 7 (B.15)
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To completely describe the system in the unjacketed compressibility test we will
consider the volume of fluid which enters the pores of the specimen that is 8(e;; —¢€;;).
The coefficient of fluid content + is defined a

y = 5(%’ - Eii)

B.1
= (B.16
Using equation B.16 in equation B.11 yields
Y Fe
= lp B.17
E'L’l /BPC Kun ( )
which combined with equation B.13 yields
BR+ Q)+ (Ry = 8°) Kun =0 (B.18)
Solving equation B.10, B.15, and B.18 for A, @), and R we explicitly get
ﬂsz
R = un B.19
(Kun + ’szzm - KM) ( )
ﬂKu/n (Kun - I{un/6 - KM)
B.20
Kun — Lynptt T K ? 2
A ( B=Bw) | g, - o (B.21)

(Kun + 7K3n - KM) 3

To derive R, ), and A from the above equations we need to measure the unjacketed
bulk modulus Kj; of the solid skeleton, the shear modulus pys, the porosity 3, and

the coeflicient of fluid content «. The above equations can be rewritten as

IBK’ILTL
M = B.22
(Kun + 7K5n - KM) ( )
R = MKy, (B.23)
Q = MKy~ Kunf — Ku) (B.24)

2

2

A = —R*+KM—§/LM (B.ZS)

These equations show the interdependence of the solid skeleton and the fluid. A
plays the role of the Lamé constant. If the fluid is not present then A = K, — % g
which is the Lamé constant of the solid skeleton in the absence of the fluid. If the
solid is non-porous (8 = 0) then A is simply the Lamé constant of the solid. The
coefficient of fluid content v has to be measured to complete the set of parameters

that describe the porous medium.
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B.2.3 Determination of the coefficient of fluid content

A fluid-saturated specimen of the porous material with no impervious jacket
is placed in a closed chamber. The same fluid is then injected into the chamber.
The volume of the injected fluid per unit pressure is the sum of the solid (mineral)
compressibility, the volume of fluid that entered the pores v and a fixed quantity 8
that depends on the elastic properties of the fluid in the chamber. The injected fluid
volume is then given by

Vi=

g B.2
Kot (B.26)

where K®) is the bulk modulus of the solid material (mineral). The specimen is then

removed from the chamber and its volume replaced by fluid. The volume of injected

fluid is then measured. In this case it is given by

1
Va=0+ 2 (B.27)

where K7) is the bulk modulus of the fluid. From equations B.26 and B.27 we derive
the volume difference

1 1
AV = K. +v— 7 (B.28)
Thus the coefficient of fluid content is given by
= AV L : B.29
1AV SR T RD (B.29)

If the solid skeleton is composed of an isotropic and homogeneous solid material the
fluid content may be determined directly from the compressibility of the fluid K ()
and that of the mineral grains K(). If we consider the unjacketed test the porosity
does not vary when a confining pressure is applied and the bulk modulus of the solid
skeleton K, is equal to the bulk modulus of the mineral grains K. In this case

the dilatation of the fluid is
P,

i = =5 (B.30)

Then the fluid content -~y is given by

1 1
y=0 (W - W) (B.31)

and equations B.22 through B.25 will hold with X,, = K.
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B.3 Wave propagation

B.3.1 Equations of motion

Let a solid porous material saturated with a single fluid be homogeneous and
isotropic with a uniform porosity. The wavelength is assumed to be larger than a
small unit volume element of the aggregate, that is the volume of the solid skeleton
and its fluid content. The wave field is averaged over the unit volume considered.
Any wavelength that is close or smaller then the unit volume will produce scattering,
a phenomenon that is not considered here but may act on at least one of the samples
studied in chapter 9. Thus the wavelength must be larger than the pore size. As
an acoustic wave propagates through the medium flow of the fluid in and out of the
considered element occurs. The flow is supposed to be of Poiseuille type. Therefore
the frequency limit is set to the frequency at which Poiseuille flow breaks down. This
frequency limit is extended to that limited by the wavelength in the Biot (1956b).
The frequency limitation will be discussed later. The kinetic energy T is written in

the following form

T o= Lou [9) + (9) + @) +

prz [2P0l) + wlDal) + 4Dald] +
1 . . .
sp () + (@) + (@] (B.32)

where 1, denotes the derivative of the £ component of the displacement with respect
to time. A dissipation function D, written in a quadratic form, that vanishes when
there is no relative motion between the solid and the fluid is used. It is given by

1
D=3 [(u;ﬁ — D)+ (@ — al) + () — ugf>)2] (B.33)

Y

where b is related to Darcy’s permeability K, the porosity of the material 3, and the

viscosity of the fluid n by
_

b e (B.34)

p11 and psy are the dynamic mass coefficients
pn = (1-8)p"% —pr (B.35)
pr = B = piy (B.36)
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where p® is the density of the solid material, p) is the density of the fluid, and
p12 is the additional mass coupling induced mutually on the solid and the fluid. The
total mass p is then

p = p11+ pa2 + 2p12 (B.37)

which is simply
p=(1-8)p" + 8o (B.38)

The mutually induced mass couples the solid and the fluid through the kinetic energy
equation B.32. This mass enters in the cross terms between the solid and the fluid
displacements. Consider the £ direction. The total force due to the stress acting on
the solid qg(f) and that acting on the fluid qg(gf ) in a volume element are derived from
Lagrange’s equations

0 oT oD

= — 4 B.
ot (au(;)) * aud) T (B39
0 oT oD

adl — 4N

5 (8&&”) + ) = q (B.40)

In the & direction these forces are given by

) 0o, 0o, Oo,

% = 5 + 3y + 5, (B.41)
Os

o = ==

a5 5 (B.42)

Using equations B.1, B.2, B.32, and B.33 in equations B.39 through B.42 the wave
equations of motion in porous media are

pn V2@ + v [(A + )V -7 + QY - @V >] = 3 (pu@® + prpi) +
8 8
b (&) — ath (B.43)
- - . 2
v [Qv @) + RV - ﬁ<f>} = % (P12t + pypitt) —
9 s
bs: (@ — atih (B.44)
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which can be rewritten as

> - . 52
V3 + v [(A+uM)V~ﬁ(s) +Qv.g<f>] = (1 — B)p") ")~

P "
e np* o 3
plzﬁ(u()—ﬁm)—l— e at( ~ i)y (B.45)
N . 8> # .
Y [Qv 79+ RY . u(f)] - ﬁpﬁ)aﬁ () + pras (@ (@ — @) -
120 (g _ @y (B.as)
K ot

These equations are the coupled equations of motions that describe wave propagation
in porous media. Now we will lock at the derivation of the different wave modes

that could propagate in such media.

B.3.2 Longitudinal waves

Let £ = V. @® and ) = V- @, To investigate the propagation of only
longitudinal waves we apply the divergence operator (the divergence of a rotational
wave field will be zero) to the equations B.45 and B.46. These equations reduce to

52 0°

V2 [(A+2un) e + QW] = (1-8)p" -8—%-2-6 — Py (€ (6@ — D) +

G
"Ii = (£ =) (B.47)

52 o2
V2 [Qe® + Re¥] = 5p(f)at25(f)+p128t2
ng* o
T (£ — )

(69 — e9) —
(B.48)

In the coupled equations B.47 and B.48 only the divergences of the wave field are
present. Thus these equations of motion govern the propagation of longitudinal
waves in a fluid-saturated porous medium. Now consider a longitudinal plane wave
propagating in the ¥ direction

) = O pei(wi—Fe) (B.49)
ith = o) e wr-k7) (B.50)

where C®) and C) are the maximum amplitudes of the wave in the solid and

the fluid respectively. In general, the wave number k is complex to account for
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attenuation. Z is the position vector, w is the angular frequency, and ¢ is the /—1.
Using the solutions of the form given by B.49 and B.50 in B.47 and B.48 we get
2 2 (s) 2 . np (s)
B (A+2upy) —w* (1-08)p"¥ 4w R

2
[k;?cg — wpy — zw?—g—} e =9 (B.51)

2
[sz —w’prz — zw%} el

2
[kZR + w?pry — WP B 4 zw—q—fi—} ) =9¢ (B.52)

In order for the equations B.51 and B.52 to hold the determinant of the coefficients
must vanish. This leads to the following frequency equation

ak* +bk* +c=0 (B.53)
where a, b, and ¢ are given by
a = R(A+2uy)—Q? (B.54)
2
b = (A+2pum) (wpm —wpp) + 2%) w +
ng?
(R+2Q) (wpm + z——k—) w—R(1-0)pPu? (B.55)
2

¢ = [(1 — 8) Bl — plgp] w* — ip%’%—w?’ (B.56)

Equation B.53 admits two physical solutions, thus two longitudinal waves can prop-
agate. The real and the imaginary parts of the two roots k; and ky of equation B.53
provide the velocity and the attenuation for each wave. The higher velocity wave and

the lower velocity wave are referred to as the fast P and slow P waves respectively.

B.3.3 Rotational waves

To consider only rotational waves we apply the curl operator (the curl of a lon-
gitudinal wave field is zero) to equations B.45 and B.46. Let Q) = V x @(® and
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OO = ¥ x @) then equations B.45 and B.46 lead to
Py P

(1= )p(S)aﬁQ T g (Qm ¥ )>+
Wlﬁf g (40 -G0) = wvd®  (Ba7)
8o gt P59 1 g th (g(s) 3 f))
Hgf 2 (69 -av) = o (B.58)

These coupled two equations, B.57 and B.58 govern the propagation of rotational
waves in a fluid-saturated porous medium. Now consider a rotational plane wave
propagating in the direction 7
) = G gi(wt—k5) (B.59)
g = ) gi(wt—57) (B.60)

where D® . k = 0 and D) -k = 0. Using solutions B.59 and B.60 in B.57 and B.58
we get

[k2HM — (1= 8) ¥ + pro? 4 i1 } ae -
|:,012(U —I-zwnﬁ ]Q’(f) = 0 (B.61)

2 —
[mzw + ﬂ%] Q) + [ﬁp(f Jw — prow — z%ﬂ(—] Q¥ = ¢ (B.62)

In order for the equations B.61 and B.62 to hold the determinant must vanish. We
get the frequency equation

G s
?ne (ﬂp(f)w — praw — 2% — P81 - B)w’ +

2
BptH <p12w + z—nfﬁ{) W =0 (B.63)

Equation B.63 admits one physical solution, thus only one rotational wave can prop-
agate. The real and imaginary parts of the root k provide respectively the phase
velocity and the attenuation of the wave. This root is

1
ppNB (1= B)w® — Bptf) (me + z—"g—) W’ _—
k= B.64
Y (ﬁp(f)w — P1aw — Zﬂ}?)
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B.3.4 Frequency limitations

It is necessary to determine the frequency limit for the validity of the theory.
The upper frequency limit is at a bound where the wavelength is close to the pore
size. Generally however this frequency bound is lower. It is set at the frequency
where Poiseuille flow breaks down. This frequency limit is given by

)
Jum = LT (B.65)

where d is the diameter of the pores, 7 the viscosity, and p) the fluid density. To set
the frequency limit according to the pore size a complex correction factor must be
applied to the coefficient b in equations B.45 and B.46 to allow for flow that deviates
from Poiseuille flow to be taken into account (Biot, 1956b). This correction factor
is based on, the shape and geometry of the porous medium pores, and on the fluid
flow conditions. It is derived in detail in Biot (1956b). This correction factor F(x)
is

k2T (k
F(k) = m (B.66)
where « is
K=a W_F?;(ﬁ (B.67)
and T'(k) is given by
() = ber' (k) + ibei' (k) (B.68)

ber(k) + ibei(x)
Bei.m where a is a length that is characteristic of the size and geometry of the pores
and ' denotes the first derivative with respect to k. For circular pores it is equal to
the radius whereas in the case of slits of opening a4 it is given by a = %al. With

the correction factor F'(x) multiplying b the upper frequency limit is extended to
the wavelength close to the diameter of the pores. The ber and bei are the Kelvin
functions that are

1Yk

(=17
S5 (B.69)

M8

ber(k) = )

24(241)%
( 1)] A
(22+4[(25 + D12

Il

=0

M

bei(k) = (B.70)

1l
=}

J

The ber and bei functions are given in figure B.3 and the correction factor F(k)

is given in figure B.4. The presently reviewed Biot theory was extended by the
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Amplitude

Figure B.3: ber and bei functions. They oscillate with increasing amplitudes.
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Figure B.4: The real and imaginary parts of the viscosity correction factor F(k).
At large k the curves tend to straight lines.

same author to include anisotropic media, viscoelastic media, and solid (skeleton)
dissipation (Biot, 1962a; Biot, 1962b). This new approach led to a new set of
parameters, the same set of parameters as describe above with a difference that
they are now complex to account for various energy losses. These energy losses are
those such as physical-chemical phenomena, inter-granular effects, cracks, relaxation

effects due to bulk viscosity, and other effects mentioned in Biot (1962a; 1962b).
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The evaluation of these various effects is beyond the experimental objectives of this
study. We will only take into account an approximation of the dissipation intrinsic

to the solid skeleton. A linear viscoelastic model will be assumed for these losses.
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Appendix C

Review of the de la Cruz/Spanos
theory

C.1 Wave propagation

Here a summary of the theory developed by de la Cruz and Spanos will be given
here. The details of the theory can be found in de la Cruz and Spanos (1985; 1989b).
The theory is derived first from the microscopic wave equations that govern wave
propagation separately in the fluid and in the solid. In the fluid the equation of
motion is given by

0

9 (0) =0, (800 + 40 o) =0 ()

where v\) is the particle velocity, pt) is the fluid density, p' is the fluid pressure,

()
ij

2
o =n (vi? + o = 3 )5¢k> (C.2)

dix 1s the Kroenecker delta, and ¢;;’ is the stress in the fluid. The stress is given by

where 7 is the fluid shear viscosity and 7, k is the derivative of the i** component with
respect to the k™ component. A repeated index implies summation. The continuity

equation in the fluid is defined as

L
% + V- (pD5Dy =0 (C.3)

In the solid wave propagation is governed by the equation of motion

8% 5ol
(s) P ik
P8 = oy (C.4)
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where p(® is the density of the solid, u(®) is the particle displacement in the solid,

Uf,j) are the stress components in the solid. The stress is given by

5 s). (s 1 E
U,Ek) = K( )ul(l)5ik + 2us ('LL,EZ) - gul(l)éik> (05)
where K and p, are the bulk modulus and the shear modulus of the solid mineral

respectively and

S 1 3 8
o = (4 +4l2) ©

The fluid and the solid see each other only through the boundary conditions at the
fluid-solid boundary. These boundary conditions are
out®

#H = p (C.7)
(f)

o = —pn;+ofn (C.8)
(C.9)

where 71 is the unit vector normal to the boundary. The transition from the micro-
scopic scale to the macroscopic scale equations was based on the averaging theorems
of Slattery (1969) and Whitaker (1969) which are given by

/ BGdV = & / GpdV+ | GynidA (C.10)
Vv 14 Afs
8,GidV = at/(;fdv— G7 - fdA (C.11)
14 |4 Afs
(C.12)

where Ay, is surface of the interfaces between the solid and the fluid, ¥ is the particle
velocity of the solid-fluid element, and 7@ is the unit vector normal to the fluid-solid
interface of the element considered. These theorems link the averages of the space
and time derivatives to the derivatives of averages. G is the physical quantity being
averaged. Applying the above theorems to the fluid and solid microscopic scale
equations the following equations of motion were derived

) (s) 92418 B K

S = T gy Ay vE t VT + (C.13)

(K(S) + .1.”3) GV @) 4 2 gogv.am . L2 (@9 — &)
3 (1 — o) K
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) a2g(f)

P e K ot

— 1 —
— S 4y (ng eum v2a<f>)> 0 0 () — ) (C.14)
where K is the permeability, 3 is the porosity, and p) given by

o Y g0 _ B a0 (C.15)
Bo Bo

where () and R are the equivalent of the Biot parameters. The details of the deriva-

p

tion can be found in de la Cruz and Spanos (1985).

In a later paper de la Cruz et al. (1989b) have incorporated the term involving the
relative acceleration that is the p5 term in Biot theory and introduced the dilation

parameters 0, and ¢ leading to a new set of equations

(1-Bo) KOV (Y7~ ) KOVB+ (1 — Bo)us [Vz + ;fi' (@ : ﬁ(5>>] —
» & & e 185 0 (s
(1 - IBO)p( )'5{2‘_*( o) — p126t2 (—’( ) — 'u(f)) -+ 75; (ﬁ( ) — ’L“L’(f)) (016)
—6oVpY) + B 5 [VH” + SV (V *(f>)] -
0% s N6 0 ;s
Bo P at2ﬁ(f) +P12at (—’( ) — (f)) - *“Xgé‘i (U( ) ﬁ(f)) (017)
1 gp\) o oaa) 198
KO o — "ot Gyot (C.18)
8[3 - 9 S 9uh
5 =0V 5 =8V = (C19)

Equations C.16 through C.19 can be combined to

2
(1= Bo)p® gﬁ ) _ pl?gtz (@ — a0y + 109 g0 _gn)  (c.0)

K069 (F-29) + K9 (8- 8) ¥ (-a) +
ﬁoﬂ*ég [Wa’(f) + _f} (6 . g(f))] _
)

0% o2 . .
BopD i py 2 (5 — D) — nBs 0 (@ — &

K ot (G21)
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In a later paper Hickey et al. (1995) have incorporated the bulk viscosity, and
introduced the macroscopic shear modulus of the frame ), that is present in the

Biot theory. A new set of equations were then given

1 o o
2,2(s) - (s) — 5. K L)
p v +[<1 o) [K +3(1_50)HM} b ]v(v )
6 KOV ﬁﬁm) -
N g B0 (s
(1= B0)p) 550 — pras (@) — ”)+QR9——(@‘<>—W>) (C.22)

ot
KD§Y (V-39 + KV (6~ 87) V (V@) +

(1= Bo)n [ﬂ—)—u— - 1} 9 [v%"z(s) +1v (6 : ﬁ<3))] +

(1— /0o ot 3
2.4f) .“(f) .
ﬁgnat [v @ 4 n ) i )] +&V%
op 0 L0 1, & _ gy 100 g _gny  (cag)
5 50 K ot

which can be rewritten as

]_ — —
22(s) - ) o = Y K(S) L s)
1 V2 +[(1 o) [K +3(1—50)MM} ’ ]v(v i )

8 a ""’ 62 8 77/82 a S
(1 B oyt — pryor (8 — ) + TS (@) ) (C24)
KD§Y (V@) + K9 (8- 6,) ¥ (V-9 +
_ P 0 [o2at0 4 Lo (. 20
(1 60)77[(1_%) 1](%[Vu +3V(Vu ) +
b2 Vzﬁ(f)+1\*7("' )|+
Bt 3

gf?% [536 (6 : a*@) +(Bo—6)V (V- a(ﬁ)] -
)

o2 02 2 9
oD T+ prg 2 (i) — ) - W09 (g _ g0y (Ca25)

C.2 de la Cruz/Spanos parameters

All parameters for this theory can be determined in standard laboratory experi-

ments as mentioned earlier. p15 can be determined in the same way as for the Biot
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theory. The last two parameters, the dilation parameters d5 and dy for the solid and
the fluid respectively must be determined. This can be done in laboratory measure-
ment tests as given in Hickey et al. (1995). Below a review of the work of Hickey et
al. (1995) will be given. Recall the equations of continuity, pressure, and porosity
that were used in the derivation of the equations of motion in section C.1 as given
in Hickey et al. (1995). These equations will be used in the compressibility tests to
determine the dilation parameters §; and d;. As mentioned earlier the thermal cou-
pling is neglected. Again since this theory uses the change in porosity, we distinguish
between unperturbed porosity and the perturbed porosity by using the symbols 3y

and ( respectively. The equations of continuity are given by

P =p BB

+V-@) =0 C.26
o) 1o (20
1 0 10 =
D — =B+ V.7 =0 C.27
the pressure equations are
1 s /8 B ﬁ = s
m(p()'—pg)—"lgﬁg'i'V'ﬂ’():O (028)
m—at—ﬂ—'ﬁza—#v v =0 (C.29)
and the porosity equation is
%f— =6,V -~ 6,V -7 (C.30)
Eliminating V - u® and V- u( in equations C.26-C.30 we get
(s)
(s) _ (8) _ P e
PU = = oy (0 — ) (C.31)
_ Ji )
P RO B = o= ) — el L
é
: (&) — C.32
KG) [By(1 = Fo) — (1 — Bo) — 600] @ Po) (C.32)
The KO [Bo(1~ Bo) — 67(1 = Bo) — 05 50]
The total confining pressure is
p=ppY + (1 - p)p~” (C.33)
which can be rewritten to the first order as
p—p0 = Bo(P = po) + (1 = o) (P — po) (C.34)
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C.2.1 Drained compressibility tests

A drained compressibility test can be achieved using the setup used for the Biot
theory for the jacketed compressibility test given in figure B.1. Under a change of
confining pressure the mass of the solid is conserved and the fluid pressure p'f) is
kept constant. The bulk modulus for this process is defined as

1 1 [AV
== C.35
Kpe Vo ( Ap > pN=pg (C.35)

where AV = V —V} is the change of volume of the sample, Vj is the initial volume of

the sample, Ap is the change in confining pressure. Equation C.35 can be rewritten

. 1 8K1—mﬂﬂ>
_ C.36
Kpe (1- ﬁo)pgf) ( 9p p(F=po ( )

Using equations C.31, C.32, and C.34 equation C.36 can be rewritten to the first
order as

as

Ko = K(s) 160(1 B 180) _ 5f(1 — :80) - 63/60
be ﬂo — (5f

In this test setup another measurement can be done by keeping the confining pressure

(C.37)

constant and changing the pore pressure. The bulk modulus K, of this process is

commonly called the pseudo-bulk modulus. It is defined as

1 1 [ AV
— =——| —= C.38
Kbp % (Ap(f) )p:po ( )

which can be rewritten as

L 0 [(1 - B)p"]
Kbp‘(1~5o>pé”< o ) (C.39)

Using equations C.31, C.32, C.34, and C.36 equation C.39 can be rewritten to the
first order as
1 1 1 §;K®) — 5, K

Ko Ko KO KOKD Byl — Bo) — (1 Go)dr — Bods)

(C.40)

C.2.2 A continuous family of compressibilities

A family of compressibilities is defined by the degree at which the fluid is allowed
to flow out of the sample during compression. This is defined as

1 1 [AV
=—— (== C41
K9 (0> Vb ( Ap >9=constant ( )
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where AV is the volume change of the sample, Ap is the pressure change, and 0

defined as "
P e (C.42)
P—Do
and kept constant during the measurements. This equation can be rewritten as
1 d[(1—~B)p®
1 [(1 = B)p] (C.43)

Ko(6)  (1-po)of)  dp
Using equations C.31, C.32, and C.33 in equation C.43 we obtain

111
Ko(0) ~ Koo Ky

0 (C.44)

This way one can perform a series of compressibility tests keeping @ constant near
a given value, say almost drained tests and determine from the slope and intercept
of equation C.44 the moduli K. and K, that are necessary to determine d; and d,.

The dilation parameters d; and d; are given by

. K¢ (Koo — BoKp)

o =bo [ﬁOKbp(K(s) “RKD) 1 KOKG, (C.45)
- Kbp [(1 - ﬂO)K(S) - Kbc:l

% = Fo [ﬁoKbp(ms) TKD) 1 KKy, (C.46)

Therefore a measurement of the drained bulk moduli K. and K, allows the deter-

mination of the dilation parameter 6 and d,.

C.2.3 Coefficient of fluid content

The coefficient of fluid content v as defined in the Biot theory in appendix B
is not needed in the present theory but is useful for the comparison of the two
theories. In the present theory this coefficient can be defined, during an unjacketed

compressibility test, as

1 Avf)
= | —= C.47
= ( =) (C.47)

where AVY) is the volume of the fluid that enters the pores of the sample, and
is as defined in equation C.42. The change in confining pressure Ap is equal to the

change in pore pressure AplY), Therefore

AVY = Bo(V = Vo) + Vo(8 = o) + Vo APV (C48)
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where V) is the final volume of fluid in the pores and V is the final volume of

the sample. Accordingly Vo(f ) is the initial volume of fluid in the pores and Vj is
the initial volume of the sample. Ap!Y) is the change in the pore pressure. Using

equation C.48 in equation C.47 and using C.41 for § = 1 we get

___ B 8= 5o
= KOK,[) +p_p0 (C.49)

f}/

and using equations C.32 and C.33 in equation C.49 one obtains

v =05 [‘K‘lﬁj - %(1)} + (1 = Bo) [}51‘(5 - —[(T:l(ﬁjl (C.50)
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