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ABSTRACT = .

2
B

This thosié is a Simu]otion stUdy:of the charaoteris-.
tic roots of thé sample covarianooﬁmattix. The samp]e’co-
variance matrices used in the siou]otion'are.computéd from
-normally distributed:p-iariéte vectors. :The vectors are k\
ngenerated from N(O, 1) varlates and the popu]at1on covar1ance
| matrix with kpown.e1genva]ues. “The e1genva1ues of the popu- | )

“
e I}

lation ‘covariance matrix are arbitrarily ¢hosen. Four ‘non-

zero'eigenvélues'afe considered injgach coae, |
The empirical cumulative distribdlﬁon of each of the
‘-nonfzero eigenvalues i$ considered. o
The resu]fs shgw thaf the'd{strfbution of the‘non-iefo
eral roots‘shdq}sobstahtia]'variabi]ity ’ This variébiTity
“is a funct1on of both the numher of equal roots and the rank

AN

order of the root. «The results for the distinct roots ‘are
N DG AN v _

'fa1r1y;cpnsistent

s
o
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. CHAPTER 1 (

=

SOME TESTS BASED ON THE ROOTS OF COVARIANCE i

A MATRICES IN MULTIVARIATE ANALYSIS .

1.1 Introduction v
. _ . 4
‘Multivariate, analysis may be defined so the branch

of statistical ana]ysis'uhdch is concerned with the relation-
X : s .o
sh{p;of sets of. variates;‘thah is, the study off vectors of

random variables whose compodents'mayvbe correlated with one

-another.

The main reason for app]ying multivariate analysis
s, to,so]ve prob]ems and arr1ve at numer1cal results which
(
can be used as the basis for decision: mak1ng.

>

ﬁhe genera] procedure is as fo]lowsdv
(i) A hypothesis is proposed. ~ e

(ii)  Multivariate data is collected.,
(iii) A mode] for the sampling d1str1but1on is pro-
posed on the basis of mathemat1cal (usua]ly)
: resu]ts. :
. v ‘ J ) ‘ _ L
' (iv) Data is examined. and hypothesis tested

-The majority. of tests of s1gn1f1cance use for test1ng

<

hypotheses in mu]t1var1ate analysis are based on the hypo- }

thet1cal sampl1ng d1str1butlon of the {hara€ﬁer1st1c roots

: J;)(e1genva1ues) of the mult1var1ate ana]ys1s of varlance .

' (MANOVA) atrices and thg sample covar1ance matr1ces
- '} ' ,

’ , e
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The tests were derived on the assumption that the

-

random samples are drawn from one or.more p-variate normal
o ; . . L

populations. | : ‘ LT

h Many tests have been fo mula{sa for the MANOVA matrices

and the joint distribution of the nén-zero chéractefistic

roots of these matrices in the null case is given by

3

e?_(vuei)F M (6,-6:)
: #1>] J

n=x

s P(e]...ék)'= C(k,m,n)

i=1

a0 <8, <8, < ... <08

where e],.;.,ek are the non-zero roots of the MAROVA matrices

- and e c
‘ | L ~ ‘/,Li‘Q" ;:21 f
| ' W | :
3 j%';n Th(2m+2ntk+i+2) o ." g
S Ckamen) s et
‘ ) . . ligl rg(mei+1gr%(2n+i+l)rki;=

.. -
- - . . “

where m,n are interretéd different]y befdjﬂferent_tést

situations’. - L Y .

o
- . ~

. . \ : ' T ‘.
1.2 Tests Involving the Roots of -the Sé%élenp—var1ate Matrix

Theusémple coyériance matrix S is given by . o
v .“ .v' : o “N'f\j ; \

oy N i - L
R 2 SO RN

> »



Y X . \
' / ’ ) 3
where N is the sample. size and . R
N oy " R ‘7 - 4
.. 71 .N ’ .
e X=a ) ox, 1.2
- ‘i:] . Y LY “_
R . e 7 ’ &
) z .. . - . . » . -.
SN . N
S is, an unbfasedrest1mate of the popuTat]on covarnance ma€r1x
) 4 . i . - e . \ ) ' - 3
. . ‘ ; : : , . ,’.\ . . / ‘\\
, ¢ (N ])S ’ .. \% » 4 1‘ vk
* 1 w-', - .
b___l : K " e - nS , Lo \
# B N " f
= \

S~

The d1str1butﬁon of A (or S) is ca]]ed the H}shart,

AN
P ¢

: e
- d1str1but1on and . 1s the mu1t1var1ate genera11zat10n-oflthe

/
un1var1ate gamma d1str1but19n and therefore plays an 1mport- -
x_

ant part 1‘hstat1st1ca1 1nference.,;; | N
The dens1ty (unct1on of A for A positive def1n1te,1s
. Y.D. o i \-L ',‘ /‘J" ;T' . . . . o
R g [ - N . & h C M .
,-“’ - . o o | ' . K : B | ) ) LI ) (‘
RV v*.;; |A li‘n P ]) exP( b tr C ! A) T ].3‘
; v g np/Z p(P ])/4 Icl%n 1P Pl'(n""l i) ¢ B T
ﬁﬂw - St ‘ ‘ B . 'l"] R &‘ )
where C is the popuTatlon covan1ance matrix. e ’
The JO]Ht d1str1but1on of the roots o# A for c=1 is™
' : . ‘ ¢ A
R o .‘ 3
- ' p- i -
v )V.n’p/_z 1. (n lb ]}, e)(p(';i z Ai)"'n (l.-l-) .
"’ =1 1 1= i< ' : 1.4
, : 2"."/2 P {r[»(nm 1)]I‘[l(p+1 )73
- N ] ] » . . '.:
- ' SRR v *.‘ S : ~
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L - . o ’ . .
e, . o
‘where A2 Ay 2 .l Ap > g;are.ghe characteristic roots of .
A ‘(Anderson_[]])_ o « :

Lawley [10] derived:testsﬁof'signdfﬁcance for the
A S
characteristic roots of the samp]e covariance matr1x. He -
a]so expressed the expected value [E(z )]*and the variance

of the samp]e roots ‘in- terms of the popu]at1on roots.

)
N ) C A

Lawley's Tests I,

éaet 2 {r=1,. k) be one of the k d1st1nct

Y

U the s mple.’
(1) If the f1rst k roots of the popu]at1on covarlance
matr1% are d1st1nct, and the rema1n1ng pP- k roots are equa]

f) to § say, to test the- hypothes1s of equa 1ty of the pfk‘i

\\ rd{::, the test stat1st1c &s given by Q j . ﬁw ‘

. - pk 0 . . _ ,A/_ .
| Const{ ]°?q(2kf1"'£p)/5 ‘ +‘(2k+1+f"t%p)/6 - (p=k)} 1.5

which is aﬁprbximate~szijthW%Kb-k)(p-k+4).degrees_of‘fﬁeedzg.

~ y
Const,= n - k 3 (?Q+! q+]) q+1 Z] A%—G} + .
: ° PR T o
6° — v : - »1.6
Cor=] (Arrd)- g T ’

If.%].}.kk:>>’6 Const_ﬁsﬁgivendby‘_.

i



k2

n - k- g (29+1- q+]) T gl

6

where q'v= p-k. - S b el T
(ii) If 6§ is unknown the approximate XZ has %(p-k-1)
(p- k+2) degrees of freedom and the test of the hypothESIS

becomaﬁ

Const{ log (/z,k” 2p) + (p k)log, “m Fer ) (p-0)1 1.7

where

ke :
2 1 1.8

Const = n - k - ¢+ (2q+1g2) + & e ,
5 B . . . r=] (Ar_a) . »

o
?,

S 2 o
n -k - gﬁ(2q+]fa) I

@

o

b«

When: k 0 th1s reduces to the hypothe51s of equal1t{ of'{hé
! .
roots and Const is. then given by

-

1 a2
n - g‘(Zptl+5)v'

R V= : —_— : .
"‘E(lr", Ar‘+fvn Zl (x By ) + 0nz o l,lq
_ fr ‘



‘C.

and the variance of L. is

R JY: “}“ﬁ/ ‘!A '
— {1 T h . Z ( )}+o—, /1.

~

_ Hhere 0(f(n)) sjgnifieszan'expression order not exceed-
ing f(n) - - o |
In 1.10 .and 1. 1]. n'\s the samp]e 51zz (number of
vectors), 1f n is ]arge O(n )-and 0(n~ ) are 1ns1gn1f1cant.
.[39 The above expressions are Qaiid only if the hoots are

= ¢
equa] roots :

-

d1st1nct, there are ni;ava1]ab1e expressions for the non- zero

~

It f&llows from 1 10 and 1.11 that the mean and van1-

ance and hence the d1str1but1on of ea "of the non-zerob

-~

“distinct roots depend on the other character1st1c roots. but
 the extent of the dependence cannot be exact]y determined wg
from 1 10 and 1.11 as these express1ons are not exact

To construct exact s1gn1f1cance tests, and to be aware
of t§e>gagn1tude of possible samp11ng~errors it is lmportant
to kno the'sampiing distributionsof thé’estimates of these |

-

roots. N

e

In this s1mu1at10n study the samp]e chosen for the study

eof the emp1r1ca1 d1str1but1ons of the sample roots is the'
SIngle sampqe p varlate covariance matrii\
The fol]ow1ng po1nts would be conSIdered in this thesis.
(]) The emp1r1ca1 cumu]at1ve distrib tion of each of

the non-zero character1st1c roots (population °
roots known)

%



(i) Nhen_the non-zero roots are distinct.

-

'(ii) .When the non-zero roots contain equa]”foots.»
~(2) A comparison of the dIStr1but1ons of some &f the
roots from different computer runs.

3 . /\.
(3) The general behaviour of the non-zero equal roots ///(z
‘ and the dependence of their d1str1but1on on the . '
rank order of the roots ' : '

4
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CHAPTER 2

GENERATING AND TESTING THE SIMULATED MODEL .

2.1 The Maximum Likelihood Estimates

of C-and p

The mode]'geherated is .based on
p—variate vetﬁ@rs used to éompute the

matrix S are distributed N(0,C) whéré

variance matrix is known.

thevtﬁeory that the : .

sample covariance

C, the 'popu]ation“‘“‘

The ‘density function of the multivariate normal is

)

where

‘and p is a vector of means.

coexpla(x-w)” ¢ lx-w)1 L 2

The maximum'likelihood'estimates of C and'u are given by

(x4=%) (x4-0)7T



and from 1.2

. . . ‘ o

x|
H
=)~
it~

i=
respectively.

s = ﬁngﬁ is the unbiased estimate of C.

‘2;? Computing a Covariance Matrix witﬁ Known Eigenvalues .

- For every real symmetric matrix B, therecexists an

N

orthogonal matrix P sﬁch that

»

BP = D | 2.2

. : . . U . ~. ‘
where D is the diagonal matrix of the eigéﬁﬁﬁﬁaes of B.

If C is the covariance matrix (real and symmetric) with
: . , o - .

' eigenvalues

<.

A],AZ;. p
then ;
PTCP = A
wherq A is /the diagonal matrix of eigenvaiues A],...,Ap.'

Premu1t1p1y1ng by P and post mu]tlplywng by P” (Since P

is orthog nal)



10

-~

C = PAP® SR

]

A]A{ (C is”a-symmetric matrix)’

- P(A*A*)P

2.3

and A;E is the diagonal matrix of the square root of the
eigénva]ues of C. |

[

2.3 Compyt1ng P the Orthqgona] Matr1x Used in the Sample

An arb1trary matr1x A0 was chosen, such that

L

.0 0.0 0.0 0.0]
0.7 0.7 0.1 o0.1 ] % -
0.6 0.8 0.0 0.0
0.3 0.3 0.9 0.1

. Ay = | 0.5 0.5 0.1 0.7

| 0.0 0.0 0.8 0.6

0.1 0.1 0.7 0.7
0.8 0.4 0.4 0:2 .
0.0 1.0 0.0 0.0 ’
0.9 0.3 0.3 0.1

so that AOAO is a symmetr1c matrlx.
The elgenvalﬁﬁk‘and elgenvectors of- AOAO were then

Coa



11
\j.z ,",‘\:; ‘\ » . ‘:é']‘ .s'
The elgenvectors ca]cu]ated were a]] orthogopa]
* r\
%hese P e1genvectors formed the orthogona] matrix P;-}\(
| Haxgng f6und P, the covar1ance matrix C was then computed ;%;
“/) }’%51@912”’3‘ .;and 2.4 ‘ | j B
In the flrst case the e1genva1ues of C, A were chosen ]
to be 5,2,2,1,...,0 | “"
0
o 1%
w A :
¢ 2 .
X
A¥E =
.
A
\
3
0 - X
S 'JC —
(PA%)(PA%)” C
-~ - .

2.4 Generat1ng the Nermal Random Vector;?N(O 41

From 2.3 we. have ,

o0 N
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Let Y be distributed N(O,I) where Ipxp is the identity

matrix, and let

-~
X =-A]YA
Then X is distributed N(0,A,A])
‘ p - o
x'i = Z] a]]J‘yJ .(‘1=]:--_--p) ' 2.5
J= ‘ e ©o
5 R |
where a,.. is the ijth e]ement'of A and y ».--3Y are p

11 1 1 qp s

1ndependent standard norma] var1ab]es N(0,1). 3“'

Yy

2.5};Method of Generat1ng the Random Numbers N(O,;)

ot

.

/ - The a]gor1thm formﬁ]atedéby Chen [e] was usedito gene-
‘.rate the N(O 1) numbers | )

Th1s a]gor1thm generates pseudo random numbers for a
32- b1t word computer, for examp]e the IBM 360/67 which was
"used in the simdlation. u
The theory is based on the mu]t1p]1cat1ve congruentla]

'method given by
R, = R._j(2P+k)(mod 231y 2.6

~ where p is a pos1t1ve 1nteger greater ‘than 2 and less than -
.3]: and k 1s any odd 1nteger

The random deviates of the unit un1form dlstribution

&



are obtained by putting

u, =Ry gy

f}ﬁally; twovindepéhdqht randonm normal deviates of mean. 0
‘and variance 1 are produced from twe indépendent uniform -
deviates;U] andvUZ‘by the transformat{on suggested by Box
and Muller [5] thet is | |

N
<
n

) = (-2 log, Uy)*% Cos 2mU, 2.8

i

» (-2‘1oge U])%'sin 2my - 2.9

<
n

2

Chen chose to generate the tyb random uhiforﬁ_deviates'
at a time rather than one. - USing\the.multiplicthVe congruen-
tial method this becomes | A

31y

.R]i,=. ” ](2 +k)(mod 2 2.10

o)
|

- p | | |
R, s 1(2 2+k)(mod 23" 2.1

2i T "2,

Each generation of th1s dua] type produces a]ternate
' numbers for the sequence. '

: It wa;,found that generators with k=3 perform better



\

than those with k=1. (2P+k) is relatively primelto 2

14
d . :
3_ and
is an odd number, therefore kviS‘an odd number. Chen used a

-~

value of k=3 1in his generator.

Values of p]—14 and p2-]8 were found emp1r1ca1]y by -
Chen to be the best among all ‘possible comb1nations of ><:;:>
6 >- Pys p2 < 18. He further 1mproved ‘the generator by chang-
ing 2.11 to give - » S | |

oy o . /
18 18 . - |

Ryy = [Ry 59 (2'%43)1(27%43) (mod 2y 22

~ He used a sample ‘size of _]08 random numbers to test the
‘_generatoraand the resu]ts of'the tests'performedvseem satis-

factory for the purpose of th1s sxmu]at1on

10,000 random N(O,1). numbers were generated us1ng
Chen's algor1thm for each of f1ve d1fferent sets of starting

va]ues The Ko]mogorov Sm1rnov test stat1st1c was then

. used to test the: goodness of fit of the samp’e to the N(0 1)

d1str1but1pn._ Each sample set-was divided into 162 intervals
frqm_-d-to_4t The naximum_deviationdfrom among a]]}the sets
was 0.008, which is in agreement with the results obtatned

by Chen. . | | o B - | v

At the 5 pertent 1eve1'of significance the critical

'va ue of the Ko]mogorov Smirnov test is 0. 0]36

The hypothes1s that the numbers: generated are N(O 1)

W s therefore accepted at the f1ve percent level of s1gn1f1-



Thé Model

A R , S
A matrix Y(pxN) ova(O;])gyariates_wé; generated with
-y
=10 and N=100 - ' ‘ ' s
p=10 ) N s
‘ R ~ '_ -~ ' K
Y |
Y21 Yon '
Y= | . . 2.18
Yp1 PN
§W¢

and using A]’from'2{4,-thelmatrix of random vectors was

computed from

:4 r
, ¢
A = A]Y
and putting X; =’(xi—I)‘
[—-.tzd o —
¥ Xy s X
i=1 h f]-
o Do ] %2
where . l‘ x =N = .
- DR X o x
| i=1 p1 | p
: ¢ -
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S was then compuated as R , AR
L S Lo
N-T [121 (x;)(X35)7] . Nz,
Testing®the Goodness of Fit of the Model -
@“ooo samples of S were generated from a: popu]atggﬁf

. covariance matrix with four non-zero characteristic roots,

v
/-’\

and for each run the test statistic given by . g_
= lcl -1
n - (2P+1 - ——T){log Ter - P * tr C7'S} 2.15

sl

]

4-
(which is approx1mate]y xz w1th L(p)(p+1) degrees of freedom

was ca]cu]ated

In order to conpute this'statisticvsome assdnptionS‘i
“had to be‘made, since the zero roots‘in the bopulatiOn co-
variance matrix s would render thejstatistic 1ndeterminate.
In a]] the goodness of f1t tests that have been derived sol
far, thé test statistic is dependent on the product of the
_ popu]ation roots or estimates of ‘them.

In factor ana]ytic methods, after the appropriate
number of factors have been fitted ﬁhe remainipg factors

-6

tend to be zero. This being the case 107" was considered -a

‘;reasonable approx1mat10n for. the zero roots. fw‘ .
The i ,000 - values of the test statistic were divided
: L
1nto 54 interva]s from 28 0 to 97 .0 and the Ko]mogorov-

"Smirnov test waS-used to test the goodness_of fit with a>X2;



dev1ation is be]ow

”1eve1 of s1gnif1cané& I

)

N\ 17
co w:‘:"' h ’
, g
K4

distribution with.55 degrees of freedom. The maximum: 31ffer—

ence was 0.031f a

the cr1t1ca1 value of the test is 0.043% Since the maxlmuq

)

his lue, the hypothes1s that: the sample
covar1ance matrlx S is_a good representat1oh//f the popula-
tion covar1ance mathpx C was accepted at the five percent

RN

.» N

the five percent 1eve1\of s1gn1f1cance ‘L‘

Y
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-~ RESULTS

BT
P

Fiye Computer runs were made each with a»populationf i
7covar1ance matr1x havin’ ﬁour non-zero roots. The nOn-zero
. character1st1c roots of the popu]at1on matr1x were arb1trar-

11y chosen as follows: . 'f o F". o L g

* aslgl . e

INPUT DATA

Va]ue of - the Popu]at1on Roots

Rank Order

- of Root Ron 1 Run 2 = Run 3 Run 4 Run 5
1 5 s 4 T 4
) Ty, " e3_. //]} )
3 2 o2 T 2
o)

~

order of magnitude, the

"Sihcevvarious testjproqedures require fhatkfhe char-

acteristic roots be in de:-2ndi
~roots were arranged in this order. ‘
1 000 samp]es were gene?ated for-each run with n=00. _'

T p= 10 N

]—1000

18
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The sample mean, variance and skewness were calculated

for each root using

ey
Sample mean ¥ = z— } &
| B )
. A
_wheré_li_is'a root of the Samp]e, .\
Nj '

.Samplé variance S% = ﬁlfT ) .(lifi)z
~ BRI B .

and )
e o VU0
, - Skewness = —
E - 'i=],(N]-l)S
E(z ) ‘and Var(l ) were ‘also ca]cu]ated usxng 1 10 and
1.11. 'Since the samp}e used samp]e 51ze N ]00 -%iiand l?
, 'n n

are of the: order 10° and’lo' respective]y, these values
'are 1n519n1f1cant compared N]th the other values, ‘These'terns

were therefore'%mItted in the ca]culatlons
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Since the matr1x is symmetrlc on]y the lower triangu-

lar portion is g1ven

-

The values are rounded to three

decimal places for each computer run.

’ i
p

-~ —/

g

TABLE 2

MEAN, VARIANCE AND SKEWNESS OF THE

A T ~ NON-ZERO ROOTS' OF RUN 1 :
_ : i '
Pop. value ,Sample Samplei  E(2) Var(lr) .
of Root " Mean . Variance . ' Skewness.
. j ) ) . ' . » .
5.0 5.0805  0.5063  5.0800 0.495 0.1717
2.0 2.2167  0.0676 - fge . 0.4657 .
2.0 1.7256  0.0454 - -~ 0.0914
1.0 0.9466 0.0176 0.9475  0.0179 = 0.1711

The expressions for E(z ) and Var(z )

when the non-zero roots are @qua]

F1gs 1.1, 1. 2,

1.

tion of each of the non- zero roots

are not appTicabTé‘

3, 1.4 show the cumu]at1ve d1str1bu-v

Fig. ] 5 shows the d1str1but1on of roots 2 and 3 when

the population root = 2,0.
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" TABLE 3
MEAN, VARIANCE AND- SKEWNESS OF THE
NON-ZERO ROOTS 'OF ‘RUN 2

L Sample Sample E(2.) - var(zr)
- Pop. Root Mean Variance. r

Skewness
5 ,5.1013  0.5042 5.1010  0.488 10.2017
3 2.9170 - 0.1641  2.954  0.169 0.3287 =
1 1.0929  0.0154  -- --. " 0.4710
] 0.8483  0.0122 = -- C-- 0.1441

}Figs. 2.1,'2&?;;2.3 and.2.4 showbthe cumulative distri-
‘bution of each of these roots.

Fig. 2.5 shows the cumulatiye distribution of “roots 3
and 4. v T -

‘ . » .. . “2\’

i
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"TABLE 4

o~ MEAN, VARIANCE AND SKEWNESS OF THE
- NON-ZERO ROOTS OF RUN 3 |

.....

Sampie | Sample | E(2.) 'Var(z') . .
Pop. Root-  Mean Variance r o r Skewness
3 4.1834  0.3011  4.1740  0.2904  0.2756 ° [
3 2.9189  0.1336  2.9545 - 0.1446 0.2728
"2 . 1.9029  0.0654  1.9192 ° 0.0693 _ 0.1939
1 '0.5512_“__0.0180'f 0.9512 0.0186. '0.2053\
- . - . -

T

Figs. 3.1, 3.2, 3.3 and 3.4 show the cumulative distri-

bution'of each of these roots.
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—
TABLE 5
\
MEAN, VARIANGE AND SKEWNESS OF THE
¢ ~ 3 » ‘ '
‘ NON-ZERQ_ROOTS OF RUN 4
Sample Sample E(zr) Var(z}) .

Pap< .Root Mean -Variance - : .Skewness
7 ©7.0351 1.0011  7.0353 0.9898 0.1549
1 1.1949 - 0.0168 - - 0.6369
1 0.9732  0.0089  -- . 0.1792
1 0.7820  0.009] -- -- 0.1060

Fie . 4.1, 4.2, 4.3 and 4.4

butiqh,of_these roots.
.- Fig. 4.5 show the
3 and 4. -

shbﬂmihefCUmd1ative distri-

cumulative distrfbution of roots 2,

(@3
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- TABLE 6
MEAN, VARIANCE AND SKEWNESS OF THE
" NON-ZERO ROOTS OF RUN 5 .
¢ -
sample Sample E(2 ) var(2 ) o
“Pop. Root Mean Variance r Skewness
4 4.1244  0.3144  4.1212 0.3136 0.2054
2 2.3652  0.06384 . -- = -- 0.5623
2 1.9299  0.0351 -- = 0.1781
,

1.5521  0.0355 --. - 10.1300

Figs. 5.1, 5.2, 5.3 and 5.4 show the cumulative distri-
bution of these roots. |

Fig. 5.5 show the cumulative distribution of roots 2,

3 and 4; ' . ' asgy - o
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CHAPTER 4

: P
CONCLUSIONS

4@?3 Discussion of Results
> '

& fhe values of E(zr).and Var(lr) for the & distinct
‘non-zéro roots using:the expression given by Lawley were
consistent with the vaiues obtained uz: g the sample_mean
and samp]e var1ance The maXimum discrepa;og'occurred for
-root- 2 and run 3, where the samp]e mean ca]culated from the
sample is 2. 9189 and that ca]cu]ated from Lawley 3 express1on‘
is '2.9545 giving a difference of_0.0356 from the samp]e or
a disCrepanty'of 1. évpercent The variance in-this case is
0.1336 from the samp]e and 0. 1446 from Lawley S expre551on
The d1ffer;:ce here is 0.011 or 7.9 percent greater than the
sample value. | |

_.Lawley}s expression is apb]icab]e tor the k‘diétinct
froots,'but as seen frombroot 4 of run“], aiT of the non-zero )
roots neeo not. be distinct the expression is also appllcab]e
where the non-zero root conSIdered 1s d1st1nct from the other
roots.- | |
The equa] roots show substant1a1 variability in mean

_and‘skewness Th1s var1abi]1ty may be a fﬁnct1on both of the.

size of the root and ‘the number of equa1 roots in the popu-’

'1at1on

From run 4 Qhere the three population rdpis are equal

44
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o L S o
- and th@»popu]ation value = 1.0, the sample roots range from
1.19 to 0.78 and in run 5 where the population value is 2.0,
the values of the sample rootsvrange.from‘2-37‘to 1.55. For

the case of two equai roots, when the popu]ation root ='2.0.

the sample roots are 2. %i and ] 73 and for a ’fu]atIon r00t
of 1. 0 the sample roots are 1.09 and 0.85 res ectlvely.
(The mean va\ue of the samp]e root is used 1n each case )
Figs. 4,5,,5.5 1.5 and 2.5 show the variabllity in
the cumulative distribution of these roots. 7) - ;
| Thisévariabilit%!is\also,very;mérked i ihe.skewness
'of the distribution of the equal roots. Ihe/f%rsteof_the
equal roets‘is very pdsitiyely skewed,'and there is a‘sharp
‘drop from the first to the second.\\This is noticeable in all,
cases whether there'dre two equalhrootS'or three equelerOts.
In the cese of three equel.roots, theﬁdifference.in the skew?.
‘vness'of the second andhthird rodts isvleSS substahtia].‘ The
skewness decre..es nithhthe-rank'ordef of the root, this i$,
'a]sdwthe case with the sample'means of fhe'eqdal-rOOts, |
| Since the number of equal roots is small, no genera]fzaf
ftiohs ceh be made concerning the Qariahi]ityxof,the sample
'roots,,no obVious relationship can be §een between'the,sémple )
roots and fhe pareng popu]ation’root;:h0wever, there seems
to be'some re1ationshib amohg the roots themselves. |
In run 4 where the va]ue of the popu]at1on root is 1.0,
.fthe value of the samp]e roots are 1. ]0 0 97, and 0. 79 The
' second root is 81.5 percent of the f1rst and the third is ”

81.4 percent_of the second. In run 5 where'the va]ue of the
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a

population root is 2.0, the samp]e roots are 2.365, 1.93 and

1.55 respect1ve1y The second root is. 81.6 percent of the

}"f1rst and the th1rd root is 80.3 percent of the second. so

that the relationship among the roots for the case of three
equal populat1on roots is fairly consistent.

In runs 1 and 2 where there are two equal roots in the

X

popu]at1on matrix, the second samp]e root is 78 percent of

-~ the flrst in both cases 'ij
The re]at1onsh1p s ems to be independent of the size

‘),_"3

of bhe popu]at1on root but is dependent on the number of

.equal roots ~ The va]qe of the sample root ‘Wwhich corresponds

sk

to one of the equa]rﬁ ots of a popu]at1on covarlance matrix

is therefore a fun ion of the value of‘the popu]ation root.

.the rank order ofi/the root among the equa] roots. and the
' number of equa](r ots ' |
In ordér to establish some concrete results concernlng

the re]at1onsh1p among - the samp]e roots when the popu]atlon_
roots are equa] it wou]d be necessary to obtain many samples
for d1fferent numbers of equal roots in the popu]at10n matrix

~In most tests where the sample covar1ance ‘matrix is
used the popu]at1on covarlance matr1x is usually unknown
'_S1nce the equa11ty of the roots in the popu]at1on is. not evi-
dent 1n‘the sample roots. tests wh1ch are functlons of a
SIngle root of the sample may?have somewhat misleading resu1ts,'

~unless a test is f]rst made to determIne the presence of non-

_zero equa] roots in the popu]atlon covar1ance matrix.
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4.2 Comparison of Some Distributions

The_KoImOgorov~Sminnov two samp]e test was used to
test whether samp]e roots correspond1ng to population roots
of the same numerical value and rank order but ‘where the,
,rema1n1ng roots varied, were drawn from the same- populatlon .

or from popu]atlons w1th ‘the same distribution.

" TABLE 7

COMPARISON OF SOME DISTRIBUTIONS

: : , Rank Order _
Pop. Value  Run Run. of Root Max. Dev.

. - 0.019
~ 0.049
'0.035
0.018
0.330
. 0.252
0.295 -
0.271
0.386

S WA RN =

5
4
3
1
1.

2
2
1
1

© 000 oaoo oo
.NN-O-‘—"'—"NOQ—‘.
W B W N WWer N

eh

: The»critica]evalue bfvthe Kolmogorov-Smireoi'test af_e“
the five percent Ievel of sign1f1cance is 0 061. . In the N
f1rst four cases the maximum deviation is be]ou th]S va]ue :
and the hypothes1s that ‘these roots are from popu]at1ons with
‘ the same d1str1but10n is accepted at the ﬁ1ve percent . ]eve]

of s1gnificance
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The deviation in-each of the remaining five cases is
very significant, and the hypothesis of equal populations
is therefore rejected at the,fiﬁe'percent level of signifi-

cance.

‘The results show that the roots wh1ch are d]st1nct from_
all other non-zero roots in the popu]at1on_have the same -
-distributions,\whi]e the non-distinct roots are frdm popula-
tions with»signiftcantiy different distributions.

4.3 'A~Compafison of the Meah, Varience'and Skewness of the
Same Rank Order and Numberical Value for Four Different
Runs . ’ SR ‘

TABLE 8

MEAN, VARIANCE AND SKEWNESS OF THE 4th
ROOT POPULATION VALUE = 1.0

Rhn , Pop. Roots Mean | Variance  Skewness
1 5,2,2,1  0.947  0.018  0.17]
2 5,3,1,1  0.848  0.012°  0.144

3 4,3,2,1 0.951  0.018 0.205
L 7,1,1,1  0.782  0.009 . . 0.106

~When. the roots are d1st1nct from the other non- zero‘,
'roots that is in runs T and 3 the mean and varIance are
close enough to be con51dered equa], the on]y d1screpancy

“in th1s.case is the skewnegs'ofrthe distr1but10n. "The distri?
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but1on of the root from the popu]at1on w1th a]] the non-zero
roots d1st1nct (run 3) 1s more pos1t1,=]y skewed than the
other. The other resu]ts from runs 2 and 4 where ‘the root
con51dered is one of the equa] roots, the me@n and var1ance
i1n the case where there are’ two equa] roots are greater, and
the dlstr1but10n more pos1t1ve1y skewed than in the case where‘
3 the root 1s one of three equa] roots
The resu]ts g1ven in' this thes1s show the marg1na]
d1strLbutions of the 1nd1v1dua1 roots of a matr1x with a _
HIShart d1str1but1on 1n the centra] case The dens1ty func-
t1ons of these roots are st111 unknown, both 1n the centra]
;
and non-central cases - hr e |

N

S1nce these roots are: used 1n var1ous tests of s1gn1f1-
cance, it i necessary that the samp]1ng dxstr1but1ons shou]d
e known so that one . wou]d be aware of poss1b]e samp11ng

errors and the power of the tests cou]d be determ1ned

é



1.

2.

w

~

o

10.

1.

2.

BIBLIOGRAPHY

&

Anderson, T.NW. (1958). An Introduction to Multivariate
' Stat1st1cal Analys1s -John Wiley and Sons, Inc.,
New York. ’ ,

Anderson; T.W. (1963) A Symptotic Theory for Principal

Component Analysis. Annals of Mathematical
. Statistics, Vol. 34, pp. 123-148.

. Bartlett, M.S. (1950) Tests of Significance in Factor

Analysis. -British Journal of Psychology, Stat1st1-
/cal Section, Vol. 3, PP. 77-85.

. Birnbaum, Z.W. (1952). Numerical Tabulation of'the

Distribution of Kolmogorov's Statistic for Finite
~Sample Size. Journal of the American Stat1st1cal
Assoc1at1on, Vol. 47, pp. 425- 441

Box, G.E.P. and Muller, M.E. (1958). A Note on the

Generation of Random Normal Deviates. .Annals of
Mathematical Statistics, Vol. 29, pp. 610-671.

Chen, E.H. (1971). A Random Normal Number Generator for

- 32-Bit Word Computers. Journal of the American
Statistical Association, Vol. 62, Pp. 607-625.

. - Graybil, F.A. (1969). Introduction to Matrices.with'

- .Application in Statistics. Wadworth PubTishing
- Co., Inc., California. - S
‘Kullback, S. (1959). Information Theory and Statistics.
' John Wiley and Sons, Inc., New.York;

. “Lawley, D.N. (]956) Tests of Slgn1f1cance for the

Latent Roots of Covariance and Corre]at1on Matrices.
B1ometr1ka, Vol 43, pp. 128-136. : ‘

Lawley, D.N. and Maxwe]] (1971) FactOrvAnalysis

as a Statistical Method [2nd Ed.]. Butterworths,
London. : o

vMa§§ey,,F.J. Jr. (1951). The KoimogoroV-Smirnov Test

‘Statistical Association, Vo1.‘46, pp.‘68—77;

for Goodness .of Fit. Journal of the American \\'

MOrrison;vD F. (1967). Multivariate Stat1stica1 Methods
McGraw Hil11 Book Co., NeW‘Yorf

50



13.

14.

15.
16.

]7,.0

51

Naylor, T.H., Balintfy, J.L.,.BUrdfck, D.S. and Chu, K.
(1966). Computer Simulation Techniques. John
Ni]ey and Sons, Inc., New York.

\ Newman, T G. and Odell, P.L. (1971). The Generation of
Random Variates. Charles Griffin and Co. Ltd.,
London.

Ralston, A. and Wilf, S.H. (1967). Mathematical Methods
for Digital Computers, Vol. II. John Wiley and
Sons, Inc., New York. :

Scheuer, E.M. and. Stroller, D.S. (1962). On the. Genera-
~ tion of Normal. Random Vectors. Technometrics,
Vol. -4, pp. 278-281. ‘

Siegal, S. (1956). Non- Parametric Statistics for the;
Behavioral Sciences. McGraw-Hill Book Co., Inc.,
‘New York.. ‘




