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One thing I have learned in a long life: that all our science, measured against
reolity, is primitive and childlike and yet it is the most precious thing we have.

— Albert Einstein.
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Abstract

This dissertation presents new methods for the analysis, design and decoding of
low-density parity-check (LDPC) codes. First, we propose an efficient method for
analyzing finite-length LDPC codes on symmetric channels. This method is based
on the threshold behavior of LDPC codes and studying the atypical behavior of the
channel when observed during a finite block length. Different channel parameters
can be used to model the channel behavior and predict the performance. We inves-
tigate and compare the results obtained by considering different channel parameters
for predicting the performance. Second, we consider iterative decoding on uncor-
related fading channels where the channel fading gain and/or the noise power is
not known at the receiver. We propose a linear LLR approximation method which
is optimum in the sense of maximum achievable transmission rate on the channel.

This method is also applicable to other iteratively decoded codes.
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Chapter 1

Introduction

This work is concerned with design and analysis of a powerful class of error-correcting
codes called low-density parity-check (LDPC) codes and iterative decoding in gen-
eral. It has been shown that LDPC codes can perform near the Shannon capacity in
many channels and yet this great performance is achieved with a practical decoding
complexity. Therefore, these codes are extremely efficient from a practical point of
view.

In this chapter, we briefly introduce the field of study and review the historical
backgrounds of this research area. Also, we discuss the recent active topics and

propose interesting problems to be tackled in this thesis.

1.1 Iterative Decoding and Codes Defined on Graphs

In a modern society, exchange of information in an eflicient, reliable and secure man-
ner is of fundamental importance. Any communication is, to some extent, affected
by noise and interference. In order to detect or correct the errors that occur, using
error-correcting codes, the information is coded to include some redundancy. Physi-
cal solutions for error-reduction (such as improving the communication channel) are
far more expensive and less effective. Therefore, the quality of data communication
systems totally depends on efficient error-correction coding.

In 1948, Claude E. Shannon published a remarkable paper on the limits of re-
liable data transmission over unreliable channels and he introduced the concept of
information [1]. Shannon derived bounds on the maximum amount of information
that can be transmitted over unreliable communication channels. He showed that

there exists a quantity, called the capacity of the channel, such that reliable data
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transmission is only possible for data rates below this capacity. Shannon proved that
there exist codes of rates arbitrarily close to capacity such that as their block length
goes to infinity the probability of error of their detection goes to zero. Nevertheless,
he did not propose a practical solution for finding such codes. In fact, for the proof
of the channel capacity theorem, he used random codes. The problem with random
codes is their impractical decoding complexity with grows exponentially with the
block length.

In order to measure the power efficiency of a coding solution, its performance
gap is measured from the Shannon limit. The Shannon limit is defined as the
minimum transmission power required to have reliable transmission for a given data
rate. This is an alternative way to measure how close the coding solution is to the
capacity. Since the introduction of capacity and the Shannon limit, there have been
many attempts to design coding methods which can achieve the capacity and can
be encoded and decoded with practical complexity.

Until the discovery of Turbo codes [2], no proposed coding scheme with a practi-
cal encoding or decoding complexity could approach the Shannon limit with a small
gap. The near Shannon limit performance and practical decoding complexity of
Turbo codes was made possible by introducing iterative message-passing decoding
algorithms. This class of low-complexity decoding algorithms are applicable to the
codes defined on graphs. The performance achieved using these iterative message-
passing algorithms is very close to the optimal decoding algorithm. Turbo codes
drew a lot of attention and a great deal of research to the field of iterative decoding
and graphical codes.

Iterative decoding allows the use of long codewords with reasonable decoding
complexity. This is due to the fact that the complexity of iterative decoding algo-
rithms grows linearly with the length of the code and thus complexity per infor-
mation bit is independent of the code length. This property of iterative decoding
and their near optimal performance allow us to design codes that can approach
the Shannon limit. Therefore, iterative decoding and graphical codes have received
much attention in the past decade due to their exemplary performance and there
have been many advances in this area. However, there are still many open problems

in this field.
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1.2 A Brief Historical Review

The field of graphical codes started from the graphical representation of linear codes,
called Tanner graphs [3]. After the discovery that the turbo decoder can be repre-
sented graphically [4], it was shown in [5] and [6] that the turbo decoding algorithm
based on the graphical representation of the code is a special case of belief propa-
gation on Bayesian networks {7].

The research on turbo codes and graphical codes attracted attention to a class
of codes, called LDPC codes which were first proposed by Gallager in 1963 (8] and
were long neglected. With the advances in iterative message-passing algorithms and
graphical codes, it was shown that LDPC codes can have extremely good perfor-
mance [9, 10].

LDPC codes have sparse parity-check matrices. Therefore, their graphical rep-
resentation is simple and they can be decoded by iterative message-passing decoders
with low complexity. These properties of LDPC codes drew a lot of attention and
LDPC codes became one of the most active research topics in coding theory. In
2001, Luby et al. showed a very important result that the LDPC codes performance
can be extremely improved by using irregular graphs [11]. It was shown in [12] that
carefully designed LDPC codes can perform a few thousandth of a dB away from
the Shannon limit on the additive white Gaussian noise channel.

An asymptotic analysis method caﬂed density evolution was developed in [13] by
Richardson and Urbanke, which enabled designing capacity approaching irregular
LDPC codes for different symmetric channels. This method tracks the probability
density of the messages in each iteration.

Due to the computational complexity of density evolution, some approximations
were proposed later. Chung et al. proposed the Gaussian approximation to density
evolution which assumes that all the messages are Gaussian random variables [14].
Later, a more refined approximation was also proposed in [15].

Another method to analyze the behavior of iterative decoders is called extrinsic
information transfer (EXIT) chart analysis which is first introduced by ten Brink
in {16]. EXIT chart tracks the evolution of a single parameter representing the
density of the messages passed in each iteration and is a good method to visualize

the convergence behavior of iterative decoders. EXIT chart analysis allows designing
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irregular codes with desired convergence behavior [17].

For highly optimized LDPC codes, which can perform extremely close to the
Shannon limit, the decoder may need to perform too many iterations. Although
their decoding complexity is low for each iteration, the overall decoding can be
complex and slow. Therefore, using an EXIT chart analysis, complexity-optimized
LDPC codes have been proposed [18].

Since LDPC codes were able to approach the Shannon limit on many channels,
they have also been proposed for fading channels [19] and also for different mod-
ulation schemes such as orthogonal frequency division multiplexing (OFDM) [20],
multi-level coding and bit-interleaved coded modulation (BICM) [21] and also for
multiple-input multiple-output (MIMO) fading channels [22].

The analysis methods described here are all asymptotic methods. In other words,
it is assumed that the code length is infinite. In practice, however, finite-length
LDPC codes are used and the asymptotic analysis gives inaccurate results. There-
fore, a finite-length analysis method is presented in [23] for the binary erasure chan-
nel. Also, it is shown in [24] that the performance of finite-length LDPC codes in
the waterfall region follows a scaling law on the binary erasure channel.

LDPC codes have also played an important role in the discovery of many other
graphical codes, e.g., Repeat-accumulate (RA) codes [25], Luby transform (LT)
codes [26], and Raptor codes [27]. LDPC codes have been used in some communi-
cation standards such as digital video broadcasting (DVB) ETSI EN 302 307 [28]
and in IEEE 802.16 WiMAX standard [29].

Although there have been many research activities and advances in the area of
graphical codes, there are still many open problems. The field of graphical codes
and especially LDPC codes is still one of the most active research areas in coding

theory today.

1.3 Overview

As stated before, there are still many open problems in the field of LDPC codes. In
this thesis, we address some of these problems and we raise new questions.

In most of the LDPC code design and analysis methods, it is assumed that
the code’s block length is infinite. However, in practice, finite-length codes are

used. The accuracy of these asymptotic methods degrades as the block length gets
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smaller. Therefore, there is a vital need for a method capable of analyzing and
designing finite-length LDPC codes.

The performance degradation of finite-length LDPC codes is usually blamed
on the cycles, stopping sets [23], trapping sets [30], and other weaknesses in the
graphical structure of the code. For the case of binary erasure channel (BEC)
the effect of cycles and stopping sets can be identified and quantified based on a
combinatorial analysis [23]. Therefore, the average performance of LDPC codes can
be estimated on the BEC. However, this combinatorial analysis is computationally
complex and even for practical block lengths only very simple LDPC ensembles can
be analyzed.

In another work, it has been proved that the finite-length performance of LDPC
codes follows a scaling law on the BEC in the waterfall region [24]. Unfortunately,
this method is also complex and it cannot be applied to other channels.

There is still a need for an accurate and eflicient method to analyze the behavior
of finite-length LDPC codes on different channels. An accurate finite-length analysis
of LDPC codes may be used for designing powerful finite-length codes. In this
thesis, we address these problems and we come up with a solution. In particular, we
show that most of the performance degradation of finite-length LDPC codes can be
described by the channel atypical behavior when observed over a finite block length.
To this end, we analyze the behavior of the channel and two of its parameters as
random variables. We then use them in the analysis of the finite-length LDPC codes.
Moreover, we use this analysis to provide design guidelines for finite-length LDPC
codes.

One of the most important applications of error-correcting codes is on wireless
fading channels. In fact, carefully designed LDPC codes have very good performance
on fading channels [19]. However, when the channel fading gain is not known at
the receiver, the computation of the channel log-likelihood ratio (LLR) is too com-
plicated. Furthermore, when the channel noise power is not known at the receiver,
the decoder is not able to calculate the LLR correctly and the performance de-
grades. LLR calculation in fading channels when no information about the channel
is available at the receiver is complex and is a problem that needs to be solved.

In this thesis, we propose a linear method of LLR calculation for LDPC codes

and in general iterative decoding on fading channels when the channel parameters
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are not known at the receiver. This method maximizes the achievable transmission
rate on the channel. The complexity of our method is low and its performance
is extremely close to the optimum achievable performance obtained by true LLR
calculation. This method is applicable to other codes decoded by iterative message-

passing decoders such as turbo codes.

1.4 Organization of the Thesis

In the next chapter we briefly review the necessary background material on LDPC
codes and iterative message-passing algorithms. In particular, we provide the re-
quired background on graphical codes and LDPC codes’ structure, different decoding
algorithms, different analysis methods such as density evolution and its approxima-
tions and EXIT charts.

In Chapter 3, an efficient method for finite-length LDPC code analysis on binary-
input memoryless symmetric channels is proposed. This method is based on study-
ing the variations of the channel quality around its expected value when observed
during a finite-length codeword. We propose modeling these variations with a single
parameter. This parameter is then viewed as a random variable and its probability
density function is obtained. Assuming that a decoding failure is the result of an
observed channel worse than the code’s decoding threshold, the block error proba-
bility of finite-length LDPC codes is estimated. Using an EXIT chart analysis, bit
error probability is obtained from the block error probability. The effects of using
different channel parameters for modeling these variations are also studied. This
method can closely predict the performance of LDPC codes of a few thousand bits
or longer in the waterfall region®.

In Chapter 4, we investigate uncorrelated fading channels with no channel state
information at the receiver where calculating true LLRs is difficult. Existing work
assume that the power of the additive noise is known and use the expected value
of the fading gain in a linear function of the channel output to find approximate
LLRs. In this chapter, we first assume that the power of the additive noise is known

and we find the optimum linear approximation of LLRs in the sense of maximum

!The results of this chapter have been accepted for publication in the Proceedings of IEEE
International Conference on Communications (ICC), Glasgow, Scotland, 2007 {31] and have also
been submitted for publication in IEEE Transactions on Communications [32].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



achievable transmission rate on the channel. The maximum achievable rate under
this linear LLR calculation is almost equal to the maximum achievable rate under
true LLR calculation. We also observe that this method appears to be the optimum
in the sense of bit error rate performance too. These results are then extended to
the case that the noise power is unknown at the receiver and a performance almost
identical to the case that the noise power is perfectly known is obtained?.

Chapter 5 concludes the thesis. We provide a summary of the contributions of

this thesis and suggest problems for further research.

“The results of this chapter have been accepted for publication in the Proceedings of IEEE
International Symposium on Information Theory (ISIT), Nice, France, 2007 [33].
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Chapter 2

Preliminaries and Background

In this chapter, we briefly review some necessary background on channel coding,
different communication channels, linear block codes and their graphical represen-
tation, LDPC codes and their structure and different design and analysis methods.

In Fig. 2.1, the block diagram of a generic digital communication system is
depicted. A communication system generally consists of a transmitter, a channel,
and a receiver. The transmitter mainly consists of an analog to digital converter,
source encoder, encryptor, channel encoder, and modulator. Channel is the medium
through which the information is transmitted. Examples of the channel could be
simple copper wire pairs, coaxial cables, optical fibers, free air, a network link, etc.
The receiver mainly consists of a demodulator, channel decoder, decryptor, source
decoder, and digital to analog converter. In this thesis, we are mainly concerned

with the channel encoder and decoder and the channel itself.

2.1 Channel Models and Channel Coding

A communication channel can be viewed as a system whose output depends on its
input probabilistically. In fact, the channel is fully characterized by the alphabet
of X and Y and the set of conditional probability assignment between them Py,
where X denotes the input random variable and Y denotes the output random
variable.

In this thesis, we are concerned with channels whose input alphabet is the set of
binary symbols and each channel output depends only on the current input, giving
rise to a binary-input memoryless channel. Moreover, we only consider channels

that are output-symmetric. The most famous channels in this class are the binary
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Figure 2.1: The block diagram of a generic communication system.
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Figure 2.2: Two binary-input memoryless symmetric channels: (a) The BEC(¢), and
(b) BSC(e).

erasure channel (BEC) and the binary symmetric channel (BSC).

The binary erasure channel model is the simplest channel and is depicted in
Fig. 2.2(a). The output is either received correctly with the probability 1 — € or
as an erasure with probability e. Hereafter, we denote this channel by BEC(e). A
real-world example of the BEC is the packet transmission link between two nodes
in a data network where a packet is either received correctly or it is lost.

In the BSC, on the other hand, an input symbol is either received correctly or
flipped (received as the other symbols). The BSC is illustrated in Fig. 2.2(b). The
crossover probability is € in this channel. Hereafter, we call this channel BSC(e).
The BSC model is a simplified model of a noisy channel, where the information is
affected by noise and is received with error. Many real-world digital communication
channels can be modeled with the BSC.

The output-symmetry here (and also for the BEC) means that for these channels

Pyix(0]0) = Py x(1]1), (21)

or in other words, 0 and 1 are treated equally with the channel.

Two other famous channel models that will be used in this work are the binary-
input additive white Gaussian noise (BIAWGN) channel and binary-input uncorre-
lated fading channels.

In the BIAWGN channel and binary-input uncorrelated fading channels, the set
of output symbols take continuous values in the range (—o0, 00). In the BIAWGN(c,)
channel, the output is given by

y=z+z, (2.2)

10
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where z € {—1,1} represents the input signal and z is the Gaussian noise with zero
mean and variance 02. The BIAWGN channel model is of great theoretical and
practical importance in communications.
In the binary-input uncorrelated fading channels, The output of the channel is
given by
y=r-z+2, (2.3)

where z € {—1, 1} represents the input signal and z is the Gaussian noise with zero
mean and variance o2. Also r > 0 is the channel gain which has an arbitrary prob-
ability density function (pdf) fr(r) and changes independently from one channel
use to another. This channel model is used in modeling wireless communication
channels.

Using the binary phase-shift keying (BPSK) modulation, i.e., the input letters
are +1 (for binary 0) and —1 (for binary 1), the output-symmetry of the BIAWGN

channel and uncorrelated fading channel states that

Pyix(yll) = Py x(~y| — 1). (2.4)

We call the channels presented here binary-input memoryless symmetric (BIMS)
channels throughout this work.

One of the most important properties of a channel is its capacity. The capacity
of a channel is defined as the maximum mutual information between the channel
input and output random variables and is given by

C= g&))cI(X;Y), (2.5)
where I(X;Y) denotes the mutual information of X and Y and p(X) denotes the
input probability distribution. For example, C' = 1 — € for the BEC(¢), and C =
1 — h(e) for the BSC(e) where

h(e) = —elogye — (1 — €) logy(1 — €) (2.6)

is called the binary entropy function [34].

The importance of the channel capacity is mainly due to the noisy-channel coding
theorem and its converse. The noisy-channel theorem states that if the channel
capacity is C, there exists an encoding and decoding rule under which it is possible

to have an arbitrary small probability of error at data transmission rates R; < C [1].

11
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The converse to the noisy-channel coding theorem states that if R; > C, regard-
less of the encoding and decoding rule used, the probability of error cannot be less
than some positive number [1]. Thus, the noisy-channel coding theorem shows that

C is a fundamental limit for reliable data transmission on a channel.

2.2 Linear Block Codes

In this section, we introduce basic concepts of linear block codes, one of the richest
classes of codes. The codes we consider in this thesis are binary codes and we assume
that the information source is a sequence of binary symbols 0 and 1. Thus, when
we refer to linear block codes, we mean binary linear block codes.

In block coding, the information sequence is partitioned in blocks of fixed length
k, called message blocks u, representing k information bits. An (n, k) block code is
a transformation of message blocks of length k according to a pre-defined rule into
blocks of length n (n > k), called codewords c. There are 2* codewords correspond-
ing to 2" possible message blocks. A block code is linear if and only if the modulo-2
sum of two codewords is also a codeword [35]. We call n the code’s block length
and k the dimension of the code.

The generator matriz G of an (n, k) linear block code is defined as the k x n

matrix whose rows are k linearly independent codewords go,g1,...,8k_1 of length
n, which generate all the codewords. Thus, if u = (ug, u1,...,uk—_1) then
c = uG (2.7)
Bo
= (o upn) - |
Bk—1

uogo + u1g1 + -+ + Uk—18k—1

Linear block codes are fully specified by the rows of their generator matrix G.
Another matrix associated with linear block codes which is useful in decoding, is
their parity-check matriz. The parity-check matrix H of an (n, k) linear block code
is an (n — k) x n matrix such that a vector ¢ of length n is a codeword if and only
if c- HT = 0. The rows of H generate the null space of G, i.e., G-H7T = 0. In fact,
the parity-check matrix gives the parity-check equations on the message bits. Thus,

if the rows of H are denoted by h; = (hio, hi1, ..., by (n—1y) fori =0,1,...,n—k—1,

12
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the parity-check equations are given by
cohio + crhir + - + cn—1hi (n—1y) = 0. (2.8)

These equations show that the codeword bits satisfy n — k even parity constraints.
Thus, if any of these equations are not satisfied for the received codeword in the
decoder, error has occurred in the channel.

These concepts and definitions will be more clear with an example. Consider
a (7,4) Hamming code which is a simple example of a linear block code [35]. The
message sequence has four bits and the codewords have seven bits. The generator

matrix G and the parity-check matrix H of this code are given by

1101000
0110100
G= 1110010 (2.9)
1010001
and
1001011
H=|0101110 (2.10)
0010111
Thus, using (2.7), we can obtain the codewords listed in Table 2.1.
The parity-check equations are given by (2.8) as
cotcst+est+cg = 0 (2.11)
ca+ceztcs+cs = 0 (2.12)
cat+cs+ces+cg = 0, (213)

where the addition is in fact the modulo-2 sum and we will denote it by & hereafter.
Therefore, three sets of codeword bits should satisfy even parity constraints. These
sets are {co,cs,cs5,¢6}, {c1,c3,¢4,¢5}, and {ca,ca,¢5,¢6}. This concept has been

depicted in Fig. 2.3.

2.3 LDPC Codes: Graphical Representation

An LDPC code is a linear block code which has a sparse parity-check matrix. This
means that the parity-check matrix H of an LDPC code, has a low density of 1’s.
In fact, the number of 1’s in H grows linearly with the block length n. As for other

13
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Messages | Codewords
(0000) | (0000000)
(0001) | (1101000)
(0010) | (0110100)
(0011) | (1011100)
(0100) | (1110010)
(0101) | (0011010)
0110) | (1000110)
0111) | (0101110)
(1000) | (1010001)
(1001) | (0111001)
(1010) | (1100101)
(1011) | (0001101)
(1100) | (0100011)
(1101) | (1001011)
(1110) | (0010111)
(1111) | (1111111)

Table 2.1: The message sequences and their corresponding codewords for a (7,4) Ham-
ming code.

linear block codes, LDPC codes can be represented by their generator and parity-
check matrices. However, for the purpose of analysis, LDPC codes are almost always
represented graphically which gives a better insight in analyzing iterative decoding
algorithms. We explain how these codes can be graphically represented after giving
some definitions.

A bipartite graph is a graph where the nodes can be divided into two disjoint
sets and the edges of the graph may only connect two nodes from different sets. The
graphical representation of linear codes started with the introduction of a bipartite
graph called Tanner graph in [3] for linear block codes. Another major step in this
field was the introduction of factor graphs [36]. A factor graph, is a graph visualizing
the factorization of a global multivariate function into simpler local functions. In
fact, a factor graph is a bipartite graph whose nodes are classified as variable nodes
(corresponding to the function variables) and function (check) nodes (corresponding
to the functions).

To see how LDPC codes and in general linear codes can be represented by factor
graphs, consider a graph G with n variable nodes and r check nodes. The variable

nodes, which are usually shown by circles, are binary variables (0 or 1) and represent

14
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Figure 2.3: The visualization of even parity constraints for a (7,4) hamming code. The
code bits are shown by ¢y, c1,...,ce and circles. Even parity constraints are shown by
squares. In other words, the modulo-2 sum of the bits connected to a square is 0.

the codeword bits. The check nodes, shown by squares, represent the even parity
constraints on the variable nodes. In particular, a check node c; shows an even

parity constraint given by

P vi=0 (2.14)

Jivi€en(ci)
where v; represents the jth variable node, n(c;) is the set of all variable nodes
connected to ¢; and @ shows the modulo-2 sum [37]. A sample graph having eight
variable nodes and four check nodes is depicted in Fig. 2.4. There are four parity-

check equations corresponding to the four check nodes, which can be written as

Ci1: Vvo@®vs®viPvyr=0 (2.15)
C2: VIiBViDVsDvgDvg=0 (2.16)
c3: VIOV Dv3PvsDvg=10 (2.17)
Ci: viDVvsDvgDvy Dvg=0. (2.18)

If H is defined as the adjacency matrix of G, then G gives rise to a linear code of
block length n, dimension k¥ > n — r, and an r x n parity-check matrix H. In other
words, G represents a binary r x n parity-check matrix in which the (¢, j) entry is 1
if and only if the check node c; is connected to the variable node v;. The dimension
of the code is equal to n — r if and only if all the parity constraints are linearly
independent and this is equivalent to H being full rank.

When representing an LDPC code by factor graphs, the corresponding graph is

15
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Figure 2.4: A bipartite graph representing an LDPC code. The graph has 8 variable
nodes vi,vs,...,vs and 4 check nodes cy,...,c¢c4.

a sparse factor graph where the number of edges E grows linearly with the number
of variable nodes n. Any linear block code has a factor graph representation. If also
the factor graph is sparse, we call the code corresponding to the graph an LDPC
code. In this work, we are concerned with binary LDPC codes. Therefore, in the
remainder of the thesis, when we refer to LDPC codes, we mean binary LDPC codes.

LDPC codes are classified as regular or irreqular based on their structure. A
regular LDPC code has variable nodes of a fixed equal degree d, and check nodes

of a fixed equal degree d.. For a regular code we have
E=d, - n=d.-r. (2.19)

If viewed from the H matrix perspective, in a regular LDPC code, H is a matrix
having d. number of 1’s in each row and d, number of 1’s in each column. An
ensemble of (dy,d.)-regular LDPC codes is defined as the ensemble of LDPC codes
having variable nodes of degree d, and check nodes of degree d.. Now it is more
clear that why the number of 1’s in H or equivalently the number of edges in G
grows linearly with n. The reason is that the number of 1’s is fixed in each row or
column and the number of rows or columns grow linearly with n.

Irregular LDPC codes were first considered in [11] and it was shown that the
performance of LDPC codes can extremely improve by using irregular graphs. In an
irregular LDPC code, not all the variable nodes or the check nodes have the same
fixed degree. Consequently, the variable and check nodes are defined by two edge
degree distributions {Az, A3, ..., Aq, } and {p2, p3,...,p4.}- In this notation ); is the

fraction of edges connected to degree-¢ variable nodes and p; is the fraction of edges
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connected to degree-i check nodes. Here d, and d. refer to the maximum variable and
check node degree respectively. Another widely used notation is the representation
of the degree sequences by their polynomial generators A(z) = 21_2)\ ;2! and

plx) = El o piz' "1 [11]. Using this notation, the relations which contain the degree
distributions can be written more easily. In this thesis, we mainly use the latter

notation. For irregular codes defined by A(z) and p(z), we have

dy ] 1
n=E§}ﬁ=E/A@m% (2.20)
: 7 0
=2
and
de ) 1
r= EZ Pi E/ p(z)dz. (2.21)
= ' 0
In this thesis, we denote an ensemble of LDPC codes with block length n and degree
distributions A(z) and p(z) by C*(A(z), p(z)).

As the concentration theorems of [13] show, if the length of the code is large
enough, the behavior of all instances of the ensemble concentrates about an ex-
pected behavior which corresponds to the infinite-length code with the same degree
distribution. Thus, the average performance of an ensemble of LDPC codes is spec-
ified by its degree distributions. This explains why LDPC codes are almost always

represented only by their degree distributions.

The rate of a (dy, d¢)-regular LDPC code is given by

k_n—r dy
R — 2. (2.22)

As stated before, if the H matrix is full rank or all the parity constraints are linearly
independent the equality holds in (2.22). However, it is common to ignore the linear
dependencies and always consider that R = 1 — d,/d.. The linear dependencies
cause the rate to be higher.

Similarly, ignoring the dependencies, the rate of an ensemble of irregular codes

defined by A(z) and p(zx) is given by

TE,E | fop@)ds
Tt foMe)ds

We conclude this section by an example. Consider an irregular LDPC code
C10%(X(z), p(x)) with variable node degree distribution A\(z) = 0.422 +0.4z5 +0.248
and check node degree distribution p(z) = z8. Using (2.20) and (2.21), this code

R=1- (2.23)
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has 4500 edges. From the degree distribution, it can be said that 40% of edges are
connected to variable nodes of degree three (600 nodes), another 40% to variable
nodes of degree 6 (300 nodes) and 20% to variable nodes of degree 9 (100 nodes).
Also, it can be understood that there are 500 check nodes all of degree 9. Finally
the rate of this code is 0.5, which is given by (2.23).

2.4 LDPC Codes: Decoding

LDPC codes are usually decoded by a class of iterative decoding algorithms called
message-passing algorithms. In iterative message-passing decoding algorithms, there
are two sources of information about the transmitted codeword available at each it-
eration. One is the information from the channel called the intrinsic information,
and the other is the information from the previous iteration called the extrinsic in-
formation. At each iteration, the decoder combines these two sources of information
in an effective way to gain better knowledge about the transmitted codeword.

In these algorithms, the messages passed in each iteration are probabilities or
beliefs. These probabilities are passed between the variable and check nodes along
the edges connecting them. In fact, in each half iteration, each check node c passes its
belief (as a probability) about the variable node v to v based on the beliefs received
in the previous iteration from the connecting variable nodes except v. Then, in the
next half iteration, each variable node v passes its belief (as a probability) about
itself to a connecting check node ¢ based on the beliefs received from the channel
and from the connected check nodes except c. Fig. 2.5 shows an example of how
the message from a variable node to a check node is calculated in one iteration of
the iterative message-passing decoding algorithm. The variable node v4 passes a
message to the check node ¢;. This message is calculated in one iteration based on
the following procedure. In the first half iteration, cy calculates its outgoing message
based on the messages it received from vi, vs, vg, and vg and sends it to v4. Also,
¢4 calculates its outgoing message based on the messages it received from vs, vg,
vz, and vg and sends it to v4. In the next half iteration, v4 calculates its outgoing
message based on the messages received from the channel and from c; and ¢4 and
sends it to c;.

To further illustrate the idea of iterative message-passing decoding, consider a

(dy,dc)-regular LDPC code. In each iteration, the message passed from a check
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channel messages

Figure 2.5: An example of how the message from a variable node to a check node is
calculated in one iteration of iterative message-passing decoding.

node ¢ to a variable node v is calculated based on the d. — 1 incoming variable
node messages. Then, the message passed from a variable node v to check node ¢
is calculated based on the channel observation message and d, — 1 incoming check
node messages. This one iteration process can be visualized as a decoding tree of
depth one. This decoding tree illustrates the process of message passing between the
variable nodes and check nodes in one iteration. The variable nodes output messages
are then used in check nodes to start the next iteration. If more iterations are
considered, a decoding tree of depth more than one can be obtained. For example,
a decoding tree of depth two, showing two message passing iterations is illustrated
in Fig. 2.6 for a (3,4)-regular LDPC code.

When the variable nodes only have binary values of {0, 1}, the probability mes-
sages passed along the edges could be the probability of being 0 or the probability
of being 1, i.e., P(0) or P(1). It is usually more advantageous to work with log-
likelihood ratios (LLRs) instead of probabilities. For binary-valued random vari-
ables, LLR is defined as log %%. Using LLRs, the message update rules become
simple and also probabilities very close to 1 and 0 can be represented with higher
precision in finite precision computer implementations.

In this section, we first explain the sum-product decoding algorithm [36], which
is the most powerful iterative message-passing decoding algorithm and we give its
message passing and updating rules. After that, we describe the min-sum decoding
algorithm which is an approximation to the sum-product algorithm. Then, we

present how message-passing algorithms can be made simpler on the BEC and BSC
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Figure 2.6: The decoding tree of depth 2 of a (3,4)-regular LDPC code. The channel
messages are represented by small squares.

using their binary versions.

2.4.1 The sum-product algorithm

We describe the sum-product algorithm where the messages passed are real valued
LLRs. At first, the channel messages mg, which are called the intrinsic messages
are calculated based on channel output values corresponding to each variable node
v. In fact, for each channel output y and its corresponding variable node v, the LLR

message is
o, — log PO
0y =108 5———,
Pxy(1ly)

where z € {0, 1} is the channel input bit. The variable nodes are initialized by these

(2.24)

messages. Then, each variable node v passés its message to all neighboring check

(0)

nodes c. This message is given by myZ.c = my,.

At the next step, each check node c calculates its message, denoted by m((;llv for
each connected variable node v and sends it to v based on the messages received
from the connected variable nodes except v. This completes the first half of iteration
one. In the next half iteration, based on the incoming check node messages and the
intrinsic messages, each variable node calculates its messages and sends them to the
connected check nodes. This process continues iteratively.

In more detail, this iterative process can be described by two iterative updating
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C

Figure 2.7: The process of updating messages in a check node of degree d. > 4. The
variable node messages from the previous iteration are fed into the check node c and
processed to be sent to the variable node v;.

rules. The check node c sends its message to the variable node v based on the

following updating rule [4, 36]:

mfﬁ,v = 2tanh™! H tanh (m%.i?) , (2.25)
vien(c)—{v}

where m.(f)_,v shows the message sent from c to v in the £th iteration, n(c) is the set of

neighboring variable nodes connected to ¢, and m\(,f:}c denotes the message passed

from the variable node v; to ¢ in the previous iteration. This updating process is

shown in Fig. 2.7 for a check node with degree d.. Then, the variable nodes update

their messages by [4, 36]

me=mo,+ Y. mi,, (2.26)
cjen(v)—{c}
where n(v) is the set of neighboring check nodes connected to v. This updating rule
is shown in Fig. 2.8 for a check node with degree d.. Notice that at the start of
the decoding, i.e., the initialization, mﬁ%v = (. The messages passed between the
nodes in the decoder are called the extrinsic messages.

A decision can be made on the variable node v based on the following rule:

(€)
v { 0, mo, + X, enty) Mej—v > 0 , (2.27)

1, myo, -+ ZC]'GTL(V) m((;f)—w <0
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Figure 2.8: The process of updating messages in a variable node of degree d, > 4. The
variable node messages from the previous half iteration are fed into the variable node v
along with the channel message mgp, and processed to be sent to the check node c;.

and if mg, + ch en(v) mg.)_w = 0 either V =1 or V = 0 can be selected randomly.
In fact, for each variable node the extrinsic messages of all neighboring check nodes
and the intrinsic message are used to calculate the decision making message mg, +
chen(v) mg)_,v Since the messages are LLR messages, a positive LLR votes in
favor of V' = 0 and a negative LLR votes in favor of V = 1.

As seen in (2.25) and (2.26), the outgoing message is being processed based on the
messages received from all the connected nodes except the node which is receiving
the outgoing message. This is a key aspect of iterative decoding, since it is needed for
the independency of the messages (to be discussed later). As the messages are passed
between the nodes in each iteration, the reliability of the variable node messages
increase since they receive multiple beliefs about their value at each iteration. In
contrast, the reliability of the check node messages decrease as they receive messages
from the neighboring variable nodes about their own values. Since these messages are
processed so that the neighboring variable nodes satisfy an even parity constraint,
the reliability of the outgoing check node message is even less than the reliability of
the least reliable incoming message [37]. This process continues until all the errors

are corrected by the decoder in a successful decoding.
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One of the most important advantages of sum-product and in general belief
propagation decoding is that its decoding complexity is low and hence practically
implementable for large block lengths. This is due to the fact that in the algorithm,
the messages are passed along the edges of a sparse graph (i.e., the number of
edges traversed is small). Also, the number of edges are linearly proportional to
the block length n and the number of operations are linear in n. Therefore, the
decoding complexity of belief propagation decoding is linear in n and thus constant
per information bit.

It is worth mentioning that sum-product is in general not as powerful as maxi-
mum likelihood (ML) decoding which is the optimum decoding algorithm. In fact,
when the code’s factor graph has cycles—which will be briefly discussed later—
sum-product is sub-optimum. On the other hand if no cycle exists and the code’s
factor graph is a tree, sum-product is optimum and thus equivalent to ML decod-
ing [4,7,36]. For large enough block lengths, since the effect of cycles is negligible for
large number of iterations (see Section 2.5), sum-product performance is very close
to the ML decoding. Since sum-product decoding is more practical than ML de-
coding especially for large block lengths, it is usually used in the decoding of LDPC
codes. For detailed analysis on the tradeoff between the decoding performance and

complexity per information bit refer to [38—40].

2.4.2 The min-sum algorithm

The min-sum decoding algorithm is a simplified version of the sum-product algo-
rithm [4]. While it is not as effective and powerful as the sum-product algorithm, it
is less complex and can be implemented easier.

In this algorithm, the variable node update rule is the same as sum-product and
is given by (2.26). The check node update rule is an approximation to (2.25) and is
given by [4, 36]

My = min
vien(c)—{v}

m\(,f:}c) ‘ H sign <m\(,f;1c) ) . (2.28)

vien{c)—{v}

When the magnitude of the messages gets large, (2.28) better approximates (2.25).
Thus, in later iterations, where the magnitude of extrinsic messages have become

large, the min-sum algorithm performs nearly the same as sum-product.
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2.4.3 Gallager’s algorithm A and B

The sum-product and min-sum both use soft decision decoding which means that
real-valued messages are passed. The sum-product is the best algorithm among the
message-passing algorithms in terms of the performance. In digital implementations,
discretized versions of the sum-product have to be used. The results of [12] show that
11-bit implementation is generally enough and extra bits will not result in noticeable
performance improvement. However, this is complicated and in many practical
applications it may be difficult to be implemented or may increase the decoding
time. In high-throughput applications, very fast decoders are needed. Thus, to
reduce the complexity and increase the speed, lower-level discretized versions of
sum-product are considered (e.g. 3-bit decoding, 4-bit decoding, etc.). The lowest
level of dicretization is 1-bit decoding which is equivalent to passing binary messages
and is called hard decision decoding.

Gallager’s decoding algorithm A and B, both introduced by Gallager in [8], can
be used for hard decoding on the BSC. In both of these algorithms the messages
passed between the nodes are 0 or 1. In Gallager’s algorithm A, the update rule at
the check node c is

my= @ mi?, (2.29)
vien(c)—{v}
which is the modulo-two sum of the incoming messages. In the variable nodes, the
message updating is based on the following rule:
© _ ) mo, dc; € n(v) — {c}: m,(;e.)_+v =my
Mv=e = { ™o, otherwise ’ ’ (2:30)
where my is the intrinsic message and 77y denotes the binary complement of mg. In
other words, the variable nodes pass the intrinsic messages unless all the incoming
extrinsic message disagree with the intrinsic message. In this case, the extrinsic
message, passed to the neighboring check node, is equal to the binary complement
of the intrinsic message.

Gallager’s decoding algdrithm B is more powerful than algorithm A but more
complex. It is proved in [41] that the algorithm B is in fact the optimum binary
message passing algorithm for regular LDPC codes. In this algorithm the check
node update rule is the same as (2.29) but the variable update rule is different.

Interested reader can refer to [8,41] for the details.
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There are also some modifications of sum-product and min-sum and other message-
passing algorithms which can be used in the decoding of LDPC codes [37,42,43].

Here, we have presented the most important ones.

2.4.4 Decoding on the BEC

On the BEC, the LLR message is 400 or —oo if the corresponding variable node is
not erased and is 0 if erased. The check node sends +00 to a variable node if all its
incoming messages except the message from the variable node it is sending to are
+oo and otherwise it sends 0. The variable node sends 0 if it is erased and sends
+oo if and only if there exists at least one +oo incoming check node message other
than the one receiving the message. This procedure can be done much easier on
the BEC using edge deleting method. Interested reader may refer to [44] for more
details.

2.5 LDPC Codes: Analysis methods
2.5.1 Asymptotic analysis methods

As stated in the previous section, in iterative decoding, there are two pieces of in-
formation about the transmitted codeword available in the decoder: the intrinsic
information which is the observed information from the channel and the extrinsic
information which is the information from the previous iterations. The extrinsic
information at each round is calculated based on the intrinsic information and the
extrinsic information from the previous round. In a successful decoding, the reliabil-
ity of extrinsic messages improves as the decoding continues iteration by iteration.
Therefore, for the analysis of iterative decoding, the statistics of the extrinsic mes-
sages are studied in each iteration.

If at every iteration, the incoming messages are independent then the update
rules given in the previous section correctly computes the LLRs. This is equivalent
to the factor graph being a tree and having no cycles. If the factor graph has
cycles with the smallest length—called girth—equal to ¢, then the neighborhood of a
variable node up to depth [%J is a tree and the messages can be assumed independent
only for L%J iterations. Therefore, the messages will not be independent for large

number of iterations and the existence of cycles makes the messages dependent.

25

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



It is worth mentioning that in randomly constructed codes with large enough
block lengths, the neighborhood of a fixed depth £ of most of the variable nodes is a
tree. Therefore, the decoding algorithm calculates the correct LLRs for £ iterations
in these variable nodes. The fraction of the other nodes having dependent messages
is small. Thus, the effect of cycles in the decoding performance is small when the
block length is large and their contribution to the probability of error is small and
disappears asymptotically. So, for the asymptotic analysis of LDPC codes we can
assume that the factor graph is a tree and all the messages are independent.

If linear codes are used and the channel and the update rules have symmetry
conditions, then the convergence behavior of iterative decoding is independent of
the transmitted codeword. So, for simplicity, it can be assumed that the all-zero
codeword is transmitted. The channel symmetry condition is given in (2.4) and
the update rules symmetry conditions are given in [13]. The update rules given in
Section 2.4 are all symmetric.

Based on the all-zero codeword and message independence assumption, the sta-
tistics of the extrinsic messages can be studied. In fact, under the channel symmetry
conditions, LLR messages give suflicient statistics for the analysis of the decoding
and they have some nice properties. Some of these properties can be found in Ap-
pendix A. The most exact analysis method, called density evolution, tracks the pdf
of the extrinsic messages in each iteration [13]. Throughout this thesis, we assume
the all-zero codeword is transmitted when density evolution is used.

Density evolution can be computationally complex in most cases, therefore as
an approximation, a representative of the pdf is studied (e.g., extrinsic message
error probability [15,17], mutual information between the transmitted bits and the
extrinsic messages [45], and the mean of the extrinsic messages [14], etc.). Moreover,
the extrinsic messages’ pdf can be fully represented by a single parameter in some
cases (e.g., on the BEC and BSC). In these cases, studying the evolution of this

single parameter is exact.

Analysis on the BEC and BSC

On the BEC and BSC, since the pdf of the binary messages can be represented by

a single parameter, it is sufficient to track the message error probability.

On the BEC(e), this message error rate can be defined as the probability pff)
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that a message passed from the variable nodes to check nodes in iteration ¢ is 0.
The message sent by a check node of degree 7 is in error (or 0) when at least one of

its 4 — 1 incoming messages is 0. Therefore, the degree-i check node message error

probability qf(f) (or the probability that the message is 0) at iteration £ is given by

i—1
@0 =1-(1-p0)" (2.31)

For an irregular LDPC code having check node degree distribution {p, p3,..., 4.},

the total check node message error probability is then given by
6§ = p2-qf) + 34l + -+ pa. - o) (2.32)
or equivalently by
) =1=(p2- (L =pl) +p3- (L=p) + 0o (L=p) ). (233)

Using the polynomial representation of the check node degree distribution p(z), the

above equation can be shortly written as
¢ =1—p(1-p). (2:34)

The message sent by a variable node of degree i is in error when the variable
node is erased and all the incoming check messages are 0. Therefore, the degree-

variable node message error probability is

i—1
PV = (@) (2:35)
For an irregular code having variable node degree distribution {Ag, A3, ..., A}, the

total variable node message error probability is then given by
2 dv—1
P = (e (@) + 20+ @)+ a0 @) (236)

Again, using the polynomial representation of the degree distribution A(z), the above

equation can be shortly written as
Pt = - Mg!). (2.37)

The recursive analysis can be written for an irregular LDPC code having degree

distributions A(z) and p(z) using (2.34) and (2.37) as [44]
pEY =€ A1 - p(1 - ). (2.38)
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In a successful decoding, the probability of error p((f) should decrease iteration by

iteration and get arbitrarily close to 0. Thus, for a successful decoding we should
have

e-Ml—p(l-2))<z Vzel(0e). (2.39)

For the Gallager’s decoding algorithm A and the BSC(e), since the messages

are 0 and 1, we track the probability pSf) that the variable node messages sent to

the check nodes in iteration £ is 1. Using a similar procedure as for the BEC, and

from [8,46], we get

S = (1 )2 (1 - p(12— 2@@)) te. (1 A (1 +p(12— ng)))) . (2.40)

and for successful decoding we should have

-9 (A e (14 (FHEEEE) ) <o woe 0. 2

Gallager’s algorithm B, could also be analyzed in a similar way. For details

see [11].
Density evolution for general BIMS channels

The main idea of LDPC code analysis on the BEC and BSC can be extended to other
BIMS channels and other decoding algorithms. Density evolution, first proposed by
Richardson and Urbanke in 2001 [13], is the general asymptotic analysis method for
LDPC codes. It tracks the evolution of the pdf of the extrinsic messages iteration
by iteration.

The exact formulation of this method is given in [13,47]. Density evolution is
computationally complex and its analytical formulation is not suitable for direct
use. Thus numerical analysis is usually done by quantizing the message alphabets
and using probability mass functions (pmfs) instead of pdfs. This technique is called
discrete density evolution [12]. Here, we present some details of this technique for
sum-product decoding.

At the first iteration, the decoder is initialized with the pmf of the channel
messages. These messages are sent as the variable node messages to the check

nodes. Then the incoming pmf is processed at the check nodes based on the check
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node update rule. Consider the quantizing function Q(w) as given by

L% + %J ‘4, w2 %
Q(w) = % - %-I -4, w< —% ) (242)
0, otherwise

where A is the quantization interval. For a check nodes with two incoming pmfs p,

and py the output pmf is given by
pelkl= " Y palipli), (2.43)
(1.4):kA=R(iA,j D)
where

R(a,b) = Q (2 tanh ™! (tanh g— tanh g)) . (2.44)

These equations can be implemented using a look-up table. We combine these
equations and use the notation p, = CHK(pg, py) for a check node operating on two
pmf inputs, p, and pp. Then, for a check node of degree d. the output rule can be

written as
CHK(ml,mz, e ,mdc_l) = CHK(ml, CHK(mQ, e »mdc—l)): (2.45)

where CHK(-) is the check node update rule given by (2.25). This implies that the
check node operation can be done pairwise. Denoting the variable node message
pmf by p, (which is the same for all messages) and the check node message pmf by

Pu, Pu can be computed using
Py = CHEK(py, CHK (py, - . . ,CHK(py, Do), - -+ )). (2.46)

At the next half iteration, the output of the check nodes along with the channel
pmf is fed into the variable nodes . For a variable node with two incoming pmfs p,

and py, the output pmf is given by

Pelk] = palk] * py[K], (2.47)

where * denotes the discrete convolution. This can be easily implemented using
fast-Fourier transform (FFT) techniques. We denote the variable node operation by
Pe = VAR(pq,pp). Again for a variable node of degree d,, the update rule can be

written as
VAR(mg, m1, ma,...,mg,—1) = VAR(mg, VAR(m1,ma, ..., mg,_1)), (2.48)
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where VAR(:) is the variable node update rule given by (2.26). Using similar rea-

soning, p, is given by
P = VAR(po, VAR (pu, - - -, VAR(Puy Pu)s - -+ ))s (2.49)

where pg denotes the intrinsic messages pmf. This completes one iteration. This
process can be repeated for many iterations and in each iteration the pmf of the
messages can be studied. If the all-zero codeword is assumed to be sent and 0 is
mapped to +1 and 1 is mapped to —1 (as in BPSK modulation), then the negative
tail of the pmf represents the message probability of error in each iteration. If this
tail vanishes after some iterations, the decoding is successful.

In density evolution it is assumed that the factor graph is a tree which is not
always true. Nevertheless, the concentration theorems of [13] show that when the
code length grows, the average behavior of individual instances of the code ensemble
and the noise concentrates around its expected behavior. This expected behavior, in
turn converges to the behavior of the cycle-free case. Density evolution is a powerful
tool for analyzing the asymptotic performance of iterative decoders (when the block
length is large). It can also be applied to some other codes defined on graphs which
use iterative decoding [48-50].

Due to the high complexity of the density evolution, some approximations to it
has also been proposed in the literature. The most important ones are the Gaussian
approximation [14] and the semi-Gaussian approximation [15]. In the Gaussian
approximation, all the extrinsic messages are considered to have Gaussian distribu-
tion. In the semi-Gaussian approximation method, only the variable node messages
are considered to be Gaussian. Although these methods are less accurate than the

density evolution, their complexity is much less.

Decoding threshold

The decoding threshold of an LDPC code is defined as the worst channel condi-
tion for which the message error rate approaches zero as the number of iterative
decoding iterations approaches infinity. This fact is proved in [13] that for channel
conditions better than the decoding threshold, density evolution converges to arbi-
trary small message error rate and for channel conditions worse than the decoding

threshold, message error rate remains larger than a constant no matter how many
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iterations performed. The decoding threshold depends on the degree distributions,
the decoding algorithm used, and the channel type and is one of the most important
properties of an LDPC code.

As an example, in the BEC(e) and BSC(e) with Gallager’s decoding algorithm A,
the decoding threshold is given by the maximum € for which the inequalities in (2.39)
and (2.41) hold, respectively. It is worth mentioning that since density evolution is
not accurate for finite-length LDPC codes, there is a gap from performance to the
threshold in practice. Our goal in Chapter 3 is to determine this gap and predict
the performance of finite-length LDPC codes.

Analysis of the accuracy of discrete density evolution shows that if the messages
are represented by 11 bits or more, the error in the decoding threshold is less than
0.001 dB [12].

Extrinsic information chart analysis

Extrinsic information transfer (EXIT) chart analysis is another method of analyzing
the asymptotic behavior of iterative decoders. In EXIT charts, the idea is to track
the evolution of a representative of the extrinsic messages densities. In other words,
the decoder’s behavior is analyzed based on evolution of a single parameter. Many
parameters could be selected to represent the densities (usually this is a measure of
the decoder’s success). The most famous parameter for this purpose is the mutual
information between the received bits and the extrinsic messages in each iteration
[16]. Other parameters which have been considered in the literature are the signal-
to-noise ratio (SNR) of the extrinsic messages [51,52], the extrinsic messages error
probability [15,17], etc. Notice that when the pdf of the extrinsic messages can be
fully represented by a single parameter (e.g. in BEC and BSC), EXIT chart analysis
is exact and is the same as density evolution. In this thesis, we will use EXIT charts
based on the error probability. Thus, when the term EXIT chart is used, we mean
EXIT charts that track the message error probability unless otherwise stated.

In an EXIT chart, the error probability of the outgoing extrinsic messages of
one iteration po,: is expressed as a function of the error probability of the incoming

extrinsic messages pi, and the intrinsic messages py, i.e.,

DPout = f(pin»pO)- (250)

Then the EXIT chart is the plot of this function using pout-pin coordinates. The
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EXIT chart function f also depends on the degree distributions. A sample EXIT
chart is plotted in Fig. 2.9. The inverse function f~! is also plotted to better
visualize the behavior of the decoder in each iteration. The output error probability
Pout Of an iteration is transferred to the next iteration as a new pj, and again a new
Dout 18 given and this process continues until convergence. Using EXIT charts it is
possible to visualize and determine how many iterations is needed for convergence
in the decoder. The more open the EXIT chart (i.e., the tunnel between f and f~!
is wide) the less number of iterations is needed. If the EXIT chart gets closed (i.e.,
the tunnel between f and f~! gets closed), the error probability cannot get smaller
than a certain value and the decoder does not converge. This is equivalent to the
case that f intersects the 45-degree line. Thus, we define an open EXIT chart the
one which is always below the 45-degree line and a closed EXIT chart the one which
intersects the 45-degree line.

The decoding threshold can also be approximated by the EXIT chart analysis.
It is defined as the worst channel condition pfj for which the EXIT chart is open,
ie.,

po = argsup{ f(pin,P0) < Pin, VPin: 0 < pin < po}. (2.51)
Po

Since an EXIT chart can model the behavior of the decoder in a simple manner, it
can be used to design good irregular LDPC codes with desired convergence behavior.
In the literature, EXIT charts have been vastly used for LDPC code design (e.g.,
see [17,18]). We will briefly discuss how EXIT charts can be used to design good
LDPC codes in Section 2.6.

2.5.2 Finite-length analysis methods

Density evolution is an accurate method for the asymptotic analysis of LDPC codes
and in general iterative decoding. In the asymptotic analysis methods, the code’s
block length is considered to be very large or infinite. The accuracy of density
evolution and other asymptotic analysis methods degrades when finite-length codes
are used. Even for block lengths several tens of thousands large, the performance
prediction of density evolution is very poor. For example, on a BIAWGN channel,
density evolution calculates a threshold of 1.1015 dB for (3,6)-regular LDPC codes.
However, the finite-length performance could be far from the threshold. Fig. 2.10
compares the performance of (3,6)-regular LDPC codes with different block lengths
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Figure 2.9: An EXIT chart based on message error probability. This EXIT chart corre-
sponds to a (3,6)-regular code on the BIAWGN channel decoded by sum-product. The
functions f(pin,po) and its inverse are plotted. As seen, it is possible to visualize the
decoding behavior and the number of required iterations.
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to the threshold. It is seen that the performance gap to the threshold can be
significant. In practice, finite-length codes are used. Thus, there is a need for
analysis methods capable of predicting accurate performance curves for finite-length
LDPC codes.

One of the reasons for the inaccuracy of the asymptotic methods is that for finite-
length or small graphs, the tree assumption is valid only for a few iterations. In most
cases, these few number of iterations are not enough to reduce the error induced
by the channel in the graph. Based on this concept, a combinatorial analysis has
been proposed for the finite-length LDPC codes on the BEC in [23]. This analysis
is based on considering weaknesses in the code’s graph called stopping sets.

A stopping set S is defined as a subset of variable nodes, such that all neighbors
of § are connected to S at least twice. In other words, a stopping set, is a subset of
variable nodes such that no neighboring check node has degree one in the subgraph
induced by this subset. The size of S is the number of its variable nodes. In Fig.
2.11, stopping set sizes of 2, 4 are depicted. Also, it is shown in Fig. 2.12 that how
a stopping set may be connected to other parts of the graph.

A stopping set has the property that if all its variable nodes are erased, iterative
decoding cannot recover any of these erasures. It can be proved that the set of
erasure £ which remains when the iterative decoder stops is equal to the maximal
stopping set of £ [23]. A block error occurs when all the variable nodes in a stopping
set are erased. Thus, to find the block error probability, it is sufficient to find the
probability that a random erasure subset of variable nodes of a randomly chosen
element of the code ensemble, contains a nonempty stopping set [23]. Since the
variable nodes are erased by the channel randomly, we find the probability that
a nonempty stopping set is hit by the randomly erased bits for a random code
graph from the code ensemble C"(A(z), p(z)). This can be done by a combinatorial
analysis which is extremely complex for block lengths larger than a few hundred bits
and even for short block lengths only simple ensembles can be analyzed [23]. This
approach has been extended to irregular ensembles in [53].

The performance curves of finite-length LDPC codes can usually be divided
into two regions; the waterfall region and the error floor region. In the waterfall
region, the error rate drops significantly with improving channel quality. This region

corresponds to low SNR regions. In the error floor region, however, the error rate
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Figure 2.10: Bit error rate of a (3,6)-regular LDPC code on the BIAWGN channel with
different block lengths n in the waterfall region. There gap to the threshold gets larger
with decreasing n.
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Figure 2.11: Examples of stopping sets of size 2 (left and middle) and 4 (right).

vi V2 v3 V4 Vs V6 vr vg Vo V10

Figure 2.12: The set S = {vg,v4,vs5,vg} is a stopping set of size 4. The bold lines
show the subgraph induced by S.

does not drop significantly with improving channel quality and the performance
curve flattens out. This region corresponds to high SNR regions. Please see Fig.
2.13 as an example. In the error floor region, the performance degradation is due
to the weaknesses in the graph such as stopping sets, trapping sets, etc.

It has been observed in [24] that the average performance of finite-length LDPC
codes follow a scaling law in the waterfall region. This scaling law has been proved
when the transmission takes place on the BEC and is conjectured to be true on the
BSC and BIAWGN channels too. In fact, the following refined scaling law has been
proved for the BEC(e):

(ﬁ(e*~ﬂn_§—e)) .
E[Ps(d,e)] = Q + 0}, (2.52)

[0

where Pp is the block error probability, n is the block length, G is a random element

of the code ensemble, ¢* is the decoding threshold, and

1 X 2
Q) = —= / 4 dt. (2.53)
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Figure 2.13: Performance curve of a C1924(z2, z5) on the BEC(¢). The waterfall and
error floor regions are shown in the figure.

The parameter o is the variance coefficient and is computed by a procedure called
covariance evolution. Also, the term ﬂn"% represents a shift of the threshold and
can be computed by the method described in [24].

The procedure of calculating o and @ could be complex especially for irregular
ensembles. Also, it is only applicable to the BEC. For the other channels, the
parameters are fitted to the data. Thus, there is still a need for a general method
capable of analyzing the finite-length behavior of LDPC codes on general BIMS
channels. In Chapter 3, we tackle this problem and we propose a simplified version

of the scaling law which applies to all BIMS channels.

2.6 LDPC Codes: Design Methods

The goal of designing good LDPC codes is to find good and optimized degree dis-

tributions which have a desired performance on a given channel subject to some

37

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



constraints and conditions. Different measures of performance and optimality and
various constraints and conditions could be considered. For example, the degree
distributions can be optimized to have the highest decoding threshold while having
a minimum code rate [47], or to have the highest rate for a fixed decoding thresh-
old [17], or to have the lowest decoding complexity for a fixed rate and thresh-
old [17,54]. The LDPC code design process is usually done by numerical optimiza-
tion methods.

When designing LDPC codes, we also need an analysis method capable of mea-
suring the performance. We stated that the EXIT chart method is simple and also
gives insight into the convergence behavior. Thus, the EXIT chart method can also
be used for the design process. The code design optimization methods become sim-
pler if the EXIT chart is used. In fact, the code design based on maximizing the
code rate is transformed to a linear program using EXIT chart [17].

Now, we briefly explain the code design methods that we will use in this thesis.
In our methods, we fix the check node degree distribution and optimize the variable
degree distribution. This is a reasonable assumption according to the results of
[12,47].

One code design approach can be defined as maximizing the rate of the code
given a minimum decoding threshold. This optimization can be easily done by
linear programming. We will briefly discuss the details here.

Using the sum of probabilities rule, the average output error probability of the

variable nodes can be written as

dyv—1
p® =3 n-pd, (2.54)
1=2

)

where p, ;
’

is the message error probability at the output of degree ¢ variable nodes

at the £th iteration. Based on (2.54), the EXIT chart can be written as

dv*—].

F(pin, p0) = Z Xi + fi(Dins D0)s (2.55)

which shows that the EXIT chart of the code is in fact a linear combination of
EXIT charts of codes with regular variable node distribution called elementary EXIT
charts f;(pin, po). This observation states that the optimization process is equivalent

to finding a linear combination of the elementary EXIT charts which maximizes the
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code rate and is below the 45-degree line given the channel conditions. Using (2.23)
and (2.55), the process of maximizing the code rate can be expressed as a linear

program by
maximize Z X (2.56)
—
subject to A >0
> ai=1
i

> AifilPinyPo) < piny Y0 < pin < po

where pg is the error probability of the intrinsic (channel) messages which depends
on the channel condition. The elementary EXIT charts can be found using the
density evolution. Notice that since p(x) is fixed, the elementary EXIT charts only
depend on A;’s. Therefore, in each iteration of the optimization routine, A;’s should
undergo a small change and new elementary EXIT charts should be calculated for
the next iteration.

Another code design approach is to maximize the decoding threshold of the
code given a minimum code rate Ry. This approach is complex in general and is
usually done by search-based methods. The idea is to search for degree distributions
which satisfy the minimum code rate constraint and their corresponding code can
be decoded in the worst channel condition. One of the best search methods to
use is differential evolution [55] which is in part a hill climbing algorithm and in
part a genetic algorithm. Differential evolution has previously been used in the
literature for this purpose [19,47,56]. In Chapter 4, however, we use the code
rate maximization procedure to design threshold maximized codes. The details are

presented in Chapter 4.
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Chapter 3

An Efficient Analysis of
Finite-length LDPC Codes

3.1 Introduction

We stated in Chapter 2 that in most of the LDPC code design and analysis methods,
it is assumed that the code’s block length is infinite. The performance of LDPC
codes and the accuracy of these asymptotic methods depend on the block length
and degrade as the block length gets smaller. In practice, where finite-length codes
are used, the infinite-length analysis can be quite inaccurate.

It is fair to say that the asymptotic behavior of LDPC codes, when the block
length tends to infinity, is well understood by now. Unfortunately, conventional
methods such as density evolution or EXIT chart analysis, which are used for as-
ymptotic analysis, may not be accurate enough for finite-length codes. Thus, there
has been a growing interest in the analysis of finite-length LDPC codes. Finite-
length analysis of other graphical codes has also been a subject of interest. For
example, in [57] a lower bound on the bit error rate performance of finite-length
turbo codes is obtained.

For LDPC coding on the BEC, a combinatorial analysis has been presented
in [23] for regular finite-length ensembles and they have been generalized in [53] for
irregular LDPC code ensembles. Also, an upper bound on the error floor of finite-
length LDPC codes is given in [58]. These methods give the average performance
(block and bit erasure probability) based on the analysis of stopping sets using a
combinatorial recursive method. In particular, they calculate the probability that

a random subset of erased variable nodes of a randomly chosen element of the code
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ensemble contains a nonempty stopping set. Unfortunately, these combinatorial
recursions are computationally complex and even for practical block lengths only
very simple ensembles can be analyzed.

In a recent work [24], through a detailed analysis, it is shown that the perfor-
mance curves of LDPC codes in the waterfall region, follow a scaling law. This
scaling law is motivated by the existing results in statistical physics and is proved
for iteratively decoded LDPC ensembles when transmission takes place over the
BEC. It is stated that empirically such a scaling seems to be applicable to other
channels such as the BSC and BIAWGN channel, and that any function of the chan-
nel parameter can be used for stating the scaling law. To hold consistency with the
BEC, the capacity of the channel is suggested to be used. The scaling law consists
of two extra parameters a and § which depend on the code ensemble and should be
calculated. The parameter « represents the variance coefficient and is computable
by a procedure called covariance evolution [24]. The parameter § represents the co-
efficient of the shift of the threshold for finite lengths. Although using this method
the performance can be predicted accurately, the procedure of calculating « and
B, which is only known for the BEC, could be cumbersome especially for irregular
codes [24]. Also, this procedure cannot be used for other channels such as the BSC,
BIAWGN or fading channels. For these cases, the parameters are simply fitted to
the data.

Scaling law is a consequence of the threshold behavior of LDPC decoders for
infinite block length. That is, successful decoding is possible if and only if the
channel quality is better than a threshold. When the code length is finite, during
the transmission of a single codeword, the average channel behavior may not be
observed. For example, in a BSC with crossover probability €, each transmitted bit
can be flipped by the channel with probability €, but after a finite number of channel
uses, say 7, the actual number of flipped bits may be more than or less than en. The
decoder is influenced by the actual number of flipped bits or the observed channel
quality during the transmission of a codeword, not the average channel quality.

This view can be used to form a simplified and efficient version of the scaling
law which does not have the extra parameters of o and 3. To be more specific,
since the realization of noise varies from one codeword to another, one can find

the probability that the channel-—observed during one codeword—is worse than the
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decoding threshold of the code. This way, assuming that an observed channel worse
than the decoding threshold results in a decoding failure, an estimate of the block
error performance can be obtained.

This method, however, is not directly applicable to all BIMS channel models. In
the BSC (or BEC) the variation of the observed channel is represented by a single
parameter. Thus, the observed channel can directly be compared with the decoding
threshold of the code and prediction about convergence or failure of the decoder
can be made. However, in a Gaussian channel, for example, the actual distribution
of noise samples observed over a finite block length is not purely Gaussian. Thus,
comparison with the decoding threshold of the code is not directly possible.

In this chapter, we first study the variations of BIMS channels around their
average behavior during the transmission of a finite-length codeword. In particular,
for BIMS channels whose variations cannot be expressed by a single parameter, we
try to model these variations with a single parameter. This way, a direct comparison
with decoding threshold and thus an efficient performance analysis of finite-length
LDPC codes is made possible.

Using different measures for modeling the observed channel results in different
predictions of the code’s performance. Thus, we focus on the study, comparison
and analysis of different measures such as observed channel capacity or observed bit
error rate. We model these channel measures as random variables and find the pdf
of these random variables as a function of the block length. Using these pdfs, we
effectively estimate the block error rate of the code.

Our approach can provide a very good estimate of the code’s block error rate
performance (typically within 0.1 dB) in the waterfall region when the code length
is more than a few thousand bits (typically more than 2500 bits). A method for
finding an accurate estimation of the bit error rate performance from the block error
rate estimation is also provided.

Since in our analysis the effects of cycles and stopping sets are ignored, the results
become more accurate as the code length gets larger. Moreover, since error floor
behavior of LDPC codes is mainly due to the cycles and stopping sets [23, 58], the
error floor behavior is not predicted by this analysis. Our method uses the decoding
threshold of the code and the code length n to provide an accurate estimate of the

performance in the waterfall region and it is applicable to both regular and irregular
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codes under different decoding algorithms. Also, no fitting of parameters is required.

The rest of this chapter proceeds as follows. In Section 3.2, we study the channel
variations around its expected behavior for finite-length codes. The code’s perfor-
mance analysis method is presented in Section 3.3. Simulation results for regular
and irregular codes are presented in Section 3.4, where we discuss the results and
provide a guideline for designing irregular LDPC codes of finite length. Finally, the

chapter is concluded in Section 3.4.

3.2 Channel Variations

3.2.1 One-dimensional channels

In a BEC with erasure rate € or a BSC with crossover probability of € (BEC(¢) or
BSC(e)), an observed bit erasure rate or observed bit error probability P.ps can be
defined after the transmission of any codeword. We have

Te

Pops = o (3.1)

where n. is the number of erasures or errors in the codeword and n is the codeword
length. Only when n — o0, Py is a constant equal to €. For finite n, however, Pyps
is no longer a fixed value and varies from one codeword transmission to another.
Thus it can be thought as a random variable which has a scaled binomial distribution
around e. This distribution depends on n and € and its probability mass function

(pmf) is given by
n

nr

@) = (1) - oy (32)

which is defined wherever nz is an integer and 0 < nx < n. If n is large enough, we
can approximate this pmf by a continuous Gaussian pdf M (up,,, a%obs) with mean
pp,, = € and variance ol%obs = €(1 — €)/n. Notice that even for short block lengths
(a few hundred bits), this approximation is good and that this pdf has negligible
values for z outside [0,1]. When n increases, the variations around the mean get

smaller and for infinite length the distribution is an impulse at e. As an example,
the histogram of Py is plotted in Fig. 3.1 on the BEC(0.1) when n = 2000. It is
seen that this histogram can be approximated by a Gaussian pdf.

It is reasonable to assume that the decoder is mainly influenced by the observed
erasure rate or error rate of each codeword and not the ¢ itself. Thus, we are inter-

ested to model the channel with F,, instead of the fixed value e. This time-varying
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Figure 3.1: Histogram of P,y on the BEC(0.1) when n = 2000 based on the simulation.
The number of transmitted blocks is 10°. This histogram is close to a Gaussian pdf
with mean 0.1 and variance 4.5 x 1073,

interpretation of the channel will be the basis of our block error rate performance
analysis.

Notice that one can also define a time-varying observed channel capacity. This
means that we can assign a probability distribution to the observed channel capacity
and treat it as a random variable Cgps. For the BEC, we have Cops = 1 — Py and
for the BSC we have Cops = 1 — h(Pops) where () is the binary entropy function
given in (2.6).

In the case of the BEC or BSC, a single parameter (Pops or Cops) uniquely defines

the observed channel. We call such channels one-dimensional channels.

3.2.2 Multi-dimensional channels

When the observed channel cannot be described with a single parameter, we say
the channel is multi-dimensional. For example in a Gaussian channel, the noise has
a continuous pdf. However, when the code length is finite, we have a finite number
of samples of this continuous pdf at the channel output. The decoder is influenced

by these samples, whose pmf varies from one codeword to another and cannot be
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described by a single parameter.

In this section, we study the variations of multi-dimensional channels and we
model these variations by a single parameter. This single parameter can be the
observed channel capacity, observed bit error rate, observed noise power, etc. We
mainly focus on the observed bit error rate and the observed channel capacity,
but a brief discussion on some other channel parameters has been included in Sec-
tion 3.4. We also limit our discussions to the BIAWGN channel and uncorrelated
Rayleigh fading (URF) channel, but a similar approach can be taken for other multi-

dimensional channels.

The BIAWGN channel

For the BIAWGN(o) channel, we have y = z + z, where z € {—1,1} is the input,
z ~ N(0,0?) is the Gaussian noise, and y is the output of the channel.

Analysis of LDPC codes is usually based on the distribution of the channel log-
likelihood ratio (LLR) when the all-zero codeword (z = +1) is transmitted. The
channel LLR L is defined as
P(z = +1y)
P(z = —1ly)’
For the BIAWGN(c), LLRs have a consistent Gaussian distribution {47] with

L =log (3.3)

mean 4 = 2/c% and variance 4/0%. For a proof of this property of LLRs on a
Gaussian channel and other properties of LLR refer to Appendix A. There is an
error in detection when L is negative. For finite n, in the transmission of each
codeword, instead of having a pure Gaussian LLR distribution, we have n samples
of this distribution to which we can assign Pops and Cops. Clearly, Pops and Cops are
two random variables. Our goal is to find the pdf of these random variables.

To calculate the pdf of Pus, consider taking n samples from the consistent
Gaussian LLR distribution. Each sample or bit is in error when the LLR is negative.

So, the probability of error of each sample is

po=Q (l> : (3.4)

o
where Q(-) is the Q-function given by (2.53).

Therefore Pyps, i.e., the number of all errors divided by n, has the following pmf
n T n—ne
== 1 _— .
fPobs (w) (nx>p0 ( pO) b (3 5)
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which is defined on z such that nx is an integer and 0 < nx < n. Again, for large
n, the pmf can be approximated by a Gaussian pdf N (po,po(1 — po)/n) which has
negligible values for = outside [0, 1].
Now, we analyze the observed capacity. The capacity of a BIMS channel € can
be given via the pdf fr(z) of the LLR by [49, 59]
c@=1- / " logy(1 4+ 6=) fo(z)de = 1 — Brflogy(1+ ¢ LY. (3.6)

—00
For a proof of this equation refer to Appendix A. For a BIAWGN(o) channel (3.6)

can be written as

~(==%)°
C(BIAWGN(0)) = 1 — - / logy(1+ e 7% “dz.  (3.7)
As discussed before, for finite n we have n samples X7, X, ..., X, of the channel

LLR distribution. Thus, an observed channel capacity Cops can be defined according

to (3.6) and using the sample average instead of the expected value, i.e.,
1 n
Cops = 1 — - ;logz (14 e, (3.8)
i=
For the BIAWGN(o) channel we have X; ~ N(;Qg', ;4;) fori=1,2,...,n. Now
define Y; = log, (1 + e™%¢). It is easy to verify that the distribution of Y; is

ocln2 2Y _(—ln(zﬂ_l)_“)z
fn(y)=é__.2_7r_2y_1e A g y>0. 9)

Al Y; are independent and identically distributed (i.i.d.) since all X; are i.i.d.

Therefore, from (3.8) and the Central Limit theorem we find that if n is large enough
(even for a short LDPC code n is large enough), Cops has a Gaussian distribution
N (,ucobs,a%obs). To define this distribution, we need its mean and variance. The

mean and variance of Cops can be computed using the mean and variance of Y; by
fiCoss = E[Cobs] = 1 - E[Y]], (3.10)

and

U%obs = Var[C’obs] = Va,r[)/z]/n (311)

So, the main task is to find the mean and variance of Y; which, using the distribution

of X;, can be written as
i
Yi] \/_/ loga(1+e %)e 8 dzx (3.12)
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Figure 3.2: Histogram of Cops on the BIAWGN(0.9) channel with n = 2000 based on
the simulation. The number of transmitted blocks is 105, This histogram is close to a
Gaussian pdf with mean 0.556 and standard deviation 0.018.

e (o)
Varlt] = = [ (og(1+ e )P T do— BVIP. (13)

The above integrals cannot be solved analytically and we need to compute them
numerically. For example, for o = 0.9 and n = 2000 we have uc,, ~ 0.556 and
oc,,, =~ 0.018. The histogram of Cops for this case is plotted in Fig. 3.2 based on
simulation. It can be seen that this histogram can be approximated by a Gaussian
pdf.

The mean of Cops is equal to the capacity of the channel when the block length is
infinite. Notice that uc,, is only a function of the noise power and O'%Obs is a function
of both the noise power and the block length. As the block length increases, the

variance decreases.

Uncorrelated Rayleigh fading channel

For the case of URF(o) channel, the same approach can be applied with some

modifications. In this case, we have y = r -z + z where z € {-1,1}, » > 0 is

the channel fading gain with a normalized Rayleigh distribution fgr(r) = 2re="",
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z ~ N(0,0?) is the Gaussian noise, and y is the output of the channel. We assume
that the receiver knows r as a perfect side information (SI). Here, the channel LLR

is calculated as
P(z = +1y,r)
P(zx = —1ly,r)’

Then, the pdf of L, assuming that the all-zero codeword (z = +1) transmitted, is

L =log (3.14)

given by [19] as

) 2
o —z(vV202+1-1) o0 (%;a:——rv202+1)
fu(z) = o &P ( 5 ) /O exp | — 5 dr.
' (3.15)

To calculate the pdfs of Popg and Cgps, we consider taking n samples from this
LLR distribution. Following a similar approach to the BIAWGN channel, the pdf
of Pups is given by (3.5) with

Po = /_0 fr(z)dz. (3.16)

Also, Clps is given by (3.8) and it has a Gaussian distribution. However, calculating
e, and a%obs is slightly different since the pdf of X; is not Gaussian and is given
by (3.15). Thus we write
o0
poan =1 [ g1+ € ) fula)d (3.17)

and

=3 ([ om0+ P fulNe - =y ). (319

—00

Now that we have interpreted the channel behavior and characterized two im-
portant parameters of the channel, we will use them to analyze the performance of

finite-length LDPC codes.

3.3 Measuring Block and Bit Error Rate
3.3.1 Block error probability

In this section we present a method to predict the block error probability. We
discuss the method for multi-dimensional channels. The same method applies to
one-dimensional channels.

Following the discussion about the channel variations we model a BIMS chan-

nel (o) parameterized with o by either the random variable Pyps or Cops with
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pdf fp, (€(0),n,z) and fc, (€(o),n, ) respectively. Also, the cumulative density
functions (cdf) are given by P(Pops < z) = Fp, (€(0),n,z) and P(Cops < ) =
Fg, (€(o),n,z). Notice that the pdf and the cdf are parameterized by the channel,
its parameters and the block length of the code.

To calculate the average block error probability of an ensemble of LDPC codes we
calculate the probability that the observed channel behaves worse than the code’s
decoding threshold. We can use either P,y or Cyps for this purpose. For one-
dimensional channels, it does not matter what parameter is used to model the
channel variations. For multi-dimensional channels, since the variations cannot be
fully modeled with a single parameter, the choice of parameter can affect the results.

Notice that this method ignores the effect of cycles, stopping sets and other
weaknesses in the factor graph of the code. In other words, it assumes that the
factor graph of the code is a tree and the code is long enough for density evolution
purposes. However, the effect of atypical channel behavior is not ignored.

The procedure is as follows: First, calculate the probability of error (capacity)
of a channel whose parameter is at the decoding threshold of the code ¢* assuming
n — 00, and call it pyn (cth). Then, for each o and finite n compute fp, (€(0),n,x)
(fc,,. (€(0),n,x)). Using this distribution calculate the probability that Pops > pin
(Cobs < cth). Therefore, we can write

1

Pg(€(0), 1, A p) = 1 — Fp,, (€(0),m, prn) = /p fPy,(€(0),n, 7)dz, (3.19)

and

Pr(€(o),n, A, p) = Fc,, (€(0),n,cn) = /OCth fe. (€(o),n, z)dx, (3.20)

where Pp is the average block error probability of an ensemble of LDPC codes with
length n and degree distribution pair A and p (simplified notations for A(z) and
p(z) defined in Section 2.3). These give us two measures for the performance. The
capacity method is more fundamental and seems to be a more meaningful choice,
but as we will see in the next section, in most cases Pyps gives more accurate results.

For the BIAWGN and URF channels, from (3.5), we have
— 2
1 - 2:?P )

(o), n,x) >~ —e Pops | 3.21
fPobs( (G) n l‘) \/%UPobs ( )
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where pp, is given by (3.4) for the BIAWGN(o) channel, and by (3.16) for the
URF(0) channel. For both channels we have

2 po(1 = po) (3.22)

Ths = 7

Also, for Cy,s we have

(z—po )2
~ —1 e_ 2E‘rcobs y (323)
V2mogo,,

where for the BIAWGN(c) channel, uc,,, and o3 are derived according to (3.10)
and (3.11) and by (3.17) and (3.18) for the URF(¢) channel. In both (3.21) and

fous(€(a),n, z)

(3.23) we have 0 < z < 1. Therefore, we can write

Pa(€(0),m, A p) = @ (u) , (3.24)
Ucobs
and
R e (3.25)
UPobs

In Fig. 3.3, the proposed block error probability prediction method is visualized on
the BIAWGN channel using the pdfs of Pps and Cops.

Extending the results to one-dimensional channels is straightforward. In the
BEC(e) and BSC(€) we only need to consider Py since Cops gives the same results.
Therefore, we change o to € and py, to €* in (3.19). Here, €* is the decoding threshold
of the code. We write

(z—np, )2

fru (BEC(e)yn,z) = fpobs(BSC(e),n,x):E%;———e T, (3.26)
obs

where up, =€ and a,%obs =¢(l-¢)/nand 0<z < 1.

This method of predicting the block error probability is applicable to different
decoding algorithms (e.g. sum-product, min-sum, Gallager A, etc.). In fact, the
effect of the decoding algorithm is only seen on the decoding threshold of the code.
Each decoding algorithms has a corresponding decoding threshold. Therefore, it
is possible to calculate py, and ¢y, for each algorithm. To predict the block error

probability, the corresponding py, and ¢y, are used in our method.
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Figure 3.3: The proposed block error probability prediction method using the pdfs of
Pops and Cops and (3.24) and (3.25). A (3,6)-regular LDPC code of length 103 has been
used on the BIAWGN(0.83) channel with ¢* = 0.8809, py, = 0.1281, and ¢, = 0.5708.
The shaded area represents the estimated block error probability.
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Figure 3.4: Plot of an EXIT chart for a (3,6)-regular code showing the point that the
EXIT chart gets closed (pstop)-

3.3.2 Bit error probability

We can use the block error probability to derive bit error probability using an EXIT
chart analysis. For the cases that the channel behaves worse than the threshold,
the decoding process is done until it gets stuck and the error probability of the
messages cannot get smaller than a certain amount psiop. This can be visualized as
the point where the EXIT chart! gets closed and intersects the line poy = pin. This
has been visualized in Fig. 3.4 for a (3,6)-regular code at its decoding threshold. If
the EXIT chart closes at only one point, we can assume that psop does not change
significantly for different channel parameters worse than the threshold. Although
Dstop can change for channel parameters much worse than the threshold, these cases
occur very rarely.

Using pstop as the variable-to-check message error probability, regardless of the

YEXIT charts can be defined based on different measures. Here we assume EXIT charts that
track the evolution of message error probability.
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pdf of these messages, one can calculate the check-to-variable message error proba-

bility using

1—p(1-2
Gstop = o 5 pstop). (327)

Assuming that these check-to-variable messages are used to make a decision on
the variable nodes, one can calculate the bit error probability o from gsop. This
implies that when the decoding is not successful, an o fraction of bits are in error.
Each block is in error with probability Pg(€(c),n, A, p). Thus, the average bit error
probability is aPg(&€(o),n, A, p), i.e.,

Pb(c(a)v n, A p) = aPB(Q:(U)a m, A, P) (328)

Now the question is how to calculate psiop and a. For the BEC and BSC under
hard decoding, analytic relations of density evolution are simple and can be used
for this purpose. For the sum-product algorithm and the BIAWGN, we use the
Gaussian approximation method of [14]. For the URF channel and also min-sum
decoding on BIAWGN channel, we use density evolution [13,19].

For the BEC(¢), same as (2.38), we have

P = e M1 - p(1-pd)), (3-29)

and for the BSC(e) and Gallager’s decoding algorithm A, same as (2.40), we write

D = (1-¢) - A (1 el 21’9)) e (1 o (1 ol 21"(!)))) . (3.30)

where pff) denotes the message error probability in the £th iteration. To find the

— D = 0,

point that the EXIT chart gets closed and find pstop, We put psiop
To calculate a we first define the node-perspective variable node degree distrib-

ution A(z) = Y%, A;z’, which is given by

_ Jy Mot

A) = JIA@)dt

(3.31)

In other words, A; is defined as the fraction of variable nodes having degree .
For the BEC(¢), using (3.27), we calculate o as

dv
a=¢c Z A;- qgtop) (332)
=2
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and for the BSC(e) as

dy

a= Ai((1—€)dhop + e (1= (1~ ghiop))) - (3.33)
1=2

For the BIAWGN channel and the sum-product algorithm, similar to [14], we
define

(u=

)2
41) du, x> 0 (3'34)
z=0.

o= {1k P
1,

Using the above function and the degree distribution pair (A(z), p(z)) and assuming
consistent Gaussian distribution for the messages in each iteration, the mean of the
(0

check-to-variable messages at each iteration my,’ is given by

de dv =
m =3 pig! (1 _ [1 -3 o (muo + (- l)mq(fnl))] >, (3.35)
=2 i=2

where my,, = 2/0? is the mean of channel LLR messages and m® = 0. Using (3.35),

we find m,(f) such that mg ) = mff_l). This is the point that the EXIT chart closes.
For a degree ¢ node, we can define a decision-making variable, which is the sum

of the channel LLR message and ¢ independent check-to-variable LLR messages (see

o (0)
Equation (2.27)). Therefore, the error rate of a degree ¢ node is Q T—@—%@—’i—

and the bit error probability is therefore

()

dy .
a= ZA"Q Tl‘l_—_g_zf_ll‘.. ) (3.36)
i=2

3.4 Examples and Discussion
3.4.1 Regular codes

Example 1 Consider C"(z2, z°) regular LDPC codes on the BSC(e) with Gallager’s
decoding algorithm A. The code is randomly constructed and all cycles of length 4
are removed from the code’s factor graph. The decoding threshold of the code is
€* = 0.03946. In Fig. 3.5, the simulation results reported in [24] are compared to
our prediction method for n = 1024 and n = 4096. It is seen that the prediction

method closely approximates the simulation results.
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Figure 3.5: Comparison between the block error probability of a C"(z2, z°) regular code
on the BSC(€) channel under Gallager's decoding algorithm A using simulation (solid
curve) and our best prediction method (dashed curve).
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Example 2 Consider the same code as in Example 1 on a BIAWGN(¢) channel.
The decoding threshold of this code is ¢* = 0.8809 using the sum-product decoding
algorithm. We use (3.24) and (3.25) to predict the block error probability.

The simulation results for n = 10? is depicted in Fig. 3.6. For this code we have
pn = 0.1281 and ¢, = 0.5708. Using (3.35) and (3.36) we get o = 0.063 and then
we can compute the bit error probability using (3.28). At a bit error rate of 1075 the
gap between the actual result and the best prediction is about 0.032 dB while at this
bit error rate, the gap between the actual result and the infinite-length performance
prediction is 0.46 dB. As seen in the figure, modeling the channel variations with
P, results in a better performance prediction. In Fig. 3.7, the actual performance
for different n is compared with the best prediction method which is based on using
P,,s. As seen in the figure, the prediction error decreases as n increases and vanishes
for n > 50,000 where there is still a 0.2 dB gap from the infinite length performance
prediction. We also found that for n > 2500, the estimation error is less than 0.1 dB
at a bit error rate of 1075,

Next, we consider the min-sum decoding algorithm. The same C1% (22, z5) reg-
ular code is decoded by the min-sum algorithm on the BIAWGN(o) channel. In
this case, we have o* = 0.8223, pi, = 0.1120, and ¢y, = 0.6182 and using density
evolution we get o = 0.049. The simulation result is depicted in Fig. 3.8. At a bit
error rate of 1075 the gap between the actual result and the best prediction is about
0.026 dB.

Example 3 Now, we use the same C'%"(22,25) code on the URF(o) channel de-
coded under the sum-product algorithm. The threshold of the code on this channel
assuming perfect SI at the receiver is o* = 0.7031. The simulation result is depicted
in Fig. 3.9. For this code we have py, = 0.1454 and cy, = 0.5684. Using density
evolution we get oo = 0.059 and then we can compute the bit error probability using
(3.28). It is seen that the prediction method closely approximates the simulation

results (less than 0.036 dB at bit error rate of 1075).

3.4.2 Irregular codes

Example 4 Consider the BIAWGN(o) channel and a rate-1/2 irregular LDPC code
cot (A(z), p(z)) specified by the degree distribution pair A(z) = 0.422+0.425 +0.228
and p(z) = 2. The decoding threshold of this codes is o* = 0.8461 using the sum-
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Figure 3.6: Comparison between the block error probability and bit error probability of
a C'% (22, z5) regular LDPC code on the BIAWGN channel using simulation and our
prediction methods. The decoding algorithm is sum-product.
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Figure 3.7: Comparison between the bit error probability of a C*(2?, z°) regular LDPC
code on the BIAWGN channel using simulation (solid curve) and our best prediction
method (dashed curve) for different block lengths n.
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Figure 3.8: Comparison between the block error probability and bit error probability of
a C'% (22, 25) regular LDPC code on the BIAWGN channel using simulation and our
prediction methods. The decoding algorithm is min-sum.
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Figure 3.9: Comparison between the block error probability and bit error probability of a
C'%* (22, %) regular LDPC code on the URF channel using simulation and our prediction
methods.
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product algorithm and we have py, = 0.1186 and ¢y, = 0.5985 and « = 0.083. The
code is randomly constructed and any cycle of length 4 is removed.

Fig. 3.10 shows the performance curves and compares our results with the
simulation results. As in the regular case, we see that our prediction method closely
approximates the actual performance. Again, Pps gives more accurate results. At
a bit error rate of 1075, the gap between the actual result and the best prediction
is about 0.035dB.

It is worth mentioning that for codes whose EXIT charts near the threshold
are very tight (i.e., their EXIT charts are very close to the 45-degree line when
the channel parameter is near the threshold) or close at multiple points (i.e, their
EXIT charts hit the 45-degree line at multiple points when the channel parameter
is near the threshold), a cannot be calculated accurately. Hence, while the block

error probability can still be predicted, the bit error probability cannot be found.

3.4.3 Discussion

As the results show, by considering the channel variations around its expected be-
havior, we are able to describe the code’s performance in the waterfall region for
different decoding algorithms, different code lengths and over different channel mod-
els. In other words, even by ignoring the presence of cycles in the code’s factor graph,
it is possible to predict the performance of LDPC codes of a few thousand bits or
longer in the waterfall region quite accurately. Most practical scenarios are therefore
covered by this simple analysis.

The concentration theorems of [13] show that for large n, the average behavior
of individual instances of the code converges to the cycle-free case. As stated in [13],
the concentration theorems predict pessimistic values for n and effects of the cycles
are milder than predicted. As our results suggest and since our method ignores
the presence of cycles, for even medium length LDPC codes the effect of cycles is
negligible in the waterfall region.

As seen in the examples, for multi-dimensional channels, P,ps and (3.25) predict
higher Py values than Cyps and (3.24). This can be explained as follows. To analyze
and compare the results of (3.24) and (3.25), we assume %ﬁ R~ 1;—';53& which is
an appropriate assumption since we are not too far from the code’s threshold in

the waterfall region. The accuracy of this assumption is visualized in Fig. 3.11,
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Figure 3.10: Comparison between the block and bit error probability of an irregular
code with n = 104 using simulation and our prediction methods.
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where 1 — uc,_ is plotted versus pup, for a BIAWGN channel. Also, the upper
and lower bounds of 1 — uc,,, are depicted which correspond to the BSC and BEC
respectively [60,61].

In Fig. 3.12, v = el (~ 1;;"‘) and Z—}C;::f are depicted versus the SNR for a

HP, obs
BIAWGN channel. It is seen that v > -g%*;i for different values of E5/Ny. Therefore,

—X_ > _1_and then 7(pt2_“P°RL) > PP Thus, we get

ICobs 9 Pobs Cobs 9 Pobs
1—cw) — (1 - - -
( cth) ( MCobs) — :u’Cobs Cth > pth /’l’Pobs . (337)
acobs acobs OP, obs
Since Q(+) is a strictly decreasing function, we conclude that
Q (Mcobs — Cth) <0 (pth - MPO,,S) , (3.38)
acobs OP obs

which means that the block error probability predicted by Cops and (3.24) is always
less than what is predicted by Pops and (3.25) for a BIAWGN channel. The same
discussion also holds for the URF channel.

As shown through the examples, Pys seems to give more accurate results. One
conclusion here is that the decoder is more sensitive to the number of errors rather
than the capacity. This can be argued in two ways. (1) In a check node, the
output probability of error in each iteration g is given as a function of the input
probability of error p. by ¢q. = %. Thus, ¢, only depends on pe and the
degree distribution p(z) and not the input LLR pdf. In other words, different input
LLR pdfs with the same p, give the same g.. As a result, the number of errors play
an important role in the decoder. (2) In all practical decoders, the maximum LLR
value is finite. Therefore, at high SNRs, the LLRs that have large absolute values
cannot be represented accurately and their value is clipped to the maximum LLR
value. This clipping influences the observed channel capacity, but has no effect on
the observed error rate. Notice that in all examples, at high SNRs, P, gives a
much better estimate of the performance.

Other parameters of the channel could also be used in modeling the channel
variations and predicting the finite-length LDPC codes’ performance. One such pa-
rameter is the observed LLR mean, defined as X = % =~ 4 Xi, where X; denote the
received LLR samples. In [14], LLR mean together with a Gaussian approximation
on the pdf of messages is used to approximate density evolution. This measure,
however, is not an appropriate parameter for modeling the quality of a channel. No-

tice that on the BEC(e), X = co. In other words, channel variations in terms of e
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Figure 3.11: Plot of 1 — uc,,  versus pp,  for the BSC, BIAWGN, and BEC channels.

The slopes of the lines connecting (1p,,,1 — pc,,,) and (P, 1 — cip) to the origin, are
approximately equal.
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are projected on an infinite change in variations in terms of X. On other channels a
similar problem exist. On a BIAWGN channel, for example, when capacity changes
from 0 to 1, X varies from 0 to oo, thus a small change in capacity may translate
to a huge change in X. The analysis based on X, however, allows for small varia-
tions in X (due to the averaging). Thus an accurate representation of true channel
variations is not captured by X.

Another channel parameter which can be used is the observed noise power
%Z?zl 22, where z; denote the received noise samples. This measure usually pro-
vides a good approximation of the performance. At high SNRs, however, it can
be argued that this measure provides a block error rate estimation much below
the estimated block error rate using the observed probability of error or observed
capacity.

Compared to the scaling law [24], our method gives slightly less accurate results.
From any practical point of view, however, our method gives accurate enough esti-
mation of the performance for codes of a few thousand bits. In addition, our method
is simpler, does not have any additional parameters, and does not require any curve
fitting.

We can also use this method in the design of finite-length LDPC codes. One
code design approach can be defined as maximizing the code rate given a target
decoding threshold value. In our method, using the block length and the channel
parameter, we select an appropriate decoding threshold which results in a desired
block error rate. That is, for channel €(op) and block length n, if a code with a
block error rate better than peror is needed, choose the decoding threshold according

to

Dth 2 FJ;OL(Q:(UO), n,l— perror) (3'39)

where FIS; 1175 is the inverse cdf of P,us. In other words, we have chosen py, such that
the probability that Pops > pin is less than peror- Then, we compute the decoding
threshold according to o* = 1/Q~(py,). Now, we assume an infinite length code and
maximize the rate for this threshold. This design approach holds for the BIAWGN
channel. However, extending the results to the BEC, BSC and URF channel is

straightforward.
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3.5 Conclusion

A simple method for finite-length LDPC codes analysis was introduced. First, we
studied the channel behavior for the finite-length case and we modeled the channel
as a varying channel from the codewords perspective. Using this interpretation, we
studied two parameters of the observed channel (probability of error and capacity)
and modeled them as random variables. After obtaining the distribution of these
random variables analytically, we were able to predict the performance (block and
bit error probability) of finite-length LDPC codes. Our results suggest that when
the block length is a few thousand bits, even by ignoring the effects of cycles, we
are able to predict the performance in the waterfall region closely.

We observed that in multi-dimensional channels, modeling the channel variations
with P,,s gives more accurate results rather than modeling with Cops. Therefore,
P,ps is suggested to be used in modeling the channel variations and analysis of finite-
length LDPC codes. Also, we showed that the block error probability given by Pyps
is greater than what is given by Cops.

This simple method is applicable to both regular and irregular codes. We also
suggested a method to choose the decoding threshold of the code, based on its block
length.
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Chapter 4

Optimum Linear LLR
Calculation for Iterative
Decoding on Fading Channels

4.1 Introduction

There have been many advances in iterative decoding techniques and it has been
shown that using graphical codes such as LDPC codes (8] and turbo codes [2] asso-
ciated with iterative decoding, the Shannon limit on many channels (e.g., additive
white Gaussian noise channel) can be approached [12]. Therefore, these codes have
also been proposed for wireless fading channels [19].

Application of LDPC codes on Rayleigh fading channel is pioneered in [19)],
where a detailed study of performance and code design is conducted. This work
is later extended to time-selective complex fading channels [62], to Rician fading
channels [63], and also to Rayleigh block fading channels [64]. The application of
turbo codes on Rayleigh fading channels is also studied in [65].

For soft iterative decoding, LL.LRs at the output of the channel are calculated.
The process of computing LLRs depends on whether or not a perfect knowledge of
the channel parameters exists at the receiver. The capacity of the fading channel is
also affected with the availability of channel parameters at the receiver [65)].

In a recent work [66], based on a detailed study on the effects of the channel
mismatch, an efficient solution is proposed for uncorrelated Rayleigh block fading
channels which does not need a knowledge of the channel noise power. The solution
is to consider the decoding threshold of the code as an estimate of the channel noise

power. This optimum choice is a property of the code and not the channel and it
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gives a very close performance to that of a system which has a perfect knowledge of
the channel noise power.

An uncorrelated fading channel can be modeled with a fading gain r and an
additive Gaussian noise z ~ NV(0,02). When r is known at the receiver as a perfect
side information (SI), LLRs are linear functions of the channel output [19], and
exact LLR computation depends on a perfect knowledge of ¢, at the receiver.

In order to have SI at the receiver, channel estimation techniques must be used.
These techniques increase the complexity of the system, can cause a significant
overhead, and are themselves subject to imperfections. For high throughput wire-
less applications, the receiver may not be able to handle the extra complexity or
overhead. This chapter provides an alternative solution which does not require chan-
nel estimation, yet provides better performance compared to the existing solutions
that use fixed fading gain estimates in the decoder.

With no SI available at the receiver, LLRs are complicated functions of the
channel output [67] and depend on the pdf of r. An approximate LLR, however,
can be computed as a linear function of the channel output [67]. The coefficient of
this linear function depends on a fixed estimate 7 of the channel fading gain and
a knowledge of o,. Previous work assume that o, is known and use the expected
value of r for 7 [19,65]. While the expected value of the fading gain is the minimum
mean square error estimation of r, it is not guaranteed that this choice provides the
optimum performance in the decoder.

In a general setup (which includes famous fading channel models such as un-
correlated Rayleigh and Rician fading channels), we propose the following question:
Assume that the pdf of r is known at the receiver, but the channel instantaneous
fading gain is not. Also assume that LLRs are to be computed as linear functions
of the channel output. What linear approximation provides the optimum decoding
performance?

This question is studied in this chapter and the following contributions are made:
(1) When o, is known, we find a linear LLR approximation which allows for the
maximum achievable code rate on the channel. We prove that the optimum linear
approximation is unique and we observe that, on a Rayleigh fading channel, it closely
approaches the capacity under true LLR calculation. This solution can significantly

outperform LLR calculation based on the expected value of r. We also design
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irregular LDPC codes which approach this maximum achievable rate. (2) When
neither r nor o, is known at the receiver, we propose a linear LLR calculation
technique which guarantees the convergence of the decoder over the widest possible
range of o,. The performance of this solution is almost identical to the case that o,
is perfectly known. We design appropriate irregular LDPC codes for this case too.

This chapter is organized as follows. Section 4.2 reviews some preliminaries and
studies the proposed approaches. Section 4.3 studies the problem when o, is known
to the receiver. Section 4.4 extends our results to the case that o, is unknown.

Section 4.5 concludes the chapter.

4.2 Preliminaries and Approaches

4.2.1 System model

Consider the following channel model. The output of the channel is given by
y=r-z+ 2, (4.1)

where x € {—1, 1} represents the input signal and z is the Gaussian noise with zero
mean and variance az. Also 7 > 0 is the channel gain which has an arbitrary pdf
fr(r) and changes independently from one channel use to another. Uncorrelated
fading channels fall into this system model where r represents the channel fading

gain.
4.2.2 LLR definition and distributions

For soft decoding, LLRs are usually computed and used. As we said in Section 2.5,
analysis of some iterative decoders is based on the pdf of LLRs under the assumption
that the all-zero codeword (z = +1) is transmitted [47].

For the model in (4.1), the conditional pdf of y is given by

)2
frix.rlylz,r) = \/%Gz exp (—%) (4.2)

which represents a Gaussian distribution with mean z - r and variance o2. We are

interested to compute the channel LLRs and their pdf.
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Ideal SI

When we have ideal SI, the channel fading gain r is known for each received bit.
Also, the receiver knows the noise power. Therefore, the LLR is given by [19]

P(z = +1|y,r) 2

l=log— T30 _ 2.
B Pw=—1ly,r) o2’

T, (4.3)
which is a linear function of y. The pdf of { is given by (3.15).

No SI

When no side information is available at the receiver, the channel LLR is

Pz = +1jy)

| = log =—— 2L
SPz=—1y)

(4.4)

which can be a complicated function of y in general. For instance, on a normalized

Rayleigh channel (i.e., fr(r) = 2re™"") we have

B(y/+/202(1 + 202)) (4.5)
®(—y/+/202(1 + 203))’

where ®(z) = 1+ /7ze* erfc(—z) and erfc(-) represents the complementary error

l=log

function [67]. This LLR is a complicated function of y and hard to be calculated
in the decoder. Also, calculating the LLR pdf is difficult. To simplify the LLR

calculation, motivated by (4.3), we write [ as
= 2 T=o (4.6)
Agy y? *

where 62 represents the receiver’s estimate of the Gaussian noise variance o2 and
7 represents a fixed receiver’s estimate of the fading gain r. Here, o = 2;% This
linear representation of LLR is consistent with the results in [67] which states that
the LLR can be approximated by a linear function of y (also see Fig. 4.3). This
approach is also consistent with existing work which assumes that o, is known and
uses expected value of r (E[r]) as 7 [19].

The conditional pdf of [ is

- &2 (I - 2ri/52)?
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To get the unconditional pdf of i, (4.7) should be averaged over the density of .

For example, for the normalized Rayleigh fading channel we have

. 2A2 A? 5
fﬁ(l){rfz,a} = mexp <—a20§l > g

A2 .\ AVER, A
- over = 4.
{exp ( 2a20§l ) + 2002 {erfe ( aagx/fl>] (48)

where A = 2—:2% This pdf is parameterized by o, and a. If §, = ¢, and 7 = E|[r],

ie, o= 2%21, (4.8) reduces to the distribution in [19, Eq. 16].

4.2.3 Capacity
The capacity of a BIMS channel can be given via the pdf f1(I) of the LLR by [49,59]

C=1-Eflog, (1+e N =1- /oo logo (1+ e VN fr(h)dl. (4.9)

C=1-Eflogy(1+e ) =1- / log, (1 + ™) f(1)dl. (4.9)
The above relatic ; —00 )

(i.e., fr(—=1) = e7!fL(1)). For the proof of (4.9) and the properties of LLR refer to
Appendix A.

The channel capacity C can be computed in two cases: with ideal SI or no
SI. In each case, their corresponding LLR distribution should be used in (4.9). In
the absence of SI at the receiver, the quantity calculated by putting fﬁ(f) in (4.9)
called C’, is not the channel capacity since [ is a linear approximation and not the
true LLR. Also, since fE(lA) is not consistent, C' does not represent the maximum
achievable transmission rate under linear LLR calculation of (4.6). It is proved
in [68] that C achieves its maximum when true LLRs are used. This hints that
maximizing C under some approximate LLR calculation method would provide a
good approximation of the true LLRs. Moreover, we observe that by maximizing
C with respect to o, fi(lA) becomes a nearly consistent distribution. Thus, by
maximizing ¢ , & very good estimate of the maximum achievable transmission rate
under a linear LLR calculation is obtained. Moreover, through examples we show
that the maximized C is extremely close to C (in the absence of SI) which further

justifies our approach (see Fig. 4.2).

4.2.4 LDPC codes decoding and analysis

Some of the results of this chapter are shown through analysis and design of LDPC

codes. As stated in Chapter 2, many different message-passing algorithms can be
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used for the decoding of LDPC codes. In this chapter, our focus will be on the
sum-product algorithm [36].

For the channel model of (4.1), the decoding threshold o} of an ensemble of
LDPC codes is defined as the maximum noise standard deviation o, for which the
bit error probability of the message-passing decoder gets arbitrarily small when the
code length is growing [13,47] if and only if o, < ¢}. This ¢} depends on whether

SI is available at the receiver or not.

4.2.5 Code design

In this chapter, two code design processes associated with two measures of perfor-
mance are used. One can be defined as maximizing the threshold of the code over
its degree distributions given a target code rate and another one, can be defined as
maximizing the code rate over its degree distributions given the channel LLR pdf.
This pdf generally depends on the channel type and its parameters. In our case, it
depends on the noise power, the pdf of r, and the availability of SI. When no SI is
available and (4.6) is used, the channel LLR pdf also depends on « in (4.6). We
will use both of these definitions in this chapter and will clarify which one we use.
We will refer to the first definition as the threshold maximization design and to the

second one as the rate maximization design.

4.3 Optimum Linear LLR Calculation

When no SI is available at the receiver, one can calculate the LLRs linearly via
(4.6) as an approximation to (4.4). The objective is to find the optimal linear
approximation. Different measures of optimality can be considered. Existing work
assumes that o, is known and chooses # = E[r]. This choice of 7 is optimum
in the sense of minimum mean square error E[|r — #|?]. Here, we find the linear
approximation which maximizes C. We call this linear approximation mazimum-
capacity linear-approximation (MCLA).

Maximizing C requires a knowledge of o, and pdf of r. These are needed for
finding the pdf of [ and thus optimizing its corresponding capacity. So, we first
assume that these pieces of information are available. Later we generalize our results
to the case that o, is unknown. When o, is known, without loss of generality we

set &, = 0, in (4.6) and we find the optimum choice of #. Notice that with # one
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can adjust o and thus the pdf of [ as needed.

MCLA maximizes C. Interestingly, we observe that the maximized C is ex-
tremely close to C' based on true LLR calculation. To show that this optimization is
meaningful in practice, we design irregular LDPC codes that approach the maximum
achievable transmission rate C. Thus, by maximizing C via linear LLR approxima-
tion we are providing a simple solution for close to capacity performance.

MCLA is also expected to result in improved performance in iterative decoders.
That is, for a fixed code, computing LLRs according to MCLA should improve bit
error rate (BER) performance. Qur simulation results will support this claim, but

the following two arguments can also be provided to justify this choice.

1. MCLA provides the maximum C and thus the maximum gap between the code

rate R and the capacity C ~ C. Thus one expects improved BER performance.

2. Since [ is not the true LLR, under any linear LLR calculation, ¢ < C. Under
a good linear approximation, pdf of [ is close to that of true LLRs and thus C
is close to C. Hence, a minimized C — € (through maximizing C) indicates a

good LLR approximation and hence an improved performance.

As mentioned, our simulation results show that MCLA indeed improves the
performance compared to existing work based on choosing # = E[r]. Moreover,
though not rigorously proved, MCLA appears to be the optimum choice in terms of
BER performance too. Thus, our proposed method is based on maximizing C over

 for fixed &, and o,, and we define
Fopt = argmax C. (4.10)
r
The following theorem suggests that finding 7o, can be done very efficiently.

Theorem 1 For a fized 6, and o,, there exists a unique ¥ which mazimizes C =

1 - Ejlog, (1 +e70)].

Proof:

27

C=1— E;llog, (1 + e'[)] =1—-Eyflog, (1 + e-—;g-y)]
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Figure 4.1: C for different o, and 7 on a normalized Rayleigh fading channel. The
curves are concave and the maximizing point is unique. Moreover, the maximizing point

is not much sensitive to o,.
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The above expression is negative since the term inside the expected value is
always negative. Therefore, C is a concave function of # and there exists a unique
maximum in 7 = 745 This theorem is valid for any distribution of r» > 0. |

Maximizing C, therefore, is a straightforward task because it is a one-variable
convex-optimization problem and can be solved very efficiently by simple numerical
techniques. Different C curves are depicted in Fig. 4.1 for some 7 and the case

6, = 0,. Notice that 7,pt is not very sensitive to o,.
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Figure 4.2: Comparison between the highest achievable transmission rate in the case
of true LLR calculation and C' on a normalized Rayleigh fading channel. It is assumed
that 6, = o,.

Fig. 4.2 shows that we can get very close to the channel capacity under MCLA.
Simulations show that 7 = E[r| can result in significant performance loss especially
in high SNR regions where the capacity is high and high-rate codes are used.

The following two examples support our above mentioned results. In Example 1,

we design an irregular LDPC code which approaches the capacity that is maximized
by MCLA. Example 2 shows improved BER performance under MCLA.
Example 1: Consider an uncorrelated normalized Rayleigh fading channel with
0, = 0.7436. The channel capacity is 0.5 bits/channel use in the absence of SI and
C = 0.4999 can be achieved using fop = 0.6594 (compare with E[r] = 0.8862). In
Fig. 4.3, the exact LLR values obtained form (4.5) are compared to the optimum
linear approximation under MCLA and linear approximation with E[r].

We design a code based on rate maximization under MCLA. We assume a fixed

p(z) = 28 and a maximum variable node degree d,, of 30. Under MCLA and 11-bit
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Figure 4.3: Comparison of exact LLRs and linear approximations for a normalized
Rayleigh fading channel with o, = 0.7436 and no Sl available at the receiver. Un-
der MCLA we have 7 = 0.6594. It is seen that MCLA gives a nearly perfect linear
approximation when |y| is small.

decoding, and allowing a maximum of 300 iterations, the optimized code is given in
Table 4.1 (Codel). The optimization can be done easily using linear programming
and the method described in Section 2.6. The rate of the designed code is 0.4889.
The designed code has almost approached C and also the capacity C of the channel
with no SI.

Example 2: To show that MCLA also improves the BER of the code, a C10* (x?, 2%)
LDPC code is simulated on an uncorrelated normalized Rayleigh fading channel.
Fig. 4.4 shows the BER of the code with and without SI at the receiver. When
SI is not available and o, is known, two cases have been plotted. One is when
6, = 0, and 7 = E[r] and the other is under MCLA (i.e., 6, = 0, and 7 = fop).
The decoding threshold of the code is 4.06 dB with # = E[r] and no SI, 3.82 dB
under MCLA, and 3.06 dB with perfect SI. The figure shows considerable BER

7
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improvement under MCLA. This improvement is about 0.3 dB at BER of 1075.
The gap between the thresholds with SI and with no SI under MCLA is 0.76 dB. At
this code rate, existence of SI results in about 0.74 dB improvement [19,65]. Thus,
MCLA shows a minor extra gap (0.02 dB) compared to true LLR calculation.

We have chosen a (3,6)-regular LDPC code since most of its results exist in the
literature. More significant performance improvement can be seen for other codes.
For example, the decoding threshold of a (4,16)-regular code, which is a code of rate
3/4 is 7.69 dB with 7# = E[r] and no SI, and 6.94 dB under MCLA on a normalized
Rayleigh fading channel. The BER performance of this code is plotted in Fig. 4.5
when no SI is available under # = E[r] and under MCLA. At the BER of 10~° the
performance improvement is about 0.75 dB.

From Fig. 4.1, it is seen that 7o, decreases when o, decreases. This implies
that the distance between 7o and E[r] increases. Therefore, the performance im-
provement is usually more significant for low values of o, where high rate codes are

used.

4.4 Noise Power Unknown at the Receiver

Under MCLA, the pdf of { is a linear transformation of the pdf of y. In fact,
Qopt = 2%25 would give the linear transformation whose associated capacity (given
by (4.9)) is maximum. When o, is unknown, the distribution of y is not known
at the receiver. Therefore, finding the optimum linear transformation is somewhat
meaningless. However, for any o, one can find ogpt. Thus, agpt is a function of o,.
It is also obvious from Theorem 1, that aopt is unique for each o,. Thus, ogp Will
be denoted as copt(0;) afterwards.

Since o, is unknown, aopt(0,) is also unknown. However, one can find « such
that a given code has the widest range of convergence over changes of o,. This way,
we ensure that the code is robust to the changes in the noise power (e.g., when the
code is used on different channels with different noise powers). This is equivalent to
finding « such that the decoding threshold is maximum. Now, we explain how such
o could be found.

The basic idea for finding such « is to maximize the achievable transmission rate
at the highest noise standard deviation that the code can tolerate under MCLA. To

do this, for a given code, we must find the largest o, referred to as o3, such that
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Figure 4.4: Comparison of BER for a (22, 25) LDPC code in different cases on

a normalized Rayleigh fading channel. The performance of MCLA remains almost the
same regardless of whether o, is known or not.
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Figure 4.5: BER performance of a ¢t (z3,21%) LDPC code on a normalized Rayleigh
fading channel when no Sl is available at the receiver. There is about 0.75 dB perfor-
mance improvement at BER of 10~ under MCLA.
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the code still converges to zero error rate when LLRs are obtained using (4.6) with

a = agpt(0y). Finding o} can be done efficiently through a binary search as follows:

1. Start by a small 0,1 and a large 0,2 and calculate aopt(0,1) and oopt(022) SO
that the density evolution converges using (4.8) with a = aept(0,1) and does

not converge using (4.8) with a = agpt(022).

2. If 0,3 — 0,1 <6, put 0} = 0,1 and & = aept(0,1) and stop. Here, § represents

the binary search accuracy.

3. Calculate 0,3 = 2223922 and qqp:(0,3). Run the density evolution using (4.8
2 P

with o = aope(0,3). If it converges, let 0,1 = 0,3. Otherwise, let 0,3 = 0,3.
4. Go to step 2.

This choice of o gives the widest convergence range over o,, because it is the
optimum « in the worst channel condition. When the channel condition improves,
this choice of « is no longer optimum, but we expect that even with a sub-optimal «,
convergence to be achieved due to improvement in the channel condition [66]. The
fact that channel improvement outweighs sub-optimality of a can also be justified
recalling that #opt (and hence aopt) is not very sensitive to o,. Our simulation results
on LDPC codes will confirm that this choice of a provides the widest convergence
range.

In order to measure the performance we do as follows. For various o, and differ-
ent values of a (including aopt(0;)), we find the required number of density evolution
iterations to achieve a target message error-rate (MER) p; for a given LDPC code.
We use the required number of iterations £*(p;) as a comparison measure and to
identify the range of convergence. Using density evolution, letting D\EQC(-) rep-
resent the pdf of the variable-to-check messages in iteration ¢, and denoting the

required number of iterations by £*(p;), we have

Q0
£ (p) = min {e cz: [ D00 ac < pt} , (4.11)

where Z* represents the set of non-negative integers.
In Fig. 4.6, different values of o are used and £*(p;) is plotted for different values
of o, for C*®(z?,2%). It is seen that by using o = aopt(0} = 0.6442) = 2.9634, the

code has the widest convergence range. Interestingly, while this choice of « is not
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optimum for all values of o, the resulted £*(p;) is always very close to the curve
based on known ¢, under MCLA. This observation can also be made from Fig. 4.4
where unknown o, under MCLA results almost the same BER as MCLA with known

o,.
4.4.1 Code design under MCLA

We proposed a method which gives the widest convergence region under MCLA for a
given code even when the noise power is not known at the receiver. We also observed
that the performance is extremely close to the case when the receiver knows the noise
power. Now, the question is how one can design and optimize an LDPC code of a
fixed rate which provides the widest convergence region under MCLA when o, is
unknown at the receiver. This design procedure is a threshold maximizing design.

In conventional threshold maximizing design procedures [12,19,47,56], the opti-
mization starts with a certain noise standard deviation o, and a set of initial degree
distributions. In each round of the optimization, o, is increased slightly and the
degree distributions are updated according to the rate constraint and the best de-
gree distribution (giving the smallest error rate in density evolution) is found. This
procedure stops when no degree distribution is found whose error rate converges to
zero after so many density evolution iterations.

Our design procedure can be done in a similar way. The difference is that in
each round of the optimization, for each o,, aopt(0,) should be calculated and the
LLR distribution is calculated using o = aopt(0,) in (4.8). Since when p is fixed,
maximizing the code rate can be easily solved by linear programming, we apply the
code rate maximization method to this problem.

Suppose that we want to design an LDPC code of rate Ry which has the widest

convergence region under MCLA. The procedure is outlined as follows:

1. Start with an initial degree distribution pair (Ao(z), po(x)) and a large o, and
let & = opt(0;) such that the code’s rate R given by (2.23) is lower than the
target rate Ro and the code is decoded successfully using density evolution

and (4.8) as the initial channel LLR distribution.

2. Optimize the code’s degree distributions by maximizing the code rate for the
noise standard deviation o, and the LLR distribution in (4.8). The final rate
is denoted by R.
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Figure 4.6: Comparison between the performances of C*®(z?,2°) on a normalized
Rayleigh fading channel with or without S| using different «.
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Codel | Code2

Ao 0.1916 | 0.1943
A3 0.2244 | 0.2341
A 0.0057 | 0.0064
A5 0.0109 | 0.0113
A6 0.0427 | 0.0340
A7 0.1187 | 0.0994
Ag 0.0297 | 0.0474
Ag 0.0121 | 0.0205
A10 0.0147 | 0.0119
A1 0.0171
A5 0.0157 | 0.0228
A2 0.0314 | 0.0627
Agg 0.0382 | 0.0680
A30 0.2649 | 0.1715
09 1.0000 | 1.0000
Rate 0.4889 | 0.5000
oy 0.7436 | 0.7274

E,/No* (dB) | 2.57 2.76

Table 4.1: Good LDPC codes designed under MCLA. Codel is a rate maximized and

Code? is a threshold maximized code.

3. If R > Ry then 0, := 0, + J (4 is a small positive constant) and o = aopt(0)

and go to step 2. If R < Ry then 0, := 0, — d and a = ogpt(0,) and go to

step 2.

4. If R = Ry then ¢} = 0, and stop.

This procedure gives the degree distributions of an ensemble of LDPC codes with
rate Ro which has the largest decoding threshold o} or the widest convergence region
under MCLA. To decode this code, the decoder should use (4.6) with a = agpt(0}).

Using the procedure outlined above, one designed code is reported in Table
4.1 (Code2). Again, 11-bit decoding under MCLA is used, the maximum number of
iterations allowed is 300 and d,, = 30. The threshold of the designed code is 2.76 dB.
This code has the largest decoding threshold among all the codes with the rate 0.5

when the fading gain and the noise power are not known at the receiver.
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4.5 Conclusion

We proposed a new method for linear LLR calculation on fading channels when
channel fading gain is not known at the receiver. Our method is optimum in the
sense of maximum achievable rate on the channel. We showed that on a Rayleigh
channel, the maximum achievable rate using this method is extremely close to the
channel capacity. Compared to existing work, which uses the expected value of the
fading gain for LLR calculation, we reported considerable performance improvement
at no extra decoding cost.

We then extended our approach to the cases that the additive noise power of the
fading channel is also unknown at the receiver. With a careful choice of linear LLR
calculation, we were able to obtain a performance almost identical to the previous
case, where the additive noise power was known.

For applications that channel estimation results in significant overheads or suffers
from severe imperfections, our proposed solution can be of interest.

While we verified some of our results through study and design of LDPC codes on
Rayleigh channel, our approach for maximizing the achievable transmission rate and
convergence range of the decoder is general. The only reason for using LDPC codes
is that, they can approach theoretical limits and thus verify some of our asymptotic

results.
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Chapter 5

Conclusion

In this chapter we summarize the results and the contributions of this thesis. We

also present some new questions and discuss possible future research.

5.1 Contributions

This thesis has two main contributions in the field of LDPC codes and in general
iterative decoding.

In the first contribution, we proposed a simple method for finite-length LDPC
codes’ analysis on symmetric channels. Using a time-varying interpretation of the
channel for finite-length codes, we analyzed the channel behavior by modeling two
important parameters of the observed channel as random variables. These two pa-
rameters were the error rate and capacity of the observed channel. Next, we derived
the distribution of these random variables analytically. Using these distributions
and assuming that the decoding failure is the result of an observed channel worse
than the decoding threshold of the code, we were able to obtain the block error
probability of finite-length LDPC codes.

Two different channel classes were studied. In the first class, i.e., one-dimensional
channels, the channel variations can be fully modeled by a single parameter. In
the second class, i.e., multi-dimensional channels, the channel variations cannot be
modeled by a single parameter. We studied the effects of modeling multi-dimensional
channels with one parameter and we analyzed the results. We concluded that the
iterative decoder is more sensitive to the number of errors than the capacity and
the error rate method predicts more accurate results.

Our results suggest that when the block length is a few thousand bits, even by
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ignoring the effects of cycles, we are able to predict the performance in the waterfall
region closely.

We also proposed guidelines for choosing the decoding threshold of the code
based on its block length which can be used in the design process of finite-length
LDPC codes.

In the second contribution, we considered iterative decoding on fading channels
when the channel fading gain is not known at the receiver. We proposed an opti-
mum and efficient linear approximation method to approximate the channel LLRs.
This method is optimum in the sense of maximum achievable rate on the channel,
which was shown to be extremely close to the channel capacity on a Rayleigh fad-
ing channel. We designed LDPC codes for this purpose and showed that they can
approach this rate.

We extended this method to the case when the channel fading gain and also the
additive noise power are not known at the receiver. We showed that a performance
almost identical to previous case, where the additive noise power was known, can
be achieved. This is an interesting result for applications that channel estimation
results in significant overheads or suffers from severe imperfections.

This method is applicable to iterative decoding in general and not only to LDPC
codes. We used LDPC codes due to the fact that they can approach theoretical limits
and thus verify some of our asymptotic results. We verified our results for Rayleigh
fading channel. But our method is applicable to other uncorrelated fading chan-
nels such as uncorrelated Rician fading channel, uncorrelated Nakagami-m fading

channel, etc.

5.2 Possible Future Research

In this section we present some new problems and briefly suggest possible future
research direction.

Our analysis of the channel variations for finite-length codes in Chapter 3 can be
used to analyze the behavior of other codes which show a threshold behavior. For
example, the method can be extended to predict the performance of finite-length
turbo codes and fountain codes [26]. Also, the channel analysis method can be used
with some modifications in analyzing the non-asymptotic capacity of finite-length

codes.

87

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Our method of optimum linear LLR calculation is probably the first step in a
promising research direction. We proposed the method of maximum-capacity linear
LLR approximation for binary phase shift keying modulation on uncorrelated fading
channels. Possible future work can be done on extending this method to higher order
modulations.

The channels considered in our method were uncorrelated or flat fading chan-
nels. Another new problem is to propose this idea for frequency-selective or corre-
lated fading channels. Other research directions can include extending this work to
multi-level coding, bit-interleaved coded modulation (BICM) [69], orthogonal fre-
quency division multiplexing (OFDM) systems, and multiple-input multiple-output
(MIMO) channels.

One useful application of the general idea presented in Chapter 4 could be to
develop new methods of detection and decoding when no channel parameter esti-
mation (or limited estimation) is performed at the receiver. The approach could be
based on a new definition of capacity, i.e., detection capacity. A capacity (a limit
on data transmission rate) can be assigned to different detection strategies that are
based on various assumptions on the channel parameters. Thus, we have a compar-
ison measure which can be used for adjusting the detection parameters and finding
the best strategy. Moreover, the concept of detection capacity can be extended
to decoding too. This way, decoding can be optimized according to existence or
absence of channel knowledge at the receiver. These solutions can be extremely im-
portant in time-varying channels where channel estimations techniques are subject

to imperfections, cause a significant overhead and increase the receiver’s complexity.
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Appendix A

Properties of LLR in
Binary-input Memoryless
Symmetric Channels

In this appendix, we briefly review the properties of LLR in binary-input memoryless
symmetric (BIMS) channels. We state the relationship between the channel capacity
and the probability density function (pdf) of the channel LLRs and present some
theorems with their proofs. Most of the results of this appendix can be found
in [47,59].

The input binary symbols are {0,1}, however, it is usually convenient to map
the symbols to {—1,+1} as in the binary phase-shift keying (BPSK) modulation.
Thus, 0 «— +1 and 1 «— —1.

Definition 1: On a BIMS channel with transition probabilities Py (z(y), the
associated channel LLR function {(y) is given by

Pxjy(+1ly)
Pxiy(—1ly) :

This is the function which maps the output y to the channel LLR. Since the channel

I(y) = log (A1)

output is a random variable Y, its associated LLR [(Y) is also a random variable
which has a pdf. It is worth mentioning that [(y) is a sufficient statistics for decoding
on BIMS channels. In the belief propagation decoding, the channel LLR messages
which correspond to the intrinsic messages are calculated using (A.1).

Assuming that the all-zero codeword is transmitted over the channel, the pdf of
I(y) denoted by fr(I) can be computed for different BIMS channels. It is not hard to
see that for the BEC(e), fr(l) = €d(l) + (1 — €)6(l — o0) and for the BSC(e), fr.(I) =
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e6(l — 1) + (1 — €)6(1 — =€), where §(-) is the Dirac delta function. For the
BIAWGN(o) channel {(y) = ;27 -y, which has a Gaussian distribution with mean ;2;
and variance ;45. For the URF channel, depending on the availability of SI at the
decoder, {(y) is defined in (4.3) and (4.6) and its pdf is given by (3.15) and (4.8),
respectively. These distributions can be used in density evolution as the intrinsic
messages pdf to analyze the behavior of LDPC codes.
Definition 2 A pdf f is called consistent or symmetric if f(—z) = e~ f(z) for all
z € R [47].
Theorem 1 In BIMS channels, under the all-zero codeword assumption, the LLR
pdf f1(1) is consistent [47].
Proof: From the channel symmetry condition we have
W) . PPX|Y(1|y)
xjy(=1ly)
Py x(y|1)
Py x(y| - 1)
Pyix(-y|-1)
Pyix(~y[1)
Pxjy (=1 —y) _
Pxiy(l] —y)

log
log

log —I(-y).

Thus,

fr(-w) = Pyx(y €l (~u)1)
= Pyix(-y €l (w)1)
= Pyix(yel™(w)]-1)
= e “Pyix(y €71 (w)]1)
= e “fr(uw).
It should be noted that the LLR pdf of the BEC, BSC, BIAWGN, and uncorrelated
fading channels are all consistent. Another interesting fact is that the consistency
of the densities is conserved under density evolution. In other words, the pdf of the
extrinsic messages is consistent in each iteration of density evolution.
For a Gaussian pdf A'(u,o?), the consistency condition can be simplified and
is equivalent to 02 = 2u. As we stated, in the BIAWGN(o) channel I(y) = —(;27 Y,

which has a Gaussian distribution with mean ;27 and variance ;45. Therefore, the

consistency condition holds.
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Two BIMS channels are equivalent if their LLR pdfs are equal to each other [47].
Based on this definition we have the following lemma.
Lemma Channel Equivalence Lemma: If f1(y) is a consistent pdf and if for a BIMS
channel Py|x (y|1) = f(y), then the channel LLR pdf is equal to f1(y).

Proof:

Pyix(wlt)  _ o Pyix(y]1)
Pyix(y| = 1) . Pyx(=yl1)
~ I fr(y)
= log fr(-y)
fL(y)

tog eVfL(y) v

Definition 3 The error probability associated with the LLR pdf fr(l) is given by

log

0
Perror = 1 fL(l)dl- (A-2)

This is a useful property since it enables us to calculate the error probability in each
iteration of density evolution using the pdf of the extrinsic messages.

Now, we prove that the capacity of a BIMS channel, which has a consistent LLR
pdf, can be calculated from the LLR pdf under the all-zero codeword assumption.
Theorem 2 The capacity of a BIMS channel is given via its LLR pdf f1,({) by [49,59)

o0
C=1- / logy (1 + =) f(1)dl = 1 — Eyflogy (1 + e ). (A.3)
o0
Proof: Due to the symmetry of the channel, an equiprobable distribution on X

maximizes the mutual information. Thus,
C = I(

1
= / (—Py(y)log2 Py (y) + 3 Z Py x (y|z)log, PY|X(3/|37)> dy
-0 r==+1
1
2

B . Py x(ylz)
- /. 2 Prixie)logs T e G- 1)

00 o Py x(y/1)
/ o DYXIDlogs T s S T )

where we have used the fact that Py|x(—y| — ) = Py|x(y|z). Now, by the channel

dy

dy,

equivalence lemma we have Py|x(y| — 1) = fr(—y) = e7¥fL(y) and thus,

fLy)
foly)(L+e

C= /:: fL(y) log, % )dy = /_Z fL(y) (1 — log2(1 + e—y)) dy.
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Notice that Theorem 2 enables us to calculate the capacity of an arbitrary BIMS
channel based on its LLR pdf. For an arbitrary consistent LLR pdf, say g1, ({), (A.3)
calculates the true capacity of a BIMS channel implied by g1 ().
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