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Abstract

T h e  d yn a m ica l balance w ith in  abyssal equa to r-cross ing  flows is exam ined  by s tu d y ­

in g  s im p lifie d  m odels o f  th e  flow  in  the  e q u a to ria l reg ion in  the  co n te x t o f  one- and 

tw o -la ye r sha llow -w a te r theory.

I t  is firs t dem onstra ted  th a t,  under reasonable assum ptions, th e  sha llow -w a te r 

m ode l is an a p p ro p ria te  m odel w ith  w h ich  to  s tu d y  e qu a to ria l dynam ics .

A  s im p le  m odel is then  presented fo r one-layer cross-equatoria l flow , where geostro- 

phy  is replaced a t the  equa to r by fr ic t io n a l flow  dow n the  pressure g ra d ie n t. T h is  

m ode l is com pared v ia  num erica l s im u la tions  w ith  the  one-laver reduced g ra v ity  

sh a llow -w a te r m odel, firs t over idealized b o tto m  topography, then  over re a lis tic  equa­

to r ia l A t la n t ic  Ocean b o tto m  topography. I t  is found  th a t the  fr ic t io n a l geostroph ic 

m ode l p red ic ts  ce rta in  aspects o f  the  flow w e ll, b u t neglects flu id  in e r t ia , w h ich  does 

a ffect th e  dynam ics  s ig n ifican tly .

N u m e rica l s im u la tio ns  o f  the  sha llow -w a ter equations over re a lis tic  A t la n t ic  Ocean 

top o g ra p h y  are described th a t show good agreem ent w ith  the  observed ve lo c ity  fields 

o f  abyssal A n ta rc t ic  B o tto m  W a te r as i t  crosses the  equa to r. In  p a r tic u la r , the  ob­

served sou the rn -in tens ified  flow  w ith in  the  e qu a to ria l channel a t 3 6 °W  is reproduced. 

A d d it io n a lly , o u r tim e-dependen t s im u la tions  show th a t the  large t im e  v a r ia b il ity  ob­

served in  equa to ria l-c ross ing  A n ta rc t ic  B o tto m  W a te r can be rep roduced  by in d u c in g  

re la t iv e ly  sm a ll te m p o ra l flu c tu a tio n s  in  the  c u rre n t w e ll before i t  reaches the  equa to r.

T h e  effects o f  b a ro c lin ic ity  are investiga ted  by  d e r iv in g  a tw o -la ye r m odel o f  these
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cu rre n ts . We firs t ca lcu la te  the  th e o re tica l speed o f a s te a d ily -tra v e llin g , dense eddy 

on  a slope, ta k in g  in to  account th e  effects o f uppe r-laye r pressure va ria tions  and 

b o tto m  fr ic t io n , where the  he igh t fie ld  o f  the  eddy is assumed to  have com pact suppo rt 

and th e  /-p la n e  a p p ro x im a tio n  is assumed to  apply. VVe then  d e rive  a tw o -la ye r m odel 

o f  cross-equatoria l flow . T h e  m ode l is u n ifo rm ly  va lid  in  the  sense th a t i t  reduces, 

a t lead ing  o rder, to  the  a p p ro p ria te  equ a to ria l m odel when expressed in  e qu a to ria l 

scales, and to  the  correct m id - la t itu d e  m odel when in  m id - la t itu d e  scales. T h e  lower 

laye r resembles the  sha llow -w a te r equations, and the  upper layer is s im ila r  to  the 

C h a rne v  balance equations. T h e  fo rm  o f the  m odel im p lies  the  tw o  layers are p a r tia lly  

decoup led  at the  equato r.
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Chapter 1

Introduction

T h e  e a rth 's  oceans and atm osphere fo rm  a com p lex coupled f lu id  system . W h ile  

a tm ospheric  dynam ics  alone, to  a firs t a p p ro x im a tio n , govern the  d a ily  w ea ther we 

experience, oceanic dynam ics cannot be neglected in  s tu d y in g  the  lo n g -te rm  behav iou r 

o f  the  c lim a te . T he  oceans are know n to  tra n s p o rt a s ign ifican t am oun t o f  heat from  

the  e qu a to ria l regions to  the  po lar regions (T re n b e rth  and C’aron 2001). I t  is the re fo re  

im p o rta n t to  develop an unders tand ing  o f  the  ocean cu rren ts  th a t tra n s p o rt th is  heat 

a round  the  p lane t.

T h e  the rm oh a lin e  c ircu la tio n  is the  g lobal-scale ocean c irc u la tio n  d rive n  by den­

s ity  d ifferences a ris ing  fro m  tem pe ra tu re  and s a lin ity  va ria tions . In the  A t la n t ic ,  

the  deepest p a rt o f the  the rm oha line  c irc u la tio n  consists o f  A n ta rc t ic  B o tto m  W a te r 

( A A B W ).  w h ich  o rig ina tes  in  the  W edde ll Sea near A n ta rc tic a . In  th is  lo ca tio n , pa r­

t ic u la r ly  co ld  and fresh w a te r sinks to  the  b o tto m  o f the  ocean and flows n o rth w a rd

L
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a long  the  s lop ing  ocean floor in  the  western A t la n t ic  Ocean. W h ile  p a rt o f  th is  flow  

rem ains in  the  S ou thern  Hem isphere and u lt im a te ly  m ixes upw ard  in to  sha llow er wa­

ters (L e d w e ll et al. 2000). part o f the  flow  has been observed to  cross the  e qua to r 

in to  the  N o rth e rn  Hem isphere (see D eM adron  and W e a th e rly  1994: F riedrichs and 

H a ll 1993). T h is  cu rre n t, therefore, acts as a co n d u it fo r heat, sa lt and n u trie n ts  to  

be tra n sp o rte d  g lobal-sca le  distances.

U n like  a tm ospheric  flows, oceanic cu rren ts  th a t ex is t a t dep th  are d if f ic u lt  to  

observe, and indeed, observations are n o ta b ly  sparse. For exam ple , the  pa th  o f  A A B W  

in  th e  southern  A t la n t ic  Ocean is d ispu ted  in  the  lite ra tu re , since m ore than  one path  

is cons is ten t w ith  e x is tin g  observations (D e M a d ro n  and W e a th e rly  1994: Speer and 

Zenk 1993: Sandoval and W eatherly  2001). A  s tu d y  o f  ocean dynam ics  is thus essential 

not o n ly  to  unders tand  w hy and how some cu rren ts  flow , b u t in  ce rta in  cases, to  help 

d e te rm in e  w here the  cu rren ts  flow.

L ike  m any mesoscale and large-scale flows in  the  atm osphere  and ocean, these 

abyssal flows are observed to  be geos troph ica lly  balanced a t m id - la titu d e s  and po la r 

regions. T h a t is. the  pressure g rad ien t forces a p p ro x im a te ly  balance the  C 'oriolis 

e ffect, g iv in g  rise to  a m ore o r less steady flow . Indeed, m any m odels o f  m o tio n  on 

these scales are derived  by assum ing the  lead ing o rd e r v e lo c ity  fie lds are geostroph ic 

(e.g. K a rs ten  and Swaters 1999). However, geostrophy m ust necessarily break dow n in  

the  v ic in ity  o f  the  equato r, since the  C o rio lis  pa ram e te r /  =  2 f is in 0 .  where f i  =  2~ 

ra d ia n s /d a y  is the  E a rth 's  angu lar ve lo c ity  and 9 is the  la t itu d e , vanishes at the

o
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equa to r, and  the re fo re  so does the  C o rio lis  e ffect. T h e  question , the re fo re , is as 

fo llow s: I f  these flows are geos troph ica lly  balanced away fro m  the  e qua to r, w ha t 

balance, i f  any. ex is ts  a t the  equator? A n  equ a lly  im p o r ta n t question  to  resolve is 

how th e  geostroph ic  balance is re-established a fte r a c u rre n t traverses th e  equa to r. 

T h is  thesis, in  p a rt, addresses these questions, w ith  an em phasis on the  fo rm e r.

P o te n tia l v o r t ic ity ,  defined as q =  ( /  4 - in  the  sha llow -w a te r a p p ro x im a tio n , 

w here (  =  C3 • V  x  u  is the  v e rtica l (o r ra d ia lly  o u tw a rd , i f  cons ide ring  m o tio n  on 

the  surface o f  a sphere) com ponent o f  the  re la tive  v o r t ic ity  and h is th e  th ickness o f 

the  f lu id  layer, is e x a c tly  conserved fo llo w in g  the  flow  i f  f r ic t io n a i and d ia b a tic  effects 

are neglected. However, away from  the  equa to r in  e ith e r hem isphere, the  flow  is o ften  

observed to  be re la tiv e ly  quiescent so th a t | / |  |C| and thus q a; f / h .  There fo re ,

since th e  C o rio lis  param ete r changes sign over the  pa th  o f  th e  flu id , these equa to r- 

crossing abyssal flows cannot conserve p o te n tia l v o r t ic ity . T h is  v io la tio n  o f  p o te n tia l 

v o r t ic ity  conserva tion  in  cross-equatoria l flows and the  b reakdow n o f  geostrophv at 

the  e q u a to r c o n s titu te  tw o s ign ifican t challenges in  m o d e llin g  these flows.

P rev ious research has focussed on tw o  processes to  e x p la in  p o te n tia l v o r t ic ity  

m o d ific a tio n : n o n lin e a r ity  and fr ic t io n . P o te n tia l v o r t ic ity  m o d ific a tio n  in  equa to r- 

crossing cu rre n ts  where the  non linear te rm s were not n eg lig ib le  was addressed by 

Edw ards and  P ed losky (1998a. 1998b). T h ey  m ode lled  th e  e q u a to ria l ocean using 

a n on lin e a r one-laver sha llow -w a ter m odel w ith  /  =  J y .  assum ing a fla t b o tto m  

topography, and h o rizo n ta l fr ic t io n . T h e y  forced f lu id  across th e  e qua to r in  num erica l

3
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s im u la tio n s  by  spec ify ing  a loca lized mass source in  th e  N o rth e rn  H em isphere and a 

d is tr ib u te d  mass s ink  in  the  S outhern  H em isphere. Eddies developed in  the  cu rre n t as 

i t  approached the  equa to r, p a r tic u la r ly  fo r the  m ore  s tro n g ly  forced runs. A n  analysis 

o f  th e  v o r t ic ity  f lu x  showed th a t,  in  general, the  eddy fie ld  transpo rts  v o r t ic ity  to  

th e  w estern boundary, w here f r ic t io n  d issipates th e  v o r t ic ity . T h e y  concluded th a t 

fo r cross-equatoria l flow  to  occur, the  eddy fie ld  m ust w o rk  in  co n ju n c tio n  w ith  the  

d iss ip a tive  side-layer to  m o d ify  the  v o rt ic ity .

In  a com pan ion  paper. Edw ards and Pedlosky ( l99Sb) described a linea r s ta b il ity  

ana lysis o f  a steady m e rid io n a l c u rre n t, using the  /-p la n e  a p p ro x im a tio n . T he  depen­

dence o f  the  in s ta b ilit ie s  on the  C o rio lis  pa ram e te r / .  and the reby the  dependence on 

la t itu d e , was investiga ted . T he  in s ta b il i ty  was found to  be g rea te r at lower la titu d e s  

and at h ighe r cu rre n t ve loc ities , w h ich  was consisten t w ith  w ha t they  observed in 

th e ir  num erica l s im u la tions . T h e y  argued th a t the  in s ta b il i ty  is essen tia lly  an in - 

v isc id  shear in s ta b ility , so th a t,  a lthough  fr ic t io n  is necessary fo r p o te n tia l v o r t ic ity  

m o d ific a tio n , i t  does no t p lay a ro le  in  the  p ro d u c tio n  o f  the  eddies th a t tra n sp o rt 

the  p o te n tia l v o r t ic ity  to  the  side boundary.

Kawase. R o ths te in . and S pringer (1992) n u m e ric a lly  in teg ra ted  the  th ree  d im e n ­

s iona l equa tions o f  m o tio n  (specifica lly , the  Boussinesq. h yd ros ta tic , incom pressib le  

f lu id  equa tions in  spherica l coord ina tes) over a d om a in  centred on the  equa to r. A l­

though  th e y  inc luded  com p lica ted  dynam ics , th e y  neglected b o tto m  topog raphy  and 

the  geo m e try  o f  the  side boundaries. T h e ir  n um erica l in ves tiga tion  focussed on a

4
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sou the rn  flo w in g  deep western bounda ry  cu rre n t as i t  approached the  equa to r. D u r­

in g  the  in i t ia l  sp in -up  stages, the  cu rre n t tu rn e d  eastw ard a long th e  equa to r, b u t in  

th e  s teady-s ta te  ocean, the  cu rre n t crossed the  e qu a to r a long th e  western boundary.

N o te  th a t E dw ards and Pedlosky (1998a. 1998b) and Kawase et al. (1992) a ll 

neglected va riab le  b o tto m  topography. T h e ir  s tud ies there fo re  a p p ly  to  deep cu rren ts , 

b u t no t necessarily the  abyssal flows th a t are s tro n g ly  affected by topography. The  

ro le  o f  va riab le  topog raphy  is an im p o rta n t aspect o f  the  dynam ics  not previously- 

exam ined  and an issue we address in  th is  thesis.

A n ta rc t ic  B o tto m  W a te r is an abyssal cu rre n t th a t is s trong ly ' a ffected by topog­

raphy. I t  flows n o rth w a rd  a long the  floo r o f the  A t la n t ic  Ocean, w ith in  a basin th a t 

lies between N o rth  and South A m erica  and the  m id -A t la n t ic  ridge. I t  is observed 

to  flow  n o rth w a rd  a long the  western flank o f  the  ocean basin (i.e . closest to  South 

A m e rica ) as i t  approaches the  equato r, b u t flows a long the  eastern flank  o f  the  ocean 

basin (i.e . next to  the  m id -A t la n t ic  ridge) a fte r crossing the  equa to r. N o f and O lson 

(1993) proposed th a t s im p le  geostrophv requires th a t the  cu rre n t can cross the  equa­

to r  o n ly  i f  i t  sw itches sides o f  the  basin as i t  crosses. To suppo rt th is , th e y  s tud ied  the  

phenom enon using tw o  steady, inv isc id . re d uce d -g rav ity  m odels: a layer m o d e l1 

in  a p a rabo lic  m e rid io n a l channel, and a 2 ^ lay'er m ode l w ith  fla t topography, where 

th e  c u rre n t has constant p o te n tia l vo rtic ity '. T h e ir  a n a ly tic  so lu tions  showed th a t the

e qu a to r was successfu lly crossed and th a t the  b o tto m  cu rre n t d id  sw itch  sides o f  the

l An n +  ^ layer model is a model with n dynamically active layers coupled to a relatively thick 

inactive layer.

o
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channel. Johnson (1993) has also s tud ied  a steady, in v isc id . reduced -g rav ity  m odel 

w ith  a cons tan t p o te n tia l v o r t ic ity  flow , b u t w ith  a lin e a r b o tto m  topography, and 

found  th a t changes in  the  w id th  and he igh t o f  th e  c u rre n t a llow ed i t  to  cross the  

equa to r.

B orisov  and N o f (1998) suggested th a t deep cu rren ts  m ay cross the  e qua to r in  the  

fo rm  o f  eddies and so s tud ied  the  dynam ics o f  eddies approach ing  the  equa to r in  a 

p a rab o lic  m e rid io n a l channel. T hey  firs t s tud ied  the  dynam ics  o f so lid , fric tion less . 

n o n in te ra c tin g  pa rtic les  in the  channel and o b ta in ed  s ta tis tics  abou t how lik e ly  a 

g iven p a rtic le  is to  cross the  equa to r g iven its  in it ia l pos ition  and ve loc ity . T hey  then 

em ployed a one-layer reduced -g rav ity  sha llow -w a te r m odel and perfo rm ed  num erica l 

e xpe rim en ts  on eddies approach ing  the  equa to r. How  m uch o f  the  eddy crossed the  

e qu a to r was found to  depend on the  geom etry  o f  th e  channel and the  in it ia l speed 

and d ire c tio n  o f  the  eddy. The  presence o f  fr ic t io n  a lte red  the  p o te n tia l v o r t ic ity  o f 

th e  e dd y  to  a llow  some o f the  f lu id  to  cross the  equa to r, b u t how m uch o f the  flu id  

crossed was found  to  be dependent m ore on the  geom etry  tha n  on the  m a g n itude  o f 

the  f r ic t io n  present.

N o f and  B orisov (1998) perfo rm ed num erica l s im u la tio n s  o f abyssal cu rren ts  ap­

proach ing  the  equa to r on a m e rid io n a l channel, w ith  b o tto m  topog raphy  va ry ing  

p a ra b o lic a llv  in  the zonal d ire c tio n , using a re d uce d -g rav ity  sha llow -w a te r m odel. 

T h e y  found  th a t the  sha llow -w a te r s im u la tions  com pared m ore favou rab ly  w ith  the  

dynam ics  o f  the  so lid  pa rtic les  as s tud ied  by B orisov and N o f (1998) tha n  w ith  the

6
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a n a ly t ic  s o lu tio n  o f  N o f and O lson (1993). N o f and B orisov (1998) the re fo re  con­

c luded  th a t the  equato r-cross ing  process is an in e r t ia l one in  w h ich  the  g eo m e try  o f  

th e  b o tto m  top o g rap h y  plays a c ru c ia l ro le . (N o te  th a t s im ila r  conclusions were m ade 

by  R odw e ll and Hoskins (2001) abou t the  a tm ospheric  equator-crossing  flow  associ­

a ted  w ith  the  sum m er m onsoon.) T he  d ifferences between the  a n a ly tic  so lu tions , in  

w h ich  p o te n tia l v o r t ic ity  is conserved, and the  sha llow -w a te r s im u la tio ns  led th e m  to  

conc lude  th a t  the  p o te n tia l v o r t ic ity  is m od ified  by fr ic t io n  as the  cu rre n t proceeds, 

a llo w in g  the  flow  to  proceed a long the  p a th  p rescribed by the  b o tto m  topography.

T h e  m ovem ent o f  abyssal w aters in  the  e q u a to ria l ocean has also been s tu d ie d  by- 

Stephens and M a rsh a ll (2000). who perfo rm ed  n um erica l s im u la tio ns  o f  a s im p lifie d  

m ode l over re a lis tic  oceanic b a th ym e try . In  th is  m ode l, the  fu ll sha llow -w a te r conser­

va tion  o f  mass equa tion  is re ta ined  (w ith  a sm a ll s ink  te rm  representing  the  effects o f 

u p w e llin g ), b u t the  m o m e n tu m  equations are replaced by a p la ne ta ry  geostroph ic  fo r­

m u la tio n  w ith  the  a d d itio n  o f  fr ic t io n  in  the  fo rm  o f  R ayle igh  dam p ing  te rm s lin e a r in  

ve lo c ity . T h e  s teady-s ta te  flow  was found to  be b ro a d ly  consisten t w ith  observa tions.

T hus , in  sum m ary , recent research in to  these flows has focussed e ith e r on s tu d y ­

in g  the  fu l l dynam ics  o f  the  flow  over idea lized topog raphy  o r on e xa m in in g  the  

s teady-s ta te  flow  over re a lis tic  e q u a to ria l top o g rap h y  as p red ic ted  by- a s im p lifie d  

m ode l. A n  om ission  in  the  lite ra tu re  is the  perfo rm ance  o f num erica l s im u la tio n s  

o f  one-lave r re d uce d -g rav ity  sha llow -w a te r equations over re a lis tic  topography^. YVe 

have pe rfo rm ed  s im u la tio ns  o f  th is  na tu re  and we discuss the m  in  th is  thesis. These
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s im u la tio n s  are com pared to  th e  s im u la tions  o f  a s im p lifie d  m ode l in  o rd e r to  assess 

w h a t aspects o f  these flows are successfully described by the  s im p le  m ode l and to  

w ha t degree n o n lin e a r ity  and t im e  dependence are im p o rta n t in  these flows.

T h e  d ynam ics  o f  cross-equatoria l flows have been shown to  invo lve  f r ic t io n a l ef­

fects, th e  effects o f  b o tto m  topography, and in e rtia l effects. O ne aspect o f  the  d y n a m ­

ics th a t has received l i t t le  a tte n tio n  is how these cu rren ts  d y n a m ic a lly  coup le  w ith  the  

o ve r ly in g  f lu id . T h is  m ay be addressed by s tu d y in g  a tw o -laye r m odel o f  the  flow . I f  

we are to  s tu d y  a tw o -laye r equ a to ria l m odel, i t  is desirab le  fo r th a t m odel to  reduce 

to  the  a p p ro p ria te  geos troph ica llv  balanced m odel in  the  m id - la t itu d e  l im it .  K arsten  

and Swaters (1999) derived  and classified a ll the  possible fro n ta l geostroph ic m odels 

de rivab le  fro m  tw o -laye r sha llow -w a ter theory, and found th a t the  a p p ro p ria te  one 

fo r the  case in  w h ich  the  lower layer is sha llow  and the  b o tto m  topog raphy  plays an 

im p o rta n t d yn a m ica l ro le  is the  m odel derived  by Swaters and F lie r l (1991).

T he  Swaters and F lie r l (1991) m odel captures the  b a roc lin ic . su b in e rtia l dynam ics  

o f  a th in  low er layer flow ing  over b o tto m  topography  coupled to  a th ic k  uppe r layer. 

T he  m odel is derived  fro m  tw o -lave r sha llow -w a ter th e o ry  by an a sym p to tic  expansion 

in  te rm s o f  a pa ram ete r th a t p lays the  ro le  o f  the  Rossby num be r o f  the  flow  (Swaters 

1991: Swaters and F lie r l 1991). The re su lting  dynam ics  m ay be tho u gh t o f  as being 

m ode lled  by p la ne ta ry  geostrophv in  the  lower layer and quasi-geostrophy in  the  

uppe r laye r, w ith  a coup ling  between the  pressure fie lds o f  the  tw o  layers. P la ne ta ry  

geostrophv is a m odel o f  the  flow  where the  e vo lu tio n  o f th e  th ickness o f th e  laye r is
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governed by  the  conservation  o f mass, w ith  the  v e lo c ity  assumed to  be g iven  by  the  

geostroph ic  re la tions , whereas in  quas i-geostroph ic  flow , the  e vo lu tio n  e q u a tion  is the  

v o r t ic i ty  equa tion , w ith  the  ve lo c ity  again  assum ed to  be geostroph ic.

However the  m ode l o f  Swaters and F lie r l (1991) canno t be used near the  equa to r 

because i t  was de rived  under the  /-p la n e  a p p ro x im a tio n . T h a t is. dynam ics  a ris ing  

fro m  th e  m e rid io n a l va ria tion  o f the  C o rio lis  p a ram e te r are neglected. T h is  is a 

reasonable a p p ro x im a tio n  at m id -la titu d e s  and on  sm a ll enough leng th  scales, b u t 

n o t i f  th e  dom a in  inc ludes the  equa to r. O ne o f  the  goals o f  th is  w o rk  is to  in ves tiga te  

to  w ha t e x te n t the  Swaters and F lie r l (1991) m ode l m ay be extended to  th e  equa to r. 

In  o th e r words, can a m odel be developed th a t captu res the  dynam ics  o f  these equa to r- 

crossing cu rren ts  and th a t s im p lifies , in  th e  m id - la t itu d e  l im it ,  to  the  Swaters and 

F lie r l (1991) model?

We w il l  show th a t such a m odel can. in  fac t, be de rived , p rov ided  th a t the  

geostroph ic  balance re la tion  is generalized to  a re la tio n  describ ing  w e ll-de fined  ve­

lo c itie s  in  the  f  —¥ 0 l im it .  We w il l em p loy  tw o  such genera liza tions, each va lid  o n ly  

fo r its  respective  layer. W h ile  ne ith e r re la tio n  is in d iv id u a lly  new. th e y  have n o t. to  

o u r know ledge, p rev ious ly  been w r itte n  dow n together  to  fo rm  a coupled tw o -laye r 

m ode l a pp licab le  a t the  equator.

T h e  sha llow -w a te r equations are used as the  s ta r t in g  p o in t fo r o u r th e o ry  in  

th is  thesis, and so in  C hap te r 2 we present genera l resu lts abou t the  a p p lic a tio n  

o f  sha llow -w a te r th e o ry  to  the  e qu a to ria l reg ion. W e firs t address the  a p p lic a b il ity

9
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o f  th e  sha llow -w a te r equations as a m ode l o f  e qu a to ria l dynam ics  by e xpand ing  th e  

th ree -d im ens iona l Navier-S tokes equa tions in  an a s y m p to tic  expansion, w here  th e  

sm a ll param eters are the  ra tio  o f th e  h o rizo n ta l leng th  scale o f the  m o tio n  to  th e  

E a r th ’s rad ius and th e  ra tio  o f  the  v e rt ic a l to  h o rizon ta l leng th  scales. I t  is shown 

th a t the  h o r izo n ta l com ponent o f  th e  C o rio lis  effect and E a rth  cu rva tu re  effects m ay 

be neglected as long as the  h o rizo n ta l le n g th  scale o f  m o tio n  is o f  s u ffic ie n tly  la rge 

m agn itude .

In  C h a p te r 2. we also present th e  sha llow -w a te r equa tions o f m o tio n , and s ta te  

some o f  th e ir  conserva tion  p roperties. E q u a to ria l wave th e o ry  is review ed, and it  is 

shown th a t in  a tw o -la ye r system  w here  the  layers have unequal depths, th e  waves 

con ta ined  in  the  m odel can be re la ted  to  the  waves con ta ined  in  the  one-layer m ode l, 

w ith  a p p ro p ria te  sca ling  factors. These waves are re levant in  the  con tex t o f  th e  m odel 

we derive  in  C h a p te r 4.

In C h a p te r 3. a s im p le  m odel is presented fo r one-laver cross-equatoria l flow , w here 

geostrophv is replaced a t the  e qu a to r by fr ic t io n a l flow  dow n the  pressure g ra d ie n t. 

T h is  m ode l is com pared  v ia  n um erica l s im u la tio ns  to  th e  one-laver re d u ce d -g ra v ity  

sha llow -w a te r m ode l, firs t over idea lized  b o tto m  topography, then  over re a lis tic  equa­

to r ia l A t la n t ic  Ocean b o tto m  topography. YVe find  fro m  the  idealized to p o g ra p h y  

s im u la tio n s  th a t the  s im p lifie d  m ode l p red ic ts  q u a lita t iv e ly  correct f lu id  paths and 

reproduces w e ll the  th e o re tica l a long-slope speed o f  a dense, co m p a c tly -su p p o rte d  

eddy  on a slope. H owever, the  s im p lifie d  m ode l is u n re liab le  w ith  respect to  ce rta in
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aspects o f  th e  flow  where the  m o m e n tu m  o f  the  f lu id  p lays a ro le , since f lu id  in e r t ia  

is neg lected in  th e  m odel.

O u r s im u la tio n s  over re a lis tic  topog raphy  are in tended  to  s im u la te  A n ta rc t ic  B o t­

to m  W a te r flow  n o rth w a rd  in  the  southern  A t la n t ic  Ocean, so we in tro d u ce  a mass 

source o f  dense f lu id  a t the  southern  edge o f  o u r n um erica l d om a in , and observe i t  as 

i t  flows n o rth w a rd . We pe rfo rm  tw o  expe rim en ts : steady in flo w  co nd itio n s  w ith  an 

ana lys is o f  the  steady-sta te  cond itions , and t im e -v a ry in g  in flo w  co nd itio n s  to  s im u ­

la te  the  annua l s ignal seen in  observa tiona l s tud ies. O u r com parison  o f  the  s im p lifie d  

m ode l to  th e  sha llow -w a te r m odel con firm s the  resu lts  o f o u r idea lized topography  

s im u la tio n s . A d d it io n a lly , o u r com parison o f the  sha llow -w a te r m ode l resu lts  to  ob­

serva tions shows q u a lita t iv e  agreem ent w ith  the  observed v e lo c ity  fie ld . O u r t im e - 

dependent s im u la tio n s  show th a t the  re la tiv e ly  large t im e  v a r ia b il ity  observed in  the  

cross-equa toria l cu rre n t can be reproduced, and fu rth e rm o re , is reproduced by a re l­

a tiv e ly  sm a ll a m p litu d e  in  t im e -v a r ia b ility  o f the  A n ta rc t ic  B o tto m  W a te r cu rre n t 

as i t  approaches the  equa to r. We believe the  good agreem ent between observations 

and the  p re d ic tio n s  o f  one-layer reduced -g rav ity  sha llow -w a te r equations is s trong  ev­

idence th a t ce rta in  aspects o f  these flows can be w e ll understood  fro m  the  s ta n d p o in t 

o f  in e r t ia l,  reduced -g rav ity  dynam ics.

In  C h a p te r 4. we investiga te  the  degree to  w h ich  b a ro c lin ic itv  m ay also be im p o r­

ta n t in  th e  dynam ics  o f  these cu rren ts  by d e r iv in g  a tw o -la ve r m ode l o f  e qu a to ria l 

flow . We firs t m o tiva te  the  need fo r an uppe r layer by d e r iv in g  the  th e o re tica l speed
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o f a dense, co m p a c tly -su p p o rte d  eddy on a slope on an / -p la n e , w here  the  effects o f 

pressure va ria tions  in  th e  u pp e r layer and the  (p a ram e te rized ) effects o f  fr ic t io n  are 

taken  in to  account. We the n  de rive  a tw o-layer m odel o f  c ross-equa to ria l flow  w here 

the  low er layer m ay be taken  to  be e ith e r o f the  one-layer m odels s tu d ie d  in  C h a p te r 3 . 

and the  uppe r layer uses a genera liza tion  to  geostrophy th a t  is s im ila r  to  the  C ha rney  

balance equations (G e n t and M c W illia m s  1983). In  the  l im it  o f  m o tio n  fa r fro m  the  

equa to r, th is  tw o -laye r m ode l reduces to  the  Swaters and F lie r l (1991) m ode l, w h ich  is 

the  a p p ro p ria te  g e o s tro ph ica lly  balanced m odel describ ing  the  m o tio n  o f  a re la tiv e ly  

th in  low er layer in te ra c tin g  w ith  topography.

To focus on th e  tw o -lave r dynam ics  in the  l im it  o f  m o tio n  r ig h t on the  equa to r, we 

describe in  C h a p te r 4 the  equations o f m o tion  re-scaled using a s tanda rd  e qu a to ria l 

J -p la ne  sca ling, and a tw o -la ve r m odel is derived  in  the  co n te x t o f  th a t sca ling. By 

com paring  th is  m ode l, w h ich  is va lid  for e qu a to ria l scales, to  the  p re v iou s ly  derived  

m ode l, w h ich  is va lid  fo r m id - la t itu d e  scales, a lead ing -o rde r u n ifo rm ly  va lid  "m e ta - 

m ode l" is derived . T h is  m e ta -m ode l reduces, when expressed in  m id - la t itu d e  scales 

o r e qu a to ria l scales, to  th e  m id - la t itu d e  o r equ a to ria l m ode l, respective ly .

The  conclusions o f o u r research and re la ted  fu tu re  research p ro je c ts  to  be pursued 

are discussed in  C h a p te r 5.

12
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Chapter 2 

Governing equations and 

prelim inary results

2.1 A pplicability o f shallow-water theory

To begin  w ith , we address the  question  o f  the  a p p lic a b ility  o f sh a llow -w a te r the o ry  to  

the  e q u a to ria l region. VVe do so by fo llo w in g  K arsten  and Swaters (1999). w ho pe rfo rm  

an a s y m p to tic  expansion o f the  fu l ly  th ree -d im ens iona l N’avier-S tokes equations in 

spherica l coord inates to  de te rm ine  the  re la tive  im p o rta nce  o f  the  various te rm s in  the  

equations o f  m o tio n . O u r analysis d iffe rs from  the irs  in  th a t, w h ile  th e y  assume a 

p r i o r i  th a t the  flow is g eos troph ica lly  balanced, we do not.

We shall assume fric tion less  flow  and a sing le  layer o f homogeneous dens ity  fo r 

th is  analysis. We fu lly  a n tic ip a te  in c lu d in g  fr ic t io n  in  o u r m ode l, b u t th is  analysis

13
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is in tended  o n ly  to  eva lua te  the  v a lid ity  o f neg lecting  te rm s  such as n on h vd ros ta tic  

te rm s , the  h o rizo n ta l com ponen t o f the  C 'oriolis e ffect, and  E a rth  cu rva tu re  te rm s , so 

we neglect f r ic t io n  fo r now .

T h e  gove rn ing  equa tions fo r a s ingle homogeneous laye r o f f lu id  flow ing  over the  

surface o f  the  E a rth  m ay be expressed in  spherica l coord ina tes as fo llow s (C 'ushm an- 

R o is in  1994; K a rs ten  and Swaters 1999):

du" u 'w" „ u ’ vm _ „ 1 dp'
—----- 1----------------ta n -0 -----------2 f t  sin Ov +  2 f t  cos Ow = ------------------ ——.
a t* r *  r *  p r ‘  cos 0 d o

dvm v’ w '  u’ 2 1 dp'
H---------- +  ta n 0  - f-2 f t s in # u  =

d t"  r ’  r*  "  p r "  d6
d w ’  u ’ 2 +  v ’ 2 n  . I d p m
— 2 f t  cos Ou = ---------  g.  ( 2 .1
d t - r ‘  p d r '  *

d w  u’* i  d  t i d u m
- r :—  +  2 — 4 C O S 0 )  4------------------ --—  =  0 .
d r * r*  r *  cos 0 d0 r ‘  cos 0 d o

where

d _  d  um d  r "  d  . d

d t ’  d t " r*  cos 0 d o  r ‘  dO d r "

is the  m a te r ia l d e r iv a tiv e , r *  is the  rad ia l d is tance fro m  the  E a r th ’s centre . 0 is 

th e  la t itu d e , o  is the  lo n g itu d e . t m is tim e , p '  is the  pressure, and u ‘ . r * .  and tr* 

are the  ve loc ities  in  the  eastw ard , no rth w a rd  and ra d ia l d ire c tion s , respective ly. An 

as te risk  denotes a d im e ns ion a l va riab le . The  d im ens iona l param eters f t .  g. and p are 

th e  angu la r ve lo c ity  o f  th e  E a rth , the  g ra v ita tio n a l acce le ra tion , and the  constant 

dens ity , respective ly .

O ne m ay conve rt these equations fro m  spherica l coord ina tes  ( r ' . o . 0 ) to  a local 

ca rtes ian  coo rd in a te  system  ( x ‘ . y ’ . : ‘ ) by expand ing  abou t a c e n tra l la t itu d e  0 =  0q

14
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and the  p la ne ta ry  rad ius  r “ =  ro. T hen , by w r it in g  the  pressure as th e  sum  o f its  

h yd ro s ta tic  and d yn a m ic  pa rts .

P ' =  ~ P 9= '  + p p ’ ( x \ y \  

and in tro d u c in g  the  generic  nond im ensiona liza tions

( x ' . y ' )  =  L ( x . y ) .  : ’  =  H z .  ( u . v m) =  l ' ( u . v ) .

( 2 .2 )

w m =  r  =  T t .  p~ =  Pp.

the  equations o f  m o tio n  m ay be w r itte n  as follows:

—  -(- \ a £ u i u  — £ ta n  0ouv  — +  ~ y ^  ’ ’ +  Ao ^
cot Oq Z \
---------------- y w

f t  /

=  - ( i  +  7 y - A ^ ) - ^ | ^  +  o ( e - ) .

^  +  Aa£v iv  +  £ ta n  0ou2 +  +  “ i / )  “  =  - ( I -  +  ° ( £ 2)-

. ^ d w  , O 1 , . / c o t  Oq f  \  I dp  „  ,

TT ~ H{U + V‘] ~ Xa \ ~ r  ~ ~ey) “ = ~~F̂Tz + 0 ( " ]*

+  2Aa t w  +  ( I -  A£c) -  7 r )  +  ( I -  A£.-)( I +  +  0 ( £ 2 ) =  0.

(2.3)

where Tt s  ~ 7 § t  +  ( 1 _
. | . d  d d

-I -  Q I C  —  .

a :

In  w r it in g  the  above equa tions, we have in troduced  the  va riab le  £ =  L / r Q <§; I and 

the  fo llow ing  nond im ens iona l param eters:

H  „  L: „  W L
T  f  =  V P ~  •' =  ' tan<'” - ° = r r

c =  7 7 - CT =  -X = .  e J =  (  cot Oq.
J  o L  J q L
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As described in  K ars ten  and Swaters (1999). the param eters  A. F .  7 . a .  e. eT and 

eg are, respective ly , the  aspect ra t io  o f  the  m o tio n , th e  Froude num ber, a m e tr ic  

te rm  (m easu ring  E a rth  cu rva tu re  e ffects), a measure o f  th e  re la tive  im p o rta n ce  o f  the  

v e rtic a l g ra d ie n t o f  the  v e rtic a l ve lo c ity  to  the  h o rizon ta l d ivergence o f  the  h o rizon ta l 

v e lo c ity , the  Rossby num ber, the  te m p o ra l Rossby num be r, and the  p la n e ta ry  Rossbv 

n um be r ( ra t io  o f  the  p la n e ta ry  v o r t ic ity  g rad ien t to  th e  p la n e ta ry  v o r t ic ity  its e lf) .

W e m ay check the  a p p lic a b ility  o f  the  sha llow -w a te r m ode l a t the  e q u a to r by- 

ta k in g  the  l im it  as 0O —► 0 in  the  govern ing  equations. Since |e| —► oc in  th a t l im it ,  

we f irs t re w rite  th e  te rm s p ro p o rtio n a l to  co t0o /e  fo r a c lea re r in te rp re ta tio n . W ith  

the  s tanda rd  d e fin itio n s  o f  the  tw o  fo rm s o f  the  beta pa ram e te r (see Pedlosky 1987. 

§6 .2 )

2 f t-Jo =   cos Oq.
Cq

and

we fin d

j  _  J0L 2 _  e2 Q L c o s 0 o
J  =  —  v  •

co t 0O J  , eg
— —. and — =  J.

£

S u b s titu tin g  these in to  the  equations o f  m o tio n  and ta k in g  the  l im it  as 0O —► 0. (so 

th a t |e| —y oc and 7  —» 0  as w e ll) we fin d  the  lead ing  o rde r govern ing  equ a to ria l 

equa tions take  the  form

16
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f̂  +  \ a £ u w  -  i3yv +  i3 a ^ w  =  -  ~ + 0 ( £ 2 . £ \ ) .

—  +  \ a £ v w  +  f3yu  =  ~  1 /T2 ~ | ~  +

qA2^ t  ~ Ae(“ 2 +l,2) “  = ~ h % + ° (^ A)- (24)

d  tT  0 d
+  a w — , 

dz

We are discussing flows fo r w h ich  £ =  L / r 0 I .  i.e. the  leng th  scale o f  m o tion  

is m uch sm a lle r tha n  the  rad ius o f  the  E a rth . Let us also assume the  aspect ra tio  

A =  H  j  L is a sm a ll param ete r, w h ich  is tru e  fo r m ost geophysical flows. T hen , by the  

conserva tion  o f  mass e qu a tion , we have th a t a  <  0 {  I ) .  T hus , the  gove rn ing  equations 

reduce to

£ - J s r +  * > { «  = - J i g + 0 ( ( U » .

T t + 3 » “  = - F S J  +  0 ( f i ' ?A )-

=  +  (2 -5)

die du d v  ,
Q~z— F +  t j— h 0 { £ ‘ . £ A) — o.

dz  d x  d y

d  t r  d  d  d  d
7t = TWt + "di + vTy + atL'T:

W hen  do these equations reduce to  the  sha llow -w a te r equations? In  the  sha llow - 

w a te r m ode l, the  dependent variables do not va ry  w ith  he igh t r .  I f  i t  were tru e  th a t 

A /£  I .  then  d p j d z  w ou ld  be zero to  lead ing  o rder. S ince p w ou ld  be independent 

o f  r .  the  ve lo c ity  com ponents w ou ld  rem a in  independent o f  c i f  in i t ia l ly  so. Thus.

T
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i f  A / f  I ,  then  the  above equations reduce to  the  (equa to ria l beta p lane) sha llow - 

w a te r equations.

W h a t is the  s ign ificance o f  A /£  <C 1? T h e  term s co n ta in in g  A /£  represent the  

h o r iz o n ta l com ponent o f  the  C o rio lis  force and co n trib u te  to  the  breakdow n o f  the  

n o n h yd ro s ta tic  assum ption . In  te rm s o f  m ore  basic scaling factors.

A H / L  H r 0 

£ ~  L / r 0 ~  1 2 *

so th a t o u r firs t resu lt is as fo llows:

T h e o r e m  1 For  constant-densi ty  f l o w  near the equator with hor izon ta l  scales much 

sm a l le r  than the radius o f  the Ear th  and  aspect rat io much less than uni ty , shal low-  

water  theory wi l l  be applicable as long as

T h e  la rger the  h o rizon ta l leng th  scale, the  b e tte r th is requ irem en t w il l be satisfied. 

For H  =  5 km . we require  L 2 > 180 km . T h e  cu rre n t its e lf is o f  cons iderab ly  sm a lle r 

v e rt ic a l e x te n t, on the  o rd e r o f  H  =  0.5 k m  (H a ll.  M cC artney, and W h itehead  1997). 

w h ich  means th a t the  requ irem en t is instead L 3 > 60 km . O bservations o f  A n ta rc t ic  

B o tto m  W a te r as i t  approaches the  e q u a to r suggest tha t the  cu rre n t has a w id th  o f  

a p p ro x im a te ly  L =  200 km  (Sandoval and Wre a th e rlv  2001).

We note  th a t the  above resu lt is not co m p le te ly  new. since de Verd iere  and Schopp 

(1994) showed th a t i f  L <  ( / / r 0 )C 2. the n  e qu a to ria l dynam ics m ust inc lude  the  hor­

izo n ta l com ponent o f  the  C o rio lis  e ffect. However, the above analysis does estab lish

18
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th a t ,  unde r the  m entioned  assum ptions, th is  e ffect is the  only  e ffect th a t one needs 

to  add  when considering  equa to ria l dynam ics , e.g. E a rth  c u rva tu re  effects need not 

be considered.

2.2 Shallow-water theory

T h e  equa tions o f  m o tio n  m ay be cast in to  various form s, some o f  w h ich  have advan­

tages over o the rs  when a tte m p tin g  to  in te g ra te  the  equations num erica lly . We sta te  

som e o f  the  m ore useful form s here, and s ta te  th e  conserved q u a n titie s . The  n o ta tio n  

here c lose ly fo llow s th a t o f A rakaw a and Lam b  (1981) and A rakaw a  and Hsu (1990).

2.2.1 Inviscid model

T h e  in v isc id  sha llow -w a ter equations can be w r it te n  in  the  fo rm

d v
— +  t> - V»-|- / fc  x  v  =  —</V(/i + / ig ) .  ( ‘2.6)

^  +  V  - (h v ) =  0. (2.7)at

w here v  is the  h o rizon ta l ve loc ity , k is th e  v e rtic a l u n it vecto r. /  is the  C o rio lis  pa­

ra m e te r. h is the  thickness o f the  f lu id , and h s  is the  height o f  the  b o tto m  topography

(assum ed independent o f  tim e ) above an a rb it ra ry  reference leve l. T he  firs t equa tion  

expresses conservation  o f  m om en tum , and th e  second expresses conserva tion  o f mass. 

These equa tions m ay be re w ritte n  in  the  e qu iva len t fo rm

d v— + qk x (h v )  + V(/v -f- <&) =  0. (2.8)at 
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w here q =  ((,'+ f ) / h  is the  p o te n tia l v o r t ic ity , (,* =  k - V x v  is the  re la tiv e  v o r t ic ity ,  K  =  

v • v / 2 ,  and  $  =  g(h  +  h B ). K  and $  are re la ted  to  the  k in e tic  and p o te n tia l energy 

o f  th e  f lu id , respective ly. M ore  specific com m ents on the  phys ica l in te rp re ta tio n  o f  K  

and <l> w il l  be made below.

T a k in g  th e  in n e r p roduct o f h v  and (2.8) and using (2 .9) gives

( h f \ )  -f- V  • ( h v K ) +  h v  ■ =  0.at

w h ile  m u lt ip ly in g  (2.9) by produces

j  +  V  • ( h v $ )  — h v  • V4> =  0.

A d d in g  the  previous two equations y ie lds the  s ta tem en t o f  conserva tion  o f  to ta l energy 

o f the  system

—  \ h K  +  - g h 2 +  g h h B j  +  V  • [ / iu ( / \ ' +  $ ) ]  =  0 . (2 . 1 0 )

where we m ay now in te rp re t h l \  as the  ( lo ca l) k in e tic  energy o f  the  f lu id . \ g h 2 + g h h B 

as the  p o te n tia l energy. h v K  as the  k in e tic  energy f lu x , and h v $  as th e  p o te n tia l 

energy f lu x . N o te  th a t, w h ile  the  k in e tic  energy f lu x  is ve lo c ity  m u lt ip lie d  by  k in e tic  

energy, the  p o te n tia l energy flu x  is not s im p ly  the  p ro du c t o f v e lo c ity  and p o te n tia l 

energy.

T h e  p o te n tia l v o r t ic ity  equa tion  is derived  by f irs t ta k in g  the  v e rtic a l com ponent 

o f  the  c u r l o f  ( 2 .8 ) to  fo rm  the  (abso lu te ) v o r t ic ity  equa tion .

^ -  +  V - ( G « ) = 0 . (2 . 1 1 )
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w here =  (,* +  /  is the  abso lu te  v o rt ic ity . T hen , by using the  conserva tion  o f  mass

(2 .9) to  e lim in a te  V  • v  fro m  the  v o r t ic ity  equa tion , the  p o te n tia l v o r t ic ity  equ a tion

m ay be w r it te n  as fo llows:

^  +  ®- V<7  =  0 . ( 2 . 1 2 )

P o te n tia l v o r t ic ity  is thus conserved fo llo w in g  the  m o tio n , th a t is. i t  is advected  in  

space lik e  a m a te ria l trace r. T he  to ta l absolu te  v o r t ic ity  in  the  dom a in  is conserved, 

b u t i t  m ay  accum ula te  o r d isperse loca lly , m uch lik e  the  surface he ight o f th e  f lu id .

E qua tions (2.7) and (2.12) m ay be used to  co n firm  the  fo llo w in g  conserva tion  law: 

For an a rb itra ry  d iffe re n tia b le  fu n c tio n  F [ x ) .

^ ( h F ( q ) )  +  V - { h v F ( q ) )  =  0 . (2 .13)

thus . h F ( q )  is a conserved q u a n tity  ( Yavneh and M c W illia m s  1994: Ren and Shepherd 

1997). N o te  th a t the  he ight (mass) o f  the  flu id  and the  abso lu te  v o r t ic ity  are governed 

by id e n tica l equations o f  m o tio n . Therefore , i t  is also tru e  th a t

{ u F ( q ) )  +  V  • (CAv F ( q ) )  =  0 . (2 .14)

w here F ( x )  again represents an a rb itra ry  d iffe re n tiab le  fu n c tio n . E qua tions  (2.13) 

and (2 .14) m ay be th o u g h t o f as expressing the  same fact, since h F ( q )  — h • (£A / h )  ■ 

( F ( q ) / q )  =  C,A F { q ) / q  =  QA F {q ) .

I f  th e  assum ption  is m ade th a t the  b o tto m  topography  does not depend on the  

zonal coo rd ina te  x.  then  ano the r conserved q u a n tity  is the  zonal m o m e n tu m

. v f = i ( u -  f  m u ) .
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w here f { y )  is the  C orio lis  pa ram ete r, s ta ted  w ith  an a rb itra ry  la t itu d e  dependence. 

(M cP h a de n  and R ipa  1990; Ren and Shepherd 1997). I t  is easily checked, using the  

conserva tion  o f  m om en tum  (2.6) and mass (2 .7), th a t

+  V  ■ ( v M  +  =  0,

w here i  is the  u n it  vec to r in  the  x -d ire c tio n . T h is  is a conservation law  fo r .1/.

2.2.2 Frictional effects

Since we w il l  s tud y  models th a t co n ta in  a pa ram ete riza tion  o f  ve rtic a l f r ic t io n , we 

b rie fly  rev iew  in  th is  section the  effects o f  a sm a ll b u t nonzero am oun t o f  fr ic t io n  in a 

ro ta t in g  system , where the  fr ic t io n  is between the  flu id  and the  b o tto m  so lid  boundary. 

We neglect ho rizon ta l fr ic t io n  and th e  surface w ind  stress in  th is  d iscussion. F u rth e r 

d e ta ils  m ay be found in  the  te x t by Pedlosky (1987).

For a sm a ll am ount o f fr ic t io n , the  flow  m ay be tho u gh t o f  as being separated in to  

an in te r io r  in v isc id  flow and a fr ic t io n a l bounda ry  layer. T he  bou n da ry  layer near 

a so lid  b o tto m  boundary in  a ro ta t in g  system  is called an E km an laye r and has a 

th ickness on the  o rder o f

w here v z is a v e rtic a l eddy v iscos ity  coeffic ien t and /  is the  C o rio lis  p a ram e te r (Ped­

losky  1987). W ith in  the E km an layer, fr ic t io n  allows flu id  to  flow  dow n the  pressure 

g rad ien t (i.e . geostrophic balance is b roken ), w h ich  sets up pa tte rns  o f  convergence
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and d ivergence  th a t  are d iffe re n t than  in  the  in te r io r  in v isc id  reg ion. B y  the  con­

se rva tion  o f  mass, convergence (d ivergence) in  th e  Ekm an laye r resu lts  in  upw ard  

(d o w n w a rd ) v e rtic a l mass f lu x  o u t o f  ( in to )  th e  E km an  layer itse lf. T h is  phenom enon 

is ca lled  E km a n  p um p in g . A ssum ing  nea rly  geostroph ic flow , the  v e rt ic a l v e lo c ity  a t 

th e  to p  o f  th e  E km a n  layer m ay be re la ted  to  the  v o r t ic ity  o f  th e  in te r io r  in v isc id  flow  

(P e d losky  1987),

&E - 
WE =  —

w here (,* =  d v / d x  — d u / d y  is the  re la tive  v o r t ic ity  o f  the  in te r io r  flow .

T h is  v e rt ic a l v e lo c ity  in to  o r ou t o f  the  in te r io r  flow affects the  v o r t ic ity  balance 

in  the  in te r io r . A ssum ing  the  in te r io r  flow  m ay be m odelled w ith  the  in v isc id  sha llow - 

w a te r equa tions , th e  E km an pum p in g  m ay be th o u g h t o f as a mass source, so th a t 

th e  equa tions  o f  m o tio n . (2.6) and (2 .7). become

d v—  -I- v  ■ V r + f k  x v  =  —<?V(/i + /ig).at

dh 6g  .
_  +  r . ( M  =  T <,.

VVe fo rm  th e  equ a tion  govern ing  the  e vo lu tio n  o f  p o te n tia l v o r t ic ity  by  ta k in g  the  

c u r l o f  th e  m o m e n tu m  equations and e lim in a tin g  th e  divergence te rm  using  th e  mass 

e q u a tio n . T h e  resu lt is

1  ( i + i )  +  „  . y  ( i ± l )  =  _*£(<■' t l y ,
d t \ h ) \ h )  2  h 2 '

U nder th e  assum ption  o f  n ea rly  geostroph ic flow . C +  /  ~  / •  T h en  th e  p o te n tia l
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v o r t ic ity  equ a tion  m ay be w r it te n  in  the  fo rm

! ( £ + / ) + B . v ( f ± Z ) - - J c ,  ( 2 . ,o )

w here  r  =  5 e / / ( 2 / i ) .  T h is  says th a t  potent ia l  v o r t ic ity  is d iss ipa ted  by a s ink  te rm  

p ro p o rtio n a l to  th e  relative v o r t ic ity .  In  fac t, th is  d iss ipa tion  is th rou g h  v o rte x  tu b e  

s tre tc h in g  and  com pression re su ltin g  fro m  th e  E km an pum p in g  associated w ith  the  

re la tiv e  v o r t ic ity .  N o te  th a t, i f  /  and h are assumed constan t. (2.15) reduces to  the  

s ta tem en t th a t  re la tive  v o r t ic ity  is d iss ipa ted  by a te rm  p ro p o rtio n a l to  the  re la tive  

v o r t ic ity  its e lf, w ith  p ro p o rtio n a lity  coeffic ien t r  (Ped loskv 1987).

Suppose th a t ,  instead o f m o d e llin g  v e rtic a l fr ic t io n  effects w ith  an E km an p um p in g  

te rm  p ro v id in g  a mass source, the  fr ic t io n  effects are m odelled  w ith  R ayle igh d am p in g  

te rm s  p ro v id in g  a ve lo c ity  drag.

dv—  + v • Vu + f k  x v = —g^(h + /ig) — rv.

!  +  v . , A„ ,  =  o.

w ith  the  same r  =  S g f / { 2 h )  as the  d rag  coe ffic ien t. The  p o te n tia l v o r t ic ity  equa tion  

o f  th is  m odel is e xa c tly

9 ( <  +  f \  . . .  r  f C  +  / )  =

I "dt  \  h J  \  h )  h

w h ich  is id e n tic a l to  (2.15). T h a t is. a ltho u gh  the  physica l m echanism s o f  mass source 

(v ia  E km an p u m p in g ) and ve lo c ity  d rag  are d iffe re n t from  the  p o in t o f v iew  o f mass 

and m o m e n tu m  balance, the y  affect the  v o r t ic ity  e vo lu tio n  in  e x a c tly  the  same way. 

T h is  fact w il l  be e xp lo ite d  in  o u r choice o f idea lized  m odel in  Section 3.1.
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2.3 Equatorial waves

2.3.1 Review of barotropic wave theory

P a r tic u la r  dynam ics  e x is t a t the  equa to r, so i t  is useful to  b r ie fly  rev iew  the  th e o ry  

o f  e q u a to ria l waves. T he  b a ro tro p ic  and  tw o -laye r b a roc lin ic  waves we discuss here 

w i l l  be re levant to  the  tw o -laye r m odel we de rive  in  C h a p te r 4. T h is  w o rk  was f irs t 

conduc ted  by M a tsuno  (1966b), and fu r th e r  d e ta ils  m ay be found in  te x tb o o ks  such 

as P ed losky (1987) o r H o lton  (1992).

W e focus on the  ho rizon ta l s tru c tu re  o f  e q u a to ria l waves. T he  v e rtic a l s tru c tu re  

m ay be factored o u t o f  the  equations o f  m o tio n  using separa tion  o f variables ( P edlosky 

1987). A lte rn a te ly , one m ay assume the  v e rtic a l s tru c tu re  consists o f  a re la tiv e ly  th in  

a c tiv e  layer and an in f in ite ly  th ic k  in a c tive  layer, i.e. the  reduced g ra v ity  o r one-and- 

a -h a lf laye r m odel. T h e  case where the  m o tio n  m ay be described by tw o  a c tive  layers 

o f  unequa l thicknesses is tre a te d  in  the  nex t section.

I t  is assumed th a t the  f lu id  is described by the  sha llow -w a ter equa tions. (2 .6) 

and (2 .7 ). w ith  mean dep th  H .  T he  e q u a to ria l be ta  plane a p p ro x im a tio n  is m ade, 

re p la c in g  the  C o rio lis  param ete r /  w ith  3 y .  where y is the  m e rid io n a l co o rd in a te . 

N eg lec tin g  va riab le  b o tto m  topography  and lin e a r iz in g  about a s ta te  o f  no m o tio n  

y ie ld s  th e  equations

ut -  J y v  =  - g r j T.

vt +  3 y u  =  - g i j y . (2 .16)
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rjt +  H { u x +  vy) =  0.

w here u .v .  axid t) axe the  eastw ard ve loc ity , n o rth w a rd  ve loc ity , and  he igh t d e v ia tio n  

fro m  H , respective ly . U nder the  assum ption  o f  zona lly  p ro paga ting  waves o f  th e  fo rm

{u , v , 7 }  =  (u (y ) ,  v (y ), 7 ( y ) }  exp [j(fcx  -  urf)] +  c.c..

w here c.c. denotes the  com p lex con juga te  o f the  preceding expression, the  a m p litu d e s  

o f  the  waves are governed by th e  o rd in a ry  d iffe re n tia l equations

—iuju — Jyv  =  —ikgrj.

—iujv 4 -  3yu =  — g f j y .  ( 2 . 1 7 )

—iuji) +  H [ ik u  + fry) =  0.

T h e  firs t o f  these equations m ay be used to  e lim in a te  u from  the  re m a in in g  equa tions, 

to  o b ta in

i ( 3 2y 2 ~  * ' 2)v +  9(^'Vy +  fc3yrj) =  0. (2 . IS)

i ( g H k 2 — u/ 2 )7  +  H{*iVy — k 3 y v )  =  0. (2.19)

T h e  s o lu tio n  correspond ing to  v =  0 is ca lled  the  e qu a to ria l K e lv in  wave. F rom  

(2 .19). the  d ispers ion  re la tion  fo r th is  mode is u: =  ± \ / g H k .  T h a t is. th is  is a nond is-

persive wave w ith  the  same d ispers ion re la tion  as sha llow -w a te r g ra v ity  waves. Denote

c =  ± y / g N . T he  so lu tion  o f  (2.18) is then f j (y)  oc e x p (— 3 y 2/2c) .  For the  s o lu tio n  

to  be bounded as y —y ± 0 0 . c m ust be pos itive . Thus the  e q u a to ria l K e lv in  wave 

so lu tions  are tra p p e d  near the  e qua to r ( th a t is. the y  decay e x p o n e n tia lly  avvav fro m

26

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



th e  e q u a to r) , e x h ib it  no m e rid io n a l m o tio n  and always tra ve l eastw ard  w ith  the  speed

o f  a sh a llow -w a te r g ra v ity  wave.

In  fa c t, i t  is e xa c tly  th is  equa to ria l K e lv in  wave p ropaga ting  eastw ard  th a t a llow s

th e  e q u a to ria l P acific  Ocean to  a lte r its  co n d itio n  fro m  a La N ina  s ta te  to  an E l N ino

sta te . In  a La N ina  s ta te , westward w inds a t th e  equa to r cause the  layer o f  w arm  

surface w a te r to  p re fe re n tia lly  deepen in  the  western p a rt o f  the  basin. W hen  those 

w inds weaken, an e qu a to ria l K e lv in  wave propagates eastw ard a long the  th e rm o c lin e . 

deepen ing  the  surface layer in  the  eastern p a rt o f  the  e qu a to ria l P acific , es tab lish ing  

E l N in o  co nd itio n s  (N ee lin . L a tif, and J in  1994).

T h e  n o n -K e lv in  wave so lu tions are sought by fo rm in g  a sing le  equa tion  fo r £ from

n o m ia l (B u tk o v  L968). T h is  d ispersion re la tio n  m ay be nond im ens iona lized  by ex-

(2 .18) and (2 .19).

( 2 .20 )

w h ich , by a change o f variables V' =  ( 3 / y/gJT) l ^2y.  m ay be trans fo rm ed  in to

dV ' 2 [  3

S i '  \JgH
it i

N ote  th a t the  d e riva tio n  o f  (2.20) requ ired  the  assum ption  th a t x  ^  ck.  A  so lu tion

th a t rem ains bounded as y  —» ± o c  exists  i f  and o n ly  i f

n =  0 . L. 2 ........

and th a t so lu tio n  is v =  / / „ (V ')e x p (  — Y'2 /2 ) .  w here H n( V )  is the  n th  H e rm ite  p o ly -
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pressing i t  in  te rm s o f  u> =  u j / { f3y /gT I ) l/2 and k  =  k ( y / g W / 3 ) l /2.

^  _  p  =  2n +  1 ; n = 0 , 1 , 2 . . . .  (2 .2 1 )
UJ

For p os itive  in tegers n, (2.21) has fo r any g iven  k  th ree  so lu tions fo r <jj. co rrespond ing  

to  the  w estw ard  and eastw ard p ropaga ting  p lane ta ry-sca le  g ra v ity  waves and th e  w est­

w ard  p ropaga ting  e qu a to ria l Rossby wave. For n =  0. the re  are o n ly  tw o  so lu tions. 

T h e  th ir d  so lu tion , u; =  —k.  m ust be re jected  since we assumed th a t u: ^  ck  in  the  

d e r iv a tio n  o f  (2.20). T he  n =  0 m ode is ca lled  a m ixed  R ossby-g rav itv  wave (some­

tim es ca lled  a Yanai wave) because, p a r tic u la r ly  a t h igh wave num bers, the  eastw ard 

p ropaga ting  wave behaves like  a g ra v ity  wave and the  westw ard p ro pa g a tin g  wave 

behaves like  a Rossby wave.

T h e  d ispers ion  d iagram  fo r the  various modes is d isp layed  in  F igu re  2.L. N ote  th a t 

the  e q u a to ria l K e lv in  wave is som etim es labe lled  as the  n — — I m ode since 2' =  k  is 

indeed a so lu tion  o f (2 .2 1 ) when n =  —1 .

2.3.2 Two-layer waves

We seek to  describe e qua to ria l waves unde r th e  assum ption  o f  tw o -la ve r dynam ics  

where th e  layers m ay be unequal in  mean d e p th . Let the  uppe r and low er layer m ean 

dep ths be denoted H i  and / / 2. respective ly. A ssum ing  sha llow -w a te r th e o ry  app lies 

to  each layer, the  linearized  equations o f  m o tio n  are

u u -  3 y v i  =  - gvx •
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Eastw ard
gravity

O '

Rossby

St-1

- 2

- 3
i W estward  
i gravity

- 4
- 4 - 2 0 2 4

Nondim ensiona! w avenum ber, k

F igu re  2.1: T h e  d ispersion d iagram  fo r e qua to ria l waves. M R G  stands fo r the  m ixed  
Ross b y -g ra v ity  mode. The  d o tte d  line  shows J: =  —l / k .  w h ich  is re levan t fo r the  
b a ro tro p ic  modes o f tw o -laye r waves.

+  J y u i  =  —ggy.

—h t +  +  i ' iy)  =  0 . (2 .2 2 )

u2f -  3 y v 2 =  - g r ] r  -  g ’h r . 

v2t +  3 y u 2 =  - g g y - g ’h y.

hf +  H 2 { u  2 x  +  v 2 y )  —  0 -

where n u m e ric  subscrip ts re fer to  the  layer (1  fo r uppe r. 2  fo r low er), va riab le  sub­

scrip ts  deno te  p a r tia l deriva tives, q is the  uppe r-lave r pressure, h is the  low er-laye r 

he igh t d e v ia tio n  fro m  H 2 and g'  =  g(p2 — p i ) / p 2 is the  reduced g ra v ity . T h e  r ig id -
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l id  a p p ro x im a tio n  has been made by neg lec ting  rjt as com pared to  h t in  the  th ird  

equa tion , and by neg lecting  g'g  as com pared  to  g'h  and gg.  T h is  w il l  be a reason­

able  a p p ro x im a tio n  fo r the  large leng th  scales and  sm a ll dens ity  d ifferences under 

cons ide ra tion  here.

E qua tions (2 .22) m ay be com bined in to  tw o  sets o f equations th a t can be solved 

independen tly . T h e  b a roc lin ic  equations are fo rm ed  by s u b tra c tin g  the  u p p e r laye r 

m o m e n tu m  equations from  the  lower layer m o m e n tu m  equations, and s u b tra c tin g  H 2 

tim es the  uppe r layer mass equation  fro m  H i  tim e s  the  lower layer mass e qu a tion .

(u 2 -  u i ) t -  3y(  1*2 -  c i )  =  —g 'h x .

(v2 -  1*1 )t +  3 y ( u 2 -  tn )  =  - g ' h y .  (2.23)

H  H
*lt L I  i L  —  u l)x  +  U*2 ~  t’ l)y ] =  0.n i  +  t l2

T h e  b a ro tro p ic  equations are form ed by a dd ing  H i  tim es the  upper layer m o m e n tu m  

equations to  H 2 tim es the  lower layer equa tions, and add ing  the  tw o  conserva tion  o f 

mass equations toge ther. These equations take  the  fo rm

( H i U i  -|- H 2U2 )t — 3 y ( H i V i  -|- H 2v2) =  — g( H i  +  H 2)gx — g  H 2h x .

( H i v i +  H 2v2)t +  3 y { H i m  +  H 2u2) =  — g( H i  -i- H 2)gy — g 'h y. (2 .24)

( H \ U i  +  H 2u2)x +  ( H i  i ’ i +  H 2v2)y = 0 .

T he  b a ro c lin ic  equations (2.23) are in  th e  exact same fo rm  as the  one-laye r equa­

tions  (2 .16). and so have a lready been solved in  the  previous section. T h a t is. d e fin in g  

the  b a ro c lin ic  ve loc ities =  u2 — u t and t v  =  v2 — f j .  the  b a ro c lin ic  equa tions w il l
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have wave so lu tions  w ith

{ubc.i>bc,/«} =  { u ( y ) .  v { y ) . h { y ) }  e \ p [ i { k x  — u d )l +  c c . .

w here c.c. stands fo r the  com p lex con juga te  o f  the  preceding expression, o n ly  when 

k  and uj are re la ted  so th a t th e ir  nond im ens iona l form s

Z  =  us/{ i3c)l/2 and k  =  k ( c / l 3 ) 1̂ 2. where c =  J  ~ ~ X
V H\ +  Hi

fa ll upon  one o f  the  dispersion curves shown in  F igu re  2.1. I f  we take 3 =  2 f t / r 0 as 

2.27 x  10- U  m - 1  s- 1  (w here f t  is the  angu la r ve lo c ity  o f  the  E a rth  and r0 is the  E a rth 's  

ra d iu s ). H i  =  4000 m . H i  =  400 m . and g' =  1.7 x L0- 3  m /s "  (Stephens and M arsha ll 

2000). then  c 0.79 m /s  and so Z  =  1 corresponds to  j j  ss 4.2 x I0 “ b s-1 . w h ich  

im p lie s  a wave period  o f  17.2 days. W ith  those same param eters, k  =  I corresponds 

to  k  as 5.4 x  10-b  m ~ l . fo r a w ave length  o f  1200 km .

D e fin ing  th e  b a ro tro p ic  variables

H i u i  +  H 2 U2 H \V \  +  H 2 V2 , p i  — p i  H i  ,
“ bt =  — LI , u  • Chl =  — u  ■ u  • and ° =  n + ------------ h.Hi +  Hi Hi 4 -  Hi pi Hi +  Hi

th e  b a ro tro p ic  equations (2.24) take  the  fo rm

«btf ~  3 y v bt =  ~ g o x .

t’bu +  3 y u bt =  —g o y. (2-25)

Ubtx "F L'bty — 0 .

These are s im ila r  to  the  one-layer equations (2 .16). except th a t the  ve lo c ity  is non- 

d ive rg e n t. Ju s t as w ith  the  one-layer equations, we m ay assume a wave s o lu tio n  and
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fo rm  a sing le  o rd in a ry  d iffe re n tia l equa tion  govern ing  the  a m p litu d e  o f  t’bt .

(Pv

dy2 +
- f 3 — -  k 2 u =  0 . (2 .26)

w h ich  is a lm ost e xa c tly  like  (2 .20), except w ith o u t any o f  the  te rm s in v o lv in g  H .  

T h is  is consistent w ith  the  fact th a t the  nond ivergen t case m ay be th o u g h t o f  as the  

H  —¥ oq l im i t  o f  the  system . T h e  o n ly  n o n tr iv ia l so lu tions th a t rem a in  bounded as 

y  —> ± o c  are wave so lu tions in  the  m e rid io n a l d ire c tio n , and these ex is t o n ly  unde r 

the  co n d itio n  th a t

—3 — — k 2 >  0.

N o n d im ens iona liz ing  k  and ^  as ^  =  * ; / { 3 c ) l/2 and k  =  k ( c /  3 ) l /2 . fo r any speed c. 

th is  c o n d itio n  is equ iva len t to

— — <  Jj <  0 . fo r k >  0 . 
k

(2.27)

0  <  2’ <  ——. fo r k  <  0 .
At

For b re v ity  in  w ha t fo llows, th is  cond itio n  fo r the  existence o f  n o n tr iv ia l so lu tions  

to  the  b a ro tro p ic  equations w il l  be referred to  as the  barotropic condi t ion.  For com ­

parison. <Z' =  —I / k  is d isp layed on the  d ispersion d iagram  (F ig u re  2.1) as a d o tte d  

line . Let the  m e rid io n a l wave num ber be denoted by /. T hen , fo r any k  and such

th a t the  above b a ro tro p ic  co n d itio n  is satisfied (equ iva len tly , fo r any {k.JL') on the  

d ispers ion  d iag ram  located between the  d o tte d  lin e  and the  A*-axis). a wave s o lu tio n  

exists to  the  b a ro tro p ic  equations, w ith  m e rid io n a l wave num be r

(2 = - 3 -  -  it2.
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T h is  re la tio n  m ay be rearranged to  fin d  the  d ispers ion  re la tion  fo r th is  m ode:

/3k 

k 2 +  I 2 ‘

T h u s , these so lu tions  are m e re ly  Rossby waves.

I f  the re  e x is t {k .d j )  fo r w h ich  b o th  b a roc lin ic  and b a ro tro p ic  modes can s im u l­

taneous ly  e x is t, then  in te ra c tio n  between the  b a ro tro p ic  and b a roc lin ic  modes is a 

p o s s ib ility . For w h ich  { k . u>), then , do bo th  b a ro c lin ic  and b a ro tro p ic  modes ex is t?  

S ince b a ro c lin ic  modes ex is t o n ly  a long the  curves appearing  in  the  d ispersion  d ia ­

g ram  (F ig u re  2.1), and b a ro tro p ic  modes ex is t fo r any (k .J j )  sa tis fy ing  the  b a ro tro p ic  

c o n d it io n , the  question  reduces to : W h ich  modes in  the d ispersion d ia g ra m  sa tis fy  

the  b a ro tro p ic  cond itio n ?

From  th e  d ispers ion  d iag ram , i t  appears th a t no eastward tra v e llin g  g ra v ity  waves, 

no K e lv in  waves, o n ly  some westw ard tra v e llin g  g ra v ity  waves. o n ly  the  w estw ard  

tra v e llin g  m ixe d  R ossby-grav itv  waves, and a ll o f th e  b a roc lin ic  Rossby wave modes 

sa tis fy  th e  b a ro tro p ic  co n d itio n . In  the  discussion below , we co n firm  these s ta tem en ts  

a n a ly tic a lly .

F rom  th e  d ispers ion  d iag ram , i t  appears th a t o n ly  some o f the  equ a to ria l wave 

modes s a tis fy  the  b a ro tro p ic  co n d itio n : some w e s tw a rd -trave lling  g ra v ity  waves, the  

w e s tw a rd -tra ve llin g  m ixe d  R ossby-g rav itv  waves, and a ll o f the b a roc lin ic  Rossby wave 

modes. T h e  fo llo w in g  wave modes appear not to  sa tis fy  the b a ro tro p ic  c o n d itio n : the  

e a s tw a rd -tra v e llin g  g ra v ity  waves, the  K e lv in  waves, the  e a s tw a rd -tra ve llin g  m ixe d  

R o ssb v-g rav itv  waves, and some o f  the  w e s tw a rd -trave lling  g ra v ity  waves. In  th e
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discussion below , we co n firm  these s ta tem en ts  a n a ly tic a lly .

T h e  w estw ard  p ropaga ting  g ra v ity  waves sa tis fy  the  b a ro tro p ic  co n d itio n  o n ly  fo r 

s u ff ic ie n tly  sm a ll wave num bers. In  fac t, by s u b s titu t in g  uj =  — 1 / k  in to  the  d ispers ion  

re la tio n  ( 2 .2 1 ), i t  m ay be shown th a t the  m ode-n  b a ro c lin ic  g ra v ity  wave associated 

w ith  (fc.u;) can couple  w ith  b a ro tro p ic  Rossby waves e x a c tly  when

k  <  , fo r k  >  0 .
y/2n  +  1

k  > ------. = = : . fo r k  <  0 .
s/'2n +  1

To show a n a ly t ic a lly  th a t the  w estw ard  p ropaga ting  R ossbv-grav ity  wave and a ll 

th e  b a ro c lin ic  Rossby modes sa tis fy  the  b a ro tro p ic  co n d itio n , we w il l  assume th a t 

k  >  0 and Z  <  0. and we w il l  dem onstra te  th a t k  <  — l / Z  fo r these modes. Since the  

e n tire  d ispers ion  d iag ram  is a n tis y m m e tr ic  (i.e . Z  is an a n tis y m m e tr ic  fu n c tio n  o f k  

fo r a ll m odes), s im ila r  a rgum ents m ay be a pp lied  fo r k  <  0  and !• >  0 .

T h e  d ispers ion  re la tion  fo r the  R ossby-g rav itv  m ode m ay be w r itte n

u.’* — An*.’ — 1 = 0 .

w h ich  is (2.21) w ith  the  Z' +  k  =  0 m ode fac to red  o u t. B y  so lv ing  fo r k.

1 - 1 k  =  — <  — —.

i t  is im m e d ia te ly  apparent th a t th is  m ode satisfies the  b a ro tro p ic  co n d itio n .

W e m ay regard the  d ispers ion  re la tio n  ( 2 .2 1 ) as a q u a d ra tic  equa tion  in  k.  and so 

express k  as a fu n c tio n  o f Z\

- 1  ±  J 1 - M £ 4 - 4 ( 2 n  +  l)cL’2 
k  = ------------------------------ -----------------

2J> 
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T h e  Rossby modes correspond to  n >  L and —I <  a’ <  0, i.e. 0 <  u>2 <  1. T h e  neg­

a tiv e  s ign in  the  n um era to r corresponds to  the  p a rt o f  the  curve  th a t a s y m p to tic a lly  

approaches 0  as k  —► oo (m ore  spec ifica lly , th a t p a rt o f  the  curve  w here k  >  — L /  ( 2 a’ )) 

and  th e  p os itive  sign describes the  0 <  k  <  — l/(2u> ) p a rt o f  the  cu rve . YVe choose 

the  nega tive  sign because the  k  <  — l / ( 2 w ) p a rt o f  th e  curve c le a rly  satisfies the  

b a ro tro p ic  co n d itio n . Since 2n -I- I — Jj2 >  0 fo r any p os itive  n.

. I +  J 1 - - k i 2 [2 n +  1 -  J>2] I +  \ / T  I 
k  =  --------  —---------------------  < --------------  -- -------

—  2 a ’ —  2 a .’ a ’

and so a ll the  Rossby modes sa tis fy  the  b a ro tro p ic  co n d itio n .

In  th is  chap te r, we have established th a t sha llow -w a te r theo ry  is a p p ro p ria te  to  

s tu d y  large-scale equa to ria l flow”  we have reviewed some o f  the  w e ll-know n  features 

o f  sha llow -w a te r theory, bo th  in  the  inv isc id  l im it  and in the  con tex t o f  E km an  d y ­

nam ics: and we have reviewed the th e o ry  o f e qu a to ria l waves in  one and tw o  shallow  

layers. In  the  next chap ter, we w il l investiga te  a s im p le  m odel o f  equa to r-cross ing  

flow  and com pare its  dynam ics to  those o f  the  one-layer sha llow -w a ter m ode l. In the 

subsequent chap ter, we derive  a tw o -laye r m odel o f  e qu a to ria l flow w h ich  is shown to  

co n ta in  the  waves discussed here.
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Chapter 3

One-layer m odel

T h e  fr ic t io n a l geostroph ic m odel em p loyed  by Stephens and M a rsha ll (2000) includes 

fr ic t io n a l effects, a llows the  flow  to  be steered by topography, and supplies a d iagnostic  

re la tion  fo r the  ve lo c ity  fie ld  in  te rm s o f  the  pressure fie ld w h ich , u n lik e  the  usual 

geostroph ic  re la tions, rem ains va lid  even at the  equator. However, even though  th is  

m odel has been used to  s tu d y  one-layer equa to r crossing flow  in  the  lite ra tu re , the 

m ode l has not been evaluated to  d e te rm in e  w hich aspects o f  the  dyna m ics  i t  re ta ins 

and w h ich  i t  neglects. In  th is  chap te r, we com pare the  fr ic t io n a l geostroph ic  m ode l to  

the  m ore  re a lis tic  sha llow -w a ter equations to  ascerta in how w e ll th e  m ode l captures 

the  essentia l physics o f  the  p rob lem .

T h e  reduced -g rav itv  sha llow -w a te r m ode l is its e lf a crude a p p ro x im a tio n  to  abyssal 

dynam ics . Neglected effects inc lude  tu rb u le n t e n tra in m e n t. v e rtica l o v e r tu rn in g  be­

hav iou r. and b a ro c lin ic  effects. Possible im provem ents to  the  m odel in c lu d e  em p loy-
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ing  several sha llow  layers to  m im ic  an isopycna l coord ina te  system . VVe also ca u tio n  

th a t,  as shown by de Verd iere  and Schopp (1994) and con firm ed  in  the  analysis o f  

Section  “2.1. the  “ h o rizon ta l com ponent”  o f  the  C o rio lis  force, w h ich  is neglected as 

p a rt o f  th e  h yd ro s ta tic  a p p ro x im a tio n , m ay be im p o rta n t in  e q u a to ria l dynam ics , 

p a r t ic u la r ly  i f  the  ho rizon ta l length  scales o f  m o tio n  are sm a lle r tha n  ( H r 0 ) 1̂ 2. where 

H  is a v e rtic a l scale o f  the  m o tio n  and r 0 is the  rad ius o f  the  e a rth . For a ve rtic a l 

scale o f  H  =  200 m . th is  length  scale is on the  o rd e r o f  40 km . w h ich  is sm a lle r than  

the  O (oO O km ) leng th  scales we s tu d y  here, and  thus the  tra d it io n a l a p p ro x im a tio n  is 

re ta ined .

3.1 Frictional geostrop hie m odel

M odels in  w h ich  the  m om en tum  equations have been reduced to  th e  geostroph ic  

re la tions  w ith  the  a d d itio n  o f a linea r te rm  represen ting  the  effects o f  f r ic t io n  have 

been used to  s tud y  various large-scale m o tions  by several au thors  (see S tephens and 

M a rsh a ll 2000: Edwards. W il lm o t t .  and K il lw o r th  1998: Samelson 1998: Samelson 

and V a llis  1997. and fu r th e r references th e re in ). T he  m odel m ay be w r it te n

r , d ( h  +  h B )
=  ^  r “ - (-*•!)C.r

c , d { h  +  h B )f u  =  - g   ------------- r r .  (-3.2)
dy

3h  _
—  +  V - ( / m ) = 0 .  (3.3)
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where u  =  (u , u) is the  h o rizon ta l ve loc ity , h is th e  he igh t o f th e  f lu id  laye r, h g  is the  

b o tto m  topog raphy  e leva tion , g'  is the  reduced g ra v ity , and r  is a d a m p in g  coe ffic ien t 

to  be specified.

We observed in  Section 2.2.2 (see also Pedlosky 1987: Stephens and M a rs h a ll 2000: 

Kawase and S traub  1991) th a t, fro m  a v o r t ic ity  e vo lu tio n  po in t o f  v iew , the  e ffect o f 

a b o tto m  E km an layer is equ iva len t to  the  effect o f  linea r R ayle igh  f r ic t io n  w ith  a 

coe ffic ien t r  =  { u ~ f / 2 ) l ^2/ h  =  f S g / ' i h .  where uz is a ve rtic a l eddy v iscos ity  coe ffic ien t. 

&E is the  E km an layer th ickness, and h is the  laye r th ickness. T h is  im p lie s  th a t r  —> 0  

a t the  equa to r. In  o rd e r to  a llow  fr ic t io n  to  be nonzero at the  e qu a to r. S tephens 

and M a rsh a ll (2000) neglect the  dependence o f  r  on / .  b u t re ta in  the  h dependence. 

However. Edw ards et al. (1998). Samelson (1998) and Samelson and V a llis  (1997) a ll 

neglect the  h dependence as w e ll, ta k in g  r  to  be a prescribed constan t. For s im p lic ity

we w il l take r  to  be independent o f  /  and h in  th is  study.

M o d e llin g  fr ic t io n  effects w ith  R ayle igh d am p in g  te rm s has the  advantage o f  a l­

low ing  the  ve loc ities  to  be solved fo r in  a diagnost ic  re la tion  in  te rm s o f  the  pressure 

g rad ien ts .

, - f P v - r p r  , / P r - r p y  „
u =  9 ' n  , -2 • *■' =  9 n  , ,  • (3 .4)/ *  +  H  / •  +  r*

w here p =  h +  f ig  and subscrip ts denote p a r tia l deriva tives . I t  is im p o r ta n t to  

no te  th a t ( fo r r  ^  0 ) these equations do not have a s in g u la rity  a t /  =  0 . u n lik e  

the  usual geostroph ic re la tions . Thus, the  m odel conta ins a geostroph ic  com ponen t 

(te rm s  p ro p o rtio n a l to  /  in  the  n um era to r), and a dow n-pressure-grad ien t com ponent
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(te rm s  p ro p o rtio n a l to  r  in  the  n um era to r). In  the  l im it  as /  —» 0. the  m o tio n  is th a t 

o f  a p o te n tia l flow . N o te  th a t f r ic t io n a l effects prevent th e  unbounded acce lera tion  o f  

the  f lu id  d o w n h ill,  since the  d o w n h ill com ponent m ay be in te rp re te d  to  represent the  

te rm in a l v e lo c ity  th a t the  flu id  w ou ld  a tta in  when accelera tion  and fr ic t io n  effects 

are in  balance a t s teady state .

A  consequence to  the  fo rm  o f (3.4) is th a t the  com ponent o f  ve lo c ity  p a ra lle l to  

the  pressure g ra d ie n t is necessarily in  the  d ire c tio n  opposite  to  th a t g rad ien t. F rom  

(3 .4).

..  _  - ' - f P y ~ r P * -  , j f P r - r Pv_
U ' V P  =  9  - p  +  r 2 P r + 9  / 2  +  r ,  P y

9  ( - / P v P t  -  r p l  -I- f p ypT -  r p - )
P  +  r 2

g ' r
P  +  r'  2 * *r

g r

(p I  +  p I )

1

< 0.

G e o m e trica lly , u  • V p  <  0 means th e  v e lo c ity  and pressure-grad ient vectors have an

angle 0 >  i r j '2  between them . R ough ly  speaking, the  ve lo c ity  m ay have a d o w n h ill

com ponen t, b u t never an u p h ill one.

T he  m odel m ay be w r itte n  as a single e vo lu tio n  equa tion  for the  height fie ld , h. by

s u b s titu t in g  the  v e lo c ity  re la tions (3.4) in to  the  conservation o f  mass equa tion  (3 .3 ).

g’h V  {h +  fig)
ht + J lg U h + h r f . - p p f - ; )  = r V -

/ *> r 2* + r* (3.o)
P  + r2

where J ( A . B )  =  A TB y — A yB r . T h is  fo rm  o f  the  m odel reveals th a t, desp ite  its  

s im p lic ity , i t  is a n on linea r m odel. As w e ll, i t  is clear th a t r  de te rm ines how d iffu s ive
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th e  m ode l w il l  be, since i t  m u ltip lie s  the  d iffu s io n -ty p e  o p e ra to r on the  r ig h t-h an d  

side o f  th e  e qua tion . In  the  r  —y 0 and /  —> I  l im it ,  th is  equa tion  reduces to  the  

low er laye r o f  the  (uncoup led ) Swaters and F lie r l (1991) m ode l, th a t is. p lane ta ry  

geostrophy.

T h e  n o n lin e a r ity  in  the  rig h t-h an d  side fr ic t io n  te rm  is a resu lt o f  m o d e llin g  fr ic ­

t io n  w ith  R ayle igh  dam p ing . Had we m odelled  f r ic t io n  w ith  a mass source te rm  

rep resen ting  E km an pum p ing , the  rig h t-h an d  side o f  th is  equa tion  w ou ld  be linea r in  

h. H owever, the  geostroph ic re la tions w ou ld  have had a s in g u la r ity  a t /  =  0. and so 

such a m ode l cou ld  no t have been used to  s tu d y  cross-equa toria l flow.

T h e  p o te n tia l v o r t ic ity  equation  o f th is  m odel is

w here =  d v / d x  — d i i / d y  is the  re la tive  v o r t ic ity .  B y  co m p aring  th is  equa tion  to  

th e  p o te n tia l v o r t ic ity  equation  o f  sha llow -w a ter th e o ry  w ith  E km an fr ic t io n  (2 . lo ) .  

we see th a t th is  m odel neglects re la tive  v o r t ic ity  in  favou r o f p la ne ta ry  v o r t ic ity . and 

i t  s im u la tes  the  d iss ip a tio n  o f p o te n tia l v o r t ic ity  by E km an fr ic t io n .

A lth o u g h  r ^ O .  r  is considered to  be a sm a ll param ete r. T h e  p o te n tia l v o r t ic ity  

e qu a tion  (3 .6) m ay be investiga ted to  see the  b eh a v io u r th is  m odel p red ic ts  in  the  

s m a ll- r  p a ram e te r regim e. In  the  l im it  as r  ->  0. (3 .6) states th a t f / h  is conserved 

fo llo w in g  the  flow . T h is  im p lies  th a t, fo r sm a ll r  ( to  be precise, r  is assumed to  

be sm a ll re la tiv e  to  the  largest value o f  / .  i.e. 0 <  r  <§; m a x | / | ) .  a mass o f  f lu id  

app roach ing  the  e qua to r w il l tend  to  decrease in  h e igh t, since | / |  decreases as the
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equa to r is approached. T h is  process continues u n t i l  the  r ig h t hand side o f  (3.6) 

becomes non -neg lig ib le , w h ich  is when r / h  ~  0 (1 )  (nond im ens iona l values). T h is

represents th e  p o in t a t w h ich  the  effects o f f r ic t io n  w i l l  be d y n a m ic a lly  im p o rta n t.

U nder th e  assum ption  th a t h and /  are each 0 (1 )  in it ia l ly ,  fr ic t io n a l effects w il l  thus 

be im p o r ta n t a t a la t itu d e  where f  =  O ( r ) ;  th a t is. a t a nond im ensiona l d is tance  

from  the  e qu a to r o f  r / l 3 .  w here 3  =  d f / d y  a t y  =  0. W ith  r  =  0.05. 3  =  I and 

L =  500 k m . th is  corresponds to  a d im ens iona l d is tance  o f 25 km .

A n  equ a tion  expressing the  evo lu tio n  o f  p o te n tia l energy in  th is  m odel is found 

as fo llow s: W r it in g  (3.1) and  (3.2) in to  the  vecto r fo rm

r u  4- f k  x  u  +  =  0.

where $  =  g '(h  4- h g ) .  we take  the  inner p ro du c t o f  th is  equa tion  and h u  to  find

r h u  • u  +  h u  • V<& =  0. (3.7)

U pon m u lt ip ly in g  by th e  conservation  o f mass equ a tion  (3 .3). i t  is found  th a t

( ^ 2 + 9hhB̂ j +  - ( h u )  =  0.

w h ich , by using (3 .7 ). m ay be w r itte n  in  the  fo rm

+  ghhg^J + V • (d fhu )  =  —r h u  ■ u .  (3.S)

E qua tion  (3.S) is the  e qu a tion  analogous to  the  conservation  o f energy in  the  shallow - 

vvater m ode l (2 .10). H owever. (3.S) im p lies  th a t p o te n tia l energy. \ g h 2 +  g h h g .  is not 

conserved in  th is  m ode l, b u t. in  fac t, decreases w ith  tim e . I t  appears th a t the  ra te
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o f  p o te n tia l energy d iss ipa tion  is s im p ly  p ro p o rtio n a l to  the  d a m p in g  pa ram ete r r :  

however.

(o ')2
u  u  =  7"n  ■ r2 ~ +  U P *  ~  rPv)2l

U  1 (3 .9)
=  W ?  , ,  , n 2 ]  

y - 2  - | -  r 2  \Px P y J *

so th a t th e  p o te n tia l energy d iss ipa tion  is o n ly  p ro p o rtio n a l to  r  as long as /  r .  

V e ry  near the  equa to r, where /  -C r .  the  ve lo c ity  is p ro p o rtio n a l to  1 /r .  and thus the  

d iss ip a tio n  o f  p o te n tia l energy is a c tu a lly  p ro p o rtio n a l to  1 / r  there .

T h e  m a jo r  d isadvantage o f  th is  m odel is its  o ve rs im p lif ica tio n  o f  the  dynam ics . In 

p a r tic u la r , f lu id  in e rt ia  has been neglected. Since the  flu id  m ust a lw ays move down 

th e  pressure g ra d ie n t, a mass o f  flu id  flow ing  dow n one side o f  an ocean basin does 

no t have the  m o m e n tu m  to  flow  back up the  o th e r side.

I t  is no t expected th a t th is  m odel w il l  reproduce the  re a lis tic  dynam ics  w ith in  

the  e q u a to ria l region. The  m odel w ill be eva luated on its  a b i l i ty  to  p re d ic t the  net 

effect on a geos tro ph ica llv  balanced flow as i t  passes th ro u g h  the  e qu a to ria l reg ion, 

and emerges on the  o th e r side o r rec ircu la tes, again g eo s troph ica llv  balanced.

3.2 N um erical m ethods

W e n u m e ric a lly  in teg ra te  fo rw a rd  in t im e  the  re d uce d -g rav itv  sha llow -w a te r m ode l. 

(2 .6) and (2 .7 ). and the  fr ic t io n a l geostrophic m ode l. (3 .3) and (3 .4 ). in  o rde r to  

com pare  the  tw o  m odels. T he  sha llow -w a ter m odel m ay be w r it te n  in  nond im ens iona l
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w here u  is th e  h o r izo n ta l ve lo c ity  vecto r. F fnc represents the  fr ic t io n  te rm  (see equa­

tio n  3.12 below  fo r the  specific fo rm  o f  f r ic t io n  used). Ro  =  U / f 0 L  is the  Rossby 

num ber, and Lr. L,  /o , and hQ are ty p ic a l scales fo r the  ve lo c ity , le ng th . C o rio lis  pa­

ram e te r and f lu id  d e p th , respective ly. I t  has been assumed th a t the  t im e  va riab le  

is scaled advec tive ly , T  =  L / U .  fo r a t im e  scale T.  and th a t th e  scale slope fo r the  

b o tto m  topography  is the  same as the  scale slope o f the  flu id  h e igh t. h0/ L .  We have 

also em ployed the  geostroph ic  sca ling  f o U  =  g 'h Q/ L .  i.e. L'2/ (g 'h o )  =  Ro. S ince the  

(d im ens iona l) C 'orio lis  pa ram ete r / *  passes th rou g h  zero in  th e  d om a in  o f in te re s t, 

b u t we w ish to  a llo w  the  flu id  to  be in  a s ta te  o f  geostroph ic balance in  pa rt o f  o u r 

num erica l d om a in , we scale / *  by its  value / 0 =  2S7sin0o at a la t itu d e  0Q away from  

the  equa to r where th e  flow  is geostroph ic. Thus, we w il l  take  Ro  <g[ L and th e  flow  

w il l be in  a p p ro x im a te  geostroph ic  balance a t /  s: ± 1 .

These equations are d iscre tized  on an A rakaw a C '-grid  ( F igu re  3.1. see also A rakaw a 

and Hsu 1990). T h e  spa tia l d isc re tiza tio n  o f  the  advection . C o rio lis  and pressure g ra ­

d ien t te rm s is p e rfo rm ed  using th e  scheme o f A rakaw a and Hsu (1990). T h is  scheme, 

w h ich  is designed to  to le ra te  an a rb it ra r i ly  sm a ll layer th ickness (i.e . in te rsections o f  

the  f lu id  in te rface  w ith  the  b o tto m  topog raphy), conserves energy and w eak ly  d iss i­

pates p o te n tia l e ns trophv  when the  mass f lu x  is nond ivergen t (n e g le c tin g  fr ic t io n  and
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F igu re  3.1: T h e  A rakaw a C '-grid . (a ) One ce ll, q represents v o r t ic ity .  N o te  th a t 
variables ins ide  the  d o tte d - lin e  box are a ll labe lled  id e n tica lly . (6) Selected po in ts  
near the  edges o f the  co m p u ta tio n a l dom ain  in d ica te  how the  bounda ry  co n d itio n s  
are im posed.

any erro rs in tro du ce d  by the  tim e -s te pp in g  ro u tin e ). I t  is a second-order accurate  

scheme in  space.

We note  th a t the  p o s s ib ility  o f  vanishing  layer th ickness in  the  sha llow -w a te r 

equations is an issue th a t m ust be ca re fu lly  trea ted  by the  spa tia l d is c re tiza tio n  

scheme. T he  m o m en tum  equations are d iscre tized  in  the  flu x  fo rm . (2 .8 ). w here  the  

mass flu x . h v .  m u lt ip lie s  p o te n tia l v o r t ic ity . q =  ((,' - f  f ) / h .  N'ear g rid  p o in ts  where 

h —> 0. q m ay be large, w h ich  can lead to  num erica l in s ta b il i ty  i f  care is n o t taken .

T h e  te m p o ra l d isc re tiza tio n  o f  the  m o m en tum  equations is done accord ing  to  a 

th ird -o rd e r  accurate  scheme due to  M atsuno ( 1966a). I t  is a th ird -o rd e r R u n g e -K u tta  

m e thod .

T h e  mass equa tion  is stepped fo rw ard  in  t im e  using the  m e thod  o f  Hsu and
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Arakaw a (1990), w h ich  is a p re d ic to r-co rre c to r scheme second-order accurate  in  t im e  

and space th a t m a in ta in s  the  positive-de fin iteness o f  the  he igh t fie ld  h and conserves 

mass. O ne o th e r p o p u la r m e thod  th a t m a in ta ins  the  pos itive -de fin iteness o f  the  layer 

th ickness as i t  is advanced fo rw a rd  in  t im e  is the  F lu x -C o rre c te d  T ra n sp o rt m e thod  

(Sun. B leck. and Chassignet 1993). In  o u r tests, we found  th e  scheme o f Hsu and 

A rakaw a (1990) to  possess supe rio r num erica l s ta b ility , as com pared  to  the  F lu x - 

C 'orrected T ra n sp o rt m ethod .

To in teg ra te  the  fr ic t io n a l geostroph ic m odel num erica lly , the  same ro u tine  as for 

the fu l l sha llow -w a te r equations is used fo r the  mass e qu a tion , b u t since there is no 

t im e  d e riva tive  to  eva luate  in  the  ve lo c ity  re la tions  (3 .1). these are s im p ly  evaluated 

at each t im e  step using second-order accurate  cen tra l d ifferences fo r the  deriva tives.

For a ll the  s im u la tio ns  reported  here, the  bounda ry  co n d itio n s  used fo r the height 

fie ld  were D ir ic h le t cond itions. T h a t is. the  height was specified on the  boundary, 

usua lly  to  be zero, b u t nonzero in  the  case o f  the  in flow  s im u la tio n s  perfo rm ed over 

re a lis tic  topography. Except fo r in flow  cond itions , no-s lip  and  n o -flu x  cond itions  were 

enforced a t the  boundary , th a t is. b o th  com ponents o f the  v e lo c ity  were held fixed at 

zero a ll a long the  bou n da ry  fo r a ll tim es. For the  s im u la tio ns  w ith  in flo w  cond itions , 

the  ve lo c ity  at the  bounda ry  was set to  be the  geostroph ic  ve lo c ity , based on the  

topography  and the  height fie ld  o f the  in flow  cu rre n t at the  bounda ry .
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3.3 Param eter values and observations

VVe have taken  fr ic t io n  to  be o f  the  fo rm

F  f r ic  =  . 4 f / V 2 u  +  . 4 , v V 6 u  —  ( 3 . 1 2 )

where A h , .4jv and .4v  are the  ho rizon ta l, num erica l and v e rtic a l f r ic t io n  coeffic ien ts , 

respective ly. For the  s im u la tio ns  reported  here A h  =  10_5. .4 ^  =  10- 9 . and .4v =  

4 x  10-8 . unless o the rw ise  noted. These values were a ll chosen to  be as sm a ll as 

possible so th a t the  f r ic t io n  increased the  s ta b il ity  o f the  scheme, b u t affected the  

lead ing-order dynam ics  as l i t t le  as possible. The ho rizon ta l f r ic t io n  te rm  is in tended  

to  represent the  effects o f  ho rizon ta l d iffus ion  o f m om en tum  by subgrid -sca le  eddies. 

T he  num erica l and v e rtic a l fr ic t io n  te rm s are added fo r num erica l s ta b il ity . N u m e rica l 

fr ic t io n  e ffe c tive ly  removes sm a ll scale features, and ve rtica l fr ic t io n  is added o n ly  to  

p ie v f t i t  the  unphvs ica l acce lera tion  o f  massless g rid  po in ts. ( A l l  g r id  po in ts  in  the  

num erica l dom ain , in c lu d in g  g rid  po in ts  a t w hich there is no f lu id , have ve loc ities  

associated w ith  the m . The  topography causes d o w n h ill acce le ra tion , even at these 

massless g r id  po in ts . T he  ve rtica l fr ic t io n  te rm  prevents unbounded acce lera tion  a t 

such p o in ts .) T he  h o rizo n ta l and num erica l te rm s are evaluated a t each o f the  th ree  

t im e  levels in  the  M a tsuno  (1966a) scheme, b u t the  ve rtica l te rm  is fu l ly  im p lic it  a t 

each t im e  step.

Note th a t the  num erica l scheme o f  A rakaw a and Hsu (1990) to le ra tes  a rb it ra r i ly  

sm a ll thicknesses, b u t no t a th ickness o f  e xa c tly  zero, since p o te n tia l v o r t ic ity  q =  ((,"+ 

f ) / h  m ust be e x p lic it ly  ca lcu la ted . T hus, we m a in ta ined  a m in im u m  nonzero he ight
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fie ld  a t a ll g r id  po in ts . T h is  was set to  a nond im ensiona l value o f  10- 5 . S m a lle r values 

led to  increased n um erica l in s ta b ility , and la rger values led to  poore r conservation  o f  

k in e tic  and p o te n tia l energy.

T y p ic a l ve loc ities  observed fo r the  A n ta rc t ic  B o tto m  W a te r cu rre n t as i t  ap­

proaches th e  E qu a to r fro m  th e  south  are on the  o rd e r o f  several cen tim e tres  per 

second. D eM adron  and W ea the rly  (1994) measured the  geostroph ic  ve lo c ity  o f  the  

cu rre n t a t 25° S la t itu d e  a t a p p ro x im a te ly  1-2 c m /s . 2 c m /s  a t 17° S. and 5 c m /s  

a t 10° S. R he in . S tram m a. and Send (1995) too k  d ire c t and geostroph ic  v e lo c ity  

m easurem ents at 5° S. and found a h ig h ly  variab le  cu rre n t w ith  ve loc ities  up to  10 

cm /s  there . Sandoval and W ea the rly  (2001) also analyzed m easurem ents at 4°30'S. 

and found ve loc ities in  the  range 5 -8  c m /s . H a ll et al. (1997) to o k  d ire c t m easure­

m ents o f  the  ve lo c ity  (w ith o u t em p loy ing  any geostroph ic ca lcu la tio n s ) r ig h t at the  

equa to r, and found th a t ve loc ities  o f a pp ro x im a te ly  5 c m /s  are ty p ic a l in  the  centre  

o f  the  c u rre n t, w ith  te m p o ra l va ria tions g iv in g  ve loc ities  o f up to  10 c m /s . R he in  

et al. (1995) also m easured A A B W  veloc ities o f 5 -10  c m /s  in  th e  e q u a to ria l channel. 

Unless o the rw ise  noted, we w il l  assume a ve lo c ity  scale o f  5 c m /s .

W hen one chooses a value fo r the  param ete r g1. the reby  s e ttin g  the  dens ity  d if ­

ference between the  tw o  layers, one assumes th a t the  d e n s ity  is constan t w ith in  

the  cu rre n t and ou ts ide  the  cu rre n t, w ith  a ju m p  d is c o n tin u ity  at the  in te rface . 

T h is  is a rough a p p ro x im a tio n  to  the ac tua l dens ity  v a ria tio n , w h ich  is c o n tin u ­

ous ly  va ry in g  in  the  ve rtic a l d ire c tio n  even w ith in  the  c u rre n t its e lf, and changes
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s lig h t ly  a long  the  cu rre n t pa th  (see, for exam ple , the  dens ity  sections o f  D eM adron  

and W e a th e rly  1994 and Sandoval and W e a th e rly  2001). Stephens and M a rsha ll 

(2000). in  th e ir  num erica l s im u la tions  o f  e q u a to ria l flow  using a s im p lifie d  m odel, use 

g'  =  1.7 x  10-3  m /s 2, b u t Borisov and N o f (1998) and N o f and B orisov  (1998) use a 

m uch sm a lle r g'  =  2 x  10-4  m /s 2. In these papers. N o f and B orisov  s ta te  th a t the y  

use a g'  sm a lle r th a n  is o ften  used because th e y  are s tu d y in g  th e  core o f  the  cu rre n t. 

We w il l  take  the  m ore ty p ic a l value g'  =  I x  10-3  m /s 2, unless o the rw ise  specified.

I t  is know n th a t A A B W  enters and ex its  the  B ra z il Basin (a reg ion o f  the  southern  

A t la n t ic  Ocean between South  A m erica  and the  m id -A t la n t ic  ridge , ex te n d ing  from  

abou t 30° S to  the  equa to r) th rough  specific channels. T he  vo lum e  flu x  e n te ring  the  

basin has been measured a t 6.9 x 106 m 3 s_ l =  6.9 Sv (Hogg. S ied le r. and Zenk 1999). 

where Sv stands fo r the  flu x  un its  o f Sverdrups. and 1 Sv =  10b m 3 s_1. The  am oun t 

e x it in g  th rou g h  the  e qu a to ria l channel northw est o f  the  basin is 2 .0 -2 .2  Sv ( H a ll f t  al. 

1997). and the  am oun t e x it in g  th rough  fra c tu re  zones in  the  m id -A t la n t ic  ridge to  the  

northeast o f  the  basin is 1.22 ±  0.25 Sv (M e rc ie r and Speer 1998) (see F igure  3.8 fo r 

the  geography o f  the  b o tto m  topography). The  re m a in in g  3.6 Sv o f  f lu id  is believed to  

upw e ll. o r m ix  ve rtic a lly , in to  shallow er waters (L e dw e ll et al. 2000). T he  behav iou r 

o f  the  c u rre n t is com p lica ted  by the  fact th a t i t  is believed to  s p lit  up in to  tw o  pa rts  

w ith  d iffe re n t paths (Sandoval and W ea the rly  2001) and th a t i t  is h ig h ly  va riab le  in  

t im e  (H a ll et al. 1997: Rhein et al. 1995: M e rc ie r and Speer 199S).

T h e  b o tto m  topography  and fu n c tio n a l fo rm  o f  C o rio lis  p a ram e te r are chosen in  a
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p a r tic u la r  way to  p ro v ide  a clean tes ting  g round  fo r th e  com parison o f  the  tw o  m odels. 

In  p a rtic u la r, we are in terested  in  d iagnosing how w e ll the  p ropaga tion  speed o f  an 

eddy, as p red ic ted  by  each o f  the  m odels, agrees w ith  the N o f (1983) speed, g 's / / .  

where s is the  b o tto m  slope. A  nearly constan t b o tto m  slope and C o rio lis  pa ram ete r 

away fro m  the  channe l b o tto m  and equa to r fa c ilita te s  co m p u tin g  th is  d iagnostic . 

T here fo re , the  b o tto m  topography is chosen to  be a s im p lifie d  m e rid io n a l channel 

w ith  a h ype rb o lic  cross section, / is  =  x /r^  +  l .  w h ich  has a slope approach ing  ± 1  

away fro m  x  =  0. and the  C o rio lis  param ete r is chosen to  be /  =  ta n h (3aL y / f 0 ). 

w h ich  tends to  a non-d im ensiona l / -p la n e  value o f  u n ity  away fro m  y =  0. and has 

a slope at y  =  0 o f  30L / /q . For s im u la tions  reported  here. 30L / f 0 =  I.  w h ich , 

fo r /o  eva lua ted  a t o° la titu d e , corresponds to  choosing a h o rizon ta l leng th  scale o f 

L =  -500 km . T he  v a ria tio n  o f th is  fun c tio na l fo rm  o f  the  C o rio lis  pa ram ete r is shown 

in  F igu re  3.2.

3.4 Flow over idealized topography

T h e  fr ic t io n a l geostroph ic  (he rea fte r re ferred to  as FG . not to  be confused w ith  the  

te rm  fro n ta l geostroph ic ) m odel and the  sha llow -w a te r m odel are com pared fo r flow 

over s im p lifie d  b o tto m  topography. The  to p o g rap h y  takes the  shape o f  a m e rid io n a l 

channel. S im u la tion s  were perfo rm ed  w ith  a ll th e  f lu id  in it ia l ly  south  o f  the  equa to r, 

flow ing  n o rth w a rd  a long  the  western h a lf o f the  channel, in  the  fo rm  o f an eddy. i.e. 

the  he ight fie ld  in i t ia l ly  had com pact suppo rt in  th e  dom ain . T h e  he igh t o f  the  eddy
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F igu re  3.2: C o rio lis  pa ram ete r va ria tio n  w ith  la titu d e . Solid  line  is C o rio lis  pa ram e te r 
/  =  tan h  y.  D o tte d  lin e  is d f / d y  =  sech2y. N ond im ensiona l dom a in  is —3 <  y <  3. 
o r d im e ns ion a lly , — 1500 km  <  y m <  1500 km  .

is set to  have a cosine cross-section.

^mai f . /  X /?
0 < R <

where R =  y j ( x  — x c)2 +  (y  — yc)2 and ( x c. y c). h max and RmAX are specified pa ram ­

eters co rrespond ing  to  the  centre  coord ina tes, height and the  rad ius o f the  eddy, 

respective ly . T h is  he igh t p ro file  was chosen so th a t the  height fie ld  is con tinuous and 

d iffe re n tiab le . These in it ia l cond itions  were chosen, in  p a rt, to  s im u la te  the  A n ta rc ­

t ic  B o tto m  W a te r flow , w h ich  flows n o rth w a rd  along the western slope tow ard  the  

equa to r.

T he  m o tio n  o f  an iso la ted eddy, as opposed to  a c u rre n t, is s tud ied  in  th is  section 

because we are e va lu a tin g  the  FG m odel and not t ry in g  to  s im u la te  the  d e ta ils  o f  

A A B W  flow . O ne advantage o f  iso la ted  eddy s im u la tio ns  over cu rre n t s im u la tio n s  is
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th e  flow  m ay be eas ily  ana lyzed in  te rm s o f  the  e v o lu tio n  o f  the  centre  o f  mass o f  the  

eddy. T h e  p ropaga tion  speed o f  the  centre  o f  mass o f th e  eddy  w il l  be com pared to  

its  th e o re tica l speed (N o f 1983). N um erica l s im u la tio n s  o f  th e  e v o lu tio n  o f  a cu rre n t 

w il l  be described in  the  n ex t section, where s im u la tio n s  over re a lis tic  top o g rap h y  are 

discussed.

Several s im u la tio ns  o f  an iso la ted abyssal dom e o f  f lu id  approach ing  the  equa to r 

fro m  the  south  have been ca rried  o u t va ry ing  o n ly  the  d a m p in g  param ete r r  in  the  

case o f  the  FG m ode l, o r the  Rossby num be r Ro  in  the  case o f  the  sha llow -w a te r 

m ode l. In  F igu re  3.3. we show snapshots from  a ty p ic a l s im u la tio n  e m p loy ing  the  

sha llow -w a te r equations. T he  panels in  F igu re  3.3 are labe lled  w ith  nond im ensiona l 

t im e . W ith  L =  500 km  and U  =  5 c m /s . one nond im ens iona l t im e  u n it corresponds 

to  a d im ens iona l value o f  T  =  L j U  =  I0 7s 116 days. T he  eddy is observed to  

propagate  a long the  she lf w ith o u t losing m uch he igh t u n t i l  a lm ost a t the  equa to r (to p  

le ft panel, t =  0.2 o r t '  =  23 days), when flu id  s ta rts  to  accelerate  d o w n h ill ( to p  r ig h t. 

t =  1.4 o r t " =  162 days). P art o f the  f lu id  is loca ted  s lig h t ly  n o rth  o f  the  equa to r 

w h ile  flow ing  d o w n h ill. T h e  flu id  rises up the  o th e r side o f  the  channel (b o tto m  le ft. 

t =  2.4 o r t" =  278 days), and u lt im a te ly  sp lits  in to  tw o  eddies: one flow ing  n o rth , 

th e  o th e r flow ing  south  (b o tto m  r ig h t, t =  4.0 o r t "  =  463 days). T h is  is q u a lita t iv e ly  

consisten t w ith  the  s im u la tio ns  o f  B orisov and N o f (199S). w ho investiga ted  eddies 

crossing the  equa to r in  a m e rid io n a l channel.

F igu re  3.4 d isp lays the  s im u la tio n  o f  the  m o tio n  o f  th e  same in it ia l eddy, b u t as
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F igure  3.3: T h e  resu lts o f  a sha llow -w a ter s im u la tio n . Ro  =  0.02. T he  co n to u r spacing 
is 0.02.

p red ic ted  by the  FCJ m ode l. T he  eddy is seen to  tra ve l in it ia l ly  a long  the  slope (to p  

le ft, t =  0.2 o r t ’  =  23 days), as in  the  sha llow -w a te r s im u la tio n , b u t upon reaching 

the  equa to r, flows d ire c t ly  d o w n h ill, w ith  ve ry  l i t t le  f lu id  found  n o rth  o f  the  equa to r 

as i t  does so (to p  r ig h t, t =  1.4 o r t m =  162 days). T he  f lu id  pools a t th e  b o tto m  o f  the  

channel a t the  e qua to r (b o tto m  le ft, t =  2.4 o r t "  =  278 days), and then  proceeds to 

spl i t  in to two pai is .  one flow ing  n o rth , and the  o th e r re c irc u la tin g  back south  (b o tto m  

r ig h t, t =  4.0 o r t m =  463 days). Despite the  s im p lic ity  o f  the  m ode l, i t  captures the
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F igure  3.4: T he  results o f an FG  m odel s im u la tio n , r  =  0.02. T h e  con tou r spacing is 
0 .02 .

ch a rac te ris tic  s p lit t in g  o f the  f lu id  in to  n o rth w a rd  and sou thw ard  flow ing  pa rts  seen 

in  the  sha llow -w a ter s im u la tio n . T he  lack o f  in e rt ia  in  the  m odel is seen in  b o th  the  

sharp tu rn  from  along-slope flow  to  d o w n h ill flow  and the  im m e d ia te  dece le ra tion  

fro m  fast d o w n h ill flow  to  n ea rly  s ta tio n a ry  f lu id  p oo ling  a t the  e qu a to ria l channel 

b o tto m . Thus the  net resu lt o f  the  lack o f  in e r t ia  in  the  m odel is th a t the  n o rth -so u th  

s p lit t in g  o f  the  flow  is ve ry  sym m e tric , and th a t the  fin a l flow  is ve ry  near the  b o tto m  

o f  the  channel.
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F ig u re  3.5: C en tre  o f  mass m o tio n . Solid  lines correspond to  th e  FG  m ode l, r  =  
0 .0 2 ,0 .1 .0 .2 ,0 .3 . D ash-dot lines: sha llow -w a ter. Ro  =  0.02. D o tte d  lines: sha llow - 
w a te r. Ro  =  0.1. Dashed line  is the  slope w ith  w h ich  an eddy m o v in g  w ith  th e  X o f 
(1983) speed w ou ld  move.

W e ca lcu la te  the  centre  o f  mass o f  f lu id  in  the  d om a in  a t each t im e  fo r the  d iffe re n t 

runs pe rfo rm ed , where the  x - and {/-coord inates o f the  centre  o f  mass are

, _ I i x h d A  ... I L  yh  d . \

X =  l l h d A ' >J= l l h d A '

respective ly , where the  in teg ra l is perfo rm ed  over the  w ho le  d om a in .

f i  =  { ( x .  y)  | |x| <  3. |y| <  3 } .

T h e  e vo lu tio n  o f  the  centre  o f  mass w ith  t im e  is d isp layed  in  F ig u re  3.5. One m ay 

see fro m  the  .r versus t im e  p lo t (F ig u re  3.5a) th a t fo r r  =  0.02. the  e dd y  propagates 

p r im a r i ly  a long the  she lf w ith  a lm ost no d o w n h ill m o tio n , then  sudden ly  accelerates 

in  th e  d o w n h ill d ire c tio n . For h igher values o f r .  the  dow nslope m o tio n  is g rea te r 

in it ia l ly ,  and the  m a x im u m  d o w n h ill ve lo c ity  is low er. For a ll the  FG  m ode l runs, 

the  f lu id  does no t flow  as h igh on to  the  opposite  bank as fo r the  sh a llo w -w a te r runs.
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T h is  fu r th e r  po in ts  to  the  lack o f  f lu id  in e rt ia  in  the  FG m ode l. T h e  y  versus t im e  

p lo t (F ig u re  3.56) shows th a t the  in it ia l p ropagation  speed a long  th e  sh e lf o f  a ll the  

runs agreed w e ll w ith  the  N o f (1983) speed. To reveal the  s p lit t in g  o f  the  f lu id  a fte r 

passing the  e q u a to ria l b o tto m  o f  the channel, we com pute  th ree  centres o f  mass: the  

o ve ra ll cen tre  o f  mass lo ca tio n , (x , y)  (as a lready defined), the  cen tre  o f  mass o f  f lu id  

in  the  northeaste rn  q ua d ra n t o f the  dom ain .

f f  xh  d A  f f  yh  d A

x .xe  =  —pF . yNE =  ^Tr  • n,  =  { ( x . y ) | 0 < j < 3 . 0 < y < 3 } .
/ /  h d A  / /  h d A

J J n l JJii i

and the  centre  o f  mass o f  f lu id  in  the  southeastern quad ran t.

f f  x h  d A  f f  yh d A

i s E  =  ~ T r  • M E  =  - J T  • =  {(■*••0)10 <  x  <  3 . - 3  <  y <  0 }.
/ /  h d A  / /  h d A

JJ  n2 JJ  n2

In  the  le ft h a lf  o f  the  y  versus x  p lo t in  F igure  3.5c. we d isp lay  th e  cen tre  o f mass 

o f  the  e n tire  flu id  ( x . y ) .  b u t in  the r ig h t h a lf o f  the  p lo t we d isp la y  the  centres o f 

mass o f f lu id  in  the  northeaste rn  quad ran t (x .vg . 0,ve) and the  southw este rn  quad ran t 

( i s E - y s E )  o f the  dom ain .

T he  p lo ts  in  F igu re  3.6 show diagnostics o f the  m o tio n  a fte r the  f lu id  has reached 

th e  b o tto m  o f  the  channel and s p lit  in to  n o rth w a rd  and sou thw ard  f lo w in g  parts . The  

m o tio n  p red ic ted  by the  FG  m odel is seen to  be q u ite  steady in  t im e  as com pared  w ith  

the  sha llow -w a te r m odel. In  the  p lo t o f  centre  o f mass speed versus t im e  ( F igu re  3.66). 

the  speed is scaled by the  local  N o f speed, s ( x . y ) / f ( y )  in  nond im ens iona l variab les, 

where the  slope s ( x . y )  and the  C o rio lis  param ete r f ( y )  are each eva lua ted  at the  

the  cen tre  o f mass p os ition . T he  p ropagation  speed in  the  sh a llo w -w a te r s im u la tio n
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F ig u re  3.6: M o tio n  a fte r s p lit t in g . Solid  lines correspond to  the  FG m ode l, r  =
0 .0 2 .0 .1 .0 .2 .0 .3 . D ash-dot lines: sha llow -w a ter. Ro =  0.02. D o tted  lines: sha llow - 
w a te r. Ro  =  0.1. T he  p ropagation  speed is scaled by the  local  N o f speed.

w ith  low  Rossby num be r is seen to  agree w e ll w ith  the  theo re tica l speed. T h e  h ighe r 

Rossbv num ber flow  is h ig h ly  va riab le  in  tim e , and so i t  is d if f ic u lt  to  say w he the r o r 

no t i t  moves w ith  the  p red ic ted  speed in  the  lo n g -te rm  tim e-m ean  case o r n o t. The 

FG  m odel p red ic ts  th a t the  centre  o f  mass o f  the  flow  propagates slower tha n  the  N o f 

speed fo r a ll d am p ing  param eters shown. T h is  reflects the  fact th a t the  flu id  is not 

in  the  fo rm  o f n o rth w a rd - and sou thw a rd -p ropaga ting  iso la ted domes o f f lu id , b u t 

is instead spreading, w ith  p a rt o f  the  flu id  re m a in in g  s ta tio n a ry  in  the  centre  o f  the  

channel (see F igu re  3.4. t — 4.0).

F igu re  3.7 d isp lays the  fra c tio n  o f  the  to ta l f lu id  res id ing  in  e ith e r hem isphere 

fo r x  >  0 as a fu n c tio n  o f  tim e . The  FG m odel seems to  cons is ten tly  p re d ic t a 

ve ry  s ym m e tric  n o rth -so u th  s p lit t in g  o f  the  cu rre n t. T he  sha llow -w a ter m ode l does
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F r a c t i o n  o f  t o t a l  m a s s  in e a c h  h e m i s p h e r e

0 . 5

r = 0.02
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i—0 . 5
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F ig u re  3.7: A m o u n t o f  f lu id  in  each hem isphere a fte r s p lit t in g . S olid  lines correspond 
to  the  FG  m odel, r  =  0 .0 2 .0 .1 .0 .2 .0 .3 . D ash-dot lines: sha llow -w a te r. Ro =  0.02. 
D o tte d  lines: sha llow -w a ter. Ro =  0.1. The  FG m odel p red ic ts  a s y m m e tric  s p lit t in g  
due to  lack o f  flu id  in e r t ia  in  the m odel.

no t p re d ic t a p e rfe c tly  sym m e tric  s p lit t in g . As docum ented by B orisov and N o f 

(1998). th e  am oun t o f  f lu id  end ing up in  e ith e r hem isphere is a co m p lica te d  fu n c tio n  

o f  the  channel geom etry  and the  in it ia l cond itions  o f  the  eddy. For the  p a r t ic u la r  

s im u la tio n s  shown in  F igu re  3.7. the  h igher Rossby num ber flow  has s lig h tly  m ore 

f lu id  re c irc u la tin g  south  than  flow ing  n o rth , and vice versa for the  low er Rossby 

nu m b e r flow . T he  cause fo r th is  is lik e ly  re la ted  to  the  sub tle  d ifferences in  th e  speed 

and d ire c tio n  w ith  w h ich  the  eddy im p inges upon the  equa to r, w h ich  B orisov  and 

N o f (1998) found  to  be the  im p o rta n t factors d e te rm in in g  how m uch f lu id  crossed the
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e qua to r.

T h e  b o tto m  topog raphy  o f  the  A t la n t ic  Ocean is c e rta in ly  m ore  co m p lica te d  th a n  

th a t  o f  a m e rid io n a l channel (F ig u re  3.8). A lth o u g h  one m ay argue th a t th e  topog­

ra p hy  m ay reasonably be m ode lled  as a m e rid io n a l channel away fro m  th e  e qua to r, 

in  th e  v ic in ity  o f  the  equa to r, the  large-scale channel na tu re  d isappears, and the  lo­

ca l to p o g ra p h y  is a c tu a lly  b e tte r a pp ro x im a te d  by an east-west channel, o r a basin. 

T h us  i t  rem a ins to  com pare the  p red ic tions  o f  these m odels over a re a lis tic  b o tto m  

topography.

3.5 Flow  over realistic topography

T h e  b o tto m  top o g rap h y  o f  the  A t la n t ic  is shown in  F igu re  3.S. O ne d e ta il o f  note  

is th a t  the  4500 m  co n to u r does not cross the  equato r. So if.  as observa tions seem 

to  suggest. A n ta rc t ic  B o tto m  W a te r flows a t depths o f  a p p ro x im a te ly  4500 m . and 

ye t successfu lly  crosses the  equa to r, then  a ce rta in  am oun t o f u p h ill flow  is p a rt o f  

the  c u rre n t's  pa th . I f  th is  is tru e , then  the  fr ic t io n a l geostroph ic m odel s tud ie d  here 

w ou ld  have d if f ic u lty  describ ing  such a flow , since the  m odel does not ca p tu re  m o tions  

in v o lv in g  flow  up  the  d yn a m ic  pressure g ra d ie n t. We shall see th a t th is  is indeed the  

case.
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l o n g i t u d e

F igu re  3.8: B o tto m  topography o f  the  e q u a to ria l A t la n t ic .  C on tou rs  o f  dep ths  4000 m . 
4500 m . and 5000 m  are shown. B a th y m e tr ic  d a ta  is fro m  the  N'aval O ceanographic 
O ffice  D a ta  W arehouse at h t tp : / / id b m s .n a v o .n a v v .m il/ .
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F igu re  3.9: B o tto m  top o g rap h y  before and a fte r sm oo th ing . T h e  sm oothed
top o g rap h y  is used in  the  num erica l s im u la tio ns . Shading in te rv a l is 200 m . 
B a th y m e tr ic  da ta  is from  th e  \a v a l O ceanographic O ffice  D a ta  W arehouse at 
h ttp : / / id b m s .n a v o .n a v v .m il/ . T h e  s ix  +  signs m a rk  the  m o o rin g  loca tion s  o f  H a ll 
et al. (1997). The  five  lines labe lled  ( a) - ( e)  are the  lines across w h ich  th e  f lu x  is 
m easured in  o u r s im u la tions.
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3.5.1 Numerical scheme

T o p e rfo rm  n um erica l s im u la tions , we f irs t sm oo th  the  b a th y m e try  d a ta  to  rem ove 

g ridsca le  features. T h e  b a th y m e tr ic  d a ta  is p ro jec te d  o n to  a 148 by 253 g rid , and it  

is sm oo thed  by  s ix  ite ra tio n s  o f rep lac ing  a d a ta  p o in t w ith  th e  n in e -p o in t average 

o f  th e  d a ta  su rro u nd in g  i t .  T h is  averag ing  was ju d ge d  by eye to  be a reasonable 

com prom ise  between rem ov ing  g ridsca le  features and re ta in in g  large-scale features o f  

th e  topography. T h e  raw  topog raph ic  d a ta  and the  sm oothed top o g rap h y  is shown 

fo r the  a c tu a l num erica l dom a in  in  F ig u re  3.9.

T h e  in flo w  cond itions  are specified v ia  D ir ic h le t bou n da ry  co nd itio n s  on the  he ight 

and v e lo c ity  fie lds. T h e  he ight a t the  b o u n d a ry  is set to  have a cosine p ro file .

ft =  ^ p [ i +cos ( _ £ £ . ) ] .  o <  a  <

w here R =  |x  — x c| and x c. hmax and /2max are specified param eters co rrespond ing  to  

th e  centre , he igh t and th e  h a lf-w id th  o f  th e  in flo w  p ro file , respective ly. T h is  he igh t 

p ro file  was chosen so th a t the  he ight fie ld  is continuous and d iffe re n tia b le , to  assist 

w ith  num erica l s ta b il ity . T he  in f lu x  v e lo c ity  is ca lcu la ted  from  the  he igh t p ro file  on 

the  bounda ry , assum ing the  flow  is geostroph ic . Unless o the rw ise  specified, the  in flo w  

has a he igh t o f 0.7 (280 m etres) and a h a lf-w id th  o f 0.5 (100 k m ). O u tflo w  co nd itio n s  

are c ru d e ly  set by p ro v id in g  a mass s in k  a long  the  n o rth e rn  and eastern edges o f  the  

d o m a in . T h e  mass s in k  decreases the  he igh t fie ld , w ith  factors th a t decrease s m o o th ly  

fro m  e x a c tly  one over m ost o f  the  d o m a in  to  zero r ig h t near the  edge o f  th e  d om a in .

T h e  v e lo c ity  scale has been taken to  be 5 cm  s-1 . the  C o rio lis  p a ram e te r has been
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F ig u re  3.10: H e ight fie ld  a t steady state , sha llow -w a te r m odel. C o n to u r in te rv a l is
0 .1, o r  20 m etres.

scaled by its  value a t o°N \ and the  ho rizon ta l leng th  scale is 200 km . T h is  gives a 

Rossby n um be r (a t 5 ° .\  o r 5°S) o f Ro =  0.0197. and a t im e  scale o f  T  =  46.3 days.

1.e. I yea r is 7.88 nond im ensiona l t im e  u n its . T he  sp a tia l va ria tio n  o f th e  C’o rio lis  

p a ram e te r is /  =  sin 0 /  sin 5°. where 9 is la titu d e .

3.5.2 Steady-state results

T h e  sha llow -w a te r m odel and the  fr ic t io n a l geostroph ic m ode l were ru n  to  steady- 

s ta te . S teady sta te  was de te rm ined  to  have been reached when th e  o u tp u t d iagnostic  

values o f  p o te n tia l and k in e tic  energy approached steady values. (T y p ic a lly ,  a t steady- 

s ta te  th e  d iagnos tic  variables were va ry ing  byr less th a n  1% o f th e ir  va lue over one
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F ig u re  3.11: H e igh t fie ld  near steady s ta te . FG  m odel. C o n to u r in te rva l is 0 .1. o r 20 
m etres.

nond im ens iona l t im e  u n it.)  A n  im age o f  the  re su ltin g  height fie ld  fo r each ru n . w ith  

id e n tica l in f lu x  cond itions , is shown in  each o f  F igures 3.10 and 3 .11. N ote  th a t F igu re  

3.11 shows th e  system  when it  is no t q u ite  a t s teady s ta te , since the  e q u a to ria l basin 

is s t i l l  f i l l in g  s low ly. However, th e  he igh t fie ld  east o f 34°VV is a lready as i t  appears 

a t steady s ta te .

For b o th  m odels, the  flow is observed to  fo llo w  b a th y m e tr ic  contours q u ite  closely. 

W h ile  the  e n tire  c u rre n t in it ia l ly  flows n o rth w a rd  a long the  contours, p a rt o f  the  flow  

tu rn s  no rth -w est and enters the  e q u a to ria l basin, w h ich  is loca ted  between l°S  and 

l° N  and between 34°W  and 38°W . and p a rt o f the  flow  tu rn s  east and e x its  the  

num erica l dom a in . However, the  fr ic t io n a l geostroph ic  m odel p red ic ts  m uch less flow  

in to  the  e q u a to ria l basin, and u lt im a te ly , across the  equato r.
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L ine label D e scrip tion L oca tio n D ire c tio n Range

(a) in to  dom a in 7°S N o rth 3 5 °W -3 0 °W

(6) o u t o f  dom a in 25° W East 3°S-0.5°S

(c) in to  eq. basin 33 .7 °W West 4°S-0.2°S

(d) H M W  m oorings 35.9° W West 2 ° S - l° N

(e) o u t o f  eq. basin 39.2° W W est 0 .8 °S -1 .3°N

Table  3.1: Lines across w h ich  the  f lu x  is ca lcu la te d  in  the  s im u la tio ns .

T h e  mass tra n sp o rt o f  th is  cu rre n t is m easured fo r each o f  these s im u la tio n s  across 

five  locations (see F igu re  3.9 and Tab le  3.1). T h e  m easured fluxes are (a)  the  flow  in to  

th e  dom ain . (6) the  flow  eastward o u t o f  the  d om a in , (c) the  f lu x  in to  the  e qu a to ria l 

basin , (d)  the  flu x  across the  m oo ring  loca tions o f  H a ll et al. (1997). and (e) the  flu x  

o u t o f  the  equa to ria l basin.

For the  s im u la tions  shown in  F igures 3.10 and 3.11. the  sh a llow -w a te r m odel 

p red ic ts  a 0.115 Sv flu x  across th e  e qua to r, b u t the  fr ic t io n a l geostroph ic  m odel 

p re d ic ts  o n ly  a flow  o f  0.024 Sv across the  e qu a to r. Since u p h ill flow  is not p e rm itte d  

in  the  FG m odel, the  o n ly  flu id  successfu lly crossing the  e qu a to r is f lu id  th a t was 

in i t ia l ly  a t shallow  enough depths to  flow  ove r the  ridges located before and a fte r the  

e q u a to ria l basin.

I f  th is  hypothesis is tru e , then  the  equa to r-c ross ing  f lu x  p red ic ted  by  the  FG 

m ode l should there fore  sens itive ly  depend upon  in f lu x  p os ition . T he  in f lu x  pos ition  

was varied, and the  flu x  across the  equa to r m easured a t steady s ta te , w ith  th e  resu lts
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F ig u re  3.12: F lu x  across e qua to r as a fun c tio n  o f in flow  pos ition . D o tte d  line  corre­
sponds to  sha llow -w a te r s im u la tio n s , so lid  line  to  FG  m odel.

shown in  F ig u re  (3.12). For th is  figure, the  d ep th  o f the  c u rre n t is the  p os ition  

re la tiv e  to  the  ocean surface o f  the  centre  o f  mass o f  the in f lu x  p ro file , as ca lcu la ted  

by n u m e ric a lly  in te g ra tin g  over the  region o f in flo w  for each o f  the  d iffe re n t cu rre n t 

lo ca tion s . For b o th  m odels, th e  equator-crossing f lu x  depends on the  in i t ia l  d e p th  o f 

the  c u rre n t, w ith  the  fr ic t io n a l geostroph ic  m odel cons is ten tly  p re d ic tin g  less equa to r- 

crossing flow  th a n  the  sha llow -w a te r m odel a t the  same in it ia l cu rre n t p os ition .

I t  is w o rth  n o tin g  th a t we have not observed, no m a tte r how sha llow  the  in flo w  

d e p th , the  e n tire  cu rren t crossing the  equato r. Sandoval and W e a th e rly  (2001) p ro ­

pose th a t  the  A A B W  sp lits  up  in to  tw o  curren ts : the  shallow er one. w h ich  flows w ith  

1.1 Sv f lu x  a t 4.5°S at a d ep th  o f  4400 to  4500 m . flows d ire c t ly  in to  th e  e qu a to ria l
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basin, e ve n tu a lly  crossing the  e q u a to r.1 Since we have no t observed m ore th a n  50% 

o f th e  c u rre n t flow ing  in to  th e  e q u a to ria l basin in  o u r num erica l s im u la tio n s , even 

fo r c u rre n t dep ths m uch m ore sha llow  th a n  oceanic observations suggest, we propose 

th a t o n ly  p a rt o f  th is  observed sha llow er cu rren t flows in to  the  e q u a to ria l basin.

N o te  th a t fo r re a lis tic  in flo w  dep ths, the  sha llow -w a ter m odel captures th e  ob­

served sou the rn -in tens ified  w estern flow  w ith in  the  equ a to ria l basin. (See H a ll et al. 

1997 fo r observations, F igu re  3.13 fo r o u r s im u la tio ns .) However, fo r in flo w  h ighe r 

up on the  topography, th e  re su ltin g  flow  is observed to  c ircu la te  the  oppos ite  way in  

the  e q u a to ria l basin, and is seen to  be m uch m ore va riab le  in  tim e . ( I t  has n o t been 

observed to  se ttle  to  a steady s ta te .) T h is  a lte rna te  flow  appears to  be the  resu lt 

o f  a sm a ll am oun t o f f lu id  th a t flows th rough  the  gap in  the  ridge near (4°S.34°VV). 

and. as i t  enters the  e qu a to ria l basin, in te rac ts  w ith  the  re m a in ing  flow , d iv e r t in g  it  

n o rth w a rd  and es tab lish ing  a coun terc lockw ise  flow in  the  basin.

Since the  d o w n h ill com ponent o f  flow  in  the  FG m odel also depends upon the  

d a m p in g  coe ffic ien t, th a t coe ffic ien t should  also affect the  am oun t o f  cu rre n t crossing 

the  equa to r. T h e  dam p in g  pa ram ete r was varied, and the percentage f lu x  crossing 

the  e qu a to r measured a t steady s ta te . The  results are shown in  F igu re  3.14. A n  

increase in  the  dam p in g  pa ram ete r leads to  a decrease in  the  am oun t o f  f lu id  crossing

the  equa to r. T he  d a m p in g  pa ram ete r is set to  r  =  0.05 for m ost s im u la tio ns  since 

l The discrepancy in measured fluxes near 5°S and across the equator (‘2.1 Sv. Hall et al. 1997) 

may be due to entrainment effects or to measurement errors due to large variability. For example, 

the best estimates (Sandoval and Weatherly 2001) of the transport in this current at 13°S is 3.8 Sv.
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4
F ig u re  3.13: V e lo c ity  fie lds in  the  e q u a to ria l basin fo r re a lis tic  and ve ry  sha llow  in flow . 
U p p e r p lo t: in flow  dep th  =  4575 m . a rrow  a t b o tto m  is fo r 5 cm  s- 1 . Low er p lo t: 
in flo w  dep th  =  4226 m . a rrow  a t b o tto m  is fo r 20 cm  s-1 .
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F igu re  3.14: Percentage f lu x  across equa to r as a fu n c tio n  o f  d a m p in g  pa ram ete r.

the  ve lo c ity  a t /  =  0 is p ro p o rtio n a l to  I f r  (see equa tion  3 .9). so sm a lle r d a m p in g  

param eters lead to  unreasonab ly h igh ve loc ities  a t the  e qua to r, causing num erica l 

in s ta b il i ty  unless th e  t im e  step is q u ite  sm a ll.

3.5.3 Time-dependent flow

H a ll et al. (1997) (h e re a fte r re ferred to  as HMVV) m easured a m ean e q u a to r crossing 

f lu x  o f abou t 2.0 Sv. b u t also observed a s ig n ifican t t im e  v a r ia b i l ity  in  the  A A B Y V  

flow  in  the  e q u a to ria l basin. In  F igu re  3.15. we d isp lay  th e ir  figu re  show ing  the  

m easured tra n s p o rt o f  A n ta rc t ic  B o tto m  W a te r across the  e q u a to r as a fu n c tio n  o f 

t im e . T h e y  m easured changes in  the  observed tra n s p o rt on the  o rd e r o f  4 Sv in  a few
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days, v a ry in g  fro m  as m uch as 5 Sv n o rthw a rd  to  2 Sv so u th w a rd  over the  604 day 

dataset. Perhaps m ost s ig n ifica n tly , the y  observed th a t the  40-day averaged tra n sp o rt 

was s lig h t ly  g rea te r than  2 Sv n o rth w a rd  fo r m uch o f  the  year, b u t was close to  zero 

a t the  same t im e  o f  year (b e g in n in g  o f  M arch ) tw o  years in  a row . T h is  im p lies  th a t 

the  A A B W  has an annual s ignal associated w ith  i t ,  w ith  m a g n itu d e  on the  o rde r o f 

the  to ta l vo lum e  f lu x  itse lf.

To  eva lua te  th e  a b il i ty  o f  the  sha llow -w ater m odel and th e  f r ic t io n a l geostroph ic 

m odel to  ca p tu re  th is  t im e  v a r ia b ility , s im u la tions  were p e rfo rm e d  w ith  tim e -v a ry in g  

in f lu x  co n d itio n s , and the  f lu x  was measured as a fu n c tio n  o f  t im e  across the  five key 

pos itions. T h e  m odel was f irs t run  o u t to  steady sta te , the n  the  in f lu x  was varied 

s in u so id a lly  in  t im e , w ith  a pe riod  o f one year and an a m p litu d e  o f  10 percent. T he  

resu lts are shown in  F igures .‘3.16 and 3.17.

F igu re  3.16 shows the  five measured fluxes as the y  va ry  in  t im e . A lth o u g h  the  

m a g n itu d e  o f th e  in flow  was varied  by o n ly  10%. the  response o f th e  m easured fluxes 

was s ig n if ic a n tly  g reate r. As a resu lt o f  the tim e -v a ry in g  in flo w  co n d itio n s , the  flow  

in to  the  e q u a to ria l basin a c tu a lly  reversed d ire c tio n  fo r a b r ie f  pe riod  o f  t im e , w h ile  

the  flow  th a t a c tu a lly  crossed the  equa to r changed its  vo lu m e  flu x  by  17% o f its  

mean value. M ost s ig n ifica n tly , the  t im e  v a r ia b ility  o f  the  f lu id  across the  pos ition  

where HM YV to o k  th e ir  d a ta  shows a re la tive  change o f  75% o f  its  m ean value. T he  

d iffe rence  in  t im e  v a r ia b il ity  o f the  flu id  a t the  m oo rin g  loca tions  and at the  e x it 

o f the  e q u a to ria l basin is eas ily  exp la ined  by the  fact th a t m uch o f  th e  e x tra  f lu id
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F igu re  3.16: T im e-dependen t flu x  as p red ic ted  by sha llow -w a te r theo ry , in flo w  posi­
tio n  o f  x c =  1.25. S olid  line : in flo w  co nd itio n s . D ash-do t: o u tflo w  eastw ard . Dashed 
line : flow  in to  e q u a to ria l basin. D o tte d  line : flow  o u t o f e q u a to ria l basin. S o lid  w ith  
+ :  flow  across H M W  m o o rin g  loca tions. B o tto m  p lo t is shown w ith  l im ite d  axis 
range to  show t im e  v a r ia b ility .

71

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e n te rin g  the  basin s im p ly  f ille d  i t ,  and d id  no t e x it.

These resu lts im p ly  th a t th e  t im e  v a r ia b il ity  observed by H M W  is a resu lt o f the  

loca l topog raphy  and o f  th e  lo ca tio n  o f  the  c u rre n t m eters, and does no t re flect the  

a m o u n t o f  t im e  v a r ia b il ity  o f  th e  am oun t o f  f lu id  crossing the  e qu a to r, no r the  t im e  

v a r ia b i l i ty  o f th e  A A B W  c u rre n t as i t  approaches the  e qu a to ria l basin.

T h e  same e xpe rim en t was conducted  w ith  the  fr ic t io n a l geostroph ic  m ode l, w ith  

th e  resu lts  shown in  F igu re  3.17. A lth o u g h  th is  m odel does d isp lay  less t im e -v a r ia b ilitv  

th a n  th e  sha llow -w a ter m odel, i t  s t i l l  p red ic ts  th a t a 10% change in  flu x  approach ing  

the  e q u a to ria l basin leads to  la rge r re la tive  changes in  f lu x  in to  and th ro u g h  the  basin. 

T h e  flow  in to  the  e qu a to ria l basin varied by 44% o f its  mean va lue, w h ile  the  flow  

across the  H M W  m oo ring  loca tions varied by 25%. T he  flow  o u t o f the  e qua to ria l 

basin varied by 9.4% o f  its  mean.

To investiga te  how the  tim e -dependen t behav iou r seen in  F ig u re  3.16 depends on 

in flo w  lo ca tion , we perfo rm ed  th e  same e xpe rim en t as in  F igu re  3.16. b u t w ith  the  

c u rre n t in flo w  set to  a nond im ens iona l p o s itio n  o f 1.15 (cen tre  o f  mass at 4477 m 

d e p th ) instead o f  1.25 (cen tre  o f  mass at 4575 m  d e p th ). T he  cen tre  o f  mass o f  the  

c u rre n t a t the  southern  b ou n da ry  is thus a t a dep th  consistent w ith  observa tions. The 

resu lts  are shown in  F igu re  3.18. T he  a m p litud e s  o f th e  f lu c tu a tio n s  in  and th rou g h  

th e  e q u a to ria l basin are no t q u ite  as great as fo r the  deeper c u rre n t case. A lso , the 

crests and troughs seem m ore s y m m e tr ic  in  th is  sha llow er c u rre n t e xp e rim e n t tha n  

in  th e  deeper cu rre n t e xp e rim e n t, where the  a sym m e try  is s im ila r  to  the  a sym m e try
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F igu re  3.17: T im e-dependent f lu x  as p re d ic te d  by FG m odel. S o lid  lin e : in flo w  
co n d itio n s . D ash-dot: o u tflo w  eastw ard . Dashed line: flow  in to  e q u a to ria l basin. 
D o tte d  line : flow  o u t o f equ a to ria l basin. Solid  w ith  + :  flow  across H M W  m oorin g  
loca tions . B o tto m  p lo t is shown w ith  l im ite d  axis range to  show t im e  v a r ia b ility .
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F ig u re  3.18: T im e-dependen t f lu x  as p red ic ted  by sha llow -w a ter theory , in flo w  posi­
t io n  o f  x c = 1 .1 5 . Solid line : in flo w  co nd itions . D ash-dot: o u tflo w  eastw ard. Dashed 
lin e : flow  in to  equ a to ria l basin. D o tte d  line : flow  o u t o f  e qu a to ria l basin. S o lid  w ith  
+ :  flow  across H M W  m o o rin g  loca tions. B o tto m  p lo t is shown w ith  lim ite d  axis 
range to  show t im e  v a r ia b ility .
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F ig u re  3.19: A m p litu d e  o f  tim e-dependen t fluxes versus a m p litu d e  o f  tim e -dependen t 
in flo w  c o n d itio n , sha llow -w a te r s im u la tions . In flow  pos ition . x c = 1 .1 5 . S olid  lin e  w ith  
c irc les : in flo w  cond itions . Dashed line  w ith  c irc les: flow  in to  e q u a to ria l basin. D o tted  
lin e  w ith  c irc les: flow o u t o f  e qu a to ria l basin. Solid  line  w ith  + :  flow  across H M W  
m o o rin g  locations.

seen in  the  observations (F ig u re  3.15).

In  the  e xpe rim en t shown in  F igu re  3.18. th e  in flow  was varied  by  10% over the

course o f  one year. The  same e xpe rim en t was repeated, b u t w ith  in flo w  va ria tion s  o f

7 .5% . 5% . and 2.5% . and the  results are sum m arized  in  F igu re  3.19. T h e  e xpe rim en ts

were ru n  fo r tw o  s im u la ted  years, and each o f  the  tra nsp o rts  was averaged over the

tw o  years. We com pute  the  "re la tiv e  a m p litu d e " o f  t im e  v a r ia b il ity  as

. . i 0 .5 (m ax. tra n sp o rt — m in . t ra n s p o r t )
re la tive  a m p litu d e  = --------------------------------------------------------------- .

average tra n sp o rt

T h is  is a s im p le  measure o f  how m uch the  tra n s p o rt devia tes fro m  its  average. I f  

th e  tra n s p o rt were a s inuso ida l fu n c tio n  o f  t im e , the  n u m e ra to r w o u ld  be th e  crest-
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to-average a m p litu d e . VVe p lo t the  re la tive  a m p litu d e  in  F igu re  3.19 as a measure o f  

how m uch  th e  re la tive  t im e -v a ria tio n  o f  tra n sp o rt across each o f  the  locations depends 

on th e  re la tiv e  tim e -v a ria tio n  o f  tra n s p o rt as A AB V V  approaches the  equa to r. T he  

a m o u n t o f  f lu id  successfully crossing th e  equa to r is seen to  show s lig h t a m p lif ic a tio n  

o f  t im e -v a r ia b ility , b u t the  am oun t o f  f lu id  flow ing  in to  the  e qu a to ria l basin and also 

across the  H M W  m ooring  loca tions shows large a m p lif ic a tio n  o f  t im e -v a r ia b ility .

These resu lts  suggest th a t the  large t im e -v a r ia b ility  in  cross-equatoria l tra n s p o rt 

observed by H M W  m ay be the  resu lt o f  va ria tions  in  the  source o f A A B W  on the  

o rd e r o f  m ere ly  10% to  15% o f its  mean tra n s p o rt. These resu lts  also suggest th a t 

the  a m o u n t o f  f lu id  successfully crossing the  e qu a to r (i.e . e x it in g  the  e qu a to ria l basin) 

does n o t have the  same a m p litu d e  o f  t im e -v a r ia b ility  as was measured by H M W . b u t 

has a sm a lle r a m p litu d e  o f  a p p ro x im a te ly  10% to  20% o f the  mean flow.

T h e  m odel s tud ied  here param eterizes fr ic t io n a l and o th e r ageostrophic effects in to  

a s im p le  R ayle igh dam p ing  te rm . T h is  m odel has been used in  s tud ies o f  large-scale 

flow , in c lu d in g  abyssal equator-crossing  flow. We have investiga ted  the  v ia b i l i t y  o f 

th is  m ode l by com paring  its  p red ic tions  to  the  p red ic tio n s  o f  sha llow -w a te r th e o ry  over 

s im p lif ie d  and rea lis tic  topography. D espite  the  s im p lic ity  o f  the  m odel, i t  b ro a d ly  

cap tu res  ce rta in  aspects o f  sha llow -w a te r flow  w e ll.

A lth o u g h  the  m odel s tud ied  in  th is  chap te r is a cand ida te  fo r the  low er layer o f  the  

tw o  la ye r m ode l we are co ns tru c tin g , i t  is not a reasonable m odel fo r the  uppe r laye r 

because the  th ic k  upper layer w ou ld  n o t have b o tto m  fr ic t io n  p la y ing  a lead ing -o rde r
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ro le  in  th e  dynam ics. In  the  next chap te r, we w il l  exp lore  tw o -laye r m odels.
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Chapter 4

Two-layer m odel

In  th is  chap te r, the  effect o f a d y n a m ic a lly  ac tive  upper layer is considered. Lead ing- 

o rd e r tw o -la ye r m odels are d e rived  fo r a m id - la t itu d e  scaling as w e ll as an e q u a to ria l 

sca ling. In  the  m id - la t itu d e  sca ling , the  sha llow -w a te r equations o r the  fr ic t io n a l 

geostroph ic  m odel s tud ied  in  th e  p rev ious chap te r m ay be em ployed  in  th e  low er layer, 

and in  th e  u ppe r layer a re la tio n  is de rived  th a t resembles the  balance equa tions (G ent 

and M c W illia m s  1983). A  m ode l is thus derived  th a t,  w h ile  p re d ic tin g  a w e ll-de fined  

flow  a t the  equa to r, s im p lifies  to  the  Swaters and F lie r l (1991) m odel in  the  m id ­

la t itu d e  l im it .  In  the  e q u a to ria l sca ling, we o b ta in  tw o  m odels, co rrespond ing  to  tw o  

d iffe re n t m echanism s fo r in d u c in g  m o tio n  in  the  upper layer. In  one o f  th e  e q u a to ria l 

m odels, the  low er layer dynam ics  are governed by the  sha llow -w a te r equa tions, and the  

upp e r laye r d yn a m ica l equa tions are shown to  be re la ted  to  the  linea rized  sha llow - 

w a te r equa tions. T hus, the  e q u a to ria l wave analysis o f  C h a p te r 2 app lies to  th a t
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e q u a to ria l sca ling  m odel. F in a lly , the  th ree  m odels are m erged in to  one lead ing -o rder 

u n ifo rm ly  va lid  m odel w h ich  reduces in  each o f  the  lim its  to  the  a p p ro p ria te  loca l 

m ode l.

W e firs t present a m od ified  N o f (1983) ana lysis to  he lp  m o tiv a te  the  need fo r an 

u p p e r layer.

4.1 M odified N o f analysis

N o f (1983) showed th a t the  ve lo c ity  o f any s te a d ily -tra v e llin g  com p ac tly -sup p o rte d  

mass o f  in v isc id  shallow  w a te r on a lin e a r ly  s lop ing  b o tto m  on an / -p la n e  is a long the 

slope w ith  speed g ' s / / .  where g'  is the  reduced g ra v ity , s is the  slope o f  the  b o tto m  

topog raphy , and /  is the  C o rio lis  param ete r. Swaters and F lie r l (1991) m od ified  N o f's  

ana lys is  to  inc lude  the effects o f  b a ro c lin ic  in te rac tio n s  w ith  the  upper layer on the 

ve lo c ity . Here, we extend the  analysis fu r th e r to  inc lude  the  effects o f  b o tto m  fr ic t io n  

as pa ram ete rized  by a linea r dam p in g  te rm .

T h e  equations o f m o tio n  fo r the  lower laye r, in c lu d in g  the  effects o f  va ria tio n  in 

pressure o f  the  upper layer and lin e a r d am p in g , m ay be w r it te n

u t +  u  • V t t  +  / e 3 x u  +  g ' V ( h  — s y ) -i- g ^ g  =  — r u .  (4.1)

h t +  V  • ( u h )  =  0. (4.2)

w here we have assumed the  b o tto m  topog raphy  is lin e a r ly  s lop ing , deepening in  the 

p o s itive  y  d ire c tio n , and we have app lied  th e  r ig id  l id  a p p ro x im a tio n . W e assume
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th a t the  region o f  non-zero he igh t has com pact su p p o rt, i.e. th a t th e  f lu id  occupies a

loca l reg ion  on ly . Denote the  reg ion o f  non-zero he igh t by R  and le t the  b ou n da ry  o f

the  reg ion, d R , be given by o ( x , y , t )  =  0. O n d R , th e  fo llow ing  b ou n da ry  co nd itions  

a pp ly :

<j>t +  u  • V<i> =  0 and h =  0. (4.3)

W h a t is the  speed a t w h ich  th is  eddy travels a t steady-sta te? We assume the  dom e 

o f  f lu id  is s tead ily  tra v e llin g  w ith  ve lo c ity  c =  (cx .c y ). and re -w rite  th e  equa tions in  

the  co -m ov ing  fram e o f reference. Let

£ =  x  -  cx t. =  y - c yt . (4.4)

define the  m ov ing  coordinates. T hen  the  equations and bounda ry  c o n d itio n s  in  the  

m o v ing  fram e o f reference are

(u — c) • V u -I- / e 3 x  u + g'^{h — sy)  + g^n  = — ru. (4.5)

V  • [ (u  — c)h)  =  0. (4.6)

(M — c) • V o  =  0. on o (£ . 0 = 0 .  (4.7)

w here we have used V • c = 0. We m ay de te rm ine  th e  steady speed c by m u lt ip ly in g

(4.5) by h and in te g ra tin g  over R.  y ie ld in g

f  {h(u — c) • Vti + hfez x u + /ig'V(h — sy) + hg^q + hru} dA = 0. (4.8)
J R

Let us s im p lify  th is  equation  te rm -b y -te rm . N ote  th a t the  non linear adve c tio n  te rm  

vanishes, since

f  h(u — c) • Vud.4 = f  [h{u — c) • h\udl — f  V • [h(u — c)]«d.4 = 0.
J r  JdR J r
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T h e  te rm  p ro p o rtio n a l to  g'  m ay also be s im p lifie d  as follows:

f  g 'h J7 (h  — s y ) d A  =  —e 2g's f  h d A  +  r r [  V ( / i 2)d.4 =  —e 2g's f  h d A .
JR Jr 2  Jr Jr

T o s im p lify  th e  second and f if th  te rm s  in  (4 .8 ), note th a t the  fact th a t th e  mass f lu x  

in  th e  m o v in g  fram e is nond ive rgen t (4 .6) im p lies  th a t there  exists a fu n c tio n  i t  such 

th a t  e3 x  V</’ =  ( u  — c )h .  Thus,

I  u h  d A  =  I  ch  d A  +  I  e 3 x  V t / ’ d A  
Jr Jr Jr

=  c  I  h d A  +  e 3 x  I  iphdl  
Jr Jsr

=  c  f  h dA .
Jr

w here the  second in teg ra l vanishes because i t  is constant on OR.  w h ich  is tru e  since

on 0  =  0. 0 =  / i ( t i  —c )-V < 6  =  (e 3 x  V t / ’ )-V<£> =  J ( t l \  o ) .  Using th is  in  (4.S) s im p lifie s

i t  to

/ e 3 x  c  +  r c  =  g 'se 2 -  g ( h V y ) .  

w here ( ( * ) )  =  ]/? (*) d A /  f R h dA.  T h e  tra n s la tio n  ve lo c ity  c  m ay be solved fo r.

c  =  ~ T T ~ n  - 9 { h ^ g ) }  +  " i " H  { 9 ' * e \  +  9*3  x  ( h V q ) }  . (4 .9)r *  +  r i  +

o r. com ponentw ise .

_  _  Ws ~g(hr]y)} ~ rg(hr}r) ,  ,  , n ,

c ' --------------------------------------------pT7i------------------------------------ ■ < 4 - 1 0 >

f g ( h i ] r ) +  r { g ' s -  g (h n y ) }  

P  +  r*Cy=- • ( 4 - l l )

E qu a tion  (4 .9 ). o r the  p a ir (4.10) and (4 .11). is the  N o f (1983) ve lo c ity  m o d ifie d  to  

in c lu de  the  effects o f  upper layer pressure and lower laye r fr ic t io n .
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Som e specia l cases m ay be investiga ted . In  the  l im it  as 77 —> 0 and r  —> 0. 

e q u a tio n  (4 .9) reduces to  th e  N o f (1983) resu lt describ ing  along-slope m o tio n  w ith  

v e lo c ity  g ' s / f .  I f  o n ly  r  0, (4.9) reduces to  the  Swaters and F lie r l (1991) resu lt in  

w h ich  th e  N o f v e lo c ity  is m od ified  to  inc lude  the  effects o f  the  upper layer pressure.

_  91*  9 , ,  . _  9 , ,  .
cx j .  y \™ 7 y ),> cy ~  j  \ /  *

In  th e  l im i t  as q —* 0  w ith  r  >  0 . (4 .9) recovers the  fact th a t fr ic t io n  in  the  one-layer 

f r ic t io n a l geostroph ic  m odel induces a downslope com ponent to  the  flow .

e =  - ^ p { r i 2  +  f k l ) '

N ote  th a t  an a lte rn a te  d e riva tio n  m ay be used to  a rrive  a t th is  resu lt. T he  a lte rn a te  

d e r iv a tio n  requires the  assum ption  th a t a flu id  parcel is m ov ing  along a slope in  such 

a w ay th a t the re  ex ists a th ree -w ay balance between the  forces o f  g ra v ity . Rayle igh 

fr ic t io n ,  and the  C 'orio lis e ffect. Since such a d e riva tio n  m ay be app lied  to  any flu id  

parcel in  such a balance, the  resu lt generalizes to  curren ts  in  balance in  a d d it io n  to  

s te a d y -tra v e llin g  eddies.

C le a rly , the  presence o f  a d y n a m ic a lly  ac tive  upper layer m odifies the  d ire c tio n  o f 

flow  o f  the  low er layer. In  p a rtic u la r, note th a t i t  is possible fo r the  low er layer to  

have an upslope com ponent to  the  ve lo c ity  fie ld .
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4.2 G eneric nondim ensionalization

W e seek to  m o de l abyssal flow , ta k in g  in to  account in te rac tio n s  w ith  the  f lu id  above. 

F rom  th e  o u tse t, then , we a n tic ip a te  th a t the  lower layer is re la tiv e ly  th in  and th e  

u ppe r layer is th ic k . T h is  im p lies  th a t, w h ile  b o tto m  fr ic t io n  is p o te n tia lly  im p o r ta n t 

in  th e  low er laye r, i t  m ay  be neglected in  the  uppe r layer. T hus , o u r  s ta r t in g  p o in t is 

tw o -la ye r sh a llow -w a te r equations, where the  upper layer is fr ic tio n less  and the  low er 

laye r re ta ins a R ay le igh  d am p ing  te rm  representing  the  effects o f  b o tto m  fr ic t io n . 

T h e  tw o -la ye r sha llow -w a te r equations m ay be w r itte n  in  d im ens iona l fo rm  as

u ’u. + u’ ■ V ’ul 4- / ' e 3 x  u j  =  - g V ’ g ’  (4.1*2)

(r j- - h ' ) t. 4 - ( # +  »?’ -  h m- h mB )\ = 0  (4 .13)

u \ 4- u\ ■ V 'u '  +  / ' e 3 x  t *2  =  —- V p  -  r ’ u *  (4.14)
Pi

h't. +  V - ( u ’2h ‘ ) = 0 .  (4. lo )

where an aste risk  denotes a d im ensiona l va riab le . T he  upper and low er layer ve loc ities  

are denoted by  U i and M2 respective ly. H  is the  scale d ep th  o f  the  upper layer, h is th e  

low er layer th ickness, he  is the  he ight o f  th e  b o tto m  topog raphy  above an a rb it ra ry  

reference leve l, rj is the  upper layer pressure and the  lower layer pressure p* is g iven

by

P' = P i 9 V ’ + P i g ' ( h "  +  h'g ). (4.16)

w here g/ =  g(P2 — p i )  I  Pi  1S the  reduced g ra v ity . The  fo rm  o f  th e  upper and low er 

layer pressure te rm s is such th a t the  pressure vanishes a t the  u p p e r layer surface and
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the  pressure is continuous across the  in te rface  between the  tw o  layers. Here, by “ pres­

sure” , we are re fe rrin g  to  the  d yn a m ic  pressure, w here th e  h y d ro s ta tic  com ponent has 

been su b tra c te d  o u t. In  the  low er layer m o m e n tu m  e qu a tion , we have re ta ined  the  

R ay le igh  d am p in g  te rm , w h ich  param eterizes th e  effects o f  b o tto m  fr ic t io n , to  a llow  

fo r th e  p o s s ib ility  o f  recovering  th e  FG  m odel in  the  low er layer.

W e f irs t e m p loy  the  generic scalings

( x \ y m) =  L { x , y ) ,  i» i =  L' i U i . u j  =  U2u 2.

t"  =  T t .  / *  =  f 0f .  r m =  f Qr. p" =  sp2g ' H p  (-1.17)

n" =  - 8  Hr}. h"  =  S H h .  h mB = s H h B .
9

where s =  h ’B / H  =  s’ L / H  and 8 =  h ’ / H  are d im ension less param eters representing  

the  ra tio s  o f  the  scale he igh t o f. respective ly, the  b o tto m  to p o g rap h y  and the  lower 

layer th ickness, to  the  scale he igh t o f  the  upper layer (see F ig u re  4 .1 ). A  re la tiv e ly  th in  

low er layer and a sha llow ly  s lop ing  b o tto m  correspond to  0 <  8 <§; 1 and 0 <  .s <§; L. 

S u b s titu tin g  the  above scalings in to  the  sha llow -w a te r equa tions y ie lds

U i { j f U u  +  ^ l U l  ' V u ‘ )  +  M ' l L f a  x  =  ~ 8 g ' H V r j .  (4 .18)

V  • U i  =  sh t +  V  • (U i (8 h  +  s h g ) ) . (4.19)

Lr2 ( u 2 t + U 2 - ^ u 2) +  f QU2L f e z  x u 2 =  - g  H V  [8{rj +  h)  +  $ h B] — f 0i ' 2L r u 2. (4.20)

h t +  V - ( u 2h)  =  0. (4.21)

T im e  has been scaled a d ve c tive ly  w ith  respect to  the  low er laye r ve lo c ity  so th a t 

T  =  L / U 2. A lso , we have m ade the  r ig id  l id  a p p ro x im a tio n , v a lid  fo r g ' / g  -C 1. by
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h*=6Hh,

F igure  4.1: T he  geom etry  o f  the  p rob lem .

neg lec ting  the  g te rm s in  the  upper layer conservation  o f  mass equa tion  (4 .13) and 

th e  te rm  p ro p o rtio n a l to  g ' / g  in  the  lower layer pressure equ a tion  (4 .16). T h e  lower 

layer he igh t h and b o tto m  topography hg  have been assum ed to  be m uch sm a lle r in 

a m p litu d e  than  the  o ve r ly in g  ocean, and the  upper and low er layer pressures have 

been scaled such th a t the  upper layer pressure s tro n g ly  in te rac ts  w ith  the  low er layer 

he igh t. YVe have re ta ined  a generic dependence o f  the  C 'orio lis  param ete r on la t itu d e .

/  =  / ( » ) •

4.3 M id-latitude model: Equatorial Sw aters-Flierl

T h e  sca ling  o f  Swaters and F lie r l (1991) is a pp licab le  a t m id - la titu d e s . T h e ir  scalings 

arise o u t o f  the  generic scalings by se ttin g

T i t ,  ^  1 rr g ' s H c t
L — — - — . f  i — ojqL. T  — ——. L i  — ——  =  — — — .s/oZ. — i  i / / J . (4.22)

JO •S /0  JO J 0 L
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where 5 “ is the  slope o f the  b o tto m  topog raphy  and

(4.23)

T h e  p a ram e te r f i is one o f  the  key param eters re la ted  to  the  s ta b il ity  ch a rac te ris tics

o f  the  Swaters and F lie r l (1991) m ode l, and we w il l re fer to  i t  as the  Swaters s ta b il ity

pa ram ete r. I t  is a measure o f  the  ra t io  o f the  d e s ta b iliz in g  effect o f  b a ro c lin ic ity  to

the  s ta b iliz in g  effect o f  b o tto m  slope (Swaters 1991).

T h e  le n g th  scale is then  the  Rossby de fo rm a tio n  rad ius o f  the  upper laye r, and 

the  low er layer ve lo c ity  scale is the  N o f (1983) speed. T he  param ete r s is re la ted  to  

the  slope o f  the  b o tto m  topography, s ’ . v ia  .$ =  s ' L / H . and so is re ferred to  as the  

scaled slope param ete r. In  these scalings, s also plays the  role o f  the  Rossby num be r 

o f  the  f lo w 1, by v ir tu e  o f  the  d e fin it io n  fo r U2.

We w il l,  in  general, assume th a t s -C 1. so th a t s w il l  serve as the  sm a ll p a ram e te r 

in  o u r a s y m p to tic  expansions.

W ith  th e  scalings (4 .22), the  govern ing  equations now take the  fo rm

s ( u t, +  f lU i  • V u i ) +  / e 3 X  l i t  =  —V r / . (4.24)

V  ■ U i  =  s { h t +  V  - [ « t (fxh +  / is ) ] } - (4.25)

s ( u 2t +  u 2 ■ V u 2) +  / e 3 X  u 2 =  - V ( / i ( i?  +  / i )  +  h B ) -  r u 2. (4 .26)

l s is the temporal and advective Rossby number of the lower layer, but only the temporal Rossby

number of the upper layer. 5 is the advective Rossby number of the upper layer.
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ht + V -(u 2/i) = 0 . (4.27)

W hen  /  =  1 , the  m odel is geostroph ic to  lead ing  o rde r, and expa n d ing  the  de­

pendent variab les in  te rm s o f  the  a s y m p to tic  pa ram ete r s. as w e ll as ta k in g  r  —> 0 . 

y ie lds  the  Swaters and F lie r l (1991) m odel. However, when /  —> 0, th e  sca ling  o f  the  

te rm s in  th e  uppe r layer m om en tum  equa tion  (4 .24) im p lies  th a t th e  nond im ens iona l 

g ra d ie n t o f pressure V 77 w i l l  ad jus t fro m  0 (1 )  to  O (s ) to  balance th e  re m a in in g  te rm s. 

T hus , in  th e  co n te x t o f  these nond im ensiona l scales, we expect th a t V r /  w i l l  be O(.s) 

a t the  equa to r. In  fac t, we show in  Section 4.4 th a t  such an assum ption  a bo u t the  

sca ling  o f  q y ie lds  dynam ics equ iva len t to  th a t o f  a m odel derived  from  s tandard  

e q u a to ria l J -p la n e  scalings.

T he  m odel we w il l  o b ta in  w ith  these scalings is derived  by fo rm in g  the  v o r t ic ity  

e qu a tion  and the  divergence equation  o f  the  upper layer. The  d ivergence equa tion  is 

fo rm ed by ta k in g  the  divergence o f the  m o m e n tu m  equations, and w i l l  p rov ide  a gen­

e ra liz a tio n  o f  geostroph ic balance th a t is va lid  a t th e  equa to r. The  v o r t ic ity  equa tion  

is fo rm ed  by ta k in g  the  cu rl o f  the  m o m e n tu m  equ a tion . T he  upp e r layer equations 

w il l  be expressed in  te rm s o f a s tream  fu n c tio n  and  a ve lo c ity  p o te n tia l, using the  

assum ption  th a t the  upper layer ve lo c ity  fie ld  m ay be w r it te n  as the  sum  o f a nond i- 

vergent p a rt and an ir ro ta tio n a l p a rt. i.e. e m p lo y in g  the  H e lm h o ltz  decom pos ition

U | = e 3 x  V t ' + s V \ .  (4.2S)

T h e  ir ro ta t io n a l p a rt is assumed to  be 0 ( s )  because the  divergence o f  the  u ppe r layer 

v e lo c ity  is O (s ) (see 4.25).
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4.3.1 Derivation o f the vorticity equation

T h e  v o r t ic ity  equa tion  is fo rm ed by ta k in g  (th e  ve rtic a l com ponent o f)  th e  c u r l o f  

the  m o m e n tu m  equa tion  (4 .24). We firs t re w rite  the  m o m e n tu m  equa tion  in to  the  

fo llo w in g  fo rm :

5 t l u  +  ( /  +  -S / iC )C 3  X  t t !  +  V  ( / / +  )jSfiUi ■ =  0 .

where =  e 3- V  x  U [ is th e  re la tive  v o r t ic ity  o f  th e  uppe r laye r. N o te  th a t (,' =  A t r .  by 

v ir tu e  o f  (4 .28). A p p ly in g  the  d iffe re n tia l o p e ra to r (e 3 • V  x ) to  the  above e q u a tio n , 

and using  the  fo llo w in g  vec to r id e n tity , w h ich  is va lid  fo r any vec to r fu n c tio n  u ( x .  y)  

and sca lar fu n c tio n  A ( x . y ) :

V  x  ( A e 3 x  i t )  =  e 3 {u ■ V A  +  A V  • u ) .

we a rr iv e  a t the  v o r t ic ity  equa tion

•sCf +  « 1  • V ( /  +  -S^C) +  ( /  +  ■ Ui =  0. (4.29)

T he  uppe r layer conserva tion  o f  mass (4.25) is used to  e lim in a te  the  d ivergence te rm  

and (4 .28) is used to  re w rite  the  v o r t ic ity  equa tion  in  te rm s  o f  c  and \ .  T h e  ve c to r 

id e n tit ie s

t i i  • V A  =  J{ tb .  A ) +  . s V \  • V A .

and

V  - ( t * iA )  =  •/(«£’ . A )  +  s V \  • V A  +  s A A \ .

88

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



w here J ( A ,  B )  =  A x By — A yB x is the  Jacob ian  o pe ra to r, a llow  us to  w r ite  the  v o r t ic ity  

e qu a tion , w ith o u t a p p ro x im a tio n , as

sAipt + J ( 0 ,/  + sfiArl') + s V \  • V ( /  + spAil’)

+ s ( f  +  sfiAtfc) [ht +  J { i \ n h  +  h B ) +  s {nh  +  h B ) A \  (4 .30)

+  • V (jz/i +  /ie )| =  0.

W h ile  i t  m ay appear th a t the  lead ing  o rd e r v o r t ic ity  equa tion  is =  0.

th is  is no t tru e  since, on the  scales o f  m o tio n  we are considering , d f / d y  =  0 (.s) 

(and . o f  course, d f / d x  =  0 ). The  a lte rn a te  assum ption , d f / d y  =  0 ( s ° ) .  corresponds 

to  conside ring  basin-sized scales o f  m o tio n . O u r analysis does not a pp ly  to  th a t 

scale since we have neglected o th e r d ynam ics  im p o rta n t on th a t scale such as w in d - 

d r iv e n  c irc u la tio n , w h ich  causes ve rtic a l ve loc ities . In  fac t, the  lead ing-order v o r t ic ity  

balance on th a t scale is know n to  be J v  =  f d w / d z .  w here ic is the  ve rtica l ve lo c ity , 

and is ca lled the  S verdrup  re la tion  (P ed losky 1996). N o te  th a t J ( u \ f )  =  0 is the  

S ve rd rup  re la tio n  w ith  w =  0.

T h e  lead ing -o rder v o r t ic ity  equa tion  m ay the re fo re  be w r itte n

Ai l ' t  -I- J { i i \ f / s  +  y A i i ' )  +  f  { h t +  J ( iv .y .h  +  h B ) }  =  0. (4.31)

w here v  is the  s tream  fu n c tio n  fo r the  ro ta t io n a l p a rt o f  the  ve loc ity . The  v o r t ic ity

e qu a tion  used in  the  m odel o f Swaters and F lie r l (1991) is recovered i f  /  =  I .  N o te

th a t we have neglected the  V \ - V /  te rm  since d f / d y  =  O (^ ).
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4.3.2 Divergence equation derivation

To d e rive  th e  divergence equa tion , i t  is conven ient to  use the  fo rm  o f  the  m o m e n tu m  

e qua tions as expressed in  (4.24). T he  fo llo w in g  d e fin it io n s  and re la tions are used:

V  • s u u  =  s2A Xt, V  • V /7 =  A rj.

and

V - [ f e 3 x u i ]  =  V  - { / [ - V i / ’ +  se3 x V \ ] }  

=  — V  • [ / V 0 ] +  s V / • e 3 x V \  

=  - V - [ f V u ' )  +  s J ( \ . f ) .

T h e  m ost s tra ig h tfo rw a rd  way to  ca lcu la te  th e  d ivergence o f  the  advection  te rm s  is

to  w r ite  o u t the  te rm s e x p lic it ly . D eno ting  u t =  ( u . r )  so th a t u =  — H'y +  s y j  and

v =  ti'r  4 - s \ y.

V  • [ t i t  • V t t t ]  =  U r U r  +  2 U y C r  +  V y V y  +  « ( « *  4" +  v ( u r  +  V y ) y

=  '2J(ll 'y. II'r ) +  s { J ( t l ' .  A X ) +  2 J ( l i ' r .  \ r )  +  2 \ y ) }

+ s 2{ V - [ A XV x ] +  2 J ( Xv. u ) } .

T he  fu l l d ivergence equation  is there fore

s2A Xt 4- 2sf.iJ(i i 'y. U'x ) 4- s2f i { .J ( i i ' .  A X ) +  2J{<i'x. \ r )  4- 2J{u'y.  Xa) }
(4.32)

+ s 3n { V  • [ A XV X] 4- 2 . / (Xtf, Xx) }  -  V  • [ / V i / ’j 4- s J ( \ . f )  4- A r; =  0.

T here fo re , the  lead ing  o rder balance is

A  77 =  V  • [ / V i ! ’ ]. (4.33)

T h is  equa tion  is a genera liza tion  o f  geostroph ic  balance. W hen  /  =  I  (and  w ith  

id e n tic a l b ou n d a ry  cond itions  on rj and U'). th is  reduces to  r) =  u'. the  s ta tem en t th a t
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th e  geos troph ic  pressure is a s tream  fu n c tio n  fo r th e  flow . E q u a tio n  (4.33) is the  d i­

vergence e qu a tion  in  th e  “ L inear Balance E qua tions”  o f  G ent and M c W illia m s  (1983). 

A d d it io n a lly ,  no te  th a t  th is  re la tion  conta ins w ith in  i t  the  e q u a to ria l geostroph ic re­

la t io n  (3u  =  —Tjyy, w here /3 is the  m e rid io n a l d e r iva tive  o f  the  C o rio lis  param eter. T h e  

e q u a to r ia l geostroph ic  re la tion  m ay be de rived  by ta k in g  the  m e rid io n a l d e riva tive  o f  

th e  expression o f  geostroph ic balance between the  zonal ve lo c ity  and the  m e rid io n a l 

pressure g ra d ie n t, assum ing th a t the  m e rid io n a l pressure g ra d ie n t vanishes r ig h t on 

th e  e q u a to r (M c C a rtn e y  and C u rry  1993). A t  /  =  0. (4.33) reduces to  A /7 =  

w h ich  s im p lifie s  to  the  equa to ria l geostroph ic  re la tio n  i f  i t  is fu r th e r assumed th a t

n r r  =  0 .

4.3.3 Mid-latitude model

For reference, we s ta te  here the  m odel we have derived . We firs t s ta te  the  equations 

o f  m o tio n  fo r w h ich  no a pp rox im a tions  have been m ade. In the  upper layer, these 

consist o f  th e  v o r t ic ity  equation  (4.30) and the  d ivergence equa tion  (4 .32). w h ile  in  

th e  low er laye r, th e y  are the  conservation  o f  m o m e n tu m  (4.26) and mass (4.27). O ne 

m ore  e q u a tio n  is requ ired : the  uppe r-laye r conservation  o f mass equa tion , w h ich  w il l  

be used to  solve fo r \ .  i f  needed. F rom  (4.25),

A \  =  h t +  V  ■ [« i ( / /h  +  h B )\

=  h t +  t i |  • V ( f i h  -I- h B ) +  i n h  +  h B ) s S \

=  h t +  J { u \ f i h  +  h B ) +  s V  ■ [ V \ ( f . t h  -I- h B )].
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T h is  set o f  equa tions is, in  fac t, the  fu l l  set o f  sha llow -w a te r equations sta ted  in  te rm s 

o f  \  and s, and are va lid  fo r any s. T h is  fact w il l be e xp lo ite d  when we de rive  a 

m ode l v a lid  fo r b o th  m id - la t itu d e  scalings and  e qu a to ria l scalings s im u ltaneously .

Full equations without approximation

These equa tions are as fo llows:

sAipt + J iV - f  + sfiAtl') + s V \ • V ( /  + s^Aii')

+ s { f  +  s n A y )  [ht +  J ( U \ ^ i h  +  h B ) +  s( f ih  +  h B ) A \  (4.34)

-I- _ sV \ • V ( ^ / i  +  h g )j =  0.

(4.35)
S2A \ ,  +  2 H'r) +  s2n { J ( i l y . A \ )  +  2 J ( i t x . \ r ) +  2 \ j , ) }

+szp { V  ■ [ A \ V \ ]  +  ' 2 J { \ y. \ x ) }  -  V  • [ / V i/’] +  s . J ( \ . f )  +  A q  =  0.

A \  =  h t +  +  h B ) +  s V  • [ V \ ( / / / i  -I- )]- (4.36)

s(u2t +  u2 • V u 2) +  / e 3 x u 2 =  — V ( / / ( 7  +  h)  +  h B ) — ru2. (4.37)

h t +  V  • ( u 2/i)  =  0. (4.38)

T h e  lead ing -o rde r equations fo r the  u p p e r layer in  th is  m odel are the  v o r t ic ity

e q u a tio n  (4.31) and the  balance equa tion  (4.33). O u r tw o -la ve r m odel is fo rm ed  by 

c o u p lin g  these equations w ith  the  com p le te  low er-laye r equations as s ta ted above in  

(4.37) and (4.38).
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Equatorial Swaters-Flierl model

In  sum m ary , the n , the  lead ing-order m odel de rived  fro m  a m id - la t itu d e  sca ling is

A  4’t +  j ( 0 . f / s  +  f i A 4 ’ ) +  /  { h t +  +  h B ) }  =  0. (4.39)

± n  =  v  • [ /V t/> ].  (4.40)

/it +  V • [u2h) =  0. (4.41)

s ( u 2t +  « 2  • V u 2) - f  / e 3 x u 2 =  - V ( f i { T ]  +  h)  +  h B ) -  r u 2. (4.42)

A lth o u g h  the  m odel was derived from  a m id - la t itu d e  scaling, i t  a llow s /  to  vary,

and indeed, no s in g u la ritie s  arise in  the  /  —> 0 l im it .  I t  is s tra ig h tfo rw a rd  to  check 

th a t as /  —> 1 and r  —► 0. th is  system reduces to  the  Swaters and F lie r l (1991) m odel. 

Thus, we have successfu lly derived a version o f  th a t m odel th a t describes w e ll-de fined  

flow  a t the  e qua to r, and so we refer to  i t  as the  E qu a to ria l S w a te rs -F lie rl m ode l, 

hence fo rth  abb re v ia ted  as the  ESF m odel.

In  the  low er layer m om en tum  equations (4 .42), we have re ta ined  b o th  the  O (s ) in ­

e r t ia l te rm s  and the  0 { r )  fr ic t io n a l te rm . In  the  s <gC r  l im it ,  the  fr ic t io n a l geostroph ic 

m odel discussed in  the  previous chap te r is recovered. In  the  r  <§; s l im it ,  the  fr ic -  

tion less and in e r t ia l sha llow -w ater m odel, w ith  s as a Rossby num ber, is recovered. 

T hus, the  m ode l as w r it te n  is general enough to  e m p loy  e ith e r m odel s tud ied  in  the  

p revious ch a p te r to  govern the  lower layer dynam ics .
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4.3.4 ESF model simulations

N u m e rica l s im u la tio n s  o f  th is  m ode l w il l  a llo w  us to  assess w h e th e r th is  m ode l does, 

in  fa c t, reproduce  the  beh a v io u r o f  the  Swaters and F lie r l (1991). and to  investiga te  

i f  th is  m ode l has any e q u a to ria l waves.

T h e  n um erica l p rocedure  used is s im ila r  to  the  procedure  o f  Swaters (1998) fo r 

th e  upper laye r equa tions, and id e n tica l to  th e  procedure described in  C h a p te r 3 fo r 

th e  low er laye r equations. A t  each tim e  step, we solve the  m odel equa tions in  the  

fo llo w in g  o rde r:

qt +  J ( v . q  +  f  -  f h )  +  f J ( u \ h  +  h b) = 0 .  

s ( u 2t +  t*2 • V u 2) +  f e 3 x u 2 =  +  h)  +  h B ) -  r u 2.

h t +  V  • { u 2h)  =  0.

A  i t  =  q — f h .

An =  V -  [/Vr].

w here the  v o r t ic ity  q =  \ t i ’ +  f h  is upda ted  using a leapfrog t im e  d isc re tiza tio n . 

A rakaw a  and Lam b (1981) schemes are em p loyed  fo r the  Jacob ian te rm s, and the  

Lap lac ian  opera to rs  are in ve rted  using the  same d ire c t solver (see Swaters 199S). T h e  

low er layer v e lo c ity  fie ld  and the  lower laye r he igh t fie ld  are advanced v ia  m ethods 

described in  C h a p te r 3.

We beg in  w ith  a test s im u la tio n  o f the  ESF m odel where /  =  I .  r  =  0. and the  

b o tto m  top o g rap h y  is th a t o f  a lin e a r ly  s lop ing  shelf. h B =  y- U nde r the  cond itio n s
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o f  /  =  1 and r  =  0, the  m odel shou ld  reduce to  the  Swaters (1991) m ode l. T he  

s im u la tio n  shown in  F ig u re  4.2 is set up s im ila r ly  to  the  s im u la tio n s  o f  Swaters (1998). 

T h e  resu lts  seem ve ry  s im ila r  to  those o f  Swaters (1998). For exam p le , the  b a ro c lin ic  

in s ta b ilit ie s  th a t are p re fe re n tia lly  a m p lifie d  on the  dow nslope side o f  the  c u rre n t are 

c le a rly  seen. T h ro u g h o u t th e  s im u la tio n , the  q and i t  fie lds are id e n tica l. T h is  shows 

th a t th e  ESF m ode l de rived  is indeed a gene ra liza tion  o f  th e  Swaters and F lie r l (1991) 

m odel to  th e  case o f  va ry in g  C o rio lis  param ete r, and indeed, a llo w in g  fo r /  =  0 in  

the  dom a in .

W hen  we p e rfo rm  s im u la tio ns  o f  the  ESF m odel over idea lized  m e rid io n a l channel 

top o g rap h y  (F ig u re  4 .3 ), we see l i t t le  q u a lita t iv e  d ifferences fro m  the  one-laver m odel 

s im u la tio n s . As the  e qu a to r is approached, the  lack o f  co u p lin g  between layers is 

appa ren t. In  F ig u re  4.3. the  lower layer is FG  dynam ics . We show in  F igu re  4.4 

snapshots fro m  s im u la tio n s  in  w h ich  the  lower layer is governed by sha llow -w a te r 

d ynam ics . In  n e ith e r o f  these s im u la tions  does the re  appear to  be m uch wave m o tio n  

in  the  u ppe r layer. T h e  lower layer seems to  behave e x a c tly  as in  the  one-laver 

s im u la tio n s . Even q u a n tita t iv e ly  (r ig h t-h a n d  p lo ts ), the re  is no t m uch d iffe rence.

To inves tiga te  the  w ave-na tu re  o f the  uppe r layer, we d isp lay  in  F igu re  4.5 a 

s im ila r  s im u la tio n , b u t w ith  the  eddy in i t ia l ly  on the  le ft slope o f  the  top o g rap h y  

r ig h t on the  e qua to r. T h e  resu lts are s im ila r: a lth o u g h  th e  upp e r layer seems to  be 

forced by  the  low er layer, the re  seems to  be l i t t le  d y n a m ic a l in fluence  o f the  uppe r 

layer back on the  low er layer.
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t =  0  t =  5

t =  10 t =  15

F igure  4.2: T w o -la ye r m odel s im u la tio n  w ith  /  =  1. r  =  0. and hg  =  y . T he  shaded 
region is the  lower layer he igh t, da rke r corresponds to  h igher values. C on tou rs  are o f 
the  upper layer q fie ld . T h e  i t  fie ld  is e xa c tly  equal to  the  q fie ld . C o n to u r in te rv a l is 
0.05 for t = 0 . 5 and 0.25 fo r t = 1 0 . 15. D o tte d  contours denote negative  values.
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m odel. T he  shaded region is the  low er layer he igh t, da rke r corresponds to  h ighe r 
values. C ontours are o f the  uppe r layer q fie ld , i t  fie ld , o r A h fie ld , where A h =  
^ l- la v e r  — ^ ‘2 - la v e r C o n to u r in te rv a l is 0.005. w ith  ±0.001 rep lac ing  the  zero co n to u r 
fo r A \h.
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F igu re  4.5: T w o -la ye r m ode l s im u la tio n , eastward eddy. C o n to u r in te rv a l is 0.00025 
fo r t =  0 .1 .0 .5  and 0.0025 fo r t =  1.0.
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F igu re  4.6: T w o -la ye r m odel s im u la tio n  over idea lized channel, low er laye r is governed 
by the  sha llow -w a te r m ode l, period ic  cond itions . C o n to u r in te rva l is 0.0025.
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F igu re  4.7: T w o -la y e r m ode l s im u la tio n  over idealized channel, low er laye r is governed 
by the  sh a llow -w a te r m ode l, in flo w  cu rre n t. C o n to u r in te rva l is 0.0025 fo r q and u \ 
and 0.005 fo r _ \/i.

A  test ru n  was pe rfo rm ed  (F ig u re  4.6) to  m ake sure the  boundaries were not 

im p e d in g  wave m o tions  in  the  uppe r layer. In  th is  ru n . the  uppe r layer bounda ry  

cond itio n s  were p e riod ic  in  the  zonal d ire c tion . T he  upper layer eddy w h ich  was spun 

up fro m  the  in i t ia l  co nd itio n s  rem ains s ta tiona ry , however. There  is a slow d r i f t ,  bu t 

i t  is on m uch slow er t im e  scales than  the  behaviour o f  the  low er layer.

F in a lly , to  in ves tiga te  co nd itio n s  th a t are m ore re levant to  A A B V V  flow  than  

th a t o f an eddy, we s im u la te d  a c u rre n t flow ing  in to  the  dom a in  w ith  steady in flow  

co nd itio n s  (F ig u re  4.7). T h e  c u rre n t behaves in  a s im ila r  w ay to  th a t observed in  the  

s im u la tio ns  o f  N o f and B orisov  (1998).

101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.4 Equatorial m odel

T he  tra d it io n a l nond im ens iona l sca ling  in  the  s tu d y  o f  e q u a to ria l dyna m ics  uses the  

e qu a to ria l d e fo rm a tio n  rad ius (C ushm an-R o is in  1994) as the  leng th  scale. T he  equa­

to r ia l sca ling  m ay be co nve n ie n tly  s ta ted  by rep lac ing  / o  w ith  3 q L .  w here  we define 

30 =  d f / d y  a t y  =  0.

r  _  \ / g s W  _  2 T  _  I rr g 's - g ' s H  _ 3 r i  ,

’ 1 * 30L ' 2 J o ^ 2 '

(4.43)

N ote  th a t the  N o f (1983) v e lo c ity  sca ling is re ta ined , b u t the  leng th  scale is now the 

Rossby d e fo rm a tio n  rad ius o f  th e  low e r layer. VVe have scaled the  v e lo c ity  s lig h tly  

d iffe re n tly  in  the  tw o  layers, in co rp o ra tin g  the Swaters s ta b il i ty  p a ram e te r f.i in  the  

same way as in  the  m id - la t itu d e  scaling. W ith  the  sca ling  (4 .43). th e  equations o f 

m o tio n  (4. IS )—(4.21) become

u u +  f i m  • V u ,  +  / e 3 X  t t !  =  - V r ? .  (4.44)

V  • « i  =  s { h t -I- V  • [ « i ( y h  +  / is ) ] } .  (4.45)

« 21 +  « 2  • V u 2 +  f e 3 x  u 2 =  +  h) +  h B ) — ru> .  (4.46)

h t +  V - ( v 2h)  = 0 .  (4.47)

The  va riab le  /  appearing  in  th e  equations now acts as th e  inverse o f  the  Rossby 

num ber o f  the  flow . In  the  /  3> I regim e, the dynam ics  w il l  be geostroph ic . and so 

the  Swaters and F lie r l (1991) m ode l is re levant in  th a t l im it .
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4.4.1 Equatorial model derivation

T h e  m o m e n tu m  equations scaled fo r e q u a to ria l flow  do n o t seem to  be s im p lifie d  a t 

a ll as com pared to  the  fu l l sha llow -w a te r equations. How ever, in  the  uppe r layer, 

the  conservation  o f  mass equa tion  im p lies  th a t we can s t i l l  ju s t i fy  the  assum ption  o f  

th e  C ha rney balance m odel, in  w h ich  the  ve lo c ity  f ie ld  is w r it te n  as the  sum o f its  

ir ro ta t io n a l and nond ive rgen t pa rts , w ith  an o rd e r O (s ) ir ro ta t io n a l p a rt.

t i i  =  V x i / '  +  s V \ .  (4.48)

F o llow ing  th e  d e riva tio n  o f  the  upper layer equations fo r the  case o f  the  m id ­

la t itu d e  scaling, we firs t note th a t the  uppe r layer v o r t ic ity  equa tion .

Cl + U ,  • V (/ +  /IC) +  ( /  +  / iC )V  • U| =  0. (4.49)

is as in  Section 4.3. b u t e ffec tive ly  w ith  s =  I .  E lim in a t in g  the  divergence te rm  and 

w r it in g  the  v o r t ic ity  equation  in  term s o f  ir  and \ .

Ati ' t  -I- +  f iA u ' )  +  s V \  • V ( f  +  j iA i / ')

+ s { f  +  f i± U ' )  [/it +  +  h B ) +  s ( f ih  +  / i s ) A \  (4.50)

+  s V \  • V ( ^ i / i  +  h B )\ =  0 .

T h e  lead ing -o rder v o r t ic ity  equa tion  is

A f t  +  J { u \ f  +  / iA e ’ ) =  0 . (4.51)

In  th is  fo rm , the  connection  to  equa tion  (4.39) is c lear: th is  fo rm  m ay be derived

fro m  (4.39) in  the  l im it  as /  —► 0 (s ) .  S ta ted  a no the r way. the  m ode l o f  Swaters and
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F lie r l (1991) m ay be de rived  fro m  th is  m odel in  the  l im it  as /  —> 0 { s ~ l ). N o te  th a t,  

in  the  e q u a to ria l sca ling, d f / d y  =  0 ( 1 ), so the  J ( 0 , / )  te rm  is re ta ined .

A cco rd in g  to  (4 .51 ), th e  v o r t ic ity  equa tion  is no t a t a ll coupled to  th e  low er 

layer he igh t fie ld . T h is  is reasonable in  the  sense th a t as /  —► 0 ( s )  in  (4 .39). the  

te rm s in v o lv in g  th e  low er laye r he igh t do indeed m ove to  th e  next o rd e r. A lso , the  

m odel is s t i l l  coup led  in  the  sense th a t m o tions in  the  i i '  fie ld  w il l  a ffect th e  h fie ld . 

However, the re  is n o th in g  to  induce  m otions in  the  uppe r laye r s tream  fu n c tio n  fie ld  

except perhaps b ou n da ry  fo rc ing , i.e. the  s tream  fu n c tio n  m ay be forced by waves 

p ropaga ting  in  fro m  the  fa r-fie ld . I f  m o tions are not e x p lic it ly  inserted  in to  the  upper 

layer s tream  fu n c tio n  fie ld  by bounda ry  fo rc ing , then  the  so lu tion  to  (4 .51) is r  =  0. 

In  th a t case, th e  s tream  fu n c tio n  is an 0 (s )  q u a n tity  to  lead ing  o rder. T he re fo re , we 

have tw o  cases to  exp lo re : the  boundary-fo rced  U' =  0 ( 1 ) case, and th e  U' =  0 (s) 

case. Let us f irs t com p le te  o u r d e riva tio n  o f  the  ii' =  0 (  1) m odel before we tu rn  o u r 

a tte n tio n  to  th e  ir  =  0 ( s )  m odel.

4.4.2 Boundary-forced c = 0 { l )  model

T he  lead ing -o rde r m o m e n tu m  equa tion  fo r th is  m odel is (4 .51). T h e  d e r iv a tio n  o f  

the  d ivergence o f  th e  m o m e n tu m  equations is s im ila r  to  the  Section 4.3 d e r iv a tio n , 

y ie ld in g

s A \ f +  2fX.J(ll'y. U'r) +  +  ‘2J(ll'r. \ t ) +  2 \ y)}
(4.52)

+ s 2f t { V  • [ A \ V \ ]  -1- 2 J { \ y. \ r ) }  — V  • [ /V e * ]  -I- .s J ( \ .  / )  -i- A /7 =  0.
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N eg lecting  the  0 (.s ) te rm s , the  upper layer balance m ay be w r it te n

A q  =  V  • [ f V t p ]  +  2J ( w x , tl'y), (4 .53)

w h ich  is s im ila r  to  th e  balance equa tion  w ith  the  m id - la t itu d e  sca ling , b u t w ith  the  

a d d it io n a l n on linea r te rm . T h is  equa tion  is e xa c tly  the  fo rm  o f  th e  d ivergence equa­

t io n  appearing  in  th e  B alance  E qua tions o f G ent and M c W illia m s  (1983).

For conven ient reference, we resta te  here the  e n tire  le ad ing -o rde r bounda ry -fo rced  

e q u a to ria l m odel. T h e  v o r t ic ity  equa tion  is as s ta ted  in  (4 .51). T h e  d ivergence 

equa tion  is (4 .53). T h e  conservation  o f  m o m e n tu m  (4.46) and mass (4 .47) equations 

are o n ly  s im p lifie d  by th e  neglect o f  the  0 ( r )  te rm .

Boundary-forced equatorial model

T h is  m odel consists o f  the  fo llo w in g  set o f  equations:

Sn' t  +  +  f iA d ' )  =  0. (4.54)

Ar? =  V  • [ / V i / ’j +  2J{U'r . tl's ). (4 .55)

u 2t -I- u2 • V u 2 +  / e 3 x U i  =  - V ( i i ( n  +  h)  +  h B ). (4.56)

h t +  V  - ( u 2h ) =  0. (4.57)
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4.4.3 Lower-layer-forced i ; =  O(s)  model

W e assume here th a t the  s tream  fu n c tio n  is an 0 ( s )  q u a n tity  to  lead ing  o rder. We 

rescale ip so th a t

ip =  sip,

w here ip =  0 (  1). Rescaling the  fu ll v o r t ic ity  equa tion  (4 .50) to  take  th is  in to  account 

reveals th a t th e  lead ing  o rde r v o r t ic ity  equa tion  is

A ir*  +  J { * P , f )  +  V \  • V /  +  f h ,  =  0. (4.58)

P hysica lly , th is  means th a t the  t im e  ra te  o f  change o f  A  i f  +  f h ,  w h ich  is the  leading- 

o rd e r p o te n tia l v o r t ic ity  in  the  upper layer, is forced by the  n o rth w a rd  advection  o f 

p la ne ta ry  v o r t ic ity .  A t  th is  o rder, h appears e x p lic it ly  so th a t the  uppe r layer re la tive  

v o r t ic ity  m ay be tho u gh t o f as being forced by the  low er layer he igh t fie ld .

T he  d ivergence o f  the  m o m en tum  equations (4.52) w ith  r  =  stl' becomes

s A \ f +  '2s2f lJ { ipy,  li 'r) +  s2n { J {  l/ \  A \ )  +  2 J ( l / ’r . \ r ) +  2J( l i 'y .  \ y ) }

(4.59)

+ s V { V  • [ A \ V \ ]  + 2 J ( \ y, \ r ) }  -  s V  • [ / V i r ]  +  s J ( \ . f )  +  Ar? =  0 . 

w h ich  a le rts  us to  the  fact th a t 17 m ust be rescaled fo r th e  same reasons as tr.

n =

The  lead ing -o rder balance equa tion  is now

A \ t +  A 7  =  V  - [ /V c ~ ] +  J ( f ,  \ ). (4.60)
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W ith  q =  O (^ ) , how ever, the  upper layer variables are rem oved fro m  the  low er layer 

dynam ics  to  lead ing  o rde r. T h e  m o tio n  in  the  lower la ye r is s t i l l  forced by the  s lop ing  

topography, so th e  so lu tio n  o f  the  low er layer is not th a t  o f  no m o tio n .

T h e  ve lo c ity  p o te n tia l \  appears e x p lic it ly  in  the  m ode l. There fo re , we w il l  need 

an a d d itio n a l e q u a tion  to  solve fo r F rom  (4.45).

A \  =  h t +  V  • [ tM / i / i  +  hg) }

=  ht  +  i i i  • +  hg)  -+■ ( f ih  -f- / ig ) s A \

=  h t +  s J ( i i \ f i h  4-  h g )  +  s V  ■ [ V \ ( j z / i  +  h g ) \ % 

so the  lead ing -o rder equa tion  fo r \  is

M = h t . (4 .61)

T h is  is the  s ta te m e n t th a t lower layer height changes cause divergence o r convergence

in  the  upper layer. T h is  is reasonable, considering th a t the  r ig id - lid  a p p ro x im a tio n  

has been made.

In  the  lower layer equations (4.46) and (4 .47). a ll the  te rm s seem to  be scaled w ith  

equal w e ight, excep t fo r the  q in  the  pressure te rm , w h ich  is now 0 { $ ) .  There fo re , 

the  lower layer equa tions o f  th is  m odel are the  sha llow -w a te r equations, uncoup led  

fro m  the  upper layer.

Lower-layer-forced r = 0 { s )  model

T he  e qu a to ria l m ode l in  w h ich  w is d rive n  by coup ling  w ith  the  low er layer is thus

A tl't +  J ( i i ' . f )  +  V \  • V f  4- f h t =  0 . (4 .62)
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& X t  +  ± f j  =  V - [ / V i / ~ ]  +  J ( f , \ ) .  (4.63)

A \  =  h t , (4.64)

1*21 +  u 2 • V u 2 +  / e 3 x  t t 2 =  - V ( / i / »  +  / i s ) .  (4.65)

/ i t +  V - ( u 2/ i)  =  0 . (4.66)

Each o f  the  tw o  m odels de rived  fro m  e qu a to ria l scales o f m o tio n  is a p a r t ia lly

uncoup led  m ode l. In  the  t  =  0 ( 1 )  m odel (4 .5 4 )-(4 .5 7 ). the  uppe r layer variables are

no t d ire c t ly  affected by the  low er layer variables, and in  the  iv =  O(s)  m odel (4 .6 2 )- 

(4 .66). th e  low er layer variables are no t d ire c tly  a ffected by the  upper layer variables. 

T h is  weakening o f  the  coup ling  m echanism  in  the  v ic in ity  o f  the  e qu a to r lends suppo rt 

to  the  relevance o f  the  re duced -g rav ity  s im u la tions  s tud ied  in  C h a p te r 3.

4.4.4 Waves in the lower-layer-forced model

YVe show in  th is  section th a t the  i t  =  O (s ) e qu a to ria l m odel (4 .62 )—(4.66) is equ iva len t 

to  a tw o -la ye r e qu a to ria l m ode l whose upper layer is described by lin e a r e qu a to ria l 

dynam ics  and whose lower laye r is governed by th e  sha llow -w a te r equations. Let us 

w r ite  o u t the  m odel fo r the  case where /  =  3 y , r  =  0. y  =  I .  and / is  =  0. and

linearize  th e  equations about a s ta te  where h =  I and a ll the  o th e r variables are zero.

The  m odel then  takes the  fo rm

A  n't +  3u' r  +  3 \ y 4- 3 y A \  =  0.

A \ t +  A f j  =  i y A f  +  3 i l 'y — 3 \ r .
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A \.  =  h „  (4.67)

it2t + f3ye3 x u2 = -  V/i, 

ht 4- V  • u 2 =  0.

T h e  low er layer equa tions are id e n tica l to  the  linearized  equa tions o f  m o tio n  (2.16) 

in  o u r analysis o f  one-laye r e qu a to ria l waves, w ith  the  nond im ens iona l scalings such 

th a t H  =  1 and g =  1 . How s im ila r  are the  m o d e l’s upper la ye r equations to  the  

uppe r layer equa tions in  th e  tw o -laye r r ig id - lid  m odel whose waves were analyzed in  

C h a p te r 2? T h e  upp e r layer equations in  the  set (2 .22). w h ich  represents tw o -lave r 

lin e a r dynam ics , w ith  g  =  1 and H i =  1 are

uu -  Jyi’i =  - g x.

vu +  3yu i  =  —qy. (4.68)

— ht 4" u lx 4“ l-ly =  0.

W ith  the  H e lm h o ltz  decom pos ition  u t =  —t 4- \ r . =  u'r 4- \ y. the  v o rt ic ity .

d ivergence, and mass equa tions take  the  fo rm

A t i ’t 4- 3 y A \  4- 3(ti'x 4- \ v ) =  0.

A \ t  -  3yAu'  4- J(ti’y -  \ r ) = -Af/.

— h t  4" A \  — 0 .

w h ich  are id e n tic a l to  the  uppe r layer equations in  (4 .67). N o te  th a t the  assum ptions

r  =  0 . h s  =  0  and th e  lin e a r iz in g  process do not affect the  u ppe r laye r equations a t
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a ll. T hus, i f  /  =  /3y, the  uppe r layer equations in  the  ip =  O (s ) e q u a to ria l m odel 

are co m p le te ly  equ iva len t to  th e  uppe r laye r o f  the  linea rized  tw o -la ye r sh a llow -w a te r 

th e o ry  analyzed in  C h a p te r 2 . T here fo re , o u r system  consists o f  an independen t lower 

laye r th a t conta ins a ll the  waves o f  one-layer e qu a to ria l wave theo ry , and an upper 

layer d rive n  by those waves. A lth o u g h  the  coup ling  is s lig h t ly  d iffe re n t th a n  in  the  

analysis o f  the  tw o -laye r waves pe rfo rm ed  there, i t  m ay be shown th a t b a ro c lin ic  

waves do ex is t in  the  system  by considering  (4.68) as the  equa tions o f  m o tio n  in  the  

uppe r layer. For any wave so lu tio n  {u 2. v2. h }  in  the  low er layer.

U[ =  — u2. v | =  —1'2, q =  —h.

transfo rm s the  upper layer equations (4.68) in to  the  low er layer equa tions, the re fo re  

{ u i . u i . 77}  is a so lu tion . T hus, any wave so lu tion  discussed in  C h a p te r 2 fo r the  

one-layer case exists in  the  e q u a to ria l m odel as a b a ro c lin ic  m ode.

4.5 U niform ly valid m odel

VVe seek a m odel th a t a t m id - la titu d e s  is. to  lead ing o rde r, th e  ESF m ode l we de­

rive d . b u t a t the  equa to r reduces, again to  leading o rde r, to  th e  e q u a to ria l m odels 

we found. In  th is  section , we f irs t derive  such a m odel using a h e u ris tic  approach  in  

w h ich  the  balance o f  forces is considered at m id - la titu d e s  and in  the  l im it  o f  f  —*■ 0 . 

VVe then  show rigou rous ly  th a t th is  “ m e ta -m odeF  does reduce a t lead ing  o rd e r to  

the  app ro p ria te  loca l m odel in  each o f  the  lim its  by  expressing th e  variab les in  the

110

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



a p p ro p ria te  scales. W e s ta r t by sum m ariz ing  the  m id - la t itu d e  and e q u a to ria l m odels 

we have de rived , s ta tin g  b o th  the  fu ll una p p rox im a te d  equations o f  m o tio n  and the  

lead ing -o rde r m odel in  each l im it .

4.5.1 Model summary

T h e  m odels we have derived  are as follows:

Unapproximated mid-latitude model

sAtl't +  •/((/’. /  +  sfiAti') +  s V \  - V ( /  +  sftAd')

+ s ( f  +  s f iA d ' )  [/ ij +  J ( d \ f i h  +  h B ) +  s ( f ih  h B )A \

+  s V \  • +  h B )} =  0 .

S 2A \ t +  2 SnJ( l i 'y .  ti’jr) +  S2fl{J ( tl> . A \ )  + 2 J ( t l ' r .  \ r )  +  2 J ( t l 'y. \ y ) }
(4.69)

+ s 3» { V  ■ [ M V \ ]  +  ‘2 J ( \ y .  \ r ) }  -  v  • [ / V * ]  +  +  A n =  0 .

A \  =  h t +  J {d \ f . i h  +  h B ) 4- s V  • +  h B )].

s(u 2t + « 2  • V u2) + / e 3 x  u 2 = - V { p ( n  + h) + h B ) -  r u 2.

h t +  V  • { u 2h)  =  0.

Leading-order mid-latitude model

Ail't +  J { v .  f / s  + n & il') + /  { h t + J ( n \ f . i h  + h B )}  =  0.

Aq =  V  • [ / V c ’]. (4.70)
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(4

h t - f  V  • ( u 2 k )  =  0 . 

s ( u 2t +  u 2 • V « 2 ) +  f e 3 x  i* 2 =  - V ( f i ( r f  +  h)  +  h B ) -  r u 2.

Unapproximated equatorial model

A i i ' t  +  J ( 0 , f  +  /iAi/>) +  i V \  • V ( /  + /zA-0)

+ s ( f  +  f iS.i l ' ) [/it +  +  h B ) 4 - s( f ih  +  h B )A \

+  s V \  • V { / i h  +  h B )] =  0 .

•sA\( + 2fiJ{Wy, i ' r) +  A \ )  4- 2 J ( v x. \ x) + 2J(ti'y. \ tf)}

+s2/ i{V  • [A \V \ ]  + 2J ( \ y. \ r )} -  V  • [ /V r ]  + A^ = 0.

A \  =  ht +  +  h B ) +  sV ■ [ V x i f t h  +  /is)]-

« 2i +  u 2 • V u 2 +  / e 3 x u 2 =  - V ( f i ( q  +  h)  +  h B ) -  r u 2.

h t V  • ( u 2h)  =  0 .

Leading-order equatorial model, i/’ = 0( I)

A i/ ’t +  J { t l \  f  +  =  0 .

A r; =  V  • [ / V ir ] +  2J(  U'j.. ti'y). (4

u 2t +  u 2 ■ V u 2 +  f e 3 x  u 2 =  - V( f . i { r ] +  h) +  h B ). 

h t +  V  • ( u 2/ i)  =  0 .
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Leading-order equatorial model, ip = 0(s)

A iJ’t 4- +  V \ -  V f  +  f h t =  0 ,

A \ t +  A r/ =  V • [ /W » ]  +  (4.73)

A \  =  h t .

u2t + « 2  • V u2 + f e 3 x  u2 = —V { fx h  + h B ). 

h t +  V  • ( u 2h)  =  0 .

4.5.2 Adjustment o f dependent variables

In  th e  above analysis, the  m id - la t itu d e  nond im ensiona l scalings led o n ly  to  the  m id ­

la t itu d e  m ode l. However, i t  is possible to  also derive  the  e qu a to ria l m odels using the  

m id - la t itu d e  scalings as long as the  dependent variables are re-scaled. O bserve th a t, 

i f  th e  equa tions o f  m o tion  are scaled using the  m id - la t itu d e  leng th  and t im e  scalings 

a long  w ith  the  a d d itio n a l re-scalings

f  =  0 ( s ) .  r  =  O (s ) .  q =  0 ( s ) .  h = 0 { s ) .  and h B =  O (s ) .

the n  the  fu l l  equations o f  m o tio n  in  m id - la t itu d e  variables (4.69) tra n s fo rm  e x a c tly  to  

th e ir  e q u a to ria l coun te rpa rts . (4 .71), except fo r the  uppe r-lave r mass e qu a tion , w h ich

does no t appear in  e ith e r the  m id - la t itu d e  m ode l nor the  f  =  0 (  I )  e q u a to ria l m odel.

T h u s , the  lead ing -o rder iL' =  0 (1 )  e q u a to ria l m ode l (4.72) is derived .
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In  the  case where the  so lu tio n  to  th e  lead ing-order v o r t ic ity  e q u a tio n  was c  =  

0 ( s ) ,  the  ip and q fie lds are each re-scaled to  be an o rde r o f  m a g n itu d e  sm a lle r. 

T hus , no te  th a t the  m id - la t itu d e  sca ling  w ith  the  re-scalings

/  =  0 (s ) , r  =  0 ( s ) ,  tb =  0 ( s ) ,  q =  0 ( s 2), h =  0 { s ) .  and / ig  =  O (s ).

y ie ld s  e x a c tly  the  fu ll equa tions o f  the  e qu a to ria l m odel. (4 .71). b u t w ith  c  and r/ 

an o rd e r sm a lle r, and thus the  lead ing -o rder ib =  0 ( s ) equ a to ria l m ode l is recovered, 

aga in  w ith  the  excep tion  o f  the  uppe r-laye r mass equation.

F rom  th is  p o in t o f  v iew , the  m id - la t itu d e  scaling w ith  q =  0 (1 )  y ie ld s  the  m id ­

la t itu d e  m ode l, o r the  “ outer"’ equa tions, and the  m id - la titu d e  sca ling  w ith  q =  0 (.s2) 

y ie ld s  th e  lovver-layer-forced e qu a to ria l sca ling m odel, o r the  " in n e r”  equa tions , w h ile  

the  m id - la t itu d e  scaling w ith  q =  0 { s ) .  w h ich  m ay be though t o f as an “ in te rm e d ia te " 

set o f  equa tions, produces the  boundary-fo rced  equa to ria l m odel.

G iven  th is  connection  between the  o u te r, inne r and in te rm e d ia te  m odels, we m ay 

now id e n t ify  in  the  m id - la t itu d e  d e r iva tio n  those term s th a t em erge in  the  lead ing- 

o rd e r e q u a to ria l m odel. B y  re ta in in g  those te rm s in  the m id - la t itu d e  m ode l, we w il l  

fin d  a m odel th a t is. to  lead ing o rde r, u n ifo rm ly  va lid . We re ta in  e x a c tly  those h igher- 

o rd e r te rm s th a t,  a lthough  not lead ing -o rder te rm s at m id -la titu d e s , c o n tr ib u te  to  the  

lead ing -o rde r balance in  the  e qu a to ria l ( in n e r and in te rm ed ia te ) l im it .

T here fo re , w-e refer to  the  v o r t ic ity  equa tion  in  the  m id - la titu d e  sca ling  th a t states 

a ll the  te rm s , and we re ta in  the  lead ing -o rder te rm s plus the  te rm s th a t c o n tr ib u te  to  

th e  e q u a to ria l v o r t ic ity  balance. T he  lead ing -o rder v o r t ic ity  equa tion  m a y  the re fo re
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be w r it te n

Aip t  +  J { 4 \ f / s  +  / iA 0 )  +  V \  • V /  +  /  { / i t +  +  h B ) }  =  0. (4.74)

w here t/> is the  stream  fu n c tio n  fo r the  ro ta t io n a l p a rt o f  the  ve lo c ity . T h is  is the

e qu a tion  th a t expresses th e  d yn a m ica l e v o lu tio n  o f  the  uppe r la ye r in  th is  m ode l. 

I t  rem a ins tru e  th a t the  m ode l o f  Swaters and F lie r l (1991) is recovered in  the  case 

w here /  =  1 .

T o  de rive  the  un ified  version o f  the  d ivergence (o r balance) e q u a tio n , we re fer to  

th e  com p le te  divergence equa tion  in  the  m id - la t itu d e  sca ling and re ta in  the  lead ing- 

o rd e r te rm s plus the  te rm s th a t c o n tr ib u te  to  the  equ a to ria l balance. E x p lic it ly  

keep ing the  a pp rop ria te  0 (s ) and 0 (s2) te rm s  in  o u r balance equ a tion .

Ar? =  V  • [ / V c ]  -I- 2s n J { r t r ,  ti'y ) -  s2A \ t +  * • / ( / .  \ ) .  (4 .75)

O u r tw o -laye r m odel is fo rm ed  by co u p lin g  these equations w ith  th e  low er layer 

equa tions , w h ich  are u na p p rox im a te d  as s ta ted  in  the  m odel. T h e  com p le te  m ode l, 

w h ich  we w il l  re fer to  as the  m e ta -m ode l, m ay be w r itte n

A  n't +  J ( u \ f / s  -I- j i A r )  +  V \  • V /  -(- / { / j f  +  +  h B ) }  =  0. (4.76)

A //  =  V  • [ f V t p ]  +  2 u'y ) -  .s2A \ t +  \ ) .  (4 .77)

A \  =  h t . (4 .78)

h t +  V - ( u 2h)  = 0 .  (4.79)

s ( u 21 +  « 2  • V t» 2) +  / e 3 x u 2 =  +  h)  +  h B ) — r u 2 (4.S0)
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T h e  fo rm  o f  the  divergence equa tion  (4.77) is consistent w ith  the  fa m ily  o f  balance 

m odels s tud ied  by G ent and M c W illia m s  (1983). The  balance when s —> 0. w h ich  

is th e  balance found in  the  m id - la t itu d e  scaling m odel, is p a rt o f  the  L in ea r Balance 

E qua tions  (L B E ) . T he  balance re ta in in g  the  lead ing -o rder p lus th e  J {x tx~'l,y) te rm , 

w h ich  is th e  balance found in  the  e qu a to ria l sca ling w ith  b o u n da ry  fo rc in g , co rre ­

sponds to  the  Balance E qua tions (B E ). R e ta in ing  the  lead ing -o rde r te rm s  p lus the 

. / ( / ,  \  ) te rm  produces the  balance equa tion  o f  the  g loba l L inea r Balance E quations 

(g L B E ), and re ta in in g  a ll the  te rm s except A \ ( y ie lds the  balance equa tion  fo r the 

g loba l Balance Equations (g B E ).

A l l  the  form s o f  the  balance equations neglect the  A \ *  te rm . T h is  reduces the  

n um be r o f  p rognostic  equations in  th e  system , the reby f ilte r in g  o u t an e n tire  class o f 

waves.

4.5.3 Adjustment o f length, velocity and time scales

T h e  m e ta -m ode l as w r itte n  is expressed in  term s o f  variables w h ich  have been nond i- 

m ensiona lized  using the  m id - la t itu d e  scaling. To show e x p lic it ly  th a t th is  m odel 

con ta ins  th e  equa to ria l sca ling  m ode l w ith in  its  dynam ics , we re-scale th e  u n ifo rm  

m ode l using the  equa to ria l nond im ens iona l scales. T h a t is. we shall show th a t the 

m e ta -m o de l, when expressed in  e q u a to ria l variables, recovers the  lead ing -o rde r equa­

to r ia l m ode l, and there fore  is a u n ifo rm ly -v a lid  m odel.

T h e  leng th , t im e  and ve lo c ity  scales in  the  equ a to ria l and m id - la t itu d e  scalings
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M id - la t itu d e E qua to ria l

L  =  Rd L =  s l /2Rd

U  i =  f i s f 0Rd U t ^ y s ' ^ f o R d

{>2 =  sfoRd U2 =  s l/2f 0Rd

II !> T  =  L / U 2

Table  4.1: Leng th , v e lo c ity  and t im e  scales in  the  m id - la t itu d e  and e q u a to ria l nond i- 
m ensiona l scalings. Rd =  \ / g ' H / f Q is the  in te rn a l Rossby d e fo rm a tio n  rad ius  o f  the  
uppe r layer. / 0 =  80L  in  the  e qu a to ria l scaling.

are sum m arized  in  T ab le  (4 .1). W hen the  scales are w r itte n  in  te rm s  o f  th e  in te rn a l 

Rossby d e fo rm a tio n  rad ius o f  the  upper layer.

where f 0 stands fo r 8 0L  in  the  equ a to ria l scalings, the  scales o n ly  d iffe r by powers o f  s. 

Thus, den o ting  e q u a to ria l variables (nond im ensiona l variables hav ing  been scaled by 

the  e qu a to ria l scalings) w ith  a caret (e.g. i ) .  and the  m id - la t itu d e  variab les w ith o u t 

a care t.

( j \  y)  =  s l /2 { x . y ) .  l i t  =  u 2 =  .s- l / 2u 2. t =  st .

W e m ust scale U' and \  as w e ll. T he  nond im ens iona liza tion  o f U' and \  arises d ire c t ly  

fro m  th e ir  d e fin it io n  in  the  H e lm h o ltz  decom position  o f u t (4 .48).

ti'" =  L U iV .  \ *  =  sLLr t \ .

There fo re . U' and \  a c tu a lly  scale e xa c tly  the  same in  bo th  coord ina tes .

C’ =  u \  \  =
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T h ere  is no need to  express the  variables h , h B , 7 , and / ,  in  te rm s o f  e q u a to ria l 

variables since th e ir  scales are set in  th e  generic n on d im ens iona liza tion . independent o f  

U i ,  U2 , L  o r  T .  W r it in g  the  m e ta -m ode l equations (4 .76)—(4.S0) in  te rm s o f  e q u a to ria l

variab les, th e y  tra n s fo rm  to

A i ' i  +  J { 4 \ f  4- / iA -0 ) +  • V /  4- s f  | / i f- +  4- / i s ) }  =  0 . (4.81)

A 7  =  V  • [ / V i"} +  2 /1  Il 'y) -  s A u  4- s . i ( f . v ) . (4.82)

A x  =  h i .  (4.83)

h i  +  V - ( v 2h)  =  0 . (4.84)

« 2f 4- M2 • V u 2 4- / e 3 x  « 2 =  - V ( f j . { r j  +  h) +  h B ) -  r u 2. (4.8o)

A t lead ing  o rder, th is  reduces to  th e  bounda ry-fo rced  e qu a to ria l m ode l. T here fo re , 

the  m e ta -m ode l conta ins w ith in  i t  the  dynam ics  described by th a t m odel.

I t  rem ains to  investiga te  w he the r o r not the  low er-laver-fo rced  e q u a to ria l m odel 

is con ta ined  w ith in  the  m eta-m ode l. In  th a t m ode l, the  <r and 7  fie lds are a fa c to r o f 

s sm a lle r th a n  in  the  bounda ry-fo rced  e qu a to ria l m odel. T h a t is.

tl' =  sir. 7 =  srj.

w h ich , upon s u b s titu t in g  in to  the  set o f  equa tions (4 .81 )—(4 .85). trans fo rm s th e m  in to  

the  fo rm

A U'i 4- J ( v . f  +  +  V \  • V /  4- /  j h f- -I- s J ( n ' . i i h  +  / la )  j  =  0. (4.86)

A 7 =  V  • [ /V t? ]  +  2 s f i J ( i i ' £ . ti'g) -  A \ ,  4- • / ( / .  \ ) .  (4.87)
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A \  =  h h  (4 .88)

h-t +  t - { u 2h) = 0 .  (4.89)

i t 2l  +  u 2 • +  f e 3 x  « 2 =  — ^ ( s f i ( r f  - f  h)  +  h B ) — r u 2. (4.90)

A t  le ad ing  o rder, th is  set o f  equations reduces to  the  low er-lave r-fo rced  e qu a to ria l 

m ode l. T h is  com pletes the  p ro o f th a t the  m e ta-m ode l is indeed a le a d in g -o rd e r u n i­

fo rm ly  va lid  m odel.

W e note th a t i t  rem ains fo r fu tu re  research to  investiga te  th e  u n ifo rm ly -v a lid  

m ode l n um erica lly . Since th is  m odel conta ins w ith in  i t  tw o -la ye r sh a llo w -w a te r d y ­

nam ics (w ith  a linea r uppe r laye r), i t  conta ins faster scales o f m o tio n  th a n  th e  slow 

d yn a m ics  o f  Swaters and F lie r l (1991). O ne num erica l techn ique  to  d e a lin g  w ith  these 

fas te r t im e  scales in  layered m odels is to  separate the  dynam ics  in to  b a ro tro p ic  and 

b a ro c lin ic  modes, and advance these modes fo rw a rd  in  t im e  using d iffe re n t schemes. 

T h e  b a ro tro p ic  m ode requires sh o rte r t im e  steps o r m ore so ph is tica ted  m ethods be­

cause o f  the  faster waves i t  conta ins. A n o th e r d if f ic u lty  is the  fac t th a t the  .s2A \ (  

te rm  in  the  d ivergence equa tion  is m u lt ip lie d  by a sm all p a ram e te r, suggesting th a t 

the  e v o lu tio n  o f  A \  its e lf  m ay be rap id .

4.6 Sum m ary

In  th is  chap te r, we have addressed the  issue o f  tw o -lave r e q u a to r ia l m odels. In  the  

genera lized  X o f analysis, we have dem onstra ted  th a t, w ith  tw o  layers and fr ic t io n .
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an a n a ly tic a l expression m a y  be derived  fo r the  steady p ropagation  o f  an edd y  on a 

constan t slope in  the  co n te x t o f  the  / -p la n e  a pp ro x im a tio n .

W e derived  th ree  p re lim in a ry  m odels o f  e qu a to ria l flow , one fro m  a m id - la t itu d e  

n on d im e ns iona liza tion . and tw o  fro m  an e q u a to ria l n on d im e ns iona liza tion . These 

m odels have no t p rev ious ly  been sta ted  in  the  lite ra tu re , and a ll m odels p re d ic t 

w e ll-de fined  flow  at the  e qua to r. T he  m id - la t itu d e  (E S F) m odel m ay be th o u g h t o f  

as a d ire c t extension o f  the  Swaters and F lie r l (1991) m odel to  th e  case o f  va ry ­

ing  C o rio lis  param ete r / .  T h e  equ a to ria l m odel w ith  low er-layer fo rc in g  has linea r 

sha llow -w a te r dynam ics  in  th e  uppe r layer and non linear sha llow -w a te r dyna m ics  in  

the  low er layer, and so conta ins w ith in  i t  the  equ a to ria l waves reviewed in  C h a p te r 2. 

B o th  equa to ria lly -sca led  m odels are o n ly  p a r t ia lly  coupled in  th e ir  dynam ics .

A  lead ing -o rder u n ifo rm ly  va lid  m odel was then  derived  th a t, when w r it te n  using 

the  a pp ro p ria te  n on d im e ns iona liza tion . s im p lifie d  to  the  p re lim in a ry  m id - la t itu d e  o r 

e q u a to ria l m odel.
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Chapter 5

Conclusions

5.1 Summ ary

O ne o f  the  goals o f  th is  research was to  investiga te  m odels o f  e q u a to ria l abyssal 

flows in  o rde r to  learn abou t the  dynam ics  o f  these flows. O u r approach was to  

base th e  m odels on the  sha llow -w a te r equations, e ith e r in  th e ir  o r ig in a l fo rm  o r w ith  

s im p lific a tio n s , and in  one- o r tw o -laye r con figu ra tions. T hus , o u r f irs t step was to  

es tab lish  the  co nd itions  under w h ich  the  sha llow -w a ter m odel is a p p ro p ria te  fo r these 

flows.

There fo re , we perfo rm ed an a sym p to tic  expansion o f the  th ree -d im e n s io na l equa­

tio ns  o f  m o tio n  on the  surface o f a sphere, under the  assum ptions o f  cons tan t d e n s ity  

and fr ic t io n  less flow . We showed th a t fo r m o tio n  near the  equa to r, th e  equa tions o f  

m o tio n  reduce to  the  sha llow -w a te r equations w ith o u t cu rva tu re  te rm s  o r the  hor-
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izo n ta l com ponent o f  the  C o rio lis  effect as long as th e  le n g th  scales o f  m o tio n  are 

less th a n  th e  E a r th ’s rad ius and longer th a n  \ /H rQ ,  where H  is th e  v e rt ic a l scale o f  

m o tio n  and  r 0 is the  E a r th ’s rad ius.

W e th e n  sum m arized  some know n resu lts abou t the  sh a llow -w a te r m o d e l, and re­

v iew ed e q u a to ria l wave theory. T h e  tw o -laye r m ode l we de rived  la te r  in  th e  thesis was 

based on tw o -la ye r sha llow -w a te r theo ry  where the  layers were o f  unequa l dep th  and 

th e  surface o f  the  upper layer was constra ined  by a r ig id - lid  a ssum ptio n . In  a n tic ip a ­

t io n  o f  d e r iv in g  such a m odel, we investiga ted  e qu a to ria l wave th e o ry  in  th e  con tex t 

o f  those same assum ptions. I t  was shown th a t the  waves o f  b a ro tro p ic  free-surface 

e q u a to ria l wave the o ry  arise in  the  fo rm  o f  b a roc lin ic  modes, w ith  the  frequency and 

wave n um be r scaled using a wave speed c =  y g 1 -I- H 2). w here g'  is the

reduced g ra v ity  and H \ . H 2 are the  depths o f  the  tw o  layers. S uperim posed  on th is  

b a ro c lin ic  m o tio n  are nond ivergen t b a ro tro p ic  Rossby waves.

T h e  fr ic t io n a l geostroph ic m odel was then  described and its  p re d ic tio n s  com pared 

w ith  th a t o f  reduced -g rav ity  sha llow -w a te r theo ry . In  the  f r ic t io n a l geos troph ic  m odel, 

th e  m o m e n tu m  equations are replaced by geostroph ic balance p lus a R ay le igh  dam p­

in g  te rm . T hus , ageostrophic effects are param eterized  as a flow  dow n th e  pressure 

g ra d ie n t. T h e  tw o  m odels were com pared in  s im u la tio ns  o f  a loca lized  mass o f  dense 

f lu id  m o v in g  over idea lized b o tto m  topography, and in  s im u la tio n s  o f  th e  e vo lu tio n  

o f  a dense cu rre n t over re a lis tic  A t la n t ic  Ocean b o tto m  topog raphy , w here  the  flu id  

is c o n s ta n tly  flow ing  in to  the  dom a in  from  the  south .
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In  num erica l s im u la tions  over idea lized topography, the  fr ic t io n a l geostroph ic  

m ode l was observed to  successfully ca p tu re  the  o ve ra ll pa th  o f  n o rth w a rd  a long-slope. 

d o w n h ill,  and n o rth -so u th  s p lit t in g  th a t is p red ic ted  by the  sha llow -w a te r m ode l. 

Q u a n tita t iv e ly , the  s im p le  m ode l even p red ic ts  the  a long-slope N'of (1983) speed w e ll. 

How ever, the  lack o f  f lu id  in e rt ia  causes the  s im p le  m odel to  unde restim a te  the  he igh t 

th a t the  f lu id  w il l  reach when flo w in g  up the  opposite  side o f  the  channel. I t  also 

causes a ve ry  s ym m e tric  n o rth -so u th  s p lit t in g  o f  th e  flu id .

In  s im u la tions  o f the  tw o  m odels over re a lis tic  e qu a to ria l topography, th e  s im ­

ple m ode l again cap tu red  the  q u a lita t iv e  pa th  o f  the  flu id  q u ite  w e ll. H ow ever, as 

com pared  to  the  sha llow -w a te r m odel s im u la tio ns , i t  p red ic ted  a sm a lle r mass flu x  

across the  equa to r, ow ing  to  the  lack o f  in e rt ia  and the  in a b il i ty  to  flow  up and over 

key ridges a long the  path . T he  a m o un t o f f lu id  crossing the  e qua to r was seen to  

depend sens itive ly  on the  choice o f  d a m p in g  param ete r r .  w ith  h igher r  c o rre la tin g  

w ith  less cross-equatoria l flow . T h e  am oun t crossing the  equa to r was also seen to  

depend s tro n g ly  upon in it ia l dep th  o f  th e  cu rre n t th a t approaches the  e qua to r. T h is  

is cons is ten t w ith  the  concept th a t in  th is  m odel the  flu id  is constra ined  to  have a 

d o w n h ill com ponent on ly , and no u p h ill flow .

For re a lis tic  param ete r regimes, the  sha llow -w a te r m odel was seen to  agree q u a l­

ita t iv e ly  w ith  observations, in c lu d in g  c a p tu rin g  the  c lockw ise flow  in  the  e q u a to ria l 

basin. For in flo w  cu rren ts  a t sha llow er dep ths, the  sha llow -w a te r m odel was observed 

to  p re d ic t a d ra m a tic a lly  d iffe ren t flow  reg im e, characte rized  by a coun te rc lockw ise
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flow  in  the  e q u a to ria l basin and h igh  t im e  v a r ia b ility . T h is  is understood  to  be caused 

by the  in tro d u c tio n  o f  new pathways o f the  cu rre n t.

In  th e  tim e -dependen t s im u la tions  over re a lis tic  topography, we observed large 

flu c tu a tio n s  in  th e  mass tra n sp o rt across the  equa to r, as ca lcu la ted  at the  m o o rin g  

loca tions o f  H a ll et al. (1997). In  fac t, we saw tim e-dependence th a t seemed to  be con­

s is ten t w ith  th e ir  observed tim e-dependence o f  A A B W  flow  across th e  e qua to r. O u r 

s im u la tio ns  im p lie d  th a t the  ex trem e  tim e-dependence m ay p a r t ia lly  be an a r t ifa c t 

o f  the  precise lo ca tion  o f the  da ta  co lle c tion  s ite . T h a t is. the  am oun t o f  A A B W ' suc­

cessfu lly crossing the  equa to r m ay not e x h ib it  the  same m agn itu d e  o f  t im e  v a r ia b il ity  

as the  a m o un t o f  A A B W  crossing those p a r tic u la r  m o o rin g  loca tions. F u rthe rm ore , 

o u r s im u la tio n s  im p lie d  th a t the  large t im e  v a r ia b ility  observed m ay be the  resu lt o f 

a m uch sm a lle r t im e  v a r ia b ility  in  the  source cu rren t.

T h e  sha llow -w a te r s im u la tions  over re a lis tic  topography  seemed to  im p ly  th a t  the  

flow  is a lm ost e n tire ly  de te rm ined  by th e  lo ca tion  (h o rizo n ta l pos ition  and d e p th ) o f 

the  n a rro w  co ns tric tion s  o f  the  flow  located a t shallow  s ills . T h is , in  tu rn , im p lies  

th a t obse rva tiona l studies should be focussed on these s ills , such as the  one a t the  

en trance  to  th e  e qu a to ria l basin (fro m  the  southeast) o r th e  e x it o f the  basin ( to  the  

n o rth w e s t). T h e  overa ll behaviour o f  the  flow  depends c r it ic a lly  upon these key spots, 

and so c u rre n t m eters placed in  these loca tions w ou ld  reveal m uch abou t th e  a c tu a l 

flow  o f  the  c u rre n t.

Wre in tro d u ce d  b a ro c lin ic itv  in  the  fo rm  o f  tw o  d y n a m ic a lly  ac tive  layers in  C hap-
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te r  4. F irs t,  we derived  the  p ropagation  speed o f  a re la tiv e ly  dense mass o f  f lu id  

w ith  com pact suppo rt (i.e . an eddy), unde r the  assum ptions th a t the  p ropaga tion  

speed is s teady in  t im e , the  b o tto m  topography  has a constan t slope, and th e  /-p la n e  

a p p ro x im a tio n  m ay be app lied . O u r c o n tr ib u t io n  here was the  inc lus ion  o f  fr ic t io n a l 

effects in  a d d it io n  to  th e  effects o f  a d yn a m ic  uppe r laye r pressure. T h e  resu lt is a 

g en e ra liza tion  o f  the  N o f (1983) and the  Swaters and F lie r l (1991) resu lts. F r ic tio n  

was show n to  in tro d u ce  a dow n-slope com ponent to  the  flow . However, the  effects o f 

u p p e r-la ye r pressure m ay. in  p r in c ip le , restore the  p o s s ib ility  o f up-slope m o tio n  in  

the  m ode l.

A  tw o -la ye r m ode l was then  derived  th a t,  w h ile  p re d ic tin g  geos tro ph ica llv  ba l­

anced flow  away fro m  the  equa to r, a llows 0 (1 )  va ria tions  in  the  C orio lis  pa ram e te r / .  

and indeed, p red ic ts  w e ll-de fined  flow  a t the  equa to r. In  th is  m odel, the low er layer 

reduces to  e ith e r the  in v isc id . in e r t ia l sha llow -w a te r equations, o r to  the  fr ic t io n a l 

geostroph ic  m odel investiga ted  in  C h a p te r 3. T he  uppe r layer uses a gene ra liza tion  to  

geostrophy s im ila r  to  the  C harney balance equa tions. T h is  m odel was shown to  s im ­

p lify . in  the  /-p la n e  l im it ,  to  the  Swaters and F lie r l (1991) m odel, w h ich  was dem on­

s tra te d  by K arsten  and Swaters (1999) to  be the  a p p ro p ria te  geostroph ica llv -ba lanced  

m ode l when the  low er laye r is re la tiv e ly  th in  and the  b o tto m  topography d y n a m ic a lly  

im p o r ta n t.  T h is  m odel was there fore  re ferred to  as the  E q u a to ria l S w a te rs -F lie rl (o r 

ESF) m odel.

A f te r  cons idering  m odels th a t arise fro m  e q u a to ria l scalings, a m e ta -m ode l was
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presented th a t  s im p lifie s , a t lead ing  o rde r, to  the  ESF m ode l, and by re w r it in g  in to  

e q u a to ria l scalings, s im p lifie s  to  the  e qu a to ria l m odels. Thus, th is  m e ta -m o de l is va lid  

b o th  a t the  m id - la t itu d e  l im it  and at the  e q u a to ria l l im it .

5.2 Future directions

VVe have le ft fo r fu tu re  research the  s tu d y  o f  abyssal flows in  the  o th e r ocean basins, 

e x te n d in g  the  research to  m u lt i- la y e r m odels (o r even c o n tin u o u s ly -s tra tif ie d  m ode ls), 

and a p p ly in g  the  m odel derived  here to  g loba l-sca le  flows.

I t  is also le ft fo r fu tu re  w o rk  to  derive  a s im p le  m odel fo r the  low er layer th a t,  

w h ile  d escrib ing  s im p le  o r “ s low ”  dynam ics, re ta ins m ore re a lis tic  dyna m ics  th a n  th e  

R ayle igh  dam ped  m odels em ployed  here, i f  th a t is indeed possible. T h e  w o rk  o f  W arn . 

Bokhove. Shepherd, and V a llis  (1995) m ay be he lp fu l in  th is  regard.

A d d in g  e x tra  d yn a m ic a l layers (o r deve lop ing  a c o n tin o u s lv -s tra tifie d  m ode l, w h ich  

w ou ld  also add the  p o s s ib ility  o f  in c lu d in g  in te rn a l g ra v ity  wave d yna m ics ) w ou ld  be 

in te re s tin g  fro m  the  p o in t o f v iew  o f  in ve s tig a tin g  the  in te ra c tio n  and the  t im e  va ri­

a b i l i ty  o f  the  tra n s p o rt o f  the  A n ta rc t ic  B o tto m  W ate r and the  so u th w a rd -flo w in g  

N o rth  A t la n t ic  Deep W a te r th rou g h  the  e qu a to ria l channel. H a ll et al. (1997) found  

th a t the  cu rren ts  each had a s trong  annual va ria tio n , and were not separated by m uch 

d is tance  in  the  v e rt ic a l d ire c tio n . D yna m ica l coup lin g  between these cu rren ts  a lm ost 

c e rta in ly  affects th e ir  t im e  e vo lu tio n .
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