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Abstract

The application o f a new technique, based on the spectral method, for 

describing lig h t scattering by biological cells is reported. The accu

racy o f the spectral numerical method has been verified by compari

son w ith  linear perturbation theory and M ie theory. Comparison w ith  

M ie theory has validated tha t the three-dimensional scalar wave equa

tion  is a good approxim ation to  the fu ll M axwell’s set o f equations for 

lig h t scattering at moderate angles. The com putational requirements 

for the spectral method in  modelling laser interaction w ith  biologi

cal samples are much lower than the requirements for other existing 

numerical methods such as: finite-difference time-domain and Monte 

Carlo. Yet the new algorithm  is capable o f resolving the variations 

in  the scattered signal w ith  a contrast in  intensity of up to  six orders 

o f magnitude. The spectral technique can be successfully applied to 

address scattering from  ind iv idua l cells and from  biological samples 

containing many cells. The new method is well suited to recognizing 

the size and composition o f biological cells, making i t  a valuable too l 

in  cell cytometry, for example, in  the detection o f rare event cells, 

cancerous cells and bacterial cells.

A  three dimensional coupled vector wave equation comprised o f two
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orthogonal field components is derived from  Maxwell’s equation for 

capturing the polarization inform ation for small angle scattering. The 

spectral technique has been applied to solve th is 3D coupled vector 

wave equation. Both a 3D-2 component vector field solver and a 3D- 

3 component vector field solver have been developed. These solvers 

are capable o f providing a more accurate prediction o f the angular 

spectrum of the scattered intensity than th a t which is provided by 

our 3D scalar equation solver, especially in  the backseattering range. 

In  addition, polarization inform ation is also provided.

An outline o f our proposed measurement o f laser ligh t scattering from 

latex beads is presented. A  detailed derivation o f the norm alization 

constant for both Gaussian beam and plane wave incident sources is 

provided. Hence, the angular spectra o f the scattered lig h t intensity 

can be reported in  an appropriate un it, i.e. photons/(s.sr), allowing 

for the calculation o f the scattering cross section .
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1

Chapter 1 

Introduction

Lasers have several unique properties, such as monochromaticity, high power, 

short pulse duration, and coherence, which are particu larly useful fo r biological 

and medical applications. Laser medicine is now a quickly growing research field. 

The increasing use o f laser lig h t for both diagnostic and therapeutic medicine 

has created a need to  understand how laser ligh t propagates through biological 

tissues, in  order to enable the quantitative analysis o f diagnostic measurements 

and the optim um  development o f therapeutic techniques.

There are five main categories [1-3] o f photophysical processes in  laser lig h t 

tissue interactions. There are non-destructive photo interactions, photochemical, 

photothermal, photoablative and photomechanical interactions. Non-destructive 

photo interactions m ainly concern laser lig h t propagation and scattering in  tissue, 

which can be used both for imaging and diagnostics. Photochemical interactions 

involve the absorption o f lig h t by specific molecules th a t are either present in, 

or added to, a tissue sample. Such interactions are the basis for photodynam ic 

therapy. Photothermal interactions are those where the observed biological effect 

is due to the deposition o f heat in  the tissue. Most current laser surgery, such as 

welding and coagulation, for example, fa lls in to  th is category. Photoablative in 
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CHAPTER 1. INTRODUCTION 2

teractions can occur when photons have sufficient energy to  cause the dissociation 

o f biopolymers and subsequent desorption o f fragments. The threshold fo r th is 

effect to  occur w ith  10ns pulses is approximately 10HWcm~2, Photomechanical 

interactions occur at fluence rates o f approximately 10lQWcm~2 fo r nanosecond 

pulses and 10n Wcm~2 for picosecond pulses. When these ps pulses illum inate  

tissue, the dielectric o f the tissue experiences breakdown, and a small volume 

plasma is produced. The expansion o f th is plasma creates a shock wave which 

can mechanically rupture the tissue. These last two types o f interaction are 

complex in  terms o f the ir thresholds and nonlinear effects. Both can be used for 

tissue ablation, emulsification and drug delivery.

A t the Lawrence Livermore National Laboratory (LLN L), a computer code 

named LATIS [6] has been developed to  realistica lly model these physical pro

cesses (excluding the firs t category of non-destructive photo interactions) for 

medical applications. LATIS is a two-dimensional, time-dependent sim ulation 

program which takes into account laser lig h t transport, mechanical response, 

therm al response, and m aterial response, and the non-linear interactions be

tween these phenomena. I t  has been demonstrated tha t LATIS can be used in 

describing such applications such as the ablation of hard biological tissue [7], 

vapor bubble generation by short-pulse lasers [8], and tissue welding.

I  w ill not discuss the last four types o f photophysical processes fu rther in  

th is thesis; instead, I  w ill focus on non-destructive photo interactions, where the 

optical properties o f the tissue do not change in  tim e and are independent o f the 

lig h t intensity. O ptica l properties o f tissue and ind ividua l cells are very im portant 

for a wide range o f studies from  imaging and diagnostic applications, such as 

cytom etry [9], confocal [10] and optical coherence tomography [11] imaging, and 

fundamental investigations o f a cells’ sensitivities to  lig h t sources [12]. When 

laser ligh t enters a biological sample, it  can be scattered and absorbed. The
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CHAPTER 1. INTRODUCTION 3

relative p robab ility  o f these processes in  a given tissue depends on the laser 

wavelength [4]. In  these applications, laser lig h t from  the blue to  near-infrared 

parts o f the spectrum is predom inantly scattered from local variations o f the 

index o f refraction between different parts o f cells and other sm all structures in 

the sample.

C ytom etry is the measurement o f physical and/or chemical characteristics o f 

cells, or, by extension, o f other biological particles. Flow cytom etry [13] is a 

process in  which such measurements are made while the cells or particles pass, 

preferably in  single file, through the measuring apparatus in  a flu id  stream. 

D uring the past 30 years, sophisticated improvements have made flow cytom etry 

a powerful and invaluable too l for the quantitative analysis o f ind ividua l cells 

or other biological particles. A  flow cytometer is an instrum ent, which can be 

used to  obtain quantitative inform ation based on lig h t scattering or fluorescence 

emission caused by ind ividual cells (or particles) as they flow rap id ly in  a flu id  

stream in  fron t of a ligh t source [14]. The components o f a flow cytometer 

usually include a lig h t source (norm ally a laser); a sample chamber w ith  flow cell 

and sheath flu id  stream; a photodetector or photom ultip lier tubes (PM Ts) th a t 

collect ligh t and convert i t  to  a electronic signals; a signal processing system th a t 

converts the signal from  analog to  d ig ita l; and a computer to  direct operations, 

store the collected signals, and display data [15]. W ith  the combination o f state- 

of-the-art advances in  computer and laser technology, more sophisticated flow 

cytometers have been developed to  obtain objective and precise measurements 

o f m ultip le  characteristic parameters o f an ind iv idua l cell a t one tim e. Such 

parameters include cell size, cell shape, and cytoplasmic granularity (refractive 

index).

In  conventional flow cytometry, the physical properties o f cells are deduced 

from  an analysis o f the angular d is tribu tion  o f scattered ligh t. When a cell (or
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CHAPTER 1. INTRODUCTION 4

particle) passes in  front o f the disc-like focused narrow laser beam, the lig h t 

is scattered in  a ll directions. The larger the cells, the more lig h t is scattered. 

Through comparison o f relatively simple forward and backward scattering in fo r

m ation, broad categorizations o f cells can be performed. The identifica tion o f 

different types o f cells is based on the empirical observation [16] th a t the small- 

angle scatter in  the forward direction is more sensitive to  the size o f the ceil, while 

the large-angle scattering p rim arily  depends on small-scale structures inside the 

cell or other granularity. The processing o f th is re lative ly simple inform ation is 

dictated by several factors. For example, the system is able to  position the cells 

only by moving them at high speed, thereby lim itin g  the tim e available for data 

acquisition. In  addition, the detectors are lim ited  to  detecting the lig h t scattered 

far from  the orig inal beam direction, since any scattering signal near the co lli

mated beam is negligible compared w ith  the beam itself. Moreover, insufficient 

inform ation is obtained to  account fo r cell ro ta tion  effects. As a result, only 

simple predictions can be made.

Recently, m icrofluidic devices or microchips, which consist o f micromachined 

channels (typ ica lly 100pirn wide), have been used in  im proving flow cytome

try  techniques. In Ref. [17], Schrum et al. demonstrated a microchip-based 

cytometer w ith  which they sorted latex beads, correlating the scattered peak in 

tensity w ith  the bead size. They used two different sizes o f particles: fluorescent 

smaller particles w ith  a diameter o f 0.972urn and non-fluorescent large partcles 

w ith  a diameter of 1.94/xm. The results show th a t peak intensity, which corre

sponds to the to ta l scattered intensity by a particle, was 0.235 times smaller for 

the 0.972//to  fluorescent particles than for the 1.94fim non-fluorescent particles. 

These observations are consistent w ith  Mie theory, which predicts th a t the scat

tered intensity should be proportional to  the particle surface area and, therefore, 

to  the square o f the particle diameter [24]. This was a powerful dem onstration o f
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CHAPTER 1. INTRODUCTION 5

the m anipulation o f latex beads, especially w ith  regards to  the use o f hydrody

namic focusing— balancing fluid flows to  position the beads in  the laser beam so 

as to  ensure a reproducible scattering signal. However, because o f the very fast 

movement o f the beads (34 beads per second), the ir apparatus was incapable o f 

detecting more than the peak value o f the scattered signal, which greatly lim ited  

the inform ation tha t could be extracted from  the experimental data. A  U.S. 

company called Micronics has developed a m icrocytometer in  which biological 

cells from a sample, such as blood, pass in  single file  through a micro-channel 

upon which a laser beam is focused. L ight scatter measurements are taken a t 

m ultip le  angles over two ranges: forward angle scattering (from 0 to  3 degrees) 

and small angle scattering (from  3 to  11 degrees), and these m ulti-param eter 

scatter measurements provide inform ation not sim ply about the size but also 

about the internal cellular structure fo r the various type o f cells. A  study o f th is 

device’s a b ility  to  separate several types o f w hite blood cells has been presented 

in  Ref. [18]. This would be very useful in  blood counting and differentiation.

Understanding relationships between measured scattered lig h t properties and 

physiological differences at the cellular level is fundamental to  the usefulness of 

optical diagnostics and constitutes the main challenge fo r the m odelling o f lig h t 

scattering from  cells. Both analytical approximations and numerical solutions 

have been used to  model tissue scattering. Due to  the com plexity o f scattering 

media, and the fact th a t dielectric constant inhomogeneities occur on scales 

comparable to  the laser wavelength, analytical solutions to  the scattering problem 

are lim ited. Several numerical procedures orig ina lly employed in  other physical 

and engineering applications have been adopted to the cell scattering problem.
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CHAPTER 1. INTRODUCTION

1.1 Analytical Approach

6

M ie theory, which was published in  1908 by G. M ie [19,20], refers to  the elec

trom agnetic theory for the d iffraction o f a plane monochromatic wave by a ho

mogeneous sphere o f a rb itra ry diameter and refractive index immersed in  a ho

mogeneous medium. In  fact, M ie theory is a rigorous solution to  the Maxwell 

equations describing the fie ld generated by a plane monochromatic wave incident 

upon a spherical surface, at which the refractive index o f the medium changes 

abruptly. Based on M ie theory, the electromagnetic fields inside and outside the 

sphere can be expressed by in fin ite  series expansions. To obtain quantitative 

results from  the Mie theory i t  m ight seem tha t we are faced a straightforward 

task. However, the number of terms in  the series required for convergence can 

be very large. For example, we need to sum about 12,000 terms in  investigating 

the rainbow —  a visible scattering phenomenon, i f  we assume a water droplet 

radius o f 1mm. Such a calculation clearly requires much more than ju s t patience 

and pocket calculator. Even for smaller particles the number o f calculations can 

be pa in fu lly large. Indeed, although the M ie theory has been available for many 

years, only the recent development o f fast computers has made it  a practical 

means for detailed computations.

M ie theory has many applications in  the study o f lig h t scattering by biological 

objects. For example, i t  can be used to  calculate lig h t scattering from  tissue on 

the cellular level by assuming tha t cells are homogeneous spheres [21]. I t  has also 

been used to  describe lig h t scattering from  coated spheres, which represent many 

types o f biological cells w ith  a nucleus o f a refractive index «  1.1 and a cytoplasm 

w ith  a slight lower refractive index [22], as well as to  study the dependence o f 

the backward scatter pattern on membrane thickness and refractive index when 

lig h t is scattered from  biological cells [23].

In  summary, Mie theory has been very successful in  describing lig h t scattering
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CHAPTER 1. INTRODUCTION 7

from  biological cells which can be approximated by homogeneous spheres o f any 

diam eter w ith  a rb itra ry values for the refractive index and for simple 2—layered 

structures. Indeed, the scattering m a trix  (M ueller M atrix) for a homogeneous 

sphere can be constructed from  Mie theory. However, Mie theory is unable to 

describe the interaction o f lig h t and biological cells w ith  a rb itra ry shapes or w ith  

complex structures such as m ultip le organelles contained w ith in  ind ividua l cells.

M ie theory provides a benchmark for testing other analytical solutions [25] 

and numerical approaches [38] which are developed to  account for lig h t scattering 

th a t arises from  inhomogeneous biological objects o f a rb itra ry shape. In  th is 

thesis, M ie theory w ill be used as the benchmark for validating numerical results. 

A  detailed description of M ie theory w ill be presented in  Chapter 2 and the 

numerical results o f a modified version o f Bohren and Huffman’s computer code 

[24] are also presented in  Chapter 2.

When the shape o f the cell is not spherical, but is s till homogeneous in 

side, several approximate analytical methods, such as W entzel-Kram er-Brillouin 

(W KB) [25,26], Rayleigh-Gans-Debye (RGD) [27], Fraunhofer d iffraction, and 

anomalous diffraction [28], have been used to  model the resulting scattering of 

lig h t. A ll these approximate analytical methods have been compared numeri

ca lly w ith  the exact Mie theory solution for the specific case o f spherical cell 

scattering. W ith  regard to  erythrocytes (red blood cells), which are biconcave 

and disk-shaped, the W KB method used in  Ref. [25] gives qualitative agreement 

w ith  experimental results o f scattered lig h t over an angular range of 15° — 35°. 

However, these analytical methods involve increasing com putational com plexity 

and become im practical fo r complicated shapes o f particles and cells w ith  more 

complex internal structure.
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1.2 Numerical Approach

8

One o f the common numerical techniques th a t has been used to  date to  describe 

laser lig h t scattering from tissues and cells is the Monte Carlo technique. This 

method was firs t proposed by M etropolis and Ulam to  simulate physical pro

cesses using a stochastic model [29], has been used to solve a variety o f physical 

problems. In  a ll applications o f the Monte Carlo method, a stochastic model is 

constructed in  which the expected value o f a certain random variable (or o f a 

combination o f several variables) is equivalent to the value o f a physical quan

t ity  to  be determined. This expected value is then estimated by the average 

o f m u ltip le  independent samples representing the random variable introduced 

above.

Monte Carlo simulations o f photon propagation provide a flexible yet rigor

ous approach toward photon transport in  tu rb id  tissues [30,31]. This method 

describes local rules o f photon propagation tha t are expressed as probab ility dis

tribu tions for the step size o f photon movement between sites o f photon-tissue 

interaction, for the angles o f deflection in  a photon’s tra jectory when a scattering 

events occurs, and for the probab ility o f transm ittance or reflectance a t bound

aries. This method simulates the “ random walk” o f photons in  a medium th a t 

contains absorption and scattering centers. The sim ulation can model m ultip le 

physical quantities simultaneously and produces a rigorous description o f ligh t 

propagation in  biological tissue. However, th is method is w holly sta tistica l in  na

ture and relies on numerical calculations for the propagation o f a large number 

o f photons. As a result, th is method requires a large amount o f com putational 

time.

The number o f photons required depends largely on the question being con

sidered, the precision needed, and the spatial resolution desired. For example in  

Ref. [30], in  order to  sim ply have the to ta l diffuse reflectance from  tissue o f spec
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ified optical properties, typ ica lly about 3,000 photons can yie ld  a useful result. 

To have the spatial d istribu tion  o f photons in  a cylindrica lly symmetric problem, 

a t least 10,000 photons are required. To map spatial d istributions in  a more 

complex three-dimensional problem, such as a finite diameter beam irrad ia ting  

a tissue sample, the required number o f photons may exceed 100,000.

Two im portant aspects o f the Monte Carlo simulations deserve emphasis. 

F irs t, MC simulations are based on macroscopic optical properties o f tissue and 

do not treat details o f the radiant energy d istribu tion  w ith in  cells. As a result, one 

cannot extract inform ation concerning the refractive index on the cellular level 

from  the MC simulations. Secondly, MC simulations usually treat the photon as 

a neutral particle and not as a wave phenomenon. Hence, features such as phase 

and polarization are ignored. Recently, M ainland et al.[32] conducted Monte 

Carlo simulations o f polarized lig h t propagation in  microsphere suspensions. In  

th is application, a normalized Stoke m atrix was used for the photon polarization 

inform ation and the Mueller M atrix, which is calculated from  Mie theory, was 

used in  the MC model for the scatterers, so tha t photons would s till have the 

polarization inform ation in tact after a scattering event occurs.

The finite-difference time-domain (FD TD ) method, or Yee’s algorithm , which 

is an algorithm  firs t described by Yee [33] to solve in itia l-boundary value prob

lems for M axwell’s equation in  isotropic media, has been used in  a wide range 

o f electromagnetic modelling applications including electromagnetic absorption 

o f tissue in  hypertherm ia [34], scattering cross-section calculations o f a rb itra ry 

objects [35], and scattering from  frequency-dependent materials [36].

The FD TD  algorithm  solves for both the electric E  and magnetic H  fields

in  tim e and space by using the coupled Maxwell’s equations. The FD TD  algo-
—*

rith m  centers its  E  and H  components in  three-dimensional space so th a t every
—# “ f

E  component is surrounded by four circulating H  components. The FD TD  al
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gorithm  also centers its  E  and H  components in  tim e. A ll E  components have 

the fu ll-p o in t value and a ll H  components have the half-point value in  the three- 

dimensional space and in time. A ll computations o f E  over the spatial region of 

interest are completed and stored in the memory for a particu lar tim e point by 

using the H  data from the previous iteration. Then a ll o f the H  computations 

in  the modeled space are computed and stored in  memory using the E  data ju s t 

computed. The cycle is repeated u n til time-stepping is ended. The increment o f 

ite ra tion  both in three-dimensional space and tim e is 1/2 o f space/time step. A  

detailed explanation o f the FDTD method can be found in  Ref. [37].

Recently, the FD TD  algorithm  has been implemented to  model the cellular 

scattering problem [38-40]. In  th is application, the size o f the com putational 

domain is sightly larger than the cell size, and the dielectric constant e(i,j, k) fo r 

the sim ulation medium is specified at each grid point (i, j , k) in  three-dimensional 

space. The cell is constructed as a dielectric object by assigning different dielec

tr ic  constant values to  each o f the different components, such as the nucleus, the 

cytoplasm, and the m itochondria [38-40]. Due to com putational s ta b ility  con

siderations, the grid spacing A must be less than A/10 and the maximum tim e 

step is lim ited  to  A /(c \/2 ), where c is the speed o f lig h t in  the medium and A 

is the laser lig h t wavelength. Thus, the FD TD  method requires extensive com

putational resources, especially fo r three-dimensional problems. As reported in  

Ref. [38], the grid spacing in  the sim ulation was A/20 (A =  900wn), a sinusoidal 

source was stepped in tim e u n til sinusoidal steady state o f the scattered fields 

was reached. This typ ica lly  requires 3 or 4 passes through the grid. The scat

tering pattern, F(8,4>), was computed in  one-degree resolution fo r both 0 and <f>. 

A  sim ulation for an object 1 2 /iro  in  diameter typ ica lly required 100 Mwords o f 

storage and 30 minutes o f system CPU tim e on a Cray J90 computer.

The coupled dipole method was introduced to describe scattering from  dielec-
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trie  particles o f an arb itra ry shape in  astrophysical applications [41]. I t  has since 

been adapted to the cell scattering problem [42]. In  the coupled dipole algo

rithm , scattering particles are placed on a cubic grid and subdivided into smaller 

sub-regions, each modeled as a dipole. The external fie ld and the field due to 

the dipoles themselves both contribute to  the far fie ld values o f the scattered 

intensity.

Overall, the use o f MC simulations and FD TD  algorithm s are the two estab

lished mainstream approaches for modelling laser lig h t propagation in  biological 

tissue for m ultip le  scattering studies. The MC method efficiently describes m ul

tip le  scattering from  tissues; however, i t  is not well suited to resolving the scat

tering from  single cells, especially from  cells o f different sizes and compositions, 

and may lose the polarization and phase inform ation. On the other hand, the 

FD TD  method accurately describes scattering from  a single cell, but requires 

large amounts of computer memory and tim e as the FD TD  algorithm  solves 

the fu ll vector electric and magnetic fields and resolves the ir tim e evolution on 

the scale o f a laser ligh t period. Such a complete solution is unnecessary when 

scattering occurs on stationary cells and modelling is restricted to  the angular 

d is tribu tion  of the scattered lig h t intensity. Moreover, its  application to  m ultip le  

cell scattering further increases com putational resource requirements.

The goals o f th is thesis are: (1) to  develop a new technique, based on the exist

ing spectral method [44], which can be applied in  studies o f single cell scattering 

and m ultip le scattering in large samples; (2) to develop a computer sim ulation 

code which is capable to modelling and predicting the laser lig h t propagation in  

biological tissues; (3) to provide numerical support fo r planed m icro-cytom etry 

experiments in  the E lectrical &  Computer Engineering Department at the U ni

versity of A lberta; and (4) fo r other possible optical diagnostic applications in  

laser medicine.
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The proposed new numerical method for modelling laser lig h t scattering from  

ceils is based on a sim plified mathematical model o f light propagation and the 

spectral algorithm . The spectral method has been successfully used to  study the 

physics o f laser-plasma interactions [43]. In  these applications, the plasma, which 

is a neutral gas of charged particles, was modelled as a time-dependent, spatia lly 

inhomogeneous dielectric. S im ilarly, biological cells or tissues are modelled as 

spatia lly varying dielectrics, although stationary in  tim e. The results o f numeri

cal and analytical studies in  both two and three spatial dimensions (cf. [38], [39]) 

are presented in  th is thesis. In  the two dimensional studies, the relative changes 

in  the scattering intensity d is tribu tion  due to  the internal cell structure, shape, 

size, and refractive index can be addressed more easily than in  three dimensions. 

M u ltip le  scattering processes, i.e., the dependence o f the scattered lig h t charac

teristics on the number of scatterers and the packing parameter, i.e, density of 

cells, have been illustra ted in  2-D simulations.

In  our approach, the fu ll set o f Maxwell equations is reduced to the wave 

equation for the electric field. Further approximations include the e lim ination 

o f high frequency (u>o) oscillations by enveloping field am plitude variations th a t 

occur on tim e scale of l/wo and reducing the order o f a tim e derivative in  the wave 

equation. As compared, for example, to  the FD TD  method we have reduced the 

number o f equations, elim inated the need for high tim e resolution, and achieved 

convergence w ith  ju s t six points per laser wavelength. By reducing numerical 

requirements, we have produced an effective algorithm , which can be applied to 

studies of a single cell as well as in  tissue scattering problems where our code 

can be used to model large samples. The application o f the FD TD  method to 

the la tte r case is im practical because o f the large com putational requirements. 

The Monte Carlo (MC) techniques allows calculations o f lig h t propagation in  

large geometries, but the loss o f inform ation regarding the coherence o f scattered
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radiation makes this approach unsuitable fo r modelling o f confocal or optical 

coherence tomography imaging [1 0 , 1 1 ].

The remainder o f th is thesis is organized as follows. This in troductory chap

te r is followed by a chapter describing Mie theory. . Chapter three contains a 

description o f the numerical model in  which the scalar wave equations, the spec

tra l method, and the calculation o f the scattered ligh t am plitude in  the far-fie ld 

are addressed. Chapter four details code development and testing. Chapters five 

and six present the 2-D and 3-D sim ulation results, respectively. Chapter seven 

addresses polarization effects in  laser-tissue scattering. The spectra method has 

also been applied to solve a coupled three dimensional vector wave equation 

w ith  two orthogonal field components and a wave equation w ith  3 electric field 

components in  a 3-D geometry. In  chapter eight, we present an outline o f our 

proposed experimental measurement of laser lig h t scattered by a latex bead. We 

also present a detailed derivation o f the norm alization constant fo r both Gaussian 

beam and plane wave incident sources. The scattered ligh t intensity d istribu tion  

can therefore be presented in  an appropriate un it, i.e photons/{s.sr), and the 

sim ulation results o f our 3D scalar solver can predict the outcome o f the pro

posed measurement. The last chapter contains concluding remarks and proposes 

further development o f th is research topic.
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Chapter 2

Review of Mie Theory

2.1 Introduction

We consider the problem o f a particle w ith  given size, shape, and optical prop

erties illum inated by a monochromatic wave. Our goal is to  determine the elec

trom agnetic field at a ll points in  the homogeneous medium in  which the particle 

is embedded. Clearly, the amount and angular d is tribu tion  o f the lig h t scattered

by a particle depends in  a detailed way on the nature o f the particle. In  general,

the lig h t scattered by an a rb itra ry  particle can be expressed by [1 ]:

Ss =  MSi (2.1)

where M  stands for a 4 x  4 M ueller m a trix  and Ss and Si are the Stokes vectors 

which have the follow ing form:

I  =  Tota l Intensity 

Q =  Linear Polarization (Jo° — I 9QO)

U  =  Linear Polarization (1 + 4 5 0  — I - 450)

^ V  =  C ircu lar Polarization (I right — h e ft) j  

where I ,  Q, U, and V  are the Stokes parameters which are an equivalent descrip

tion  o f polarized lig h t, pa rticu la rly  in  scattering problems.

( \

(2.2)
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An a rb itra ry  monochromatic wave may be expressed as a superposition o f 

two orthogonal components: horizontal Ex and vertical Ey\ righ t-circu lar and 

left-circu lar; and so on. Therefore, the electric fie ld E  referred to the orthogonal 

axes ex and ev is

E  =  E0exp(ikz — iurt) (2.3)

E q — Exex +  Eyey, (2.4)

and the Stokes parameters o f I  and Q take the follow ing form:

I  =  loo +  hoo =  ExE l  +  EyE*y (2.5)

Q =  I qo — I qo° — EXE* — EyE*. (2.6)

By introducing another orthonormal set o f basis vector e+ and e_, which are 

obtained by ro ta ting  ex by +45° and —45°:

e_ =  —j={ex — ey), (2-7)

the electric field E q may be w ritten  as

E q — E +e+ +  E -& -, (2.8)

where

E+ = ~^=(EX +  Ey)

E -  =  ± = (E , - E y ) .  (2.9)

Therefore, the th ird  Stokes parameter U  takes the follow ing form :

U =  / +45o -  7-450 =  E + E l -  E _ E t  =  ExE*y -  EyE* (2.10)
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For consideration o f c ircularly polarized ligh t, one more set o f basis vectors 

Sr  and eR are introduced:

Br — —j= (e x +  iey)

h  =  - ^ ( 4  -  iey). (2.11)

These basis vectors represent righ t-circu larly and le ft-c ircu la rly polarized waves 

and are orthonorm al since

&r  ' £*r  =  1)

BL -B*L =  1,

&r • e*L — 0 .

The incident field E q may be w ritten  as

Eq  =  E +BR +  E - B l ,  (2.12)

where

E r  =  - j = ( E x — iEy)

El =  Y ( E ,  +  iE,). (2.13)

Therefore, the last Stokes parameter V  takes the follow ing form :

V  =  I right -  Ileft =  E r E*r  -  El E*l  =  i (E xE* -  E yE*x) ( 2 . 14)

Assuming E x and Ey take the follow ing forms:

Ex =  Axe~i<t>x

Ey  =  A y e - ^ ,
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the Stokes parameters I ,  Q, U, V  are w ritten  as:

I  =  ExE: +  EyE; =  ExE*x +  EyE ; = A l  +  A2y, (2.15)

Q =  E xE* -  EyE ; =  EXE* -  EyE*y =  A l -  A2, (2.16)

U =  E +E*+ -  E _ E t  =  ExE*y +  E yE* =  2AxAy cos 5, (2.17)

V  =  -  ELE*L =  *(£ .£ £  -  EyE l) =  2AxAysm8, (2.18)

where the phase difference 5 is (f>x — <j)y.

The various degrees of polarization are defined as follows:

Degree of linear polarization =  %JQ2 -\-U2/ I

Degree of circular polarization =  ■s/V^/I

Degree of to ta l polarization =  y/Q 2 +  U2 +  V 2/ I .  (2.19)

In  particular, i f  Ex and Ey have the same amplitude Ax — Ay and same phase 

<j)x — (f)y, the degree o f circular polarization is zero and the degree o f linear 

polarization is described by

2  A A
Degree o f linear polarization =  ^  J | 2 :=: 1- (2.20)

M ie theory is a theoretical framework which can be used to  exactly solve 

M axwell’s equations in  order to  determine the field arising from  a plane monochro

m atic wave incident upon a spherical surface, at which the properties o f the 

medium change abruptly (see fig. 2 .1 ). A lthough Mie theory has been available 

for many years, i t  is only w ith  the advent o f fast computers th a t i t  has become 

a practical means for detailed computations.

The follow ing is the derivation o f Mie theory as presented by Bohren and 

Huffman [1].
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Incident Light

Z

Figure 2.1: Geometry of Mie Theory. The incident field (Ei, H i) gives rise to  

a field (E i, H i)  inside the dielectric sphere and a scattered fie ld (E s, H s) in  the 

medium surrounding the sphere.

2.2 Solutions to the vector wave equations

We consider a sphere w ith  an in fin ite ly  th in  interface. The dielectric constant 

w ith in  the sphere is assumed to  be ei. That outside is assumed to  be equal to  e 

Let us denote the field inside the sphere as (E i,H i) ,  while the fie ld  outside the 

sphere (E2, H 2) is a superposition o f the incident (Ei, H i) and scattered (Es, H s) 

fields

E 2 — E{ +  Es

H 2 =  Hi +  Hg, (2 .2 1 )

Ei =  Eq exp (ik • x — iujt)

Hi — Hq exp (ik • x — iu t),

and k is the wave vector in  the surrounding medium. In  a region w ith  zero 

free space charge and no free conduction currents, these fields must satisfy the

where
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follow ing Maxwell equations

V - E  =  0 (2.22)

V - t f  =  0 (2.23)

V x l  =  iujfxH (2.24)

V x f i  =  —iojeE (2.25)

at a ll points where e and / i are continuous. Taking the curl o f (2.24) and (2.25) 

yields

V  x  (V  x  I )  =  x  H  =  u}2£fiE

V x ( V x i )  =  - iu f iV  x E  =  u 2efj,H. (2.26)

We may now use the vector identity

V X (V X A) =  V(V • A) -  V * (V A )

to  find

V 2E  +  k2E  =  0

V 2H  +  k2H  =  0, (2.27)

where k2 =  o;2 e/x and V2A =  V  • (V A ). Hence, we see th a t E  and H  satisfy the 

vector wave equation.

Let us construct a vector function M ,

M  =  V x (cVO,

where if) is a scalar function and c is an a rb itra ry constant vector. Since the 

divergence o f the curl o f any vector function vanishes, we have

V • M  =  0,
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and we may once again use the vector identity

V x (V x I )  =  V(V • A) -  V • (VAl)

to  obtain

V 2M  +  k2M  =  V x  (c(V2̂  +  k2ip)]. (2.28)

If ip is a solution to the scalar wave equation

V 2ip 4- k2ip =  0, (2.29)

then M  satisfies the vector wave equation. We now construct a new vector

function N ,
A-t V x M
JV =  n r -

C learly V  * N  vanishes, so N  satisfies the vector wave equation

V2iV +  k2N  =  0.

I t  also follows tha t

V x JV =  kM.

Let us take stock o f what we have accomplished. S tarting from  a scalar function 

tp (often refered to  as a generating function) and an arb itra ry vector c (called 

the guiding or p ilo t vector), we have constructed two vector functions M  and N  

which possess a ll the properties o f the electromagnetic fields E  and H . Therefore, 

we have reduced the problem o f solving M axwell’s equations for the vector fields 

to  having to solve the much simpler scalar wave equation for the generating 

function ip.

In  general, whatever generating function we choose depends on the symme

tries which may exist in  the problem. In  much o f the work in  th is thesis we 

choose a generating function ip th a t satisfies the wave equation in  spherical polar
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coordinates r,9,<p. W hile the p ilo t vector is completely a rb itrary, i f  we choose 

c =  r , the radius vector, then

M  =  V  x  (fV>), (2.30)

and M  is a solution to the vector wave equation in spherical polar coordinates. 

In  problems possessing spherical symmetry, M  given by (2.30) and the associated 

N  are the fundamental solutions to  the field equations.

In  spherical polar coordinates, the scalar wave equation is given by

I d .  2dtp 1 d . . Adxp.
+  ~ 2... • ~ aaa(sm )r 2 or or r l sm 0 o9 o6

+  2 • a'aTT =  (2.31)r 2 sm 9 o<p2

Using separation o f variables,

<P(rA<l>) =  R (r)O m (<f>),

we obtain three separated equations:

d2#
d<f>

+  to2#  =  0, (2.32)

s b ^ sinO + i'i(’I+1> - ^ i e = 0’ <233>
± ( ^ )  +  { k V ~ n ( n  +  l)]R  =  0 , (2.34)

where to and n are separation constants which are determined by various con

straints on xj). For a given to, the linearly independent solutions to  (2.71) are

#e =  cos to</», # „ =  sin m<f),

where subscripts e and o denote even and odd, respectively. Since we require xp 

to  be a single-valued function o f the azim uthal angle <p

xp(<p +  7r) =  xp(<p), (2.35)
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(2.35) requires m  to  take on integer values—by convention, we w ill take m =  

0 , 1 , 2 ,3 , • • •, which is sufficient to  generate a ll linearly independent solutions o f 

(2.71).

The solutions to  (2.70) are the associated Legendre functions o f the firs t kind 

Pnm(cos 6) o f degree n and order m, where n =  ra ,m  +  l ,  •••. These functions are 

orthogonal, fin ite  at 9 — 0 and 6 =  ir, and reduce to  the Legendre polynomials, 

denoted by Pn, when m — 0.

Introducing the dimensionless variable p  =  k r  and defining the function Z  — 

R -s /P ) we may rewrite (2.34) as

4 (" f ) +  [p2- ("  +  5 )21Z =  0' ( 2 ' 3 6 )

Equation (2.36) is solved by the Bessel functions of the firs t and second kind, 

Jv and Yv, o f half-integral the order v =  n +  | .  For notational convenience, we 

introduce the spherical Bessel functions

*4+1/2 (p)

Dn =  \J~^~Yn+ i/2 {p ) • (2.37)

Any linear combination o f j n and yn is also a solution to  (2.34). For example, 

the spherical Bessel functions o f the th ird  kind (often called the spherical Hankel 

functions),

=  3 n ( p ) + i y n (p) 

h (n ] =  3 n ( p ) - W n ( p )  (2.38)

are often useful. Therefore, our generating functions take the form

Amn =  cos m<f>P™ (cos 6)zn(kr)

i>omn =  sin (cos 0)zn(kr), (2.39)
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where zn is any one o f the four spherical Bessel functions j n, yn, hn \  or 

Any function th a t satisfies the scalar wave equation in  spherical polar coordinates 

may be expanded as an in fin ite  series in  the functions (2.39). Moreover, we may 

now generate our vector spherical harmonics from  V’emn and ipomn■> obtaining:

M emn

M omn

Nomn —

Any solution to the field equations can now be expanded in  an in fin ite  series o f 

these functions (2.40-2.43).

2.3 Expansion of a Plane Wave in Vector Spher

ical Harmonics

In  th is section, we outline how to determine the coefficients o f the expansion o f 

a plane wave in  vector spherical harmonics.

—-7U
=  ~ sin cos 9)zn(p)eesin tf

-  cos m<f)dP™ -̂ --~-zn(p)e^, (2.40)

=  ~r~7j cos cos 9)zn(p)eesin u

-  sin m(f)dPn ^ P ^ -Znip)^  (2.41)

— — cos m<pn(n +  l)P™(cos 9)er 
P

dP™(cos9) I d .  , xl~
+  cos m<j)— ^  -pTp[pzM]ee

- m  sin rri(j>Pn ^  [pzn(p))e^ (2.42)
sm 9 p dp

Zn^  sinm<fm{n +  l)P™(cos 9)er 
P

dP™ (cos 9) 1 d y._
+smm<  ̂ 3  ~ p T ^ Zn{p)]ee

+ m  cos m<t>Pn fC°^—- -  - j - [pzn ( p ) ] . (2.43)
sm a pdp
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In  spherical polar coordinates, a plane x-polarized wave may take the form  

Ei — EQetkTcm9(sin 9 cos <f>er +  cos0 cos <j>eg — sin <f>e<f), (2.44)

and we may expand (2.44) in  vector spherical harmonics as
oo oo

s , =  Y ,  +  Ecmn^omn T  A emnNemn +  -4omn-^omn)• (2.45)
m=Q n = m

From the orthogonality o f the vector spherical harmonics, we have th a t the 

coefficients in  the expansion (2.45) take the form

Remn — f2jr r* , ^  ’ (2.46)
Jo Jo \M emn\2 sm9d9d<f>

w ith  analogous expressions for B omn, Aemn, and Aomn. Combining (2.40), (2.43), 

and (2.44) w ith  the orthogonality o f sine and cosine, we have Bemn =  Aomn =  0 

fo r a ll m and n. Moreover, for the same reason, the remaining coefficients vanish 

unless m — 1. A t the origin, the incident field should be fin ite , but since yn 

blows up at the origin, we must choose j n(kr) as the spherical Bessel function 

in  the generating functions ip0in and ^ ei «• N otationally, we w ill denote vector 

harmonics whose radial dependence o f the generating function is specified by j n 

w ith  superscript (1). Hence, the expansion fo r Ei has the form
OO

+  (2.47)
n=l

By evaluating integrals o f the expressions fo r Bain and Aein , the expansion co

efficients take the form

2n + 1
B 0in — inEo n(n + 1)

4 , 1.  =  ( 2. 48)n(n +  1)

Therefore, the expansion o f a plane wave in  spherical harmonics has the form
OO

e ‘ =  E» £  J t t t y  (2-49>n=l  ̂ '
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and from  the curl o f (2.49), we obtain the expansion o f the corresponding incident 

magnetic fie ld in  spherical harmonics

(2.50)

2.4 The Internal and Scattered Fields

Consider a plane wave polarized in  the ar-direction being scattered by a homoge

neous, isotropic sphere o f radius a Figure 2 .1 . By using the boundary conditions

{Ei +  Es — E \)  x  er =  {Hi -f- H s — H i)  x  er =  0 (2.51)

between the sphere and the surrounding medium, we may expand the scattered 

electromagnetic field {Es, H s) and the fie ld (Fa, H i)  inside the sphere in  vector 

spherical harmonics. As we saw above, the boundary conditions (2.51), orthog

onality o f the vector harmonics, and form  o f the expansion o f the incident field 

force the coefficients in  these expansions to  vanish for all to  ^  1 .

In  the region inside the sphere, finiteness once again requires th a t we choose 

jn{kir), where ki is the wave number in  the sphere, as the spherical Bessel func

tions in  the generating functions. Therefore, the expansion o f the fie ld {E i, H i) 

is
OO

f i ,  =  J 2  -  i ^ N ^ )
7 t = l

 ? OO

&  =  TTT £  £ » ( < " « ( 2 . 5 2 )
71=1

where En =  inE 0{2n +  l) /(n (n  +  1)) and is the perm eability o f the sphere.

On the other hand, both j n and yn are well behaved in  the region outside the 

sphere. Therefore, we w ill consider the spherical Hankel functions hOp and hP  

which have the asym ptotic form

h^(kT) ~  (2.53)
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kr n2
jnp—ikT

h{n \k r )  ~ ------------------------------------------------------------- (2.54)

I t  is clear th a t h n \k r)  corresponds to  an outgoing spherical wave while h ^ \k r )  

corresponds to an incoming spherical wave. Since the scattered field is to  be 

an outgoing wave at large distance from  the sphere, only tin*1 should be used in  

the generating functions. Therefore, the expansion o f the scattered field (E s, H s) 

should be given by

E , =  - b „ u 2 )
n ~ l  

, ook
B , =  — T 'E A iK N i l l  +  an M H ), (2.55)

where the superscript (3) denote vector spherical harmonics whose generating 

functions radial dependence is specified by hn •̂

We notice tha t, fo r a given n, there are four unknown coefficients an, bn, 

Cn, and dn in  the expansions o f the scattered and internal fields. We therefore 

require four independent equations to solve for these four unknown coefficients. 

From the boundary conditions (2.51) in  component form:

EiO +  E sg =  Eig, E ^  +  Es<f, — E lh

H i9 +  H s$ — H\g, Hyf, +  H S(f, =  H\^, r  =  a, (2.56)

we eventually obtain four linear equations from  which we may determine expres

sions for the four coefficients. We are p rim a rily  interested in  an and bn, which 

are called scattering coefficients and are given by

rmj)n{mx)ij)n{x) -  ipn(x)^’n(mx)
d n

rmj}n(mx)£n{x) -  t,n{x)i)'n{mx)
h _  ^n(mx)4>'n(x) -  mil)n(x)ip'n(mx)

i W C W  -  m U x W n i™ )  ’ 1 j
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w here tpn(p )  and £n(p ) are the R iccati-B essel functions:

M P )  =  P3n(p), tn (p )  =  P h ^ ip ) ,

w h ile
. 2'k N cl k i  N \

*  =  k“ =  ~ a t -  m =  j  =  j ? ’

are th e  size param eter and the re la tive  refractive index, respectively. N i  is the  

refractive  index o f the sphere and N  is the refractive indices o f the m edium .

N o te  th a t a n and bn vanish as m  approaches un ity, because when th e  sphere 

disappears, so does the scattered field .

For convenience, le t us define angle-dependent functions irn and rn

p i
_ _ x n

n  —  •  nsint?
dPl

r .  =  (2-58)

w hich can be b u ilt up through use o f the recurrence relations

2 n — 1 n
'Kji =  7~ COS u7Tn_ i r7Tn—2

n — 1 n — 1

rn =  n cos 0nn — (n +  l)7 r„ _ i, (2.59)

beginning w ith  ttq =  0 and n i =  1. 7r„ and r n are a lte rn a te ly  even and odd

functions o f cos 0

7Tn ( COS 0) =  ( —l ) n -17Tn(cOS 0)

Tn ( — COS0) =  (—l ) nT„(cos $ ) ,  (2.60)

w h ile  7r„ +  r n and n n — r n are orthogonal sets o f functions

f  (tt„  +  rn) { ' K m  +  Tm )  sin 6d0 =  [  (7T„ -  r n)(7Tm -  Tm )  sin Ode =  0
Jo Jo

(m n). (2.61)
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Using the angle-dependent functions irn and rn (w ith  m — 1), we may express 

the vector harmonics (2.40-2.43) which are used in  the expansions o f the internal 

(2.52) and scattered (2.55) fields in  a more concise manner as follows

M 0in =  cos <jmn(cos 9) zn(p)e6 -  s in <frrn(cos9)zn{p)e^

M ein — -  sin ̂ 7T„(cos 9)zn(p)ee -  cos <£rn(cos 9)zn(p)e4>

N0in =  sin <j>n{n +  1) sin 9itn (cos 6) — — -er
P

+  sin <j)Tn (cos 9) —— ee +  cos (jmn (cos 9) -e#

N ein =  cos (jm(n +  1) sin 9%n (cos 9) Zn- - -er
P

+  cos (j>rn(cos 9 ) eg — sin <f)Trn(cos 9) -e^, (2.62)

2.5 Scattering M atrix— Mueller M atrix

Figure 2.2 shows a cell illum inated by a plane wave. The propagation direction 

o f the incident lig h t is taken to  lie along the Z  axis, which we shall call the 

forward direction. The centre o f the cell is chosen as the orig in o f a Cartesian 

coordinate system (x , y, z), w ith  the X  and Y  axes orthogonal to  the Z  axis and 

to each other. The scattering plane (see Fig. 2.2) is defined by the scattering 

direction er and the forward direction ez. When er is not parallel to  the Z  axis, 

the scattering plane is uniquely determined by the azimuthal angle (j>. On the 

other hand, when er  is equal to  ± e z, any plane containing the Z  axis is a suitable 

scattering plane.

We introduce two new orthonorm al basis vectors for the incident ligh t; eyj, 

which is parallel to  the scattering plane, and e±i, which is perpendicular to the 

scattering plane. Therefore, a incident electric field E{, which lies in  the xy plane,
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Figure 2.2: Incident beam scattered by a cell.
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can be resolved in to  parallel component E \|* and perpendicular component E±i'.

Ei =  E\\ie\\i +  E±ie±{. (2.63)

These new orthonormal basis vectors e±i and ep form  a right-handed tria d  w ith

e,:

and we have

e±i x  ep =  ez, (2.64)

e±i =  sin 0ex — cos <f>ey,

ep =  cos(j)ex +  sm<j>ey. (2.65)

Moreover,

e_L» —

ey i =  sin 0eT +  cos 8 eg,

where er, eg, and e# are the orthonormal basis vectors o f the spherical polar

coordinate system (r, 6 , <j>). Using Eq. (2.65), the components E±.% and I?p o f

incident electric field take the follow ing forms

E±i =  sin (j)EXi — cos <j>Eyi, (2.66)

E\\i =  cos <j)EXi +  sin <t)Eyh (2.67)

where E X{ and Eyi stand for the x and y components o f the incident electric field.

In  the far-fie ld (kr >  1), the scattered electric fie ld Es is approxim ately

transverse (Es • er ~  0) [2]. So tha t in  the far-fie ld region, the scattered electric

fie ld takes form

Es =  E||se[|s +  E±sej_s, (2.68)

where the basis vectors eys and e±s are respectively parallel and perpendicular 

to  the scattering plane, and have the follow ing properties

ep =  eg (2.69)
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ej_s =  — (2.70) 

x  6 ||s =  er . (2.71)

I f  we assume that the series expansion (2.55) o f the scattering field is uni

form ly convergent, we can term inate the series after nc terms. When nc is suffi

ciently large, the resulting error is very small. In  addition, fo r kr n ,̂ we may

replace h n \ k r )  w ith  its  asym ptotic expression (2.53) in  the truncated series. 

The transverse components of the scattering electric fie ld are then given by

pikr
E ag ~  Eq——— cos <f>S2(cos 0) (2.72)

—ikr
pikr

E a<i, ~  —Eq—— sin<^Si(cos6) (2.73)
%KV

where

"c 2n + 1
Si =  , J anTrn +  bnTn)

£ ^ n ( n + l )
71—0

nc

S *  =  E  2,’>t ! ' K 7 '„  +  6„7r„). (2.74)
' n(n + 1 )n=0

Using Eqs. (2.44), (2.67), (2.67), (2.70), and (2.71), we may express our 

results for the scattered field Eqs. (2.72) and (2.73) in  terms o f the incident field 

as follows:

pikr
£ ||, ~  (2.75)

pikr
E±s ~  E ±i— Si(cos9), (2.76)

Therefore, the incident and scattered field amplitudes are related as follows

E\\s \  eifc(r- z) (  S2 0

, i i , • (2-77)
E ±s J  ~ tkr \  0 Sl

Since basis vectors e\\s and e±8 form  a part o f an orthonorm al set o f basis 

vectors, follow ing the discussion in  section 2 .1 , we have
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Is — E\isE\\s +  Ej_3E±s,

Qs =  E\isE([s -  E±SE*±S, (2.78)

Us =  E P E IS +  E±sEp,

=  i(E \ltE*±s -  E ±SE^S).

Substitu ting Eq. (2.77) into Eq. (2.79), the scattered Stokes parameters are 

related to  the incident Stokes parameters by the relation

( I s )

t-* o o

Qs 1

oos(N5? Qi

Us F r 2 0  0  il/3 3  M34 Vi

\ V s j 0 0 1 sr U /
where the Mueller m atrix elements have the form

Mu =  i( |S 2|2 +  (Si|2), Mu =  i( |S 2p -  |ftp ),

+ s2s;), M34 =  j(S ,S 2* -  s2sr),

and the incident Stokes parameters take the follow ing forms:

l i  =  E\\iE^ +  E±_iE*u ,

Q i — U\\iE*^ — E±iE ]_{, (2.80)

Ui =  E\\iE*Li +  EjLiE^,

V, =  i(E\\iE*Xi -  EuEfti).

Only three o f these four m atrix  elements are independent: M^l — M f2 +  M | 3  +  

M f4. The factor l / k 2r 2 is usually om itted in  the calculations.

When the incident lig h t is polarized parallel to  a particu lar scattering plane: 

E±.i =  0, then the Stokes parameters o f incident lig h t Eq. (2.81) becomes

h  =
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Qi =  h, (2.81)

V$ =  U i=  0 , 

and the corresponding scattered Stokes parameters are

I a =  (M u +  M l2) Ih

Qs =  Is, (2.82)

us = vs = o.

Therefore, the scattered ligh t is polarized parallel to  the scattering plane. In  the

case o f the incident ligh t being parallel to  the scattering plane, le t us denote the

scattered irradiance per un it incident irradiance %n:

i l]= M n + M l2 =  \S2\2. (2.83)

Sim ilarly, when the incident lig h t is polarized perpendicular to  the scattering 

plane, the Stokes parameters o f incident ligh t Eq. (2.81) are now given by

h  =  E u E l,,

Q i =  - 4  (2.84)

^  =  Ui =  0 ,

and the corresponding scattered Stokes parameters are

Is =  ( M n - M 12) Ih

Qs =  - Is ,  (2.85)

Us =  Vs =  0.

Therefore, the scattered lig h t is perpendicularly polarized w ith  respect to  the 

scattering plane. In  the case o f incident lig h t being perpendicular to the scat

tering plane, le t us denote the scattered irradiance per u n it incident irradiance
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i±  =  M u  -  M 12 =  |5 r|2. (2 .8 6 )

When the incident lig h t is unpolarized, then the only non-zero Stokes param

eter is ij. Therefore, the corresponding scattered Stokes parameters are

Is =  M n li,

Qs =  M u Ii, (2.87)

Us =  Us =  0.

Using Eq. (2.19), the to ta l degree o f polarization P  is given by

P  =  ^  (2 .8 8 )
M u  *|| +  *±

it  follows th a t |P | < 1. If P  is positive, the scattered lig h t is p a rtia lly  polarized

parallel to  the scattering plane; i f  P  is negative, the scattered lig h t is p a rtia lly

polarized perpendicular to  the scattering plane. From the definitions o f the 

angle-dependent functions 7r„ and rn (2.58) and the ir recurrence relations (2.59), 

we have

7Tn(l) =  Tn(l) =  --—y -- - (2.89)

Thus, in  the forward direction (8 =  0°) and backward direction (6 =  180°), Eq.

(2.74) is reduced to
-j nc

S1( l)  =  S2( l)  =  S ( l)  =  2 E ( 2n +  1)(a"  +  (,“ )> <2-90>
71—0

which gives M 12 =  0  for both directions o f forward and backward scattering. 

Hence, regardless of the size and composition o f the cell, P(0°) =  P(180°) =  0.

2.6 Computations of Mie Theory

By introducing the logarithm ic derivative

Dn(p) =  ^ In ip n ip ), (2.91)
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the scattering coefficients an and bn (2.57) may be rew ritten as

[Dn{m x)/m  +  n/x]il>n(x) -  ipn-i{x )
[Dn(m x)/m  +  n/x]£n(x) -  f„_ i(a :)
[mDn(m x)/m  +  n/x]i)n( x ) - ipn - i ix )

K W / m  + n /x }U % )  ~  5 1 j

where we have used the recurrence relations

mj)n{x)

C ( X) =  Z n - l(x )  -

X

n^{x)
x

to  elim inate tp'n and £n. This represents ju s t one o f many possible ways o f re w rit

ing the scattering coefficients in  a form  more suitable for computation. As a 

consequence o f the recurrence relations o f the Bessel functions, the logarithm ic 

derivative also satisfies a recurrence relation

A -1 = -  -  j r ~ r T  <2'93)P D n +  n/ p

We may therefore use th is downward recurrence to  compute Dn in  order to  ensure 

numerical stab ility.

A  modified version o f the M ie code was developed based on the above dis

cussion. In  order to  verify th is code, we chose the same parameters, which are 

a/X  =  1 and N x/ N  =  1.59/1.33, as in  [3]. Figure 2.3 (a) shows the average 

scattered intensity M u  =  (iy +  * _ l ) / 2 )  vs scattering angle, while (b) shows the 

degree of linear polarization ( - P )  as defined in  equation (2 .8 8 ) (note th a t the 

negative signs results from  a difference in  sign convention between th is work and 

re f [1 ].) vs scattering angle when the incident laser ligh t is unpolarized. O ur 

results are excellent agreement w ith  those presented in  [3]. Furthermore, the 

scattered intensity i|| polarized parallel to  a scattering plane ( it can be an arb i

tra ry  scattering plane depending on a given azimuthal angle <j), refer to  Fig. 2.2) 

and the scattered intensity i±  polarized perpendicular to the scattering plane
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are presented in  Figure 2.3 (a). This modified version o f M ie code can be used 

in  the description o f a rb itra rily  polarized ligh t th a t is scattered by a homoge

neous sphere. Figure 2.4 shows the com putational results o f M ie theory w ith  the 

parameters a/X  =  5.5 and N \ / N  =  1.37/1.35.

There are three curves in  Fig. 2.4 (a) which stand for the average scattered 

intensity (solid line), the scattered intensity i\\ polarized parallel (dashed line) 

to and the scattered intensity i± polarized perpendicular (dotted line) to  the 

scattering plane, respectively. Fig. 2.4 (6) shows the degree o f polarization o f 

the scattered lig h t when the incident lig h t is unpolarized. In  both  forward (a t 

0°) and backward (at 180°) directions, the scattered lig h t remains unpolarized 

( P ( 0°) =  P(180°) =  0). However, in  the range o f 80° to  100°, the scattered 

lig h t is almost completely polarized perpendicular to the scattering plane (P  ~  

1). These com putational results w ill be used as a benchmark for our numerical 

simulations.

In  conclusion, we have seen tha t when the incident lig h t is 100% polarized 

parallel to  the scattering plane, the scattered lig h t is also polarized parallel to  

the scattering plane. When the incident lig h t is 100% polarized perpendicular 

to the scattering plane, then the scattered lig h t is also polarized parallel to  the 

scattering plane. We have also seen th a t polarization may result for certain 

scattering angles i f  the incident ligh t is itse lf unpolarized.
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Figure 2.3: The com putational results o f M ie theory w ith  parameters o f a/A  =  1 

and N i /N  =  1.59/1.33. In  Fig. (a), the solid line is fo r the average scattered 

intensity M n — (i|| +  i ± ) /2; the dashed line is for the scattered intensity ij| 

polarized parallel to  the scattering plane; and the dotted line is fo r the scattered 

intensity i±  polarized perpendicular to the scattering plane. Fig. (b) show the 

degree o f polarization when the incident lig h t is unpolarized.
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Figure 2.4: The com putational results of M ie theory w ith  the parameters o f 

a/X  =  5.5 and N i / N  =  1.37/1.35. In  Fig. (a) three curves stand for the average 

scattered intensity (solid line), the scattered intensity i\\ polarized parallel (dash 

line) to  and the scattered intensity polarized perpendicular (dot line) to  the 

scattering plane, respectively. Fig. (b) shows the degree o f polarization o f the 

scattered lig h t when the incident lig h t is unpolarized.
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Chapter 3

The Computational Model

3.1 Basic Equations

The com putational model used for the scattering problems considered in  th is 

thesis is based on solving the wave equation for the am plitude o f the laser lig h t 

by using the spectral method. This method allows us to  model the interaction 

o f laser lig h t w ith  biological specimens whose physical size can vary over a wide 

range o f spatial scale lengths, from  sub-wavelength dimensions up to  a few orders 

o f magnitude larger than the laser wavelength.

M axwell’s equations in  a nonconducting medium take the follow ing fo rm [l]:

o f lig h t in  vacuum; and fi and e stand for the magnetic perm eability and the

V - e £  =  0 (3.1)

(3.2)

(3.3)

V  - B  =  0

(3.4)

where E  and B  are the electric and magnetic fields, respectively; c is the speed
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die lectric constant of the medium, respectively. By taking the curl o f Eq. (3.3) 

and substitu ting  for V x B  by using Eq. (3.4), the fu ll set o f Maxwell equations 

(3.1— 3.4) in  three spatial dimensions is reduced to  a wave equation fo r the 

electric fie ld  amplitude,

^ ^ E  -  V 2E +  V (V  • $ )  =  0, (3.5)

where we have used the vector iden tity

V x ( V x 4 )  =  V (V  • A) -  V 2A,

and the fact th a t the operators V x |  and | V x  are equivalent as space and 

tim e coordinates are independent.

For an electromagnetic wave o f high frequency tu0, the electric field vector 

takes the form

E =  E{x, y, z, t) exp(—iwot) +  c.c.,

where the amplitude E(x, y, z, t) is assumed to  vary on a tim e scale th a t is much 

larger than the ligh t period 2-k/ujq. Enveloping Eq. (3.5) w ith  respect to  tim e 

reduces the order of the tim e derivative, and one obtains

2 +  V 2£  +  ^ e i iE  -  V (V  • E) =  0, (3.6)

where v 2 — d2/d x2 +  d2/dy2 +  (P/dz2 is the Laplacian in  a three-dimensional 

Cartesian geometry.

In  th is chapter, we develop a 1-field component wave equation (scalar case)

model. This w ill later be generalized to  the case o f 2 and 3 electric field compo

nents. For the 1-field component case, we consider the scattering o f laser lig h t by 

biological mediums in two and three spatial dimensions. A  2-D wave equation 

can be obtained from  Eq. (3.6) by assuming th a t the biological medium is inho- 

mogeneous in  the x — y plane and th a t the electromagnetic wave is s - polarized,
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so th a t E  =  E(x,y, t)ez, i.e., the electric field polarization vector is perpendic

u lar to  the plane o f inhomogeneity o f the biological medium. For th is case, the 

last term  on the le ft hand side o f Eq. (3.6) is zero, and one obtains a scalar wave 

equation w ith  a 2-D Laplacian for the electric field am plitude E(x,y ,t):

2<? £" ^ +v2£+!l e'‘B=0- (3-7)
The scalar field approximation can be also considered in  three spatial dimen

sions. The form  o f the wave equation for the 3-D scalar fie ld approxim ation is 

s im ilar to  th a t o f Eq. (3.7), except th a t the Laplacian V 2 has three spatial com

ponents. For the case o f three spatial dimensions, the last term  on the le ft hand 

side o f Eq. (3.6) may not be negligible. The va lid ity  o f such an approxim ation 

w ill be tested by comparing sim ulation results w ith  exact analytical solutions for 

scattering from  homogeneous spherical dielectrics, especially fo r forward scatter

ing (see figure 4.2).

For a biological medium, we assume y — 1, and th a t the dielectric constant 

can be represented as a sum o f two terms:

e — e0 +  Ae(x,y,z). (3.8)

Here e0 Is the dielectric constant o f inter-cellular flu id  th a t is considered homo

geneous, and (e0 +  Ae(x,y,z))  is the dielectric constant o f a cell th a t consists 

o f cytoplasm, nucleus, and other internal structures. For the cells considered in  

th is thesis, the perturbations As are assumed small: |Ae| <  So

ft is readily seen th a t the firs t term  on the le ft hand side o f Eq. (3.7) accounts 

for tim e variations o f the electric field amplitude. In  our studies, the biological 

medium is considered stationary. Non-stationarity can only play a role during 

the propagation o f the electromagnetic wave front through the medium. Hence, 

e can be replaced by Eq in  the tim e derivative term  in  Eq. (3.7), allow ing us to
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rew rite the scalar wave equation (3.7) as

2 i ^ e o ^  +  V 2E + (̂ e QE  =  - <̂ f ( t ) A e E  (3.9)

The tim e function of f ( t )  in  right-hand side o f Eq. (3.9) models an adiabatic 

“ tu rn  on” o f the perturbations (see fig.3.1). The normalizing tim e is in  the u n it 

o f picoseconds (see details in  the next section).

0.9

0.8

€2
1“

0.6s
CL=B
■e
S3m
n

0.5

0.4

0.3

0.2

0.1

30 35 4010 15 20 25

Normalized Simulation Time
45 50

Figure 3.1: The profile o f tim e function f( t)  which is used to  “ tu rn  on” the 

perturbations. Here the sim ulation tim e is normalized and a stable solution is 

generated in  the tim e interval from 40 to  50ps.

The le ft hand side o f Eq. (3.9) accounts for the field propagation in  a ho

mogeneous medium, and the interaction w ith  inhomogeneous perturbations is 

described by the right-hand side. There are no restrictions in  our model on the 

scale length o f spatial variations in  As. However, inhomogeneities in  the scat

tering medium on a scale length much smaller than laser wavelength cannot be 

properly resolved from  the scattered ligh t spectra. Therefore, we assume th a t
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the characteristic scale length o f the spatial inhomogeneity fo r the perturbation 

A e  is longer than the laser wavelength in  the medium Am — c/(uoy/£o). Inho

mogeneities on a scale length smaller than the wavelength Am (for example, the 

interface between cell and inter-cellular flu id ) are treated as sharp boundaries in  

our method. This approach is consistent w ith  the fact tha t lig h t scattering o ff an 

interface much narrower than the wavelength is sim ilar to  scattering o ff a sharp 

boundary.

3.2 The Spectral M ethod

The wave equation (3.9) is solved in  a 3-D region: 0 <  x <  L x, —Ly/ 2 < y <  

Ly/2  and —Lzj 2 <  -z <  Lzj 2 (see Fig. 3.2) by using the spectral method [2]. 

The incident electromagnetic wave is assumed to  propagate in  the ^-direction. 

In  th is spectral method, we expand the electric fie ld am plitude E  into a Fourier 

series in  the transverse (y and z) directions, obtaining

E  =  ^ 2  ^ 2  Emm' {%) exp (imkyy +  im'kzz) , (3.10)
m m '

where ky =  2^/Ly and kz =  2ir/Lz. We now introduce the follow ing dimension- 

less variables:

T  — (3u)q t f  £q 

X  =  kx

Y  =  ky

Z  =  kz, (3.11)

where k — 2ttN/Xq, w ith  A0 =  c/ojq being the laser wavelength in  vacuum and 

N  =  f̂eq is the medium refractive index in  the sim ulation region, and j3 being 

a dimensionless parameter which is used to  renormalize the tim e T  to  some
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convenient un it (picoseconds, for example). This allows us to  recast Eq. (3.9) in  

the follow ing form:

where,

QT OX2 ^Xmrri ̂  ^mm' — N L (E mmi , T ) , (3.12)

N L (E mmi,T )  — —A  eEmmi 

K 2xmm> =  £o -  (m ky /k f -  {m'kz/ k f . (3.13)

Incident laser

Scattered Light

Figure 3.2: The geometry o f the sim ulation

The electric field am plitude E  is expanded into Chebyshev polynom ials in  the 

longitudinal (x) direction. The length o f the sim ulation region in  the direction 

o f lig h t propagation [0, Lx] is mapped in to  the interval [—1,1] and the gridpoints 

are defined as: X j  =  -  cos ( ( j -  1)tt/N x), where j  =  1 ,2 ,. .., N x +  1 and N x is 

the to ta l number o f points in  the rc-direction.
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3.3 Iteration in Time

51

We use the im p lic it m idpoint rule [5] for the tim e ite ra tion  o f Eq. (3.12). The

im p lic it m idpoint method solves a differential equation o f the follow ing form

u =  p(u)u,

where p(u) is a given function o f the quantity u. For a step in  tim e un —» un+1, 

tn —>■ tn + 1  =  t n +  r ,  where r  is the step size and un is the quantity u at t =  tn, 

the im p lic it m idpoint rule reads

where u =  (un+1 +  un)J2 is the m idpoint value o f u. Solutions to  Eq. (3.14)

In  order to  advance Eq. (3.12) in  tim e, the forward Euler scheme has been used 

to get the m idpoint value E mm>. The forward Euler scheme takes the form

Combining Eqs. (3.15) and (3.16), the middle point value takes the form

u n + l  =  y n  +  r p ( { j ) ^ 5 (3.14)

have the conservation property |un| =  |un+1|, and the solution un is bounded as

n -»  oo [6].

Now, Eq. (3.12) can be rew ritten as:

dEmrni   i
8T  2/3

N L (E mm.,T )
--mra' 'mm1

n
(3.16)

■Ew  +
mm*

X m m f m m }

From the im p lic it m idpoint rule (3.14), one obtains:

N L (E mm>,Tn)pn+l   nn ,
Ttivn! mm-' ' Xm m '

'mm'
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Substituting Eq. (3.17) in to  Eq. (3.18) and assuming N L (E mm>,Tn) =  NL(E^ltn, ,T n), 

we have

%T
"mm' mm '

d2
d X 2

which can be rew ritten as follows

+  K X  mm<
9*7”

(3.19)

( m ?  ~  x)  =  +  N L (S™ - ’ T ")’ <3-20)

where A =  —i&fi/r. The length o f the sim ulation region in  the direction

o f lig h t propagation is mapped in to  interval [—1,1] and, therefore, Eq. (3.20) 

is a D irich le t problem for a second-order e llip tic  operator in  the interval [—1,1], 

which we may solve using the Tau method [2].

3.4 Boundary Conditions

Due to  the properties o f the Fourier transform , the imposed boundary conditions 

are periodic in  the transverse (y and z) directions. The boundary conditions in 

ar-direction correspond to transparent boundaries a t Xi =  0 and X r =  koLx for 

both the incident and the scattered waves (see [3] and [4]):

dE„
d X x,

iKxmm' ( 2 E ^m> -  Emm,(X i ,T )+

0  9 [E {m l(T )  -  Emmr(Xh T)
Klmm' dT

dE„
d X X r

=  +  (3.21)

where E ^m, (T ) is the Fourier component o f the incident electric field am plitude.
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3.5 The Shape of Incident Beam

53

Three kinds o f incident beam shapes are used in  our simulations. The simplest 

case is th a t o f an incident plane wave. However, we also use two more complicated 

beam shapes—the fla t-top  laser beam (in  dimensional units)

E q( x  =  0, y,  z, t )  =  i -E 0(t)(ta n h  ~  tan}l ^ ~ r ~ )
4 d o

t z  +  a , z  — a. 
x  (tanh —  ------ tanh — -— ), (3.22)

o o

where a stands for the half-w idth  o f the beam at the plane o f incidence and S 

characterizes the smoothness o f the beam edges, as well as the Gaussian beam

[7]

E0(x =  0 , y , z ,  t) =  E0( t ) ^ e M - y ^ }

x exp[—jk x  -  j k | ^ 2  +  (3-23)

where W{x) and R(x) are the beam radius and the wavefront radius, respectively, 

taking the follow ing forms:

W(x) =  a[l +  ( # - ) 2]1/2 (3.24)
L r

R(x) =  x[l +  ( ^ ) 2} (3.25)

C(x) =  arctan y -  (3.26)
L r

where a  is the m inimum radius o f the beam at the best focus position and L r  is 

the Rayleigh Range, which is the distance from  the best focus position to  where 

the beam radius increases by a factor o f 2. The m inim um  radius o f the beam is 

related to the Rayleigh Range by

= (̂ f )1/2- (3-27)

where A is the wavelength. The number /  is defined to  characterize the m inim um

radius of the beam a — f  A at the best focus position and the /  number is also
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related to  the Rayleigh length L r =  27r/2A. The Gaussian profile given in  (3.23) 

is a reasonable realization o f an actual incident laser beam as it  m ight be found 

in  an experimental setup, while the plane wave is a ideal profile fo r testing the 

va lid ity  o f the code, as i t  allows for comparison w ith  analytical solutions, i.e., 

M ie theory.

3.6 Far-field Calculation

An appropriate presentation o f numerical data is very im portan t fo r the com

parison w ith  experimental results and theoretical models. Typica l experimental 

measurements usually only show the characteristics o f the laser lig h t well outside 

the interaction region. Therefore, the laser field profile fa r from  the scattering 

objects ( so-called far-fie ld) should be calculated from  the fie ld d is tribu tion  in  

the interaction region (so-called near-field) which we have obtained through our 

simulations.

The asymptotic expression for the electric field o f the scattered lig h t at a 

far-fie ld  point p (see Fig. 3.2) is given by [8]:

E(p, t) =  l i f sd S ' E*(x ’ y' ^  *)V "  ( 2 nkp(xy~z j  6Xp (ikp(x ' y ' z) ~  i7r/ 4) )

exp (ikp(x, y, z) -  m /4 )V nE s(x , y, z, t). w *. j,, / -/ ) (3.28)
27Tkp{x, y, z)

where E s is the electric field at the em itting  surface, E(p, t) is the electric fie ld  at 

a far-field point p, V n denotes the derivative along the outward drawn normal to  

the em itting surface, and p is the vector from  the point at the em itting  surface 

w ith  coordinates (x ,y ,z ) to  the far-fie ld point w ith  coordinates (zo, yo, zq). In  

order to evaluate the above integral, we use a Cartesian geometry and let

u =  (1/27Tkp(x,y, z)) exp (ikp(x, y, z) -  m /4).
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Then the integral (3.28) takes the follow ing form:

E(p, t) =  ^ - ^ d S ' (EVnu -  u V nE). (3.29)

Firom Fig. 3.2 one can see th a t the planes A B C D  and E F G H  coincide w ith  

the inpu t (x — 0) and output (x =  Lx) boundaries. For forward scattering 

calculations, we consider only the contributions due to  plane E F G H ,  while for 

backward scattering calculations, we consider only the contributions due to  plane 

A B C D .  Hence, the integral Eq. (3.29) reduces to

*<**) = i  / / * * ( * ! - « § ) ■  P-30)

The above result can be expressed in  a somewhat more inform ative form  i f  we 

rewrite \p\ in  terms o f spherical coordinates (8, 4>). Using the facts

dp/dx =  —x/p  =  —cos8

dufdx =  (du/dp) (dp/dx) =  — cos 6(du/dp)

p ~  po — x cos 0 — y sin 6 cos (j> — z sin 8 sin <j> 

lim  u =  —  exp(ikpo — ikx cos 8 — iky sin 8 cos <f>
p-> OO 2ltkpQ

—ikz sin 8 sin </) — m /4)

lim  ^  ^ — expUkpo — ikx  cos 6 — iky sin 8 cos <t>
p->oo dp zixkpQ

—ikzsmdsm^ — m/A), (3.31)

we have

dE
—ikE  cos 8 —  

dxEM = h2 ÎIdydz
x exp (—ikx cos 8 — iky sin 8 cos <f> — ikz sin 8 sin (f). (3.32)

By introducing kx — k cos 8, ky =  k sin 8 cos <j), kz =  k sin 8 sin <j), and taking in to  

account that, in  the case o f forward scattering, E  ~  exp (ikxx), one obtains from  

Eq. (3.32) th a t

E(p, t) =  eXP +  — 2ifca, exp (~ ik xx)]E (Lx, ky, kz). (3.33)
AitkpQ
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S im ilarly, in the case o f backward scattering, we have

E(p, t) =  g ^ ^ P  +  m / 4) [2 ikx exp (~ ikxx)]E( 0, A,). (3.34)
47T/C/?o

Equations (3.33) and (3.34) fo r I?(p, t) have been used in  our numerical sim

ulations to  calculate the scattered lig h t intensity at the far-fie ld points. The 

em itted power at a far-fie ld point is given by

Q =  *)|2 =  ikxE (L „  k„, fe ) |2 (3.35)

3.7 Conclusions

The model presented in  th is chapter allows us to  describe the interaction o f a 

laser w ith  biological objects on spatial scales ranging from  single cells to larger 

samples. In  th is model, only a scalar wave equation is solved, which can be 

accomplished more efficiently than the calculations required for other numerical 

solutions, such as FD TD  and Monte Carlo techniques. The nonpar axial spectral 

method is employed to  solve the scalar wave equation and both forward and 

backward scattering are considered in  the model. The small-angle, large-angle ( 

up to  25°), and backward scattering signals can be obtained. Prom the scattered 

signals, i t  is possible to differentiate between cells on the basic o f the ir size and 

composition. In  the next chapter, the im plem entation and validation o f the code 

w ill be presented.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

Bibliography

[1] J. D. Jackson, Classical Electrodynamics. New York: W iley, 1974

[2] C. Canuto, M. Y. Hussaini, A . Quarteroni, T . A. Zang, Spectral Methods 

in  F lu id  Dynamics (Springer-Verlag, Berlin Heidelberg 1988).

[3] M. R. Am in, C. E. Capjack, P. Frycz, W . Rozmus, and V . T . Tikhonchuk, 

Phys. Fluids B 5, 3748 (1993).

[4] M. R. Am in, C. E. Capjack, P. Frycz, W . Rozmus, and V . T . Tikhonchuk, 

Phys. Rev. Le tt., 71, 81 (1993).

[5] J. M. Sanz-Serna and J. G. Verwer, IM A  Journal o f Numerical Analysis 6, 

25-42 (1986).

[6] J. M. Sanz-Serna and V . S. Manoranjan, J. Comp. Phys. 52, 273-289 (1983).

[7] B. E. A. Saleh and M . C. Teich, Fundamentals of Photonics (New York: 

W iley, 1991).

[8] M. Bom and E. W olf, Principles of Optics (Pergamon, Oxford, 1970).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



58

Chapter 4 

Code Development and 

Validation

4.1 Introduction

In  the previous chapter, we presented the theoretical model upon which our 

simulations are based. We subsequently derived the approximate scalar 3-D wave 

equation from  M axwell’s equations, explained in  detail the numerical algorithm  

which we use to  solve th is equation, and also addressed the far-held electric held 

calculations.

A  code previously developed for studying Iaser-plasma interaction physics [1 - 

4] was evolved to  address the scattering o f ligh t by cells. The development and 

validation o f th is new code is now addressed.

In  the code development section, I  briehy describe the process o f code devel

opment and address some o f the difficulties which arose during th is  process. In  

the code validation section, I  describe the 3 main areas where the code was tested. 

These include 2-D sim ulation results which are compared w ith  the predictions o f 

linear perturbation theory; the 3-D sim ulation results, which are benchmarked
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against the Mie theory predictions for scattering from a homogeneous sphere; 

and backward scattering calculations, which must be addressed as they require 

extensive com putational accuracy and stability.

4.2 Code Development

As described in  previous chapter, the wave equation (3.9) is solved num erically 

through use o f the spectral method. In  the past, the spectral method has been 

used to  describe lig h t scattering from  inhomogeneous, tim e dependent dielectrics, 

and applied to  a number o f problems in  laser-plasma interaction physics [1-4]. 

The 2-D laser-plasma interaction code solves a coupled system o f equations for 

the non-paraxial electromagnetic and the ion-acoustic waves. In  order to  apply 

th is  code to  laser-tissue interactions, several modifications were required, such as, 

physically separating the two coupled equations in  the iterations, benchmarking 

the sim ulation results after separation, deleting everything related to  the ion- 

acoustic wave equation, and implementing a subroutine to model cell as described 

by equation (3.8).

A fte r successfully testing th is new version o f the 2-D code (see next section), 

a three dimensional version o f the code was developed. One more dimension to  

the modified 2-D code was added and subroutines for the far-fie ld electric field 

calculations were w ritten . The 3-D code has been successfully run on “Aurora 

and Borealis” , the parallel supercomputers on the University o f A lberta campus. 

” Aurora” , a SGI O rig in  2000, is configured w ith  46 processors and ” Borealis” is 

a SGI O rig in 2400 w ith  64 processors. For a typ ica l model, w ith  a sim ulation 

region (Fig. 3.2) size o f 40 x  80 x 80 wavelengths A0 (40A0 is the length in  the 

direction o f wave propagation and 80Ao is the length o f two transverse directions), 

the code w ill usually take less than 24 hours to  run on “Aurora” (u tiliz ing  10 

processors).
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4.3 Code Validation

60

4.3.1 Linear Perturbation Theory

In  th is subsection, an analytic stationary solution to Eq. (3.9) is obtained via  the 

linear perturbation method. In  the stationary regime, the tim e derivative term  in  

Eq. (3.9) can be neglected. Consider the scalar wave equation (3.9) in  two spatial 

dimensions. By assuming small-angle scattering, the field am plitude E  can be 

w ritten  as E  =  Ea(x, y) exp(ikmx), where km =  27r/Am =  (a;0/c )v/s^ is the laser 

wavevector in  the inter-cellular medium. The characteristic inhomogeneity scale 

length o f the field amplitude Ea(x, y) in  the direction o f lig h t propagation (x) is 

assumed to  be much larger than the laser wavelength in  the inter-cellular medium 

Xm <  |d ln (Ea)/dx\~l . This is the condition th a t is required for the va lid ity  o f

the paraxial approximation. Expanding Ea =  E 0 +  SE , where E0 is the incident

lig h t am plitude and SE is the scattered ligh t amplitude (|£E| <C |jE70|), Eq. (3.9) 

to  firs t order in  SE and As takes form

2ik- i i + ^ w + ^ - 0- <41>
A fte r perform ing a Fourier transform ation in  the transverse (y) direction, we 

obtain the follow ing equation for the Fourier component o f the electric field 

SE(x, ky) :

2 _  k p E (x , ky) +  ~ A s (x ,  ky)E0 =  0, (4.2)

where Ae(x, ky) is the Fourier component o f the dielectric constant perturbation 

A e(x,y). The solution to Eq. (4.2) takes the form

6E(x, ky) =  1  dx'Ae(x', ky)As(x', ky) exp ~  ^ ')^  • (4.3)

The constant o f integration in  (4.3) is chosen so tha t the fie ld perturbation SE 

is zero at the boundary x =  0.
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For sim plicity, consider a square perturbation o f the dielectric constant Ae(x, y) 

equal to  Ae0 in  the region — R q  <  x  —  x 0 <  R q  and — R q  <  y <  R q ,  and zero 

elsewhere. By using the assumption tha t the incident lig h t has a very small d i

vergence angle ( E0(LX, ky) «  0 for ky ^  0), we may combine (4.3) and (3.35) to 

obtain the transm itted power per u n it angle

where k* — ky/ka.

Sim ilarly, placing a square nucleus measuring 2Rn by 2Rn and dielectric con

stant perturbation Aen in  the center o f a cell w ith  dimensions 2 R q by 2 R q and 

dielectric constant Ae0, the transm itted power per u n it angle is

The scattering from these square perturbations can be used to  test the numer

ics o f our spectral method. A comparison between our numerical results and 

theoretical predictions from  Eqs. (4.4), (4.5) is shown in  Fig. 4.1. In  these simu

lations, the dielectric constant o f the medium is so =  1.8225, while the dielectric 

constant perturbations for the cytoplasm and the nucleus are Aeo =  0.0544 and 

A sn =  0.1096 respectively. The accuracy of our numerical method in  th is case is 

clearly demonstrated in  Fig. 4.1, where the sim ulation results agree nicely w ith  

theoretical calculations.

Q =

As fc* —> 0 formula (4.5) takes the form

(4.6)
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Figure 4.1: A  comparison o f the scattering intensity obtained from  both numer

ical simulations and analytic solutions (4.6) fo r three types o f square cells: for 

a cell w ithout a nucleus—the dash-dotted line (simulations) and “c irc ” (analyt

ical); for a cell w ith  a normal nucleus— the solid line (simulations) and “ +  ” 

(analytical); and for a cell w ith  a large nucleus—the dashed line (simulations) 

and “A ” (analytical). The w idth o f the cell is Dq =  llf im ,  the w id th  o f the 

normal nucleus is D n =  3pm, and the w id th  o f the large nucleus is D n =  6//ra. 

The dielectric constant perturbation for the cell is Aeo =. 0.0544, while fo r the 

nucleus Aen — 0.1096.
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4.3.2 Scattering from a Homogeneous Sphere

The d iffraction o f a plane monochromatic wave by a homogeneous sphere w ith  

a zero thickness interface can be calculated w ith in  the framework o f M ie theory 

[7,8]. Mie theory exactly solves Maxwell’s equations in  3-D fo r a ll components 

o f the electromagnetic field both inside and outside o f the sphere, along w ith  the 

boundary conditions on the surface. In  Mie theory, the electromagnetic fields 

are expressed in  term  o f in fin ite  series expansions. These expansions can be 

significantly sim plified when the distance r  from  the scattering sphere is much 

larger than the laser wavelength Am in  the medium surrounding the scattering 

sphere. When the incident lig h t is linearly polarized, the scattered ligh t intensity 

|S'!2 can be determined by [8]

where ixn — —(1 /s in6)dPn/dO, r „  =  —( fP n/d92, and Pn are the Legendre poly

nomials of order n. The coefficients an and bn are given by

where ipn and £n are the Ricatti-Bessel functions, x =  kma, m =  kg/k m, a is the 

radius o f the scattering sphere, and km and ks are the laser wavevectors outside 

and inside the scattering sphere, respectively.

Figure 4.2 and Figure 4.3 compare 3D sim ulation results and M ie theory 

predictions for the scattering o f a plane wave by a homogeneous sphere in  different 

cases. The agreement is very good for scattering angles up to  30 degrees. This 

good agreement between simulations and theory is achieved in  spite o f the fact 

th a t the numerical model solves the wave equation in  the scalar approxim ation, 

whereas Mie theory solves the fu ll Maxwell’s equations (for a ll 6 components o f

2n +  l
(4.7)

m'ipn(m x)fn(x) -  ipn(x)il/n(mx) 
mipn(mx)?n(x) -  (;n(x)i)'n(mx)

b _  ipn(mx)ip'n(x) -  rmpn(x)ip'n(mx) 
i>n(mx)£'n(x) -  m^n{x)^'n{mx) ’

(4.8)
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40
scattering angle [degrees]

Figure 4.2: A  comparison o f the intensity o f scattered lig h t from  a homogeneous 

sphere in three spatial dimensions obtained from  simulations (solid line) and 

from  Mie theory (dotted line). The diameter o f the sphere is D q =  11 \im. The 

dielectric constant outside the sphere is £o =  1 and inside the sphere e =  1.0609. 

In  the sim ulation result, the transm itted component (at 0°) has been removed 

by setting the intensity at 0 degrees equal to  its  neighbour point.
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Figure 4.3: An another comparison of the intensity o f scattered lig h t from  a 

homogeneous sphere in  three spatial dimensions obtained from  simulations (solid 

line) and from  Mie theory (dotted line). The diameter o f the sphere is Do =  

11 fim. The dielectric constant outside the sphere is sq =  1.8225 and inside the 

sphere e =  1.8769. In  the sim ulation result, the transm itted component (at 0°) 

has been removed by setting the intensity at 0 degrees equal to  its  neighbour 

point.
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the electromagnetic fie ld). We may conclude tha t the scalar wave equation is 

an effective approxim ation to the fu ll Maxwell equations for moderate scattering 

angles th a t are o f practical importance for applications such as cytometry. The 

scalar wave approximation is valid because in  the case o f small-angle scattering, 

the longitud ina l component o f the electric fie ld  E  is small and divE  is small, 

so the last term  on the le ft hand side o f the fu ll wave equation (3.6) can be 

neglected. For larger scattering angles, the scalar wave approxim ation breaks 

down, since the term  w ith  divE becomes comparable to  the second and th ird  

terms on the le ft hand side o f Eq. (3.6).

4.3.3 Backward Scattering

Mie theory predicts (see figure 2.4) a 5 to  6 order o f magnitude difference be

tween the forward and backward scattering intensities. I t  is very d ifficu lt fo r a 

sim ulation code to  give correct results over a range from  1 to 10~6. So verification 

o f the backward scattering calculations must be addressed.

We firs t examined the reflection and refraction o f electromagnetic waves at 

a plane interface between two different dielectrics. In  the propagation direction, 

one h a lf the sim ulation box was filled  w ith  a medium w ith  a refractive index of 

1.00 while the other ha lf was filled  w ith  another medium w ith  a refractive index 

o f 1.03. The incident laser ligh t was assumed normal to the plane interface. The 

sim ulation results show tha t the ra tio  o f intensities o f the reflected and incident 

lig h t is 2.1 x  10-4 .

Based on the Fresnel’s prediction [5], we have th a t i f  the electric fie ld is 

perpendicular to the plane o f incidence, the ra tio  o f amplitudes o f the reflected 

wave and incident wave takes form
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where 9 is the incident angle, n and n' are the refractive indices o f two different 

media, and fx, / /  are the permeabilities. On the other hand, i f  the electric fie ld 

is paralle l to  the plane o f incidence, the ra tio  o f amplitudes o f the reflected and 

incident fields is given by

(4.10)

(4.11)

E" i 7-n/2 cos 9 — n \ /n 12 — n2 sin2 9
■E'O _  J f____________________ ___________________

E q J ^n i2 cog Q _j_ n s J n O. _  n 2 Sin 2 0
It  v

For normal incidence (9 — 0), Eqs. (4.9) and (4.10) reduce to

Eq _ n !  — n 
E q n' +  n

where / /  =  // is assumed. Using Eq. (4.11) and defining n' =  1.03 , n =  1.00, the 

ra tio  o f intensities o f the reflected and incident lig h t is 2.18 x  10-4 . Therefore, 

our sim ulation result closely agrees w ith  FresnePs prediction.

Secondly, in  order to avoid the aliasing effect [6] in  the discrete Fourier trans

form , we have smoothly cut o ff modes w ith  large k vectors in  the transverse 

directions. This is done by m u ltip ly ing  the modes o f Ey and E z respectively by 

the profile function shown in  Fig. (4.5). Figure 4.4 shows the backward scat

tering signal on the boundary. Figure 4.4 (a) corresponds to  the case when a 

cu to ff is not imposed on large K  values while figure 4.4 (b) represents the case 

where a cutoff on large K  values is used. W ithou t a cutoff, the signal due to  the 

aliased Fourier transform  in  the transverse directions are larger than the back

ward scattering signal which is very small fo r scattering from  a cell. Therefore, 

an incorrect backward scattering profile is obtained in  the far-fie ld. W ith  a cut

off, the backward scattering signal on the le ft boundary is correct (see Fig. 4.4

(b)) , so tha t the backward scattering intensity in  far-fie ld is also correct. There

fore, in  order to have a correct backward scattering signal d is tribu tion , modes 

w ith  large K  values in  transverse direction have to  be sm oothly cut-off. The 

prescription we have used is shown in  Fig. 4.5. Figure 4.5 (a) and (b) show two
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different smooth cuto ff profiles imposed on large k modes in  transverse direc

tions. Fig. 4.6 (a) shows the scattering intensity in  far-fie ld corresponding to  the 

sm oothly cuto ff profile shown in  Fig. 4.5 (a) and Fig. 4.6 (b) is the scattering 

intensity in  far-field corresponding to  the smoothly cuto ff profile shown in  Fig. 

4.5 (b). From Fig. 4.6 (a) and (b), the elim ination o f large K  modes gets rid  

o f the signal produced by the aliased Fourier transform  and leads to a correct 

backward scattering intensity in  the far-field. By comparing Fig. 4.6 (a) w ith  

Fig. 4.6 (b), we can see tha t the difference in  scattered intensity d is tribu tion  

is in  the scattering angle beyond 45° in  both forward and backward directions. 

Therefore, the profile o f Fig. 4.5 (a) is chosen in  our simulations. In  transverse 

directions, we set the grid o f 3 points per wavelength. This grid  is not as fine 

as th a t in  propagation direction (see below discussion) to  resolve the interface 

profile between surrounding medium and cell. I t  may lead to  some numerical 

inaccuracy at large scattering angle. This is the another reason why we choose 

the smooth cutoff profile described in  Fig. 4.5 (a).

According to  M ie scattering theory [8,9], the backscattered (scattering angle 

0 =  7r) phase function can be expressed as

p(x, 7T) =  i2’ (4-12)

where Qsca is the scattering efficiency and x — 27cNa/Xo is the size parameter 

defined in  chapter 2; the defin ition o f Si(n) is given by Eq. (2.90). We have 

plotted p(x, 7r) (solid line w ith  symbol ’* ’) and its  corresponding backscattered 

intensity (solid line w ith  symbol ’o’) in  Fig. 4.7 over a small range o f size parame

ters common in  spherical cell scattering. Figure 4.7 shows th a t the backscattered 

intensity is very sensitive to  the size parameters (cell size). The reason o f th is 

sensitivity may be due to  m ismatch between the cell diam eter and the incident 

laser wavelength. Therefore, the mechanism involved in  the backscattering is 

rather complex.
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In  M ie theory, the interface between the cell and the surrounding medium 

is treated as a step-function. Unfortunately, when we attem pt to  model th is 

setup numerically, s ta b ility  requirements force us to  describe the interface as an 

extended object— we treat the cell boundary as i f  i t  was a smooth transition  from  

the index o f refraction o f the surrounding medium to  th a t o f the cell in terio r. We 

are allowed some freedom, however, in  choosing how sharp/sm ooth th is interface 

profile is. Our choice o f interface profile w ill im pact our measurement o f effective 

cell radius and cell size parameter x—  a broader interface region w ill tend to 

give a smaller size parameter than th a t which results when a very sharp interface 

profile is used. Therefore, we should examine the effect o f our choice o f interface 

profile on our sim ulation results. Figure 4.8 (a) shows a re la tive ly smooth profile 

for the interface between cytoplasm and surrounding medium. Figure 4.8 (b) 

gives the scattering intensity d istribu tion  corresponding to th is smooth profile. 

The magnitude o f backward scattering is 10~5 smaller than th a t predicted by Mie 

theory (dotted line in  Figure 4.8 (b)). Figure 4.9 (a) shows a much sharper profile 

fo r the interface between the cytoplasm and the surrounding medium. O nly 4 

points are used to  resolve the interface which leads to  resolution lim it o f 3 points 

per wavelength (see Chapter 3). Figure 4.9 (b) gives the scattering intensity 

in  far-fie ld corresponding to  the sharp profile o f the interface. The backward 

scattering intensity is comparable w ith  th a t predicted by M ie theory (see Fig. 

4.9 (b)). Moreover, we consider the high resolution case by doubling the points 

in  the propagation direction (12 points per wavelength in  propagation direction). 

Figure 4.10 (a) shows the same profile as shown in  Fig. 4.9 (a) and Figure 4.10 

(b) shows the corresponding far-fie ld scattered intensity d is tribu tion  from  which 

one can conclude th a t w ith  the same profile but doubling the resolution, the 

forward scattered d is tribu tion  has been improved but the backward scattered 

d istribu tion  has become worse. This is because the interface profile between
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cytoplasm and surrounding medium is smooth (refer to  Fig. 4.10 (a)). Figure 

4.11 (a) shows a much sharper interface profile and Figure 4.11 (b) shows the 

corresponding scattered intensity d istribu tion. This is improved in  both forward 

and backward scattering.

In  order to  check i f  our sim ulation results in  backward region are also sensitive 

to  the cell size, we consider a case o f surrounding medium index n =  1.35, cell 

index n% — 1.37, and cell radius a — b.bfim w ith  four different interface profiles 

which are equivalent to  having four different effective cell sizes. In  th is consider

ation, we also choose the high resolution case of having 12 points per wavelength 

in  propagation direction. Figure 4.10 (a), 4.12 (a) &  (b), and 4.11 (a) show 

these four different interface profiles, from  smooth to  the sharper. Figure 4.13

(a) shows our sim ulation results in  the backward region for these four different 

interface profiles. The solid line represents the scattered intensity d istribu tion  

for the very sharp profile described by Fig. 4.11 (a). The dotted line represents 

the scattered intensity d is tribu tion  for a less sharp profile described in  Fig. 4.12

(b) while the dashed line represent the scattered intensity d istribu tion  for a rea

sonable smooth profile described in  Fig. 4.12(a). The dash-dotted line is the 

backscattered intensity d is tribu tion  for a smooth profile described in  Fig. 4.10

(a). From Fig. 4.13 (a), we conclude th a t our sim ulation results in  the backward 

region are very sensitive to  our choice o f interface profile, which, as we have seen 

above, corresponds to different choices o f the effective cell size. On the other 

hand, Figure 4.13 (b) shows our sim ulation results in  forward direction which 

are not sensitive to  the effective cell size. We also consider a case of surround

ing medium index n =  1.35, cell index n\ =  1.37, and a very sharp interface 

profile described by Fig. 4.11 (a) w ith  three different values o f the cell radius 

a =  5.50,5.49, and 5.48/xto. We also use 12 points per wavelength in  propagation 

direction in  th is consideration. Our sim ulation results of the scattered intensity
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distributions are plotted in  Fig. 4.14, (a) for the backward region and (b) fo r the 

forward region. The solid line is the results o f cell radius a =  5.50jw i, the dashed 

line is the results o f cell radius a =  5.49/xm, and the dotted line is the results o f 

cell radius a =  5.48/xm. O ur sim ulation results shows th a t there is a factor o f 

2 fo r backscattered intensities for these two cell sizes— cell radius a =  5.50/wn 

and a =  5.48pim. Therefore, our sim ulation results in  the backward region are 

very sensitive to  the cell size which is predicted by Mie theory. However, in  the 

forward region, our sim ulation results are not very sensitive to  the cell size (refer 

to  Fig. 4.14 (b)).

In  summary, backward scattering is implemented in  our sim ulation code. The 

sim ulation results and M ie theory predictions are different since M ie theory is an 

analytical solution o f the fu ll Maxwell’s equations assuming a plane monochro

m atic wave incident upon a spherical surface, at which the profile between two 

media is a step function. However, in  the case of high resolution (12 points per 

wavelength in  propagation direction), our numerical sim ulation results o f back

ward scattering are a good approxim ation to  the exact solution and allows one 

to  derive inform ation on a cell’s shape, size, and dielectric composition.

4.4 Conclusions

A  new numerical technique for modelling laser ligh t propagation in  biological 

tissue has been developed and implemented as an optim ized and parallelized 

three dimensional sim ulation code. This code can be used to  efficiently model 

laser ligh t scattering from  both single cells and larger biological samples. For 

a typ ica l sim ulation run on “Aurora” , the supercomputer at the University of 

A lberta  campus, u tiliz in g  10 processors, requires less than 24 hours o f real tim e. 

This code is non-paraxial, and can model both forward and backward scattering 

o f laser lig h t in  biological tissues. The sim ulation results are reliable over the
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range o f 0° ±  30° for forward scattering and 180° ±  20° for backward scattering.

The 3-D code has some lim ita tions—for example, the ra tio  o f |Ae(rr, y ,z )feq| <  

0.2, otherwise the code w ill experience convergence difficulties, since we treat 

Ae(x, y, z) as a perturbation; the code only solves the approximate scalar wave 

equation, so a ll polarization inform ation is lost; and practically, the code can

not resolve structures on scales much smaller than the laser wavelength, as for 

example, the cell membrane. Polarization effects w ill be addressed in  Chapter 7.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. CODE DEVELOPMENT AND VALIDATION 73

0.252---------- 1---------- 1---------- 1---------- 1---------- 1---------- 1---------- r

0.2495

0.249 -

:l_____l_____i-------- 1-------- 1-------- 1-------- 1-------- 1—-------
0 20 40 60 80 100 120 140 160

Y & im ]

0.2515

0.251

0.2505

0.25

0.2495

0,249
120 140100 16040

Figure 4.4: Backward scattering signals on the le ft boundary from  a two dimen

sional cell w ith  diameter o f l l f im  and dielectric constant o f 1.8769. The incident 

lig h t is a plane wave w ith  a wavelength o f 1/zm. Figure (a) corresponds to  the 

case where a cuto ff is not imposed on large K  values while figure (b) gives results 

when a cuto ff is used.
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Figure 4.5: The profiles o f smooth cutoff. F ig. (a) corresponds to  the profile 

o f more modes being cut o ff while Fig. (b) stands for the profile o f less modes 

being cut o ff which means only extreme large K  being cut off. The largest mode 

in  transverse direction can be expressed as iirmax =  ky(N y/2).
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Figure 4.6: Scattering intensities in  far-field. Fig. (a) shows the scattering 

intensity in  far-fie ld corresponding to  the smoothly cuto ff profile shown in  Fig. 

4.5 (a) and Fig. (b) is the scattering intensity in  far-fie ld corresponding to  the 

smoothly cuto ff profile shown in  Fig. 4.5 (b). The dotted line in  both Fig. (a) 

and (b) is the result o f M ie theory.
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Figure 4.7: The backscattered phase function o f Mie theory over a small range 

o f size parameters for a surrounding medium w ith  refractive index n =  1.35, 

the refractive index o f cell ni =  1.37, and laser wavelength in  vacuum Aq =  

1.0jxm. The solid line w ith  symbol ‘o’ represents the corresponding normalized 

backscattered intensity [a.u.].
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Figure 4.8: Smooth profile o f the interface between cytoplasm  and surrounding 

medium and its  scattering intensity d istribu tion. Fig. (a) shows a smooth profile 

o f the interface between cytoplasm and surrounding medium. Fig. (b) is the 

scattering intensity in  far-fie ld corresponding to  the gentle profile o f the interface.
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Figure 4.9: Sharp profile o f the interface between cytoplasm and surrounding 

medium and its  scattering intensity d istribu tion. Fig. (a) shows a sharp profile 

o f the interface between cytoplasm and surrounding medium. Fig. (b) is the 

scattering intensity in  far-fie ld corresponding to the sharp profile o f the interface.
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Figure 4.10: In  the high resolution case, “smooth” profile o f the in terface between 

cytoplasm and surrounding medium and its  scattered intensity d istribu tion . Fig. 

(a) shows a smooth profile o f the interface between cytoplasm and surrounding 

medium. Fig. (b) is the scattered intensity in  far-fie ld corresponding to  the 

gentle profile o f the interface.
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Figure 4.11: In  the high resolution case, the much sharper profile o f the in 

terface between cytoplasm and surrounding medium and its  scattering intensity 

d istribu tion . Fig. (a) shows the much sharper profile o f the interface between cy

toplasm and surrounding medium. Fig. (b) is the scattered intensity in  far-fie ld 

corresponding to the sharpest profile o f the interface.
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Figure 4.12: Two d ifferent profiles o f the interface between cytoplasm and sur

rounding medium in  the high resolution case o f 12 points per wavelength.
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Figure 4.13: Sim ulation results o f the scattered intensity d istributions for four 

different profiles o f the interface between cytoplasm and surrounding medium 

in  the high resolution case o f 12 points per wavelength, (a) backward direction 

and (b) forward direction. The solid line is the result o f the very sharp interface 

profile described by Fig. 4.11 (a); the dotted line is the result o f the sharp 

interface profile described by Fig. 4.12 (b); the dashed line is the result o f the 

reasonable smooth interface profile described by Fig. 4.12 (a); the dash-dotted 

line is the result o f the smooth interface profile described by Fig. 4.10 (a);
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Figure 4.14: S im ulation results o f the scattered intensity d istributions for d if

ferent cell sizes w ith  the very sharp profile (described by Fig. 4.11 (a)) o f the 

interface between cytoplasm and surrounding medium in  the high resolution case 

o f 12 points per wavelength, (a) backward direction and (b) forward direction. 

The solid line is fo r cell radius a =  5.50/xm, the dashed line is for cell radius 

a =  5.49/rm, and the dotted line is fo r cell radius a =  5.48/rm.
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Chapter 5 

Two Dimensional Simulations of 

Light Scattering from Cells

5.1 Introduction

The previous two chapters dealt w ith  the development o f an algorithm  upon 

which our simulations are based and the implementation and testing o f the com

puter code. In th is chapter, we present the two dimensional sim ulation results 

o f lig h t scattering from  biological cells.

A lthough they cannot describe the “real world,” results from  simulations in  

two dimensions are nevertheless useful in  obtaining qualita tive predictions for the 

behaviour o f certain systems. In  the 2-D case, we focus on plane wave scattering 

from  both single and m ultip le  cells.

Since we intend to  model laser lig h t propagation in  biological tissue, we re

quire values for the index o f refraction o f each cell component. The values listed 

in  Table 5.1 were taken from  the literature, and are used in  a ll sim ulations in 

th is thesis.
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C e ll com ponent R e fra c tive  in d e x R eference

Surrounding medium 1.35 [2]

Cytoplasm 1.37 [3]

Nucleus 1.39 [3]

M itochondria 1.42 [4]

Table 5.1: The values fo r index o f refraction o f various cell components which 

are used in  the simulations.

5.2 Scattering by Single Cells

In  lig h t scattering from cells, i t  is im portant to  understand the role o f a cell 

nucleus. For example, cancerous cells are characterized by a large nuclear to  

cytoplasmic volume ra tio  [1]. Three types o f cells were chosen for our 2D sim

ulations: cells w ithout a nucleus, cells w ith  a normal-size nucleus of diameter 

D n — 3ptm, and cells w ith  a large nucleus o f diameter D n =  6/xm. The cell diam

eter in  a ll cases is Dq =  11/wn. The dielectric constant is related to  the index o f 

refraction by e =  n 2. Therefore, using the values from  Table 5.1, we know tha t 

the dielectric constant o f the inter-cellular medium is eo =  1.8225. S im ilarly, we 

fin d tha t fo r the cytoplasm, e — 1.8769, while for the nucleus e =  1.9321. The 

incident laser lig h t is assumed to  be a plane wave w ith  wavelength Ao =  lprni. 

The dependence o f the scattered lig h t intensity on the scattering angle is shown 

on a linear scale in  Fig. 5.1(a) and on a logarithm ic scale in  Fig. 5.1(b). The 

transm itted component, which is the large peak at 0 degrees in  Fig. 5.1(b), is 

removed by setting the intensity at 0 degree equal to its  neighbour point intensity 

in  Fig. 5.1(a).

From Fig. 5.1 i t  is clear th a t the dominant feature o f the scattering pattern is 

forward (small-angle) scattering. Three different regions can be identified in  the
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Figure 5.1: Scattering intensity from  a two dimensional single cell w ith  diameter 

D 0 =  11/zm on a linear scale (a) and on a sem i-logarithm ic scale (b). The dash- 

dotted line corresponds to  a cell w ithout nucleus, the solid line corresponds to 

a cell w ith  a normal nucleus o f diameter D n =  3fim, and the dashed line corre

sponds to a cell w ith  a large nucleus o f diameter D n =  6/ira. The transm itted 

component, which is the large peak at 0 degrees in  (b), is removed by setting the 

intensity a t 0 degree equal to  its  neighbour po in t intensity in  (a).
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scattering pattern in  Fig. 5.1. F irs t, the angle interval from  0 to  0.25 degrees 

corresponds to  the angular w idth o f the incident ligh t. The large scattering 

intensity over th is range sim ply represents the signal from  the incident lig h t 

w hich is not scattered.

The second region, which extends from  0.25 to  $q «  4 degrees, contains the 

m ain part o f the scattered lig h t intensity. The w id th  o f th is interval, charac

terized by value o f 9q, is determined by the ra tio  o f the typ ica l cell size to  the 

laser wavelength in  the inter-cellular medium. A  cell w ith  a large nucleus scat

ters more lig h t than a cell w ith  a normal nucleus, while a cell w ith  a normal 

nucleus scatters more lig h t than a cell w ithout nucleus. This is consistent w ith  

the predictions o f linear perturbation theory (4.5), (4.6), and w ith  the numerical 

results o f Ref. [1].

F inally, for angles larger than 60 &  4 degrees, the scattering am plitude de

creases rap id ly w ith  angle, so tha t large-angle scattering is small.

5.3 Scattering by many objects

In  many realistic situations, the laser lig h t propagates through a medium w ith  

many scattering objects (scatterers). For example, a biological tissue sample 

usually contains many cells. Therefore, the problem o f lig h t scattering by an 

ensemble o f many identical scatterers is o f fundamental importance. In  th is 

section, the scattering features o f a medium w ith  many scattering objects are 

discussed and compared to  the scattering features o f a single object. In  our 

2D simulations, the number o f random ly d istributed scattering objects in  the 

sim ulation region was varied from  1 to  90. The scattering objects are assumed 

to  have a diameter o f Do =  7p,m  and a dielectric constant e =  1.8769. The 

dielectric constant o f the surrounding medium is assumed to  be e0 =  1.8225. 

The incident lig h t is assumed to  be a plane wave w ith  a wavelength Aq =  l jurn.
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Figure 5.2 shows a contour p lo t o f the dielectric constant in  a sim ulation 

region w ith  52 random ly d istributed scatterers. Figure 5.3 illustrates the typ ica l 

form  o f the relationship between the scattering intensity and the scattering angle. 

In  th is figure, the scattering intensities for the case o f N  =  10 scatterers and for 

the case o f single scatterer are compared. I t  is readily seen th a t the scattering 

intensity from  N  =  10 scatterers does not have the regular pattern o f m inim a 

and maxima th a t is observed when scattering from  only a single object. A t the 

same time, the scattering intensity, averaged over an interval o f a few degrees, is 

a few times larger in  the N  =  10 case than i t  is in  the N  =  1 case. The increase 

o f scattering intensity w ith  the number o f scatterers is observed at both small 

and large scattering angles.

In  addition, up to  45 degrees scattering angle in  Fig. 5.3, the d istribu tion  o f 

scattered intensity from  N  — 10 scatterers has a high frequency m odulation and 

is enveloped by a scattering d is tribu tion  from  single scatterer. The phenomenon 

may be caused by interference effects between scatterers. One can conclude from  

Fig. 5.3 th a t the increase o f the number o f scatterers changes the scattering 

intensity, but not the characteristic angular features o f scattering.

The dependence of scattering power and scattering angle on the number of 

scatterers is illustra ted in  Figs. 5.4(a) and (b), which combine results corre

sponding to  two different lengths o f the sim ulation region— L  =  160/iro  and 

L  — 320/xra. meanwhile, the w id th  o f the sim ulation region is 160/im  fo r both 

cases. Fig. 5.4(a) shows the fraction o f scattered power, i.e., the power o f lig h t 

propagating outside the incident beam optics, as a function o f the number of 

scatterers. The scattered power varies from  about 4% o f the incident power for 

a single scatterer to over 90% o f the incident power for N  =  90 scatterers. From 

Fig. 5.4(a) i t  is evident th a t the scattered power does not depend on the length 

o f the sim ulation region, but only on the number o f scatterers. I t  can be expected
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Figure 5.2: An example o f the random d istribu tion  o f scatterers in  the sim ulation 

region. In th is  case, there are N=52 scatterers.
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Figure 5.3: Scattering intensity as a function o f scattering angle for 10 scatterers 

(dotted line) and for a single scatterer (solid line).
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th a t, due to the m ultip le scattering, the scattered power w ill be close to  1 as the 

number o f scatterers increases. The dependence o f the scattered power on the 

number o f scatterers [cf. Fig. 5.4(a)] is close to  linear.

The angular w id th  o f the scattered lig h t can be characterized by the average 

scattering angle (6), defined as

(5.1)

Fig. 5.4(b) shows the dependence o f the average scattering angle {$) on the 

number o f scatterers. I t  is evident from  Fig. 5.4(b) tha t (9) changes only s ligh tly  

(by no more than 25%) as N  changes from  1 to  90. The sm all dependence o f the 

characteristic scattering angle (9) on N  is consistent w ith  the angular spectrum of 

scattering intensity [cf. Fig. 5.3] th a t shown th a t amount o f scattering increases, 

but w ithout essential changes in  the angular spectrum.

5.4 Conclusions

I t  has been demonstrated th a t the spectral method can be efficiently used in  

modelling laser lig h t scattering for samples ranging in  size from  a single cell to  

large biological samples. In  the case o f laser lig h t scattering from  single cells, 

the most significant features o f the angular d is tribu tion  o f the scattered lig h t 

from  various cells occur at small angles. Cells containing large nuclei have more 

scattering at small angles compared to  cells containing normal-sized nuclei. The 

am plitude of scattering lig h t decreases even further for cells w ithou t a nuclei. In  

the case o f scattering from  m ultip le  cells, the sim ulation results show th a t the 

fraction o f the scattered power depends on the number o f scatterers and not on 

the size o f sim ulation region. In  fact, the fraction o f the scattered power is al

most linearly proportional to the number o f scatterers. F ina lly, up to  40 degrees,

(«> = (/[/ d e < P Q m / [ J  dSQ(0)}.
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Figure 5.4: The dependence o f scattered power (a) and the average scattering 

angle (b) on the number o f scattering objects. The w id th  o f the sim ulation region 

is 160pm , while the length o f the sim ulation region is either L =  160pm ( “ o ” )

or L =  320pm ( “ ★ ” )
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the scattering pattern from  many cells approxim ately retains the angular d is tri

bu tion  characteristic o f single cell forward scattering, but w ith  high frequency 

m odulation due to  interference effects.

In  the next chapter, we w ill consider the results from  3-dimensional simula

tions.
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Chapter 6 

Three Dimensional Simulation 

Results

6*1 Introduction

In  the previous chapter, we discussed the results o f our simulations of laser lig h t 

scattering from  cells in  two dimensions. W hile these simulations enabled us to 

obtain a good qualitative understanding of the interaction between laser lig h t 

and biological media, in  addition to providing a useful testing ground for our 

new com putational algorithm , two dimensional models, in  the absence o f certain 

symmetries, do not provide a complete general solution to the scattering problem. 

Therefore, in  th is chapter, we w ill tu rn  to the treatm ent o f a 3—dimensional 

model in  which 3 spatial coordinates and a single component transverse E-field 

(Ey) are considered. This model is exactly described by Eq. (3.9).

Since the 3—dimensional model more closely describes the true nature o f the 

system, the results from  the three dimensional simulations are very useful in  

obtaining quantitative predictions for the behaviour o f laser-tissue interactions. 

These results therefore have many potential applications; fo r example, they would
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Figure 6.1: Scattered ligh t intensity from  plane wave for three types o f cells : 

w ithout a nucleus (dotted line), w ith  a small nucleus D n =  3pm (dashed line), 

and w ith  a large nucleus D n =  6(j,m (solid line). In  a ll 3 cases, the cell diameter 

Do =  11 fmi. The nucleus is located in the center o f the cell.

be useful in  studies in  m icro-cytometry.

In  the 3—D case, the incident laser ligh t profile can either take the form  of 

a plane wave or tha t o f a Gaussian, and w ill experience scattering from  both 

single and m ultip le  cells. The values o f the index o f refraction fo r the various 

cell components are listed in  Table 5.1.

6.2 Scattering by a Single Cell

In  th is section the influence o f cell size and nucleus size on the scattering intensity 

are considered. Figures 6.1-6.4 show the angular spectra o f lig h t scattered by 

a spherical cell in  3D numerical simulations. The angular range shown in  Figs. 

6.1-6.4 is up to  45 degrees o ff the direction o f incident lig h t propagation.
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Figure 6 .2 : Scattered lig h t intensity from  plane wave for three sizes o f cells tha t 

do not contain a nucleus : w ith  diameter D 0 =  11 pern (dotted line), w ith  diameter 

D 0 — 7jj,m (solid line) and w ith  diameter D q =  5/rm (dashed line).
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Figures 6.1 and 6.2 show the angular spectra o f scattered lig h t in  the case 

when the incident laser lig h t is a plane wave w ith  wavelength Ao =  I f im . The 

length o f the sim ulation region is 40Ao in  the direction o f lig h t propagation and 

80Ao in  each o f the two transverse directions. In  Fig. 6.1, three types o f cells 

are chosen for our 3D simulations: a cell w ithout a nucleus, a cell w ith  a normal 

nucleus (the diameter o f the nucleus D n =  3juro), and one w ith  a large nucleus 

(the diameter o f the nucleus D n — 6 /xra). The cell diameter in  a ll cases is 

Do — 11 iim. The refractive index o f the inter-cellular medium is assumed to 

be n0 =  y/eo =  1.35. The cell components are cytoplasm (w ith  refractive index 

n =  1.37) and nucleus (w ith  refractive index n =  1.39). A  spherical nucleus is 

located at the center o f the spherical cell. Figure 6.2 shows the angular scattering 

spectra for cells w ithout a nucleus, but w ith  different diameters: Dq =  llfxm, 

Do =  7/zra, and Do =  5fim.

Spectra in  Figs. 6.1, 6.2 have sharp maxima at zero angles, corresponding 

to the unscattered ligh t. In  our simulations w ith  a plane wave, only a small 

fraction of lig h t is scattered because the cell occupies only a small fraction o f the 

sim ulation region cross-section. Figs. 6.1, 6.2 clearly show th a t the scattered 

lig h t spectra have a characteristic w id th  o f a few degrees and th a t th is w id th  

is consistent w ith  the cell size : the smaller the cell size, the larger the angular 

w idth. In  fact, the firs t m inim um  in  the scattering pattern is approxim ately 

determined by the ra tio  o f the incident laser wavelength and the diameter o f the 

cells: 0m — A /D . For example, three cases in  Fig. 6.2 have the m inim um  near 

at 5.2°, 8.2°, and 11.4°, respectively.

Figures 6.3, 6.4 show the angular spectra o f scattered lig h t in  the case when 

the incident laser ligh t is a Gaussian beam w ith  wavelength Ao =  1.0/xw and 

optical f-number o f 3 (Fig. 6.3) and optical f-number o f 10 (Fig. 6.4). O ther 

parameters in  the simulations w ith  the Gaussian beam are the same as in  simu-
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Figure 6.3: Scattered intensity from  a Gaussian beam w ith  f/3  optics on a loga

rithm ic  scale (a) and linear scale (b) for three types o f cells: w ithout a nucleus 

(dotted line), w ith  a small nucleus D n =  3/j.m (dashed line), and w ith  a large 

nucleus D n =  6 //m  (solid line). In  a ll cases, the cell diameter is assumed to  be 

11 fim and the cell is located in  center o f the focal spot o f the laser beam. The 

incident beam profile is given by the solid lines w ith  the ★ symbol.
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lations w ith  the plane wave incident ligh t.

B y comparing Figs. 6.3, 6.4 w ith  Figs. 6.1, 6.2 one can see th a t in  the case 

o f Gaussian beams, the amount o f scattered lig h t is much larger than in  the 

case o f a plane wave. This is p a rtia lly  due to  a stronger concentration o f the 

to ta l lig h t beam on a cell. Fig. 6.1 also shows tha t the amount o f scattered 

lig h t can provide inform ation about the dielectric p e rm ittiv ity  o f a cell. This 

inform ation, combined w ith  the inform ation on the cell size from  the w id th  o f 

angular spectrum, allows characterization o f the basic cell features.

6.3 Backward Scattering

As described in  Chapter 4, the backward scattering calculation is implemented 

in  our sim ulation too l and inform ation regarding the cell’s size and dielectric can 

be derived from  the backscattering intensity d istribu tion. Figure 6.5 shows the 

scattering intensity from  a three dimensional single cell w ith  different diameters 

o f Dq =  l l f im ,  Do =  7jj,m, and Do =  bfim. The backscattering intensity 

d is tribu tion  is p lotted in Fig. 6.5 (b). The solid line corresponds to  a cell 

w ith  diameter Dq =  1 1  jum, the dotted line corresponds to  a cell w ith  diameter 

Do =  and the dashed line corresponds to  a cell w ith  diameter Do — bfrni. 

Figure 6.5 (b) shows th a t a cell w ith  different size has a different backscattering 

intensity d istribu tion. From the backward scattered spectra, one can conclude 

the firs t m inimum away from  the backward direction is proportional to  the ra tio  

o f the incident laser wavelength and the cell diameter.

6.4 M ultiple Scattering

The Henyey-Greenstein phase function [1] is often used to  characterize the an

gular d istribu tion  o f scattered lig h t by tissue and it  has the form  of
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Figure 6.4: Scattered intensity from  a Gaussian beam w ith  f/10  on a logarithm ic 

scale (a) and linear scale (b) fo r three types o f cells: w ith  diameter Dq — 17/xm 

(dotted line), w ith  diameter D 0 =  l lf im  (dashed line ), and diam eter D q =  8jim  

(solid line). In  a ll cases, the cell is w ithout nucleus and is located in  center o f 

the focal spot of the laser beam. The incident beam profile is given by the solid 

lines w ith  the ★ symbol.
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Figure 6.5: Forward scattering intensity (a) and backscattering intensity (b) from  

a three dimensional homogeneous cell w ith  different diameters. The solid line 

corresponds to a cell w ith  diameter Do =  1 1 /zm, , the dotted line corresponds to 

a cell w ith  diameter Dq  =  7/xm, and the dashed line corresponds to a cell w ith  

diameter D q =  5 fim .
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4?r (1 +  g2 — 2 g cos 0)3!2
(6.1)

where 9 is the phase angle or scattering angle, 7  is the spherical albedo, and g

ward scatter and <7 =  0  represents an isotropic d is tribu tion  o f the scattered ligh t.

to  check our three dimension sim ulation results, especially fo r the m ultip le  scat

tering case. Using the sim ulation results, the anisotropic factor g is computed 

from  the scattered d istribu tion  P{9),

length Ao =  1.0pm interacts w ith  homogeneous cells w ith  diameter o f 1pm. Fig

ure 6 . 6  shows the scattering d istribu tion  o f a laser interacting w ith  a single cell. 

There are three curves in  Fig. 6 . 6  : the solid line represents our numerical sim

ulation result, the dotted line represents the M ie theory result, and the dashed 

line is the result o f Henyey-Greenstein’s phase function w ith  g =  0.985. The 

calculated g factor is equal to 0.99. Thus, one can conclude th a t when a plane 

wave incident laser beam w ith  wavelength Ao =  1.0pm interacts w ith  homoge

neous cells w ith  a diameter of 7pm, the scattering is almost completely forward. 

Figure 6.7 illustrates the difference between m ultip le  (ten cells) and single scat

tering distributions. The amount o f both forward and backward scattering from  

1 0  cells is almost 1 0  times larger than th a t from  a single cell.

The case o f a plane wave incident laser w ith  wavelength o f 1.0pm in teract

ing w ith  m ultip le  homogeneous cells w ith  diameter o f 7pm is now considered. 

Figure 6 . 8  (a) shows the scattered d istribu tion  from  18 homogeneous cells and 

Figure 6 . 8  (b) is for the scattered d istribu tion  from  34 homogeneous cells. The 

scattered d istributions are characterized by the Henyey-Greenstein function w ith

is an anisotropic factor. The case where g — 1 corresponds to the complete for-

This well-known Henyey-Greenstein phase function is used as another reference

(6.2)

We consider the specific case where a plane wave incident laser w ith  wave-
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Figure 6 .6 : The scattering angular d is tribu tion  from  single cell. The solid line 

corresponds to the numerical sim ulation result, the dotted line corresponds to 

the Mie theory, and the dashed line corresponds to  Henyey-Greenstein phase 

function w ith  g factor value o f 0.985.

g =  0.985. The calculated g factor fo r both cases is equal to  0.99. Figure 6.9 

shows the scattered intensity as a function o f the number of cells (the sim ulation 

region has a dimension o f 40 x 80 x  80A0). The inter-scattering amongst cells 

increases as the number o f cells in  the sim ulation box is increased. However, our 

sim ulation too l cannot quantify the amount o f inter-scattering among cells.

6.5 Conclusions

In  th is chapter, an optim ized and parallelized 3-spatial dimensions and one elec

tr ic  field component sim ulation code (3D scalar solver) has been used to  efficiently 

model laser lig h t scattering from  both single cells and larger biological samples. 

In  the case o f laser lig h t scattered by single cells, the cases o f a plane wave and
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Figure 6.7: The difference o f scattering angular d is tribu tion  from  10 cells and 

from  single cell. The solid line corresponds to  the numerical sim ulation result 

fo r laser lig h t scattering from  a single cell w ith  diameter o f 7/xm and the dashed 

line corresponds to  the numerical sim ulation result for laser lig h t scattering from  

1 0  cells w ith  same size: diameter o f 7(j,m.

a Gaussian beam are used as incident laser ligh t. The sim ulation results demon

strate th a t th is 3D scalar solver is a valuable sim ulation too l in  cell cytometry, 

fo r example, in  the detection o f rare event cells and cancerous cells. The healthy 

cell usually has a nucleus w ith  diameter o f 3fim and the cancerous cell has a 

nucleus w ith  diameter o f 6 //m . The scattered spectra from  a cell w ith  a 3/wn 

diameter nucleus and w ith  a 6 /xm nucleus are different. The calculated g fac

to r value indicates th a t scattering of a plane wave w ith  both a single cell and 

m ultip le  cells is an almost complete forward scattering.

The 3D scalar solver described in  the previous chapters is unable to  capture
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Figure 6 .8 : M u ltip le  scattering d is tribu tion  o f laser lig h t from  18 cells (a) and 

34 cells (b). The solid stands for the calculated scattering and the dashed line 

represents the Henyey-Greenstein d istribu tion.
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Figure 6.9: Dependence o f the scattered intensity on the number of scatterers 

(cells).

any polarization inform ation. In  the next chapter, we w ill address solving the 

two fie ld  components wave equation and the three electric field components wave 

equation to  explore the polarization effects in  the process o f laser lig h t tissue 

scattering.
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Chapter 7 

Polarization Effects

7.1 Introduction

In  the last several chapters, a new numerical technique for the solution o f the 

scalar wave equation in  both two and three spatial dimensions was developed, and 

the results of these simulations were presented and compared against theoretical 

predictions. Unfortunately, the scalar wave equation treatm ent is somewhat 

lim ited , as it  does not take into account effects due to  the polarization o f ligh t.

In  th is chapter, we explore the effects of polarization by solving a vector wave 

equations We begin w ith  a simple review o f the different polarization properties 

o f lig h t waves. S tarting w ith  M axwell’s equations, we derive a two component 

vector equation and present the numerical method tha t we use to  solve it  and 

some sim ulation results. Based on the success in  solving the 2 electric field 

component vector wave equation, a vector wave equation w ith  3 electric fie ld  

components w ill be derived and solved numerically. We conclude w ith  a discus

sion o f the numerical results obtained from  2  electric field component solver and 

3 electric fie ld component solver.
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7.2 Polarization Properties of Light

112

7.2.1 Linearly Polarized Light

L igh t is sim ply an oscillating electromagnetic field. Since, in  th is work, we are 

interested in  the interaction o f laser lig h t w ith  biological tissue, we can restrict 

our consideration to the electric field components, as they w ill interact much 

more strongly w ith  our media than the magnetic field components do. In  the 

case o f linearly polarized ligh t, the electric field is oriented along the polarization 

axis. Therefore, we can describe lig h t which is propagating along the x axis and 

linearly polarized along the y axis as follows:

Ey =  sin(o;£ -  kx +  <j>0) j,  (7.1)

where the amplitude E% is the magnitude o f the electric fie ld  and j  is the u n it 

vector in  the y—direction. In  an analogous manner, we may w rite  lig h t which is 

linearly polarized along the 2 —direction as:

Ez =■ E z sin (cut — kx +  (j>o)k, (7.2)

where k is the un it vector oriented along the z axis. Since the electric field 

o f linearly polarized ligh t can be oriented in  any direction perpendicular to the 

propagation direction, in  the most general case, i t  can be described as a vector 

sum o f Ey and E z:

E  =  {E°j +  E Qzk) sin(ut - k x  +  <j>Q). (7.3)

Hence, linearly polarized lig h t w ith  a rb itra ry  orientation o f the polarization axis 

in  the y-z plane can be thought o f as consisting o f two components oriented 

along the y and z axis, respectively. The orientation o f the polarization axis is 

determined by the relative magnitudes o f the two components. Note th a t in  the 

above discussion, we have taken the two components to  have the same frequency 

uj and the same absolute phase <j>Q.
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7.2.2 Circularly Polarized Light

Let us now consider another special case, in  which the electric field components 

have identica l magnitudes Eo, but now a 90° phase difference exists between the 

two components:

E rcp =  E°{sm[ujt — kx +  fa ]j +  sinjcut — kx +  fa +  t t / 2 ]£ }

=  E °{sin[o;t — kx +  fa ]j +  cos[ut — kx +  fa]k}, (7.4)

or

EiCp =  E Q{sm.[u)t — kx +  fa ]j +  sinfwt — kx +  fa — it / 2  )k}

=  E°{sm[ojt — kx +  fa ] j — cos[o;t — kx +  (7.5)

In  equation (7.4), the subscript rep stands for righ t circularly polarized lig h t for 

which the polarization vector has constant am plitude, but rotates in  the clockwise 

direction. S im ilarly, equation (7.5) describes le ft c ircularly polarized lig h t, fo r 

which the polarization vector traces out a counterclockwise circular path.

C ircu larly polarized ligh t can be viewed as being made up o f linearly polar

ized components which are 7r/ 2  radians out o f phase w ith  each other. S im ila rly 

linearly polarized lig h t can be treated as being composed o f equal quantities o f 

righ t and le ft c ircularly polarized components. Therefore, in  order to obtain a 

reasonable description o f polarization effects in  the case of the non-par axial ap

proxim ation or moderate angle forward and backward scattering, we must solve 

fo r these two perpendicular components o f the electric field in  the vector wave 

equation. However, in  the case o f larger angle forward and backward scattering, 

a wave equation w ith  3 field components should be considered. We w ill develop 

a wave equation w ith  2  fie ld components fu rther in  the next section.
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7.3 The Two Component Vector Wave Equa

tions and Algorithm

As described in  Chapter 3, we may use Maxwell’s equations (3.1-3.4) to  obtain:

Assuming propagation in  the or—direction, we look fo r solutions for the specific 

case of 2  components vector field o f the form

so tha t the sim ulation results can be improved in  small angle scattering and 

backward scattering. In  addition, the 2 components vector fie ld results can also 

provide the effects due to the polarization in  the region o f small angle forward

In  a manner analogous w ith  th a t discussed in  Chapter 3, Eq. (7.7) is solved 

in  a 3D region: 0 <  x <  Lx, - L y/ 2 <  y <  Ly/2  and - L z/ 2 <  z <  L z/2  (see 

Fig. 3.2) by using the spectral method [1]. In  the spectral method, we expand 

the electric field am plitude A  as a Fourier series in  the transverse (y and z) 

directions, obtaining

V ( V - B ) - V 2i + J ^ =  0. (7.6)

E  =  [0, Ey(x, y, z, t)e *"ot, Ez(x, y, z, t)e “ **]

and backward scattering. FYom Eq.(7.6) (neglecting the second derivative in 

tim e), we have

LEy

L E Z (7.7)

where L  =  V 2  +

A(x, y, z) =  EE Amm' (x) exp (imkyy +  im'kzz), (7.8)
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where A  stands for Ey and E z, ky — 2ir/Ly, and kz — 2ir/Lz. We then introduce 

dimensionless variables:

T  =  fiUQtf£q

X  =  kx

Y  =  ky

Z  =  k z , (7.9)

where k =  2tvN/Xq, w ith  Ao =  c/w o being the laser wavelength in  vacuum and 

N  =  ■s/ £ q  being the medium refractive index in  the sim ulation region, and ft 

is a dimensionless parameter which is used to  renormalize the tim e T  to  some 

convenient u n it (picoseconds, for example). This allows us to  recast Eq. (7.7) in  

the follow ing form:

p E m m ' =  - A g j g m m ' _  ( ^ ) 2 y -  _

p E mm< =  _ A e E mm> _  (7.10)

where

-P =  +  4 » m '

=  e0 -  (mky/k)2 -  (m'kz/k )2. (7.11)

We use the same numerical technique described in  Chapter 3 to  solve these 

coupled wave equations (7.10). In  particu lar, the tim e ite ra tion  is implemented 

as described is in  section 3.3, namely, by the im p lic it m idpoint rule [2 ] [3]. We 

must generalize th is somewhat, however, since we are now dealing w ith  two 

components. We should develop a symmetrical approach to  solve the symmetrical 

equations (7.10) so th a t E™ and E™ are advanced in  the same way. In  th is 

scenario, we compute the m idpoint values o f Ez and Ey from  in itia l values of E%

and Ey. I t  is then possible to  compute the iterated values for E *+l (using E z

and Ey) and J5" + 1  (using E z and Ey).
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7.4 Simulation Results
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Follow ing the algorithm  described in above section and based on our three- 

dimensional parallelized code (3D scalar solver), another version o f three-dimensional 

parallelized code (3D-2 components vector solver) was implemented to  solve 

equations (7.10). The expression for the to ta l intensity used in  the code is the 

same as th a t defined in  Mie theory. I t  takes form :

I = ( \ E y\2 +  \Ez\2) (7.12)

In  order to  test the 3D-2 components vector solver, we consider the special 

case where there are no cells in  the sim ulation region (see Fig. 3.2). In  th is  case, 

equations (7.10) become two independent free propagating equations. When the 

incident lig h t is represented by two identical plane waves for E y and E z, the 

sim ulation results in  far-fie ld are found to  be comprised o f two identical delta 

functions —  which is physically correct.

We now consider the case where the incident laser lig h t is comprised o f two 

identical plane wave components w ith  wavelength Ao =  Ifim  for both Ey and 

Ez, and a homogeneous cell (w ithout nucleus) is placed in  the sim ulation region. 

The diameter o f the cell is assumed to be equal to l lf im  and the refractive index 

o f the inter-cellular medium and cytoplasm are taken the values from  Table 5.1 

( 1.35 fo r the inter-cellular medium and 1.37 for the cytoplasm ). The length o f 

the sim ulation region is 40Ao in  the ligh t propagating direction and 80Ao in  each 

o f the two transverse directions. The sim ulation results are p lotted in  Fig. 7.1. 

Figure 7.1 (a) shows the angular spectra o f forward scattered lig h t while Fig. 7.1 

(b) gives the backscattering results. In  both Fig. 7.1 (a) and (b), the solid line 

is fo r \Ey\2, the symbol +  is fo r \EZ\2, and the dotted line is fo r the results o f the 

3D scalar solver using the same sim ulation conditions. Since equation (7.10) is a 

symmetrical equation and the in itia l conditions for Ey and E z are the same, the
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sim ulation results should be the same for Ey and Ez. Indeed, from  Fig. 7.1 (a) 

and (b), one can see tha t the angular d is tribu tion  o f scattered lig h t fo r the two 

orthogonal electric field components are identical.

In itia lly , the direction o f polarization is 45° from  the Y axis in  the Y  — Z
-4

plane (E° =  E° +  E%) and the degree o f the linear polarization is equal to  1 since 

the two orthogonal components are in itia lly  identical. A fte r scattering, we have 

\Ey\2 =  \EZ\2 for forward and backward scattering (see Fig. 7.1). Therefore, fo r 

the scattered ligh t, the direction o f polarization is 45° from  the Y axis in  Y — Z  

plane and the degree o f polarization is 1 .

Figure 7.2 shows our sim ulation results o f the scattered intensity parallel to  

the scattering plane iy (solid line) and the scattered intensity perpendicular to 

the scattering plane i±  (dash-dotted line) in  forward direction (a) and backward 

direction (b). From Figure 7.2 (a), we can find tha t there is a discrepancy 

between iy and i±  fo r scattering angle 0 >  30° which agrees w ith  M ie theory’s 

prediction (refer to  Fig. 2.4). This may be a reason for the breakdown o f the 

scalar approximation. Figure 7.3 shows the comparison o f our sim ulation results 

using a 3D -2  component vector solver w ith  the Mie theory results (a) fo r iy and 

(b) fo r i±. For both iy and i±, there is a good agreement up to  scattering angle 

0 =  30°.

7.5 The Three Components Vector Wave Equa

tion

In  th is  section, we w ill explore the effects o f polarization by solving the 3 spatial 

dimension, 3 electric field components vector wave equation. Recalling Eq. (3.6) 

and using assumptions o f ft =  1 and e — £q +  Ae(x, y, z), one has

2 M 0? f  +  V 2E  +  *4eQE  -  V (V  • E) =  - ^ A e E .  (7.13) 
c o t  cz c
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Figure 7.1: The angular spectra o f forward and backward scattered lights fo r two 

orthogonal vector components. Figure (a) is fo r the forward scattered component 

and (b) is the backward scattered component o ff a three dimensional single cell 

w ith  diameter D 0 — llf im  The solid line is fo r \Ey\2, the symbol +  is fo r \EZ\2, 

and the dotted line represents results obtained w ith  the 3D scalar solver fo r the 

same sim ulation conditions.
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Figure 7.2: Scattering by a cell w ith  diameter D q =  11/xm— the sim ulation results 

o f two components vector wave equation solver. The forward scattering and 

backward scattering are shown in  Fig. (a) and (b) in  which solid line represents 

iy and dash-dotted line represents i±.
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Figure 7.3: Comparison o f our sim ulation results iy (a), i±  (b) w ith  M ie theory 

results. The solid line represents our sim ulation results and dash-dotted line 

represents Mie theory results.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 7. POLARIZATION EFFECTS 121

A fte r Fourier transform  w ith  respect to  transverse coordinates (y, z), one 

obtains the follow ing equations fo r three Fourier components E™m'(x), E™m' {x), 

and E™m'(x):

2i^ £o~~dt~ +  ^  ~ (mkv)2 _  (m'k*)2 +  ^ £o )K m' =  (7-14)
a p ram ' , .2

—m2kyE™m' — mkym>kzE 1̂ n' +  imkv—^ — -  eE™m>

2 i ! ? eon I ~ + ( l ?  ~  ( m * » ) 2  _  ( m % ) 2 + =  p -15)
fllpmm' . ,2

—(m'kz)2E™m' -  mkym!kzE™m' +  im'kz^  -±AeE™ m'

2 ^ £ ^ ^  +  { ~ - { m k y)2 - { m lkz)2 +  ^ £ Q) E ^  =  (7.16)

( dE™m . . dE?m' d2E™m'
fcy— i —  +  t m k z— +  * -  - £,ox ox ox2 &

Instead o f solving Eq. (7.16) fo r longitudinal component E™m' , i t  is possible to
—*

use Eq. (3.1) which is one o f M axwell’s equations in  charge free region, V-eE  =  0. 

This gives the follow ing equation:

V  • (E  +  — E) =  0. (7.17)
So

A fte r taking Fourier transfer in  y and 2  directions, Eq. (7.17) becomes

a ( s „ m, +  ( w i } +  imky{
OX € q £ q

+  im'kz{E™m' +  (AeE^ mm~) =  0 . (7.18)
£o

The term  o f £ ( {AeE* f  m - )  on the le ft hand side o f Eq. (7.18) can be neglected 

compared to other terms. Then from  Eq. (7.18), one easily finds:

=  mky(E™m' +  +  m'kz{ E fm' +  (A g^ i™ ™ ), (7.19)
OX y £o £o
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Therefore, Eqs. (7.19), (7.14), and (7.15) construct a complete system.

Using dimensionless variables o f Eq. (7.9), the complete system becomes

n Trmm! _ A.rmrf rnkym!kz EWtm, mky 8Efm'
p Ey ~  ~ A eEy T )JS’ + t ~ T ~ d X ~

(7.20)
p E m m ' =  _  ™ k y m !k z ^  +  ; m %  d E f m '

(7.21)

M E T ' _  ™ ky ( F mm> , (Ae^)-™ ' m'fc , (A e ^ )”- '
%~d5r -  ~ t (e> +—7c—)+nr(£* +—7—>•

(7.22)

where

8 &
8T +  dX*

Kxmm' =  e0 -  (mky/ k f  -  {m'kz/k )2, (7.23)

and ft is a dimensionless parameter which is used to  renormalize the tim e T  to  

a u n it o f picosecond.

In  order to  solve Eqs. (7.21— 7.22) numerically, the numerical technique 

described in  Chapter 3 and an algorithm  presented in  section 7.3 are used. We

calculate the value o f   using in itia l values o f E™ and E™. The results

are substituted into  Eq. (7.21) and (7.22) for the m idpoint values of E y and
<3 ip ram/

E z calculations. In  the next step, the value o f i gx  is updated by using the 

m idpoint values o f Ey and Ez for E™+1 and E%+1 calculations. A  new version o f 

the three spatial dimension parallelized code (3D--3 components vector solver) 

was implemented.

We again consider the case described in section 7.4. The incident laser ligh t 

is assumed to  be comprised o f two identical plane wave components w ith  wave

length Ao =  1 fim  fo r both Ey and E z, and a homogeneous cell (w ithout nucleus) 

is placed in  the sim ulation region. The diameter o f the cell is taken to  be llju m
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and the refractive index o f the inter-cellular medium and cytoplasm are taken 

the values from  Table 5.1. The length o f the sim ulation region is 40Ao in  the 

lig h t propagating direction and 80Ao in  each o f the two transverse directions. 

The sim ulation results are plotted in  Fig. 7.4. Figure 7.4 (a) shows the angular 

spectra o f forward scattered lig h t while Fig. 7.4 (b) gives the backscattering 

results. In  both Fig. 7.4 (a) and (b), the solid line is for \Ey\2, the symbol +  is 

fo r \EZ\2, and the dotted line is for the results o f the 3D scalar solver using the 

same sim ulation conditions. Since equations (7.21—7.22) are sym m etrical equa

tions for Ey and Ez and the in itia l conditions for Ey and E z are the same, the 

sim ulation results of the scattered intensities for Ey and Ez should be identical. 

In  fact, from  Fig. 7.4 (a) and (b), one can see tha t the angular d is tribu tion  o f 

scattered lig h t for two orthogonal electric field components \Ey\2 and \EZ\2 are 

exactly the same.

Figure 7.5 shows the angular d istribu tion  o f the scattered intensity by a cell in  

the backward region. The sim ulation conditions are the same as described in  the 

previous paragraph. The solid line is the result o f 3D-3 component vector solver, 

the dotted line is the result of 3D-2 component vector solver, the dash-dotted 

line is the output o f 3D scalar solver, and dashed line represents the results o f 

M ie theory. In  these simulations, the interface profile described in  Fig. 4.10 (a) 

w ith  6  points per wavelength in  propagation direction is used. For the scattered 

intensity in  the backward scattering direction (180°), we find in  Fig. 7.5 th a t the 

result o f 3D-3 components solver is the closest to  the Mie theory results, and 

the result o f 3D-2 components solver is the second one. The reason is th a t the 

V (V  • E ) term  in  Eq. (7.6) is fu lly  considered in  the 3D-3 component solver, 

p a rtia lly  considered in the 3D-2 components solver, and neglected in  the 3D 

scalar solver. The V (V  • J5) term  accounts for the effect o f the cell wall, since it  

is only at th is interface when the V (V  • E ) term  is non-zero.
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Concerning the degree o f polarization, the sim ulation results from  our 3D-3

components solver agrees w ith  those from  our 3D-2 components solver. In itia lly ,

the direction o f polarization points 45° against the Y  axis in  the Y  — Z  plane 
«•+

(E ° — E® +  E f)  and the degree o f the linear polarization is equal to  1 since 

the two orthogonal components are in itia lly  identical. A fte r scattering, we have 

\Ey\2 =  \EZ\2 fo r forward and backward scattering (see Fig. 7.4). Therefore, for 

the scattered ligh t, the direction o f polarization is 45° against Y  axis in Y  — Z  

plane and the degree o f polarization is also equal to  1 .

7.6 Conclusion

In  order to  explore the effects o f the polarization o f ligh t, a vector equation for 2 

transverse fie ld components is derived from  Maxwell’s equations. An algorithm  

to  solve th is coupled equation is presented and a 3D-2 component vector solver 

(code) is implemented and tested. The sim ulation results o f the 3D-2 component 

vector solver also shows th a t i f  the incident ligh t is 1 0 0 % polarized parallel to  

a scattering plane (<j> — 45°) then the scattered lig h t is also 100% polarized 

parallel to  th a t scattering plane, which is in  agreement w ith  Mie theory. There 

is a discrepancy between iy and i±  when the scattering angle is equal to  or larger 

than 30°. Both iy and i± are in  good agreement w ith  the Mie theory results in  

range of scattering angle up to 30°.

Furthermore, a 3 electric field component wave equation is also derived from  

Maxwell’s equations. An algorithm  to  solve th is coupled vector wave equation is 

developed and a 3D-3 components solver is implemented. Regarding the observed 

polarization effects, our 3D-3 component solver gives sim ilar results to  our 3D-2 

components solver. Comparing to 3D scalar solver and 3D-2 component vector 

solver results, the sim ulation results o f 3D-3 component vector solver shows an 

improvement in  the backward scattering results.
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Figure 7.4: The angular spectra o f forward and backward scattered lig h t fo r the 

E y and Ez components o f the electric fie ld as predicted by our three component 

vector wave equation solver. Figure (a) is fo r the forward scattered component 

and (b) is the backward scattered component o ff a three dimensional single cell 

w ith  diameter Do =  llf im  The solid line is fo r \Ey\2, the symbol +  is fo r \EZ\2, 

and the dotted line represents results obtained w ith  the 3D scalar solver fo r the 

same sim ulation conditions.
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Figure 7.5: The backward scattered intensity by a cell w ith  diameter D 0 =  llf im  

as simulated by our 3D-3 component vector solver (solid line), 3D-2 component 

vector solver (dotted line), and 3D scalar solver (dash-dotted line). The dashed 

line is the result o f Mie theory.
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Chapter 8 

Experimental Considerations

8.1 Introduction

A ll our efforts towards developing a numerical model o f laser-tissue interactions 

as described in  previous chapters are motivated by cytom etry applications, par

ticu la rly  m icro-cytometry. M icro-cytom etry is sim ply conventional flow cytom 

etry carried out in  an apparatus based on a m icrochip. Recently, Schrum et 

al. [1] demonstrated a microchip-based cytometer w ith  which they sorted latex 

beads, correlating the scattered peak intensity w ith  the bead size. They used 

two different sizes o f particles: fluorescent smaller particles w ith  a diameter o f

0.972fim  and non-fluorescent large particles w ith  a diameter o f 1.94/xm. I t  was 

found tha t peak intensity, which corresponds to  the to ta l scattered intensity by 

a particle, was 0.235 times smaller for the 0.972/im fluorescent particles as than 

for the 1.94fj,m non-fluorescent particles [1]. A  U.S. company called M icronics 

has developed a m icrocytom eter in  which biological cells from  a sample, such 

as blood, pass in  single file  through a micro-channel upon which a laser beam 

is focused. L ight scatter measurements are taken at m ultip le  angles over two 

ranges: forward angle scattering (from  0 to 3 degrees) and sm all angle scattering
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(from  3 to 11 degrees). These m ulti-param eter scatter measurements provide in 

form ation about the size and the internal cellular structure for the various type 

o f cells. A  study o f th is device’s a b ility  to  separate several types o f white blood 

cells has been presented in  Ref. [2]. This would be very useful in  blood counting 

and differentiation.

A  research project called “Analysis o f Cells w ith  Scattered Laser L igh t”  is 

now being carried out by a collaboration including members from both the Elec

trica l &  Computing Engineering and Physics departments at the U niversity o f 

A lberta. This project is realized through m arrying existing cu tting  edge m i

crochip development w ith  a detailed numerical model o f scattered ligh t. The 

objective o f th is project is the development o f an inexpensive instrum ent using 

m icroflu id ic technology. Our research approach is to  integrate cell sorting and 

the measurement o f the scattered lig h t by a cell w ith  microchips developed at 

the U niversity o f A lberta  and M icralyne, a local company.

Figure 8.1 shows a top view o f a m icrochip which consists o f micromachined 

channels. Cell sorting procedures are performed on the m icrochip where an 

ind iv idua l cell moves through microchannels. By applying an electric fie ld, a 

charged cell w ill move in  a medium toward the cathode or anode, depending on 

the sign o f the applied electric field.

Figure 8.2 shows a schematic o f the experimental set-up. When a selected 

cell passes in  fron t o f a laser beam, the incident lig h t is scattered in  the forward 

direction and captured by a very sensitive CCD camera. The experimental pro

gram is currently in  an early stage. A  latex bead w ith  refractive index o f 1.35 is 

used instead o f a real cell. The refractive index o f the surrounding medium in  the 

microchannels is 1.30. A  HeNe laser w ith  wavelength o f 0.6328fim  is used in  our 

experiment. As described in  Fig. 8.2, we also need a very sensitive CCD camera; 

however, what crite ria  should we use in  selecting a suitable CCD camera?
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Microchannels

cell Wells

Figure 8.1: M icrochip for m anipulation o f cells

In  previous chapters, our results for the scattered intensity were presented 

in  a rb itra ry units. In  order to  determine the requisite CCD camera sensitivity, 

we derive the norm alization constant fo r both Gaussian beam and plane wave 

incident lig h t sources, allowing us to  present the scattered lig h t intensity in  an 

appropriate absolute un it, i.e. photons/(s.sr).

8.2 A Gaussian Beam Incident Light Source

An actual incident laser beam can be well described by a Gaussian beam whose 

profile is given by Eq. (3.23). In  th is section, we w ill sta rt from  Eq. (3.23) to 

derive the norm alization constant.

The optical energy density \E (x ,y ,z )\2 is a function o f the radia l and axial 

variables p — \Jy2 +  z2 and x [3], i.e.,

\E (x ,y ,z ) f  =  |E °|2 t (8-1)
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Laser

Microchip

CCD

Figure 8.2: Schematic o f the experimental setup for measuring forward scattered 

lig h t by cells
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Figure 8.3: A  Gaussian Beam w ith  //1 2  at best focus, represented as a contour 

p lo t.

and the optical flux (intensity) is given by

=  c \E {x ,y ,z )\2 =  a 2 p2
8t t 0̂ W{xy W^ix) ( ’

where Iq =  c\E0(x,y, z )|2/87t; PF(x) is the beam radius defined by Eq. (2.34)

and a  is the m inim um  radius o f the beam a t the best focus position. Figure 8.3

illustrates the Gaussian function at the best focus position (x =  0) w ith  number

f/12  where the number /  is defined to characterize the m inim um  radius a  o f the

beam at the best focus position by

a =  /A. (8.3)

The to ta l optical power o f the beam is the integral o f the optical flux  over its  

transverse plane (y-z plane) a t any point on the x-axis.
/*2?r poo

P =  d4> Ipdp, (8.4)
Jo Jo

T------------------------ E------------------------ 1------------------------!------------------------ 1------------------------ )------------------------ r

(a)

J ______________ E______________ I______________ 1______________ I------------------------ 1
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which leads to

P  =  io X 7TCT2. (8.5)

As expected, the to ta l power is independent o f x. Since Gaussian beams are very 

often described in  terms o f the ir to ta l power P , i t  is useful to  express I 0 in  terms 

o f P  by using Eq. (8.5). Therefore, Eq. (8.2) is rew ritten in  the form

P  o2
r -  exp[—f ■ . ]. (8.6)

ttW 2(x ) W 2(x)

Hence, at the best focus position {x — 0), we have

J =  - ^ 2 exp[~ & ]-  (8-7)
7TCT

Another parameter which is used to  describe Gaussian beams is the fu ll w id th  

at h a lf maximum (FW HM ). From Eq. (8.2), we have

exP (“ “ r )  =  \  (8-8)

where pi/2 is the beam radius at which the beam power is one-half o f its  peak

power. Therefore, using Eq. (8.8), the FW HM  takes the follow ing form

FW HM  =  2p1/2 =  2Vm 2 x a. (8.9)

In  the far-fie ld, we have x 3> L r , where L r  is the Rayleigh Range defined by

L r =  2 tt/2A. (8.10)

In  th is  lim it we may rewrite Eq. (8.1) as

\E {x ,y ,z )\2 =  |Po|2 ^ f  e x p [ - ^ f ^ ] ,  (8.11)
JU (J Jb

where we have used the relation W (x) =  < r ^ l  -I- (x / L r )2. The flux I  in  the 

far-fie ld then takes the form

4 ] ,  (8 ,2 )
87r 8ir x l ol xl
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The to ta l power in  the far-fie ld (for a rb itra ry  fixed x) is given by integral o f Eq. 

(8.12)

T2 r ° °  r 2
P  =  27r/0^ f  j"  exp (--J L p *)p d p

=  Io x  7TCT2, (8.13)

which is the same as Eq. (8.5). Therefore, it  can be seen th a t our analytical

expression (8.12) o f a Gaussian beam in  the far-field conserves energy.

The power per solid angle in  the far-fie ld Q takes the follow ing expression:

=  £ i ^ M ! ! r 2 =  £ J M _ 5 L  e x p [ - 4  tan2 flj, (8.14)
8ir 87r cos2 9 ol

where we used the follow ing relations:

x =  rcosO (8.15)

y =  r  sin 9 sin </>

0  =  r  sin 9 cos <j>.

When the incident laser lig h t is a Gaussian beam and propagates in  free space 

(w ithout scattering), Eq. (8.14) is the d istribu tion  function in  the far-fie ld. The 

norm alization factor can be obtained from  Eq. (8.14) when 9 =  0. In  th is case, 

the norm alization constant Qo for a Gaussian beam can be expressed as the 

follow ing 2

Go =  ^ L \  =  ^ L % ,  (8.16)c|Sor, 2 P
8 n  R  7T<72

where L r — 2 irf2X, a =  fX  and Qo has u n it o f J/(s.sr) when P  has u n it o f J/s. 

The angle dependent term  $(9) takes the form

= ^2^exp̂ ^ tan2̂ ' (8 -17) COS2 9 (T

Figure 8.4 shows the comparison o f analytical results and non-scattering sim

u la tion  results. For a fixed length o f the sim ulation box in  transverse directions,
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Figure 8.4: The far-field distributions of a Gaussian beam w ith  (a) f/15 and (b) 

f/12 . The solid lines represent the analytical results (8.17) and circles are our 

non-scattering sim ulation results w ith  Ly =  L z =  80A and A =  0.6328fim.
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i.e. Ly — L z =  80A, deviations o f analytical and simulation results decrease w ith  

the /  number o f Gaussian beam. The wider beam, the greater the proportion o f 

the beam profile which extends beyond the transverse boundary. As described 

in  Chapter 3, we only collect signals on the plane of x =  X i for forward far-fie ld 

calculation. Given L y — Lz — 80A and f  — 12, the analytical result (8.17) 

and the sim ulation result fu lly  agree w ith  each other over 6 orders of magnitude 

(refer to  Fig. 8.4 (b)). Therefore, one can conclude th a t w ith  L y =  L z =  80A, 

the widest Gaussian beam which can be accurately modelled w ith  our sim ulation 

code (3D scalar solver) is a beam w ith  //1 2  optics.

I f  an incident Gaussian beam is focused on a cell o f radius R, the average 

incident flux on the cell takes the following form

t  /*27r pR  „2

# / 0 exp ( - ^ ) r *

=  /o ( ^ )2[ l - e x p ( - ^ ) ] ,  (8.18)

where J0 is the maximum flux o f a Gaussian beam (8.5).

A  plane wave can be used to model a wider beam than //1 2  if necessary. The 

derivation o f the normalization constant for a plane wave w ill be given in  next 

section.

8.3 Plane Wave

An ideal plane wave extends out to  ±oo in  the two transverse directions (assumed 

to  be y and z). W ithout scattering, the Fourier Transform o f the d is tribu tion  

in  the far-fie ld should be a 5-function in  both the ky and kz components. How

ever, in  our simulations, we are only able to  include a fin ite  range o f the two 

transverse dimensions Ly and L z. As a result, in  the absence o f scattering, the 

far-fie ld d istribu tion  exhibits a fin ite  5-function-like spike at a scattering angle o f
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zero degrees. Figure 8.5 illustrates a such d istribu tion. Assuming tha t the nor

m alization is Qo w ith  un it o f J/(s.sr) and the normalized d is tribu tion  is # (0 ), 

the to ta l power in  the field takes the form

fiw  pit/ 2

P  =  Qo d<f> I  $(0)sin Od0. (8.19)
Jo Jo

Based on the d istribu tion  function shown in  Fig. 8.5, integral (8.19) becomes

1 f se
P  =  -Qo2ir I  sin Odd, (8.20)

^ Jo

which can be evaluated to give

P  =  27rQosin2(i<S0), (8.21)

where 58 is the resolution determined by the length o f our sim ulation box in  the 

transverse directions (Ly =  Lz — L =  80A ). In  particular,

s e = Sk =  2 * l  A 1
k L  k nL  80

where n is the refractive index o f surrounding medium. Therefore, we use the 

small angle approximation to  express sin2(|50) =  ( y ) 2 and Eq. (8.21) then 

becomes

P =  (8.23)

The incident optical power takes the form

Pi”  =  £i r i2 - (8-24)

By energy conservation, we have P{n =  P. Therefore, the norm alization

constant fo r a plane wave takes the form

Qo =  — ^ ( - r ~ ) 2 (J/s.sr), (8.25)
7T A

where we have used the fact th a t the incident flux is given by I  =  .

and th a t P*„ is expressed in  units o f J/s.
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Figure 8.5: The far-fie ld d istribu tion  for an incident plane wave in  the absence o f 

scattering. The resolution is determined by the length o f the transverse directions 

in  our sim ulation box.
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So far, we have derived the norm alization constant Q0 fo r both Gaussian beam 

and plane wave incident lig h t sources. In  the next section, we present our simu

la tion  results for the scattered intensity—in  absolute units o f photons/(s.sr)— as 

obtained from  our 3D scalar solver code.

8.4 Simulation Results

We shall sta rt by comparing the results o f our sim ulation w ith  analytical M ie 

theory calculation results published in  Ref. [4], In  th is study, Kashima et.al. 

computed the scattering cross-section for beads o f various rad ii. Their calcula

tions used refractive indices o f 1.40 and 1.349 for the beads and the surrounding 

media, respectively, and used a laser wavelength o f 0.805pm.

For our sim ulation, we w ill assume tha t the to ta l power is 1 m W . We begin 

by computing the appropriate norm alization constants for both the Gaussian 

beam and the plane wave cases. Through the use o f Eq. (8.16), we determine 

Qo =  0.734 x  1018photons/(s.sr) for a Gaussian beam w ith  //1 2  optics. S im ilarly 

by using Eq. (8.25), we find Qo =  3.01 x IQ19photons/(s  .sr) fo r a plane wave.

Figure 8.6 shows our 3D scalar sim ulation results for the case when the radius 

o f cell is 2.78pm. Fig. 8.6 (a) gives the scattered intensity d is tribu tion  for a //1 2

Gaussian beam. The to ta l scattered power is given by

/»180°
Pts =  2n /  1(0) sin 9d9 =  4.96 x 10u  (photons/s). (8.26)

J  o°

By using Eq. (8.18), the average incident intensity I av on a cell can be shown to 

be 1.32 x 1013(photons/(s.pm2)). The scattering cross section is therefore given

by
„  r,Irn2i _  Pts\photons/s) 

sca hv [photons/s/pm 2] '

Conversely, when the incident laser ligh t is a plane wave, we obtain the scattered

intensity d istribu tion  function 1(0) as shown in  Fig. 8.6 (b). The to ta l scattered
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power is 4.80 x  10n (photons/s). In  th is case, the average incident intensity I av 

is given by

lav =  P /L 2, (8.28)

where L  is the length o f two transverse directions, taking Ly — L z =  L  =  80A.

The scattering cross sections obtained from  our simulations were compared 

w ith  published results in  Ref. [4], and these are tabulated in  Table 8.1. I t  is 

readily seen th a t our sim ulation results fo r the Gaussian beam and the plane wave 

bracket the published results. In  particular, there is reasonably good agreement 

between the published results and our sim ulation results fo r the plane wave.

P u b lish e d  R e su lt G aussian B eam P lane  W ave

R  (pm) o-Sca(pm2) r  / photons \ 
av\ s . f i m ?  ' P u V ^ ) osca(pm2) Vscaihm2)

5.5 N /A 1.18 x 1013 8.09 x  lO14 68.6 1.067 x 1014 109.2

2.78 46.7 1.32 x  IQ13 4.96 x  IQ14 37.6 4.80 x  1013 49.1

2.56 35.0 1.33 x  IQ13 4.12 x  1014 31.0 3.85 x  1013 39.4

2.29 23.3 1.33 x  IQ13 2.95 x  1014 22.2 2.77 x  1013 28.3

Table 8.1: Our calculation results o f scattering cross section against the published 

results in  Ref. [4]. In  the plane wave case, the average incident intensity is equal 

to  9.77 x  10u  {photonsjs/ pm2).

For the case o f our proposed experiments, the refractive index o f the beads is 

1.35 and the refractive index o f the surrounding medium is 1.30; the wavelength 

o f the laser lig h t is 0.6328pm and to ta l laser power is 1.0mW; and the incident 

beam can be described as a Gaussian beam but w ith  large f  number. Therefore, 

we provide our sim ulation results in  two cases: incident lig h t source as a Gaussian 

beam w ith  //1 2  optics and as a plane wave.

Figure 8.7 gives the scattered intensity d istribu tion  using the absolute units 

o f photons/(s.sr) when the radius o f the beads is 5.5pm. Fig. 8.7 (a) shows
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Figure 8.6: The far-fie ld d istributions (a) for a Gaussian Beam w ith  //1 2  and (b) 

fo r a plane wave. The wavelength A =  0.805/im ; the radius o f cell is 2.78/im ; the 

incident power P  =  10~3 J /s ; and the refractive indices o f cell and surrounding 

media are 1.4 and 1.349, respectively.
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the intensity d istribu tion  when the incident beam is a Gaussian beam w ith  //1 2  

optics, while Fig. 8.7 (b) illustrates the corresponding d is tribu tion  in  the plane 

wave case. Figure 8.8 shows the scattered intensity d is tribu tion  using absolute 

units o f photons/(s.sr) when the radius o f the beads is 3.5pm.

The scattering cross sections o f the beads obtained from  our calculations for 

both the Gaussian beam and plane wave cases are given in  Table 8.2.

R ad ius G aussian Beam P lane  W ave

R  (pm) t / photons \ 
au'  s./ira2 ' asca(pm2) r ( photons \ 

i “«l s.pm2 > Pu(£~ (Tscaipm2)

5.5 1.36 x  1013 8.30 x  lO 14 61.0 1.24 x  1012 1.106 x  1014 89.2

3.5 1.58 x 1013 7.31 x  1014 46.3 1.24 x  1012 8.398 x  1013 67.7 .

Table 8.2: The cross section of the beads obtained from  our calculation for the 

proposed experiments: the wavelength A =  0.6328pm] the refractive indices o f 

the cell and the surrounding medium are 1.35 and 1.30, respectively.

A  term  o f figure m erit (FOM) is introduced to  express the intensity level o f the 

brightest peak (excepting the one at 0°) w ith  respect to the weakest peak at 35°. 

For example, the FOM in Fig. 8.7 (a) is approxim ately equal to  3 and th is w ill 

restrict the acquisition o f cytom etry data to  reduced angular ranges. Recording 

scattering intensities over small angle intervals and combining results w ill increase 

the tim e and cost o f medical diagnostics. Therefore, we propose a method o f using 

a angular radia l gradient filte r to  selectively attenuating scattering intensities 

over a wide angular range.

Ideally, we would like to obtain the same intensity levels fo r a ll scattering 

peaks. However, i t  is not tr iv ia l to  develop such a angular rad ia l gradient filte r. 

We have developed a method o f obtaining such an equalization although we are in  

the process o f im proving performance. A t present we can obtain the attenuated 

scattering intensities shown in  Fig. 8.9 w ith  an improved FO M  of 1.5 [5]. This
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Figure 8.7: The far-fie ld distributions (a) fo r a Gaussian Beam w ith  //1 2  and 

(b) fo r a plane wave. The wavelength A =  0.6328/xm; the radius o f cell is 5.5fim; 

the incident power P  =  10-3 J /s ; and the refractive indices o f the cell and the 

surrounding medium are 1.35 and 1.30, respectively
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Figure 8.8: The far-fie ld d istributions (a) for a Gaussian Beam w ith  //1 2  and 

(b) fo r a plane wave. The wavelength A =  0.6328/zm; the radius o f cell is 3.5/xm; 

the incident power P  =  10~3 J/s; and the refractive indices o f the cell and the 

surrounding medium are 1.35 and 1.30, respectively.
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figure displays the number o f photons/s incident on lpm 2 o f a charge- coupled 

device (CCD) vs scattering angle a t 2.5cm distance which is fo r CCD cameras. 

This leads us to  believe th a t our method allows scattering data collection in  one 

single test, e lim inating the need for preferential sampling at particu lar angle.

I t  is also im portant to choose an adequately sensitive CCD camera capable 

o f dealing w ith  the low illum ina tion  levels at larger angles and to  have a reliable 

recording o f scattering data. The simulations described above allow us to  make 

prediction photon counts. Based on th is inform ation, we estimated a signal-to- 

noise ra tio  (SNR) o f ~  36 dB, taking in to  account the brightest and weakest 

scattering peaks. The SNR for a CCD camera is calculated as: [6]

S N R  =  ■: (8.29)
, J l - Q E - t  +  N d -t  +  N? v J

where I  stands for the intensity in  the u n it o f photons/ sperpixel, Q E  is the 

quantum efficiency, t stands for the integration tim e in  the u n it o f seconds, N d 

is the dark current noise in  u n it o f electronsfpixel/second, and N r is the read 

noise in  the u n it o f electronsrms/ pixel. We conclude th a t a camera designed for 

astronomical observations, such as S tarlight- Xpress HX 516 [7] is an appropriate 

choice.

8.5 Conclusions

In  th is chapter we presented a detailed derivation o f the norm alization constant 

fo r both Gaussian beam and plane wave incident sources. We observed good 

agreement between our sim ulation results and those published in  Ref. [4]. We 

were also able to  use our 3D scalar solver sim ulation results, normalized to  appro

priate units, to  provide an estimate o f our proposed experimental measurement 

o f the scattering cross-section and to  help to  refine our CCD camera crite ria . The 

simulations allow us to make prediction photon counts. Based on th is inform a-
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Figure 8.9: Photons/s incident on 1 /im 2 o f CCD vs scattering angle for an ideal 

equalization o f scattering peaks and a calculated scenario using our method. Cell 

radius 5.5jtim and laser wavelength 0.6328/xm.
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tion , we estimated a signal-to-noise ra tio  (SNR) o f ~  36 dB, taking into account 

the brightest and weakest scattering peaks.Then we conclude th a t a camera de

signed for astronomical observations, such as S tarlight- Xpress HX 516 is an 

appropriate choice.
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Chapter 9 

Summary

This dissertation presents numerical and theoretical studies o f the scattering 

properties o f inhomogeneous cells. The spectral method is applied to solve two- 

and three-dimensional scalar wave equations. Sim ulation tools which include a 

2D scalar solver and a 3D scalar solver have been implemented for modelling the 

scattering o f laser lig h t in  biological tissue. These sim ulation tools are capable 

o f predicting w ith  high resolution the intensity o f scattered lig h t from  cells w ith  

internal structures, and provide numerical support fo r m icrocytom etry experi

ments which are being carried out in  the ECE Department at the University of 

A lberta. Furthermore, in  order to explore polarization effects in  the processes o f 

laser light-tissue scattering, the spectral technique has also been applied to solve 

the 3—D, 2— electric field component coupled wave equations and the 3—D, 3— 

electric field component coupled wave equations.

The Mie theory was reviewed in  detail in  chapter 2. For the case of laser lig h t 

scattered by a homogeneous sphere, the relationship between Stokes parameters 

o f the incident and scattered waves can be expressed as Ss =  M S i, where the 

scattering m a trix  M  is a 4 x  4 m atrix  called the M ueller m atrix. I f  the incident 

lig h t is 100% polarized parallel to  an a rb itra ry scattering plane, the scattered
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lig h t is also 100% polarized parallel to  the scattering plane. I f  the incident ligh t 

is 100% polarized parallel to  an arb itra ry scattering plane, the scattered lig h t 

is also 100% polarized parallel to  the scattering plane. I f  the incident lig h t is 

unpolarized, the scattered lig h t may be polarized perpendicular to  or parallel to  

the scattering plane. However, the degree o f polarization o f the scattered lig h t is 

always equal to  zero in  the forward (0°) and backward (180°) directions. A  Mie 

theory code has been developed and its  com putational results are applied as a 

benchmark for our other more detailed numerical simulations.

A  detailed com putational model, which allows us to  describe the interaction 

o f a laser w ith  biological objects on spatial scales ranging from  single cells to 

larger samples, has been presented in  Chapter 3. In  th is model, a 3D scalar wave 

equation has been derived from  Maxwell’s equations and the nonparaxial spectral 

method is employed to solve the equation. The issue o f far-fie ld calculations has 

also been addressed.

In  Chapter 4, based on the computational model, a 2D scalar solver and a 

3D scalar solver were developed and implemented as optim ized and parallelized 

sim ulation tools. The accuracy o f the 2D scalar solver has been verified by 

comparison w ith  linear perturbation theory. Comparison w ith  M ie theory also 

indicated tha t the 3D scalar wave equation is a good approxim ation to  the fu ll 

set o f Maxwell equations for lig h t scattering at moderate angles.

The sim ulation results o f our 2D scalar solver were presented in  Chapter 

5. I t  was demonstrated th a t the spectral method can be efficiently used in  

modelling laser lig h t scattering for samples ranging in  size from  a single cell to  

large biological samples. In  the case o f laser ligh t scattering from  single cells, 

the most significant features o f the angular d istribu tion  o f the scattered lig h t 

from  various cells occurs at small angles. Cells containing large nuclei have more 

scattering at small angles compared to  cells containing normal-sized nuclei. The
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am plitude o f scattered lig h t decreases even further for cells w ithout a nuclei. In  

the case o f scattering from  m ultip le cells, the sim ulation results show th a t the 

fraction o f the scattered power depends on the number o f scatterers and not on 

the size o f sim ulation region. In  fact, the fraction o f the scattered power is almost 

linearly proportional to the number o f scatterers. Finally, the scattering pattern 

from  many cells s till retains the angular d is tribu tion  characteristic o f single cell 

forward scattering.

In  Chapter 6, an optim ized and parallelized 3D scalar solver has been used 

to  efficiently model laser lig h t scattering from  both single cells and larger bio

logical samples. In  the case o f laser lig h t scattered by single cells, the cases o f a 

plane wave and a Gaussian beam are used as the incident laser lig h t source. The 

sim ulation results demonstrate th a t th is 3D scalar solver is a valuable sim ulation 

too l in  cell cytometry, for example, in  the detection o f rare event cells and can

cerous cells. The healthy cell usually has a nucleus w ith  diameter o f 3/m  and 

the cancerous cell has a nucleus w ith  diameter o f 6 /m . The scattered spectra 

from  a cell w ith  a 3/m  diameter nucleus and w ith  a 6 /m  nucleus are different. 

This is the firs t reported im plementation o f the spectral technique for modeling 

the scattering o f laser lig h t in  biological tissue. The accuracy o f the spectral nu

merical method has been verified by comparison w ith  linear perturbation theory 

and M ie theory.

The polarization inform ation in  the processes o f lig h t scattering w ith  cells 

has been addressed in  Chapter 7. In  order to  explore the effects o f the polar

ization of lig h t, a vector equation for 2 transverse field components is derived 

from  Maxwell’s equations. An algorithm  to  solve th is coupled equation is pre

sented and a 3D-2 components vector solver (code) is implemented and tested. 

Comparing to 3D scalar solver’ results, the sim ulation results from  the 3D-2 

components vector solver improve the backward scattering d is tribu tion  which is
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closer the Mie theory result. The sim ulation results o f 3D-2 component vector 

solver also shows tha t i f  the incident ligh t is 100% polarized parallel to  a scat

tering plane (<f> =  45°), then the scattered lig h t is also 100% polarized parallel to  

tha t scattering plane, which, again, in  in  agreement w ith  M ie theory. Further

more, a 3 electric field component wave equation is also derived from  M axwell’s 

equations. An algorithm  to  solve th is coupled vector wave equation is developed 

and a 3D-3 component solver is implemented. The sim ulation results o f 3D-3 

components give our best agreement w ith  M ie theory in  the backward scatter

ing region. Both our 3D-2 and 3D-3 component solvers agree w ith  each other 

regarding the polarization o f the scattered ligh t.

In  Chapter 8, we give an outline o f our proposal to  consider the scattering 

o f laser lig h t from  latex beads. The issue o f appropriate norm alization o f our 

sim ulation results in  both plane wave and Gaussian beam cases is addressed. We 

are therefore able to  present the angular spectra o f the scattered lig h t intensity in 

units o f photons/(s.sr). Moreover, we may use our results fo r the angluar spectra 

to  calculate the the scattering cross section. The simulations allow us to  make 

prediction photon counts. Based on th is inform ation, we estimated a signal- 

to-noise-ratio (SNR) ~  36 dB, taking in to  account the brightest and weakest 

scattering peaks. Then we conclude tha t a camera designed for astronomical 

observations, such as Starlight-Xpress HX 516 is an appropriate choice.

The com putational requirements for the spectral method in  modeling laser in

teraction w ith  biological samples are much lower than the requirements for other 

established numerical methods: FD TD  and MC. For example, three-dimensional 

simulations o f a sample w ith  each spatial dimension approxim ately equal to 

100pm, only require about 1 Gb o f operational memory and 3 hours o f com

putational tim e on a 16 processors SGI O rig in 2400 computer. The spectral 

method can be successfully applied to address scattering from  ind iv idua l cells
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and from  biological samples containing many cells.

O ur spectral technique has a very high spatial resolution which is lim ited  by 

the dimension o f transverse directions; for example, i f  the laser wavelength A is 

equal to  1.0ftm  and the Ly =  Lz =  80A, then the resolution is 0.53 degrees, which 

is comparable to  the resolution obtained in experiments. I t  accurately models 

inhomogeneities on spatial scales larger than the laser wavelength, and treats 

inhomogeneities w ith  a spatial scale much smaller than the laser wavelength as 

sharp boundaries.

O ur sim ulation codes have been successfully used in  prediction o f our pro

posed experimental measurement o f scattered laser ligh t from  latex beads. In  

the future, our sim ulation codes w ill be extensively used in  m icro-cytom etry 

experiments. By comparison o f our sim ulation results w ith  experimental mea

surements, we can determine cell parameters, such as size, refractive index, and 

composition.
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