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ABSTRACT

Two chemotactic models are studied in this thesis, one with mixed Neu-
mann and Dirichlet boundary conditions, refered to as the Anderson-Chaplain
model, and one with Dirichlet boundary conditions, refered to as the Chaplain-

~ Stuart model. For the Anderson-Chaplain model, the time-dependent problem
is studied first, with or without limitation on its cross-diffusion. In the case of
restricted cross-diffusion, proved are not only the global existence and unique-
ness of solutions, but also a sufficient condition on the parameters, under which
the system transits into a steady state; these are followed by a semi-discrete
finite element analysis of the system, in which convergence is established and
the error estimate is obtained. In the case of unrestricted cross-diffusion, the
global existence of solution is proved in one spatial dimension. It is based on
a gradient a priori estimate, a generalized Nirenberg-Gagliardo type inequal-
ity, and Fourier’s method of solving a parabolic equation. The steady-state
Anderson-Chaplain model is also considered. The system is shown to have a
unique solution under appropriate conditions. The technique used in the proof
is a combination of the concept of upper/lower solutions with a fixed point ar-
gument, in which we ‘freeze’ a non-local term so that the obtained system
has quasi-monotone right-hand sides. This technique can also be applied to

other steady-state chemotactic models, such as the Keller-Segel model. For the
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Chaplain-Stuart model, its steady state is approximated by a finite difference
scheme: first, existence and uniqueness of the numerical solutions are proved
on the basis of discrete maximum principles; then, the numerical solutions are
classified into two categories: type I and type 11, and a sufficient condition on
the system parameters is obtained to ensure a solution to be of type I; Finally,

error estimates and numerical simulations are given.
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Chapter 1

Introduction

1.1 A Survey of the Basic Chemotactic
Models

All living organisms sense and respond to their surrounding environment. If
the external stimulus is due to chemicals, the mechanism for response is called
chemotaxis. Typical consequences of chemotaxis are cell aggregation and pat-
tern formation. Several mathematical models were proposed to describe such
phenomena with the one (KS) introduced by Keller and Segel (1970, [41]) hav-
ing been attracting the most interest so far. Let u(z,t) and v(z,t) be the cell
density and the concentration of the chemical substance at the position z € Q

and the time t € (0, T'), respectively, one version of the KS system is given by

r %11 _ V. (Va—uVx(@)  inQx(0,T),

@ < gg—;} :aAv — Y+ au in Q x (0,7),
u v

%—ﬁ,—o onBQx(O,T),

| u(z,0) = ug(z), v(z,0) = vo(x) in Q,

where 7, 7, and « are positive constants; x(v), called the sensitivity func-
tion, is a smooth function of v; Q is a bounded domain in R™ (m = 1,2,3)

with smooth boundary 0€2; 7 denotes the unit outer-normal vector of 9€;

1
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and up and vy are smooth, non-negative, and non-trivial initial values in §2.
The first equation describes the conservation of mass. Flux of u is given by
Vu — uVx(v), so that the effect of diffusion V - Vu and that of chemotaxis
—V - (uVx(v)) are competing for u to vary. The second equation is linear,
and v is produced proportionally to u (the term au), diffuses (term Awv), and
is destroyed by a certain rate (term —vv). Note that homogeneous Neumann
boundary conditions are imposed on the KS.

A slightly different model (CS) was formulated by Chaplain and Stuart
(1993, [13]) to describe the angiogenesis process, a process through which new
blood vessels are produced. Here the solid tumor secretes a diffusible substance
known as tumor angiogenesis factor (TAF) which causes the nearby endothelial
cells (ECs)—cells that form the lining of normal body tissue—to migrate and

proliferate under the angiogenesis stimulus. The 1-D CS is given by

( Ou avy .
g—t—uzz+Au——7+u in (0,1) x (0,7),
v

12 & Dvgy + Bv + £(vug), = b(1 — v)vG(u) in (0,1) x (0,T),

u(z,0) = uo(z) > 0,v(z,0) =vo(z) >0 1in (0,1),

u(0,t) = 1,u(1,t) = 0;v(0,¢) = 0,v(1,t) =1 in (0,7),

\

where u = u(z,t) and v = v(z,t) are the TAF concentration and EC den-
sity, respectively; A, a, v, D, B, k, and b are positive constants; G(u) =
max(u — c*,0), with ¢* € (0, 1) being the threshold concentration level of TAF
below which proliferation does not occur. As with the KS model, we assume
here smooth and compatible initial and boundary conditions. The first equa-
tion in (1.2) essentially says that the change of TAF concentration is due to
diffusion (—wuz;), uptake of TAF by the ECs (-—ﬂ%), and decay of chemical
(Mu). The second equation in (1.2) tells us that the following factors contribute
to the change in EC density: diffusion (—Dwuvy,), natural decay (8v), chemo-
tactic motion (x(vug)s), and reproduction (b(1 — v)vG(u)). We see here that
Dirichlet boundary conditions are used in the CS model. The steady-state CS
model will be the research subject of Chapter 6.
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Another model (AC) was introduced by Anderson and Chaplain (2000, [6])
to explain how secondary tumors can remain undetected in the presence of the
primary tumor yet suddenly appear upon surgical removal of the primary tu-
mor. It turns out that the cells of the primary tumor secrete an anti-angiogenic
factor called angiostatin that suppresses EC migration and proliferation in a
dose-dependent manner. Let n(z,t), c¢(z,t), and a(z,t) be the EC tip density,
TAF concentration, and the concentration of angiostatin, respectively. Then,

the system is defined as

4

—DIV-(Vn—nf):O in Q x (0,7),

- Ac+mc+ fine=0 in Q x (0,7T),

— DyAa+ ya+ Bana =0 in Q x (0,7),

(1.3) { o=,0)=coz), c(z,0) = co(z), a(z,0) = ag(z),(20) inQ,
(Vn—nf) -7 =0o0n 900N x (0,T),

c=1onT; x (0,T) =0on 'y x (0,7),

I 6—»
da
55 =0onI x(0,T7),a=10nT3 x (0,7T),
where f =V ( n(1 + kc) + 5%- ), or more generally,
(1.4) F=x1(Ve,c,z)Ve + x2(Va,a,z)Va

with x; and x are smooth functions of their arguments; 2 is a bounded
smooth domain in R™ (m = 1,2, 3) with boundary 8Q =Ty UT'y; x, &, , Dy,
D3, 1, 72, B1, and B, are positive constants; ¥ is the unit outer-normal vector
of Q. Once again, we assume smooth and compatible initial and boundary
conditions for the AC model, by which we mean

(

(Vno - noﬁ;) -7 =0 on 99,

(1.5) 4 co=1onTy, 6_0_(3 =0 on I'y,
ov

6&0

— =0o0onT1,ap =1 o0n Iy,

. oY
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where f, is the f in (1.3) evaluated at ¢, and ao. The first equation in (1.3)
says the ECs, besides diffusion (V- Vn), react to both TAF and angiostatin in
a chemotactic way (V - (nV (5 In(1 + ke) + 5%;(12)). The second and third
equations in (1.3) have the same structures. They tell us that the change in
both chemicals (TAF and angiostatin) is due to diffusion, natural decay, and
uptake of them by the ECs. It needs mentioning that mixed Dirichlet and
Neumann boundary conditions are imposed on the AC model. If f in (1.4) is
bounded by a constant, we call the system desensitized at high chemical
gradients, or simply desensitized; If f is the gradient of a scalar function,
we refer to that function as sensitivity function, as we did with the KS model.
The AC model, with or without desensitization, will be studied in Chapter 3,
and Chapters 4 and 5, respectively.

A summary: Our choices of the chemotactic models have been typical and
complete, with boundary conditions ranging from Dirichlet’s, to Neumann’s,
to mixed type. We point out that, for each model, the boundary conditions

were chosen to simulate the situations encountered in practice.

1.2 Previous Work and Techniques Utilized

On the KS model. The first non-linear analysis of the KS was carried out
by Nanjundiah ([65]) who suggested that aggregaton of cells may eventually
lead to the formation of §-functions in cell density, a phenomenon refered to as
chemotactic collapse. His arguments, however, did not include the possible
dependence of such collapse on the dimension of the space in which aggrega-
tion occurs. In fact, Childress and Percus ([15], [14]) showed that singular
behavior is not possible in one dimension; while in higher dimensions, they
presented results supporting Nanjundiah’s contention that collapse can occur;
As for the two dimensional case, they argued that chemotactic collapse re-
quires a threshold number of cells in the system: precisely, there are numbers
¢, and c¢* such that the solution exists globally in time when [|uo|| 1) < cx,

and forms a d-function singularity in finite time when ||uo||z1(q) > ¢*. While
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the arguments given by these authors were heuristic, making use of numerical
computations for the steady-state problem, later studies supported their valid-
ity rigorously. Jager and Luckhaus ([39]) proved the existence of such numbers
for radially symmetric solutions for a simplified system (r = 0). For global
existence, they obtained an a priori estimate for u by considering the test func-
tion ¢ = (u—k)7~" with k£ > 0 and m > 1. They proved chemotactic collapse
by constructing a radially symmetric lower solution for the first equation of KS.
Then, Nagai ([64]) refined the above work by pointing out that 87/(ax) is the
exact threshold number for radially symmetric solutions. He first established
an L™ estimate for Vv from the second equation of the KS and then applied
Moser’s technique to the first equation to get an L* bound for u. By this way
he showed global existence of solutions in the case ||uol|L1(q) < 87/(ax). For
blow-up of solutions, he first established a differential inequality for the mo-
mentum My (t) = 5= [, u(z,t)|z|? dz. Then he showed there exists Ty € (0, c0)
such that M(t) — 0 as t — Tp. This leads to finite time blow-up. Global exis-
tence or blow-up results can also be found in the references {61], [60], [11], and
[21], all of which deal with parabolic-elliptic versions of the KS with different
sensitivity functions. In the case of no diffusion in the second equation, Rascle
and Ziti ([73]) showed some examples of collapse by constructing self-similar
solutions. Several articles were devoted to the steady-state KS. In these stud-
ies, the steady-state KS system was first reduced to a parameter-dependent
single equation. Schaaf ([76]) analyzed the solutions via bifurcation of stable
non-homogeneous aggregation patterns. Different sensitivity functions were
considered there. Lin et al. ([51]) gave conditions for the system with log
sensitivity function to have non-constant and constant solutions, respectively.
In the case of linear sensitivity function, Wang et al. ([86]) established the ex-
istence of solution by combining Struwe’s technique with the blow-up analysis
for a problem with Neumann boundary condition. Coming to the full system
KS (7 > 0), Herrero and Veldzquez ([35]) constructed a radially symmetric so-
lution with u collapsing at the origin in finite time and having a concentrated

mass equal to 87/(ax). On the other hand, Nagai et al. ([62]) proved radi-
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ally symmetric solutions exist globally in time provided ||uo||z1(0) < 87/(ax).
As for the general case, they gave ||uo||p1(o) < 47/(ax) as a criterion for the
existence of global solutions. The basic techniques they used were Lyapunov
functional, Trudinger-Moser inequality, and Moser’s technique to obtain an L*
bound. Also by using Lyapunov functionals, Biler ([12]) and Gajewski et al.
([29]) obtained independently the same criterion above for existence of global
solutions for the general case. Note that there is a discrepancy between radial
(87 /(ax)) and non-radial thresholds (47/(ax)). This was clarified by Senba et
al. ([58], [78], [77], [32]). They showed that if 47 /(cx) < ||uollL ) < 87/(ax)
and the solution blows up in finite time, then the concentration toward 92
occurs to u. Finally, much insight can be gained into the blow-up mechanism
of the KS model through the work of Nagai et al. ([59]). They proved the fol-
lowing: If the solution (u,v) blows up in finite time, then u forms a d-function
singularity at each isolated blow-up point, and any blow-up point is isolated
provided a certain Lyapunov functional is bounded; only the origin can be a
blow-up point of radially symmetric solutions.

Comment: The purpose of the above survey is to examine the mathe-
matical techniques used for the KS model as a means of gaining some insight
into what might be done for other chemotactic models. In particular a global
existence result is established for the AC model in 1-D, as was the case for
the 1-D KS model. But we used a priori estimates instead of a Lyapunov
functional, which does not apply to our situation.

On the CS model. Besides formulating the CS model, the authors of
[13] also did some numerical simulations of both the time-dependent and the
steady-state systems. But no rigorous analysis, theoretical or numerical, was
presented there. Allegretto et al. ([4]) studied this system from a purely
mathematical point of view. They first tackled the question of existence and
uniqueness of solution for the steady-state system. A compact argument was
used to show existence, while the proof of uniqueness was based on some
integral inequalities. Since the u component of a solution is always decreasing

while the v component, as they showed, has at most one pair of extrema,
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they classified the steady-state solutions into two types, according to whether
v is monotone or not. Sufficient conditions were found to ensure a solution
to be of a given type. As for the time-dependent problem, they considered
both the smooth and non-smooth data. For the former, Schauder’s fixed point
theorem was used to show existence of solution; while for the latter, a limiting
process and Lions’ theorem were employed to achieve the same goal. It needs
mentioning that the maximum principles are the basis for the existence proof
in both the time-dependent case and the steady-state one.

On the AC model. Originally, the AC was formulated as a 1-D model
in [6], where an analysis of the time-dependent solution was made by using
the steady-state solution as an approximation. Since an explicit expression of
n in terms of ¢ and a can be obtained by integrating the first equation of the
AC, solution profiles become available with simple numerical simulations.

A Summary: As in the case of the KS model, we expect a chemotactic
system to be simplified by restricting the dimension of its domain 2, by con-
sidering only radially symmetric solutions, or by studying extreme cases wheré
diffusion is very large or very small. Another efficient way to reduce the diffi-
culty inherent with chemotactic non-linearity is to allow the cross-diffusion
uVx(v) to be desensitized at high cell density or high gradient of chemicals.
The former is what Hillen et al. did in [36] where the system admits a posi-
tively invariant region; while the latter is exactly what we are going to do for
the AC model in the first chapter of this thesis. Two questions need to be
answered at this junction. (a) Is the model with desensitized cross-diffusion a
realistic one? Even a casual thinking of what happens in real biological sys-
tems will lead us to the conclusion that the mechanisms or assumptions which
were used to set up the chemotactic model are no longer valid long before its
solution blows up. Hence there is a good reason for desensitization. (b) Does
the soluton of such a desensitized system still exhibit profiles that we are inter-
ested in? This was answered in the affirmative for the KS model in [36] where
numerical simulations show interesting phenomena of pattern formation and

formation of stable aggregates. We believe the same is true of the AC model.
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1.3 Topics of This Thesis

With work on the KS model having been done to a quite satisfactory degree,
we will mainly study the AC model, with or wothout desensitization, and the
steady-state CS model in this thesis.

Chapter 2: We collect all the prerequisites in Chapter 2. We first list all
the inequalities we need: the Basic, Young’s, Holder’s, Minkowki’s, Nirenberg-
Gagliardo’s, and Gronwall-Bellman type inequalities; we then state different
versions of the maximum principle; these are followed by the Divergence The-
orem and Green’s three identities. Next is Moser’s technique to obtain an L*
bound for a function satisfying a certain differential inequality. Finally, the
positivity proof of the solution to the AC model is presented.

Chapter 3: Chapter 3 deals with the desensitized AC model. Note that
no rigorous analysis whatsoever has been made of this system. We allow
the chemotactic response from the cells to be desensitized at high chemical
gradient. Since it is not clear at the moment whether the original system
admits a blow-up mechanism or not, it is essential to retain this restriction to
achieve global existence of solution. This can be done by successively using the
contraction mapping argument for local existence, which is made possible by
the uniform a priori L*° estimate obtained through Moser’s technique. Note
that this result is comparable to the global existence given in [36], but we
have used a quite different approach, and we have also considered the long
time behavior of the system solution. While we believe the system will transit
into a steady state without any condition on the system parameters, we do put
such restrictions to attain this. The proof essentially depends on an energy-like
inequality a"-liE(nt, ¢, ar) < —6gE(ny, ¢, a:). Once the theoretical properties of
the system are clear, we turn our attention to its numerical aspect. Since
only a semi-discrete scheme is considered, it turns out that we can resort
to the standard theory of ordinary differential equations for the existence of
numerical solutions. But this theory only ensures us a time-dependent a priori

L* bound for the solution, and we point out that Moser’s technique is no longer
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applicable to the numerical case because of the restriction on test functions.
We manage to obtain a uniform a priori L? bound basing on an inequality
with an arbitrary parameter ¢ > 0 which relates the L? norm of a non-negative

function u, its L' norm, and the L? norm of Vu together:
Inll72q) < Cellnlli @) + ellVnllZzg)-

While this inequality is obtainable from the Nirenberg-Gagliardo’s inequality,
as is shown in Chapter 4, we gave a direct proof using the compact imbedding
of H'(Q) into L%(2). As usual, the proof of uniqueness of solution needs a
priori bounds for the numerical solutions. It is an interesting fact that the
convergence of the numercal solution to the theoretical one is proved under
essentially the same conditions as that which ensure the system to evolve
into a steady state. In obtaining the error analysis, we use the idea of elliptic
projection ([83]). We emphasize that an L? error bound of only O(h) is proved
when compared to that of O(h?) for a linear system, even the same linear finite
elements are used in both cases. We believe this is due to the chemotactic
nature of the system and the projections we used. It is not clear at the
moment how this can be improved, if it can be at all.

Chapter 4: The principal goal of Chapter 4 is to tackle the problem of
global existence for the AC model with free cross-diffusion, and success is
achieved in the 1-D case. While the KS system admits Lyapunov functionals,
which greatly facilitates the proof of global existence, this is unlikely to happen
in the AC model due to the inhomogeneous nature of its boundary conditions
([37]). Our main tools have been the Fourier’s method to express the solution
of a time-dependent problem in terms of the eigenfunctions of the correspond-
ing elliptic problem, the Nirenberg-Gagliardo’s inequality, and the eigenvalue
estimates for some elliptic problems. For completeness, we also include local in
time existence of solution in this chapter, in which case Schauder’s fixed point
theorem is utilized. The ideas used in the proof of this part were suggested by
[29].
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Chapter 5: Chapter 5 treats the existence and the uniqueness of solution
to the steady-state AC model. The divergence form of the first equation allows
us to transform the system through substitution and integration into a system
with two unknowns, which to our great advantage has quasi-monotone right-
hand sides after a non-local term in it is ”frozen”. The method of monotone
sequence (Pao, [69]) can then be applied to give the existence of solution for
this variation of the simplified system. By defining an operator 7" and showing
it has a fixed point, we prove that the simplified system, and thus equivalently
the original system, has a solution. The only thing that needs special care
during this process is the mixed boundary conditions. We give a direct proof
of the maximum principle for such mixed boundary conditions. As for the
regularity of solution, we cite reference (Miranda, [56]) for a detailed proof.
For the uniqueness of solution, we point out that several conditions were given
in [69] for similar systems, but none of these is satisfied by the steady-state AC
model. We are able to show a uniqueness result through a different approach,
though. The proof is elementary, and the condition is mild when compared
to those in the literature for similar systems. What is more, we find that the
proof equally applies to the other cases considered in [69].

Chapter 6: Chapter 6 begins with a brief review of the mathematical
properties of the steady-state CS model (Allegratto et al. [4]). A sufficient
condition in [4] is then improved which ensures a solution to be of type I. The
proof is based on a non-linear version of the maximum principle. While both
theoretical and numerical aspects of the CS model are treated in this chapter,
its emphasis is on the latter. The discrete maximum principle is the right
place where to start our finite difference numerical analysis. We then use it to
set up the positivity of solution for a particular type of second order difference
equation, to which both equations of our discretized system belong. The key
part of the numerical analysis is the a priori estimates established with the aid
of the discrete maximum principle. We first consider difference equations with
homogeneous boundary conditions, with or without a first order term. In the

latter case, a sharp estimate on the magnitude of solutions, among the uniform

10
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estimate class, is obtained. These estimates are then generalized to the cases
of inhomogeneous boundary conditions. We point out that these estimates
only fit our situations. For example, we require the coefficients involved keep
sign, which is not true for general difference equations. With all these prepa-
rations at hand, we formulate the difference scheme and prove the existence
of solution using Schauder’s fixed point theorem. The main part of the proof
is the verification of the continuity of an operator defined there, which is done
through the a priori estimates set up so far. The uniqueness proof we give
in this part is essentially a parallel of that in the continuous case. We then
establish convergence and error estimates. While restrictions are put on the
parameters to obtain error bounds, convergence does not assume such condi-
tions. In fact, convergence is a direct consequence of the unform boundedness
and equi-continuity of the system solutions. The numerical simulations that
follow verify the theory developed in the previous sections.

Summary: We have considered chemotactic models with three typical
boundary conditions: Neumann’s, Dirichlet’s, and mixed type, with the first
case being thoroughly studied by other authors. We have seen that quite differ-
ent techniques have been used in different cases. The questions we addressed
range from the existence and uniqueness of both the theoretical and numerical
solutions, either in the time-dependent case or in the steady-state case, to the
long time behavior of a time-dependent model, and to the convergence and
convergence rate of a finite difference scheme for a steady-state model. These
are the basic questions asked of a system of partial differential equations. In

each case a relatively satisfactory answer is obtained.

11
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Chapter 2
Preliminaries

In this Chapter we gather all the preparatory results that will be used in
the thesis. Unless otherwise specified, {2 will be a bounded domain in R™

(m=1,2,3).

2.1 Inequalities and Imbedding Theorems

Theorem 2.1. (The Basic) For any real numbers a,b, and any € > 0, we have

2
(2.1) ab < - + €b?.
4e

Proof. Expanding (53 — €/ 2b)2 > 0, we obtain the desired result. 0O

Theorem 2.2. (/54]) (Young) For a,b > 0 and1 < p < o0, ¢ = p/(p— 1),
we have
Py
(2.2) <8
p q
Theorem 2.3. ([54]) (Hélder) Let p,q > 1 with 1/p+1/q = 1. Ifu € LP(2),

and v € LI(Q), then

(2.3) / v dz < [full ool oo

Remark 2.1. Holder’s inequality can be extended to the case of k functions,

U1, ...,ux lying respectively in spaces LP(Q), ..., LP%(Q2) where Zle 1/p; =1

12
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Theorem 2.4. ([54]) (Minkowski) Let p > 1. If u,v € LP(2), thenu+ v €
L*(Q), and

(2.4) llw+ollze < llullze + [[vllze-

Theorem 2.5. ([24], Page 66) (Poincaré) There is a constant A > 0 such
that for all h € H'(Q) with h = 0, it holds that ||h|| < A||VhA]|.

Theorem 2.6. ([27], Page 30) (Imbedding) Let ) satisfy the cone condition.
If a function u belongs to Wg with j > 1+ m/p for some nonnegative number
1, then u € C(R).

Remark 2.2. If 09 is of class C1, then Q satisfies the cone condition. A convex

domain also has the cone property.

Theorem 2.7. (/27], Page 27) (Nirenberg-Gagliardo) Let 09 be in C', and u
be any function in WJ(Q)OL"(Q), 1<gq,7r <oo. For any integer k, 0 < k <1,
and for any number 0 in the interval k/1 < 6 <1, set

1k 11 1
—=—+0(————)+(1—0)—
m r

p m q

Ifl — k — m/q is not a nonnegative integer, then
(2.5) [ulkp < Collullfgllllo;”.

If |l — k — m/q is a nonnegative integer, then the above inequality holds for
0 = k/l. The constant Cy depends only on 2, q, v, 1, k, and 6.

Corollary 2.1. Let X2 be in C'. For any € > 0 there ezists a constant C, > 0
such that for all u € H'() we have ||ull3 , < elul}, + Cellull3 ;.

Proof. See the proof of Lemma 4.4; or see Lemma 3.2 for an alternative (direct)

proof. O

Theorem 2.8. (/68]) (Gronwall) Let u be a continuous function defined on
the interval I = [a,  + h] and

(2.6) 0<u(t) < /t[bu(s) +alds, tel,

13
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where a and b are constants. Then
(2.7) 0 <u(t) <ahe”™, tel.

Proof. Put u = z(t) exp(b(t — a)), and let the maximum of z on I occur at
t = t;. For this value of ¢, (2.6) gives
13
0 < Zmaz exp(b(t; — @) < / [bz(s) exp(b(s — a)) + a] ds,
whence by the Mean Value Theorem

i1 11

0 < zmaz exp(b(ty — a)) < zmax/ bexp(b(s — a)) ds +/ ads

a «

= Zmaz (exp(b(t; — @) — 1) + a(t; — ),

or finally
0 < Zper < a(tl - Ol) < ah,

from which (2.7) follows at once. O

Theorem 2.9. ([68]) (Bellman) Let v and f be continuous and nonnegative
functions defined on I = [a, (], and let ¢ be a nonnegative constant. Then the

inequality
(2.8) u(t) < c+ /a CH)u(s)ds, te T
implies that

(2.9) u(t) < cexp < /a " 1) ds) tel.

Proof. Define a function z(t) by the right-hand side of (2.9); then we observe
that z(a) = ¢, u(t) < 2(¢) and

(2.10) J(t) = FR)u() < FR)=(0), tel.

Multiply (2.10) by exp(— f; f(s)ds) and apply the identity
2 (t) exp(~ [, £(s) ds) — 2(2) £ (t) exp(=  f(s) ds)

14
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= & [ e L5549,

to obtain
d t

(2.11) p [z(t) exp(—/ f(s) ds)] <0.
Integrating (2.11) from « to t gives

¢
(2.12) 2(t) exp(— / £(s)ds) — 2(e) < 0.
Using z(a) = ¢ and u(t) < 2(¢) in (2.12) we get the desired inequality in
(2.9). O

But more frequently used are the various generalizations of the above in-

equalities. Here we state two of them without proof.

Theorem 2.10. (/68]) Let u, g and h be nonnegative continuous functions
defined on I = [, B], n(t) be a continuous, positive and nondecreasing function

defined on I and

(2.13) u(t) < n(t) + g(t) /t h(s)u(s)ds, t € I;

then
(2.149) () <n(1) [1 + g(t) /ath(s) exp </sth(r)g(r) dr) ds] ,tel.

Theorem 2.11. ([68]) Let u, p, q, f and g be nonnegative continuous func-

tions defined on I = [o, (], and
t

(2.15) ut) <p(0) + () [ [F(5)uls) + o) ds, te T

a

Then

(216) u(t) < p(0) +4(0) [ 1F() +g(s)]exp (/ F)ar) ir) ds, tel

Remark 2.3. As pointed out by Beesack ([10]), if the integrals in Theorem
2.8-2.11 are Lebesgue integrals, the hypotheses can be relaxed to: the func-
tions involved are measurable and certain products of them are integrable.
The equality and inequality conditions are then understood to hold almost

everywhere.

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2 The Maximum Principles

We first state various versions of the maximum principle.

Theorem 2.12. ([72]) Let
Au>0in Q.

If u attains its mazimum M at any interior point of 2, then u = M in 2.

Theorem 2.13. ([72]) Let u € C?*(Q ) satz'sfy the differential inequality
(L + h’) [U] E 1,j=1 ;5 31:,6:1;_7 + Z b + hu > 0
with h < 0, L uniformly elliptic in Q, and the coe]ﬁczents of L and h bounded.

If u attains a nonnegative mazimum M at an interior point of 2, thenu = M.

Theorem 2.14. ([72]) Let u € C’2(Q) satisfy the differential inequality

(L +h)u] =370, maxm + 3 b %+ hu >0
with h < 0, and L uniformly elliptic in SQ. Suppose that u < M 1in Q, that
u = M at a boundary point P, and that M > 0. Assume that P lies on the
boundary of a ball in . if u is continuous in QU P, any outward directional

derivative of u at P is positive unless u = M in €.

2.3 Green’s Identities

Now we give the divergence theorem and Green’s three identities ([72]). Recall
that I is the boundary of 2. Let @ be a smooth vector field defined in Q. The

divergence theorem states that

(2.17) /V-'&)’sz/u}'-ﬁdI‘.
Q r
We choose @ = vVu in (2.17) to obtain Green’s first identity
Ou
(2.18) vAudd+ [ Vv-VudQl= [ v—-dl.
Q 9] r oV

Interchanging v and v in (2.18), we get

/uAde-i—/Vu-Vde:/u@dF
¢) 0 r OV

16
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Subtracting this equation from (2.18), we obtain Green’s second identity

(2.19) /(vAu uAv) dQ = /(v— - ugq_),) dr.

Q
Let P and Q be two points in  with coordinates z; and y; (¢ = 1,2,...,m),
rpg = (Dopeq (i — 4i)2)/? be their distance. Let ¢ be a harmonic function
throughout 2. By applying Green’s second identity to the function W =
+ 1, we obtain Green’s third identity

47TTPQ

(2.20) w(Q) = / (W-é;—u%—‘f ar - / W AwdS.

Now let us use Green’s third identity to solve the following mixed boundary

value problem:

Ay = hin ,
(2.21)

ulr, = hy, B, = ho.

We first seek a function v such that

AP =0in Q,
"/)!Fl 47r1'PQ
)
I —_ e TPQ
61‘/‘ Iy oF

Then we define

G(P;Q) = g +¥
as the Green’s function for the problem (2.21). Choosing this function as

W in Green’s third identity, we get the solution formula for (2.21):

(222) u(Q / G(P; Q)h(P) d2p — hl(p)w) dr's

G(P; Q)ha(P)dl'p

I

It can be shown ([72]), by means of the maximum principle, that the Green’s

function for the problem (2.21) satisfies

aG :
A F
(2.23) os < 0in I,
G>0in QUT,.

17
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Conversely, the above properties of the Green’s function allow us to read off
properties of the solution u of (2.21) from formula (2.22). For example, if
h<0inQ, h; > 0on ', and hy > 0 on I'y, then (2.22) and (2.23) show that
u > 0 in . Moreover, if h, hy, and h, are not all identically zero, then u > 0
in 2.

2.4 Moser’s Technique

Theorem 2.15. ([8]) Assume the following inequality is true of n = n(z,t) >
0onQr=Qx(0,T)

1 d 2\ AL K2\
2.24) ——— [ n*'d <——-—/\7 2d —-/ Mg
(2.24) )\+1dt/gn o<~ [0 Par s B2 [ iag
where K is a constant, and A € [0,00). Then there exists a constant N,

independent of T, such that sup ||n|lze@) < N for.
£>0

Proof. Let Ex(t) = [, n** dz. Since (2.24) implies £ E\\(t) < fﬂzﬁ}lﬂ\(t),
for any t > 0, we have: (a) Ey(t) < Eo(0), that is, sup ||n||Li(e) is finite;
£>0

and (b) E\(t) < Ex(0)exp (ﬂ'\;‘—“lt) < oo for any A > 0, that is, n**! is
integrable.

Now Let A; = 2 — 1 in (2.24) (i = 1,2,...), we will estimate [;,n* dz in
terms of fn n?"" dz and thus recursively obtain an estimate depending on the
uniform L'(2) bound of n above. By controlling carefully the constants then
we will pass to the limit and obtain the desired L* bound.

Let us fix ¢ and define v = n?~". Then (2.24) for A = ); takes the form

(2.25) g/vzdxg —1/,;/ |Vvl2da:+ai/v2da:,
t Ja Q Q

where v; = 2 — =47 and a; = K?2¢71(2° — 1). By Corollary 2.1, for any € > 0
we have
(2-26) lvllz2 < el VollEz + CellvllZs.

18
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Now choose € = € = iy v S0 that

(2.27) (a; + &)e& < v

By defining ¢; = C¢,, we rewrite (2.26) as

(2.28) IoliZe < ell VollZs + eillollZ:.

Multiplying (2.28) by —(a; + ¢;) and rearranging its terms, we obtain
(2.29) —(a; + &)|lollZ: + (e + &)eillvl|Ze 2 —(ai + €)eil| VollZ

Combining (2.27) and (2.29) with (2.25) we have

(2.30) i/zﬁdw < ~(a,~+e,~)ei/ |V'u|2dx+a,-/v2dx
dt Jq Q Q

2
< —ei/vzda:—l— (a; + €)c; (/ vda:)
Q Q
2
< —ei/vzda:+ (a; + €)¢; (sup/ vd:v) .
Q 20 JQ

Substituting v = n% " back into (2.30) we get

2
(2.31) —d—/nT dz < —e,—/ n® dz + (a; + €)ci (sup/ n?™! da:) ,
dt Jq Q >0 Jo

which gives

i i1 2 t
(2.32) /nzl dz < max{di (sup/ n?" dx) ,/ n? (z,0) d:c} ,
Q t>0 JQ Q

(a,- + Ci)C'

where §; = *. Now by defining

€

o = max{sup |30y, max{1, 121} x 1n(z, 0)llz(o}

19
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and assuming, without loss of generality, that &; > 1, from (2.32) we obtain

2
(2.33) sup / n’dx < max{éi (sup / n? dm) ,az'}
>0 Jo >0 Jo
. 1 2 3
< 6; max{(sup / n?" dx) ,azt}
>0 Jo
i—1 i—1 2
= §; max {sup / n?" dz,a®” }
>0 Jo
i—-2 2 i—1
<6 max{é,-_l (sup/nzi_ d:z) o }
>0 Jo
2 2
< §; (5,-_1 max { (sup/ n? "’ da:) ,azz_l})
>0 Jo

22
i—2 72
= §;67_, max {sup/n2 dz, o?
>0 Jo

< ...
21
2 22 2i_l 20 20
< 0;0; 10, 5...07 max {sup/ n® dzx,a }
t>0 Jo
< 662 67,67 .
But
(2.34) 0; = Chil = (a; + €)¢€; - c_; <y- % < % <. Qmt)i
€ €; € €;
where
4 m m+2
r=—CM?(——=)"2 . max{1, K™}
m ° (m+2) {1, }

Combining (2.34) with (2.33) and using a simple computation we get

(2.35) / n? dz < sup/ n? dg < ¥ 1)@ —i-1) 02
Q Q

>0

Finally, by taking the 2'th root on both sides of (2.35) and passing to the limit

as ¢ — oo we obtain

(2.36) n< Il < N=r-22m o

20
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Chapter 3

Analysis of the AC Model with

Desensitization

Throughout this chapter, we study the AC model of a general dimension m

(m = 1,2,3), but make the following desensitization assumption:

-

(3.1) Ifl = Ixa(Ve, ¢, 2)Ve + x2(Va, a, ) Va| < K,

where K is a constant, and we require f to have bounded derivatives with

respect to its arguments so that it satisfies a Lipschitz condition:

(32) |fa— fil < LUV (ea— 1)l +le2—er] + V(a2 — a1)| +laz — a1 | + |22 — 1),
where f; = f| (Vei, Vai, ¢y a;, z;) (i = 1,2). A simple example of f that satisfies
(3.1) and (3.2) is given by

Cy Cy

= v Vet 15 vae v

Also, the f in model (1.3):

F— X @ 9
f=v (chl In(1 + k) + 5D % )

will satisfy (3.1) and (3.2) automatically if we can prove that |Vc| and |Va]

are bounded, as is the case in Chapter 4. We set the constants D; and D,
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in (1.3) to be 1 for convenience. We assume compatible initial and boundary
conditions (1.5).

Though a vast amount of work can be found on the KS model, no rigor-
ous -analysis has been made of the AC model. This chapter represents our
first attempt to study the AC model. We start with the formulation of the
weak solutions. By obtaining a uniform a priori L®(2) bound on the weak
solutions, we prove both the local and the global existence of solution. We
have noticed that a global existence result was obtained in [36] under a similar
assumption but through a quite different approach (semi-group theory of the
heat equation). The long time behavior of a system is one of the interesting
topics to work on. We obtain a sufficient condition on the parameters of the
system for it to transit into a steady state, which indicates that the system is
not likely to admit non-constant periodic solutions. Our semi-discrete finite
element analysis of this system ends up with error estimate of first order in
space, which is not optimal, but the question of how to improve it still remains
unanswered.

The outline for this chapter is as follows. In §3.1, we define the weak
solutions, and then use contraction mapping theorem to show existence and
uniqueness of solutions. We consider the long time behavior of the system in
§3.2, and prove that under appropriate conditions, it transits into a steady
state. In the remaining two sections (§3.3 and §3.4), we study a semi-discrete
finite element approximation of the desensitized AC model and give the error
estimates.

For convenience, we repeat the model equations here:

22
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nt—Dlv-(vn—nfj=o in Q x (0,T),

¢, — Ac+ yie+ finc=0 in 2 x (0,7T),

a; — DyAa+ ya+ fona =0 in Q x (0,7),

3.3) { <= 0) = co(z), c(z,0) = co(2), a(z,0) = ag(z),(>0) inQ,
(Vn—nf) -7 =00n 900N x (0,T),

c=1onTyx(0,T), %zOon Iy x (0,7),
i g—ci=00n I'' x(0,7),a=1o0nT, x (0,7),
14

3.1 Existence and Uniqueness of the Exact So-

lutions

3.1.1 The Weak Formulation of the System Solutions

We first give a formulation of the weak solutions to the system (Page 168,
[46]). Let
W = C((0,T); () NV, (Qr),
V=W, (Qr),
Vi={veVjp=0onT; x(0,7)},
Va={veVjv=0onT; x(0,T)}.
A weak solution of the AC model (3.3) is a triple (n,c,a) with n, ¢, a in W,
and c|r, xo,r) = 1, and alr,xor) = 1, such that V (v,v1,v5) € V x V; x V}

which vanish at t =T,

T T
(3.4) —/O < n,v > ds—!—/0 (Vn — fn, Vo) d.s:/nno(:v)v(x,O) dz,

T T
(3.5) —-/0 < ¢ () > ds+/0 [(Ve, Vo) + ((m + fin)e, v1)] ds

_ /Q co(@)v1 (x, 0) da,
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and
T T
(3.6) — / <a(v) > ds+ / (Va, Vos) + (12 + fam)a, v2)] ds
0 0
- / ao(2)vs (z, 0) da,
Q
where f = x1(Ve, ¢, 2)Ve + x2(Va,a,z)Va.
Remark 3.1. It can be shown that the weak solution defined above satisfies:
ny € L2((0,7); (H*(Q))*), ¢ € L*(Qr), a: € L*(Q7).

Now we establish the positiveness of solutions to the AC model, a fact

which will be frequently used later.

Theorem 3.1. Let (n,c,a) be a solution to the AC model given by (1.3). Then
we have 0 <n,0<¢<1,0<a< 1

Proof. Multiplying the first equation in (1.3) by n~ and integrating by parts,

we obtain
(3.7) <my,n” >+Dy(Vn — fn, Vn™)=0.

From n = n* —n~ we know n; = (n*); — (n™);, and since < (n*);,n~ >=0

we obtain

(38)  <mnyn >=<(nM)nT > —<(n),n” >=~< (n7),n >
Similarly, we have

(3.9 <Vn—fn,Vn~ >=<Vn~ — fn~,Vn~ > .

In view of (3.8) and (3.9), equation (3.7) becomes

(3.10) < )yn™ > +Dy(Vn~ = fn=, V) =0,

from which we get

(3.11) 14

—/(n“)2dx+D1/|Vn‘|2d:1;§D1/|f||n“||Vn‘|dx
2dt Q 9] Q
D .,
< —1/ |f|2[n-|2dx+D1/ IV~ |2 de.
4 Q Q
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Let E(t) = [,(n™)?dz and F(t) = maxo, |f]2. Then (3.11) implies

dE() _ DiF(

(3.12) 2 ; D g,

from which we know
D, [t
zng@wm?/F@@y
0
But
Emyifma%m:o
Q

because ny; = 0 for a function ny > 0, so

ﬂﬂ:[&rﬁmzm

from which we obtain n~ =0 a. e., and n =n* > 0.
Now we multiply the second equation in (1.3) by ¢~ and integrate over )

to obtain
(3.13) <e,c” > —(Dc,c7) + ((n + fin)e,c7) = 0.

Note that
< e >=—< (¢ ), >,
(v + Bin)e, ™) = —((m1 + fin)e™, ¢7).
Also, since ¢~ |r, = 0 and %lm = 0, an integration by parts of the second term
in the left side of (3.13) shows
(Ac,e™) = —(Ve,Ve™) = (Ve Ver).

Hence (3.13) gives

1d

(3.14) EEEA(C")de+/(Z|Vc_|2d:v+/n('yl+ﬁ1n)(c‘)2dx=0.

Since n > 0, we know from (3.14) that

1d 9
—— - <
2dt/9(c )*dz <0,
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and so

/Q(C—)2 dz < /Q(ca)2 dz = 0.

Therefore, ¢~ = 0 a.e., and ¢ = ¢t > 0.
To prove ¢ < 1, we set ¢ = 1 — ¢« in the second equation of (1.3) and then
show cx > 0 following a similar procedure as above, which we omit here.

The statement about a is proved in the same way. O

Remark 3.2. Theorem 3.1 is clearly still true, if the n in the second (third)
equation of the AC model is replaced by some 7 > 0 which is not necessarily

a component of the system solution.

3.1.2 A Priori L* Bound for n

Both the uniqueness and global existence of solution need the fact that n has

an L* bound. The technique used in the proof of the following lemma is from

3],

Lemma 3.1. Assume (3.1) and (3.2) are true. Then for any weak solution
of (3.4) — (3.6) n,c,a € W, we have ||n||po@) < N, where N is a constant
independent of T.

Proof. We first note that n > 0 by Theorem 3.1. By setting v =1 in (3.4) we

have

d "
(3.15) pr ndr =< mn,1>=—(Vn—nf,V1) =0,
Q

which means fﬂndaz is a constant and therefore uniformly bounded with re-

spect to t. By choosing v = n* in (3.4) with A\ > 0 we have

1 d

16) ———
(3.16) A+1dt

/ nMldy = -—)\/ n* 1| Vn|? d:v—t—)\/ f*Vndz = Ty + T
Q 0 0
Noting that

(317) T1 = —)\/an 2 Vn|2dx=—-(:—_ﬁ)—2/§;IVn 2 Izdili
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and
V2A 1 A
(3.18) T, < K| / n*Vn dz| = 2 / (m|vn*—?|)(x\/jn*+)dx

22 Al Kz)\/ A
< Vnz {*dr + — +1d:c,
—(A+1>2/Q' Fdo+ == ) m

we obtain from (3.16) the following inequality
1 d Al 2A / PESIRN K2\ / A1
. —_— dr < ——— de + —— dz.
(3.19) /\+1dt/9n z < YL QanZ| z+ = nn T
Now we apply Theorem 2.15 to (3.19) to obtain

(3.20) 7)< 7 22 = N

where r and o are constants independent of T'. 0

3.1.3 Existence and Uniqueness

Theorem 3.2. For any T > 0, system (3.4) —(3.6) has a unique solution
(n,c,a) €W x W x W, where W = C((0,T); L*(Q)) N V;"°(Qr).

Proof. We use the contraction mapping principle to prove the theorem. We
first choose 7 € W. Set n = 7 in (3.5) and (3.6) and let ¢ and a be their
(unique) solutions, respectively. We then denote by n the (unique) solution of
(3.4), where ¢ and a are determined in the way above. The existence of such
n,c, and a in V;"°(Qr) follows from Theorem 5.1 of [46] (Page 170). Also see
the proof of Theorem 4.1. By Lemma 3.1 we have ||n||e < N for any ¢t > 0,
and hence n € W.

Next, we define a mapping P : W — W with Pn = n. We shall show that
there exists a I" > 0 such that P is a contraction and thus has a unique fixed
point, which means that system (3.4) — (3.6) has a unique solution. We denote
by d(.,.) the distance on W induced by its norm, that is, d(u, uz) = |ju; —
gl poo((o,ry;22) for any uy,us € W. Letting 71,7 € W and ny = Pfig,np =
Py, we need to show that there exists a constant 0 < p < 1 such d(ny,ny) <

pd(fy, Ny) for proper choice of T. Let ¢; and c, be the solutions of (3.5)
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corresponding to 71, and 71y, respectively. By taking the difference of these two

equations we have
(3:21) ((e1—e2)e, v1)+(V(c1—cz), Vvi)+((m+Bfifis)er— (n+PBifiz)ez, 1) = 0.

Setting v; = ¢; — c2(€ Vi) in (3.21) and rearranging its terms we have

1d
2dt/(c1~—c2)2da¢+/ |V(ci — ) dz

+/Q(’Y1 + Bifn)(c1 — o) dz = 51/902(fl1 — fo)(c1 — ¢2) dz.

(3.22)

Note that 0 < ¢; <1 and 717, > 0 by Theorem 3.1. With the aid of the Basic
inequality (Theorem 2.1) we obtain from (3.22)

(3.23) 2dt/(cl —cy)? d$+/ IV(c1 — ) ? da:—i-'yl/(cl —c)%dx

< i1 — Nig)“ dx + /c—c dzx.
< 25 [ -t m [ (@)

Hence,
(324) th/(cl —CQ dCL'+/ IV(Cl —Cg)l dzr
A3 / . g B o
< — | (g — ng)’de < —d(f1,T1n)".
S oy Jo (M) do < i )

Using the initial condition (¢; — ¢3)|t=0 = 0, we integrate (3.24) from 0 to t,

obtaining

(3.25) d(cy, c)? < ﬂd (7ir, 7a)?, / / V(1 — )P dadt < ﬂ{y (7iy, 7).

Similarly, we have
(3.26)
2T
d(ay,a;)* < gTd fi1, fiz) / / IV(a; — ap)|*dx dt < ﬂ—Td(nl,ng) .

Now by taking the difference of the two equations governing n; and n, we get

(3.27) ((n1 — n2),v) + (V(ny — ng) — (nlﬁ - nzfé), Vv) =0.
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Putting v = ny — ny in (3.27) and rearranging its terms we have

1d
2dt

= /Qfl - V(ny = ng)(ny — o) dz
+/Qn2V(n1 —ng) ( f2)

(3.28) (= m) o+ / IV (ny — no)[2dz

Using the facts that |fi]| < K (desensitization assumption (3.1)) and |ny| < N

(Lemma 3.1), we obtain

(329) 2dt /(nl — n2)2 d.’l?'i'/ 'V ny — 712)'2 dz
< (K+N)e/ V(1 — no)|? dz

+5e =P de+ 3o [ 1 - i de

Choose € so that (K + N)e < 1. Then we have

. — — < — — — — .
(3.30) 5t Q(nl ng)* dz < 1 /Q(m ng) d27+46/ﬂ|f1 fol*dz

It follows that

(3.31) /Q(nl—ng) dx<2—]iexp< )/ /[f1 fPdzdt.

Using the Lipschitz condition (3.2) on f we estimate the integral on the right

as

(3.32)/0t/0|f_{—f;lz’d:rdtg/()T/Qlﬂ—ﬂlzda:dt

< .rf/o /Q[ l(e1 = )l + [(a1 = a3)| + V(1 — )| + [V (a1 — a5)| P dz dt

T
< 4L2/ /[(cl —c2)?+ (a1 — a2)® + |V(c1 — &) )? + |V(ay — a2)|F] dz dt
0o Ja
BT [T | BT ﬁ%’T) Lo
+ + + d(iy, 7t
T e ey R
(B B3 S
S 2L — 4+ —= Td(’nq, n2)
Mo 72

54L2(
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where estimates (3.25) and (3.26) have been used and the fact T < % has been
assumed. Combining (3.31) with (3.32) we have

NL2T K\ (8 g i
: —ng)?dzx < —T) {2 +=2)d( 2
(3.33) /Q(nl ng)’ dr < ——exp (26 ) (71 + 72) (1, Tig)

from which we derive the relation
(334) d(’n], ng) S P d(’FLl, ﬁz)

where p = [%% exp (25E )([;ili + %)] %. Finally, by choosing T so small as
to make p < 1 we have a contraction P : W — W, and the conclusion
of the theorem follows on (0,7). The theorem is true of any time interval
(0,00), because the T' above depends only on the uniform bound of n and
other constants independent of time, and we can apply the above procedure

arbitrarily many times. U

3.2 Transition of the System into a Steady
State

Now we consider the long time behavior of an AC solution, and investigate
if it is possible for the system to admit a periodic solution, or, under which
conditions the system will evolve into a steady state. The discussion in this

section partially answers these questions.

Theorem 3.3. Under conditions

(3.35) S<a,
and
(3.36) 0<s_ BN (LN +afN)? (LN +af))?

2a 4(o — 8)m 4a—0)y

the desensitized AC system (3.8) will transit into a steady state.
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Proof. We assume the solutions concerned are smooth enough so that we can

differentiate the first equation (with respect to t) of the AC model to obtain
(3.37) ng — V- (Vn = fn), =0,

where we have used the fact that spatial and time derivatives commute. Bear-

ing the same fact in mind and in particular
(3.38) (Vn — fn),-7=[(Vn— fn)- 7], =0,
we multiply (3.38) by n; and integrate by parts to obtain

(3.39) Hntll2 +[IVrll® = ((Fr)s, Vi) = 0.

2dt

In view of the following bounds
Iac,aCII_Llaa,(9 |<L 0<n<N, |fl<K,

and the fact

fe= Zz dc, (ct)x; + Ez daz, (at)l‘i + %gct + 55(“’

the last term in (3.39) is estimated:

(340)  |((f)e, Vro)l < |(Fru, V)| + |(fim, Vo) < Kllmel| |V
FLN (Ve 1Vnel| + I Vadll IVl + el IVl + llacll | Vrel).

Since 7 = ﬁ < 4,1 >= 0 by (3.15), by Poincaré inequality (Theorem 2.5)

we know
(3.41) [Irell < AlIVnell.
Hence we obtain from (3.39), (3.40), and (3.41) that

(3.42) Ll + IVrll® < KAIVRe|® + LN([| Ve | [ V|

HIVarl [[Vrell + lledl 1Vrell + llacll [Vrell)-

2dt

Now we repeat the process for ¢; and a;. Notice that
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CtII‘, = (clpl)t = O’
and
%‘,‘Lll‘z = (%,%'Fz)t = 0.

Integrating by parts yields

1d
(3.43) 5allct|l2 + Vel + (11 + Bin, ) = —(Bremy, 1)
It follows from (3.41), (3.43), 0 < ¢ < 1, and n > 0 that
1d
(3.44) s gl + Vel +nlled < BMIVad flesll

Similarly, we have
Ld
2dt
Now we multiply (3.44) and (3.45) by

(3.45) lacll® + IV adll® + vallacl® < BAI V| o]l

1

(3.46) o= min{(—%)—% M}

B’ Pa
and add them to (3.42). After rearranging terms we have
1d

4
BAT) 2 a

(Inell® + edllecd® + allarl|®) + 61 Vnell* + dmllecll® + ovellad?
< = {lVnll* + el Vel® + all Vel + (e = d)mllel®
+(a = O)nllacl® — LN|[|Ve| [ Vrel| — LN|Vae|| |Vn|

—(LN + afiM)lel IVl —(LN + af)|lac]| [[Vrell}

where we have set § = -1—?? By writing the right-hand side of (3.47) as a
complete square and assuming (3.35) and (3.36):

6 <a,
and
I2N? (LN +aBA)? (LN + afa))?
0<6— — -
200 Y a—8)m 4(a — 6)7e

we obtain

1d
(3.48) =—(llnell® + alleell® + alla:l®) + AVl + dvillcell + dvallaclf® < 0,

2dt
32

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where again we have used (3.41). Let

Y= min{7l7 ’72}7

and

%1 otherwise.

602{&2 if % > @,

From (3.48) we have
ld
2dt

which implies

(3.49) (Inell® + adleel® + edllacl®) + do(llnell” + etllecll® + edla|*) <0,

(3.50) Inell® + adleell® + alla|* < Ae™,

where A is a constant. It follows from (3.50) that ||n;]|%, ||cl|* and ||a;]}* — 0

exponentially, and the system approaches a steady state. O

Remark 3.3. Note that the first and second order time-derivatives of the so-
lution component n(z,t) in the proof can always be safely understood in a
distributional sense (Proposition 1.1 on Page 7 of [52]). But the existence of
all the integrals involved presumes a sufficiently smooth system solution. It
is not clear what minimum regularity conditions on the domain and on the
initial and boundary data can guarantee this. However, we believe smooth and
compatible initial and boundary conditions (1.5) and a C?-smooth domain §2

will do.

Remark 3.4. To see how the conditions in the theorem are satisfied, we assume
all the parameters except K, 71, and 7, are given. From the definition (3.46)
of o we know (3.35) is satisfied for large 7; and .. To have (3.36) satisfied,
we first need § = 1—“251 > 0. Noticing that X is actually an eigenvalue which
depends only on the domain geometry, we have to make K small. Assume now
we have § = 1=K2 > (. Then it is not hard to see that (3.36) can always be
satisfied by making both 3 and v, large. Physically, this means the decaying
rates of both chemicals have to be sufficiently large. It is ‘plausible’ to expect
a steady state in this case, because the ‘driving force’ for any chemotactic

movement, which comes from the chemicals, are disappearing rapidly.

33

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Remark 3.5. The fact that ||ne|?, ||lcl|?> and |las[|> = 0 exponentially shows
that under the conditions given the system does not admit non-constant peri-
odic solutions. Otherwise, the above quantities would also be periodic, which is
obviously not true. This should discourage us enough to try to obtain periodic
solutions for the desensitized system, even after limitations on the parameters
are removed. Actually, we believe the system goes to a steady state without

any condition on the parameters.

3.3 Existence and Uniqueness of the Numeri-

cal Solutions

3.3.1 Semi-Discrete Finite Element Formulation

Let V, C H'(Q) be a piecewise linear finite element space corresponding to a

particular triangular partition of the domain 2. We define
Vip=WnNh,
‘/Q,h = Vh N ‘/27

where V1, V, are defined in §3.1.1. A finite element solution of the system is
a triple (n4,cp,an) in (V3)? with ¢, — 1 € Vi, and ap — 1 € Vyy, such that

\ ('Uh,,'Ul,h,'Uz,h) € Vi x Vl,h X Vg,h we have

(3.51) < Tht, Vp > +(V7’I,h — f;:nh, V'Uh) =0,

(3.52) < epty vin > +H(Ver, Vore) + ((m + Bins)en, vip) = 0,
(3.53) < apg, Vo > +(Vap, Vuap) + (72 + Bann)an, vap) = 0,
and

(3.54) np(=,0) = Pang(z), cu(z,0) = Puco(z), an(x,0) = Prao(z) in L* (1),
where f;, = X1(Ven, en, 2)Vey, + x2(Vay, an, t)Vay.
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Remark 3.6. The above definition implies a stationary finite element space,
and hence Vt € (0,7) we have np, cp,ar, € H(Q2). Furthermore, we will see

that the coefficients of the solution actually have bounded time-derivatives.

3.3.2 A Priori Estimate for n,

Moser’s technique does not apply readily to the numerical case to ensure an

L™ estimate for ny, but a uniform L?((2) estimate is still obtainable with the

help of the following:

Lemma 3.2. Let € > 0 be chosen. Then there ezists C, such thatVn € H'(Q)

and n > 0, the following is true:

2
(3.55) /n2 dz < C, </ ndm) + e/ |Vn|? dz.
) Q Q

Proof. Suppose (3.55) is not true. Then we can find ¢, a sequence {C;} with

C; — oo, and a sequence {n;} with n; > 0 such that

2
(3.56) /m2 dz > C; (/ n; da:) + 6/ |V dz.
Q Q Q

By dividing both sides of (3.56) by [, n? dz and setting 7; = n;/ ([, n? dz) /2

we obtain

2
(3.57) 1>C; (/ ﬁida:) +e/ |V de,
Q Q
where 7; satisfies
(3.58) / i dg = 1.
Q

Note that (3.57) and (3.58) imply that {7n;} is bounded in H' and thus rela-
tively compact in L?) indicating that there is n € L? such that a subsequence

of 7i;, still denoted by 77;, converges to n in L2. As a consequence we have

(3.59) / n*dx = 1.
Q
On the other hand, we know from (3.57) that [, 7; dz — 0, that is, 75, — 0 in
L'. Therefore, n =0 a.e. and [, n? dz = 0, which contradicts (3.59). O
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Remark 3.7. Lemma 3.2 is obtainable from Nirenberg-Gagliardo’s inequality
(Theorem 2.7). See Lemma 4.4 for a proof. But the direct proof we gave above
is much more simple when compared to the sophisticated techniques used in

the proof of Nirenberg-Gagliardo’s inequality ([28]).

Remark 3.8. Lemma 3.2 is false if n changes sign. Let n be the eigenfunction

corresponding to the second eigenvalue of the problem:

an

27 =0 on 0.

(3.60) —~An = An in 9,

In view of the boundary condition, we obtain 0 = A, fﬂ n dz by integrating the
governing equation for n, from which we know fQ ndx = 0. Next we multiply
the equation by n and do an integration by parts, to obtain [, |Vn|? do =
A2 [, n® dz. Note that this last equation implies Ay > 0. Now Choose € so that
0 < € <1/Xs. Then we have

2
/nzdgvzl//\z/IVnI2 dac>e/|Vn[2 dz = C. (/ndm) -i—e/anl2 dz
Q Q Q Q Q

for any C,, which violates (3.55). It is thus important that n > 0 (or n < 0).

Now we prove

Lemma 3.3. There is a constant N', independent of h and t, such that
Inallz < NV'.

Proof. By Setting v, =1 in (3.51) we obtain

d -
——/ np dr =< Tty 1>= -—(Vnh — fhnh, V].) =0,
at /o

from which we deduce that fQ nydr = fQ Pyngdxz = 9, a constant. Choose ¢
so that 1 — K2 > 0. Since nj, € H*(Q), from (3.55) we know

(3.61) / n2 de < C.8% + e/ |Vnal? dz.
Q Q

Next, set v, = np, in (3.51). In view of saturation assumption (3.1), we obtain

1/2 1/2
(3.62) (/ n2 da:) +/ |Vn)? dz < K (/ n? dx) (/ |V da:)
Q t Q Q Q
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which, together with (3.61), gives

</n“m> (/ﬂvm|¢a 2-—1r<<c,;(52+-e/|Vn,,|2olgc }
(3.63) ( / V2 dx) " <o

Now it follows that if

1/2 1/2
(/ \Z & da:) -K (C€62 + e/ |V dx) >0,
Q Q
that is, if

C.K?§
(3.64) /IVnh| dz > ( ) = M,

then ([, n?dz), < 0, indicating that [, n dz is decreasing. If, on the other
hand, [, |Vnu|* dz < M, we obtain immmediately from (3.55) that

(3.65) /ﬁmgaﬁHMzN.
Q

With the above two cases being combined, it turns out that (3.65) is always

true. 0

3.3.3 Existence of Solutions

Theorem 3.4. System (3.51) — (3.54) has a solution (ny,ch,ap) in Vi, with

Np, Ch, Gp Z 0.

Proof. Let | be the number of partition of the domain ; {¢x},., be the basis
for the space of piece-wise linear polynomial functions corresponding to the
above partition; M; be the space of | x [ real matrices.

To obtain existence of solution, we apply Schauder’s fixed point theorem.
So we choose A7 € (C[0, T])* and set fi, = Y x_, 7 (). We shall solve

{ < Chgy V1h > H(Ven, Vo) + ((m + Bifin)er, vip) =0
< apg, Va,n > +H(Vap, Vogp) + ((v2 + Bafin)an, v2,n) = 0
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(with initial approximations). Note that ¢, and aj have expressions:

z !
cn=Y_cx(t)pr, an= Y ax(t)dn.
k=1 k=1

By letting
A = (¢4, 5)ixt,

B = (V¢i, Vé;)ixi + ((m1 + Bifin)ds, 5)ixis
and with the notation
C(t) = (cl(t)7 ceey C[(t)),
we rewrite (the first part of) the system to be solved as

AC(t) + B(t)e(t) = 0,

from which we have

d(t) = ~A B(t)c(t).

Since
—A—lB(t) : [0, T] = M,

is continuous, the above system has a solution c(t)T € (C[0,T])" (see, for
example, [44]). Similarly, we have a(t)T € (C![0,T])!. Then, with c; =

22:1 ck(t)pr and ap, = EL=1 ax(t)dx, we solve ny, from
< Npyg, v > +H(Vnp — ﬂnh, Vo) =0
(with initial approximation), where
fr = X1(Ven, en, 2)Ven + x2(Vap, ap, £)Vay,.

Again, the above system can be reduced to the form n'(t) = D(¢t)n(t) with
D(t) = —A'C(¢t) : [0,T] — M, continuous. Also, ||D||s, is bounded by
a costant because of the restriction |f,] < K in (3.1). Hence we obtain a

solution n(¢)T € (C'[0,T])". Thus we have defined a map

P (Co, T]) — (CY[o, T]) c (Clo, T))
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with n = Pn.

From the proof of the theorem on Page 79 of [44] we know

Il ey < Im(0)llicromyy exp (1D]1ag T)-

Since
7'l comy = 1Dnllcomy < Dl lnlicromys

we have

Inllcroay = lInllcromy + 17l ooy
< (IIDlag, + DlIn(0) | (cpo,zyy exp (| Dl ag, T).

Thus we have obtained for n(t) an estimate in (C*[0, T])!, which is uniformly
valid for all choice of 7. So the map P is compact.

While not going into detail, we point out that the continuity of P is the
result of the following facts: Vc(t) and Va(t), together with ¢(¢) and a(t),
depend continuously on their coefficient 7, and n(t) depends contihuously
on its coefficient f(Ve(t), Va(t), c(t),a(t)). Therefore, being compact and
continuous, P has a fixed point. That is, system (3.51) — (3.54) has a solution.

For the proof of the positivity of solutions, we refer to Theorem 3.1 O

Remark 3.9. From the facts that all the n(t) = (n1(t), ..., n(t))T are bounded
in (C'[0,T))" by a constant and that ny = 3 ._, 7 (t)¢h we deduce immedi-
ately that |n,| < N, where N is a constant (possibly 7' dependent).

3.3.4 Uniqueness of Solutions

Theorem 3.5. The positive solution of system (3.51) — (3.54) is unique.
Proof. We assume that (nfll), cgll), agl)) and (nﬁf), cgz), af)) are two positive so-
lutions of (3.51) — (3.54). Let

f,(f) = X1(VC§:), c,(:), x)chf) + Xz(Vagf), aff), a:)Vaff)(i =1,2),

(1) (2) — (2

— 1 = o (2
np =1y, —nh,ch_cg)—ch,ah: ) )

ap” —ay
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Then we have

(366) < Npty Uh > —(Vnh - nhf,(ll) + nf) (f—}zz) - f,(ll)), V’Uh) =
(3.67) < cnt,vrp > +(Ven, Vo) + (men + ,Bln ch + ﬁ1ch N, Vi) =0,

(3.68) < apg,vap > +(Van, Vo) + (vean + 5271 ap + ﬁzah nh,vz,h) =0.

We set v, = np, V1 = Ch, and vy, = ap in (3.66) — (3.68) respectively, to

obtain
1
5 (/ nhdx> /anhl dr < / |nh f-’(ll).Vnh' dz
(3.69) / | @) (fB _ fny. Vnhl d,
1 2 2 2
= cdz | + [Vchl de+v | cidx
2 \Ja 0
(3.70) +5: /ngl)c,zldmgﬂl/ Icﬁf)nhchl dz
Q Q
1
5 (/ahdx> /lVahl dm—l—’yz/ahdx
Q
(3.71) +ﬂ2/n§ll)a,21 dz < f3, /‘ah nhah dz.
Note that
= x
by (3.1),
|72 = A < LVl + lenl + [Van] + lonl)
by (3.2), and

nf) <N

by Remark 3.9. So we have
2
(3.72) / lnh -’(11) . Vnhl dx < 6/ anh|2 dz + £/ n? dz,
Q Q de Jq
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(3.73) / In,(f) ( _,(12) - f—,(ll)) : Vnh| dz < 6/ |Vn)? dz
Q Q
L?N?
_|_

€

/ (IVer + & + [Van? + a2) da.
0 .

Also we have

(3.714) By /lch nhch' dx<ﬁ1/]nhch| dz < ﬁl/ﬂnhd +ﬁ21/(;c,21da:,

(3.75) ﬂ2/ 'ah nhah} dw<ﬂ2/lnhahl dz < ﬁ2/nhd +’82/Qa§dx.

Taking an appropriate linear combination of (3.69) — (3.71) and using (3.72) —
(3.75), we obtain

L2N2 L2 2
3.76 4 na + N2y N7 02 gy + [ Vo) de
h — Ch p— ;

dt /g
K24 9[2N?
+ LN(ﬁl—{_ﬂ?)/nid:c
46 o)

< 26/ |Vna|® da +
Q

L2N2
2¢
Choose € so that

/Q(ﬂlcfzz + foa) dz

2 2 A72 71N
0<e<|[K +2LN(ﬁ1+ﬂ2)]m1n{2ﬁl 2,32}

Then, with

€

L2 N2 2 012

E(t) :/ (ni + Nz oy LN Wzaﬁ) dz,
Q €
it follows from (3.76) that

K%+ 2L2N?(B; + Bo)

4e
The last inequality and the initial condition E(0) = 0 imply that n, = 0,
cp, = 0, and ap = 0 for t € [0,T]. Therefore ng) = nf), 21) = cflz) , and

al(ll) = ag), and the solution is unique. .

(3.77) E'(t) < E(?),

Remark 3.10. The above proof of uniqueness applies equally to the continuous
case in §3.1, where we used a contraction mapping argument to obtain both

existence and uniqueness.
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3.4 Error Estimate for the Numerical Solu-
tions

Throughout this section, we assume that 02 is sufficiently smooth, and initial
and boundary values are compatible and smooth enough such that n, ¢, a, n,
¢, and a; are in L°((0,T); H?). Our work is motivated by the semi-discrete
finite element analysis for a linear evolution problem in [83]. But unlike the
situation there, we are able to show only a first order accuracy result for
the linear finite element numerical solution to this nonlinear problem, which
we believe is due to the gradient-dependent (chemotactic) nature of the ‘n’
equation. Before we can prove the error estimates below, we need to define
some elliptic projection operators P,El), Pigz), and P,E3), and set up some of their

properties. P,fl) is deifned as P,Sl) nevV — P,fl)n € V, with

(3.78) (VPWOn, Vu,) = (Vn, Vo) Yo, € Vi
and
(3.79) / PMnde = / Pung dz.
Q Q
The definition for P,Ez) is: ¢c— P,Ez)c withc—1 € Vj and P,£2)c — 1€ Vi, and
Yoin € Vi

(3.80) (VP,Ez)c, Vvl,h)+('ylP,$2)c, vip) = (Ve, Vo) + (rc,v10) Yurn € Vi,
The operator P,ss) is defined similarly for the ‘a’ equation.

Lemma 3.4. The above defined operators P,Si) (1 =1,2,3) are uniquely deter-

mined.

Proof. Note that P,Ez)c is actually the finite element solution of the elliptic
problems (3.80) with c its exact solution. A similar statement holds true for
P,§3)a,. The conclusion then follows from the uniqueness of these numerical
solutions (Lax-Milgram Lemma, [55], Page 118). The solution of (3.78) is
unique only up to a constant, hence an additional equation (3.79) is there to

ensure uniqueness. O

42

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Remark 3.11. The value [, Pyno dz is chosen for [, P"ndz in (3.79) so that

the error 6, = ny, — P,Sl)n safisfies

— 1
Bl—ﬁfneldaz—O

Then we know ||64]] < A||V#8,]| by Poincaré inequality (Theorem 2.5), which

will be used in the proof of the error estimates in Theorem 3.6.

Lemma 3.5. The time-derivative and the projections P,Ei) commute, that is,
we have (Pn), = PV, (PPe), = PPey, (PPa), = PV,

Proof. We only prove the first equality, the other two can be done similarly.
Let {¢x},_, be the base functions corresponding to a partition of the domain
2. Note that (3.78) is equivalent to

(3.81) (VPOn, ¢) = (Vn, Vi), k=1,...,1.

Now we take the time derivative on both sides of (3.81). Since the ¢s are

time independent, we obtain

(3.82) (V(POn),, de) = (Vne, Vo), k=1,...,1.
On the other hand, by definition we have

(3.83) » (VPVn,, ¢r) = (Vne, Vo), k=1,...,1.

The first equation in the lemma then follows from the uniqueness of the elliptic

projection. O

Remark 3.12. The fact that the time-derivative and the projections P,Si) com-
mute will be used in the proof of the error estimates in Theorem 3.6. We could
have included those nonlinear terms from the AC system in the definitions of

P,gi) (i =1,2,3), but in that case Lemma 3.5 no longer holds true.

Theorem 3.6. Let (n,c,a) and (np,ch,an) be the solutions of (3.4) — (3.6)
and (3.51) — (3.54), respectively. Then for any t € [0,T] we have

(3.84) In — nal| < Ch, |lc—cnl| < Ch, |la—ax] < Ch,

where C is a constant depending on T.
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Proof. We decompose the error e; = n), — n into two parts:
(3.85) e =01+ p = (ny— P,El)n) + (P,Sl)n -n).

Similarly we have

(3.86) e =0y + p2 = (cp — P,Ez)c) + (P,E2)c - c),
and
(3.87) e3 =0y + py = (an — PPa) + (PPa — a).

We estimate p; (i = 1,2, 3) first. From elliptic finite element analysis ([55]) we

know

(3.88) lloill + Rl Vosll < DR?, (i = 1,2,3)
and

(3.89) I1PPu® — o) < DR?, (i = 1,2, 3)

where u) = n, u® = ¢, u® = q, and D is a constant depending on ||n||x2,

lellzz, lallzz, llnellme, lleillz, and [lac) g

Next, we estimate 6; (i = 1,2,3). The equation for 8, is derived this way:

Yo, € Vi, C V, by (3.85) we have

(014, v1) + (VO — faby, Vup) = (npg, va) — ((P;sl)n)t,vh)
+(Vny, = frnn, Vug) — (VP,Sl)n ~ f;LP,El)n, V)

By (3.51) and Lemma 3.5, the right-hand side of the above equation can be

simplified into
~(B e, vh) = (VO = foB{n, Vop),
which, in view of (3.78), gives
——(P,gl)nt, v) — (Vi = fn, Vo) + (]E;;P,fl)n — fn, V).
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By using v = vy, in (3.4), we can rewrite the last expression as
-(P(l)n — N4,V )+(f(P(1)n—n) Vor) + (fr = fin, Vor)
h t ty Vh h\L'p ’ h h 3 h):
The four expressions above being combined, we have
(614, vn) + (VO — ﬁ@l, V) = —(P,Sl)nt —ng,vp) + (ﬂ(P,Sl)n —n), Vo)
(3.90) +((fa = F)m, Von).
Now by setting v, = 0; (€ V3) in (3.90) and using the following estimates
(261, V)| < K||61]] V6] < KX|V6y)?,
(P —ns,01)] < DR?|61| < DAR|[ V],
|(fa(P'n = n),V01)| < DKR||V6].
(£ = F)n, V81)| < LN||V(en = ¢) + (en — €) + V(an — a) + (a — a)|| | V4 |
< LN([[VOa]l + 162l + V05| + 18s]] + 2D(h + h2)) | V64]].
we obtain
1d
(891) SO+ VO ® < ROM)VO + KNIV +
LN([[VO.] + (1621l + VO] + [|05]]) V6],
where R()(h) has the dominant term h. Similarly, we have

1d
(3.92) ‘2“212“92“2 + IV + nlif]l* < RAR)|10:]] + BuM|I V| 1|62,

and

1d
(3.93) 5&‘”%“2 + [ V03]J% + 72/|05]|% < R(3)(h)”93” + B2 Al VO | ||65]]-

Notice the similarity between (3.91) — (3.93) and (3.42) — (3.45). Using the

same technique and under similar conditions as (3.35) and (3.36) we obtain
(299 01 < o) + R(r)2(1 — o),

where ||0]]? = [|01]|2 + all6:2]]*> + <|65]|?>, R(h) = O(R), and a and & are
constants. Now the conclusion of the theorem follows from (3.88), (3.94), and
the fact that ||6(0)|| = O(h?). O
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Remark 3.13. Note that the error estimates established for the semi-discrete
finite element method are only sub-optimal. The author believes these esti-
mates can be improved, though it is not clear how this can be done at the

moment.

46

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4

Theoretical Analysis of the
One-Dimensional AC Model

We continue our study of the AC model in this chapter. To obtain more
general results, we remove the desensitization assumption (3.1). As before,
we still work with solutions in the weak sense because of the readiness to
obtain various estimates. We assume initial and boundary data are smooth
and compatible, and domain 2 = [0, 1], i. e., we only consider the 1-D system.
We notice that the Lyapunov functionals, which have been the key to
obtain global existence of solution to the KS model, are not available to us
because of the inhomogeneous mixed boundary conditions. Instead, we mainly
rely on a priori estimates obtained through Sobolev-type inequalities. Two
preparatory results are specifically proved for this, one as a new consequence
of the general Nirenberg-Gagliardo inequality, and the other as a generalization
of its particular 1-D case. We include the proof of local existence of solution
for completeness. We have found that, in the 1-D case, substitutions like those
in [29] are not necessary, and the whole proof can be greatly simplified once
we know the ‘alien’ gradient term in the first equation of (1.3) is bounded.
The outline for this chapter is as follows. §4.1 deals with the local in time
existence of solution. The basic tool is Schauder’s fixed point theorem. Results

on a compact set in the space L?((0,7); X) and the existence of solution for

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



parabolic equations are needed for this. §4.2 sketches the proof of uniqueness

of solution. §4.3 is devoted to the global existence of solution.

4.1 Existence of Local in Time Solution

From now on, we study the 1-D time-dependent AC model, but we keep using
general notations like V, €2 and etc. in this section in order for an easy
adaptation and generalization of available results to higher dimensions at a
later stage.

The proof of Theorem 4.1, suggested by [29], needs some preliminary results

which we state below as lemmas.

Lemma 4.1. ([79], Page 85, Corollary 4) Assume W C X C Y with compact
imbedding W — X, where W, X, andY are Banach spaces. Let F be bounded
in LP((0,T); W) where 1 < p < oo, and aa—f = (;_{Tf € F} be bounded in
LY((0,T);Y). Then F is relatively compact in LP((0,T); X).

Lemma 4.2. ([46], Page 170, Theorem 5.1 and the comments that follow it)
Let 2 € R™ with boundary 0Q = I't UTy and unit outer-normal direction 7.

Let Qr = @ x (0,T), and St = 00 x [0,T]. Consider in Qp the following

problem:

L[U’] = —'fa

ou
(4.1) u|r, xjo,77 = 0, ((; + au) =1,
¢ 'y x[0,T]

ult:O = ’l/)o(.’l,’),
where
Liu] = us — ; B (; ai; (2, t)ug; + ai(x,t)u) + ;bi(x, t)ug, + a(z, t)u.
Assume

(4.2) I/Z&? < Ziaij(x, 1)&¢&; < uiff, v, u = constant > 0;
i=1

i=1 j=1 i=1
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n n
@3) Do) < (DO <y Il S
=1 q:ryQT =1 qu)QT
in which
1
lon_y
r  2q
(4.4) 4 € (n/2,00], 7€ [1,00) for n>2,
g€[l,00], r€[1,2] for n=1;
(4'5) “f”th,thT < p2,
in which
( 1 n
—+ —=1+n/4,
T 2q) /
(46) { ¢ € {zn/(n + 2)a2]7 71 € [172] for n >3,

qa €(1,2], r €[1,2) for n=2,
a1 €[1,2], rn€[1,4/3] for n=1.

\

Also, we assume (whenn =1)

(4.7) lollrs,sr < ms, 72 =2;
and
(4.8) Wollrs 50 < p3, T3 =4/3.

Then there ezists a unique solution of problem (4.1) in the class V3" (Qr).

Lemma 4.3. ([52], Page 37, Theorem 6.2) Let 2 € R™ with boundary 0§ =
UL, Let Qr = 2 % (0,T), and Sy = 09 x [0,T]. Consider the following

problem in Qp:

Au+u' = f,
(4.9) Bju=g;, 0<j<m~-1,
U(O) = Uy,

where _

A@) = A(w,t,D;) = ), (=1)PD3(ap(z, 1) DY),

Ipllgl<m
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and
Bj(t) = Bj(iL',t, Dw) = Z bjh(x,t)Dg.
|h|<m;
Let
(4.10) r >0, 2rm = integer.

Let g;, ug and f be given with the compatibility condition, and

(411) g € H2(r+1)m—mj—1/2,(r+1)—(mj+1/2)/2m(ST), 0 < _7 ..<_. m — 1’
(4.12) ug € HA+/2m(Q),
(4.13) f e H™(Qr).

If, in addition, some ellipticity and regularity conditions are satisfied, then

problem (4.9) admits a unique solution in the space H*+)m+1(Qr).

Remark 4.1. In the above lemma, we omitted the compatibility, ellipticity
and regularity conditions for space reason. It can be checked easily that these
conditions are satisfied by the equations to be considered. Also, the boundary
conditions in the lemma are general enough to include that of mixed Dirichlet-

Neumann type (cf. [8] and [2]).

Theorem 4.1. System (1.3) has a local in time solution in V,"*(Qr) for suf-

ficiently small T > 0.

Proof. We are going to use Schauder’s fixed point theorem ([88], Page 61,
Theorem 1.C.) to prove the existence. We divide the proof into four parts:

(i) Definition of the map A. We first define a map A for appropriate
T>0:

ArweWsv=AweVcCW, V= (V;’O(QT))JF, W= (LZ(QT))+,
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where v is the unique V;*°(Q7) solution of

v — DV - (w—vf) =0  inQr=Qx(0,7)

(4.14) v(z,0) = vo(z) 2 0 in &,
(Vo-of)-7=0 on S = 0 x (0,7),
where
c o o X & e X Qa
(4.15) f=Vg=V (nDl In(1 + kc) + 2D1a ) Dill + Kc)Vc—i- D, Va,

and ¢ and a are the unique V,"°(Qr) solutions of

¢ — De+vec=—pfwe in Qr,
(4.16) c(z,0) = co(z) > 0 in 9,
C=10n31§F1X(O,T), g—;zo OHSQEF2X(O,T),
and
a; — Dy Na+ ya = —fowa in Qr,
(4.17) a(z,0) = ap(z) > 0 in Q,
Qg,:OonSl, a=1 on So,
ov

respectively. Note that the solutions v, ¢, and a, if exist, must satisfy
v>20,0<c<L1,0<a<],

as a consequence of the maximum principle (Theorem 3.1 and Remark 3.2).
We use Lemma 4.2 to verify that (4.16) (and (4.17)) has a unique solution. In
fact, a transform such as ¢ = 1 —wu will change (4.16) into (4.1), and conditions
(4.2) — (4.8) in Lemma 4.2 are satisfied, with

v=p=1

in (4.2),
4
=2, r> -
q ? r P 3

in (4.3) — (4.4) (see Remark 1.1 on Page 135 of [46]),
n=21<r<00

o1
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in (4.5) — (4.6), and

c=¢v=0
in (4.7) — (4.8). Furthermore, ¢ € H?>!(Qr) by Lemma 4.3, where conditions
(4.10) — (4.13) are satisfied with

m=1r=0 my=1

By the imbedding theorem (Theorem 2.6), when the space dimension m = 1,
Ve = ¢, (and Va = a,) is actually in C(Qr). Hence, from (4.15) we know
f=fecC (Qr). Then, by applying Lemma 4.2 to (4.14), we know the solution

v exists and is unique. This time, the conditions are satisfied with
v=p=D

in (4.2),

g > 1, r > 1 (arbitrary)
in (4.3) — (4.4),

¢1 > 1, r1 > 1 (arbitrary)
in (4.5) — (4.6), and

o€ C@Qr), ¥=0

in (4.7) — (4.8). Therefore, the map A is well-defined.

(ii) The map A sends a bounded, closed, and convex set into itself.
Next, we show the map A sends the set B = {w € Wl lwllz2gry < R} into
itself for sufficiently small T > 0. Assume w € L?(Qr) with w > 0 and
lwllr20r) < R. Since Ff = f € C(Qyp), as we have shown in Part (i), there

exists a constant F' such that | ﬂ < F. Now, multiplying the first equation of
(4.14) by v and integrating by parts over Qr we have

1 1 =
(4.18) 5/1)2(13:— ——/vgdx+D1 [/ |V'u[2dxds—/ vavdwds] =0,
Q 2 Q Qr Qr

from which we obtain for any € > 0,

1 1
(4.19) §||'u||2 — §||'00||2 + Dy||Volf%,. < DIF/Q [v||Vv| dzds
T
1 DF
< D,F <e||Vv|]§2T + Z;”'szQT) = DiFe||Vvl3, + ﬁllv”fb
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If we choose ¢ = — in (4.19), then we have

Bl

D, F?
(4.20) llvll? < llwoll® + 12 lvlig,
We integrate (4.20) over [0, 7] to get

D, F*?
(4.21) ol < lloollPT + =——Tloll,.

If T > 0 is such that inzT < 1, then we have

T
T T2

lvllg, <

Now it is clear that sufficiently small T can be chosen so that ||v||g, < R, and
therefore, A maps the ball B into itself.

(iii) The map A is pre-compact. We show the map A is pre-compact
by setting up a bound for B = {v = Aw|w € B} in L2((0,T); H'), and a
bound for {v; = (Aw)Jw € B} in Y = L2((0,T); (H')*). Note that we have

shown ||v|lg, < R in Part (ii). If we choose € = °F in (4.19), then we have

1 1 .
(422) Vel < FPlloligy, + g-llooll < FPR? + -lluol? = A2
So we have
1 . 1
lollzgoyimy = (IVelly, + Iol,)* < (B +R2)".

To see {v; = (Aw);|/w € B} is bounded in Y = L2((0, T); (H')*), we take
any u € L?((0,T); H') and proceed from (4.14) to do the following calcula-

tiope: -
% v,u>=Dy [ uV - (Vv —vf)dz=-D; [ (Vv -vf) Vudz.
< v, u >= Dl/uV (Vv - vf)d:c = —D1/ (Vv — vf) Vudz.
Q Q
Using the fact that |f] < F (a constant, see Part (i) of this proof), we have
T

@29 [ |<wu>1ds < Dy(IVollos + Floler) [Vuller

< D, (R + FR) IVullo, < Dy (R + FR) lullL2(o,m); 1)
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Note that (4.23) implies
“'Ut”LZ((O’T);(Hl)w) <D (R -+ FR) ,
that is,
v, € L*((0,T); (HY)*) € L'((0, T); (H')*).

Now we have H* C L? C (H')* with compact imbedding H! C L2. By Lemma
4.1 (withp=2, W = H', X = L2, and Y = (H')*), the image B of B under
A is pre-compact, that is, A is a pre-compact mapping.

(iv) The map A is continuous. Assume w®) — w in L*(Qr) with
w® > 0, w > 0. Then we have ||w® — w|lg, — 0. Let ¢® and ¢ (a®
and a) be the corresponding solutions of (4.16) ((4.17)), and v*) and v be the
corresponding solutions of (4.14). By taking the difference of

and

¢t — Dc+ ye=—fwe,

we have
(4.24) (c(k) - c)t—A (c(k) —+(n+ ﬂlw(’“)) (c(k) —c)=—P (w(k) - w) c,
together with the following homogeneous initial and boundary conditions:
c®) —¢) |=g =01in Q
(4.25) ) ( )l o),
(® —¢)|s, =0, =72]s, =0.

We multiply (4.24) by (¢® — ¢) and do an integration by parts over Q; (¢ €
[0,T1), obtaining
1

(4.26) —/ ( (k) _ c)2 dz + IV (c(k) - ¢ |2 dzds
2 Ja Q¢
+ / (11 + Brw®) (c® — c)? dzds
Qe

=—f / (w® —w)c(c® —¢) dzds
Q:

<hH [e/ (c(’“) - c)2 dzds + 1 (w(k) - w)2 dxds
Qt de Q:
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Let ¢ = -:BZI— so that 7, + Biw™ > Bie. Then we obtain from (4.26)
1

1 B?
@20) LI — el 4 IV (¢ = &) [, < 2L (0 — w) I,
N
Note that (4.27) implies
,32
|V (® - ¢) 15, < Z:)’l-;” (w® — w) |12, = 0 (k= o),

and
T
I (c® =) 15, < 1—lll (w® — w) |13, = 0 (k = o),

which in turn give
(4.28) 17 = Fligr = 0 (k — o0).

The proof of (4.28) uses the fact that f satisfies a Lipschitz condition with
respect to all of its arguments when |Vc| and |Va| are bounded, see Theorem
4.2 for a proof.

Next, we use (4.28) to show [Jv®) — v|lg, — 0. In fact, the equation for

v*®) — v is given by
(4.29) (v —v),~ D,V [V (v® — ) = B (u® — ) — (f(k) - f)] = 0.

We multiply (4.29) by (v® — v) and do an integration by parts over Qr to
get

(4.30) %/ (v® — v)2 dz + Dl/ IV (v(k) - v)[2 dzds
Q Qr

= Dl/ f_(k) (v(’“) - v) \Y (v(k) — v) dzxds
Qr

+D1/ v (ft'“) — f) V (v® — v) dzds
Qr

Note that |fi)| < F, |f] < F, and they satisfy a Lipschitz condition. By

Lemma 3.1, we know ||v||ze(@,) < N, a constant. Hence we obtain from
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(4.30) that
1

(4.31) .2_“v(k) ~ |2+ Dy ||V (v®) — ) I
< DF||V (v® = 0) [loll (0® = v) llgr
+DiN ||V (v® = v) flo I = fllor

1

< DuF (eIV (69 = ) I, + 501 6 - ) 12, )
]. —_

+Du (Y (6 = 0) I, + 17 - IR,

Let e = E]W so that

Dy > D1 Fe+ Dy Ne.
Then we obtain from (4.31)

(4.32) lv® — || < D,

N(F+ N >
MEEN w0 i,

= Cillo® — |3, + Coll F® — flI3,..

F(F+ N
——g——-2——)—||v(’°) _ "’”ér

+D

We integrate (4.32) over [0, 7] to get

(4.33) o™ = ol3, < OTI® = oy, + T - fIg

-
Let T be such that 1 — C{T > 0. Then we have

C,T

T = fllar = 0 (k > ).

(431) o —ofy, <

That is,
[0® —vllg = 0 (k = o0),

and the map A is continuous.

Conclusion: The map A, defined on a bounded, closed, and convex set in
the Banach space L?(Qr), is pre-compact and continuous (and thus compact).
Hence it has a fixed point n € L?(Qr) by Schauder’s theorem. From the
definition of the operator A, we know that n is actually in V,*°(Q7). That
is, system (1.3), without the desensitization assumption, has a local in time
solution with 7, ¢, a € V,;*°(Qr). O
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Remark 4.2. The proof of Theorem 4.1 uses the fact that |f] < F. This
is a consequence of the imbedding theorem (Theorem 2.6) when the space
dimension m = 1. There is no guarantee that this is true when the spatial
dimension m > 1. |

Remark 4.3. Note that the V,"°(Qr)-solution in Theorem 4.1 only exists locally
in time, because to have the map A well-defined (its image to be within itself),
T has to be sufficiently small. Hence the bound F for | fl is also known to exist
only locally in time. Furthermore, if the solution n blows up when t — T,

then by Lemma 3.1 (through an argument of contradiction), we must have

| flLeo(@y — 00 (t = T).

4.2 Uniqueness of Solution

The proof of uniqueness essentially depends on the boundedness of the chem-

ical gradients, that is, Vc and Va.
Theorem 4.2. The local in time Vy"°(Qr) solution in Theorem 4.1 is unique.

Proof. We first show that (3.1) and (3.2) are actually satisfied. In Part (i) of
the proof of Theorem 4.1 we have shown | fl < F (= K), as a result of the
imbedding theorem. Then from (4.15) we have

(4.35) | f2 — fil

X X Qg aay
—Fr Ve — —F—Ve¢ —Va —V
S D +ra) 2 Dilitre) T D V2T D, V™
X X X
<—2 Ve, — _
~ Di(1+ kep) Ve: — Ve | + Di(1+ke;)  Di(1+ key) Vel
O.’az IVaz — V(Jql -+ %9'2' - 99‘1' |Va1|
o KF aF
<—&IV(CQ—‘Cl)I‘FEIV(CLZ—al)I—FX [cg-cl|+—|a2—a1

- D D,
< L(|V(ca — a)l + |V(az — a1)| + |e2 — e1] + a2 — a1]) ,

Dy

where

F oF
Lmax{xaxna}

D,’D,’ D,’ D,

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then, following exactly the proof of Theorem 3.5, we know the solution in

Theorem 4.1 is unique. O

4.3 Global in Time Existence of Solution

We are going to extend the local in time solution in Theorem 4.1 to any
time interval in this section. By obtaining a uniform L* ((0, T"); L?(2)) bound
for the n component, we show the solution exists globally, thus excluding
the possibility of any é-function blow-up. Some lemmas are needed for this
purpose.

The first lemma says that, under appropriate conditions, the L? norm of
a function can be bounded by its L' norm together with the L? norm of
its gradient. This is important because the cell mass (||n(z,t)||1()) in the

chemotactic system is conserved (a constant).

Lemma 4.4. Let 0Q be in C'. Then for any ¢ > 0, there exists a constant
C. > 0 such that for all u € H(2) we have

(4.36) lullZ2y < €llVullZaqy + Cellull?qy-

Proof. We have given a direct proof of this result in Chapter 3 (Lemma 3.2).
But an alternative proof is also available by using Nirenberg-Gagliardo’s in-
equality ((2.5) in Theorem 2.7). To do this, welet k = 0,1l =1, p = q = 2,
and r = 1 in the theorem. Then we have § = m/(m + 2), and the inequality
(2.5) becomes

(4.37) oz < Collull73* Ilull’"“

from which, with the help of Young’s inequality (Theorem 2.2), we obtain

C' 4
uwumg<@MﬂMW—@wWﬂ;MW)

mA2
(mwwﬁ Cwnwﬁ
<

m-+2 + m+2
m

2
_ € 2 Ce 2
= ol + ol

m4-2
2

o8
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where

e \™ (m+2\ ™
(1+e) ( m '

XE
d
an _2_0m+2 (i)%‘ﬁ
Ce= (142 mi
()

Using the relation
lull? 2 = lul? 2 + llull52
we obtain
lulls2 < elul? s + Cellullg,-
That is, equation (4.36) is true. O
Remark 4.4. Note that the above lemma is true of any H'(0,1) function,
because the condition on the domain is automatically satisfied.

The second lemma gives a Sobolev type imbedding inequality for any non-
negative H' function defined on a 1-D interval. It generalizes a result from
[15], which is true only for functions that satisfy the homogeneous Dirichlet

boundary condition.

Lemma 4.5. Let Q = (0,1). Then for any nonnegative u € H(Q2), we have

3 2/3
430 ulloo < Bl (Il + 3ol

Proof. We first observe that u € C][0,1] by the imbedding theorem. Since

u > 0, we set u = p(z)?. Then using Holder’s inequality we obtain

1 1
(4.40) el oyl = f 2 do / u(3) dz
1 1
=4/ p%oidm/ P dx
0 0
1 2
24(/0 pzlpzldx> :

Note that for an unordered pair («, 3) of adjacent maximum and minimum we

have 5
[ #loddz =2 1@ = o6 = 5 [u(@)*? — u(@)*].
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Hence

1

1

(4.41) / p*|pz| dz > §Varu(x)3/2,
0

where Var f(z) denotes the total variation of f(z). But it is easily seen that
— 3/2 3/2

(442)  Varu(@)*? > JullfZg ~ 5 = lullzq -~ lullZia)

Now, (4.40), (4.41), and (4.42) give

4 3/2 32 \?
lealmlullze 2 5 (e - lul)
from which we solve for |lu|L(q) to obtain (4.39). 0

Remark 4.5. Lemma 4.5 is not implied by Nirenberg-Gagliardo’s inequality,
that is, |ulk, < Collull? llulls;?, because ||ul|?, involves the L? norm of u (when
[ =1 and ¢=2). Another closely related result: |ulxp < Colulf |ulg;’ in [81]
(Page 90, Theorem 3.5), where only semi-norms of u are involved, requires u

to be a C! function, which is not necessarily true for a function u in H'(£2).

The third lemma, which uses Fourier’s method to solve a 1-D parabolic
problem with constant coefficients ([46], Page 252-255), allows us to give a

gradient estimate of the unknown function.
Lemma 4.6. Consider the following problem:

W — Wer + 1w = h(z,t) in (0,1) x (0,7),
(4.43) w(0,t) =0, wy(1,8) =0 in (0,T),
w(z,0) =0 in (0,1)

where h(z,t) € L?((0,T); L%(0,1)). Assume there exists a constant C, which
is independent of T, such that in [0,T)

/1 |h(z,t)|dz < C.
0

Let Mg and Pi(x) (k = 1,2,...), be eigenvalues and (orthonormal) eigenfunc-

tions of

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and

ax(t) = / exp(A(t — 1)) [ /0 ' b)) dx] ar,

0
then the unique Vy°(Qr) solution of (4.43) is given by

(4.44) w(z,t) =Y ar(t)ye()-
k=1
Also, there is a constant D, independent of T, such that the inequality
1
(4.45) / w(z,t)dz < D?
0

holds in [0,T).

Proof. The existence of a unique V,*°(Qr) solution of (4.43) is assured by
Lemma 4.2. Note that the conditions on h(z,t) suffice to guarantee the con-
vergence of w(z, t) in (4.44) and its spatial derivative as well as the convergence
of the Fourier expansion

h(z,t) = i [

k=1

[ bl pute) da] )

0
([23] §8.2.1, Page 131). Then it is trivial to check that w(z,t) satisfies (4.43).
Obviously, w(z,t) € V,"°(Qr).

Next, we estimate fol w2 dz. A direct calculation shows
- 22
/\k = (k-—— 1/2) 7+,

and-
Pi(z) = v2sin[(k — 1/2)7z] = V2sin[y/ A — m],

with the 9 (z)s being made to be orthonormal. Noticing that the v} (z)s are

also orthogonal and

[ (@) de = (k- 1/2)% = M —
0

we have

(4.46) =Y a4 | ¢de=) (A—m)ai.
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On the other hand, using the expression for ax(t), we have

a) a0l <|[ eo-na-n)][ e o) ds] ar
<3 /0 exp(Ae(t — 7)) < /0 e da:) dr

<\3C /0 t exp(~Ne(t — 7)) dr.

Hence we obtain from (4.46) and (4.47)

2

(4.48) /01 widr < 2C? i(’\k - m) (/Ot exp(—Ag(t — 7)) dr)

k=1
[o] t 2
<20°) N ( / exp(—Xe(t — 7)) dT)
k=1 0
o2 N (1 — exp(—At))’
=2C%) " "
k=1
< 20? S 1 = D? < 0.
- (k= 1/2)’r? + min{y, 12}

(]

We are ready to prove the main result of this section. The underlying
theory contained in the following theorem is: If uniformly (that is, independent
of T') a priori estimates in appropriate spaces can be obtained in [0, T), then
the solution can always be extended to [T, T + dr) for some ér > 0, so that

any [0, T) with T < oo is not the maximum interval of existence (see Corollary
3.5 on Page 250 of [87]).

Theorem 4.3. Suppose we have smooth and compatible initial and boundary
conditions in the 1-D AC model ((1.3),m = 1). Then there is a constant M,
independent of T, such that for t € [0,T) we have

(4.49) In(z, )| L20) < M.

Furthermore, for any T > 0 we have n(z,t) € L=(Qyr).
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Proof. We first notice that a substitute like w(z,t) = ¢(z,t)—c(z,0) = c(z,t)—
co(z) will transform the ‘c’ equation (together with the initial and boundary

conditions) of the AC model into (4.43), where
h’(x7t) = CIOI(‘,I;) - ’7160("17) - ﬁln(xa t)C(IE,t)

Note that n(z,t), c(z,t) € L2((0,T); L?(0,1)). If, in addition, we assume cy(z)
is so smooth that c(()2) (z) € L?(0,1), then all the conditions in Lemma 4.6 are

satisfied, with

1 1 1
(4.50) / |h(z,t)| dz < / lca(z) — yico(z)| dz + ﬁ1/ no(z) dz = C,
0 0 0
where C' is constant independent of 7', and where we have used the facts that

0 <clz,t) <1,

/(;ln(x,t) dz = /01 n(z,0) dz = /Olno(x) dz

for any ¢ > 0. By Lemma 4.6 we know fol w?(z,t) dz is uniformly bounded,

and

and hence the relation c(z,t) = w(z,t) + co(z) allows us to conclude that the
same is true of fol c2(z,t) dr (and similarly, of fol a?(z,t) dz). That is, there

exists a constant D, independent of 7', such that

1 1
/ c2(z,t) dz < D?, / aZ(z,t)dr < D%
0 0

Next, from the ‘n’ equation
ny — Dy (n,,—nf) =0
T

and its boundary condition we do an integration by parts to get

1d 1 1 - 1
(4.51) -z-d—/ n?dz = Dy [/ nn f dz ——/ n? d:z:] i
t Jo 0 0
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By applying Lemma 4.5 to n(z,t), we obtain from (4.51) that

ld 1 0 [ 1 1 . jl
. dz < D w | |no||fldz— | n2d
(4.52) n dz < Dy (Inll /Olnllfl x /n .

2dt J,
1 , )1/2( 1 Zd) ~ 1 2y
Inll= ([ £2as) ([ 2ae) " - [ nias

< Dy [E||n||pelnsllzz — |Insl22]
= D1l|nsz2 [Ellnlze — lInallze],

1/2
<D

3 2/3
< Dilnals | Bl (Ilas + Sl —nnxnp].
Note that
1/3 3 2/8
Dullalze | Bl (Il + Sl —nnmnm} <0

is equivalent to the cubic inequality in ||ng||z2:

3 2
el = Bl (Iolas + Slclizr) 20,

from which it is clear that there exists a constant N > 0 such that when
Inzllze > N the above inequalities hold true. In this case, we know from

1
(4.52) that £

( 01 n? dx) 1/2.

If, on the other hand, ||n;||;> < N, then by Lemma 4.4 we know

n?dz < 0, that is, fol n? dz is decreasing. And so is ||n||f2 =

(4.53) Inl2: < eN” + C.||nl2..

That is, ||n||z2 is uniformly bounded with respect to T.. This fact allows us
to conclude that ¢, and a, (and hence f) are uniformly bounded in L*°(0,1).
Then by applying Moser’s technique we know the L*°(Qr) bound for n is
unform with respect to T, and therefore, the solution can be extended to any

T > 0 and never blows up. O

Remark 4.6. We notice that the chemotactic equations in both the AC model

and the KS model have the same structure, and it is shown in [87] (Page 52,
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Proposition 5.1) that the H2(2) norm of the maximal solution u to the KS
model is substantially controlled by ||u||12((,¢;2), from which we deduce that,
for the AC model also, a uniform L?(2) bound is sufficient to exclude any

d-function singularity.

Remark 4.7. We point out that the proof of Lemma 4.6 does not apply to
higher spatial dimensions (m = 2 and m = 3). This is because we need the
convergence of the series o, ;1,; to get estimate (4.48). In general, we have

the following eigenvalue estimates:

lim A\ /k%™ = C

k00
([17] Page 432-434, Theorems 12 and 13), where m (m = 1,2,3) is the di-
mension of the domain ©, and C' is a constant. It is easily seen that > p- ;\1:
converges when m = 1, while diverges when m = 2 or m = 3. But we em-
phasize that in higher dimensions the following facts are still true: Fourier’s
expression (4.44), orthogonality of eigenfunctions and their derivatives ([24],
Page 136, Theorem 4), and Nirenberg-Gagliardo’s inequality. It seems, there-
fore, that for the same line of proof to succeed in higher dimensions, we need
better approximation of the term [, h(z, 7)¢i(x) dz: instead of being satisfied
with a simple constant bound, we have to show something like
s [ e (e dz = 0 (1/3p)

for some 0 < p < 1. We believe this is possible because, for any fixed 7 > 0,
h(z,7) is a function in L'(£2). Hence, by Theorem 1 on Page 11 of [84], we

have
[ b ra(a) s = 0/ 3
Q
for any fixed 7. The problem is how to make the estimate uniform.

Remark 4.8. We have seen that the 1-D AC model in this chapter satisfies
all the assumptions in Chapter 3. This implies that all the results from that
chapter, for example, uniform L*°((0,T); L?) bound, transition into steady
state under proper conditions, and semi-discrete finite analysis are obtainable

for the model studied in this chapter.
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Chapter 5

Theoretical Analysis of the
Steady-State AC Model

We study the steady-state AC system in this chapter. According to model
(1.3), its steady state is defined by

)

~V - [Vn—nV(Z-In(1+ke) + 55-0*)] =0 in Q,
—ADc+ (1 +Bin)e=0  in Q,
—Na+ (2 +Pan)a=0 in Q,
[Vn —nV (- In(l + k) + 55-0*)] - ¥ =00n 0Q =T U Ty,

cdr, =1, &|r, =0,

(5.1) <

\ %IPI =0, a'|T2 =1,

where 7 is the unit outer-normal vector of 9Q. (We have re-defined v, and S,
to be 2 /D, and 3/ D,, respectively, in terms of the original parameters.) We
are mainly concerned with the existence and uniqueness of solution to system
(5.1). Motivated by the observation that the system has a pair of lower and
upper solutions we choose to work in the classical framework in which Pao’s
technique of upper/lower solutions (also refered to as the method of monotone
sequence, [69]) will be utilized. The C?*-regularity of 6 is assumed for this
purpose. But before we start, a few comments could prove helpful.

A Priori Estimates for Mixed Boundary Value Problem:

Miranda ([56]) derived the first Schauder-type a priori estimate for second
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order elliptic equations with mixed boundary conditions. For elliptic equations
of arbitrary order with general boundary conditions which include the mixed
type as special case, a priori estimates of both C?t*((2) and WZ2(S2) types can
be found in [2]. All these results assume not only smooth domain (C?1®),
smooth boundary data (C?***(Q) or C**%(1Q2)), and smooth coefficients and
source term (C%(Q)), but also a ‘complementing’ algebraic condition between
the elliptic operator and the boundary operator. (We point out, without giving
the calculating details, that all these conditions are satisfied by system (5.1)
and its equivalence (5.3).)

Later, Azzam et al. ([8], Page 257, Theorem 1) showed that these estimates
still hold true in 2-D for a plane domain with corners where the two parts of the
boundary, I'; and I'y, meet at an angle 8 < 7/(4+ 2a) or § = 7/4. Lieberman
([50], [49]), Savaré ([75]), and Jochmann ([40]) obtained Holder continuity and
H*-regularity in the cases of non-smooth data and/or non-smooth domain.
These results are weaker than Azzam’s but are best possible (optimal) with
the data given.

Strategy of the Proof of Existence:

Instead of working on the original system (5.1), we work on its equivalence
(56.3) below. Although neither system has quasi-monotone right-hand sides,
the latter can be made so by freezing its non-local term B = M/ [, F(u,v) dz.
This changes system (5.3) into system (5.12), to which the method of monotone
sequences can be applied. For system (5.12), we first show that for any B > 0 it
has a solution; we then show that, under appropriate conditions, its solution
is unique. This allows us to define, on a closed interval of real numbers, a

compact operator
T:B—T(B) =M/ / F(u(z, B), v(z, B)) dz.
Q

Existence of solution follows from the fact that the operator 7' has a fixed
point.
We emphasize that though both the fixed-point argument and the concept

_of upper/lower solutions are classical, the idea to combine them is new. What
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is more, it allows us to apply the method of monotone sequences to a situation
where the system does not have monotone source terms.

The outline for this chapter is as follows. In §5.1 we simplify the system by
introducing appropriate substitutions, and use maximum principle to obtain a
priori bounds for its solutions. In §5.2 we first define the monotone sequences
and establish their relevant properties; then we prove existence of solution.

We present the condition for uniqueness of solution in §5.3.

5.1 The Steady-State System and Its Reduc-
tion

We first note that no-flux boundary condition is being imposed on the ‘n’
equation of the steady-state AC system (5.1). This makes its solution not
uniquely determined. But by recalling the physical significance of this model,
we know that any steady state is the result of the time-evolution of an initial
state, and during this process the mass m(t) = [, n(z,t) dz is conserved. This

suggests that a complementary condition is needed:

(5.2) /Q n(z)ds = M = /ﬂ no() dz,

where M is the total mass of the endothelial cells. This makes (5.1) a well-
posed system.

Next, the divergence form of the first equation in the steady-state AC model
(5.1) allows us to remove this equation from the system through integration,
resulting in a reaction-diffusion system (5.12), which has quasi-monotone right-
hand sides. Hence the technique of upper/lower solutions is applicable to the
steady-state AC model.

We say two systems have equivalent solvability when their solutions are

mutually determined.

Lemma 5.1. The solvability of the system (5.1) is equivalent to that of the
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system

—Au= (71 + B FM/ [ Fdz)(1-u) in Q,
(5.3) —Av=(y+[FM/[,Fdz)(1-v) in Q,

UII‘1 =0, g%]l"z =0; g—;lrl =0, le‘z =0,

where
u=1-— C, v=1-— a,
and
(5.4) F=el=(1+k(l—u)™ exp (5%(1 -0)2).
1

Proof. We note that the steady-state chemotactic system (5.1) can be sim-
plified first through a substitution and then by an integration. In fact, by

letting
=X @ 2
(5.5) h = D In(1 + xc) + T
and introducing a new unknown
(5.6) b=e"n,
we have
(6.7) - n=elb=(1+ mc);%l exp (-26%1(12) b,
and
(5.8) etvp &2 e"le " (~Vh)n + e "Vn| = Vn — nVh.

In view of (5.5) — (5.8), system (5.1) becomes

~V - (e"Vb) =0 in Q,
(5.9) —Ac+ (11 + Bretb)c=0 in Q,
—Da+ (72 + Baeb)a=0 in Q,

with boundary conditions
0b oc da
(510) -a—l—/;lr =0; CIPI =1, -B—I_):lrz =0; %ll"l =0, aII‘z =1
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We multiply the first equation in (5.9) by b and integrate by parts over §.

In view of the boundary condition for b in (5.10) we obtain
(5.11) / e"|Vb|? dz = 0,
0

from which we deduce |Vb|2 = 0. Therefore b = B, a constant. With b = B
and F' = " having been used in the second and third equations of (5.9), a
further transformation (¢,a) = (1 — u,1 — v) will change system (5.9) and
(5.10) into

(—Au=(y+BFB)1—-u) = Hi(u,v) inQ,
—Av = (72 + BoFB)(1 —v) = Hy(u,v) in §,

(5.12) <
ulFl =0, %lpz =0,

$ %Ilﬁ = 0, ’U|1"2 =0.

To determine the constant B, we integrate (5.7) and solve for b to obtain

M

Finally, by substituting B = M/ [, F dz into (5.12), we obtain system (5.3).
Notice that the transformations we have used are invertible. Therefore, the

solvability of system (5.1) is equivalent to that of system (5.3). O

Remark 5.1. A simple calculation shows that system (5.3) (and (5.1)) does
not have quasi-monotone source terms (right-hand sides). This implies that

Pao’s technique does not directly apply to system (5.3) (and system (5.1)).

The method of monotone sequences requires (non-negative) bounds to be
given for any solution (n, ¢, a) of (5.1). To do this we need the following lemma,

which is a consequence of the maximum principle.
Lemma 5.2. Let H be bounded and nonnegative. Then any function w €

C?(Q) NC(Q) that satisfies

(5.14) {—Aw+ H(z,w)w >0 in §,

wII‘1 2 O; %%h‘z = 07

must be nonnegative throughout Q.
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Proof. Suppose the opposite is true, then W = max,5{—w} > 0. Let P € Q
be such that —w(P) = W. Taking at least two values (—w|pr, < 0,—w(P) =
W > 0), —w can not be a constant, and at the point P we have A(—w) >
H(—w) > 0. So, by Theorem 2.12, P can not be an interior point of . Then
as a boundary point, P must lie either on I'y or on I';. P is not on I'; because
—w|p, =0 < —w(P) = W. But if P were on I'y, we would have ﬂggi”_l(p) >0
by Theorem 2.14, contradicting the boundary condition Qa%ll"z = 0. Therefore,

the assumption was wrong and w > 0. O

Remark 5.2. The lemma is clearly true if we switch I'; and I'; in the boundary

conditions.

Lemma 5.3. Any solution (n,c,a) of (5.1) must satisfy0 <c<1,0<a<1,
andn = (1+nc)3§7 exp (ﬁaz) B, where B > 0 is a constant given by (5.13).

Proof. The positivity of ¢ follows immediately from Lemma 5.2 once we notice
cr, =1>0and H = v, + $1€"B > 0. From the first equation of (5.3) we
see u = 1 — ¢ satisfies —Au + Hu = H > 0, with corresponding homogeneous
boundary condition. Hence u > 0 by Lemma 5.2, and ¢ = 1 —u < 1. The
proof for a is similar. The last equation follows from equation (5.7), the fact
that b = B is a constant, and equation (5.13). O

5.2 Existence of Solution

We have seen that neither the original AC model ((5.1)) nor its equivalent
((5.3)) has monotone source terms. This prevents us from applying results
from [69] to them. One way to solve the difficulty is to treat the non-local
term
B = M// F(u,v)dz

as a constant, unrelated to the solutioil2 (u,v). This leads to a system (system
(5.12)), which will refered to as the variational system, for which monotone
sequences can be defined and their properties be proved. The existence result

of the original system is then proved using a fixed point argument.
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5.2.1 The Monotone Iteration

Now we apply the method of monotone sequence ([69]) to system (5.12). We

assume B > 0 is any given constant unrelated to the solution (u,v). Let N be
a constant such that
O0H;| |0H;

E™ 50 z=1,2.}.

Starting with (@®,2®) = (1,0) and (u®,5®) = (0,1), we define two se-

quences (@®), v®)) and (u®,7*)) with components in C*+*(Q) by

)

N > max{

0<u,v<l

(—AT® + Na® = Ng¢-D + 1) (@k-D,y*D)  in Q,
~Av®) 4 Ny = Nylk-1) 4 Hz(ﬁ(k—l)’p_(k—l)) in 9,
—Au® 4+ Nu®) = Nyk-1 4 Hl(y_(k—l),g(k-l)) in Q,
—AT® + No®) = No*=1 4 Hy(u®-D,5¢-D)  in Q,

(*)
2"|r, =0, 2®|p, =0,

_ s 8
u(k)lf’l =0, %5 |F2 = 0;

Bl —qn 0u®)  _n am®y _n (k). —
y’-( )'I‘l =0, ov |P2 = 0; ?),7 II"] =90, o )Il"z =0.

(5.15) <

ov oy

\

To justify the definition of the above sequences, we need:
Lemma 5.4. The sequences in (5.15) are well-defined.

Proof. We have to show each equation in (5.15) has a unique solution for its
right-hand side given. We prove this ounly for the first equation, and the other
proofs are similar.

For simplicity, we first work with weak solutions; then we quote references

for C**2_regularity. We write the first equation as

-A Nw = in O
(5.16) { v wa¢ o
w|P1 =0, 3_1;'1‘2 =0,
and define
(5.17) Vi={ve H(Q) ur, =0},V2 = {v € H'(Q)| yr, = 0}.

Then, we multiply the first equation in (5.16) by v € V; and do an integration
by parts to obtain

(5.18) a(w,v) = /Q(VwVv + Nwv) dz = (¢,v) = /Qqﬁv dx Yv € V.
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Since
la(w, v)| < (N + 1)||wl| g ||v]l a1,

and
(¢, v)| < lIBllz2llvllze < lIllzzllvlian,

we know a(w,v) and (@, v) are both continuous as bilinear form on H*(Q) x
H'() and linear functional on H'(Q) respectively. Furthermore, a(w,v) de-
fines an inner product on the Hilbert Space H!(Q2). The existence of a unique
w in H'(2) satisfying (5.18) is assured by Riesz’s representation theorem ([88]
p. 167). The fact that w is actually classical follows from a C?*%(Q2) estimate
of w for mixed boundary value problem of elliptic type ([56]) because all the

data here are sufficiently smooth. O

Remark 5.3. It needs mentioning that in at least one of the references ([8]) I
and I'; are not required to have a non-zero distance (be disjoint) to have the
normal regularity result. A smooth boundary 02 = I'; U Ty is sufficient. In
some special cases where OS2 is not smooth, it is still possible to have classical
solutions. For example, when both I'; and I'; are smooth, but they meet at
an angle # = 7 /4, or § < m/(4 + 2¢), the solution w can still be shown to be
in C**(Q). See [8] for details.

Now we show the monotone properties of these sequences. But unlike what
was done in [69] where lower and upper solutions are defined, we apply the

maximum principle directly.

Lemma 5.5. ([69]) The sequences in (5.15) are monotone in the sense that

they satisfy

(5.19)

~—

<

Proof. We use induction on k, and hence the proof depends on the following
facts: (I-1) 0 = v < a® =1, 0 = v < 7@ = 1; (I-2) For any &, if
u*=D < 7= and y*-D < &= are true, then u® < 7* and y® < F®

are also true; (II-1) 0 = u©@ < oM 51 < 9O = 1; (II-2) For any k, if
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w1 < u® and 7% < T*-1 are true, then u® < y**+) and g+ < k)
are also true; (III-1) @M < 7@ =1, 0 = @ < M; (I11-2) For any k, if
k) < gD and v*-D < y*) are true, then T*Ht) < Tk and p*) < k+)
are also true.

Proof of (I-2): We subtract the third equation from the first one in (5.15).

By using the mean value theorem on the right-hand side, we get

(5.20) —A@H — u®) + N@H — @(k)) = (N + %)(g(k—l) — y_(k-l))
u
OH
Ov

Note that 221 < 0 and 94 < 0. In view of the induction assumption in (I-2)

and the choice of N: N + %—If‘l > 0, the right-hand side of the above equation

(u®=D — 5D,

is nonnegative, and the conclusion u® < %@®*) follows from Lemma. 5.2.

Proof of (II-1): The first part of (II-1) is true because the equation for u(*)
becomes —Au® + Nu(V = H;(u®,5) > 0. Applying Lemma 5.2 again, we
know u® = 0 < u™. The second part of (II-1) is true because the equation

for 71 becomes — AT + No) = N, or as we rewrite it,
A1 -7W)+ N1 -7Y) =0.

Once more from Lemma 5.2 we know 1 — 5 > 0, or 7V < 1 = 50,
To prove (II-2), the following equation suffices:
O0H,

(5.21) —A@®H) — 4®) 4 N#+D) —4®) = (N + g (@® — )
u
OHy ) _ 5e-1)
+ 50 (@ o).
Statements (III-1) and (III-2) are proved in exactly the same way as (II-1)
and (I1-2). O

5.2.2 Existence and Uniqueness Results for the Varia-

tional System

Since the variational system, that is, system (5.12), has quasi-monotone free

terms after its non-local term is ‘frozen’, it turns out that the technique of
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upper/lower solutions is applicable to it. The key part of the proof of the
following lemma is the argument that point-wise convergence of the source
term satisfying a Lipschitz condition eventually leads to C**%(Q) convergence
of its solution ([69], Page 102, Theorem 2.1).

Lemma 5.6. The variational system (5.12) has a solution for any given B €
(0, 00).

Proof. For any given B > 0 we know, by Lemma 5.4, the sequences in (5.15)
are well-defined; By Lemma 5.5, u(*) and v*) are nondecreasing and bounded
above, while @¥) and 7*) are nonincreasing and bounded below. Hence their
limits exist, which we denote respectively by u, v, @, v. Obviously, 0 < u <
7<1,0<p<v<I1.

Now we write any equation in (5.15) as
“Au® = H(u®, y®),

Note that u*) and v*) are uniformly bounded, and H satisfies a Lipschitz
condition. This implies that the sequence H(u(*),v(®) is uniformly bounded
in L?(Q2) for any p > 1. By an LP-estimate from [2] (Page 701, Theorem 14.1)
we conclude that u®*) is uniformly bounded in WZ(€2). Choose p > m (where
m is the dimension of the domain ) so that &« = 1 — m/p > 0. Then by
the embedding theorem (Theorem 2.6), u(*) and v® are uniformly bounded in
C'*%(Q). This, together with the fact that £ and 22 are bounded, implies
that H(u®), v*)) is uniformly bounded in C*(Q). It follows from a Schauder-
type estimate ([2], Page 668, Theorem 7.3) that u(*) is uniformly bounded
in C***(Q). Then from the Arzela-Ascoli theorem ([16], Page 569) we know
there exists a subsequence of u®) which converges in C?(Q) to a function
@ € CH(Q).

On the other hand, u) converges to u point-wise. Therefore, we have
u = @, and moreover the whole sequence u¥) converges to u in C2(Q). This

gives the facts that
—Au® 5 —Aw, and H(u® v®) - H(u,v),
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and that

ou®) ENO)
u(k)h‘l — U’IP17 oF II'2 aljll‘z; v(k)‘Fl — UIFU or lf'z a’}olf‘r

By letting £ — oo in (5.15), we know the limit functions, u, v, @, v, satisfy

AT HI(TIL y..)) —AQ = H2(E).Q) in Q:
—Au = Hi(u,v), —AU= Hy(u,7) in ,
(5.22) . 1(;_ ) ) 2(,9)
ulFI - 07 El - 0 §|P1 = 07 -'erz = 0’
\ 'LLII‘1 =0, g%.l =0 E%IIH =0, Tflpz =0.
That is, both (@, v) and (u,v) are solutions of system (5.12). O

A uniqueness result for the variational system (5.12) is needed in order for

the function T in Theorem 5.1 to be properly defined.
Lemma 5.7. Let A be defined as

(5.23) M= iof [[Vw]?,, X = inf |[Vw|?, A =min{\, )},
ol ol

where V) and V, are given by
Vi={ve H(Q)] ur, =0}, Va={ve H(Q)] yr, = 0}.

Also, we define L, P, R, and @Q as

(5.24) L= (1+k)" exp (2;;1)

: 1M BoM
9.25 P =
(5.25) min {’)'1 + == Ak Yo + = i)

ol x o' xL
5.26 R=
(5.26) m"“‘{D1 D, P (2D1)’ (1+fi)D1}’

RM
(5.27) Q= maX{ﬁhﬂz}ﬁ-
Then under condition
(5.28) A+ P>Q,
M M

the solution to system (5.12) is unique for any B with — L| a < <BX< Ik
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Proof. Let (uy,v1) and (ua, v2) be two solutions of (5.3), and (u,v) = (ug, v2) —

(u1,v1). By taking the difference of the equations for u; and u;, we have

OH OH.
—A(’U,g - ul) = Hl(UQ, ’U2) - Hl(ul, ’U1) = E}(’UQ - ’Uq) + a_vl(’l)g - 'Ul),
which we rewrite as
8H1 6H1
-A —— Ju=—".
u + < EW ) U E® v
We multiply the above equation by u, then integrate on both sides over 2,
obtaining
(5.29) /(—Au)u dm—l-/ _oH, udx = @uv dz.
Q 0 3u Q 8’0

We estimate the first term in (5.29) as

(5.30) / (= Au)udz = / Vul? dz > AlJul|2dz.
Q Q
: : . 0H,
To estimate the second and third terms in (5.29), we first calculate o and
0H,
—— to get
o OH OF
1
AL FB-$Z-B(1-
5. — M + 5 B 50 (1 —u),
0H, oF
— = fi—B(1 — u).
ov A v (1-v)
Since
M M OF
1<F<LL, -—+—<B<-—, —XK
PSR =S ow =t
and a simple calculation shows
oF
—| <R
ov |~ "
we have
oM, 1M
=t >
gu =Mt o= b
0H, RM
— < < Bi— < Q.
' v ﬁlRB = ﬁl lQl Q
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Hence,

(5.31) /Q (—%%l) w2 dz > Pl dz,

and

(5.32) / Ol iz < Q / ] dz < L (Jull? + o).
0 81) Q 2

Combining estimates (5.30), (5.31), and (5.32) with (5.29), we get
(5.33) O+ Pl < Ll + o)

Similarly, we obtain from the ‘v’ equation

(5.34) (A +P)|ol” < %(HUH2 +[Jolf®).

By adding (5.33) and (5.34) together, we have

(5.35) A+ PY(llull® + 1lvll*) < QUlull® + [Joll*).

Now, if we assume that
A+ P>Q,

then we have ||u||? = 0 and ||v||*> = 0. Therefore, u = up — u; = 0 and
v = vg — vy = 0. That is, the solution of (5.3) is unique for any given constant

B of interest. O

Remark 5.4. It is easy to see that a system with the parameter y; and v,
sufficiently large will satisfy the condition of this theorem, and therefore such
a system has a unique solution. Physically, this means that when the decay

rate of both chemicals are very large, the solution of the system is unique.

Remark 5.5. To estimate the magnitude of A in Lemma 5.7, we first note that

A1 and Ay are actually the first non-zero eigenvalues of
~Aw=0in, wlr, =0, %&|r, =0

and
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~Aw=0inQ, |, =0, w|r, =0

respectively (see [24], pp. 133-134, for a proof). Then, in the 1-D case, a
direct calculation gives A = ff;, where [ is the length of the interval (domain).
In 2-D or 3-D, when I'y is empty, the boundary condition for u becomes that
of Dirichlet’s, and it was shown ([19]) that A\, > 417, where p is the radius of
the largest disk or ball contained in (the simply connected domain) Q. But
in this case we have A, = 0, because the function w = 1/|Q|? minimizes
inf wev, ||[Vw|®.. Hence A = min{);, \;} = 0. The same is true when T’y is
em@il As for the case when both I'; and I'; have non-empty interior, no
estimate is available, to our best knowledge, for the first eigenvalue of such a
mixed boundary value problem. Nevertheless, we can still prove that A > 0.
In fact, Friedrich’s inequality ([55] p. 82), which applies also to the spaces V;
and V3 in (5.17) ([563] pp. 149-150), asserts that there are constants Cy,Cz > 0
such that

loll < GilIVol] Vo € W,

and
lvll < Co|| V|| Yo € Va.

Then from (5.23) we have
/\1 Z 1/012’ )‘2 Z 1/022)

and therefore,
A > min{1/C2,1/C2} > 0.

Remark 5.6. Two sets of sufficient conditions were given.in [69] (p. 409 and p.
415) to ensure uniqueness of solution for a class of reaction-diffusion systems.
Unfortunately, neither is satisfied by our system. The first set of conditions
requires that at least one of the two inequalities

OH

5 >N

and

0H,

inf 012
ireln v > X2
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holds. None of the above inequalities is true, because a simple calculation

shows %—Z’- <0, %Hvz < 0. The other set of conditions requires either

Mgﬁj” >0, or —(——uagf,” >0

to be true. But in our case both quantities are negative. In fact, our sufficient
conditon for uniqueness is also mild when compared to those for other similar
systems found in the literature. See [57], [20], and [74] etc. where, besides
monotonicity, the convexity of the right-hand side H; and H; is also required.
In addition, a slight modification of Lemma 5.7 will give similar sufficient con-
ditions for the other two cases considered in [69] (p. 402) where the monotone

sequence method applies.

We summarize the above lemmas in the following theorem.

Theorem 5.1. Under condition (5.28), system (5.1) has at least one classical
solution (n,c,a) with
0<¢ca<]

and

n = (1+ kc)™T exp (2D1 >M//Fdx

Proof. By Lemma 5.1, to solve (5.1), we need only solve (5.3). By freezing
its the non-local term B = M/ [, F(u,v), system (5.3) becomes (5.12). By

Lemma 5.6 and Lemma 5.7, for any B with

M M

< =
Q=G sPs= g

system (5.12) has a unique solution (u(z, B),v(z, B)) under condition (5.28).
Now we consider the quantity T(B) = M/ [, F(u(z, B),v(z, B))dz. A
simple calculation shows Cy < T(B) < Cy. We claim that the function T : B €
[C1,C2) = T(B) € [Cy,Cy] is continuous. Let By, By € (Cy,Cs), By — By,
and
(ug,v) = (u(z, Bg), v(z, Bg)), (uo,v0) = (u(z, By), v(z, Bo)),
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we need to show
T(By) = M// F(ug, vx) dz — T(By) = M// F(ug,vp) dz.
Q Q
Since F'(u,v) > 0 is a continuous function of its components, it suffices to have

(uk, vg) — (o, vo)-

In fact, from the boundedness of {Bi},., we know {(uk,vk)}re; is a rela-
tively compact sequence, following from a uniform C?*%(2) a priori estimate
mentioned in Lemma 5.6. Note that any limit point of the above set is
also a solution of system (5.12), by a similar argument as that in Lemma
5.6, any such limit point has the form (@(z, By), Uz, By)) because of the fact
By — By. Since the solution of (5.12) is unique under condition (5.28), we
conclude that (@(z, By),9(z, By)) = (u(z, By),v(z, By)), and (uo, vo) is the
only limit point of the relatively compact sequence {(uk,vx)}re;- It follows
that (ug,vx) — (ug,vo). Thus as a compact operator, T has a fixed point
by Schauder’s Theorem ([88], Page 61, Theorem 1.C.). Such a fixed point
B = M/ [, F(u,v) dz makes system (5.12) become system (5.3). This proves
the existence of solution for system (5.3). The remaining part of the theorem

follows from Lemma 5.3. Od

5.3 Uniqueness of Solution

To obtain a condition on the uniqueness of solution to the original system (5.1)
(or its equivalent (5.3)), the non-local term B = M/ [, F(u,v) dz has to be
treated as a variable depending on (u, v) instead of as a constant. This results

in a severer uniqueness condition than for the variational system (5.12).

Theorem 5.2. Let A\, L, P, R, and Q be defined by (5.23), (5.24), (5.25),
(5.26), and (5.27), respectively. Then under condition

(5.36) A+P>Q(1+2L),
the solution to the steady-state system (5.1) is unique.
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Proof. For simplicity, we consider the equations for (c, a) instead of (u,v) (a
substitution (u,v) = (1 —¢,1 — a) in (5.3) will suffice.) Suppose (c1,a;) and

(2, a2) are its two solutions. Let
=C—C, a=ay— 04,
Fl = F(cl,al), Fg EF(CQ,(IQ),
BlfM//F1d$, BgEM//deCE
Q Q
Then, by taking the difference of the two equations for ¢; and ¢;, we have

(5.37) Alea—c1)  =m(ce—a)+ biBaFalc; — 1)
+B1Bzc1(Fz — Fi) + BiFiei(B: — By).

From 5 5
F F
F2 — F1 = %(CQ — Cl) + '5;(&2 — al),
and

B2~Bl=M//F2dx—M//F1dx=—B132
0 Q M

/Q(FZ - F)dz,

we have

_ BB, oF OF
Bz—Bl——- I ‘/9[30(02—01)4-8(1(0,2—(11)] dzx.

With ¢, — ¢ = ¢, a2 — a1 = a, we rewrite equation (5.37) as

oF
(538) —Ac + (’)’1 + ,Blepz + ,81B201 E) C

= —ﬁ13201‘8f-a + 5 5,58, F161/ -a—Ec—i- QEa dz.
da M Q

We multiply (5.38) by ¢ and then integrate over § to get

(539) / —Ac-cdzx —+ / (’)/1 + /BleFz + ,Blec]_(—?—l—r-) C2 dz
[y Q oe

= —06,B; cla—Fca dx

Q 8a
B, B, oF oF
+61 i /n(acc—i- 5;a> dx/QFlclcd:c.
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Recall the definitions of A\, L, P, R, and (). Noticing again that

M M
1<F, <L, <B; <
- LjQ| r
and that 3 5
F F
>0 — >0,
Oc = Oa ~

0<e <1, 0<a; <1,
we estimate each term in (5.39) as follows:
/——Ac-cd:v:/ |Ve|* dz > Alle||?,
Q Q
OF\ , 9
T+ p1B2Fe + ﬁ13201% c*dx > P||c[|%,

Q
~hiBy [ e Gracds < Z(lelf + o),

BB oF oF
g 2/9 (E"”’ 9 ) dw/ Fieiedz < QL(|le|| + llal)llell,

where Holder’s inequality has been used to obtain the last estimate, which is

in turn bounded by
3 1
5QLIcl” + S QL|lal?.
2 2

Making use of these estimates in (5.39), we obtain

Q Q

(640) (PP < T A +3D) el + 3 (14 L) ol
Similarly, from the ‘a’ equation we obtain
640 O+ Pl < 21 +30) ol + 2 (14 L) el

We then derive from (5.40) and (5.41) the inequality
(5.42) A+ P - Q@ +2L)] (llcll* + llall*) < 0,
from which we know that if

A+P—QQ+2L) >0,

then
llell? = [lall* = 0,
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or

That is, the solution of the steady-state AC system is unique. O

Remark 5.7. Condition (5.36) obviously implies condition (5.28), from which
we know that, under condition (5.36), the solution to the steady-state AC

system exists and is unique.
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Chapter 6

Analysis of the Steady-State CS
Model

Throughout this chapter we study the following steady-state of the CS model

~Ugg + AU = — ke )
Y+ u
(6.1) — Dy + Bu + K(vug)e = b(1 — v)vG(u),

©(0) = 1,u(1) = 0;v(0) = 0,v(1) = 1.

The main aim of this chapter is to study a finite difference approximation
of the above system. Except for a general maximum principle for matrices,
we have not found the discrete a priori estimates we need. We derive these
estimates systematically, and use them to prove existence, uniqueness, and
error estimates for the numerical solutions, which, to our best knowledge, has
not been done before. We have found that the numerical solutions can be
classified into two basic types, exactly as was shown in the continuous case
([4]). The only piece of work on the theoretical aspect of the model is Theorem
6.5 that improves a sufficient condition from [4] for type I solution.

The outline for this chapter is as follows. In §6.1, we give the mathematical
properties of the CS model as background information. In §6.2, we give the
improved sufficient condition on the system parameters for the solutions to be
of type I, and give the a priori estimates for the exact solutions. In §6.3, we

first develop some discrete a priori estimates based on the maximum principle;
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we then set up a finite difference scheme for the CS; and using those estimates
as a tool, we show the existence, uniqueness, and convergence of the numerical
solution. Error estimates and numerical simulations are also included in this

section. Some remarks are made in the last section.

6.1 A Brief Review

The steady-state CS model has been studied by Allegretto et al.([4]). Now we
introduce their work, on which our numerical analysis will be based. First, in
view of the physical significance of u,v, it is clear that we need only consider
solution with 0 < u,v < 1. As for the existence and uniqueness of such

solution of (6.1), we have

Theorem 6.1. ([{]) System (6.1) has at least one classical solution (u,v)
which stisfies 0 < u(zx),v(z) < 1 for z € (0,1).

Theorem 6.2. ([{]) Suppose

k2a2  ab

2 -c —.
(6.2) B> b(1 C)+16D)\+4)\

Then the nonnegative solution of system (6.1) is unique.

Before we give the remaining results, we need the following definition.
We call a solution (u,v) of type I if the function v is monotonically in-

creasing in (0, 1); or call it of type II if v has a pair of extrema.

Theorem 6.3. ([}]) Any nonnegative solution of system (6.1) is either of
type I or of type I1.

Theorem 6.4. ([4]) (a) Suppose the condition
(6.3) B+ Akc* > b(1 - c*)

is satisfied. Then v is of type I. (b) Let

*

1-c¢* ey = c
[1+ ($—+A)]1/2’ —’[1+ ($+A)]1/2,
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and )
5 £ (A+2+8)

2!

Di=——0"57
If
(6.4) exp (D) <(1-D) <1+2D)’
then v is of type I1.
Remark 6.1. Since (6.2):
. K2a® ab
'B>b(1_c)+16D/\+ZX

implies (6.3):
B+ Akc® > b(1 —c*),

we know that the uniqueness conclusion applies only to type I solution.

6.2 The Theoretical Work

In this section we first give a result which improves the sufficent condition in
Theorem 6.4 (a) for type I solution; we then give the gradient estimates for the
general solutions. We need the following nonlinear version of the maximum

principle first.

Lemma 6.1. ([72]) Suppose v = v(z) € C?[a,b] satisfies the differential in-

equality L[v] = vy + H(z,v,v;) < 0 in [a,b], where H = H(z,y, 2), %;i, and

98 are continuous in their domains; H(z,0,0) = 0, a—lﬂgéﬁl < 0. Ifv assumes

a nonnegative mazimum value M at an interior point of [a,b], then v(z) = M.

Theorem 6.5. Suppose
(6.5) B+ Ak > b(1~c"),

then v is of type I.
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Proof. We apply the above maximum principle to the steady-state equation

for v, which we rewrite as

K [ 8 k[ av b 1
(6.6) vgp — TUals + ) (7_‘_ ” + )\) u+ D(l ’U)G(’U,)- v =0,
where the equation for u has been used. Let
K [ B8 k[ ay b 1
H=—-—u, —_—— - = A —(1-y)G .
Duz+- D D(7+u+ )u+D( Y) (u)y
In our case, the conditions in Lemma 6.1 are all satisfied except the one:
OH
— <0
dy —
Since
OH B kA b 2K0U 2b
where y = v(z) > 0, to guarantee ——I—I—gﬂ—y—zl < 0 it suffices to have m[g,}lcl f(z) <
T€
0, where
B K,/\

Note that u(0) =1 and u(1) = 0, and u is decreasing on [0, 1]. Since 0 < ¢* <

1, we know there is a unique zo € (0,1) such that u(ze) = ¢*. Hence,

[ ﬂ+bC* + =52y for z € [0, 2o},
x =
__g_ - —D—u for z € (o, 1].

It follows that f(z) is monotone on both invervals [0, zo] and (o, 1]. Therefore,

(6.9) max f(z) = max{f(0), /(wo), F(1)}.
Since
B 1 '
fQ=-= D <0 flao) = ~5(B+rAc") <0,
while
(6.10) F(0) = — 5B+ rx —b(1 — ),
it is clear that m[%}f] f(z) < 0if and only if 5+ kA > b(1 — ¢*), that is, (6.5)
z€|0,
is true. Under the above condition, the function v(x) can not assume any

nonnegative maximum, and it must be of type I. O
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Remark 6.2. Note that condition (6.3) implies (6.5), indicating that Theorem

6.5 is an improvement of Theorem 6.4 (a).

Lemma 6.2. Let (u,v) be a positive solution of (6.1), and

1
a\? prexp (1) exp (2u) +1
= — = M=p———F
g (/\+ ) " exp 2u) - 1 Pexp (20) — 1

K 36  3b(1—c*)

Then we have the following estimates:
(6'11) -M < uy < —m, lvml < N.

Proof. Noticing that
0<Lu, v<1,

we obtain from the first equation in (6.1) that

(6.12) M < Ugg = (A-l— @ )ug (,\+3>u=u2u.
Y+u y

Now suppose w is the solution of the following problem

Wzz = ,uzw,
(6.13) { w(0) = 1,w(1) = 0.

By the maximum principle, w has the properties:(0 < w < u), which results

(6.14) 0<w<u, wl0)<uz(0), ug(l) < wy(l).

Direct solution of (6.13) gives us

_ __exp(pz) | exp(2u — pz)
wiz) = " exp (2u) -1 exp(2u)—1"~
and thus
_ exp(2p)+1 __mexp(p)
(6'15) wm(o) -~ exp (2#) 1 a:( ) - —exp (2/1) 1
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Then, the estimate for u, follows from the fact that
(6.16) uz(0) < up < ug(1),

which is a result of uz; > 0.
Next, we estimate v,. From the second equation in (6.1) we have

(6.17) Vgg = —g—(vuz)x + %'v — —1%(1 — )G (u).

We integrate the above equation from 0 to z and use the fact that v(0) = 0 to

get

(6.18) vy — vg(0) = %vux + /ox [%v - %—(1 - v)vG(u)] dy.

Integrating the above equation again from 0 to 1 and using the fact v(1) =1

(plus v(0) = 0), we obtain

(6.19) v, (0)=1— /0 1 X viade /0 : /0 ’ {%v _ %(1 _ v)vG’(u)] dyds.

Application of the Mean-value Theorem to the first integral and direct esti-
mation of the second one on the right-hand side of the above equation give

us:

k B bl-¢")
pTapt sp *th

The estimate for v, is then obtained easily from (6.20), (6.18), (6.16), (6.15),
and (6.14). O

(6.20) lvz(0)] <

Remark 6.3. We could have used the barrier function method to conduct the
gradient estimate for v, but the divergence form of its equation and the bound-
edness of u,v save us from that way, which involves more complicated work.

See Gilbarg and Trudinger ([31]) for more information.

Remark 6.4. We see that u is always decreasing and concaving up, while with
v the situation is not that simple. But as we saw in last section, v has at most

one pair of extrema.
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6.3 The Numerical Work

We will give a finite difference analysis of the CS in this section. So we divide
the interval [0, 1] into n equal subintervals with the nodes being denoted by

=ih, i =0,...,n. Let V} be the space of functions that are piece-wise

T; = %
linear on [z;.1,%;], 1 = 1,...,n. We will identify any sequence {w;}?, with
an element w € V, with w(z;) = w;, ¢ = 0, ...,n, because they are mutually
determined. Now we define some difference operators. The Euler forward-

difference operator Fj, is given by:

Fow(z) = w(z + hli - w(m)

So that
Fhw(xi) _ w(ﬂ?i+1)h— w(xi)’ Fow; = ’wi+1h— Wi

The second order center-difference operator L;, is defined by:

w(z + h) — 2w(z) + w(z — h)

Lyw(z) = 2
So that
Y — 2wl - ) Yy -
Lyw(z;) = wEin) wh(zml) ol 1), Lyw; = a ;:: + L
For any w = {w;}}2; , we define:
minw = min w;, maxw = max w;, ||w]| = max |w;
11<1<in 11 <i<in 21 <i<in

and for a constant ¢, w = ¢ means w; = ¢, i = iy, ..., ip; and w < (>)c means

w; < (Z)e, i =11, ey in.

6.3.1 The Discrete Maximum Principle and A Priori

Estimates

The discrete maximum principle and the a priori estimates established as a
consequence will play the key role in our numerical analysis. We start with

the discrete maximum principle.
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Lemma 6.3. Let w = {w;}*, satisfy
(621) —Lhwi +p,-Fhw,~ + q;w; > 0, 1= 1, ey L — 1

where p < 0 and g > 0. If there exists some j (1 < j < n — 1) such that

minw = w; <0, then w = wj.
Proof. From

0 £ —Lywj + pjFrw; + qyw; < —Lpw; + pjFrhw; =

e (wj —wji) + (G5 = ) (w; — wjy) <0,

we obtain w;_; = w; = wjy,. Continue the above process with 7 —1 and j+1
until we have wy = wj, 0 <k < n, that is, w = w;. O
Remark 6.5. A more general version of this lemma, developed for general
matrices associated with elliptic problems, can be found in [38].

Remark 6.6. In Lemma, 6.3, if, in addition, we assume wy > 0, w, > 0, and
w # 0, then we know wy > 0, kK = 1,...,n — 1. Otherwise we would have
minw = w; < 0 for some 1 < j < n—1, and hence w = w; < 0 by Lemma
6.3. On the other hand, wy > 0 and w, > 0 implies w = w; > 0. So the only

possibility is w = 0. But this contradicts the assumption w # 0.

We then set up the positivity of solutions to a particular type of second

order difference equations.
Lemma 6.4. Let w = {w;}, satisfy

—Lyw; + piFpw; + quw; =r;(M —w;), 1< <n—1,
(6.22) { h bilf'n q ( )

0<wo <M, 0<w, <M,

where p< 0, ¢ >0,7r >0, and M > 0 (a constant). Then, either w =0 (in

which case r = 0), or

(6.23) O<w;<M, i=1,..,n—1
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Proof. To get the left half of (6.23) we need only to note that
—Lyw; + piFpw; + (g + r)wi = riM > 0, wp > 0, wy, > 0;

and then apply Lemma 6.3 to w;. To obtain the right half of (6.23), we apply
Lemma 6.3 to v; = M — w;. O

Next, we proceed to derive some more general a priori estimates. We begin
with difference equation without a first order term. The following lemma will

be needed.

Lemma 6.5. Let w(z) and {w;}?_, be the solution of

(6.24) ~Wee +qw=1; w(0) =0, w(l) =0
and
(625) —Lhwi + quw; = 1, 3= 1, ey 10— 1; W = 0, W = 0

respectively, where ¢ > 0 is a constant. Then w; < w(z;),1=0,...,n.

Proof. We first show w,, < 0. By the maximum principle we have w(z) >
0 for 0 < z < 1. Since w(0) = w(l) = 0, we know there exists an z,
0 < z < 1, such that w(zp) = maxpw(z). From elementary calculus
we know —wg.(zo) > 0. Then we have qw(z) < qw(z) < 1, and therefore,
Wez = qw(z)—~1 < 0. Now we differentiate (6.24) twice to get w®) = qu,, < 0.

Next, let e; = w(z;) — w;. By using Taylor’s expansion

4)
e (33) = Lnwo(z) — g,
12
we rewrite (6.24) as
(6.26) —Lyw(z;) + quw(z;) =1 — %ﬁhz, 1=1,..,n—1;
. w(zo) =0, w(z,)=0.
Now we subtract (6.25) from (6.26) to obtain
4
(6.27) —Lne; +qe; = —10—1—2@2}1,2 >0, 1=1,..,n—1; ¢=0, e, =0.
Hence by the discrete maximum principle, e; > 0, and therefore, w; < w(z;),
1=0,..,n. O
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It turns out that for equation without the first order term and with homo-
geneous boundary conditions, a sharp uniform estimate on the magnitude of

its solution can be obtained.

Lemma 6.6. There ezists a constant ®(q), where ¢ = {g;}*y > 0, such that

any solution of

(6.28) ~Lywi+quw; =71, i=1,..,n—1; wo=0, w, =0
satisfies

(6.29) lwll < @]l

and

(6.30) 1 Enwll < (1 + 2liglDlir]l-

Further more, ® can be made independent of q.
Proof. Let v be the solution of

~Lpv; + mingu; = ||r||, i=1,..,n—=1; v=0, v, =0.
Clearly, v > 0. Since

—Lp(v; £ wi) + ¢;(vi £ wi) = [Ir|| £ 4 + (¢ — ming)v; > 0,

and vg — wy = 0, v, — w, = 0, by the discrete maximum principle we have
—v; < w; < v, t=0,...,n. That is, [|w]| < Hv“
We then estimate ||v|| Noticing that — satisfies

H II

—1, i=1,.,n—1 Un

Vo
TSR 0; T 01
Il Il

< Jlu@)ll, or |lvll < [lu()lllirll, where u(z) is

— -+ ming —-

we use Lemma 6.5 to get —-

|| ||
loll
T
the solution of (6.24) with g being replaced by min g ( we use {u;}%., to denote
the solution of (6.25)). A direct calculation shows

1 cosh [4(1 — 2x)]
'U,(.'L') =—- : ’
q g cosh 32@
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and

where

Therefore, we have |Jw|| < ||v|| < ®(g)]|r]|-

Now let d; = Fhw;_1, ¢ = 1,...,n, we rewrite (6.28) as
diy1 —d; = (Qi'wz' - Ti)h,

so that we have
|dir1 — di| < (lglllwll + lIr]])A.

Then, for any 1 < k,l < n — 1, we have
|di — di} < |k = U(llallllwll + lIrIDA < lalillwll + lI7]]-

Note that wy = w, = 0. It is easily seen that there are m,, my with m; # mgy

such that mind = d,,, < 0 and maxd = d,,, > 0. Hence, we get
|dmy | < |dimy = dina | < lalllwll + lI7]],

and

|dm,| < ldmy — dm, | < llgllllwll + 7.

Therefore, we have

llall < flgllllwll + lIrll < @+ 2()llall) lIll,

where we have used the fact that ||w|| < ®(g)||7]|. The reason why ®(g) can

be made independent of ¢ is that it is a decreasing function in (0, c0) and

1
®(0%) = lim ®(q) = =
(0%) Jim, (@) =73
so that any contant ¢ > % works uniformly for all A > 0. O
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Remark 6.7. Note that the constant ® in Lemma 6.6 make (6.29) hold uni-
formly for all ¢, 7, w, and n. Of all such constants, ® is the best (least). This

is because the solution of a difference scheme like
—Lyw;+w; =1, i=1,..,n—1; wg=0, w, =0
will converge to the solution of
—wg +w=1; w(0)=0, w(l)=0

when n — 0o, and ® provides a sharp estimate for the latter (see the derivation

of ® above). Nonetheless, the gradient estimate (6.30) is still ¢ dependent.

Now we generalize the above lemma to the case with nonhomogeneous

boundary conditions.

Lemma 6.7. Let the conditions in Lemma 6.6 be satisfied except that wy = o

and w, = B. Then we have

(6.31) lwll < @|Ir|| + (1 + 2llgl}) max{|el, 6]}

and

(6.32) [IFhwl < 1+ @llglDlirll + (1 + @llgl)llgll max{lal, |81} + 18 - al.

Proof. We apply Lemma 6.6 to v; = w; — (o + ﬂ—;—gz) to obtain the estimates
above. O

Now we consider difference equations with a first order term.
Lemma 6.8. Let p <0, g > 0. Then the system
(6.33) —Lpw; +p;Frwi+qw;=1;, i=1,...,n-1;, wp=0, w,=p

has a unique solution w. When o = ff = 0, it satisfies

(6.34) lwll < @|ir|l
and
(6.35) | Frwll < (2+ 2llglDlIr|l,

where ¥ is a constant that can be made independent of p, q, T, w, and n.
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Proof. We first show the homogeneous system corresponding to (6.33) has
only the trivial solution w = 0. In fact, when r = 0 and « = § = 0, we apply
Lemma 6.3 and Remark 6.6 to w; and then to —w; to get w; > 0 and w; <0
at the same time. Thus, w = 0. This indicates that the system matrix is
invertible. Therefore the system has a unique solution.

Now let « = 8 = 0. To find a constant ¥ that works for the lemma, we

first observe that the solution of (6.33) is bounded by the solution of
—Lyvi+piFpu; = |Ir]l, i=1,..,n—1; vp=0, v, =0.

So we need only to estimate |[v||. Let a; = ;—,i=1,..,n—1,and ao = 1.
We solve the above equation for v by reducing it into two first order difference

equations, in which case we get

_ h2 Zi OHf—_Oaz = H
(6'36) Vi1 = ”7"” En 1H3 Z la]Z i= Oaz

P k=
l

o)

ZZ (Hk 145 Z] =1 oaz)

forl=2,...,n—1; and v; = ||r||k? , o = 0.
1 “ H Zn 1 H] o0 0
Also,
-1 k i—1
P V1 — Vg I IIhZZ:x (Hl?—laj D j=1 Hg:oai)
Up = =||r .
hYo A Zn 11—1] o

Noticing that a; < 1, we find an easy bound for ||v||:
1
[[o]] < Hrllhzz (Z 1) < 5l
k=1 j=1

Now, since |jw|| < |jv]| < |||, we know the constant ¥ in the lemma must
exist and satisfy ¥ < 2

Next, we set out to estimate Fjw;. Note that although Fpwy < Frvo and
—Fhwy_1 < —Fjv,_ follows immediately from the fact that |Jw|| < ||v|| (and
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plus, of course, the fact that wy = vy, w, = v,), the relation ||Fyw|| < ||Fyvl|
does not necessarily hold true. So we proceed in the following way: Let b; =
(r; — q;w;)h, and rewrite equation (6.33) as
Frw; = a;(Fhw;_1 — by),
from which we find the relation
Fhwi = Hj-:laijwo — ijﬂi:jak, 1= 1, -y — 1.
j=1
'We then have
| Fhwi| < Fhwo + Zz-zl |b; 1T}, _;ax < Fhuo + Zj-zl |0 1T} _ 0k
< iell + (el + ligllwl) < 2+ llglhir]l-

Note that the inequality
|Fhwi| < 2+ ¥lqlDI7|I
holds true for all 0 < ¢ < n — 1. O

Remark 6.8. Though estimate (6.34) is uniform, it does not incorporate the
factor q. There is a remedy for this shortcoming: When 0 < mingq < 2 we will
still use (6.34); but when ming > 2 we adopt the following estimate instead:
lw|| < 4L The derivation goes this: We first note that the solution of (6.33)

ming’

is bounded by the solution of
_thi +p,~Fhv,- + minqvi = “’l‘”, 1=1,..,n—1; v=0, v, =0.

Let 1 < m < n—1 be such that v,, = maxv. Then apparently we have
—Lpvy > 0, and ppFru, > 0. Hence, mingv,, < |r|l, and v, < Al

ming "’

Therefore,
7]

< < < .
ol < ol < v <

Remark 6.9. The proof given above involves direct solution of a second order
difference equation with only second and first difference terms. By factorizing
the difference operator, we can reduce such an equation into two first order
ones, which in turn can be solved by the summation factor method. But this

is no longer true with the presence of the ¢ terms. See [1] for details.
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The above lemma can be generalized to the case of nonhomogeneous bound-

ary conditions.

Lemma 6.9. Let the conditions in Lemma 6.8 be satisfied except that wy = «

and w, = B (not necessarily zero). Then we have

(6.37) lwll < (Il + lIpll|8 — af) + (L + ¥llq]]) max{|ed, |B]}
and
(6.38) [Fww]] <2+ Cllgll) (lIrll + llgl| max{lal, |8]})

+ (1 + 2lpll + ¥lipllllgl) 18 - .

Proof. We apply Lemma 6.8 to v; = w; — (o + 'B;—“z) to obtain the estimates

above. O

6.3.2 The Difference Scheme

The following finite difference scheme will be used to analyze the chemotaxis

system numerically:

-—Lhu,‘ + )\ui = —ﬁi—iui,
(639) '—-DLh’U,' + H(FhuiFh'Ui -+ v,-Lhui) -+ ,B’Ui = b(l - vi)viG'(u,-),

u =1, v, =0; v0=0, v, =1,

where u; is the approximation of u(z;), i = 0,...,n. In the following subsec-
tions we are going to show that the solution to the above difference system

exists and is unique, and it converges to the exact solution of (6.1).

Remark 6.10. We have rewritten the term x(vu;), as kv uy + Kvuy, in the
original equation of v before we approximate each term. Due to the negative
sign of u,, we adopt a forward diference for v, so that the maximum principle

will apply, and there is no such guarantee otherwise.

Remark 6.11. We see that the truncation error for the first difference equation

is due to approximating u,(z;) by Lyu(z;) = "(m‘“)"z"g‘”"("‘l) , and there-

fore is O(h?); while for the second equation the truncation error is O(h), which
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is due to the approximation of the first order derivatives by a forward (back-
ward) difference scheme. This indicates that a consistent difference scheme

has been used.

6.3.3 The Existence of Numerical Solution

Theorem 6.6. The finite difference system (6.39) has at least one solution
pair (u,v) with0<u; <1,0< ;<1 (i =1,..,n—1).

Proof. We are going to use Schauder’s fixed point theorem to prove the exis-
tence of solutions. We break this into two parts:

(a) Definition and Compactness of the Operator T. Note that for
any (U, V) € V2, the following system

vt
—Lpu; + Au; = -7—:‘,]?“1',
(640) —DLh’Ui =+ H(FhuiFh’Ui -+ U,’Lhui) + ﬁ’()i = b(]. - ’Ui)V;+G(Ui+),

=1, u, =0; vp=0, v, =1

has a unique solution (u,v) because each equation in (6.40) can be treated as
a linear one, and Lemma 6.8 applies. Furthermore, we know (0,0) < (u;,v;) <
(1,1) (i = 1,...,n — 1) by Lemma 6.4. Thus we have defined an operator T
V2 — M C V2 with T(U,V) = (u,v), where M is defined by:

M = {(u,v) € V2|(0,0) < (u,v) < (1,1), (uo, v0) = (1,0), (un,vs) = (0,1)}.

Note that M is a bounded, convex, closed, and nonempty subset of V;?; and
T clearly maps M into itself. Also, T transforms any bounded set B into a
relatively compact set T(B) C M becasue M itself is compact as a closed
bounded set in a finite dimensional Banah space V;2. Below it will be shown
that T is also continuous. Thus T has a fixed point (u,v) in M by Schauder’s
fixed point theorem ([88]). That is, (u, v) is the solution of the following system

av}
——Lhu,- + /\u,- = —;Fr—;?u,-,
(6.41) —DLpv; + k(Frui Frv; + v;Lpu;) + Bo; = b(1 — v;)vF G(u]),

=1, 4, =0; v9=0, v, =1.
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Since (u,v) is nonnegative, (6.41) is reduced to (6.39). Therefore, system
(6.39) has a solution as desired.

(b) Continuity of T. Since U™ and V1 are continuous functions of
U and V respectively, we need only show T is continuous in [0,00)%. Let
(0,0) < (U®, V&) (0,0) < (U, V) in V2, and (U, V®)) — (U, V). We have
to show (u®), v(®) = T(U®), V*)) — (u,v) = T(U,V). That is, the solutions

of
([ _L,u® &) _ _ v (k)
(6.42) ¢ _Dthzgk) + ”(Fhugk)Fh”zgk) + v§k)Lhu§k)) + ﬁvz(k)

= (1 — oMV PeUP)

ugk) =1, ugc) =0; 'u(()k) =0, 'Uy(lk) =1

\

converge to the solution of

—Lpu; + du; = —f;‘—;*’,—iui,
(643) —DLyv; + n(FhuiFhvi + viLhui) + Bu; = b(l - ’U,)VZG(UI)

ug =1, up, =0; v0=0, v, =1.

To this end, we need first set up bounds for (Fru®), Fyv*)). To estimate

| Fr.u®||, we rewrite the first equation in (6.42) as

av®
~Lif® + (A + S ) =0,

Note that (U®), V%)) — (U, V) implies that there are positive numbers &; — 0
and p such that

[U® —U|| < &, [V® = V|| <&, IUP] <p, VP < p.

By Lemma 6.7 we have ||Fru®|| < ¢(p), where
2
(6.44) C(p)El+<A+9$)+@<A+%B> .

Also, we have

0< Lyu® < x4+ 2,
v
To estimate ||Fv*)||, we rewrite the second equation in (6.42) as
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L+ 5B Fa® + 3sLia® + Pl = 51— PWOGEP),

By Lemma 6.9, we have || F,v®)|| < n(p), where

KV o\
(6.45) n(p) [2 + ) ()\ + y ) o) ]
K P B, bp*
X{D<C(p)+<)\ 7))+D+D]+1.
Note that the same bounds apply to (Fyu, Fv), too. Now let e(k) = ,(k) - u;.

By taking the difference of the first equation in (6.42) with that in (6.43) and

rearranging terms, we get

k)
(6.46) —Lne®) + (A+ av; k) *) —
¥+ u®

with r; being estimated by
(6.47)  |irll < %IIU('“) ~Uliv®l + %HV(’“’ -V < —i— (g + 1) dk = 0.

We apply Lemma 6.6 to ¢*) to obtain

le®]] < @|irll = 0,
| Fne®|| < (1 + @ (A + 97’3)) lr|l = o,
and then
ILae®]| = llge® — 7|| < (1 + @ (/\ + %,2)) lr|l = 0.
Now let
pf’“) = f ) _ v,

By taking the difference of the second equation in (6.42) with that in (6.43)

and rearranging terms, we have

1
(6.48) ~Lnp{? + P Fap? + 5 (sl + 0V, OGUP) + 8) o = s,

D

= —D—(l - v;) (V;(k)G(UZ-(k)) - V}G(Ui)) — —g—Fhv,(k)Fhegk) gv,Lhe(k)
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Since s; is bounded by
2b s B E O 4 B, )
lsll < 2508, + Znll Fre I+ HILae™ ] = 0,

we apply Lemma 6.8 to equation (6.48) to obtain [|p®*)|| < ¥||s|| — 0. Thus

we have proved the continuity of the operator 7. ([

Remark 6.12. Suggested by the operator T', we use the following iterative pro-
cedure to obtain a numerical solution: Starting with an initial point (u§°’ , v§°’ )
with

0<ul® <1, 0<® <1,

we define (uz(.k), vz(k)) recursively by

( v D (k)

—Dthz(k) + thugk)Fhv,(k) + m)gk) Lhuz(.k) + ,sz(k)
= b(1 — v Ve ),

u(()k) =1, uF) = 0; v(()k) =0, v =1.

(6.49) ¢

\

Note that the above procedure always gives a solution between 0 and 1 by the
discrete maximum principle. Numerical simulations will be conducted later to

show the efficiency of this scheme.

To prove convergence, we need set up bounds for the gradient of the nu-

merical solutions. This has actually been done in Theorem 6.6.

Lemma 6.10. Let (u, v) be the solution of (6.39). Then we have the following:

(6.50) 0<u<1,0<v<1l,
and
(6.51) 1 Frull < C(1), || Fravll < n(1),

where ((p) and n(p) are defined in Theorem 6.6.

Proof. See the proof of Theorem 6.6 for a more general derivation. a
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Remark 6.13. The bounds in Lemma, 6.10 are independent of the numerical

solutions and the partition size n, and depend only on the parameters.

Remark 6.14. As we saw in the proof of Theorem 6.6: u; > 0 and Ljpu; > 0.

Hence, Fju; is increasing. But Fru,_; = -“"h‘1 < 0. So we know Fpu; <0 for

all=0,...,n—1. Now from Lyu; > 0 and Fpu; < 0, we know u; is decreasing

and concaving up. The profile of v; is not so simple, but we still can show
that they fall into two classes: type I and type II, according to whether
v; is monotone or not, just like the continuous case. The proof depends on

establishing the parallels of Lemma 2.2 and Lemma 2.3 in [4].

Lemma 6.11. Let
A; = B+ kLpu; + b(v; — 1)G(uy).

If A, <0 and if v; is increasing from i = iy to 1 = iy for some iy < g, then

A; <0 forig < i <.

Proof. Since u; is decreasing by Remark 6.14, uo =1, u, =0, and 0 < ¢* < 1,
we know there exists ¢*, 0 < i* < n, such that ¢* = min{i|u; < ¢*}. Then for
i > 1* we have G(u;) = max{u;—c*,0} = 0, and hence A; = f+xLpu; > 0. By
assumption, A;, < 0, so we deduce that 75 < ¢*. We claim that the quantity

Ay i i
U; U; Uj U;

is increasing from 7 = 4j) to ¢ = 4p. In fact, ul is increasing; so is %‘Lﬂ = A+

by the assumption of increasing v;. Also, since ¢ < iy < ¢*, we have

(v,.—1)%=(w—1)<1—i>.

1 2

Notice that v; — 1 is increasing but negative, while (1 — f‘-:-) is decreasing but
positive. Hence (v; — 1)9-1(?2 is increasing, and so is %L But %ﬁ < 0, so we
i i ig

know 4i < 0 for iy < @ < 7. Therefore, we have A; < 0 for 3y < i < 4. O

Ui

Lemma 6.12. Internal minimal and mazimal extreme points, if any, of v;

appear in pairs. Moreover, there is at most one pair of extreme points.
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Proof. The first conclusion follows from the fact that 0 = v < v; < v, = 1.
Next, we show there is at most one pair of extreme points. Let 7; < i3 be a
pair of extreme points of v;. We assume that there is no other extreme point
on the right side of 7, except ¢3. From the equation for v; in (6.39) we obtain
_ DLy — thuithvil.

A, = o
Note that
Vi1 — 2U;, + U5 Vip41 — U;
Lpy;, = =1 hél atl <0, Fui, = _“_’r_l.ﬁ__h_ <0

because ¢; is a maximal point, and Fru;, < 0 because u; is decreasing. Hence,
A;, < 0. Suppose there is another adjacent minimal point i3 < ;. Then we
know A;, > 0. Now v; is increasing from ¢ = i3 to ¢ = 41, and 4;, <0, so we
know A;; < 0 by Lemma 6.11, which contradicts the fact that A;; > 0. This

proves the lemma. O
We summarize the above two lemmas in the following theorem.

Theorem 6.7. There are only two types of solution for (6.39): either v; is

increasing (type I), or v; has ezactly one pair of extreme points (type II).
We then give the following sufficient condition for type I solution.
Theorem 6.8. Under condition (6.5):
B+ Ak > b(1 —c*)
the solution of (6.39) is of type I.

Proof. The proof depends on the following facts: (1) The difference equation

for w; = —wv; can be written as
—Lyw; + piFhw; +qw; =0, 1 =1,...,n—1,

with p; < 0. When ¢; > 0, by Lemma 6.3, w; can not have any interior non-
positive minimum, or equivalently, v; can not have any interior non-negative
maximum (type I). (2) To guarantee ¢; > 0, it suffices for (6.5) to be true,

just as the proof in the continuous case. O
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6.3.4 The Uniqueness of Numerical Solution

The proof of the uniqueness of numerical solution follows a similar idea as
that in the continuous case. But first, we need the following lemmas, which
are discrete conterparts of the formula of integration by parts, and Green’s

first identity.

Lemma 6.13. For the sequences {u;}1q and {v;}1,, we have

= u,v
(652) Zvi_thui_l = : Zuthvz 1-
i=1 i

When ugvg = unv, = 0, we have

(653) Zvi—thui—l = — Z ’U,iFhU,;__l.
=1 =1
Proof. The proof is trivial. O

Lemma 6.14. For {u;}", and {v;},, we have

n
v Fpuiy

n—1 n—1
654 zL i — - F i— F i—1-
( ) ;’U RU A Z hUi—1L'pVi-1

1 =1

When v, Fpuy,..1 = viFrug = 0 we have

(655) nz_: viLhui = — zn: Fhui‘thvi_l.

Proof. The proof is trivial. O

Theorem 6.9. Under condition (6.

16D}\ + & 4)‘, the positive

solution to the difference scheme (6.39) is unique.
Proof. Let (ugl) , fl)) (uSZ), v; ) be two nonnegative solutions of system (6.39),
and

@ _ 0 ) _ 0.

uzf—_‘ul ,L,'Uz.-.—'U

Then (u;,v;) satisfies the following equations

ayu;v; ne au(z) v;

w+¢WW+@% oyt u®’

(656) —Lhu,- + )\’U,.,, = —
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and

(6.57) —Lh’l)i + %’U,’ + —Il% (Fhu?)Fhv,- -+ FhuiFh’Uz(l) + v,—Lhugz) + Uzgl)Lh’u,i)
b

= =0 =)0+ 51— oG - G,

with boundary conditions:
(6.58) =0, u, =0; vp=0, v, =0.

We multiply (6.56) by u;, and sum over : = 1,...,n — 1. (Conditions (6.58)
will also be used throughout the proof.) With the help of partial summation,

we have
n n-1 n—1
(6.59) S (B’ +2) ul <a ful.
i=1 =1 =1

Since(the Basic inequality)

n—1 n—1 2 n—1
(6.60) e fuwl <AY ud+ Z—A 3 o,
=1 =1 i=1

we obtain from (6.59) and (6.60) that

n 2n-—1
a
6.61 Fou; 1) < — 2,
(6.61) > (e < 45 3

Also, from (6.59) we have

1 1
n—1 n—1 2 [/n—-1 2
(6.62) A Z ul<a (Z uf) (Z vf) ,
i=1 =1 =1

which gives

(6.63) (}: u,?) < ; (; v§> .

So we obtain

n--1 n—1 % n—1 2 a n—1
(6.64) Z lusvs] < (Z Uf) (Z U3> <3 v,
i=1 =1

1

W
A
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Similarly, from (6.57) we have

n n—1 n—1
K
665) 3 (B’ + 53 wr 4 3 L

n—1 n—1
K K
+-5 E viFhu?)Fhvi -+ —5 E (Fhu,-Fhv,(l) -+ vZ(l)Lhu,-) V;
=1 =1

n—1
- -gzu o) o) G)?

(1) (1) @ 1)
' +D Z (G(u;”) — G(y;"))vs

Next, using Lemma 6.13 and Lemma 6.14, we make the following estimates.

For the fourth term on the left of (6.65), we have

n—1 n—1
1
(666) E viFhugz)Fhvi = 5 E Fhu§2)Fhvi {(’Uz - Ui+1) + (’Ui + 'Ui+1)]
i=1 i=1

1 n—1 1 n-—-1
-2 ZFhu( (i) + 2 Y FuP Fu(vd) > 5 Rl Fi(v?)
=1 2 =1 2 i=1

. ZFhu@) Fy(o2,) - —Fhu( ) Fi(v?)
= - ZUQL u(2) 1 Fhu@)
p— op 1t

-1
> = 25, ul® > — 27, 4.
Z2 -3 ;vz Lyu,” > ;vz Lpu;™,;

For the fifth term, we have
n—1 n—1
r () (1) N = & . M,
(6.67) B ; (Fhth'uz + v Lhu,) vi = 3 ;vth (vi u1_1)
—£ iv(I)Fhu- 1Fh’U‘ 1 > — i |£Fhu 1| th’U' I
D i i— 1—1 = D — i—1
Fatl 4D2 Z(Fhuz 1) - Z(Fhvz-—l)

> 16D2)\ZU _Z(Fhvz 1%

=1
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As for the two terms on the right-hand side of (6.65), we have

b *nl )
S'E(l—C)Zvi,

=1

n—1
668) 52|00 ~ )G
=1

and
b n—1 . 5 . b n—1
©669) 3|1 - vPpPGE? - GaMu| <53 luwl
i=1 i=1
n—1
ab 9
= 1D Z i

where a Lipschitz condition on the function G(-) and (6.64) have been used.
After substituting (6.66), (6.67), and (6.68), and (6.69) into (6.65), we obtain

1 K22 ab] &
: — 1B —b(l—c")— - <0
(6.70) 5 |80 -¢) - 55 4/\];%_

which implies that v; = 0, and then u; = 0 in view of (6.2). Therefore, the

solution is unique. O

Remark 6.15. The uniqueness result applies only to type I solution, just as in

the continuous case.

6.3.5 Convergence

Convergence is guaranteed by the uniqueness of exact solution and the uniform

boundness of the numerical solutions and their first order differences.

2,2 b
Theorem 6.10. Under condition (6.2): 8 > b(1 — ¢*) + 1216;/\ + %, the
numerical soluton of (6.39) converges to the exact solution of (6.1) with an

error of O(h).

Proof. We deal with convergence and rate of convergence separately in our
proof.
Convergence. As before, we let u(n) = {u;}2, and v(n) = {v;},, where

we use n to indicate the dependence of the numerical solution (u,v) on the
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partition number n. We know from Lemma 6.10 that (u,v) and (Fyu, Fyv)
are uniformly bounded. Hence the set {(u(n),v(n))}52; C C[0,1] is bounded
and equi-continuous and thus relatively compact. Therefore there exists a
subsequence {(u(ng),v(nx))}52, that converges to an element (u(z),v(z)) in
C[0,1], which is the unique solution of the original system of equations. We
claim that the sequence {(u(n),v(n))}2, itself converges to (u(z),v(z)), be-
cause otherwise we would conclude that there exists an € > 0 such that for
any k there is an n;, > k with the property ||(u(n), v(ng) — (u(z), v(z))|| > e
But {(u(nk),v(ng)) 2, C {(u(n),v(n))}2, is itself relatively compact. Fol-
lowing the argument above, we know a limit point (%(z),(z)) exists for
this subsequence, and it is also a solution of the original system. Since
|(a(z), 9(x)) — (u(z),v(x))|| > €, this contradicts the uniqueness of solution.
Rate of Convergence. We need to rewrite the system of differential

equations into a discrete form. From the first equation we solve u,; to get

av
Y+u

Uge = AU+ u.

We substitute it into the second equation. Then, in view of the following

approximations:
Uga (%:) = Lpu(w;) + R1, vgo(x:) = Liv(z;) + Ry,

ux(x,) = Fhu(x,) -~ R3, ’Ux(CL'i) = Fh’U(.’L'i) -+ R4;

and the following notation:
Rs = Fhv(x,-)Rg + Fhu(xi)R4 + R3 Ry,

system (6.1) becomes

r

—Lhu-l- Ay = -2y + Rl,

7+u

auv?
(6.71) ) —DLyv + k(FruFiv + vLpu) + Bv + £(duv + 242
= b(l - U)UG(U) + DRy — K;Rs,

u(zo) = 1,u(zn) = 0;v(z0) = 0,v(zn) = 1,
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where © and v and all their first and second order differences are evaluated at
z=um; i =1,..,n— 1. Now we take the difference of (6.71) with (6.39). By

letting

@

e = u(w) — ui, e =v(z;) - v,

ayv(z;) au;

tal)(r+uw) ¥ v Fw

r; = B+ sLpu(z;) + :“f“i — b(1 — v(z:) — v;)G(wy),

pz:A_*‘

G(u(z:)) — G(w)

U(l’z) - U

T(eM) = (b(l — v(m;))v(z:) - m;,vpi> eV — kFyv; Fre

and rearranging terms, we obtain

’

~Lnel" + piel?) = —giel® + Ry,
—DLye® + kFyu(z:) Fue® + rie®
= T(efl)) + KI’UiRl + DR2 — K?R5,

egl) = O,eg) =0 eSf) =(, e =0.

(6.72) 4

Noticing that kFru(z;) < 0 and that condition (6.2) implies r; > 0, we apply

Lemma 6.8 to the second equation in (6.72) to obtain
(6.73) 1@ < C(IT ()| + £|Ra| + DIRy| + 5| Rs])

(Note that the coefficient D before the term Lhez(-Z) does not affect the esti-
mate). Now we apply Lemma 6.6 to the first equation in (6.72) to get

(6.74) el < @llallle®] + @] Ral,

(6.75) 1Fxe@ll < (1 + @llpiDlalile®] + (1 + Sllpl)|Ral.

With the help of (6.74), (6.75), we estimate || T'(e()))|| as follows:
670 T < (4 wllal) 100+ sl Frolll et
< [# (3 + lol) + w1+ 2l Bl
+ [0 (F+ ol ) + wn(1-+ 2l 1)
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Note that

a a
<A+ -, < —.
Ioll <+ 2, lall < 5

We use these in the above estimate to obtain

(6.77) IT() < Alle®]| + ©]Rl,

where

(6.78) 65[<I><Z+n<)\+%))+m7((1+<1>()\+%))],
and

(6.79) A= yafr

So (6.73) becomes
(6.80) 1e®]] < AT||e® || + ¥ ((© + K)|Ri|. + | D|Ry| + x| Rs))

Now it is clear that under condition

(6.81) 1— AV >0,

we have

(6.82) le®] < ((® + k)| B1| + |D|Ry| + 5| Rs)) -
1- AV

Using this estimate in (6.74), we obtain
ad¥

(6.83) JleM|| < ((® + K)|R1| + |D|Ro| + &|Rs|) + ®|Ry|.

(v+1)(1—-AY)
Since the truncation error R; is of second order, while Ry and Rjs are of first,
we know our difference scheme converges with a rate of O(h) = O(2) when

n — 00. O

Remark 6.16. It is easily seen that A is decreasing as a function of a in [0, 00},
and lim, ,o+ A = 0. This shows that condition (6.81) can be satisfied by
parameters with relatively small a. It should be emphasized that this condition
is technical only and not required by the convergence of the difference scheme
at all, as we showed above. Note that condition (6.81) can also be satisfied by

parameters with large v as well as by other choices.
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Remark 6.17. We point out that we can not improve the order of accuracy
from O(h) to O(h?) by simply adopting center difference scheme for the first
order derivatives. This is because G(u), and hence v, is a continuous but
not differentiable function of z € (0,1). We expect this difficulty to be solved

by using the finite element method.

6.3.6 Numerical Simulations

To verify the condition on type I or type II solution, we use three sets of
parameters in our numerical realizations:
(a) Condition (6.3), 8 + Axc* > b(1 — c*), is satisfied. The solution is of

type I by Theorem 6.4.
Type | solution: B+Axc* 2 b(1-c*)

1 : : . : 1
0.8} J 0.8}
0.6} u=u(x) - 0.6} v=v(x)
0.4} - 0.4}
0.2} ] 0.2}
% 02 o4 o6 o8 1 % 02 o2 o6 o8

A=1, a=1, y=1, D=0.5, B=1, k=1, b=10, ¢*=0.9

(b) Condition (6.3) is not satisfied, but condition (6.5), 8+ Ax > b(1 —c*), |
is. The solution is still of type I by Theorem 6.5.
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1 1
0.8} 0.8}
0.6} u=u(x) 0.6}
0.4 0.4}
0.2} 0.2}
% 0z 04 o6 08 1 % 02 04 o6 08 1

Type | solution: B+Axc* < b(1-c*), but B+ix > b(1-c*)

A=1, a=1, y=1, D=0.05, B=1, k=1, b=20, ¢*=0.8

(c) Condition (6.4),exp (£) < (1 - Dy) (1 + g—gz), in Theorem 6.4 is not
satisfied, but the graph gives type I1 solution, indicating that this sufficient

condition is not a necessary one.
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Type Il solution: expf/D) > (1-D.) (1+0.58cy/D)

1 1
0.8} ] 0.8}
0.6} u=u(x) - 0.6} v=v(x)
0.4} ] 0.4}
0.2} ] 0.2
% o0z o2 06 08 1 % 02 o024 o6 o8

A=1, a=1, y=1, D=0.05, B=1, k=1, b=20, ¢*=0.1

To test the convergence of difference scheme (6.39), a typical combination
of parameters for each of type I and type 11 solutions is considered. In both
cases convergence is obvious from the graphs. Also, our calculation shows that
the above method actually performs with essentially a rate of O(h), matching

our error estimates.
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Convergence for type | solution

u=u(x)
Partition size
n=10
0.2 0.4 0.6 0.8 1
n=100
0.2 0.4 0.6 0.8 1
n=1000
0.2 0.4 0.6 0.8 1
n=2000
0.2 0.4 0.6 0.8 1

A=1, a=1,y=1, D=0.5, B=1, x=1, b=10, ¢*=0.9
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1

0.5¢

0

v=v(x)

Partition size
n=10

0.2

0.4 0.6

0.8

n=100

0.2

0.4 0.6

0.8

n=1000

0.2

0.4 0.6

0.8

n=2000

0

0.2

0.4 0.6

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

0.8




Convergence for type ll solution

u=u(x) v=v(x)
1 v r 1 . v
Partition size
0.5t n=10 ; 05}
Partition size
n=10
0 1 . 2 2 0 A L 1 1
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
1
n=100
0.5
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1
1 T 1
n=1000
0.5} . 0.5¢ n=1000
0 : : . . 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
1 1
n=2000
0.5¢ 1 0.5t n=2000
0 . . . . 0 : : . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

A=1, a=1, y=1, D=0.05, B=1, k=1, b=20, ¢*=0.1

All the numerical solutions are obtained using the iterative procedure (6.49),
which typically converges in between 4 to 40 steps when the tolerance is set
to be 1.0E — 8.

6.4 Further Comments

In this chapter a finite difference numerical analysis has been studied for a
chemotaxis system. For first order derivatives the Euler forward is chosen so

that the maximum principle will be applicable. Problems from existence and
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uniqueness of numerical solutions to gradient estimate and convergence have

been addressed. Particularly, we have seen that convergence is the result of

uniqueness of the exact solution and equi-continuity of the numerical ones.
There still leaves some work to be done on this model.

In theoretical aspect:
e Uniqueness result for type 11 solution

Note that the convergence established so far is only for type I solution because

of the lack of such a result.
e Condition on the parameters to ensure type I1 solution

Though I believe it is too restrictive, I have not succeeded in improving it yet.

In numerical aspect:
e Finite element (or finite volume element) analysis of the CS

The key is to set up the maximum principle. With the basic framework done
in this chapter, progress is being made in this direction toward success. We

will report this later.
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