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Abstract

This thesis examines low energy consequences of extensions of the Standard Model
that call for new particle content and symmetries. In particular, we examine the rami-
fications of new scalar interactions on pion physics, of induced lepton flavour violation
(LFV) in the constrained minimal supersymmetric standard model (CMSSM) with see-
saw generated neutrino masses, and of induced LFV in lopsided SO(10) models.

New interactions with Lorentz scalar structure, arising from physics beyond the stan-
dard model of electroweak interactions, will induce effective pseudoscalar interactions
after renormalization by weak interaction loop corrections. Such induced pseudoscalar
interactions are strongly constrained by data on 7% — [Ti; decay. These limits on
induced pseudoscalar interactions imply limits on the underlying fundamental scalar in-
teractions that in many cases are substantially stronger than limits on scalar interactions
from direct S-decay searches.

The see-saw mechanism of neutrino mass generation, when incorporated in super-
symmetric theories with supergravity mediated supersymmetry breaking, results in low-
energy lepton-flavour violation arising from the soft supersymmetry breaking slepton
masses. The parameter space of supergravity theories with conserved R-parity is severely
constrained by the requirement that the LSP provide cold dark matter with a relic density
in the range indicated by the recent Wilkinson Microwave Anisotropy Probe (WMAP)
measurements, as well as by laboratory constraints. We calculate the x4 — ey branching
ratio for the CMSSM, over the range of parameters consistent with WMAP and labora-
tory constraints, in families of see-saw model parameterizations which fit the low energy
neutrino measurements.

A class of predictive SO(10) grand unified theories with highly asymmetric mass
matrices, known as lopsided textures, which was developed to accommodate the observed
mixing in the neutrino sector, can effectively determine the rate for charged lepton

flavour violation, and in particular the branching ratio for 4 — ey. Assuming that
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the supersymmetric GUT breaks directly to the CMSSM, we find that in light of the
combined constraints on the CMSSM parameters from direct searches and from the
WMAP satellite observations, the resulting predicted rate for 4 — ey in this model
class can be within the current experimental bounds for low tan 3, but that the next
generation of u — ey experiments would effectively rule out this model class if LFV is

not detected.
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Preface

This thesis is organized into two parts. Part I, containing chapters 1 - 3, provides the
reader the necessary preliminary background detail for exploring the phenomenological
implications of the models in Part II. As the underlying framework of the Standard
Model, quantum field theory with an emphasis on quantum gauge theories is developed
in chapter 1. Since at present supersymmetry provides the best known solution to the
gauge hierarchy problem, chapter 2 gives an introduction to supersymmetric field theory
and the minimal supersymmetric standard model (MSSM). Finally, chapter 3 is devoted
to neutrino mass, neutrino oscillations, and grand unification. As the subject material
of the background chapters is vast and has developed greatly over the past 25 years,
no attempt has been made at providing an exhaustive (or exhausting) review. Further
details may be found in the references cited.

Part II is essentially the heart of this thesis. Each chapter (4-6) contains original
contributions to research in the form of three published papers over the course of the
author’s Ph.D. program at the University of Alberta between September 1999 and April
2005. Part 11 is based on the following published works:

e Bruce A. Campbell and David Maybury, Constraints on Scalar Couplings from
7% — lv, Nucl. Phys. B709, 419 (2005), preprint: hep-ph/0303046

e Bruce A. Campbell, David Maybury and Brandon Murakami, See-Saw Induced
CMSSM Lepton Flavour Violation Post-WMAP, JHEP 0403, 052 (2004), pre-
print: hep-ph/0311244

o Ernest Jankowski and David Maybury, Lepton Flavour Violation in a Class of Lop-
sided SO(10) Models, Phys. Rev. D70, 035004 (2004), pre-print: hep-ph/0401132
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Chapter 1

Gauge Field Theory

1.1 A Geometrical Picture of Fundamental Interactions

The strong, the weak, and the electromagnetic forces, mediated by spin 1 fields, form the
basis of non-gravitational physics. Remarkably, these interactions can be understood in
the geometrical language of gauge theories [1, 2, 3, 4, 5, 6], which completely specify how
these forces interact. Reformulated as quantum field theories {7, 8, 9], gauge theories
and the principle of local gauge invariance form the foundation of the Standard Model
- a gauge theory based on SU(3). x SU(2)y, x U(1)y - and moreover, all of elementary
particle theory. As gauge theories play a central role in modern theoretical physics, it is
worth exploring the structure of gauge theories in some detail.

The earliest and simplest gauge theory is quantum electrodynamics (QED). Starting
with the Lagrangian for a free Dirac field,

£ = P78, — m) (L1)
we see that the global phase transformation,
Y(z) — e (z) (1:2)

leaves eq.(1.1) invariant provided that A, an arbitrary real parameter, does not depend
on spacetime and g is some real constant. Let us examine the consequences of relaxing
the spacetime independence requirement of A by promoting A to a local phase; i.e.
A — A(z). Clearly, the free Dirac Lagrangian will no longer be invariant under this new
local transformation, ,

L — L+ gy, A. (1.3)

However, we may construct a Lagrangian that remains invariant under the local trans-
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CHAPTER 1. GAUGE FIELD THEORY 3

formation by adding new terms that cancel the unwanted contributions. Suppose we
replace the derivative 0, with a covariant derivative,

where the new field in eq.(1.4), called a gauge field, transforms as,
Ay — Au+0OuA. (1.5)

Using this property, together with the local phase transformation on v, we see that the
term D, transforms in the same way as ¢ (hence the name covariant),

Dy — e 98D ap. (1.6)
The free Dirac Lagrangian becomes,

L = P@y*Dy—m) (1.7)
= P(iv"8, — gv* Ay —m)Y (1.8)

which by construction remains invariant under the transformation of eq.(1.2). Having
introduced the new field A,, there now appears another object that remains invariant
under the local phase transformation. Clearly, the term

Fﬂy - a“Ay - ayAu (1-9)
is invariant under eq.(1.5) and, as a result, should be included in the theory, namely,
- 1
L=v({v"Dy —m)p— ZF”VFW' (1.10)

The object Fy,, has been contracted with itself to form a Lorentz invariant and the factor
of 1/4 is chosen for future convenience. The Lagrangian of eq.(1.10) is fully invariant
under the local transformation.

Systems that remain invariant under local phase rotations, called gauge transforma-
tions, possess a gauge symmetry. In the case under discussion, the phase parameterizes
the Abelian group U(1). Thus, this Lagrangian describes a massless U(1) vector field
interacting with Dirac fermions and therefore serves as the Lagrangian for QED. The
electromagnetic field and its interactions with fermions arise simply by insisting on local
gauge invariance. This amazing result has far reaching consequences. Gauge theories
characterize all the forces of nature, including gravity. Gravity, as described by Gen-
eral Relativity (for review see [10]), is a gauge theory of local spacetime transformations
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CHAPTER 1. GAUGE FIELD THEORY 4

[11], mediated by a spin 2 field with the dimensionful coupling Gy. (The dimension-
ful coupling presents subtle problems for quantization and as a result render gravity
unrenormalizable. We will discuss aspects of renormalization in following sections.)

Having constructed an Abelian gauge theory, we can generalize to the non-Abelian
case. Instead of the Abelian phase in eq.(1.2) we may write,

P(z) — 7 9TRely(z) - (11D

where T, are p X p matrices forming a Lie Algebra in the representation under which
the fermions, ¥(x), transform. (¢ is a p dimensional column vector). Again, we would
like to construct a Lagrangian that remains invariant under local gauge transformations.
Let us begin by generalizing the covariant derivative from the Abelian case, leading to,

D¥ep(z) = (0* + igT - A¥)p(z) (1.12)

where T - A¥ = T,A45. Now, consider an infinitesimal gauge transformation using
eq.(1.11),
¥(z) = (L—igT - A)p(z) (1.13)

which implies
*(z) — (I— 19T - A)d"(x) — ig(T - IN)¢(x). (1.14)

As in the Abelian case, we require the covariant derivative, D#1(z), to transform in the
same way as ¥(x). If the gauge field, A%, transforms according to

Al — AR+ O* Ay + gfabcNpAR (1.15)

where fgupc are the structure constants of the Lie Algebra ([Tq,Ts] = ifabcTc), the
appropriate terms will cancel leaving us with the desired result.

It will be useful to consider finite gauge transformations as well. Defining U(z) =
e~49T-A[®) we can rewrite eq.(1.11) as

Y(z) = U(z)p(z). (1.16)
If we multiply eq.(1.15) by T, we find that,
A¥ s AP 4+ T . 9"A —ig[T - A, A¥] (1.17)

where A* is a p x p matrix defined as A* = A;T, and it becomes clear that eq.(1.17)
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CHAPTER 1. GAUGE FIELD THEORY 5

corresponds to the linear (in A,(x)) expansion of the gauge transformation,
AH(z) — U(z)(A () +ig~ 10" U (). (1.18)

Finally, we can construct the gauge invariant field strength - the generalization of
the last term in eq.(1.10). We require a two indexed Lorentz tensor that transforms
covariantly. Of the objects we have at our disposal, and using the Abelian case as a
guide, we can construct,

F* = F¥T, = —ig~1[D*, D"]. (1.19)

Clearly F#¥ transforms covariantly since D* does. Expanding out the commutator we
find

Fi = 04 A% — 0 Al — gfascALAY (1.20)

and using eq.(1.18) we learn that F transforms as,
F* — U(z)F* (2)U~z). (1.21)

We see that the term Fg”Fj,, called the Yang-Mills Lagrangian, also remains gauge
invariant under a gauge transformation and allows us to write the full non-Abelian gauge
invariant Lagrangian,
- 1
L =Yy Dy — m)y — ZF;”FI‘;. (1.22)

Notice that the gauge fields belong to the adjoint representation of the gauge group,
whereas the fermions transform under some arbitrary representation determined empir-
ically. In fact, the chiral components of the Dirac fields are permitted to fall under
different representations of the gauge group - a fact of which nature seems keenly aware
with the weak interactions.

In the preceding discussion, we approached the construction of gauge theories in-
tuitively by examining the consequence of local phase transformations. We may also
understand gauge theories more directly through modern differential geometry in the
language fibre bundles [11]. Although we will not explore these aspects of differential
geometry here, it is useful to examine the connection between gauge theories and geom-
etry through the concept of parallel transport [11]. Consider a vector, V#(z), tangent
to some curve on a manifold at a point p. The set of all tangent vectors at a point p on
the manifold forms a vector space, called the tangent space. A distinct tangent space
exists at each point and how a tangent vector changes as we move along some curve
reveals intrinsic properties of the manifold. However, we cannot naively compare two
different vectors at different points because they belong to separate tangent spaces. We
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Path 2

Figure 1.1: Parallel transporting a vector on the globe: Starting with vector V' at point
p, the two distinct paths lead to different vectors at g.

require a mechanism whereby we can transport a vector in one tangent space into the
tangent space of the other without change and then make the comparison; i.e. a parallel
transport. Let V'#(z + Az) denote the vector V#(z) parallel transported to z + Az. Let
us insist that the vectors satisfy,

V¥ (z + Az) — VH(z) x Az (1.23)
and
(V' + W) (z + Az) = V*(z + Az) + W (z + Az). (1.24)

We can satisfy these conditions if we take,
V#(z + Az) = V¥(z) — V}z)T¥, (z)Az” (1.25)

where the object Iy, called the connection coefficients, define the rules of the parallel
transport. For our purposes, it can be shown that I‘ﬁ , may be formed from combinations
of derivatives of the metric tensor. Now we see how to make the appropriate comparison
of two vectors at the same point,

Vi(z + Az) - V'¥(z + Az) OV*
Az¥—0 Az Oz

+ VATE, (1.26)

or more succinctly,
DV#* = (8, + V*T%,)dz". : (1.27)
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The part in parenthesis is the covariant derivative of the vector V# in curved space.
Notice the similarity to the covariant derivative that we constructed using local phase
transformations in the preceding discussion. This suggests that somehow the gauge field
that we introduced earlier in order to obtain the correct transformation properties for
our Lagrangian serves as a connection coefficient.

Using eq.(1.26) it can be shown [12] that if a vector V* is parallel transported along
a curve, c(t), then it satisfies

av¥ | u dz7(c(t)) 1
1%
g7 +1,) i

= 0. (1.28)
If we parallel transport over an infinitesimal distance, e, we see that eq.(1.28) implies,
VE(z +€) =VH(z) - V’\(:z:)l'“;)\(z)e". (1.29)

In order to gain a deeper appreciation of parallel transport, consider figure 1.1. If we

V(r)[psr]

V(r)pgr]
X4+ 8

V(q)

Figure 1.2: Parallel transporting vector V around an infinitesimal parallelogram on a
curved manifold along two distinct paths.

start with a vector at the point p and parallel transport to the point ¢ along a longitude
line, we see that the resulting vector is different from a transport along the equator to
point g. The resulting vector depends on the parallel transport path - a situation unlike
usual flat Euclidean space. Let us examine this feature of parallel transport more closely
by considering transporting a vector from one corner of a closed, infinitesimal parallel-
ogram to the opposite corner. Figure 1.2 shows a parallelogram pgrs (with coordinates
{z#}, {z# + €}, {z# +e# + 6#}, {z# + 6*}) and an initial vector, Vp, parallel transported
from p to r by two different paths. Consider the first path, pgr. Transporting from p to
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q gives,
Vi(q) = S Ti®)e"- (1.30)

Transporting this new vector to r gives,

VE(r) = VH(q) — VXq)T%,(q)0”

V' = VAT, (p)e” — Vg — VET2,(0)e” )T (9) + 8, 7%, (p)€")6”

V¢ = VoI, (p)e — VaTh, (0)6

—V5' [8:T45 (p) — T2\ (2)T%, (p)] €76” (1.31)

Q

where up to order e§ terms have been kept. Transporting along the other path, psr, we
find,

VE(r) m V§ = VETi, ()8 = VT (p)e” — V3 (8,75, (p) = T\ (T4, (p)€78”  (1.32)
The two vectors of eq.(1.31) and eq.(1.32) differ at the final point r by,

AVE = VE0rTh(p) ~ 8, () — T2, ) Tho(p) + D0, ()%, (p)]€76”  (1.33)
= VyRL 6. (1.34)

The Riemann tensor, R4

‘> indicates intrinsic curvature of the manifold. Again, notice

the similarity to the earlier discussion of non-Abelian gauge invariance. The Riemann
curvature tensor has the same structure as F#”. The similarities between the gauge
field theory discussion and parallel transport point toward a deep connection between
geometry and nature. In fact, we can show that F#¥ serves as the “Riemann tensor”
for the internal “gauge-charge” space. Recall the covariant derivative of eq.(1.12). The
covariant derivative indicates that an infinitesimal coordinate transformation generates
the change,

d(x) = igA,pdat (1.35)

since,
P(z +dx) = (1+igAudz*)P(z) (1.36)

where A, = T®Af. For parallel transport over a finite interval we can write the trans-
formation as an exponential,

P(',z) = exp (z'g / " A4 dy“) (1.37)

where z’ and z define the endpoints of some path. Transporting ¢ around a parallelogram
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with sides € and ¢ with one corner at z#, the parallel transportation matrix becomes,

P = P(z,z+dz)P(z+dz,z+dz+ 6z)P(z + dz + 62,z + 6z) P(x + 0z, 1)
= PPP;P, (1.38)

We see that,
PP, = expligA,(z)dz*] expligA, (z + dx)dz”]
2
= exp |ig(Audz* + A 0z" + 0, A, dxH 6V z) — %[Au, A,,]d:v“éz"} (1.39)

where the Baker-Campbell-Hausdorff theorem,

A2
exp(AA) exp(AB) = exp (/\(A + B)+ —2-[A, B]) +0(\%) (1.40)

has been used. Similarly, applying the Baker-Campbell-Hausdorff theorem on P3P, and
then to the final result, we find,

P

Il

explig(Ou 4, — O Ay, — ig[Ay,, A))dzH oz”] (1.41)
= exp[igF* dzHiz"] (1.42)

Indeed, F'* plays the role of the Riemann curvature tensor for the internal gauge-charge
space and A, behaves as the connection coefficients. This signals that gauge fields have
a physical effect and cannot be simply transformed away by some gauge choice.

1.2 A Brief Overview of Path Integral Quantization of Gauge
Theories

In the preceding section, we used gauge invariance to understand the interactions of
massless spin 1 fields. While gauge theories have given us deep insight into the nature
of these interactions, the description thus far has been purely classical. In order to
use gauge theories as a candidate for the strong, the weak, and the electromagnetic
forces, the uncertainty principle of quantum mechanics must be incorporated - i.e. gauge
theories must be quantized. Not all the degrees of freedom in gauge theories are physical.
Consider the case of electromagnetism. The photon has two physical degrees of freedom
yet the photon appears in the Abelian gauge theory as A, which has four degrees of
freedom. This does not lead to a contradiction since the gauge field is restricted by some
gauge choice, resulting in the physical two degrees of freedom. Thus, gauge theories
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are systems of constrained dynamical variables and this makes their quantization a non-
trivial matter. To see the problems that arise, consider the generating functional,

WlJ) = / DA, exp (2 / d*z [Ly +J{;Az]> (1.43)

where Lyy = —1F¥ “Fg, and J¢ is an external source current. The free field part of
the action in eq.(1.43) is,

/ diz Lo = _%; / 'z (9,42 — 8, Aay) (BHAY — 3 AY)
- ; / d's A%(z) (¢0° — 040" Ag, (1.49)

Written in this form, the usual approach of path integral quantization of eq.(1.43)
involves evaluating a series of Gaussian intergals using the inverse of the operator
D¥ = (g#*5? — 9#8”). However, this approach fails because D#¥ has no inverse. To
see this, suppose that D#” had an inverse, such that '

DGz —y) = 6,64z — y). (1.45)
Fourier transforming this expression we have,
(—k2gu + kb, )G (k) = &) (1.46)
with the invariant decomposition of th.e inverse
GV = a(k¥)g" + b(ED KK (1.47)

for some a(k?) and b(k?). Inserting the decomposition into eq(1.46) leads us to a contra-
diction; i.e. D*” has no inverse and thus the path integral becomes ill defined. Gauge
invariance creates this problem. The path integral sums over all possible field config-
urations including paths connected by gauge field transformations. Since the gauge
connected paths are not distinct, an over counting occurs rendering the path integral
singular. In essence, we need to isolate the volume factor in group space that leads to
the over counting. Integrating over the gauge group elements while making a particular
gauge class choice solves this problem [6, 13, 14, 15]. First, observe that the unitary
gauge transformation U(A(z)) = exp(—igTaAq(x)) implies,

UMU(A) = U(AN) (1.48)
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and restricting to an infinitesimal region in the neighbourhood of the identity we have,
U(A) =1+ igT,Aq + O(d%). (1.49)

We can define an integral of some functional of A over the gauge group elements as,

/ DA FA] (1.50)
where,
DA = [[ PAe. (1.51)
Observe that eq.(1.48) implies,
D(A) = D(AA). (1.52)

As discussed earlier, we must restrict the path integral over the Yang-Mills action by
fixing the gauge to eliminate the over counting. A useful gauge choice consists of the
generalized Lorentz gauge class,

Fa(AL) = 8,4% — ful(z) =0 (1.53)

for some set of functions f,(z). We can now isolate the gauge group volume factor by
writing the gauge invariant functional,

Aol = [ DASIF(AL) (1.54)

where the delta function fixes the gauge. Inserting the identity, A~1[4,,]A[A4,,], into
eq.(1.43), we have,

/ DAk Svmldad / D APAYA,,] / DA 6[F, (A )|eiSvlAd] (155)

where the gauge invariance of A"i[Aa#] has been used. Re-writing the gauge group

/ DA = / l;[DAa = / ];_[DFG det (;ﬁ”((j,))) (1.56)

measure as,

we find,

A™1[Ag,] = det <5F a (“")) (1.57)

5Ab(.’n)

Fo=0
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The generating functional has become

WJE = / DA, det (‘;ib((“; )) ) 5[F] exp( / &5z [Lyn +J5Az]) (1.58)

and the over counting has been eliminated. If we multiply the the generating functional

of eq.(1.58) by, ‘
/E[ch exp <—zi§/d4:c ff(x)) (1.59)

the delta function will disappear, leaving the expression,

W[JH = / DA, det ( 5 Ab(( ?) exp ( / diz [/:YM + JHAL - —(a AB D . (1.60)

Furthermore, the determinant may be re-expressed as an integral over complex Grass-

mann variables [4],

det (‘;i(g)) ) S / D"Dr exp ("z / &' / e 6A(( )) oo )>

= / Dn*Dn exp (z / d*z 8,1y (8" na +gfabcnbA’c‘)) (1.61)

where eq.(1.15) and eq.(1.53) have been used to carry out the functional differentiation.
Finally the generating functional reads,

WI{J¥ = /DA,L Dn*Dnexp (i/d4:r [»CYM‘I" JE A — 215

AR LFPD (1.62)

where
Lrp = 3;ﬂ72 (8#77& + gfabcnbA/:)v (1-63)

called the Faddeev-Popov ghost Lagrangian [15], contains ghost fields n and n* that
facilitate a perturbative evaluation of the path integral. Note that the ghost fields are
not real particles - they behave as scalar fields with Fermi-Dirac statistics. The ghost
fields provide a calculational technique that removes the over counting problem through
gauge fixing.

The Faddeev-Popov gé,uge fixed Lagrangian enables us to write down a sensible path
integral that avoids the over counting of the gauge degrees of freedom. The price we pay
for handling the gauge group volume factor is the abandonment of a manifestly gauge
invariant action. However, the quantum theory is still aware of the underlying gauge
invariance and it appears through various relations among Green’s functions, called Ward
identities {16, 17], or, more generally Slavnov-Taylor identities [18, 19]. These identities
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are crucial in proving the renormalizability of the full quantum gauge theory. To sketch
the program, consider the full effective quantum Lagrangian,

1
Lot = Lym — 56‘(3”145)2 + Lrp (1.64)
where from eq.(1.63)
Lrp = (0unz)(Dhy)- (1.65)

It can be shown that the effective action,

Seff = /d4x Lef, (166)

remains invariant under a special type of gauge transformation, called BRST transfor-
mations [20],

SAE = 6Dm, (1.67)

0 = —ighT,m (1.68)

oy = —£70(8,A%) (1.69)
1

e = ~590 abemone (1.70)

where 6 is a spacetime independent real Grassmann parameter. The BRST transfor-
mations of eq.(1.67) can be thought of as a usual gauge transformation with gauge
parameter A, = 07,. Applying the BRST transformations to the generating functional,
W[Z] (where £ denotes all of the external currents for the fields in Lg) yields the nec-
essary generalized Ward identities which define relationships amongst Green’s functions
in accordance with the underlying gauge invariance of the theory.

1.3 A Survey of Renormalization

Using the results of the previous section, we can write the full quantum Lagrangian for
a gauge theory with fermions,

Tl 1 v 1 *
L=v9(v'D,—m)y — ZF;‘ P2 — — (8, AP + 8,1% (0" + 9 farebAL). (1.71)

1 2§
Calculating with this Lagrangian results in primitively divergent Feynman graphs indi-
cating that the theory must be renormalized. One method of handling the divergences
involves dimensional regularization [9] - a method of analytically continuing in dimension
in order to isolate pole terms in the Laurent series expansion of one-particle-irreducible
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graphs. The initial Lagrangian, eq.(1.71), called the bare Lagrangian, contains unphysi-
cal quantities and may be symbolically written as,

Lp=L+AL. (1.72)

The object AL contains counter terms that cancel against the pole parts of the Laurent
series expansion, which amounts to redefinitions of fields and coupling constants, after
employing a renormalization prescription that sets boundary conditions on the prim-
itively divergent one-particle-irreducible graphs. The counter terms can be evaluated
perturbatively in (4 — €) dimensions through Feynman diagrams. If the field theory is
renormalizable, the counter term Lagrangian will have the same structure as the original
Lagrangian - new interactions will not be required in order to cancel the pole parts of
some divergent graph [21]. Furthermore a renormalizable theory will contain operators
of mass dimension four or less as in eq.(1.71). In addition, there exist a number of rela-
tionships among the counter terms provided by the generalized Ward identities. These
relationships are necessary for consistency. Continuing in dimension introduces a mass
scale, M, through the coupling constant, g — gM¢/?, which keeps the action dimen-
sionless and results in a relationship between bare and renormalized Green’s functions

4],
fn(p:l’ 1Pn79(M) §7m(ﬂ-[) NI) nA/oan)/zrn (le-':anQB’&B:mB)- (1'73)

The object I™ denotes a one-particle-irreducible Green’s function with n external legs of
which n, are gauge fields and ny, are fermions and the subscript B denotes the unphysical
bare quantities. The coefficients Z4 and Z; are wavefunction renormalization factors
derived perturbatively from the counter term Lagrangian. Since f’é on the right-hand
side of eq.(1.73) does not depend on M, we may write,

arm dg(M) o™ 1796 orm dm 8r™

M M
ant M onr ae0n) T Manr o T Marr om
_ A gne/2 gnaf2 g1y 0245 n¢ ny/2mal2 ,-1, 9Zy = n -
2Z Z,M°Z, MaMI‘ Z 2,077 Mc’)]\f (1.74)
leading to the compact renormalization group equation,
0 7] 0 1o}
<M EYvad ﬁga—g + 558—5 — fmMg— = NAYA leﬂw>
XE™(p1, s Pn; (M), €, m(M), M) = 0 (1.75)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 1. GAUGE FIELD THEORY 15

where
By = M% (1.76)
Be = M% (1.77)
Ym = —-%g—;} (1.78)
Ya = ZZI/ZM%Z;‘; (1.79)
v = z;"zMa;%f. (1.80)

Evaluating the coefficients of eq.(1.76) - eq.(1.80) perturbatively through dimensional
regularization, we obtain at the one-loop level

B, = —bg (1.81)
ge = [(%?-gf)cl—g;cf]g—ffg (1.82)
= 32552 (1.83)
B [ E
vy = 5106{ g (1.85)

where R denote the particular representation of Lie Algebra to which the fermions belong

and
1 11 4 R
b—167r2 (301—§ _S_R C’2>. (1.86)

The group theory factors C7, Cy, Cs are defined by,

Cl 6ab = f acdf bed (1-87)

Cobey = Tr(ToTy) (1.88)

C; = d—GCQ (1.89)
dr

where d¢ and dr are the dimensions of the adjoint representation and the representation
of the fermions respectively. The Green’s function I™ is a homogenous function in
P15 ---Pn; M, M of the degree of its mass dimension, df = (4 —€) + (na + ny)(e — 2)/2. If
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we rescale all external leg momentum as, p; — sp;, where s is dimensionless we have,

o 9 9\ _
(52 +mam + Mg ) (b s g, Em M) (190)
= df‘fn(spla*"7spn;g(M)7€1m7M)- (1'91)

The differential operator M9/0M of eq.(1.75) can be eliminated with the use of eq.(1.90),

) 8 o -
(_35 +BaggPesg ~ L+ Im)mag - — nava = nyy + df) (1.92)
XT™(sp1, - Pn3 9, €, m, M) = 0 (1.93)

where the S-functions are now regarded as functions of s,

2 _ e 5 3 =o00)
X e ¢ &) =g00)
) _ g (mis) 5 () = m(aa). (1.94)

Solving eq.(1.92) with the relations of egs.(1.94) using method of characteristic curves
leads to,

T™(sp1, ..y SPn; 9, €m, M) = s%exp (— /1 sij—, [nAvA(é(S'),é_(S'))+nm¢(§(8'),5(8'))]>
xfn(pl,.,.,pn;g‘(s),f_(s),ﬁ’z(s),]VI) (1'95)

Notice that the system scales unexpectedly. Not only does the coupling constant, g, mass
parameter, m, and gauge parameter, ¢, scale with energy but their scaling is relayed to
the Green’s function itself through the anomalous dimension factors, v4 and -, causing
the Green’s function to scale non-trivially. The physical effects of renormalization are
now apparent. Finite contributions of loop diagrams contribute measurable shifts to tree
level quantities and from anomalous scaling of the Green’s functions are reflected in the
energy dependence of various processes. Furthermore, the preceding analysis extends
to composite operators [4, 3] where we may write an inserted Green’s function with n 4
external gauge field legs, n, external fermion legs and one external leg at zero momentum
denoting the composite operator itself, O;. In general, there may exist many operators
of the same type that will mix during the renormalization process and thus O; becomes
one of a set of operators. Analogous to eq.(1.73) we have,

f‘Téi (p17 -3Pn3 9, §7 m, ‘ZV‘[) = ZijZ:;A/zzZ,tb/2f‘OjB(pla ---sPni9gB, 537 mB) (1'96)
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where Z;; is the renormalization matrix calculated from Feynman diagrams that mixes

the composite operators. Proceeding as before, the renormalization group equation for
the inserted Green’s function becomes,

0 5} 0 0
[5ij (A/IW + ﬂga—g + ,358—6 T ImMa = RAYA = nz/;’)’z/z) - ’)’ijj'

ngj(Ply---,ng:f:m:M) =0 (197)
where 57
Yij = MEA—I;Z;]-I. (1.98)

While the techniques of renormalized perturbation theory are successful in dealing
mathematically with the divergent behaviour of quantum field theories, the origin of the
divergences themselves seems devoid of a physical context. Let us explore these issues
more closely. In reality, all field theories must come with an ultra-violet cutoff [22, 3],
above which the field theory breaks down as a complete description of nature. In the
previous analysis, we assumed that the loop integral momenta in Feynman diagrams
could be infinite - the source of the divergences - yet this must be artifical since the
theory must break down near the cutoff scale. Let us approach the problem from a
more physical perspective, called the Wilsonian approach to renormalization [22], and
restrict the generating functional by some hard ultra-violet cutoff, A. (This should not be
confused with Pauli-Villars regularization where a hard momentum cutoff is introduced
to facilitate loop integration only to take the A — co limit as soon as possible). That
is, we will prevent the fields in the path integral from depending on momentum above
this scale. Consider a generating functional containing only renormalizable terms and
assume that all the couplings are sufficiently weak ,

W = / [D¢], exp (z / d'z L‘(¢)) (1.99)

where ¢ represents all the fields that £ depends on and A denotes the ultra-violet mo-
mentum cutoff. Instead of immediately writing down a number of Feynman diagrams
for one-particle-irreducible graphs, where the divergent behaviour suddenly appears at
one loop, suppose we split the path integral into a tower of small momentum slices up
to A and path integrate out each successive slice in turn. In effect we will remove high
momentum fluctuations from the theory systematically. Heuristically, the first iteration,
consisting of a momentum slice bA < {k| < A where b < 1, would appear as,

W = / [Déyi<sa) / [Dépacri<a) exp (2 / d'z £(¢|kl<bA+¢bA<[k|<A)> (1.100)
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which becomes
W = / [D\1<sn] exp <i/d4a: L(9|x|<ba) + correction terms) . (1.101)

The correction terms contain shifts to tree level constants in the original theory, in agree-
ment with renormalized perturbation theory, and the terms also contain an infinite series
of all higher dimensional operators that are not renormalizable. Continuing slicing in
this manner down to the scale of interest, the momentum slice integrations continuously

- transform the Lagrangian in a process called the renormalization group. It may seem
odd that even though we started with a renormalizable Lagrangian, we generated all
possible nonrenormalizable interactions, yet this is the heart of the physical meaning of
renormalization itself. To understand this, consider how terms of various mass dimension
change as we proceed to integrate out more and more momentum slices. A term with
mass dimension d; has a coefficient with mass dimension 4 — d;, in order to keep the
action dimensionless. For any operator, the mass in the coefficient will naturally be of
the order of cutoff scale A. Thus operators with d; < d become increasingly important as
we integrate out momentum slices while operators with d; > d becomes less important.
Operators of these types are referred to as relevant and irrelevant respectively [3, 22, 23].
Operators with d; = 4, called marginal operators, require the effects of the higher or-
der corrections to determine how the operator will evolve. We can now understand the
physical origin of the divergences resulting from the original method - they were never
truly part of the theory. We simply calculated with the “wrong” Lagrangian. In reality,
whatever the form of the true Lagrangian at the cutoff scale, we will always be left with
the relevant and some of the marginal operators at the low scale. The Standard Model
is based on renormalizable interactions not because of some lucky circumstance, but
because all of the irrelevant operators beyond the Standard Model decoupled near the
cutoff of the theory; a scale presumably much higher than the scale of Standard Model
interactions themselves.

In the preceding discuséion, we tacitly assumed that the theory was governed by a free
field fixed point (the requirement that the couplings were sufficiently weak). At the free
field fixed point all the interactions vanish - all the tree level couplings and masses vanish -
and the Lagrangian remains unchanged under the renormalization group flow. In general,
places in coupling space where the theory remains unchanged under the momentum
slice integrations are referred to as fixed points [3]. There may exist other fixed points
in coupling space, including points that are strongly coupled such that higher order
corrections become large and radically change the direction of the renormalization group
flow. These effects may push the theory toward other non-free field fixed points. If these
other fixed points are places where the theory becomes strongly coupled, the theory would
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no longer have a perturbative description in terms of a Feynman diagram analysis. For
reasons that are not currently understood, all field theories that are physically relevant
are close to a free field theory fixed point in the ultraviolet or by a fixed point that
reduces to the free fixed point in a certain limit.

1.4 Spontaneous Symmetry Breaking

Thus far, we have considered the properties of gauge theories with massless vector bosons.
While we are free to write mass terms for scalar fields and fermions (provided that both
chiralities transform under the same representation of the gauge group), gauge invariance
forbids us from writing a mass term for the gauge fields. The term A*A, is not a gauge
invariant field bilinear. Although completely consistent for QED and QCD, where the
photon and gluons are massless, it is an empirical fact that the vector bosons responsible
for the weak force are massive and violate chirality - implying that the chiral parts of each
fermion belong to a different representation of the gauge group. Furthermore, even if we
decided to give up on a completely gauge invariant theory by adding a gauge field mass
term by hand, we will find that the resulting physical longitudinal mode will in general
render the theory unrenormalizable. These issues present us with a serious challenge if
we wish to interpret the weak force as a gauge theory interacting with massive fermions.

Spontaneous symmetry breaking [24, 25, 26, 27] provides the solution to this problem
by hiding the overall gauge symmetry and generating a mass term for the gauge bosons
while preserving the renormalizablity of the theory. To understand how this works,
consider a global, in general, non-Abelian symmetry group, G and some real scalar fields
that belong to some representation,

¢1(x)
¢2(x)
P(z) = : (1.102)

Under an infinitesimal global transformation, we have,
¢ — ¢ — gT*A%(z) (1.103)

where a = 1, ..., N. Now, if the Lagrangian,

£(@9.6) = 5(0*)7 (3,9) — V(9), (1104
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with some potential V(¢), remains invariant under eq.(1.103), then by Noether’s theorem
the current,

7o = (x)iT(z) (1.105)
with or
Ty = o 1.
=3 ) (1.106)
must be conserved. The Euler-Largrange equations together with current conservation
implies
aL\”
(%JiT%+ﬂﬁ%%=& (1.107)

Using the Lagrangian for the scalar fields and eq.(1.107), we obtain,

av\T

— | T% = 1.108
(35) =0 (1.108)
and this relation expresses the symmetry of the theory. Let us now suppose that V(¢)
has a minimum at some ¢ # 0 such that,

0610} = O (w09)

v =0 (1.110)

3

(0l¢|0)=v

where (0/¢]|0) denotes the ground state vacuum expectation value of the field operator.
In general, the ground state defined by the vacuum expectation value will not remain
invariant under the global symmetry transformation,

(1 —igA*T%v # v (1;111)

implying that,
iT%% #0 (1.112)

for some set of a. Shifting the scalar fields, é = ¢ — v so that,
(0[¢10) = 0 (1.113)
the Lagrangian of eq.(1.104) becomes,

v

o
£=! <(a~¢i><au¢i> = 955,30,

>—ww+m$y (1.114)

¢=v
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We find that a mass matrix for the scalar fields appear,

v
ME = 1.115
7 06:09; |4, (1:115)
and that by differentiating eq.(1.108) we find that,
MZiT* =0 (1.116)

for all a. However, in light of eq.(1.112), there must be at least one eigenvector with a
zero eigenvalue, that is, there must be at least one massless linear combination. This is
an important observation. If a theory has a ground state that is not invariant under the
full symmetry group, a massless mode, referred to as a Goldston boson [28], will appear
for each broken symmetry generator. More concretely, suppose that the ground state
remains invariant under a subset of the generators of some group G, which generate some
maximal subgroup H. In that case, we have,

Tv=0 (e=1,..M) (1.117)

and
T #0 (a=M+1,...N) (1.118)

where the first M generators define H. This leaves us with N — M massless modes
which corresponding to N — M Goldstone bosons. The vacuum expectation value has
spontaneously broken the full global symmetry.

Promoting the global symmetry group, G, to a local gauge symmetry, we can use
spontaneous symmetry breaking to provide mass terms for the gauge fields in a process
called the Higgs mechanism [26, 27]. Again, if a scalar field (or fields) acquires a non-
zero vacuum expectation value which minimizes the potential and leaves the ground
state non-invariant, there will appear a massless Goldstone mode associated with each
broken generator. However, in the local symmetry case, these Goldstone modes are not
manifest - they are “eaten” by the gauge fields, and in so doing, supply a mass term
along with a longitudinal degree of freedom for the gauge fields. Let us first explore how
this mechanism works with an Abelian gauge symmetry. Consider the Lagrangian of
scalar-electrodynamics,

£ = (D*9)(Dus") — 66" — (66" — 2F*Fr. (1.119)

For u? > 0 the potential has a minimum at (0|¢|0) = 0 and the U(1) gauge symmetry
remains unbroken. We have the expected situation - a charged scalar field interacting
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with a massless photon. Now, consider 42 < 0. In this case, the potential no longer has
a minimum at (0|¢]|0) = 0, but has a ring of minima located at,

(0l¢]0) = %ve"" (1.120)
where 0 is an arbitrary phase. Let us re-write the covariant derivative of eq.(1.119) with
the shifted field,

p=¢- \%ve"“, (1.121)
D6 = -—\1[2-496 [Bur +i(Buda + qvAL) +igAu(B1 + b)) (1122)

where 451 and 452 are the real and imaginary parts of the shifted complex scalar respec-
tively. Notice how A, and $» enter in eq.(1.122). Apart from the interaction term, 452
and A, enter in the combination,

1 -
A=A+ o 6. (1.123)

We see that the mode ¢, and the gauge field mix and, if we expand out eq.(1.119) with
the shifted fields, we find that the gauge field, A}, acquires a mass m = quv. The mixing
has provide the gauge field with a longitudinal degree of freedom as can readily be seen
in eq.(1.123) upon converting to momentum space. Note that in order for the gauge field
to acquire a mass, the scalar field had to gain a non-zero vacuum expectation value and
be coupled to the gauge field itself.

It seems as though the field &2 is not physical in the sense that it has become absorbed
by the gauge field A;‘. There exists a particular gauge that makes this observation
apparent - a gauge choice with gauge parameter A(z) as a function of ¢5. Under any
gauge transformation we have, in terms of the shifted fields,

¢_>¢I — e—-iqA(:c)¢

1 - -
= E(v + @ +igh)e®. (1.124)
Choosing, _
gA(z) = arctan o2 (1.125)
v+ @1

) disappears, i.e. ¢, = 0. Re-writing the gauge transformed and shifted field ¢; as H,
we find

¢ = \/_(v-i-H) (1.126)
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and therefore the covariant derivative of eq.(1.122) becomes,

1 .
(D,¢) = —ﬂelé (OuH +igvAl, +igAL H) (1.127)

where the gauge field A}, is the field A, transformed according to eq.(1.125). Using these
results, we can re-write eq.(1.119) in this gauge,

L = -;—(8ﬂH)(8”H) + %qQA;A'# (v+ H)?

1 A 1
—5#2(11 + H)? - Ié(v + H)* — ZF’#"F,g,,. . (1128)

The gauge field’s mass term results from absorbing the scalar degree of freedom ¢5. We
are left with one physical massive scalar H, the Higgs scalar, and a massive gauge field
AL. Note that the total number of degrees of freedom remain the same both before

- and after spontaneous symmetry breaking. Initially we had four degrees of freedom
- a massless gauge field with two physical transverse degrees of freedom and a massive
complex scalar field with two degrees of freedom. After spontaneous symmetry breaking,
again we have four degrees of freedom - one massive gauge field with one longitudinal and
two transverse and degrees of freedom, and a massive real scalar field with one degree of
freedom.

The renormalizability of theories with spontaneous symmetry breaking is not an
obvious or trivial point [8]. The gauge that we have chosen above that explicity removes
é2 from the theory, called the unitary gauge since only actual physical particles appear, is
not manifestly renormalizable. In order to show that renormalizablity has not been lost,
it is necessary to use a more general class of gauge choices called the R, gauges (for more
details see [3]). The R¢ gauges are a specific gauge choice and there exists a particularly
useful one, called the 't Hooft gauge. The gauge fixing part of the Lagrangian for the
Abelian case under discusson in this gauge becomes,

Lo = —%(3;“4” — £ques). (1.129)
While the ’t Hooft gauge is not manifestly unitary, (the unphysical Goldstone mode now
propagates), it can be shown that the theory is manifestly renormalizable.
In order to build a realistic theory of the weak interactions, we will need to extend
the Higgs mechanism to the non-Abelian case. It is useful to sketch how the argument
follows. Recall that the covariant derivative for a non-Abelian theory is,

D, =8, +igT®A% (1.130)
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where T® (@ = 1,...,N) are the generators of the gauge group (Lie algebra) and are
represented by n X n dimensional matrices corresponding to the representation of the
matter multiplets. The Lagrangian for N scalar fields interacting with a non-Abelian
gauge theory is, )
1
L= 5(D*6)(Dud) - V(9) - {FL"FL, (1131)

where V(¢) is the scalar potential and contains all of the renormalizable gauge invariant
self interactions, including the scalar mass term, and satisfies eq.(1.108). (It is assumed
that ¢ is a column vector containing the n scalar fields.) As before, the gauge symmetry
becomes spontaneously broken when some or all of the scalar fields in the multiplet
acquire a non-zero vacuum expectation value. Writing the first term of eq.(1.131) with
the shifted fields, ¢ = ¢ — v, we have

(D*$)T (Do) = (8 3)T (0,0) + 29(0*@)TiT vA™ + g A2 A% TT T + ... (1.132)

As in the global case, there will be N — M Goldstone bosons corresponding to qETiT“v
witha=M+1,...,N. As a result, we are left with n — N + M physical scalars. We see
that these modes mix with the gauge fields, A}, and moving to the unitary gauge, we
can arrange, #TiT% =0 fora= M + 1,...,N. This is the non-Abelian generalization
of eq.(1.125). Clearly, the last term of eq.(1.132) behaves as a mass term for the gauge
fields, allowing us to write

(]\/I%)ab = g2'l}TTaTb'U (a’ b=1,..., N) (1.133)

The sub-matrix (M3)% a,b = 1,..., M vanishes since the generators in this range satisfy
eq.(1.117), implying that the unbroken subgroup’s gauge bosons remain massless. The
lower (N — M) x (N — M) sub-matrix, (M3)® a,b = M +1,..., N, is symmetric and
positive definite and can therefore be diagonalized by an orthogonal transformation. The
eigenvalues of this sub-matrix correspond to the masses of the left-over N — M gauge
bosons which acquired their mass by absorbing the massless Goldstone modes. Perform-
ing calculations beyond leading order requires us to use the R¢ gauge class where the
unphysical Goldstone modes propagate. Using the orthogonal matrix that diagonalizes
the (N — M) x (N — M) sub-matrix, we may write the scalars in a basis where the
physical Higgs scalars are separated from the Goldstone modes [4],

1 1 1 1
U ryb b N2 rrbryb AL a a a\2 e va
ﬁc_H——2(3 H)(c?,lH)——2 Eb (WY*H°H +—2(8 G*)(0,.G )-—2 Ea EM*G G

(1.134)
where ¢ = G + H. As a result of the R gauge choice, the gauge fixing part of the
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Lagrangian becomes more complicated, although it is straightforward (if not somewhat
tedious) to write the ghost field couplings to the Goldstone modes, the physical Higgs
scalars, and the gauge fields respectively (2, 3, 4].

Note that the selection of a non-trivial ground state minimum through the vacuum
expectation of a scalar field chooses a specific direction in “group space”. While this
selection violates the underlying gauge symmetry, allowing gauge boson mass terms, the
symmetry is merely hidden. There are other equally valid directions in group space that
the scalar vacuum expectation could have selected. As an example, we saw explicitly in
the Abelian case that there was a ring of degenerate minima, encoded by a phase, of
which the vacuum expectation picks one. The theory is aware that the underlying gauge
symmetry is only hidden and it is this awareness that preserves renormalizability.

While the Higgs mechanism provides a theoretical framework for understanding the
massive gauge bosons of the weak interaction, we must address the implications of the
empirical observation that the weak force violates parity. Consider the Lagrangian,

L = Yry*(8u +igTF ALY + YRy (Oy +igTEAL) YR (1.135)

where ¥ g = %(1 + +v5)¥ and each chiral component transforms under a different repre-
sentation of the gauge group, '

YL — exp(—igTfA%) YL
YR — exp(—igTHA%) Yr. (1.136)

Under a parity transformation, ¥ — ~p%, we find that 1 — yo¥r and ¥r — 7oL which
implies that the Lagrangian of eq.(1.135) is parity invariant if and only if T§ = T§.
Therefore, the parity violating weak interactions require that the chiral components
of the fermions belong to different representations of the gauge group. This presents
us with another problem. The fermion mass term, m1 mixes chiralities, implying
that the fermion mass term remains gauge invariant if and only if T} = T§ - a parity
invariant theory. It appears that the weak interactions demand only massless fermions -
a prediction incongruent with empirical fact. (Recently, neutrino oscillations have been
confirmed, which naturally imply neutrino mass. For the moment we will ignore this
point and assume that neutrinos are massless. We will return to a proper discussion of
neutrino mass in chapter 3.) We may overcome this difficulty by once again appealing
to the Higgs mechanism. Consider a general Yukawa type interaction of IV real scalar
fields with fermions,

Ly = $1Y,¥rép + rY; ULy (1.137)

where 91, ¥ transform as eq.(1.136) and p = 1, ..., N. The scalar fields transform under
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some representation of the gauge group as,
¢ — exp (—igTgA®) ¢. (1.138)

Once spontaneous symmetry breaking occurs, the scalar fields are shifted by the vacuum

expectation values leading to,
Ly = DY Yr(v + ¢p) + PrYUL(v + ). (1.139)

We see that a mass term for the fermions emerges, namely, Y,v = Mp.
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Chapter 2

Supersymmetry for Model
Building

2.1 Naturalness and the Standard Model

While the Standard Model, based on the spontaneously broken gauge theory SU(3). x
SU(2)L, x U(l)y — SU(3). x U(1)gm, successfully describes fundamental particle inter-
actions at laboratory energies, the Standard Model must nevertheless provide an incom-
plete description of nature. In the first instance, the Standard Model does not include a
quantum description gravity, which, at the very least, will be necessary for a complete
picture of physics near Planck scale, Mp; ~ 2 x 10%eV. Yet, as we will see, there exist
compelling reasons [1, 2, 3] to believe that the Standard Model will break down at energy
scales well below the gravitational scale. Furthermore, the Standard Model contains 19
free parameters that require laboratory measurement to fix. While the consistency of
thousands of observations [4] with these 19 parameters presents a huge success for the
Standard Model, it is widely believed that there must be some underlying relationships
that explain the parameter set’s origin.

The Higgs mechanism [5, 6], used to break SU(2), x U(1)y down to U(1)gp. requires
a fundamental scalar - the Higgs particle - with a mass of ~ 100 GeV. In principle, this
presents no problem for the Standard Model. The Higgs particle mass is an input
parameter and the theory retains renormalizabilty and predictability as outlined in the
previous chapter. However, the renormalization group flow of scalar fields tends to push
scalar masses towards the highest mass scale possible in the theory, namely, the field
theory’s cutoff. In the case of the Standard Model, the cutoff is presumably well above
the electroweak unification scale. Heuristically, we can understand the poor ultra-violet
behaviour of massive scalar fields by considering the self energy diagrams of Figure (2.1).

If we impose a UV cutoff of A (interpreted as the scale where new physics appears),
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" Figure 2.1: Feynman diagrams that contribute quadratic divergences to the Higgs mass. -

we find that the scalar self energy diagrams of figure 2.1 depend on the cutoff through A2,
i.e. a quadratic divergence develops. On the other hand, fermion and gauge boson self
energy corrections do not depend on A in this manner. We see that the scalar self energy
graphs provide a large radiative correction to the scalar mass. Therefore, in order for a
scalar to appear at the low scale after renormalization group running with a mass much
less than the cutoff requires delicate and somewhat bizarre cancellations. In the Standard
Model, a light Higgs mass can be achieved by fine tuning at each order in perturbation
(to one part in 10%), a theoretically unsatisfactory situation. Naturally, the Higgs mass
should be ~ A?. Embarrassingly, the Standard Model contains a relevant operator that
fails to explain its small size - the naturalness problem of high energy physics. We can
understand this situation from a slightly different angle. If we add a fermion mass term
to a model Lagrangian (e.g. massless QED), the mass term reduces the symmetry of the
theory by removing the ability to perform independent chiral rotation on the fermion
fields. As a result, radiative corrections shift the fermion masses by a small amount as
compared to other scales in the theory. In general, operators that reduce the symmetry
of a theory tend to behave well under renormalization group flow [3]. Scalar mass terms,
on the other hand, in general do not violate any symmetries and therefore the radiative
corrections shift the scalar masses by a large factor, naturally of the order of the cutoff
scale.

To escape the difficulties of fundamental scalars, strongly coupled models such as
technicolour [7, 8, 9] have been suggested. In technicolour models, the Standard Model
Higgs is no longer considered a fundamental scalar, but instead consists of a strongly
coupled bound state of techni-fermions. Since technicolour models do not contain fun-
damental scalars, they elude the naturalness problem and the scale of new physics is not
much greater than Higgs mass itself. While such models are appealing, technicolour is
plagued with its own set of problems {10].

Alternatively, the naturalness problem has a solution through a symmetry principle
that maintains a weakly coupled theory - supersymmetry [11, 12, 13, 14, 15, 16, 17].
The bizarre cancellations pfeviously discussed are easily understood as the result of
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supersymmetric contributions. Supersymmetry demands that for every scalar (fermion)
there exists a fermionic (scalar) super-partner with the same mass. Roughly speaking,
the closed loop fermionic contributions to the scalar mass cancel against the scalar loop
quadratic divergences. Since we have not observed super-partners in nature, (at least
not yeti) supersymmetry must be broken. Broken supersymmetry will partially cancel
the quadratic divergences resulting in a light Higgs mass that can naturally and easily
be understood.

2.2 The Supersymmetry Algebra

Consider the Poincare Algebra that encodes Lorentz transformations and local spacetime

translations,
[P, P*]=0 (2.1)
(M, PN = i (P — 7P (2.2)
[M#, MP?] = i (P MP® +n#° MYP — nFP YT — ”° MFP) (2.3)

The Coleman-Mandula theorem [18] states that in any four dimensional Lorentz-invariant
theory these generators, along with currents associated with Lorentz invariant quantum
numbers generated by internal symmetries, are the only conserved quantities that trans-
form as tensors. While this theorem places strong restrictions on the construction of new
conserved quantities, the Coleman-Mandula theorem does not forbid conserved charges
that transform as spinors. Consider a generator, @, that carries one-half unit of spin.
Using the two component Weyl spinors and the Van der Waerden notation (see Appendix
1), the Jacobi identity

[P#,[P”, Qal] + [P, [Qas P]] + [Qa, [P, P]| = 0 (24)
implies,
[PﬂaQa] = 0
[P*,Q%] = 0. (2.5)

Performing an infinitesimal Lorentz transformation on Q,, we find that,

[M*,Qa] = —i(0")" Qg (2.6)
(M, Q%) = —i(a")%, QP (2.7)
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The spinorial generators obey anti-commutator relationships, as they are fermionic,
and the anti-commutator itself is therefore bosonic. The only possibilities for the anti-
commutators are,

{Qa, Q%) = s(0™),° M, (2.8)
{Qa:Qa} = t(0")osPu. (2.9)

where s and ¢ are undetermined constants. We already learned from eq.(2.5) that P, com-
mutes with all Q and Q. Therefore, P# must also commute with the anti-commutators
and since P* does not commute with M*¥, s must necessarily vanish. On the other hand,
t remains an undetermined positive number and the usual convention in the literature
fixes t = 2,

{Qc, Qa} = 2(0*) 45 Pu- (2.10)

Furthermore, there exists an important corollary of the supersymmetry algebra. Since,
by Appendix A we have Tr (6#3¥) = 2n*¥, eq.(2.10) implies

(5*)°* {Qar Q) = 4P, (2.12)

Consequently, the Hamiltonian is positive semi-definite, since for v = 0,

P'=H= i (@1Q; + Q101 + Q2Q5 + Q5Q2) > 0 (212)

This result tells us that supersymmetric theories possess a well defined vacuum bounded
below by zero. Furthermore, eq.(2.12) implies that if a supersymmetric vacuum state
exists, it is at the global minimum of the effective potential satisfying Evae = (0| H|0) =
0. This is in contrast to non-supersymmetric theories where the symmetric state is not
necessarily the ground state. We will explore the implications of eq.(2.12) further when
we discuss the spontaneous breaking of supersymmetry. ‘

Another important consequence of the supersymmetry algebra is the existence of an
equal number of fermionic and bosonic fields in a given supermultiplet [16, 17]. Let us see
how this emerges. First, observe that Q, Q transform a bosonic state into a fermionic one,
and visa versa. Two states are said to inhabit the same irreducible supermultiplet if they
are proportional to one another through some combination of the Q and Q operators. In
addition, since P¥, and therefore P2, commutes with each of Q and § each state shares
the same eigenvalue of P2 - the states are mass degenerate. In passing, we note that the
generators @ and @ also commute with any gauge group symmetry generator and thus
each member of the supermultiplet has the same gauge charge. According to the spin-
statistics theorem [19], the operator (—1)¢ (where s is the spin angular momentum) has
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eigenvalues +1 and —1 acting on a bosonic and fermionic state respectively. Since Q and
@ change fermion number by one unit, each of these operators must anti-commute with
(—1)%. Let us now consider a set of supermultiplet states, |k), with the same eigenvalue
p* # 0 of the operator P*. We can write,

SO(RI(-1)2PHE) = pPTr{(-1)%)} (2.13)
- = Z(kl( 123QQU€)+ZZ(A[ 1)%Q|1) (l|Q|k)
= ;Ucl— )ZSQQIkH;(z]Q— 1)24|1) (2.14)
= S (H(=D)ZQQIK) - S ((-1)*QQ (2.15)
= Ok | | (2.16)

where the anti-commutation of (—1)%° with Q and @, and the completion of states,
> 10(l], was used. Since the trace over (—1)% in eq.(2.13) vanishes, there must be an
equal number of fermions and bosons in the supermultiplet.

Thus far, we have only considered simple supersymmetry - an algebra with one spino-
rial generator along with its hermitian conjugate. (Also called N = 1 supersymmetry).
We may also construct other supersymmetry algebras, called extended supersymmetry
[20], that contain more than one spinorial generator. Consider a set of N supersym-
metry generators Q4, where A labels some internal symmetry group, with the usual
commutation and anti-commutation relationship

[P, Qu*] =0 | (2.17)
(M, Q" = —i (6") P Qg (2.18)
[, Q8 4] = i (3)%,Q° . (2.19)

The hermitian generators of the internal symmetry group obey the algebra,

(T7,T°) = ifstT" (2.20)
such that,
[Trv QozA] = _(TT)ACQQC (221)
[T7, Qaal = Qac(T) 4 (2.22)
I, PH]=[T",M*]=0 (2.23)
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where 77 inhabits a specific representation of the group and it can be shown that the
anti-commutator has the form,

{Q%, Qpp} = 20504 P (2.24)

As a result of internal symmetry, it is no longer necessary that {Q,Q} = 0. In general,
we have,

{Q.2, Q%) = €apZ?® (2.25)

where Z4Z, called central charges, have the property ZA8 = —Z54 and commute

with all the spinorial generators, all the internal symmetry generators and themselves.
Furthermore, the extended supersymmetry enlarges the particle content of the supermul-
tiplets. While extended supersymmetry has a rich structure, it is unlikely to have any
direct application to low energy phenoménology. In supersymmetry algebras with N > 2,
it can be shown [20] that supermultipets containing helicity % are TCP-self-conjugate
and hence are automatically non-chiral. Since the weak interaction is realized differ-
ently between left and right chiral states, it appears that only N = 1 supersymmetry is
suitable for embedding the Standard Model.

Finally, we should note that the supersymmetry algebras form Super Algebras - alge-
bras that contain both commutation and anti-commutation relations. It has been shown
[21] that these Super Algebras of symmetries of the S-matrix are the only extensions of
the Poincare group that are consistent with relativistic quantum mechanics. In some
sense, it would be remarkable if nature was unaware of this amazing fact.

2.3 Superfields

Since the supersymmetry generators are spinorial, an infinitesimal supersymmetry trans-
formation can be characterized as,

U(€) = 1~ i(6%Qq + £:Q%) (2.26)

where ¢ and £ are anti-commuting complex Grassmann parameters. Using the Grass-
mann algebra of £, £, we may write the supersymmetry algebra entirely as commutators,

[P*,€Q] = [P*,€Q] =0
[

M*,6Q) = ~i (€0*Q) (2.27)
M, EQ) = —i (€5 Q) (22
[£Q,nQ) = [€Q,7Q) =0 (2.29)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. SUPERSYMMETRY FOR MODEL BUILDING 35

[£Q. 7Q] = 2 (§0"7) Py (2.30)

with independent Grassmann parameters, £ and 5. The introduction of the Grassmann
variables facilitates the construction of supersymmetric field theories and, in particular,
allows us to readily find an explicit representation of the spinorial generators. A finite
supersymmetry transformation, using arbitrary Grassmann parameters 6 and 8 now
reads

S (z*,6,0) = exp [i (6Q +8Q — z*P,)] . (2.31)

Two successive supersymmetry transformations become,
5 (z*,0,0) S (a*,£,8) =5 (z* + a* — i€a"8 + 1007, 0+ £,0 + €) . (2.32)

where the Baker-Campbell-Hausdorff formula, eq.(1.40), has been applied. Note that
since the parameters Grassmann parameters § and £ imply that terms of the form (6)3
and (£)® vanish, therefore the Baker-Campbell-Hausdorff formula terminates after the
first commutator. The space of Grassmann parameters together with spacetime coordi-
nates, z#, that tracks the effects of the spinorial generators is referred to as superspace
(22, 23] and the functions S (z*,9,6) are called superfields. Upon expanding eq.(2.32)
we find,

S (z* + a* -—iéa“é—i—i@a“f,&—i—&@—%—@

= 8 (2*,6,0) + (a* — i€a"8 + ifaHE) g% g (i Ea (2.33)
implying that the generators have the representation,
P, =10, (2.34)
Qo = g(z—a —ic*,0%0, (2.35)
iQs = —-52— + 6%k, 8,- (2.36)

It is straightforward to check that the representation obeys the supersymmetry algebra.
Fermionic derivatives can also be constructed that anti-commute with all the supersym-
metry generators,

D, = é-g—a+w” %9, (2.37)
Dy = —E%E—ie%gdaﬂ (2.38)
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and
{Daq, Dd} = 2i(0") a0 (2.39)
{Da> Dg} = {Da, D3} = 0. (2.40)

Since the operators D and D commute with the combinations £Q and EQ,'Which ap-
pear with any supersymmetry transformation (see eq.(2.31)), the fermionic derivatives
behave covariantly and as such, they may be employed to impose covariant constraints
on superfields. Superfields that obey the covariant condition

Dy® =0, (2.41)

called left chiral superfields, play an important role in realistic supersymmetric field
theories by providing matter multiplets. Right chiral superfields obey

D@ =0. (2.42)

Let us begin by expanding the superfield ® in light of eq.(2.41). Notice that any
superfield that obeys this covariant condition may be regarded as a function of 8 and
y* = z# + i60*8 since,

D8 = Dsy* =0. (2.43)

Thus, we may write & = &(y#,8) such that,
@(y*,0) = ¢(y) + V26¢(y) + 06F (y) (2.44)

where ¢ is a fermionic fleld, and ¢ and F are complex scalar fields. Substituting y* =
z# + ifo*@ into the above expansion, we find,

®(z*,0,0) = ¢ + V200 + 0F +i8,00048 — %eeauwaﬂé - é-lla,taweeé'é. (2.45)

Using the explicit representation of the supersymmetry algebra in eq.(2.34) and eq.(2.36),
we see that

5% = i(6Q + EQ)@ (2.46)

which implies the supersymmetry transformations

8¢ = V260 (2.47)
8 = VAF — \/28,¢0"E (2.48)
F = iv/20,40*¢E. (2.49)
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Observe that the highest dimensional field, F transforms as a total derivative. That F
transforms in this manner will be crucial in constructing supersymmetric field theories.

The field content of chiral superfields consist of fields of spin 0 and % which suggests
their use as matter multiplets for realistic field theories. In order to proceed in the
construction of a supersymmetric field theory, we will also need a superfield that can
accommodate the spin 1 fields of gauge theories. Such a superfield exists - the vector
superfield. The vector superfield satisfies the reality condition,

V=Vl (2.50)
and the component field expansion of V' reads [20]
V(z#,8,8) = C(z)+ifx —ifx+ %06 (M +iN) - ée‘e‘ (M —iN)
+BoGV, + i666 (x + %a“aux> _ i6d6 (/\ + %o/‘aﬂf)
+36090 (D - %aﬂauc) (2.51)

where C,M,N,D are scalar fields, x, A are fermionic fields, and V), is a vector field.
Writing the vector superfield in this form allows us to extract each component field
by applying various combinations of the fermionic covariant derivatives to the vector
superfield and evaluating at § = § = 0. For example,

Vlpi=o=C DaVlpjg = iXa DdD"'Dth,,‘;:O =4i)\, etc. (2.52)

As with the chiral superfield, we can determine the transformation properties of each
component field by applying a supersymmetry transformation to the whole superfield,
namely, J¢ = i(€Q + £Q)V. The details can be found in [17, 20]. However, we should
note that once again the highest dimension field, in this case D, transforms as a total
derivative,

6D = 8, (—€a*X + Ao*E) . (2.53)

Having examined the field content of both the chiral and vector superfields, let us
consider the product of chiral superfields. We will find upon expansion that ®;®; and
©;®;9). are also chiral superfields and that the combination <I>J{<I>j is a vector super-
field. Recall that the highest dimensionful field of both the chiral and vector superfields
transform as a total derivative. This suggests that we can construct the Lagrangian,

L= > [cp} ‘I’i]p + ([W(®)]p + h.c.) (2.54)
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where the subscripts F' and D refer to the 68 and 8086 terms of the superfield products.
Renormalizability ensures that the holomorphic superpotential, W (®), (i.e. W only
contains left chiral superfield) does not contain terms higher than ®3. Expanding each
product, we will learn that the D term part contains all the kinetic terms of the theory
and the F' term of the superpotential contains all the mass terms and couplings to
matter. Furthermore, the component bosonic fields F(z) and D(z) that are contained
in the superfield expansions (see eq.(2.45) and eq.(2.51)) are auxiliary fields (i.e. they

iy S TG SN WU S S N ] . h B g - PUFEE NE B T Y . r g
®do not propagate) and as such they can be eliminated through the equations of motion

[[17, 20:
Fl = _ng (2.55)
D* = - g¢iTl: (2.56)

The derivative acting on W in eq.(2.55) is with respect to ¢ once W(®) — W(¢). In
eq.(2.56), T° refers to the generators of the gauge group in the representation, R, of
the matter multiplets and g is the gauge field coupling. We will discuss supersymmetric
gauge theories shortly. Most importantly, the tree-level potential [17, 20, 24] can be
constructed from eq.(2.55) and eq.(2.56),

9 2
Ve =X |5 39 <Z¢32“¢i) - (2:57)

- supersymmetric theories generate their own potentials.
Note that we can also write the Lagrangian of eq.(2.54) with the use of superspace
variables, 6,0. The Grassmann variables form a calculus with the properties [20],

/ de* = / de% =0 (2.58)

/ de% 0~ = / do% 6% = 1. (2.59)
Multiple integrals can also be defined with the measure,

20 = —%d@"d&a (2.60)

d?0 = —%déddé'é‘ (2.61)

such that d*0 = d20d26. Using the properties of the Grassmann calculus, we find that
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the supersymmetric Lagrangian can be written as,

L= / %6 Z@;f@,- + ( / a2 W(®) + h.c.) (2.62)

since the integrals project out the appropriate D and F terms. Writing the Lagrangian
in this form reveals an important property of supersymmetric theories. It can be shown
[25, 26] that radiative corrections to the effective action can always be written as a
single superspace integration over d*f with no superspace delta functions. Since the
superpotential part of the Lagrangian in eq.(2.62) can only be written as an integral
over d*9 by introducing delta functions, the superpotential does not receive any direct
renormalization. However, the D term part is subject to renormalization as this term
is purely an integral over d*6. Since the D term part contains the kinetic terms of
the Lagrangian, all renormalization effects in the theory are the result of wavefunction
renormalizations - coupling constants and masses receive no direct renormalization in
concordance with the no-renormalization theorems [25, 26).

To gain an appreciation of the supersymmetric Lagrangian eq.(2.54), let us construct
supersymmetric QED. We will follow this example with a discussion of its extension to
the non-Abelian case. Recall that a U(1) gauge transformation acts on a vector field as,
V# — VE 4+ 0FA(z) where A(z) is an arbitrary local gauge parameter. We can construct
an appropriate transformation for the vector superfield by considering the term i(®—®1).
By construction, this new term satisfies the reality condition and therefore serves as a
vector superfield. Expanding out in component fields, we find that the vector field in
® — &' can be identified as V# = —0#(¢ + ¢'). Notice that this term appears not
unlike a U(1) gauge transformation. Furthermore, each of C, M, N, x of eq.(2.51) can
be identified through various combinations of the component fields of & — ®f. In light
of these observations, it was suggested that a U(1) gauge transformation of a vector
superfield may be written as,

V(2,6,8) = V (2.9,8) +1[@(,6,0) - ©'(2.6,0)] . (2.63)

Not all the component fields of ® — ®T are physical, but can be gauged away while leaving
the effective gauge parameter, ¢+ ', independent. The particularly useful gauge choice,
called the Wess-Zumino gauge [15)],

Vivz (2,0,8) = 0048V, (z) + 1090 (z) — BIOA(z) + %995513(3:) (2.64)

removes the extraneous degrees of freedom. In this gauge, the field content of the super-
symmetric representation consists of a spinor field, A(z), a vector field, V,(x), and an

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. SUPERSYMMETRY FOR MODEL BUILDING 40

auxiliary mass dimension two field, D(z). Since the lowest dimensional gauge covariant
field is the spinor A, this suggests that the gauge field strength can be constructed from
a chiral superfield. It can be shown [17, 20] that the chiral superfield,

W, = D?D,V (2.65)

may be used to construct the gauge covariant field strength. Writing W, in component
fields in terms of y* = z# + ifc*f, we have

W = dida(y) — (460,’6D(y) +2i(o#5") P v,w) 05 + 46%(0*)asOu 2% (2.66)

where V,,, = 0,V,,— 0, V.. The gauge field kinetic term becomes up to a total divergence,

L wew,) = ~Lvev, 1 inera, i+ L2 (2.67)

32 4 2

Notice that A, called the gaugino, serves as the super-partner of the gauge field, V,,.
All that remains is to couple the vector superfield to the matter chiral superfields.

We will need both left and right chiralities to construct the massive fermions of QED,

which suggests the need for two chiral superfields. Consider the objects,

S = -\}—§(¢>1+i<1>2) (2.68)
T = %(@1-@2) (2.69)

Given that the vector superfield transforms as V — A—At, where A is an arbitrary chiral
superfield, it can be shown [17, 20] that the objects STexp (2¢V) § and T exp (—2¢V) T
are gauge invariant. Putting all this together and using eq.(2.54), we can finally write
the Lagrangian for the supersymmetric U(1) gauge theory,

1

‘C“sz

(WoW,) p + (sf exp (2gV) S + T exp (—2qV) T)D +m (ST + sz’r)F (2.70)

Expanding in the Wess-Zumino gauge, we can write eq.(2.70) in terms of the physical
component fields and infer the Feynman rules for the theory.

Suffice it to say, the non-Abelian case is somewhat more involved; however the same
methods are employed. The chiral superfield that serves to construct the gauge field
strength becomes [17, 20],

WS = 4id(y) — (46§D“(y) +2i (0"5%),” Vfu(y)) o8
+492(0"u)ao'zDu)\ad(y) (2.71)
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where a is the gauge group index and,
Vi, =8,V, —8,V, — g7 VEVs. (2.72)

Using supersymmetric QED as an example, it can be shown [17, 20] that the objects
ST exp(2igT2V?®)S and Tt exp(—2igT*V)T are gauge invariant quantities. Assembling
the parts, the non-Abelian supersymmetric Lagrangian becomes,

(WEWE) o+ (s’r exp (2igT*V®) S + T exp (~2igT*V*) T) S+ W(S,T) +ho)p
(2.73)

-1

£64

for some general gauge invariant superpotential, W.

2.4 A Cursory View of Spontaneous Supersymmetry Break-

ing

Since we do not observe super-partners of Standard Model particles, supersymmetry
cannot be an exact symmetry of the low energy description of Nature. As such, we
will assume that supersymmetry spontaneously breaks leaving the vacuum state non-
invariant under a supersymmetry transformation, i.e.

. Qal0) #0. (2.74)

We already observed that the supersymmetric ground state is the global minimum of
the effective potential and must satisfy E,,. = 0. Supersymmetry becomes broken if
Eyac # 0 and the positive semi-definite Hamiltonian implies the vacuum energy must be-
come positive. Lifting the vacuum energy from zero, and thereby spontaneously breaking
supersymmetry, can be accomplished by allowing certain fields to acquire non-zero vac-
uum expectation values that are not invariant under supersymmetry transformations
[27]. A quick inventory of the fields at our disposal reveals that,

(0@, ¥}10) = (0[6%[0) ~ (0|F]0) (2.75)
{0[{@, A}|0) = (0]6Aj0) ~ (0|D|0) (2.76)

as the only candidate fields that can gain a vacuum expectation value without breaking
Lorentz invariance. Thus, supersymmetry becomes spontaneously broken if and only
if the auxiliary fields acquire a non-zero vacuum expectation value. Furthermore, in
accordance with Goldstone’s theorem, the fermionic partner of the field that receives a
vacuum expectation value must be massless and can be identified as a Goldstone fermion.
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Let us explore supersymmetry breaking with a couple of examples. First, consider the
superpotential (the O’Raifeartaigh model) (27, 28],

W(®1, 82, 83) = A1 (®F — M?) + pu®23; (2.77)
with the Lagrangian,
£ =[2,8]p + [8:8]]p + [®38])p -+ [W (21, B2, 33) +h.c)p. (2.78)

In this case, the tree-level potential is given by,

.i.
V= ZFF ’ 5%; (2.79)
with,
Fl = -\¢3-M?) (2.80)
Ff = —uds (2.81)
Fi = —2X$163+ uds. (2.82)
so that,
V = X|¢3 — M2 + pu?|83[% + |uda + 2\ 6s[”. (2.83)

Clearly, a solution with all of Fy, Fy, F3 vanishing does not exist which implies that
supersymmetry must be spontaneously broken. Since only F' terms are involved, breaking
supersymmetry in this manner is referred to as F-term breaking. Taking M2 < p2/2)2,
the global minimum of the tree level potential in eq.(2.83) occurs at (¢2) = (¢3) = 0
and with (¢3) undetermined - i.e. the potential has a flat direction indicating a vacuum
degeneracy. Expanding out the component fields of this model, we will find that the
fermionic mass sector appears as,

‘Cguzss (/1'1/)2'9[)3 + )‘<¢1>'¢3 + h.c. ) (2.84)

and we see that 1, is left massless as anticipated by Goldstone’s theorem [29]. Decom-
posing ¢3 as

\/_(a + ib) (2.85)

the bosonic mass sector can be re-written,

L2 = —-;-(,3 —222M%)a? - (,,L + 22 M2)0? — Pl (2.86)
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indicating that,

m2 = u®—2)\2M2 (2.87)
m = u?4+2N2M? (2.88)

while ¢; remains massless. We find that both ¢; and ¢» remain mass degenerate with
their respective superpartners even though supersymmetry has been broken. The effects
of the spontaneously broken supersymmetry are revealed through the splittings of the
masses of a and b from the mass of their super-partner, 3. The peculiarity of this
situation results from the fact that only the superfield ®3 couples to the superfield &,
which ultimately contains the Goldstone fermion. Note that, while the masses of a and
b are split from 13, we have the following relationship:

Mg +mp = 2u% = 2mis. (2.89)
This results holds in general [30],

STr M? = (-1 (27 + 1)mJ =0 (2.90)
J
where STr is called the supertrace and J refers to the spin of each particle. There exists
one exception to this relationship, D-term supersymmetry breaking [31], which we now
examine.

Let us now examine the case where the D field acquires a vacuum expectation value
in the absence of F-term supersymmetry breaking. To begin, we need to consider the
supersymmetric U(1) gauge theory since we can add the gauge invariant term [2§V]p to
the Lagrangian,

1
= = WoWalp+ |5 exp(2qv)5 +2¢V] .- (2.91)
This simple Lagrangian gives, through its equations of motion,

Ft=0 (2.92)
D+¢&+q€pi¢p=0. (2.93)

Writing out the component fields, we will find that the tree-level potential becomes,

1y 1 t 42
V=:D _2[§+q¢¢j. (2.94)

There are two cases to consider here: £g < 0 and £g > 0. The first case implies the
possibility that D? can vanish, namely, (¢T¢) = —5. This situation leaves supersym-
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metry unbroken, but breaks the U(1) gauge symmetry instead. We obtain a massive
gauge boson as well as a massive scalar - the “Higgs particle” - degenerate in mass
the with gauge boson. Since supersymmetry is left unbroken, there must also be two
Weyl fermions with the same mass as the gauge boson and the scalar field. Indeed,
the two fermion degrees of freedom exist and they mix to form & Dirac fermion with
the appropriate degenerate mass. This is the generalization of the Higgs mechanism to
the supersymmetric case. Case two excludes the solution D? = 0 and thereby breaks
supersymmetry. The minimum of the potential now occurs at < ¢ >=0, D = —£ and
therefore the vacuum energy becomes, F,,. = %52. In this case, the U(1) gauge symme-
try remains unbroken and thus V# remain massless. The field A also remains massless,
and is interpretation as the Goldstone fermion, or Goldstino, associated with the break-
ing of the global supersymmetry. However, the two real scalar fields that compose ¢
receive a mass as the result of its coupling to the Goldstino,

mg = g€ (2.95)

while their fermionic partner i remains massless. Notice that the mass shift for each
real scalar is in the same direction, unlike the situation with F-term breaking. This
observation modifies eq.(2.90) to,

STrM?2 = 2Tr Q(D) (2.96)

where Q is the charge matrix and (D) is the vacuum expectation value of the auxiliary
D feld. In practice supersymmetry breaking may be achieved through a combination of
both F-term and D-term methods.

One other general aspect of supersymmetry breaking is worth mentioning. There
is no reason to believe that supersymmetry remains a global symmetry. If we allow
supersymmetry to become a local symmetry, we notice that since {Q, @} depends on
P*#, the local theory becomes a theory of local spacetime coordinate transformations -
i.e. a theory of gravity. Local supersymmetry is therefore referred to as supergravity
[32, 33, 34]. Although the theory is not renormalizable, supergravity can provide us with
generalizations of F-term and D-term supersymmetry breaking. In this case, the super-
partner of the graviton, the gravitino, acquires a mass through supergravity breaking
[35] by absorbing a Goldstino in much the same way that gauge fields acquire their mass
by absorbing a Goldstone boson. It is not our intent to explore the details of supergrav-
ity theories or supergravity breaking mechanisms (the super-Higgs mechanisms [35]) or
their alternatives. This would lead us too far from our immediate goals. However, it is
important to note that in supergravity theories, it is possible to break supersymmetry
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with a vanishing vacuum energy - completely unlike the global case. In fact, we may
tune the vacuum energy to any value. Although we are free to fine tune supergravity
theories, they do not provide us with an explanation for the small cosmological con-
stant. If we break supersymmetry supergravitationally, with minimal assumptions (i.e.
assuming minimal kinetic terms in the Kahler potential), while arranging for a vanishing
cosmological constant [17, 20], we arrive at a simple relationship [36} involving the mass
of the gravitino, mg/,, the scale of supersymmetry breaking, M, and the Planck mass,
Mpy,
M2

V3Mp;

Since mg/y represents the mass splittings in the supergravity multiplet, it is possible

m3 =
2

(2.97)

that splitting may be very small compared to the scale of supersymmetry breaking. If
low energy supersymmetry exists with supergravity mediated supersymmetry breaking,
mg/e should be ~ 1TeV in order to stabilize the gauge hierarchy problem.

There exists a variety of supergravity inspired supersymmetry breaking models. Per-
haps one of the most compelling reasons for using such methods is that naturally the
resulting supersymmetry breaking occurs in a flavour diagonal manner - gravity is ig-
norant of flavour. This desired property naturally explains the supression of flavour
changing neutral currents in supersymmetric extensions of the Standard Model.

While supergravity provides a successful framework for breaking supersymmetry,
there exist other methods such as gauge-mediated supersymmetry {37] breaking, anomaly-
mediated supersymmetry breaking [38, 39, 40], and variations along this theme including
various forms of strongly interacting physics. '

2.5 The Minimal Supersymmetric Standard Model

It is relatively straightforward, if not somewhat tedious, to construct a suitable super-
symmetric extension of the Standard Model (for example see [41, 24]). To begin, observe
that the quarks and leptons of the Standard Model can be considered component fields
of chiral supermultiplets. Since the weak interactions require different representations
for the left-handed and right-handed chiralities of the fermions of the Standard Model,
we will require two types of chiral superfields. Recall that the holomorphicity of the
superpotential demands that the superpotential consists only of left-handed chiral su-
perfields. Therefore, let us adopt the following notation. First, let L* = (L%, L%, L$)T
denote a generation space column vector, of left-handed chiral superfields that transform
as SU(2) doublets, where a = 1,2 represent SU(2) indices. The superfield L contains
the SU(2) lepton doublets of the Standard Model plus the scalar SU(2) doublet super-
partners (sleptons), which will be denoted as L. Second, let us denote the conjugate
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SU(2) singlet chiral superfield, that transforms left handed, as E = (E4, Eo, E3), i.e. a
row vector in generation space. The superpartner of E will be denoted as E. In the same
way, we define Q% U, and D to denote the quark SU(2) doublet chiral superfield, the
conjugate SU(2) singlet up-like quark chiral superfield, and the conjugate SU(2) singlet
down-like quark chiral superfield respectively. The quark superpartners (squarks) will
be denoted as Q, U, D.

The supersymmetric extension of the Higgs sector is less obvious. The Standard
Model contains only one Higgs doublet and uses its complex conjugate to couple with the
up-like quarks such that the electroweak quantum numbers match. As the superpotential
must be holomorphic, we can no longer employ the complex conjugate of the Higgs
doublet. At the very least, a supersymmetric Standard Model will require a second
Higgs doublet that-couples to the up-like quarks separate from the Higgs doublet that
couples to the leptons and down-like quarks. Thus, we will need two distinct chiral
superfields, one for the up-like quark sector, Hy, and another for the leptons and the
down-like quark sector, H;. The Higgs chiral superfields contain the Higgs scalars and
their fermionic super-partners, the Higgsinos. It is possible that the Higgs sector could be
more complicated, containing many more Higgs multiplets than just one extra doublet,
however, we will take the minimal path by adding just one extra doublet.

Let us tentatively write the superpotential for a supersymmetric Standard Model by
simply promoting the fields of the Standard Model Yukawa sector, along with the new
Higgs superfields, to their chiral superfield counter-parts, -

Whssm = € HEEYEL? + e HADYD QP + e HUY QP (2.98)

where matrix multiplication over generation space is understood. Just as in the Standard
Model, we can make field re-definitions such that the lepton and down-like quark Yukawa
couplings are flavour diagonal leaving the CKM matrix in the up-like quark sector after
an Iwasawa decomposition. However, as it stands, the superpotential of eq.(2.98) cannot
describe nature. Let us examine this superpotential in more detail. In addition to
lepton number, baryon number, and hypercharge charge number, the superpotential
possesses an underlying Peccei-Quinn symmetry [24]. Since only weak iso-spinors carry
the Peccei-Quinn symmetry, the Peccei-Quinn symmetry will break through electroweak
symmetry breaking, resulting in a light axion. Since axions have not been observed, this
presents a problem for the superpotential of eq.(2.98). Furthermore, there exists another
symmetry, associated with a global U(1) transformation of the Grassmann superfields
themselves. If under the transformation, § — €**# the chiral superfields transform as
® — efe® such that W — e2@W, the theory then possesses an R-symmetry. The
superpotential of eq.(2.98) is R-invariant with ® — e*2%/3®, where & represents any
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chiral superfield of the superpotential. R-symmetry implies massless gauginos, which
presents a phenomenological problem as gauginos have certainly not been observed.
Thus, the candidate superpotential of eq.(2.98) requires augmentation to ameliorate
these problems.

Introducing the superpotential term peqp HEHS, which gives a common mass to the
Higgs. helps solve these issues. Notice that this mass term does not violate supersymme-
try or electroweak symmetry, but it does break both the Peccei-Quinn and R-symmetries,
leaving an R’ symmetry. Once the gauginos become massive from supersymmetry break-
ing effects, the R’ symmetry is further reduced to a conserved R-parity. It can be shown
that R-parity, expressible in terms of lepton number, baryon number, and spin, namely
R = (—1)38-1)+25 implies that superpartners are R-parity odd while Standard Model
particles are R-parity even. In addition, R-parity points to the absolute stability of the
lightest supersymmetric particle (LSP). This observation has far reaching consequences
in cosmology and may explain the presence of dark matter. Furthermore, R-parity con-
strains the form of the superpotential by forbidding operators such as DDU, QDL,
LLE, and LH,. These terms would mediate Standard Model forbidden processes, such
as lepton and baryon number violation, at levels inconsistent with observation - unless
the couplings involved were arranged (perhaps through some other exotic physics) to be
very small. Since R-parity only permits terms in the superpotential that conserve lepton
and quark number, while at the same time providing a dark matter candidate, and since
we have already restricted ourselves to one extra Higgs doublet within the confines of
N =1 supersymmetry, the model under discussion is called the Minimal Supérsymmetric
Standard Model (MSSM).

Unfortunately, while the p term goes a long way toward creating a more realistic su-
perpotential, the u term is a relevant operator that has no symmetry restriction. Thus,
in principle, 4 could have an arbitrarily large mass, inconsistent with the electroweak
symmetry breaking scale. As a result, the u parameter requires a fine tuning. Presum-
ably, unknown dynamics at a scale higher than the MSSM sets the mass of the u term.
However, while a fine tuning is necessary, it is only required once, unlike the Standard
Model Higgs mass. Supersymmetry then guarantees quantum mechanical stability of the
theory. The new and improved superpotential for the MSSM has the form,

Wiussm = € HIEYEL® + € HiDYD QP + e HEUYy QP + pegp HEHS (2.99)

The gauge interactions of the Standard Model can be made supersymmetric straight-
forwardly by using the techniques of the previous section. As we pointed out, supersym-
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metric theories generate their own potential. In the MSSM, the potential becomes,

V= > FiF: + % (D* + D°D® + DAD#) (2.100)

i=Hy,H4,L,Q,E,UD
where a and A refer to the electroweak SU(2) index, and strong SU(3) index respectively,
and D? is the D-term associated with U(1) hypercharge. At the electroweak minimum,

where the electroweak symmetry becomes broken, and with all other scalar fields set to
zero, we find that eq.(2.100) implies,

1
D = 201 (jouf* = vaf®) (2.101)
1
D) = —2g5 (foul? ~ [val?) (2.102)
Fy, = %,uvd o, : (2.103)
1
Fy, = —5Hvs G, 0)F (2.104)

where vy, vg correspond to the vacuum expectation values of the up-like and down-like
Higgs. We see that the electroweak minimum is not at the supersymmetry preserving
minimum of the potential. The u term once again plays an important role. In the
absence of the y'term, the F-terms above vanish and the theory develops an infinite
number of degenerate supersymmetry preserving minima with vanishing D-terms along
|vu] = |val. The p term prevents this possibility by lifting the vacuum degeneracy - only
with |vg| = |vy| = 0 does the potential sit at the supersymmetry preserving minimum.
However, this condition leaves the electroweak symmetry and supersymmetry unbroken,
which is phenomenologically unacceptable. Thus, as it stands, the MSSM offers no
explanation for electroweak or supersymmetry breaking and therefore the MSSM requires
extension.

Fortunately, it is unnecessary to know the exact method by which supersymmetry
breaks. Supersymmetry breaking can be encoded through a series of soft terms - su-
persymmetry breaking interactions of dimension two and three (see for example [24]).
Again, we must appeal to some unknown physics at some high scale to explain the origin
of these soft terms. The soft supersymmetry breaking Lagrangian is given by,

Ebreaking = —5aﬁi:aTm%I:ﬁ - Em%ET
—626Q°'mE Q° — Dm} DY — Tm} T
—m3 SopHE HE — m3 S HE*HY

+ (—B,ueagHg‘Hf + c c.)
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+ (—eagHg‘EAEfﬁ + c c.)
+ (—eaﬁHg‘l-)ADQB - eaﬁﬂgﬁAuéﬁ + c. c.)

+ (—%MIBB - %MzWaWa - %]Vfgébéb + c c.) (2.105)

where B denotes electroweak U(1) gaugino field; W2, a = 1,2,3, denote electroweak
SU(2) gaugino fields; G°, b = 1,...,8, denote strong interaction, SU(3), gaugino fields;
m2 m2 mé, m m , B, Ag, Ap, Ay, m§;,, mfy , M1, My, Mj are the supersymmetry
breakmg parameters.

At this point let us examine the Higgs sector and the implications of massive gauginos
that results from the eq.(2.105). With the use of the soft supersymmetry breaking

Lagrangian, the Higgs potential now appears as,

1
Vitiges = »_ (4% +mi,) (H?)z—BuH3H2+c.c+§(g%+g2 ((HO) Hd)) (2-106)

t=u,d

Unlike the Standard Model, where the quartic Higgs coupling is an input parameter,
we see that the MSSM dictates the quartic coupling in terms of the gauge couplings ¢1
and g2. Furthermore, the physical Higgs fields form CP eigenstates [41], leaving us with
two charged Higgs, H+, H~ a CP-odd neutral Higgs scalar, A, and two CP-even Higgs
scalars, h and H. The up and down like Higgs vacuum expectation values that sit at the
electroweak symmetry breaking minimum of the Higgs potential are constrained by the
Fermi constant such that,

v2 4+l = %ﬁ (2.107)
with their ratio defined by,
tan 8 = 2. (2.108)
vy

In addition, the electroweak breaking minimization implies the relations

1
u? + m%[u — Bucotf = Emzz cos 23 (2.109)

1
p® + m%,d — Butanf = §m22 cos 23 (2.110)

which may be used to eliminate the B term from the soft supersymmetry breaking
Lagrangian, resulting in the tree-level expression for 2,

2 2 2

b2 T T a2

(2.111)

Evaluating the Higgs potential around the electroweak breaking minimum we find a
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tree-level constraint on the mass the lightest Higgs scalar, h, namely,

4
m2 =m?% cos? 28 ~ m? (%) (2 —sin®28) +... (2.112)
A

where mz and my4 are the masses of the Z° gauge boson and the CP-odd Higgs scalar
respectively. Notice that the constraint eq.(2.112) indicates that the lightest Higgs is
lighter than the Z° mass. This is a rather embarrassing prediction since the empirical
constraint on the lightest Higgs scalar points to mj, > 114GeV [4]. However, the estimate
of eq.(2.112) gives only a tree-level constraint. The non-triviality of the top quark loop
corrections (the top Yukawa is not small) dramatically raises the mass bound on mp,
comfortably placing the mass of my, above the Z° mass. However, the bound cannot be
stretched to arbitrarily high energies and the MSSM prefers a relatively light Higgs have
amass < 130 GeV - a tantalizing prospect for the LHC and Tevatron.

In addition to the new scalar particles that form the superpartners of the Standard
Model fermions, the MSSM also introduces new fermions, namely, the Higgsinos, I?I{," ,
H7, BS HY, the weak gauginos, W=, W0, B, and the strong gauginos, called gluinos, §.
The weak sector gauginos and Higgsinos mix after electroweak symmetry breaking. In
particular, after the Higgs scalars acquire their vacuum expectation values, we can write
the mass term for the charged Higgsinos and charged Winos of the MSSM Lagrangian
as,

- ~ ~— .
= (v+ g+ W
L=-(W HH)MC( - > +coc (2.113)

with the mass matrix,

M = ( M, V2m cos B ) ‘ (2.114)

V2myy sin B M

By diagonalizing the mass matrix M, we can re-express the Lagrangian in the mass
eigenbasis, namely,

~— W =+ W+
(2)-oli) (F)-oli) o

Mg = OXdiag (MXI_,ME) Or. (2.116)

with

The mass eigenstate fields sz are referred to as charginos and the real orthogonal
matrices Or and Oy, are chosen such that the mass eigenvalues M>'<1' s M>.<2_ are positive.
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Therefore, the mass term becomes, .
L=—M,- TR — M- X3%; + cc. (2.117)

A similar situation arises with the weak neutral fermions after electroweak symmetry
breaking. The four neutral fermionic fields, I:IS, H 0 B, and W9 mix to form four mass
eigenstates called neutralinos, %9, %3, X3, X9. The neutralino mass Lagrangian is given

by
B
. e o = w3
o 3 770 70
£=-(BW A} ,,) Mae o | oo (2.118)
A
where
M 0 —mgz cos Bsin fw mg sin (3 sin Gy
M. = 0 M, mg cos Beos By  —myz sin B cos Ow
ne —mgzcosBsinbw  mgcos B cos by 0 —u
mygsin Bsinfyw —mgzsin 8 cos Oy —U 0
(2.119)
An orthonormal rotation leads to the mass eigenstates,
% B
~0 W?»
953 = One 0 (2.120)
X3 Hy
X4 HY

where Oy is a real, orthogonal matrix. Decomposing the mass matrix in terms of real
mass eigenvalues, Mg, a =1,2,3,4 we obtain,

M,e = OLdiag (Mi? Mg Mg M)-(g> Ore, (2.121)

which allows us to write the mass term Lagrangian,

4
1 0.0
L= -3 ag—l Mo XaXa- (2.122)

Finally, we come to the squark and slepton sector. Recall that for each lepton and
quark in the Standard Model there exist two complex scalar fields associated with the
two chiral components. Observing the structure of the superpotential and soft supersym-
metry breaking terms respectively, we can schematically write the scalar mass squared
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matrix for the squarks and sleptons (denoted as f) as,

Xk f

(fL f};*,) M3 < - ) (2.123)
fr

where,

mi 5 tmi+0ps  Fi(my,ptan g, A)

M§ = ~
F(m;,p,tan B, A) m

(2.124)
2 2 .

E0.b T ™ T BEub
The terms A 1,0 and Ag 55 arise from D-term contributions and depend on the third
component of isospin as well as hypercharge. The function F(my, u,tan 8, A) results
from F-term contributions as well as from A-terms in the soft supersymmetry breaking

potential. The full slepton mass matrix for all generations reads,

2 21
mi; m .
Miepion = ( e ) (2.125)
Mpy MRr
where,
1
mf; = mf+m?+mjcos2p (sin2 Ow — 5) -1, (2.126)
miz = m?+ m% — mZ cos 2Bsin’ By - 1, (2.127)
v COS
m%;, = —pmjtang+ ﬁ'BAE (2.128)
with
m; = diag (mh my, m13) N (2.129)

and my,, my,, my, are electron, muon, and tau masses respectively. The squarks follow
analogously. The above Lagrangian written in terms of mass eigenstates fi, ..., fe (six
complex scalar fields, two for each generation) becomes,

6
L==> miffy (2.130)
b=1
with _
fi ( €1
fa €
Bl | & |, (2.131)
Ja EY
fs E3
fo E; )
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and U; is a complex unitary matrix defined by,

2 2t
ML MRL ) v diae (m2 m2 m2 2 m2 2 ) 17
( m2, m? ) = Uldiog (m} m m? mZ m? m? ) Uy. (2.132)
RL RR

As we noted in section 2.3, the no-renormalization theorems guarantee better UV
behaviour of supersymmetric theories as compared to their non-supersymmetric coun-
terparts. In N = 1 supersymmetry, wavefunction renormalization effects contribute and
therefore the couplings of the MSSM are subject to renormalization group flow. A com-
plete list of the renormalization group equations for the MSSM appears in Appendix I11.
As we will see, these corrections have profound phenomenological consequences. We have
already noted that important quantum loop corrections push the mass of the lightest
Higgs particle to acceptable levels. Most suggestively, consistent gauge coupling con-
stant unification can be achieved with the MSSM. In the MSSM, the renormalization
group equations for the U(1) hypercharge coupling constant, g1, the weak SU(2) coupling
constant g, the strong SU(3) coupling constant g3, expressed through o; = g; /47 read

[20, 24],
MdM =-g-0i+ O(e) (2.133)
where in general, I 0 ‘1
b="2CiG)+5 D Ca(R)— 2> Ca(S). (2.134)
3 3 = 3 3

The group factors C1(G) and Ca(R, S) are defined by,

C1(G)§% = focd pbe (2.135)
Ca(R, 5)5% = Tx(Th 5Tk s) (2.136)

where R and S denote the representation of the Weyl fermions and scalars under the
gauge group G respectively. For the MSSM (with two Higgs doublets), we have,

by =—10; by = —1; b3 = 3. (2.137)

Integrating eq.(2.133) between My and the unification scale Mgyt we find,

b . M
1A — oM M _ GUT
o (]\fz) o (]\IGUT)— 5 In Y (2,138)
with,
5
31 (Maur) = c2(Mgut) = a3(Mgut) = ecur(Maur) (2:139)

(the factor of 5/3 properly normalizes the hypercharge coupling to the unification cou-
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pling constant, see chapter 3 for details). Using eq.(2.138), we can eliminate agyr(MguT)
and In Mgyt /M7 from the system of equations yielding,

Qem (MZ)

1
1 2 T e— —————
sm ew(Mz) =15 (3+ 7 as(MZ)

) =0.234 (2.140)
where the initial conditions [4] o;l(Mz) = 128.8 and az(Mz) = 0.108 have been used.
The predicted value of sin? fy from eq.(2.140) fits the measured value, [4], remarkably
well. Furthermore, using the measured value of Mz together with eq.(2.138) yields the
unification scale Mgyt = 1.5 x 10'6GeV, two orders of magnitude below the reduced
Plank mass. We will comment more on unification issues in chapter 4.

The running of the soft supersymmetry breaking Lagrangian and the superpotential
are of particular phenomenological importance. A priori, the parameters of the super-
potential and the soft supersymmetry breaking Lagrangian are unfixed in so far as they
reproduce the known masses and couplings of the Standard Model. This leaves a huge
parameter space consisting of undetermined scalar masses with undetermined phases,
an unknown Higgs vacuum expectation value ratio, tan 3, a large parameter range with
undetermined sign for the px parameter, undetermined gaugino masses along with un-
determined trilinear A-terms. In addition there exists the problem of supersymmetric
flat directions, or moduli problems, which present certain cosmological challenges (for
review see [42]). It appears that the MSSM has created more problems than it solves as
the number of free parameters has jumped significantly from the Standard Model set.
However, the MSSM cannot be a final theory of nature and presumably the question
concerning the origin of the MSSM parameter set will be answered by some unknown
high scale physics. Empirically, the squark and slepton mass matrices must be nearly di-
agonal and nearly degenerate so that flavour changing neutral current processes remain
suppressed and presicion electroweak fits are not upset. Furthermore the superpart-
ners must be sufficiently massive to have escaped detection. As a result, the following
simplifying assumptions have been suggested:

e The squark and slepton masses matrices are proportional to the identity giving all
the squarks and sleptons a universal scalar mass, mg

o All gaugino masses are degenerate with a universal gaugino mass, m /2

e The trilinear A-terms are proportional to the Yukawa matrices with universal A-
parameter, Ag '

These assumptions dramatically reduce the number of free parameters but the condi-
tions must be imposed at some initial scale - the scale where supersymmetry breaks.
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As discussed in the previous section, there are a variety of methods for breaking super-
symmetry and the method employed will determine the initial conditions for the RGEs.
For the remainder of the discussion, we will restrict to the generic (and perhaps most
popular) minimal supergravity method - mSUGRA. In the mSUGRA scenario, the sim-
plifying assumptions are imposed at or near the unification scale. The parameters of the
MSSM are then evolved via the renormalization group equations from the high scale to
the electroweak scale. The simplifying mSUGRA assumptions are codified at the high

scale as,
m% =mg = m% = m% = m% = m% -1, (2.141)
m¥ .= mf, = mg, (2.142)
Agp=Ap=Ay=A,, (2.143)
My =My = Mz =my, (2.144)

where Mg and my/, denote the universal scalar mass and the universal gaugino mass
respectively (I is the 3x3 unit matrix). As we will learn in Part II, the running of these
parameters can lead to the emergence of flavour changing neutral current processes
which have testable laboratory consequences. Remarkably, the renormalization group
running of the MSSM parameter set can also trigger electroweak symmetry breaking
under rather roboust initial conditions [43, 44, 45]. Running from the unification scale,
the up-like Higgs mass, m%u, becomes negative through contributions from the large top
Yukawa coupling. Interestingly, only m%,u turns negative, leaving all the sleptons and
squarks (mass)? positive thereby avoiding the embarrassing prediction of the spontaneous
breakdown of colour or electric charge.
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Chapter 3

Neutrino Mass and a Grand

Unification Primer

3.1 The Lepton Sector of the Standard Model

As the only potentially exactly massless fermions of the Standard Model, neutrinos
occupy a special place in the low energy description of nature. Furthermore, neutrinos
carry no colour or electric charge. For these reasons, let us consider the leptonic structure
of the Standard Model in detail.

It can be shown (see [1, 2] for example) that the leptons enter the charged weak
interaction through the currents,

TPy =Y E(@)mu(l — s)vi(z) (3.1)
i=e,u,T
TP () = Z Zi(2)vu(1 — v5)ei(2) (3.2)

where the index ¢ denotes lepton flavour and the fields e(x) and v(z) represent the charged
lepton and neutrino respectively. Re-writing the currents of eq.(3.1) and eq.(3.2) using
the projection operators, Py, = %(1 —s5) and Pp = %(1 + v5), we obtain,

1 —
EL;I = ; €L YuViL (33)

1
-2-LL = Z Ui LYu€ilL- (3.4)
i

The Lorentz covariant objects L, and L}, have the form of SU(2) raising and lowering
operators which can be made manifest by placing the neutrino and the charged lepton
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Li= ( Z ) (3.5)

.1 - .
Ti = 3 Z Ly, 7 L;. (3.6)
3

into an SU(2) doublet,

implying the SU(2) generators,

The charged weak currents may now be written as,

1 . lod
3T = Ti—il} (3.7)
1 1, 2

ST = T+l (38)

While the SU(2) generators permit the construction of the charged weak leptonic cur-
rents (now with the inclusion of a neutral component), they cannot by themselves account
for the electromagnetic current,

Jit = Z eye. (3.9)
i

This observation suggests the enlargement of the SU(2) group. The simplest choice (and
the empirically correct one) is the extension SU(2) x U(1) [3, 4]. The U(1) current reads,

1 = _
§J,f = Z (Y, LivuLi + Ye,n@irVu€iR) (3.10)

i
where the right-handed component of the charged leptons, e;r transform as SU(2) sin-
glets. The as yet undetermined coefficients Y are referred to as hypercharge. Notice the
absence of v;r which, within the confines of the Standard Model, does not exist. Using
JIP and JY | the electromagnetic current can be written as,

Jm=T3 + %Yu (3.11)
implying the relation, Qem = T3 + %Y, between electric charge and hypercharge (T3
denotes the eigenvalue of the third component). It is straightforward to see that Y, = —1
and Y., = —2. Thus, the leptonic part of the Standard Model with the inclusion of
the SU(2)L x U(1)y gauge bosons, and in the absence of fermion masses reads (the
subscript L on the SU(2) gauge group denotes that the weak interaction couples only to
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left-handed fields and the subscript ¥ refers to the U(1) hypercharge gauge group),

= . . 1 s, 1
Liep = Z (Liiv*DyL; + &riv* Dyeir) — ZWSUWQ# - ZBWB" g (3.12)
i
where
.1 L, Y5
DyL; = (8, + ng‘raWﬁ —ig ;’ ) Li (3.13)
Y..
Dﬂem e (ali — ig' ;R B#)em (3.14)
Ws, = 8,W; — 8,Wp — g™ WiW¢ (3.15)
Bl_n/ = auBy - apr, (3~16)

The physical gauge bosons - the photon, A, the Wﬂi, and the 22 - are formed from
linear combinations of W,}’m and B,, namely,

1

WE = 7 (Wi £iW?2) (3.17)
22 = -—sin 9wBu + cos EWWS (3.18)
A, = cosfwB,+sin GWWI‘E (3.19)
with
gsinfw = g’ cosfw =e. (3.20)

As discussed in chapter 1, a Dirac fermion mass term of the form myp = m(Prvr+
YrYL) cannot be written if the individual chiral components transform differently under
some gauge group; i.e. the term is not gauge invariant. Since the charged leptons and the
weak gauge bosons have mass, the gauge group SU(2)r x U(1)y must be spontaneously
broken, presumably via the Higgs mechanism. In addition to providing the gauge fields
with mass, the Higgs scalar, belonging to an SU(2) doublet, can also be coupled to the

l P
lepton fields, Ly epton—Yukawa = €a ﬁyijep Lge;rHP.
l P
Liepton—Yukawa = faﬁy;;jepL?ejRHﬁ- (3.21)

where ¢,3, the totally anti-symmetric symbol, transforms as an SU(2) tensor. Once the
Higgs field gains its vacuum expectation value,

0
"= ( Z5(v+ h(z)) ) (3.22)
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the Lagrangian eq.(3.21) provides a mass term for the charged leptons, namely,

v lep_.
ﬁLepton——Mass—_Term = ﬁyijepeiLejR +he (3-23)

while leaving the neutrino massless due to the absence of a vg field. Since the neutrinos
are massless by construction, and hence degenerate, we can perform an unphysical bi-
unitary transformation on the lepton fields, diagonalizing the Yukawa matrix without
loss of generality,

v - -
LLepton—Mass—Term — 7 > (Ydlfa’;li eireir = M€ eir. (3.29)
i

The massless neutrinos render no difference between the gauge and mass eigenstates.
Therefore, in the Standard Model lepton sector, no non-trivial mixing angles or CP
violating phases can exist; unlike the quark sector where all six quark flavours have
mass. Moreover, the lepton mass term Lagrangian remains invariant under three global
phase transformations - one for each family,

L; — eiaiLi ; €R — eiaiem. (3.25)

The Standard Model conserves this phase, interpreted as lepton number, in all pertur-
bative processes.

3.2 Patterns of Neutrino Mass

Thus far we have considered the Standard Model with massless neutrinos. The absence
of a right-handed neutrino prevented us from writing Yukawa couplings to the Higgs
scalar, generating a Dirac mass term. However, the neutrino holds a special place in
particle theory in that the neutrino carries no conserved charge (other than global phase
rotation associated with lepton number). This property allows us to construct another
type of mass term - the Majorana mass [5]. Let us explore how such a mass term arises.
Working in the four component spinor formalism, we adopt the conventions,

¥° = CyT = Oy, ¥ =yTC

3.26
T L ) (3:20)

such that
Y=Y +Yr (3.27)
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and where the charge conjugation matrix is defined as C = —iy%y%. Translating to
the two component Van der Warden notation (see Appendix I) we have the translation

dictionary, .
— > |yt = i ={ =7 ]. 3.28
v ( x° ) i ( ~i0?(£q)* £ (3:28)

Also we adopt the notation,

1 = 0+ = IR =5
1

@ = 51-7)W° =) =i (3.29)

Recall that the Dirac mass term mixes chiralities,

Lbirac =mp(Yrr +hc) = %("EU/)R + (YL)e(¥Rr)® +h.c) = mpyyp (3.30)

and as such, only the Dirac mass term provides mass for fermions that carry a conserved
U (1) quantity such as electric charge. On the other hand, we can construct other Lorentz
invariant mass terms, Majorana masses,

£Majorana—T = '77_;2{(1/’L)C¢L + h.C} (3-31)
'CMajorana-—-S = Tf{(%{)%}z + hC} (332)

We are now in a position to write the most general mass term for a fermionic field - the
combined Dirac-Majorana mass,

LDirac—Majorana = % [mT(lbL)clﬁL + ms(VYr)Yr + mp(YrLr + (PL)e(Yr)®) + h-C]

1/ - mr mp YL
= 5( (WLF i ) (mD o ) ( oy ) +he. (333)

Diagonalizing this matrix leads to the mass eigenstates. The subscripts on the mass
terms require an explanation. The mass term m p refers to a Dirac mass term, which, by
its nature, also conserves U(1) quantum numbers. As we have seen, the Standard Model
accommodates such masses by employing a doublet Higgs field with Yukawa couplings
to the charged leptons (and quarks). The other terms, mr and mg, are Majorana mass
terms and transform as an SU(2) triplet and an SU(2)p singlet respectively. It is
obvious that both of these mass terms cannot carry a conserved U(1) charge, and, as a
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result, these terms violate lepton number by two units. More succinctly, we have

L= ( = ) ~(2,-1) ; er~(1,-2) (3.34)

er

implying that,

Ler ~ (2,1) x (1,-2) = (2,-1)
LL~(2,-1) x (1,-1) = (1,~2) + (3,-2) (3.35)

where the bold face index refers to the lepton field’s SU(2) representation and the last
index refers to the lepton field’s hypercharge.

We now have several options avaliable for constructing neutrino mass terms. Let us
consider the simplest case: adding a right-handed neutrino (neutrino singlet), vg, to the
Standard Model, allowing us to construct the usual Dirac mass term involving Yukawa
couplings to the doublet Higgs field,

Lpirac-Mass = Yijaaﬁng*ﬁVjR +h.ec. (3'36)

(where o2 H* ~ (2, —1) ki ﬁI;irac—Mass - _{;z”] 5aﬁig}{£ﬁij' + b.c. term for neutrino mass,
we immediately encounter a naturalness problem. Phenomenologically, neutrino masses
must be in the eV range (for a detailed account see [6]), which would require a Yukawa
coupling on the order of ~ 107! once the Higgs doublet acquires its vacuum expectation
value. Such small Yukawa couplings most probably point to an incomplete picture of the
underlying theory and, at the very least, implies a theoretically unsatisfying situation.
This leaves us with essentially three choices for constructing neutrino mass:

e Extend the Higgs sector
e Extend the lepton sector mass terms
e Extend both the lepton mass terms and the Higgs sector

We have already observed that the Majorana mass term mz (v )¢y transforms as an
SU(2) triplet. Thus, we may construct a Majorana mass by extending the Standard
Model Higgs sector by including a triplet Higgs, H ~ (3,2) (for example see [7]),

+ ++
rH= ( P ) (337

The gauge invariant Yukawa couplings that induce the neutrino mass terms once the
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neutral component of H acquires a vacuum expectation read,
Lyiplet—Mass = Y (L%)LPH(eT)op + hoc. (3.38)

where the flavour indices have been suppressed and (e7)qp is totally symmetric. Again,
we are confronted with phenomenological problems with this scenario. The triplet Higgs
vacuum expectation contributes to the p parameter [7],

p= (——]V{W——)z =1- 2v—%- +0 <ﬁ> -+ radiative corrections (3.39)
Mz cos By v% v
where vr and vp refer to the triplet and doublet Higgs vacuum expectation values respec-
tively. Since experimentally the p parameter is well known (pesp = 1.0041240.00124) and
vp ~ 200 GeV, the triplet Higgs vacuum expectation value is highly constrained, namely
vg S 1 GeV. Assuming that vy saturates this bound (otherwise we encounter another
naturalness problem in explaining the small ratio vy /vp) the required Yukawa couplings
still remain tiny, ¥ ~ 107°. Again, the solution appears theoretically unsatisfying.
This leads us to perhaps the most elegant and natural method for providing neutrinos
with small mass terms: the see-saw mechanism (8, 9]. It its minimal form, this scenario
only extends the lepton sector physics by including a neutrino singlet Majorana mass mg
while leaving mp absent. Since the neutrino singlet lacks any Standard Model quantum
numbers, its Majorana mass, msP,VR, is unconstrained and should naturally be near
the cutoff of the quantum field theory, presumably mgs ~ Mgur ~ 106GeV. In this
case the Yukawa coupling becomes,

Lsee—saw = YN(saﬁf/aH*ﬁUR +ms(vg)°vg + h.c. (3.40)»

where again, flavour indices have been suppressed. Once the doublet Higgs acquires a
vacuum expectation value, we may re-write this expression as

(toF or ) 0 mp L] +he (3.41)
mp mg (vr)°

where mp = vp(Y). Assuming that mp ~ Myepton and that mg ~ Mgyr, diagonalizing

ﬁsee—saw =3
2

the matrix in eq.(3.41) will provide the left-handed neutrinos with tiny Majorana masses,

m, = mbm; mp. (3.42)

Strictly speaking, vy, is not a mass eigenstate. However, considering the large discrep-
ancy between the eigenvalues in the mass matrix eq.(3.42), v, closely approximates the
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mass eigenstate. The see-saw mechanism also fits nicely with supersymmetry. Super-
symmetry provides, perhaps, the most natural framework for the see-saw mechanism as
the introduction of a heavy neutrino singlet only compounds the hierarchy problem of
the Standard Model. Using the notation of chapter 2, the neutrino singlet extension of
the MSSM lepton sector reads

WussM-RN = €pHSEYEL® + e HIDYD QP + Y, 0 HANL?
1
+eap HEUY U QP + pe s HEHS + 5MNN (3.43)

with the addition terms in the soft supersymmetry breaking Lagrangian displayed in
Appendix III. As in the non-supersymmetric counter part, the light neutrinos acquire
their mass once the heavy neutrino singlets are integrated out and once Higgses acquire
their vacuum expectation values.

It should be acknowledged that there exists other methods that induce a neutrino
mass term. Examples include scalar see-saw mechanisms, further extensions of the Higgs
sector, Majoron models that spontaneously break lepton number, and models with ra-
diatively induced neutrino mass (see [6] for an exhaustive treatment). Regardless of the
underlying UV complete theory involved, from the point of view of the Standard Model,
the effective Majorana neutrino mass term appears as the dimension five operator,

Less = %LLH H+he. (3.44)

where f is a dimensionless constant assumed to be of order one, and A is the scale of new
physics (flavour and SU(2) indices have been suppressed). In the effective field theory
framework, we should eventually expect such an operator to arise as no gauge symmetry
forbids it. Since this dimension five operator first appears beyond the renormalizable
dimension four interactions of the Standard Model, we might naively expect that the dis-
covery of neutrino mass should be the first signal of physics beyond the Standard Model.
In addition to the direct consequences of neutrino mass (such as neutrino oscillations,
which we discuss in the next section), neutrino mass can also induce other operators that
violate lepton flavour. If the neutrino masses are non-degenerate with non-trivial mix-
ings, diagrams of the form shown in Figure (3.1) give rise to the lepton flavour violating
(LFV) interaction p — e,v. Neutrino mass also allows other Standard Model forbidden
processes such as 7 — u,7, T — e,7, and neutrinoless double beta decay (see [6] for
more processes and further details). The process u — e,7, considered in Figure(3.1),
where we augment the Standard Mode! by including neutrino mass and where we assume
that the neutrino masses are on the order of an eV, leads to the hopelessly unobservable
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1} v e

Figure 3.1: Feynman diagrams that contribute to the process u — ev.

branching ratio {10, 11, 12],

_Tlu—ey) _ 3G
Bl =) = r S ) = Va3

2
;r) (ZUé‘iUm(m?/M%v)) $107%0. (3.45)

As we will see in Part II, the situation for 4 — ey changes drastically in the context of
supersymmetry.

3.3 Neutrino Oscillations: Experimental Evidence for Neu-

trino Mass

At present, the solar neutrino, and atmospheric neutrino, deficit observations coupled
with confirmation from reactor, and accelerator, experiments provide the only direct
evidence for physics beyond the Standard Model [13, 14, 15, 16, 17, 18, 19, 20, 21, 22,
23, 24, 25, 26, 27]. These observations imply that neutrinos oscillate between flavour
states providing convincing evidence of neutrino mass. As we noted in section 1, no
non-trivial mixing angles or CP violating phases exist within the lepton sector of the
Standard Model - all three neutrinos have vanishing mass. If we consider the possibility
of non-degenerate massive neutrinos, the weak eigenstates and the gauge eigenstates no
longer align. Thus we expect the appearance of a non-trivial CKM-like matrix, called
the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [28, 29], in the lepton sector. As
a consequence, the principles of quantum mechanics tell us that a neutrino prepared in
a gauge eigenstate is a superposition of the neutrino’s mass eigenstates. Thus, neutrinos
may oscillate between different flavours [28, 29, 30]. Let us explore this phenomenon
in more detail. In the vacuum the time dependence of a neutrino flavour state may be
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written as,
() = Z Ui exp (—iEst) [V (3.46)

where o and i refer to the flavour state and the mass eigenstate respectively and the
unitary matrix U connects these states. The transition amplitude reads,

WP, = Z UaiU}; exp (—iEit) (3.47)

and assuming small neutrino masses (|p| > m;), we can make the approximation

2
=R +mimp+ i (348)

For illustrative purposes, let us consider only two generations. With the aid of eq.(3.47),
we may write

2
: 1—i24¢ 0
V(1)) ~ e~ P ‘2B | U (3.49)
0 1—igAt '

where the state [?) is prepared at some initial time. In light of UtmimU = m2, . we

diag:*
obtain ;
V() ~ et fexp | —ieet || |B) (3.50)
2E o
which, up to a phase, reduces to the Schrodinger equation,
.d, mim,
ZE]V ) = 55 |v%). (3.51)

We should note that, since the expressions contain mm and not mT'm, a neutrino oscilla-
tion experiment cannot distinguish between Dirac and Majorana mass terms. Oscillation
experiments only imply masses and mixings. In the two generation case we may take

6 sinf
U=< cos sin ) (3.52)

—sinf cosf

without loss of generality. Using this expression for U we have,

Umgiag Ut = <

m2 + m} Amz(—cose sin20>
3 2

m3 cos?§ +m3sin?f  I(m% —m?)sin 20 )

$(m% —m?)sin20 m2sin®0 + mZcos?f

3.53
sin28 cos@ ( )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. NEUTRINO MASS AND A GRAND UNIFICATION PRIMER 69

where Am? = mZ — m3. This allows us to re-write eq.(3.50) as,

v (t)*) = exp { —i (p+ -m-%ﬁ"—%t> } [exp (-iif#ﬁt)] , P (3.54)

where 7% are the Pauli matrices and r* = (sin 26,0, — cos 26). Finally, we find, up to
irrelevant phase factors,

2, .. 2 .. 2 .
W (8)2) cos ——i’g t—isin —A%t cos 26 —isin é‘g—t sin 26
v = . 2 2 4E .
—isin %—t sin 26 cos ——A‘g t+isin —A&Z tcos 26

> Py, (3.55)

Denoting the electron flavour state as (1,0)7 and the muon flavour state as (0,1)7, we

find ) 0
Am
e|, e\, — )
(ve|v®); = cos 1 t—isin 1B tcos 26 (3.56)
leading to the transition probabilities,
el,e\|2 2. o Am?
Py, = [(¥v®)|* =1 —sin“ Osin Et
- 20p 2 AMP
Py, = sin”20sin 1B t. (3.57)
In the case of N generations, the transition probability reads,
2 2. o AME
Prove =1=)_ 4|Uei* |Ue;[* sin 5t (3.58)

i’j

and in the case of three generations an Iwasawa decomposition in general leads to the
introduction of two additional CP violating phases (for review see [31]). Taking ¢ = 1,

the length defined by
AE
Lo =7 m, (3.59)
called the oscillation length, allows us to re-write the transition probability as,
P, .y, =1 —sin® 20sin? (ﬂLi) (3.60)
0

where z = t defines the distance from the source generating the neutrino flux. For
z > Lg the sine-squared function averages to one half, leading to,

Py, =1— %sinz 26. (3.61)

At this point we should bear in mind that the oscillation effect inherently results
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from the superposition principle of quantum mechanics. As such, the appropriate treat-
ment should include a derivation of the oscillation phenomena within the wave-packet
formalism (32, 33]. However, the more rigorous treatment leads to the same results.
Importantly, remember that if the energy and momentum are measured with sufficient
accuracy, the transition between neutrino states cannot occur. Let us expand on this
point. If the error in m, = m, dmy,, is smaller than the mass splitting Am,,
then |p,| must be measured with an accuracy of é|p,| such that,

om '
Am? > m2 = “_6py| = 2|p,|0|p.|- 3.62
ETE) Ip.| = 2|p.|d]p, | (3.62)

By the uncertainty principle, the position becomes undetermined on the order of (6z)(é|p.|) >
h/2m which implies (taking A/2r = 1)

2
oz > ___Ipul = £9

R = (3.63)

In this case, the position becomes undetermined on the order of the oscillation length
and thus the oscillation pattern vanishes. Instead, the oscillation phenomenon reduces
to eq.(3.61) which simply indicates that either of the mass eigenstates selected by the
observation is the incoherent sum of the two weak eigenstates. The loss of the oscillation
pattern also occurs if the origin of the beam is sufficiently localized and again leads to
eq-(3.61).

Thus far, we have discussed neutrino oscillations in vacua, however, matter effects
also play a role in the neutrino oscillation phenomenon. At tree level, in matter, v®
interacts via both the charged and neutral currents while v* and v” interact exclusively
through the neutral current [34]. This difference in the interaction type alters the effective

. Hamiltonian, leading to a coherent effect, called the MSW effect [34, 35, 36, 37], which
may radically alter the oscillation pattern. Let us examine the MSW effect in more
detail.

Due to the extra contributions that v¢ receives from interacting with electrons in
matter relative to the other neutrino flavours, the Schrodinger equation becomes (again

assuming two generations for illustrative purposes),
d{ v _%:ﬁ c0s 20 + V2G pne %%2- sin 26 Ve (3.64)
11— = .
dt \ v# %’%2 sin 20 ﬁ—’gz cos 260 vk

where the term v2Gpn. modifies the original effective Hamiltonian, where n. denotes
the electron number density in matter and where Gp refers to the Fermi constant.
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Diagonalizing the Hamiltonian,

Ve _ cosf sinf
v# —sind cosf

where 72 denote energy eigenstates in matter, we obtain

A\

A

1
2 > ’ (3.65)

052 — —2v2EGpne/Am? + cos 26 (3.66)
V/ (=2V3EGrne/Am? — cos26)” + sin® 26
sin20 = sin 29 i (3.67)

\/ (—2\/§EG Fne/Am2 — cos 29)2 + sin® 20

with energy eigenvalues,

5
wd, = _‘/—_iGF_"e - .12-\/ (VZEGpn, — Am?cos20) + (Am?)2sin®20.  (3.68)

Furthermore, the oscillation length in matter reads,

= 4w E 47 E 1
Lo = 22 2 Am2
my —my [(

(3.69)

=

VZEGrne/Am? — cos26)” + sin? 20|

which becomes much shorter than the oscillation length in vacua, Lg, as n. becomes
large. Notice that a resonance behaviour appears in q.(3.67) when vV2EGpn./Am?
approaches cos 260 causing sin 20 to approach unity (i.e. § = 7/4) regardless of the value
of . We can re-state the resonance condition in terms of a critical electron number

density,
N Am? cos 26 (3.70)
e 2v2Gr E ) )

At the critical density, the two neutrinos mix maximally. The MSW effect is particularly

relevant to the study of solar neutrinos as the current favoured solution to the combined
solar, atmospheric, and reactor neutrino deficit observations is the LMA (Large Mixing
Angle)-MSW solution (38, 39]. In this scenario, a region exists inside the sun where
ne = ng™, causing the MSW effects as the solar neutrino flux emerges. In addition,
there are also subtle effects governing the conversion process that depend on the width of
the resonance region (and hence the sun’s density profile) as compared to the oscillation
length. Detailed analysis of these effects can be found in [6] and references therein.
The combined data also suggests that the mixing angles of the PMNS matrix are large
(unlike the CKM matrix of the quark sector). Furthermore, the MSW effect may also
play a small role with neutrino flux passing through the earth, appearing as a diurnal
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asymmetry for the solar neutrinos.

3.4 The Prototype GUT: SU(5)

‘While the Standard Model has proven to be an excellent description of low energy particle
interactions (energies up to ~ 100 GeV), the framework leaves us with some unsettling
issues. As already discussed in chapter 2, the Standard Model suffers from a hierarchy
problem, for which supersymmetry provides a natural solution. However, there are a
number of other curious puzzles. One is that the fermion content is spread out among five
different representations of the Standard Model gauge groups SU(3). x SU(2)L x U(1)y,
namely,

fr=Ng [(3,2, %) + (:?,1,—%) + <§,1, g) +(1,2,-1) + (1,1, 1)] (3.71)

where the first two entries refer to the multiplicities of the SU(3). and SU(2); groups
respectively, the last entry refers to the hypercharge assignment, and N¢ refers to the
number of generations. The Standard Model provides no explanation for charge quanti-
zation (the U(1)y quantum numbers are assigned by hand), nor the relative ratio between
the strong and the electromagnetic coupling constants, nor the fortuitous and somewhat
magical anomaly cancellation that occurs generation by generation [40]. Further to
these issues, the Standard Model contains 19 free parameters that must be determined
by observation. In light of the recently confirmed observation of neutrino oscillations
(13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27], it appears that, at the very least,
the Standard Model must be amended with additional particle content and probably
with a new energy scale. These are only some of the curious issues that beg for a more
complete explanation.

A unified framework with a universal coupling constant exists if we embed the Stan-
dard Model into a semi-simple gauge group (or possibly the product of identical simple
groups with the same coupling constant) of at least rank four (for reviews see [41, 42]).
That is, since the Standard Model contains four mutually diagonalizable generators, we
require a gauge group with at least four mutually commuting generators. If we wish
to avoid vector-like theories that introduce heavy mirror fermions, we will also require
a Lie group that admits complex representations since fr # fr. Perhaps the simplest
group that fulfills these basic requirements is the semi-simple Lie group SU(5) [43]. Let
us explore to what extent SU(5) may address the shortcomings of the Standard Model.

First we note that the fermions of the Standard Model can be assigned to represen-
tations of SU(5). Since the SU(3). x SU(2). content of the 5, 5 and the 10 of SU(5)
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breaks down as,

5 = (3,1)+(1,2) (3.72)
5 = (3,1)+(1,2) (3.73)
10 = (3,1)+(3,2) +(1,2) (3.74)

we see that these representations can hold all fifteen two component left-handed Weyl
fermions of eq.(3.71). In particular, we have,

dg!

=

5: (¢ =| daf (3.75)
€L

e
vr

(where the indices on the quark fields refer to SU(3) colour) and

O uf —'U.iz UL dlL
1 —u? 0 uil Uuar, d2L
10: (xz5)L = % u%’ —ust 0 uzr, d3r |- ‘ (3.76)

~uyp, —upr -—u3zL O €%
—dyr —dyr —d3p —ef O

The SU(5) tensors %, Xi; have been introduced with the upper and lower components
distinguishing each representation from its complex conjugate. For more details on group
theory and Lie algebras for particle physics see [44, 45].

Given that we have decided on the fermion representations in SU(5), at this point
we must address anomaly cancellation. As the Standard Model is a chiral gauge theory,
the axial-vector current can couple with two gauge bosons at the one loop level through
triangle diagrams [46, 47]. These diagrams threaten current conservation, a prerequi-
site for renormalizable gauge theories, and moreover, these diagrams violate the Ward
identities associated with the amplitude for the process. In fact, the anomaly associated
with any chiral gauge theory can be stated (see [44, 45]) in terms of the generators of
the gauge group in the representation of the fermions,

T ({T°(R), TH(R)T(R)) = %A(R)dabc (3.77)
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where d®* is an invariant tensor defined by,
%{T“, T?} = doeTe. (3.78)

In order for the gauge anomaly to vanish, and hence preserve renormalizability, the
fermion representations must be chosen such that } p A(R) = 0 or the gauge group
itself must have A(R) = 0 for all R. The Standard Model accomplishes anomaly cancel-
lation, generation by generation, through the peculiarities of the weak quantum number
assignments [40, 48]. In SU(5), anomaly cancellation occurs since A(5) + A(10) = 0.
Just as in the Standard Model, anomaly cancellation in SU(5) occurs due to the specifics
of the fermion representations. While the SU(5) GUT reduces the number of represen-
tations required for the fermions as compared to the Standard Model, SU(5) offers no
essential further insight as to the origin of anomaly cancellation.

As noted in Chapter 1, the gauge fields must belong to the adjoint representation of
the gauge group, which in the SU(5) case is 52 — 1 = 24 dimensional. The 24 adjoint
representation of SU(5) breaks down under SU(3). x SU(2)y, as,

24: (A%) =(8,1) + (1,8) + (1,1) +(3,2) + (3,2). (3.79)

We immediately identify (8,1), (1,3), and (1, 1) with the gauge bosons of the Standard
Models - namely, the SU(3). gluons, the SU(2); vector fields W, and the U(1)y B-
field. This leaves us with twelve remaining gauges fields that belong to the (8,2) and
the (3,2),

AZ! = (Xa,Ya) (3.80)
AY = (XY (3.81)

where the Latin and Greek indices refer to SU(2) 1, and SU(3). components respectively.
We will discuss these additional gauge fields in a moment.

The simple gauge group SU(5) offers a simple explanation for electric charge quan-
tization. Since electric charge is an additive quantum number, the charge operator, @,
must be some linear combination of the diagonal generators of SU(5). In particular,
since

Q=T+ -)2: (3.82)
is the charge operator of the Standard Model, we require a linear combination of the

diagonal generators of SU(5) that belong to the SU(2); and U(1) subgroups, namely,

Q= %(T3 +cT). (3.83)
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with the SU(5) generators T3 and T defined by,

T3 = diag(0,0,0,1,-1) (3.84)
1
Ty = —F=diag(-2,-2,-2,3,3 3.85
0 \/ﬁ la‘g( ) ( )

and c of eq.(3.83) is a normalization constant that maps Ty to Y. A priori the commu-
tation relations, [T,/2,T5/2] = ifapeTe/2, fix the normalization of the SU(5) generators
and this normalization does not correspond to the normalization of Standard Model hy-
percharge. By examining the charges of the fermions of the 5, clearly ¢ = —/(5/3).
Since the charge operator of SU(5) contains discrete eigenvalues, charge automatically
becomes quantized. Specifically, the charge operator in the fundamental representation
reads,

(1 1 1
Q = diag (—g, 37y 1, 0) . (3.86)

Determining the charges of other representations becomes straightforward by recognizing
that any SU(5) tensor 1/;;;71':'__ shares the same quantum numbers as ¥i19722;.... Thus,
for the adjoint representation we have,

QAY) = Qi — Q; (3.87)

which, when applied to the gauge fields of SU(5) tells us that not only do the twelve
additional gauge fields carry colour, but that they also carry fractional electric charge,
Q(X) = —4/3 and Q(Y) = —1/3. These gauge bosons transform quarks into leptons
and up-like quarks into down-like quarks (and vice-versa). Thus the X and Y bosons
violate baryon number, B, and lepton number, L and for this reason, the X and Y
bosons are often referred to as lepto-quarks. Various baryon and lepton number violating
processes are induced by the new SU(5) gauge bosons - including operators that give
rise to nucleon decay [49, 50, 51]. As these exotic gauge bosons have not been observed,
nor their baryon or lepton number violating induced processes, they must have acquired
larger (presumably GUT scale) masses when SU(5) spontaneously broke to the Standard
Model. Incidentally, SU(5) accidentally preserves the combination B — L, a point to
which we will return to shortly.

Spontaneously breaking SU(5) down to the Standard Model through the Higgs mech-
anism is an involved process. Let us consider breaking SU(5) in stages (see [41, 42]) as,
SU(5) — SU(3). x SU2)L x U(L)y — SU(3)¢ x U(1)em- Since the initial breaking
occurs at Mgyt ~ 10* GeV, it will be difficult to experimentally distinguish between
particular Higgs manifestations - assuming that the GUT hypothesis is correct. How-
ever, let us briefly describe one, perhaps minimal, mechanism. Using an adjoint and
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fundamental representation of Higgs scalars, namely, H. J’ and Hj, it can be shown that,
SU(5) »F~Msut_, SU(3), x SU(2) x U(L)y =E™VCF_, SU(3). x U(L)y (3.88)

with the Higgs potential,

V(&,H) = V(H)+V(H)+ (TH) (HH) + 3 (HE°H) (3.89)

where
V() = -m?(TH?) + (’ﬁﬁ)z + o (TeA?) (3.90)
V(H) = —m} (H'H)+x (HTH)Z. (3.91)

As we can see, the Higgs potential is already more complicated than the Standard Model
and we have yet to discuss fermions. The adjoint of Higgs, H, provides the large masses
for the X and Y gauge bosons by acquiring a vacuum expectation value while leaving the
twelve Standard Model gauge bosons massless. The Standard Model weak gauge bosons
acquire their mass through the vacuum expectation value of the SU(2) doublet contained
in the fundamental of Higgs and the cross terms in the Higgs potential ensures that the
Higgs triplet of the fundamental obtains a large (~ Mgyr) mass. Problematically, we
have a huge disparity of mass scales, namely the difference between the adjoint Higgs
vacuum expectation value and the weak scale vacuum expectation value in the funda-
mental Higgs. Quantum corrections drive the mass of the light Higgs mass toward the
high scale, which requires a fine tuning to rectify. In fact, this is simply a reincarnation
of the gauge hierarchy problem that we discussed in chapter 2. Again, perhaps the most
natural solution is to embed the grand unified theory framework in supersymmetry. As
we noted at the end of chapter 2, consistent coupling constant unification can be achieved
bottom-up using the MSSM field content. Thus, we are naturally led to supersymmetric
GUTs which have restrictive (and rich) low energy phenomenological predictions e.g.
[52, 53] (for reviews [41, 42]).

Since the fermions of SU(5) transform as 5 + 10, mass terms can be constructed by
observing that,

5x10=5+45 (3.92)
10 x 10 =5+ 45+ 50 (3.93)
5x5=10+15 (3.94)

Since these tensor products do not contain the singlet representation, fermion masses
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must arise from spontaneous symmetry breaking just as in the Standard Model. Further-
more, the Higgs representations we have considered thus far, only H, which transforms
as a fundamental, (i.e. H ~ 5) which contains the weak SU(2) doublet is suitable for
fermion mass construction. The adjoint representation, H , fortunately does not couple
to the fermions as (H) would provide the fermions with unacceptable GUT scale masses.
In non-minimal incarnations, we could also use a 45 of Higgses to construct fermion
masses. The other possible representations are unsuitable since they lack a colour sin-
glet direction. Thus, using the minimal Higgs content, may write the Yukawa sector
symbolically as,

Lyuawa = Yu10-5-55 +Yp10-10- 55 + h.c. (3.95)

where all flavour and group indices have been suppressed. After symmetry breaking, the
Yukawa Lagrangian predicts,

me = my (3.96)
my, = ms (3.97)
m, = My (398)

near the unification scale. These relations are subject to renormalization group flow
which corrects these values at the weak scale. For example, after renormalization group
running and assuming three generations, the last relation, m, = m; becomes the ap-
proximately correct relation [54],

me(mz) & 5=my(mz). (3.99)

The expressions for the lighter fermions are also corrected, but the predictions are less
successful owing in part to non-perturbative effects that govern the lighter quark masses.

One of the motivating factors behind grand unification is a context for coupling
constant unification which would explain the ratios between all the coupling constants
of the Standard Model. In the SU(5) GUT, the covariant derivative appears as

. T
D,=0.+ zgsAz? (3.100)

where gs represents the universal coupling constant such that,
g5 =93=g2=9g- (3.101)

In eq.(3.101) we identify g3 as the strong coupling constant, g» as the weak coupling
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constant, and g1 = 1/5/3¢’ with the U(1)y hypercharge coupling constant ¢’. As we
saw in detail in chapter 2, the renormalization group equations imply that each cou-
pling scales logarithmically with energy, resulting in a unification scale of ~ 101® GeV.
Presumably, the different renormalization group equations of section 2.5, describing sep-
arate trajectories for each coupling constant, result after the grand unified group, in this
case SU(5), spontaneously breaks and the heavy gauge bosons are integrated out. At
the unification scale, it can be shown (see for example [41]) that the Weinberg angle is
uniquely determined,

9 _3
Fre s

and its prediction at the low scale after renormalization group running becomes a test

sin® 8, = (3.102)

of the model. As we demonstrated in section 2.5, consistent unification is possible in a
supersymmetric framework, which provides yet another motive for embedding the grand
unified theories in supersymmetry.

Conspicuously, we have thus far ignored neutrino mass. As we learned in the previous
sections, there now exists compelling evidence that neutrinos have mass. Let us explore
how SU(5) might accommodate this empirical fact. One option would be to look for an
I =1 Higgs field that can couple to the fermions, providing a Majorana mass term for
the neutrinos. Unfortunately, in the minimal SU(5) model under discussion, only the
24 contains an I = 1 Higgs field, and, as we have already learned, the adjoint of Higgs
scalars does not couple to the fermions. Furthermore, we have already noted that SU(5)
conserves B — L globally which prevents a Majorana mass term of the form Myv vy.
However, we are free to add a neutrino singlet field, vg, by hand, placing the field in
the 1 of SU(5). A large gauge invariant Majorana mass term, Mgvgvg, could then be
written down and the see-saw mechanism could then be employed to provide the vrs
with Majorana mass. While this procedure violates global B — L, we should naturally
expect that eventually this accidental symmetry would be broken by higher dimensional
operators. As SU(5) provides no explanation for a right handed mass term, presumably
the UV completion will also explain the violation of B— L. In a very real sense, neutrino
mass implies physics beyond SU(5) for GUT model building.

Let us briefly return to the éubject of anomalies. We observed that the fermion rep-
resentation of the Standard Model and SU(5) preserved vector and axial-vector current
conservation by canceling all the associated triangle diagrams. With just the Standard
Model fermion content, other currents such as

. 1 _ _ -
i = 3 z (@v"aL + Bry ur + dry*dr) (3.103)

. 1 -
i = 3 Z (I 1L + Erv™er) (3-104)
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as well as the combination jf; 4+ are also also anomalous. The anomalies associated with
these currents do not cancel. Fortunately, these anomalies are harmless since both B
and L are global U(1) symmetries (although there are various cosmological implications
[55, 56, 57, 58]); the presence of the anomalies simply tells us that neither U(1) g, U(1)L
or U(1)p+r can be gauged. Thus if we wish to develop GUTs that naturally explain
neutrino mass, we should look for groups that not only naturally accommodate a right-
handed neutrino in a representation with the other fermions (i.e. without appealing to
adding a singlet by hand), but we should also look for a gauge group that contains a
U(1) gL factor, such that when U(1)p-j, breaks, the right-handed neutrino acquires a
large Majorana mass.

3.5 A Larger Group for Model Building: SO(10)

As we alluded to in the previous section, neutrino mass suggests grand unification be-
yond SU(5). If we also wish to include gauged U(1)p—r, we will require a gauge group
of at least rank five. Additionally, we will again require a group that admits complex
representations and, given the nice features of SU(5), it would also be useful to con-
sider groups that contain SU(5) as a subgroup. The orthogonal groups of the form
SO(4n + 2) fit our prerequisites of which SO(10) [59] is the smallest. It will be useful to
decompose representations of SO(10) under SU(5) x U(1), SU(2)y x SU(2)r x SU(4),
and SU(3). x SU(2)r x SU(2)r x U(1). Interestingly, the SO(n) groups admit special
representations called spinors (see [44, 45]). Perhaps the most familiar examples are
the spinor representations of SO(3) which has the same algebra as SU(2). In the case
of SO(10), the sixteen dimensional spinor representation transforms under SU(5) and
SU(3). x SU(2)L x SU(2)r respectively as,

16 5+10+1 (3.105)
16, = (3,2,1)+(1,2,1)+(3,1,2) +(1,1,2). (3.106)

Thus we see that the 16 not only accommodates all the Standard Model fermions, but
also a neutrino singlet which may be used with the see-saw mechanism once SO(10)
breaks. In fact, all the fermions of a single generation fit into one representation of
S0(10). Furthermore, SO(10) is automatically anomaly free as A(R) = 0 for all R and
hence provides a natural explanation for anomaly cancellation. The reduction of the
number of fermion representations and automatic anomaly cancellation addresses two of
the aesthetically unpleasing aspects of SU(5).

As the 45 is the adjoint representation, SO(10) predicts forty five gauge bosons.
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Under SU(3). x SU(2)r x SU(2)r, the adjoint representation breaks down as,

45 = (8,1,1)+(1,3,1)+(1,1,3)+(1,1,1)
+(3,2,2) +(8,2,2) + (3,1,1) + (3,1,1) (3.107)

We identify the gluons with (8, 1, 1), the electroweak gauge bosons (W £’2’3) with (1, 3,1),
the X and Y gauge bosons of the SU(5) theory with (3,2,2) and (3,2,2), and the new
S50(10) gauge bosons with (1,1, 3), (1,1,1),(3,1,1), and (3,1,1). Unlike SU(5) or the
Standard Model, the combination B—L is now gauged and can be identified with (1,1,1).
Interestingly, we see the existence of SU(2)gr gauge bosons, W}?’Q’s, with (1,1,3) and
from eq.(3.106), the fermions also form doublets under SU(2)gp. Thus SO(10) restores
the left-right symmetry lacking in both SU(5) and the Standard Model. Presumably,
the right-handed SU(2)r bosons acquire large masses once SO(10) breaks down to the
Standard Model.

Symmetry breaking in SO(10) is even more complicated than in SU(5). There are
a large number of symmetry breaking patterns that can eventually lead to the Standard
Model. Depending on the symmetry breaking pattern and number of intermediate scales
desired, Higgses in representations such as 10y, 45y, 16y, 54y, 126y, or the 210y
may be employed. As an example, the breaking pattern SO(10) — SU(3). x SU(2) x
SU@2)r x U(1)p-L — SU(3). x SU(2)L x U(1)y may be accomplished by using a 455
for the first stage, a 126y for the second stage, and finally a 10y for the last stage.
However, only lower dimensional Higgs representations, i.e., representations no larger
than the 54y, are inspired by string theory and, phenomenologically, lower dimensional
representations might be preferred. Often, the desired textures for the quark and lepton
mass matrices serve as a guide for model building. In particular, model building with
S0O(10) links the quark and lepton mass matrices in a non-trivial fashion. Generally, this
leads to the challenging task of incorporating the small mixing angles of the CKM matrix
with the observationally preferred large mixing angles of the PMNS matrix. Recently,
progress has been made in this direction [60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71]
and as we shall see in Part II, some of these model classes also have deep implications
for lepton flavour violation.
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Part 11

Constraints on Extensions of the
Standard Model from

Observations
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There is a theory which states that if ever anybody discovers exactly what the Universe
is for and why it is here, it will instantly disappear and be replaced by something even
more bizarre and inexplicable.

There is another theory which states that this has already happened.

The Restaurant at the End of the Universe
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Preamble

As the research community anticipates the start of the LHC project at CERN, models
that extend the Standard Model are being tested by low energy observations. The low
energy implications of hypothesized new interactions near the electroweak unification
scale and the implications of new physics that addresses the origin of neutrino mass are
currently of particular interest. Precision low energy observations provide a window into
physics at high scales as a result of renormalization effects. From the low energy point
of view, new interactions appear as non-renormalizable operators that point toward the
scale where the theory requires ultra-violet completion. As an example, if the neutrino
oscillation data is interpreted as evidence for Majorana neutrino mass, the mass operator
involving Standard Model fields appears as the non-renormalizable operator

Lrmnm (3.108)

Based on the current observational data neutrino masses are < eV, which suggests a
scale of new physics at A ~ 10* GeV - well beyond the reach of any current or proposed
collider facility. The papers discussed in Part II examine the low energy consequences of
energy scales where new physics is expected.

The gauge hierarchy problem outlined in Part I strongly suggests that new physics
will appear in the TeV energy range. It is hoped that the underlying mechanism respon-
sible for electroweak symmetry breaking will be discovered during the LHC program.
Wide classes of theories that provide an ultra-violet completion of the Standard Model
call for the existence of new scalar interactions. These scalar interactions may have indi-
rect effects on low energy processes. Ambitiously, an experimental undertaking involving
positron-neutrino correlation measurements of pure Fermi 0 — 07 super allowed transi-
tions in F-decay of 32 Ar and 33 Ar was completed to search for the presence of new scalar
interactions. As these experiments are difficult, the resulting limits on scalar interactions
attained were substantially weaker than the already pre-exiting limits on new pseudo-
scalar interactions. In light of these experiments, we show in chapter 4 that pion physics
can provide an important testbed for new physics that violates chirality independent of
whether it violates parity. We demonstrate, model independently, that new scalar inter-
actions originating at scales near electroweak unification can affect the pion branching
ratio by inducing pseudo-scalar interactions through renormalization group flow. Under
rather robust assumptions, the experimental limits on induced the pseudo-scalar inter-
actions dramatically improve upon the limits on underlying scalar interactions set from
positron-neutrino correlation precision measurements of radioactive atoms.

Over the last five years the new experimental results in neutrino physics have be-
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come a watershed for the high energy physics community. The confirmation of neutrino
oscillations provides the only direct evidence for physics beyond the Standard Model.
Much effort has been expended both experimentally and theoretically to gain a deeper
understanding of the physics involved. As discussed in Part I, the see-saw mechanism
provides the most elegant method for generating small neutrino masses. Naturally, su-
persymmetry dovetails with the neutrino see-saw, providing a plethora of opportunities
for low energy observation. In particular, the supersymmetric se-saw with gravity me-
diated supersymmetry breaking predicts flavour violation and in particular the process
1 — ev. In addition, the MSSM also predicts the stability of the lightest supersymmetric
particle (LSP) which may provide an explanation for dark matter. If the LSP composes
the dark matter, as inferred from the precision observations of the cosmic background
radiation (CMBR), the MSSM parameter space becomes highly constrained. As we find
in chapter 5, the see-saw and MSSM parameter spaces will become even further reduced
by the next generation of u — ey experiments.

From a phenomenological perspective, it is an irresistible temptation to build models
that attempt to explain the origin of the see-saw. The grand unified model supersymmet-
ric SO(10) provides a compelling framework. As discussed in Part I, SO(10) contains a
neutrino singlet in the 16 spinor representation along with all the fermions of the Stan-
dard Model. By imposing flavour symmetries, it is possible to construct realistic models
that explain the origin of both the observed PMNS and CKM matrices. However, these
models also predict lepton flavour violation. As we will learn in chapter 6 the level of
LFV predicted in a certain class of popular supersymmetric SO(10) models is danger-
ously close to the experimental limit, assuming MSSM parameters such that the LSP
forms the dark matter.
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Chapter 4

Constraints on Scalar Couplings

=+

from 7+ — v

4.1 Introduction

While there is strong support for the V — A form of the charged weak current, it is
possible that new physics at or above the weak scale could give rise to scalar interactions
that would compete with standard model processes. Examples of such possible physics
include the exchange of extra Higgs multiplets which could enter the theory at scales
from the Z mass upwards [1], leptoquarks which could be present at scales above 200
GeV [1], contact interactions from quark/lepton compositeness which could be present
at the TeV scale [1], or strong gravitational interactions in TeV brane world models [1].
Recently, precision experiments {2, 3, 4] have searched for scalar interactions in S-decay,
however, direct experimental constraints on scalar couplings still remain relatively weak
as compared to the corresponding limits on pseudoscalar couplings [1, 5].

The precision of the limits on pseudoscalar couplings comes in part from the fact that
the pion, a pseudoscalar meson, has a chirally suppressed decay 7+ — [1; which would
be sensitive to new pseudoscalar interactions [6]. These pseudoscalar interactions would
be detected by the failure of the standard model prediction [7] for the chiral suppression
in the ratio of branching ratios %((;:—:—:—% It is the large chiral suppression factor, by the
square of the electron-muon mass ratio, that allows such a powerful test of new physics
that violates chirality and parity.

In the standard model, the leading contribution to pion decay occurs through tree
level W exchange. At the quark level, this is the same process that is involved in the G-
decay of a nucleon ignoring the spectator quarks. While the pion cannot decay through
a scalar interaction, the pion can decay through induced pseudoscalar interactions gen-

erated from the electroweak renormalization of the scalar couplings. It is of considerable
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interest to use limits on the induced pseudoscalar couplings to set indirect limits on the
size of the underlying scalar interactions.

In the following sections we outline our methods and estimate the limits on the size
of scalar couplings based on the indirect effects from charged pion decay. We use general
operator techniques to obtain model independent results and we combine these results
with data from pion decay and also muon capture, to constrain the scalar couplings
indirectly. We also discuss some of the implications of these results and comment on
prospects for future searches for scalar interactions.

4.2 Pion Physics and New Pseudoscalar Interactions

Consider constructing an effective Lagrangian and matrix element for the process 7% —
I*v) in the presence of pseudoscalar interactions. We can set limits on the strength of the
pseudoscalar interactions from their interference with tree level W exchange. Since the

pion is a pseudoscalar, we can use the following relations for current matrix elements,

(Ol@vuy5d] 7(p)) = iV2fupy
~ 2
(0[@ysd] 7 (p)) = iV2fr = V2 E%
(0|ao*“ysd| m(p)) =0
ol =0 @)

where fr = 93 MeV and f,r = 1.8 x 10° MeV?. The matrix element for the tree level W
contribution can easily be constructed by using eq.(4.1), giving;

Mz = GF facos0c[lv* (1 — v5)v1]py, (4.2)

where p,, is the pion momentum and 8. is the Cabibbo angle. A pseudoscalar contribution
with left-handed neutrinos in the final state can be expressed as a four-fermi contact
operator,

Lp = ~iztz 1~ w)uifErsd (43)

where p is the pseudoscalar coupling constant. This expression can be converted to a
matrix element using eq.(4.1),

(L1 —s)m]. (44)

_ fx
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In the presence of a pseudoscalar interaction, the overall matrix element for the process
7% — [%y, is the coherent sum, Mp + M= = M,.

My = GF frcos 0 [I7 (1 — ) vilp, + \/—AZ [l(l Y5 )1 (4.5)
Having constructed the matrix element, we can now estimate the ratio of branching
ratios,
P(‘/T— - eve) = (m721' - mg) <‘M€Vl2> (4 6)
D= — pvy)  (mz —mi) (1M l?)
Summing over final states of the squared matrix element we have
G cos b,
(IMiP) = 4G}5Zcos? 6cmi(mE —mf) + 8%_%%@ - mj)
2 f2
+of S (m2 — m}). (4.7)

For simplicity we have assumed that the pseudoscalar coupling is real, however, in general
p may be complex. The more general expression is obtained by making the following
replacements,

£ 3

p = = Re(p)

p+p
2
(0> — ol (4.8)

We find that the branching ratio is given by

D(n~ —eve)  (mZ —ml) [ mg(mf —me) + Re} , (4.9)

D(x— — pvy)  (m2—m2) [m(m2 —m2) + Ry,

where the R, , functions are

2 72
Ry =g IR =)+ 2. a0
Thus far we have only discussed interactions with left-handed neutrinos in the final
state. The inclusion of right-handed neutrinos requires a modification since pseudoscalar
contributions to decays with right-handed neutrinos in the final state cannot interfere
with the W exchange graph; hence the contributions to the rate add incoherently. With
right-handed neutrinos, the expression for the matrix element becomes,

Plf 7r

Mp =

(1 +s)m), (411)
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where p’ is the pseudoscalar coupling involving right-handed neutrinos. Defining
=1.28 x 1074, (4.12)

we can express the branching ratio as

wae(Pc) Ipelzf;f Ip;Ef%

Lz~ — eI/e> - T 1+ \/iGFAQfﬂ cos Bene + 2G% A4 f2 cos? 6. m2 + 2GZ f2A4% cos? 6. m32
D(r= —uv,) JxRe(py) lpu|2 72 CAGE;
73 G haJ B Pul“Jz Biow

1+ ‘/:GpAz e cosOcmy + 2G% A2 cos? fcmZ + 2G% A4 f2 cos? fcm2

(4.13)

If we assume either universal scalar couplings or else scalar couplings involving only the
first generation, we obtain the following approximation for the ratio of decay widths,

L(m= — pvy) GrA2frcosfeme  2G2AYf2cos20mZ  2G%A4f2 cos? O,m2

(4.14)

™ —eve) T(1+ Vo DiBel)) PR P )

We will discuss the effects of more general generation dependence of the scalar couplings
in section 4.6. The theoretical standard model calculation including radiative corrections
is Bryy, = (1.2352 £.0005) x 10~ [7] and the measured experimental branching ratio is
Brexp = (1.230%.0040) x 1074 [1, 8, 9, 10]. Combining the experimental and theoretical
uncertainties in quadrature, we can obtain a bound on the pseudoscalar couplings at 20,

F 2 72 12 £2
faRe(p) lol* £ LAWE: <92.9%1073.

-1.0x1072 < V2
% = \/—G FA2frcosOcme 2GZLALf2cos20.m2  2GZLALf2cos® fom2 ~ ws)
4.15

4.3 Local Scalar Operator Analysis

Electroweak interactions can radiatively induce pseudoscalar operators from pure scalar
interactions. Suppose that at some scale A there exists new physics that generates a
purely scalar four-fermi interaction. It may be due to the exchange of fundamental
scalars or it may be due to a variety of other physics such as compositeness, extra
dimensions, leptoquarks, et cetera. Independent of the details of the new physics that
generates the scalar interactions, they will appear as non-renormalizable four-fermi scalar
contact operators below the scale A.

In order to facilitate power counting, the MS scheme is most often used with effec-
tive field theory [11]. The MS scheme (or any mass independent subtraction scheme)
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presents the subtlety that heavy particles do not decouple in beta function calculations.
That is, mass independent renormalization schemes do not satisfy the conditions of the
Applequist-Carazzone theorem [11]. This is dealt with by simply integrating out the
heavy fields by hand at their associated scale. Thus whether we analyze the effective
interactions in a UV complete theory or in the effective theory, we will arrive at the same

- renormalization group running (up to threshold corrections) provided that we are only
interested in results below A and only up to some finite power of (1—1\)

We start by considering SU(2) x U(1) invariant four-fermion contact interactions
that are generation independent and flavour diagonal (see figure 4.1 and figure 4.4).
We will discuss the effects of generation dependence in section 4.6. We consider two
types of scalar operators in order to facilitate comparison with the direct experimental
constraints. Type A (O4) have left-handed neutrinos in the final state while Type B
(OB) have right-handed (sterile) neutrinos. These interactions appear as extensions to
the standard model Lagrangian involving non-renormalizable operators,

SA SB
Loealar = P—OA + POB (4.16)

where 54 and sp are undetermined scalar couplings. From these interactions, electroweak
radiative corrections (see figure 4.2 and figure 4.5) can in principle induce pseudoscalar
interactions. We retain corrections up to order Klg and from this analysis we extract the
anomalous dimension matrix.

4.3.1 Type A Operator Analysis: Og4
The operatoré of Type A are as follows,

O1 = [erL][QdR] (417)
O, = [erL][@rQ), (4.18)

(where the SU(2) indices have been suppressed) such that the pure scalar interaction is
04 =01+ 0s. (4.19)

Since we are assuming that at the scale A there is a pure scalar interaction, we take O1
and Os to enter the theory at the high scale with equal weight.

In calculating the anomalous dimension matrix a third operator is generated through
renormalization: the operator O’ = [érQ)][ZrL] mixes with the other two. However, in
order to construct the matrix element for the pion decay amplitude, we need to rotate
the operators to a basis that has a definite matrix element between the vacuum and the
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L lr L lr
Q dR Ur Q

Figure 4.1: O; and Os, Type A contact interactions

L I L lr
Q dR Q dR

Figure 4.2: Example of electroweak corrections to Type A contact interactions. All

permutations are required including wavefunction renormalization; the vector bosons
are the Wi®® and B,,.

on-shell pion state. This requires Fierz reordering,
’ 1 1 = o 4
O = -—502 + (—g)[eRO',wL] [@ro* Q) (4.20)

where we define 1
05 = (—3)[erou Ll[ano™"qQ). (4:21)

Note that < 0{Os|n(p) >= 0. This leaves us with the following beta functions,

9(0) 1
where,
O,
O=1 O (4.23)
O3
and
6% + Lg? 0 0
v= 0  “6g2+18g% 6g2+109% |. (4.24)

The constants ¢’ and g are the U(1) and SU(2) coupling constants, respectively. The
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results of the numerical integration of the renormalization group equations are displayed
in figure 4.3. O; and O3 start out with equal amplitude at the scale A. They are then
~ renormalized to the weak scale of roughly 100 GeV. In the first panel the x-axis indicates
the starting scale A, i.e. the scale of new physics. The y-axis indicates the amount each
operator is suppressed in running from the scale A to the weak scale. Each operator
renormalizes differently and the splittings give rise to the pseudoscalar interaction. If
the scale A is at or very near the weak scale then threshold effects become important,
which we will discuss in the following section. The second panel plots the difference
of O3 and O3 as a function of scale. This difference is proportional to the amount of
pseudoscalar interaction induced.

1 4x 10
- 0]

1.02 —% 12}
1015 - l
= -
o O
Z 10 .
s ,.

1.005}

lo 50 2w 20 300 3%0 Too 150 200 250 300 350
A (GeV) A (GeV)
(a) (b)

Figure 4.3: Type A operator RGE analysis. Panel (a) shows how each operator evolves
with scale. Panel (b) displays the induced pseudoscalar proportionality factor.

4.3.2 Type B Operator Analysis: Og

The Type B operators are as follows,

01 = [Lvg][Qdg] (4.25)
O2 = [Lvg][arQ)] (4.26)

(where the SU(2) indices have been suppressed) with
Op =07 + Os. (427)

We assume that the interaction at the scale A is purely scalar as in the Type A
scenario. Again operator mixing is present with a third induced operator, namely
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VR L VR L
UR Q Q dr

Figure 4.4: O; and O,, Type B contact interactions

VR L VR L
R Q e dr

Figure 4.5: Example of electroweak corrections to Type B contact interactions. All

permutations are required including wavefunction renormalization; the vector bosons
1,2,
are the W;*° and B,.

O’ = [Ldg][Qvr] which must be rotated as before into the appropriate basis: O =
~302 + (—))[Lo*vg][Qo,,dr] where O3 = (—3)[Lo*vg)[Qo.udr]. We extract the
following anomalous dimension matrix:

80) 1
“on 32210 (4.28)
where,
01
o=\ 0, (4.29)
Os;
and
69° + 9" 0 0
v = 0 69+ 5g% 692—24% |. (4.30)
0 39°-39° 1267+

The results of the numerical integration of the renormalization group equations are
displayed in figure 4.6. As we have seen before in section 4.3.1 the graphs in figure 4.6
illustrate the effects of renormalization on the operators O; and Os when they enter with
the same amplitude at the scale A.

In both Type A and B scalar interactions we see that renormalization effects induce
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Figure 4.6: Type B operator RGE analysis. Panel (a) shows how each operator evolves
with scale. Panel (b) displays the induced pseudoscalar proportionality factor.

a pseudoscalar interaction. The size of the pseudoscalar interaction depends on how
far the scale A is from the weak scale. The larger the scale separation is, the larger
the induced pseudoscalar proportionality factor becomes. The effective pseudoscalar
couplings, which we denoted as p and p’ in section 4.2 , are given by,

p = sala(h)
o = sphg(A) (4.31)

where A4 and Ap are the renormalization group factors induced from the running from
the scale A down to the weak scale (A4 and Ap are plotted in the second panel of figure
4.3 and figure 4.6). The factors s 4 and sp are the undetermined scalar coupling constants
introduced in eq.(4.16). Since the pseudoscalar is induced from a scalar interaction we
are now in a position to place limits on the magnitude of the scalar coupling from pion
physics; the scalar couplings s4 and sp at the scale of the new physics A are now
constrained by the requirement that p and p’ satisfy eq.(4.15).

A comment on QCD corrections is in order. QCD is a parity invariant theory and
therefore QCD corrections cannot induce a pseudoscalar interaction by themselves. In
our analysis, the induced pseudoscalar arises from the difference of two operators that
initially combined to give a purely scalar interaction and the QCD corrections will affect
the two operators in the same way. The QCD corrections can only adjust this differ-
ence by an overall multiplicative factor. This is true for both operators of Type A and
B. However, in section 4.5 we compare the direct experimental constraints on scalar
couplings from 8 decay to the indirect constraints on the renormalization induced pseu-
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doscalar interactions from pion decay. Since the same scalar operators are involved in
both processes, the QCD effects are the same for each case and therefore will cancel in
a comparison of the relative strengths of the limits from the two processes. The largest
part of the QCD renormalization of the scalar operators (and hence of their weak inter-
action induced pseudoscalar difference) will come from the QCD induced running from
the weak scale down to the chiral symmetry breaking scale, of order 47 f ~ 1GeV [12],
where we take the pion decay matrix element using PCAC. The correction to each of the
operators can be computed through the QCD renormalization group running of these
operators,

1Gev?2)\ Y2
O45(1GeV) = (“—;(7;‘2-)—)) O4.5(My)
s\

~ 1304 5(My) (4.32)

for Agep = 200MeV. The induced pseudoscalar, which is proportional to A 4 g, will be
enhanced by this factor of 1.3.

4.4 Pseudoscalar Interactions From Threshold Effects

A limitation of the renormalization group operator analysis of the last section is its
inapplicability if the scale of new physics is at or very near the electroweak scale. In
this case, threshold effects become the dominate contribution. To estimate the threshold
effects, we consider a toy model where a VEVless scalar doublet is added to the standard
model. Indeed it is only for the exchange of a scalar doublet that we need to consider a
possible scale for new physics near the electroweak scale. For leptoquarks, compositeness,
and extra dimensional gravity, direct experimental constraints imply [1] that the scale A
of new physics is sufficiently above the electroweak scale that RGE running dominates
threshold effects. In principle, the addition of a VEVless scalar doublet can lead to both
scalar and pseudoscalar interactions in the tree level Lagrangian. Since pseudoscalar
interactions are directly constrained by tree level contributions to pion decay and we are
presently interested in limits on pure scalar interactions, we arrange the couplings such
that only scalar interactions arise at the scale of new physics,

L=(\)LerS+ (N)QdrS — (N)QurS + h.c. (4.33)

where, A and )\’ are the scalar couplings to the quarks and leptons respectively, and
S = i02S. In this working example, the scalar interactions have the property that
they couple in a universal and flavour diagonal manner with undetermined scalar cou-
plings to quarks and leptons. It is the charged scalar couplings that the §-decay ex-
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-—»——

Figure 4.7: Dressed Z° exchange diagrams.

periments constrain directly. The pseudoscalar interaction can potentially be induced
at one loop through three classes of diagrams: scalar-dressed Z exchange box diagrams,
scalar-dressed W exchange box diagrams and radiative corrections to the quark vertex
(see figure 4.7, figure 4.8 and figure 4.9). The weak interactions do not respect parity
and the scalar interactions change chirality, thus diagrams of this form can potentially
induce a pseudoscalar interaction. To estimate the effect of the scalar on the branching
ratio, we will make the approximation that the quarks are massless and ignore external
momenta. Box diagrams that involve the Higgs or the Goldstone modes can be ignored
since the couplings are mass proportional and hence their contribution is small.

By explicit calculation we can show that while both the dressed W and Z exchange
box diagrams give non-zero amplitudes, their tensor structure is such that after taking
the matrix element between the pion and the vacuum they give vanishing contributions.
In the vertex correction class of diagrams we are dealing with primitively divergent graphs
(see figure 4.9). In order to obtain a conservative estimate of the induced pseudoscalar
arising already from threshold effects, we can regulate the loop diagrams by cutting off
the loop momentum at the weak scale and integrate from 0 to Mz. Cutting off the loop
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Figure 4.9: Radiative corrections to the quark-scalar vertex.

momentum at Mz represents a conservative estimate, in that the scale of new physics
is at the weak scale and therefore there is no scale separation for renormalization group
running proper. In this case we find a non-vanishing contribution. The three graphs in
figure 4.9 give the following result for the pion decay matrix element,

V22 fr AN 4 1N\ -
Mvertex = T o 6.1 I K—§ sin 9:») In(2) + cos(26,) (ln(2) - 5)} (11 = vs)u]
V2P f AN -
~ 018 Pl [ —ys)u. (4.34)

To get a second, independent, estimate of the threshold corrections,. in a different
renormalization prescription, we will imagine integrating out the weak scale degrees of
freedom (W, Z and scalars) to get an effective low-energy theory. The resulting theory
will have only dimension six four-fermion operators; to simplify our calculation let us
imagine setting the scalar masses just below the mass of the W and Z and integrating
out the W and Z first and then immediately integrating out the scalars, thus inducing
the four-fermion operators. If we use a dimensionless regulator, the effective fermion-
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scalar theory after integrating out the W and Z will have Yukawa couplings shifted
by threshold effects neccessary to reproduce the residual effects of the W and Z in
the resulting effective theory in which they are absent. These threshold corrections
have been computed in [13, 14]. We then immediately integrate out the scalars, with
their corrected Yukawa couplings, to get the final low-energy effective theory of fermions
with four-fermion couplings. Using the results for the threshold corrections for Yukawa
couplings from [13, 14], with the gauge charge representations of our particles, and then
immediately integrating out the scalars at the weak scale (which we take to be Mz) we
get an effective induced interaction from the vertex corrections of:

V202 fr AN

~ 0.08
Mvetex = 008 26,012

[Z(l — ’75)1/[].

(4.35)

That the estimates of eq.(4.34) and eq.(4.35), which use two entirely different regulariza-
tion and renormalization prescriptions, agree to within a factor of two gives us confidence
that estimates of the threshold corrections are of this order and are not artifacts of the
regulator chosen. To be conservative, we will use the estimate of eq.(4.35) which in
conjunction with eq.(4.15) and in the absence of right-handed neutrinos gives,

—3x1072< Ks <6x1073 (4.36)
Gr
where,
AN
|Ks| = T (4.37)

The above calculation gives a conservative estimate of the amplitude, including only
contributions from threshold effects. We see in this toy example that even from threshold

effects alone a pseudoscalar interaction will be radiatively induced.

4.5 Comparison with g-Decay Constraints

We can compare our bounds on scalar currents, with those arising in nuclear 3-decay.
The effective Hamiltonian for allowed S-decay has the general Lorentz form [15],

Gr . - _ 7
H = 7};{ (¢p7”¢n) (CV¢e7y¢u + Cv¢e7n75'§bu)

+("Zp'7u'75"/}n)(c‘4";e'}’u"//'u + C,lq'(/;e"}’u'% d}u)
+(¢p¢n)(Cs7..7Je¢u + C/S{b.e')’swu)
+é(1!7pdxu¢n)(0wﬁeam/zu + Cpbeosvsihy) } - (4.38)
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A pseudoscalar term has not been included since it vanishes to leading order in nuclear
B becay. In the absence of right-handed currents, C; = C! and as we have mentioned
before, we consider purely scalar interactions. (Note that in the above, B—gﬁ is taken
to be the left projector. This is opposite to our convention in the preceding sections.
However by using this convention in this section, it will be easier to compare with the
[-decay literature.) The transition probability per unit time is given by [15],

2me
E.

wif = %peEe(Emaz - E) (1 +avecosf +b ) sin 6 df (4.39)

where Eing; is the maximum energy of the electron in beta decay, ve = pe/F. and,

1 , 1 2 ' ’
£ = 5IMeP (ICvP +ICYP +[Csl® +[CsP) + 5 |Marl® (ICaf? + IC4 2 +Cr P + IC )

1 ; 1 ’ ’
af = SIMr[*(ICv* +|Cy[* = |Csl® ~ ICs) = ¢IMerl® (ICaf* +1CAP° - [Crl* — [C %)

1 1% 1 * ! % ’
b = SRe (CsCy + CsCo) | Mp|? + 5Re (CrC}4 + C3CY) |Mer|?. (4.40)

The angle, 8, is the angle between the electron and neutrino momenta and b is the Fierz

interference term. The direct searches (2, 3, 4] for scalar interactions in 3-decay consider

pure Fermi transitions 0t — 0% as the parameter a has a particulary simple form. In

this case the Gamow-Teller matrix elements are absent and the Fermi matrix elements
divide out,

oo 1CVE+ICVP® — |Cs® — [Cs

ICv[? +|Cy 2+ [Cs|? + |Cs?

Since in the standard model Cy = Cj, = 1, a # 1 implies evidence for an effective scalar

(4.41)

interaction.
We need to rewrite our expressions for scalar interactions in terms of C; and C;
where C; = C;/Cy. The scalar couplings can be re-expressed,

A2Gpcosf, , = -

Sa = ———Ffz—ﬁ(cs+c;) (4.42)
A2Gpcosb. =~ =,

Sg = —————f@ (G — ) (4.43)

where the S4, Sp denote scalar interactions at the nucleon level. The operator analysis of
section 4.3 was completed with quarks, thus we need to include the scalar form factor <
pladjn > which can be estimated from lattice calculations [16], < plad|n >= 0.65=%0.09.
By saturating the error in this quantity, we can obtain a conservative 2 o constraint
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equation on the scalar couplings from pion decay (see eq.(4.15)),

A2 F2 - 2 £2
Afwlcs+0;|2+ 1 ABfw

— 1 f?rAA
-1.0x1072 < —
i 0.742 f2m2 0.742 f2m2

A~ ~r
S 07 o, Re(Cs+Co)+

ICs—CL2 < 2.2x107°
(4.44)
If we include only left-handed neutrinos in the theory, we are constrained to lie along

the line Cs = C’ whereas if we include only right-handed neutrinos we are forced to lie
along Cs = —é;. We can now examine a few special cases.

03 -02 -0.1 0 ol
0 Re[C/C )

(a)

Figure 4.10: Constraint plots on the real parts of Cs and é; at A =200 GeV. Panel
(a) corresponds to a phase of 0°; panel (b) to 45°; and panel (c) to 45° and —45° for
Cs and C~'§ respectively. The diagonal band is the experimental limit set by the b-Fierz
interference term from (-decay at the 90% confidence level and the solid annulus is the
approximate experimental bound given in [3]. In all cases, the allowed region is the band
between the two ellipses. An enlargement of the figures is displayed in figure 4.11.

In the absence of right-handed neutrinos, if we consider C and C; to be purely real
and the scale A of the order of 200 GeV, the indirect limits from 7% — [*1; decay give
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Figure 4.11: Constraint plots on the real parts of Cs and C/ at A =200 GeV. Panel
(a) corresponds to a phase of 0°; panel (b) to £45°; and panel (c) to 45° and —45° for
Cs and C' respectively. The dlagonal band is the experlmental limit set by the b-Fierz
interference term from f-decay at the 90% confidence level. In all cases, the allowed
region is the band between the two ellipses. The enlarged area more clearly shows the
width of the region.

us the limit
-12x1073 <0, <2.7x 1074 (4.45)

For comparison, the experimental 90% confidence limit determined from the b-Fierz
interference term in S-decay (see eq.(4.40)) is |Re(Cs)| < 8x 1073 [3, 5]. We see that the
indirect limit from pion decay is stronger by over an order of magnitude. On the other
hand, if we consider C and CZ to be purely imaginary; again in the limit of left-handed
couplings we obtain,

ICs] < 1.2 x 1072 (4.46)

where the scale A is of the order of 200 GeV. Again for comparison, the experimental
limit on the size of the imaginary part at the 95% confidence level, with only left-handed
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Figure 4.12: Constraint plots on the imaginary parts of C;s and (:" at A =200 GeV. Panel
(2) corresponds to a phase of £90°; panel (b) to £45°; and panel (c) to 45° and —45°
for C and C’ respectively. The sohd ellipse is the approximate experimental bound on
the imaginary part of the couplings assuming nothing about the phase [3]. In panel (a),
the unshaded interior ellipse is the constraint from pion decay. In the remaining plots,
the allowed region is the band between the two ellipses. An enlargement of the figures
is displayed in figure 4.13.

neutrinos, is approximately [Im(Cs)| < 1 x 107! [3]. The indirect 7% — *u; limit is
stronger by approximately an order of magnitude. If we take Cs = —C/, so that we are
in the limit of right-handed couplings and the b-Fierz interference term vanishes we find,

ICs] <1.0x 1072, (4.47)

Again for comparison, at 1o, the direct experimental constraint is |Cs| < 6 x 1072[3].
In each case presented the scale of new physics was at A = 200 GeV corresponding
to A4(200 GeV) =~ 7.7 x 1074, Ap(200 GeV) ~ 8.9 x 10~4. Because the pseudoscalar

interactions are induced through renormalization group running from A down to the elec-
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Figure 4.13: Constraint plots on the imaginary parts of Cs and C’; at A =200 GeV. Panel
(a) corresponds to a phase of £90°; panel (b) to 45°; and panel (c) to 45° and —45° for
Cs and C/, respectively. In panel (a), the interior of the ellipse is the constraint. In the
remaining plots, the allowed region is the band between the two ellipses. The enlarged
area more clearly shows the width of the region.

troweak scale, the higher the scale of new physics is, the more competitive our results
become relative to beta decay. As the scale of new physics is lowered, the constraints
from 7% — 11, become less stringent. However even in the worst case limit where the
new scale is at the Z-mass and therefore we would no longer have an interval of renormal-
ization group running, the renormalization threshold effects calculated in eq.(4.36) are
still competitive. As an example, if we take Cs and CJ to be real and ignore right-handed
neutrinos we find that,

-2x1072 <y <4x1073. (4.48)

Plots of the pion physics constraints for the more general situation (where the real
and imaginary parts of C; and C§ vary independently) are given in figures 4.10, 4.11 4.12,
and 4.13. We plot the constraints for the real and imaginary parts separately. Note from
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eq.(4.44) that the phases of C;s and C; are important when constructing these separate
plots. In order to convey the effects of the phases most clearly, we have chosen three
interesting cases. In the real plots we consider: Cs and CY to each have a phase of 0°;
Cs and Cy to each have a phase of £45° and the situation where C; has as a phase of
45° and C} has a phase of —45°. In the imaginary plots we consider: Cs and C. to each
have a phase of £90°; Cs and C. each have a phase of +45°; and the case where C; has
a phase of 45° and C} has a phase of —45°. All three plots in the imaginary case are
well within the region allowed by the direct experimental bounds {3, 17].

There are two points of interest that warrant further discussion. First, note that
in the limit of sufficiently large phases (ie. > 85°) the ellipse bound in figure 4.11
moves entirely inside the b-Fierz interference limit allowed region. This is expected since
phases approaching 90° imply that C, and C} are almost completely imaginary. When
this situation occurs and we are in the limit of left-handed couplings (i.e. along the line
Cs = Cl), there are two solutions consistent with the pion physics constraints and the
b-Fierz interference bound. One solution is centered around 0 and the other is centered
off 0 along the line Cs = C7, yet inside the b-Fierz interference limits. Even in these cases,
the width of the ellipse bound is still of the order of 2 x 1073. Secondly, in order to move
from the origin along the ellipse by more than the width of the allowed region requires a
delicate cancellation between the terms in eq.(4.44). If we ignore the possibility of this
cancellation, the region allowed by pion decay would collapse to a small region near the
origin of length given by the width of the ellipse bounds.

4.6 Flavour Dependent Couplings

Thus far we have obtained limits on scalar interactions in the limit of universal flavour
couplings. Let us now relax this assumption. One case that deserves attention is the limit
of mass proportional couplings. This implies that R./(mZ(m2 —m2)) = R,/(m2(m2 —
mﬁ)) in eq.(4.10) and therefore there is no effect on the pion branching ratio,

T(n~ —eve) _ (m2—m2) [ mi(mi—m2)+S5,
T~ =) (mE—md) [mi(m2 —m2)+ 85,
=T (4.49)

This observation also holds in the presence of right-handed neutrinos. However, in
this case, we still can bound the scalar couplings involved in B-decay by combining
the 7% — [*1; limits with data from muon capture experiments. Recent experiments
and analysis of muon capture on 3He indicate that the muon-nucleon scalar coupling is
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bounded by (18]

S, -

% <4x1072Gp (4.50)
with a neutrino of left-handed chirality. Therefore, in the limit of mass proportional
couplings, S./A? must be of the order of 200 times smaller due to the electron-muon

mass ratio. This implies that Cs is bounded,

ICs] <2 x 1074, (4.51)
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Figure 4.14: Constraint plots on the |C.| and |C,| couplings at A = 200 GeV. Panel (a)
corresponds to phases for C, and C, of 0°, 0°; panel (b) to 90°, 90°; panel (c) to 180°,
180°; panel (d) to £45°, £45° respectively. The allowed region is the bounded area in
the lower left corner. The horizontal line is the muon capture bound [18].

In order to estimate the degree to which the presence of muon scalar interactions
can weaken the limits that we infer from 7% — [Ty, let us assume that the muon
scalar coupling saturates the experimental bound eq.(4.50). Substituting this into the
expression for the pion branching ratio eq.(4.13), ignoring right-handed neutrinos and
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assuming a scale A of 200 Gev, eq.(4.15) is modified to the following form,

- fxRe(p) e -

-33x1072 < V2 GrieT, cf)s)che e A4| f;r £’S2 G ST3x10 5. (452)
We find this conservative approach has the effect of weakening our limits a factor of
three at most compared to the analysis in section 4.5. The limits on scalar couplings
with A = 200 GeV, from 7¥ — 1*1; combined with muon capture scalar limits, are

substantially stronger than limits on scalar couplings from direct J-decay searches.
Finally, we consider the allowed region for the electron-scalar and muon-scalar cou-
plings in a model independent manner. Again the constraint equation derived from

eq.(4.13) is,
£ 2A2 fz
1 + ,\/iwaE(Ce)AA + [CCLA e
~1.0x 1072 < ff; °‘ZSC"°)": 2{?{’::‘:;’2‘2 ~1|<22x107% (453
e H
1+ \/§ S cosG‘:m: + 2,}’,2,‘:;-052 gcmﬁ
where,
S# Se
=GR GG (459

We display the results in figure 6.2 for a number of different phase conditions. We
consider the cases where the complex phase of C, and C}, are 0°, 0°; 90°, 90°; 180°, 180°;
+45°, £45°, respectively.

4.7 Discussion

By considering renormalization effects on universal (or alternatively first generation),
and flavour diagonal scalar operators, we have derived limits on the size of the ratio
between scalar and vector couplings from precision measurements of 7% — [y, decay.
As a typical constraint value, in the absence right-handed neutrinos, we find that —1.2 x
1073 < €5 < 2.7x1074 for A of the order of 200 GeV. A more general comparison with the
B-decay experiments (with the inclusion of right-handed neutrinos) is made in the plots
in figure 4.11 and figure 4.13. We note that the most conservative estimate of the limits
occurs when the new physics arises at the electroweak scale. In this case, the contribution
to the induced pseudoscalar comes entirely from threshold corrections which we estimate
from the calculations in section 4.4. The limit for real couplings in the absence of right-
handed neutrinos from threshold contributions is —3 x 1072 < s < 6 x 1073, In
- the scenario where we have arbitrary generation dependence of the scalar couplings,

+

7% — [*y; limits can be combined with limits on scalar interactions in muon capture

to bound the first generation scalar couplings. These limits are illustrated in particular
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cases in figure 6.2.

These observations have implications for current 8-decay experiments. Direct searches
for scalar interactions in S-decay will be most competitive if the new physics responsi-
ble for the effective scalar interactions arises at the electroweak scale in the explicit
exchange of new scalar particles. In these circumstances, the indirect limits from thresh-
old induced pseudoscalar interactions, eq.(4.48), are comparable to the direct 3-decay
scalar searches. Therefore, interest in searches for new scalar interactions with 3-decay
experiments remains undiminished.

On the other hand, for new effective scalar interactions arising as effective SU(2)
x U(1) invariant operators at mass scales above 200 GeV (as expected in models with
leptoquarks, composite quarks/leptons, or low scale quantum gravity) the constraints
arising from the precision measurements of 7* — [*y; decay, combined with limits
on scalar interactions in muon capture, can be stronger by an order of magnitude or
more than the direct experimental searches. Furthermore, the relative strength of these
searches becomes better, the higher the mass scale of the new physics compared to the
electroweak scale. This argues strongly for improved experimental precision in measure-
ments of muon capture, and 7+ — [*v; decay. In particular we note that in the case of
pion decay, the experimental error exceeds the uncertainty in the theoretical calculation
by a factor of eight. A new measurement of 7+ — [%1; decay with an order of mag-
nitude greater precision would not only constrain physics beyond the standard model
which could potentially contribute to tree level pion decay, but as we have argued above,
will also indirectly provide tests of new scalar interactions of unparalleled precision.
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Chapter 5

See-Saw Induced CMSSM Lepton
Flavour Violation Post-WMAP

5.1 Introduction

The standard model contains three continuous global symmetries associated with lepton
flavour. Neglecting non-perturbative effects arising from the weak SU(2) anomaly, the
standard model conserves lepton flavour exactly, as the charged Yukawa matrix Y. and
the gauge interactions can simultaneously be made flavour diagonal. The solar [1]-[5],
and atmospheric [6], neutrino deficit observations, which imply neutrino mass and mix-
ing, (and their confirmation by reactor [7], and accelerator [8], experiments), presently
provide the only direct observation of physics that cannot be accommodated within
the standard model. The smallness of the inferred neutrino masses can be understood
through the see-saw mechanism [9], which involves the introduction of a heavy Majorana
fermion in a gauge singlet (right-handed neutrino) for each generation. The light neu-
trino masses are then induced through a Yukawa interaction of the form NfY,YL;H,
once the right-handed neutrinos are ihtegrated out at the Majorana scale, M. The
resulting induced neutrino mass operator arises at dimension 5 (HHLL) and, on di-
mensional grounds, would be expected to be the first observable extension beyond the
renormalizable dimension 4 operators that compose the standard model interactions,
given the standard model particle content at low energies.

Even without the addition of a see-saw sector generating neutrino masses, the stan-
dard model suffers from a gauge hierarchy problem, with quadratic divergences in ra-
diative corrections to the Higgs mass parameter. These require unnatural fine-tuning of
the input Higgs parameters, readjusted at each order in perturbation theory, in order to
maintain the hierarchy of scales between the gravitational energy scale M p;, and the scale
of electroweak breaking Mw . A natural solution to this problem is the supersymmetric
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extension of the standard model, where the extra particles and interactions necessitated
by supersymmetry contribute cancelling contributions to the destabilizing quadratic di-
vergences in the Higgs potential, as required by the supersymmetry non-renormalization
theorems. After soft supersymmetry breaking the cancellation of the quadratic diver-
gences will still remain, though there will be finite shifts of the Higgs mass parameters
by an amount proportional to the soft supersymmetry breaking. Model dependence
enters in the choice of mechanism to impose the soft supersymmetry breaking. An es-
pecially attractive and well-motivated possibility is that the supersymmetry breaking is
communicated (super-)gravitationally from a hidden sector in which supersymmetry is
spontaneously broken, to the observable sector of the supersymmetric standard model
(mSUGRA). Models with soft supersymmetry breaking masses of the form that this
mechanism would impose, and where each of the soft supersymmetry breaking scalar
masses, gaugino masses and trilinear couplings are universal and flavour diagonal at
the Planck scale, comprise the constrained minimal supersymmetric standard model
(CMSSM).

To incorporate see-saw neutrino masses in a supersymmetric extension of the stan-
dard model, we consider the minimal supersymmetric standard model with additional
right-handed (singlet) neutrino supermultiplets and their superpotential interactions,
where each of the soft supersymmetry breaking scalar masses, gaugino masses and tri-
linear couplings are universal and flavour diagonal at the Planck scale. New indirect
sources of low-energy lepton-flavour violation (LFV) appear with the introduction of the
singlet neutrino supermultiplets. Renormalization group running of the slepton mass
matrices and trilinear couplings in the presence of right-handed neutrinos generates off
diagonal elements that contribute to LFV processes [10],

1 M,
(B = =g (3 + (¥, i (AT

Mr (5.1)

where Mp is the Majorana scale. As the see-saw mechanism violates lepton number
by two units, the CMSSM with right-handed neutrino singlets continues to conserve R-
parity; therefore the lightest supersymmetric particle (LSP) is stable. If it is assumed
that the dark matter is composed of the LSP (which is expected to be the lightest
neutralino), the CMSSM parameter space becomes tightly constrained by the WMAP
satellite observations [11], as well as by laboratory searches. These constraints [12, 13, 14]
have important implications for the rates of lepton-flavour violating processes.

In this study, we examine CMSSM lepton-flavour violation [15, 16, 17] in simple
general classes [18] of see-saw models which are constructed to fit the low energy neutrino
oscillation data. The parametrization of see-saw models is considered in Section 2. Two
specific classes [18] of them (corresponding to hierarchical or degenerate Majorana masses
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for the singlet right-handed neutrinos) form the model range of our calculations in Section
4. The models considered have their neutrino Yukawa couplings (and Majorana mass
scale) chosen as large as reasonable, to maximize the rates for lepton-flavour violating
decays; this is a conservative assumption, as we wish to consider how much of CMSSM
parameter space (and see-saw model space) is still consistent with experimental limits on
lepton-flavour violation, and this is conservatively determined under assumptions that
maximize its calculated rate.

In Section 3 we discuss the range of parameter space of the CMSSM over which we
perform our calculations. The CMSSM parameters are chosen such that their renormal-
ization group running to low energies yields radiative electroweak symmetry breaking,
and a resulting spectrum of particle masses that is consistent with experiment. In partic-
ular, we display our results over CMSSM parameter ranges determined by [12] and [13],
which impose that the resulting models have LSP relic densities in the region determined
by WMAP [11], and are consistent with the LEP direct search limits, and the rate for
b — s7. See also [14] for other parameter determinations using WMAP and laboratory
data.

In Section 4 we compute the branching ratio for the decay u — ey [15, 16], in the
classes of see-saw models considered, over the allowed range of CMSSM parameter space,
and compare to present [19], and prospective [20], data for this process. We consider
t — ey because with the present level of experimental precision, lepton-flavour violation
in the models and parameter ranges we consider would only be detectable in muon decays.
Of the muon decays, since the rates for up — eee, and ulN — e, are largely dominated
by electromagnetic penguin contributions (again, in the models and parameter ranges
we consider), they are suppressed with respect to the rate for © — ey by an extra factor
of c. Since at the present time the experimental limit on BR(x — evy) < 1.2 x 1071
[19], is of comparable strength to the limits on BR(z — eee) < 1.0 x 1072 [21], and
BR(uN — eN) < 6.1 x 10713 [22], the model class that we study will be consistent with
all the present lepton-flavour violation data if it satisfies the present limit on BR(y —
ey). We will find that even for a choice of neutrino Yukawa coupling (and Majorana
scale) that maximizes the rates for lepton-flavour violation, that much of the model
space and parameter range is consistent with present experimental limits, though future
experiments should probe these ranges thoroughly, at least for the largest choices of
Yukawa couplings.

In Section 5 we present our conclusions. For a thorough review of muon physics and
muon flavour violation, see [25].
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5.2 Supersymmetric See-Saw Parameterization

The leptonic part of the CMSSM see-saw superpotential is
L=YYeapHGeSLE + Y, TepHINSLE + S MINENS (5.2)

above the Majorana scale. Here, L;, ¢ = e, u, 7, is the left handed weak doublet, ef is
the charged lepton weak singlet, and H, and Hy are the two Higgs doublets of opposite
hypercharge. The anti-symmetric SU(2) tensor is defined by €12 = +1. N denotes the
right-handed neutrino singlet. The Yukawa matrices Y and Y, give masses to the
charged leptons and Dirac masses to the neutrinos respectively. The Majorana matrix,
M | gives the right-handed neutrinos their heavy Majorana mass. Below the Majorana
scale the right-handed neutrinos are integrated out, and after renormalization down to
the scale of electroweak symmetry breaking, induce a Majorana mass for the light left-
handed neutrinos via the see-saw mechanism,

m, =Y,TM71Y, < H? >2 (5.3)

where < H? >2= vZ = v?sin? 8 and v = (174 GeV)? as set by the Fermi constant Gp.
By transforming to a basis where Y and the gauge interactions are flavour diagonal,
the left-handed neutrino mass matrix is diagonalized by the PMNS matrix U,

UTm, U = diag(my, mg, m3) (5.4)

where U is a unitary matrix that connects flavour states to the mass eigenbasis. It is
possible to parameterize the PMNS matrix as follows,

. s Y
U = U'diag(e™'%/2,¢7%¢',1) (5.5)

—ié

€13C12 C13512 S13€
T -6 .
U = | —ca3s12 — 523513C12€"  Coscra — S93513512€%0  smsciz | - (5.6)
is i
593512 — €23513C12€"°  —S593C12 — C23513512€"  Co3C13

where ¢ and ¢’ are additional CP violating phases and U’ has the usual form of the
CKM matrix. It was shown in [18] that the Yukawa matrix Y, can be re-expressed in a
simple general form. By defining,

m,

_ T rqg—1
SIS =Y, MY, (5.7)

=
il

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. SEE-SAW INDUCED CMSSM LFV POST-WMAP 117
and using the PMNS matrix, it is possible to diagonalize x,
kg =UTY, "M 1Y,U. (5.8)

where the d subscript denotes diagonalization. It is always possible to make an ar-
bitrary field re-definition to rotate to a basis such that M is diagonal, hence My =
diag(M;, M2, M3). In this case,

T
1=<\/M;1Y,,U ﬁ;1> ( MY, U ngl) (5.9)

where a square root over a diagonal matrix denotes the positive square root of its entries.

One then identifies
R =/ M7'Y,U\/k;1 (5.10)

as an arbitrary orthogonal matrix. Then, the most general form of Y, is [18]

Y, = VMR /KU (5.11)

As pointed out by the authors of [18], the physical low-energy observables contained
in U and x4 are augmented by three positive mass eigenvalues associated with M and
three (iri general complex) parameters that define the orthogonal matrix R. It should
be stressed that the above equation is defined at the Majorana scale, Mpg. It is useful
to parameterize the neutrino Yukawa couplings with the use of an arbitrary orthogonal
matrix, R, as it allows a general examination of the origin of flavour violation in see-saw
models.

Following [18] we will consider two classes of neutrino hierarchy models. In the first
case we will examine a strong right-handed neutrino hierarchy and in the second, we
will consider degenerate right-handed neutrinos. In both cases we will assume that the
Yukawa couplings of the left-handed neutrinos are hierarchical. We will impose the
condition that the largest eigenvalue of the Y, 1Y, matrix (denoted |Yp|?) coincide with
the square of the top quark Yukawa coupling |Y;|? at the unification scale Mgyr. This
Yukawa unification condition is suggested in simple SO(10) models, and has the effect of
making the neutrino Yukawa couplings, and hence the rates for lepton-flavour violating
processes, as large as reasonably possible. Since we are interested in the degree to which
present experimental limits rule out regions of model and CMSSM parameter space,
maximizing the expected rates gives us a conservative determination of the models and
parameter ranges that are still viable. More specific details of the classes of models to

be analyzed will be discussed in Section 4.
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5.3 Supersymmetry Breaking and the CMSSM

Since supersymmetric particles have not yet been observed, the model Lagrangian must
contain terms that break supersymmetry. If we assume that supersymmetry is broken
softly, in that the supersymmetry violating terms are of mass dimension 2 and 3, then
the Lagrangian has the following supersymmetry breaking terms,

~Lsost = (m%)iji:‘rij + (m3)i;eRi€5r + (M3)i;0hiTr;
+(0d);;Q1Q; + ()@ ik + (03 )i5ddsr
iy, HyHy + miy, HYHy + (BuHgH,y + %B,,Mij&};iﬁ;;j +h.c.)
[(AQ)i; Hadn:Q; + (Aw)sjHyiig;O; + (An)ij Hat s Ly + (A )i HuLs
+-21-Mlégég + %MzW,‘fW}f + %Mgéaéa +hel (5.12)

Note the presence of terms containing m;Z and A, in eq.(5.12). These terms are only
included above the Majorana scale. Below the Majorana scale, the soft part of the
Lagrangian returns to that of the CMSSM. In the CMSSM scenario, supersymmetry is
broken in a universal :.e., flavour independent, manner giving the following relations

(m)z;),-j = mgl 'f’fl%i = mg Afij = amoYf, (5.13)

where my is a universal scalar mass and a is a dimensionless constant. We restrict to the
CMSSM in our studies and set the trilinear A-term soft parameter a = 0. The ranges
for the other non-zero, Planck-scale, inputs to the CMSSM are chosen such that their
renormalization group running to low energies yields radiative electroweak symmetry
breaking, and a resulting spectrum of particle masses that is consistent with experiment.
In particular, we display our results over CMSSM parameter ranges determined by [12]
and [13], which not only impose that the resulting model have LSP relic densities in the
range determined by WMAP [11], but that they have spectra consistent with the LEP
direct éearch limits, as well as the rate for b — s7. Following these authors we ignore the
focus point region in parameter space which occurs at very large mg and whose location
depends on m; and My in an extremely sensitive manner.

Note that the absence of off-diagonal terms leads to flavour conservation (up to effects
of light neutrino mass splittings). However, these relations are imposed at the GUT
scale and are therefore subject to renormalization group running. Above the Majorana
scale, the neutrino sector modifies the CMSSM renormalization group equations (RGEs).
In fact, the flavour violation is controlled by the off-diagonal terms in Y, 'Y, which

2

contribute to the off-diagonal terms of ms. In the leading log approximation to the
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RGEs we have,

1 Mgyt
(m;?); = —55(3+a2)m3(YuTYu)ij1n Vi

(mg?);; = 0

3 Meur
(Ae)ij =~ _gﬁamoyi(YVTYy)ijln 7 (5.14)

where Y}, denotes the Yukawa coupling of the charged lepton /;. It is the presence of such
terms that leads to significant flavour violation. We will see in the following sections how
much flavour violation we should expect, and how the branching ratio for the process
4 — ey is affected. The branching ratio for 4 — ey can be estimated through mass
insertion techniques [15, 16]:

3 2
BR(up —ey) ~ o (mL)ip tan® g8

GZ m8
o |-1 21 Mour |’ 2
—_— | —— crvs T 2
GZmd |32 (3+a")mgln M- l(Yu Y")ml tan® 8 (5.15)

where m; is a typical slepton mass. We note that the branching ratio is proportional to
tan? 3, which will give an increasing dependence on the ratio of Higgs vevs tan 3, and
will be evident in our detailed results in the next section.

54 u — ey In The CMSSM See-Saw

Following [18] we consider two classes of neutrino hierarchy models. In both cases the
neutrino Yukawa couplings to the left-handed neutrinos are assumed to be hierarchical.
In the first class of models the Majorana mass terms for the singlet right-handed see-saw
neutrinos are assumed to be strongly hierarchical. In the second, we will assume that
the right-handed singlet neutrinos have degenerate Majorana masses. We numerically
integrate the one loop CMSSM RGEs with right-handed neutrino supermultiplets. In
addition, we have re-derived the expressions [15] for the amplitude for x — ey, and we
use the resulting full expressions (see Appendix) to calculate the branching ratios.
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5.4.1 Hierarchical vzs

As we saw in Section 2, Y, can be expressed using an orthogonal matrix, R. Following
(18], and ignoring possible phases, it is useful to parameterize R as,

C2C3 —C1583 — S5182€3 5183 — C152C3
R=| c3s3 cic3—515953 —s103—cC15283 | - (5.16)

So 81C2 Gic2
Since we are assuming that the left-handed neutrinos are hierarchical, we take

(Amnzl)sol K3 = (Am?/)atm (5.17)

and based on the bi-maximal LMA mixing solution we take the PMNS matrix to be,

.866  .500 0
UpMmns = | —.354 612 .707 |. (5.18)
.354 . —612 .707

If we assume a strong hierarchy in the right-handed sector, then

(Yu)ij = vV Msdi3Ra(y/ iid)zUlTj- (5.19)

The largest eigenvalue of eq.(5.19) is Yy = M3(|Raa|?k2 + |Ra3|?x3). We identify this
with the top coupling at Mgyr as in the case of many SO(10) models. By identifying
the largest Yukawa in the neutrino sector with the top coupling LFV is maximized.
We assume that Rgs % 0 or Rz # 0. The pathology of the case where Rz = 0 or
R33 = 0 is discussed in [18], which forms a small region of parameter space. With these
assumptions, Mg ~ 105 GeV. This leaves us with one complex parameter. Following
(18], we will assume that this parameter is real. Therefore, Y, will depend on one angle,
denoted by 6; in eq.(5.16).

First, consider figure 5.1. This plot shows BR(z — e7) as a function of 6; and is
made with parameters typical of the WMAP regions of [12], as indicated in the caption.
The angle 6; varies over 0 to 7 and we only show the # > 0 case as the plots with
w < 0 are very similar. Most of 6; is allowed for low to moderate tan 3 < 40. Notice
that there are two special places where the branching ratio becomes highly suppressed.
These choices for 6; correspond.to the vanishing of the off diagonal element (Y, 7Y, )12
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which results in large flavour suppression. The special angles are,

7 UL 73 U}
21820 tanf w22

tan 6 =~ — ;
Ka Ujg k2 U,

(5.20)
In order to quantify and further illustrate the regions that are both LFV and CMSSM
compliant in this scenario, consider figures 5.2 and 5.3. The regions considered are a
parameterization of the WMAP data from [12]. In figure 5.2, the bands correspond
to tan 8 = 5,10, 15, 20, 25, 30, 35, 40,45, 50,55 for x > 0 and each colour represents the
percentage of the 8, rahge that is allowed by the current bound on z — ey, BR(p —
ey) < 1.2 x 10711, Grey indicates that less than 25% of 8; is allowed, while red, green
and blue illustrate that between 25% and 50%, 50% and 75%, and between 75% and
100% is allowed respectively. Notice that there are two competing effects controlling
the amount of LFV in these plots. As we move higher in tan 3, the branching ratio,
BR(u — e7v) increases as eq.(6.16). At the same time, the rate becomes suppressed at
larger mg and my 5. As figure 5.2 illustrates, there are portions of the parameter space
at high tan g, (i.e. 2 45), that are consistent with the current LFV bound due to the
high universal scalar and gaugino mass in those regions. Figure 5.3 shows the situation
after a possible null result from MEG, (BR(x — ey) <5 x 1074). We see that a large
portion of the parameter space would be highly restricted, with most of the parameter
space relegated to less than 25%. Therefore, the §; range will be throughly probed by
the up coming experiments, given this see-saw scenario. In the p < 0 case, the situation
is slightly different. While the branching ratio of u — e is largely insensitive to the sign
of u, the WMAP compliant parameter space is not [13]. Figure 5.4 shows the constraints
from lepton flavour violation with the current limit on BR(u — ev) < 1.2 x 107! over
the WMAP range for © < 0 and a = 0 with tan 8 = 10, 35. Grey indicates that less than
25% of 0; is allowed, while red, green and blue illustrate that between 25% and 50%,
50% and 75%, and between 75% and 100% is allowed respectively. The funnel structure
in figure 5.4 for 4 < 0 appears at lower tan 3 (i.e. ~ 35) compared to figure 5.2. This
pushes the parameter space to larger values of mg and m;/, at lower tan 3 and therefore
allows more room where the WMAP region is LFV compliant. Figure 5.5 shows how
figure 5.4 changes after the expected results from MEG. If LFV is not observed in the
near future, this scenario will only allow a small region of #; corresponding to values near
those given in eq.(5.20) with u > 0, or a relatively moderate region of #, with u < 0.

5.4.2 Degenerate vgs

Ignoring possible phases in R, lepton-flavour violation becomes R-independent, in the
case of degenerate singlet right-handed neutrino Majorana masses. We see from eq.(5.11)
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that, Y, Y, !, which controls the amount of lepton flavour violation becomes
Y, 'Y, = MUk UT, (5.21)

which is independent of R. Again, we use the GUT relation |Yp| ~ Mr3 = |Y;(Mgur)|
as in [18]. The situation here is quite different from the hierarchical case. Figure 5.6
shows the currently allowed region for u — ey consistent with the CMSSM for p > 0 [12].
Notice that most of the parameter space is ruled out in this scenario; only tan8 < 5
and a small region at tan 8 = 50 are consistent with the current LFV bounds. The
upcoming limits will probe all of this currently allowed region. In the u < 0 [13] case
more of the parameter space is allowed as the region is pushed to higher soft mass scales
and therefore the LFV rates become suppressed as before. Figure 5.7 illustrates the
allowed region consistent with the current LFV bounds for p < 0. Clearly the degenerate
case, with maximized “unification” neutrino Yukawa couplings, is strongly constrained
by the present data and will be be severely probed by the fdrth-coming generation of
experiments. '

5.5 Conclusion

In this chapter, we examined CMSSM lepton-flavour violation in simple general classes
of see-saw models (18] which had been constructed to fit the data on low energy neutrino
oscillations. The models considered have had their neutrino Yukawa couplings (and
Majorana mass scale) chosen as large as reasonable, to maximize the rates for lepton-
flavour violating decays. Nevertheless, when the CMSSM parameters for the models were
restricted (following [12, 13]) to have LSP relic densities in the region determined by
WMAP, and to be consistent with the LEP direct search limits, and the rate for b — sv,
the resulting rate for lepton-flavour violation was such that over much of the allowed
WMAP range, much of the model parameter space was consistent with the present
experimental limit on BR{u — e7y) (and so, a fortiori, with present limits on the other
(charged) lepton-flavour violating processes). We also noted that the next generation of
i1 — ey experiments should definitively probe the range of branching ratios suggested
by these models at maximal Yukawa couplings, and also for ranges of smaller Yukawas
depending on the CMSSM parameters and the exact see-saw model details.

A future detection of p — ey would, however, represent not the end of lepton-flavour
violation studies of these models, but rather just the beginning. To disentangle the
details of CMSSM see-saw lepton flavour violation will require comparisons of rates for
different LF'V muon decays, including p — eee, and uN — eN. It will also require the
observation of (charged) lepton-flavour violation in different generations, such as 7 — -y,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. SEE-SAW INDUCED CMSSM LFV POST-WMAP 123

-8
10 E | p— T T T T T

-9 i

BR(L —>e7)

Figure 5.1: Hierarchical vgs: BR(u — ev) as a function of the seesaw parameter
f1; o > 0 and @ = 0. The solid curve corresponds to tan8 = 5, mg = 140 GeV,
my2 = 700 GeV. The dash-dot curve corresponds to tan 8 = 10, mo = 125 GeV, my 5 =
560 GeV. The dashed curve corresponds to tan 8 = 20, mg = 200 GeV, mys = 760
GeV. The dotted curve corresponds to tan8 = 40, mg = 390 GeV, m; 2 = 900 GeV.
Each parameter set is chosen to lie inside the CMSSM allowed region [12]. The upper
horizontal line indicates the present experimental bound and the lower line indicates the
expected upcoming experimental sensitivity from MEG.

T —ev, T — ull, and 7 — ell, with [ either e or u. With a combination of observed rates
for different LFV u-decays, and the observation of LFV in 7 decays, one can hope to
begin to uncover both the precise nature of the low-energy soft supersymmetry breaking,
as well as the origin of the lepton-flavour violating interactions responsible for inducing
these decays. Fortunately, we can look forward to a new generation of dedicated u — ey
[20], and uN — eN [23],[24] experiments, as well as to 7 sources of unprecedented flux,
to help us find the experimental signatures of this new realm of physics.
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Figure 5.2: Hierarchical vps: WMAP and laboratory constraint parameterization of
the CMSSM, and LFV compliance, based on the current LFV bound, BR(z — ey) <
1.2 x 107! for tan 8 = 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, u > 0 and a = 0. Grey
indicates that less than 25% of the range of 8; is allowed. Red indicates that between
25% and 50% of 6, is allowed. Green and blue illustrate that 50% to 75%. and 75% to
100%, are allowed respectively. The constraint regions are reproduced from [12].
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Figure 5.3: Hierarchical vgs: WMAP and laboratory constraint parameterization of
the CMSSM, and LFV compliance, based on the expected LFV bound from MEG,
BR(u — ey) $5x 107 for tan 8 = 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 1 > 0 and
a = 0. Grey indicates that less than 25% of the range of 6; is allowed. Red indicates
that between 25% and 50% of 6; is allowed. Green and blue illustrate that 50% to 75%,
and 75% to 100%, are allowed respectively. The constraint regions are reproduced from

12).
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Figure 5.4: Hierarchical vgs: WMAP and laboratory constraint parameterization of
the CMSSM, and LFV compliance, based on the current LFV bound, BR{u — ev) <
1.2 x 107! for tanB = 10,35, 4 < 0 and a = 0. Grey indicates that less than 25% of
the range of 4, is allowed. Red indicates that between 25% and 50% of 61 is allowed.
Green and blue illustrate that 50% to 75%, and 75% to 100%, are allowed respectively.
The constraint regions are reproduced from [13].
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Figure 5.5: Hierarchical vgs: WMAP and laboratory constraint parameterization of
the CMSSM, and LFV compliance, based on the expected LFV bound from MEG,
BR(u — ey) $5x 107 for tan 8 = 10,35, u < 0 and @ = 0. Grey indicates that less
than 25% of the range of 6; is allowed. Red indicates that between 25% and 50% of 6,
is allowed. Green and blue illustrate that 50% to 75% and 75% to 100% are allowed
respectively. The constraint regions are reproduced from [13].
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Figure 5.6: Degenerate vgs: WMAP and laboratory constraint parameterization of
the CMSSM, and LFV compliance, based on the current LEV bound, BR(y — ey) <
1.2 x 107 for tan3 = 5,10, 15,20,25,30,35,40,45,50,55, & > 0 and a = 0. Blue
indicates the allowed region. The constraint regions are reproduced from [12].
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Figure 5.7: Degenerate vgs: WMAP and laboratory constraint parameterization of
the CMSSM, and LFV compliance, based on the current LFV bound, BR(z — ey) <
1.2 x 107! for tan 8 = 10,35, u < 0 and a = 0. Blue indicates the allowed region. The
constraint regions are reproduced from [13].
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Chapter 6

Lepton Flavour Violation in a
Class of Lopsided SO(10) Models

6.1 Introduction

Neutrinos have been observed to oscillate between flavour states [1]-[8], which implies
neutrino mass and mixing. In addition, the combined observations suggest that both the
atmospheric and solar mixing angles are nearly maximal, known as the large angle mixing
solution (LMA). Interestingly, the LMA solution implies that the lepton mixing scenario
is radically different from the quark sector. Specifically, |U,3| of the MNS matrix is much
larger than |V| of the CKM matrix. Over the last few years a number of models that
employ the see-saw mechanism [9] in conjunction with various flavour symmetries have
been developed to address this difference [10]-[21]. Recently, a particularly interesting
and highly successful class of supersymmetric SO(10) GUTs has emerged that makes use
of asymmetric mass matrices known as lopsided textures [11, 12, 13]. In these models,
the charged lepton sector is responsible for the large atmospheric mixing angle while the
Majorana singlet neutrino matrix has a simple form that results in the large solar mixing
angle. Throughout this chapter we will refer to these models as the AB model class [11].

After GUT breaking, these models can reduce to the R-parity conserving minimal
supersymmetric standard model (MSSM) with specific model dependent relationships
amongst the Yukawa couplings. In addition to the see-saw constraints already provided
by the neutrino physics (and the demand that these models reproduce all the low energy
physics of the standard model), the WMAP satellite observations [22] provide strong
constraints on the available supersymmetric parameter space if the lightest supersym-
metic particle (LSP) is assumed to compose the dark matter [23, 24, 25]. For a choice
of CMSSM parameters, the definite flavour structure of the AB model class results in
specific predictions of lepton flavour violation and in particular the rate for u — ey. We
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determine how much of the presently viable CMSSM parameter space, as allowed by the
WMAP observations, results in a u — ey rate consistent with experimental limits for
the AB model class.

We organize this chapter as follows. In section 6.2 we outline the essential details of
the AB models, the supersymmetric parameter space, and the calculation for y — ey. We
consider x4 — ey since at the present time, with the current bound [26] of BR(u — ey) <
1.2 x 10711, this process gives the strongest constraints on lepton flavour violation in the
class of models that we discuss. Furthermore, the MEG experiment at PSI [27] expects
to improve on this bound with the expected sensitivity of BR(u — ey) < 5x 10714, This
experiment will provide stringent limits on models with charged lepton flavour violation.
In section 6.3 we display our numerical results on g — ey together with the combined
constraints from the WMAP satellite observations and direct search limits, and in section
6.4 we present our conclusions. The appendix provides further calculational details.

6.2 The AB Model Definition

The AB model class is based on an SO(10) GUT with a U(1) x Z 2 x Zs flavour
symmetry and uses a minimum set of Higgs fields to solve the doublet-triplet splitting
problem [11, 12, 13]. The interesting feature of these models is the use of a lopsided
texture. The approximate form of the charged lepton and the down quark mass matrix
in these models is given by

0 0O 0 00
Yg~]| 0 0 €|, Yp~} 0 0 o |- (6.1)
0 ¢ 1 0 €1

where o ~ 1 and € € 1. As pointed out by the authors of [11], this asymmetric structure
naturally occurs within a minimal SU(5) GUT where the Yukawa interaction for the
down quarks and leptons is of the form X;;5;10;55 (5u denotes the Higgs scalars). In
~ an SU(5) GUT, the left-handed leptons and the charge conjugate right-handed down
quarks belong to the 5 while the 10 contains the charge conjugate right-handed leptons
and the left-handed down quarks. Therefore the lepton and down guark mass matrices
are related to each other by a left-right transpose. Since SU(5) is a subgroup of SO(10),
this feature is retained in an SO(10) GUT. This lopsided texture has the ability to explain
why |[Uuzl >> |Vip|- Making use of this observation, the AB models contain the Dirac
matrices U, N, D, L for the up-like quarks, Dirac neutrino interaction, down-like quarks,
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and the leptons respectively [13],

n 0 0 n 0 O
U=10 0 €3 |My, N=} 0 0 —e | My, (6.2)
0 —€¢/3 1 ) 0 € 1
0 & &b 0 5 g
D= é 0 o+¢/3 |Mp, L= & 0 —€ Mp. (6.3)
e —e/3 1 §e® o+e 1
where
My = 113 GeV, Mp = 1GeV,
o = 178, e = 0.145,
6.4
§ = 8.6x1073, ¥ = T7.9x%1078, (6.4)
¢ = 12607 n = 8 x 10—6.

The given values of Mp and My best fit the low energy data with tan 8 = 5. However,
the mass scale itself is set only after electroweak symmetry breaking and it is therefore
possible, with the use of tan 3, to extract dimensionless Yukawa matrices Yy, YN, YD,
and Yg. It is advantageous to use dimensionless couplings since the renormalization
group equations are initialized above the electroweak symmetry breaking scale. The
corresponding dimensionless up and down-like Yukawa matrices retain the form of equa-
tions (6.2, 6.3) but are scaled by overall dimensionless factors: M, and M[,. By varying
the overall dimensionless scale factors, other values of tan 8 can be accommodated while
retaining accurate fits to the low energy data after renormalization group running. Our
code implements the one-loop beta functions [28, 29, 30] for the CMSSM with neu-
trino singlets and reproduces the results of [11, 12, 13]. Futhermore, we obtain accurate
(within the stated errors in {31]) fits to the low energy data for tan 8 = 5 — 50 which
corresponds to M{; = 0.82 - 0.85 and M}, = 0.016 - 0.20.

The lopsided texture of the AB model class nicely fits the large atmospheric mixing
angle; however, in order to obtain the large solar mixing angle a specific hierarchical
form of the heavy Majorana singlet neutrino matrix needs to be chosen [12, 13], namely,

b¥’n? —ben an
Mn=1] —-ben €& —e |Ax- (6.5)
an —€ 1

where the parameters € and 7 are as defined in equation (6.4). The parameters a and b
are of order 1 and Ax ~ 2 x 10 GeV. Since the Majorana singlet neutrino matrix is not
related to the Dirac Yukawa structure, it is not surprising that this matrix should take
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on a form independent from the rest of the model. Once these choices have been made,
the AB model class is highly predictive and accurately fits all the low energy standard
model physics and the neutrino mixing observations.

It should be emphasized that all these relations are defined at the GUT scale and
are therefore subject to renormalization group running. If we assume that the GUT
symmetry breaks to the standard model gauge symmetries, SU(3)xSU(2)xU(1), and
that supersymmetry is broken super-gravitionally through a hidden sector in a flavour
independent manner, the AB model class will give well defined predictions for charged
lepton flavour violation. There may also be contributions to the off-diagonal elements
from renormalization group running between the GUT and gravity scales [32, 33]. Since
the particulars of GUT and supersymmetry breaking — as well as the possibility of new
physics above the GUT scale — can have model dependent effects on the branching ratio
for 4 — ey, we do not consider an interval of running between the GUT and gravity
scales.

The specific model predictions for the Dirac Yukawa couplings and the form of the
Majorana singlet neutrino matrix will feed into the soft supersymmetry breaking slepton
mass terms through renormalization group running, generating off diagonal elements
that will contribute to flavour changing neutral currents [34]. The amount of flavour
violation contained in the AB model class can be examined through the branching ratio
of the process u — e7.

6.3 Numerical Results for u — ey

After GUT and supersymmetry breaking, the model class reduces to the constrained
minimal supersymmetric standard model (CMSSM) with heavy gauge singlet neutrinos
to make use of the see-saw mechanism. It should be noted that given our assumptions
about how the GUT and supersymmetry breaks, the CMSSM studies of [23, 24, 25]
directly impact this model class. As discussed in the previous section, the renormalization
group running from the supersymmetry breaking scale to the weak scale alters the simple
GUT relationship for the sfermion mass matrices. The diagonal part of the sfermion mass
matrices is not strongly model dependent. The model dependence appears in the off-
diagonal parts of the sfermion mass matrices which come from the particular textures of
the model class - i.e. the mixings. Therefore, flavour changing neutral current processes
are of primary interest, since they test the off-diagonal sfermion mass matrix structure.
As discussed in the introduction, u — e is the best constraining process for this model
class. We note that the prediction for the anomalous magnetic moment of the muon in
this model class is consistent with the CMSSM analysis found in [23].
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The leptonic part of the superpotential is
— o 6 o 6,1
W = eagHZEYEL” + €apHyNY LY + —2-NMNN (6.6)

where Yg, Yxn are Yukawa matrices, and My is the singlet Majorana neutrino mass
matrix. The totally antisymmetric symbol is defined €32 = +1. We explain our notation
in detail in the appendix. On integrating out the heavy singlet neutrinos, equation (6.6)
reduces to
W = e, HSEYEL? — -;—va,,u (6.7)
where )
m, = %Y};M;YN sin? 8 (6.8)

is the see-saw induced light neutrino mass matrix. The coefficients 8 and v are defined
in terms of Higgs fields expectation values by

E;— = <H3>2 + <H3>2 = (174 GeV)2 , tanfB = g—g‘(%- (6.9)

The neutrino mass matrix, equation (6.8), is in general not diagonal and this is the
source of lepton flavour violating interactions.

We assume that supersymmetry is broken softly in that breaking occurs through
operators of mass dimension 2 and 3. The soft supersymmetry breaking Lagrangian
relevant to LE'V studies is

Loroaking = —0apL*'mZLf — EmZE" - Nmi N
~miy, SapHE" HY — mi, Sog HY™ HY
+ (—-beagHng - %NBNN + ¢ c.)
+ (—eagHg‘EAEﬁﬁ ~ cag HINANL? + c.c)
+ <—%MIBB - é]\ﬁ(gW“W“ + ¢ c.) (6.10)
(see the appendix for the notational details). The CMSSM assumes universal soft su-

persymmetry breaking parameters at the supersymmetry breaking scale, which we take
to be of order the GUT scale, leading to the following GUT relations:

m% = m% = m% =mi-1, (6.11)
mf, =mg, =md, (6.12)
Ap=An=0, (6.13)
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My = My =my (6.14)

where mg and my/, denote the universal scalar mass and the universal gaugino mass
respectively (I is the 3x3 unit matrix). We conservatively assume that the trilinear
terms Ag and Ax vanish at the supersymmetry breaking scale.

We run the parameters of the CMSSM using the renormalization group equations
(28, 29, 30] working in a basis where the Majorana neutrino singlet matrix is diagonal,
integrating out each heavy neutrino singlet at its associated scale. After integrating
down to the electroweak scale, we rotate the Yukawa couplings to the mass eigenbasis.
In order to understand the origin of flavour violation in this model class, we first give
a qualitative estimate. The leading log approximation of the off-diagonal slepton mass
term is given by

3 : MauT

(assuming that the trilinears vanish at the GUT scale), and using this approximation
together with mass insertion techniques [33, 28], the branching ratio for p — ey is

BR(p —ey) ~ thmzﬂ

Gz mf

e |3 o Mgyrl| 2

o |13 i 2

s 528 )(YN YN)IQ] tan8  (6.16)

where m; is a typical sparticle mass. We see that since the flavour structure of the AB
model class is specified so precisely, the branching ratio for g — ey is well determined.
In our calculation of the decay rate, we use the full one-loop expressions derived from
the diagrams in figure 6.1 (see the appendix for more details).

The WMAP satellite observations [22] strongly limit the available CMSSM parameter
space if the LSP composes the dark matter [23, 24, 25]. We display our results over
CMSSM parameter ranges determined by [23] and [24], which not only impose that the
resulting model have LSP relic densities in the range determined by WMAP (22}, but
that they have spectra consistent with the LEP direct search limits [31], as well as the
rate for b — sy. Following these authors we ignore the focus point region in parameter
space which occurs at very large mg and whose location depends on m; and My in an
extremely sensitive manner.

In figure 6.2, we show contours of the branching ratio u — ey in the m,/o-mq plane
for a variety of tan 8 with the u parameter both positive and negative. The parameters
of the AB model class have been chosen such that all the low energy predictions fit the
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Figure 6.1: Feynman diagrams contributing to u — e~.

standard model data, and we have chosen a = 1 and b = 2 for the Majorana singlet
neutrino mass matrix given in equation (6.5). As indicated in [13], there are a number of
possible model choices for the Majorana singlet parameters a and b that are consistent
with the LMA solution. However, we find that the rate for u — ev is largely unaffected
by the allowed range [13] for these parameters, 1.0 S a < 2.4 and 1.8 < b < 5.2. Panel
(a) demonstrates the lepton flavour bounds for tan8 = 5 with u > 0 . The small line-
like shaded area in the lower part of the panel is the allowed region from the combined
WMAP and laboratory limits. The remaining panels show that the contours of constant
branching ratio migrate to the right of the plots (i.e. to high values of m;/, and mg)
as tan B is increased. In each case we overlay the approximate WMAP and laboratory
constraint bounds represented by a shaded region [23]. The choice for the sign of y is
indicated in each panel. As tanf is pushed up, larger portions of the parameter space
become excluded. This is an expected feature since the branching ratio is proportional
to tan? 3. Notice that by tan B ~ 25, u > 0, the branching ratio allowed contours no
longer have a significant overlap with the WMAP region. As a result, we find that the
AB model class is consistent with the current expefimental bound on p — ey for low
tan B (i.e. tan 8 < 20) for u > 0. For completeness, in panels (b) and (e), we show two
cases where pu < 0. The branching ratio of u — ey is largely insensitive to the sign of
4, however the WMAP region is moderately affected [24]. A small part of the allowed
WMAP region is currently permitted for larger tan 3 (i.e. ~ 35) as indicated in panel
(e). The upcoming limits [27] that MEG will establish, BR(z — ev) <5 x 107, will
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effectively rule out this model class if LFV is not seen. Interestingly, if LFV is seen at
MEG, this model will suggest that tan 3 is low based on flavour bounds alone.

6.4 Conclusions

The AB model class [11, 12, 13], based on a U(1)xZs xZs flavour symmetry, is a highly
successful and predictive GUT scenario. This model class has the ability to accommo-
date all the observed neutrino phenomena and reproduce the low energy physics of the
standard model. If it is assumed that supersymmetry is broken via mSUGRA and that
the GUT breaks directly to the CMSSM, the AB model class is highly restrictive and
hence allows for a precise determination for the rate of charged lepton flavour violation.
In particular, we examined the process p — e7, since at the present time this flavour
violating muon decay channel gives the strongest constraints on flavour changing neutral
currents in the lepton sector.

As the WMAP satellite data [22] and laboratory direct searches [31] have already
severely restricted the available CMSSM parameter space, the pu — ey flavour bounds
allow a strong test of the AB model class. We find that given the current bounds [26]
on u — ey, BR(u — ey) < 1.2 x 107}, the AB model class favours low to moderate
tan@ (i.e. < 20) with g > 0, however, there is a small region that is not excluded for
tan 8 < 35 with the sign of u negative. If MEG at PSI [27] does not detect a positive
LFV signal, BR(z — ey) < 5 x 10714, the AB model class will be effectively ruled
out, given our conservative assumptions concerning GUT and supersymmetry breaking.
It remains an open question as to whether or not other supersymmetry and/or GUT
breaking schemes within the AB model class will be able to avoid these flavour violating
bounds.
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Figure 6.2: Contour Plots of BR(x — ev) in the mg — my/, plane: Panels (a),(c),(d),
and (f) show the contours of the branching ratio for tan 3 = 5,15, 25,50 respectively
with g > 0. Panels (b) and (e) show the contours with tan 8 = 10, 35 respectively with

i < 0. In all cases the shaded region corresponds to the approximate combined WMAP
and laboratory constraints.
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Summary

In the last three chapters we have considered the effects of new scalar interactions
on pion physics, the implications of the supersymmetric see-saw with MSSM LSP dark
matter constraints for 4 — ev, and the predictions of lepton flavour violation from a
class of lopsided SO(10) grand unified models.

By considering renormalization effects on universal (or alternatively first generation),
and flavour diagonal scalar operators, we have derived limits on the size of the ratio be-
tween scalar and vector couplings from precision measurements of 7 — ¥y, decay.
We note that the most conservative estimate of the limits occurs when the new physics
arises at the electroweak scale. In this case, the contribution to the induced pseudoscalar
comes entirely from threshold corrections. In the scenario where we have arbitrary gen-

£ — %y, limits can be combined with

eration dependence of the scalar couplings, 7
limits on scalar interactions in muon capture to bound the first generation scalar cou-
plings. These observations have implications for current S-decay experiments. Direct
searches for scalar interactions in [-decay will be most competitive if the new physics
responsible for the effective scalar interactions arises at the electroweak scale in the ex-
plicit exchange of new scalar particles. In these circumstances, the indirect limits from
threshold induced pseudoscalar interactions are comparable to the direct 3-decay scalar
searches [1, 2]. Therefore, interest in searches for new scalar interactions with S-decay
experiments remains undiminished. On the other hand, for new effective scalar inter-
actions arising as effective SU(2) x U(1) invariant operators at mass scales above 200
GeV (as expected in models with leptoquarks, composite quarks/leptons, or low scale
quantum gravity) the constraints arising from the precision measurements of 7+ — [y,
decay, combined with limits on scalar interactions in muon capture, can be stronger by
an order of magnitude or more than the direct experimental searches. Furthermore, the
relative strength of these searches becomes better, the higher the mass scale of the new
physics compared to the electroweak scale. This argues strongly for improved experi-
mental precision in measurements of muon capture, and 7¥ — [*y; decay. In particular
we note that in the case of pion decay, the experimental error exceeds the uncertainty
in the theoretical calculation by a factor of eight. A new measurement of 7% — [Fy;
decay with an order of magnitude greater precision would not only constrain physics
beyond the standard model which could potentially contribute to tree level pion decay,
but as we have argued above, will also indirectly provide tests of new scalar interactions
of unparalleled precision.

We examined CMSSM lepton-flavour violation in simple general classes of see-saw
models [3] which had been constructed to fit the data on low energy neutrino oscillations.
The models considered have had their neutrino Yukawa couplings (and Majorana mass
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scale) chosen as large as reasonable, to maximize the rates for lepton-flavour violating
decays. Nevertheless, when the CMSSM parameters for the models were restricted to
have LSP relic densities in the region determined by WMAP, and to be consistent with
the LEP direct search limits, and the rate for b — s+, the resulting rate for lepton-flavour
violation was such that over much of the allowed WMAP range, much of the model
parameter space was consistent with the present experimental limit on BR(z — ev)
(and so, a fortiori, with present limits on the other (charged) lepton-flavour violating
processes). We also noted that the next generation of 4 — ey experiments should
definitively probe the range of branching ratios suggested by these models at maximal
Yukawa couplings, and also for ranges of smaller Yukawas depending on the CMSSM
parameters and the exact see-saw model details.

The AB model class [4, 5, 6], based on a U(1)xZs XZs flavour symmetry, is a highly
successful and predictive GUT scenario. This model class has the ability to accommodate
all the observed neutrino phenomena and reproduce the low energy physics of the stan-
dard model. If it is assumed that supersymmetry is broken via mSUGRA and that the
GUT breaks directly to the CMSSM, the AB model class is highly restrictive and hence
allows for a precise determination of the rate of charged lepton flavour violation. In par-
ticular, we examined the process u — ev, since at the present time this flavour violating
muon decay channel gives the strongest constraints on flavour changing neutral currents
in the lepton sector. As the WMARP satellite data and laboratory direct searches have
already severely restricted the available CMSSM parameter space, the u — ey flavour
bounds allow a strong test of the AB model class. We find that given the current bounds
[8] on p — ey, BR(x — ey) < 1.2 x 10711, the AB model class favours low to moderate
tan g3 (i.e. < 20) with x4 > 0, however, there is a small region that is not excluded for
tan 8 < 35 with the sign of p negative. If MEG at PSI [9] does not detect a positive
LFV signal, BR(x — ev) < 5 x 107, the AB model class will be effectively ruled
out, given our conservative assumptions concerning GUT and supersymmetry breaking.
It remains an open question as to whether or not other supersymmetry and/or GUT
breaking schemes within the AB model class will be able to avoid these flavour violating
bounds.
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Appendix A
Spinors

The Lorentz group satisfies the Lie algebra

[M#, MP%) = i (n"P MM 4 nPo MYP — P M — 1@ M#?)

149

(A1)

and can be identified with the Lie algebra SO(3,1). Therefore, writing the Hermitian

generators M%,4,j=1,2,3 as
1 "
J,; = é-eijkl\ﬁfﬂ”,

(A.2)

the Lorentz algebra of eq.(A.1) guarantees that the operators J; obey the usual SU(2)

commutation relations,
[Ji, Jj] = ieiijk.

Defining the non-compact boost generators as,
K; = My;
we find that,

(K, K] = —iegjrdy
[Ji,Kj] = ie,;ijk.
We may separate the these algebras by constructing the linear combination,
1 .
Ni =2 (Ji + 1K)

leading to the commutation relations

- N =
[NuNj]—O
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[Ni, Nj] = ieijka (Ag)
[N}, N1) = ieyj, NH. (A.20)

We see that the Lorentz group can be decomposed into two SU(2) algebras and thus we
may label states according to Casimir invariant of these two algebras. In particular we
have the two basic irreducible representations (3,0), and (0, 1). Let us consider these
representations more closely.
The Lorentz algebra is satisfied by the operator,
low _ 2

3 1 =) (A.11)

where the v* matrices obey the Clifford algebra,

"y =2 (A.12)
with
0 o*
= Al13
v <5;u 0) (A-13)
where,
ot = (I, 0) (A.14)
o = (Ip,—0) =0, (A.15)

The matrices ¢ are the usual Pauli spin matrices. States that belong to this representa-
tion are formed by (%,0) + (0,3) = ¥p = ¥ + ¥g and are called Dirac spinors. The
Dirac spinor may be separated into its individual components ¥ and ¥ by applying
the projection operators,

1
¥, = 5(1—75)‘1’D (A.16)
1
Yr = $0+%)¥p (A.17)
where ¥5 = Y0717273-
Since
1., 1[5 0
Zyii 2 A.
22 2( 0 ak) (A.18)
lagg 1 —io? 0
=~ == . Al
22 2( 0 107 (A.19)
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both spinors ¥z and ¥ g transform in the same way under rotations but differently under
boosts. Thus, we may write each state as

(%,0) =0, = ( %"‘ ) (A.20)
(o, %) —Up= ( )_?d ) (A.21)

where @ = 1,2. The two component spinors 7 and X are referred to a Weyl spinors and
thus we my write the Dirac spinor as

/
tp={ " |. (A.22)
X
Introducing the charge conjugation operator C = —iy%42% such that,
CTINHC = —ATH (A.23)
¥4 =CYY (A.24)
leads to,
| =%
cD = -1 ( a2¢* (A.25)

It is easy to see that o29* ~ (0,3) and o®%* ~ (%,0) i.e. 0%* transforms right-handed
and o?%* transforms left-handed. We may separately track the left and right-handed
Weyl spinors by introducing the Van der Warden notation,

Yo =a)* x*=(X°) (A.26)
such that,
. 5 0 1
(i10%)ap = €ap = (A.27)
-1 0
and
Y 0 -1
—ig?)%0 = 88 = . A.28
(=io?) = ( L ) (A.28)
We may raise an lower the spinor indices using €,3 and edﬁ,
Xa = eaﬁxﬁ (A.29)
Ve = edﬁ&f}. ‘ (A.30)
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Using the Weyl spinors, the Dirac spinor may be written as,

Tp = ( ig ) T8 = ( g‘; ) (A.31)

Evidently, using the Van der Warden notation, the self conjugate Majorana spinor can

Uy =05, = ( '/f?' ) (A.32)

We may always trade spinor indices for vector indices as we shall now see. The

be written as

Lorentz transformation acting on the Dirac equation yields,

S(A)TIH#S(A) = ALy (A.33)
where,
S(A) = exp {—iwwzf“’} (A.34)
with wyy, = —w,,. In the Weyl representation, we may re-express L as,
1 i 0
3/ g A35
2 ( 0 igm ) : (A.35)
where
v 1 -l UV =
o = Z(o“d — o) (A.36)
¥ = %(6“0” —a’ct). (A.37)

By examining the action of the Lorentz group on the Weyl spinors, namely,

v = Si(a)f s (A.38)
= S (4.39)
with
$i0) = ep { ot} (4.40)
$:8) = exp { Gt} (A41)

we see that o#” and d*¥ control the spinor transformation properties and therefore they
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carry the spinor indices,

(@& (@)% (A.42)
As a result, we also have
ohs (H)os (A.43)
and it is not hard to show that,
S1(A) = Sy(A)T. (A.44)

We may now construct Lorentz invariant quantities by contracting the spinor indices
using €,g and ¢*# and using the Grassmann algebra of the spinors themselves,

X %o = P Xo = X¥ (A.45)
Xa¥® = YaX* = X% (A.46)
Xa(0")% e = —9*(0*)asX® = X" (A.47)
X2 (0*) b = =% (o) Pxp = X . (A48)
Ra(6™)%0° = —a(3#)%0° = 35" (A.49)
with
()T = vixT = 9% = %0 (A.50)
and
(xo*) = o'k = —(Parx)! (A51)
(xo* )t = x5 = —(po* ). (A.52)

From the completeness relations,

1 .

Sagdys = 5 (8asbys + 04sohs) (A.53)
: 1 s

88 = 5(0")a(B)"* (A54)

we may construct the complete set of Fierz identities.
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Appendix B
. l] — lz + 7y

The interactions leading to the lepton flavour violating process I; — I; + v involve two
effective Lagrangians: neutralino-lepton-slepton and chargino-lepton-sneutrino. Written
in the mass eigenbasis they are

3 4 6
L= 3" NHAERS+ N frexd + c.c. (B.1)
i=1 a=1 b=1
and 3 2 3
L= Z Z Z ClutEi%y + CRijesxt + c.c (B2)
i=1 a=1 b=1
where
g2 * mli *
NiIfzb = __\/—5 (2 tan fw (U?)b(i+3) (One)gy + W (U?)bi (One)a3> : (B-3)
g2 * * my; *
Nz%b = % (tanew (Ut’){n' (One)al + (U?)bi (One)a2 - m (U?)b(i+3) (One)a3> (B.4)
and
oL, = =2 (0p) , (Us), B.5
iab \/§mV\/ COS,B ( L)a2 ( n)bz ( )
Chs = —92(OR)y (Un)ji- (B.6)

The on-shell amplitude for I; — ; + 7y can be written in the general form
M = eyl; (p — g) (imu,0" q, (ALL + ArR)) L; (p); (B.7)

here we have used Dirac spinors l; (p — ¢) and /; (p) for the charged leptons ¢ and j with
momenta p — g and p, respectively; L = (1 —+%) /2 and R = (1++°) /2. Each of the
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dipole coefficients Ay, and Ar have contributions from the neutralino-lepton-slepton and
the chargino-lepton-sneutrino interaction, namely,

Ap=AD 4 A9 (B.8)
Ap =AY 4+ A0 (B.9)

where Ag’), Ag‘ ), A(c), Ag) can be evaluated from the Feynman diagrams in figure 6.1;

(m) 1 =S 1 L Lx M)%(J
AL = g 2 D | NaNi (2
a=1lb=1 f} Iy
]\{[-ol M2,
N e e 2=, B.
+4Viap jab my, 2 mlgb ( 10)
2 3 M2
() _ 1 1 L ~Lx Xa.
4 = 533 (caonn (FF)
a=1b=1 o 7y
M- M2_
+ CL Rx_ " Xa Xe i
zabC]ab m, Ja m,%b )) ) (B 11)
() _ 40 9
AR Ap LoR’ (B.12)
© _ 40
AR’ = Ap LR (B.13)
The functions J; (z), J2 (z), J3 (z), Jy (x) are defined as
—- 2 9 3 _ 21
5 (z) = 1—6z+3z°+ x4 6z n:c’ (B.14)
6(1—2)
1—z%+2zlnz
Jo(z) = , B.15
2 (2) T (B.15)
—fr2 L 3 :
Js () 2+ 3z — 6z +x4+ 6xlnx’ (B.16)
6(1—1x)
—3+4r—z*>+2Inz
Jolz) = . B.17
(@) T (B.17)
Finally, the decay rate for I — I;” + v is given by
- - e < 2 2
TG =1 +7) = 7=, (142 +14rP), (B.18)

andi=1,7=2for u —e++.
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Appendix C

The One-Loop RGEs for the
MSSM-RN

The general form of the supersymmetric renormalization group equations [12, 11, 10] are

X 1

& 1672 (C1)

where X is any of g1, 92, 93, Yn, YE, Yu, Yp, M1, My, Mz, m§; , de mL, m mé

mQ, m2 AN, Ag, Ay, Ap, and the dotted quantities are listed below:
a o= 1163, (C.2)
g = g, (C.3)
93 = —3937 (C-4)
(C.5)
Vv = Yoy (=61 - 331+ 8Tr (YhYu) 1+ T (YY) T+3¥] Yo + YEYE) ,
(C.6)
Y = Yo (~362 - 3931+ 3T (Y} Yo ) T+ Tr (Yhve) T+3YLYe + YY),
(C.7)
: 1
Yy = Yy (--9§g11 3621 — -:—?g 1+3Tr (Y} Yy) T+ Tr (Y Yn) 1
+3Y] Yy + YIT)YD) , (C.8)

y—

YD=YD<9

21 — 3631 - —g2I +3Tx (YhYo) T+ Tr (YL Y T
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+3YLYp + YIJYU) , (C.9)
]"{1 = 229%M1, (C.lO)

My, = 29%M2, (C.ll)

M3 = —69%]\/[3, (012)
S=m%{u—m%ld+ﬁ(m%—2m%+m%—m%+m%), (C.13)

m, = 6Tt (m}Y]Yy+Yhmd Yy +ml, Yhvy + Al;Au)

+2Tx (2 Y] Y + Y2 Yoy + mf, YV + Al Ax)
—2¢3 M} — 6g3M3 + g3, (C.14)

.2
i, = 2T (m2YYp+ Yimd Ve +mf, Yive+ ALAs)
+6Tr (mz- Y]T)YD + ng%YD + m%ldY]T)YD + A;r)AD>
—2¢2 M3 — 6g3 M2 — ¢3S, (C.15)
ms: = m%YI:YE + Y;IZYEmI% + m%YLYN + YLYNm%
+2YImd Vg + 2mf YIYE + 2ALAE
+2Y{m? Yy +2md YL Yy + 241 Ay

it

—2g2 M?1 — 695 MZ1 — 251, (C.16)
2
m} = 2mZ YN Y] + 2YNY{m? + a¥am? Y] + amd YnYL +4AnAL,  (C17)
-2

m} = 2miYeY]+2YpYim +4Yem? Y] +4md, YY) +4ApAL

—8¢2 M21 + 24251, (C.18)
-2 )
m} = miYLYy+YiYym} +2Yimd Yy + 2mf, Yi Yy + 28] Ay

+mE YLYp + Y] Ypm + 2Ym? Yo + 2m, YL Yp + 245 Ap
3

1
—§gleI 695 M3T — g3 MET + 2} ST, (C.19)
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mf = 2miYuY +2YyYhm} +4Yyumi Y] +4mk YuY]; + 4AuA]

32 2ar2 32 2a02 2
5 AMIT~ Z M3~ 39151, (C.20)

B.
oo

= 2mYpYl + QYDY};m% +4Ypm3 Y], +4mi, Yo Y}, + 4Ap Al

8 , 32
—5AMIL - ZEMIT+ Zgh ST, (C.21)

Ax = —g?Ay-3¢2Ay+3Tr (YT YU) Ax+Tr (Y YN) Ax

263 My Y — 66 My Y + 6Tx (Y] AU) Y+ 2Tr (Y} Ax) Yy
+AYNYLAn +5AN YL YN + 2YNYEAE + AN YL Y, (C.22)

Ap = —3¢}Ar—363Ap+3Tr (YL YD) Ap+Tr (Y] Yr) Az
697 My Y — 65 My Y5 + 6Tr (YhAp ) Ye +2Tr (Y]As) Ye
+AYEYL AR + 5AYLYE + 2Ye Y Ax + AR Y] Y, (C-23)

. 13 5 16 ,
Ay = -5 FAu —3g3Ay — ggsAU +3Tr (YUYU) Au+Tr (Y YN) Ay

% , 32
~SM Yy — 663 MYy — @MYy + 6T (YhAu) Yu +2Tr (Y]Ax) Yu

+4Yy YAy +5Au Y Yy + 2Yu YL Ap + AuY] Yo, (C.24)
Ap = -zofAp—3gAp— ?g3AD + 3Ty (Y YD) Ap+Tr (Y YE) Ap

14 32
-5 MY - 63 My Y — g3 MsYp + 6Tr (Y;AD) Yp + 2Tr (YTEAE) Yo
"+4Yp YL Ap +5Ap YL Y + 2Yp YAy + ApYi Yy, (C-25)
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