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A f1n1te e]ement program ut11121ng an ax1symmetr1c e1ght degree

> ABSTRACT

of freedom 1soparametr1c quadr1latera1 efement ‘capable of handling

, both lsotroplc and an1sotrop1c (assumlng 51m11ar propertles 1n tenSIOn :

and compress1on) mater1als was developed The prob]em of'a th1ck
B ((

. walled open ended cy]1nder subjected to 1nternal'pressure was .

‘analysed and the f1n1te e]ement solutions were compared to the exact

ana]yt1ca1 sbgut1ons to show convergence to the correct answer and to

grue an 1nd1cat1on of: thé{order of magnItude of errors wh1ch m1ght be

expected in ofggr problems to which no exact solut1ons are known

4

Séveral problems wh1ch cou]d have Sﬂgn1f1cance in orthopedlcs and in |

-~

. prosthet1c des1gn were ana]ysed ut1]1z1ng~1dea11zed bovine femur asi

a material, to g1ve an 1nd1cat1on of the potential value of f1n1te

element analys1s in these areas.
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) " CHAPTER 1 A o~

)]

. INTRODUCTION _ o

1.1 BROAD SCOPE OF THESIS

o

Prosthet1c devices are used in orthOped1cs to he]p heal so‘: (
- .bone fracturés as we]] as to assist mob1ﬂ1ty when the bone's load
- carry1ng capac1ty is d1m1nlsheq through d1sease There are ba51ca1]y
" two components -involved in prostheSIS des1gn//f~\6*e]ement to be ' Qp
'v1nserted into or attached to the bone and the bone 1tself DeSIQH h
prob]ems of this k1nd have, 1n.the past been solved by ad " hoc

t .
methods. .Only recent]y have systemath stud1es.been»performed to

delineate the problems encountered in pr, stbesis,design; Some of
these prob]ems.are: mechanical andmedi[a]'l behaviour of bone-metal
1nté{;\face, response ‘of live bone%various mechanical loadmgs,. (b

: heal1n; character1st1cs of bones

~

en. the fracture surface is under v‘
stress, respdnse of prosthes1s to var1ous loads, and loads en
prosthesis during walking or runnjng. This list is far from g
eXhaustive.;»The general problen ofvprostheses design is considered
in this thesis. After a review of llterature the aims of thlS

. Q%ywork.are stated after uh1ch the spec1f1c problems are fonmu]ated.,
. k + ."b @ . | ~YA.V“ )
1.2 NREVIEH OF PERTINENT T TERATURE ' TR

The {eed for accurate determination of stresses and strains
/

1n an1sotrop1c bodxes, part1ruiar]y in bones, lS 1ncreas1ng with

the deve]opment of new and better prosthetlc dev1ces.



{U/(
> The earliest mentggn of - the mechan1cal significance of bone
form was made by Gal1leo (1638), but its strength ‘and other phy51cal
properties were not extens1vely~stud1ed until the latter half of
the.n1neteenth century;_ Since then stress and stra1n in bones have
been studied by cons1der1ng sect1ons of bones recordfﬁg\stress-

- strain phenomena in models of bones, analysing stress-strain phenomena
ln intact bones- and by matﬁemétical'analysis good review of these

works may be found in Evans' T1] book Stressjand Stra1n in Bones. \

Recently, finite element methods hgve been appl1ed to the
stress analy51s of human intervertebral d1scs by H. Kraus et al [27.
"The ‘basic theory of the finite element-method is developed by -
‘ Zienkiewlcz;[3]. This, along wlth some reférence‘to the fundamentals
of an1sotrop1c elast1city described by Hearnﬁ(/“h] and an 1soparametr1c
E constant strain tr1angular element (F.E.C.S.T.) developed by Dr. D.
Murray of the Un1vers1ty of Alberta was suff1c1ent for the |
.' development the axisymmetrlc isoparametric element used in thlS
.'work Zier diewicz states [3], and Tong and Pian show. [Sl;ihat thlS f
F)element formu]atlon has the necessary requ1rements to converge to
the correct solut1on B |

The fundamental equations of elast1c1ty may be found fh
f‘numerous texts - see for example Hang {e], and have been appl1ed
‘to the 1sotrop1c open ended cylxnder problem The anlsotropic
_solutiohs were developed from these equat1ons w1thout ‘the

' assumptlonrof 1sotropy B1rd et al [7] experlmentally determ1ned



~ the Young s nbdu]i for bov1ne femur cortical bone in the rad1al
~_tangential and ax1a] directions and gave an 1nd1cat10n of the range
.of Young s ﬂbdu]] whlch may be expected in bov1ne femur

. McElhaney [8], among other results for the dynam1c response of bone,

gave Po1sson s Ratio of bovine femur for varwous rates of stra1n in
the ax1a1'd1rect1on Other works, 1nc1ud1ng those of Dempster and
i Co]eman [9 ], Evans et al [10] and [11], Amtmann []2] and Lugassy [13],

gave an 1ns1ght as to the comp]exIty of structure and composition of

bones and therefore of the comp]ex]ty necessarlly 1nvo1ved in the study -

of thewr mechan1ca1 behaviour.

As Fung states [14]:

"New exper1ments whlch cover a w1de range of extenSIOns in
different directions are needed 1n order to extend our knowledge -
of the stress stra1n re]at10nsh1p for b1o]og1ca1 t1ssues .
| It m1ght also be added that methods of utilizing th1s

know]edge, once obta1ned must a]so be exp]ored

1.3 AIMS OF mssrs oM .
The aims of th1s thes1s were threefold First]y'a fini;e
.element program ‘was to be deve]oped for determlnIng d1splacements

and stresses 1n 1sotrop1c and an1sotrop1c ax1symmetr1c, l1nearly
 elastic bod1es under ax1symmetr1c load1ngs. Th1s Pprogram was then e
,to be tested on.a problem for which an exact so]ution exists to show

' converqence to the correct so]ut1on and to glve an estlmate of the

errors which cou]d be expected for problems for which no exact

.

1o



solutions exist. v

Secondly, a]thougﬁ)qUite generallyvapplicab]e; this method
was'to be app]ied to analyse stresses in idea]iied 10n§ bones due
“to the 1nsertlon and presence of prostheses and hence to show this
‘method as a usefu] a1d for future prothe51s des1gn

Th1rd1y, further work necessary to give 1mproved results and
to obtain a better 'too]' w1th wh1ch to analyse stresses in bones
(or other an1sctrop1c bod1es) and he]p des1gn.prosthetjcs was to be

suggested.

1.4 DEFINITION OF THE PROBLEHS TREATED

Chapter II contains a descr1pt1on of the formu]at1on of the

. f1n1te element and the development of the stress straln matrix [C].
In Chapter III the results and d1scuss1on for the test prob]em of .
rth1ck wal]ed open ended cy]1nders under internal pressure are |
-presented , The assumpt1ons used are stated and d1scussed in Chapter :
Iv, and the results and d1scuss1on for bov1ne femur under various
loadings are g1ven The-load1ngs used are 1nternal d1sp]acement ‘
due to the 1nsert1on of an 1nterference flt rod w1th and without _h
o

- a shearing tract1on app11ed by the rod, and axial force applled to

bone w1th a flat and a hemispherical cap\fixed on. one end.
i

'5'Conc1usions and sugqestlons for further research are g1ven in

T _ _
Chapter V. _ R



5.

The basics of the finite element method are given in

App‘endix I. The governi'ng equatﬁ'gns and open ended tylinder so'lufions |
, : % o .

used for comparison in the test case are developed in Appendix ITe

The program used is described anc given in Appendix III. |



v . CHAPTER IT - -

GOVERNING EQUATIONS AND ELEMENT FORMULATION ’
S %

2. GOVERNING'EQUATIONS OF TORSIONLESS AXISYMMETRIC ELASTICITY

The fo]]ow1ng equat1ons def1ne the e1ast1c axisymmetric prob]em;t

. (1) Straln—dlsplacement re]at1ons

Swo oy _w _3u , 3w~ '
& T 3 %o v 5273 Ypp 3z = or- (2.1)

(i) Equll1br1um(;euatlons in terms of stresses

aok ‘-d - - . : B
_ j
Ty, 30z rz _ .
ar 9z r :

(111) The equilibrium equat1ons in terms of d1sp1acements (Neuber—

=Papkov1ch) 2]] have been expressed as:

'1> ‘ azw 1 - 2v azu' -

F ) awz AT ) 2 T

e - | (2.3)
‘.jii\:fﬂ/b“ | ( l. ) =0
‘ 2TT_33) araz r |

r.=0 o »\0 . .:‘ v m (2.4)

Mg



(v) Hooke's Law for an1sotropy with the pr1nc1pa1 directions of

“anisotropy co1nc1d1ng with the r, z, and 0 d1rect1ons:

» ~ \,
1 Vr. . 20
€ == 0. = —=—0_ = —== ¢
: z B,z EZ’ r E, "6
v_ " v
zr 1 re - -
€ =-t—0_. + =—0_ - —=¢0
r E; z Er r Er By ;) |
' (2.5)
Vv v
- 20 re 1
€, 7 = o_ = o +=—0 -
6 B,z B r Egve )
2(1 + \)zr) _
Yar © _*_—f;_—___Tzr T G, 2r

Bbuqdary'conditiohsufor the specific problems considered are_given
- later. )
The general solutions for disp]acementsvof points of an

eiastic.body in the axisymmetric problem have the form:

N ’ = , D -
= ' 9 ’
u = 4(v - 1)8p -_—55(98p + 28, +»BQ)
i T P
W= 4(v - 1)3 - 52(PB, *+ 28, + B,)

where' B >y 8 and B e‘b are hanmohic fdnctions lbne ef which may be
set to zero wlthout 1oss of genera11ty, and ¢ is harmon1c also
| F1nd1ng sultable harmon1c funct1ons wh1ch satisfy. a]] , /‘
boundary cond1t10ns-of a particular prob]em_Is‘very dlfflcult apart‘
‘ frun some trivial cases, and therefore f1nd1ng exact so]utIOnS‘ﬁs very
d1fficu1t . | »

Because of the d1ff1cu1ty in obta1n1ng exact solutlons and of

the 1nf1ex1b111ty of resolv1ng the equat1ons for each set of



.‘ | o ' .. . . . 4 . . : 8.
boundary conditions to be considered, a finit_ element metQOd was

chosen to obtain solutions to the problems to be invéstigated.

7

The exact solutions fokrthe opén ended cylinder under internal

pressure are fairly easily worked out, and this is done in Appendix
IT. . '_ - S | -
2 2 FINITE ELEMENT FORHULATION

”~

The prob]em of stress dlstrlbut1on in bodIes of revolut1on is
| eSsent1a11y.tyo-d]mens1ona]. By smnmetny, the tuo com nents of
'dfsblacéments inPény b]ahe section of the b0dy-défine c letely'the‘
state of ‘strain énd, therefore, the state of,stress. ’ |
| _ior the 8 degree of freedom quadrilateral element, witﬁ"no&es
y =1, ... '43number in‘the‘anfi-clockwisevSehSe.'a local.

coordinate system (g,n) was chosen (see Flgure ])

- The genera] internal dlsplacements U and Vv are re]ated to the _

'_nodal dlsplacements u and v by

-

. '_ T
{u}.— {?}U {u}
W) = {¢}I {v} -where {1} designates a vector.
fhéreforé: _ . _
S = ‘{!}=[N ]{!} o (2

‘where [N ] is the matrix of d15p1acement coeff1c1ents.

The general internal pos1tlons r and Z are related to the nddal positions

w3



‘ v e
7} = (0} (r}
J 3 T : | : S
= (g (2} , - o
el @t - Lo
ry _ : ‘ ry _ u ® :
or {i} = } = [NG] {Z} | | ' (2-8)

o el | Z

where'[NG] is the matfix of'geometric coefficients. For an

1soparametr1c element such as th1s

{¢} {0} = fo}

u_ % N o -3
. , TR (2.9

or m@=[ 1=18 .
For this element it can be shoun‘that“ )
=10+ )1 +n) i=1, ... 4 (2.10)

.A. where go =»g Ei

M =Ny

and g and n; are va]ues of £ and n at node i.

~

" The strain vector defIned below lists’ a]l non-zero strain

Acomponents pOSSlb]e in an ax1~smmmetr1c deformat10n and def1nes them

in tenns of the d1sp1acements of a point.

{&} =)%¢ =,3“’3' oo )= J100000 dagrarl o (2.1)
AR - ulr - 00001 - |9v/3z
' Y, aulaz + av/ar {-01100 | - u/r




B

“and )

Note: [JC-T j'is the‘éohjugate transpose of’[J]. 

10.

. now:

o/, {aF/ag} {ai/ag} 2/or, |
PUNT tasan) (az/an} | 20737
P AE 2
T | ,

whe?e [J]'ishthe Jacobian and the comma indicates differentiation, -

’r '-=HtJ]_] ‘f’ R o . '3(2.]3)
' | u:r'] . v._- ‘

Similarly

[T =]

<!’ <}

wh -1 1|
ere [J]7 = DETLIT | y7/an-

el SRt el - L (A
) | ‘ ’z' - ) | v:n_ v . ':) ~ ) |

e @ L
o1 , -
 DETOT _— = oery We.rd
‘{¢nn} { » B ’
R | s (2.15) -
~and: DETI] = {r}T[{o,: 3o, 1T - (6 (2.16)
U,Ej F {¢’ }T
. N
S B {oa}
RO T B R (! R

r

[~

~

I 1]

—

e P
by :
i e

— -
~~ ;
1=
e



1.

S

Therefore, substituting 2.13, 2.14 2.16 and 2.17 into 2.11;"

(00010 .1 [0 @
& = 5T {00001 T T o -
' T Ster {eT pET[I] :
011 .0 0 — v - _ —

L —

— ' ]
{¢,E}T {07
CRR LR ()

1.7 T
{0} | {¢’E}

, g (208
07 e, T Y | *
) |
e
vMu]fip]jing this out:
R L rf qofT BEGHN
S @ e | @'y o
- O DETOT | TS . 4 - (2.19)-
IR I 1211 £ [CY LT3 A CS MR ( L I A
' @7
whére (L] = [{?’n}{¢’£}v gRLETIAC IS i

| where [B] is.the é]emént strain-displacement matrix. From the
genéﬁ‘ﬁi:ed‘Hooke's,Law:
€q = quop (q,p =1, 2, ... 6)

| wherg qu_f ]/Eq . (q = p)

“Vpetp T Vopltq (a7 P)

(2;20) 
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Expanding 2.20 and noting that for cylindrical coofqinptesf

[€1'€2'93’€4’€5‘€6] = [e,.e ’Ee’er’Yze’Yre]
and‘[o],02,03,04f05,o6] [o, 0, ,oe,Tzf,TZG,Tre]_
~and also noting that for axial symmetry :

Y267 Yre T Tzo T Tre T 0. . : o (2.22)

The expanded form of Hooke's Law is then:.

o
1l

2 = (WE,)o, - (v, [E )o_ - (v6/E,)oq

Zr Y 4 . - ;
< =,'(Qir/Ez)°z + (]/Er)or - (vg/Eog L (2.23)
€ T ;(VZS/EZ)OZ_”‘(“fe/Er)Or + (1/7Eg)og
= 2(] Vzr)Tzr/Ez = (1/6)1,,

G' = E /2(1 +v,)

B . B P
1 ]/EZA 'vzf/Ez 'vze/Ez 0. | %2 -
o | | | R
rls | v E, WEL vgfE 0 QUrlFFc] 3} . o00)
Vyol€, VpglE  VE, 0 [ o E
0 N R VA | S .
'-rherefore’{a} = [C1{&) R )  (2.25)

where [C], the consntutwe matnx can be found by 1nvert1nq

€17 to be: B
(a- |



'5{1-\,(9)}\»(5)\;
'[c]-‘=- ] r
' ] ' 2 Ee '
Er;{:,] -V, e(E_)} ,
r
SYMMETRIC

/

In equatlon (2 26) H = {1-v 6E6/E ) -

'
- T
R p

2"zr' 20
For an isotropic material:
Er = Ee =,Ez = E.
and. ‘ o v\)re '~=‘ vzr = ‘\)29.: \) [\
/‘/‘
_ A\
E 1-v v(1+v)
and [C] — !
~1so Hiso f v ]-VZ
v SYMMETRIC
 here oo =1 -3 -2l

"13.
G(E ) EB(Vzrvre 126)‘ﬂ 0
E {v '+v v (Er)} 0
6" ro “zr'z8 B
: 2
2 ,E o
Ee{l-vzr(gr)} | 0
z . .
. 2. -1
EEgE G DET[C] |
¥ . ~(2.26)
vzr(Er/Ez) - (E /E ) .
re(E /E, )} )
4
/ .
,v(]+y) 0  N
w(l+v) 0 o
2 ST (2.27)
- 0 : '
| EZG DET[c]lJ

The elementa] stlffness matr1x. not1ng that the vo]ume lntegral must |

2

be taken over the whole ring of mater1a] is:

-2 o e

o

(2.28)
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which. may be written as

e =_zn[[ {817 [CIBIr DET[J1dedn (jjgzi . (2.29)

‘as _ drdz = DET[J]d&dn -

\A

after the modlfylng of (K] and {R} for dtsp]acement boundary cond1t1ons;

'« for each e]ement 1n turn from

As [B] and [J] depend on the coordlnates, the Gaussian Quadrature for

numerical 1ntegrat1on . I I
. : : @

Al
-
h
n

n | -
[J'f(a.n)dedn P 2 HHSF(Eng) ’ (2.30) 7
~1-1 .o i=1 3=t A o :

was-dsed where for fhis'case'n =2, H, = Hj =1 and £; and n take

_va'lues +]//3' ' For n samphng pomts a pol nom1al of degree 2n - 1

"~ can be constructed and exactly 1ntearated [3 ‘s therefore n th1s

v

case the 1nteorat1on is approxlmate . »'
The structural st1ffness matrix [K] is. obtaIned by the d1rect

stlffness assembly of the elemental st1ffness matrlces
[K ] z[x 51° R 2% 1))

« .
2
2

A

‘a.where the contrlbutlon of each e]ement to 'Ixk1. must be evaluated

1nd1v1dua1]y (see reference [31. ) - v N\
Noda? dwsplacements {—} are found b¥. Gaussian,elimination.from

v

T {R} ol LI N2 32)

n

After—the ‘nodal d1splacements are found , stresses are computed

o} = [c][s]{ BT : ‘a(z,is) .

f—



CHAPTER I11
* . TESTCASE
In order to show that the program-developed7in.Chapterlt
._g1ves reasonable results ‘and also to est1mate the accuracy and |
convergence of the results “solutions were obta1ned by modelIng open
ended cyl1nders of var1ous he1ghts and 1nternal to external rad11 ‘
rat1os subJected to 1nternal pressure and made of steel and bov1ne '
cort1cal bone. The propert1es of the 1sotrop1c steel cyl1nders used

°

4 ‘were £ = 30,000 K.S.I. and v = .3. The propertles of the bov1ne ‘
cort1cal bone are‘;1ven in the d1scu5510n of assumpt1ons in Chapter Iv.
, These part1cular problems were chosen as test cases because
//exact solutions to them are available for the 1sotrop1c [ﬁ], as well |
K as anisotrop1c behav10ur (developed in the appendlx)
The finite element results for the prlnc1pal stresses at the vv
: mndplanes of these cyl1nders are plotted in nond1men510nal form 1n
figures 2 to 19. -'These were all_obta1ned using a 300 elementvgrid
'(see F1gure 1). | - | ‘ |

3.l TEST CASE RESULTS

F1gures 2, 3 and 4 are qraphs of ¢ /p vs rgb for. 1sotrop1c
steel cyllnders of H/a = .8, 4 and 16 #espect1vely, each hav1ng plots 'L
‘for cylinders of a/b = '25, .5, .67, and .91 The solid l1nes :

hplotted are exact open end cyllnder solutlons correspond1ng to the
f1n1te element solutions at’ nodal. polnts ‘along the cyli r midplanes. |
:The agreement between the exact and f1n1te element solutions can be

. seen qual1tat1vely to be good “the average error in radial stress.

15
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_ Fig}ire l.a Eight Degree of Freedom 'Qua’d;rilatf_’r-al. Elemént' Crosssection. -

Y
[~ .
i G e
. ‘\‘? -
3

r'igure 1.t Three Hundred Element Grid.f
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a/b = .91, where e

20.

e - ‘ e
reg  Crg! ~ -

o - g
ro Yo
“{r=a r=b
S

Aat the noda] pownts belng approxImate]y 5% for cyl1nders w1th a/b
ﬂ {rom .25 to .67. The average error for a/b = 91 is higher: 7.88%,

~

3.21% and 1.93% for H/a = .8, 4 and 16 respect1ve]y (see Tab]e 1).-

‘ Figures 5, 6, and 7 are-51m1lar to 2, 3, and 4, with the

cyllnder mater1a1 be1ng bone. _Here the average error is s]1ght1y

_:larger than that 1n f1gures 2 3, and 4, being approximately .6% for o

cy]]nders with a/b from .25 to 67 - The average error for a/b = .91

is 2. 52%. 1 041 and 1 32% for H/a = .8, 4, and 16 respect1ve1y,

'hlgher than that for other a/b ratlos as was the error in these

cases for steel

F19ures 8, 9, and ]0 are. graphs of oe/p Vs r/b for 1sotr0p1c

steel cyllnders of H/a = .8, 4 and ’16 respect1ve1y, the so]1d 11ne
_p]ots aga1n be1ng exact open end cy]wnder so]ut1ons Agaln the
',agreement between the finite e]ement solut1ons and exact open end -

.vcyllnder solut1ons can be seen to be good. the axerage error in,h00p-,

stress: <i%> . 8 T
S o, o

ee'= — ST x 100%
- o{r=b

'eo|r=a

‘ beingfaoproximately 1 oi‘(see'Table 2) Exceptlons to th1s are for .

g = 38.62%, 1 3% and 12. 95% for H/a 8,.4, and

. i6_respective]y and for a/b = ,67_and H/a =-.8 where e = 4.35%.



Table 1. Averége Error in Midplane Radial Stress

‘21;‘

- Table

133.573 |

MATERIAL |+ asb _H/a
S 4, _16.

' steel .25 0.61% 0.59% 0.58%
steel © |5 | oz | o501 0.46%
steel | .67 .58 | 0.46% : 0.45%

 steel 9 | 7.88x | 3.21% | 1.93%
Bone | .25 | 0.79% | o0.71% 0.652
Bone 5 | ossz | 0.1 0.55%
Bone .67 | 0.56z | 0.61% ' |  0:49%
Bome | 91 | 2.53% 1.083 . 1.32%
2. Average Error in Midplane Hoop Stress .

| | SR \
MATERIAL | a/b ° o Wa _
' ' 8 |  a 16.

 steel 25 | 1.039 | oo 0.90%
Steel 5 | 1ssy | izes 0.55%
steel 67 | 435z | o.59% 0.51%
Steel 91 |3s.621 '_1.302 . 12,953

Bone | .25 |12 | 1.032 10.922
Bone 5 o | 12 0.491
Bone 67 | 231z | 2.3~ . 0.8y
Bone 91 1.792 ' 6.61%
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b : :
fhe reasons for these large errors are g]ven in the followwng section.

F19ures 11, 12, and l3 are s1milar to 8, 9 and l0 w1th the

cyllnder material belng bone Again the magn1tude of errors for bone °

" are very close to those for the correspond1nq cases w1th steel .

Ka

clenders (see Jable 2)

"Figures 14, l5 and lG are graphs of o /p vs r/b for the same

" be zero everywhere for loadlng by - internal _pressure only. therefore
these graphs also- 1nd1cate the error in oz/p The errors in axial -
stress.can be seen to . enerally small when compared w}th p, and
h are largest close to the inner cylinder rad11 As asQﬁhe\case w1th
'~errors in radial and hoop stresses. the errors 1n axiall stress are
larger for cyl]nders wlthfa/b = .91 than for other cyllnders
k Flgures 17, 18 and 19 are SImilar to figures 14, 15 and
';‘_ 16 respectively, w1th the cyl1nder mater1al being e. The errors in
axial stress 1n°' se cases are of the same orderb:; magn1tude as i
-those for correspondinq cases for steel cyl1nders except near the
f inner radii‘uhere the errors, although st1ll smatl are s1gn1f1cantly
flarqer than those in the correspond1ng isotrop1c cases.
For torsionless axisynmetry the shear stresses. t eand TZO
are necessarlly zero. and for the test cases’;' ‘should also be zere
_ everyuhere in the cyllnders [6]. In all cases the errors in B
| nand'hnensional shear stresses r /p predicted by the finite element
progran were ver small (several orders of magn1tude smaller than the |

' correspondtng errors in o /p) and uere therefore not plotted

r
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' Figures'20 21 and 22 are graphs of -op/p Vs 2/z,
/p ' z/z0 and o] /p VS z/z respect1ve1y for a steel cyl1nder of
" H/a = 4 and a/b .5 atr/b= .5 .75 and 1.0; j_e_the inside, middle,
and outer radii of the cy]inder.b.These'resu]ts were obtained usihg
_the 300 element grid of Figure 1. The solid ]1nes are aga1n open end
cy]inder solutions. These p]ots indicate that there are 1ncreased ‘
errors in the f1n1te e]ement results at the ends of the cy]1nders and
give a rough 1dea of the magn1tudes of this 1ncrease for th1s grld
Flgures_23, 24, and 25 are 51m1]ar to 20, 21, and 22 with -
“the cy]inder‘materia] being bone, - These also show‘the presence and
magnItude of the increased errors at the cylinder ends
: Fiqures 26 and 27 are qraphs of the 1og of the absolute
percentaqe error in - ¢ /p and o /p (compared to the exact so]ut1onsﬂ
versus the log of the number of e]ements in the rad1a1 d1rect10n
' through the cy]1nder wall. A cyl1nder of H/a = 4 and a/b = 5 was
used for this 411ustrat1on of the convergence of these stresses to the
correct answer [s]. Values of these errors were p]otted for both
1sotrop1c and an1sotrop1c (bov1ne bone) cy]1nders atr = a and, N
(b-a)/4 at the mid- helght of the cy11nders The errors in these
stresses can be - seen, in general ‘to decrease w1th an 1ncrease 1n the
_number of radia] elements. Th1s approximately follows a re]at1onsh1p of
the'form e =>A/nx where n= = number of radial elements.v A and x are .
constants which vary with pos1t10n and mechanical properties of the

;cylinder
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F1gure 28 is a plot of absolute error in o /p versus the log
of the number of radial elements Absolute error was used here instead
of percentage error because the true axial stress in this test case
" should be zero, which makes a percentage error undefined. Th1s figure
1nd1cates that the ax1al stress is. converg1ng to the correct solut1on
in a s1m1lar manner as the rad1al and tangentIal stresses. -

Cyl1nders under internal pressure, modeled with varying
numbers of elements 1n the axial d1rectlon only. 1nd1cated that for

’th1s load1ng -the ‘accuracy of results d1d not depend on the number of
. axial elements,_(l.e. there was no convergence of any stresses for an
1ncreased number of axial elements) This was expected because 1deally
stresses should change very little in the axlal direction (at a
certa1n radius) under th1s type of loading

3.2 DISCUSSION OF TEST CASE RESULTS .

In general it would be expected that for the test cases used
here, the accuracy of the results would 1ncrease as the a/b ratio
approached unlty. Th1s 1s-because as a/b‘approaches unity the radial
Qand tangent1al stresses more closely resemble straight l1nes when
"plotted aga1nst the radlus. the axial stresses are constant and
“therefore the l1near strain finite element used here can more accurately
model ‘the strain and stress d1str1bution [3] |

| It can be- seen from Tables 1 and 2 and F1gures 8, 9 and lO
that thlS 1s true to a certaln extent. ‘The error decreases for a,wh1le,

in all cases as a/b lncreases,but-then lncreases; - This is main]y’due,
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to -the number of elements used becomIng too large, (1 e: for a completely

linear stra1n or stress distribution one element should give very

4

accurate results) 1ncreas1ng the numer1cal errors lncurred ' For the

case of a/b = .9l much more accurate results could be obta1ned us1nq

fewer elements.‘ The 300 elément grid was used throughout the test cases

(except for convergence tests) because the problems discussed in

Chapter IV were solved using this grid or grids similar to the 300

velement grid. For these problems a/b. was equal to .5 which is in the

region of good accuracy for th1s gr1d %

Lo

" the hoop stress -(See tables 1 and 2)

Some of thlS error 1ncrease could also be due to the 1ncreased ‘

s aspect rat1o"[l5] of the elements as a/b approaches unlty This 1s

numer1cal error due to.the lengths ‘of the SldeS of an element be1ng

: ,greatly d1fferent. As this must also account for most of the

E varlatlon of error w1th cyllnder he1ght seen in the tables and f1gures :

ment1oned above, it can be seen that the errors caused by it can: become

_qu1te large, espec1ally as a/b approaches un1ty, and part1cularly for f

v’

Larger than average errors were found to occur near the

‘ boundar1es of the cylinders and in part1cular near the\1nner rad1us

| Th1s is probably partly due to the fact that loadlngs which should be

-

distr1buted evenly over the 1nner surface are assumed concentrated on .

'~“external nodes, and also that stresses and strains are changlng most

"rap1dly near the inner rad)us [3] _These errors were lessened by

using more elements near the 1nnervradius_and at the cylinder“ends;“a
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' The errors found for the anlsotropic (bone) cylinders werev
genera]ly slightly ]arger than the corresponding e for isotropic
“cylinders at low a/b ratios and louer at&high a/b. ratios, however for the
“a/b ratio of the bovine bone model used in the ‘problems of Chapter IV

for this grid, the magnitudes of the average errors’ in stress are about

: the same.

v{t should. be noted that the'average errors' used here are defined

ER

n
svg € E 'e./n

where n is‘thg?number_of nodal points aiong the mid~height‘of the._ .
cylinderand,egzis the absolute percentageverror.in stress at that_node.
for radial and tangential stress and the absolute error for axial stress.
This gives a weighted average;as-there are more nodal points near the
inner radius. As the largest errors.occur here, this"ueighted aVeragef_
is larger than true averageiuould be. | | | '

In Fiqures 26, 27, ~and 28 the errors in stress were seen to.
. decrease as n 1ncreased then 1ncrease as n further increased at
(b-a)/2 The increase in error here uas probib]y due to increased
fnumerical error. ie too nany elenents for optimum accuracy. At this
radius the radial and tangential stresses change at a slower rate than
».near the inner radius. therefore fewer elenents are required here to
»give the same accuracy as near the inner radius.,,‘ ' o

The errors in the finite elelent results could in some cases

be lessened hy further subdivision of the elelents. “The. Iimit of the

C e
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B
effe@§1veness of this subd1v1s wx‘ int ff errors -
become the sameabrder of magnftude as the e caused by the

¥

'1f1n1te element size. After th1$ po1nt oreater accuracy can be

K ach1eved by using double yreCISlon and then poss1b]y st111 further
reduct10n of element s1zé‘J Generally, for most applwcat1ons '
suff1c1ent accuracy can be obta1neg with single prec1$1on and a
relatively coarse qrid siie;v; | ”

It should be noted that the large errors in hoop stress (e )
are in most cases due’ to the defwnitlon cf this error By
compar1ng the abso]ute error to the range of 0' across the
‘cy11nder wall, errors very sma]] in compar1son w1th the actqg]_,,/’” |
va]ue of- 0' resu]t in ]arge errors as the range is much smal]er |

‘9

than the va]ue of 0’



CHAPTER IV

. RESULTS AND DISCUSSION OF THE FINITE ELEMENT
Ry /ANALYSIS FOR BONE UNDER VARIOUS LOADING CONDITIONS

: 4 1 ASSUMPTIONS

In the problems analysed the follow1ng assumptions were made:

) 1. The bone;material is -homogeneous .
2. The portion of the“bovine'femur used is axisymmetric
3. The materiah;has constant elastic phy51cal properties. {
"4. The materialmhas similar physical properties in ten51on.and

compre551on

5. Rods and prosthetic dev1ces are riq1d
6..'Strains are small compared to unity |
The assumption of homogeneity of bone is incorrect in that bone

1s not homogeneous in the microscopic sense. Bone is composed mainly
- of light dark, and intermediate osteons which are made up of collagen
fibers, interfibrillar-calcified substance. and pores (Haversian -
systems and Volkmann's canals). r[12] and [10], The modulus of |
elasticity and mechanical properties of bone are dependent uponicollagenv
fiber orientation and distribution,-and'on thevcomposition and
distribution of minerals in the interfibrillar calcified substanCe;
Fortunately, however, these components are small enough that for .
engineering purposes, in most cases /a segment of bone when Viewed )
- macroscopically is virtually homogeneous in terms of its mechanical
properties. In the macroscopic sense, although as Just stated, a

o segment of - bone may be considered homogeneous different parts or

52
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orientations in_a bone, differentwanes in a'particular animal (or
human), and similar bones (and areas in bones) in d1fferent animals
of the same species may ‘differ substant1a]1y in mechan1ca] properties -
_and phys1ca1 makeup, and the same part of the same bone may change
with t1me. Nhen cons1der1ng one bort1on¢ksay the m1dd1e th1rd) of a
1ong bone (cortic~1 bone), however, theﬁassumpt1on of homogene1ty in
" the macroscopﬁc sense is.fairiy we]i'justified in most casese[]l];

. The assumption of axisynmetry:of a portion (midd]e third) of
a typ1ca1 1ong bone is obv1ously an 1naccurate one, however, the
assumpt1on of any "typ1ca1" cross-section would be 1naccurate, as
the true cross- sect1on of a particu]ar bone will vary from p]ace to
place in that bone and the cross- -section of swmi]gr bones in different
an1mals will vary also. Usua]ly before the jnsertlon of}a prosthesrs,i
‘ the intramedu]lary cana] (interior of the:bone) is reamedvout tota
near perfect cy11ndr1ca1 bore, but the outside of the bone is o :
'untouched This makes the assumption of astymmetry (particu]ar]y
near the 1nter1or of the bone) a llttle better Despmte the errors
necessar1]y 1nduced.by thjs assumpt1on it was felt that useful
information could still be obtajned-from an-akjsynmetric bone mooeir
in that results for the model uould'be of the Same order of magnitudey'
‘as those for a real bone part1cu1ar1y near the more axisymmetric |
interlor of the bone l'j‘; R ‘ ‘ ,f | gt
Constant e]ast1c physical properties (Young S moduli and

Poisson's ratios) were aSSumed for the bone models As bone is

viscoelastic th1s 15 not absolute]y true the physica1 properties
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actua]ly'being dependent on both strain strain rate and previous :
stress-strain history [7]. []3] however in,general the assumption. is
acceptab]e as the stress-strain curve for bone is. nearly linear up to
failure []7]. The assumption of perfect e]asticity itself 1s not

:quite correct, but in the range of stresses with which the test problems
dea], it is probably\c]ose.',The.e]astic constants used for the test

problems were E, = 670 ksi, E, = 1500 ksis E, = 2‘500 ksi, v." =v. =
0 re 2y

Vg = -3- These were taken from references [7] and [8], the modu]i of

e]asticity being estimates for low loading rates of bovine bone from

reference [7] and Poisson's ratio was taken from reference [8] (vre)

and v 6 were assumed to be the same as Vg 25 no published data

e
.cou]d be found giving their values. L .
The assumption of Similar physical properties of bone in ‘tension

'5‘2/

_and compregﬁion is probably fair]y good Comparison of - moduli of

ﬁ)_'e]ast1c1ty in tenSion []]Jywith those in compression (71 for o .

o “c

b]ongitudinal cortical bone samples indicates that this assumption is
good for this partitular property The,values of E in ten51on and
compress:on are the same w1th1n the limits which could be expected

due to the differences in different bones . It was assumed that this =
'vwas true for the other properties as well, as no data could be found
to make further»comparisons | |

The assumption of rigid rods, wedges and prosthetic deVices is_ :

f ;_Justified in view of the fact that the wodulus of elasticity for

steel (of uhich most prosthetics are composed) is more than an order’f;
of magnitude greater than that of the largest lndulus of e]ast1c1ty
for bone (E ).
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Y O ‘ | .
°Intinitesimal strains were assumed‘for the finite element‘model,
and therefore sZgnificant errors would arise if strains were‘allONedlto
become too large (greater than ;GOS'/in) If results are converted :
from the non-dimen51onal form presented here it should be ascertained
that the strains for a particular case.are not beyond the limit

mentioned’ above.

~ . ) » ) : 4
4.2 RESULTS AND DISCUSSION ’ _ &

. To illustrate the usefulness of the finite element method in

o general and of this program in particular to the analySIS of

'dnisotropiffaxisymmetric bodies spec1f1cally idealized long bones,
two teSt problems were analysed::

(l) -1dealized long bones strained by the insertion of - | ;4,'

P : ;1nterference fit rods wlth and without shearing traction
,éﬁgi é? L fxﬁ. applied o ' ' ‘
egf;J e f“(Z):.An 1dealized Tong bone under axial loading with flat and

',;#{:?- ' "-J' k‘hemispherically shaped prosthetic caps. o
/?F a The first problem, that of 1nterference fits of rods into bones

 has Significance in orthOpedic 1ntramedullary nailing techniques

»Here a rod is 1nserted in the reamed intramedullary canal of a long
bone (usually broken) to 1hcrease its rigidity during healing At

hthe present state of the art the canal is reamed to a slightly
larger diameter than the rod to be inserted and the rod is inserted from
one of the bone ends and glued in place It is possible, that in
certain cases the use of an. 1nterference fit rod of shorter length

and inserted 1nto the bone halves through the break area could s
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achieve greater rigidity and cause less trauma to the rest of the bone

o

(in particular to the bone's blobd supp]y) This problem may also havev
s1gn1f1cance in the 1nsert1on of Some prosthet1c dev1ces (e.q. knee
_ Joints etc.) 1nto bone where a rod is pushed 1nto the 1ntramedu1]ary
canal to he]p secure the prosthes1s. Here some 1nterference fit may
help stab111ze the prosthes1s and avo1d loca11zed contact areas
between the* prosthes1s and the bone []4]

" Figure 29 shous the shape of an 1deallzed 1ong bone of a/b = .5
-before and after the 1nsert1on of a rod w1th an 1nterference f1t of

I/a = .005, Jﬁere I s the d1ffenence between the rod rad1us and the
':

: 1nner bone radlus

"The boundary cond1t1ons for th]S problem are; u/a = .005 from
z/z =1/3 to 1 on the inner radlus, where u ls the radial )
disp]acement v/a =0 at z/z = 1 where v is the ax1a1 d1sp1acement
AN other boundar1es are free V A |

The out11ne of the top half of the bone before 1nsert1on of the
~«rod is drawn in heavy ]1nes wh1]e the outIIne of the bone after

insertion of the ‘rod 1s drawn in ]lqht lines. The non-d1men510na1
'displacements are exaqqerated by a factor of 10 (1 e. an actua]
’d1splacement of .01/a would be displaced by 1 inch on the draw1ng
“in both the r and z directions). ‘_ |
" This . figure shows the radial d1$p1acement of the" outer rad1us
' of the cylinder as nearly constant near the top of the cyliner, and

approaching zero below the louest part of the rod in a gentle ‘S"

shaped curve, The rad1al dISplacement of the inner radius of tbe bone'“

K
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C—— Originéi Shape -

.= Deformed Shape
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Figure 29. Bovine Femui Shipe After Rod Insertion, 21[
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fit rod The boundary cond1t1ons here were the same as those for

' :f-,;;f,., L
; 4§

- Vi );e'(' ,M . . ‘(“’;?ﬁ

: s ' : ‘ ﬁ " R J,‘:FQJ‘ 4

corresponds to the outside of,the rod to where the rod eﬁﬂSTand o S

0 .
4 T

approaches zero below the rod in a sharp curve. Th1s curve 1s w7
1nd1cated as a dashed line as the grld used here was too coarse to |
show the "S“ nature of the curve near the'edge of the rod. The
actual curve must be an "S" ‘curve to prevent a discontinuity 1n the

i

first der1vat1ve of the d1sp1acement _The cyl1nder is a]so shown to o :
shorten in height somewhat due to the 1nsert10n of the rod
. Figure 30 shows the shape of the bone of. f1gure 29 before

(dark ]1nes) and dur1ng {light ]1nes) ‘the tﬁsert1on of the 1nterference

figure 29 wlth the except1on that at r ="a, from z/z 11/3 to 1 a
shear1ng tract1on was appl1ed -The magn1tude of the shear was
determined assum1ng a coeff1c1ent of sl1d1ng fr1ct1on of .25 between

the rod and bone and a norma] force due to U’ found from 1nterna1

’d1sp1acement a]one Only th1s one 1terat10n was taken as the coef- :

L

f1c1ent of fr1ct1on is assumed anyway The non- d1mens1ona] radial
_'d1sp1acements are aga1n exaggerated by a factor of 'IO2 The rad1a]

'd1sp1acements_ﬂre‘51m1]ar in this case to those shown by Figure 29 but

due to the shear1ng tract1on the ax1a1 d1splacements here are much

“greater The 1ns1de upper edge of the cylinder ‘has been 'rounded’ due

" by 10

‘kplotted in, F1gure 31 versus r/b where 6' is the rad1al stresszat

to the shearlng traction and the top of the cy]xnder s]opes down towards‘

the centre of- the cy11nder The ax1a] d1sp]acements are only exaggerated
] _ _ , )

The non-d1mens1ona1 rad1a1 and hoop stresses (0'/0') for the

~bone of. Flgure 29 without shear1ng tract1on (so]1d l1nes) and for the

_bone of F1gure 30 w1th shearlng tract1ons applled (dashed Ttnes) are i,”

f¢]

o 9
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Figdr'ef 30.. Bo'vine. Femur Shape During Rod Insertion.
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\After-god . Insertion

/ l:f;;f;’fﬁfDunihg.R‘d Insertion

t

Stress at z,/zo =H0
O Hoop Stress at z z, = .33
@ Radial Stress™at z/z, = .5
a

Hoop Stress at z/zd’=;.5;

Figure 31. Radial and qooé StresSés_During
: - and After Rod Insertion.

-
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’r'= a and z/z = .5 for I/a = .005 and no-shearing traction applied.
These are plotted for values of z/z = 0 233, and .5.

o

’fﬁf1gurg 32 COﬂSIStS of plots of non-d1mens1ona1 axial and

, %
,'shgartng sﬂress versus r/b for the problems mentioned above. In this
case 10 ls the shearing tractlon applied at r = a and z/zo = .5 for.
I/a = .005 and u = .25. These are also p]otted‘for‘values of

z/z =0, .33, and' S o o ﬁ%@

-Figure 33 is a series of plots of oemaxloeult versus I/a'for'
idealized long bones of various a/b ratios, where Ooult

- tensile strength of bovine bone in the hoop directiont No shearing;

is the ultimate .

traCtion is applied’here The maximum hoop stress (oem x) was found ‘.

p1n ‘each case to occur near the t1p of the rod, i.e. at z/z0 = 1/3.

The max1mum ﬁf

p;stress was plotted because it was fe]t that for th1s '
part1cu1ar problem it is an 1mportant (and perhaps the most 1mportant)
cr1ter1on for’fa11ure To predict adequate]y the fa11ure of bone
-2 fa11ure theory for an1sotr0p1c bodles probab]y tak1ng into account
'e]astlc deformat1on due to hydrostat1c pressure or tension, wou]d |
have to be developed. These plots 1nd1cate that- the max imum hoop. |
vstress varTES 11near]y W1th the ratio. of 1nterference f1t to 1nterna1
rad1us of the bone.

S

F1qure 34 is a ser1es of p]ots s1m1]ar to those 1n F1qure 33

I8

w1th the except1on that here a shear1ng tract1on is app11ed to the
1ns1de radius of the bone as 1f the rod were be1ng pushed into the
bone.‘ The magn1tude of the shear was determlned assuming 2 coeff1c1ent

of sl1d1ng fr1ct1on of .25 between the rod and bone. Again the
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. . ; N
maximum hoop stress was found to occur near the t1p ‘of the rod in

each case and the max1mum hoop stress’ varled ]1near]y wlth the ratio

of 1nterference f1t to 1nternal bone rad1us. - The magnltude of the

)

max imum hoop stress under - these cond1t1ons (shear app]1ed) was found

to be ]ess than the magnltude for the correspond1nq case without shear.
i

Such p]ots as -those wh1ch occur in F1qures 33 and 34 could.

J

poss1b1y be drawn up for var1ous bones, s1zes of bones, s1m11ar bones

in drfferent age groups etc and could be benef1c1al n orthopedics;

prov1d1ng easy to use, qu1ck]y acceSSIble est1mates of maximum bone

D

stresses , | o
. The second problem 1s that of a bovine bone with a prosthet1c
r1g!d cap f1xed on one end (as lf 1t were glued) An axial force is
applied cau51ng an ax1a1 stress at the lnterface of the bone and cap.
This is similar to the s1tuat1on found at the bone prosthes1s lnterface"
of an art1f1c1a1 knee J01nt when Nelght kg p]aced on the leg as in
stand1ng In the f1rst case a f]at r1g1d cap was analysed and in the
second case a cap hem1spher1ca1 across the bone ual] was " ana]ysed. *
The boundary cond1t10ns for these cases are: |
araz, ;0‘ % = P, L
%@ . at the bone-cap interface u =4Y(= Q.f o
""511 other boundaries are free N )
Figure 35 conta1 plots of" or/p and oe/p versus r/b at the
bone-cap 1nterface and’ at z/z é,.9*for the flat cap (solid l1nes)
and the. hem1spher1ca] cap (dashed lines). Both the rad1a1 and hoop

strg;sgs approached zero as z/z approached zero.v

o The tor01da1 cap 15Qhereafter cal]ed a hpm1spher1cal cap

1 k .
. . !"l Y
' . : wrat
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Radial Stress at Interface

.Radialetress'at‘z/zo'='.9.

Hoop. Stress. at Interface

O o > o

Hoop Stféssrat z/zo = .9

Figure 35. Radial and Hoop -3tress for Cgpped‘Bone;‘
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Figure 36 contains plots of dz/pZ and T , versus r/b at the
- bone-cap inte@face, at z/z0 = .9. Again ;he so. 4

lines indicate the,f1a£ cap and the dashed-]inesjindicate the
hemispherical cap. This figure indicates that there aré-axial sfress
:éoncentratiens at the inner'and outer radii‘qf the'bone'for both caps,
but that the average akia] stress et the interface-fs less for the
vhemiSpherical cap than for the flat cab fhis is due to some of the.
. axial force being taken up in the form of shear stress along the
interface in the case w1th\$he hem1spher1%a] cap.

Figure 35 indicates that the average radial and ;Lop stresses
at the 1nterface are sma]ler for the hem1spher1ca1 cap as we]] as
"the axial stress '

Plots. such as tﬁese could be helpful in the design of
prostheses po1nt1ng out areas of high stress and g)y1ng an
indication of the best prosthetic shapes to use to e]iminate sfress

concentrations or to lower average stresses in problem areas.
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CHAPTER'V

CONCLUSIONS AND FUTURE RESEARCH
541 Conc]us1ons

T

" A finite element program capab]e of mode]]1ng ax1smnnetr1c
linearly e]ast1c ‘bodies under ax1symmet:ac loadlngs was developed. | “
 This program was shown to give reasonab]y accurate results for both
1sotrop1c and anlsotrop1c cylinders subjected to 1nterna] pressure.
The program was applied to the- solut10n of two prob]ems, the results
for which are given in Chapter IV. The accuracy of these results R
'should in general be as good as the accuracy shown_for the
anisotropic.cylinders under internal pressuretas Simi]ar g}%ds,"
cylinder'geometry and e]astic properties were used throughout Larger _
errors than normal may be expected to occur at points where stresses
are chang1ng rapldly (e.g. at the tip of the rod in prob]em 1) and
where s1nqu1ar1t1es exlst (e g. at r=aorb and z/z =] for
prob]em 2. ) The results in these 1nstances shouid be taken w1th caut1on
The resu]ts obta1ned in:Chapter IV show that w1th1n the ]imxtat1ons
1mposed by assumpt1ons, this method could be uSeful as an aid ‘for
_future prosthesis des1gn and in, the analy51s of stresses and stra1ns‘
in 1ong ‘bones. As most rea] bones are not adequately mode]ed under
the assumptlons used here _more research is needed to eliminate - the

_need for as many assumpt1ons as poss1b1e.

65 . . %

T
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5.55 Future ReéSearch

To model adequate]y the qeometry of some parts of ]ong bones
and of many other bones, a three d1mens1ona] an1sotrop1c element |
(e.g. a curv111near hexahedron) should be developedf As well as’

adequate geometr1t representatlon ‘such an element wou]d be ab]e to

model non- -axis

load1ng-cond1t1ons and cou]d to a certain
extent_accouhtgA;Jli f;] differences in the materIa] propert1es‘ .
V°"each e]ement may be ngen d1fferent |
properties. |
More information on the material propert1es of dlfferent bones

and p051t10ns in bones is needed ,In partlcular, est1mates of Young S
‘moduli and Po1sson s ratlos for the rad1a1 tangentla] and axla]
:»d1rect1ons in long bones arefrequ1red to pred1ct‘aceurate1y ‘stresses
and stra!ns\1n these bones.A. .

| Present commonly used faﬂure theorles (Tresca and Von M1ses) .
’ [181wdo not take into. account hydrostat1c presSure wh1ch may produce
d1stort1on in anisotropic mater1a]s. A failure theory for an1sotrop1c
materials shou]d be deve]oped to a1d 1n«the deslqn of prosthe51s which

w111 not cause bone fa11ure.
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, : : * APPENDIX T

. BASICS OF FINITE ELEMENT DISPLACEMENT METHOD [3]
Conventional engineering structures can be visualized as am v
"v assembjage of structuraltelements interconnectedrat'a discrete number

L

of nodal points.. If the force-d1sp1acement reTat1onsh1ps for. the

individual e]ements are known,1t is poss1b]e to derive the properties

' 1nterconnect1on po1nts and here 11es the blggest d1ff1cu]ty in

obta1n1ng a numer1ca1 solution (eLg for stresses or stra1n) for the

cont1nuum.k The concept of f1n1te e]ements attempts to overcome this ’

N

S dlfflcu]ty by assum1n§ the real cont1nuum to be d1v1ded sfto elements

: :g _F 1nterconnected at only .a f1nite number of nodal po1nts a whlch some

,

f1ct1t1Z%s forces, representat1ve of the d1str1buted stresses actuaﬁ]y

acting

1

the e]ement boundar1es /are supposed to be 1ntroduced Th1s

1dealwzatnon reduces the prob]em to that of a convent1ona1 structural

. type wh1ch may be treated numer1calTy o :fg, - ; ir(}” ~;,'.‘; ”i ’

’ Us1ng the d1splacement approach thns may be done 1n the _"

h”\?. fo]]ow1ng~manner T - e “.(‘ |

- - 'a) The cont1nuum 1sﬂseparated by 1mag1nary ]1hes on surfaces‘

| 1nto a number of 'f1n1te e]ements ' ‘

b) The eTements are assumed to be connected at a d1screte
® number of nodal points 51tuaféd on’ their: boundar1es.'
E‘ The d1sp1acements of ‘these nodal po1nts {6}, are ‘the

)

, basic unknown parameters of the probTem. ‘

T 7O



the:'For.an.iSOparametric elemeat {¢} =;{¢}m 4“{¢}‘

d)

conditions. . .

4 75.
. ‘e

Akfunction‘(or functions), {¢}u; is- chosen to define
uniquely the state of displacement within each ‘finite

. 1 _
e]emehé{ in terms of 1ts~noda1 d1sp]acements " i

-

e.g. f&r the case {6} { }

(o} {w) and

@)

{v}

(o1 v} ) | |
where {Q}»and {v} are genema] internal displacements
and {u} and {v} are noda]’d1sp]acements |

Th1s functlon must 1mpose compat1b1e deformations on the

structure,1.e, a]ways §atlsfyjng geometry and ‘boundary
N U :

-

where fe} is a functlon or funttxons g1v1ng the

‘»re]atﬁbh_bs;yeen conrd1nate 10cat1ons in the deformed

¢
Yo,

element. e.g: {F} = {o}liry -
o ?_-: {%3 (o}gz)

where {r} and {z} are the coord1nate 1ocat' ns 1n the

T

A

deformed element “In the abo(g equat1ons
£r} and {z} are the noda] coord1nates of the deformed

e]ement. o ',”@

iIhe d1sp]acement functions now define uniquely the state

. of strain within an e]ement 1n terms of the noda]

!

"d1sp]acements

e B [Bi{a} ; . f'(Al-l)

' These stra1ns toqether

'
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hnth any initial strains and the elastic properties of
- the material will def1ne the state of stress throughout
-,,the e]ement and hence a]so on 1ts boundar1es

e) A system of forces concentrated‘at the-nodes and

-

equ111brat}ng the boundary stresses and any d1str1buted

| #
3
s To make the noda] forces stat1ca1]y equ1va]ent to the actual 0[
boundary stresses ‘and distributed 1oads, the s1mp1est procedure is to
almpose an arb1traryihoda1 d1sp]acement and to equate theexternal and
. . 1nternal uork done by the various forces and stresses dur1ng thaf

displacement Thxs is the pr1nc1p1e of v1rtua1 work

Iy

“

eJLet such a v1rtua1 d1sp1acement be d{d}e at the nodes This

f¥§% reSults in dlsplacements and stra1ns w1th1n the element equal to

. -

. “‘d{f}— [N]d{o} N )
ang RIGE [B]d{o}e e (AT.3)
- respect1Ve1y as ;fi”?_iiJf“f;“"s B \ y_ s\, .. ':' :i_ E
’ (1= [NIG8)® =[N, Nj; N3 % (A1)
1 - ' ’ . o- \J RS ) . ¢
Co-= vector of . d1sp]acements at any po1nt :
’ within the e]ement R g
' f;and , {E} (5] [BJ{G}e= yeCtOr of nodal strains.7 (A1g§) ‘

. fm.

< B ¢,
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p o N | " _ o

where - [N] = [¢ 0] ‘ _" (A1.6)
and superscrlpt e des1gnates elemental propertles

The work‘done by the nodal forces is equal to the sum of

. the products of the individual force components. and correSpond1ng

J

d1sp1acements, _
e, @97 - e B (A1.7)
. . o ’ )
| e [Fi
where - {F}" = 'Fj
are nodal,forces staticaliy eQuivafent to the boundary stFesses and - 7

distributed loads on the e]ement Slm1lar1y the 1nterna] work per ° /

" unit vo]ume done by the stresses and d1str1buted forces is:

) {0} - d{G} Lp} L - (A1)
- where {o} .is the stress vector =. [C]{e} (no 1n1t1a1 stralns or- stresSes)
{p} is the vector of d1str]buted ]oads‘bctlng on a unit Volufe

>
of mater1a1 w1th1n the element with direct1ons correspond1ng o

those of {6} at that po1nt, éfff k/”‘ B s
or (e Ty (o} - 1N Tiph) fé’% L we
Equat1ng the externa] work with the 1nternal\hork obta1ned by 1ntegrat1ng )
x4

‘ over the vo]ume of the. e]ement
(a{s)®)T {F1® = (dIS}e)T({[B] {o}d(VOL) -Jf[u] {p}d(VOL)) (Ale10)
_As th1s re]at1on 1s valld for any va]ue of the v1rtua1 d1sp1acement

]

t e equa11ty of the mu]t1p11ers must ex1st

R (2 s (j[B] [cIrBJa(voL)){s)° ,f[N]T{p}d(voL) B RNTIRID



' .any structura1 e]ement in the form:

= [KI%{6} + {F}e | T maa),

- lCompar*ng the two:

;K] J/[B]T[C][B]d(VOL) the ‘element st1ffness “(A1.13)
. _ matrix. _ .

~* and nodal forces. due to distributed 1oads are

{'F}g = -j[',N]T{p}d(VOL) . | (A1.14)
In genéra],bexternal cogfenégated forces may<exist at the nodes and
the matrix o g?‘ ‘ A
. S R,
R} = R2
R

n
will be added to the conswderat1on of" equ1l1br1um at the nodes.._\‘
) CIf at the bbundary,_dvsp]acements are spec1f1ed no spec1a]
prob]em ar1ses, however, 1f the boundary is. subJect to a dlstr1buted
]oad1ng, say {g} per unit area, a ]oad1ng term on the nbdes of the :
4{#21ement wh1ch has ‘a boundary face will have to be added By the .

v1rtua] work con51derat10n, th1s will s1mply resu]t in

{F}b - ST (g)d(area) L 8 (. 15)
* An 1ntegrat1on of th1s type is se]dOm exp]1c1t1y carr1ed
out. Often by phys1ca1 1ntu1t10n ‘the analyst w111 conSIder the
boundary load1ng to be represented simply by concentrated loads act1ng
on the boundary nodes and ca]cu]ate these by d1rect static procedures

& o

his relat1on can be recognized as one typ1ca] of. character1st1cs of

y—
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Once -the nodal displacements have been determined by

»

_so]ution-of the'overa]] structural' type equatlons, the stresses at

» any po1nt in the element caahbe found from:

{o} = [C][B].- (A1. ]6)

This deve]opment for an e]ement ‘may be app11ed d1rect1y to

the who]e cont1nuum, that is let:

s
(A1. 17)

(£} = [N}{s}

in which {6} 1ist all the nodal points N when the point

concerned ‘is within a particular e]emeni’ig‘_f iids a p01nt associated

e
T

with that element. If point i does not ocCur within the e]ement
S
.Ni = 0. Matrlx [B] will fo]]ow a similar definition and the virtual

‘work pr1nc1gﬁe w111 be now applied to the who]e structure Intere]ement :

forces no 10nqer need- be con51dered and” externa] v1rtua] wark dur1nq any~'

: v1rtua1 d1sp1acement of all nodes d{ s} becomes

-~ am R - (A118)

while the 1nterna] v1rtua1 work is

- jd{e} {o}d(VOL) -,[d{f}T{p}d(VOL)

” &

!d{f} {g}d (area) ;1(A1.19)'.f>“

"\where the 1ntegra]s are now~taken over the who]e reg1on J

'On substltutvon of . .
d{f} [N]d{d} and d{e} [E]d{d}

’\together with {¢} = [C]{G} . : "

~ we have 1mmed1ate]y on equat1ng 1nterna1 and externa] v1rtual work

[K]{a} + {r} +{Fly-RE=0 - (A1 20)
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and typical terms of the stiffness matr1x become
[K;;] - JI8F, [C1[B,Jd(voL) S (A1.21)

B4
4

with the integral be1ng taken over the wholé region.
; Considering, however,’ the re]atignshib'hetween [ﬁ]i-and [B]i

it is obvious that o _ ; : _ | y
| tKijl = Z[Kij]e : /?~ . (AIQgZ),
The same can be‘shown to be true of the‘various force'components‘ 2"3
o The pr1nc1p]e of virtual d1sp1acenents ensures satisfaction

of equilibrium COnd1t1ons w1th1n the 11m1ts prescr1bed by the assumed
d1sp1acement pattern _If the number of paramefers of {&§} which -
describes the d1sp1acement 1ncreases w1thout Timit then ever c]oser

'approx1mat1on of a]] equ111br1um cond1t1ons can be ensured

The v1rtual work pr1nc1p1e .can be restated in a d1fferent‘r

~ form. ‘Equating (18) and (19) o o | 3 o - o l.‘%g“
_ R R AR ®
jd{e}T{o}d(vou . [d{-G}TR 4 [d{f)T{p}d(vou d{f}‘T{g}d(afea‘)] -0 .

; : $A1 23)

.The f1rst term o? (23) 1s the var1at1on of stra1n energy of the
“struCture wh11e the second is the varwat1on of the potent1a1 energy
of the external loads . ; o

Equat1on (23) means that for equ111br1um to be ensured the. .

o tota] potént1a1 energy must be stationary for var1at1ons of adm1sswb]e
'd1sp1acements The f1n1te element equat10ns deVeloped prev1ous]y are
the statements of this var1at1on w1th respect to d1sp1acements

constratned to a fJn1te°number of parameters-{d},
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. o |
It can be shown that in elastic situations the total
potential energy is not only stationary but is a minimum [16]. Thus
the finite element process seeks such a minimum within the constraint

of an assumed disp]acemént pattern.



APPENDIX II
ELASTIC‘OPEN ENDED 'CYLINDER SOLUTIONS

Considering cross-sections that are far enough away from the

'?:11nder ends such that planes before cy]1nder d1stort1on remain

: .5':"

_ Fanes after d1stort10n stresses and strains are functions of the

: o4
rqﬁia] coord1nate only. Therefore equation 2.4 becomes: ,
| d€e g ' 4 " \ i
r T + Ee - € = 0 . v . ‘ (A2 .j )

. As the cy11nder 1s epeaﬁended cz =0. everywhereh

L
;Therefore from equat1ons 2.5, : A\

N

€g = C]oe + Czo | o (A2.2)

C &y EM;QUG *+ Cyo

where .- | C].= ?/Ee. C2t=-vr9/Er, C3 = l/Er
T doy o
dr: 1 dr 2 dr
' Substitufing‘into equation (A2;T)fgives:
. " de. . S
r - o
(g FQ 28 ) * G0+ Cpop - Cyoy - C40, =0 . > (A2.3)
. Choos1ng , - O
. 213y '
R TS
A P 2 ‘.
) )
0 = =y
a ar
do_ . : !
, r_1 ., 1 -
y dr “¥Y -y N !
]
doe o *ﬁ‘ o
ar 7Y o
T 2



- to wh1ch the solut1on is:

~ conditions are:

- 83.

the equilibrium equations (2.2) are satisfied identically.

_Substitutihg‘(A2.4) into (A2.3) and collecting terms gives:

. ! EO c K
’ . n ] N ‘
y +_;—¥ ———?-y 0 . o (A2.5)
| . " | o
Let £ =']n r - ; . . (A2.6)
N e ' . ’.
! = ] dy ' ____l h .\\.\‘ o .
then y' = e y" _?( ax) ; - o
. - . . . . ‘g,
Subst1tut1ng into (A2. 5) mu]t1p]y1nq by r2 and co]lect1ng terms gives
2 C, "_' ™ - B S '
dy _ =y*0 \ 1 (A2_.7)

wh1ch is an ordinary d1fferent1a1 equatlon w1th consta\f‘coeff1c1ents -

-

y = A]e“fZE + Aze-“fiﬁ | (A2.8) =
where §4'= C3/C];landnA] ghdeZ afe cOnstants o | ‘ “.i SR
. or, using (AL2.6)
y = A AT A Ty - | X} (A2.9)

-~ For an open ended cylinder under interna] pressure only the boundary.

!
v

,at'r.

n

a, G = ]_y(a) -p

(A2.10)

b,’ Ey(b) 0

where p . is the 1nterna] pressure. Substituting these into (A2.9)

at r

~F
I -

‘gives:v. I - S _ i Voo .

Net



o

‘1'0;:{:5 foa A

B} . 8.
7 .
-ap = A a/CZ+ A_za-/czn _ ' (A2.11)
0 = Ai bCa Azb‘/tz-‘. o (A2.12)
- Multiplying (A2.12) by ‘ﬂ;&-@/b‘/ﬁ and subtrattiné this from (A2.11) _
yields: o | - . -
| K | Y o . ’ .‘ . .
,. \‘-\\. where . p=a"la b"/q - b'/'-%-/cZ T
‘ Substituting (A2.13) into (A2.12) and solving for A, gives::
L Ry =(ap Ty p » | | (A2.14)
S o : N | .
. . - Substituting (A2.13) and (A2.14) into }(A2.9):
(A2.15)
é‘v :
(A2.16).
(R2.17).
From ‘équations A(A2-.2) Cy = Ee/Er. T .
For isdtropy C4 = 1 and (A2.16) and (A2.17) reduce to the pame
equé‘tions:, o - . L
s 2 b2 > )
07‘ = a p(a—2—-b7) (A2.18)
' . 2,2 . -
Y (S 4 ol |
o, = -a“p (T_f_ ) . (A2.19) .
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‘ 1sopargmetnc quadrilateral element. It outputs dlsplﬁganents. )

: stresses, nodal stresses non-dlmenswnal nodal stresses and nodal

L o o APPENDIX 111
R » L

o FINITE ELEHENT PROGRAM « o n
T \is, program perfgms a f1mte element anal_ysw for lmear,

elastlc ax1synmetr1c problems usmg an elght degree! of freedom

oY

A dorh T

ﬁcr

element stresses, element prmc1pal stresses max1mum pr1nc1pal
correctmns due to we1ght of element materlal The flow chart
shomng all subroutmes, is pres\ented in FIgure 37. , )

.",'\3.1 , E_planatmn_of Subroutmes

AN MAIN - Calls other subroutines‘ i'n order. )

READIN - Reads and prmts lnput data Generates mtermedlate .
s nodes and elements. Calculates half- band width -and -
number of equatmns '
ASTIF - Forms the element. stress—stram matnx. if one . .
K \ . xfmatenal only is used Assembles the element
o stlf‘fness matrices into STIF. Assembles the ap'p'lied*’:'
load vector. ‘ | |
ELSTIF - Forms the element stress strain matrix if more than
. one material -is used. Forms the element stiffness
matrlx \jr each element m turn | ‘
BETA - Forms the element straln—dlsplacement matnx -and

;- element stress matrlx for each element 1n turn.

: x HODIFY - Modlfies the st'nffness _matrix and apphed load '

vector for d1splacenent,,boug@ cond1t1ons

DA S



) T L s,

N BAND1 - Solves for and writes displacemqnts using a Gaussian

e11m1nat1on technique for symmetric banded matrices

* STRES§ - Computes nodal and elemental stresses element .
pr1nc1pa1 stresses and dTrecthns and character1sttc
" nodal stresses. _ \“z o
3.2 Definition of Variables ) -
" The major arrays and.Varjables'used'in the'code are defined
7 bé]owf | | L .,.
AP - applied load vector ‘ :
DI - determinate of the Jacobian -
EBM - mutrix [B] ‘ | ;
T ECM - constitutive matrix [C] |
\ ER -.Ydung’s mudu]us in'thevrgdiaituirectiun
; )_l .ESM - - element stress matrix [(C1[8]
ESMRC - matrix [C][Blomr o
n? - ESTIF -‘element st1ffness matr1x [x1€ \ : L v' //:
| ET - Young s modulus 1n the tangent1a1 d1rect10n
EZ ‘; Young' s modu]us in the axial d1rect1on o
| ISODIM -1 for 1sotrop1c matsr1al 2 for an1sotrop1c mater1a]
KODE. - index of d1sp1acement or 1bad cond1t1ons |
. Mo - element number s
MAT - mater1a] number ’ ¢

MBAND=MM - half- band w1dth L
NEQ =‘NN- number of. equat1ons |
_NCW - number of corners of an element where we1qht

M

compensatlon is required ‘ -:‘ - f;§'

-
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NoDE
NP
NUMAT’

" NUMEL .
NUMNP

ﬁRRT

- PRRZ

PRTZ

R

RAD

 RCHAR
RO~

SIGRO
SIGRZO
SIGTO .

S1GZ0

SRCHAR
STCHAR

STIF

SZCHAR
TUCHAR
.

v

)

:Poissons ratio v

‘unit material weight

2

K

nodal poiit numgber

element node number
number of materials
number of elements

number of nodal poihts‘ v

.Po1ssqns PatTO Vré\

rz

Po1ssons rat'lo'v:ez

radial cooﬁdinite‘of node.

“radial cdordihéte in an element .

characteristic radius

‘radial stress

shearing stress\rrz)~
tangential stress .
axial stress SN

\v- . ‘-\ R
characteristic radial stress

characteristic tangential stress -

b4 N

stiffness matrix [K]
characteristic axial stress
characteristic shearing stress

- B o
radial displacement or force

‘axial displacement or force
nodal weight compensation term .

'6ne'ngrtér of the element weight

87.

.
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7 - axial coordinate of néde

!

ZCHAR - characteristic radius

3.3 Guide for Data IAput .

(i) Input R //\ T

a) Head1nq'fard (1 card) (FORMAT 18A4)

R
g
o \X',)’ PR

" b) Problem Card (1 card)(FORMAT 316) |

", NUMNP NUMEL |  NUMAT

- ¢) Characteristf§§ card (1 card)(FORHAT 6F12.4)

L~

' RCHAR © "ZCHAR ~ SZCHAR SRCHAR ~ STCHAR . TUCHAR

S L |

d) Mater1a] cards (] for each mater1al)(FORMAT 3F12. 0 o
= _ | S - 4F6.0, 16)

ER - ET £z PRRT  PRRZ  PRTZ RO - ISODIM

»

~k

") Noddl point cards (FORMAT 216, 4F12.0)

NODE  KoDE R ';'7‘ z .>,7U- v

R FORCE AND Z FORCE . |
R DISPLACEMENT AND Z DISPLACEMENT

: \
KODE© 00

RN

10<

R DISPLACEMENT AND Z FORCE
‘R FORCE AND Z DISPLACEMENT

01



‘Nodai.noint cardS'must be in order. | .
If nodes are 0m1tted the program generates co ord1nates for
lntermedlate noda] points and sets <
"KODE = 00, U =0, V = 0 forvthese points.
f) Element Cards (FORMAT 616)

PR

CNP(LM)  NPZM) NP(3.M) RP(4M)  MAT(M)

r—
_Element cards must be in order. If elements are om1tted  the
‘ program will generate 1ntermed1ate elements glven a start1ng

nd ending element if node numbers along correspondlng s‘Ees

1ncrease steadw]y by one..

'(11) Progam L1mitatuuns : =
Number of oda] p01nts < 400

Number of lements < 400 '

!

l

Half band w1dth < 80

Number of materIals <8 o .

'

Elements “may not be used where the1r centro1ds Tie on

or outside the1r boundary.



3.4

Program ‘Flow Chart

».

BETA

Go to
“next
problem

\
vll
¥
&
ELSTT# " BETA
‘no

o egatiye ele-\

~ MODIFY

ent volume?

yes

Stop

#® 1Is there a zero or negatlve entry on the maln
dlagonal of the trlangularlzed matrix?

- Figure 37.

Program_Flow Chart,




- LR :

ER(B) zr(a),ezle) PRRT(B).PRBZ(&) purz(a),

i 1&001,0(u00) +V (400) , ISODIN (8) ,STIF(800.80) s
couaon BCn:E,c) ~EBB(4,8) ,BSN (4,8) , T, N UNKP HUHEL,‘;,Q

B(h, 400)
on ON ‘BCH
‘na(AdQ) 2R (B

AT {400) ,NEC, NBAND, N, LN (8)
ZGHAR,SZCHAR, SRCBAR,STCHAR, TUCHAR,
0) . SIGZO(QOO),SIGRO(QOO) SIGTO(QOO)
(200) /AP (800) , ESTIF (8, 8),

00) , SIGRZO (400) -




SN

AN ANAcn

c

;f‘j‘READ(S;UOOO)BCHAR,ZCHAR,SZCHAR,SBCHAR,STCHAR,

=

SUBROUTINE READIN.

NODAL DATA, ELEEMENT DATA. GENERATES
COORDINATES OF INTERMEDIATE WNODAL POINTS AND
CALCULATES THE BAND WIDTH AKD NUNBEK OF '
EQUATIONS - . o

THIS SUBRGUTINE RBADs'AuD¢p;épTS BATERIAL DATA,

-

CONNCN BR(B),BT(B),EZ(B),PRBT(B),PRRZ(B),PBTZ(B),.

1 Z(400),U(400),V (400) , ISODIN (8) ,STIF (800,80)

92.

COBMMON ECH (4,4) ,EBM (4,8) , ESH (4,8) ,WT,NUNNP, NUNEL,

1 NP(4,400) ,MAT (400) ,NEQ, NBAND, §, LN (8)

.CONNON BCHAR,ZCHAR,SZCHAR,SRCHAR,STCHAR,TUCHAR,
1 BR(400) ,ZR (400) ,SIG2Z0 (400) ,SIGRO(400) ,SIGTO (400)

CONMON RO (8),R (400) ,AP (800) , ESTIF (8,8) ,
1uu;pr;nonz(u00).SIpazo(uc0) .

- DINENWSIGN HED(18) = .
READ PRELIMINAEY INPORNATION -

- **'READ(5,1000) HED,NUMNP,NUNEL,NUMAT

. "MRITE(6,2000) HED, NUNNP, NUMEL, NUMAT

. ‘IPUCHAR ,

WRITE (8, 4010) RCHAR,ZCHAR,SZCBAR,SRCHARfSTCHAR,

© . ITHCHAR
‘4000 PORMAT .(6F12.4)

sNeNe

‘AMAN

40

10 FORAAT (//,*R CHARACTERISTIC =*,F12.6/1H ,*Z CHAR -
TACTERISTIC =*,F12.6/1H ,*SIGMA Z CHARACTERISTIC

=%,F12.6/1H ,*SIGMA R CHARACTERISTIC = ,F12.6/

‘31H ,'SIGHA T CHARACTERISTIC =',F12.6/1H ,
- 4 SSIGHA RZ CHARACTERISIIC =*,F12.6// )

- READ AND WRITE MATERIAL PROPERTIES

READ "\ND WRITE NODAL DATA AND GENEKATE INTERMEDIATE -

20

WRITE(6,2005)y - .~ . .
DO 10 B=1,NUMAT. . : N

. : . N k ’ ‘a \
"READ({5,1010) BB(H),ET(H),EZ(H),PRRT(H),PERZ(H},'%ﬁ\ﬂ

1PRTZ (M) , RO (M) , ISCDIN (M)

19312(5),30(5),;50013(5»

. r

NO DAT A
WRITE (6,2014)
WRITE(6,2015)
L=1 : . ‘ o . e
READ (5,1020) N.KODE(N).B(N).Z(N);U(N);V(N)
GO TO 40 ° . SO o
" BEAD(5,1020) N,KODE(N) ,R (N) ,Z(N) ,U(N),V(N)
. DN = N-L 1 RN ~
DR=(R(B)-R (L)) /DN

&

i)

]
4

10 WRITE (6,2010) H'ER‘B)'BT(H)ogz(ﬂ)(PRRT(ﬁ),pRRz(u)'7 4

N rlg'\
N



~ | 93,

DZ-(Z(B)£:(L))/DH ,
25 . L=L+ o

- - IP(M-L) 50,40, 3¢
30 R(L)=R (L-1)+DR
‘ 'Z (L) =Z (L-1) +DZ
KODE (L)= 0 : :
U(L) = 0 o , : .
GO TO 25 , o ¢

40 WRITE(6,2020) N,KODE(N), R(l) Z(N), U(u),V(u)
IF (NDMNE-N) 50 60,20 -

50 WRITE (6,2025) N
- CALL EXIT

60 WRITE(6,2016)
WRITE(6,2015) ;. | . .
WRITE (6, 2020) (¥,KODE (N) ,B(N) ,Z2 (W) ,U (N) ,V(N),

1R=1,NUBRE) ' ' . ‘

oo

'READ ANDvHRIIE ELEMENT DATA

.« WRITE(6,2031) . - T L
;7 WRITE(6,2030) . ' ' o ‘ -
HL—O = : . . . . . :
51 - IP (ML.GE.NUMEL) GO TO 10
READ(5,1035) n,NP(1,.M), NP(Z,B),IP(3 , M) ue(u 1).
"1MAT (N)
WRITE (b, 2035)5,39(1 n).np(z,n),up(a n),np(u N,
" 1MAT (M) , , -
~ MN=nL+1 : '
IF (AA.EQ.M) GO Tc 65

ni1=n-1 4 S v
DO 63 I=ANM,MNM1 -
DO 62 J=1,4
62 NP (J,I)= np(a I-1)+1
: HAT (I) =MAT (I- 1)
63 courtnuz

65 ML=N
o GO TO 51

70  CONTINUE

WRITE (6,2032)
_WRITE(6,2030) R

WRITE(6, 2035) (u.(ua(a,n),az1,4);nar(n), ‘
1n-1.lune£) : - .

c. DBTBRHINE BAND WID1H AND NUNBEER OF EQUATION)-

L‘O
. DO 80 r=1, BUHEL



DO 80 1=1,3 +#

JII=I¢1

DO 80 J=1I,4

K= IABS(HP(I n) lP(J n)) -
IF (K.G6T.L) L=k ) [}
CONTINUE ' : o

MBAND = 2% (Le1) "
BEQ= 2*RUNNP

- MRITE(6,2040) NBAND ,NEQ -
IF (MBAND.LE. 80.ARD.NEQ.LE. 800) GO TO 90
WRITE(6,2050) : '
CALL EXIT

90  WRITE (6, 3000) -
3000 FORMAT( * READIN COMPLETED * //;) -

RETURN | .
¢ | - _ | - o
'C  FORMAT STATENENTS o
1000 FORMAT (18A4/ 3I6)
2000 FORMAT (1H1,10X,18A4,//// .
SRR 16/

118, 26H NUMBEE OF NODAL POINTS =
21, 268 WUNBEE OF ELEMERTS = 16/ .
3 1M , 268 NUMBER OF MATERIALS = .Te)

2005 FORMAT (///,1H ,10X, 21H BATERIAL PROPERTIES. /7
11X,8HAAT,NO. ,4X,13HMODULOUS E(B),6X,4HE(T),6X,4
"2BE (Z) , 4X,21HP CISSOKS RATIO PR (RT) ,5X,6HPR(ZR)-,
35X,6HPR (2T), 4X,11HUNIT WEIGHT, X, 6HISODIN 2R
1010 FORMAT (3P12.0,8P6.C,16) |
2010  PORBAT (1H ,I5, pzo.o 2P10.0,F28.3,2F11. 3, 15, 2, ux.
. 1,16) 3
2014 PORAAT( *1', 5X, OUTPUT OF INPUT NODAL.DATA. ’)
2015 FORMAT (///,10X,198 NODAL FOQINT OUTPUTL, ///

118 ,* BHODE  KODE B CORD Z COORD - R F
20RCE ~ Z PORCE'//) ,
2016 FORMAT (*1°*,5X,'0UTPUT - COMPLETE NODAL DATA')

1020 FOBNAT (2I6,4F12.0)
2020 FORHMAT (IQ,IG;P13.6,3F12.6H‘%
2025 FORHAT (1H0,28H ERROR IN NO DATA, NOBE = .Iu)
2030 FOBNAT (///,10X, 13H ELEMLNT DATA VIos
1'. ELEN I J K L  MAT. NO.'/y)

2031 PORMAT (*1°,5X, 'OUTPUT OF INPUT ELEMENT DATA® )
. 2032 anaar('1°.5x,'oursur CF COMPLETE ELEHEBT _DATA')

/2035 FORBAT (I4,516) (
‘1035 FORMAT (616) ' : L. )
- 2040 FORMAT (///10X, 226 BAND WIDTH = ,I67
1 10X, 22H NUMBER OF EQUATIONS = ,I6)

2050 PORHAT(///1OX,'PROELEH EXCBEBS SPECIPJED LIHITS')
C : .

END
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10

20

C
¢

C

-5 ECA(1, 2) =COM1*COM

; ’ ’ Y . .
SUBROUTINE ASTIF o i

-

H !I‘

'THIS SUBBOUTINE T AKES EACH ELEMENT IN TURN AND

FORNS THE ELEHBNT STIFFNESS MATRIX (BY [CALLING
ELSTIF)-. IT ASSEMBLES THE ELEMENT STIFFNESSES" INTO
STIF, ASSEMBLES THE APPLIED LOAD VECTOR (AP), AND"
HODIFIES THE ASSEMBLAGES FOR DISPLACBHBNT ) .
BOU!DARf CONDITIONS (BY CALLING BODIPY)

couuou EB(B) ET(B),EZ(B) PRRT (8) ,PRRZ (8) , parz(e),
1 2(400), U(uOO).V(uOO) ISODIN (B) ,STIF(800,80)
- COMMON ECH (4,4) ,EBM (4, 8),ESH (4, a) ¥T,NUMNP,NUNEL,
1 NP(4,400) ,MAT (400) ,NEQ, MBAKD, n;Lugaa B
COMMON BCHAR,ZCHAR,SZCHAR, SRC AB;STEEAR rucuaa,

- 1 RE(400), ZR(QOO) SIGZO(“OO), GRO{HQQ),SIGTO(QOO)
-COMNMON RO (8), R(uOO) AP(BOO) zsrrrc& 8), ,
1uunsr.xonz(u00) SIGRZO (400) . ‘
COH!ON/SLOP/HP(BOO) NCW -

e

INITIALIZE APPLIED LOAD VECTOR AND MASTER
STIFFNESS HATBIX AND ECH - N o
i : : ' &

Do 10 I=1; bﬁQ SR

CWP(I)=0.0 . L

AP (I)=0.0 @ . - :
DO 10 J=1,MBAND » j;+/j
- STIP(I,J)=0.0 - -

Dp 20 I=1,4
bo 21 J=1,8° , : (;;f

DO 20-J=1,4 - o _ : . .
ECA(I,J)=0.0 - ’ »
- FORM ELEMENT cousrrrurrvs HATRIX (hCH) IF- NUHAT 1)

B IP(NUHAT NE.1) GO To 30 v
IP(ISODIN(1).NE.1) GO TO 22 |
. PR=PRRT (1)

COM=ER (1) *(1.-PR) / ( (1. *BH) % (1. -2. *PR))
COM1=PR/(1.-PR) . | |
ECH (1,1)=con . o S -

ECH (1,3)=COM1*CONM
SR BCH(2, 1)—con1t%g§
> 'ECH'(2,2) =CONM T )
- ECM(2,3)=CoMi*cOoN - C o
ECH (3, 1)=coniscom - o E
_ECH (3, 2) =Cony*con
ECn (3, 3)=CcoM = :
ECH (4,4)= con*(1.-2.tpa)/(2 *(1.??8)) .
GO TO 30 '
~ ANISOTROPIC CASE .
22 EPRRT=PRRT (1) -
EPRZT=PRTZ (1)
"EPRYR=PRRZ (1)

- s : . Y L VAR
. . . ,‘ M . . ]

| L , AR g5,
p )



L. ' . ( /’!l: ‘ . : o } ) g;‘v ! C ) “ .
“ . o <)’\‘. N . . L
) VET=ET (1) : ﬁ{— S | T ;
*  VER=ER (1) : I , S .
ERZ=VER/VEZ
ETR=VET/VER
T
COM=1. /(1. ~EPRRT*#% 2 ET k- EPRZR**Z‘BRZ-LPRZT*‘Z
1#ETZ-2,#*EPRZR*EPRZT+EPRRT*ETZ) N
. ECH(T,1)= VEZ* (1. -EPRRT**2$ETR) #COB. o
. ECM(1,2)= (EPRZR*VER+EPRRT#EPRZT*VET)*CoN  °
ECH(2,2) =VER* (W -EPRZT**2+ETZ) *CON
ECN (2, 3) =VET* (EPRRT+EPRZR*EBRZT*ERZ) SCON

YEZ=EZ £~\ ‘,;.‘ | o i" o,
ETZ=VET/VEZ | o R
G=VEZ/2.* (1. +EPRZR)

ECH(1,3) =VET* (RgRZR*EPRRT +EPRZT) #CON .
ECH(3;3)= VET¢(1.—BPRZR*‘2*ERZ)*Con

-~ ECH(4,4)=¢ - .
- ECHM (2, 1)=ECH(1,2) e
. ECH (3, 1) =ECA (1, 3) e
* ECM(3,2)=ECH(2,3) ’ ‘ o
C L, L : . . N
30 DO 45 M=1,NUMEL —~ = P o <ﬂ
i o o S . . ) : . o
o CALL BLSTIF //' B B !
C S
C ASSEBBLE ELSTIF INTO ﬂAbTER bTIFFHESS AAr;ix
C :

DO 35 1-1 [} - B ‘
I2=2%] - ‘ e . -
.. LA(I2)=2*NP(I, 8) . ' S
35 LE(I2-1)=LM(12)-1 o

C =« . .
_ . - DO 40.1I=1, BQQ N
II=LA(I)
I1= 103*(1/2)0u*( I/7+I/6 I/5 1/3)
DO 40 J=1,8

JJ-LH(J)-II*1 S ' :
CJ1=J43#(J/2) +4 (- J/70J/6 J/5-J/3)
~IF YJJ.LE.0). GO TO 40
- . STIF(I1,JJ)= =STIR(II, JJ)*ESTIP(II.JI)
o couixuuz , , - :

q
Y .
C ADD GRAVITY LOADS IRTO’ UP VBCTOR
‘c

PO 45 1=2,872 S .
 II=LM¢I) . o

B + WP (II) =WP (II) -uT.

45, -coxTIlnE ‘

C
C- HULTIPL! ﬁbU{L LOADS BY Z*PI‘B AND ' s
C ADD NODAL LOADS & GRAVITY LOADS INTO AP VECTOR o
C . A

DO 50 N-1 NUH!P
IP(KODE(U) 1)06,&‘§u8

¢



46

o 8T
4

48

.49

51

e

.50
C
C

C..

: hcuvo

.\» L o P ’w' L 97.

V( )=v(l)£§ xs 1ﬁ16*ABS(R(!)) . oo
U(N) =0 (N) *2.%3, 1u1e*nss&n(n)) o
CONTINUE - . ) ; K
Ir(xonx(n) 10) 51,49,51- . * T N
(n)= V|l)*2.?3.1u16‘ABS(d(D9) - _
2=2%) - , : L
AP(N2) u (uz)oV(u) b : ¥ Ch, e
Ap(uz 1) ma(u2—1)00(u) RO // R

¥ .

HODIFY SIIFPHESS AND LOAL VECTOR FOR DISPLACPHENT\\’
BCUNDARY COIDITIONS ’ )

\‘ <

DO 102 N=1, NONNP 0 Y

“IF (KODE (N).NE.11) GO TO 100

N2=2%N - S Lo .
IT=N2-1 ' . ’ \ . ' A
IF (KODE (N)- 1)100 80,60 S . C
CALL HODIFY (II,N) - c ' IR E

CALL HMODIFY (nz N) . ‘ <! ) Sy
NCU=NCW+1 S RN gl L
GO TO 102 . . \ A
HP(I2)=O;0, . ’ . T : .
CONTINUE . - L e

RETURN .~ -

END. g N R
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a

T T e

~_SUBROUTINE ELSTIF . . ' C
THIS SUBROUTINE. FORNS THE ELEMENT STIFFNESS HATRIX

(ESTIF) FCB LINEAR STRAIN TRAPEZOILD
. . J : C

CONRON ER(8),ET (8) ,EZ(8) , PRRT (8) ,PRRZ (8) ,PRTZ (8) ,
1 Z (400) u(a00),V(uOO).xsonln(s),srxagsoo,SO)'; .o
Ecn(u,u).sau(u,s).Esu(n.a),ur,nunup,nunsn,
1 NP (4,0400),HAT (300) ,NEQ, ABAND, 4, LR (8) ‘
COMHON RCHAR,ZCHAR,SZCHAB, SRCHAR,STCHAR, TUCHAR,

]~aa(400),zR(uooy,SIGzO(uOO)551630(600),sxcr0(uoo)'

CONNON BO(G),R(QOO).AP(BOO);BSTIP(B,B);
" INUMAT, KODE (4 )  SIGRZO (400) [
COMNON/BETTER/ RT (8) ,Z2T(4) ,PIJ (4,4) ,DJ,RAD,
1ESHMRBC.(4,8) ‘ : o
GP = 1.0/5QRT (3.0) . . R

l

ACCUNULATES ELEMENT . CCORDINATE LOoCATIONS -

‘DO 20 I=1,4 L
J=NP(I,n) : C
BT (I)=R(J) #

120 2T(I)=2(J) o o ‘ S

: : . N
PORN CONSTITUTIVE MATIBIX (. -
- Nn=1 D >
- IF (BUBAT.EQ.1) GO TO 30
- HN=NAT\N) o . .
- IP(ISODIM(NN) .NE.1) GO TO 22 gﬁf
PR=PRRT (NNM) . L R
COH#ER(IH)*(1,-?8)/((1.9PR)*(1.~2;*PR)).
COB1=PR/ (1. -PR) e, S
“ECH (1, 1) =con ' :
ECn (1, 2) =con1*con
. BCEN(1,3)=ccatscon T
- ECH (2,1) =COM1*CON . -
- - ECH(2,2)=con - R
- ECn (2, 3)=con1*con" e
ECH (3, 1)=Comiscon - R
'*3@@(3.2)=cqn7?toq.' ‘ . '
. ECH (3, 3) scom* s :
”BCH(P.MDJEOH*(1--2y'PR)/(2-‘(i~-PR»)r
GO TO 30 o :
~ ARISOTROPIC CASE. B
22 EPRRT=PRRT (B#) | ‘ 7 3
. ‘EPRZT=PRTZ (KN) . S _— ~
EPRZR=PRRZ (BN) - B . Ly
- VET=ET.(NN) S - : :
' YER=ER (NR)
VEZ=EZ(NNW) - . . . .
ERZ=VER/VBZ . e
- ETR=VET/VER: . = - ‘
ETZ=VET/VEZ .

-

B



C

28 xerP(I,J)=f3r1r(1,a)ozan(n.1)tESHRC(L,q)
"WT=VOL*3.1416*RAL*RC (NN} /2.0 o .

. h0o

nan0n

L

X

99.

CO!=1.[}1-‘BPBRT*‘2‘ETR‘EPRZR'*Z‘ERZ‘E?BZT**Z

‘1‘3?2-2.‘BPRZR‘BPRZT'QPRRT‘BTZ)‘

G=VEZ/2.% (1. +EERZR)

ECH(1, 1) =VEZ* (1. -EPRRT *22+ETR) *CON

ECH (1, 3) =VET* (EPBRZE* EPRRT + EPRZT) *CON

, ECH(1,2) = (EPRZR®*VER+EPR tgpnzttvat)#con///// -

ncalz.2)=vnat(1.-BPBZTtt2#BTZ)tcou .
_acu(2.3)=vzr¢(xpanr*npnzatapazroznz)*cou

zcn(3,3)=vsrf(14;;pnzn¢~ztah§

ECH(8,8)=G

ECH (2, 1)=ECn§1,2)

ECA (3, 1) =ECA(1,3)

ECR(3,2) =ECn (2,3)

- ZERO'S STIFFNESS ‘NATRIX -
30 Do 19 1=1,8 .

. DO 19 J=1,8 g -/
19 ESTIF (I,J)=0.0

VOL=0. o A

) *con

~FOBR -ELEMENT STIFFNESS MATRIX (ESTIF) . -
DOES INTEGRATION QUALRANT LY QUADRANT I

USIIQ GAUSSE LEGEIDREAQUADRAIURE'

DO 28 Kk=1,4 :
K1==142% (K/2~2% (K/4)
- K2==14¢2% (K/3)
p EPS= PLOAT (K1) =GP
~ PNO= PLOAT  (K2)*GP
. &y )
CALL BETA (EPS, PNU)
VYOL=VOL+DJ

‘f\ino 28 1=1,8
.“po 28 J=1,8 g

DO 28 L=1,4

'‘RETURN

END

s



e

s Xeke)

¢ | - 7 o
% ; 100

SUBROUTINE BETA(EPS PRU)

CONMNON ER(8), ET(G) EZ(B),PRRT(B),PBRZ(B) PRTZ(B),

1 Z(400),0 (400) ,V (400) , ISODIN (8) , STIF(800,80)

COMNON ECH (4, 4) EBNM (4, 8),853(“ 8) ,NT, RUNMEP, NUHBL,

1 ‘NP {4, QOO) HAT(&OO) MEQ,MBAND,N + LN (8) i ]

CONNON RBCHAR, ZCHAR SZCHAR, SRCHAR.STCHAR.TUCBAB.

1 BR(400) , ZR (400) , SI16Z0 (400) +SIGRO (800) ,SIGTO (400)

COMMON RO (8) ,R (400) ,AP (800) , ESTIP(B 8) s -

1NUNAT, KODE("OO) SIGRZO(“OO) .

" COMMON/BETTER/ BT(Q) «2T (4) ,FIJ (4,4) ,DJ, RAD.

1ESHRC (4, 8)
R42=RT (4) =BT (2)

. 242=2T (4)-2T (2)

31=2T(3) -2T (1)

(§31=nr(3)-nr(1) . . : - S
E34= (BT (3) -RT (4) ) #EPS | |

' ZE34=(2T(3)-2T (4) ) *EPS

F

®s

~BE12= (RT (1) =RT (2) ) *EPS

z212-(zr(1) ZT (2) ) *EPS

RN41=(BT (4) -RT (1) ) *PNU

ZNU1=(2ZT (4) ~ZT (1)) *PNU < ’ ‘
RN 23= (BT (2) =RT (3) ) *PNU . oy
ZN23= (ZT (2) ~2T (3) ) *PNU :

EBM (1, 5) = (RU2+RE34+RN23) /8.0

_EBM (1,6)=(RN41-R31-RE34) /6.0

EBM(1,7) =(RU2¢RE12+RN41) / (-8.0)
EBM(1,8)=(R31+BE12~RN23) /8.0

EBM (2, 1) =- (ZU2+ZE34+2N23) /8.0

EBM (2,2)=(Z31+4ZE34-ZN41) /8.0 . ) '
EBM (2, 3) =(Z42+ZE12+ZN41) /8.0 '

~EBM(2,4)= (zn23-z31-zz12)/8 o '
DJ=0.

ORH ELEHENT B HATRIX (EBH)

DO 25 1-1 4
nJ-naotBut1 I+4) *2T (1)
EBN (4, 1) =EBN(1,I+4) -
EBN(4,I+4)=EBN(2,I) "
IP (DJ.LE.0.) GO TG 75

- BAD=.25% ((1.~EPS)* (1.-PNU) #RT (1) + (1. OEPS)‘

1(1.-PNU) *RT (2) + (1. +4EPS) * (1. +PN )*nr(ayf
“2(1.-EPS)* (1. #PNU)*RT(Q)). '
RAD=ABS (RAD) '

EBH (3,1) = DJ*(.ZS*(1.—EP5)*(1.-PNU))/RAD

Vi_ EBN (3, 2) =DJ* (. 25% (1.+EPS) * (1. -PRU) ) /RAD

EBM (3, 3) =DJ* (.25% (1. #EPS) * (1. +PNU) ) /RAD

- EBM(3,4)=DJ* (. 25%(1.-EPS) * (1. *PNU))/RAD,"

PORH BLBBENT STRESS HATRIX (ESH)

po 27 1=1,4
DO 27 J=1,8

‘  §iT(I‘J)=0.O T . [T "
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DO 26 L=1,4
26 ESN (I, J)=ESN (I,J)+ECH (I, L)#EBH(L J)
'ESH (I, J)=ESH(I,J)/DJ
27 ESMRC(I,J)=ESH(I,J)*2.%3,1 16*FAD
RETURN
75 = WRITE(6,1000) A : o
1000 PORMAT (1H1,'VOLUME OF ELEMENT® JI4,°%IS LE
1SS_THAK ZEKO') .
CALL EXIT
80  'RETURN
END
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C TRI

'SUBROUTINE BAND1

COMMON EB(B) ET (8) . EZ(8), PRRT (8) ,PRRZ (8)
1z (400), 0(a00).7(u00) ISODIN(8) , A (800,80)

102,

'THIS SUBROUTINE SOLVES POR DISPLACEMENTS USIIG'A
GAUSSIAN ELIMINATION TECHBIQUE FOR SYMMETEIC,
BANRDED !ATRICES STOBEL IN CORE *\

»

+PRTZ (8),

COMNON. ECH (4,4) ,EBA(4,8) ,ESH (L, 8),BT.NUHNP RUNEL,

1 NP (4,400), HAT(QOO) NN, AN, N,LE(8)

CONNON RCHAR, zeaaa.szcuAa SRECHAR,STCHAR, TUCHAR,
-1 BRR(400),2ZR (400) ,SIGZO (400) ,SIGRO (400) SIGTO(“OO)

COMMON ‘RO (8) ,B (400), B (800) , ESTIF(8,8) .

1NUH&T KODE (400), SIGBZO(QOO)
DIHBNSIOS NCDRO(BOO)

ANGULARIZE AND REDUCE chur HAND SIDE
NL=NN-NN+1. :

KM=NN-1 ‘,

ng=nn :

DO 100 N=1,NM

50

100

C B

600
'650 .
2001

IF (A(N,1).LE.O0.) GO TO 700
‘BN=B-(N)

'B(N)=BN/A (N, 1) .

IF (N.GT.NL) MR= NN-Ne1

DO 100 L= 2,HR

'IF (A(N,L) .EC,0.)GGC TO 100&
C= A(N,L)/A (N, 1) :

I= N+L-1 Coe

J= 0 o

DO 50 K=L, R . .

J=J+1
A{1,J)= A(I,J)-C*A(u K)
B(I) =B (I)-C*BN
A(N,L) =C
CONTINUE

Pt N
¥

ACK SUBSTITUTE

CI=NN I N

B (NN)= B(NN)/A(NN 1)

DO 600 N=1,NM

I=1-1 : -

IF (NoLT.MN) MR= N+1 -
DO 600 J=2, MR o

- K=I+J-1

B(I) =B(I)- A(I, a)*a(x)
DO 650 N=1,NN

NODNG (R) =1+ (N-1) /2 :
WBRITE(6,2001) (nanO(I),u(I).I- 1,8N)
POBHAT('1' ' NOLAL DISPLACEMENTS

a

-3
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10 .100303111,'00;6x;!uone-,1ax;%v'//
- RETURN ‘ :
700  WRITE (6,2000) W B
'~ CALL EXIT

2000 PORMAT'(1HO,*ZERO OR NEGATIVE ELEMENT ON MAIN DIA

- TGONAL OF TRIANGULABIZED MATRIX FOR EQUA
2TIOR?', I5) : - : '

(g

~
-
v

" END
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' SUBROUTINE MODIFY (I,R)

THIS SUBROUTINE MODIFIES KSTIF AND AP IF A
DISPLACENENT BOUNDARBY CONLITION IS IMPOSED IN
EQUATION I ASSOCIATED WITH NODAL POINT N

COMNON ER(8),ET(8) ,EZ(8),PRRT (8) ,PRRZ (8) ,PRTZ (8) ,.
1z (800),0(400) ,V(400),ISODIN(8),STIF(800,80)

. CONRON ECH(Q,Q);EBE(Q,Sy,ESH(Q,B),BT,NUHNP,NUHEL,
1 NP(4,400) ,8AT (400) ,NEQ,ABARD,N,LN (8) )

COBRON ECHAR,ZCHAR,SZCHAR,SRCHAR,STCHAR, TUCHAR,

1 Rﬁ(QOO),ZR(QOO),SIGZO(QOO),SIGRO(QOO};SIGTO(MOO)
COBNON EO(8) ,R(400),AP(800),ESTIF(8,8),

1NUBAT,KODE(QOO),SIGRZQ(QOO)

~ DISP=0 (¥) - - .
IF ((I-2*R) .EQ.0) EISP=V(N)

DO 50 J=2,RBAND
- IL=I+J-1. - -
CI0=I-J¢1 o ‘
IF(IU.LE.0)GO TO 10 :
AP (IU) =AP(IU) - STIF(IU,J)*DISP
STIF(IU ,J)=0.0 : :
IF(IL.GT.NEC) GO TG 50
AP (IL)= AP (IL)- STIF(1,J) *DISP
STIF(1,3)=0.0 a B
CORTINUE
AP(I)=DISP
STIP(I,1)=1.0
RETURN -
END
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SUBROUTINE STRESS

c . ‘
C THIS SUBROUTIRE POBMS—THE LENENT STBESS MATRIX
C (ESM), AUITIPLIES BY THE ELEMEST DISPLACEMENT
C VECTOR (ELDISP) ABD RECORDS THE STRESSEs IN
C SIGEL. IT THEN COBPUTES THE PRINCIPAL STBESSES
C AND DIRECTIONS(SIGP) = _ ' ‘
(ol . S
connoM ER(8) ,ET(8) ,EZ(8) ,PRRY (8) ,PRRZ(8) ,PRTZ(8),
1 Z(400) ,0(400) ,V (400), ISODIN(B) ,STIF (800,80) _
- COnHON ECH(8,4),EBN(4,8),ESNH(4,8),WT,FOANP, NUNEL,
1 NP (4,400) ,BAT (300) ,NEG, ABAND,B,LN (8) , 2
' COBMON FCHAR,ZCHAR ,SZCHAR,SRCHAR,STCHAR, TUCHAR,
1 BR(800),ZB (400) ,SIGZO (400) ,SIGRO(400) »SIGTO (400)
_COnnON BG(8),R(300) ,AP (BO0), ESTIF(8,8) » pe
TNUMAT, KODE (400) ,SIGRZO (400) - S
c. ¢ _ o .
- DIMENSION SIGEL(400,8),S1GP(400,7) ,ELDISP(8),
1S1GA (800,48) ,KOUNT (400) - '
+ CONMON/BETTER/ RT (W) ,ZT (4),FLJ (4,4) ,pJ . RAD,
- IBSHRC (4,8) : ' . L .
.~ CORBOM/SLCE/MP (800),NCW
[ C ‘ .
‘C  ZERO'S SIGEL,KOUNT & SIGA
c _ . , ,
‘DO 1 I=1,NUMEL
DO 1 J=1,4
1 SIGEL(I1,3)=0.
DO 5 N=1,NOUNNP
KOUNT(N)=0 ,
DO 5 J=1,4 e C -
5 - SIGA(N,J)=0.0. : - -

_ DO - 15 m=1,NUSEL
' <C ‘COMPUTE ELEMENT DISPLACENENTS

DO 10 I1=1,4
~J=NP(I,8) , . o
ELDISP (1) =AF (2#%3-1) - S N
ELDISP (I+4) =AP (2+J) - o .
KOUNT (J) =KGUNT (J) +1
RT(I)=R(J) = -
10 2T ¢1)=2(J) R - i
DO 15 K=1,8 o <
L=NP(K,8) L ‘
EPS=FLCAT (-142% (K/2~2%(K/4))) .
‘PMU=FPLOAT (- 142%(K/3)) o
CALL BETA(EES, PND) '
DO 15 I=1,4 G
co - o , ' R R
C ACCUBULATE FOR NODAL STRESSES RS
. - DO-15 J=1,8 - R R
15'SIGA(L,I)=SIGA(L,I)*ESH(I;J)*ELUISP(J)'}‘
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C

110
C

C FIND AVERAGE NODAL STRESSES
c | -

DO 110 E=1,NUMNE
BK= xoUlT(N)

DO 110 1=1,4 .
" SIGA(N,I)= SIGA(N, I) /K

C conplirg ELEHENT.STRESSBS

c
C COHPDTB ELEMENT PRINCIPAL STRESSES .

C

100

anao

115

120

" SIGN=(SIGE
* SIGD2=(SIGEL(M,1)- SIGEL(M,2)) /2.

PO 16 B=1,NUNEL
DO 16 k=1,4
L‘"P (K M)

-0 16 I=1,4 '
163SIGEL(M, T)= =SIGEL (u, I) ¢SIGA (L, T) /4.

v

DO 100 m=1,NUNMEL
ﬂi(ﬂ,1)0SIGEL(H 2)) /2.

RAD = SQRT(SIGDZ**Z ¢SIGEL (M,U4) *%2)
SIGP (M,1)=SIGN+RAD

"SIGR (§,2)= SIGN-RAD .
- SIGP(N,3)=SIGEL (M, 3)

SIGP (M,4)= (SIGp(u,z)-sxcp(u;3j)/2.
SIGP (N,5)=(SIGP (M, 1) <SIGP (N, 3)) /2.
SIGPR (N,6)=(SIGP(M, 1) -SIGP (N,2)) /2.

SIGP (N,7)=0.5%57, 29578*ATAN2(SIG£L(H u) SIGD2)
.CONTINOE : ) .

FIND gAXINUN ELEMENT sréssszs_

$161=sIcp (1,1)

. SIG2=SIGp(1,2) - L

SIG3=SIGP (1, 3)
SIG8=SIGP (1,4)
$1G5=516p (1,5)

' SIG6=5IGP(1,6) R _
m1=0 o | s

n2=0 - - . .
.3=0 - o,
ng=0

n5=0

n6=0

Do 145 M=1, NDHBL , L
IF (SIGP¢qnm,1). LT.SIG1) co To 115

SIG1\SIGP(B 1)
Ki=n : 2
IF (S1GP(nm,2). GI.SIGZ) GO TO- 120
SIGZ\SIGP(H.Z) < S
no=n o o
IF: (SIGP(n 3). LT SIG3) GO ro 130
5163\sIGP(F 3) .

106.

AND DIRECTIONS



: B3=n
130 IF (SIGP(M,U4). LI.SIGQ) GO TO 135.
'~ SIG4= sxcp(n u)
ng=n
135 IF (SIGP(M,5). LT.SIGS) o TO 131
SIG5=S1GP(M,5) .
: - HS=n
147 IF (SIGP(H 6). IT.SIGG) GO TO 145
© SIG6=SIGP (M,6)
,  m6=m - L ,
. 145 CONTINUE : , . .
C FIND CHARACTERISTIC NCDAL VALUBS
, DO 300 E=1,NOMNP -
.ua(u)—a(N)/acnaa - :
{ 2B (N)=2(N) sZCHAR ' |
- SIGZO(W)=SIGA (N, 1) /SZCHAR
"SIGRO(N)=SIGA(N,2) /SRCHAL
'SIGTO(N)=SIGA (N, 3) /STCHAR
SIGRZO (N) =SIGA (N,4) /TUCHAR
300 CONTINOE
: WRITE(S, 2000)

WRITE(6,2010) jn,(SICBL(u,I) .1:1,uy;u=1,nunEL)£

WRITE (€,202C) |
WRITE(6,2030) (M, (SIGP (A,I) ,I%1,7),r=1, uunsn)
) WRITE(6,2040)SIG1, B1,51G2, "2, sxc3,n3,SIGu ny,

M

1SIG5,n5,SIG6, M6 - , )
uaxrn(s 2050) S g
WRITE(6,2010) (n.(srcA(n I),I=1 4),3-1,nuauaa ‘
WRITE(6,3010) ﬁﬁ
. WRITE(6,3020) (N,RR(N),Zk (M), SIGZO(N).S{GRB(N),'
 1SIGTO(N) ,SIGRZO(B) ,k=1,NUNNP) i

- 3010 FORMAT (1H1, -avzaacz ‘CHARACTERISTIC KODA¥ VALUES®
: tn//1x.°uovz R CH. " Z CH. 2 C - -
‘2H. srcna B CH. - SIGHNA T CH. % GRA R

: 3Z CH.*yy) | ‘ ‘ by
3020 PORMAT (I4, 6F12.6) . :
2000 FORMAT (1H1,10X, 21H R-Z EBLEREMNT'SPREESES ///
"NX,*ELEM ' SIGMA Z - SIGHA R #5. SIGMA T
2 SIGHA BZ'//) } L ‘

2010 FORMAT (I4,F11.6,3FP12. 6) RS s
2020 PORMAT (181,10X,° ELENENT PRINCIPAL. srassszs-///

11X,*ELEN sxsn; I SIGMA II SIGMA II.
2 ‘'SIGMA III  TAU RZ TAU RT '~ TAU 2%
3 ' SIGHMA I DEG'/,) - L ,E}

2030 POBAAT (I4,F11.6, 5Fr12.6, F14.3)

~ ZOQO FORNAT (1H1,*BAXINUN PHINCIPAL STBESSES IN BZ PL

1ANE= ¢, F11.6,% AED OCCORS IN ELEA®,16//° AINIAU
'n PRISCIPAL STRESS IN BZ PL

2ANE= *,F11.6,% AND GCCURS IN ELEN’,I6,/,% MAXY AU
38 HOOP - STRESS =*,F11.6,* AND OCCURS IN ELENY,I6/
4/% WMAXINUM TAU RZ -',311 6,% AMD OCCURS IN ELER®
5,16//° MAXINUA TAU BT =*,FP11.6,' AND OCCURS IN E
6LEN® ,16//° MAXINUM TAU T2 =-.r11 6.,* AND OCCOR .-
‘75 IN ELEA?Y, 16//) S -

N .
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2050 roaaar (1, *AVERAGE NODAL STRESSES '/// .
1°NODE - SIGHA Z SIGHA R SIGMA T - SI
2GMA RZ*//) . .

WRITE (6,2060) _
2060 FORMAT (°'0°,'REACTICH connncrrou AT NODES DUE T
10 WEIGHT®) 4
IF (NCW.EQ.0) GO TC 150
WRITE (6,2070)
2070 FORMAT (T10,°NODE®,T20, -coanzcmlou-,//)-
“1=0 : _
DO 140 N=1,NURNP
ME=2%N ’
- IP (WP (NH) .EQ.0.0) GO TO 140 . :
WRITE (6,2080) N, WP (ER) .
2080 FORMAT (T11, 13.123 F10.4) '
I=X+1 . . ’ § S
IF (I.GE. ucu) RETUBR L
140 CONTINUE SN
150 WRITE (6,2090) o
2090 PORMAT ('NONE')
.RETURN .
END '

e



