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Abstract

A new method of examining mass and number distributions of nanoscale refrac-

tive black carbon (rBC) particles has been developed. This method will be useful

for atmospheric scientists conducting semi-continuous measurement of atmospheric

rBC. The new method uses a Centrifugal Particle Mass Analyzer (CPMA) and Sin-

gle Particle Soot Photometer (SP2), coupled with a novel inversion algorithm. The

CPMA classifies particles by total mass to charge ratio, and the SP2 measures the

mass of rBC in each individual particle. To recover the true rBC and total particle

mass and number distributions, an inversion is required which accounts for multiple

charging of particles and the CPMA transfer function. The inversion solves an in-

verse problem characterized by a Fredholm integral equation, where the true number

and mass distribution of the aerosol is unknown, however both the system response

and mathematical model of the CPMA-SP2 system are known. The inverse prob-

lem was solved using iterative methods, and a two variable number distribution was

used to represent number concentration as a function of both rBC and total particle

mass. The inversion was tested and validated using laboratory experiments, where

the CPMA-SP2 sampled from a smog chamber. Sampling populations of uncoated,

coated, and mixed coated-uncoated rBC particle populations was conducted. Finally

the inversion was tested on data gathered in the real world during a field campaign

in Shanghai, China. The results for three cases of high, medium, and low pollu-

tion levels, showed distinct populations of rBC particles, which are a function of

rBC released from different sources and having different atmospheric residence times.

The real world results showed this method can give valuable insights for atmospheric

scientists using semi-continuous data logging. Future work will involve packing the

software into a convenient form for use by CPMA-SP2 users.
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Chapter 1

Introduction

1.1 Refractive Black Carbon

The battle for clean air in cities is not a new one, in 1952 London experienced “the

Great Smog,” where the air was filled with toxic pollutants released from coal com-

bustion. It is estimated the thick, sulfuric “pea-soup” mixture which choked the city

over the period of 4 days resulted in about 12,000 deaths and many more people

becoming ill. The great smog resulted in a public and governmental push to reduce

pollutants so such an event would not repeat itself (Davis, 2002). Recently, air pol-

lution, especially resulting from combustion of fossil fuels, has been shown to be a

significant contributor to climate change and increased human morbidity (Pachauri

et al., 2015). One of the most egregious culprits of climate change is black carbon

(BC), a carbonaceous aerosol. Significant scientific efforts have been made to under-

stand the structure, life-cycle, and properties of BC. Understanding and mitigating

BC emissions is an important step to increasing air quality and reducing harmful

effects of rBC on humans and the environment (Pachauri et al., 2015).

A definition of Black carbon was given by Petzold et al. (2013) and Bond et al.

(2013), namely it is i) strongly absorbing in the visible light spectrum, ii) refractory,

meaning the vaporization temperature is relatively high, iii) insoluble in water and
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the organic solvents which may be present in atmospheric aerosol, iv) an aggregate

of spheroidal primary particles between 10 and 50 nm in diameter, and v) is mostly

comprised of sp2 bonded carbon atoms. An additional term for a material similar

to BC which is used in this thesis is refractive black carbon (rBC). Specifically, this

term will be used when discussing measurement of aerosol with a single particle

soot photometer (SP2) (Stephens et al., 2003). The term rBC is specific to SP2

measurement, and is defined as an insoluable carbonaceous aerosol with a vaporization

temperature around 4000K (Schwarz et al., 2010). There is no consensus as to whether

BC is totally equivalent to rBC, technically rBC is a subset of BC. However the

definitions are nearly identical, therefore it is likely that most BC is also rBC (Andreae

and Gelencsér, 2006).

It is important to distinguish rBC and BC from other working definitions of carbon

byproducts of combustion. An analogous term for BC is soot (Pachauri et al., 2015),

however this term refers to any dark product of combustion composed at least partly of

carbon, which may or may not be strongly light absorbing. Therefore, rBC and BC is a

subset of soot, and not all soot is of concern to climate scientists. Some governmental

and supra-national organizations such as the World Health Organization (WHO)

or European Environmental agency use the term black carbon (BC) to mean any

particulate matter (PM) composed of char, soot, black carbon, or elemental carbon.

This difference is regrettable, since it is often confusing as to what substance exactly

BC is referring to. Another classification of carbon particles is elemental carbon

(EC), which is defined as pure carbon formed by crystals 2-3 nm in diameter, with

several carbon graphite-like layers (Petzold et al., 2013; Seinfeld and Pandis, 2016).

The term light absorbing carbon was suggested by Bond and Bergstrom (2006), and

is operationally identical to the definition given for rBC. However, the term light

absorbing carbon never gained wide acceptance, and the usage of rBC is preferred,

which was recommended by the same author in her later work (Bond et al., 2013).
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Additionally, other compositions of carbonaceous particles exist that are not relevant

to atmospheric scientists, but have aided understanding of BC’s properties, such as

Carbon Black, Amorphous Carbon, Coal, Graphite, and Tar (Bond and Bergstrom,

2006).

Emissions of rBC particles may be anthropogenic (i.e. originating from human ac-

tivity) or non-anthropogenic. Significant anthropogenic sources include diesel engines

(Maricq, 2007), coal fired power plants, biofuel cooking, and human caused vegetation

fires (Bond et al., 2013). Figure 1.11a shows Global BC emission apportionment by

source of emission. The error bars are large on the estimates of BC emissions, proba-

bly because it is difficult to quantify BC emissions from wildfires and residential solid

fuel use. As seen in Figure 1.11b, global BC emissions can also be analyzed on a

geographic basis, with emission source represented by colored bars. From these plots

we can see in North America and Europe, diesel engines make up approximately half

of the 380 and 470 Gigagrams per year of rBC emissions respectively (Bond et al.,

2013). If society is to seriously curb the emission of rBC particles, emission reduction

or reduction in use of diesel engines should be a focus area.

When released from a combustion source, BC is generally observed as fractal-

like aggregates of primary particles (Dastanpour and Rogak, 2014). Figure 1.2 shows

transmission electron microscopy (TEM) images of BC collected from four combustion

sources, a gasoline direct injection car engine (GDI), high pressure direct natural gas

injection car engine (HPDI), an aviation gas turbine (JE), and a laminar inverted

burner, where the scale bar represents 100 nm. Looking closely at the TEM images,

the primary particles can be distinguished, and they can range from 10 nm in diameter

to over 50 nm, with diameter being defined as the average of two measurements across

the approximately spheroidal primary particles. The shape of BC aggregates can be

defined by the fractal dimension, which value is a measure of the complexity of the

shape (Hinds, 1999). A fractal dimension of 1 would be a perfectly straight line, and a
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(a) (b)

Figure 1.1: Two ways of quantifying where BC emissions come from are: a) BC
emitted by source, and, b) BC emitted by region (Bond et al., 2013).

fractal dimension of 3 would indicate a sphere. A fractal-like BC particle is expected

to have a value near 2 (Sorensen, 2011).

1.2 Coating of BC particles with secondary organic aerosol

Refractive BC is generally observed as coated with non-BC material, and a visualiza-

tion of the coating process is shown in Figure 1.3. The BC particles acquire a coating

of non-BC material either at the source of emission, in the atmosphere from coagu-

lation with secondary organic aerosol, or from condensation reactions (Riemer et al.,

2004; Schnaiter et al., 2005; Moosmüller et al., 2009). At the source, the acquisition

of coating is from organic material (e.g. unburned engine oil) and other byproducts

of combustion (e.g. sulphuric acid (Maricq, 2007)). The BC particles can be fur-
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Figure 1.2: TEM images of BC emitted from four different combustion sources (Das-
tanpour and Rogak, 2014)

ther coated in the atmosphere by coagulation of secondary organic aerosols (SOA’s),

which are formed by photo-oxidation reactions of volatile organic compounds. Alter-

natively, these products of photo-oxidation could directly condense onto BC particles

instead of forming SOA’s. After residing in the atmosphere the fractal morphology

collapses into a more spherical shape, and after several days in the atmosphere coated

BC particles are near-spherical (Schnitzler et al., 2014; Gustafsson and Ramanathan,

2016).

Secondary organic aerosols are produced in the atmosphere via a complex inter-

action of light, volatile organic compounds (VOC’s), and radicals. The aerosols are

“secondary” because they are not released directly from a source, but form in the

atmosphere. The raw material for secondary organic material is provided by VOC’s

which are released from a variety of sources both natural and anthropogenic, and com-

bustion sources produce approximately 13% of the yearly total (Hallquist et al., 2009).

The two main atmospheric oxidants are the hydroxyl radical (OH), ozone (O3), and
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Figure 1.3: A visual representation of how BC can acquire coating, adapted from
Gustafsson and Ramanathan (2016)

the nitrate radical (NO3). Oxidation of an organic molecule yields functional groups,

for example, hydroxyl (–OH), carbonyl (–C=O), or nitrooxy (–ONO2). These func-

tional groups then can form low vapour pressure products which are less volatile than

their reactants, which tend to condense onto existing particulate mater (Seinfeld and

Pandis, 2016). Alternatively, the products could nucleate, however, thermodynami-

cally, the compounds are more likely to condense onto particulate matter if it exists.

The secondary organic aerosol then may further coagulate with coated or uncoated

BC particles which increases their coating thickness.

1.3 Motivation

Refractive black carbon can have negative effects on the atmosphere and human

health. It is known to contribute to climate change and to negatively affect cardio-

vascular health in humans (World Health Organization, 2012; Pachauri et al., 2015).
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1.3.1 Effect of Aerosol on Climate change

The observed mean surface temperature of the earth has increased by 0.85 K (0.65 to

1.06 with a 90% confidence interval) between 1880 and 2010 (Pachauri et al., 2015).

The latest Intergovernmental Panel on Climate Change reaffirmed it is extremely

likely (95–100% confidence) the majority of this warming is due to human caused

effects (Pachauri et al., 2015). Furthermore, it is extremely likely at least half of

the observed warming between 1951–2010 of approximately 0.65 K is human caused.

This warming effect due to human activity is referred to as either climate change

or global warming. The net warming of Earth has caused increased frequency of

extreme weather events, decreased quality and quantity of freshwater, and additional

negative impacts on natural and human systems. It is expected these negative effects

to increase in magnitude and frequency with further global mean surface temperature

increase (Pachauri et al., 2015). The key driver of human caused climate change is

from the combined effects of increased concentrations of greenhouse gases, along with

other anthropogenic sources. One very significant contributor to climate change is

aerosols from anthropogenic sources (Pachauri et al., 2015).

Aerosols affects climate through “indirect” and “direct” effects. The effect of

a substance on climate change is characterized by its “radiative forcing,” which is

defined as the area normalized net downward difference in irradiance in Earth’s energy

balance due to the presence of a substance (Seinfeld and Pandis, 2016). The main

indirect effect of aerosols is a change in cloud density and lifecycle. Particles can act as

cloud concentration nuclei (CCN), where particles entering a cloud act as nucleation

sites. Under some conditions, CCN entering a cloud results in more numerous water

droplets with a smaller mean diameter (Seinfeld and Pandis, 2016). More droplets

increases the surface area of the cloud, which causes more incoming solar radiation to

be reflected back into the atmosphere (Dusek et al., 2006). Thus, the indirect effects
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of some aerosol is generally a negative radiative forcing (i.e. a net global cooling

effect) (Seinfeld and Pandis, 2016).

Direct effects of aerosols involve particles absorbing and scattering solar radiation.

Whether a particle absorbs or scatters light is a function of its material properties,

characterized by its refractive index. The refractive index is a measure of the ab-

sorbing and scattering components of a material relative to the surrounding medium.

However, it is often more convenient to characterize materials based on single scat-

tering albedo, ω, which is dependent on refractive index (Seinfeld and Pandis, 2016).

Single scattering albedo is the ratio of the scattering efficiency to extinction efficiency.

The single scattering albedo has a range of 0–1, where material with ω = 0 would

absorb all incoming light, and a material with ω = 1 would scatter all incoming

light. Many aerosols have single scattering albedo close to 1, such as water, salt, and

organics (Seinfeld and Pandis, 2016). Material with a single scattering albedo of 0

do not exist, however, aerosols such as BC have an albedo less than 1 and therefore

both scatter and absorb light. The direct effect of an aerosol layer in the atmosphere

can be demonstrated by a simple model. For an aersool layer, the fraction of light

reflected upward, fu, absorbed, fa, scattered downwards, fd, and transmitted, ft, can

be shown to be a function of optical depth, τ , and upscatter fraction βu (Seinfeld and

Pandis, 2016),

fu = (1− e−τ )ωβu, (1.1)

fa = (1− ω)(1− e−τ ), (1.2)

fd = ω(1− βu)(1− e−τ ), (1.3)

ft = e−τ . (1.4)
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Therefore, the total downward transmitted fraction is,

fdown = e−τ + ω(1− βu)(1− e−τ ) (1.5)

The light transmitted and scattered downward will be absorbed or reflected by

the earth. Therefore, the equations can again be written for light coming from the

opposite direction. Considering this effect, and effects of cloud cover, the change

in outgoing radiative flux due to an atmoshperic aerosol layer can be shown to be

Seinfeld and Pandis (2016),

ΔF = Fo(1− Ac)T
2
a

[(
fu +

f 2
downRs

1−Rsfu

)
−Rs

]
, (1.6)

where Fo is incoming solar flux, Ac is the fraction of Earth’s surface covered by

clouds, Ta is the fractional atmospheric transmittance, and Rs is the average albedo

of Earth’s surface. Thus, this equation can demonstrate that the primary parameter

which determines if an aerosol causes a positive or negative forcing effect is its single

scattering albedo (Seinfeld and Pandis, 2016). Setting this equation to ΔF = 0, the

critical albedo, ωcrit, can be solved for, where ω > ωcrit results in global cooling and

ω < ωcrit results in global warming. Assuming approximate global values of τ << 1,

Rs = 0.15, βu = 0.29, the critical albedo is approximately 0.6 (Seinfeld and Pandis,

2016). However, when average surface albedo approches 1, such as over a flat and

snowy area, the critical albedo approaches 1 Seinfeld and Pandis (2016).

Aerosol direct effects are further complicated when particles are a mixture of

species. For example, a BC particle coated with organic material will have unique

scattering and absorption behavior (Cappa et al., 2012). For example, in Figure

1.4, the albedo of an ammonium sulfate and BC mixture is a non-linear function of

mass composition, especially for an internal mixture. The degree of mixing can be
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Figure 1.4: Single scattering albedo for internal and external mixtures of (NH4)2SO4

and BC as a function of mass percentage (Seinfeld and Pandis, 2016).

characterized by the mixing state, formally defined by Riemer and West (2013). A

particle population is said to be fully externally mixed when all particles are pure, and

fully internally mixed when every particle in a population has identical mass fractions

of constituent components in the population. With atmospheric BC a fully externally

mixed population would consist of pure BC particles with no organic coating. A fully

internally mixed population would consist of BC particles with organic coating, and

each particle had identical mass fractions of BC and organic coating (Riemer and

West, 2013).

1.3.2 Effect of Black Carbon on Climate Change

As discussed in Section 1.3.1, aerosols have an important role in Climate Change. A

significant aerosol with large climate change effects is BC, it is likely the second most

influential anthropogenic climate changing compound behind carbon dioxide (Bond

et al., 2013). A recent estimate of direct radiative forcing of atmospheric BC in
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the industrial era is +0.71 W m−2, with a 90% confidence interval of (+0.08,+1.27)

W m−2. If indirect effects such as cloud lifecycle changes are included in the radiative

forcing estimate, the forcing value increases to +1.1 W m−2 with a 90% confidence

interval of (+0.17,+2.1) W m−2. (Bond et al., 2013). Thus it is likely that BC

has a significant global warming effect, second only to carbon dioxide. However the

theoretical error of the radiative forcing estimate for BC is relatively high at 90%.

This is mostly due to uncertainties induced by the acquisition of coatings.

The mixing state of BC with organic components can greatly affect its radiative

forcing value, and internal mixing with organic material probably increases radiative

forcing by up to a factor of 2 (Jacobson, 2001; Schnaiter et al., 2005; Moosmüller et al.,

2009; Lack and Cappa, 2010; Cappa et al., 2012). This is due to direct and indirect

effects. Direct effects can be attributed to “lensing” of internally mixed BC particles

(Bond and Bergstrom, 2006). The lensing effect refers to when light is refracted

when progressing to a medium of a different density, in this case the organic coating

surrounding BC. Because the light progresses from a medium of lower density to a

medium of higher density, it is refracted towards the interior of the particle (Young

and Freedman, 2008), in this case occupied by an absorbing BC core. Therefore, due

to lensing, the BC absorbs a greater quantity of radiation than if it was uncoated

(Bond and Bergstrom, 2006). Indirect effects of BC mixing state involves change

in cloud life-cycle (McMeeking et al., 2011). The acquisitions of coatings tends to

reduce cloud life-cycle time, and, because clouds have a net cooling effect, this causes

an additional increase in radiative forcing (Koch and Del Genio, 2010).

1.3.3 Human health

Developing causal relationships between BC and effects on human health is chal-

lenging for two main reasons. Firstly, other air pollutants are often present besides

BC, and secondly, there is high variation in concentration across space and time,
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especially within cities (World Health Organization, 2012). For example, the concen-

tration of BC is higher near roads, and depends on traffic volume which is a function

of time (i.e. around rush hour has higher BC concentrations than the middle of the

night) (Henderson et al., 2007). Some negative health effects attributed to BC may be

partly because of other PM, especially that which is less than 2.5 microns in diameter

(PM2.5) in the atmosphere (World Health Organization, 2012). Determining health

effects of BC is still an active area of research, however it is likely that BC exposure

does cause negative outcomes to humans health (World Health Organization, 2012).

Evidence of negative human health effects is provided by toxicological studies

of short term BC exposure and statistics based epidemiological results. The first

methodology, toxicological studies, generally exposed people to BC particle concen-

trations between 100-350 μg m−3 for up to two hours (Gong Jr et al., 2003; Solomon

et al., 2003; Mills et al., 2005, 2008; Riddervold et al., 2011; World Health Organi-

zation, 2012). The source of the BC was diesel engines, and ethical concerns limited

the test population to healthy individuals or people with mild asthma. Most studies

conducted have not made a distinction between BC, EC and PM. (Gong Jr et al.,

2003; Solomon et al., 2003; Mills et al., 2005, 2008; Riddervold et al., 2011; World

Health Organization, 2012). However some work has showed that pure BC does not

produce short-term negative vascular or cardiovascular effects, and it is potentially

the non-BC coating which causes toxicity (Frampton et al., 2006; Mills et al., 2011;

Biswas et al., 2009; World Health Organization, 2012).

The second methodology, epidemiological studies, focuses on statistical methods

of parsing the effect of BC from other PM. Since BC tends to vary spatially, health

outcomes of populations living near BC sources (and thus the PM is comprised of

a high proportion of BC) can be compared to populations exposed to PM with low

concentrations of BC. These studies are effective where data is available, however ex-

pensive equipment, difficult calibration, and restrictions on access to medical records
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due to medical privacy laws are limiting (World Health Organization, 2012). Overall,

it is accepted that BC is a health-relevant component of PM, and morbidity is a

function of PM exposure and duration (Janssen et al., 2011). It has been estimated

a 10 μg m−3 increase in BC concentration results in a more significant increase in

cardiovascular morbidity and general mortality than a similar concentration increase

in PM10, and perhaps the same for PM2.5 (Cakmak et al., 2009b,a; World Health Or-

ganization, 2012). Ranking the relative impact of BC relative to other known harmful

PM components such as metals or sulfates is challenging, however BC is likely one of

the most harmful (World Health Organization, 2012). It is clear that BC has negative

effects on human health, however a big question which requires further research is

if the magnitude of BC health effects is altered due to non-BC coating acquisition

(World Health Organization, 2012).

1.4 Description of selected aerosol science instrumentation

The study of the physical characteristics of BC and its effects on climate and human

health is reliant on instrumentation. Three aerosol science instruments are frequently

referenced in this thesis and are therefore described in this section, namely the: Sin-

gle Particle Soot Photometer (SP2), Differential Mobility Analyzer (DMA), and the

Centrifugal Particle Mass Analyzer (CPMA).

1.4.1 Single particle soot photometer

A detailed description of the SP2 can be found in Stephens et al. (2003), and is summa-

rized here. The SP2 measures two quantities, the rBC particle mass via Laser Induced

Incandescence (LII) and the optical scattering diameter via light scattering. As seen

in the SP2 schematic shown in Figure 1.5, the nozzle directs rBC particles through a

Nd:YAG (neodymium-doped yttrium aluminium garnet; Nd:Y3Al5O12) intra-cavity
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Figure 1.5: Schematic of the SP2 (Moteki and Kondo, 2007).

laser beam, with a wavelength of 1064 nm. Light scattered and incandescent from

the particles is measured by avalanche photodiodes (APD’s), which converts light to

electricity using the photoelectric effect. A compound lens assembly directs light to a

single APD to form a detection “channel.” There are four channels, one for scattered

light with a wavelength of 1064 nm and three incandescence channels. Two incan-

descence channels measure light with a wavelength at 300-800 nm, and one measures

infared light with a wavelength of 1400-1700 nm. The mirror is reflective, and has a

leakage transmission of 15 ppm, which allows measurement of intracavity power.

When the particles enter the laser cavity, some of the laser light is absorbed

by the particles, which increases their temperature inducing vaporization of their

coating, and some of the light is scattered. The increase in temperature causes the

rBC core to emit blackbody radiation. This scattered and incandescent radiation

is measured by photo-diodes, and the peak of the blackbody radiation signal (or

sometimes referred to as the LII signal) is correlated to the rBC mass of a particle on
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Figure 1.6: LII signal as a function of rBC particle mass (Moteki and Kondo, 2010).

a particle by particle basis (Stephens et al., 2003). The correlation is conducted based

on information obtained during calibration of LII amplitude to particles of a known

rBC mass. As seen in Figure 1.6, the maximum peak amplitude of the LII signal for

ambient rBC has a linear relationship up to approximately 75 fg (Moteki and Kondo,

2010). Importantly, the LII response for rBC closely agrees with various common

calibration aerosols for the linear region, and it is along this region where valid results

can be obtained. For calibration, a monodisperse in mass aerosol is required, or a

mobility monodisperse aerosol with a known mass-mobility relationship.

Laboratory tests have shown a coated internally mixed rBC particle will have the

same LII–rBC mass relationship as an uncoated rBC particle (Moteki and Kondo,

2007). This indicates the particles will still vaporize under a relatively thick coating

before exiting the laser cavity. In Figure 1.7, a monodisperse aerosol with a spherical

rBC core of either 110 nm or 200 nm mobility diameter was passed through the SP2.
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Figure 1.7: Maximum LII signal height as a function of total particle diameter (Moteki
and Kondo, 2007).

The aerosol was coated with Glycerol or Oleic acid, and coating thickness was varied.

The peak of the LII signal did not change significantly as coating mass increased,

indicating LII signal peak is independent of coating thickness for the range of coating

tested (Moteki and Kondo, 2007). Therefore SP2 users can say with some certainty

the mass of rBC can be obtained accurately for a coated rBC particle. Not tested

is whether fractal-like particles (i.e. instead of the spherical rBC particles tested

in Moteki and Kondo (2007)) with coating would have a coating-independent LII

signal. Additionally, the coatings were created in a laboratory, and it is unknown if

the oleic acid and glycerol coatings have similar thermodynamic and optical properties

to organic coating seen in the atmosphere. Further work is required to investigate

these variances.

1.4.2 Differential mobility analyzer

The DMA classifies particles by electrical mobility. Electrical mobility, Z, is the

terminal velocity of a particle of Φ charges in an electric field of unit strength. Math-

ematically this is defined as,
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Z =
ΦeCc(dp)

3πμdp
, (1.7)

where Φ is the number of charges, e is the elementary charge constant, μ is the viscos-

ity of the gas, dp is the mobility equivalent diameter, and Cc(dp) is the Cunningham

slip correction factor evaluated at the particles mobility equivalent diameter. Mobil-

ity equivalent diameter, commonly referred to as mobility diameter, is the diameter

of a sphere with the same terminal velocity in a uniform electric field as a spherical

reference particle. Mathematically the mobility diameter is defined as (DeCarlo et al.,

2004),

dp =
Cc(dp)dveχt

Cc(dve)
, (1.8)

where χt is the shape factor, and dve is the volume equivalent diameter of the particle.

Volume equivalent diameter is defined as the diameter of a particle if it was a perfect

sphere with no void spaces.

A diagram of one half of the classification region of the DMA is shown in Figure

1.8. The full classification region has an inner cylindrical rod with an outer casing,

and an air gap in between the rod and casing. Upstream of the classification chamber,

a polydisperse aerosol first passes through an impactor which removes particles with

a aerodynamic diameter greater than a chosen cut-off. Downstream of the impactor,

but still upstream of the classification chamber, the particles are passed through a

neutralizer which is long enough so the aerosol has a sufficient residence time to

acquire a Boltzmann distribution of charge states.

The aerosol enters the classification region in a laminar flow region adjacent to the

interior of the casing. Interior to the laminar flow region is a flow of particle free air,

called the sheath flow. A voltage difference is applied between the rod and casing,

and near the bottom of the rod is a gap allowing airflow to pass. When a particle
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enters the classification region, it reaches terminal velocity nearly instantaneously,

and as a particle traverses the classifier, electrical force pulls particles of the opposite

charge of the central rod towards it. If the mass-mobility relationship is correctly

assumed, particles of the selected electrical mobility travel a parabolic path ending

by entering the gap in the bottom of the charged rod. Particles with a larger electrical

mobility traverse a parabolic arc and land above the air gap, while particles with a

smaller electrical mobility travel further than the air gap and are filtered out. Thus,

only particles within a small mobility range around the desired particle mobility

successfully transverse the classifier into the gap. The gap leads to the outlet of the

instrument, where a monodisperse aerosol with respect to mobility is provided for the

application (Hinds, 1999).

1.4.3 Centrifugal particle mass analyzer

The CPMA classifies particles by mass-to-charge ratio by balancing electrical and

centrifugal force, with a schematic of the CPMA shown in Figure 1.9. The user

can operate the CPMA by either selecting a single mass setpoint to allow through

the classifier, or programming a range of masses for the CPMA to step through

sequentially. The sequence of classifying through a low to high mass setpoint range

is called a scan. Regarding the construction of the CPMA, the classification region

is comprised of two coaxial rotating cylindrical electrodes with a voltage difference

applied between them. The polydisperse aerosol enters through a gap at the start

of the classification region and a second gap at the end of the classification region is

where the monodisperse aerosol exits. When the CPMA is in operation, a particle

enters the classification region, and the rotating electrodes impart a centrifugal force

while the voltage difference causes an electrical force. Each electrode rotates in the

same direction at a slightly different constant angular velocity. Therefore, particles

of the selected mass-to-charge ratio with an opposite charge of the inner cylinder
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Figure 1.8: A schematic demonstrating the operating principal of a Differential Mo-
bility Analyzer (Zhang and Chen, 2014)



20

successfully transverses the classifier, and all other particles impact and adhere to the

walls (Olfert and Collings, 2005).

There are three important characteristics the user needs to be aware of when

using the CPMA. Firstly, although the user selects a mass to classify, the CPMA

actually sorts by mass-to-charge ratio and does not produce a true mass monodis-

perse aerosol. Along with particles of the selected mass and one charge, particles of

twice the desired mass with two charges, up to the maximum number of charges in

the aerosol, will also successfully transverse the classifier. Assuming a Boltzmann

charge distribution, depending on particle size, the proportion of multiply charged

particles may be significant. Therefore the presence of multiple charges may require

some post-processing to remove these multiple charged particles depending on the

application. Secondly, at low rotational speeds, such as when classifying relatively

large particles, neutral particles of very high mass may not be classified out, and pass

through the classifier. This is undesirable, however these large particles are generally

obvious when post-processing. Finally, particles with a mass-to-charge ratio slightly

above and below the desired value pass through the classifier. The probability of a

particle of a selected mass-to-charge ratio traversing the classifier is characterized by

a distribution, known as a transfer function, which is explained in detail in Section

A.4.

1.5 Current methods of measuring rBC mass in particles

Measuring characteristics of atmospheric rBC are vital if atmospheric scientists are

to accurately determine the effects of rBC on climate change. Current methods of

measuring rBC and coating mass of atmospheric particles containing rBC include:

i) waveform analysis using the Single Particle Soot Photometer (SP2), ii) denuder-

CPMA-DMA, and iii) Soot Particle Aerosol Mass Spectrometer (SP-AMS).
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Figure 1.9: A Schematic demonstrating the operating principal of the Centrifugal
Particle Mass Analyzer (Olfert and Collings, 2005)
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1.5.1 Analysis of scattering and incandescence waveforms using single

particle soot photometer

To infer thickness of organic coating on rBC particles the SP2 scattering signal is

compared to the LII signal. As seen in Figure 1.10 when a rBC particle is coated

there is a time lag between the occurrence of the peak of the scattering and LII signal.

The time lag occurs because the coating must be vaporized before the rBC core begins

vaporization. This signal can be related to the thickness of the coating of the rBC

particle, by comparing to analogous time lags during calibration (Moteki and Kondo,

2007).

There are several challenges associated with using an SP2-only method. It requires

calibration of the LII and scattering signal to rBC particles of a known coating thick-

ness, generally a rBC mass standard (e.g. fullerene soot, aquadag) coated with oleic

acid or some equivalent organic material. Calibrating this method requires further

research, since there have been no studies comparing whether an rBC mass standard

coated with oleic acid exhibit similar scattering and incandescence characteristics to

that of atmospheric rBC coated in volatile organic material. It has yet to be de-

termined whether calibration conducted with a spherical rBC core with oleic acid is

representative of actual atmospheric rBC, where the rBC core is fractal. A serious

limitation of this method is the scattering and incandescence detectors have different

ranges, the scattering channel has a mass-equivalent range of 200—430 nm, while the

incandescence channel has a range of 70—500 nm, assuming an rBC density of 1.8

g cm−3. Therefore the scattering channel severely limits the utility of this method,

potentially precluding measurement of the complete range of coated rBC particles.
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Figure 1.10: Visual representation of the SP2 theory, adapted from Onasch et al.
(2012)

1.5.2 Population mixing state using DMA-CPMA

A method was introduced by Dickau et al. (2016) to quantify the mixing state of an

aerosol when the aerosol particles were external or internal mixtures of volatile and

non-volatile material. This method could be used to gather one variable population

metrics for an external mixture of BC particles and volatile organic material. Popu-

lation mixing state is calculated using three experiments using various combinations

of a DMA, CPMA, denuder, and condensation particle counter (CPC). A denuder

is a device which strips the organic coating from a core of non-organic material. In

this case an aerosol stream entered a tube which was heated to about 350◦. A CPC

is an instrument which determines the number concentration of particles with a di-

ameter between 10–3000 nm, and concentrations up to 104 cm−3 with an accuracy of

approximately ±10%.

The method described in Dickau et al. (2016) is summarized below. Firstly the

number mobility distribution,
dN

d log dp
, is determined via an SMPS, which consists
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of a DMA and CPC. Secondly, using a DMA, denuder with bypass, and CPC, the

the number of particles which are purely volatile at a selected mobility diameter,

fvp(dp), are determined. Thirdly, the volatile mass fraction, fvm across the range of

masses observed in the sample is determined using a DMA, hot and cold denuder,

CPMA, and CPC. The number distribution of non-volatile material as a function of

mobility diameter,
dNnv

d log dp
= (1 − fvp)

dN

d log dp
, the number distribution of purely

volatile material,
dNpv

d log dp
= (fvp)

dN

d log dp
, and the mass distribution of volatile ma-

terial,
dMpv

d log dp
= mpv(fvp)

dN

d log dp
, can be determined. If this method was applied

to atmospheric BC measurements, the coating on BC particles would be the volatile

material.

There are two main challenges with this method. Firstly, it takes several hours

to complete, making it difficult to use for atmospheric science measurements. Any

time-dependent effects would be essentially averaged out. Secondly, BC is not distin-

guishable from other PM, a distinction that SP2 or SP2-like methods can make.

1.5.3 Soot particle aerosol mass spectrometer

The SP-AMS is used to obtain a mass distribution of rBC, organic components,

and sulfates as a function of vacuum aerodynamic diameter. Additionally it can

provide emissions characterization of combustion sources (Onasch et al., 2012). It

is analogous to the combination of two instruments, an Aerosol Mass Spectrometer

(AMS) and an SP2. A schematic along with sample results are shown in Figure 1.11.

An aerosol stream enters an inlet nozzle and is drawn into the vacuum chamber. In the

vacuum chamber, time of flight spectroscopy is used to measure vacuum aerodynamic

diameter, where vacuum aerodynamic diameter refers to measurement of aerodynamic

diameter in the free-molecular regime (DeCarlo et al., 2004). Downstream of the time

of flight spectrometer, refractory particles such as rBC are vaporized using a Nd:YAG
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laser and non-refractory particles are vaporized using a tungsten plate heated to

approximately 600◦C. The scattering and incandescence signals of refractory particles

are measured, analogous to the process described for the SP2 in Section 1.4.1. Mass

spectroscopy is used to determine chemical properties of both the refractory vaporized

using the ND:YAG laser and non-refractory material vaporized on the tungsten plate.

After data processing, the SP-AMS returns an average mass distribution as a function

of vacuum aerodynamic diameter for an ensemble of particles (Jayne et al., 2000;

Onasch et al., 2012).

There are several challenges associated with using the SP-AMS. It is it is very

expensive and non-portable, costing up to over one million Canadian dollars and

weighing over one hundred kilograms. Additionally, it is unclear the exact rBC and

organic coating mass range to which the instrument can effectively conduct mea-

surements with reasonable error. The mass range of rBC which the instrument can

measure may be outside that usually seen in the atmosphere, resulting in missing and

incomplete data (Dickau et al., 2016).

1.6 Inverse problems

Generally, scientists want to know the mass or number distribution of an aerosol as a

function of some physical or chemical property. However, the distribution of particles

cannot be measured directly, and an inversion is required to calculate population

distributions from physical measurements. This results in what is called an inverse

problem, and an inversion is required to mathematically estimate the true mass or

number distribution. The solution of inverse problems is an active area of research in

the aerosol science community (Kandlikar and Ramachandran, 1999).

The need for data inversion can be demonstrated by considering a CPMA-SP2

system measuring either uncoated or coated rBC particles. When a CPMA and
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(a) (b)

Figure 1.11: a) schematic of the soot particle aerosol mass spectormeter, and b)
sample results from ambient air measurements over a busy street for a case of rBC
dominated PM and organic material dominated PM (Onasch et al., 2012).

SP2 are connected in series, the SP2 measures the mass of rBC in each CPMA

classified particle. The raw data for a CPMA-SP2 system is shown in Figure 1.12

for bare, uncoated rBC and for coated rBC. The raw data is known as the response

of the instrument, and such a distribution is measured for each CPMA setpoint.

The response of the CPMA-SP2 system for bare, uncoated particles (Figure 1.12a)

has distinct peaks with medians at integer multiples of the CPMA setpoint. This

behaviour is due to the CPMA sorting by mass-to-charge ratio, since particles with

twice the mass and two charge states are also let through. For coated particles

(Figure 1.12b), the charge states blend together, and cannot be distinguished visually.

Additionally, the CPMA has some error, a distribution of particles are let through

the classifier rather than particles of exactly the selected mass-to-charge ratio. This

distribution is described by the transfer function, defined as the probability of a

particle of a certain mass passing through the classifier. To recreate the number
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distribution from the response of the CPMA-SP2, system an inversion is required

which accounts for the CPMA transfer function and multiple charging.
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Figure 1.12: Raw data from a CPMA-SP2 system at a single CPMA setpoint for a)
uncoated, bare rBC particles, and b) coated rBC particles

The response of an instrument can be related to the desired number distribution

by solving an inverse problem, and a set of inverse problems which describe stepped

aerosol science instrumentation are Fredholm integral equations. A Fredholm integral

equation is mathematically defined as (Kandlikar and Ramachandran, 1999),

R(x) =

∫ b

a

Γ(x, y)p(y)dy, (1.9)

where R(x) is the response of the system (i.e. the observed or measured data),

Γ(x, y) is the kernel function which describes the relationship between the response

and the model parameters, and p(y) is the unknown quantity which cannot be di-

rectly measured. Applying Fredholm theory to the CPMA-SP2 system, R(x) is the

distribution described in Figure 1.12, Γ(x, y) is the kernel function specific to the

CPMA-SP2 system, and p(y) is the number distribution of the aerosol as a function

of either rBC mass or total particle mass.
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1.6.1 Solving one variable inverse problems analytically

Using simplifying assumptions, some inverse problems can be solved analytically.

Recovery of a number distribution for a DMA using an analytical model has been

previously described (Stolzenburg and McMurry, 2008). Using a similar method an

analytical solution to the number distribution can be calculated for a CPMA-SP2 sys-

tem where the SP2 acts as a simple counter of particle mass. The CPMA is assumed

to have a triangular CPMA transfer function, and all particles are assumed to have a

single charge. In reality, the CPMA transfer function is non-triangular and particles

assume a Boltzmann charge distribution when passed through a neutralizer. There-

fore this analytical solution is more for demonstration purposes, and assuming other

transfer function models or multiple charging is discussed in Chapter 2. Variables

for this derivation are defined as follows: β is the inverse of the CPMA resolution in

mass space; f ∗ is the charge fraction evaluated at the set point and a charge state of

1; and variables with a ∗ indicate they are evaluated at the CPMA set point (e.g. m∗
p

is the mass setpoint of the CPMA, compared to mp which is particle mass). CPMA

resolution is the full width half maximum of the triangular transfer function.

The analytical solution is developed as follows: when the CPMA is held at one

mass setpoint, the number concentration of rBC particles measured by the SP2 is,

N∗ =
∫

dN∗ =
Φ∑

Φ=1

∫
ε(mp)f(mp,Φ)Ω(mp,m

∗
p, B,Φ)dN, (1.10)

where

dN =
dN

d lnmp

d lnmp =
dN

d lnmp

dmp

mp

. (1.11)

Assuming the efficiency, charge fractions, and distribution are constant over the

range of the transfer function, and that the fraction of multiply-charged particles is

zero, this can be simplified to:
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N∗ = ε∗f ∗
[

dN

d lnmp

]∗ ∫
Ω(mp,m

∗
p, B,Φ = 1)

dmp

mp

. (1.12)

With the assumptions of single charging, a unique relationship between size and

mass, and the distribution is approximately uniform over the width of the trans-

fer function, we can eliminate charge and size dependency and assume a triangular

transfer function in mass space:

Ω(m∗
p, β,mp) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
mp − (1− β)m∗

p

βm∗
p

if (1− β)m∗
p < mp < m∗

p,

(1 + β)m∗
p −mp

βm∗
p

if m∗
p < mp < (1 + β)m∗

p

(1.13)

and Ω = 0 elsewhere.

Then, defining m̃p =
mp

m∗
p

, the integral can be evaluated,

∫
Ω
dmp

mp

=

∫ 1

1−β

m̃p − (1− β)

β

dm̃p

m̃p

+

∫ 1+β

1

(1 + β)− m̃p

β

dm̃p

m̃p

= (1 +
1

β
) ln(1 + β)− (1− 1

β
) ln(1− β). (1.14)

This equation is valid for β < 1. For brevity define this integral as β̂,

∫
Ωd lnmp = (1 +

1

β
) ln(1 + β)− (1− 1

β
) ln(1− β) = β̂, (1.15)

where β̂ ≈ β when β << 1.

Therefore,

N∗ = ε∗f ∗
[

dN

d lnmp

]∗
β̂ (1.16)
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[
dN

d lnmp

]∗
=

N∗

ε∗f ∗β̂
≈ N∗

ε∗f ∗β
. (1.17)

This is analogous to Stolzenburgs’ equation for the DMA. For high resolution, we

get: [
dN

d lnmp

]
=

N∗

ε∗f ∗β
≈ RmN

∗

ε∗f ∗ , (1.18)

where Rm =
1

β
. This shows the distribution over the natural logarithm of mass is ap-

proximately equal to the number concentration measured at the set point, multiplied

by the resolution. Conversion to logarithm with base of 10 is possible by conducting

the same analysis above, but with logarithms with base of 10. Change of logarithm

basis from base 10 to base e can be conducted using,

[
dN

d logmp

]∗
1

ln 10
=

[
dN

d lnmp

]∗
. (1.19)

An example of the solution is shown in Figure 1.13, where
dN

d logmp

is a function

of total particle mass.

1.6.2 Solving one variable inverse problems numerically

Section 1.6.1 discussed solving inverse problems analytically, assuming particles are

singly charged and the CPMA has a triangular transfer function. These assumptions

are not necessarily representative of real world instrumentation behaviour. Assuming

multiple charging and non-triangular transfer functions has been demonstrated for

scanning mobility particle sizer measurements (SMPS), which consists of a DMA and

CPC in series. Discussion of an SMPS inversion introduces terminology and concepts

central to this thesis and analogies can be drawn between inversion of SMPS data and

the CPMA-SP2 inversion developed in Chapter 2. The DMA sorts particles by mo-

bility, the result of DMA classification being an aerosol which is near-monodisperse

in electrical mobility. The DMA steps through a range of mobility diameters and
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Figure 1.13: Number distribution as a function of total particle mass solved for
using analytical solution to a Fredholm integral assuming a triangular CPMA transfer
function and singly charged particles

the CPC measures the number of particles at the DMA selected mobility diame-

ter. Analogous to a CPMA-SP2 system described in Section 1.6.1, the SMPS has an

instrument response. Some particles will have more than one charge, meaning that

particles of half the mobility as selected but with two charge states will be let through

the DMA. The presence of multiply charged particles and the transfer function needs

to be accounted for via inversion to properly calculate the distribution of particles in

the aerosol sample. For an SMPS, R(x) is the mean number of particles measured at

a particular mobility diameter and p(y) is the number distribution
dN

d log dp
. The dis-

tribution represents the concentration of particles, dN , between a mobility diameter

of dp and dp +d log dp. The Kernal function for an SMPS is defined for i data points

(i.e. number of setpoints or channels) and j solution elements (Collins et al., 2002),

Γi,j = qatc log

(
Dj+ 1

2

Dj− 1
2

)
η̄(Dj)

Φmax∑
Φ=0

f̄(Dj,Φ)Ω̄(Z(Dj,Φ), Zi,Pe(Dj)), (1.20)
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where qa is the aerosol flow rate, tc is the time counting particles, η̄(Dj) is the average

percentage of particles lost in the DMA, f̄(Dj,Φ) is the average probability of a

particle of certain diameter and charge number existing, and Ω̄(Z(Dj,Φ), Zi,Pe(Dj))

is the transfer function of the DMA. The transfer function of the DMA is defined

as the probability of a single particle transversing the DMA (Knutson and Whitby,

1975),

Ω =
1

qa
max

[
0,min

(
qa, qs,

[
1

2
(qa + qs)− |2πZpΔΦ+

1

2
(qm + qc)|

])]
, (1.21)

where qs is the sampling flow rate, Zp is the particle electrical mobility, ΔΦ is a finite

increment in electric flux, and qm is the main outlet flow rate. The finite increment

in electric flux can be approximated using,

ΔΦ =
LV

ln b
a

, (1.22)

where L is the distance between the DMA aerosol entrance and DMA sampling en-

trance, V is the voltage difference, ra is the radius of the DMA’s charged center rod,

and rb is the inner radius of the casing. A reasonable lognormal approximation to

the transfer function has also been developed by Stolzenburg and McMurry (2008).

Knowing the transfer function and kernal, equation 2.2 can be rewritten as a system

of equations for all DMA diameter setpoints as,

R = QΓ, (1.23)

where R is the response of the SMPS, in this case the vector of measured number

concentrations, and Q is the unknown distribution, in this case the aerosol number

distribution vector
dN

d log dp
. These equations can be solved numerically.



33

As an aside, similar to the CPMA-SP2 counter analysis, an approximation of the

solution was derived analytically by Stolzenburg and McMurry (2008) assuming all

particles have a single charge and the transfer function is triangular,

dN

d log dp

∣∣∣∣
d∗p

=
N(V )a∗[

qa
qs
λ (1 + δ)) f

(
d∗p, 1

)
η
(
d∗p
)] , (1.24)

where Z∗
p is the electrical mobility of the centroid of the transfer function at selected

diameter d∗p, N is the number concentration measured by the CPC, λ is the ratio of

DMA flows
qs + qa
qm + qc

. Assumption of an inversion includes that the size distribution

varies little over each bin, and the detector response and charging probability are

slowly varying with respect to the diameter of the particle (Kulkarni et al., 2011).

If this solution is to be found using multiple charging, then a numeric solution is

required, as described in Section 1.6.4.

1.6.3 Two variable inverse problems

Previous research has focused on solving inverse problems for recovery of one variable

number based distributions (i.e.
dN

d logmp

,
dN

d log dp
). Recently it has been shown

by Rawat et al. (2016) that two variable number distributions can provide unique

insights. Specifically the two variable distribution,
∂2N

∂mp∂dp
, was used to identify

populations of particles in an aerosol, as seen in Figure 1.14, where dp is the mobility

diameter of particle. Thus, the term ∂2N represents the number concentration of

particles with a total particle mass between mp and mp+dmp and mobility diameter

between dp and dp +ddp. This distribution is analogous to one-variable distributions

that are often used in aerosol science to describe count or mass distributions (e.g.

dN

d log dp
or

dM

d log dp
). Data was gathered using a DMA, Aerosol Particle Mass An-

alyzer (APM), and CPC in series where the DMA sorted particles by mobility, the

APM classified particles by mass-to-charge ratio, and the CPC measured the average
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number of particles. The APM is similar to the CPMA. The result after inversion

was a number distribution both as a function of mobility diameter and particle mass,

and accounted for the APM transfer function and multiply charged particles.

(a) (b)

Figure 1.14: From Rawat et al. (2016) a) A two variable number concentration dis-
tribution as a function of mobility diameter and total particle mass for soot and
ammonium sulfate aerosols b) A one variable distribution

An additional advantage of the two variable distribution is it can be integrated

in the total particle mass or mobility diameter (i.e. x or y) direction to derive

one variable distributions. For example, a two variable distribution such as that

in Rawat et al. (2016) can be integrated to find how mass or number varies with

mobility diameter. Because most aerosol populations have lognormal size and mass

characteristics, henceforth the distributions will be described in their lognormally

normalized form:

dN

d log dp
=

∫ ∞

0

∂2N

∂ logmp∂ log dp
d logmp (1.25)

dM

d log dp
=

∫ ∞

0

mp
∂2N

∂ logmp∂ log dp
d logmp. (1.26)
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The solution to the two variable distribution still involves solving an inverse prob-

lem, only the unknown distribution is a matrix because it is a function of two variables.

Solving for the two variable distribution for a DMA-APM-CPC system is possible by

solving the system of equations as described by Rawat et al. (2016),

Ni,j =
∞∑
z=1

∫ ∞

0

∫ ∞

0

Γi,j(Z, dp,mp)
∂2N

∂ logmp∂ log dp
d logmpd log dp, (1.27)

which can again be represented in matrix form and the two variable distribution

solved for using iterative methods similar to a one variable distribution.

1.6.4 Numerical methods of solving inversion problems

The previous two sections have demonstrated how to apply Fredholm theory to derive

a system of equations relating the number distribution, kernel function, and instru-

ment response. A numerical scheme is required to solve for the number distribution.

At first glance, it would appear that standard methods of solving systems of linear

equations could be used. However, these methods cannot be used because the equa-

tions are dependent on one another, therefore, the kernel function is nearly singular.

Non-standard methods of solving the inversion are required. Methods which may be

used to generally solve an inverse problem are: I) Least-squares solution II) Non-

negative least squares regression III) Tikhonov regularization and VI) the Twomey

method (Kandlikar and Ramachandran, 1999). The most popular of these methods

will be discussed in context to their applicability for solving the system,

R = QΓ, (1.28)
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where Γ is the kernel function, Q is the unknown distribution of particles to be calcu-

lated, and R is the instrument response (e.g. variable measured by the instrument).

Least squares and non-negative least squares regression (also known as constrained

least squares) involves minimizing the error of the residual. A major problem with

least squares and non-negative least squares solutions is the final solution is highly de-

pendent on the initial guess, and these methods are therefore not commonly used for

inverse problems. Another method commonly utilized for solution of inverse problems

is Tikhonov regularization. This method solves a minimization problem. There has

been several studies on Tikhonov regularization, and it can be optimized based on the

instrument being studied (Tikhonov et al., 1995). Different variations of Tikhonov

regularization have been proposed such as zeroth order regularization, L-curve mini-

mization (Hansen, 1992; Hansen and OLeary, 1993), and generalized cross-validation

(Wahba, 1977; Golub et al., 1979). A disadvantages of Tikhonov regularization is

it is complicated, and although possible to implement for one variable inverse prob-

lems, it would be very difficult to implement for two variable distributions. Another

iterative and non-linear approach to solving inverse problems is the Twomey method

(Twomey, 1975), and is simpler to conceptualize and implement. It is commonly

used for solving inverse problems related to aerosol instrumentation. In a Twomey

algorithm, to solve for a new iteration of the solution, each element of the old solution

is multiplied by a correction factor. Initially, an initial guess needs to be provided.

Using the inversion of one variable SMPS data as an example, the Twomey method

can be applied to SMPS data where the new solution is given using,

dN

d log dp

∣∣∣∣
k+1

(dj) =
[
1 + aki Γi(Z, dj)

] dN

d log dp

∣∣∣∣
k

, (1.29)

where a is the ratio of measured number concentrationNi,measured for each channel over

the per channel number concentration calculated by integration for the new iteration
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of the solution, Nk
i ,

aki =
Ni,measured

Nk
i

. (1.30)

A disadvantage of the Twomey method is it induces oscillations in the solution,

and the oscillations generally increase with the number of iterations. It is possible

to reduce the unwanted oscillations by smoothing the initial guess and final iteration

of the solution by a moving average (Markowski, 1987). Additionally, the Twomey

method is computationally intensive. Despite these disadvantages, its relative sim-

plicity means this method is commonly used for solving inverse problems.

Finally, techniques using Bayesian statistics, such as those described in Symonds

et al. (2007), can be used to recover number distributions. However, they are more

suited to recovery of data from very noisy instruments, and are not applicable to the

CPMA-SP2 method developed here.

1.7 Research Overview and Implications

In this research, a CPMA-SP2 inversion is developed which measures rBC mass and

coating mass distribution. A theoretical basis for the methodology is presented which

accounts for multiple charging and the transfer function of the CPMA. The results

of the inversion result in a two variable number distribution being a function of rBC

mass and total particle mass. This thesis is comprised of four chapters. Chapter 2

discusses the development, theory, and validation of the SP2-CPMA measurement

methodology. Chapter 3 describes the results of using this method to measure rBC

particle mass distributions in China. Lastly, Chapter 4 summarizes and discusses the

results and presents conclusions.
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Chapter 2

A Novel Inversion Method to Determine the

Mass Distribution of Non-Refractory Coatings

on Refractory Black Carbon using a

Centrifugal Particle Mass Analyzer and Single

Particle Soot Photometer

2.1 Introduction

Aerosols containing refractory black carbon (rBC) particles in the atmosphere have

important climate impacts due to their ability to absorb and scatter light. Refractive

black carbon aerosols are the second most influential anthropogenic climate changing

compound, however, the magnitude of the impact of rBC on climate change is highly

uncertain (Bond et al., 2013). A major source of this uncertainty is due to coating

of non-rBC compounds onto rBC, changing the particles absorption and scattering

characteristics (aerosol direct effects on radiative forcing) and influences on cloud

life-cycle (semi-direct and indirect effects on radiative forcing) (Menon et al., 2002;

Ramanathan and Carmichael, 2008). Acquisition of non-rBC coating can occur at

the source of emission (e.g. from unburned fuel or engine oil condensed on soot
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emitted from engines (Maricq, 2007), or from secondary organic aerosol condensing

or coagulating with the rBC (Schnaiter et al., 2005; Moosmüller et al., 2009; Riemer

et al., 2004). On a single particle, the mass ratio of non-rBC to rBC may vary,

which is referred to as mass fraction. The non-rBC coatings are generally organic

compounds and measuring the mass distribution on atmospheric rBC is important

for understanding the effect of coating on climate. To reduce uncertainty on the effect

of rBC on climate forcing, it is desirable to quantify mass and number distribution

characteristics of an aerosol population containing rBC particles.

The most common methodology to determine coating characteristics of atmo-

spheric rBC particles is to infer it using a single particle soot photometer (SP2;

Droplet Measurement Technologies, Boulder, CO). SP2 methodologies are explained

in detail el(Moteki and Kondo, 2007; Shiraiwa et al., 2007; Sedlacek et al., 2012;

McMeeking et al., 2010, 2011; Schwarz et al., 2008), and briefly in Section 2.2.1.

Bare rBC particles passing through an SP2 Nd:YAG laser produce incandescence

and scattering signals with near-simultaneous peak intensities. Particles with a non-

rBC coating undergo a delay on the onset of the LII peak signal as organic particle

coating must be vaporized before the rBC core begins to incandesce. Therefore the

non-rBC coating mass is inferred by correlating the difference in time of the scattering

and incandescence signal peaks to coating mass. Another approach relies on sizing

rBC-containing particles optically and estimating coating amount using assumed mor-

phology and refractive indices (Gao et al., 2007). Inferring the coating mass using

peak time differencing can be difficult because the time to vaporize organic coating

depends on physical and thermodynamic characteristics (Moteki and Kondo, 2007;

Bambha et al., 2013) which may be challenging to quantify for atmospheric rBC. Fur-

ther, these methods for estimating coating thickness is constrained by the sensitivity

of the SP2’s scattering detector, which can resolve particles in the range of 200-430

nm in diameter.
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We present here an improvement to an alternative method to measure the mass

of non-rBC coating on populations of refractory black carbon (rBC) particles using

a tandem CPMA-SP2 system (Liu et al., 2017). The CPMA (Centrifugal Particle

Mass Analyzer; Cambustion Ltd, UK) classifies particles by their mass to charge ratio

(Olfert and Collings, 2005), and the SP2 detects the mass of rBC in each individual

particle (Stephens et al., 2003; Slowik et al., 2007). In coupling the two instruments,

the advantages of this method over SP2-only methods are i) coating mass information

can be obtained over a much wider range of rBC particle mass compared to SP2 only

methods (restricted in the SP2 by the sensitivity to light scattered by rBC), ii) coating

mass is measured directly: no assumptions for coating density or refractive index are

needed, and iii) it does not require assumptions of a core-shell morphology. The

CPMA does not limit the range of particles measured as its classification range is 0.2

ag to 1050 fg (or a volume equivalent diameter, drBC, of 6 to 1030 nm assuming an rBC

density of 1.8 g/cm3). Regarding the SP2, only the incandescence channel is used,

which has a detection range of approximately 0.3 – 117 fg rBC (or a volume equivalent

diameter, drBC, of 70 to 500 nm assuming an rBC density of 1.8 g/cm3). The detection

efficiency, the number concentration detected versus the actual concentration present,

may be less than 100% for rBC particles below 0.9 fg (Laborde et al., 2012), but if the

laser power is tuned the efficiency can be greater than 80% down to 0.3 fg (Liu et al.,

2017). Furthermore, Moteki and Kondo (2007) have shown that the incandescence

signal is independent of coating thickness up to 650 nm (where coating thickness is

defined as total optical diameter of the particle minus the rBC core optical diameter),

thus the CPMA-SP2 can measure a wide range of coating mass fractions for different

rBC core masses.

In previous work, the CPMA-SP2 system was used to calculate the average coating

mass on a population of rBC particles (Liu et al., 2017). For each CPMA setpoint,

the average mass of rBC particles was determined using an SP2, and divided by the
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total particle mass (i.e. CPMA setpoint). This method assumes the CPMA transfer

function is very narrow, and that the proportion of multiply charged particles which

cannot be removed by inspection is small. However, in the atmosphere, a population

of rBC particles has a wide range of coating mass (i.e. some particles in the population

may have very little coating while some particles may have considerable amounts),

and may have a significant proportion of multiple charge states.

The distribution of the coating material on the rBC particles can be described

using a two-variable distribution described by
∂2N

∂ logmp∂ logmrBC

; where mrBC is the

mass of an individual rBC particle and mp is the mass of an individual particle.

Thus, the term ∂2N represents the number concentration of particles with a rBC

particle mass between mrBC and mrBC + dmrBC and total particle mass between mp

and mp + dmp. This distribution is analogous to one-variable distributions that are

often used in aerosol science to describe count or mass distributions (e.g.
dN

d log dp

or
dM

d log dp
). A two-variable distribution of mobility and mass has been previously

demonstrated for a differential mobility analyzer - aerosol particle mass analyzer

(DMA-APM) system (Rawat et al., 2016).

A useful property of the two variable distribution is it can be integrated to derive

one variable distributions of the total aerosol population, for example, total mass

concentration distribution as a function of total particle mass can be obtained,

dM

d logmp

=

∫
∂2N

∂ logmp∂ logmrBC

mp∂ logmrBC. (2.1)

Additionally, other distributions can be derived; i) mass concentration distribu-

tion as a function of rBC particle mass

(
dM

d logmrBC

)
ii) rBC mass concentration

distribution as a function of total particle mass

(
dMrBC

d logmp

)
and iii) rBC mass con-

centration distribution as a function of rBC particle mass

(
dMrBC

d logmrBC

)
. Similarly,
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the total mass concentration, M , and total number concentration, N , can be calcu-

lated through double integration of the two variable distribution. Note that since

the SP2 only measures particles containing rBC, the total mass concentration refers

to the total mass concentration of particles containing rBC, and N refers to the to-

tal number concentration of particles containing rBC. As the CPMA is an aerosol

classifier, and not a single-particle instrument, a data inversion process is required

to determine the two-variable distribution. Additionally, the CPMA-SP2 inversion

presented in this paper mathematically accounts for multiple charging. In the sub-

sequent sections a data inversion routine is developed for the CPMA-SP2 system

resulting in a two-variable distribution. The inversion routine is tested and validated

experimentally using rBC particles coating by secondary organic aerosol in a smog

chamber.

2.2 Experimental Methods

2.2.1 CPMA-SP2 system

The CPMA is an aerosol instrument which classifies particles based on their mass-to-

charge ratio. The principal of operation is based on balanced rotational and electrical

forces between two rotating coaxial cylinders. The probability of a particle making

its way through the entirety of the CPMA is described by the instrument ‘trans-

fer function’. The transfer function of the CPMA is approximately triangular and

can described by its resolution, which is the inverse of the normalized full width

half maximum (FWHM) of the transfer function (e.g. a resolution of 5 results in

a triangular transfer function with a FWHM of 20% of the mass setpoint). During

step-scan operations, the CPMA sequentially changes rotational speed and electrode

voltage potential to select a chosen quantity of mass setpoints between a range of

user-selected values.
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The SP2 operates by drawing an aerosol stream through a Nd:YAG intra-cavity

laser (λ = 1064 nm). The absorbing particles are vaporized and the scattered and in-

candescent light are measured by avalanche photo-diodes and photomultiplier tubes,

respectively. The scattered light signal is related to a nominal optical scattering di-

ameter, and incandescent detectors relate the peak of the incandescent signal to rBC

mass (Stephens et al., 2003; Moteki and Kondo, 2010). Calibration of the SP2 is

conducted by correlating peak incandescent signal to rBC mass, and was conducted

using a CPMA-SP2 system using bare, uncoated rBC particles, where rBC produced

from the inverted burner was mass selected using the CPMA. Supplementary infor-

mation section S1 shows the calibration of rBC mass for the SP2 and efficiency of the

SP2.

2.2.2 Experimental Procedure

The inversion was tested using smog chamber experiments, where rBC particles with

a range of secondary organic coating mass were sampled using the CPMA-SP2 sys-

tem. The experimental setup is shown in Figure 2.1. Refractory BC particles were

produced from an inverted methane diffusion flame, similar to that described in Ghazi

and Olfert (2013). The flow rate of fuel and air was 1.6 and 17.4 standard L min−1

respectively (with reference temperature and pressure of 0 ◦C and 101.325 kPa, re-

spectively), resulting in a global equivalence ratio of approximately 0.85. The particles

were subsequently passed at 1 L min−1 through a 25 cm diffusion drier, consisting

of a mesh tube surrounded by anhydrous calcium sulfate; a thermodenuder at 350◦C

with a heated section of 25 cm with 1
4
inches diameter tubing; a tube of activated

carbon 91 cm long and diameter of 1
4
inches; and a counter-flow parallel plate de-

nuder (similar to that described in Ruiz et al. (2006)) prior to entering the chamber.

The purpose of the diffusion drier was to remove water from the aerosol phase. The

thermodenuder partitioned any organic material on the particles to the vapor phase,
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which either condensed onto the walls of the cooling section of the denuder or ad-

sorbed onto the activated carbon following the denuder. The counter-flow parallel

plate denuder removed trace gases which may have remained after these processes.

The smog chamber has been previously described by Parsons et al. (2011), it has

a volume of 1.8 m−3, perfluoroalkoxy film walls, and twenty-four 34 W black lights

arranged on the top and opposite walls of the inside of the chamber.

The smog chamber was filled to a concentration of approximately 10,000 cm−3,

verified with a Scanning Mobility Particle Sizer (SMPS; TSI Inc) connected directly to

the smog chamber (not shown in experimental diagram). A precursor hydrocarbon, p-

xylene (Fisher, 99.9%), was injected into the chamber with the lights off. Particle mass

growth (i.e. coating) does not occur with the lights off due to the absence of shortwave

radiation. The uncoated, bare rBC particles were sampled using the CPMA-SP2, with

the SP2 recording the mass and time of CPMA-classified rBC on a single particle

basis. During sampling using the CPMA-SP2, the CPMA was sequentially stepped

over a mass range from 0.3 to 28 fg, and the SP2 measured the mass of rBC comprising

individual CPMA-classified particles. Each setpoint was held for 30 seconds, and

the CPC measured particle concentration for reference. A valve downstream of the

neutralizer and upstream of the CPMA was fitted to bypass the CPMA, so that the

aerosol could also be measured by the SP2 alone. Before each CPMA scan the CPMA

was bypassed and the SP2 sampled directly from the chamber, this data is required

to correct the inversion process as described in Section 2.3. After one scan of the bare

rBC particles, hydrogen peroxide was introduced into the chamber, and the lights

turned on. Photolysis of the hydrogen peroxide produced hydroxyl radicals, which

reacted with the p-xylene precursor. The secondary organic material condensed onto

the bare rBC over a period of 7 hours, and the lights irradiated the chamber for the

rest of the experiment. Over the period of coating growth, the CPMA-SP2 system

sampled the aerosol from the smog chamber using the same parameters and setpoint
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time. After 7 hours, fresh rBC was injected into the chamber resulting in a co-

existing populations of both bare and coated rBC particles. This mixed population

was sampled using the same technqiue. The polydisperse particle distribution was

charge-neutralized before sampling, by a Kr-85 radioactive source. A condensation

particle counter (CPC, Model 3771, TSI, USA) was set to a flow rate of 1.0 L min−1

and the SP2 was set to a flow rate of 0.12 L min−1, resulting in a total flow through

the CPMA of 1.12 L min−1.

Figure 2.1: Experimental set-up

Figure 2.1 shows the output of the SP2 when a CPMA is operated upstream at a

single setpoint. For a single CPMA setpoint the output of the SP2 can be envisaged

as an rBC mass distribution, hereafter referred to as the response of the system.

For a neutralized stream of uncoated rBC particles as seen in Figure 2.2a, charge

states are clearly visible—doubly charged particles of twice the mass have the same

mass-to-charge ratio as singly charged particles of the setpoint mass. The first 3

charge states, Φ = 1, 2, 3, are clearly visible, and the CPMA set-point is equal to

the median of the singly charged particle distribution. As seen in Figure 2.2b, for

coated particles, the rBC distribution blends together. The multiply charged particles

are still present but they are not distinguishable from each other as particles of the

same total particle mass (as classified by the CPMA) comprise a wide range of rBC

mass. However, because the charge distribution and CPMA resolution is known for a

neutralized stream of particles, an inversion can be used to account for the multiple

charge states in order to accurately reconstruct the mass and number distributions
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of coated particles.
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Figure 2.2: Number-mass histogram of particles at a particular CPMA setpoint
counted by the SP2 a) for uncoated and bare rBC particles at a CPMA setpoint
of 1.87 fg b) for coated particles at a CPMA setpoint of 18.15 fg

2.3 Inversion of CPMA-SP2 data

An inversion is the process of solving an inverse problem, where parameters which

cannot be directly measured or observed are inferred. A subset of inverse problems are

Fredholm integral equations which are applicable to data acquired from aerosol science

instrumentation such as DMA-CPC systems or cascade impactors. The unknown

quantity desired to be known for aerosol instrumentation is generally the number or

mass distribution entering the instrument. Development of inversions for DMA and

tandem-DMA data is analogous to the development of a CPMA-SP2 inversion and has

been discussed previously (Hagen and Alofs, 1983; Collins et al., 2002; Stolzenburg

and McMurry, 2008; Kulkarni et al., 2011). The general form of the Fredholm integral

equation is,

R(x) =

∫ b

a

Γ(x, y)p(y)dy, (2.2)
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where R(x) is the response of the system (i.e. the observed or measured data),

Γ(x, y) is the kernel function which describes the relationship between the response

and the model parameters, and p(y) is an unknown quantity which cannot be directly

measured. Applying Fredholm integral theory to a CPMA-SP2 system, the two vari-

able distribution (i.e. the unknown variable)
∂2N

∂ logmp∂ logmrBC

can be related to

the response and kernel of the CPMA-SP2 system for the ith setpoint assuming the

distribution and charge fraction are approximately constant over the width of the

transfer function,

dNResponse

d logmrBC

⏐⏐⏐⏐
i

=
∂2N

∂ logmp∂ logmrBC

⏐⏐⏐⏐
i

ε̄(mp)
Φmax∑
Φ=1

f̄(dp,Φ)

∫ ∞

0

Ω(mp, B,Φ)d logmp,

(2.3)

where d logmp =
1

mp

dmp, ε̄(mp) is a correction factor, f̄(dp,Φ) is charge fraction,

and Ω(mp, B,Φ) is the CPMA transfer function. Unlike in Rawat et al. (2016),

where a two variable distribution for a DMA-APM-CPC system is calculated, the re-

sponse of the CPMA-SP2 system is a number distribution with respect tomrBC rather

than the number concentration of particles. The number distribution
dNResponse

d logmrBC

⏐⏐⏐⏐
i

is constructed from single particle measurements of rBC particle mass by the SP2 at

CPMA setpoint i (e.g. taking data in the form of Figure 2.2a and converting it into

a number distribution). The bins, which are the range of edges for histogram bins of

dNResponse

d logmrBC

⏐⏐⏐⏐
i

, have geometric midpoints equal to the CPMA setpoints.

The CPMA transfer function, Ω(mp, B,Φ), describes the probability of a particle

with a particular mass-to-charge ratio passing through the classifier. The transfer

function is a function of the mechanical mobility, B, of a particle, and its number of

charges, Φ. There are several models of transfer function available, and the diffusive

function similar to that seen in Olfert and Collings (2005) is used for all calculations

because it is the most accurate and is not computationally intensive.
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Like a SMPS, the CPMA-SP2 inversion assumes a charge distribution of neutral-

ized aerosol (Wang and Flagan, 1990). Charge fraction, f(dp,Φ), describes the pro-

portion of particles of a particular size and charge state calculated using the Wieden-

sohler equations (Wiedensohler, 1988). A study by Gopalakrishnan et al. (2015)

showed the assumptions of the Wiedensohler equations may not be representative in

all cases, especially for non-spherical particles. However, the Wiedensohler equations

are still commonly used in modelling neutralized aerosols due to their simplicity. The

maximum number of charges, Φmax, is specified for the inversion and typically is cho-

sen to be 3, since a negligible number of particles exist with higher charge states for

the size range investigated in this study. Selection of higher number of charge states

increases solution time.

Determining mobility equivalent diameter requires assumptions of particle mobil-

ity diameter and density. Both are required to calculate the charge fraction and the

CPMA transfer function. The mobility diameter and density assumption affects the

amplitude of the two variable distribution, and to a lesser extent, the width. The

amplitude is primarily affected, rather than the width, because these assumptions

affect the shape of the CPMA transfer function, which describes how many parti-

cles pass through the CPMA. A wider transfer function results in the two variable

distribution having a higher concentration (i.e. increased amplitude). Additionally,

just like all aerosol science instrumentation, diffusion and other mechanistic processes

cause losses of particles within the CPMA again affecting the amplitude of the two

variable distribution. The amplitude of the two variable distribution can be corrected

by introducing the correction factor, ε. The correction factor is determined using the

data from the direct SP2 sampling performed during CPMA bypass measurements

following each CPMA-SP2 scan. The mass dependency of ε(mp) was ignored, since

the SP2 can only measure rBC mass, not total particle mass, and it is not possible

to determine the correction factor as a function of total particle mass. Thus the av-
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erage correction factor will be determined, represented by ε̄. The correction factor is

determined by calculating the total number concentration of the SP2 sampling alone

(i.e. bypassing the CPMA), and dividing by the number concentration calculated by

the two variable CPMA-SP2 data (i.e. using the inversion),

ε̄ =
NSP2

N
, (2.4)

where N is the total number concentration of the two-variable distribution and NSP2

is the number concentration of particles through direct SP2 measurement (i.e. no

CPMA upstream of the SP2) over the same mrBC range as the two-variable distri-

bution. This assumes the CPMA scan range is high enough so it covers the vast

majority of total particle masses.

The entire set of CPMA setpoints can be represented by an ill-conditioned posi-

tively constrained system of equations,

R = QΓ, (2.5)

where Q is the two variable number distribution,
∂2N

∂ logmp∂ logmrBC

, and R is the

number distribution of the response. Similar to the kernel function developed by

Collins et al. (2002) for scanning DMA data, the kernel function, Γi,j, represents

the response of the instrument with a trapezoidal rule approximation for the ith

instrument response and the jth solution element of the known number distribution

of mrBC. Ignoring the correction factor, ε̄, for now, the kernel can be represented as,

Γi,j =
Φmax∑
Φ=1

f̄(mp,Φ)

∫ mp(j+1/2)

mp(j−1/2)

Ω(mp, B,Φ)d logmp, (2.6)

where the termsmp(j+1/2)
andmp(j−1/2)

represent the edges of the jth bin of rBC masses,

where the bin edges are the geometric midpoint between adjacent bin midpoints. To
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solve Equation 2.5 for the unknown two variable number distribution, a Twomey

algorithm (Twomey, 1975) was used. This algorithm was selected because it is easy

to implement and generally stable, albeit computationally expensive. Briefly, the

Twomey method works by first approximating the two variable distribution with an

initial guess. The initial guess is calculated by taking the response of the CPMA-SP2

system at the ith CPMA setpoint, and dividing by the charge fraction assuming all

particles were singly charged and by the variable β̂. The variable β̂ is the analytical

solution to the integral of a triangular CPMA transfer function assuming a single

charge and is described in detail in section S3.1. Bins with an rBC mass greater than

total mass are set to zero because are they are physically impossible, and the initial

guess is calculated using,

∂2Nguess

∂ logmp∂ logmrBC

⏐⏐⏐⏐
i

=

dNResponse

d logmrBC

⏐⏐⏐⏐
i

f̄(mp,i,Φ = 1)β̂
, (2.7)

where
∂2Nguess

∂ logmp∂ logmrBC

⏐⏐⏐⏐
i

is the initial guess for the ith CPMA setpoint, and

dNResponse

d logmrBC

⏐⏐⏐⏐
i

is the response of the CPMA-SP2 system at the ith CPMA setpoint.

The Twomey algorithm then iteratively calculates: i) a theoretical response by

multiplying the guess of the two variable distribution by Gamma, ii) a correction fac-

tor for each element of the two variable distribution based on the actual and theoreti-

cal response, iii) the new two variable distribution by multiplying element-by-element

the old two variable distribution by the correction factor to resolve a new guess of the

two variable distribution. This sequence is iterated until the total number concen-

tration of the two variable solution approaches that which was originally measured

by the CPMA-SP2 within 5%. After solving for the two variable distribution, the

amplitude is corrected by multiplying by the correction factor, ε̄.

For low rBC concentrations, smoothing may be desirable. For the smog cham-
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ber experiments, smoothing was not conducted because concentrations were rela-

tively high and the distribution of rBC particles was narrow. For broad distributions

and/or distributions with a low concentration of rBC particles, the initial guess can

be smoothed via an averaging algorithm until roughness increases or 10 iterations are

reached. The smoothing algorithm is similar to that used by Markowski (Markowski,

1987) in smoothing one variable distributions recovered using a Twomey algorithm.

Roughness was defined as the average of the second derivative of the two variable

distribution. Iterating the Twomey algorithm induces noise into the solution. There-

fore, after the final iteration is calculated the solution is smoothed until it reaches

the roughness of the smoothed initial guess. The smoothing algorithm was designed

to preserve the total number distribution.

Further information on the inversion is given in the supplementary information.

Section S2 gives detailed information on the Twomey algorithm and solving the two

variable distribution. Section S3 explores model validation in three ways. First, an

analytical solution for number concentration distribution is developed for the CPMA-

SP2 system assuming a triangular transfer function and one charge state. The nu-

merical solution with the aforementioned assumptions is shown to be identical to the

analytical model. Second, the corrected one variable number concentration distribu-

tion of uncoated particles is shown to be nearly identical to direct SP2 measurement.

Third, an incorrect mobility is assumed, and shown to result in the same distribution

as a more reasonable assumption. This demonstrates mobility only changes distri-

bution amplitude as expected, which can be corrected using the correction factor, ε̄.

Section S4 explains in more detail why the diffusion transfer function was selected for

the model.
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2.4 Results and Discussion

Results from the inversion, specifically for coated, uncoated, and a mixed population

of coated and uncoated particles are presented in this section. Additional results are

available in section S5 of the supplementary information.

2.4.1 Two variable number concentration distributions

A two variable number distribution,
∂2N

∂ logmp∂ logmrBC

, a function of rBC particle

mass and total particle mass are shown in Figure A.9 for populations of a) uncoated,

b) coated, and c) mixture of coated and uncoated particles. The color represents the

magnitude of the two variable distribution, and the units are in number of particles

squared per cm6. The size of each rectangle represents the limits of the histogram

bins used in the inversion. The geometric center of each bin corresponds to the ith

CPMA setpoint mass in the total mass and rBC mass direction (because rBC bins

were chosen to correspond to each CPMA setpoint). The white dotted line represents

where particles are uncoated (i.e. mp = mrBC). Particles to the left of the white

dotted line of unity slope are physically impossible because the rBC particle mass

exceeds that of the total particle mass of the particle, but could occur if the particle

had a stronger incandescence response compared to the material used to calibrate the

SP2. Smoothing was conducted for the latter two cases, but was not conducted for

uncoated particles as the distribution is narrow. In Figure 2.3a the multiple charge

states are not visible for the two variable distribution of uncoated, bare rBC particles.

This is because inversion charge-corrects the distribution by removing particles with

an rBC particle mass greater than total particle mass, then adjusting the amplitude

to account for removing these particles.

The two variable distribution for bare, uncoated rBC particles seen in Figure

2.3a exists along a line with slope equal to one. This is because the particles are
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not coated and thus the total particle mass is equal to the mass of rBC. When the

particles grew an organic coating as seen in Figure 2.3b, the distribution shifted

towards a higher total particle mass. The distribution does not increase in the rBC

particle mass direction since the rBC particle mass does not increase. The widening

of the distribution is due to the particle-to-particle variation in the condensational

growth rate of secondary organic aerosol, which creates a distribution of total particle

mass for particles of a given rBC particle mass. When fresh uncoated rBC particles

are added to the smog chamber as seen in Figure 2.3c, the two distinct populations

of coated and uncoated particles can be observed. The fresh particles do not fall on

the one to one line because the measurement was taken 45 minutes after injecting

the new particles, and thus a coating had started to develop. This time delay was

intentional in order to allow the particles to completely spatially mix with the coated

particles.

2.4.2 One Variable Number Distribution

Direct integration of the two variable number concentration distribution,

∂2N

∂ logmp∂ logmrBC

, in the total particle mass or rBC particle mass domains (i.e.

the x and y directions) yields
dN

d logmp

or
dN

d logmrBC

. The number distribution for

uncoated and coated particles can be seen in Figure 2.4. Note that the data is only

shown for particles greater than 0.9 fg due to counting efficiency loss of the SP2 below

that limit. This results in the left side of the number distribution being cut off. For

uncoated particles, the distribution of
dN

d logmp

should have an amplitude equal to

dN

d logmrBC

, however,
dN

d logmp

has a slightly higher amplitude. This could be for

several reasons. Firstly, the distribution is very narrow, and the initial guess returns

a more broad distribution than expected. Since the initial guess is slightly broader

than expected, the solution distribution is also broad. Secondly, calibration error of
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Figure 2.3: Histogram representation of two variable distributions,
∂2N

∂ logmp∂ logmrBC

,

for a) uncoated, bare rBC particles, b) coated rBC particles which have undergone
photooxidation with p-xylene under UV lights for 7 hours, c) mixture of coated and
uncoated rBC distributions. The white dashed line represents where mrBC = mp

the SP2 (or small amounts of coating on the rBC when the SP2 is calibrated) would

result in a small shift in the distribution.

The number distributions for coated particles is seen in Figure 2.4b. For coated

particles
dN

d logmrBC

has a median greater than
dN

d logmp

due to increased mass of the

coating as expected. Comparing
dN

d logmrBC

for coated and uncoated particles, the

distribution is similar except the median of the coated case is lower than that of the
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uncoated case. This is due to the particle losses in the chamber due to diffusion to

the walls.
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Figure 2.4: Number distributions of a) uncoated rBC particles and, b) coated rBC
particles.

2.4.3 One variable mass concentration distributions

One variable mass distributions can be recovered by integration of
∂2N

∂ logmp∂ logmrBC

along either the mrBC or mp domains and multiplying by either rBC particle mass

or total particle mass (e.g. Equation 1). The mass distributions can be in terms

of total particle mass concentration or rBC mass concentration. As seen in Figure

2.5a, for uncoated rBC particles the rBC mass concentration distribution and total

mass concentration distribution are approximately equal. This is because there is no

coating on the particles and total particle mass is equivalent to rBC particle mass. As

seen in Figure 2.5b for coated particles, the mass distributions as a function of rBC

particle mass have approximately the same median as the uncoated case. This reflects

the organic coating growth via photo-oxidation with p-xylene does not change the rBC

particle mass in the chamber. The coated one variable mass distribution shows the
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difference in total particle mass (
dM

d logmrBC

) and rBC particle mass (
dMrBC

d logmrBC

)

concentration distributions, the difference in amplitude is proportional to the coating

mass at a particular rBC particle mass. This figure shows a trend of smaller particles

having a higher coating ratio compared to larger particles. This is expected and

has been observed in particles emitted from gasoline engines (Momenimovahed and

Olfert, 2015), diesel engines (Ristimäki et al., 2007), diffusion flames (Dickau et al.,

2016), and premixed flames (Ghazi and Olfert, 2013).

Finally, for the case with fresh rBC particles added, the two populations of coated

and lightly coated particles could be clearly resolved when plotting mass concentration

distribution versus total particle mass (Figure A.12c). Viewing the same population as

a function of rBC particle mass, the populations can no longer be clearly distinguished

because the rBC mass concentration distribution between the coated and uncoated

particles have approximately the same median (Figure A.12d).

2.4.4 Mass Concentration as a Function of Time

An SP2 used alone can directly resolve the mass concentration of rBC particles. How-

ever the SP2 cannot resolve the total mass concentration of particles containing rBC.

The addition of the CPMA allows determination of total mass concentration of par-

ticles containing rBC. The total mass concentration and rBC mass concentration can

be calculated through integrating the one variable mass concentration distributions,

M =

∫ ∞

0

dM

d logmp

d logmp (2.8)

MrBC =

∫ ∞

0

dMrBC

d logmp

d logmp. (2.9)

As seen in Figure 2.6, plotting the total mass concentration and rBC mass concen-
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Figure 2.5: Single variable mass distribution functions
dM

d logm
for a) uncoated par-

ticles as a function of rBC particle mass b) coated particles as a function of rBC
particle mass c) mixture of coated and uncoated populations as a function of total
particle mass d) mixture of coated and uncoated populations as a function of rBC
particle mass

tration as a function of time for the smog chamber experiments shows the total mass

concentration of particles is increasing. This is due to growth of organic coating due

to photo-oxidation of p-xylene. The rBC mass concentration decreases as a function
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of time due to diffusion losses to the smog chamber walls. When fresh, uncoated

rBC particles are added to the chamber for the final SP2-CPMA scan, the rBC mass

concentration increases with an associated increase in total mass concentration as

expected. It is expected that the total mass concentration is under-sampled due to

the efficiency of the SP2 below masses of 1 fg. Therefore the absolute values of mass

concentration are not necessarily accurate, but the trends are useful to demonstrate

the inversion method. In smog chamber experiments, all particles contained rBC,

and M is close to the actual total mass concentration. Used for ambient sampling,

this method would return the total mass concentration of particles containing rBC,

different from the total mass concentration of all particles.
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Figure 2.6: Total mass concentration measured by the CPMA-SP2 system as a func-
tion of time from when the UV lights in the smog chamber were turned on resulting
in coating growth on bare rBC particles via photooxidation with p-xylene
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2.5 Conclusion

A CPMA-SP2 inversion algorithm has been developed which calculates a two variable

distribution describing particle number concentrations as a function of rBC particle

mass and total particle mass. The inversion method solves a Fredholm integral equa-

tion using a Twomey algorithm, resulting in a charge-corrected two variable distribu-

tion. It was demonstrated that one variable distribution functions, useful to demon-

strate coating distribution properties, could be obtained simply from the two variable

distributions. The inversion was tested using smog chamber experiments where a

significant coating was grown on bare rBC particles over a period of several hours via

photo-oxidation with p-xylene. It was shown that in a mixed uncoated and coated

aerosol the two populations could be clearly distinguished using a two-variable distri-

bution. Similar to SMPS measurements, the CPMA-SP2 inversion makes assumptions

about charge state. Additional assumptions include assuming that efficiency correc-

tion can effectively account for errors in estimating the mass-mobility relationship

and losses in the CPMA. From the two-variable distribution, one-variable mass and

number distributions can be calculated through integration, which are a function of

rBC or total particle mass. Total particle concentration and mass concentration can

be obtained from double integration of the two variable distribution.
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Chapter 3

Application of the CPMA-SP2 inversion to real

world measurements

3.1 Application to real-world rBC particles

Chapter 2 has demonstrated the CPMA-SP2 inversion works for narrow distributions

of uncoated, coated, and mixed populations of rBC aerosols. Now the inversion is

applied to real-world data which was gathered via a 20 day CPMA-SP2 field campaign

by Manchester University at the Chinese Academy of Sciences in Beijing, China.

Manchester University shared their data for use in the inversion.

Beijing was chosen for an air quality study because of high levels of BC pollu-

tion. As seen in Chapter 1, eastern Asia accounts for a significant proportion of

global anthropogenic BC emissions, and China alone may account for approximately

20% of the global total. Although such estimation has a large error, it is still clear

China produces a significant proportion of global BC emissions. High error in these

measurements are mainly due to lack of government statistics, significant and remote

rural population, and relatively few direct measurements (Bond et al., 2004; Ni et al.,

2014). The city of Beijing has high average levels of air pollution, including high

concentrations of atmospheric BC particles, making it an ideal place for air quality

studies. Beijing has a higher mean BC mass concentration of 8.7-10 μg m−3, com-
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pared to some European and North American cities such as: Barcelona (2.98 μg m−3),

St. Louis (0.71-1.75 μg m−3), Toronto (0-6 μg m−3), or Zürich (1.66 μg m−3) (Ra-

machandran and Rajesh, 2007). Like global estimates, mean BC mass concentration

in a city probably has a large error associated with it, however it is clear that Beijing

is relatively more polluted than many major cities, and is a good place to test a novel

BC measurement method.

The experimental setup is shown in Figure 3.1. Going downstream, the experi-

mental setup consisted of an inlet port, a neutralizer, a CPMA, and then a SP2. The

SP2 was calibrated upon arrival with the CPMA. During CPMA-SP2 sampling, a

LABVIEW program (National Instruments, USA) was used to control the CPMA,

and CPMA scans were started every half an hour, with each scan lasting approxi-

mately 16 minutes. The program additionally recorded CPMA data, including rota-

tional speed, voltage, and time. The SP2 continuously recorded the mass of rBC in

each individual particle and drew a flowrate of 1.61 L min−1, therefore the flowrate

through the CPMA was also 1.61 L min−1. Unfortunately, due to technical difficul-

ties, the ambient concentration of rBC was not measured directly with the SP2 after

every CPMA-SP2 scan (i.e. no measurements were conducted without the CPMA

upstream). However, in between CPMA scans there were periods of approximately

14 minutes where the SP2 recorded data with the CPMA off, meaning the CPMA

was not rotating and classifying particles. Although it would be ideal to completely

bypass the CPMA for correction of the two variable distribution, using ε̄, it is also

reasonable to use data with the CPMA off to calculate the correction factor, ε̄. This

will not completely characterize the rotational losses in the CPMA, but will allow

correction of assumed particle mobility. Therefore, the amplitude of the one and two

variable distributions will have some systemic error, but the shape is still representa-

tive of the actual rBC particle distributions. Considering the purpose of this chapter

is to demonstrate the CPMA-SP2 inversion works on real-world data, the error in
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Figure 3.1: Experimental setup for the CPMA-SP2 field measurement campaign

amplitude of the distributions are acceptable.

3.2 Comparison of high, medium, and low pollution days

A vast quantity of data was gathered from the approximately 20 day field campaign in

Beijing. From this data, three specific CPMA-SP2 scans were chosen to demonstrate

the inversion. The cases were chosen based on ambient pollution, and had either

high, medium, and low pollution levels, quantified by ambient rBC concentrations

and subjective observations. The terms “high,” “medium,” and “low” refer to the

total number concentration of rBC particles. The data from each case was processed

using the inversion with smoothing, and the two variable distribution from the cases

are seen in Figure 3.2. The two variable distribution can reveal information about

the rBC population immediately by visual inspection, and an analysis is provided for

each case.

In the low pollution case (Figure 3.2a), the particle distribution exists slightly

offset from the one to one line. This indicates the particles are coated, and the

distribution is more broad than laboratory experiments described in Chapter 2. The

broader distribution reflects the fact that rBC in the real world is released from

different sources at different times. For example, rBC particles emitted from biomass

burning may have different coating mass than from diesel engines. Additionally,

since coating acquisition in the atmosphere is time-dependent, then particles emitted

at different times may acquire different quantities of coating mass. The data from
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the low pollution case is relatively noisy, this is because of poor counting statistics, if

more particles were counted at each CPMA setpoint the results would improve. For

the medium pollution case (Figure 3.2b), the number concentration is higher than in

the low pollution case. The main population of particles are more heavily coated, as

seen by shifts towards higher total particle masses. The two variable distribution for

the high pollution case (Figure 3.2c) reveals two distinct populations of rBC particles.

The first is seen by the red pixels at high total particle masses, between approximately

10-15 fg. The second is represented by the green pixels near the one to one line below

total particle masses of 4 fg. It is clear from observation the second population along

the one to one line is more lightly coated than the first population, which is heavily

coated. The implication of particles with a larger coating mass is the lensing effect

increases, and thus absorption. Therefore these more heavily coated particles will

have a more significant radiative forcing effect than similar uncoated or lightly coated

particles.

It appears the population of heavily coated particles extends beyond the range of

the CPMA-SP2 scan for the high pollution case. Therefore, the CPMA scan range

should have been extended to above 15 fg and as a result the correction factor, ε̄,

will have some additional error. When the CPMA is off, the SP2 will still measure

a significant population of particles with a higher total mass than 15 fg, and some

or most of these particles will have a rBC mass less than 15 fg. Therefore these

particles of total mass greater than 15 fg will be present in direct SP2 measurement,

but not CPMA-SP2 measurement. There is no way to correct for this error besides

re-doing the experiment, since SP2 only measurement gives no information on total

particle mass. This mistake in CPMA range was repeated for all instances of high

pollution, meaning there are no CPMA-SP2 scans where the range is properly set.

This error in the correction factor is regrettable, however, the purpose of this section

is to demonstrate the inversion works on real world, so an error in amplitude is
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acceptable.
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Figure 3.2: Two variable number concentration distribution as a function of both
total and rBC particle mass from a) November 22nd at midnight (low pollution case)
b) November 18th at 7pm (medium pollution case) c) December 3rd at 7pm (high
pollution case) all in 2016.

The one variable number concentration distribution for each of the three cases are

shown in Figure 3.3. From the two variable distributions it was observed the popula-

tions of rBC particles are all, on average, coated with non-rBC material. This is also

observed in the one variable number concentration distributions because the median

of
dN

d logmp

is greater than
dN

d logmrBC

, indicating the populations are coated. By

examining the one variable number concentration distribution for the highly polluted
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case (Figure 3.3c), the two populations observed from the two variable distribution

are visible. The inflection point at approximately 4 fg for
dN

d logmp

indicates the

presence of the second, more heavily coated population.
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Figure 3.3: One variable number concentration distribution from a) November 22nd

at midnight (low pollution case) b) November 18th at 7pm (medium pollution case)
c) December 3rd at 7pm (high pollution case) all in 2016.

The one variable mass concentration distributions as a function of rBC particle

mass are shown in Figure 3.4. Observing the mass concentration distribution as a
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function of mrBC for the high pollution case (Figure 3.4c), the distribution
dM

d logmrBC

has a higher magnitude than
dMrBC

d logmrBC

. The difference in amplitude between the

two distributions is the average coating mass concentration on a given rBC particle

mass. The particles with a smaller rBC mass are more heavily coated than larger

rBC particles, which is to be expected. The trend of smaller rBC particles having

a higher rBC particle mass is also observed for the medium (Figure 3.4b) and low

(Figure 3.4a) pollution case. For the low pollution case the amplitude of both mass

distributions are lower, and the ratio of
dM

d logmrBC

to
dMrBC

d logmrBC

is lower than the

medium and high pollution cases. In other words, the ratio of non-rBC to rBC for a

particular rBC mass is lower for the low pollution case than for the high and medium

pollution case.

The mass concentration distribution as a function of total particle mass is shown

in Figure 3.5. Despite smoothing, the low pollution distribution (Figure 3.5a) is

noisy, resulting from the low rBC particle concentrations. Further smoothing would

broaden the distribution unrealistically, and therefore conducting further smoothing

iterations is not desirable. As expected, particles of higher total particle mass had on

average both a higher rBC mass and non-rBC mass for all three cases.

3.3 Conclusion

The three cases above are a small sample of the approximately 400 CPMA-SP2 scans

taken during the China field campaign. Three representative cases were shown where

the rBC number concentration differed. The two variable distribution showed coating

mass distributions for the populations of measured particles, and all three two variable

number concentration distributions had a broader distribution than that seen in the

lab.. The high pollution case is especially interesting, showing a population of heavily

coated particles and a population of lightly coated particles. The difference in coating
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Figure 3.4: Mass concentration distribution as a function of rBC mass from a) Novem-
ber 22nd at midnight (low pollution case) b) November 18th at 7pm (medium pollution
case) c) December 3rd at 7pm (high pollution case) all in 2016.

could be from two reasons: i) the rBC particles were emitted from different sources and

therefore have different initial coating masses, or ii) they have different residence times

in the atmosphere allowing more time for coating acquisition. Particle populations

with a higher coating mass are expected to have higher radiative forcing than particles

populations of the same rBC with a lower coating mass due to lensing effects. Thus,
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Figure 3.5: Mass concentration distribution as a function of total particle mass from
a) November 22nd at midnight (low pollution case) b) November 18th at 7pm (medium
pollution case) c) December 3rd at 7pm (high pollution case) all in 2016.

the two variable distribution can identify these populations. The next step in this

project is to develop software which can be given to atmospheric scientists.



84

References

Bond, T. C., Streets, D. G., Yarber, K. F., Nelson, S. M., Woo, J.-H., and Klimont, Z.

(2004). A technology-based global inventory of black and organic carbon emissions

from combustion. Journal of Geophysical Research: Atmospheres, 109(D14).

Ni, M., Huang, J., Lu, S., Li, X., Yan, J., and Cen, K. (2014). A review on black

carbon emissions, worldwide and in China. Chemosphere, 107:83–93.

Ramachandran, S. and Rajesh, T. A. (2007). Black carbon aerosol mass concentra-

tions over Ahmedabad, an urban location in western India: comparison with urban

sites in Asia, Europe, Canada, and the United States. Journal of Geophysical

Research: Atmospheres, 112(D6).



85

Chapter 4

Conclusion

Black carbon is a significant driver of climate change, and the acquisition of coatings

amplifies its warming effects. For scientists to further understand the negative effects

of BC on climate, new tools are needed such as developed in this thesis. The previ-

ous chapters described a new method of quantifying the coating mass characteristics

of atmospheric rBC particles. This method uses a CPMA and SP2, coupled with a

novel inversion algorithm. This inversion is an improvement on SP2 only, SP-AMS,

and DMA-CPMA methods, because the CPMA classifies particles by total mass. In-

version of CPMA-SP2 data is required to account for the CPMA transfer function

and multiply charged particles. The result of CPMA-SP2 inversion is a two variable

number concentration distribution which is a function of rBC mass and total particle

mass. Integration of the distribution results in one variable mass and number con-

centration distributions, and total rBC mass concentration and total particle mass

concentration of particles containing rBC.

The smog chamber experiments showed the inversion can resolve distributions

of rBC particle populations with no coating, coating, and a mixture of coated and

uncoated particles. The two variable distribution for uncoated particles showed all

particles existing along the one-to-one line, while for coated particles the distribution

shifted towards higher total particle mass. When fresh, uncoated rBC particles were
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injected into the chamber, the two populations could be clearly resolved. It was

shown that changing the assumption of rBC particle mobility did not affect the final

results. After verification using the smog chamber, the inversion was applied to

data gathered using an CPMA-SP2 from Shanghai, China. Three sample data sets

were shown, roughly correlating to a low, medium, and high pollution time-frame.

The distribution of rBC particles could be clearly resolved using the two variable

distribution. For the low and medium pollution days, rBC particles were lightly

coated, and for the high pollution day, the rBC particles were heavily coated.

The inversion was tested on real world data from ambient rBC measurements using

a CPMA-SP2 taken in Beijing, China. Over 400 CPMA-SP2 scans over approximately

20 days were taken during the field campaign, and the inversion was applied to 3

representative cases with the results presented in Chapter 3. From analyzing the two

variable number concentration distribution, the low and medium ambient pollution

cases showed a single population of rBC particles which were relatively lightly coated.

The high ambient pollution case showed two distinct populations, which were also

resolved on the one variable mass and number concentration distributions. Smoothing

during inversion was required because the distributions were very broad. The broad

distributions were a result of rBC being emitted from different sources and having

varying residence times in the atmosphere. Applying the inversion to real world data

showed the utility of the method developed in this thesis.

Chapters 2 and 3 showed the CPMA-SP2 inversion method works, and now it

requires optimization and packaging so it can be used by the atmospheric science

community. Firstly, packaging the software into a commercially available package

is required. The CPMA manufacturer, Cambustion is interested in developing this

type of package. This package should also include using the SP2 scattering and

incandescence channel to remove neutral particles needs to be added to existing SP2

signal processing toolkits. Secondly, a labview program to automate the CPMA-SP2
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data gathering process should be developed. A partial automation program has been

developed by the Mancunians. An automated valve is needed to remove manual valve

switching for CPMA bypass scans.

Two future research projects could build on this work. Firstly, diameter infor-

mation using the SP2 scattering channel can be investigated when the scattering

channel gets more sensitive. The latest generation SP2 has an incandescence parti-

cle size range of 70-500 nm mass-equivalent diameter assuming rBC density of 1.8

g cm−3, while the scattering channel has an optical scattering diameter range of

200-430 nm. Relating optical diameter of a fractal aggregate to a mass-equivalent

diameter is problematic, however once the scattering detection range gets close to the

incandescence detection range, further research can be conducted. For instance a two

variable distribution could be constructed for optical scattering diameter versus total

particle mass. Lastly, a similar inversion technique could be used for CPMA-DMA

data, to give a two variable number concentration as a function of total particle mass

and mobility diameter.
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Appendix A

Chapter 2 Supplemental Information

A.1 SP2 calibration

A.1.1 Counting efficiency of the SP2

The actual number concentration of rBC particles will be lower than the number

concentration measured by the SP2; known as the counting efficiency, ηSP2. The SP2

counting efficiency will decrease for lower-mass rBC particles with mass near the lower

end of the SP2’s range. The relationship between rBC mass and efficiency depends

on a number of variables such as: laser power, laser and particle beam alignment,

particle morphology, ambient pressure, or coating thickness (Laborde et al., 2012).

Counting efficiency was determined by comparing the total number concentration

measured by the SP2 to a CPC, defined as,

ηSP2 =
NSP2

NCPC

, (A.1)

where NSP2 is the number concentration measured by the SP2, and NCPC is the num-

ber concentration measured by the CPC—for the size range measured by the SP2,

the CPC counting efficiency is close to 100%. The SP2 counting efficiency was deter-

mined for uncoated rBC particles as a function of CPMA setpoint for the expected

range of setpoints used during smog chamber experiments. The experimental setup is
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shown in Figure A.1, and is similar to that shown in the main paper. The difference

is the smog chamber is not used. Bare, uncoated particles were produced as described

in the main paper. Then, the CPMA reduced the poly-disperse aerosol into a mono-

disperse aerosol (of single mass-to-charge ratio). The mono-disperse aerosol number

concentration was measured by the CPC and SP2 connected in parallel. The flow

rates of the CPC and SP2 were 1.0 L min−1 and 0.12 L min−1 respectively, therefore

the flow through the CPMA was 1.12 L min−1.

Figure A.1: Experimental set-up

When the uncoated particle counting efficiency is plotted versus CPMA setpoint

as seen in Figure A.2, it is clear the counting efficiency is less than unity for CPMA

setpoints below 0.9 fg. The decrease in counting efficiency is rapid. Consequently

this efficiency loss means data below approximately 0.9 fg is unrepresentative of the

actual mass and number concentration. As shown by Liu et al. (2017), when the

laser is adjusted, nearly 100% efficiency can be observed down to 0.3 fg, and maintain

greater than 80% efficiency down to approximately 0.1 fg. Throughout this paper

data has not been shown below 0.9 fg due to this effect although data was gathered

below that point. An unexpected result is for CPMA setpoints greater than about

1 fg, the calculated efficiency can be over 100%, indicating the SP2 was counting

more particles than the CPC. This may be due to poor flow calibration in the SP2 or

CPC, and/or possible co-incidence errors. Since the purpose of this paper is to only
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demonstrate the CPMA-SP2 inversion it is inconsequential the SP2 was apparently

over-counting above 1 fg. The particle concentrations may be systematically 20%

higher that the actually concentrations but this only scales the amplitude of the

two-variable distribution and does not fundamentally affect demonstration of the

inversion. In the future, by comparing the CPC and SP2 the effective range of the

SP2 could be extended below 0.9 fg by optimizing the laser power and alignment,

and would be required if quantitative data is required at lower particle masses. Since

the purpose of this paper is to prove the inversion, absolute data is not needed.

Additionally, the range could be further extended by interpolating the efficiency curve

and incorporating the efficiency factor into a mass-dependant correction factor (e.g.

ε(mp)).
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Figure A.2: Comparison of number concentration measured by the CPC and SP2 for
given CPMA setpoints
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A.1.2 Mass Calibration of SP2

The SP2 was calibrated to correlate rBC particle mass to incandescence peak height

before each day of experiments using bare, uncoated rBC particles. Refractory BC

particles were produced from a methane burner and conditioned to remove secondary

organic aerosol coatings using methods described previously. A mass was selected on

the CPMA, and uncoated, bare rBC particles were sampled using the CPMA-SP2.

Thirteen mass setpoints were selected using the CPMA and the peak heights were

calibrated to mass using PSI SP2 toolkit version 4.100a. All peak height fits were

double-checked visually for accuracy. An example of the calibration curve developed

each day for the broadband high gain (BBHG) and broadband low gain (BBLG)

calibration curves are seen in Figure A.8a and A.8b respectively. The particle mass is

a linear function of incandescence peak height as expected, and the PSI SP2 Toolkit

fits a spline to the calibration curve.

(a) (b)

Figure A.3: a) Broad band high gain as a function of rBC mass b) Broad band low
gain as a function of rBC mass
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A.2 Solving for the two variable distribution

A.2.1 Overview

Solving for the two variable distribution involves the following steps i) calculating an

initial guess ii) smoothing the initial guess iii) solving the equation using a Twomey

deconvolution scheme iv) smoothing the final solution after all iterations are com-

pleted. An overview is provided in Figure A.4.

A.2.2 Initial Guess

Before executing the Twomey solver, an initial guess for the two variable distribution

∂2N

∂ logmp∂ logmrBC

is calculated. The calculation is analogous to the exact solution

of number distribution with a CPMA transfer function as seen in section A.3.1 only

extended to two variables. The response of the CPMA-SP2 system is divided by β̂,

and charge fraction assuming a charge state of one. The variable β̂ is the analytical

solution to the integral of the triangular CPMA transfer function assuming a single

charge state, and is described in Section A.3.1. This gives an estimate of the shape

of the two variable distribution
∂2N

∂ logmp∂ logmrBC

, however the amplitude of this

distribution is incorrect due to the existence of multiply charged particles. The initial

guess contains some particles which exist in bins where mass of rBC is greater than

total particle mass, an obvious impossibility. Therefore the concentration in these

bins was set to zero. The removal of particles and improper amplitude of the initial

guess is adjusted for later in the Twomey solver. The initial guess is calculated using,

∂2Nguess

∂ logmp∂ logmrBC

⏐⏐⏐⏐
i

=

dNResponse

d logmrBC

⏐⏐⏐⏐
i

f̄(mp,i,Φ = 1)β̂
, (A.2)

where
∂2Nguess

∂ logmp∂ logmrBC

⏐⏐⏐⏐
i

is the guess for the two variable distribution at the ith
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Figure A.4: Graphical representation of the Twomey method

CPMA setpoint,
dNResponse

d logmrBC

is the number distribution of the CPMA-SP2 system

response at the ith CPMA setpoint, and f(mp,Φ = 1) is the charge fraction at the

CPMA setpoint assuming one charge state.
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A.2.3 Twomey method

Solving for the two variable distribution was accomplished with a Twomey algorithm.

The Twomey algorithm was originally described by Twomey (1975). The method

was modified in this paper to solve for a two variable distribution, and is similar to

methods described in Rawat et al. (2016). The system of equations for solving the

two variable distribution is defined as,

R = QΓ, (A.3)

where Q is the two variable distribution
∂2N

∂ logmp∂ logmrBC

, Γ is the Kernel function

defined in Equation 6 of the main paper, and R is the number distribution of the

instrument response measured by the SP2,
dNResponse

d logmrBC

. Using the initial guess the

Twomey loop can begin. Firstly, a new instrument response is calculated based on

the kth guess for
∂2N

∂ logmp∂ logmrBC

,

dN

d logmrBC

⏐⏐⏐⏐
k

=
∂2N

∂ logmp∂ logmrBC

⏐⏐⏐⏐
k

Γ. (A.4)

The ratio between the new instrument response and the measured instrument

response is calculated by dividing element wise,

ai,j,k =

dN

d logmrBC i,j,k

dN

d logmrBC i,j,measured

. (A.5)

A new correction factor is then calculated which will multiply

∂2N

∂ logmp∂ logmrBC

⏐⏐⏐⏐
k

in order to calculate a new guess
∂2N

∂ logmp∂ logmrBC

⏐⏐⏐⏐
k+1

. The

correction factor involves matrix multiplying the ratio of instrument responses less

one by the kernel function and then adding one,
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Ck =

[
1 + (ak − 1)Γ

]
(A.6)

Then the new guess is calculated by multiplying the correction factor by the old

guess for the two variable distribution element-wise,

∂2N

∂ logmp∂ logmrBC

⏐⏐⏐⏐
i,j,k+1

= Ci,j,k
∂2N

∂ logmp∂ logmrBC

⏐⏐⏐⏐
i,j,k

(A.7)

The Twomey iteration continually compares the number concentration of the

newest iteration of the two variable distribution to that measured by the SP2. The

Twomey loop stops when the new two variable distribution is within 5%. The Twomey

solver converges slowly so in the interest of efficiency a value an error or 5% was cho-

sen. The loop also exits if roughness increases, or over 100 iterations are reached.

Roughness is determined by taking the absolute value of the average roughness of the

two variable distribution, where the second derivative derivative is calculated using

finite difference methods. The second derivative was calculated using a fourth order

central differencing and around the edges of the two variable distribution, right and

left handed second order differencing was used. The two variable distribution was

interpolated for calculation of the second derivative because finite difference schemes

require a constant spacing, Δx. The fourth order central difference scheme was cal-

culated using,

∂2u

∂x2

∣∣∣∣
i,j

=
−ui−2,j + 16ui−1,j − 30ui,j + 16ui+1,j − ui+2,j

12(Δx)2
+O(Δx)4 (A.8)

∂2u

∂y2

∣∣∣∣
i,j

=
−ui,j−2 + 16ui,j−1 − 30ui,j + 16ui,j+1 − ui,j+2

12(Δy)2
+O(Δy)4. (A.9)
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Along the edges second order forward or backward difference formulas were used,

with backward difference being calculated using,

∂2u

∂x2

∣∣∣∣
i,j

=
2ui,j − 5ui−1,j + 4ui−2,j − ui−3,j

12(Δx)2
+O(Δx)2 (A.10)

∂2u

∂y2

∣∣∣∣
i,j

=
2ui,j − 5ui,j−1 + 4ui,j−2 − ui,j−3

12(Δy)2
+O(Δy)2, (A.11)

and forward difference calculated using,

∂2u

∂x2

∣∣∣∣
i,j

=
2ui,j − 5ui+1,j + 4ui+2,j − ui+3,j

12(Δx)2
+O(Δx)2 (A.12)

∂2u

∂y2

∣∣∣∣
i,j

=
2ui,j − 5ui,j+1 + 4ui,j+2 − ui,j+3

12(Δy)2
+O(Δy)2. (A.13)

A.2.4 Smoothing algorithm

Solving a system of equations using the Twomey algorithm induces oscillations in

the solution to the two variable distribution. Additionally, distributions with low

rBC particle concentrations may require smoothing. The oscillations can be reduced

by Markowski smoothing (Markowski, 1987). Markowski smoothing involves using a

moving average to reduce the amplitude of the oscillations, and is typically used in

solutions for one variable number distributions (e.g. DMA or impactor inversions).

Markowski smoothing was modified in order to smooth a two variable distribution,

and has previously been demonstrated by Rawat et al. (2016). Smoothing was applied

to both the initial guess and the final solution of
∂2N

∂ logmp∂ logmrBC

. The algorithm

was designed to preserve number concentration and preserve the non-real bins (i.e.

where mrBC > mp) at a value of zero.

The algorithm works by taking the ith and jth point and calculating the smoothed
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value by averaging the values of α neighbours. For each point in the local smoothing

region, H, which is defined by the number of neighbours to the smoothed point,

smoothing weights are assigned according to a Gaussian distribution. For points

in the local smoothing region that exists in bins where mrBC > mp the weighting

factor was assigned to be zero, the same with points outside the domain of the two

variable distribution. Since some points were forced to zero, the weighting matrix

was normalized by its sum in order to preserve total number concentration of the two

variable distribution. The local smoothing matrix calculated using Gaussian weights

can be represented as,

L(v, l) =

exp

(
−v2+l2

2σ2

)
2πσ2

1∑α
v=1

∑α
l=1 L(v, l)

, (A.14)

where L(v, l) is the smoothing coefficient of the value in the local smoothing region, v

and l are the distance of each point to the point to be smoothed (i.e. point i,j), and

σ is the standard deviation of the Gaussian distribution. The standard deviation was

chosen to be 0.6, an arbitrary decision which provided good results. Next, the matrix

of smoothing values then multiplies the local region on the two variable distribution

to be smoothed, and the smoothed point in the two variable distribution is calculated

by summing the values of the smoothing region,

∂2N

∂ logmp∂ logmrBC i,j

=
vmax∑
v=1

lmax∑
l=1

LH. (A.15)

It was found only selecting one point around each bin to be smoothed (i.e. α = 1)

provided the most sensible results, when α > 1 the distribution became overly broad.

This smoothing method was compared to median averaging and Wiener filter meth-

ods. This method was found to be superior because the median averaging and Wiener

methods were found to broaden the two variable distribution unrealistically and did
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not preserve total number distribution. The decision to assign weighting according to

a Gaussian distribution was arbitrary, in Markowski (1987) and Rawat et al. (2016)

the weights were constant. An advantage of assigning a Gaussian distribution is the

distance between bins is accounted for.

Smoothing was conducted on the initial guess and after solving with a Twomey

loop. The initial guess was smoothed for 10 iterations, and the final solution smoothed

until roughness either increased or 10 iterations was reached. The roughness of the

two variable solution was determined in the mp and mrBC directions using finite

difference methods as described previously.

A.2.5 Correction factor

The final step of the algorithm is to apply the correction factor, ε̄, to the two variable

distribution. A brief description was provided in the main paper, and the full equation

to calculate the correction factor is described by,

ε̄ =
NSP2

N
=

∫ mmax

mmin

dN

d logmrBC SP2

d logmrBC

∫ mmax

mmin

∫ mmax

mmin

∂2N

∂ logmp∂ logmrBC

∂ logmrBC∂ logmp

, (A.16)

where N is the total number concentration of the two-variable distribution and NSP2

is the number concentration of particles through direct SP2 measurement (i.e. no

CPMA upstream of the SP2) over the same mrBC range as the two-variable distri-

bution. The variable
∫∞
0

dN

d logmrBC SP2

d logmrBC is the number concentration distri-

bution from direct SP2 measurement integrated over the range of CPMA setpoints,

from the lowest setpoint, mmin to the highest, mmax. This assumes the CPMA scan

range is high enough to cover the vast majority of total particle masses.
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A.3 Model Validation

Several methods of model validation are explored: i) comparing an analytically model

to the CPMA-SP2 inversion assuming a single charge state and triangular trans-

fer function, ii) comparing the mass and number concentration distributions from

corrected, uncorrected, and direct SP2 measurement data, and iii) comparing total

number concentration of the two variable distribution and direct SP2 measurement.

A.3.1 Comparison to analytical solution of
dN

d logmrBC

for a CPMA-SP2

system assuming single charging only

Recovery of a number distribution for a DMA using an analytical model has been

previously described (Stolzenburg and McMurry, 2008). Using a similar method

an analytical solution to the number distribution can be calculated for a triangular

CPMA transfer function. The analytical solution should be equal to the solution

using the numerical CPMA-SP2 inversion assuming a maximum charge state of 1

(Φ = 1) and a triangular transfer function. Variables are defined as follows: β is the

inverse of the CPMA resolution in mass space; f ∗ is the charge fraction evaluated at

the set point and a charge state of 1; and variables with a ∗ indicate they are evaluated

at the CPMA set point (e.g. m∗
p is the mass setpoint of the CPMA, compared to

mp which is particle mass). CPMA resolution is the full width half maximum of the

triangular transfer function.

When the CPMA is held at one mass setpoint, the number concentration of rBC

particles measured by the SP2 is,

N∗ =
∫

dN∗ =
Φ∑

Φ=1

∫
ε(mp)f(mp,Φ)Ω(mp,m

∗
p, B,Φ)dN (A.17)



112

where

dN =
dN

d lnmp

d lnmp =
dN

d lnmp

dmp

mp

. (A.18)

Assuming the efficiency, charge fractions, and distribution are constant over the

range of the transfer function, and that the fraction of multiply-charged particles is

zero, this can be simplified:

N∗ = ε∗f ∗
[

dN

d lnmp

]∗ ∫
Ω(mp,m

∗
p, B,Φ = 1)

dmp

mp

. (A.19)

With the assumptions of single charging, a unique relationship between size and

mass, and the distribution is approximately uniform over the width of the trans-

fer function, we can eliminate charge and size dependency and assume a triangular

transfer function in mass space:

Ω(m∗
p, β,mp) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
mp − (1− β)m∗

p

βm∗
p

if (1− β)m∗
p < mp < m∗

p,

(1 + β)m∗
p −mp

βm∗
p

if m∗
p < mp < (1 + β)m∗

p

(A.20)

and Ω = 0 elsewhere.

Then, defining m̃p =
mp

m∗
p

, the integral can be evaluated,

∫
Ω
dmp

mp

=

∫ 1

1−β

m̃p − (1− β)

β

dm̃p

m̃p

+

∫ 1+β

1

(1 + β)− m̃p

β

dm̃p

m̃p

= (1 +
1

β
) ln(1 + β)− (1− 1

β
) ln(1− β). (A.21)

This equation is valid for β < 1. For brevity define this integral as β̂,
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∫
Ωd lnmp = (1 +

1

β
) ln(1 + β)− (1− 1

β
) ln(1− β) = β̂, (A.22)

where β̂ ≈ β when β << 1.

Therefore,

N∗ = ε∗f ∗
[

dN

d lnmp

]∗
β̂ (A.23)

[
dN

d lnmp

]∗
=

N∗

ε∗f ∗β̂
≈ N∗

ε∗f ∗β
. (A.24)

This is analogous to Stolzenburgs’ equation for the DMA. For high resolution, we

get: [
dN

d lnmp

]
=

N∗

ε∗f ∗β
≈ RmN

∗

ε∗f ∗ , (A.25)

where Rm =
1

β
. This shows the distribution over the natural logarithm of mass is ap-

proximately equal to the number concentration measured at the set point, multiplied

by the resolution. Conversion to logarithm with base of 10 is possible by conducting

the same analysis above, but with logarithms with base of 10. Change of logarithm

basis from base 10 to base e can be conducted using,

[
dN

d logmp

]∗
1

ln 10
=

[
dN

d lnmp

]∗
. (A.26)

Now that an exact solution to a triangular CPMA transfer function has been

developed, it can be compared to the CPMA-SP2 inversion method used in this paper.

The inversion as described in the main text will be equivalent to the exact solution

of a triangular CPMA transfer function when Φmax = 1 and Ω is the triangular

CPMA transfer function. Particle losses must be ignored for equivalency (i.e. ε̄ is

ignored). Additionally, the impossible particles are not removed, as is usually done

in the inversion. This is because such particles are also not removed in the analytic
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model, giving a fair comparison between the analytic and numeric models. As seen in

Figure A.5, plotting the analytic and numeric solutions show that they are equivalent

for this simple case as expected. The figure shows solutions using uncoated rBC

particles, with C = 0.069 kg m−2.49 and Dm = 2.49, and 10 iterations of the Twomey

loop were executed before stopping. The Twomey loop was stopped because the total

number concentration of the solution approached the total number concentration of

the raw CPMA-SP2 measurement. No smoothing was conducted.
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Figure A.5: Using simplified conditions, a comparison of the inversion against an

exact solution to
dN

d logmp

shows they give approximately equal results

A.3.2 One variable number and mass distributions from corrected, un-

corrected, and direct SP2 measurement data

As described in the main paper, ε̄, is calculated to correct the two variable distri-

bution for assumption of particle mobility and particle losses. As seen in Figure

A.6, the effect of correction can be visualized by viewing the number concentration

distribution,
dN

d logmrBC

for the direct SP2 measurement scan, along with uncorrected

and corrected distributions. The direct SP2 measurement refers to when the CPMA
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was bypassed, and the uncorrected distribution refers to the results of the inversion

of the CPMA-SP2 data. The corrected distribution refers to after applying the cor-

rection factor ε̄ to the distribution. The amplitude of the corrected distribution is

similar to that of direct SP2 measurement, indicating the losses in the CPMA and the

assumptions of particle density and morphology have been corrected for. In this work,

a single constant was used to correct the distribution, and as shown in the figure the

corrected distribution is slightly higher or lower than the SP2 distribution depend-

ing on the rBC particle mass. More sophisticated correction schemes could be used

(i.e. a rBC mass-dependent correction function) to exactly match the distributions;

however, the single correction factor was deemed reasonable.
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Figure A.6: Comparison of one variable distribution for direct SP2 measurement,
uncorrected distribution, and corrected distribution

The direct SP2 measurement, along with uncorrected and corrected mass concen-

tration distribution as a function of rBC mass for bare, uncoated rBC particles is

shown in Figure A.6. The amplitude of the corrected two variable distribution is not

equal to the amplitude of the distribution from direct SP2 measurement. However, it

would be easy to use a correction factor based on total mass concentration instead of

total number concentration, which would mean the total particle mass concentration
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of direct SP2 measurement would match the total particle mass concentration of the

corrected distribution.
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Figure A.7: Comparison of one variable distribution for a direct SP2 measurement
scan, uncorrected distribution, and corrected distribution

A.3.3 Demonstration showing different mobility assumptions do not sig-

nificantly change the final results of the inversion

An initial guess of mobility must be provided for the inversion. The sensitivity of the

results to density assumptions were tested on data from the smog chamber where the

particles were bare rBC. Two cases were studied, characterized by differing prefactors,

C and mass-mobility exponent,Dm, for the mass-mobility relationship,

m = CdDm
m , (A.27)

where dm is mobility. The two limiting cases were studied namely i) assuming the

particles had similar density to those emitted from combustion engines (C = 0.069

kg m−2.49, Dm = 2.49) (Graves et al., 2016) and ii) assuming particles had a heavy

coating (C = 733 kg m−3, Dm = 3.00) (Schnitzler et al., 2014). Clearly assum-
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ing heavily coated particles is incorrect since we are looking at uncoated particles,

however testing using an obviously incorrect assumption of mobility can give confi-

dence that correcting the distribution returns a reasonable result. The total number

concentration and the single variable distributions can be determined for both cases.

Firstly, since the inversion is corrected on a number concentration basis, the total

number concentration should be identical between the two cases. Double integration

of the two variable distribution yields the total number concentration of the aerosol

population containing rBC, calculated using,

N =

∫ ∞

0

∫ ∞

0

∂2N

∂ logmp∂ logmrBC

∂ logmrBC∂ logmp. (A.28)

As expected, there was negligible difference between the two examined cases;

the total number concentration and rBC mass concentration changed less than 1%

between the two cases.

Secondly, the shape of the one variable number and mass concentration distribu-

tions can be examined for both cases. Mobility change should only affect the am-

plitude of the distribution, therefore correcting the distribution should ensure both

cases are approximately equal after correction. Figure A.8 shows the corrected and

uncorrected number and mass concentration distributions for assuming two different

mobilities compared to direct SP2 measurement. Even though the initial assumption

of the mass-mobility relationship is different shown by different uncorrected distri-

butions, the corrected number and mass distributions are identical. This shows the

mobility assumption primarily affects amplitude of the two variable distribution, and

not the width.
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Figure A.8: a) corrected and uncorrected number concentration distributions for as-
suming two different mobility’s compared to direct SP2 measurement b) corrected
and uncorrected mass concentration distributions for assuming two different mobil-
ity’s compared to direct SP2 measurement

A.4 CPMA Transfer Function

A transfer function describes the proportion of particles of a certain mass which pass

through the CPMA. There have been three models of the CPMA transfer function

developed (Olfert and Collings, 2005; Olfert, 2005), namely the i) the triangular

transfer function, ii) the non-diffusion transfer function, and iii) the diffusion transfer

function. The triangular transfer function can be calculated analytically, while the

other transfer functions require a numerical solution. In Figure A.9a each transfer

function was compared, where the fraction of particles let through the classifier, Ω, is

plotted as a function of mass. It is clear that the triangular transfer function differs

significantly from the non-diffusion and diffusion transfer function. The diffusion

transfer function is superior because it includes diffusion effects, and since it has

approximately the same computational cost as the non-diffusion model, it was used

in the inversion calculations (unless otherwise noted). As seen in Figure A.9b, when
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solving for
dN

d logmp

using the three different transfer function models it is clear

the triangular model under-counts relative to the non-diffusion and diffusion models.

The under counting is apparent from the lower amplitude of the triangular transfer

function compared to the diffusion and non-diffusion variants. This difference is

relatively small, and would be corrected by ε̄ if the triangular transfer function was

used in inversion calculations instead of the diffusion model.
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Figure A.9: a) The difference in transfer function models are shown for a setpoint of
0.33 fg, assuming a particle density of 0.069 kg m−2.49 b) Comparison of solution to

dN

d logmp

using different transfer function models

A.5 Additional results

A.5.1 Number distribution

In the main paper the number distributions
dN

d logmp

and
dN

d logmrBC

for uncoated

and coated particles were shown. The number distribution of a mixed coated and

lightly coated population can also be recovered by integration of the two variable

distribution. As seen in Figure A.10, the two populations can be clearly distinguished
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when the dependent variable is total particle mass, as seen by this distribution having

two peaks.
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Figure A.10: Number distribution of a mixture of coated and uncoated particles
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A.5.2 Mass distribution

One variable mass distribution can be plotted either as a function of rBC mass or

total particle mass resulting in
dM

d logmp

,
dMrBC

d logmp

,
dM

d logmrBC

, or
dMrBC

d logmrBC

. Select

distributions were plotted in the main paper for uncoated, coated, and mixed coated

and lightly coated populations. Here more distributions are shown to demonstrate

how the inversion can show the growth of coating on the bare rBC particles using one

variable mass distributions evolving over a period of time. Figure A.11 shows mass

distribution with the dependent variable being total mass, with sub-figure A.11a

measured after 1 hour of lights on, and sub-figure A.11d occurring 6 hours after

lights on. As time progresses and the coating thickness increases, the median of the

distributions
dM

d logmp

and
dMrBC

d logmp

increase, reflecting the increased total mass of

the population due to coating growth. Additionally the increase in coating thickness

is shown by the increasing amplitude of
dM

d logmp

relative to
dMrBC

d logmp

.

A similar representation of coating growth evolving over time can be shown for

mass concentration distributions with the dependent variable as rBC mass as seen

in figure A.12. Each figure shows
dM

d logmrBC

, and
dMrBC

d logmrBC

. The key difference

from the previous representation is the median of the rBC mass distribution does not

significantly change because rBC particles only acquire organic coating mass. However

a similar relationship between the increasing amplitude of
dM

d logmrBC

relative to

dMrBC

d logmrBC

is observed reflecting the increase of coating mass.
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Figure A.11:
dM

d logmp

and
dMrBC

d logmp

for CPMA-SP2 scans with start times after

turning on UV lights of a) 1.3 hours b) 2.2 hours c) 4.6 hours and d) 6.8 hours.As
time progresses the coating mass increase is reflected in the increase of median total

mass and increase of amplitude of
dM

d logmp

relative to
dMrBC

d logmp
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Figure A.12:
dM

d logmrBC

and
dMrBC

d logmrBC

for CPMA-SP2 scans with start times after

turning on UV lights of a) 1.3 hours b) 2.2 hours c) 4.6 hours and d) 6.8 hours. As
time progresses the coating mass increase is reflected in the increase of median total

mass and increase of amplitude of
dM

d logmrBC

relative to
dMrBC

d logmrBC
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