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Abstract

It is well known that most information of an image is contained in its edges. Therefore
capturing edges in an image is of fundamental importance in image processing. Tensor
product real-valued wavelets only capture edges along the horizontal and vertical direc-
tions. Hence they are only suboptimal for handling high-dimensional problems. In this
thesis we use a framelet-based approach to enhance the performance of tensor product
real-valued wavelets. By employing an additional high-pass filter, we construct finitely
supported complex-valued tight framelet filter banks {a; b1, by} such that their tensor
products in dimension two offer four directions along 0° (horizontal), 45°, 90° (vertical)
and 135°. We propose a simple and effective algorithm to construct such directional
tight framelet filter banks, and provide a necessary and sufficient condition for their
existence. Finally, several concrete examples of such directional tight framelet filter

banks are given.
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Chapter 1

Background and Motivation

Since the introduction of wavelets by Croisier et. al. [4] in 1976, wavelet-based meth-
ods have been widely used in various fields such as image processing, scientific comput-
ing, differential equations and so on. Benefiting from the multi-resolution structure,
wavelet-based tools for processing 2-dimensional signals, such as images, have been
considerably developed in the last two decades. Several algorithms were developed for
image denoising, feature extraction, segmentation, etc. These processings require us
to capture certain features in the time domain, such as edges in images. In this thesis
we deal with the tight framelet filter bank design problem with particular interest in
directional singularities. To be more specific, we are aiming at the construction of
finitely supported directional tight framelet filter banks through tensor product. In
this chapter, we give a short introduction to wavelet analysis and existing approaches
for the detection of directional singularities. The motivation for our research work is

summarized in the last section.

1.1 The Problem: Directional Singularities

Usually, a digital image is represented by a 2-dimensional array, or to say, a matrix
with its entries indicating the level of brightness. By a contrast of different levels of
brightness, the edges or dots in images are then indicated by a large jump or drop of
coefficients within a certain small area. In the image itself, which is usually referred as
the “time domain”, they are often called singularities since the derivative (difference)

will be quite large within these areas. The shapes of these singularities vary but



dot-shaped singularity line—shaped singularity

Figure 1: A trivial example of dot-shaped and line-shaped singularities

can be generally classified as dot-shaped singularities and line-shaped singularities, as
shown in Fig 1. Detecting these singularities is of extreme importance. For example,
denoising is usually performed within the relatively smooth areas. If an edge is located,
one naturally wants to preserve it because denoising in this area will make the edge
blurred or smoothed. In medical imaging, the edges show the boundaries of different
organs, and help to find irregular shapes, such as tumors.

Classic 2-D wavelet transform obtained from tensor product of 1-D wavelets handles
point-shape singularities well, because the multi-resolution property will approximate
the local jumps very well on fine scales. However, due to the symmetry property of
wavelet filter banks, it hardly has any directions other than the vertical and horizontal
ones. This makes it difficult to detect directional line-shape singularities in images
by classic wavelets. To remedy the missing directions, mathematicians and engineers
came up with diverse tools. With different characteristics, they are named “X-lets”
uniformly. Let us first review the classic wavelet analysis, the origin of all these “X-lets”

methods.



1.2 Wavelet Transform-Continuous Setting

1.2.1 Basics in Wavelets

The most classic wavelet transform is based on a wavelet function and a Multi-Resolution
Analysis (MRA) associated with it. With this MRA system any signal in Ly(R) can
be represented.

A mother wavelet, or simply a wavelet ¥(¢) is a square (Lebesgue-)integrable func-

tion which has a zero mean:

A¢@ﬁ:0

This wavelet function can be dilated with a scale parameter a~!, translated with a
location parameter b as

() = a2 (L),

a

which gives a wavelet transform of any L, function f at the scale a and position b as

follows

W f(a,b) = / Ftya (= Dt

We are particularly interested in such wavelet functions: when we take a countable
subset {(a,b) : a = 2/, b =k, (j,k) € Z?}, the collection of all v;, = 277/2¢(=2k)
generates a basis of Ly(R), i.e, the wavelet basis. The existence of such wavelet func-
tions has been proved by Meyer in 1985 [12]. Any function f € Ly(R) can be expressed
as a linear combination of such basis functions in Ly sense. As L(R) is an infinite-
dimensional space, the linear combination can be an infinite sum.

If the basis is an orthonormal one, the linear combination can be directly written

as

f= Z (fs )ik (1.2.1)

J,k€EZ



in the Ly(R) sense, where the inner product (-, -) is that usually defined in Ls(RR) space:

(f. ) = / f(Og@dt, g€ La(R).

But when the basis is not orthogonal, the coefficients in the linear combination
are not so easy to compute. We make a concession to ask for a biorthogonal pair
({01}, {¥hjx}) where {1;} and {t;;} are both bases of Ly(R) (not necessarily or-
thogonal), and satisfy

7 ]‘7 when (jla kl) - (j27 k?)a
<wj1,k17wj2,k2> = (122)

0, otherwise.

Then any f € Ly(R) has expressions:

F= (fbdbie =Y WIG ki, (1.2.3)
= =
and
F= (fdbie =Y WIG kD, (1.2.4)
1,kEZ 7,kEZ

In particular, if the basis is orthonormal, then v, ; = %k

All the expressions above are referred as homogeneous representations of f. The
index j represents different scales (resolutions), and the index k is a shift (translation)
index. Then this wavelet basis usually (but not always) leads to a “multi-resolution

approximation” of a certain function f € Ly(R). The partial sum

fi= Z Z (fs Vi) Pik (1.2.5)

1=—00 k=—00

is the projection of f onto the subspace V; := span{t,;;:i < j—1,k€ Z}. As the
index j goes larger, the space will be expanded larger, too. The partial sum in (1.2.5)

can be interpreted as the approximation of f at the resolution 27/, and V; can be



interpreted as the set of all possible approximations at resolution 2. Obviously, as j
goes to 0o, f; can be as close to f as we want.

The projection motivates the definition MRA. The concept of MRA was introduced
by S. Mallat in 1989 [12]. MRA gives the approximation of a function to any resolution.
An approximation at a lower resolution is contained in a high resolution, and as the
resolution goes finer and finer, we can approximate the original function as close as we

want. The following definition is adapted from [13].

Definition 1.2.1. A sequence {V;};ez of closed subspaces of Ly(R) is a multi-resolution
analysis if the following 6 properties are satisfied:

(1) f(t) eV, & f(t —2k) € V; for any j,k € Z;

(2) Vi1 CV; for any j € Z;

(3) f(t) e V; & f(t/2) € V} for any j € Z;

(4) iy s Vy = N7V, = {0);

j=—c0
(5) 1imj—>+<>0 VYJ = U;rioo‘/j = LQ(R);

(6) 3 6 such that {0(t — k) }kez is a Riesz basis of Vj.

By this nested sequence, we can project any Ly function onto a space V;, which leads
to an approximation at a certain resolution or scale. To compute the projection, we
need an orthonormal basis for each V;. Orthogonalizing the Riesz basis {0(t — k) }kez
of V, we get an orthonormal basis for V4. Then an orthogonal basis of each V; is

constructed by dilating and translating a single function ¢(t) € V4 in [13]. The family

{cbj,k(t) =277% (t _23.2%) }keZ (1.2.6)

forms an orthonormal basis of V; for any j € Z. Larger j is corresponding to smaller

scaling factor 277 in its basis function ¢;, = 277/2¢(277t — k), and thus represents a
finer scale. Vice versa, smaller j represents a coarser scale.

Now, the difference between two approximations of f at the resolution 27! and 27



is the orthogonal complement of V; in V;:

Wi =VineV, (1.2.7)
hence we have
V; @ W, = Vi, (1.2.8)
LyR) = ...eW_;0..eoWe...0W,; ... (1.2.9)
= VoWyd..oW;d.... (1.2.10)

We can actually find a function ¢ (t) € Wy such that

{¢M@):2ﬁﬂ¢<£%§%)}%z (1.2.11)

is an orthonormal basis of W; for any j € Z [13]. So MRA can yield a wavelet function.
The scaling function, which sometimes is also referred as father wavelet. From both

mother and father wavelet, we get the decomposition of Ly(R):

LyR) = V,eW,eWyn@---aWypd--- (1.2.12)

= span{@,k}t,cy O span{vjr} ;s ez (1.2.13)

Usually we take J = 0, then any signal f(¢) with finite energy (f € Lo(R)) can be
written in Ly(R) as

FO) =D 60 bor(®) + D (fobiahiialD). (1.2.14)

keZ j>0,n€eZ

It is often called the nonhomogeneous wavelet representation of f(t). The first portion
> kezlfs bok)Pox(t) is the projection of f(t) onto Vp, which is the part in the coarsest

scale. Vice versa, the second part ).~ (f,1;n)1;n(t) is the projection on to @52, W,



which is the finer scales. So that we can see the low-pass nature of the scaling function
(father wavelet), and the high-pass nature of the wavelet function (mother wavelet).
The wavelet function is also called an MRA wavelet associated with ¢. Most but
not all wavelet functions are associated with the MRA structure. (J.L. Journé first
gave a wavelet example that has no associated MRA [11].) By the homogeneous and
nonhomogeneous representation, we further denote the set of all the basis vectors as
affine systems in Lo(R). For every integer J € Z, a (nonhomogeneous) affine system

AS ;(¢; 1) is defined to be

ASJ(¢, w) = {¢J;k ke Z} U {"pj,k ] Z J, k e Z}, (1215)

and the homogeneous affine system AS(%)) is

AS(¢) = {tbs : j, k € Z}. (1.2.16)

In higher dimensions (usually 2 dimensions, which is the typical case for image process-
ing), we need to generalize the wavelet theory to Ly(IR?). We generalize the wavelet to

2-D by tensor product. The tensor product of two 1-D functions f, g is a 2-D function

(f ®g)(t1,t2) = f(t1)g(t2). (1.2.17)

There are two routes to construct 2-D wavelets by tensor product [14]. We can either
construct a 2-D wavelet basis from 1-D wavelets by choosing multi-resolution approxi-
mations given by tensor products, or start with an arbitrary 2-D MRA and apply the
same analogue as we did in 1-D case. From the 1-D scaling function ¢ and wavelet
function 1, we have in total 4 combinations: ¢ ® ¢, ¢ ® ¥, ¥ ® ¢ and ¥ ® . Usu-

ally the space generated by the translations and dilations of these four functions are



respectively denoted as Vy ® Vy, WO, W0 Wl and it is clear that

VieVi=Vo@VyeoWreowewh (1.2.18)

Utilizing the wavelet coefficients, namely, processing in the frequency domain, we
can conduct various signal processings on different scales in 2-D. We will now discuss

the advantages of wavelet transform.

1.2.2 Localization of Wavelet Transform

As mentioned in the previous section, a singularity in an image is a big jump or drop
of coefficients’ values within a relatively small area. To obtain wavelet coefficients
indicating such singularities requires the wavelet function to be localized with respect
to the shape of the singularity.

Fortunately, the wavelet transform is a localized transform. It enables us to do
local image processing. By the 2 parameters j and k indicating the scale and loca-
tion respectively, we have 2 degrees of freedoms which make it possible to give specific
processing to different scales, and different segments of the image. When conducting
inner product with compactly supported wavelets, a large increment in the time do-
main results in a large coefficient in the wavelet domain, and any singularity can be
approximated, as long as we reach a sufficiently fine scale. This is one of the essential
advantages of wavelets when compared with the more classic Fourier transform. It is
difficult to use Fourier transform to detect the location of any singularities.

If it is a dot-shaped singularity, a compactly supported wavelet always achieves
this by dilation and translation to match the position of the singularity. But when it
comes to line-shaped singularities, the strategy of tensor product becomes incapable

to tackle with them. Let us take a look at a classical example of wavelet system, the



Haar wavelet:
1, fort e |0,1];
o(t) = 0. 1] (1.2.19)
0, otherwise;
1, fortel0,1/2);
Y(t) =4 -1, forte[1/2,1); (1.2.20)

0, otherwise.

After tensor product, on the unit square [0,1) x [0, 1),

¢ ® Pt t2) = 1; (1.2.21)

1, forty € [0,1/2);
¢ @ P(t,t2) = (1.2.22)
—1, forty € [1/2,1);

@t t) = 1, for (t1,t) €[0,1/2)2U[1/2,1)%; (1223

-1, otherwise;

which has only block-shaped singularities. It is difficult to detect line-shaped singular-
ities from the wavelet transform.

But line-shaped singularities have a special property: after Fourier transform, they
are somewhat preserved in the frequency domain, just with a different direction. We
give a simple example in Fig 2. The image on the left is the original image (time
domain) with a diagonal singularity. Its Fourier transform (frequency domain) presents
also a diagonal singularity, but with a rotation of 7/2.

This property indicates that, if we want to catch the line-shaped singularities as
well as we can, we must find a wavelet function which has good localization in both
the time and frequency domain. This is the motivation for most research work and
upcoming methods for directional image processing. It also inspires a natural idea to
make a frequency design: when we focus on the directionality in the frequency domain,

the filter bank still preserves the directionality when we get back to the time domain.



Figure 2: An example of directional singularity and its Fourier transform

10



Curvelets is one of the most successful frequency-design methods, which we are going

to talk about in the coming section.

1.3 Curvelets Transform

Among all the “X-lets” methods, the curvelets method is a transform which can be
performed in any direction, and thus makes a good extraction of directional singu-
larities. Based on multi-scale ridgelets and a spatial bandpass filtering operation to
isolate different scales, curvelets occur at all scales, locations, and directions. The 2-D

continuous ridgelets are defined as
Yapo(t) = a Y24 ((t, cos O + tysinf — b)/a).

This function is constant along lines ticosf 4+ t,sinf = const. And it has 3 pa-
rameters a, b, § corresponding to the scale, location and direction(angle) respectively,
which makes the directional processing possible. The first-generation curvelets trans-
form was introduced by Starck et al. in 2000 [16]. Its limitation is that the geometry of
the ridgelet is unclear itself, because they are not true ridge functions in digital images.
Therefore Candés and Donoho proposed a simpler version based on the frequency parti-
tion techniques, which is usually referred to as the second-generation curvelet transform
[1, 2]. It has been shown to be very effective in image processing [10].

The curvelet construction is based on polar coordinates in the frequency domain.
We partition the frequency domain into circles centered at the origin, and then they
are cut into wedges as shown in Fig 3. With frequency functions almost disjointly
supported on each wedges, theoretically we can get as many orientations as we want.

Using the ansatz

qgj,ovo(r,w) = 2_3j/4W(2_j7‘)\~/N].(w), r>0,wel0,2m),j € Ny,

11



Figure 3: Frequency partition for curvelet transform

where W and VN]. are suitable window functions for the radius and angle respectively,
we get the “dilated basic curvelets”. This is the fundamental element in the curvelet
transform. If we partition the whole frequency plane into circular rings, and continue
to partition a particular ring with a number of wedges, we can use a tiling method
to cover the frequency domain. We denote the number of wedges in the circular ring
at scale 27 as N;. Then under polar coordinates, we just need to construct curvelet
elements near the wedges with compact support inside [-27/N;, 27 /N,]. By rotations,
it can cover the whole ring of a certain scale.

This polar coordinate system, however, is not possible to implement exactly in
time-domain. Usually an image is in a rectangle or square domain, with discrete
points/pixels, and can be treated as a function defined on a bounded integer grid in
R2. Tt is natural to consider the signal in Cartesian coordinates, by using Cartesian
arrays. Based on concentric squares and shears,one makes a discrete curvelet transform.

The wedges are replaced with trapezoids. The ansatz is correspondingly

2U/2J€2)

gj,0,0 = 273j/4W(27j§1)V (
&1

which plays the same role as the dilated basic curvelets in continuous setting. Then

12



the curvelet transform is given as

Eina(f) = (fr Djna) = /2 F(S0,.6)0;00(€)eMr9de,
R
with kj = (k1277 k227 V20T, (B, k)" € Z°. And Se,,is the shear matrix

1 0

Se,, =
—tan(f) 1

This is the forward discrete curvelet transform with a computational cost of O(N? log N)
for an N x N image.

Curvlets method is a very natural and nice attempt to obtain directionality. It can
give as many directions as we want, and is very successful in image processing. Espe-
cially the second-generation curvelets, since proposed in 2004, have been extensively
used in denoising, classification, and feature extraction. However, there are several ma-
jor drawbacks which make it imperfect: the first one is the design in continuous setting
makes it difficult to implement with practical discrete signals. In practice, we can only
perform discrete Fourier transform on a discrete image. The frequency domain is then
still discrete. But the segmentation designed in curvelets can result in a non-integer
index, which makes it difficult to implement. The second one is the high redundancy
for discrete curvelet transform. Although the theory about it has been very successful,
discrete curvelet transform is not appropriate for image compression. As mentioned
above, the computational cost is O(N?log N) to perform the forward curvelet trans-
form. Compared with common wavelet transform with finite support, (computational
complexity O(N x N)) for an N x N image, this is rather low efficiency. Curvelets are
also restricted to cope with only C*-singularities. When the singularity is beyond C?,
it will be difficult to extract the feature by curvelets.

From curvelets, we can see that a continuous design is not optimal for signal process-

ing. We need an exact and efficient transform on discrete signals (images) to conduct

13



time-frequency analysis. In this setting,the Discrete Wavelet Transform(DWT) was
introduced. We will not go into the detail of this subject here, as decomposition and
reconstruction through filter banks are much more commonly used. The concept of
filter banks was introduced by Croisier et. al. [6] in 1976. Through a collection of
filters consisted of just number arrays and the discrete convolution operation, a filter
bank decomposes a signal f[n] into two signals of half its size by a filtering and subsam-
pling procedure. It provides a convenient, fast approach to decompose and reconstruct
discrete signals. Closely related to continuous wavelets, they asymptotically approach
continuous functions. This makes it possible to obtain stability of the algorithm, and
enable us to give the multi-scale analysis in discrete settings. Details are given in the

next section.

1.4 Filter Bank Perspective-Discrete Setting

1.4.1 Decomposition and Reconstruction

When we deal with a discrete sequence {v(n)},ez instead of a continuous function, the
decomposition of this sequence will be different from the decomposition of functions.
Using a dyadic decomposition, we need to map the sequence into a coarse half-resolution
approximation. This can be done by filtering with a halfband low-pass filter followed
by a downsampling [17].

Let us denote the set of all complex-valued sequences on the integer grid as [(Z),
then in wavelet analysis or signal processing, a filter is a sequence {u(k)}rez € (Z).
It can be finite or infinite. If the support of the filter, defined as fsupp(u) = {k € Z :
u(k) # 0} is a finite set, the filter is said to be finitely or compactly supported.

In MRA, the integer translations of the scaling function ¢ generates Vj, and by

14



definition, Vy C Vi = span{¢(2t — k) }xecz, so we can see that

=2 a(k)p(2t — in Ly(R), (1.4.1)
kEeZ
where a € [(Z) is a sequence. (1.4.1) called the refinement equation, which is one of
the most important topics in MRA. Any scaling function should satisfy this equation.
By this equation, we can define a low-pass filter sequence {a(k)}xez.
Cavaretta et al. showed in [3] that for a normalized mask a such that a(0) = 1,
there is a unique solution ¢ up to a multiplicative factor.

Similarly, by Wy C Vi = span{¢(2t — k) }rez, we can express ¢ € Wy as

=2 b(k)p(2t — (1.4.2)

kEZ

and b is the high-pass filter for 1. The two filters a and b together constitute a wavelet
filter bank. We will discuss further about relation between the filters and the scaling
and wavelet functions.

Now associated with the filter, we need to decompose the signal for processing and
then reconstruct it. We define the subdivision and transition operator S, and 7, based

on the filter u to process a signal v € [(Z):

n) =2 wv(k)u(n - 2k), n € Z, (1.4.3)
kEZ

=2 v(k)u(k —2n), n € Z. (1.4.4)
keZ

It is quite similar to the convolution widely used in signal processing:

[uxv](n) = Zu(k:)v(n —k), neZ. (1.4.5)

kEZ

But with the dyadic dilation factor 2, the subdivision operator makes the support
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extended, whereas the transition operator will shorten the support of the resulted se-
quence, corresponding to the reconstruction and decomposition process. We want to
write these 2 operators using the notation of convolution, so the upsampling operator
1 d and downsampling operator | d are needed to account for the factor 2, and an-
other filter to account for the complex conjugate. The upsampling operator 1 d and
downsampling operator | d are

v(n/d), when d divides n;

v1d(n):= (1.4.6)
0, otherwise;

v d(n):=v(dn), (1.4.7)

and for a filter u, its conjugate u* is defined as

u* (k) = u(—k). (1.4.8)

Then, by these notations we can conveniently write the subdivision and transition

operator as

Syv =2ux(v712)and T,v =2(u**xv) | 2. (1.4.9)

For time-frequency analysis, we shall define the Fourier transform of a filter u(k),

at least formally:

w(§) = Zu(k:)e_ikg. (1.4.10)

keZ
Here i is the imaginary unit satisfying > = —1. The Fourier transform of a filter is a
2m-periodic trigonometric polynomial. From this formal definition, we can equivalently

write all the operations above in the frequency domain as

TEU(E) = A(€)H(E): (L4.11)
(€)= WE): (14.12)



v 1 d(€) = B(de): (1.4.13)
o) = d-! {a (g) 49 (f 22”) +o4% (“%fy_l))] L (1414)

From (1.4.6) and (1.4.7) we can see that, the downsampling operator extracts a

sub-sequence of the signal, whereas the upsampling operator is interpolatory. So the
transition operator embedded with a downsampling operator can be used as a de-
composition, with different filter u’s, and the corresponding “7,” operators cut the
signal into different subbands, hence make a decomposition operator. Then utilizing
the property, the decomposition operator with respect to a wavelet filter bank {a; b}

is defined as
V2

W”UZ:?

(Tav, Tov) = (wo, w1), v € U(Z). (1.4.15)

Note that W is a mapping from [(Z) to I(Z)?. The reconstruction operator V is dually
defined from I(Z)? to I[(Z) by usage of the subdivision operator with a upsampling:

2
V(wo,wr) 1= g Z Sawi, wo, w1 € U(Z). (1.4.16)

1=0,1

The coefficient g is for the preservation of energy.
For the convenient implementation of these operations, in practice, we are partic-

ularly interested of those finitely supported filters
u=A{u(k)}rez: 2 — C

such that {k € Z : u(k) # 0} is finite set, which make the subdivision and transition
operator well defined and easy to compute.

Corresponding to the orthogonal wavelet basis in (1.2.1), where we compute the
wavelet coefficients and express the function using the same basis, the filter banks for
decomposition and reconstruction are the same. But they may be different if we use a

biorthogonal wavelet basis as in (1.2.3). Whichever the case, a natural desire is that
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we want a signal to be identically the same after a decomposition and reconstruction
procedure. If we use {a,b} for decomposition and {a, b} for reconstruction, the filter
banks are said to have the perfect reconstruction (PR) property if for all signals v €

Uz), 1
- 1 -
v=VWo == > 8, Tav or WY =1d(I(Z). (1.4.17)

1=0
where ug stands for the low-pass filter a, and u; stands for the high-pass filter b, “Id”
is the identity map on [(Z). This pair of filter banks {@, b} and {a, b}, is called a pair
of biorthogonal wavelet filter bank. In particular, if @ = @,b = b, the filter bank is

called an orthogonal wavelet filter bank.

In the frequency domain, (1.4.17) can be written as

2 2

2 _—
BE) = £ I Tot] = 3 Tan26)(E) = S HOMETEI Y DE+m)(E + miu(e).
=1

=1 =1

Comparing the two sides, it is equivalent to

We can also write it in a matrix form

~ *

a(e) G a) ()

. - ~ ~ I (1.4.21)
al€ +m) b+ ) a(+m) b(E+m)

where M* is the Hermite conjugate of the matrix M, and I, is the 2 x 2 identity matrix.
With these 2 filter banks, one can define a scheme of decomposition and reconstruc-
tion through the subdivision and transition operators. For a certain signal v, after the

1-level decomposition, the signal is filtered into 2 bands (w9, wy1) by the low-pass
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@- processing @ V2b

Figure 4: Diagram for 1-level wavelet transform

and high-pass filter respectively. Then after processing in different bands, the recon-
struction follows dually: using the transition operator combining (wy,, wn1) to get
Wn-_1,0, then get wn_20 With wy_; 1, and finally reconstructs to the original level vy.
The procedure can be conveniently understood in Fig 4 adapted from [6].

For the generalization to 2 dimensions, we still utilize the tensor product. The

tensor products of filters are defined as
a®alk,l) = A1k, 1) =a(k)a(l); a®b(k,l) = Ay(k,1) = a(k)b(l). (1.4.22)
From the 2-D tensor product of scaling and wavelet functions, we can see that

o) @e(s) = Y a(k)p2t — k)Y a(l)(2s — 1) (1.4.23)

keZ leZ

= Y ak)a)e2t — k)é(2s — 1) (1.4.24)
(k,)ez?

= Y aedEDeoders) - (kD).  (1.425)
(k,)ez?

So the tensor products of functions also satisfy the refinement equations.
The subdivision and transition operator in 2-D is similarly defined, which can be

implemented either row by row or column by column.
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1.4.2 A Summary of Traditional Wavelet Method

As mentioned before, traditional wavelets only do well in detecting point-shape singu-
larities. Classic wavelet filters are symmetric in both the time and frequency domains,
i.e, they have symmetric refinable functions as well as symmetric fourier transforms.
The 2-D tensor products of these functions are symmetric in 2 dimensions. If we denote
the refinable function of the high-pass filter as 1, and of the low-pass as ¢, then in the

time domain, the separable implementation of the 2-D DWT is characterized by four

wavelets:
1 (t1,t2) = (t1)d(ts), LL wavelet, (1.4.26)
Ua(ty, ts) = B(t1)d(tz), HL wavelet, (1.4.27)
Us(ty, ts) = o(t1)1(t2), LH wavelet, (1.4.28)
Yalty, ta) = w(t)w(ty), HH wavelet. (1.4.29)

Any real function f(t),¢ € R always has a 2-sided spectrum , that is,

-~

1F(&)] = IF(=€)I.

Due to the fact, any 2-D tensor product is symmetric in the four quadrants. Thus they
only provide two directions-the horizontal and vertical, to help detect the edges in the
images. But edges occur in all directions. It is not ideal to restrict our processing only
in these two basic directions.

The favorable property of wavelets is that it has a filter bank implementation. This
makes it attractive when dealing with discrete signals in practice. This motivates
the development of many other wavelet-based image processing methods, utilizing a
filter bank in the time domain. Dual tree complex wavelet transform is an excellent
example. It is easy to implement, but also with orientations in both the time and

frequency domain.

20



1.4.3 Dual Tree Complex Wavelet Transform

Traditional wavelets are fast and convenient enough to implement, but it is not possible
to perform oriental processing with them. Curvelets can cope with any orientation,
nonetheless are highly redundant for practical applications. First introduced by Kings-
bury et al. in 1998 [9], the Dual-tree Complex Wavelet Transform (dual tree CWT)
is a smart compromise approach which achieved great success. It contains several
directions to perform directional transform, yet is still computationally economic.
The dual tree complex wavelet transform starts with a tree structure with two
discrete wavelet decomposition and reconstruction processes. The two branches are
respectively independent wavelet decomposition with two different wavelet filter banks.

So the matrix of dual tree complex wavelet transform is given as

F
F=| "1,
Fg
where Fy, and Fg are the DW'T matrices.
For a real signal x, we denote w;, := Fnz, wy, := Fgz, and define the complex

coefficients of dual tree CWT as %(wh + tw,). If we want the corresponding wavelet

function (denoting as ¥(x) = ¥y (z) + it)y(x)) to be analytic, we need

g(x) = Hipu(2),

where H is the Hilbert transform [15]. This relation may hold only approximately for
practice.

Based on 1-D dual tree CWT, by tensor product we obtain 2-D dual tree CWT
which produces oriented wavelets. Consider the 2-D wavelet ¢(z1, ) = ¥(z1)9(z2),

where 1 is a complex (approximately analytic) wavelet just given in the form ¢ (z) =
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Y (x) +ipy (). We obtain

V1(21, 29) = [n(w1) + by (21)] [P (1) + ihy (22)].

The spectrum of complex analytic wavelet is supported on only one side, hence the
tensor product can be supported in one quadrant of the frequency plane. And the
real /complex part of the complex wavelet above has directionality at +45 degree. In

the time domain, it is +135/ — 45 degree. The other 2-D complex wavelet is given as

V1(21, 29) = [n(w1) + by (21)][Yn (1) + ihy (22)].

This one has a —45 degree directionality in the frequency domain and a +45 degree
directionality in the time domain. In total, the combination of LL, LH, HL, HH will
result in six directions.

Dual tree complex wavelet transform has some nice properties, too, such as near
shift-invariance, near rotation invariance. Its advantages to select directions make it
very powerful for image processing, like image rotation, estimating geometric struc-
tures, and denoising, etc. Its computational cost, is only double of traditional DW'T,
which is much less than curvelets, shearlets. Since both branches of the dual tree
structure are just traditional wavelet transform, it benefits from the vast resources of
traditional wavelets in both theory and computation [15].

There is still a problem for dual tree CWT. The 1-sided support of the wavelets in
the frequency domain makes it impossible to have any vertical or horizontal directions.
But these are the two most natural directions for images. It is also restricted to 2

branches. This lack of flexibility makes it difficult to have more directions.
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1.5 Framelet Approach

1.5.1 Framelets and Affine Systems in L,(R)

In Section 1.2, for an integer J € Z, we define the nonhomogeneous and homogeneous

affine systems with respect to the scaling function ¢ and wavelet function ¢ as

ASJ(qb; ¢) = {¢J;]€ ke Z} U {iﬁjk 3> J ke Z}, (151)

and the homogeneous affine system AS(¢; 1)) is

AS(Y) i= {Wj : j k € Z}. (1.5.2)

If we generalize the generator(s) of the affine systems from two functions ¢ and v to
two subsets (allow multiplicity) ® and ¥ of Ls(R), we can define the affine systems as

below:
ASJ(CD, \I/) = {¢J;k ke Z,¢ € q)} U {ijC j 2 J,k' € Z,w € \If}, (153)

AS(D) = {t : j, k € Z,2p € T} (1.5.4)

When ASy(®; V) is a frame for Ly(R) we say that {®; ¥} is a framelet in Ly(R).
If another affine system ASO(&); \I/) is the dual frame of it, the pair ({®; V}; {E{V)7 \Il})
is called a dual framelet in Ly(R). In particular, if it is a (normalized) tight frame,
meaning its dual frame is just itself, {®; U} is a tight framelet. More explicitly, {®; U}
is a tight framelet in Lo(R) if

I Le= > KW (1.5.5)

hEAS(P;T)
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1.5.2 Framelet Filter Banks and Discrete Framelet Transform
(DFrT)

For a framelet {®; U} if we consider in the frequency domain,
O={¢p:0pcd},U={:¢e ¥} (1.5.6)

then AS J@‘Il}) is called a frequency-based affine system in Ly(R), and ({EIS7 ‘TJ}) is
a frequency-based framelet.
Note the refinement equations (1.4.1) and (1.4.2) can be written equivalently in the

frequency domain as

~

o(€) = a(E/2)p(¢/2); (1.5.7)
D(€) = (E/2)H(€/2). (1.5.8)

We generalize these refinement relation to framelets. For convenience, we shall consider
® to be a singleton {¢} and ¥ to be a finite set {!, ..., 1%} for some positive integer s.
Then the filter bank associated to this framelet can be similarly defined. It is written
as {a;by1,...,bs}, where a, by, ..., bs are sequences in l5(Z) with the Fourier transform

defined in (1.4.10) satisfying (1.5.7) and

DHE) = by(€/2)p(€/2), for 1=1,...,s. (1.5.9)

There can be a dual framelet filter bank {a; bi,..., l;;} satisfying refinement equa-
tions for the dual frame {&)7 \Tf} The two filter banks are called a pair of dual framelet
filter banks.

Similar to wavelet filter banks, we use this filter bank to find a representation of
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Figure 5: Diagram for 1-level discrete framelet transform

discrete signals. The decomposition and reconstruction procedure and perfect recon-

struction property are very much like defined above in (1.4.15) and (1.4.16):

Wo = 7(7;011,7;1@, vy Tu0) =2 (wo, Wi, .y ws), v E UZ); (1.5.10)
\/E s
V(Wo, W, ..y Ws) = 7;7;”% (1.5.11)

This is called discrete framelet transform (DFrT). It can be regarded as increasing the
number of high-pass filters in a wavelet filter bank. The diagram in Fig 5 (adapted
from [6]) shows the procedure.

The perfect reconstruction(PR) property is desirable for the DFrT, too. We say
the filter bank ({ug, ..., us},
{1, ..., Us}) has the PR property if for all signals v € {(Z),

1 S
v=VWo = ;Sulﬁlv. (1.5.12)
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The PR condition can be equivalently expressed in the matrix form

W o - he ][ a0 ke . R |,
AE+m) bi(E+m) .. byE+m) | | aE+T) bi(E+T) ... by(E+T)

(1.5.13)

Note that a dual framelet filter bank with s = 1 is a biorthogonal wavelet filter
bank, and a tight framelet filter bank with s = 1 is an orthogonal wavelet filter bank.
If s > 1, the framelet is actually redundant for representing a signal: the length of
each subsignal is half of the original one due to the dyadic downsampling, but we have
s+ 1 > 2 subsignals, whose sum exceeds the size of the input. This redundancy makes
DFrT not appropriate for data compression, however, it provides possibility to obtain
more features by designing different high-pass filters.

For the 2-D case (image processing), we still use the trick of tensor product. More
details about the properties of the filter bank’s tensor product are given in Chapter 3.
Provided that the refinable functions of the high-pass filters are concentrated on a
single side, we can get a directional refinable function in 2-D by tensor product. We
deal with the tight framelet filter banks with 2 generators, that is, 2 high-pass filters.
Inheriting the notations as in (1.4.26) to (1.4.29), we denote the tensor products of
filters as L-L, L-H1, I.-H2, H1-L, H1-H1, H1-H2, H2-L., H2-H1, H2-H2. Provided that
the 1-D filter has an asymmetric refinable function, the tensor products will obtain
orientations. It can be shown that tight framelet filter banks with all real coefficients
are always symmetric (i.e., 2-sided) in the frequency domain. So we are interested in
complex-valued filter banks. By the tensor product of complex values, the 2-D filter
bank can have orientations in both time and frequency domain when we take the real
or imaginary part. In 2-D the real and imaginary parts of L-H1, L-H2, H1-L., H1-H1,
H1-H2, H2-L, H2-H1, H2-H2 will have 4 directions in total: horizontal, vertical, +45°,
—45°.
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1.5.3 Vanishing Moments and Sum Rules of Filters

Besides the PR condition, vanishing moment or sum rule of a filter is also desirable
property. They are relevant to the sparse representation of a signal after DFr'T. Nat-
urally, when a smooth signal is input, we want most of the framelet coefficients to
be zero so that we can use only a few coefficients to represent the signal. It actually
requires the smoothness of the filter in the frequency domain. Any analytic functions
can be approximated by polynomials (Taylor expansion) so we use polynomials as a
model for smooth signals. But polynomials are defined in the continuous setting. How
can a discrete signal be described as a polynomial? Notice that sampling a polynomial
p on integers will give us a sequence {py = p(k)}rez, conversely, given such a sequence,
a polynomial p is uniquely determined. So we use the sequence, which is just sampling
the polynomial on integers, to represent the smooth polynomial signal.

Denote the set of all polynomial sequences with highest degree no greater than p as
I1,, and the set of all polynomials sequences as II . A filter u (or its Fourier transform
1) is said to have m vanishing moments if %(&) = (1 —e~%)™Q(¢) for some 2m-periodic
trigonometric polynomial Q(§). We denote the vanishing moment of a filter u as vm(u).
Obviously this is a property for high-pass filters as u(0) = 0. For low-pass filters we
have a corresponding concept, sum rule, which is defined as (&) = (1 +e~%)mQ(&) for
some 27 —periodic trigonometric polynomial Q(£). The sum rule of a filter u is denoted
as sr(u).

With these two properties, a framelet filter bank has a sparse representation for
smooth input signals, thus makes the processing for smooth signals quite convenient
and fast. Moreover, this gives information of the smoothness of input in coefficients.
Back to our ultimate aim, the singularities can be approximated by only high order
polynomials thus made the coefficients large at the corresponding area. This is very
important for directional image processing.

DEFrT is a filter bank-based method. It is easy and economic to implement, with

compactly supported filters the time complexity to perform a 1-level DFrT is O(N).
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When it has certain vanishing moments and sum rules, coefficients reflect the existence
of singularities with large framelet coefficients. Besides the 4 directions given above,
it is also flexible to extend, just by increasing the number of high-pass filters, we can
theoretically obtain more combinations of tensor products and of course provide more

directions. All of these are the reasons that we choose this approach.

1.6 Motivation

To capture directional singularities, we need a filter bank which is directional in the
time domain. Complex-valued 2-D filter banks with 4 directions obtained by tensor
product have been initially introduced in [7]. However the construction is done in
the frequency domain, and the tight framelet filter banks obtained there have infinite
supports. To minimized the computational cost, we want the transform associated
with this filter bank to be easy to perform. Usually, this means a compactly supported
filter bank. Therefore, the major task of this thesis is to construct finitely supported
complex tight framelet filter banks with 4 directions in 2-D.

An image with a directional singularity in the time domain has a similar directional
singularity in the frequency domain, just with an angle of 7/2. Fig 2 shows the relation
between the directional singularities. So we base our construction on a frequency
separation. We want to find 1-D filters that concentrate on one side. Then the tensor
product is concentrated in one certain quadrant in the frequency domain, so when we
go back to the time domain, they have diagonal directions. The low-pass nature of
the mask makes it peak at the origin in the frequency domain, and thus it is difficult
to have a frequency separation. So we turn to working on the high-pass filters. To
be more specific, we are given a symmetric low-pass filter, how can we construct 2
high-pass filters so that they form a tight framelet filter bank, and the tensor products
of these 2 high-pass filters have directions in 2-D.

In Chapter 2, we give a quite trivial proof to show that, a filter bank with real
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coefficients is always symmetric. There is no possibility of having any directionality
in 2-D using the tensor product. So the problem is therefore about complex-valued
framelet filter banks.

We are focused to study compactly supported tight framelet filter banks with 2
generators, i.e., 2 high-pass filters with compact support in the time domain. This
makes us benefit from a series of existing theoretical results of construction. On taking
the tensor product, we can obtain 4 directions in total. These four directions are much
more natural than the directions given by Dual-Tree CWT. And the work flow follows
the tree-structure of framelet transforms. With the compact support of the filters in
the time domain, we can get rid of heavy computational burden.

We shall first theoretically solve this problem in Chapter 2, where a necessary
and sufficient condition for the existence of such tight framelet filter banks is given.
Since the nonuniqueness of these filter banks, we derive its optimization explicitly.
In Chapter 3, we talk about the relation between the wavelet function and discrete
systems in 2-D, as it is the foundation for the search of an optimized filter bank.
Chapter 4 follows with the specific algorithm and several interesting examples with

clear directionality. At last, concluding remarks will be given in Chapter 5.
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Chapter 2

Existence and Optimization of

Directional Framelet Filter Banks

2.1 Background

As mentioned in Chapter 1, to obtain directions in the time domain, we focus on a
related aspect, the orientations in the frequency domain. We wish to construct such a
2-D filter bank: it is a tensor product of a 1-D filter bank {a; by, by} with itself, and has
more directional features other than the vertical and horizontal ones. This requires
the 1-D filter bank {a;b;,by} to be asymmetric, or with concentration (unbalance)
in frequency domain. In terms of the 27-periodic function /51(5), we are aiming to
make the energy on one side [ bi(& )|[2d€ or fir D16 )|2d¢ maximized (or equivalently,
minimized).

Considering the magnitude of the Fourier transform, it can be easily shown that a
filter v with real coefficients will always have a 2-sided spectrum, or to be symmetric

in the frequency domain. That is, |u()| = |u(—¢)| for any & € R:

@) = 1) ulk)e™ =Y ulk)e| (2.1.1)

= D uB)e™] =1 ulk)e™| (2.1.2)
= [u(=9)I. (2.1.3)

This filter is extended to 2 dimensions by tensor product. But due to its symmetry, it

cannot have any orientations other than the horizontal and vertical ones. Hence we need
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1.2

The ideal high—pass filter

0.8 1

0.6 1

0.2 1

magnitude of the high—pass filter in the frequency domain

-3 -2 -1 0 1 2 3
phase parameter §

Figure 6: An ideal high-pass filter in the frequency domain (magnitude).

complex-valued coefficients, leading to asymmetry in the frequency domain. Actually,
we want a frequency separation. The better the frequency domain is separated, the
better directionality we can possibly get in 2-D. An ideal high-pass filter which is
supported entirely on [—, 7| is shown in Fig 6.

When the low-pass filter a has symmetry in the frequency domain, we naturally
want to make the magnitude of the 2 high-pass filters in frequency domain mutually
symmetric, say, [by(¢)] = [by(—€)|,€ € [—m,7]. That is why we can benefit from the
results known for construction of symmetric framelet filter banks.

The construction of directional tight framelet filter banks is based on the asymmetry
of the high-pass filters. To put it ideally and simply, we consider the situation of a
high-pass filter b with spectrum b completely supported on one side, [0, 7], (as in Fig 6).
The tensor product b®b will then have a spectrum b®b supported inside [0, 7] x [0, 7],
which is the first quadrant (as in Fig 2.1). Then since a real function always has
a spectrum symmetric about the origin, the real part of the wavelet function in the
frequency domain is supported within the first and third quadrant, making an angle

of 45°. By the property of the Fourier transform, in the time domain we will get a
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Figure 7: Tensor product of the ideal high-pass filter with itself in frequency domain
(magnitude)

Figure 8: Tensor product of the ideal high-pass filter with itself in frequency domain
(real part)
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direction along the angle of —45°.

In this chapter, we shall first introduce some definitions and notations for the sake
of convenience for theoretical study. Then a necessary and sufficient condition is given
for the existence of a mutually symmetric tight framelet filter bank with 2 generators.
This theory guarantees an infinite number of such filter banks, so we shall also talk

about the optimization of these filters in the last section.

2.1.1 Laurent Polynomials and Matrix Splitting

Let us begin with several important notations about Laurent polynomials, which are
significant in our theoretical study. It is actually the so-called Z-transform of the
filter, and can be regarded as a generalization of the Fourier transform. The Laurent
polynomial notations can be used towards any description of the Fourier transform,
and giving convenient definition of the symmetry of filters. More importantly, we then
transfer the construction problem of filter bank into a matrix splitting problem, making
us benefit from known results such as Fejér-Riesz lemma.

For a filter u € [(Z), its corresponding Laurent polynomial is defined as a function,

indeed, a polynomial from C\{0} to C:

u(z) = Zu(k)zk (2.1.4)

kEZ

And the complex conjugate polynomial follows right away:

u(z) =Y u(—k)F = u(—k)zF =uEzT). (2.1.5)

keZ keZ

From this definition we can directly see that

u€) = u(e™), (2.1.6)
uE+7m) = u(—e™), (2.1.7)
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so that the perfect reconstruction property of tight framelet filter banks can be written

as

*

Up(2z) ... 0s(2) up(z) ... us(2) _ L, zec\o). (2.18)
Uo(—2) ... Us(—2) up(—2) ... us(—=2

A filter with m sum rules has a Laurent polynomial u(z) satisifying
u(z) = (1 + 2)™up(2) (2.1.9)

for some Laurent polynomial ug; a filter with m vanishing moments has a Laurent
polynomial u(z) with

u(z) = (1 —2)"uy(2) (2.1.10)

for some Laurent polynomial u;.
Now for a specific tight framelet filter bank {a; by, b} with 1 low-pass filter and 2
high-pass filters, the PR condition is

*

b b b b
a(z) 1(2) 2(2) a(z) 1(2) 2(2) —I,, - € C\{0}.
a(—z) bi(—=2) by(—2) a(—z) bi(=2) by(—2)
(2.1.11)
If we are given the low-pass filter a, the condition in (2.1.11) can be equivalently
written as N
b b b b
1z ba(z) 12 bala) | M, (2) (2.1.12)
bi(=2) ba(—2) bi(=z) ba(—2)
where M, is

M, (2) = -al@a%(z) a(zat(=2) | (2.1.13)
a(—z)a*(z) a(—z)a*(—=2)

The form of (2.1.12) is almost what we desire, but b;(—z) (I = 1,2) is completely

determined by b;(z). The relation between the entries of the same matrix makes the
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splitting difficult. It gets much simpler if we assume the entries within the matrix are

independent. A convenient way to get rid of the negative sign is through the coset

sequence.

For any integer v we define the coset polynomial ul” of a polynomial u as

ubl = Z u(y + 2k) 25,
keZ

then we have u(z) = ul(22) + zull(22), and more specific,

u(z) ] 1 =z ulol(22)
1 —z ulll(2?)

1

2

Then the identity in (2.1.12) can be further written as

*

bl (2) by (2)
bl''(2) by(z)

bl (2) by (2)
bl''(2) by(2)

where the right hand size

1 5[012
No=in- (2)

is uniquely determined by a.

Denoting

(2.1.14)

(2.1.15)

(2.1.16)

(2.1.17)

(2.1.18)

(2.1.19)

if we are given such a matrix of polynomials, then the filter b; and by are completely

determined. Because a filter u is uniquely determined if and only if its cosets bl% and
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bl are given, and the matrix U(z) contains all information about the coset sequences.
This matrix is called the polyphase matrix. Therefore, with a low-pass filter a, the
construction of a tight framelet filter bank is transferred into a matrix splitting problem.

That is, finding a polyphase matrix U such that UU* = N,.

2.1.2 Symmetry of Filters

Since we are aiming to find high-pass filters mutually symmetric in the frequency
domain, we naturally think of the symmetry in the time domain. As mentioned above,
Laurent polynomials provide a convenient definition for the symmetry of filters.
We say that a filter u has (real) symmetry if its corresponding Laurent polynomial
u(z) satisfies
u(z)

Su(z) == D) =€z Vz € C\{0} with e € {—1,1},c € Z, (2.1.20)

and complex symmetry if

Su(z) .= ——+ = e Vz € C\{0} with e € {~1,1},c € Z, (2.1.21)

and we call e2¢ the (complex) symmetry type of the Laurent polynomial, or simply of
the filter. S or S is called the symmetry operator.

From (2.1.16), given the symmetry type of a filter u as Su = €z the symmetry type
of its coset sequences is automatically determined:

(1) If ¢ is even,
ul(2) = e2¢2ul0l(z71), ul(z) = e2¢/2tulll (271, (2.1.22)
(2) If ¢ is odd,

ull(2) = ez~ V2400271, (2.1.23)
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Within a tight framelet filter bank, the symmetry types, in particular, the symmetry

center obey certain rules [6].

Lemma 2.1.1. Let {a; by, by} be a tight framelet filter bank with each filter not identi-

cally zero and having symmetry:

Sa(z) = €z° Sby(z) = €127, Sby(z) = €2, (2.1.24)

for e, er,e5 € {1,—1} and ¢,c1,c0 € Z. Then

¢ —c¢, cg—cé€?27. (2.1.25)

Proof. As part of the PR condition, we have

a(z)a*(—z) + by(2)bj(—2) + ba(2)b5(—2) = 0. (2.1.26)

Consider the symmetry types:

Sa(z)a*(—z) = Sa(z)Sa*(—z) = 2°(—1)%%"¢ = (—1)% (2.1.27)
Sby(2)bj(—2) = (—1)= (2.1.28)
Sby(2)b5(—2) = (1) (2.1.29)

we have c and c¢q, co are all integers so the symmetry types can only be 1 or —1, so 2
of the three must be the same. If another one is not identical to them, then the sum
cannot be zero. So

(=)= (=1 = (-1)*, (2.1.30)

which implies

c—c €27, c¢—cy € 27. (2.1.31)
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2.2 Construction of Tight Framelet Filter Banks
with Mutual Symmetry Between High-pass Fil-
ters

Due to the desire of the interesting features of framelet filter banks with symmetry,
B. Han and Q. Mo proposed in [8] a necessary and sufficient condition for the existence
of such framelet filter banks with 2 generators. Further description of the construction
of tight framelet filter banks with or without symmetry in [6].

Based on the construction of symmetric filter banks, we use a simple but smart
transform to transform the symmetric ones into mutually symmetric. Of course, not
all symmetric filter banks can be transformed into such mutually symmetric ones. The

lemma below specifies the transform.

Lemma 2.2.1. For a low-pass filter a, there exists a tight framelet filter bank {a; by, by}
for some by,by € lo(Z) with mutual symmetry, namely, the corresponding Laurent
polynomials satisfying by(2) = 2*b1(271) for some integer k if and only if there exists a
tight framelet filter bank {a; le, bNg} such that le, bNg both have symmetry, with symmetry

type respectively €120 and €32, satisfying

€16 = —1; ¢ — ¢y € 47. (2.2.1)

Proof. =: Define l:l = %(bl + by) and 1;2 = %(bl — by). In terms of Laurent polyno-

mials, the transform can be written as

1 1 by (2)

. (2.2.2)
ba(z) | V2|1 —1 || ba2) -



Therefore we have

Pl(Z) 132(2) _ bi(z)  ba(z) 1 1 1 (2.23)
and
) B(x) | [ B B |
bi(—z) ba(—2) by(—z) ba(—2)
_ bi(2)  ba(z) 5 7 bi(z)  ba(2) (2.2.4)
_ biz)  bal2) b be(a) ) Ma(2). (2.2.5)
bl(—Z) bg(—Z) bl(—Z) bg(—Z)
So that {a; by, by} is still a tight framelet filter bank and we can calculate
c_er - 61(2) . b1(2)+b2(2) . bl(Z)“—Zkbl(Z_l) k
@t =Shi(z) = = o) bz )4 ba(z 1) bi(z )z Fbi(z) (22.6)
€22 — Sby(2) — bo(2) _ bi(z) =ba(z) _ bi(z) —FFbi(z7") 2 (2.27)

T obe(21) bi(z ) —ba(zY)  bi(z7h) — 2 kb (2)
hence ¢ = —1=—e and ¢y —co =k — k=0 € 4Z.

<: Similarly if we have by and by with symmetry type respectively €;2{ and €325,
satisfying

€1 = —€9; C1 — Cy € 47,

first we shift by(z) by 2k and get B; — 22%b, for some integer k to make b; and b, have
the same symmetry center. Then {a; by, b,} remains as a tight framelet filter bank.
Then we define by = %(31 —1—5’2) and by = %(31 — 1), and it’s easy to see that
{a; b1, by} satisfies
by(2) = 2%by (2 71).
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Now the construction of a tight framelet filter bank {a;b;, by} with by, by having
mutual symmetry can be done by constructing a tight framelet filter bank {a; by, by}
with symmetry. In particular, we need the symmetry type of two high-pass filters
having different signs and their symmetry center difference can be divided by 4. And
we can thereon derive the main theorem for the existence. For the sake of convenience
we define the odd indicator function

1, when k is odd;

odd(k) := (2.2.8)
0, otherwise;

for any integer k.

Theorem 2.2.2. Let a € ly(Z) be a filter with real coefficients and have real sym-

metry such that Sa = ez°.

Let ny be a nonnegative integer satisfying 0 < ny <
min(sr(a), svm(—a(z)a*(z)). Then there ewists a tight framelet filter bank {a;by, b}
)

for some by, by € lg(Z) such that the corresponding Laurent polynomials satisfy

by(2) = 2b1(1/2) (2.2.9)

if and only if
(i) Najn, (2) >0 for any z € T :={£ : [£] = 1}, where Ny, is defined as

N (o) 1 Al () + BO(2) z(All(z) + Bl(2)) (2.2.10)
alny 9 A[”(z) _ Bm(z) A[O](z) - B[O](Z) -

with

O(z2) — O(z%)a(z)a*(2)
(PO

A(z) ==
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(i) there exists a Laurent polynomial d(z) with symmetry type €;2° such that

d(z)d*(2) = det(Noyjn, (2)), (2.2.12)

and
€q = (—1)cddletno)+l, (2.2.13)
odd(cg) =1 —odd(c + ny). (2.2.14)

Proof. = If there exist by, by satisfying (2.2.9), with vanishing moment ny, i.e., we can

write them as

bi(z) = (1 — 2 1)™by(2), (2.2.15)
ba(2) = (1 — 27 1)™by(2) (2.2.16)

for some Laurent polynomials Bg and loal. By Lemma 2.2.1, there exist 51 and 52 with
€12 = Sby(2) = 2", (2.2.17)

€222 = Shy(2) = — 2" (2.2.18)

such that {a;by, by} is a tight framelet filterbank. By Lemma 2.1.1, the symmetry
centers satisfy ¢ — k € 2Z. The transform keeps the polynomial factors, so by, by have

also vanishing moments at least n;, hence can be written as

bi(z) = (1 — z*l)"bﬁl, (2.2.19)

by(z) = (1 — z*l)"bﬁg. (2.2.20)

Then we have
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Ség(z) = 2k,

Define ) )
b[lo] b[20}
U=z 2y |
by’ by
then U satisfies UU* = N, .
Then define
Nan if ¢ 4+ ny is even;
N = e ’ (2.2.21)
PkaNa|an]:a if ¢+ ny is Odd,
where
1 1 Zka
P=— , (2.2.22)

V2 1 —zka

with k,=0. It is easy to see that det(N(2)) = det(Nyjn, (2)) = d(2)d*(2).
1) When ¢ + ny, is even, by Lemma 2.1.1, UU* = N, k —ny = k —c+ (¢ — np) is
also even. Then by (2.1.22),

k—mnp

Slga[lo}(z) =z 2 ,

k—mny

SE[;}(Z) =—z 2z L

Hence
Sd(z) = SbI(2)Sb(2) = —oA—ml = (_1)odd(etmt) etnat2i+ (2.2.23)

for some integer j.
2) When ¢+ ny is odd, set
L{/ = Pkau,

then
UU™ =N, and det(U) = det(U'),

and we can verify that all entries in U4’ has symmetry. In particular,
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k+nb71

SULL (2) = (1) 23 SUy(2) = —(—1)™+1 2" #= | therefore

Sd(z) = S(2)(det(N(2))) = SUj, (2)SUpy (2) = 2471 = (—1)edd(ermtl) Aitetntt
(2.2.24)
for some integer j.
<: We just claim that if d(z) satisfies the condition we stated above, then the filter
bank obtained through the algorithm in Chapter 4 (also see [6]) is just the type in
Lemma 2.2.1. That is, denoting the symmetry types as Sby(z) = €;2° and Sby(z) =
€22, then €169 = —1, ¢; — ¢y € 47.

Let AV be defined as in (2.2.21). By the algorithm, we can construct

[0 [ o e
1 2 q(z) U U
S el | T U= o o )
b, b, 1 Uzt U
where q is such that qq* = ged(N;;).
1) When ¢ + n, is even, we have Sd(z) = —22**! for some integer k.

The symmetry types of each entry in N' = N, are SNi1(2) = SNx(z) = 1, SNy (2) =
-1
2z L

by, by are defined as

bi(2) = (1 — 2 1)™b(2), i=1,2, (2.2.25)

therefore Sbl(z) = (S_bigi)b = (—1)"™¢;z% ™. Since ¢+ ny is even, ¢; — ny(i = 1, 2) is also

even. By (2.1.23),
o [0] c;—ny

Sb, " = (—1)"¢z"2

Sb1 Slo)l SB[lo} o SZ/{H o SqSZ/O[H i SZ/O{H

S—bZ B SBQ B SB[QO} B Su22 B SQSZ/O{lQ B 55{12‘
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In the algorithm we have the symmetry types
SUi(2) = eeyy 2", (2.2.26)

SZ/Oln(Z) = e€2",

hence .
Sull(z) — 6./\0/’21 ZCOdd
SZ/O[lQ(Z) é .
While
D e Sd(z) —2%*!
€z¢=S5d(z) = = , 2.2.27
= 5e) ~ Sal) (2220)
cy ° SNQl (Z) 21
o SN — = = 2.2.2
2 = S =T sqtey (2229
(2.2.29)
so we get
e/%l/é =—1, (2.2.30)
Codd = 0dd(2j + 1414 2¢,) =0, (2.2.31)

where ¢, is the symmetry center of q. Finally we have

Sb,
— = —1.
Sbs

2) When ¢ + ny, is odd, we have Sd(z) = 2?* for some integer k. The matrix is

defined as N' = Py, Nap, P -
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(1=
V2
(1=

V2

bi(z) := (14 272y (22) 4+ (1 — 22 2F) Uy (7)), (2.2.32)

by(2) 1= (14 272Uy (22) 4 (1 — 212 ) Uoe (22)). (2.2.33)

So we can calculate

Sb1(2) _ 5(1 + 21*2ka) SU11(22) _ _ SUH(ZZ) B Su11(22)
Sba(2)  S(1— 21-2ke) Slp(22) (1) U ()~ (D) (2.2.34)

Denoting SUy1(2) = €112, Sty (2) = €922, we have Sd(z) = 119021722 = 22% for
some integer k.

Then
Sbl(Z) . SU11(22> . 61122011 Z4k

—_ — - _ 2(ci1te22) —
SbQ(Z) SUQ2(22> 62222622 116222

for some integer k.

To conclude, both cases will construct a tight framelet filterbank with

Sbl(z) 4k

Sbg(Z) ’

and by Lemma 2.2.1, this is equivalent to a tight framelet filterbank with 2 mutually
symmetric high-pass filters. O

2.3 Directional Tight Framelet Filter Bank

We now go back to the Lemma 2.2.1. It can be further generalized. Actually, in the

transform

bi(z) b1(2)

(2.3.1)
ba(2) by (2)
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any 2 X 2 unitary matrix A with make the image {31,52} form a tight framelet filter
bank with the original mask a .

In general, a series of complex unitary matrices are in the form of
A=— 4 (2.3.2)

up to a scaling factor €™, where 6, u are both real parameters. But this factor does not
influence the magnitude in the frequency domain. Therefore, we can get the optimized
fiter bank by optimizing on the parameter 6§ € [—, 7].

There are several different strategies to evaluate the directionality. One is to mea-
sure the energy concentration in the frequency domain, to be more specific, we measure

the high-pass filters b; and b, using
E; = / 1b:(€)[2dg, i=1,2. (2.3.3)
0

When £ is large, we conclude that the filter by is concentrated on [0, 7] thus makes
a good separation in the frequency domain. Actually, in this sense, we can prove that
when the parameter ¢ in the unitary matrix A is equal to =7, E; can reach its extreme

values (maximum or minimum).
Proof. Denoting the original real-valued filter as b, and lo)g, then the new filters are

1

b by + b Ly by = by — eby).
1 \/5(1 2), b (b1 2)

b
V2

The energy can be therefore calculated:

Bi = [ BiOh()ds = [ (O + b)) + bl

~

- /owui (O + [b2(E)[2 + by (€)5a(€) + 9Dy (€)bal(€)) e
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% — e / (b (€)ba(€))dE — i / (Ba()b1 () de.

0 0

Since the original 1091 and 82 are both real-valued filters, so

Zb k)e—iké = Zb )tk = by (=€), i=1,2. (2.3.4)

Their symmetry types are respectively €2 and €2 with €, = —ey, ¢ = ¢3 so we
have

bi(—€) = €€ hi(€), i =1,2. (2.3.5)
Hence

J, b

£)de = / (2.3.6)

S R ACTAGTE / 22y (sﬁ»z(s)df (23.7)
0 . 0
- - / b (€)1 (€) e, (2.3.8)
and then
oF . . T3 B
O = (1" 4 i) /0 b1 (E)b (). (2.3.9)
It equals 0 when 6 = £+7/2. O

But only considering the concentration in the frequency domain is not the best

approximation in the time domain. In contrast, maximizing

/ 1b;(€)a(£/2)2dE, i = 1,2 (2.3.10)

may be a better choice, since it is more close to the wavelet function ¢’ in the time

domain whose Fourier transform satisfies

=b;(t/2) [J a2 ")
=1

J
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And this will be our topic in the next chapter, the wavelet functions and the discrete

affine system (DAS). Through tensor product we shall talk about the 2-D DAS.
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Chapter 3

Wavelet Functions and 2-D

Discrete Affine Systems

Following the topic that we proposed in Chapter 2, when optimizing the filter bank,
we need to evaluate and visualize its directionality in a more direct way besides the
directions in the frequency domain. In image processing practice, after the 1-level
Discrete Framelet Transform, we usually continue the decomposition to the low-pass
sub-band and the transform is performed over and over again on a signal. The signal
is then decomposed into numerous bands for processing. The directions actually lie in
these sub-bands. Nonetheless, we have not investigated the behavior of the multi-level
DFrT, nor do we know the information contained in each sub-band. It is actually an
asymptotic process, closely related to the wavelet function in continuous setting. More
importantly, for an input image, the first 1 or 2 level DFr'T actually can hardly catch
the directional features. The evaluation of good directionality of a filter bank therefore
locates at the higher levels. In this chapter, we shall investigate the relation between a
framelet filter bank and its corresponding wavelet functions. To achieve this, we start
from the continuous wavelets again, and use the concept of discrete affine systems to

explain.

3.1 Discrete Affine System in 1-D

In DFr'T, the signal is decomposed through a filter bank and a downsampling process.

In the usual dyadic decomposition, each sub-band contains half information of the
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input. If we continue the decomposition (usually just for the low-pass band), the
subsequence we get is much related to the Discrete Affine System (DAS). In this section
we first investigate the DAS in 1-dimension, then generalize it to the 2-D setting in the
next section. The key is that, after multi-level DFr'T, the sequence in each sub-band
can be actually obtained by a single transition operator. So that we can just use more

filters to illustrate the information contained in each band.

3.1.1 Multilevel Discrete Framelet Transform

We have introduced in Chapter 1 the 1-level discrete framelet transform with respect

to a dual framelet filter bank ({a; by, ..., b}, {a; by, ..., bs}):
Wo = (wo, w1, ..., Ws) = 5 U, T 0), (3.1.1)

Su,wi- (3.1.2)

=0

V(wo, Wiy ooy wWg) =

SRS

~

If we go further to decompose wy, we can get the multi-level framelet decomposition.
For example, the 2-level DFrT is illustrated in Fig 9 (adapted form [6]). Using the
same dual framelet filter bank ({@; by, ..., bs}, {a; by, ..., bs}), a J-level discrete framelet
decomposition is defined as

2
Vj—1 = g%’l)j, (313)

2
Wit 1= g%lvj, l=1,...s55=1J,..., 1. (3.1.4)

The corresponding J-level discrete framelet reconstruction is given by

V; V2

j = TSan_l + 7 ZSBZQ{ ] = ]_, ceey J (315)
=1
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Figure 9: Diagram for 2-level DFr'T

For convenience, we write the J-level analysis operator and J-level synthesis oper-
ator as

WJ/Uj = (wal;la ey W18y +os WOsL5 -0y WO;ss /UO)7 (316)

VJ(wal;la ey Wi—1;s -0y W0i15 -0y WO, ’Uo) = Uy. (317)

To study the behavior of multi-level DFrT, let us first take a look at 2-level DFrT.
For a signal v € [(Z), the subdivision operator associated with the a filter v will map
it to

v = [Su](n) =2 Z v(k)u(n — 2k) = 2u* (v 12), (3.1.8)
k

which is just another sequence in [(Z), and in frequency domain it satisfies

v = S,(€) = 2a(€)v(26). (3.1.9)
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If the subdivision is done twice, the signal is mapped to
V" = 8,[Suvo] (3.1.10)

which is

v = AT(€)(26)D(4€) (3.1.11)

in frequency domain. From (3.1.11), if we define another filter u; := u* (u 1 2) so that

w1(&) = u(§)u(2€), in the frequency and time domain we can alternatively write

V(€)= 441 (€)(4E), (3.1.12)

v"(n) = 4up * (v 1 4). (3.1.13)

This motivates us to generalize the dyadic subdivision operator to a more general one

Sua: UZ) = UZ):
[Suav)(n) = |d] > v(k)u(n — dk) = |djux (v 1 d), d€ L (3.1.14)

Correspondingly the transition operator is defined as
(Toavl(n) :==|d| Y v(k)u(k —dn) = |d|(u* *v) | d. (3.1.15)
k
From this definition we can write
V" = Sy, 40 = Sus(ut2) 40, (3.1.16)

so that the iterative subdivision or transition operations will still be subdivision or
transition, but generalized ones. In particular, a 2-level dyadic DFr'T with respect to

tight framelet filter bank {a; by, ..., bs} is
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Analysis operator:

WQUQ = ((,4)1,1, ey (,4)1,5, (,4)0,1, ceuy w075, Uo) (3117)

where

V2

wy = - b.202, forl=1,..,s; (3.1.18)
2
2
woy = (g) Tos(ar2) a2, forl=1,..,s; (3.1.19)
2
V2
vy = (7 Tax(a12),4V2; (3.1.20)

Synthesis operator:

VQ(Wl 1y ey W1 s, Wo,15 .-, W0 SaUO)

- 9 Z‘Sbl 211+ 5 Zsbz*(am 4Wo, + Sax(at2),av0) (3.1.21)

= _Z Zwll (- —2k)) (3.1.22)

+5 Z4ZW0l *(a12))(- — 4k))
+2Zv0 (ax(at2)(-—4k).

The sequences w;,; are generally called high-pass sub-bands, and v is the low-pass
sub-band. If the filter bank we employ satisfies PR condition, then the reconstructed
Vo(wi1s, ooy Wis,Wo 1, ..., Woss Vo) 18 exactly the original input, and we can express the
input as linear combinations of (a* (a 1 2))(- — 4k), (byx (a 1 2))(- — 4k) and b (- — 2k),

which inspires us to define an affine system as (1.5.1), but in a discrete setting.
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3.1.2 Discrete Affine System

From (3.1.19) and (3.1.20) we can see that after J-level framelet decomposition, the

sequence in each high-pass subband is just the transition operator

J—j
V2 .
(7 %l*(aTQ)*...*(aTZJ'),QJ—ja aO <J <J (3123)

acting on the input v;. So they are closely related to the filters a* (a 1 2)*...x (b, T 27)
and a* (a1 2)*...% (a1 2).

Now we define new filters

aji=ax*(at2)x...x (a2 (3.1.24)
agjx = 272a;(- — 27k); (3.1.25)
b g o= 272 a; * (b 1+ 2771 (- — 27K). (3.1.26)

Then the framelet coefficients in any band are just linear combinations of the sequence
after transitions 7;[]_;,6],2]- and 721_’[]_;,6],2]- . It is also easy to see that, different indices j
represent different scales of the input signal. The DFr'T gives a multi-scale structure
of a signal. Given a tight framelet filter banks {a; by, ..., bs}, we define the J-level DAS

as follows:

DASJ({CL7 bl, ey bs}) = {a/[J;k], k e Z} U {bL[J,j;k] = 1,...,8,7=0,..., J, ke Z}
(3.1.27)
If {a;by,...,bo} is a tight framelet filter bank, then this system gives any signal
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v € l3(Z) a nonhomogeneous representation

J s

v = Z(U, CL[J;]CDCL[J;k] + Z Z Z(U, bl,[j;k}>bl,[j;k} (3.1.28)

keZ j=1 =1 k€Z

= Z (v,uyu, J e N. (3.1.29)
u€DAS j({a;b1,...,bs})

Similar to the affine systems in continuous setting, the DAS gives a multi-resolution
representation of elements in [5(Z). Actually the filter bank {a;by,...,bs} is a tight
framelet filter bank if and only if the DAS;({a; b1, ..., bs}) is a tight frame of I5(Z) for
any J, and a wavelet filter bank {a;b} is orthogonal if and only if DAS;{a;b} is an
orthonormal basis of 5(7Z).

Now it is obvious to see that, for a J-level DFr'T, the sequence in each sub band
is determined by the generators in DAS;. By investigating the properties of these
generators we can derive the features contained in the framelet coefficients, and hence
infer the feature of the input signal. The stability, or asymptotic behavior of multi-level
DEFrT relies on the asymptotic behavior of a.

We now show a simple example of the generators of a DAS. Namely, they are filters

defined in (3.1.25) and (3.1.26).

Example 3.1.1. Let {a;b} be a wavelet filter bank obtained by Daubechies [5]:

1
a:§{1+\/§,3+\/§,3—\/§,1—\/§}[ ;
1,2

b:%{1—¢§,¢§—3,3+\/§,1+\/§}

12

The generators for the first 3 levels are shown in Fig 10.
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Figure 10: Stem plot of the generators in Example 3.1.1 for the first 3 levels
3.2 Wavelet Functions

We introduced the wavelet and scaling functions in Chapter 1. They are refinement
functions corresponding to the high-pass and low-pass filters respectively. From the
refinable equation, we establish the relation between a filter (or, a sequence in l5(Z))
and the continuous wavelet or scaling functions. If we know the refinable function
explicitly, it is easy to find out the sequence. In this section, we shall investigate their
relations in a reversed direction: we show that under a stability condition, the refinable
function is actually determined by the sequence uniquely, and can be approximated by

a sequence obtained by iterative convolutions.

3.2.1 Frequency Domain Analysis

The refinable equation

o) =2 a(k)p(2t — k) (3.2.1)

kEZ
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can be equivalently written in the frequency domain as

$(26) = > a(k)e ™€), (3.2.2)
keZ
which is just
6(26) = a(§)o(&). (3.2.3)

Based on this relation, we are inspired to define a formal function

¢) = [Ja@79). (3.2.4)

Jj=1

©%(&) can be easily checked to satisfy
=[Jae "¢ H& “Ie) =a(&) () (3.2.5)
j=1

if it is well-defined. It is then called a frequency-based refinable function.
It is well known that, if {a; by, bo} is a tight framelet filter bank, then [a(£)[*+[a(é +
m)[? <1 for all £ € R. If a satisfies @(0) = 1 and

HWJUH Z)1x(sT+1)) < CHUHZ Yu € lQ(Z), = N, (326)

then it is shown in [6] that ¢® is then a well-defined Ly function. We define

o'(t) = F gt = 5 [ o), (327

where F'~1 is the inverse Fourier transform which is a 1-1, onto mapping in Lo(R).

Then ¢*(t) also belongs to Lo(R) and satisfies the refinement equation in (3.2.1).
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3.2.2 Time Domain Approximation

The formal function defined in (3.2.4), even though well-defined, is not easy to compute
in practice. However, noticing that for a low-pass filter a, its Fourier transform always
satisfies @(0) = 1 and as long as it sufficiently smooth at the origin, for sufficiently

large J, 277 is sufficiently small, we have

a2 ~ 1, (3.2.8)

and hence

279¢) =ay(277¢). (3.2.9)

::]g

7j=1
This approximation in frequency domain can be transferred into the time domain

by Fourier inverse transform:

6°(2~7k) = % /R S ()2 dE % /R T2 g — 270, (k) (3.2.10)

for any integer k.
So the values of ¢® on a fine grid 277/Z can be approximated by the dilation of the
filter ay. For practical use, we only need to address the features in a; for large J to

roughly investigate the properties of ¢® in the time domain.

3.3 Discrete Affine System in 2-D

Now that we have defined the DAS in 1-D, the 2-D DAS just consists of the tensor
products. We shall first define the tensor product in the continuous framelet setting,
then give the DAS in 2-D.

As mentioned above, the framelet filter bank {a;b;,bs} is corresponding to the
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scaling and framelet functions {¢; ', 1?} which satisfies

o(t) = 2 a(k)p(2t — k (3.3.1)
keZ

YUt = 2) bi(k)e(2t —k (3.3.2)

Pt = 2) ba(k)o(2t —k (3.3.3)

After tensor products of these functions, there are 9 combinations ¢ ® ¢, @Y, p®
P2t @ ¢, Pt @ Yt @ Y2 @ ¢, ? @ Y ? ® 2. Since ¢ corresponds to the
low-pass filter and ¢" corresponds to the high-pass filters, we name them L-L (¢ ® ¢),
L-H1 (¢ @ 1), L-H2 (¢ ® ©?) respectively. We can see that

() @d(s) = 4> a(k)p(2t — k)Y a(l)p(2s —1) (3.3.4)
=4> a o2t — k)p(2s — 1) (3.3.5)

(k,l)ez?
= 4 Y [a®ad(k Do ®d)Q2(ts) — (k1) (3.3.6)

(k,l)ez?

So the filter bank in 2-D is just defined as {a ® a;a ® by, a @ by, by @ a, ..., by @ by },
where a ® a is the L-L band, a ® b; is the L-H1 band, etc.
Based on the filters
la®al;(k,1) =a; ® aj, (3.3.7)

where a; is defined in (3.1.24),
la ® djj ey == 4 la® al;(- — 2 (K, 1)); (3.3.8)

la®@bilmy =4"Ha®a);*[a@b] 277} —27(k,1); i€ {1,2}; (3.3.9)

[b: @ b)) = 42 {[a @ aly x (b @ b)) 1 27 (- = 2(k,D); 5 € {1,2}. (3.3.10)
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The 2-D DAS; is defined as

DASJ({CL ®a;a® bla X) bs ® bs})
= {la®a]jsu, k €L}

(3.3.11)
U {[& ® bi][J_j;k}‘i =1,...,875=0,..,J ke Z}
U {[bl ® bj][J,j;k]‘i,j =1,..,5,7=0,...,J,k € Z}
It gives any signal v € (I5(Z))? a representation
v = Z (v,uyu, JeN. (3.3.12)

u€DAS ; ({a®a,...,bs®@bs })

Therefore, similar to 1-D case, the sub-signals in 2-D is also determined completely
by the generators of the 2-D DAS. Through similar derivation, in 2-D case the refinable
functions can also be approximated by the generators of 2-D DAS; for large J. Hence to
evaluate the directionality of a filter bank, except for the scaling and wavelet functions,
we can also investigate the generators in the 2-D DAS.

Because we are interested in the directional features of images, now it comes to
the problem to see the directional properties of the generators of the 2-D DAS. In
Chapter 4, we will give examples of directional filter banks, and plot the generators to

a certain level. It is clear that the filter banks process good directionality.
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Chapter 4

Construction Algorithm and

Examples

In this chapter, we shall give the algebraic algorithm to construct directional tight
framelet filter banks, and provide several examples with relatively short support yet

good directionality.

4.1 Algorithm

Our algorithm is based on the construction of symmetric tight framelet filter banks with
2 generators in [8] and [6]. In Chapter 2, we have stated the necessary and sufficient con-
dition to construct a tight framelet filter bank {a; by, b2} given the symmetric low-pass
filter a with Sa(z) = €z, and a nonnegative integer n,, € [0, min(sr(a), svm(—a(z)a*(z)))]:
L0y (a0 2))  —al0(2)(all)(5))*
(1) Najn,(2) = 2 (2)@5(=) ) (2)@"(=) is semi-positive defi-
—all(2)(@%(=))r 3 —all(z)@@M(2))*

nite for any z;

(ii) there exists a Laurent polynomial d with symmetry type €;2 such that

d(z)d*(z) = det(Ngp, )(2) (4.1.1)

and
€1 = (_1)odd(c+nb)+17 (412)
ca=2]j+c+ny+1 (4.1.3)
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for some integer j.

Now, based on the algorithm to construct symmetric tight framelet filter banks
with 2 generators in [6], we give the detailed algorithm.

(1) Matrix construction

Denote the filter support of [Ny, ]i,2 as [n_,ny]. Calculate a 2 x 2 matrix N as

Nii M N if ¢ + ny is even;
N i N | Ins b (4.1.4)
./\/’2,1 ./\/’2,2 Pka/\/’a‘an]:a if ¢ + Ty 1S Odd,
where
po Lt (4.1.5)
V2 1 —zka 7 h
with k, = 2= .
(2) Define p(z) = ged(N71, N12, No1, Naz), and
N(z) = =N (2) (4.1.6)
2) = —N(2), 1.
p(2)

then calculate p(z) = gcd(./\u/'l,l(z),/\7172(2)./\7'2,1(2)).
(3) Because N is semi-positive definite and each entry of it is symmetric, so is p(z)
and A(z), and therefore p(z). So we can find a Laurent polynomial q(z) > 0 for any

z € T with symmetry such that

q(2)a*(2) = p(2), q(2) [Ni2(2). (4.1.7)

The construction of q is as follow:

(i)Compute q; = gcd(b,/\vfm) with symmetry;

(ii) Compute p = % then it is a well-defined Laurent polynomial s.t. p(z) > 0 for all
z € T; so that roots of p can be all collected as {z,l/—z

(iii) Compute go such that gzq5 = p with symmetry, in particular we can pick qs =
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[[,(z — zi) such that {z;, 1/z; are distinct sets of p’s roots.

1

iv) Define q = L. Then q also has symmetry.

(4) Then define
N1,1(Z) .N/’l,z(z)

V | a®a*(z) a(z)
/\/(z) = o1 (2) /\7 (4.1.8)
q*(2) 2,2

so that every entry has symmetry, and N7 ; ,N] 2 has no common zeros.

(5) Define [—n, n] = fsupp(Ni1), €%, 12%2,1 — SNy, é2¢ = Sd, Coaq = odd(cy,, ) and
d(z) = 2"t = (4.1.9)

with Sd(z) = £z N 0t
(6) Write Uy 1(2) = > it and Uy (2) = > o127, then solve for
tos -eostnec i tos ooy B b with the equation
{to, odd? ybn} q

Nojy (U1 (2) — d(2)Uf5(2) = Niy (2)Ua (2). (4.1.10)

This equation has solution space with dimension at least 1, because by Euclidean

division, we can always write
Noj(2)Un 1 (2) — d(2)Us 5 (2) = Nia(2)Uai (2) + R (4.1.11)

with fsupp(R) C [-n,n — 1], set R = 0, we have 2n equations but at leat 2n + 1
variables.

(7) Update Uy 1(2) = [Us1(2) + eey, 2"ty 1 (271)] /2, and Uy a(2) = [Uha(z) +
e€2"Uy 5(271)]/2, choosing € = 1 or —1 such that the two are not zero at the same time.

o o _ o o _ /\71’1(1)
(8) Update [ul,l(Z),ul,g(Z)] = )\[uLl(Z),ul,g(Z)] where \ = \/ﬂ1,1(1)2+ﬂ1,2(1)|2’ and

define . ) o
Ly () = 222 (e) — dUia(s) (4.1.12)
Nl,l (Z)
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-/\0/’2 1(2)2/0{1 2(2) + d(z)ul*l(z)

Ups(z) = — = L7 (4.1.13)
Nl,l(Z)
(9) Set
U, U U, U
Y — 1,1 1,2 _ Q(Z) 01,1 01,2 (4‘1‘14)
U1 Uso 1 U1 Uso

where q is such that qq* = ged(N;;).
(10) If ¢ + ny is even,

bi(2) = (1 — 27 1)Uy 1(2*) + 2Ua 1 (27)], (4.1.15)

bi(z) = (1 — 27 1)U 2(2%) + 2Us 2 (22)]; (4.1.16)
If ¢+ ny is odd,

1 _|,_ 2172]6& 1 _ Zl*Qka

bl(Z) = (1 — Zil)nb[ \/5 Z/{171(22) + \/§ Z/{QJ(ZQ)], (4117)
ba(2) = (1 — zl)"b[mTaZ/ng(zZ) + HTGUQ,Q(ZQ)]. (4.1.18)

(11) Replace b; and by by by + ¢?by and b; — by respectively. Optimize with

respect to 6 € [—m, 7), numerically or algebraicly, with the target function
argming E / |b;(€)2d€,i = 1,2; (4.1.19)

or

argmin, F; / 1b:(€)a(€/2)|2de, i = 1,2, (4.1.20)

where E; and F; are defined in (2.3.3) and (2.3.10). Then we finish the construction of
a tight framelet filter bank {a; by, bo}.
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4.2 Examples

We now show some calculations and figures of directional tight framelet filter banks.

Example 4.2.1. The second order B-spline low pass filter is a = {1/4,1/2,1/4} 9,

c=2,n,=1, soc+mny 1s odd.

1
=0
N - PkaNa|1P*a = ! 1 ) (421)
0 3
L
=12 1 (4.2.2)
0 32
o 2 o 1
b1=§( 2_1)§b2=—1(22—22+1)- (4.2.3)

Numerically seeking for least E;, we find the high-pass filters
by = —0.1082532 + 0.3040525i + (—0.1804220 — 0.30405257)z + 0.28867512%; (4.2.4)

by = 0.2886751 + (—0.1804220 — 0.30405257) 2 + (—0.1082532 + 0.30405251)22. (4.2.5)

We plot the graphs of the filters’ absolute values in the frequency domain in Fig 11.
In the time domain, the real and imaginary parts of the scaling function (corresponding
to the low-pass filter) and wavelet functions (corresponding to the high-pass filters) are
shown in Fig 12. The generators of the 1-D DAS up to level 3 are shown in Fig 13.
Since the 2 high-pass filters have a relative symmetry, we shall only give the generators

of by in other examples.
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Figure 11: Magnitudes of the B, spline low-pass filter (left) and By spline high-pass
filter (right) in the frequency domain.
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Figure 12: The scaling function ¢ and wavelet functions 1! and v? of the directional
By spline tight framelet filter bank.
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Figure 13: Stem plot of the generators of the 1-D DAS of the directional B; spline tight
framelet filter bank.
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(a)a®a=a®a (b) a ® by (c) a® by

(g) br @ a (h) by ® by (i) by ® bo

Figure 14: Grey-scale plot of the 2-D directional filter bank in frequency domain (Ex-
ample 4.3.1), obtained from tensor product.

In 2 dimensions, both the time domain and frequency domain are just tensor prod-
ucts of 1-D objects, including the bands L-L, L-H1, L-H2, H1-L, H1-H1, H1-H2, H2-L,
H2-H1, H2-H2. The plots of the filters in the frequency domain are in Fig 14. Here we
plot the absolute value to illustrate the concentration. The generators of 2-D DAS are
shown in Fig 15 and Fig 16. From the generators we can see the apparent directionality
covering 4 directions in total : the vertical, horizontal, and 2 diagonals.

However, the filter bank has a very short support (the length of each filter’s support
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equals 3), the time domain functions ¢, 1! and +? are not very smooth. the frequency
separation is not quite ideal actually. For example, the (h) and (i) in Fig 14 have
several lighted areas. This explains that the directionality in the time domain is not
always good, like in the [b; ® bo]i30 band in Fig 15 is relatively difficult to tell the

diagonal direction.

[alm a][3’0], real part [aO bl][s,O]’ real part [aO bz][3,0]' real part
0.15
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01 4 0.04 0.04
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5 10 15 5 10 15 5 10 15
[bl O a][3,0]‘ real part [b1 O bl][3,0]’ real part [b1 O bz][S’O],reaI part
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5 10 15 5 10 15 5 10 15
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-0.04

-0.02
—-0.04

-0.02
-0.04

Figure 15: The generators of 2-D DAS for the directional By spline tight framelet filter
bank on Z?, real part (level=3).

Example 4.2.2. Let a = {-0.051777,0.301777,0.25,0.25,0.301777, —0.051777} 9 5),
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[aO a][3’0], imaginary part [aO bl] imaginary part [aO b2][3,0]’ imaginary part
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Figure 16: The generators of 2-D DAS for the directional By spline tight framelet filter
bank on Z?, imaginary part (level=3).
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0.301777  0.301776203647670 - 0.2133885631061331
-0.051777 -0.051776479838823 + 0.0366118678094961

k a(k) by (k)

0 -0.051777 0.051776479838823 + 0.036611867809496
10301777 -0.301776203647670 - 0.213388563106133i
2 0.25 0 + 0.176776695296637i

3 0.25 0 + 0.176776695296637

4

5

Table 1: Coefficients of the directional tight framelet filter bank in Example 4.3.2

then sr(a) = 1, ¢ = 5. We take n, = 0, then det Nyp,, = 0.9375 — 0.625(z + 27 1) +
0.15625(2% + z72). There exists d = 0.25 4+ 0.125(z + z7') such that dd* = det N, .
The conditions in Theorem 2.2.2.

The coefficients of the directional tight framelet filter bank are given as in Table 1.
and by(k) = b1 (5 — k).

The low-pass filter has sum rule sr(a) = 1, which means relatively less smoothness.
The scaling function ¢ and wavelet functions ' and ¥? are given in Fig 4.2. Fig 18
shows the generators of the 1-D DAS. For 2-D, the frequency domain of the filters are
shown in Fig 19. Generators of the 2-D DAS are given in Fig 20 and 21.

This example has clear diagonal directions in the real part of the 2-D DAS gener-
ators. But from the frequency domain we can see the frequency separation is still not
good enough, leading to the non-satisfactory directionality in the imaginary part of
the 2-D DAS generators (see Fig 21). It also has obvious block-like effect. This can be
explained easily by the 1-D generators. From Fig 18 we can see the apparent jumps in

the 1-D generators, which leads to this block-like effect.

Example 4.2.3. Let a be the interpolatory low-pass filter

; {3 2% 75 1 75 2% 3}
A, = B — _— _ =, — _— _— _
6~ 512" 512’ 72567 2°256° 7 512’ 5127172

thensra = 6,c = 0. Taken, = 3, then there ezistsd(z) = 10%%(3—(16—6@2’)2%—3,22)
such that dd* = det Ny, .
The coefficients of the directional tight filter bank are given in Table 2.
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Figure 17: The scaling function ¢ and wavelet functions ¢! and v? of the directional

tight framelet filter bank in Example 4.3.2.
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Figure 18: Stem plot of the generators of the 1-D DAS of the directional tight framelet
filter bank in Example 4.3.2.
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(a)a®a=a®a (b) a® by (c) a® by

d) bi®a (e) by @ by (f) by © by

() br®a (h) b ® by (i) by ® Do

Figure 19: Grey-scale plot of the 2-D directional filter bank in frequency domain (Ex-
ample 4.3.2), obtained from tensor product.

and by(k) = by (10 — k).

Note that st(a) = 6, The 1-D functions ¢,00* and ?* are given in Fig 4.2. The stem
figures in 1-D are given in Fig 23. In 2-D, the figures in the frequency domain are
shown in Fig 24. Generators of 2-D DAS are given in Fig 25 and 26.

This filter bank has a very nice directionality for the real parts of 2-D DAS gen-
erators. From the 2-D frequency domain, it has a relatively good separation but still

not perfect. In the H1H1, HIH2, H2H1 and H2H2 bands, besides the lighted corners,

75



a0 a][s,oy real part [a0 bl] real part [aO b2] real part

(3,0

[B.0r

0.06
0.02 0.02
0.04
10 0.01 10 0.01
0.02 0 0
20 20
0 -0.01 -0.01
30 -0.02 30 -0.02
-0.02
10 20 30 10 20 30 10 20 30
[b1 O a][3‘O], real part [b1 O b1][3,01' real part [b1 O b2][3’0],real part
0.02 0.01 0.01
001 10 0 10 0
0
20 -0.01 20 -0.01
-0.01
~0.02 30 -0.02 -0.02
-0.03 -0.03
10 20 30 10 20 30 10 20 30
[b2 O a][3,0]’ real part [b2 O b1][3,01' real part [b2 O b2][3,01' real part
0.02 0.01 0.01
001 10 0 10 0
0
20 -0.01 20 -0.01
-0.01
-0.02 -0.02
-0.02 30 30
-0.03 -0.03
10 20 30

Figure 20: The generators of 2-D DAS for the directional tight framelet filter bank in
Example 4.3.2 on Z?, real part (level=3).
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Figure 21: The generators of 2-D DAS for the directional tight framelet filter bank in
Example 4.3.2 on Z?2, imaginary part (level=3).
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kooa(k) by (k)

0 0.005859375  0.000634295950037 + 0.002825770851695i
1 0 0

2 -0.048828125 0.100326740979554 - 0.0025083432059151
3 0 0

4 0.29296875  -0.379695998223867 + 0.008967964875470i
5 0.5 0.349385621484342 + 0.0541265877365271
6  0.29296875  -0.029740276953096 - 0.0723975598792131
7 0 0

8  -0.048828125 -0.032087361783393 + 0.0130799423732051
9 0 0

10 0.005859375  0.000634295950037 + 0.002825770851695¢

Table 2: Coefficients of the directional tight framelet filter bank in Example 4.3.3

there is still energy left elsewhere. This makes its directionality in the imaginary parts

worse than real parts.

Example 4.2.4. Let

a ={0.00069616789827, —0.02692519074183, —0.04145457368921, 0.19056483888762,
0.58422553883170, 0.58422553883170,0.19056483888762, —0.04145457368921,

— 0.02692519074183, 0.00069616789827 } 0,9

We have st(a) = 5,c = 9. Take ny = 2, then there exists d(z) := —0.00612281849z* +
0.19171883092% — 0.0061228184922 such that dd* = det Ny, -

The coefficients of the directional tight filter bank are given as in Table 3. and
ba(k) = b1(9 — k).

The 1-D refinable functions (¢,0' and ¢?) are given in Fig 27. The stem figure in
1-D are given in Fig 28. In 2-D, the frequency domain are shown in Fig 29. Generators
of 2-D DAS are given in Fig 30 and 31.

This example has much smoother generators and shows perfectly the directions in
both real and imaginary part. This is due to a relatively longer support and a smoother

scaling function (as shown in Fig 27).
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Figure 22: The scaling function ¢ and wavelet functions 1! and v? of the directional
tight framelet filter bank in Example 4.3.3.
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Figure 23: Stem plot of the generators of the 1-D DAS of the directional tight framelet
filter bank in Example 4.3.3.
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(h) bz ® by (i) b2 ® b2

Figure 24: Grey-scale plot of the 2-D directional filter bank in frequency domain (Ex-
ample 4.3.3), obtained from tensor product.
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Figure 25: The generators of 2-D DAS for the directional tight framelet filter bank in
Example 4.3.3 on Z?, real part (level=3).
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Figure 26: The generators of 2-D DAS for the directional tight framelet filter bank in
Example 4.3.3 on Z?2, imaginary part (level=3).
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a(k)
0.00069616789827
-0.02692519074183
-0.04145457368921
0.19056483888762
0.58422553883170
0.58422553883170
0.19056483888762
-0.04145457368921
-0.02692519074183
0.00069616789827

O© 00 ~J O Ul Wi~ O R

by (k)

0.000703645838835 + 0.0005027848398851
-0.027214409731390 - 0.0194458517115101
-0.035989236107445 - 0.0216673289371351
-0.035989236107445 - 0.1822971391434351
0.472081944429775 + 0.2229075349521951
-0.472081944429775 + 0.2229075349521951
0.035989236107445 - 0.1822971391434351
0.035989236107445 - 0.0216673289371351
0.027214409731390 - 0.0194458517115101
-0.000703645838835 + 0.0005027848398851

Table 3: Coefficients of the directional tight framelet filter bank in Example 4.3.4

84



0.8
0.6
0.4
0.2

0.5

0.5

-0.5
0

o, real part

llJZ, real part

0.4

0.2

0.5

@, imaginary part

LIJl, imaginary part

2 4 6 8
l]JZ, imaginary part
2 4 6 8

Figure 27: The scaling function ¢ and wavelet functions ! and v? of the directional
tight framelet filter bank in Example 4.3.4.
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Figure 28: Stem plot of the generators of the 1-D DAS of the directional tight framelet
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filter bank in Example 4.3.4.
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(h) bz ® by (i) b2 ® b

Figure 29: Grey-scale plot of the 2-D directional filter bank in frequency domain (Ex-
ample 4.3.4), obtained from tensor product.
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Figure 30: The generators of 2-D DAS for the directional tight framelet filter bank in

Example 4.3.4 on Z2, real

part (level=3).
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Figure 31: The generators of 2-D DAS for the directional tight framelet filter bank in
Example 4.3.4 on Z?, imaginary part (level=3).
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Chapter 5

Summary and Future Work

To capture line-shaped singularities in images, the discrete framelet transform has
many preferred properties compared to other wavelet-based image processing tools. It-
s filter bank structure makes it easy to implement and also computationally economic.
Meanwhile, the redundancy of high-pass filters provides possibility to obtain direction-
ality. In this thesis, we study the construction of finitely supported directional tight
framelet filter banks.

We use a frequency-design strategy to construct 2-D directional framelet filter banks
via tensor product. Because 2-D Fourier transform has a nice property, that is, a
directional singularity is kept through this transform, only rotated by an angle of 90°,
we look for a filter bank which has a good frequency separation, so that each of the
tensor products is concentrated at a certain quadrant in the frequency domain, thus
result in diagonal directions in time domain.

Given a symmetric low-pass filter, we get directional tight framelet filter banks from
symmetric ones through a unitary transform. Theoretically, we give a necessary and
sufficient condition for the existence of such filter banks. The explicit expression of
a constant unitary transform is provided, which makes the best frequency separation
and yields good directionality.

We then give a specific algorithm to construct such tight framelet filter banks with
finite support. Examples with 4 directions (0°,45°,90°, 135°) are provided. Some of
them have very clear directionality (Figure 20, Figure 31), while some are not so good.

The main defect of our results is that the directionality of some filter banks is not

satisfactory. There are several reasons possibly explaining for this problem. One is
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the length of filter support. In our algorithm we seek for filters with shortest support.
This reduces the freedom hence even we get the optimal frequency separation, it is
still not quite ideal (see Figure 14). Finally the refinable functions in time domain do
not have a perfect directionality. The other one is the essence of the low-pass filter.
If the low-pass filter itself is not smooth enough, the high-pass filters can never have
smoothness (Figure 4.2).

The tensor product strategy has its own advantages as well as drawbacks. Com-
pared to the direct construction of 2-D (tight) framelet filter banks, construction via
tensor product reduces the problem into 1-D case, which is the most studied. This
enables us benefit from a lot of known theoretical results, for example, [8] and [6].
However its limitation is also clear: it is only feasible for relatively less directions. In
this thesis, we deal with the tensor product of framelet filter banks with 2 high-pass fil-
ters. The tensor products have 4 different directions in 2-D. If we want more directions
for better image processing performance, we naturally need more generators. It is an
advantage of tensor product strategy, meaning that we have more flexibility to choose
freely how many directions we need. But at the same time, the more generators we
have, the higher complexity we will encounter. If we want more than 100 directions,
the complexity can be astonishing.

We hereby give some future directions we shall work on.

The first is to extend the support of the filters. In our algorithm we calculate the
high-pass filter with the shortest support, but indeed we can have longer supports. In
Chapter 2 we used a constant matrix A for the construction. However, if A is not a
constant, i.e., a unitary matrix of polynomials then we have more degrees of freedom
and could promisingly get better directionality.

The second possibility is to construct ”better” low-pass filters. In this thesis we
always presume that we have known the low-pass filter. Nonetheless we can see that
the low-pass filter plays a fatal role as the properties of high-pass filters highly rely on

it. For example, the vanishing moments of high-pass filters are restricted by the sum
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rule of a. So we can focus on finding better low-pass filters. It can also be seen from
our examples. In Example 2, because the low-pass filter has jumps in the time domain,
the high-pass then always have block-like effects. So if we can find a smooth enough
symmetric filter, we are more likely to find a filter bank with better directionality.
For a more general topic, the construction of directional tight framelets, we have
more strategies to get better directionality. A possible future work is to increase the
number of generators. We only deal with filter banks with 2 generators here. But
in fact framelet filter banks are quite flexible with the number of high-pass filters. It
can be modified to satisfy different demands. When we pursue for less computational
cost, we can have less generators to make less redundancy. But when we need better
performance and pay more attention to effectiveness, we can have more generators, or

redundancy to help get more directions and therefore improve the accuracy.
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