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Abstract

This thesis investigates a problem of risk control for a financial corporation. Precisely,
the thesis considers the case of proportional reinsurance for an insurance company. The
objective is to find the optimal policy, that consists of risk control, which maximizes the

total expected discounted value of cash reserve up to the bankruptcy time.

The models for the cash reserve process, considered in this thesis, have stochastic
drifts per unit time (that we call stochastic cash reserve rate hereafter) and constant
volatility. These models extend the literature on proportional reinsurance, to the case of
stochastic cash reserve rate that is either fully or partially observed. Precisely, I address
three principal models. The first model deals with the case when the cash reserve rate is
time dependent but deterministic. The second model assumes that the cash reserve rate
process has an observable noise, while the third model assumes that the cash reserve rate

is stochastic and is not observable.

Thanks to the Bellman’s principle, for each of these three models, I derive the Hamilton-
Jacobi-Bellman equation that corresponds to the stochastic control problem. Then I solve
these equations as explicitly as possible. Afterwards, I describe the optimal policy for each
model in terms of the obtained optimal value function, and I state the verification theorem.
Finally, I consider the case where the insurance company pays liability at a constant rate

per unit time.
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Chapter 1

Introduction

Actuarial science originally became a formal mathematical discipline for long-term in-
surance coverage such as burial, life insurance and annuities in the end of 17th century.
These long term coverage required that money be reserved to pay future benefits, such as
annuity and death benefits many years into the future. Moreover, actuarial science is also
applied to property, casualty, liability and general insurance which are short-term forms
of insurance. Rigorous models for insurance in actuarial science were born in 1903, when
Filip Lundberg defended his Ph.D thesis and proposed the collective risk model for insur-
ance claim data. In his thesis, Lundberg introduced the compounded Poisson process and
developed some results on the central limit theorem. At this time, mathematical finance
was already established in the Ph.D thesis of Louis Bachelier in 1900. One of the first
attempts to describe the stock price fluctuation via a Brownian motion can be traced back
to Bachelier’s Ph.D. thesis. The limitations of the arithemetic Brownian motion, used by

this PhD thesis hindered further development of this model. Both Poisson processes and



Brownian motion are the primary examples of the wider class of stochastic processes with
stationary and independent increments, called Levy processes in the probability literature.
However, the two areas began to fall apart during the first half of the last century, while
Cramer, Essher and many other mathematicians pushed actuarial science into a new level.
Fortunately, in the second half of the last century, there were significant advances in math-
ematical finance and modern finance due to the works of Paul Samuelson, Robert Merton,
Black, Scholes and Markowitz. During the recent decades, actuarial science has started to
embrace more sophisticated mathematical modelling of finance. In fact, there has been an
upsurge of interest in applying diffusion models to financial mathematics and in particular
in reinsurance modeling setting. For more details, we refer the reader to Asmussen and
Taksar (1997), Boyle, Elliott and Yang (1998), Hojgaard and Taksar (1998) and Taksar
and Zhou (1998). In these models the liquid assets processes of the corporation are driven
by a Brownian motion with constant drift and diffusion coefficients. The drift term corre-
sponds to the expected profit per unit time, while the diffusion term is interpreted as risk.

The larger the diffusion coefficient the greater the business risk the company takes on.

If a company wants to increase the potential profit from its business activities, it should
also face an increase in risk. This shows that the controls, in an optimal stochastic control

model, affect not only the drift but also the diffusion part of the dynamic of the system.

Insurance is one of the natural areas where those models become widely applied. Risk
control in insurance takes on a natural form of reinsurance. Thus, the natural questions
that arise here are
(1) what the reinsurance means?

(2) when do we need reinsurance?



1.1 Reinsurance

Reinsurance is the process of controlling revenues by diverting part of the premium

to another insurance company, thus reducing its own risk as well as profit.

In other words, reinsurance is purchased by an insurance company (called “cedent”)
from one or more other insurance companies (called the “reinsurer”) directly or through a
broker. The ceding company and the reinsurer enter into a reinsurance agreement which
details the conditions upon which the reinsurer would pay a share of the claims incurred
by the ceding company. The reinsurer is paid a “reinsurance premium” by the ceding

company, which issues insurance policies to its own policyholders.

Recently, this becomes one of the most popular and effective way such that insurance
companies could successfully increase their firms value at the cost of bearing reasonable

risk. Some of the reasons to employ reinsurance are summarized in the following.

e Hedging adverse fluctuations that may incur in the course of business.

e The appearance of excessively large claims such as catastrophic risks, or an unusually
large number of claims. The most dangerous risk comes from the large claims and

also a large number of claims can lead to a disastrous situation.

e Reinsurance can be considered to increase the capacity of the company by offering

more services to its clients.

e Financial distress due to unexpected changes in premium collection or profit.



In conclusion, one of the most common reasons why an insurance companies would

employ reinsurance is to diminish the impact of large claims.

Reinsurance process can take various forms. Thus, reinsurance can be classified into
proportional reinsurance and non-proportional reinsurance. The most common example of
non-proportional reinsurance is the excess-of-loss reinsurance.

Proportional Reinsurance: the reinsurer is required to pay a certain fraction of each
claim, while in return the cedent (insurer) diverts the same or a larger fraction of all the
premium to the reinsurer. If the safety loading of the reinsurer and the cedent are the same,
that is, if the fraction of the premium diverted to the reinsurer is the same as the fraction
of each claim covered by the reinsurer, then the contract is called a cheap reinsurance. If
the safety loading of the reinsurer is higher than that of the cedent, then such a contract
is called a noncheap reinsurance.

Excess-of-loss Reinsurance: this reinsurance responds only if the loss suffered by the

insurer exceeds a certain amount, which is called the “retention” or “priority” level.

This thesis focuses only on the case of cheap proportional reinsurance. In this case,
the firm would need to pay a% of the claim and as well receive a% of the premium, and
reinsurance company would have the obligation for the rest of (1 — a)% claim size and

correspondingly receive (1 — a)% premium.

In general, companies’s objective is to maximize profit. We should know that there is
always a trade-off between increasing firm’s value and bearing risk, i.e in order to increase

firm’s value, we have to bear more risk. Therefore, how could we make as much money

4



by bearing certain level of risk becomes the ultimate optimization problem that we are

interested in.

1.2 Cramer-Lunderberg models

The first model for the cash reserve process of an insurance company was proposed by

Cramer-Lundberg and is denoted by
Ny
R(t) = R(0) + pt — Y U
i=1

Here R(0) is the initial capital, p is the expect premium per unit time and U; is a random
variable that describe the size of the i claim (i > 0). We are assuming claims arrive or
occur at a Poissonian rate. N; is a random variable that follows a Poisson process and

represents the number of claims occurred up to time t.

This model shows the case when the insurance company takes the full risk. When the
insurance company considers reinsurance, it means that the company assume the risk with
sizes Ul-(a) where a is the retention level, while the company divert U; — Ui(a) to another
company. Therefore, the reserve process for the cedent becomes:

N
RI(t) = p+p™t =y U™,
i=1
where 7 represents the safety loading and the premium rate p®7 is given by p®7 = (1 +
nE (Ui(a)). We can see from the above that the risk Ul-(a) is crucial in reinsurance model. As

a result, the two popular types of reinsurance (proportional and excess-of-loss reinsurance)



can be obtained as follows.

(a) The proportional reinsurance can be obtained by putting

U = aU;, 0<a<l.

7

(b) The excess-of-loss reinsurance can be obtained by putting

Ui(a) = min(a,U;), a> 0.

1.3 Diffusion models for reinsurance

Some insurance companies may have big portfolios and hence the size of an individual
claim is too small compared to the size of total cash reserve. Thus, in this case, the Cramer-
lunderberg model is not suitable and becomes inadequate. This is one of the reason that
we need diffusion models to model the business activities of an insurance company. The
diffusion models for reinsurance are based on the Brownian motion which we introduce in
the next chapter. Specifically, as n goes to zero, (nRE%@)DO converges to BM(u(a), o%(a))
in the space of D[0, 00). For more details about this, we refer the reader to Asmussen and

Taksar (1997).

1.4 Summary of the thesis

This thesis contains six chapters including the current chapter. In the next chapter

(Chapter 2), we give some mathematical tools that will be used throughout the thesis.



Chapter 3 addresses the case when the cash reserve rate is time independent but deter-
ministic. For this model, I derive the Hamilton-Jacobie-Bellman equation (HJB equation
for short hereafter), and I propose a solution to it as explicitly as possible. Then, I describe
the optimal policy and the optimal cash reserve process associated to this policy. The work

of this chapter extends the paper of Hgjgaard and Taksar (1998).

Chapter 4 deals with the case when the cash reserve rate is stochastic and its dynamics
follow an Ornstein-Uhlenbeck process with positive volatility. Herein, I assume that this
cash reserve rate is fully observed, and hence is adapted to the filtration (information)
used to find the optimal policy (risk control). For this model, I derive the corresponding
HJB equation. Then, I propose a solution to this equation as explicitly as possible, and
describe the optimal policy. In this chapter, I distinguish two cases depending on whether
there is a correlation or not between the noise of the cash reserve rate and the noise of the

cash reserve itself.

Chapter 5 considers the case when the cash reserve rate follows the Ornstein-Uhlenbeck
process but cannot be observed, and the selection of the policies is based on the observation
of the cash reserve process only. This leads to the problem of proportional reinsurance
under partial information. To solve this problem, I make appeal to the filtering techniques
to transfer the optimization problem under partial information to an optimization problem
with full information. Then, I derive the HJB equation for the latter control problem with
full information. Similarly as in the previous chapters, I suggest a solution to the HJB

equation and describe the optimal policy.

Finally, the last chapter (Chapter 6) studies the case when the insurance company pays

liability at a constant rate 0 per unit time. Here, I derive the HJB equation and I connect



it to an HJB equation of a model without liability.



Chapter 2

Mathematical Preliminaries

In this chapter, we introduce some mathematical and statistical tools that will be
used throughout the rest of the thesis. This chapter is divided into two sections. The
first section recalls stochastic calculus (including Ito’s formula and topics on Brownian
motion and martingales). The second section recalls the filtering techniques and namely

the Kalman-Bucy filter.

2.1 Stochastic basis

The financial modeling of our system starts with a given filtered probability space
(Qv ‘Fa (E)tzm P)7

also called stochastic basis in the probabilistic literature. Here, P is a probability measure

and F is a o-algebra that contains all negligible sets. The family: F := (F;):>¢ is called



filtration, where F; is a o-fields and
FRCFCFRCF  0<s<t

The set o-field F; represents the cumulative information about the market under consider-
ation up to time t. This explains the fact that the family of o — fields, is a non-decreasing
family. In economics, one of the most important random time is the bankruptcy time,
which is a stopping time. Below, we recall the definition of this mathematical concept of

stopping time.

Definition 2.1.1. For a given filtered probability space (0, F, (Ft)i>0, P), a stopping time

s any nonnegative random variable T satisfying
{7’ § t} c ./T"t

for any t > 0. In some literature, stopping time is also called Markovian time.

Since an insurer can make a policy decision based on the previous information up to
present time, then the policy factor should be measurable in some way with respect to the

filtration (F;):>o. Below, we recall the definition of adapted process.

Definition 2.1.2. Consider a filtered probability space such as (2, F, (Ft)i>0, P), and a
stochastic process X = (Xi)i>0. Then X is said to be adapted to (F;)i>o if X is Fi-

measurable for any t > 0.
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2.1.1 Martingales and Brownian motion

Definition 2.1.3. A real-valued stochastic process W = {Wt}te[o,oo) is called one-dimensional
Brownian motion if it has continuous sample paths (for all w € Q, t — Wy(w) is continu-
ous) and satisfies the following properties:

1) P{Wy=0}=1

2) For every 0 < s < t:(W; — Wy) /\/t — s has a standard normal distribution.

3) For every 0 <r <u < s <t: W, — Wy is independent of W,, — W,

An n-dimentional Brownian motion is an R"-valued stochastic process
W = (Wla W27 Tt Wn)

with components W; being independent one-dimensional Brownian motions.

Definition 2.1.4. A filtration (F;);>0 satisfies the usual conditions if it is right-continuous

and Fo contains all P-null sets of F.

In other words, if we have information up to time t, then nothing more can be learned
by peeking infinitesimally far into the future. Throughout this thesis, I shall assume that

the filtrations always satisfy the usual conditions.

In the following part, we introduce the martingale concept.

Definition 2.1.5. Consider a real-valued stochastic process X = (Xi)i>o and (Fi)i>o

adapted process satisfying E|X;| < oo for allt > 0.

11



1) X is a super-martingale if

E[X,|F]<X,, 0<s<t.
2) X is a sub-martingale if

E[Xi|F] > X, 0<s<t.

3) X is a martingale if
E[Xi|Fs] =Xs, 0<s<t.

Corollary 2.1.1. A process X = (Xi)i>0 s a martingale if and only if is a super-

martingale and a sub-martingale.
Theorem 2.1.1. A one-dimensional Brownian motion W = {W},., is a martingale.

Definition 2.1.6. The Brownian motion with drift p € (—oo,00) and volatility o € (0, 00)

is the process X = (Xi)i>o0 given by
X(t) :=ut +oW(t), t>0.
Corollary 2.1.2. The Brownian motion with drift p is a martingale iof p = 0, a super-
martingale if p < 0, and a sub-martingale if > 0.
2.1.2 Stochastic integral and Ito’s formula
Before introducing the Ito’s formula, we need to define the stochastic integral. We

shall start with constructing it for so-called simple process Xj.

12



Definition 2.1.7. A stochastic process X = (X;)i>0 is called a simple process if there exist

real number 0 =ty < t; < .... <t, < +00,p € N, and bounded random variables ®;: 1 — R

d, Fo — measurable, D, Fi,_, — measurable,
and
X, (w) = X(t,w) = +Z<I> W),y (1), weNt>0
for each w € Q).

Definition 2.1.8. For a simple process X = (Xi)i>o the stochastic integral I;(X) for

t € (tg, trs1] is defined according to

/ XsdWs (Wtz - Wtifl) + (I)k+1(Wt - Wtk)

1<z<k

or more generally fort > 0:

/ X dW, : @(tht — Wii_ine)-

1<i<p

In most of cases, simple process is a strict condition. So we need to define the stochas-
tic integral for a more general process. We have to take a closer look at measurability
assumptions for the stochastic process X to be able to define the stochastic integral for

more general integrands in a reasonable way.

Definition 2.1.9. Let (Xt7ft>t20 be a stochastic process. This stochastic process will be

called measurable if the mapping
[0,00) x @ — R": (s,w) — X (w)
is B([0, 00]) ® F — B(R™) measurable.

13



Remark 2.1.1. Measurability of the process X in particular implies that for a fixed w €
Q, X (-, w) is B([0,00]) — B(R™)-measurable. Thus, for allt > 0, the integral [, X?(s)ds is
defined.

Definition 2.1.10. Let X = (X}),5, be a stochastic process. This stochastic process will

be called progressively measurable if for all t > 0 the mapping
[0,8) x Q =R : (s,w) — X (w)
is B([0, 00]) ® F — B(R™) measurable.
Remark 2.1.2. FEvery progressively measurable process is measurable.
According to the above discussion, we require integrands to be progressively measur-
able when we want to extend the stochastic integral for a larger class of integrands than

simple processes. Further to be able to define a norm for stochastic integrals, we consider

the following vector space:
L2[0,T] := L*([0,T],Q,F, P)

:=(X})>0 real-valued progressively measurable process and £ ( fOT det) < 00

Theorem 2.1.2. (Construction of the Ito integral for process in L*[0,T]|) There exist a
unique linear mapping J from L?[0,T] into the space of continuous martingales on [0,T]
with respect to (F)iejor) satisfying

(1) For any simple process, X = {X;},5,
J(X)=L(X), t>0.
(2) For any X € L?[0,T], we have
E(J(X)’)=FE (/t des) :
0

14



Definition 2.1.11. For X € L?[0,T] and J as in Theorem 2.1.2, we denote
t
/ X, dW, = J(X), >0,
0

J(X) is called the stochastic integral or the Ito integral of X with respect to W.

Then, we introduce Ito’s formula for an n-dimensional [to’s process having the form

of
X;(t) = X;(0) + /t K;(s)ds + Z/t H;;(s)dW;(s), i=1,2,..n.

where K;, H;; are progressively measurable process such that
t
0

Theorem 2.1.3. Let f be a continuous function that is continuously differentiable with
respect to the first variable, and twice continuously differentiable with respect to the last n
variables. Then, for every t > 0, the following holds.

ft, X1(t), .. X, (1))

= f(0, X1(0),...X,(0))

Lo fi(8, Xa(8)y o Xn(8)ds + 3001 [0 Fan(8, X1(8), ey X(5)))d X ()

LS Sy oy (5. X0 (s), o X(9))d < X, X >,

Theorem 2.1.4. Let W = (Wy)i>0 be an m-dimensional Brownian motion x € R, and

A, a,S;, 05 be progressively measurable,real-valued stochastic process such that

P {w >0 /Ot(|A(s)| +Ja(s)])ds < oo} —1,

P{w >0 /Ot(|532(3){ £ Jo2(s)[)ds < oo} 1

15



Then the stochastic differential equation

dX; = [A({t) X (t) + a(t)] dt + i [S;(1) X (t) + 2;(t)] dW;(2), (2.1.2.1)
X(0) ==,

has a unique solution given by

X(t) = Z(t) <x+/0 Ziu

Here

a(w) = 3 8, (w3, (w)

— %) .
du+;/0 700 AW ( )), t>0.
(2.1.2.2)

Z(t) = exp {/Ot(A(u) - % 1S (w)||%)du + /OtS(u)dW(u)} . t>o0.

For the proof of this theorem, we refer the reader to stanley (1997).

2.2 Filtering techniques

In chapter 3, we establish a model under full information. Actually, it is more realistic
to assume that companies have only partial information. The drifts and paths of Brownian
motions are just mathematical tools for model description and not observable.

Filtering problems consider estimating something about an unobserved stochastic process
Y, given observations of a related process A. It is an important tool to transform a partial

information problem into a complete information problem.

Given a probability space (2, F, P) with a filtration F = (F;)sco,77- All processes are

assumed to be F-adapted. Note that F is not the observation filtration. We call F the

16



background filtration. Let us consider two one-dimensional processes:
(1) a signal process Y := (Y})se[o,7] Which is not directly observable;
(2) an observation process A = (A¢);e(o,7] Which is observable and somehow correlated with

Y, so that by observing A we can know something about the distribution of Y.

Let FA := (F});>0 denote the observation filtration generated by A and is given by
Fhi=0(Ag;0< s <), t>0.

The filtering problem consists of calculating the conditional distribution of the signal Y,
given observations up to that time represented by FA.

To proceed further, we need to specify some particular model for the observation process.

2.2.1 Observation process

Let W = (Wi)ieo.rp be an F-Brownian motion, let G' = (Gy)ico,] be an F-adapted
process satisfying

T
E/ G2dt < oo,
0

We assume that the observation process A has following the linear form

dA, = G(t)Y,dt +dW,,  t€0,T).

17



2.2.2 Innovation process

We introduce the filter estimate process }/}, for any [F-adapted process Y, as the optional

projection of Y onto the F* filtration, i.e.
Y, = E[Y,|FN, t e 0,7 (2.2.1)
Define the F*-adapted innovation process
N, = A, — /t (G(t)Y,)ds,  telo,T]. (2.2.2)
0

Theorem 2.2.1. The innovation process N is an F*-Brownian motion.

The proof of this theorem can be found in [14] (Monoyios. (2009)).

2.2.3 The One-dimensional Kalman-Bucy filter

On a filtered probability space (2,F, P), with background filtration F = (F)icpo1,

let Y = (Y})ic[o,r) be an F-adapted signal process satisfying
dY; = A(t)Ydt + C(t)dB,.
and let A = (A¢)ejo,r) be an F-adapted observation process satisfying
dA\, = G(t)Yidt + dW,.

Here W and B are F-Brownian motions with correlation coefficient p, and the coefficients

A(+),C(+) and G(-) are deterministic functions satisfying
T
/Umm+ﬁ@+@@w<m.
0

18



Define the observation filtration F* = (F}),ci0.17 by
Fh=0o(As:0<s<t).

Theorem 2.2.2. Suppose Yy is an Fo-measurable random variable, independent of W and
B and its distribution is Gaussian with mean pog and variance 7q.

Then, the conditional expectation Y, := E[Y:|FM], for t € [0,T) satisfies
dY, = A(t)Ydt + [G(OV; + pC(0)]dN,,  Yi=mo.

Here N = (Ni)iejo.r) is the innovations process, which is an FA-Brownian motion, given by
AN, = dA; — G(t)Yydt.

Furthermore, the conditional variance given by
V. =Var[y|F] = BI(Y, - V)*|F],  te[0.T],

is independent of F* and satisfies the deterministic Riccati equation

dvy

i (1 — p*)C2(t) + 2[A(t) — pC(t)G()|V, — G*(t) V2, Vo = 6.

The proof of this theorem can be found in Monoyios.(2009).
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Chapter 3

Deterministic Cash Reserve Rate

In this chapter, we consider the optimization problem of finding the optimal propor-
tional reinsurance policy. For optimization of proportional reinsurance, we refer the reader

to Gerber (1970), Sundt (1993).

In this thesis, we consider diffusion models for proportional reinsurance. These models
shaped their ways into the proportional reinsurance problems via the works of Whittle
(1983) and Dayananda (1993) and Hgjgaard and Taksar (1997). For more applications
of control theory in insurance mathematics, we refer the reader to Hgjgaard and Taksar

(1997) and the references therein.

In this chapter, we extend the work of Hgjgaard and Taksar (1998) to the case when

the cash reserve rate of the insurance company is time independent but deterministic.

This chapter contains four sections. The first section discusses the model for the cash
reserve process and formulates mathematically the objective. This goal takes the form of

a stochastic control problem for which we need to find the optimal value function. The

20



second section gives useful properties for this optimal value function, and describes it as
a solution of an HJB equation. The third section constructs, as explicitly as possible, a
solution to this resulting HJB equation. The last section (Section 4) describes the optimal

policy and solves finally the stochastic control problem via a verification theorem.

3.1 Mathematical and Economic model

Herein, we start our mathematical model by a given filtered probability space that we
denote by (2, F,F := Fi)i>0,P). The o-field F; represents the information available up
to time t and any decision is made based on this information. On this filtered probability
space, we consider a one-dimensional standard Brownian motion W = (W;);>¢. In this
chapter, we consider an insurance company whose cash reserve at time ¢ is denoted by R,
for all ¢ > 0. This gives us a stochastic process R = (R;);>0, which is also referred as
the risk process in the insurance literature. The dynamics for the cash reserve process are
given by

dR; = pdt + odW,, t >0, Ry = initial cash reserve,

where p > 0,0 > 0.

The policy 7 is a proportional reinsurance policy that chooses a fraction a,(t) of the
incoming claims that the company insures itself and the rest 1 — a,(t) of the incoming
claims to reinsurance. Let R™ = (R[);>0 be the risk process associated to the policy .

Under the assumption that the reinsuring companies have the same safety loadings as the
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insurance company, the dynamics for the cash reserve process R™ = (R]);>o are given by

dRT = aldt + afodW,, t>0
o e (3.1.1)
R = R.

The policy 7 is admissible if the process a, = (a(t));>0 is adapted to the filtration (}-t)tzo
and we refer the stochastic process a, = (a,(t)):>o as the control process.

The cash reserve rate process (i), satisfies the linear ordinary differential equation
dpy = =X (e — 1) dt, po > 0, (3.1.2)
where fi is a positive constant.

Lemma 3.1.1. The solution to (3.1.2) is given by

pe= i+ (po—ple ™ =eMug+(1—ep, >0 (3.1.3)

Furthermore, the following properties holds:
(1) py > 0 for allt > 0.
(2) g belongs to the segment (1o A fi, pio V 1] -

(8) p is increasing if po < fi; e is decreasing if po > fi, and is a constant if o = fi.
Proof. Notice that the equation (3.1.2) is a particular case of (2.1.2.1). Indeed, by putting
m =1, 1 =0, S =0, A==\, and a = \i,

on (2.1.2.1), we obtain equation (3.1.2). Hence, we deduce



and (3.1.3) follows immediately from (2.1.2.2). Now, we prove the remaining property of

p. By differentiating (3.1.3), we get

(1) = =Mpo — f)e ™.

Therefore, (u;)" > 0 if pg < i and hence g is increasing in this case; (j;)" < 0 if o > fi
and hence y; is decreasing. If ug = 1, we have p; = 0, and hence u; = g = fi.
Since 1 —e~* > 0, and both p and i are positive, we conclude that s, is always positive.

This ends the proof of the lemma. ]

We end this subsection by formulating mathematically our objective. To this end, we
consider a discount factor, ¢ > 0. Let m be an admissible policy and R™ = (R]);>0 be the
corresponding cash reserve process given by the SDE (3.1.1). Then, bankruptcy time for

this cash reserve is defined by
. =inf{t>0:Rf =0}.

Here, by convention we put inf(¢) = 4+00. Thus, the return function associated to the

policy 7 is denoted by J.(R,n), and is given by
Jo(Rn) = E (/ ¢RIt RT = R, 1o = 77) .
0
Therefore, our objective lies in describing the optimal value function
V(R,n) := supJ.(R,n), VR>0, n=>0, (3.1.5)
and finding the optimal policy 7* that satisfies

V(R,n) = J(R, ), YR>0, n>0. (3.1.6)
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3.2 Properties of the optimal value function

Proposition 3.2.1. The optimal value function V, defined by (3.1.5), is concave and

satisfies
R
c

0<V(Rp)<—+L 4 LK VR>0, n>0. (3.2.1)
C

Proof. Let Ry, Ry and A\ be three positive numbers such that A € (0,1). Consider three
admissible policies 7y, my and 7 that corresponds to the initial reserve Ry, Ry and R re-

spectively, where

R:=AR; + (1 = MRy, and T =Am + (1 — \)m.
Then it is clear that
Ry = AR 4+ (1 — N R[?, and Tr = Ty V Try-
Since RT* =0 on [7x,, 7] and R3? = 0 on [7y,, 7], we obtain
J.(Ry) = E ( /0 e RT A BT = R, o — n)

Trq VT
. (/ C e AR™ 4 (1= A)RM™] d|RY = R, o = n)
0

= /\Jﬁl (Rla 77) + )\Jﬂ'Q(R27 7])‘

For any € > 0 we can choose m; such that V(R;,n) —e < J.(R;,n) < V(R;,n). Since 7 is

suboptimal, then we have

AV(Ri,m) + (1= ANV (Ra,n) —e < AJr (Ri,m) + (1 = A)Jn, (R2,m)

= J(R,n) <V(Rn).
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Then, by letting € go to zero, we prove the concavity of V. Hence the rest of proof focuses

on proving (3.2.1). To this end, due to
Tr N\t Tr AL
Rf.,. = Rj +/0 psagds + /0 oaldWs,
we derive
tATr
E (R}, |R; =R, uo=n) = R+E </0 psatds|Ry = R, g = 77)

t
< R+ / [+ (n— p)e ] ds.

0

As a result, for any admissible policy 7, we get

J-(R,n) < / e {R—l—ﬂt + %(1 — e_’\t)] dt
0

Then, (3.2.1) follows immediately from this inequality. This ends the proof of the propo-

sition. 0

In the following, we connect the optimal value function to an HJB equation under

conditions of smoothness.

Theorem 3.2.1. If the optimal value function V(R,n), defined by (3.1.5), is twice con-
tinuously differentiable on (0,00), then V satisfies the Hamilton-Jacobi-Bellman equation
R—cV—-Xn—p)V, Vi + La?0*Vizr| =0
V= A=) Vot maz anVe+ 5% V] =0 (3.2.2)
V(0) = 0.
Proof. By applying Ito’s formula, we derive

1 1
dv (R?, :ut) = VRdRZr + V;?d:ut + EVRRCKRW’ Rw>t + 5‘/;777d<:u’ M)t + VRﬂd<Rﬂ> M>t
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1
= Vg (uajdt + oa7dWy) + Vi, [=X (e — 1) di] + §VRR02a§dt. (3.2.3)

Put
t
Y, = / e “RIds + e “V(RT, ), t>0.
0

Thanks to Bellman’s principle (dynamic programming principle), the optimal value func-
tion V(R,n), is such that (Y;7):>o is a supermartingale for any admissible policy 7 and is a
local martingale for the optimal and admissible policy 7*. Hence, in virtue of (3.2.3), Y™

is a supermartingale if

1
R—cV—-AX(n—p)V,+ maz {a”nVR + 5(@”)202‘/}34 <0. (3.2.4)

and Y™ is a local martingale if
* * 1 *
B = oV = A=) Vot [ Vit 3070 Vi 0.

Thus, by combining this equation with (3.2.4), we deduce that V' is a solution to the HJB

equation (3.2.2). This ends the proof of the theorem. O

Now, our goal is to construct a solution to the HJB equation (3.2.2). This is the aim

of the following subsection.

3.3 Construction of the solution to the HJB

Assume there exists an open set O C [0, 00) such that a(R,n) satisfies 0 < a(R,n) < 1

for all R € O. Then for any R € O and n > 0, the maximizer
1
@*(R,n) = argmaz [anVi(R, 1) + Ja°0*Vig(R 1)
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is given by

* an(R7 77)
a*(R,n) = ————+—". 3.3.1
(Ron) =~ gt 3:3.1)
By inserting (3.3.1) into (3.2.2), we get
2 1,2
_ " Vi
o — _ _ 1 - 0. 3.2
R—cV —Xn—pn)V, 202 Vor 0 (3.3.2)
In order to solve this partial differential equation, we assume
Vr <R(z, n), 77) = exp(—z + m(n)) (3.3.3)

This transformation is a slight modification of a transformation used frequently in the
finance literature, e.g. Karatzas et al.(1998) and Hgjggard and Taskar (1998).

Then, we calculate the following derivatives

R
VRR = —E, VRn = (m' + R—Z)VR
By substituting these equations in (3.3.2) and using (3.3.3), we obtain
2

R(zm) = eV (R(Z,m), ) = Mn = @) Vy(R(z.0), 0) + 55 Bz, m)Va(R(zm).m) = 0. (3.34)

By differentiating this equation with respect to z and using (3.3.3) again, we derive
U UR
— / o
R, {1 —cVp — @VR} —An—p)(R;m' + R,) Vg = —@RZZVR.

This can be written as

R.. 202 o 20%¢ 20 B R,
i :(—Fe o +1) 4+ =AM — @) (m + =), (3.3.5)

In order to simplify the problem, we put
R.(z,n) = exp [Z —m(n) + L(e*™, n)], (3.3.6)
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where L is a function to be described later on.

The solution to this equation is given by

Reeom) = [ eaplo = ml) + L0, 5)]do + h(n)

—00

By changing the variable, we get

z—m

R(z,n) = /Oe exp [L(a:, n)]daz‘ + k(n) = G(e&™ ) + k(n). (3.3.7)

where G(x,n) is given by

Gla.n) = / “eap (Ly.m)} dy. (3.338)

By mimicking the proof of Hgjggard and Taskar (1998), we deduce that k(n) = 0. By

differentiating (3.3.8) with respect to the variable x, we get
G.(x,n) = exp [L(x, 77)], Vn >0, z>0. (3.3.9)

From (3.3.9), we deduce that G, > 0 for all x > 0 and hence G(z,n) is strictly increasing

on (0,00) and continuous. Therefore G(z,7n) is invertible, and (3.3.7) leads to

cap|z = mn)| = G (R,m),
Then by plugging this resulting equation in (3.3.3), we obtain

Vr(R,n) = VR>0, n>0. (3.3.10)

1
G1(R,n)’
To determine completely the function V' on a neighborhood of zero, we need to describe

the function L introduced in (3.3.6). This is the aim of the following.

Lemma 3.3.1. The function L, given by (3.3.6), satisfies the following PDE

20%¢ 40 202 202\ B
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Proof. From (3.3.6), we calculate the following:
R..(z,n)=R,+e¢ "L, R, = R,(1+¢e"L,), (3.3.12)

R.,(z,m) = (—m' —m'e* "L, + L,)R..

By plugging (3.3.6) and (3.3.12) into (3.3.5), we get

20? 2% 20\ 202
R.(1+e™L,) = {1—%ezm+ ZQCJF 22 (n—ﬂ)m’}Rz—l— ‘:]2 (n—fi)Ry. (3.3.13)

By differentiating this equation with respect to z again, we obtain

202 20%¢ 202\
1+ e L) + € "Ly + 2 ™MLy =1 - ="+ — + =—=(n— p)m’
n n n
2072 202%¢ 202\ 202 202\
02 02 02 ( ) 02 0?2 ( )
202\ 202\

e (n— pym'e "L, + 7(17 — i) L,.

After simplifying this equation, we get

40 202 202 202
(L5 L, )25 Ly 2o L, = 120 gsmm 20 C 4 pamm (1 _ 2T gm0 C) L.

7 n? Us n?
202\ B
7 (n— 1)Ly
This can be written as
z—m z—m 2020 402 z—m 202 z—m\ z—m 202)\ =
M (L2 + Ly, ] +2e5 "L, = e 76 + ?(c— e ™e* ™ML, + F(H—M)Ln.

By changing the variable (i.e. x = e*~™), we obtain

20%¢ 40 2072 202\ B
which is exactly the PDE (3.3.12). This ends the proof of the lemma. O
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By differentiating (3.3.10) with respect to R, we deduce that (3.3.1) becomes
wmmy=%G4mmxmc*mm%m, R>0, (3.3.14)
and a*(0,7) = 0. Then, Put
y=G"'(Rn),  and  aiyn) = %ny(y, n)-

By differentiating a;(y,n) with respect to y, we get

0

LN O W

Assumption 3.3.1. Assume (3.3.11) has a solution L(y,n) such that the equation

yexp [L(y,n)} = %2 (3.3.15)

has a root y1(n) € (0,¢). Then, under this assumption, we have
Ri(n) = G(yi(n),n). (3.3.16)

According to our assumptions a*(R,n) = 1 for R > Ry(n). By substituting a = 1 into

(3.3.1), we obtain the following equation:
1
R—cV4+nVg—Xn—p)V, + §O'QVRR = 0. (3.3.17)
In order to solve this partial differential equation explicitly, we propose the following
)R i
V(R,m) = Ci(m)e™™ + Ca(n) + —.
Then, we calculate the derivatives as follows
1 / /
Vg = Cyde™ + =, Vrr = Cid*e®, V, = Cie™® + C1d e + G,
c
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By inserting these in (3.3.17), we get

| ,
e"—cCy + Cind = Ay = i) (Cf + d) + 50°Cr?] 4 [—cCy + T\ — )y =o.

C

Since the above equation holds for all values of R > R;(n), we must have:

1
—cCy +Cind — X(n — i) (C) +d) + 5020@2 =0, (3.3.18)

and
—cCy + g — X\ — f)Ch = 0. (3.3.19)

It is clear that the general solution to this ODE is given by

1 m _c
Cy(n) = —al+E vy n—al 7%,
5(1) Y 7 u|+c2+ 5 |n — il

where ('3 is an arbitrary constant.
Therefore, for R > R;(n), the optimal return function takes the form of

1
clc+)N)

R

V(R,n) = Cy(n)ed™ME 4 — (3.3.20)

_ L _ e
|77—M|+g+03\77—ﬂ| P

Thanks to Proposition 3.2.1, for R > Ry(n), we get 0 < limsupV (R, n) < co. By combining
n—p

this with (3.3.20), we deduce that C3 = 0. As a result, we get

( R 1
—dx, if 0<R<R
/0 G i) ()

V(R,n) = (3.3.21)

| il - Ry + S PR

To ensure that V is twice continuously differentiable, it is necessary and sufficient that

its value, first and second derivative are continuous at the point R;. To this end, we put

clp—pl p+cR
c(c+N) 2

W)= [ gmrdn ViR = Cilo) espldin)(R - B+
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We consider the first and second derivative of the return function V at the point R;.

/ 1 / 1
Vi(Ry) = —, Vy(Ry) = =+ Cud.
Y1 c
" T] / 7] 1 "
Vi (Ry) = —;‘/}(Rl) =T V, (Ry) = C1d*.
1 1

Then Vi and Vzg are continuous at R = R;(n) if and only if

1 1 1
———40d, —L-—ad
h c 0" Y1
This implies that
Ui Ui
&+ —d+——=0. 3.22
—1-02 +002(]1 0 (3.3.22)
Since d < 0, the solution to this equation is
1] 7 7 4n
dn)==< —— —|/————— 7. 3.3.23
() 2 { o? ot co?Cy(n) ( )
Then, we calculate the derivative
2nC1 (n)
1 1 l4 - 262' () + 201 (n)?
din)=-{ —— - *—"——=2 0 3.3.24
=597z R ( )
ot co2C1(n)
By plugging (3.3.23) and (3.3.24) into (3.3.17), we get
. C1(n) (nd(n) — ¢+ 3o (n))
n)+aln)= - )
' A~ p)
and
1 n— o o0 (2 4y C, 1
Cl _ o co~Ln _ s -
1(77> 202 + n2 _ 4n (40’2 + 4\ ot CO'2C1 te )\(7] — ﬂ) . n n? _ 4n
2 o7 co2C 1 co2C1 o co2C

(3.3.25)

This proves the following theorem.
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Theorem 3.3.1. Suppose that Assumption 3.3.1 holds, then the solution to the HJB equa-
tion (3.2.1) is given by

( R 1 .
/0 md% if 0<R<Ri(n)
V(R.n) = (3.3.26)
_otnexpd()(R—Rim)] | In—pl  preR
k@) r ) T eern T @ 0 T R2RE)
Here
Ralo) i= Gl Glon) = [ cap (L)} dy, dn) = 5 {—% 5 %"(n)} ,

where y1(n) is the root of (3.5.15), and Cy(n) is the solution to ODE (3.53.25).

3.4 Optimal policy and the verification theorem

In this section we construct the optimal policy based on the solution to the HJB
equation obtained in the previous section. Recall that R;(n) = G~ (yi(n),n), where yi(n)
is root of (3.3.13). For R < Ry(n), we obtain

1
a*(R,n) := argmazx [anVR(R, n) + §a202VRR(R, n)|.

As evident from below the function a*(R,n) represents the optimal feedback control func-
tion for the control component a, = (aﬂ(t)>t>0. More precisely, the value a*(R,n) is the
optimal risk that one should take when the V;due of the current reserve is R and the re-
serve rate is 1. From the analysis of the previous section, it follows that a*(R,n) can be

represented as

G YR, )G (G R, 1), if 0<R<R,
o (Rom) = 4 7 (R, n)G(G™ (R,n),n) (n) (3.4.1)

Y
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For any 0 < a < 1, we define the differential operator £* by

o2a?

Lof () = 5

fre(B,n) + anfr — cf(R,n) = A(n — p) fy(R,n) (3.4.2)
For any f € C?*1((0,00) x (0,00)). From the previous section, it is clear that
L7 EDY (R 1) = —R. (3.4.3)
Let Ry = (R}),5, be a solution to the following Skorohod problem :
t t
R; = R—l—/ a(R:,us)usds+/ oa(R;, ps)dWs, (3.4.4)
0 0
Ry < Ra(pue)-

Theorem 3.4.1. Let V be a concave, twice continuously differentiable solution of the HJB
equation (3.2.1) and (R})t>0 be a solution to the Skorohod problem (3.4.4).
Then for m* = (a*(R;“,ut)) ,we have

t>0

J(Ron) =V(R,n), YR>0, n5>0.

Proof. Notice that R* = R™. Let Ry = R and py = 1. Choose 0 < ¢ < R and let

¢ =inf {t: R; = e}, then Ito’s formula yields,
tATE tATE
e NIV (R, o, ) = V(R,m)+ / e L OV (R, py)ds+ / e 0 (3)Va(RE, ps)dW,
0 0

tATS tATS
=V(R,n) — / e “Rids +/ e “oan(s)Vr(R:, ps)dW (3.4.5)
0 0

Since Vgr(RY, 1us) < Vr(e, us) < oo on [0,t A 75], the last term on the r.h.s. is a zero-mean

martingale. Taking expectations in (3.4.5), we obtain
tATE
B[ (Ryeo)] 4B [ e Rids = V(Roy) (3.46)
0

34



Since 77 — T, when ¢ — 0

tATS EAT o *
/ e “Rids — / e “Rids.
0 0

Thus letting € — 0 in (3.4.6), we use dominated and monotone convergence theorems for

the first and the second terms in (3.4.6) respectively, we get
t/\Tﬂ.* .
E [e—cww*)\/(Rwﬂ: m)} +E / e “R™ ds = V(R,n). (3.4.7)
w 0
Since V' (0,7n) = 0, we have
E [e="=V(R], . )] = e B V(R ju);t < 7] = 0.
as t — oo. Letting ¢ — oo on (3.4.7), we have
IE/ TS Rds = V(R, 7).
0

Therefore, V(R,n) = J+(R,n).

This ends the proof of the theorem. O
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Chapter 4

Stochastic Cash Reserve Rate: The

Case of Full Information

This chapter extends the analysis of Chapter 3 to the case when the dynamics of the
cash reserve rate 1 = (p¢)+>0 has a noise that is observable. For this model of cash reserve

process, we address the same objective as in Chapter 3.

This chapter contains three sections. In the first section, we define our model for the
cash reserve process, and derive the corrsponding HJB equation. The second section deals
with solving this obtained HJB equation. The last section describes the optimal policy

and gives a verification theorem.
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4.1 The model and its HJB equation

This section is divided into three subsections. The first subsection describes the model
and the objective. The second subsection discusses some properties of the resulting optimal
value function, while the third subsection derives the HJB equation for this optimal value

function.

4.1.1 The model and the objective

For a given insurance company, we let R™ = (R] );>o be the risk process associated to
the policy w. Under the assumption that the reinsuring companies have the same safety
loadings as the insurance company, the dynamic for the cash reserve process R™ = (R] )i>0
is given by

AR} = pax(t)dt + oya,(t)dWy, t>0. (4.1.1.1)

R{ = R.
The policy 7 is admissible if the process a, = (a-(t)):>0 is adapted to the filtration (F;);>o.
The drift process ()0 satisfies the Ornstein Uhlenbeck stochastic differential equation

d/,Lt = —)\(/,Lt — ﬂ)dt + O'QdBt, Lo > 0. (4112)

Here, (Wt),5 and (By) 5, are two (F;),5-adapted Brownian motions with correlation coef-
ficient p € [—1,1]. The initial value of the drift process pg is assumed to be a Fy-measurable
Gaussian random variable, which is independent of Brownian motions W and B. We also

assume that all coefficients o; > 0, A > 0, i > 0, o9 > 0 are constants.
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Lemma 4.1.1. The solution to (4.1.1.2) is given by

e = poe” M + (1 — e M) 4 oge /t e™dB,. (4.1.1.3)

0
Proof. Notice that the equation (4.1.1.3) is a particular case of (2.1.2.1). Indeed, by putting

m =1, W =B Y1 = 09, S =0, A==\, and a = A\,
in (2.1.2.1), we obtain equation (4.1.1.3). Hence, we deduce
Z(t) = exp[/t —)\ds} =e M t>0,
0

and (4.1.1.3) follows immediately from (2.1.2.2). This ends the proof of the Lemma. [
We end this subsection by formulating mathematically our objective. To this end, we
consider a discount factor ¢ > 0. Let 7 be an admissible policy and R™ = (R]);>¢ be the

corresponding cash reserve process given by the SDE (4.1.1.1). Then, bankruptcy time for

this cash reserve is defined by
T =1inf{t>0:Rf =0}.

Here, by convention we put inf(¢) = +oo. Thus, the return function associated to 7 is

denoted by J(R,n), and is given by
J.(R,n) = E (/ e @RI\ RE = R, jig = 77) .
0
Therefore, our objective lies in describing the optimal value function
V(R,n) = supJ.(R,n), VR>0, n>0, (4.1.1.4)
and finding the optimal policy 7* that satisfies
V(R,n) = Jo (R, 1), VR>0, n>0. (4.1.1.5)
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4.1.2 Properties of the Optimal Value Function

Proposition 4.1.1. The optimal value function V, defined by (4.1.1.4), is concave and

satisfies

R V2 — [

c 2/ 2\ cle+ M)’

VR>0, n>0. (4.1.2.1)

Proof. The proof of the concavity follows from the same arguments as in the proof of
Proposition 3.2.1. Thus, the rest of the proof focuses on proving (4.1.1.6). To this end,

due to
T AL T\t
Ry, = Rj + / psasds + / oasdWs,
0 0
we obtain
tATx
E (R, |Ry = Ripo=n) = R+ B (/ psalds|Ry = R, po = 77)
0
t t s
<R+ / [+ I — ple™] ds + o / 5] / MAB,|| RS = R, po = 1) ds.
0 0 0

As a result, we get

t _ —
/ [/1 + |77 — /1|€_/\s] ds = it + m_)\’“’(l . e—/\t)’
0

and

t S t S 2 %
O-QE|:/ e_/\s|/ e’\”dBSHRS = R, g = 77} ds = 02/ e ME (/ eMdB, ) ds
0 0 0 0
t S 1
o 02 —As / 22 ) ?
= e e~ d ds
\/2)\/0 ( 0 :

2 4.

IA

9
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Therefore, for any admissible policy 7, we get

J(R,n) < / eCt[R—i-_t—l—ul—eM—i-&t dt
(12,m) i fi v ) T

§+/_W2/\+02 In — il
c 22\ cle+ )

Then, (4.2.1.1) follows immediately from this inequality. This proves the proposition. [

4.1.3 The HJB equation

The goal of this subsection is to derive an HJB equation that the optimal value function

shall satisfy under smoothness conditions.

Theorem 4.1.1. If the optimal value function V(R,n), defined by (4.1.1.4), is twice con-

tinuously differentiable on (0,00), then V satisfies the Hamilton-Jacobi-Bellman equation
_ 1 2 1 2 2
R—cV —Xn—p)V, + 502‘/,7,7 + maz anVg + 30 01Vrr + ao109pVR, | =0, (4.1.3.1)
V(0) = 0.
Proof. By applying Ito’s formula (see chapter 2) to V(RT, i), we derive

1 1
dV (R}, p) = VrRdR} + Vydu + §VRRd<Rﬁ, R™)¢ + §Vnnd<,ut> f1e) + Vegd(RY, pie)

1 1
= VR(agndthala?th)—l—Vn [—)\(T] — ﬂ)dt + agdBt]+§VRR(af)20fdt+éangdt—i—a?alangRndt
(4.1.3.2)

Put
t
}/;ﬂ = / e_csdes + G_CtV(Rt, /,l,t)
0
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Thanks to Bellman’s principal (dynamics programming principal), the optimal value func-
tion V(R,n), is such that (Y;7);>0 is a supermartingale for any admissible policy 7 and is a
local martingale for the optimal and admissible policy 7*. Hence, in virtue of (3.2.3), Y™

is a supermartingale if

1 * 1 * *
R—cV —Xn—p)V, + 503‘/}777 + maz (a“ nVg + é(a” V202Vrr +a” 01‘72pVRn) <0.
(4.1.3.3)

and Y;™ is a local martingale if

* 1 * 1 * *
R? —cV — )\(T/ — ﬂ)% + 50’%‘/;777 —+ (aw nVR + E(aﬂ )Qg%VRR + a” 0102PVR77) =0

Thus, by combining this equation with (4.1.3.3), we deduce that V is a solution to the HJB

equation (4.1.3.1). This ends the proof of the theorem. O

Now, our goal is to construct a solution to the HJB equation (4.1.3.1). This is the

aim of the following subsection.

4.2 Construction of the solution to HJB

The goal of this section is to construct as explicitly as possible, a solution to the HJB
equation. We divide this section into two subsections, where we consider the cases whether

the two noises B and W are correlated or not.
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4.2.1 The Case of Orthogonal Noise (i.e. p =0)

Assume there exists an opent set O C [0, c0) such that a(R,n) satisfies 0 < a(R,7n) < 1

for all R € O. Then for any R € O, and n > 0, the maximizer
. 1
a*(R,n) := argmazx [anVR(R, n) + ¢ 202Vrr(R,n)

is given by
* TIVR(R’ 77)
R = 4.2.1.1
a(8.m) 01Vrr(R,n) ( )

By inserting (4.2.1.1) into (4.1.1.7), we get

R eV — M= Vo + 2o2v, — = Vi g (4.2.1.2)
—cV — — -0 - = 2.1
n—Hn)vy o592 Vm 202 Vin
In order to solve this PDE, we assume
Vr(R(z,m),n) = e~ (4.2.1.3)
Then, we calculate the following derivatives
Vi R
Var = —— Viy = —2Vg.
RR = R Fn =R VR

By substituting these in (4.2.1.2) and using (4.2.1.3), we obtain

772

R(z.1) = cV(R(:.).1) = Mo = Vi Rz m) + 503V + 5L

RZ(Z7 U)VR(R(Z> 77)7 77) = 0
(4.1.2.4)
By differentiating this equation with respect to z and using (4.2.1.3) again, we derive

2

2
R. — cR.Vi — A1) — i) R.Viy + 02R Ve + 02 TR Vi — %RZVR —0.  (4.2.1.5)
1 1

42



Since
R
VRn - R_ZVR
By differentiating this with respect to n, we get
Ry Ry Ry R%Rzz R?v
Ve = (Rz —2 R2 + R3 +ﬁ Vr.

By plugging (4.2.1.6) into (4.2.1.5), we get

By QRnRzn + R%RZZ
R, R? R3

1
R, —cR, Vg — AX(n — )R,Vr + §U§RZ {

7 n°
R Vi— R, Vsg=0.
+20% Bgg2t el

This can be written as
2 9

R 20%¢ 207 202 R o202 [R R, R
74 — 1 1 1 =z _1)\ _ 5\m 1¥2 nm 2 Ul
R, ( - U 2 ) " n? (1=1) R. 7 [ R RZ

In order to simplify the problem, we put

R.(z.n) = exp| 2+ L(e*,n)|.

where L is a function to be described later on.

The solution to this equation is given by

R(z,n) = /z exp [:E + L(e”, 77)} dz + k(n).

— 00

By changing the variable, we get

z

R(z,n) = /0e exp [x + L(x, n)}dx + k(n) = G(e*,n) + k(n).

where G(x,n) is given by
G(%n)z/ e:vp[L(y,n)}dy-
0
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R2
) Ve
R:R.. R?
RS T R2
(4.2.1.7)
(4.2.1.8)
(4.2.1.9)
(4.2.1.10)



By mimicking the proof of Hgjggard and Taskar (1998), we deduce that k(n) = 0. By

differentiating (4.2.1.10) with respect to z, we get
Gy(z,m) = exp[L(x,n)], Vn >0, x>0. (4.2.1.11)

From (4.2.1.11), we deduce that G, > 0 for all z > 0 and hence G(z,n) is strictly increasing

on [0,00) and continuous. Therefore G(z,n) is invertible, and (4.2.1.9) leads to
e =G (R,n).
Then by plugging this resulting equation in (4.2.1.3), we obtain

Vr(R,n) = VYR >0, n>0. (4.2.1.12)

1
G- (R,n)’
To determine completely the function V' on a neighborhood of zero, we need to describe

the function L introduced in (4.2.18).

Lemma 4.2.1. The function L given by (4.2.1.8) satisfies the following equation.
2 1 T 2 T
<%xLI +a— c) 5(1262L+§0'§ (24 xL,) (/ LneLdy> +[=An —p) — o5L,] a:eL/ Lyetdy
b 0 0
1 x
+§O'2.I€L/ (Lyye” + L%)dy = 0. (4.2.1.13)
0

Proof. By simplifying (4.2.1.7), we obtain

2 2 2 R R 2 R R R 2 2 2
oty 1 2z | Aoy Oy Loy oLy, Oy Mty 1)
—=— 4 — —c—An—p)—=—+-—= — —=———==0. (4.2.1.14
(2 R 20%) R e TeAn Ry R o R 2R 207 ( )
Then, we calculate the derivatives
R..(z,n) = (1+¢€’L,)R,, R.,=L,R,. (4.2.1.15)
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R, = /0 L,e"dy, R, = /0 (Lyne" + L2e")dy. (4.2.1.16)

By multiplying R? and plugging (4.2.1.15) into (4.2.1.14), we get

; 772 2 2 2 2
___|__ + z z — +_ )\ — 7 »
( 9 2 1) (1 € L$> Rz +e Rz (C 9 1) R ( /J)RnR

O'2 (72
+72RWRZ — 02L, R, R. + 7233; =0.

This can be written as

2

1

(%ezl@ +e* — c> R2 4205 (2+ €°L,) R} + [-\(n — i) — 03L,| RzR, + §0§RZR17,7 = 0.
b

(4.2.1.17)
By plugging (4.2.1.16) in (4.2.1.17), we obtain

2 1 T 2
(n—ezL +e* ) D) L 622 4 €*L,) (/ LneLdy)
207 2 0

xT 1 x
+[-A(n—p)—o3L,] e ”L/O Lyetdy + 50262+L/0 (Lye" + L2)dy = 0.
€’

By changing the variable (i.e.x = %), we get

2 1 T 2 =
(%xLz +x— c) x262L+202 (24 zL,) (/ LneLdy) +[-A(n — i) — 03L,] xeL/ Letdy
0 0

i
1 €T
+§02:U6L/ (Lyye" + L2)dy = 0. (4.2.1.18)
0
which is the exactly the PDE (4.2.1.13). This ends the proof of the lemma. O

By differentiating (4.2.1.12) with respect to R, we deduce that (4.2.1.1) becomes

a*(R,n) = LGNR,0)G.(G (R, n), ),  R>0 (4.2.1.19)

02
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and a*(0,7) = 0. Put

y =G (R,n), and ar(y,n) = %sz(% n).

By differentiating a;(y,n) with respect to y, we get

0

2o = 31 et

Assumption 4.2.1. Assume (4.2.1.13) has a solution L(y,n) such that the equation

ol

yexp [L(% n)} = (4.2.1.20)

has a root y1(n) € (0,c).

Then, under this assumption, we have

Ri(n) = G(y1(n), n).

Then ay (R, n) is strictly increasing on [0, R1(n)]. As a result, we have the following solution

R
1
VIR, = | ———ay, 0< R<R/(n). 42121
(R,n) /0 g™ 1(n) ( )

According to our assumptions a*(R,n) = 1 for R > R;(n). By substituting ¢ = 1 into

(4.2.1.1), we obtain the following equation

1 1
R—cV —X\n— )V, + §a§vm7 + Vg + 5a%vym =0 (4.2.1.22)

In order to solve this PDE explicitly, we propose the following function for V' (R, n)

R
V(R,n) = Cl(n)ed(”)R + Ca(n) + =
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Then, we calculate the derivatives

1 ! !
Vi = Chde® + o Vir = Cid*eR, V, = Cre®f + Cid'e™ + O,

Vyy = Cde™ +2C1d' e™ + Cd"e™ + C1d?e™ + CF.

By inserting these in (4.2.1.22), we get

1
RI_cCy + Cyind — N — p)(C + Cyd') + = 020” o;Crd + 5030161" + = 0201d’2

/

+= olCldQ] + [~ c(12+ + o5CY — An — p)Cy) = 0.

Since the above equation holds for all values of R > R;, we must have:

1 1
—ccl+Cmd—A(n—g)(C;+cld’)+5030/’+020’d’+ agcld” §agcld’2+ oiCyd* =0,

and

—c02+ + 03CY — Nn — p)Ch = 0.

Lemma 4.2.2. The solution to the ODE (4.2.1.24), Cs(n), is given by

Ca(n) = exp </Ong(9:)dx+)‘(77_ﬂ>2) N : . i

2
205

where g(n) is the solution to the following Riccati equation

2c— X N(n—p)?
g +9*n) = —=5—+ ( 1 r
3 )

Proof. To find a particular solution to (4.2.1.24), we assume that

pi(n) = an +0.
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cle+ ) e+ N

(4.2.1.23)

(4.2.1.24)

(4.2.1.25)

(4.2.1.26)

(4.2.1.27)



Here, a and b are constants. By inserting (4.2.1.27) into (4.2.1.24), we get
1 A

a:c(c—i-)\)’ T2+ N
Therefore, the particular solution to (4.1.2.24) is
. Afl
cle+A) A+ N

pi(n) =
Then, we need to find the general solution to
—cCy + %agag —\n—a)Cy=0.
To solve this equation, we put

In(Ca(n)) = K(n)

Then, we calculate the derivatives

K'(n) = gigzg K"(n) = % — (%) .

By plugging these into (4.2.1.28), we obtain

. 2 200 1 \2
K,/JF(K,_A(U u)) _ 2 X-—w

o3 o3 5
Then, we put
Aln — )
g(n) = K'(n) — ——
03

By differentiating (4.2.1.31) with respect to 7, we get

g'(n) =k"(n) - %

2

and hence (4.2.1.30) becomes

2c— X N(n—p)?
g +9*n) = —5—+ ( 7 r
) )

This ends the proof of the lemma.
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Therefore, for R > R;(n), the optimal return function takes the form of

! A — ) n i R
VIR = Culme™ + eap </0 glw)dz + : 203 ) ) - cc+N) - c(c+\) T
2
(4.2.1.31)
As a result, we obtain
( R 1
e y— if 0<R<R
/0 G(x,n) < R < Ri(n)

V(Rv 77) =

\

1 A — 1)? ne+ ANi+cle+ AR |
dmR >
Ci(n)e + exp (/0 g(x)dx + 207 + Y it R > Ri(n).
(4.2.1.32)

To ensure that V' is twice continuously differentiable, it is necessary and sufficient that

its value, first and second derivative are continuous at the point R;. To this end, we put

R _\9 _
— ; o d(mR /77 A — 1) ne+ A+ clc+ AR
Vii= /0 G—l(:v,n)dx’ Vo = Ci(n)e™" +exp i g(x)dx + 207 + et

Then, we calculate the first and second derivative of V; and V5 at the point Ry(n).

/ 1 / 1
‘G(Rl) = —, ‘/Z(R1> = -+ Cld
Y1 c
" n / n 1 "
V1 (Rl) = _?‘G(Rl) = —;a, VQ (Rl) = C1d2-
2 2

Then, Vi and Vgg are continuous at R = R;(n) if and only if

11 1
—=—+Cd  and - —=Cid

2
U1 1

This implies

which can be written as




Since d < 0, the solution to this equation is

d(n) = % {—g% - \/Z—; - calg( )} (4.2.1.34)

Then, we calculate the derivative

; 5 o)
1 1 F_CU2C()+CO'C()
/ 1 101(n 101
— )= _ . 1.2.1.
d(n) =5 = T ( 35)
ot co2C1(n)
) — L <?72 0 ) < L 40 | 200Y(n) 4nc'<n>2)
Vot T wicin)) ot calcm )2 c?Ci(n)?  co?Ci(n)?
3
1(n 2 2nC1(n) n? 4n 2
i L/ 4.2.1.36
3 (o% 10 T enCin?) \ot T @t (4:2.1.36)
By plugging (4.2.1.34), (4.2.1.35) and (4.2.1.36) into (4.2.1.23), we get
n 2 2nC1(n)
1 1 1 2_6020()"'@020()
0 = SoCi+ |=An =)+ 507 | -5 - F———=2""—| | Ci(n)
1 ne_ _4n
U‘lL calc’l
n 2 2nC1(n)
1 n n? 4n 1 _ 1 of ~ @i T wlCin)?
et pl =L L T ) Z\(p— = 2 i C
i c—|—2n< o? ot co?Ci(n) 2 (n=7) o3 2 4p 1)
o"f ca%Cl(n)
n 2 mCim \ 2 2
1, 1 57~ Fom T wame 1,( n n? 4n
- C -3 [P /A WY
* 402 o2 A 1(77)+4U1 o} of  coiCi(n) 1)
o} co?C1(n)
_1
L oL _(77_2_ 4n ) 2<1 L _ACm) 2n0”(n) 4770’(77)2> ()
477 ot coiCi(n) of 00101(77) coiCi(n)?>  cotCi(n)?
3
L ,)(n 2 2nC1(n) o An N\ 7?
1 n o (). 4.2.1.37
T {(ai* 2Cm T wmame) \ol " wam) [ 4215

This proves the following theorem.
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Theorem 4.2.1. Suppose that Assumption 4.2.1 holds, then the solution to the HJB
(4.1.3.1) is given by

( R
1
————dx if 0<R<R
/0 G—Y(z,n) f 0<R<Rin)
n d(n)(R—R1 ! (n—pn)?
V(R,n) = T (IR ) 4 eqp (/0 g(x)dx + 207 (4.2.1.38)

nc+ Ai+clc+ MR
+ )
L cle+ )

Here

Ri(n) == G(y(n),n), G(x,n) = /Ow exp[L(y’”)] dy, d(n) = % {_1 B Z_i - cazg(n) } ’

o2

where y1(n) is the root of (4.2.1.20) and C1(n) is the solution to PDE (4.2.1.37).

4.2.2 The Case of Correlated Noise (i.e. p # 0)

Assume there exists an opent set O C [0, 00) such that a(R,n) satisfies 0 < a(R,n) < 1

for all R € O. Then for any R € O, and n > 0, the maximizer
1
a*(R,n) := argmaz |anVe(R, 1) + 50°01Ven(R, 1) + a0105pVay (R, 1)

is given by

_nVr(R,n) + 0102pVRy (R, 1)

a*(R,n) = 42.2.1
(&) oiVrr(R,n) ( )
By inserting (4.2.2.1) into (4.2.1.6), we obtain
1 1 (nV; Viy)’
R oV = Ay — @)V, + 2apv, — LIVRF Po172 ) (4.2.2.2)
2 2 UlvRR

ol



In order to solve this PDE, we assume
Ve(R(z,n),n) =€~ (4.2.2.3)

Then, we calculate the following derivatives

Va R, R, .R,R., R:R.. R:
VRR*_Ey VRn:EVR: VRM_(RZ -2 R? + 7]7%2 +R—g Vg.

By substituting these in (4.2.2.2) and using (4.2.2.3), we obtain

R(z,n) = cV(R(z,m),m) — Mn — 1)V, (R(2,m),m) + %@Vnn(R(% n),n)+

Ry(zn) |2
R.(z,n)Ve(R(z,1),1) [77 PR ) )]

2
207

—0 (4.3.2.4)

By differentiating with respect to z and using (4.2.2.3) again lead to

1 [77 + PLo102p
2 o3

2
1
Rz — CVRRZ — /\(77 — ﬂ)RzVRn + 502RZVRW] + } (RszR - RZVR)

R Rz RZ_R Rzz
[77 + R_ZUIUQP] (010215 2)

+ 5 - R.VR=0 (4.2.2.5)
01
That is equivalent to
. R _ 2RyR,.  RIR.. = R}
e M —c—An-— N? - { I It —l——I—R—z
1 R} R, R.. 1 R} R,
—1—2 > [77 + ool =L 7 + 2n0102pR ] R 27 [77 + ooyt 7 + Qnalasz ]
1 R,. R,R.. 4 4 o (RyR,. RIR..
—|——1 |i7”]0'10'2p RZ — N0102pP Rz +o0o 0109p Rg — nfig =0 (4226)
In order to simplify the problem, put
R.(z,n) = exp [z + L(e?, n)} , (4.2.2.7)
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where L is a function to be described later on.

The solution to this equation is given by

R(z,n) = /Z exp [x + L(e”, n)} dz + k(n).

— 00

By changing the variable, we get

z

Reem) = [ eaplo+ Lio,m)]do + k(o) = G(e") + ko). (4228)
0
where G(x,n) is given by
G(z,n) = / exp [L(y,n)}dy. (4.2.2.9)
0
By mimicking the proof of Hgjggard and Taskar (1998), we deduce that k(n) = 0. By
differentiating (4.2.2.9) with respect to z, we get

G.(x,n) = exp [L(x, n)], Vn >0, x>0. (4.2.2.10)

From (4.2.2.10), we deduce that G, > 0 for all z > 0 and hence G(z,n) is strictly increasing

on (0,00) and continuous. Therefore G(z,n) is invertible, and (4.2.2.8) leads to
e” =G (R,n).

Then by plugging this resulting equation in (4.2.2.3), we obtain

1

VrR(R,n) = Gy

VR>0, n>0. (4.2.2.11)

To describe completely the function V', we need to describe the function L introduced in

(4.2.2.7). This is the aim of the following.

Lemma 4.2.3. L is given by (4.2.2.7) satisfies the following equation.

2 1 x 2
(n_QxLx +z—c+ 7702an) w2l + —ag (2 + p2 + :L‘Lx) </ LneLdy)
207 o1 2 0
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x 1 x
+ |:O'§(p2 — 1)L, —AXn—p)— nsz] xeL/O Lyetdy + §U2I6L/O (Lyye" + L2)dy = 0.
(4.2.2.12)

Proof. By simplifying (4.1.2.6), we obtain

2 R2 ' 202) R, . 2R ! R 2 R2 202
20? R; R R R,R
oy iy Nogp Ly - NO2P Ly 2 2 tndlnz
—_— - = = =0 4.2.2.13
> R o R o R TR ( )
Then, we calculate the derivatives
R..(z,n) = (1+ € L) R, R., = Ly,R.. (4.2.2.14)
R, = / Le"dy, R, = / (Lyye" + Lie")dy. (4.2.2.15)
0 0

By multiplying R? and plugging (4.2.2.14) into (4.2.2.13), we get

RQ—l—nQ (14+e*Ly) R+ e*R? — | ¢+ i R? — \n—p)R,R +05R R
2 R 202 @)t : 201 1 )bt 7y B P

2 2 2
o3Ly Ry R. + R — 2R 77:/) R.R,+ ?LWRWRZ + 02p° R, R, = 0.

This can be written as

2
(n—ezLx tet— c) R*420% (2 + p* + ¢°L,) R2+ {—A(n — ) — o2L, — 12 L g2 } R:R,
ag

2

4 02R Ry + ”U”’L R2=0. (4.2.2.16)

By plugging (4.2.2.15) in (4.2.2.16), we obtain

2 1 T 2
n_ZezLa: + ef — ¢ + 7702an 62(Z+L) + _Og (2 + p2 + Gsz) / LneLdy

o4



01

x 1 x
+ |:O'§p2Ln —XNn—p)—osL, — M] ez+L/ Lyetdy + 50'26Z+L/ (Lp,e™ + L2)dy = 0.
0 0

By changing the variable (i.e.x = %), we get

2 1 T 2
77_293Lx +r—c+ nUQPLn v?e* + —o5 (2+ p* + zL,) / L,e"dy

X 1 x
+ [agpQLn — A —p)—o3L, — 7]02/)} xeL/ Lye"dy + 50'211361'/ (Loe" + L%)dy = 0.
o1 0 0
(4.2.2.17)
which is exactly the PDE (4.2.2.12). This ends the proof of the lemma. O

By differentiating (4.2.2.11) with respect to R, we deduce that (4.2.2.1) becomes

* — - o — —
@*(Rm) = G (R )Go(G (Ryn), )= 2 GG (Ron), m)Gy(GT (Rom), ), R >0
1
and a*(0,7) = 0. Then put
_ g
y=G"(R,n), and  a;(R,n) = %ny(y,n) - Uifo(ym)Gn(y,n)
1

Assumption 4.2.2. Assume (4.2.2.12) has a solution L(y,n) such that the equation

4 L(zm)
n oap | Lye dx
exp{L(y,n)} (—2y _ ooy L ) =1 (4.2.2.18)

01 01

has a root y1(n) € (0, c).

Then, we have

Ri(n) = G(yi(n),n) (4.2.2.19).

As a result, we have the following solution

R
1
VIR = | ———dy, 0< R<Rn).
(R,n) /OG—l(R,n)y 1(n)
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According to our assumptions a*(R,n) = 1 for R > R;(n). By substituting a = 1 into

(4.2.1.6), we obtain the following equation:
R—cV —Xn—p)V, + %agvm +nVi + %U%VRR + 0102pVpy = 0. (4.2.2.15)
In order to solve this PDE explicitly, we propose the following function for V (R, n)
V(R.) = Gt + Coli) +
and calculate the following derivatives:
Vi = Chde™ + % Ver = Chd%e®, V, = Cre® + Oyd' et + ¢,
Vi = C7de™ + 201d e™ + Crdd' e™ + Cyd"e™ + C1d?e™ + O
By inserting them in (4.2.2.15), we get
eBl—cCy — N — p)(C] 4+ C1d') + %JS(C{' +2C1d + Cyd" + Cyd?) + nChd + %afclcﬂ
+0109p(C1d 4+ Cid + C1dd')] + [—cCy + g + %050&’ — Xn —pn)Cy) = 0.
Since the above equation holds for all values of R > R;, we must have:
—cCy — N — i) (Cy + Cid') + %ag((}{’ +207d + Cyd" + Chd*) +nChd + %afcldQ
+0109p(Crd + Cid' + C1dd')] = 0, (4.2.2.16)
and
—cCy + g + %050&' —\n—a)Cy=0. (4.2.2.17)
It is clear that (4.2.2.17) is the same as (4.2.1.28), we have already solved it.

Therefore, for R > Ri(n), the optimal return function takes the form of

K A(n — p)? n Aji R
— d(mR d -
V(R,n) = Ci(n)e + exp (/0 g(x)dx + 207 + et ) + et ) + -

(4.2.2.18)
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As a result, we obtain

( R 1
= d if 0<R<R
/0 G~Y(xz,n) v 1 < R < Ri(n)
V(R,n) =
K A — 1)? c+ MNi+clc+MNR .
C1(n)e™™F + exp (/ g(x)dx + (77202”) ) 41 :j(c +()\> ) if R > Ri(n).
\ 0 2
(4.2.2.19)

To ensure that V' is twice continuously differentiable, it is necessary and sufficient that its

value, first and second derivative are continuous at the point R;. To this end, we put

R 1 1 An—@)?\ ne+ i+ cle+ AR
_ p _ )R / d .

Then, we calculate the first and second derivative of V; and V, at the point Ri(n).

/ 1 / 1
Vi(Ry) = —, Vo (Ry) = — + C4d.
Y c
” n . n 1 O2p Gn<y1, 77) 1 9
ViiRy)=—=VR)=———— ———"—"7—= V, (Ry) = Chd*.
() o3 () o5 Y1 or Ge(y1,m)’ 2 () '

Then, Vi and Vgg are continuous at R = R;(n) if and only if

1 1
— = -+ Old
n c
1 oap G

n ip T](ylan) :CldQ.

o3y o1 Golyi.n)
This implies

G
d('l’/) cn CY1 @ n(?/l» 77)

_ n 4.2.2.20
or(th —¢)  c—y1 o1 Go(v1,m) ( )

This proves the following theorem.
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Theorem 4.2.2. The solution to the HIB (4.2.2.12) is given by

/ R 1
— dx if 0<RLZR
/0 G~'(x,n) AR
V(R,n) = " gy (4.2.2.21)
Cl(n)ed(n)(R—Rl(U)) + exp / g(:v)da:+ >‘(772 2:“) )
03
nc+ Ai+clc+ AR .
>
\ C(C + >\) Zf R = Rl(n)
Here
Ri(n) = G(yi(n),m), G(x,m) = /w 6xp[L(y>n)] dy,d(n) = ———— - po2 Golin,)
0 Ul(yl—C) C—W 01 Gaz(ylaﬁ)

where y1(n) is the root of (4.2.2.18) and C1(n) is the solution to PDE (4.2.2.16).

4.3 Optimal policy and the verification theorem

In this section we construct the optimal policy based on the solution to the HJB
equation obtained in the previous section. Recall that Ry(n) = G~ (yi(n),n), where y;(n)
is root of (4.2.2.18). For R < R;(n), we obtain

1
a*(R,n) := argmazx [anVR(R, n) + §a2J2VRR(R, n) + ac102pVi,(R, 77)]

As evident from below the function a*(R,n) represents the optimal feedback control func-

tion for the control component a, = (aﬂ(t)> . More precisely, the value a*(R,n) is the
>0

optimal risk that one should take when the value of the current reserve is R and the re-

serve rate is 1. From the analysis of the previous section, it follows that a*(R,n) takes the
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following form

CEm) LG R GG (Ran)n) = ZEG(GT (Ran) )Gy(G7H(Rym),m) 3 0 < R < Ra(1)
a M) = 1 1

(4.3.1)

For any 0 < a < 1, we define a differential operator £* by

o2a?

(R = 75

frr(R,n) + anfr + aoi02pfry — cf (R,n) — A(n — p) fo(R,n)  (4.4.2)
For any f € C?*1((0,00) x (0,00)). Thus, thanks to the previous section, we have
L7 EDY (R ) = —R. (4.4.3)
Let Rf = (R}),>, be a solution to the following Skorohod problem :
¢ t
R; = RS—l—/ a(R:,us)ust+/ ora( R, ps)dWs, (4.4.4)
0 0
Ry < Ri(pue).

Theorem 4.3.1. Let V be a concave, twice continuously differentiable solution of the HJB
equation (4.1.3.1) and (R} )i>o0 be a solution to the Skorohod problem (4.4.4).
Then for T = (a(Rf,,uﬁ) ,we have

t>0

Proof. Notice that RT = R}. Let Ry = R and pg = 1. Choose 0 < ¢ < R and let

12 =inf{t: Rf = ¢}, then Ito’s formula yields,

tATE tATE
V(R o) = VR [ L VR st [ a5 ValR )W,
0 0
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tATE tATE
=V(R,n) — / e “Rids —|—/ e Co1aq+(s)VR(RL, ps)dW (4.4.5)
0 0

Since Vr(RE, 1s) < Vr(e, us) < oo on [0,t A 7F], the last term on the r.h.s. is a zero-mean
martingale. Taking expectations in (4.4.5), we obtain

tATE

B eV (Rfeoi) + B [ ¢ RIds = V(Ron). (4.4.6)
0

Since 70 — T+ when ¢ — 0

t/\Tf ENT s
/ e “Rids — / e “Rids.
0 0

Thus letting ¢ — 0 in (4.4.6), we use dominated and monotone convergence theorems for
the first and the second terms in (4.4.5) respectively, we get

ENATx

E [e_c(t/\T"*)V(RIMW* )]+ ]E/ e “Rids =V(R,n). (4.4.7)
0
Since V' (0,7n) = 0, we have
E [e "V (Rynr )] = e “E [V (R, pue);t < Toe] — 0.
as t — oo. Letting ¢ — oo on (4.4.7), we have

E / T e SR ds = V(R, 7).
0

Therefore, V(R,n) = Jr+(R,n). This ends the proof of the theorem. O
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Chapter 5

Stochastic Cash Reserve Rate: The

Case of Partial Information

This chapter investigates the proportional reinsurance problem under partial infor-
mation. Precisely, we suppose that the cash reserve rate is not observable and follows an
Ornstein-Uhlenbeck process with positive volatility. The policy selection for the reinsured
proportion 1 — a, is based on the observations of the cash reserve process itself, while its

noise and its cash reserve rate are not observable.

This chapter has five sections. The first section outlines the model for the cash reserve
process. The second section applies the filtering techniques to the model and defines the
objective. The third section derives the HJB equation associated to this objective, while
Section 4 gives a solution to this HJB equation. The last section describes the optimal

policy and gives a verification theorem.
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5.1 Mathematical and economic model

We start our mathematical model with a given filtered probability space (2, F,F := (F})i>0, P).
On this filtered probability space, we assume given two one-dimensional F-adapted Brow-
nian motions W = (W;),5 and B = (B;),, that are correlated with the correlation
coeflicient p € [—1,1].
In this chapter, we assume that the dynamics of the cash reserve process R = (R;):>o (cash

reserve process with no-reinsurance) are given by
ARy = par(t)dt + oya.(t)dWy, Ry = initial cash reserve.
where the cash reserve rate process, p = (¢)¢>0, is given by
dpy = =N — fi)dt + o9d By, [o 18 given, (5.1.00)

and o1 >0, A >0, it > 0, 05 > 0 are constants.

In this chapter, we assume that the policy maker (the insurance company) observes

the cash reserve process R = (R;);>o only, and does not observe the processes u, W, and

B.

A policy 7 is a rule which for each ¢t > 0 associates a random variable 0 < a,(t) < 1

(1 — ar(t) is the reinsured proportion of the claims). The policy 7 is admissible if the

process a, = <a,,(t)> is adapted to the information generated by the process R. In
>0

other words, a, is adapted to the filtration
(Fs0, FE:=0(R,, 0<s<t).
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Hereafter, we denote by A the set of all admissible policies. Then, the objective of the
insurance company is the same as in the previous chapters. However the policy selection
is made under restricted information. Thus, our main first task lies in transforming the
maximization problem under partial information into a maximization problem with full

information using the filtering techniques. This is the aim of the following section.

5.2 Filtering

We apply the filtering techniques in chapter 2. We define the innovation process W

associate to W as follows

= a1l N 1 (dR,
AW, = = — (e = pre)dt + o1dWy] = — (—t — ,utdt) , t>0.
o1 o1 \a(t)

Here [i; := E [1u|Ff] .
Thanks to Proposition 2.2.1, W= (/Wt>t€[0,T] is a Brownian motion under F?, and due to

Kalman-Bucy filter, the process ji; satisfies

é\t+<71<72/)
01

dfiy = =\ (fi, — i) dt + ( > AW, t>0. (5.2.1)

with fio = Elpo| F§'] = 1o
Moreover, the conditional variance Q; = E[(j: — fiy)” | FF satisfied the deterministic Ric-

cati ordinary differential equation (ODE):

209p

01

— 1 - —
dQ, = [~ =07 + (_ — 2)\) Q + (1= p?) o3]dt, t>0.
1

with Q (0) = E[(o — n)* | FE] = 6y, which has an explicit solution

~ kiexp(2 VEVH) 4k
Qt (t 90) \/_0'1 = ( (\f) ) ’ — ()\—I— %))O‘%
klexp(Z(U—l)t) — ko o1
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and

k= \0? + 20109M\p + 05
]{31 = \/Eal + (/\O'% + 0'10'2p) + 00
k‘g = —\/EO'l + ()\0‘% + 0102,0) + 00

Under the observation filtration (]—"tR) the cash reserve dynamics

>0’

ART = iy (t)dt + ora.(t)dW,, t>0. (5.2.2)

We end this subsection by formulating mathematically our objectives. To this end, we
consider a discount factor. Let 7 be an admissible policy and R = (R]):>o corresponding
to cash reserve process given by the SDE (5.2.2). For a given control policy 7, the time of

bankruptcy for the cash reserve, is defined by
T, =inf{t >0: R} =0}.
Thus, the return function associated to the policy 7 deduces J,(R,n,0), and is given by
Jo(R,n,0) = E (/ e~ RIdt| Ry = R, iy = 1,0(0) = 0) .
0

Our objective lies in the describing the optimal value function under the partial observa-
tions filtration
V(R,n,0) = supJ.(R,n,0), VR>0, n>06>0. (5.2.3)
TeA

and finding the optimal policy 7* € A that satisfies

V(R,n,0) = J.(R,n,0), VR>0, >0, 6>0. (5.2.4)
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5.3 The Hamilton-Jacobi-Bellman equation

In this section, we derive the HJB equation for the optimal return function.

Theorem 5.3.1. The optimal value function V(R,n,0), defined by (5.2.3), is twice con-

tinuously differentiable on (0,00), then V satisfies the Hamilton-Jacobi-Bellman equation

1 205p 1 [0+ oi09p 2
RecV = A=)Vt |~ + (<22 o+ (1= i v (020

1 01 2 01
1
—|—m[%%] {anVR + EaQOfVRR +a(f + 0'10'2,0)VR7]:| =0, (5.3.1)
ac|0,
V(0) = 0.

Proof. By applying Ito’s formula ,we derive V (R, n,0),

~ O ™ -~ O 1 T T 1 o~ T
av (Rf,ut,Qt,) = VrdR] —|—V}7dut—|—V9th—|—§VRRd(R R )t+§\/}md(u,u>t+VRnd(Rt i)

0 + 01020
01

— vy [(agn —§)dt + agaldﬁ/\t} +V, [ — A\ — p)dt + ( )th]

1 2 1
=Vy [__292 + (= L 20)0 + (1 - PQ)US} dt + =Vrr(a])*oidt
01 o1 2
1 0+
+§Vm(%)2dt + Vigal (0 + 0y09p) dt (5.3.2)

Put
Y = / t e~ Ryds + e 'V (Ry, iy, ),
0
Thanks to Bellman’s principal (dynamics programming principal), the optimal value func-
tion, V(R,n,0) is such that (Y;7):>o is a supermartingale for any admissible policy 7 and
is a local martingale for the optimal admissible policy 7*. Hence, in virtue of (5.3.2), Y;*

is a supermartingale if

1 2
R—cV = A=) Vy+ |- =0+ (= ZQp—Q)\)6’+(1—p2)J§ 7
1 1
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1 (9 + o109p

1
—1—2 . {anVR + §a20%VRR +a(f + o109p)Viydt| <0,  (5.3.3)
1

2
v
) m T ;2[%’11:}

and Y™ is a local martingale if
t * * -~
/ e “RT ds+e V(R iy, Q),
0

is a local martingale if and only if V satisfies

209p

. 1
Ry —cV—A(n—ﬂ>%+{—;92+<

1 01

— 2N+ (1— p2)a§1 7

1 (‘9 + 0102p

2
* 1 * *
+2 > V;]T] -+ [af UVR + 5(@? )20%VRR + a? (9 —+ 0'102,0)‘/3,7:| =0.

01
Thus, by combining this equation and (5.3.3), we deduce that V is a solution to the HJB

equation (5.3.1). This ends the proof of the theorem. O

Now, our goal is to construct a solution to HJB equation (5.3.1). This is the aim of

the following subsection.

5.4 Construction of the solution to HJB

Assume there exists an open set O C [0, 00) such that a(R,n, 6) satisfies 0 < a(R,n,0) <

1 for all R € O. Then for any R € O, n > 0 and 6 > 0, the maximizer
1
a*(R,n,0) := argmaz |anVi(R,n,0) + 5a°01Ven(R, 1, 0) + a0102pViy (R, 7, 6)

is given by
N UVR(R7 7, 9) + 0102PVR71(R7 m, 9)

“(R,n,0) =
a( ' ) U%VRR<R77779)

(5.4.1)
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By inserting (5.4.1) into (5.3.1), we get

1 2
R—cV —Xn—p)V, + [—;92—%(—E—2)\)9+(1—p2)0§}%
1

01

1 (0 + alagp)Q v _ 1 [nVRr + (o102p + H)VRn]2 —0
- m o

+2 01 5 O'%VRR

In order to solve this PDE, we assume
VR(R(Za 7, 9)7 7, 6) =e”

Then, we calculate the following derivatives

Vg R Ry
VrRr = —R#Z, Vry = EZVR’ Vry = R_ZVR-

Ry o Boly: | BiRe By
R. R2 R R
By substituting R = R(z,7,0) in (5.4.2) and using (5.4.3), we obtain

VRnn = [ ]VR

1 2
R—cV —\n—n)V,+ {—?92—1-(—E—Q)\)e—l—(l—pQ)ag}Vb

1 01
Ry
1 9+0’10’2p 2 |:n+<0102p+6>(mn+R_z)]
A RV =0
+2 ( o1 m T 207 R

By differentiating with respect to z leads to,

(5.4.2)

(5.4.3)

(5.4.4)

1 2
R, — cVgR, — AX(n — @) R. Vg, + R.Ver {_?92 + (_ o0 2)\) 0+ (1-p? 05}

1 01

2
RTI
1[0+ 0109p\° 1[77+(0102P+9)R—z]
+5 (—”p> R:Vig + 5 - (R..Vi — R.Vg)
Jl 01
1+ f 01029 + 0)] (102 + 0) Fontepfinliz)
-+ 5 R, V=0
01
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That is equivalent to

2
e ™ —c—ANn— 'B)E + R [—?62 + (— ij — 2)\) 0+ (1 — p2) (75|
z z 1

2
—1—1 0 + o109p Ry 2R, Ry, R%RZZ + +R—72’
R. R? RS li

1

, R? R,
357 0’ 4 (01020 + 0)? 72 1+ 2n(or09p + O)R

1 ., B2 R,] R..
b [n2 (01029 4+ 0721 4 9(0100p 4+ 6) ]

207 R? R_77 R,
+oif [n(alazp—l—@)};”: —77(0'10'2p+9)R7}€R; (o102p + 0)? ( g )} -
(5.4.6)
In order to simplify the problem, we put
R.(z,n,0) = exp [z + L(e*,n, 9)} : (5.4.7)
where L is a function to be described later on.
The solution to this equation is given by
R(z,n,0) = /Z e“exp [L(er,n,e)] dx + k(n,0).
By changing the variable (i.e. © = e*), we get
R(z,n,0) = /Oez exp{L(x,n,0)}dx + k= G(e*,n,0) + k(n,0). (5.4.8)
where G(x,n,0) is given by
G(x,n,0) = /OI exrp [L(y, n, 9)}dy, x>0, n>0 6>0. (5.4.9)
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By mimicking the proof of Hgjggard and Taskar (1998), we deduce that k(n,0)=0. By

differentiating (5.4.9) with respect to x, we get
Gi(x,n,0) = exp [L(:B, n, 9)] (5.4.10)

From (5.4.10), we get G, > 0 for all z > 0, » > 0 and 0 > 0. G(z,n,6) is increasing on

(0,00) and continuous, therefore G(x,n,0) is invertible. As a result, we get
e =G (R,n,0).

Then by plugging this resulting equation in (5.4.3), we obtain

1

Vr(R,n,0) = G(Rn.0)

R>0, n>0, 6>0. (5.4.11)

To describe completely the function V, we need to describe the function L introduced in

(5.4.7). This is the aim of the following.

Lemma 5.4.1. The function L given by (5.4.7) satisfies the following PDE.

Uk Uk Uk
( +x—c>xL + — 2Lm+—m2L2+2m—c—)\(n—ﬂ)Ln—|—fL9

o? 207 207
Lo 2 np _
+508 (Lam + L2) + —w (Lgy + LoLy) =0 (5.4.12)
1
Here,
1, 209p
f0) = ==0"+ (——= = 20)0 + (1 — p")o3,
07 g1
B(6) = o109p + 9’
01
Proof. By simplifying (5.4.7), we obtain
2 2
%Rzvaesz—(c—k %)Rz— [)\(n i)+ ”5} R+ fRo+~ BQR o ’832,7 0 (5.4.13)
1 1
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Then, we calculate the derivatives

R..=(1+¢€L.)R., R., = LyR;, Reopy = (Lnn + Lz) R..

n

By plugging these into (5.4.13), we obtain

n? 0’ ns nps
W(l—l—ez)szLesz— (c+ @)Rz— [/\(n o) + } R, + fRy + ﬁannJr L R,=0
1 1
(5.4.14)
By differentiating (5.4.14) with respect to z, we get
2 2 2 2 2
77 77 T] 2z 7] z z z 7]
_Rzz a9 ZLsz Y Lx:ch D) Lszz Rz Rzz - ) Rzz
207 * 20%6 i 20%6 * 20%6 e e (c+ 205) -

np

1
1

— (eszRz + LnRzz) =0
01

This can be written as

n? n? n?
—5€ L, + 2—e2sz + 2—€2ZL2 +2e" +e*L, —c—ce’Ly — Nn—ji)L n+ fLg

‘71 01 01

np ZLernﬁ

1
+56 Ly + L2) +
o1 01

*LoLn =0

By changing the varible, we derive

Uk Uk Uk
( —l—x—c) tLy + =1Ly + =2’ L2 4+ 20 — ¢ — N(n — i) L,
o? 207 207

2 (Lay + LyLy) = 0.

1
+§BZ (Lo + L2) + %

which is the exactly the PDE (5.4.12). This ends the proof of the Lemma.
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By differentiating with (5.4.11) respect to R and we deduce that (5.4.1) becomes

“ n 0+ o109p 1 B
a <R,n,e>={a—%e (i, 0) + 2 ) (G_I(Rn(,)) }Gx (G (1.0, 0)..6)
) Y n

(5.4.15)
for R > 0 and a(0,7,60) = 0.

Let y = G Y(R,n,0) , then we have

o
ar(R,n) = %ny(y,n) - Uime(y,n)Gn(y,n)-
1

Assumption 5.4.1. Assume (5.4.12) has a solution L(y,n,0) such that the equation

Y L(z.m,0)
oap | Lye dx
exp{L(y,n,0)} (%y R ) =1 (5.4.16)
g1 01
has a root yi(n,0) € (0,c).
Then, we have
Ri(n,0) = G(y1(n,0),1,0) (5.4.17)

As a result, we have the following solution

R
1
V(R,n,0 :/ ————=dy, 0<R< Ri(n,0 5.4.18
( n ) 0 G_1<y,77,9) Y 1(7] ) ( )

According to our assumptions a*(R,n,0) = 1 for R > Ry(n,0). By substituting a = 1 into
(5.4.1), we obtain the following equation:

Rec/ M-V Vas 0+

0+ o0 2 1
—”p) Vot {nVR + 5a%VRR + (0 + 0109p)Viy | = 0.

(5.4.19)

01

where, f(0) = —%02 + (—22—3’” —2XM)0 + (1 — p*)os.

In order to solve this PDE explicitly, we propose the following function for V (R, n,0)
R
V(R,1,6) = M(,0)e" " + N, 0) +
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We calculate the following derivatives:

1
Ve = Mde™ + =, Var = Md*e,
C
V, = Mye®™ + Md,e™ + N,), Vi = Mype™ + 2myd,e™ + Md,,e™ + Md + Ny,
Vo = Mye™™ + Mdpe™ + Ny, Viy = M,de™™ + Md, ™™ + Mdd, e’ .

By inserting them in (5.4.18), we get

[—eM = Ay — )My — M — 1) Mdy + My + My ] "

01

1/6 2 9 2
n 5( +U102P> Mrm( +01020> Mndn] iR

01

9 2 0 2 1
(P 00) sty s (107 §U;Md2]

+[(0 + o109p) (M, d + Md, + Mdd,)] e**

1
—N—A(n—u)Nn+fNe+—( L

+ Nnn+z :O

0+ og109p 2
2

01

Since the above equation holds for all values of R > R;(n,6), we must have:

B B 1 /0400 2
—cM — )‘(U_M)Mn _)‘(77_M>Mdn+fM9+Mdef+§ (—12p> My,

01

0 2 0 2 0 2
+ (—+ 0102/)) M,d, + (—+ 0102,0) Md,,, +nMd+ (—+ Ula2p) Md%

01 01 01

1
§U%Md2 + (0 + 0102p) (M, d + Md, + Mdd,) =0 (5.4.20)
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and

1/6 ?
! (u) Ny — A= )N, + BNg —eN + 1 =0 (5.4.21)
2 o1 c
As a result, we get the optimal return function
R 1
_ if < R< 0
V(R.n.0) =
M (n,0)e?mDE=R) 4+ N(n, ) + & if R > Ri(n,0)
(5.4.22)

To ensure that V is twice continuously differentiable, it is necessary and sufficient that
its value, first and second derivative are continuous at the point R;(n, ). To this end, we
put

R 1 R
— — M d(n,0)(R—R1) 4 N =
Vi(R,n,0) /0 =TE— Va(R,m,0) (n,0)e +N@,0) + -

Then, we consider the first and second derivative of V; and V5 at the point Ry(n,0).

/ 1 / 1
Vi(Ry) = —, Vo (Ry) = =+ Md.
Y1 c
7 77 ’ 77 ]_ O_Qp "
Vi () = _O__%Vl(Rl) = Ton o V, (Ry) = Md>.

— = — + Md.
Y1
1 o
_i_ - 2pG$<y7 7, Q)Gn(ya 7, 8) = Md2
051 o1
This implies
G 0
din) = — 1 po2 Gy, 0) (5.4.24)

01(y1—0) C—Y 01 Gz<y1a7770)

This proves the following theorem.
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Theorem 5.4.1. Suppose that Assumption 5.4.1, then the solution to the HJB (5.5.1) is

given by
R 1
S | f 0< R< Ri(n,0
|, T SO Rs
V(R,n,0) =
M (n,0)e?mOE=Fa0) 1 N (n)ednOR 4 B if R> Rq(n,0)
(5.4.25)
Here

Ra(0.6) = Glon(n)..0), Gon6) = [ con[Liyn.)]ay,
0
oy po2Gy(yr,n,0)
oi(yr—¢)  c—y o Go(y,n,0)
where y1(n, 8) is the root of (5.4.16) and M(n,0) is the solution to PDE (5.4.20).

d(n) =

5.5 Optimal policy and the verification theorem

In this section we construct the optimal policy based on the solution to the HJB
equation obtained in the previous sections. Recall that Ry(n,0) = G(y1(n,0),n,0), where
y1(n,0) is root of (5.4.16). For R < Ry(n,0), we obtain

1
a* (R, n,0) = argmaz, [anVR(R, n,0) + §a202VRR(R7 n,0) + ac102pVi,(R, 1, 0)|.

As evident from below the function a*(R,n,0) represents the optimal feedback control
function for the control component a, = <aﬂ(t)> . From the analysis in previous section,
>0

it follows that a*(R,n,0) can be represented as

a*(R,n,0) = %G’l(R,n)Gx(G’l(R,77,0),77,9)
1
g
_O_ilme(Gl(Ra 777 9)7 777 Q)Gﬂ<G71(R7 7]7 9)7 777 0)] I{OSRSRI (7779)} + I{RZRI(er)}'(5'5'1>
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For any 0 < a < 1, we define the differential operator £* by

o2a?

L%(R,n,0) = 5 grr(R,n) + angr + ac102pgR, — cg(R, )

A mga(Ron) + FB)gy + 5P, (552)

For any g € C?*1((0,00) x (0,00)). As a result, due to the previous section, we get
LY EOYV(R 1y, 0) = —R. (5.5.3)
Let Rf = (R}),>, be a solution to the following Skorohod problem :

t t
E:R+/dﬁﬁﬁ@@%+/aﬂ@ﬁﬁ@ﬂ@ (5.5.4)
0 0

~

Ry < Ry(ji, §2s).

Theorem 5.5.1. Let V be a concave, twice continuously differentiable solution of the HJB
equation (5.53.1) and (R})t>0 be a solution to the Skorohod problem (5.5.4).
Then for 7 = (a*(Rz‘,ﬂt,ﬁt)> , we have

t>0

I (R,m,0) =V (R,n,0), YVR>0, n>06>0.

Proof. Notice that R = R}. Let Ry = R, Jip = n and @0 = 6. Choose 0 < & < R and let

72 =inf{t: Rf = ¢}, then Ito’s formula yields,

~ ~

tATE
e_c(t/\Tf)V(R:/\Tf,,ﬂs, Qs) — V(R’ n, 9) + / =8 [0n* (S)V(R:, ﬂs, Qs)ds
0

tATE R /\
+ / e “orar(s)Vr(RE, s, Qs)dWs
0

tATE INTS —~
=V(R,n,0) — / e “R.ds +/ e “orar(s)Vr(RE, fis, Qs)dWy (5.5.5)
0 0
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Since VR(Rj,ﬁS,QS) < VR(S,ﬁS,QS) < oo on [0,t A 7Z], the last term on the r.h.s. is a
zero-mean martingale. Taking expectations in (5.5.5), we obtain
. tATE
E [e_c(tAT*)V(R;fAT*E, Ls, Qs)] + E/ e “Rids =V(R,n,0). (5.5.6)
0
Since 7, — T, when ¢ — 0

t/\’Tf t/\Tﬂ,*
/ e “Rids — / e “R.ds.
0 0

Thus letting € — 0 in (5.5.6), we use dominated and monotone convergence theorems for

the first and the second terms in (5.5.5) respectively, we get
e t/\TTr*
E [efc(t/\‘rﬂ*)} V(R;*Mﬁ*,ﬁs, Q) + ]E/ e “Rids =V(R,n,0). (5.5.7)
0
Since V(0,7n,6) = 0, we have
E e V(R i, Q)] = e B [V fi, )it < 7| > 0.
as t — oo. Letting t — oo on (5.5.7), we have

E/ T e S Rds = V(R,1,0).
0

Therefore, V(R,n,0) = J(R,n,0). This ends the proof of the theorem. O
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Chapter 6

The Case of Nonzero Liability

This chapter considers the case when the insurance company pays liability at a con-

stant rate per unit time. Here, we consider the cash reserve model of Chapter 3.

6.1 Mathematical and economic model

We start with a filtered probability space (2, F = (Ft)i>0,P), and one-dimensional
standard Brownian motion W; adapted to (F;);>0. We denote by R] the cash reserve of
the company at time t under a control policy w. The dynamics of the cash reserve process

R} is described by
dR} = (aj pue — 0)dt + afodW, Ry = initial cash reserve,
where the process y; satisfies the linear ODE

dpe = = (e — 1) dt.

7



and the initial value of the drift process p is given.

We define the value function J°(R,n) under a given admissible policy 7 by
J5(R,n) = E </O e~ Rrdt| Ry = R, jip — n> .
Our goal is to to find the optimal value function
VO(R,n) := supJ°(R,n), VR >0, n > 0. (6.1.1)
and find the optimal policy 7* that satisfies

VY(R,n) = J2(R,n), VR >0, n>0. (6.1.2)

6.2 The Hamilton-Jacobi-Bellman equation

In this subsection, we derive the HJB equation for the optimal value function.

Theorem 6.2.1. The optimal value function V°(R,n) defined by (6.1.1) is twice continu-

ously differentiable on (0,00). Then V° satisfies the Hamilton-Jacobi-Bellman equation

R—cVo —X(n—p)(V9), + m[ax] [(an —8) (Vg + %a%—%(vé)m] =0.
a€0,1 (6.2.1)
V(0) =0

Proof. By applying the Ito’s formula, we derive
1 1
AV (R, ) = (V) Rt (V) + (V) R, B3 (V) )+ (V) (B, )

= (V) g ((naf — 8)dt + oraFdWy) + (V°), (=\ (n — i) dt) + %(V‘s)RRJf(a?)th (6.2.2)
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Put
t
Y = / e RTds + e "VO(RT, 11y), t > 0.
0

Thanks to Bellman’s principal, the optimal value function, V°(R,7), is such that (Y,");>o
is a supermartingale for any admissible policy 7 and is a local martingale for the optimal

admissible policy 7*. Hence, in virtue of (6.2.2), Y™ is a supermartingale if
R~ eV = Ay~ ) (V%), + maz {@m =) (Vg + %a%f(vé)m} <0 (6.2.3)
and Y™ is a local martingale if
B =V = X ) (V) + | (afn = 0V )+ 5(af o3V | 0.

Thus, by combining this equation and (6.2.3), we deduce that V is a solution to the HJB
equation (5.3.1). This ends the proof of the theorem. O

6.3 Construction of the solution to HJB equation

Proposition 6.3.1. Let V? be the solution to (6.2.1) for 6 > 0, then the following hold:
(1) V° is a solution to (3.2.1)
(2) For any R >0, n >0,

5 .
V(R,n) =V R+ i n = il m).

Proof. (1) V° represents the value function with § = 0.

Then, by inserting 0 = 0 into (6.2.1), we get

1
R—cV®—An— ﬂ)(vo)n + Jnaz an(Vo)r + §a20%(VO)RR =0.
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which is exactly the same as (3.2.1). Thus, we can conclude that Vj is a solution to (3.2.1).
Now we prove (2) in the following.
We know that Vj is the solution to (6.2.1).
Let
VA(R,) = M(R ~ Sinly — il n).

Then, by differentiating this equation, we get

(Vé)R = Mp, (Vé)RR = MRg, (Md)n = Ve + V.

A — i)

By inserting these derivatives into (6.2.1), we get
_ I
R—cM — Xn— p)M, + mag anMp + 54 oiMgr| = 0.

which is the same as (3.2.1), it means M is the solution to this equation. Since we already
proved Vj is the solution to (3.2.1), we can conclude that M(R,n) = V°(R,n), while
M(R —{In|n — ql,n) = V*(R,n). Therefore, VO(R — §in|n — il ,n) = Vs(R, 7).

This ends to the proof of the proposition. O

Proposition 6.3.2. The following holds:

(1) Suppose that |n — ji| < 1,then V° will increase when & increases and V° will decrease

when 0 decreases.
(2) Suppose that |n — ji| > 1, then V?° will decrease when § increases and V° will increase

when & decreases.
Proof. From (3.1.3), we know that

= i+ (o — pe ™, t>0.
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if po < fi, it means n < fi, then when ¢ increases, R — %ln |n — f] is increasing. Therefore,
V? will increase.
if o > [, n > fi, then when ¢ increases, R — %ln In — ji| is decreasing. Therefore, V' will

decrease.

81



Bibliography

1]

S. Asmussen and M. Taksar. Controlled diffusion models for optimal dividend pay-out.

Insurance: Mathematics and Economics, 20:1-15, 1997.

S.Asmussen B.Hojgaard and M. Taksar. Optimal risk control and dividend distribu-
tion policies: Example of excess-of-loss reinsurance. Finance and Stochastic, 4:299—

324, 2000.

T. Bjork, D.W.A. Davis, and C. Landen. Optimal investment under partial informa-
tion. Mathematical Methods of Operation Research, 76:371-299, 2010.

S. Brendle. Portfolio selection under incomplete information. Stochastic Processes

And Their Applications 116, no.5:701-723, 2006.

T. Choulli, M.Taksar., and X.Y Zhou. Diffusion model for optimal dividend distri-
bution for a company with constraints on risk control. SIAM Journal of Control and

Optimization, pages 1946-1979, 2003.

T. Choulli, M. Taksar., and X.Y. Zhou. Excess-of-loss reinsurance for a company with

debt liability and constraints on risk reduction. Quantitative Finance, pages 573-596,

2005.

82



[7]

8]

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

P.W.A Dayananda. Optimal reinsurance. J.Appl.Probab., 7:134-156, 1970.

W.H. Fleming and T. Pang. An application of stochastic control theory to financial
economics. SIAM Journal on Control and Optimization, 43:502-531, 2004.

W.H. Fleming and R.W. Rishel. Deterministic and stochastic optimal control.
Springer, Berlin, Heidelberg, New York, 1975.

A. Friedman. Stochastic differential equations and applications. 1975.
H.U. Gerber. Mathematical methods in risk theory. Springer Verlag. Berlin, 1970.

B. Hgjgaard and M. Taksar. Optimal proportional reinsurance policies for diffusion

models. Scandinavian Actuarial Journal, 2:166-180, 1998.

[. Karatzas and S.E. Shreve. Brownian motion and stochastic calculus, volume 113.

Graduate Texts in Mathematics, Springer-Verlag, New York, 1998.

M. Monoyios. Optimal investment and hedging under partial and inside information,

advanced financial modeling. Radon Series Comp. Appl. Math, 8:371-410, 2009.

C. Munk. Portfolio and consumption choice with stochastic investment opportunities
and habit formation in preferences. Journal of Economic Dynamics and Control,

11:3560-3589, 2008.

T. Pang. Stochastic control theory and its applications to financial economics. Ph.D

thesis, Brown University. Providence. Rhode Island, 2002.

Stanley R. Pliska. Introduction to mathematical finance. Blackwell, USA., 1997.

83



[18] B Sundt. An introduction to non-life insurance mathematics. VVW.Karlsruhe, 1993.

[19] M. Taksar. Optimal risk and dividend distribution control models for an insurance

company. Mathematical Methods of Operations Research, 51:1-42, 2000.

[20] M. Taksar and Zhou X.Y. Optimal risk and dividend control for a company with a
debt liability. Insurance:Mathematics and Economics, 22:105-122, 1998.

[21] P. Whittle. Optimization over time-dynamic programming and stochastic control.

Wiley, New York, 1983.

[22] T. Reid William. Riccati differential equations. Academic Press New York and London,
1972.

[23] Yu Xiang. An explicit example of optimal portfolio-consumption choices with habit
formation and partial observations. Journal of Optimization Theory and Applications,

pages 1-14, 2014.

[24] T. Zariphopoulou. A solution approach to valuation with unhedgeable risks. Finance

and Stochastic, 5:61-82, 2001.

84



