On Automorphism Of Non-singular

Hypersurface

Xiaotian Chang

A thesis submitted in partial fulfilment of the requirements for the degree of

Master of Science
n

Mathematics

Department of Mathematical and Statistical Sciences

University of Alberta

(©Xiaotian Chang, 2019



Abstract

We study the automorphism group of a hypersurface in P". Firstly we will review the work of Hideyuki
Matsumura and Paul Monsky. Then we will construct an isomorphism from Zariski tangent space of
Aut(X) and global sections of tangent sheaf Tx. Then by computing the koszul complex of X, we show

that HO(Tx) = 0.
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Chapter 1
Introduction

Let X be a subvariety of P**!. We denote by Aut(X) the group of Automorphisms of X, and by Lin(V)
the subgroup of Aut(X) consisting of the elements of automorphisms of P"**! which leave X invariant.

Let H, 4 be a hypersurface of degree d in the P!, which is defined by the homogenous polynomial
f(Xo,X1, ..., Xn+1)- Then we have the following results:

e (1) If H, 4 1s non-singualr and n > 2, d > 3, then Aut(Hmd) is finite except the case n =2, d = 4.

e (2) If H, 4 is generic hypersurface of degree d in P+ and if n > 2, d > 3, then Aut(H, 4) is finite

except the case n =2,d =4.



Chapter 2
Non-singular hypersurfaces

Let k be an algebraically closed field. Assume that the hypersurface H, ; of P**! given by
f(Xo,X1, .., Xn+1) =0
is non-singular. We denote by f;(X) = % Then we get Z(fo(X), f1(X),..., fur1(X), f(X)) =0
Theorem 2.0.1. If H, ;4 is non-singualr and if n > 2,d > 3, then Lin(H, 4) is finite.
Proof. Since Lin(H) C PGL(n+2), we want to show that Lin(H) is finite. We only need to show that

Lin(H) € GL(n+2) is of dimension 1. Here Lin(H) is the pre-image of Lin(V) under the natural map :
GL(n+2) — PGL(n+2). It suffices to show that Lin(H) = {¢E|a € k*}

Case 1. The characteristic of k is either zero or prime p not dividing the degree d

—_—

Consider the tangent space 7| of G =Lin(H) at 1. We want to show that dim(7g,1) = 1. Let g € T 1.
We assume that g(¢) = I+ 1A + 1A+ ... +1,A, + O(t?). Then f(X) is semi-invariant under the action
of g, and we have

Fg()(Xo, X1y, Xn1)) = x(8(2)) f (X0, X1y v ey Xt 1) (2.0.1)

Then we take the partial derivative of #; and set t = 0, we get the following equation:

Y, LX) = f(X). (2.0.2)
0<i<n+1
Here L;(X) = Yo<j<nt1 ﬁi’;X ;. Then by using Euler equation f(X) = 1/dY. f;(X)X; and letting ¢ = ¢’ /d,
we get

Y X)) (Li(X)—cX;) =0 (2.0.3)

0<i<n+l1

Now let o = (f, fo, f1, ..., fut+1)- By euler equation we get that o = (fo, f1, ..., fu+1) and the depth of « is
zero. Let o = (fo,...,ﬁ,...,fn+1) for 0 <i <n+ 1. Then depth o; > 1. But depth(¢;, f;) = 0, therefore
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CHAPTER 2. NON-SINGULAR HYPERSURFACES

depth o; = 1. Since k[Xp, X}, ..., X;+1] is Cohen-Macaulay ring, the unmixed theorem holds on this ring.
a; is generated by n+1 elements which equals to height ¢;. By unmixed theorem, height of all minimal

primes in Assa(A/ ;) have equal height.

Lemma 2.0.2. If o is generated by r elements, then the height of all minimal primes in Assa(A/ ) is less

than or equal to r.

By the lemma we get that the height of minimal primes in Ass4 (A/ o) is exactly n+1. Furthermore (o :
fi) = Ann(f;) where f; is the image of homomorphism from A — A/q;. There exists a P, € Assa(A/ ),
such that Ann(f;) C P. But height(P;) = n+ 1, we get height Ann(f;) =n+1. So (o; : f;) = ;. Hence we
get

Li(X) —cX; € (2.0.4)

o; is generated by polynomials of degree d — 1 > 1. Consequently L;(X) — cX; = 0. Then we get all matrix
A; = cE, which proves that dim(Tg 1) = 1.

Case 2. k is of characteristic p > 0 and d = 0(mod p)

For any matrix A € G, we can decompose A = TU, where T is a torus and U is a unipotent matrix. We
are going to prove 7' = o¢E and U = E.

i) The case of a torus.

Assume that a torus 7 in GL(n+2) leaves f(X) semi-invariant. After a suitable linear transformation,

we may assume that

Xot) 0 -0
_ 9 Xl‘(t) 9
0 0 - Zana(t)

Then we have f(xo()Xo, -, Xn+1()Xu+1) = X () f(Xo, -+, Xn+1). If £(1,0,---,0) # 0, then f contains
Xg and we have dyp = y(we write the product of characters additively). If f(1,0,---,0) = 0 we have
some 0 < i <n+ 1 such that fj(1,0,---,0) # 0. Then f contains Xg_lX,u We have (d —1)xo+ xi = x- In
any case we have (d — 1) o+ x; = x for some i. Similarly, for any 0 <i <n+ 1 there exists index j = j(i)
with )+ (d — 1)x; = x. Then there exists a sequence iy, - , i, such that

cXo + Xil =X
CXil +Xi2 =X (2 0 5)
cXi, T X0=X
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Eliminating x;,,-- -, Xi,, we get
(1= (0 o= (1 =c+ = (=0 )z

Hence (1 —(—c)" ") (dxo— x) = 0,Then we get dxo = x. Similarly, xo = x1 =--- = Xn11. So T = {aE}.
ii) The unipotents case
Let U be the unipotent matrix which leave f(X) semi-invariant. Since U has no non-trivial rational

character, U actually leaves f(X) invariant. The same with case i we get the polynomial equation:
n
Y filX)Li(X)=0 (2.0.6)
i=0

where L;(X) is a linear term of X;. On the other hand, the Euler equation shows that ¥ £:(X)X;

Now we have the following lemma:

Lemma 2.0.3. Let k be a field and let fy(X), - , fni1(X) be the forms of the same degree d’ in k[Xo, -, Xp+1).
Put a =Y} f:(X)k[X] and assume

) depth o<l

i) Yo fi(X)Xi =0

iiiyn>2d >2

Then ii) is the only linear relation between {f;(X)} with linear forms as coefficient. That is, if
lo(X), -, lh+1(X) are linear forms satisfying Y. f;(X)1;(X) = O, then there exists a constant ¢ € k such
that lp(X) = cXo,- -+ yLn+1(X) = cXpp1-

Proof. Firstly we note that depth & = 1. Otherwise depth & = 0. Then depth o; = 0 for some o; =
(fos=-+ > fir-o s fur1). We get X; € (a; : f;) = ;, which is absurd. Then depth o = 1. Without loss
of generality, we can choose a sufficiently general matrix (s;;) € GL(n+2,k), and let f] = Z"H siifis
such that depth (f{,--,f,.;) = 1. Then let (a;;) = (s;;)~'. We have f; = Yaijfj. Let Yaixi =Y
Y a;li(X) = h;j(X), f;(X) = G;(Y). We have

Y Gy, =Y fi(X)() aiX)
=YX Z f] )aij) (2.0.7)
= Zﬁ =0

Y Gy =Y AXO() aijli(X)
:Zzi Za” fi(X)) (2.0.8)
=Y fiX)Li(X)=0

Suppose that (ZO(X)’ T n+1( )) 7é A‘(X()a o aXn+1)‘
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Then (ho(Y),- -+ ,hp1(Y)) # A (Yo, -+ ,Yu+1). By renumbering Yp,---,Y,11, we assume that hp(Y)

contains Y;. Then
n+1

Y. Gi(Y)(Yjho — Yoh)) =
j=1 (2.0.9)
ho(—=Go(Y)Yo) +Yo(Go(Y )ho(Y)) =0
Since depth(Gy,---,Gpt1) = 1, (Yjho — Yoh;) € (Gi,---,Gpy1). It’s a contradiction when d’ > 2. When
d' =2, let ¢; = Y;Hy—Yoh;. {@;} is linear combination of Gy, ---,G,1. But @; contains Y;¥;, does not

contain Y;Y;. So ¢; are linearly independent. Then (f{(X),---,f, (X)) = (Gi1(X),---,Gpy1(X))
= ((PI(Y), o Ontd (Y)) g (YO?hO(Y)) and depth (f1/7 o 7f;;+1) =1 Z depth (Y07h0(Y)) Z n+2-2= n,
which contradicts with the assumption n > 2 [

Once we have the lemma we can claim that U = aE. But U has no non-trival rational character, so
U=E. O

Theorem 2.0.4. Let H, 4 (n > 2, d > 3) be non-singular. Then Aut(H, 4) = Lin(H, q4) except the the case
n=2,d=4.

Proof. Let X = H, 4 and kx be the canonical sheaf of X.

Case i) When n > 3.

According to a theorem of Severi-Lefschetz-Andreotti, the Picard group of X is isomorphic to Z. Then
for any f € Aut(X), f induces an automorphism of Pic(X). We have an isomorphism f*: Ox(1) —

Ox(1). Consider the short exact sequence of sheaves of modules:
0 — Ix(1) —— Opiti(l) —— Ox(1) —— 0 (2.0.10)
Since Iy = Ox(—d), we get
0 —— Ox(1—d) —— Opuri(1) —— Ox(1) —— 0 (2.0.11)
This induces a long exact sequence of cohomology groups:
H(Opni1) —— HY(Ox(1)) —— H'(Ox(1 —d)) — --- (2.0.12)

We know that H' (Ox (1 —d)) = 0. Then we have H(Opu+1(1)) =2 H(Ox(1)). The map f* induced by f
gives an isomorphism of H%(&pu+1(1)) and H°(Ox(1)). From this we know that the automorphism of X
catually induces an automorphism of P"**!, which leaves X invariant.

Case ii) Whenn=3,d #4



CHAPTER 2. NON-SINGULAR HYPERSURFACES

X is a hypersurface in P3. Since f is automorphism of X, f*ky = ky. From the Euler sequence:

0 —— Qpuiii — Ox(—1)"2 y Ox > 0 (2.0.13)
and take highest wedge product of this exact sequence we get kpr+1 = Opnii (—n—2).
Furthermore, from:
0 > 1/1 > [*Qprit —— Qx —— 0 (2.0.14)

and taking the highest wedge product of this exact sequence we get kx ® Ox(—d) = f*kps. So kx =
Ox(d —4). We know that Pic(X) is torsion free. Thus f*ky = f*Ox(d —4) = Ox(d —4). Dividing
d — 4 on the both side we get f*Ox (1) = Ox(1). With the same proof of case i, we get that f is an

Automorphism of P"*! which leaves X invariant. [



Chapter 3
Finiteness of Automorphism of hypersurfaces

The Zariski tangent space of Aut(X) at a point can be identified by global sections of holomorphic tangent
sheaf Tx of X, i.e., H’(Tx). In other words, every morphism Speck[t]/(t>) — Aut(X) that sends the closed
point to a fixed f € Aut(X) (we may just take f = id) is uniquely determined by a global section of Ty.
This follows from the construction below.

For every morphism ¢ : § — Aut(X), we have a morphism X x § — X given by the diagram

XX§ —— X xAut(X

l \ l (3.0.1)

s—? 3x
where X x Aut(X) — X is the map sending (x,g) — g(x). The morphism ¢ induces

O
Ixyxs —— Tx

ﬂ;TX &b 7'C§TS

(3.0.2)

where mx and 7g are the projections of X X S to X and S, respectively. Fixing a closed point 0 € S, we
obtain
0
ﬂ;TSp E— TX><S Xo — Tx (303)

Its induced map on global sections is
Tso —— H(Tx) (3.0.4)

Taking S = Speck|t]/(¢%), we obtain a k-linear map « : k — H°(Ty), which is obviously determined by
a global tangent vector v € H(Tx). Every morphism ¢ : Speck[t]/(t*) — Aut(X) gives rise to some
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CHAPTER 3. FINITENESS OF AUTOMORPHISM OF HYPERSURFACES

v € H%(Tx) in this way. We claim

Theorem 3.0.1. Let X be a quasi-projective variety over an algebraically closed field k. Then the Zariski
tangent space of Aut(X) at id is isomorphic to H°(Tx) = Hom(Qy, Ox). More precisely, every morphism
@ : Specklt]/(t?) — Aut(X) satisfying ¢(0) = id is uniquely determined by v € H°(Tx) through (3.0.1)-
(3.0.4).

Proof. Every morphism ¢ : Specklt]/(t?) — Aut(X) induces a morphism ¢ : X x Speck[t]/(t?) — X by
the diagram (3.0.1). Indeed, every morphism ¢ : Speck][t]/(t*) — Aut(X) satisfying ¢(0) = id corresponds
uniquely to a morphism ¢ : X x Speck[t]/(t?) — X satisfying ¢ (x,0) = x.

From (3.0.1)-(3.0.4), we have constructed a map

{9 : X x Speck[r]/(1*) = X, ¢(x,0) =x} —— H(Tx) (3.0.5)

We need to construct the inverse of (3.0.5). It goes as follows.
Let us fix v € H(Tx). It is equivalent to fixing a map v : Qy — Ox. For every affine open set
SpecA C X, we define a ring homomorphism ¢ 4 : A — A ®y k[t]/(#?) by

¢as(a) =a+v(da)t (3.0.6)

for all a € A, where d : A — Qy is the derivative. So ¢4 # induces a morphism ¢, : SpecA x k[t]/(?) —
SpecA and it is easy to check that ¢4 is the identity map when restricted to ¢ = 0. It is also easy to check
that ¢4 glues to a morphism ¢ : X x Speck][t]/(t*) — X satisfying ¢ (x,0) = x. This gives a map

H(Tx) —— {¢ : X x Speck[r]/(*) = X, ¢(x,0) =x} (3.0.7)

It is easy to check that the maps (3.0.5) and (3.0.7) are inverse to each other. L]

Since dimY < maxdimy Ty , for a scheme Y over an algebraically closed field k, we can show that
dim Aut(X) = 0 by proving that H*(Tx) = 0.
Theorem 3.0.2. Let X be a smooth hypersurface in IP’ZH. Ifn > 2 and degX > 3, then H(Tx) = 0.

We need the following two lemmas.
Lemma 3.0.3. Let F\,F>,...,F, be r < n+ 2 homogeneous polynomials in k[z9,z1,...,2n+1] of degree

dy,dy,...,d,, respectively. Suppose that the intersection Z = {Fy = F, = ... = F, = 0} of the hypersur-
faces {F; = 0} has codimension r in P =P{*'. Let

Ny ={(G1,Ga,....G;) : AG1 + Gy + ...+ F,G, = 0}

r 3.0.8
C PH(Op(d—dy) R
i=1
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ford € Z. Then N, is spanned by
(G1,G,...,Gr) =(0,..,0,-AF;,0,...,0,AF;,0,...,0) (3.0.9)

with G; = —AF; and Gj = AF; for some A € H*(Op(d —d; —d;)) and all 1 <i < j <r. In particular,
Ny=0ifd<di+d;forall 1 <i<j<r.
Proof. Clearly, N, is the kernel of the map
r
PH(Op(d—d;)) — HO(Op(d)) (3.0.10)

i=1

which sends (G1,G,...,G,) to F1G| + F,G + ... + F,G,. The map (3.0.10) is induced by the map on
sheaves:

P op(—dy) o (3.0.11)
i=1

which is similarly defined by & (s1,s2,...,52) = Fis1 + Fas2 + ... + Fys, for local sections s; of Op(—d;).
The image of & is the ideal sheaf I of Z since Z is cut out by F; = 0. That is, we have the right exact

sequence
T ¢
@ﬁp(—d,’) > ﬁp > ﬁz )
=l (3.0.12)
ﬁp/[z
Let .
V=P 0p(—d). (3.0.13)
i=1
The sequence (3.0.12) can be extended to a Koszul complex:
0 —— NV b sy A2V >V s Iy > 0 (3.0.14)

Since Z has the expected dimension n+ 1 —r, it is a local complete intersection. Therefore, F; / z?l P/ z;lz, .
is a regular sequence in Op, at every point p € {z; # 0} for all j. It follows that the Koszul complex
(3.0.14) is exact.

.,Fr/z?’
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Let us twist (3.0.14) by &'(d) and break it up into short exact sequences:

0 — ANV®Op(d) — NV Op(d) — M3 — 0

0 > My s A2V ®0p(d) —— My — 0

(3.0.15)
0 > My > V®ﬁp(d) S ]Z(d) — 0
r
P op(d—dy)
i=1
Obviously, the kernel of the map (3.0.10) is exactly H(Mp). That is,
Ny =H"(My). (3.0.16)
And the space spanned by(3.0.9) is exactly the image of the map
HO(A?V ® Op(d)) HY(V® Op(d))
| |
.
P H°(Op(d—di—ad))) PH(Op(d—d)))
1<i<j<r i=1
So it suffices to prove that
H°(My) = Im(H°(A*V @ Op(d)) — H(V @ Op(d))) (3.0.18)
which is in turn equivalent to the surjection
HY(A’V @ Op(d)) — H(My) (3.0.19)
Furthermore, (3.0.19) is a surjection if H'(M;) = 0, which holds in turn if
HY NV @ Op(d) = H*(A*V @ Op(d)) = ... = H 2NV ® Op(d)) = 0. (3.0.20)

10
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To see that (3.0.20) implies H' (M;) = 0, we argue inductively

H 2 (NVR0p(d)=H >(N'WVR0p(d)=0=H3M,_3)=0
H 3 (M, 3)=H *(N"VR0p(d)=0=H "*M,_4)=0
(3.0.21)
=
H*(M>) =H (NV @ Op(d)) =0=H' (M) =0
using the short exact sequence (3.0.15).
So it remains to verify (3.0.20). Note that
N"V @ Op(d) = €D Op(d— Y d)) (3.0.22)
|[J|=m JjeJ
where J runs over all subsets of {1,2,...,r} with cardinality |J| = m.
Since H*(Op(b)) =0forall 1 <a<nandallb € Z,
H" 2(A"V @ Op(d)) =0 (3.0.23)
form = 3,...,r and all d, which is exactly (3.0.20). O
Lemma 3.04. Let Fy,Fy,....,F, be r+ 1 < n+ 2 homogeneous polynomials in k[zo,21,--.,Zn+1] Of degree
d. Suppose that Z = {Fy = F| = ... = F, = 0} has codimension > r in P =P} and
Folo+FLi +..+FL =0 (3.0.24)

for some linearly independent linear forms Ly, Ly, ...,L, € H*(Op(1)). Ifd > 2 and r > 3, then the space

N ={(Go,Gy,...,G,) : Gy + F1G + ...+ F,G, = 0}

(3.0.25)
C Ho(ﬁp(l))@’“
is spanned by (Lg,Ly,...,L,).
Proof. By Lemma 3.0.3 and (3.0.24), Fy, F1, ..., F; are linearly independent.
We claim that there exist F},Fy,...,F/ in V = Span{Fy, F1, ..., F,} such that

dm{F{=F,=..=F =0}=n+1-r. (3.0.26)
We construct such sequence inductively such that

dm{F{=F=..=F =0} =n+1-1 (3.0.27)

11
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for/ =1,2,...,r. This is obvious when [ = 1.
Suppose that (3.0.27) holds for some / < r. Let W be an irreducible component of X; = {F{ = F, =
... = F/ =0}. Let us consider

Vw = {F =cofpt+ciFp+...4+cF:ci€k, WC {F = 0}} cV (3.0.28)
Clearly, Vi is a Zariski closed subset of V. If Viy =V, then for every F € V, W C {F = 0} and hence
WcZ={Fk=F=..=F=0} (3.0.29)

which implies that dimZ > dimW =n+1—1 > n+ 1 — r and contradicts our hypothesis on Z. Therefore,
Vi is a proper Zariski closed subset of V. That is, V\Vy is a nonempty Zariski open set of V. For all

irreducible components W of X,

VA | viw #0 (3.0.30)
wcX;

and hence there exists F; | € V such that {F], ; = 0} does not contain any irreducible components of X;

and consequently

dimX,,; = dim(X; N {F},, =0}) =dimX, — 1 =n—1 (3.0.31)
for X1 = {F{ = F, = ... = F/ = F/_| = 0}.. This proves our claim. That is, the set
U={(F,F,...F)):dim{F/=F=...=F =0} =n+1—r
(Rl ) dim{F{ = F = .. =/ =0} ) o)
cv’

is nonempty. In addition, V"\U is a Zariski closed subset of V". We see this by constructing the corre-

spondence
Y:{(Fl,7F2/7"'7Fr/7p) :pE {FI/:FZ/: :F},/:O}}

cCV'xP

(3.0.33)

Every fiber of ¥ — V" has dimension at least n 4+ 1 —r. Then V"\U is exactly the locus of points
(F{,F;,...,F/) over which the fibers of ¥ have dimension > n+ 1 —r, which is a Zariski closed subset
of V" [?, Exercise 3.22, p. 95]. So U is a nonempty Zariski open set of V.

Let us consider V"1 = {(F},F{,...,F})} with the following loci removed

e the locus (F,F{,...,F}) where Fj, F], ..., F/ are linearly dependent,
e the locus (F, F},...,F}) where (Fy, F], ...,I?i’, ..., F!) lies in V"'\U for some i =0, 1,...,r.

All the loci removed are proper Zariski closed subset of V'*1. Therefore, the complement is nonempty.

12



CHAPTER 3. FINITENESS OF AUTOMORPHISM OF HYPERSURFACES

That is, there exists a basis Fy, F{, ..., F; of V such that

dim{Fj=F =..=F =...=F =0} =n+1—r (3.0.34)

1

fori=0,1,...,r.

Let us simply replace Fy, Fi, ..., F, by Fj, F{,...,F/ and assume
dm{Ffp=F=..=F=..=F=0}=n+1—r (3.0.35)

fori=0,1,...,r.
Suppose that dim N > 2. Then there exist My, My, ...,M, € H°(0p(1)) such that

FoMy+F M+ ...+ FM, =0 (3.0.36)

with M; and L; linearly independent for some i. WLOG, let us assume that My and L are linearly inde-
pendent. Then

Fi (L()M] — L]M()) + Fz(L()Mz — L2M0) +...+ Fr(L()Mr — LrM()) =0. (3.0.37)

We necessarily have that LoM| — LMy, LoM> — LyMy, ..., LoM, — LMy are linearly independent. Other-
wise, we have
LO(C]M] +coMr+...+ Cer) = (C]Ll +crlo+...+ CrLr)M() (3.0.38)

for some cy,c3,...,c, € k, not all zero. But the two pairs {Lg,Y c;L;} and {Ly,Mp} are both linearly
independent so (3.0.38) cannot hold.

Ifd > 3, then LoM; — LMy =0 for i = 1,2, ...,r by Lemma 3.0.3. Contradiction.

If d = 2, again by Lemma 3.0.3, LoM; — L;My € Span{F},F,,....F,} for i = 1,2,...,r. And since
LoM; — LiMj are linearly independent, we have

Span{LoM — LiMy,LoM> — LMy, ..., LoM, — L, Mo}

(3.0.39)
= Span{F}, P>, ....F.}
and hence
{L()Ml —LlMO = L0M2 _LZMO = e = LOM’ _LrMO - 0} (3040)
:{Fl :F2: :Fr:O}

But the left hand side of (3.0.40) contains the subset {Ly = My = 0} which has dimension n — 1. This
contradicts (3.0.35) for r > 3. L]

13
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Proof of Theorem 3.0.2. Since X is smooth, we have the exact sequence [?, Theorem 8.17, p. 178]

0 > Tx >Tp®ﬁx—>NX/P—>O

H (3.041)
Ox(d)

where P = P"*!, d = degX and Ny /p 18 the normal sheaf of X in P. To show that H O(Tx) = 0, it suffices

to show that the induced map
HO(X, Tp) —>— HO(Ny,p) (3.0.42)
is injective.

By Euler’s sequence

0 » Op s Op(1)om+2 y Tp > 0 (3.0.43)
we see that HY(X, Tp) is given by the induced long exact sequence
0 — HY0x) — H°(0x(1))*"2 — HY(X,Tp) — H'(0%) (3.0.44)
When n > 2, we have H! (Ox) = 0 by the short sequence
0 —— Op(—d) > Op » Ox —— 0 (3.0.45)
and its induced long exact sequence
H'(Op) —— H'(Ox) —— H*(Op(—d))
H H (3.0.46)
0 0
So when n > 2, (3.0.44) becomes
0 — HO(0x) - HO(0x(1))®"*? — HO(X,Tp) —> 0 (3.0.47)
where the map 7 is given by
Tl(l) = (Z07Zla"'7zn+l) (3048)
with (zo,21,-..,2n+1) being the homogeneous coordinates of IP’ZH. By convention, we use d/dz; as a basis
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for HY(Ox(1))®"+2 and (3.0.48) becomes

n+1
Zz, . (3.0.49)
and hence O(ﬁ ( ))@ >
HO(Ox (1))%n
HY (X, Tp) =
L)
ntl nt 1 (3.0.50)
{ZL 1L € H( } (Zz, )

With H%(X, Tp) identified as above, we see that the map & in (3.0.42) is

n+1 n+1
Li— L 3.0.51
S\Lho, |~ X az, (3.051)
where F(z0,21,.--,Zn+1) is the homogeneous polynomial defining X. Thus,

HO(Ty) = ker(£)
n+1 n+1 n+1

:{ZL L Li € H( ZLF 0} (Zzz ) (3.0.52)
:{nfL :Li € H(Op(1) rfLFespan{F}} (fz )

i=0

for F; = dF /dz;. To show that H%(Tx) = 0, it suffices to show that

n+1 n+1
{ZL L € H(Op(1) ZLFGSpan{F}}

i=0

(3.0.53)
n+1 a
=S — .
pan { I;O Zi aZi }
Note that since X is smooth,

{Fhb=F=..=F4+1=F=0}=0. (3.0.54)

Suppose that Ly, L1, ...,L, 1 € H*(Op(1)) satisfy

n+1
Y LiFi=AF (3.0.55)

i=0

15
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for some A € k. Note that
n+1

Y zuFi=dF.
i=0

When char k{d, F = (1/d) Y. z;F; and (3.0.54) becomes

(Fo=F =..=F =0} =0.

And by (3.0.55),

n+1 A n+1

LiF; =AF = — ifi.

Z’ P Z ziF;

i=0 i=0
Then by Lemma 3.0.3,

A
Li - EZ,‘ =0

fori=0,1,...,n+ 1 and (3.0.53) follows.

When char & | d,
n+1

Z ziF; = 0.
i=0

By (3.0.54),

dim{F() :F1 = ...=Ipy1 = O} < 0.

If A =0, then (3.0.53) follows directly from Lemma 3.0.4.
If A # 0, then

{Fo=F =..=F,4 =0}
n+1
=(Rh=F=..=Fu=) LF=0
i=0
={Fh=F=..=F, 1 =AF =0}
={Ffh=F=..=F 1 =F=0}=0

by (3.0.54). Then by Lemma 3.0.3, there do not exist G; € H(&p(1)), not all zero, such that

GoFo+ G Fi+...+ Gy Fyp =0.

This contradicts (3.0.60).

(3.0.56)

(3.0.57)

(3.0.58)

(3.0.59)

(3.0.60)

(3.0.61)

(3.0.62)

(3.0.63)

O

More general, let X be a smooth hypersurface in a smooth projective variety P. We have the exact

16
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Sequence
0 > Tx >y TpROx —— Ny —— 0

Ox(X)
where .4y is the normal bundle of X C P. Then the Koszul complex associated to

Tp®¢/‘§;1 > Ox

o

gives rise to
0 — AN'Tp@A " — . — NTp@ My ' — TpR0x — Ny — 0 (3.0.64)

where n = dim P and Ty is the image of A2Tp ® C/IG{1 — Tp ® Ox. Thus, by breaking down (3.0.64) into

short exact sequence, we can show that
HTx) = 0if H"2(N'Tp@ A ") = 0 for r > 2. (3.0.65)
Using the exact sequence

0 — TEH(—rX) — T5((1—=r)X) — TE@Ox((1—r)X) — 0
H (3.0.66)

/\er ® (/%(lfr
we further reduce (3.0.65) to

H(Tx) =0

— . (3.0.67)
if H V(T (—rX)) = H™2(T5((1 — r)X)) = 0 for r > 2

where T = A°*Tp.
Now let us consider P = P; X P, x ... x Py and X C P a smooth hypersurface given by a global section
of I L1 @5 Lr ® ... ® 7, Lg, where ; is the projection P — P; and L; is a line bundle on P, fori = 1,2, ...,s.

17
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Then by Kiinneth,
H™N(Tj(—rX))

D T RET o)

my+my+...+ms=r i=1 (3.0.68)

= & <®H’ (TR ®L; " )

my+my—+...+mg=r
l] +lz+,..+ls=r71

Among /; and m; in (3.0.68), [; < m; for at least one i. Therefore,

H ™ (T5(~rX)) = 0

. (3.0.69)
if H'(Tp' @ L; ") foralll <m<randi=1,2,...,s

Similarly,
H ™ 2(T5((1-r)X)) =0
(Tp((1—r)X)) (3.0.70)
if H(Tf' ®L ") =0foralll<m<r [<r—2andi=1.2,..,s

Combining (3.0.67), (3.0.69) and (3.0.70), we conclude

H(Tx) =0

b (3.0.71)
if HY(Tp @ L; ) =0foralla<b<c+1,a<candi=1,2,..,s

Now let P, = P" and L; = Op(d;). From the Euler sequence,

0 —— Op — Op(1)®0t]) > Tp, > 0
Vi
we have the exact sequence

0 —— A1 Tp —— AV —— A*Tp —— 0 (3.0.72)

Then inductively, we have

HYTE®L ) =H" ' (T}"' oL ) =..=H'(I§ ™" oL ) =0
ifHa(/\b+1Vi ®Li_c) — Ha—l(/\b-i-ZVi ®Li—6) R — HO(/\a+b+1Vi®Li—6) —
HY ANV, @ L) = H Y (AT, o L) = ... = HY ATV, L7¢) = 0.

So the condition cd; > a+ b + 1 guarantees H“(Tlﬁj ®L; ) =0. Clearly, the numerical condition on
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(a,b,c) implies that a+b < 2c. So cd; > a+b+1if d; > 4. When d; = 3, cd; < a+ b+ 1 if and only if
(a,b,c) =(0,2,1). In this case, we again apply (3.0.72) to conclude

H(T4(-3))
it HO(A?V; @ Op.(=3))

H'(T5(~3)) =0
H' (A, 0p(~3))
H'(V;® Op(~3)) = H*(0p,(~3)) =0

This holds as long as n; = dim P, > 3.

So we arrive at a statement about the automorphism group of a smooth hypersurface in the product of

projective spaces.

Theorem 3.0.5. For a smooth hypersurface X in P x P2 x ... x P of multi-degree (dy,dy,...,ds),
HO(Tx) = 0 if either d; > 4 or d; = 3 and n; > 3 for each i = 1,2, ..., s.
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Chapter 4
Generic hypersurface

Let k be a field of characteristic p > 0. And let ko be the subfield of k generated by 1. A hypersur-
face H, 4 is called generic if it is generic over k. That is, if it is defined by a homogenous equation
f(Xo,X1, -+ ,Xu+1) =0 of which the (”+§+1) coefficients are algebraically independent over ky. A generic

hypersurface is non-singular.
Theorem 4.0.1. If H, ;4 is generic and if n > 2,d > 3, then Lin(H, 4) = {e}.

Proof. For convenience, we denote m = n+ 2. We assume that f(X) € k[X1,X>,- -+, X,,] define the generic
hypersurface of degree d > 3 for m > 4. We need to prove that if A = (a;;) € GL(m,k) that leaves f(X)
semi-invariant:

fAX))=of(X), oo € k* (4.0.1)

Then A = cE,, for some ¢ € k*. Firstly we can decompose A = A;A,, where Ay and A, are respectively
semi-simple and unipotent. Ay and A, also leave f(X) semi-invariant. Then we only need to consider
about the following two cases:

I. Semi-simple case. Let A € GL(m, k) be semi-simple and assume f(A(X)) = cf(X). Then we can

find a matrix 7 such that

mE, 0 o 0
0 owE, - 0
TAT'=B=| = " .
0 0 - ak,

where E,, is the identity matrix of size r;. So we have
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CHAPTER 4. GENERIC HYPERSURFACE

and we assume that o; # (i # j). Now let g(X) = f(T'X). If we apply linear transformation B to
polynomial g(X), we get g(BX) = f(T~'BX) = f(AT~'X) = cf(T~'X) = cg(X). Now we change the
notation of variables:

D CRTEITED (D CRIRTRED CHNNTTED (R TRITED i (4.0.2)

If we use X; to denote (X; 1,---,X; ), then we get
g(al(Xl);"' 7as(Xv)) :Cg(X17"' ;XS) (403)

by g(BX) = cg(X). Now we try to prove that g(X) will miss more than 2 r;r; monomials of degree d if
s > 1. Since we have f(T~!X) = g(X), then f(X) is impossibly generic, contrary to our assumption.
Now let us consider the monomials of degree d that are divisible by X1d1_3. WLOG, we may assume

d = 3. Then we classify the cubic monomials into four classes.
° Ci:{CubiC in (Xi)}. #Ci:ri(ri+1)(ri+2)/6

e C;j = {quadratic in (X;) and linear in (X;)}(i < j)
#Cij = rirj(ri—i- 1)/2

e D;; = {linear in (X;) and quadratic in (X;)}(i < j)
#Dij = I",'I”j(l”j-i- 1)/2

e C;j; = {linear in (X;), (X;) and (X)) }(i < j <)
#Cijl = r,-rjrl

Ci; and D;;j cannot co-exist in g(X). If we have XiZX ; and Xin2 in g(X) at the same time, we must have

Ocl-z(xj = Ocl-OC]2 which is impossible. Similarly, for each 1 # i < s, at most one out of classes

Dy, ,Di1,;,Ci,Cijv1,-+-,Cis (4.0.4)

)

can appear in g(X). Now we define E;; as follows:
e a) If both C;; and D;; are absent in g(X), then E;; = C;; UD;;
e b) If G;; is absent but D;; is present in g(X), then E;; = C;; UC;
e ¢) If C;; is present in g(X), then E;; = D;; UC;

If C; CE;jjUE;(i < j <1I), then C;; and Cj; co-exist in g(X), which is impossible. Similarly C; C E;; U
E;i(j < 1<) is impossible. If C; C E;; UE;(I <i < j), then both C;; and Dj; appear in g(X), which
is again impossible. Therefore the sets E;;(i < j) are disjoint. On the other hand, we can check that
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#E;; > 2r;rj, where the equality can holds only when r; = r; = 1. Since all E;; are absent in g(X), at least
Y #E;; monomials are missing and we have ) #E;; < 2) r;r;, the equality holds only when s = m,r| =
rp =---=ry, = 1. In that case, since m > 4, at least one of X;X,X3 and X;X,Xy is absent in g(X) also.

II Unipotent case. Let A € GL(m,k) be a unipotent matrix, A # E and let f(X) be a polynomial of
degree d > 3 which is semi-invariant under A. Since A is unipotent, we have f(X) is actually invariant
under A. Let J be the jordan normal form of A. We assume that the blocks in J are in the order of increasing
size. For 1 <i<m—1 we have J(X;) = X; + €X; 11, and J(X,,) = Xy, where & = 1 or 0. We say J is of
type (€1,€, -+ ,&y—1). We call that an index is regular if & = 1. We define a number a(J) by

oJ) =Y ( (“; 1) +1) (4.0.5)

where the sum runs over the regular indices of J. Then we have the following estimates.

Lemma 4.0.2. Let g(X) be a form of degree d > 3 which is transformed into itself by J. Then the coeffi-

cients of g satisfy at least o.(J) linearly independent linear relations with coefficients in ky.
Lemma 4.0.3. Let A be a unipotent matrix with Jordan form J. Then a(J) > t.d.(A/ko).

With these two lemmas, now we can prove our theorem. Let 7 be matrix with algebraic coefficients
over ko(A;j) such that TA = JT. Let f(X) = g(TX). Then g(JTX) = g(TAX) = f(AX) = f(X) =g(TX).
So g is transformed into itself by J. By Lemma 5.2, the coefficients of g(X) satisfy at least a(J) linear
independent linear relation with coefficients in kg. Now we define dim(g(X)) = tr.d(ko(a;)/ko), where
a; are coefficients of g(X). So we have dim(g(X)) < ("+611+d) — a(J). Now consider the map: {g(X) =
gUX)} x {T|TA =JT} — g(TX) = f(X), we have dim(g(X)) = ("* ) —1r.d(A;j/k). However, we
have tr.d(A;j/ko) < a(J). It’s a contradiction. f(X) can’t be gneric.

Now we only need to prove Lemma 2 and Lemma 3. To prove Lemma 2, we order the monomials of
degree d lexicographically; [TX" < HXl.bi if a; = bj,a; < by (i <s). Now if g =[[X;", then we have:

X)) =1+ &Xir) = u(X) + Y cuv-v(X) (4.0.6)

v<u

If we regard J as a transformation on the space H’(0p(d)), then J has the form E + §, where § = (cyv)
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is strictly triangular. Now suppose that g(X) = Zau - (X)) such that g(JX) = g(X). Then we have
u

g (X)) =Y au-pnUx)
m
= Zau(‘u(X) + Z cuv - V(X))
m v<u

:Zau'“+2(zcu\/'au)“’
T v ou
—Yayu
u

(4.0.7)

Comparing coefficients we get that Z cuvay = 0. Thus the coefficients of g satisfy rank (cyy) linearly
v<iu
independent equations with coefficients in ko. If u is any monomial, let u’ be its predecessor in the

lexicographic order. If u is regular for J if ¢;;;» # 0. Since (cyy) has strict triangular form, rank (cy) is

at least equal to the number of regular . Thus we must show:

Lemma 4.0.4. There at least a(J) regular monomials.

N
Suppose s is a regular index for J, and let 4 = (HX;”) X, then u' = (Xy41/X;) - 4 and we see easily
i=1
that ¢, = as. In particular, if the characteristic p does not divide aj, then u is regular. Now fix a regular

index s. If a; = 1, the number of monomials of the form (fIXi“") - X is the number of monomials of
i=1
degree d — 1 in X1, -+ ,X,_1 and X, 1.e. (s;‘:z). Furthermore, since d > 3, there is a regular monomial
of the form X2X¢=2, or X3 X%—3, depending on the characteristic. Thus there are at least ¥ ( (3?52) +1)
regualr monomials in all where s runs over the regular indices for J. Since this function is monotonic
increasing in d, and d > 3, the lemma is proved. Now we need to prove Lemma 3. The idea is that each
regular index in J gives a contribution of about m?/2 to a(J), and t.d.(A;;/ko) < m>. Then if we have
3 regular indices, we are done. If we have fewer than 3 regular indices, then we need finer estimates on
ko(Aij)/ko.
We begin with a lemma about upper bound for 7.d.(ko(N;;)/ko) where N is a nilpotent matix.

Lemma 4.0.5. Suppose that N is an m by m nilpotent matrix. Let V; = image of N, and B; = dimV. Then
Bo > Bi1 > B2 > ---. We say that N is of type (o, B1,---). Let B(N) =2Y (B — Bix1)Bit1. Then we have
0

t.d(ko(Nij ko)) < B(N) (4.0.8)

N is determined by the subspace V| of V) and by the images in V; of a set of generators of V/V;
under N. V| depends on at most (B — 1) B parameters, the same holds true for the images of the By — f;
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generators of V /V. Then use induction we can get the result.
Now we are ready to prove Lemma 5.3. Let A=E+N',J=E+N. Thent.d.(ko(Aij/ko)) < B(N') =
B(N). There are four cases to consider, according to the maximum of the sizes of the blocks of J. (The

blocks are arranged in the increasing order of size)
e (1)If Jis of type (---,1,1,1) then t.d.(ko(A;;) /ko) < m*> —m. For B(N) < m? —m always.

o (2)If Jisof type (---,0,1,1) thent.d.(ko(A;j)/ko) < %mz. Fpr N = 0 in this case, and N is of type
(m,7,6,0)

e (3)IfJisof type (---,1,0,1) thenr.d.(ko(Aij)/ko) < %mz. For N? = 0 in this case, and N is of type
(m,9,0)

o (4)If Jisof type (---,0,0,1) then t.d.(ko(Aij)/ko) < 2m—2. In this case, and N is of type (m, 1,0)

Now let us estimate a(J) in the 4 cases. In case (1),m — 1, m — 2 and m — 3 are all regular for J. Thus

a (/) > (3)+ (") + ("™, %) +3. The other cases are similar. Thus we are reduced to proving the following

four inequalities. If m > 4, then:

" () 3> m—m

This completes the proof of Lemma 5.3. [l
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