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1. Nomenclature for the Thln Shell Problem of\\ .

— — " ;

non—Llnear Elastmcxtx S A B
(A,a) e ,ifd.lnner radius Eh the (undeformed,.deformed)
f T ‘.state : : .
(B,b) - \fu=-‘outer radlus in the (undeformed, eformed)_e‘ o
o © . state | N o : s I
- (R,x) 3%"1rad1al coordinate of . partlcle in the

: e (undeformed, deformed) state . Co
(Tt = sheil wall thickness in. the (undeformed, '

deformed) state

(R, ) = tean ‘radius "in the (undeformedp deformed)
L ‘ state \\\\£§ , : -
R,®; ¢ ST = spher:Lcal coord:L tes in the ghdeformed .
state . \\<' ' - Coe
r,8,¢ = rspherlcal coordlnates }h;the;deformedf '
: - state) > S
(qi;qb) = (1nterna1, external) appl;ed Pz

"non—dimensionalized‘time'

@

Al
(3
_ i~
"::E§.
B (|

"

shear modulus for lnflnlte51mal straln
) from. the undeformed state ) '
X . N

‘b =  mean den51ty of the shell
v - o= Poxsson s ratio for infinitesimal straln
: : from the undeformed state
o, . ' = mean Stress
W = straln energx\functlon ' V ‘
W= % = non—dlmensionallzed.straln energy functlonj‘
- . ' Qe L f\\ o . . I C ) a. n‘-
' co S Lt ST L
Xvii ;




2.r~Nomenclature for ‘the Tthk Shehl Problem-‘-'

- i,Is'r, OF -sYMBo_L‘s‘ (eo'ritin%ed)

ET

[

.

Cava)
" (B,b)

“(Rep)

/"
. Incompressmble Case of non—an&ar Elastic1

0

‘tlme

‘straln energyiﬁunctlon

"lnon—dihension@lized'strain energy fun

“inner radius 1n the (undeformed, defonmed)_

-state :

<

Quter. radlus in. the (undeformed deformed)~

Y

state LN

'»radial ‘coordinate of paxtlcle in the

(m@&mﬁ,“&mﬁ)uue

© radial dlsplacement at reference radlus, r

r.-'

fA ’ Y = non dlmenSLOnallzed tlmev

den51ty | ~'.’- _ frﬁ

shear modulus for 1nf1n1te51mal straln from

the undeformed state:

e
y
.
I'e
‘o i | .
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3. Nomenclature fcr'the.Thickishéll Problem:

© g

)

'LIST OF SYMBOLS (continued)

®

"

-

. compressible Case in Linear Elasticity N

a

a

u
T
x

-

i

' ”tangentiélAstres;\\\\j'. - .

non-dimensionalized time

wave Speed »jf S . } ?'q

x‘densigy "‘ fw . A o l-  .

Lame‘S'constaﬁts

timé:' f EE.
-.radiai diétaﬁce
f;adial displaéem;hp
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(f e _ B A ' CHAPTER 1 N

INTRODUCTION -

* .
In the analysis ofhthe,vibration of‘elastlc
Spherical shells of.isotropic and hoﬁogeneous’materials,
- different'cases ofvthe dynaﬁic§ﬁ brobleﬁ arise according

(1) whether the llnear or the’ non-linear theory of

. !

elast1c1ty is cons;dered: (11) whether the materlal of the .
shell is compressiblé'or 1ncompressxble and (iii) whether.

the shell cons1dered is thln or thlck. 'Free'and forced
m

_vibrations are usually treated as two aspects of *the same
- problem resultlng from dlfferent 1n1t1al and boundary

'condltlons.

The methods whlch have so far been used to solve

these problems ‘are outllned for the dlfferent cases as

'follows.

-
3 N . . .
<ok v : .

1. Free: osc111at10ns of llnear elast1c1tx,theo:z .

R .

. The 1lhear elasticity problem of:the free.radf,
ial'oSCillation of ‘the incompressible and compressible-
: thick shells, w1th the thln shells cons;dered as llm—A
ltlng cases, have been solved by means of spher1ca1

L .harmonlcs.f Thls method of solutlon is dlscussed fully e

\/\K\ By LOVE "
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2. Forced vibration of a’'compressgible shell in linear

elasticity theory

The forced vibration problem of linear elastr

icity for a compre351ble thick shell, again w1th the

thln shell con51dered as a, limiting case, has been "

solved by a number of analytlcal and numerical methods.-

The analytlcal methods of solutlon 1nclude

(i)

(ii) -

(iii)

1)

(iii)-

C (1)

' CHOU and GREIF 71 .

a dlrect 1nf1n1te serles solutlon u51ng the

delln;Goodman technlque (BAKER and ALLEN (21,

a Laplace transform method (TRANTER (31), and

a finite Hankel transform method (CINELLI [4])

Numerlcal methods of solution 1nc1ude
the dlsc0nt1nuous step method (MEHTA ‘and

DAVIDS [Sl)r . ' ‘
a flnlte dlfference method (SMITH [6]),
a comblned characterlstlc-dlfference method

(CHOU and GREIF [7]), and

- the method of charactéflstlcs (CHOU and

KOENIG [8]; LEONARD and BUDIANSKY [9];



3. Forced vibration of the incompressible thin and thick

ishells of non-linear elasticity theory

, These non-linear elasticity problems of the-'”
tgln and thlck 1ncompre531b1e shells have been solved
for adm1551ble’stra1n energy fwnctions (ERINGEN (101,
ZHONG—HENG and SOLECKI [11]) A Well known admlsSLble
straln energy functlon for an 1ncompressxb1e material

is the Mooney-Rlleﬁ type [glven by equatlon (2.6) of
Sectlon (2.2)] from which the neo-Hookean form is
obtainable as a speeial case. |

-

- 4, Forced vibration’of'the thin compressible shell of

~

non-linear elasticity ‘ o

.o

~

This problem has also been solved for admis-
éib%e strain_ene;gy,fuhctions. The strain energy
function consideted here is the Blatz-Ko type.[given

tby equatlon (2 8) of Sectlon (2.2)] proposed for a-
class of rubbery materials. It gives the neo—Hookean

form'aé a'iimiting case when the-value of Poisson's,

ratio, v, apptoaches 0.5.,VA-number of other strain
energy_fuﬁctions, which are admissible for a‘opmpres—:
sible.mEte:ialj{haQe'beeﬁ dieouséed by HADDbﬁ»and

- FAULKNER [12]. SR T .-

| In thi's lnvestlgatlon; the,ﬁollowing £ree end-

forced vibration pxoblems are considered.



(i) The lncompressible thin shell problem of nan-
. linear elastic1ty theory for the Moouey-Rivlin
and a logarlthmic strain energy functions.
(ii) The compressible thin shell problem of non-
linear elastioity for the Blatz-Ko straih'energy

function.

«(iii) The incompressible thick shell problem of non- {

linear elasticity theorylfor the neo-Hooiean\
solid. |
(iv) The compressible thick shell problem of linear

‘elasticlty‘solved‘by the method of oharacteris-

" ti‘cs.

BN

For forced vibrations, a'step input applica-

' tlon of pressure is con51dered but only a llttle mod—

-‘_1f1catlon of the governlng equatlons is requlred for

other types of pressure and veloc1ty»1nputs.

2

For all the problems con31dered the\governlng

<9

d1fferent1a1 equations of motlon, expressed in non-

dlmen81onal form for generaliziglon, are integrated

by sultable numerlcal methods which are dlscussed in

-the approprlate sectlons of this thesis.

In order to verify the results of these anal-

T yses,. varlous comparlsons are made between the results.

For example, the results for the perlod Sf free radial

L



oscillation of the neOwHookean thin shell, obtained

.

.separately from ‘the lncompreslible thin lhdll theory.
the compressible thin shell" theory and as a limiting
case of the’ Hookean ‘thick shell theory, are compared.
The' computed results are also compared with the sol-
utlons obtained by other inG!stigators for a number
: of different boundary and initial conditions of the
‘forced oscillation of. the thin and thick shells.‘"
“j In all these’ comparisons, the -+ results, shown
in‘graphlcal and tabular forms, are ﬁound to be con-
'sistent. ’ -
- Flnally; for completeness of - the 1nvestlgatlon,.
the Narlatlon w1th/time of the tangential and shear

P Q
" stresses %; the inner durface of the compressible 7

thick-walled sheil are plotted as shown 1n Figures 20

-

-and 22.



2.1

. o . . .
~ CHAPTER 2 o ~

[

TRE HYPERELASTIC MATERIAL

[}

o : : K ] o o o

Straég Enorgx Fugctioni anad ﬁonntitutive Relatignu

o

The strain energy function, W per unit unde-

formed volume, of an isotropic hyperelastic splid

" is a function
) . [¢]

w -W(I,, I I3), N (2.1)
of the basic gnvariants .
L’ ¢
Il - t; §, 12'- %[(tr g)i -,trcgzl and
o T E . Q
I, # akt B (2.2)
: . .

of the left:Cauchy-Green strain tensor B = FF

. where F is the deformation @radient tensor.

- o

- The constitutive equation is
- . 6 20
O=p I + (¢ + Ilw)ga-owg 2 (2.3)
where o is the Cauchy stress tehsor and
© % oW S W oo =k BW
=21 =271
P23 9T, * 72Ty AT VT2 T gy,
. > ' ) ! 3
o °o : ' - (2.4)

£y 2

The constitutive eguation (2.3) reduées'to:f

' the. classical stress-strain relation



2.2

tdeformatlon from the undeformed state..‘~f

Y o

o kN o L
- . T p _:"?. .
Cogerweroawar T gy
‘>-_n. 2 x . . L# -
‘when terms O(e™) are neglected.
When the material‘is:incompréSSibleﬁ_I3 =1
ande-becomes a Lagrangianimﬁltipliér; whiyh'is rio
‘1onger deterglned by the deformatLOn but must be
obtalned ffbm equlllbrlum conditlons. .
. | u‘ "e. ‘.’ s | - V
APartgcular-Strain'Energx Functions"
Cae - -We consider the'folidWing straih!énergx,fun-
ctions * ‘V; o _' AR . - '
-W‘=f [c(I —3) + (l—c)(I -3)] where 0<c<l i
L ';, AP K ) s . :.. e
~‘ ; N i . . .0 . K . 5 (2 6) ’
. u - . . I _:7__.:.'5‘..
w =.»\.2._[c(11—3) + 3(1 c)!;n 3 ] where c;o
'.;) . - N ," ‘, ’ ) ‘ .. | “ - | ] (2 7)
| oy e Wipioyy = L S8 w1 . (2+8) ’
- aw‘f 7 [(F73) -5 (I37 = D] - "52.'é) \
where u 1s the shear modulus for 1nf1n1te51mal
' g - : o .
strain from the‘undefg;@ed state,and o '
e *Q ‘ e - R .
',where v lS P01sson s ratlo for 1qﬁ1n1te$1mal o



The straln energy functlon glven by equatlon

(2. 6) was proposed for an 1ncompre551ble materlal
1ndependent1y by Mooney and Rlvlln,; Equatlon (2 7)
1s ‘also for an 1ncompre551b1e materlal and was’ pro—
posed golntly by Gent and Tp?mas ;.whlle the functlon
- glven by equatlon (2 8) was proposed for a class of

compressiple rubbery materlals 301ntly By Blatz and

o+
Kot._ This 1atter straln energy functlon has been .
. examlned 1n detall by HADDOW 'AND FAULKNER [12] for v

: R ) R ' ;
the static problem of flnlte expan51on. - "; P

Aospe01al case of each of these straln energy

functlons 1s the neo-Hookean form

Wl -y T . °Kz:10> ST

whlch is obtalned from equat;ons A2 6) and (2. 7) whenl

bt

= 1 and as a llmltlng case of equatlon (2 8) as v e

approaches 0. 5. FE _*, : o f }" A,“ NI - C

The rgstrlctlons on w, whlch must be satlsfied

to ensure a perlodlc motlon of the spherlcal shell

jare dlscussed in sectlon (B l) of Appendlx B. a :

See. ADKINS [i5]~.' -

.ee  BLATZ and KO [i6]. - = -

[y




B S
' A Cl ' :
' ‘ E€HAPTER 3 . )
- . S o )
THIN SHELL PROBEEMS . . , . =
3.1 Kpprdximafe"Theory‘for Thin-Walled Shells
t')*ﬂ . Sy ‘ | ‘ N s 7
Using the notations for the thin shell problem, .
let - o , ST e \
AY . O . T o . : ‘ ' . v
€ T =. (3.1)
_ f R o, o .
and ééSume;tﬁat e is small enough to justify the . o
2 ) ] . o . . L 'h. . o .
' ‘neglect of"terms-o(sz),;ana,this is aone-without com— . S
‘ment in what follows. The mean radial and circumfer-
~ential strq;dhés-aré'then'giVén by .-

ff= an§ X =

Al
el L}
bl
o

N

 . ‘ respeétiVeiy;'and

T
X

w - . : . -

.°. E ,‘=
T

—~
B )
.« .
W
-

. The fpiiowing:rélationsy then, hold
B=RQ+9, a=Ra-5H = (39
P & . : -’

and

r (1 + £§ a _; (i =

<,
2N

b
. 2x :

il

(3.5)

~H

Mean radial and circumferential stresses are -
defined by the equation o , o i ' SR
s : I o . . . - - T 3 e

o . L o i
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o b o o ,
- = L3 .3-1 [ ) . oo
o, ggl = 3(b7-a ) J{i [cr,oelqzdn ,
S0 L (3. 6)
Thls equatlon, along w1th equatlons (3 5), glves the

relatlon ’ e

o o - - . °
a4 .

s oY
°

o O = —°% (@, +a,) - L ‘(3.7? B N
The . equatlon of motion‘of'the thin shéli*can'

-

now--be derlved from the theorem ‘that relates surface
tractlons to the mean hydrostatlc stress as’ follows.'

Thls theorem, the proof of whlch is . glven in

Sectlon D. 1 of Appendlx D, leads to the equatlon o i

f'.T_. r d4s - [ p}Qg r'gv = 3o (3 3) o
s~ T 27 2 ~ . L

where V is the. volume, S the surface, T the surface“

:‘tractlon, r the p081t10n or radlus ector and o 15.

¥

the average hydrostatlc stress{,-

°

-Itoiollows frOm this last equatlon, along w1th

';equations:(a.a) and (3.5),vtqat

5

. A . 0’6' -—A —2‘ [ zf (q°i qg prt) (qi:*’qo) ] ® - .
(3.9)
. « " . . ) “ : . . . : -
‘~and'on‘substituting'equation (3:7) we get . - S
. _.:gh' ) . .
a [ J
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nie O = . . - - Y - . ° .
O Ty 2T (a3 | j‘qo“ pre) . 1 3 101/ :

ap S

‘Thls is the equatlon of motlon for the thln—walled

shell of elther compre551ble or 1ncompre551ble mater—'
|
1a1, the flgal form of whlch is obtained after sub—

stltutlng for oe and 0 from equatlon (2 3) for a
;-glven straln energy functlon, W. - a
| For convenlence,'we dr0p the bars on the mean‘ o
quantltles so that equatlons 13 7) and (3 10) become
'-resbebzlvely‘h . I o ﬁh.‘.‘.‘;_'A . ° : ;”te
AR o, = (a +tqo) . (3.11)
and . R R _ - R
T Gy = o_ = ~2—>‘-5-'<(q.__ ~.q. - pre). (3.12) ER
6 . r o 2e i ) o e w e o

where p = bd/(dxg)'ié the'mean deﬂerty'of the shell, ”;5 jff

.o

‘p ris thevden51ty in the undeformed state, andhr.is.
"the second derlvatlve_of ; Qlth.reepect tezeimeheiod;
- ed.tlme Teo | ih Y ,7:” *
| For a thln-walled spherlcal shellf the:meani Co
| i e

i physical,cqmponents of- the tensor B are given by .

‘ - 8% 0 o L
. 0o 2% 0 | SR
; N 42 K :
0o ‘o0 A% . (3.13) ..
. ] u .



- Substituting equatlons (3 13) and (3 14) in equatlonl.

"'through by B to obtaln -:_

Iricompressible Case
N ,,.‘ / . 5 P . ‘ . . ,_
~ . .Incompressibility condition gives
(3.14)

(2. 3) and puttlng the resultlng expre351ons for oft

- and ce in equatlon (3 .12) we obtaln the equatlon of

motion . - o S oo 8

. -

gy, ofe = 2¢((} 5*;%?¢'+:‘3-;'§%’*.]'-

(3. 15)

'To non—dlmen51onallze thls equatlon,swe lelde 1t

wi

*

'qi;—'qo Drt
!

4 ée[(— - ——)i + (x -.—--)1E 1.

"a'cand noting that

(3 16)

L - g ; ,
Puttihg _ 1 TR o = Q as ‘the non—d1mensxonal 1nput

pressure at the 1nner surface,

iﬁ and. v 4-?&" ol san o

H

Qrt = ot _XAe T I
x5 eiuxzs- 'xzanzufsvx2_ R e

'where rv is the second derlvatlve of r w1th respect

a -

f“hto the non—dimen81onal tlme, r, then equatlon (3\16)‘



becomes e

a

H
y-
+
N
—
~~
[ I

1, N PR
- 2 Ac - ——)¢ + (A e YA
€ ] L ) : )\5 : )\3 - 1

(3.19)

Y
\

<~On substltutlng values fOr % and ¥ for a- glven straln .

L . Q
5energy funct10n W, subject to the 1ncompre551b111ty

',condltlon (3. 14), equation (3. 19) glves the f1na1 e
non-dimensional form -of. the equatlon of motlon of the'

”'thin 1ncompressxb1e shell.~ It 1s a second order non-

11near ordlnary dlfferentlal equatlon Wthh can be

solved numerically by u91ng for example, ‘the fourth

'order Runge—Kutta process or a. modlfled versxon of
the method of discrete varlables as descrlbed in.
Q- e

Appendlx A and shown ‘in Programs 3a and 4a.

We_ngte further that after substltutlng for..

13

:¢' Y and Q, equatlon (3 19) can be 1ntegrated direct-
;ly to obtaln ‘the energy eguatlon. hus,‘for the‘
,Mooney—Rlvlln material,,the equatlon of motlon is_
N L RS W S 2 (1-c) (W3- Loy
PR » . .(3.20)
| for constant Q. v“', : S

..,.' . 7

Thls equatlon glves A s A



- L
S aa e ' i
\ S = -—A—n— - - ‘_}— - _ ) 3 . ! :
XQ'_ Ta T T e 2c (A -.hs) ‘2(1 c) (A7 3;3)'
. , : . ' ' - - ' »' P b
ST, : . . . . - . N } . Co : "(3.21)

Integrating this last equation and.using the initial

. ' ..conditions.

L . ) . . : .
A (0) =0 and A(0) = 1. (3.22)
&eig tfthe‘enetgyrequation ‘
, S S CE R
4'2 a9 . S22y
A2 0% i - 2eldy 2y
T . - 2(1-c)(—— +°———) + 5 . (3.23Y
N : : ZA '
The condltlons for the motlon of the shell to be
periodlc follow at once as dlscussed in SeCthn B. 1
. Maﬁ ...... Appendlx B. |
[ __In- the‘spec1al case of the neo*Hookean solid,
for Wthh c = l in the. fore901ng equatlons, equatlons .
(3 20) and (3 23) reduce respectively to ‘ '
" 2 - - S
At = 220 I SO o (3.24)
. e A2 ‘ o
and. A
g L,
_ N 4x" .
" (3.25)

he maximum value, Q ~;; of the applled

input pressure'Q, fOr Wthh a perlodxc motlon 1s

.
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Fig.'IOb. Furthermére, for a value of Q < Qn

'2.0864._ The response curve for thlS ‘case is shown

in Fig.314a. Also, as Q approaches zero,'say Q =

3.3

‘possible, we consider the critical case depicted by

curve (b) of Fig. 2, for which X' is a common root
of equations (3. 24) and (3.25). . FolloW1ng the pro-”
cedure. of Sectlon B 3 of Appendlx B, we solve these-'

equatlons 51multaneously, when A = 6 and A =0

‘ . fooe
‘respectlvely, to obtaln‘for e.= 0.05, Q. = 0.0556"

“max

at Ay = 1.7317. This critical condition is shown in-
ax’
say Q.= 0. 02, the f1n1te perlod of osc111at10n 1s

ﬁhe'periéd of dscillatlon is approx1mately 1. 8141

- This' is the same as the,result of llnear elast1c1ty

theory as further dlscussed in Section 6.3. ThéT

response_curve-for this limltlng case ;s shoﬁn in’
Fig. 14b, and the phase diagram in Fig. l0c. ThlS

1atter curve is elllptlc, whlch lndlcates a harmonlc

oscillation, as further dlscussed 1n Sectlon 6 3.

&

The Compk ible Case

o

_and (3.12) becomé irespectively

o, = -%—q' o (3.26)

" and

_ v , _ , W
s ' Let q; =q and q = 0, then equations, (3.11)

15
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oo Tyl @

For the Blatz-Ko mate:iai, the strain energy function
W, given in equation (2.8), is

u
2

s
3

H

wl-

W [r; -3 -1 (,°-1

where . Ty

and v is P01sson s ratlo for’ 1nf1n1te51ma1 deform—
lation -from the undeformed state - From thlS ‘expres-

sion and,equathn (2.3), we have

o =L 2 5)25’- L (3.28)
X 2 o o
A 4 . ‘
and -
1. 2.,.2s-1

16

*f—“4‘4'fﬁf**j§ﬁ*‘f*‘§) . — (3.29)

Subélith;ing.eguétibn (3.28) in (3.26), we get

g = -2 f% - (A 6)25‘ | (3;30)
and substltutlng equations (3. 28) and . (3. 29) in
(3. 27). we have L ' R Ve

51" = Ei; - 20 - X_-)_’ o ;(3;31)

quuations (3.30) and (3 31) are a pair of non-llnear

ordinary d1fferentia1 equatlons, 1n A and §, govern—‘:

ing thevmotlon of a .thln-walled shell of -



X

in Sectlon B.1l of Appendlx‘B

17

. . . -
s . . .
. .
. . . -
L] ¥ . . - f

compressible Blatz Ko materlal. This pair of equa- -

tlonw is integrated numerlcally by comblnlng the

Newton*Raphson root flndlng method w1th the method of

-dlscrete varlables as descrlbed in - the algorithm of

Sectlon A 5 of Appendlx A.
The static curves_of Fig. lc are obtained bx‘

solving eguations (3.30) and (3.31) simultaneously

" - o :
for A = O. These curves the same form as the

statlc curve (i) of Fig. la for the heo—Hookean mat-

erlal. Hence the condltlons for a perlodlc motlon

of the thin shell of compre551ble Blatz-Ko mater1a1

are the same ‘as glven ‘for the neo—Hookean thin shell

The neo-Hookean SOlld is a llmltlng case of

~—-——~—~———————the_Blatz_Knematexlel\,g Polsson s ratlo, v, approach—

C

es 0.5. For v = 0.49.and € = 0 05, results computed
from equatlons (3 30) and (3 31) agree well with
those of Sectlon 3 2. Thus, Qmax = 0.0556 and

kd'= l.7320. Also, for Q= 0.02, the flnlte perlod

of oscillat;en is 2.0893 and as Q - 0, the period is

approxihate;y 1.8157.

E.3
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B£Aéd on the foregoing analyses, the follow—
ihgispec1f1c examples have been evaluated.
T (1) ifhe neo-Hookeanvsolld, .
(ii) the Mooney-Rlvlln mater1a1 for‘whlch c % 0.9

and

(i1i) the Blatz-Ko material for which v = 0.3.

3.4.1 The neo-Hookean solid .

¥
-

The neo—Hookean solid is a ébecial case of the

Mooney—Rlvlln materlal and a llmlting case of the

-Blatz-Ko material. ;Results of numerical calculations, -

*. ~ . . »

based. .on the strain energy functions for each of

S

o - , .
{these 1atter materlale, agree well. Thus, as shown

prev1ously,1n Sectlons 5.2 and 3.3, Q... = 0.0556,"

T IR AT

Ade= 1 732, the perlod of osc111at10n for Q = 0 02 ”*\‘

is approxlmately 2.088. and as Q ~ 0, the perlod is

approximately 1. 815.

_in the phase plane dlagram of Fig. lla. For Q <Q

3.4.2 The Mooney-Rivlin material.

 Consider the case c = 0.9 in equa jons (3.20)

and (3’23) when € = 0.05. Computation.'d scribed

: ln Program 2a, gives Qra —:O 0633{ This ishshown

max’



_the phase plAne diagram of Fig. l3b.' For Q < Qna

‘ - i ) ) ’ c) '
say Q = 0. 06 the phase gﬁqee trajectory, of Fig llb,

closes, so that thé motion is periodic wit a. finite

period of oscillation computed from Program Sa to be
<

4 2455, T, v i
A \» | . . £; .. .c ) -

.3.4.3 The Blaté—io material

ConéiderAthe case v = 0.3 in,Equations (3.30)
andc(3.3l) when € = 0. 05. Cquutation, described. in
Progfa-mlc; g:LVes Q = 0. 047545 " This is shown in
. .
say Q = 0, 02, the phase plane trajectory of Fig. 13c,

closes, and so the motion is.periodic with a finite

.peggod of'osciIlation; 2.6925. Also shown in the

‘mph € plane diagram of Fig. 13b is the case Q =

________T_ﬂif~___;Qig5_2wQﬁgif—éefewhich;the—pH§§e plane trajectory

)

does not close and so the motion is non-periocdic. |

._, 
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s o 1"o :53
‘ o s
[§) .
For free oscillation, q, = 9; = 0, 'and the
‘initial conditions are, in general, .
o o ' ' ,
A{(0) = A, and X (0) =a}, . (3.32)
: ' . . 0,
_ If the initial perturbation is a purely radial
displacement or veiocity,_then we have the simpler, . 1:)
. . 0 . N B -
boundary conditions: o
o ° ) . ‘ .

A(0) = A, and X (0)- =0 .° . (3.33) . ‘
and . . ) o . 0 EA
L} L T

A(0) =1 and X (0) = X, ., . (3.34)

respectively.

wl ) o -

" When the amplltude of oscillatlon approaches

BT

'zero, the response approaches that prediéted by

linear elastLC1ty theory, .

G

o o For the Mooney-Rlvlln material, the equatlon e

of motion, for_free oscillation, obtalned from e : - -
N g S * ) [
equation (3.20), is ‘ ' '

" e m2e ) 20 - o - L. N
. , y 2 . - : A . ) ) Y
. (3.35)

Thls is a second order non-llnear ordlnary dlfferent-

gl

o A

lal equatlons whlch can be 1htegrated numerlcally as‘
o o o
before, sub]ect now to any of the°1n1t1a1 cond1t10ns

(3.32) - (3.30). s S S




Jecondltlons.

'neo—Hookean thln shell

In partlcular,'fer c =1, and with the iﬁitial»'

e, .

R .0
" o

Aplane dlagrams Qf_F;g lOd.- ThlS phase

is ‘an elllpse, thch-fndicates thatAthe

A»theory*

fharmonlc. The,peribdioffoscillatioh is

‘is the same as the result obtained from

Lo

~SeefRayleigH's ﬁethodoof‘Section'4;2fi

\

' ¢ o ]
ko'= 0 and A “%-lf say l 005 equatlon

'(3 35) descrlbes a free radlal OSC1llat10n of the

'Computatlons yneld the phase

trajectory

motlon 15,

Lﬂ8140, whieh‘ ¥

the linear =

.
.2
¢ .
[N
‘
s

)
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OHAPTER 4 '

- i I ; A )
THICK SHELL PROBLEMS -
4.1 Gengra1 Discuggipn h . 'f. - e

;

o

L@ s L

‘The ratio e ‘of: wall-thlckness T, to the mean@

radius R, of a shell is glven, 1n the notatlon fod

hlck shellsr by the equatiOn T

'2(— - l)

CemE e By ey
R ! ] B

(1D

where.A and B are respect1Vely the 1nner ‘and outer

radll (o)

f the shell in the undeformed state. When €

is suffic1ently large that terms O (e ) are no 1onger

knegllgl

>wa1led.

whlch % > l 1 or % > 0.1.

ble, the spherlcal shell 1s con51dered.th1ck-"

Th;s condltlon usually holds for shells for"‘

For Such'thick—walled shells,‘the follow1ng

’ problems ‘are consxdered.::-

(1)

Free radlal osc111at10n of the thlck 1ncompresf

51ble shell'of llnear elast1c1ty u51ng

‘Raylelgh s method. - RS

i)

B

'Forced 050111at10n. ‘under a step function :

3japplicat10n ‘of pressuie, of the:thick com—

*[pre531ble shell of - llnear elasticity gsi@g"

_the method of characterlstlcs.



.-in'SeCtion 4.5, & - L .

\

(iii) Flnlte osc111at10n of the thlck rncompre551b1e

o °n

shell of non-ilnear elast1c1ty u51ng a straln

energy functlon -and an acceleratlon potentlal.

" The following special cases are then. examined
: . ' . v - . . o . .
a .

o

0

;~f(i) The thlck shell results approachlng those of

t

" the thln shell theory when % < 0 1.

(ii)~'The results of non—llnear elast1c1ty approach-“

ing.those_of linear elastlcrty as deformatlon

. -approaches zero-

)loFree Radlal Osc1llat10n by Raylei gh s - Method

<
~ . E . <

&j ;n th31der a shell of 1ncompre551ble materlal

7w1th 1nner and outer radll, A and B respectlvely,

1

as shown 1n Flg. 3.' For rad1a1 osc;llatlon,i hls

"body is a s1ngle degree of freedom system and 51nce

ﬂthere is ‘no dlSSlpat;on of enefgyp thee51ng1e ‘or

' fundamental frequency of V1bratlon can be determlned,

uslng Raylelgh s method, from the energy equatlon

B -

‘“ ‘Tméoxr = Vmaxﬂ L. . A,‘" v o b o (4 z)‘
where T 1s the’ maxlmum klnetlc energy anﬂ

max. X max
1s the maxlmum potentlal energy of theosystem. '

o ‘ o
~ B .

2%



To find ﬁ-5 x! 1et>’a- befthe aﬁplitnde of
osc111atlon at the inney radlus A, aan u 'theéamptif
tude at the reference radius R,»then, since the motion
‘ rs harmonlc,'the maxlmum velocxty at R 1s'(uw), where

W is the fundamental irequency bf free osc111at10n

-in radlans per second If dm 1s the mass of the

]

elemental shell of radlus R, thlckness dR, and . - .
T o <o _ o o ‘ .

-

volume a7, then

- - . .]__- N) o.. . ‘ . .
A‘ . «l‘_ . L
'.‘and_ ’ ‘ . - * |
dm = pdV 4wa2dR _,"»' - . ($‘4)

+

where p is the den51ty., It foL;ows then from

fequations (4 ‘3) and (4 4) that

. r B : o o
L oo [Pam, 22,2 : .
5 Tpax = J, 4feululRlaR . @)

For an incompressible ‘material, a . and u are
related by the equation |
% :TT‘(‘R,3 - A3')-'= 3 'n'[(R + . u) - (A +'a)‘3],
NegLecting terms o(a ), thls equatlon glves
r_'uxAEZ a . L (4 N
. R o - s . ._;‘ .
"Substituting for nu"frbmiequation (4,7)'in’44,5),.'

'we5geti:

[

24
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"per'unitzvolpme'givén b¥

= 2mpw A a

A
I

_—

U Thag = 2mew’Ata’®(- 3

. H
I

) {,‘(4;8): _
A - To find Vmax,.%e_chSidefltheAstrain energy V,

a

S A I TR T - 4.9)

‘where tha»physical éomPOnénts~of'the_strain.tensdr,-Af

\e‘ij'>alrl.e g:LV‘en ?y o . - ‘ | ] ’ ;,

(=]
o‘ .

(o)
-TT-
o

(=]
o

e o
[

(4.10)
» Roye |

o B o N

'For an incomp:esSiBle material, the llnear stress—f

25,

étrain)relation (2.5) reduces to the dev1ator1c relatlon

« ) - . 0"
. . t

&‘

;where u is the shear modulus for 1nf1n1te51mal straln

_fxom the &ndefcrmed state.

S/
Subst;xutlng for g, i from equation .(4.11)'in
(4 9) we gét ' '

© - a. . . V‘: B . . o

f-f : V  é ufeij e.



l / O ‘n":l'.. ',_ ﬂ"
',and'from equation (4.10) this becomes

u:_ “ﬂ
@
e . N
s A
-
W S
h

PR

.'\;“-h )

26 )

B '“.-""“[(du .* 2 R)] o Q(;_-?_ P

Since ekk = 0 for an. incompre531ble material,

:_equation (4 10) gives the relation .

du _;_ ._

'_From equations (4 13) and (4 12) we have -

V=6 “(u) ”-fn“?ﬂ[i'ff.i‘:*7€f:“7‘f:i4>fh |

:Using eguation (4 7) and the expreSSLOn

/ .

dV = 41rR2dR

~we £ind e | co :
) T -4 2 dR
.V ‘= I 24TuA A - ;
max = ST T RS
twhich,-on integrating, gives : S
¢ ) ) e, ’;. ,AT,_jé

; - 2 (83 A)---.
'Vma | aunAa ————5——.

e

.Now, by equation (4 2), equations (4 8) and (4 15)j

give for the £réquency, w, of" the single mode of

vibration the expression ,‘;.i‘,;

S w *“[4u(B + AB + A )/DA B ]lﬁ

\Putting = = N, equation (4 16) can be written as

: f{(é}iG)i""



and the peribd of-osQiilation;’T, is

2 w2 o ’;' 5o '
w = Erf o (N» + N +(1)]{ B i (4.17) .

LT = -2-(}= irB{p/'[u(N,z'#r..ﬁf nIYE

. -If-wéVnon—dimensidhalize the period by qsing,the

. N\ } ’ . '
expression

T — . . . o+ ;r
'.ﬂ. . : a7 | . Lo ; . . -“..,,.;
. we flnd.that‘the}non-dimensional period, T,. is i '
T = TrN(N_2 + N +'1)-%f « R .. F T T
ﬁdr:Nf='§ =2, the perlod is 23 3758
Infthe_c;ée of‘a thin shell N‘“l, and so the
'periodiof frée,radlal osc111atlon is 1. 8146 whlch
:'agrees w1th the result obtalned 1n Sectlon 3 5 for
the thln—walled neo-Hookean shell.
,Compresslble Shell Problem in Llnear Elast1c1§z_
N
: The Method of. Characterlstlcs ’
. 4.3;1J‘Govefnrng éqﬁéﬁions ) o

e The equatlong descrlblng spherlcally symmetrlc

mot:l.on are

LT E(1-v) 3T =2E\)-£ A '(4,18) '



eqnatlons (4.18);-‘(4:20), derlved in Sectlon D 2

28

- Y =FY (4.19)
T |
a0l (0_-0.)
g tosr =72 (4.20)
wheze o | | o
E = E/[(1+v) (1-2v)] . S (a.21) .

__Equationsf(4'i§) - (4 20) form a. system of three

linear flrst order part1al~d1fferent1al equatlons

J’ .
wlth qY, and v as the dependent varlabLes and ' .

r hnd"t as the 1ndependent varlables. These -

vequatlons are fully hyperbollc and they permlt ‘the’

‘-propagatlon of Jumps in the. derlvatlves of c ’ cé

4

and. ¢ .1n the characterlstlc dlrectlons. Thet

’equatlons of these characterlstlc curves can be

" derived as follows.

4.3.2 . Eqnatione'of the characteriSticfcnrveSv-
. . S * s .- N .x R \ N . . .
E 4 N

The curves in theh(r,tf'piéne along which

0.r Og-and v are continuous but their derivatives .

‘are not necessg}ily 303are calledfcharacteristic

.curves and the equatlons governlng the varlatlons

®

.of o r* 99 and v along the characterlstlc curves are-

called the characterlstlc equatlons. o R

The characterlstic curves for the set of

[



of Appendix D,:Afe

o

B s, (4.22) -
II sdr=0 . .. (4.23) "

" The 17 characterlstlc,labelled in F1g 4, represents

the line along whlch dlscontlnultles 1n the part1a1
nderlvatlves of Gt’ 0 ‘and v prOpagate ‘to the r1g‘
w1th Veloc1ty c, whlle the I is the path of propa-._
»hgatlon.of these dlSCQntanltleS to the left. The ¢
' II characterlstlc is the degenerate case of the
hdynamlc wave at a given radial %pcatlon, ri ; constantl
" 'For homogeneous materlals, the quantltles E, v and p .
'are constant and so the Veloc1ty of wave propagatlon
is also constaht _ Consequently, the characterlstlcs

-form three famllles of parallel stralght lines.

Substltutlng the expre%51ons for dr/dt of

29 .

equatlon (4. 22) in- equatlons/(4 18) and (4 20) and put—'

g tlng that for dr of équatlon (4.23) 1n(4 18)and(4 19),we
'<obta1n, ‘after using the relatlon (4. 21), the follow-

51ng characterlstlc equatlons reSpectlvely.ﬁ Aﬂgng If;

<

we. have ' ‘ f
v - e o fer e N Ly dr
do_ + podv = [-2(c_ qe)mt 2pc = V1 &
e e (4.24)

and along II, the characteristic-equationfis'

a - . A



R

o N _ _ _ - X R . .
VdOF --(l v)dc _ E r.dt - ‘ (4.25)

where E is Young s modulus for infiniteSimal strain
“'from the undeformed state. o o 3
. X - N

~4.3.3 Strong discontinuities in 0,.s.04 and Vv across .

" the wavefront':

)

'For a shell of finite thickness, say'withi

Te

'% = ,‘the characteristic field obtained from equa-

tions (4.22) and (4. 23) is shown schematically in 
Fig. 4. The arroWs indicate the path of the wave- .
front, Reflections of the wave occur othnevinner.:“
and outer boundariesﬂat points . C, D‘ E etc.' AC

‘1s the initial propagation 11ne and so the region ABC

has zero. stresses and veloc1ty and is called the

»

undisturbed regian. = - . . ' T e
Jumps'occur in‘the values of o cé and § |

as the wave propagates back and forth in the medium

under a step function application of internal pres—vf

‘sure.»=These jumps are_the'difference.in.values of

the,Quantities or,'de”ana v ' ahead of and behind

the wavefront. -At the instant of reflection a double

. : N . : + - .
" Jump occurs, once across the I = and the other across -

. )

S

the I” characteristic.

The equations governing the propagation of -



N

these strong discontinuities have beeﬁ derived froﬁ‘
the governlng equations by CHOU and KOENIG [8] and

these lead to the- general dlscontlnulty relatlons

. . - _ K . ‘
(0,1 = % (4.26)
oyl = & . (4.27)
vl = T 5 (4.28)

where K 'is a constant which is determined from
giVen.boundary conditions as indicated in Section c.2

.of Appendix C. The“upper and lower signs of equation

(4.28) are for the If and I~ wavefronts'respectively._

In using the boundary c0nd1t10n at the. inner
surface to find K, we note that lf the input functlon
is not suddenly applled, K = O, and ‘there is no
-dlscontlnulty in the values of S 94 ‘and v across

the anefronts.

e~ . T .
4.3.4 Integration of the.characteriStic equations_\

a

The'procedure;f 1ntegrat1ng the character—
1§t1c equations (4 24) and (4. 25), which 1ncorporates
the dlSCOhtanlty relations: (4 26) - (4.28? is dis-

cussed in Section C.1 of Appendix C. .The'ﬁethod has

1 ~been developed from the procedure used by LEONARD and .

-BUDIANSKY [ 9] to solve some beam v1brat10n problems.

-

A}
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The responee curves of the inner and outer

“surfaces of the shell with % = 2, for a step input
_pressure Q = 1.0, are shown in Flg. 19a. The curves

.1nd1cate that this forced motion of the compressible

thlck-walled shell is non—-periodic.

The llmltlng case of a thln shell is examlned

by conslderlng a sultable value of €, the ratlo of
wall thlckness to mean radlus, whlch 1s g1ven in
terms of E, in equatlon (4 l), as-

B

‘(K 1).

- e = 2 .
(}l‘ + K)

-

| For example,-when € = 0.05 and @ = 0.001, we obtain .

-

the response curve of Flg. 19c, which shows the-

‘motion to be perlodlc.' Furthermore, as Q + 0, the

osc1llat10n approaches a harmonlc osc1llat10n, de—

picted by the dlagram of Flg 194,

32
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4.4 Finite Oscillation of the Incémpressibie Shell in

‘non-Linear Elasticity

»

The équation,of motion of the inner surface
..0of a thick‘incompreSSiblé‘spherical shell, as derived
by ERINGEN and SUHUBI [10], is, 'in hon-dimensional

form,. -

" N B | ;l o ; : , _L
2xx |1 +(1 + —Ii) 31+ x 2 3 - 3(1 + -13- 3.
. x>0 1 x>/
() - %)ﬂ V3 o -
X .X ) "j
o | (4.29)

where, ‘using the notation for the thick incompressible.

shell ,
x(g) = 238, © (4.30),
» - . B 3 v ’ C '
v =(8) -1 > 0. - (4.31)
’ and ;-‘ : '
,
| - 3 T s
L= - 9 aw auw ‘
. o :g,(XrY) = 2 J 3 du "(57-‘—1) u‘ (4.32)
: ' . ' y+x- : L
1+y
o - W - r3. o - : -
where W = T and u(R,t) = = - The boundary conditions
T ] | RS - ‘ :

. are represented by ®



a M ’ . 3'4'
: B T e
. - " | gL "
— q,(t) - q (&) T e R
g =2-2——-—2 o (4483)5 7 L
u u ) . , ) L B ST ¥
. ) : [+ . .- o . S wt N I
_ & JRER RS ,.ﬂ
Awhere a; (t) ‘and q, (t)oare the internal and 9x;erhal
o o L Lo
applied pressures and u is the shgar modul or t'ﬁ;“;f$.

1nf1nge91mal deformatlon frogl the undeformed state.- * - .

k Equatlon (4. 29) is.a second ‘oxder non~11near:a

o - e 0T

ordinary differential equatlon; the final- form of. TN
'.vrgg
whlch is obtalned by substltutlng a glven expre551om}
o ,@r )

for W ‘ The equatlon is therea%ter solved numerically

using a sultane numer1ca1 technique spch as a fourth | . °

‘order Runge—Kutta process or tha method of dlscrete

rlables as was dbne foﬂ thlncshell problemS"

3

‘Sections 3. 2 and 3. 3. . .';?:_‘VA "1.,l_def
In the-égse of" the neo—Hookean sgild o e
. - ) . - “r o0 ~_.
_ 2 1. : I : Q A -
from whioh.ﬁe.have o S , E R f
- l \7" '— ;l _: . -
W - - W - ; .
8 _4w73 - w 5T, < 23 4= h
4335 0
| LT v a-33) N
> el e g R
c x “am2y |
g () =%I O30 ) gy
h . - @ . 3 5 \1"1 .
. s - B +x. .,\l .
e R e - .
| Lo (4.36)



<Y

On 1ntegrat1ng, equatlon (4 36) glves L
oo S (“ «%ﬁ -

. o gx,v) = - | 4x *l %}4 1+Y .

L3 . '_. ". L ’. ch

fSubstltutlng equatlon (4 37) in (4 29) we get’ the'

eguatron of motlon_"'- ) - : L

.
g R R Cm o
: T e
o S : s A B .

Thls last equatlon is: sclved for (1) varlous vgiuesf.

“N

‘of y,-correspondlng to drfferent thlcknesses of the

<&

A .shell, and a flxed value of c?hétant 1nternal pres-

sure Q, Ehe results of whlcﬁ are shown in: Fag. 23a

- ‘-

' and (%%} varlousivalues of Q. fé& a flxed value of Y

;the results of wﬁgch are shown in Flg. 23b.

The response of ‘the. inner’ surface, or lndeed

. "»e . ;

- of any g1ven radlal locat;on4//¥ ‘the thick 1ncompres—"

1 .

51b1e shell is found to be perlodlcww1th a perlod

( 3‘_ : (437

.35 .
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ﬂsltlng case of a- thln shell for whlch €= 0 05 under

.

Ta pressure Q = 0 .02 ‘is 1dentlcal to° the prevxous

‘ result of Sectlon 3.2 plotted in Flg l4a. Also,.

4.5.1 Thrn shell as 11&1t1ng case_ of the thickﬂshéllfév_‘

ea d'§° 1s the mean radlus of' the shell, s such

"and an amplltude whloh/vary w1th the values of the ‘ - ' 5

1nternal step 1npu£/pressure Q and the ratlo %, of
the outer to the innexr radlus.

In partlcular, for Q = 0. 05, and B = 2,>the_<,< y “;‘ -

.,perlod of oscrllatlon of the 1nner surface is 2 4509

3

The response curve ‘is shown in Flg 23a. - .o S

The result, plotted in Flg 23c, for3the limé'

W

'fas Q -+ 0 in the thln shell 11m1t1ng case, we get for <'u';;“":;

'tthe perrod of osc1llatlon the value 1. 8158 Wthh.

& o
agrees w1th the llnear elast1c1ty re3u1t quotgd 1n

section .3_.2,. R

L o . B . B
Special Cases =~ - ot IR g S

<

!

When £ = i_l‘_ﬁ A where T is the wall thlckness

2 - e
- !

’at terms O(e ) are negllglble. we have an rox—”é\ '7%7f.“

Vs

im tion to: the thin shell behav1bpr.‘ Resu&tagobtaln— R
:d from the thlck sheli theory‘thenoapgroach those of’

By I " . )
the.thin shell‘analysrs.' For example, the perloq\of f»v"°

q : R o T " o ; )

e



,_.u\‘ B s o
. o RS ,AG ’ °, © 9 . .
free radlal osc111atlon for the thln 1ncompres§1ble °
N . : . a\' L o
'neo-Hodkean'sblid with e = 0 05 is°l. 8140, and the .
’ GJ .’ . o
thlck shell theory glVes 1 8158. Further comparlson o
. . o ) (’) ! R
of results is glvep in Sectlon 6.3. s e : - ?
LRt R N o - o .
o i : "‘Q o . - “ V
4.5.2. Uineer theory.ésulimﬁting cas€ of the ’ ]"; )
hon—dinear theory Qfﬁelasticfty RN EEr -
fo ‘ o _.‘ -_ > , .o N 6 ;. ‘o A
When the applledvpreSSure Q rs small endhgh '7”§=
: X Tee 0o S g e
jto produce oniy vanlshingly small. stralns, Ehe- . '.»ﬁ .
. [ e o, o - .
constltutive equatlon (2 3) reduces to the lxnear .
i~1sotrop1c stress straln relaxlon (2 5). .Results ef DU
'the non—lxnear theory 4; ;1n tlose agreement o ’
'W1th the results of 1 eory ofvelast1c1ty.' In ¢ . -
~part1cu1ar,‘as Q -+ :,-erlod-of rad1a1°05c1l;at10n
' A ,
for the thln lncompres i T neOwHookean shell, is « e
.11,8}413 the value obtalned from llnear theory ;s : : °
C1.8146. . B
°. . . v . ToLoe o 0w - ‘ N . -
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" CHAPTER 5
OTHER METHODS OF ‘SOLUTION

©

-Fbr the nonélinear problem of the thin'ine‘

compressxble shell,‘the method of solu¢1on used by-

9

eWANG [13] does not assume a straln energy funbtlon,

1_w1 'Instead,‘the c0nst1tut1ve equatlon is wrltten in

™

the form, L o SR ',5;

o =. —‘va+’fB +g87t . (5.1)
where g is the stress tensor, ﬁ an uhdetermihed

3

’Qéﬁ ostatlc pressure, B = FF -is the 1eft Cauchy-

~ Greén straln tensor and f,g are. functlons of the in-

o

variahts Il, 2°and IG-OE the ténsor B'defineq in
Section:2.2. L
fol','<Wang’derived theZeQuetidn“qf‘motioﬁ‘under‘an.

.
°

uinterhélvstep input pressure-Q, in the netatibns

used'for,thinfshellg,.as ' B - : L ;
2 , a2\
Qr hAd 2 - . r R
- - pr 4+ = f ___. -2 g
'R3€ < fr R4 o 2 :
‘ (5-2),

-This equation ls here shown tq be equlvalent to‘ &

equatlon (3 15) as follows. . From equatlons (5. 1)

and'(3.13),_we have'for<or and Te

¢ : .. . -

.38

e
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S n'_ '2. V_.2‘ . K
eor = .P‘+ f6'~+‘gs' , (5,3)v
9g T =P + fA +.g\ o (5 4)

051ng the 1ncompre551b111ty Condltan (3 14) equatlon

(5. 3) becomes

o, = - i> raate gt (5.5) .

Substltutlng the expre351on for 94 from equatlon.l
i

(5 4) and that for .0, from equatlon (5. 5) 1nto (3. 12)

- we get for the equatlon of motlon, 1n terms of f and

T 9 , . S : . .
288 [ 2,4, L4 =2 ; "__ foo o
B [EA “ANE =T (= .)é]‘— (q;-q,) - pit.
e Lo L (5.8

',Putting”‘a,;;A. ;P = %eXA—sz. and qi'-lqo =-0Q,
., We get

2 Y. » . o ' ‘ L - .
-Q = &4-:% + ;2% [(A?-"%)f - i ,2-)g]’
(5.7)

becdmes

[
NIH

whiqh, by setting A

;'Qg— = p¥ +- [ - ——‘ f - (—~ —»E?)g -
: r -

(5 8)

RN

o

"This is equétion.KS,Z) obtained By‘W%ng. '
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2. hri“For the thlck 1ncompressrb1e shell problem of -
1non-lrnear elast1c1ty, an alternatlve method, whlch
does not uSe an acceleratlon potential, has been glven

" by ZHONG-HENG and somcxx [11] ThJ.s method leads to

»the‘follow;ng formv usxng the same notatlon as in .

Section. 4.4, of sthe. equatlon of motion

= 2vQ : e .(5.9)1

‘which, after performlng the dlfferentlatlon on' the

leftqhand side, becomes

o .

This is theidiﬁehsiohal form‘ofjeQﬁatioh'(4.29);1”

_—

4 For the tthk compre551b1e shell problem

v

| of linear elast1c1ty, a direét analytlcal method of

.solution 1s the lﬁTinite serles method described by

P SR

BAKER AND ALLEN [2] PO i



S,

This method i's based on the Mldlln—Goodman technlque
which uses an aux111ary varlqble to: eliminate tlme—
dependent boundary condltlons.

The results obtalned u91ng thlS method are
. compared w1th the solutlons obtalned 1n Sectlon 4 3
n<F1gs. 19e and 19¢" The graphs show that the re— 

<

sults are con31stent. ) , S

<

.

;f See ROSE, CHOU. and CHOU [171.

.
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CHAPTER €

DISCUSSION OF RESULTS
B,

[T

Precautions in Npmerical Computations"@’

All the programs listed at the end of’ thlS

‘_theSlS have been wrltten 1n the BASIC computer lang-

'uage for runnlng on the 9830 Hewlett Packard desk

rcalculator. To ensure convergence an& stablllty of

Ve

'the numer1ca1 computatlons the 1ntegratlon steps'
'must be sultably chosen. The follow1ng 1ntegratlon

_steps have been/found most sultable.‘

(i) For the method of dlscrete varlables and the
'fourth order Runge Kutta process, a tlme 1n<
terval, St ¢ 0.01,15 satlsfactory.

(ii) For the method of characteristics,‘an integf

| ration step'ofysf < 0.05 is suitable. 1In the

case of e:very thick sheli,eone for which'

o ,

= >"
A. -

‘also been found satlsfactory

10 say, a coarser step of 8r = 0.1 has

' Computations. are relatiVely slow’bn‘the HP9830

vcalculator, but the overall computlng times for
;spec1fic cases are w1th1n acceptable 11m1ts. " For
fexampley for.fonr cycles of the response curve”of,

.Fig.nl4a, calCulated"hyfthe fourth»or@er Runge-Kutta'

3
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l_method, usihd §t = 0.01, the chputing time“is,ohe N
' hour; For each of the curves in Fig. 19a, using, the

" method of charécteristics,ahd an integration step of .

§r = 0.05, the°computing'time'isAthree hours and for
[

Fig, 19b[ using 5T = 0.1, the total time is eight

hours.

Specific Results

'6.2.1 Incompressible shells

A'peiipdic.motion‘is 6pt§iﬂed; for a sheli\
under an intefhal'step~input pressure Q <"Qmaxih
théh:ie the iimiting yakﬁe 6f‘Q'discussed‘in
Section7B;3 of-Appendix\B. This type‘ef oscil-

latlon is lllustrated by ghase plane dlagrams and

response curves, relatlng the rédlal stretch A to

-the time T, for the follow1ng cases.

. jh ‘ ) o
1. D The thin neo-Hookean shell for which.

©

€ =-0 05. Phase'plane trajectoriesqfer Q.= 0.05

f Qmaxf and Q 0.06 > Qmax,fwheretomax‘f“OEOSSG

e:e.shbwh in Fig. 10a. ‘That fdf theflihiting

_case, Q =Idma;, is shown in Fig. 10b. The re-
-“‘sponée curve for Q = 0.05 is shown_in_Fig. l4c.

The;me;ioﬁl in this ease, is‘pefiodic with*a.

[§



 period of 3.3872.

Free oscillation for vanishingly small

amplitude, is represented by the phqée‘plane

diagram of Fig. 10d. This is for initial condi--

tions: A, = 1.005 and A, = 0. The phase -

' trajectory, in this case, is an ellipse which
' indicatés—a‘harﬁonié bscillafion aepicted'by'the

response‘curve-df Fig. 18. The period is computed-

to be 1.8140. . - T

The case of the thin incompressible shell

.of,MooheyéRivlih'materiaI,_for,ﬁhich‘constant;

c = b.9rin-the strain energy function of equation

(2i6).'lPhase planertrajectories are shown in
Figs. lla and 11b for (i) Q = 0.06 < Q___ .which
. o’ 8 . ma'x

gives rise to the periodic ascillation depicted by

Fig. 15, (ii) O = 0.0633 = Q___, the critical case

>max
and (iii). Q =¢0“07 } Qmax'

It is\important to note that the periodic

wmotions hitherto c@nsidered are‘fqr‘practically

realisabié‘values of stretch A. If, for instance,

A >.3, a thin.shell may rupture because it may

‘not be capable of sustainipg suchﬂlarge stretches.

Now, an interesting case of Q > Qrax

is shown in .

Fig. llc where the phase trajectory is seen to

- .
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Vclose'againlfor large'enough valuetnfk, say
A > 5. .This feature is also shown - for Q =‘Qmax

in Fig. lla. Whereas these closed trajectorles

'*-would indicate that perlodlc motlons w1ll occur,

. periodic motion depicted by Fig. 16, (ii) Q

these extreme cases may not be reallsable in //

practice.

For the thln lncompre551ble shell, of. mater—
ial w1th the logarlthmlc straln enerqy functlon of
eqﬂ%tlon (2. 7), we consider. the case for whlch

c = 2.: Fig. 12 shows the phase plane dlagrams

for (i) @ = 0.08 < Qma which gives rise to a

0.0811 = Qmak' the critical case and (iii) Q =

0.082 > Q for which the motlon is non=- perlodlc.
no matter how large a stretch A is con31dered.
Thls last case is so because the statlc curve ob-

talned for the logarlthmlc straln energy functlon

is 51m11ar to that for the neo Hookean form

_The case of the thick incompressible neo-’

o

" of shells with varlous thlcknesses, under a constant

o

1nternal pressure Q,are shown in Flg. 23a. Those ﬁor

a’ constant thickness of shell under various inter-i

- nal step input pressures are shown in Fig. 23b.

Hookean shell. The re5ponse curves for forced motlons



These graphs indicate that.the oscillation is

" always periodic provided Q < Q - = 0.0556. )
) 'p‘ . - Rk max L .
, In ‘the limit, as g ~ 1 we have the per-

iodic response of Fig. 23c.

.6.2.2 - Compressible shells

1. © . The motlon ff-Uuathln compre551ble shell,
of Blatz Ko materlal, under an 1nterna1 step fun-~

..ction appllcatlon of pressure~Q < Qmax is found

B
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'to be periodic; This'is'illustrated by the phase

trajectorles of Flgs. léa and lsﬁ'ahd Ehevrespbnse
curves of Flgs. 17a’ and 17b. In partlcular,'for

& 0.02, € ='0.Q§'andiv = 0.3, the response .curve
Ad the phase plane diagram afe‘shown.respectively
in Figs. 17§'and l3b:v The-peiiod of oscillatgopu

fo:,this case, 1is 2,6925.

2. .For the thlck compre551b1e shell of llnear o

: elastic1ty, the response of the inner and outer
surfaces to an 1nternal coﬁstant pressure arel
, shown in Figs. 19a and 19b. The motlon, 1n%this

ca¥e, is noh—périodie, In partlcular, for g =. 2

and Q = 1, the response curves of Flg. 19a are

obtained._ For a - very thlck shell, for example 4 /-

one for whlch E = 11, the response curve of the

>



.inner surface under a.pressure Q = 1'is shown' in

Fig. 19b. ' This shows an 1nteresting asymptotlc

©

feature 1n1t1ated by the shock wave at the start

of motion. The amplltude of motion attenuates-,

in such  a way that the dlsplacement approaches .
the equlllbrlum state asymptotlcally like a
forced damped oscillation. Thls is because
there 1s long enoughotime for the imparted motlon
to die- out before the shock front returns to thls

surface after reflectlon at the outer boundary.

“y
On return to the: inner surface the,motlon_sta:ts

ot

" again and another cycié of oscillation ‘is pér—
formed: ' |
yli ; : . Thls case of a thlck shell 1llustrateS'

,n_z . what haPP%gS 1n the case of an infinlte medlum .

e
2

H~wherea&he wavefﬁgnt never gets reflected back

umgf fheéres gnse  is. then 91m11ar to

,he boundlng surfaces of the shell. These re-

fléctlons appear as cusps in the’ response curves.

I For example, cusps occur on the response curve of

~

Rl PR
"t
1

Flg. 19a for the 1nner surface of a shell w1th

¥

E -y
Ly

S BT £ i e e s



6.3

‘
»g—=2”a‘tr=2, 4, 6.. .

Furthrmore, we note that the curves qsp

. &

eFige. 19a and 19b agree we kil with the respogse .

curves obgained byoother~investigators. This is
shown by camparing the. graphical results, with
the series SOlUthh obtalned by BAKER and,ALLEN

A[2], schematlcally @h Flgs. 19e and 19@

.

c e

Comparison of .ResuXfs ™. - '

-Results-obtainéd by different methods are:
compared for the follow1ng cases..

(i) Free ;n@ial osc1llatlon of the thin ‘neo-

o (ii) ﬁnd forced v1bratlon of the thxn )

obtalned as a limiting case of the thlck

shell. . o

e

of :linear elastic;ty‘ﬁheo;y obtaiped as a

1imiting case of the non-linear theory.

(iv) Fbrced.vibregions.bf the thick compressible
shell compared with the solutions of BAKER
. [s] . ’ N .
~and ALLEN [2]:
. - L - . T 0

W

(iii) oFree and~fb:eedfvib:at1bn.ef the thin shell -

.

48
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1. B Results for the perlod of free radlal
h osc111at10n ‘of ‘the thln’neo—Hookean shell -ob—'
’ vta%ned by different methods are compared in o
i
Tsﬁle 1. The anSwers are con51stent g1v1ng a
’ perlod of osc1llat10n of approx1mately 1 815. o | e
) o T Thianhei% theory . 1
’ Bt R - = 7+ .| Thin as "
o ) ’ : o | limiting ‘
5t " le=1 in v g.5.| case of. | -
-~ % . ‘ :|'Mooney~".}.  in  thick -
. o - Rivlin, ‘Blatz-Ko. shell
Direct free ‘ _ v .
‘oscillation - N R . ak
. for IR 1.8140 .| - 1.8154 | . 1.8158"
% =1.005, S R
‘. »'Ao" =0 ] ‘
. . 3 ,
"LOVE [1} | N/A | N/A ] 1.8l46
Anélytiéél B
Solutions
K;{Raylelgh' .f“ R , - ~f';:" v L
" Method - | S N/A L TON/AC G 1.8146 2
fABLﬁ 1.VEComparlson of results Obtalned by
- jdlfferent methods for the. perlod
) . of free. radlal oscxllatlon’of a. . =
AT . fthln neo—Hookean shell.Afor whlch S ;'{}yj ‘
R e e e Tt -
<



'vHookean7shell Qith.e =‘0 05.

Atheory. Cons1der the ;‘¥10w1ng examples.

-from the llnear theory 15 1. 8146,

when € is. taken smali -enough_ eo'that terms

O(e ) become aegllglble, the results of the thlck‘
shell theory approach those of the thln shell

)~.

a) Free osc1llatlon of the neo- ookean thin

'shell‘w1th‘e‘¥_0.05, and 1n1t1a1 condltlons-

o d s * *
AQ = lf00§r-andixo = om' Thln shell theory

gives a period‘of osci;latlon of;1.8140, the

thick’shellitheotyrgiVes,kin-thevlimit,‘a

. ' . .

© value 1.8158..

b) 'Fotoed»vibfation f the thin neo—Hookean shelle
for which € =-0.05, under a constant 1nternal
‘rpreesdre QQL 0. 0‘; 'Perlod obtalned from the
‘thin shell theo: is 2. 0864, that from 1mﬁ1t1ng'
case of thlck s ell is 2. 1011. Lo e
c) _Compre551ble thln shell, w1th v’='0.3; e‘=r_n;
" 0. 05. Period ?f free osc1llat10n given byu i

LOVE [1] is 2. F062 the result obtalned from,fﬁ

-11m1t1ng case/of thick she}l theory is 2 3054:
. As Q apé#oaohee ieédfthe_resulte‘ofhnone

linearuelasticity'aépfoach tho;e of'the.}iheaf jh

theory. ’

* Consider, for example,‘the‘thiﬂ~neo-7

Perlod obtalned

that obtalned l

Pt




: e ‘ ~ : o S
T . ? . . ' . . .

from 1iﬁitihg case of. the non-linear theory is

1.8141.

Results for the thlck compressxble shell

are, compared w1th the serles solutlon obtalned

by BAKER -and ALLEN [2T in Flgs. 19e and 19f

-
s
S e .
PR
s
o
4
‘ 2
-
-
. <
s &é .
A4 .
“rt
L3
-
s - £
o -

. c

‘See Rc[[ss, CHOU and CHOU [171. I
/
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CHAPTER 7  °

| CONCLUDING REMARKS

-
A

1. Types of motlon

’.

-~ - \ .

-
1

The non-llnear elast1c1t¥_problems of the thln

and thlck 1ncompre551ble shells ﬁave been solved for

admissible straln energy. functlons.

Results lndlcate
}

that we get the followlng types of response ‘to an

‘internal step 1nput pressure. Q.

Denotlng by Qmax

the maximum value of Q for which the phase ﬁrgjectory

' .oloses,

f(i)

b

(ii)

(iii)

.othe llnear

v
e A
.

we. havei‘

P

for «Q < Qo motion is periodic with a finite

period of OSClllatlon,

as Q » 0, the response 1s that of llnear elast—

4 -

Consequently, the motion 1s har—'

<

1c1ty theory.

monlc wlth a flnlte period of 09c1llatlon.

, Free osc1llatlon, whlch involves:only vanlsh—

1ngly small amplltudes, is a speczal case of
theory. For thls case, motlon‘ -

13 also harmonlc w1th a f1n1te period of oscxlee
latlon.v, ‘ | ’

For the linear elasticxty problem of the thick

N -y

Acompressxble shéll, where only 1nf1n1te51mal

stralns are involved, the motlon ‘is non-periodlc.,,

52



I

' Wheé the - shell is very thick, say for % > lO,

4gh cycle of the reSponse curve resembles

that of forced, damped vibration., ‘In the lim-'

iting case ‘of a thin shell, when % -+ l,'the

motion approachesia periodic motion, w1th
h a finite period of osc111ationn
(iv) Forced. and free oscillations of n0n-linear
»elasticity theory for the thin: COmpre851ble
lshell are similar to those of the thin incom-

v

Apressible_shell.

vsolve spherical shell problems when analytical sol-,

Numerical methods

'Excellent agreement is'found,ﬁetween the var- .

ious computed results, some closed form analytical

§solutions and the numerical results obtained by other .

investigators. ‘This validates the {?sults of the

numerical methods used in this investigation. _Thesc‘
“numerical schemes 1nclude a modified form of the
discrete variable method, the fourth order Runge-Kutta

process, and the simple trapezoid rule of integration.

Thus proven, these methods can be used reliably to

-

utions become intractable. - ‘ \> L .ff

- -




The methodfof‘charaCteristiQS'

The-métho!‘of characteristiCs has the advan- .

tages, over - alteghatﬂve numer1ca1 methods su ‘s'the
LY A
flnlte-dlfferencﬁgmethod, ln belng dlrect, 51mp1e and

-

versatlle in appllpatlon. ;tt gives good results

especxally at lnstants of wave relgctlons where

a truncated serles, fé6r example, will give_only ) "‘_ ‘

approximate'result§;, Furthermore, it‘evaluates the‘
" N e - :
_stresses dlrectly durlng the step—by—step computatlons,

whereas in the alternative methods, these stresses

-

vhave to be cgmputedvseparately.j o ’ I i

.

Other input functions and boundary conditions

Most of the results have been computed foﬁ\iyf

- step fundtioh application of pressure but oniy a , S

. .slight modification 6f'the governing equations is’

-

-required for other pressure and.velocity.iqputsf fdr»
examéie, recfandﬁlar and‘expohentiai pressure inpﬁts.i
) In the ealculatiOns,vnonediﬁensiohal>édanti~ W
tiés-have ‘been used. This faC1litates a dlrect ex-

'trapolatlon of the results for 81m11ar cases.

,‘T,‘
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5. Extensions
The following extensions can be made to the
-work presented here.v.m
(i). The theorles can be generallsed to 1nclude
7 .
"cylindrical and plane problems by us1ng,approp-"j
riate constants in the constltutl%e equatlohs

and by definlng the tensor B accordlngly.

_'(ii): Other adm1551b1e straih energy functlons,

R

/7

§pecially for compre551ble materials, ‘can be Sy
vestigated, SQme of these, dlscuesed by -

HADDOW and FAULKNER [12], for example the
.strain energy‘function

Fe L T o 3 - oa( i - 1y 4 L e 12
.W ‘22:[(11" 3)v 2T - 1) + I:§3(/T; 1l

will adeqnately'describe the responsento dynamic

. a
loads of a useful class of -compressible mater-

;ials.

(iii) . The analy81s based on the method of character-

'lstlbs can be éktended to the non—llnear elast—

iicity problem of the ‘thick compreSSLble spher-”

g

ical shell Thls problem\wlll be found com- ..

_lex betause the characterlstlc curves.are no -
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Fig}

2.

Phase pléné'dlagramé for different
step input pressures. Curve (a) -

- shows motion is perlodlc, and curve

(b) shows motion at the llmltlng
state of perlodlclty.’
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Diagram illugtrating the free radial
oscillation of a thick-walled incom-
pressible shell: a is amplitude at

- inner radius, and u 'is amplitude at-

a generic radius, R.

~
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Characteristic field for a thick-walled compres-

sible shell under a step function application of
pressure. . . : .
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Diagram illustrating the critical value,
cériEg of constant c, for the

d

Moon —Rivlinvmaterial,
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Types -of meshes in the characterlstlc Ty
,field of Fig. 4. Mesh (a). is an inner’ v
half—mesh ‘mesh (b) is an 4interior e S

‘“full .mesh, \End mesh (o) is an. outer"
half-mesh.
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9
2

3

4

5

6

-8

15 S=-P/(1-2*P)
20

25
30

' &urni P,E

PRINT TAB15'
-’PRINT

'STATIC EQUILH OF BLATZ KO S. E F."

PRINT TAB25"NU‘"P

PRINT

PRINT “STRBTCH“ "PRESSURE"

'PRINT
Q0=0.0001

FOR X=1 TO 3 STEP 0. 05

Q=Q0

35 K=X/(2%E)

‘A=1/(X*X)

B=2%X*% (6%S=4) ' P
c=x**(12ws-6)

F=Q*Q/2- A% (1-K*Q) +B* ( (1-K*Q) **S)-C*m K*Q)

*% (245-1))
F1= Q/2+A*K-B*S*K*((1—K*Q)**(S-1))+C*(2*S-1)

AKX ((1=K*Q) ** (2*5-2))

65 Q1=Q0-F/F1

IF ABS(Q1-Q0) <é 1E-'10 THEN 85
75 Q0=Q1 |

GOTO 30

"85 PRINT X,Q1
90 Q0=Q1
95 NEXT X

N

END -

'Prdgram ir

N

o

Programfforvsolving the equilibrium

" equation for the thin compressible
shell of Blatz-Ko material

4
A

\

L

1100



N Y
- . o ‘ .
) Program 2a. Program for’ evalua’tlng the maximum step
o S put pressure, Qm ax’ for perlodlc motion
) of an 1ncompressible shell of Mooney-*- '
™ RlVlln materlal . '
.Oc‘ B ° .
. : .
‘ . vy ) 3 - \; -
- ‘i’ .
. B -4 _
< .x w
= ) ¢ ‘
S | . ; .
S . i — = .
0_' ) v - . . \\ 37
LN : 4



102

4

5 INPUT C,E,H
™" 15 PRINT “Q (MAX) roa DYN. STIB or A vazn S.E.T. "
2C PFINT .
25 PRINT "C="C,"E="E,"H="H
35 PRINT
45 G1=0 : c
5C X=1+H " ’ o
55 GesuB 230
6C G2=F ‘ ' )
65 IF G1#%G2<0 THEN 95 ' ~
7C IF INTX=X THEN 260 '
75 IF X >= -5 THFEN 270
80 61=G2
85 X=x+H 1
90 GCTO 55 ' .
. 95 X1=X-H | ’ . - Lo
100 ‘x2=x ' ‘ :
110 x=X1 ' T ‘ ;
115 GQSUB 23C
120 F1=F e : )
125 x=Xx2 . ‘ T ’ S
130 GCSUB 23C ¢ o .
135 F2=F. ‘
140 X3=x1- (k2—x1)*r1/(rz-r1) _ 5 ‘
145 x=x3 : <, . ‘ ‘ L,
15C GCSUB 23¢ —
_ 155" F3=p° - . - 4 - :
"% 160 IF-ABS(X3-R) <= 1E-10 THEN 210
165 IF F1*F3<0. THEN 180 B : ) .
170 ‘ZF F1*P3>0 THEN 195 R e
175 IF F1*F3= C THEN 210 ‘ ‘
18¢ X2=X3
~185 R=Xx2 . _ g ‘ A
190" GeTO 125- ' A —_— .
195 X1=x3 = - . R : o
200 R=X1V' o L _ R |
205 GCTO 110 e . ‘ /. T
21¢ PRINT : Coo . R - ’
215 -PRINT> .. . . T
~220 PRINT TABS"CRITIFAL STRETCH—"X3 "Q (MAX) ="Q
225° END - ra
230 2*c*(1/xv1/(x*#7))+2*(1 C)*(X-1/(X**5))
235 B= (X*%2) /24 1/ (8% (X**U))
L2240 D=(x**a)/a+1/(2*(x**2))
245 Q=E*A" ' o :
' 250 P=A* (X*%3-1)/3- 2*c*a-2*(1 C)*D+3/2 'vf \

bl ]

o

255 RETURN - #
. .260 PRINT "NO OTHER ﬁoor ,OF x'/x UP TO X="X
265 GOTO 80 ; o .

270 IF. 8(13-06 THEN 225 ‘ . o L e
= 275 "'H/10 T ’ o - o ’ : :
- 2ag cowo 35

C R
N



o . : ¢ Q

, Program 2b. Program for evaluating the maximum step
. input ‘pressure, Qmax,,fos periodic motion

° of an imcompressible shell'of material
with 1ogari§hmic strain energy function.

o



.INPUT C,E, H ' o g
PRINT "Q(HAX) FOR DYN STAB OF A . GIVEN s E.F." A[ N
_PPINT = _ : , - |

PRI NT l"(;‘_— "C lIE— "E "H-— "Hl

. PRINT

G1=0 .

X=1+H. . A S oo
~GCsSOB 230 - o . Y

G2=F ‘ S e
IF. G1*G2<0 THE% a5 T S
IF INTX=X THEN 260 TN ’ E

YF X >=.5 THEN 27C - . .. D
G1=62 . SN ' A

X=X+H . f» Lo

':GOTO 55 . Tt - R - : .  ;.

X1=X=H" oo .
X2=x . L
R=X2 . ' : '

X=X1%

GOSUB 230 . . .. - S T e
Fi= F : ot ‘ ’ . : : L
X=Xx2- e

AGOSUB 230

gose o o ;.J

x3= X1-(X2-X1)*F1/(F2-F1)

X=X3. S .. a.
GOSUB~ 230 ; ,'~‘ ‘fv- !

‘FﬁaF - ‘.
IF ABS(X3-R) 1ﬁ-1o THEN 210

) IF 'F*F3>0 THEN 195
" IF F1%F3=0 THEN 210

IF FT*‘FB’(O“T‘H‘EN 180

104

X2=X3- e N

GOTO 125 S e T O
x1=x3 R e
Goro tv0 Lot b

PRINT = : Y B iF,

 PRINT = S R e
PRINT' TABS"CRITICAL STRETCH—"X3,"Q(HAX)~"Q
" END

z*c*(1/x-1/(X**7))+3*(1-C)*(X**3-1/(X**3))/(2+X**6)

'B-(x**z)/2+1/(u*(x**u)) -
_D—(Loc((2+x**e)/3))/6-(LOG((3*X**6)/(2+x**6)))/12
. Q=E*1

LF= A*(x**3-1)43-2*c*3-3*(1 ~C) *D

RETURN : o . ’ '
. PRINT - "NO OTHER ROOT OF X'/X UP TO X'“X
GCTO 80 : . , o :
IF H<1E=06 THEN- 225 L ‘ Ll . o
GOTO 35



B T L R

14 -INPUT Q,E,P,H R

18- PRINT uQ—nQ "E""‘E’ “NU—"P "H "H 5 )

-‘.20' PEINT ) 2
KIvR PRINT “Q(HAX) FOR BLATZ KO HATERIAL" -

.°35 J=1"" . o :

40 xb=1 oot ST T R AR o
H2VCS0 LS e e
45 pO=1 : o o S -

AUBfC‘~1/(1 2*?)
-.us‘ccsua 50

50-X=X0 7 PRI et
-ﬁz‘cosue usc I P
55 N= c . ‘ ' e
© 65 AC= (Q*EQ*XO/E) 2*(XO-DO**2/X0) R SRR
70 K1=RA0 . _ _ ' ' : AR
75, V1= VQ¢(A10AO)*H/2 Y o : _

80 X1t= x0+(v1+v0)*u/2 o
.. 85 X=X1 - ‘
90 GOSUB 450 : ‘ S

95 AZ‘(Q*X*X/E)-Z*(X-D**Z/X) S I S o
106 IF- ABS(AZ-A1)<1E-&8 THEN 115_u' R e
10% A1=a2 - - _ o . S S -
110 60TO 715 TR ‘ o

e

]11541F A1*A2<O THEN SOO IR
CN=N+1 . R

:15¢:
160

ve=vi- .

- XC=X

po=p
IF N*H >= 500 THEN 750

GOTO 55

17C

- 45¢

»RETURN"‘

D=D0"

455 F= Q*(Z*D/(X*X))-(2*(X*X*D)**C) -
460 F1= (2/(X*X))‘(2*C*(X**(2*C))*(D**(C-1))) v
465 D1=D0- (F/F1) = : S

470 .IF ABS(D1=D0) <= 1E-10 THEN 485 .
“DO=D1- - . ¢ : ‘ . . ’ .

475

480

485
499

‘500
: JT=J+1

510
600

" 508

605
610

615

620

625
630
- 635

650

655

"«660

GOTO 450~
p=p1"

.RETURNA”

IF J=2 THEN 600 ;' -

GOTO. 120
L=t
X0=x

Vo=V1.
DC=Dp
IF L=3 THEN 650

H=H/2' {
L=L+1

GOsSUB 50 :

IF V0 <=, 1E-08 THEN 700
IF vVO>0: THEN 680 T
PRINT "APPROX Q(qu)—"Q

'0 )f



.flde-J

. AT ° R . . * L R L. gl
665 0=0elg710) vt T e Ty
670 .60TO. 35 . R
680 PKINT "APPROX Q(uAX)—"Q U
685 0=0-(0/10) ‘ SR S SR :
690 GCTO. 35 . - S a L -
. 700 .PRINT "CRITICAL STRETCH““XO,"Q(HAX)""Q A RPN
750 END. 4 o el s

‘.v"é ;

 §fogram'2c. Program for evaluatlng the max1mum

sten lnput pressure, Qmax’ fon per- ' o

A iodic motion of a compre551ble shell°
L of Blatz—Ko materlal

8.



'40- FORMAT - 11X,F4.1,6X,F12.9,6%X,F12.9,6X,F12.9 ~ - = =+ - il
12 FORMAT..11X,F6.3,4X,F6. 3 ax F6.3, ux F7.4 T :
14 INPUT Q,E,C,H <« " . » e .
=16 PEINT. ' : L e
.18 WEITE . (15, 12)“Q g, "E—“E "c~"c "a-"a IR e
20 PFINT ’ :
22 pBINT.TAB11"DYNAuIcs OF A COHPR THLN SPH SHELL"‘
24 PEINT
.26vaINTNTAB11"nETHOD 2 'HODIFIED DISCRETE VARIABLE"
. .28 PFINT S
30'PRINT;TAB11"TIHE"TKBZQ“ACCN"TABQT"STRETCH"TABS6 Lowlent
. . "RATE OF STRETCH" S e T e
32 PFINT : ' R I R
"~ 34 PRINT TAB12"0. o"TABuo"1 O"TABSB"O o" ',-‘ R
40 xCt=1 - : s U e
254 0=3_. ;_ o ST T RTINS E . R e
~55 N 0 \_ ?‘p -/ : .  2 o : . e '~'é‘ ©
766 Gosus.uso e
68 AC=A - . T I S
70 AY¥=A0 L oL T
75 Vi= v0+(A1+AO)*H/2 I P T S L ENE E :
80 X1= xo+(v1+v0)*ﬂ/2 : L K ‘ e
85 X=X1 . L e T e e T R T
" 90 GOSUB 450 - o O P
95 a2=A Lo ST T T
100 IF" ABS(A2-A1)<1E-08 .THEN 120 o
105 A1=A2 , S
A0 GOTO 75 R L PR e

©121 ¥o=v1 . 5 . - ‘ L
122 x0=x_ . _ - S T e

130 T=N*H*0" = R S R :

135 WRITE (15, 10)T, A2, X0, O R

150 IF T >= 500 THEN 80 o e :
.155: 07041 - MR R L e s
' 1605G0TO 55 = °'§_' 4; - ' | |
.- 180 END . - : R

450 A= Q*X*X/E—Z*C*(X-(1/x**5)) 2*(1#C)*(X**3 (1/x**3)) S e
460 RETURN . SR 4 L ey

S : '-,7 BT R %

° . R . ’ .
o S R . a . . Lo S

Program 3a. Dlscrete varlable method for solvxng
- ' ' the governing equation for a thin in-
compressible shell of Mooney—Rlvlln

’ materlal R S . -

DT



:.6 . I : ;
' f'Pro/g‘raim,’ 3b. ,

L SR the govexning ‘equation for 'a thin
N T compregsible shell of Blatz-Ko. .
ST 7 material. et B R

Discrete’ variable method for solving .



100

"V0=0

.pG=1 ~
jc--1/(1 2*9)
. X=X0 ,
 GOSUB" uso T I
XO=X, et T

o=1" N Lo e e T
-AO—(Q*XO*XO/E) 2*(xo-Do**2/x0)°‘ . 3 N
A1=A0 - e SR e RN
V1= v0+(a1+A0)*a/2° e S IR TR B M
X1i= xo+(v1+v0)*n/2 U e e e T e

L’
W

frounnr 11X, F. 1, 6%, r12 '9,6X, r12 9, 6%, r12 g
 FORMAT 11X, F6.3,0X,¥6.3, ux re 3, ux,p7 4
INPUT Q,E,B,H . S Lo

/

PRINT - T R

WEITE. (15 12)"0-"0 “E“"E “NU= "p "H—"H‘
 PBINT FE
PRINT TAB11“DY§AHICS OF A conpa THIN spn SHELL"V

PRINT :

_PPINT TAB11"HEIHOD 2..HODIFIED DISCRETE VARIABLE“
" PRINT .
3 PRINT TRB11"TIHE"TABZQ"ACCN"TAB%1“STRETCH"TABSS_'

”“RATE OF . STRETCH"

'»PFINT' ' ‘ e
:PRINT TAB12"0 o"TABuo"1 O“TABSB“O o":

Xc=1_

.‘;

Y=x1 . Ll
GOSUB 450 L

A2= (Q*X*X/ﬁi 2*(X-D**2/X) ”} g;;>i‘";.{‘; ?&m

IF ABS(AZ-A1)<1E-08 THEN 120

54w105—n1=52~

110,

‘120

- 121

122

'f123
125

27

130

155
© 160
. 180
450
4S5

nffuso

o

e

465
470
475
- 480
485
490

] = =N*H*0 ~

‘.f‘135f
© 150 IF. & >= 10 THEN 180

0=0+1 . _gﬁ 4

GOTG S5 . o

‘END ;5,’A' ER R

G60TO 75
N=N+7
vc v1

DC D ERE
IF N*H=0.1 THBN 130 4 : el T
GOTO 65 =~ - _4‘,'«;¢1;'-‘;f< SRR

WEITE (15, 10)T,A2 XO VO

D=DpO- . ' ' '
F—Q*(Z*D/(X*X))‘(2*(X*X*D)**C)
F1-(2/(X*I))-(Z*C*(X**(Z*C))*(D**(C-1)))
D1=DO0~(E/F1) |

‘IF ABS(D1-DO) <- 13-10 THEN uss

DO= D1'p ' - .
RETURN S T L



Program_4éil Fourth order Runge-Kutta process for
o e %ﬁlVlng the governing equation ‘for a
in incompressible shell of Mooney—‘

[N -

: R1vlrn materlal.sz ufj/ e .-!La

Ce



. .74 GOSUB. 5Q0

\ P .) .

ifonuAT 11X, FUL 1 6X, ?12 9,6x F12.9, 6X,F12 9
4 INPUT Q,E,C,H . - - o L S
16 PRINT ° SRS I S e

 _18“PRI'T uQ=NQ “E“"E nc "C uﬁ«ng’

20 PRINT = o S
22 PRINT TAB11"DYNAHICS OF A COHPR THIN SPH SHELL® =~

24 PFINT

26 PRIHT'TAB1J"HETHODU1: 4TH 'ORDER RUNGENKUTTA"Q'
28 PFINT | - e e SRR

" 29 PRINT ' ‘ ‘ B

QO:PFINT‘TPB11“TIHE“TRB2“"ACCN"TABQ1"STFETCH"TAEQG“ . .“ .
. ___' RATE OF STRETCH" - R |
32 PRINT - g

'3“‘PRINT‘TAB12"0 0"TAB“0"1 O?TBBSB"O on

40 xC=1. " . . "

- 42 ¥0=0

44 .D0=1
50 o=1 . ... . . T e
55 N=0 - L . IR BN

Ce0 xs=xo .. Lo T

64 GOSUB 500 ,
66 K1=K .- . e |
70 X= x0¢H*v0/2+n*x1/8 A

76 K2=K e e
80 x= x04H*VO+H*K2/2 o
84 'GCSUB <oo LT

| 86 3wl

95 X1= XO+H*V0+H*(K1+2*K2)/6

100 ¥1=VO+ (K1¢4%xK2+K3) /6

155 0=0+1

110 ¥= =Ns1!

135. GOTO 60 . S _ B
140 T=N*H*Q S T L o
145 WRITE - (15,10)T,A1,%X1,V1 ' C S

05 Al= Q*x1fx1/E-2*c*(x1—(1/x1**5)) 2*(1 c,*(x1**3-‘

(1/X1%%3)). —~

120-vosV1 Caoe ST 5
130-1IF N*H—0>1 THEN 1“0 L . '

150 IF T >= 10 THEN 180

=0 ss

-
(o2}
Q

&

500



-]

114'

INPUT Q,E P H

"PEINT

WRITE (15 12) uQ—nQ "E—"E "NU “P,_"H_="H
PRINT : \

PRINT TAB11"DYNAHIC' OF 'A COMPR THIN SPH SHELL®
" PPINT ’ ' ' ‘

FORMAT 11x F4.1,6X,F12. 9 6X,P12.9,6X,F12. 9
‘FORMAT 11X,F6 3,4X,F6.3, 4x, 6.3, ux,Pv 4

PRINT TAB11"HETHOD 4: uTﬂjoabén RuugE‘KdTTA"'

PRINT
PRINT -

PFINT TAB11"TIHE"TABZ“"ACCN"TABQ1"STRETCH“TABSG
o

"RATE OF STRETCH"
PRINT o

PRINT TAB12"0. 0"TABQO"1 O"TABSB"O on
S X0=1 |
V0=0

po=1

C==1/(1- 2*9)

. 0=1

N=0
X=X0

"GOSUB 450

GOSUB 500
K1=K -
X= XO+H*VO/2+H*K1/8

‘GOSUB 450

GOSUB 500 =~ . .. S
K2=K ' : '
X= XO+H*VO*H*K2/2

. GOSUB 450 -

GOSUB 500

K3=K

x1—x04ﬂ*vo+a*(x1+2*x2)/6

V1=V0+ (K1+4*K2+4K3) /6 o
A1-(Q*X1*x1/E)-(2*X1)+(2*D*D/x1)

N=N+1 R g
X0=X1 - o e

) VC=V1
. DO=D

‘IF ﬁiﬂ =0. 1 THEN 140
GOTO 60 _ o
T=N*H*0 e
WRITE (15, 10} T,A1,X1,V1"
IFC T >= 10_T//N 180,[

0=0+1 - N S -

GOTO 55

END~ .-

D=p0. . ‘
‘Q*(Z*D/(X*X))-(2*(X*X*D)**C)

F1—(2/(X*X))'(Z*Cf(x**(Z*C))*(D**(C”T))f

D1=D0 F/F1

' IF ABS(D? DO) (- 13-10 THEN ues



475

480

485

490
500

510

DG=D1 .
GOTO 450
D=D1
RFTURN: . . ,
K=H* (Q*X*X/E=2*X+2*D*D/X)
RETURN T

~d

"_mgrogfém‘45:_

N

113

ourth order Runge;Kutta‘process'for,
ing the governing equations for
.compressible shell of Blatz-Ko



INPUT*Q,E,C,H
T=0 -

. XC=1 ‘ : _ .
L ¥O=0 R .
JN=1
X=X0 .

L1=v0

' GOSUB 400

AC=A.

A1=A0

Vi= vOt(A10A0)*H/2
X1= x0¢(v1+v0)*ﬂ/2 '
X=X1- ] :
GOSUB QOO

A2=A '

~IF ABS(A2°A1)<ﬂE-08 THEN 40

AV=A2
GOTO 24 :

IF N/10= INT(N/10) "THEN 80
IF L1*V1<0Q THEN 54°

"N=N+1

vo=V1 _ :
X0=X . .ﬁ - S -
GOTO 14 ’

PRINT

T= T+(N-1)*H

4

PRINT TAB15"A?PROX pERiop OF OSCILLATION=" 2%T °

PRINT
IF H=1E-10 THEN 74

H=H/10

vO=L1 .
XC=X ’,‘
GCTO 12

- END

PRINT T#N*H V1 X -
GOTO 42

Q*X*X/E-Z*C*(X-1/(X**5))-2*(1

RETURN

N

- - . .

-cy*(x**3—1/4x¥*3)j

o Progrémea. Program’ for flndlng the perlod of
-oscillation of a thin incompressible
“shell of*Mooney-Rlvlln materlal



8

NN

S

.

4 INPﬂT’Q E,C, H

6

1C
12
By

60
ﬁ?

T=0.

‘XC=1

vC=0

N=1

X=X0"
L1=v0 .
.GOSUB. 400 °
AC=} .
A1=A0

Vi= vof}A1+AO)*H/2

x1= xo+(v1¢v0)*n/;

X=X1
GCSUB 400
A2=RF

Al

IF ABS(A?-A1)<1E-08 THENﬂQO R -

A1=A2
. GOTO 24

'IF N/10=INT(N/10) THEN 80 '

-
.

IF  L1*V1<0 THEN 54 L o S

N=Nf1 o
ve=v1 -
XC=% - ¢

GOTO. 14 -

. PRINT.
P=T+ (N=1) *H

"PRINT. ?hB15"A?PROX PERIGD OP OSCILLATION "2??

PRINT.

IF B=1E=10 THEN 7“

_H=H/10

64

.66
70

74’
- 80
84
400
405 .
410

420

42s

vO=11
GOTO 12

END

PEINT T+N%*H,
GCTO 42

B1=X- (1/(X*#*5)) = - - -

V1 X .

B2=X**5= (1/X) = ._ ., . : P

B3=2+ (X*%6)

A-Q*X*X/E-2*C*B1-3*(1-C)*32/83

RETURN

Program 5b.

Program for flndlng the perxod of
oscillation of a thin- incompressible

shell of material. with logarlthmlc

strain energy functlon



)

5c.

; Program fo}’findingbthe“befiod‘of

oscillation of a thin compressible

shell of Blatz-Ko material.

L3

~




DC=1 "
INRUT Q. E,P R

e--1/(1-2tp)
T=Q

X0= 1

v0=Q- S

‘N=1

X=X0 - -

‘L1=Y0
- GOSUB uoo

AC=A

’A1=A0

V1=V0¢ (A1¢A0) *H/2
x1-xo‘(v1+v0)*ﬂ/2
X=X1 .

GOSUB 400

2-l ©

_IF ABS(A2-A1)<1E-08 THEN 40

A1=A2

‘GOTO 24
IF N/10=INT(N/10) THEN 80

IF L1*v1<0 THEN su
N=N+1
60—v1

coro -
PRINT

T=T+¢ (N=1 ) *H
PRINT TAB}S"Appaox PERIOD oF OSCILLATION'“Z*T e

PRINT . -
IF H=1E=10 THEE 14

490

H=H/10

VO=L1

X0=X

GGTO 12

END

PRINT T+N*H, v1 X
GOTO 42
GOSUB*450

Q*X#X/Eq2* (ithtz/X)

RETURN -
‘D=DO0

F= Q*(2*D/(X*X))-(2*(X*X*D)§*C)

-4

F1-(2/(X*X))‘(2*C‘(X**(?*C))*(D**(C 1)))

D1=D0~ (F/F1)

 IF LBS(D1“D0) <= 13'10 THEN “85 )
DC=D1 . A . C

GOTO'usp

. D=D1

RETURN . -



L2
3
4

5,
6

8

9.
10
15
20
25

130
135
14¢C
145

1150

152

155

175.
180
182

~185

195
200

205

210
215

320

225

230
235

-GOSUB 770

‘g--.

"PRINT o= APPLIED PRESSGRE" "P POISSONS RATIO"f '

PRINT "Z=SHELL THICKNESS“ "K=INTERVAL SIZE"
bRINT "M=NUMBER OF VERT. GRID LINFS=(Z/K)*1" .
PRINT "RQwPLOTTING RADIUS" nre= INITI}L TIHE"
PFINT "INPUT Q,P,%Z,K, H R "INPUT R9 T6"*~“
INPUT Q,P,Z,K,M - . -

INPUT RY,T6 e f'  .
‘c1=2%"(1- P)/(“‘?*P) AU B o
c2=p/(1-p) = . | | e

FORMAT .F7.3,2X, F6 3,2%, E15 8 ﬂX E15.8 4x, E15 8
bIM H(105) U(105) W(105),P(105),Q(105) R(105)

- DIM- A(3;3), S(3 1) . B(3 1)

PIMNC(2,2) s 0(2 1. E(2 1

DIN F(2, 2),T(2, N6 . AT
PRINT’ vcaARACTERISTIcs METHOD(TRIANGULAR REGIONS)"'

PRINT

PRINT “APPLIED PRESSURE “Q,"POISSON'S RATIO-"P
PRINT’"SHELL THICKNESS“"Z "INTERvAL SIZE—"K

GPRINT L S} e

' READ RO,TO <~ .« . T

DATA 1, 0 , ?

‘PRINT TAB1“TIHE"TAB9"RADIUS"TAB21"S(R)“TABQZ"S(T)"f

TABS7"HARTICLE VEL“ T

.. GOSUB 952
Izt ST

I13= I“ =1 - S T R ST A
Mo n N o R s |
A=1 :

IF INTA(I/2)=1/2 THER- 290

R=RO -

FOR N=1 TG M

“IF I#1 THEN 130
~P{N)=Q(N) =R (N) =0

H(N)=P(N)=(I3*Q/R) . -~

U (N) =Q(N) = (I3%C2*Q/R) CRE I
W (N) R(N)+(I3$Q/(C1*R)) ‘ '°/j
R=R+K . } o
NEXT N °° T
I3==1%I3 L : e
GOSUB 920 - L

T2= T0+((I-1)*Z) Do

R2=R0O ,

I1= 1

N=1 ' L T,

GOSUB 630 \s_> e sy
GOSUB . 685 . : S T
IF IT1=2/K THEN 280 e

T1=T4 - S -
R1=R4

GOSUB 410 ' o
IF u-u1 THEN 250

118 -

G



255" R2=R0O-

R 13 . . P . . B . -

240 N=N+1 N A B U RIS B
24F GoTO 218 : cLT o o
250 T2= Tu-((u1-1)*x) L S s P

260 GOSUB 92Q, S

270 TA=I4Y T o~ S

275 GoTO 185 Co :

- 280 GoOsUB 920 : e L

281 IF I=39./BHEN 285 . e

© 282 I=I+1 . R L . N
284 GeTO 95 - . L T T
285 PEN : : ’ ST : R

286 END.

290 BERO+Z. D - T
O
529“ (R) = P(N)*(I“*Q/R) 2 L e L .
296 U(N)=Q(N) + (I4*C2%Q/R) ~ = = - ”
298 W (N)= R(N)*(I“*Q/(C1*R)).,

- 30C R=R-=K

302 NEXT N ; e C A S PR
303 I4==1*14  ° S AR R
304 GOSUB 920
306 T2=TO+((I~1)*Z) S , : L S e
308 R2=R0+Z ~ 4 R L e - : ‘ °
2310 '12" 1 o o . o . . LR . s o
315 N=1 R . : . S
325 GOSUB’ 1005_
330 GOSUB 545
. 335 IF I2=2/K THEN 280 e SR ‘ ' e
- 340 N=2 . i - - ' , - e
345 .T1=T4" : Lok : o R SR L -
:'350 R1=R4
355 GOSUB 1065
"360 GOSUB 410 o S : : R
365 IF N=NM1 THEN . 375 ‘ T . ' o i
370 N=N4+1 & | . o L . [
372 -GOTO 345 : . T S C : i
375 °T2= Ta-((u1 1)*K) : ST el L S
380 R2=RO+Z , ST e B ‘ 7
385 GOSUB 920 L T S A
395 I2=I2+41 - - o o e ~ o -
400 GoTO 315 . . [ R S - R
410 Z3=R4/K ; S ; P o §§’

© 412 Z1=R1/K
.. 413 24=R3/K

815 A, =123 . S
420 A1, 2y==1 o R AT R
425 A (1,3)= c1*(-c2-23): e . SRR S

4300 A (2,1)=23=1

...450 A (3,2y=1-

435 A(2,2)=1 e T S B R
440 & (2,3)= c1*(z3-c2) RS U e T
445 A (3, 1)=—p - o e e




455
460
465

470

475

480

485
490

. 495,
500

. 5058
- 510
515
525

530
335.

540
545

548

550
555

560

- 565

570
+ 5715

580

585,
590
'595:

;600

612.

615

620"
625

. 63C
" 635

- 640

. 645
650
655

660

665
670
675
680

690

. 695 -

¢, 2)sC1%(22-C2) .f?,’[”";_arqg T
C(2, 13 taP S e s n;v; S : P-"f? S

700

705"
710-

*'715

MAT S=A*B

A(3,3)=-2% (4B 23 L -

“IF INT(I/Z) =I/2 THEN 480

B(1,1)=X1%(21=1) +T 2+ V1%C1%(C2-21) "

‘B(2,1)= x3*(1+zu)~y3+v3*c1*(zu+c2) :

GOTO 490 -
B(1,1)= x3*(zu-1)+Y3+v3*c1*(c2-zu) ‘
B(2,1)=X1%(1¢21)~Y1+V1*C1*(Z1+C2) . o
B (3, 1) == X2%P+Y2% (1~ P)+V2*2*(1+P)/23 .
MAT A=INV(RA)’ yi. . o
Xu=s(1,1)
Yu=s5(2,1)" . o SR C
V4=5(3,1) - | T
H(N) =Xt o : R
U(N)=Y4 . . ,
W(N)=V4 S

'RETURN .~ e . e

Xu=0 - - S
Z3=R3/K . : B
TU=RU/K -

F(1,1)==7 | L T
F(1, m«m*pc%zn‘ SR . 4 o

F(2,1)=1-P

F(2, ‘2)e-2% (1eRjs2E L

G(1,1)=X4x% (-1=- zu)+x3*(23-1)+Y3+v3*c1*(62-235_
6(2,1)= xu*p-xz*p+yz*(1 p)+v2*2*(1+p)/zu g '
MAT F=INV(F) o o .

MAT. T=F*G L Lo = AR
Yu—T(] 1) o ' e _ : - L

VQ—T(2,1) -uif‘_.{. . ,:- | s "f‘

H(N)=X4. S

UN)=Y8 T
wysw oo T
"RETORN - . . . "
X2=H(YH - - - S
‘Y2=0(M. . . .o IS . L
w2=W () - ST N
X3=H(2) = RN e o
¥3=0°(2), I o o

V3=W(2) o e
T3=T2¢K -~ . =

R3=R2¢K - L e
Tu=T2"2*K . ° . ] L : ,-_" " e s C 0. . ‘_vg'
RU4=R2 ol N e - et R TaL -
RETORN < . ° - . . SRR
685 X ‘ :

° 688’

4=eQ . v e el e
Z3=R3JK L e S
22=RA/R 0T T

C 1y 1)'” -

C(2 2)--2*(1+p)/22
(1 1)= xu*(1-zz);x3*(1+z3) !3+v3*(z3+c2)*c1

.o ,,-' “O

: R - : 0
LN . 9 [

. . . . B . y o« e
° : o o



‘720
725
730

735"

740
745

750

755
760

765

70

.775.L
JX1=8(J)

780

785

. 190
795

©. 805
© 810
815

820
825

830
835
840
84S
850

855

920
922
924

926
928.

. 930

958
- 960
961,

962
. 970
. 972
980
1005
" 1010 R
21018
“1020

. 1025
1030

MAT D=C*E

i;;. | S

{
-

E(2, 1) xu*p-xz*p+zz*(1 p)+v2*2*(1+p)/z2 :

MAT C=INV (C)

Yu=D(1,1)
Vu4=D (2,1

GOSUB 962 e ’,n;:_l'.

H(N)=X4

‘U(NY=Y4
W (N)=V4

RETURN - . . . .
J=N=1 - o
=N+1 ' '

Y1=0(J)

V1=W(J) s
95 - X2=H (N) ' e -
800 ..

y2=u(®) SRS ‘:" ‘;<; ~

v2=W(N)

X3=H(L) N Y

Y3=U (L) I T N
v3=W(L) . - Wt

72=T1-K
'R2=R1+K coL T e
T3=T1- R RE

R3=R1+2*K .
TU4=T14K
R4=R2 '~

RETURN = -
N=M1

-p(A)—ﬁ(u)

Q(A)=U(N)
R(AY=W(N) -
A=A+

M1=m1=-1 -
“RETURN

QO,-O 2 0. T

YAXIS 0,0.1 S

FO=0"

PLOT T6, FO f-

RETURN.. o~

Pi= RQ*(YQ*(1*P) P*xu)/(z*(1+p))

WRITE -(15,20) T4, RU,F1,74,74
PLOT T4,F1
RETURN ~»-,
TI=T24K °
R3=R2-K o
TU=T2+ (2%K) s
RU=R2 ° .
L=N$1 L

X2=H(N) . -
- 1035 X

e

°

vosW(W) et

oln.‘




1045

1050

1055
1060

1065

1070

1075
1080

10990

1095

1100

1105

IMIC
Lo 115
1120
11125
1130

. 1135
1140
1145

1150

.féfogram-ﬁ.'

R4=Ri-K
RETURN.

- X3=H{L)
Y3=0 (L}
¥3=W(L) .
RETURN
J=N=1 -
L=N+1
X1EH(I)
“Y1=0 (J).
1085

V1=¥ (J)
X2=H (N)

Y2=0(N)
"V2=W.(N)
X3=H (L)~

Y3=0(L)

V3=W (L)

T2=T1-K

“R2=R1~K

: ‘o

T3=T1

TU=TI1+K

Ty

o

"R3=R1~ (2*K)

S
©

‘-

S e Vo ,
‘Method of characterists for solving
the governing eguations. for the
‘thick compressible shell .-

o

”122‘



260
. 27¢C
280

290
- 1310

. 320
330

340

350

360

GOTO 200 - .1," : IR
N=N+1 R . o

END =

PPINT “NFO-HOOKEAN SPHERE STEP FUNCTION APPLICATION .f_'“ a
‘QF PRES?UREW». : . . o L .
DISP llQ'N"-. « -

"INPUT Q,N1 .- e
/DISP “INT STEP s:zn 2

INPOT T ° ‘ : N
PRINT "Q=nQ, "N—"ﬁ1 "INT STEP sxzn—"r RPN
SCALE 0,5,1,1. 1.; . .

"XAXIS 1,0.5

,YAXIS Q 0. 025

G= N1**3-_w. Ce e T e e
'cx 2 : . ‘ - Lo o R . . AL
7PL0T N*T, X BN I e

. IF N*T/0. 1QINT(N*T/O 1) THEN 150 SR A

} ,PBINT "T-"N*T [1] x—nx Ny= nv

D= (T+G*X** (=3)) * (=1/3)

~E—((G+x**3)/(1+c))**(-1/3)'*~ T T TR Rt P
). P=G*X#% (= 3)’ DT . ‘ e

A—-(v*v*(3-(r*n**u)/(1-n))~(a/x+x**(—a)-u*E~E**u*2*Q)
/(1‘05)/(2*1) L

A2=2 Co : L L

W= V*(A2+A)*T/2 R , } o o .
Y=X+ (WeV) *T/2, e e I

*D—(1+G*Y**(»n))**(-1/3) e R R A e
- E= ((G*Y**3)/(1*G))**(°1/34 B S S

- F= G*Y**(-3)
"\ 250 A1

-(w*w*(an(r*n**a)/(J n))-(a/r+y**( u) 4*E-~ E**u+2*Q)
/(1=D)) 7 (2*¥) _ S

iF KBS (A1-R2) <1E=08 THEN 290

R2=A1 -

ST o0

V=¥

IF N*T=5 THEN. 350 o ST e
GOTO 130 T SR
PEN. g : : : o R : '

';gP;pgram;7. ;Program for solv1ng the governlng

‘equation for the thick-whlled
1ncompre551ble neo—Hookean shell
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. APPENDIX A

. NUMERICAL METHODS AND ERROR ANALYSES

Al fNumerical Scheme .for the‘Methdd‘of'Discrete.v

¢ -

L’.eg.;.ee.;se o “
For a- tlme interval At > o, let t =k At, .

|

k =0, I, be the t:Lme after ‘the kth 1nterv‘ and ‘

let a partlcle in motlon be at’ p051t10n Ak at t;me_

-t

:tk; Then, we can’ deflne the partlcle veloclty

. ' . . N R ’ L.
xk =‘Af(tk)' k =1,2, ... and_tpe particle(acceleraé

iéquations” . : e “;,
S .
et e Mo T Ay :
_—T—— B - Aﬁt ’ k = 1 r 2 r’ ..o o
and . | (A.1)
- 'M’ g
e o . ] s
- All + Allv . - xf L X l: N
A 3 :;E_;E_S;i = %E;jﬁ?ﬁ;l , k =1,2, ... i
“\\ . . ' w ' . i » V
. \'\\ N ) . : . . N ', '. v l | : (A. 2)
respectlvely. ; ; ) | | |

S . : o

. " Y . o
If the partlcle acceleratlon, WR’ s a fun- .

ction \g' . ’
b " \ " °
A, = (A 3)

then, an 1mproved\yersxon ofqdlscrete mechanlcs can.

be descrlbed by the follow1ng algorlthm,_whlchcms

-



,"

written in Bgsic eomputet”ianguage.in_Progra@.Ba;

o

(1)
(A
(1ii) .

‘(iv)

)

(vi)

S (vii)

(viii)

‘ (ix) -

o(x)

(xi)

o

Set kK =1.

and Al

\Read Ak k-1

1

Fﬂaa Ak o fnom equat;on (A,;) S

Setllk = Ak;l].
Find an apbrOXimate A'
“and from‘this,

an approxlmate Xk us1ng

equatlon (A 1)

) R

Substltute the approxxmate A

.‘6

ln equatlon‘

‘(A 3) to tlnd an approxlmate kk :denotedvéy
Transfer X"'into k; . | »
Repeat steps (v) to (v11) until A 1s feund

_ within a spec1f1ed error tolerance, e.

Substltute the flnal Ak 1nto equatlon (A 2) -

\

Hto ﬁind the flnal Ak-' and thls in equa%lon

(A 1\ to flnd the final Ak ;

lnto Ak 1 and Ak

.Transfe 5 into Ak 1’.

»the next tlme’;nterval, tk+i ;.

2

-

'Tne‘fiew chart for this algorithm is_shown

_ +in Fig.

7

5.,

ﬁsing equatién (Al2),



'where‘7h

r at consecutlve tlmes _a and t

Error Analysis of the Discrete Variable Method ' .

S

Equations (A. 1) and‘(A‘Z)uare basically the

.trapezoid rule of 1ntegratlon for whlch the error, L

E, is given by b
) h3 n

‘E = - 13 £ (n) | (A.4)
‘where h = At is'the'c0nstan£,éimefinteréel‘which'

would Se.specified; and n is Sucﬁ;‘that 0 <n {,h; :

-k
‘.

-

3‘,

By {35 am) - aesy

which by forward finite difference formula of dif-

ferentiation pecomes

oL Gemen) g_L( y
S 2 " n 7T 17 Tk

 (A.6)

k

:*h“ - Slﬁllarlly, the . error E, in evaluatlng the

partlcle d;splacement xk is' T

-

v ] °

'Ei'(vkiv 1)

| o _ o h% o
By 1371w =~ 17 (e %-1)
/ /(A'v7.) -
U -

k k l) is the maxlmum dlfference, over tge\

Theh; for.the parficle velOCity, v, " the error  '

,whole tlme range, between the partlcle accelerations \»/f

128
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129 .

N ) . . . . " g R :
where (v - v, ;) is defined in a similar way to

(ake a_q)- - :
‘ . Ll . N . o R ]

The values Of.fakf ap_y) apd'(ka_vk—l) can‘ o
be found‘in-épecific’cases. Fof example, iffwe take

h Oi{ then, for a thin neo—Hookean shell\w1th :

0.
A € % = 0. 05, under an 1nternal step 1nput$pressureA
0.

-Q = 0.05, (a ) = 0.021 and. (vy - ) = 0.4849.

;k7 31! Vi-1] |
Hence, from equat;ons'(A.G):and @A, 7)., El‘%t— 0. 175 x
i - 6 : 6 4 ,

10" ° and Ez = = 0'4041 x'107 . The spec1f1ed error°

tolerance, E , on the acceleration a(t ) is’

= 0.01 x 10'-'6 ' Consequently, the total error, E

L3

ﬁthe computed‘partlcle dlsplacement x(t Y, 1s

o in’

) ) o - o, ,"|- oo : S -3
. ¢  E =E, +E,+E =- 0.5891;x~1o 6
g LY . 3

\brj '

IEpl ~ 0.6 x 107% .

';in,general, s;nce El'and’Eé,are O(hS); and -
' . T . Lo - ) - ' ) o R
E can be chosen withinno(h3), then‘ETiS also O(h;)J o H

Ca

A.3 The Fourth.Order Runge-Kutta Process
Let the acceleratibn_k-,‘be a function .
. . ! ° o LY N “ )
" u §

A = o0 (a.8)




ce
2

'of‘the stretch A, "then'the fourth orderzkuﬂée—xﬁtta‘~-

-

.process uses the follow1ng 1terat1ve formulae to
solve the deferentIal equatlon (A.8).
‘ o ° o o =2
X = A+ hAY~+ i h2 (K, + K 1+ K,)
- on+l . Tn’ n 6 A § 2 73 ,
" a . . . o v v. . i " h (A.g)
R < L l . . ‘ : o :
Anel An + gh (Kl‘+ 23%/+.2x3 +‘K¢)
-  (a.10)
o /
where L
' oo ; . Y
f1= 2 Op) ) ’ ~} '
= " E. ' ) v B .
K, = 3:(xn + 3 X)) ) .
‘w . 2 : -
. . . _ " , : E ' o E . . N
- K3 =2 QG+ 30, %7 Ky g
4 . o ’ . i
: " ' h2' . v
K =2 O+ hA + 5= K50 (A1)

Aaand'h = At is the constant tlme 1nterval between pos-r'

1tlons represented by dlsplacements A' and An+l ’

o v Yo
-and A ' Anvare respectlvely the dlsplacement and

'-veloc1ty at tlme t . A progr7m u31ng thls method

to.- 1ntegrate the dlfferentlaﬂ eguatlon governlng the

motlon of a thln 1ncompre551ble shell ‘is shown in-
: _Program 4a. ~;ﬂ§ f_" S o h ) ""-'
' The error, E, in an th order Ruhge—Kutta~-m

o .

' method is giveh by C ‘ L.

130
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| @ W SR F
T = A C C (ALY
» 2 - l . ? N s J“\t

o : ":, -v‘

. . y . )
" where (1) a?’xd")\(z-) are the values of )\ a.t; t,gme t’

. using step s:.zes h oand 7 respectl\?ély °.Ln stepplng

»

forward’ from t__). Values for fehese ~can be fourid 1n

W0

specifg cases.- For example, in the forced v:.bration v

of the ‘thin neo—Hookean shell for whlch €= 0.05;" .;: a :,
under -an internal step input. pressure @ = 0’.055,,. s ;
Ao 561299868 ‘and x (2 o 1o561489352..'31hce:’1 |
r -'4h we flnq’ﬁ 0.1011 x 19 ' ; o ;'° {‘ : , "AQ

In generﬁL,)E is O(h ) as 1s the case w:l.th

. ’7
the discrete varlable method. f
RN 0. 9,_ o

o

0

A.4 _Error ‘Ana]-.JL'sis of’fhe" Method off

As discussed in section C.1 of Apf)ehé‘iﬁg‘c,'

4

the trapezo:.do fule ds used to z@tegrate Sthe charact< B

Y

.

eristn.c equatxons. Consequently, “the error, e, in B

e .. N . . - ’ )
- the numerical c‘emputation ig ;that .incurred in_ the
use of the _trapeioi'du rule. - A :
*Thus ‘e is O(h>), where h = AF = fpr. . L
. T o . a AR . .
. * \ ° &
» ¢ ’ o .
. T
. . -
3 . o i P )
/ oo 3 °
8 9 ¢ B ]
. - 7 o
o ) o ’.\T [y)



132

glAlgprlthm for. Integrg%;w fGoverning Equatlons for;

“-the‘Thln Comgges51ble{%heié '%;."

e Q)f,' S :
The secbndoorder non—ilnear ordlnary dlffer—

'~_ent1al equatlons governlng the motlon of the compres—

:SLble thln shell are equatlons (3 30) and (3 31y,

,"wrltgen as follows.

| A —'—2 ["2 0 5)25 l]__ RN ..(A‘_.l}?;

'-—,:2"(xj—v’—.>,- Sl (A14)

i

>
I
Q

o>

- To deve10p an algorlthm for th@ numerlcal

"_solutlon of these equatlons, let tk kAt, k = 0 1 2,

Loew
A T/A (tk7 and 5

'Also, for At > 0,

k
let Ak“ be g functlon

(Y]

Ry 1) ana 86y ). : . e e

Then under a known i &ernal step 1nput pres—

‘sure q. there corresponds a,6 for each Akat any

<

tlme %k Thls 6 ?g found by solﬁlng the transceﬂﬁ ;,u

dental eq&etlon (A 13) The values of 6 :and Ak

ware then used%to 1ntegrate equation (A 14) by some

~su1tab1e stepwlse procedure,rfor example the fourth

%

A

o



rorder Runge—Kutta

(ocess‘orlcheﬂmethOdﬂof’discretea

4var1ables.v"f.)//¢io

Equatlon (A. 13) is best solved by the ﬁewton- -

-l

ARaphSOn method. ThlS, along w1th the dlscrete mech4g-

Ly .,___j -

'Newton—Raphson operatlon.r*‘

133

anics procedure described 1n Sectlon (A l) 1s the _‘fa

‘ \ba51s ofsthe follow1ng algorithm. L égaf_y_,f o

f(i)';Set k =1 "_

»fl}) 4Read 1 = l, xk_l = and Gk l é,;' where« -
E'Gk { is the, 1n1t1al guessed value for’ the '

'(iiir Flnd the correct Sk i from (A 13) td”within‘f”;‘

a spec1f1ed error tolerance by the Newton-.;"

“Raphsgp method T' 777

e

= (lv) Use Ak 1 and &7 -1 to- find Ak l from equatlon{

_ (A 15) .
vy sSet x" A“'.ﬂc‘ SR RGN S

-(vi)"Flnd -an approx1mate Ak using equationo(A.Zl

_and from this,,flnd an- approx1mate Ak:usings;ét‘

L equatlon (A l) _:vi""u,:;~_77"3‘.if'\; -

(v11) Substltute the approxlmate Ak‘in'eqﬁationfﬁ:‘

(A l3)/to flnd an approx1mate 6

(A 3), flnd approxmmate Xk, and deauﬂaglnd
by Ak.,"%? C B ﬂé; 4»_ o i
AR CoEae e S S v
(viii)//Trgnsﬁer x 1nto kk .'°, \ o , o
4 - B . . ) "Jﬁf ‘. I‘



<,

@

U (ix ).

(x)

S (xi)

(xii)’®

o

Repeat StepSc(Vl) to (Vlll) unill Ak is =

Q-

found w1th1n a spec&flgdcerror tolerance._

Substltute the flnal A }nto equatlon (AQZ)

to find the flnal k .y pnd thls in %A 1) to

flndothe flqal A

' .
Txansfey k 1nto Ak 1, %w intq,kk_lf, and,

%

lnterval tk+l o

N

Repe&t steps ( q,

. o o .
. o .
o, a . PR
2 & PR
N
e (%] \
‘ PR o ® o,
o : N
a ; 6 i
ER . o
w o ® .
<
s Q°
< Q
.- w *
C e . o s @
. o

[

Q

a ) °

) ko (xi)

'0.-" o

o
° . “
o o ]
4 e
3 :
a

. -

_for the interval, -

o

8. 1nto Gk <! to proceédate the qext tlme ;od:f_’;
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ﬂ S  APPENDIX B - . ..
. CONDITIONS FOR A PERIODIC MOTION. - . .
“B.l Periodicity of Motion
: .,B.1l.1 Thé neceSSary;COndition4"A“’éﬁy R
) ; s ! .9 ®
RS 'r A°necessary condltlon for a perlodlc motlonf

under a step functlon appllcatlon of pressure, Q,'
ls that an equlllbrlum state, A(e), must ex1st for
thls pressure.u The condltlons for the existence of
thls equlllbrlum stretch 1s examlned here for a '

'thln shell fqr whlch k(e) refers to the mean equlll-‘

*um stretch.’_ In what follows, we refér to’the '

'Mooney~R1vl1n materlal as material I, the materlal

o ° . an
<.

bw1th the logarlthmlc straln energy functlon of

_equatlon (2. 7) as mater1a1 II,;and the Blatz—Ko,,*

o materlal as materlal III

) To 1nvest1gate the exlstence of an equlllbrlum
.stretch for a glven step lnput pressure, -we exam;ne
the statlc Curves, sketched in Elgure 1, for the

'fmater;als I,.II, and III.~'_K S '}w i
o ‘: " For. material I, there Aare. three distlnct

. N
types of~état1c curves marked as (i), (11) and (1i1)

in Figure la.“ Curve (1) 1s the statlc curve for the

7‘neo-Hookean SOlld, (for which c —-l),-curve (11) has

_-b;‘[,? B :;
B 135



one maxlmum followed by a mlnlmum ooxnt, this shape.‘; S

- obtalned for all values of«c for whlch

L ccr:.t <,¢ <1 R _ ,fA (B.1) .

ywhere ccrlt is . the value of ¢ at! whlch the maxlmum

'and mlnlmum p01nts merge 1nto an 1nflexlon p01nt de—

notlng a transltlon from curve (11) to .curve (111)

RN
T

‘Curve (111) shows Q 1ncrea51ng monotonlcally w1th x-‘-. L

;thls_curve ls.obtalnedgfor values‘of c for whlch’
- - ) . . . » : .
< < LA : ‘(B.2
0 © A.ccrlt R ‘ ~ ~»--_A‘-uf).

°

i For the cases for whlch 0 < °'§«°crit' there
:ex1sts an equlllbrlum stretch for any value of. the

B

'step 1nput pressure Q, consequently, the motlon re-'ﬁ:
"sultlng from any step 1nput appllcatlon of pressure

“is periodlc- When, however,: crit < c < 1, there
u_could be more: than one,equlllbrlum stretch for a

3

_Tgiven applled pressure Q. Consequently, as dlscussed

in Sectlon (B 3), there exists a‘maximum value,'Q '

max

-of the applled pressure Q. beyond which a perlodlc

' motlon is not p0581b1e. AR -“;”

Ce
o

For materlals II and'III,'theggtatic‘curves‘
are. simllar to the one for the neo—Hookean materialy
.and so, as ‘in the 1atter case, there is.a maxlmum
‘lfvalue,'Qmax of the applied step 1nput pressure Q,-

.

‘ﬁﬁh”"

o
1



‘.(B':‘.\3}‘..‘ -

‘ the form of the straln energy functhn W, as shown_ L

‘ sible shell :_ - '_;' ‘ o -

So137

beyond which a perlodic motlon 1s not pOSSLbLe., The'

- 'value of Qm ‘ 1s calculable as dlscussed 1n Sectlon'

ax T

)

B.1.2 . The sufficient .condition -

) . .

°. - The sdffidieht’bondition-for:a,periodicomotion

‘ | - : ] | R io S
“is' that the expression obtained for g, as in equa-

ﬁions (3 23) and (3. 35), whlch ‘can’ be repreeented"
b v o ’

as a functlon,»xﬁz = p(A), of l -must be positive%;

Then and only then w1ll the resultlng motion be per-

iodlc, with two velocities, whlch,are continuous

.ﬁﬁunetionsAofJAthus 1;f _ ' S .
‘ .v" ‘ . ° ‘:. . ,’. A . : . . N 1
"*. =y . . : ©(B.3)

This condltlon 1mposes some restrlctlons on

by ZHONG—HENG and SOLECKI [11] for an 1ncompre551b1e
materlal. o '

Thus'weihavewthe folloﬁing=sufffcient,cpndi—"

tlons to ensure°a perlodlc motlon of the incompres-

":-" | wo(x) ~M\™ as A+ . (B.4)

.. E'S
and : I

W, (A) '~ NAT™ aggh » 0 - (B.5S)
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’ where M N, m,n are pOSltlve constants such that m i 1
. * ~.;and"‘n : 1, ‘ R |
B 'I
and where
W0 = —35 Wy, I - (B.6)
. o ea% 2 S A _

crit? .

e

AB,ZVIThe*Cr;tical Value)-c. ., ¢ Of c}'for,theyMoohey-

-Rivlin Meterial =z

The equat10n for the statlc lnflatlon of the.

lncompre531b1e thln-walled shell of Mooney—Rlvlln
materla;, from equatlon (3 20), is.
. Q)\Zv . 1". ) ' . ’ 3 1 '
L= 2c00 - )+ 201 - ) (AT - =)
T AT T R AT _
* L (8.7). Y
L .q.. . 4*.,",."‘
o %——‘-'ZC.(A _ —,7-) + 2(1 = c) (>\ - —g) S

The turnlng p01nts of the Q/A curve,'shown 1n Flg. i

. occur at values of A for whlch P
dQ - 4
o = 0.

" that is, at the roots of ‘the equatlon o

. ] : . : o v"’ . . s
@ =2 +_x8),+_2(; Q) (145 =0
- (B.8) .
ku“« N



0. i Q&y o T S
Puktdng 1. . e L
"'arid‘ - L S

eQuaﬁion (5}8) becdmés;' : S R o

| yx4_—,x3 #esYx + 7 =0 (B.9)

By Descarte s rule of 51gns, thls equatlon cannot
have more than two real p051t1ve roots, ‘80 that there

are at most two posxﬁlve values of A for whlch ‘Q has.

‘a stationary value.7‘>‘=-.' o .
Furthermore; from (B.8),.it follows that if

4_c"and (lrc)_are both poéitivé,”that is,gif we have‘
6:% cg'ie | ? o ':f»b.7"" (B;lp)h

. %%.>'Q for A = 1 ahd' fer_k‘>> 1 '

< this iﬁplieeJehat £here‘@xist§hseﬁe»values of X > l-.

| for whlch | ' . . o

«

o tag L .

hthat 1s, for ‘which from equatlon (B« 9), we have

ﬂf(x)“#-—zi_;l;h sy - '(B.llg'”'
e - oox .+ 5% R ' '



thé critical value, -c

and . A' =0

° i o

_Thls is p0331b1e if and ‘only 1f y is less than. the N

o
1

maximum value whlch f(x) can attaln.

~-Solving the equation | S - .
CAf(x)  _ . .
ax T 9

. we find that the maximum value of f(x) occurs when

. , o } _ - .. -
x = 3.3883, that is; when A = 1.8407. Consequently,

crit’ of ¢ is . 0.8234,.

max- .

'The Maxlmum Step Input\Pressure, Q ;- for a Periodic

Motion..'

tory.closes; the maximum value,'Qhax, of the applled

fpressure Q, for a perlodlc motion is the value of Q

;for whlch the trajectory just falls to close as

deplcted in Flg. 2(b). Thls llmltlng case occurs‘

'when an equlllhrlum stretch, A(e)z, c01nc1des w1th

o

~a root, Ad’ of the energy equatlon'

Since for:a.pericdlc motion,vthe phaSe'trajec—'

Thus for the Mconey—Rivlin'matefial,'bi-sétting
4 ) ' } (B.12)

e

in equations (3 20) and (3 23) respectively, we have

_at Q Q .-; the palr of 51multaneous equatlons,

max

N o
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X | o (B 14)

A

@By ellmlnatxng Q between (B 13) and (B 14)

we get a polynom1a1 in X the lowest p051t1ve root,

<

ka, of wh;oh,when_substlputed in (B. 13) glvesb

Qg = 2¢(cE - Ly 41 - e oy - L

max A
: ‘ chd Ad‘

; ;;‘alf*

(B 15)

The values computed for Q ax for dlfferent

\

fcasesvbf each of materials I, II and III are shown -

Y

on the respective phase plane dlagrams.,'A' . SR
The perlod of oschlatlon, T, is finite if Q
is less -than Qmak.and 1s‘glyen by

A

. e dax - ‘ RS S P Lo '
T = é‘ = . o L S S »(B.16) e

v

~The numerlcal method for evaluatlng thlS 1n-_ o

tegral is descrlbed in Program 5a. o

-«
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APPENDIX C _ S

' NOTES ON THE METHOD OF CHARACTERISTICS

{

Integration of ‘the Characteristic Equations : ';/,

3 .
®

~ Using the_notééions_for'the thick compressible

shelY, let the‘fuhctions

. o, = o (r,T) . Og = qe(r,rY and v v(r;r?
< 3 . :

©

(c.1)

i >, ’ S : .
vary linearly in the small intervals between:grid

points} ‘Then, réferring to Fig.~8, the integral of

the,differential’dE? for example, along If is ‘given

e o N . _
= I do . ='(qu -(Ur) : I (C'2)° '
ST SR SR o -
and similar relatiohs_obtain for ihtegrals along I~

-

and II characteristics.
' Furthermoré, by aqsuming the functions of
equation (G.1) tp be lirear aiﬁh@_thé"characteristics

rule of integration becomes suitable -

the tfapezoid
for integration, from onhe grid point to the next,

along these_fiheé,’jFor'example, along the ;f, the

o . ‘ t .
vfollqwinglintegfatiOn formula holds

142
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(C.3)

For convenience of integration, we set

.~
1)

‘4§"= At . . .,', fﬂ “ - (C.4)

Using equationé (c.2) and‘1c.3) in (4.24) and

.o (4. 25), and dropplng the bars an the ‘dimensionless

quantities, we get the lntegrated forms of the char—jg
’acteristlc equatlons in non-dimensional form as
- follows. |

Along 17,




Vi ‘ L :
' along II,
f‘r\
U4 vio_ = o_+) = (L = v)(c, - o5 ) . ;
o Fqg T2 fg 02
M A
. = - (1 + V) (!) + (Y-L (2a1)
r]y  \X/3
B (c.7)
Where. ? h
2w 2y o
2(1=-v _ v o .
o= "—_—1_sz ’ .- B = 1_2\) ] (Coa)

. and v is Poisson's ratio for infinitesimal strain
- from the undeformed state. R o ‘ ,“,

To evaluate the stresses cr and oe and'the
{Velocity v at each grid p01nt of the cha;scterlstlc

'network of Flg. 4.,we proceed as follows. In the'’

und15tu;§éd%§gglon ABC, o‘r;‘o6 and v are all zero.

jﬁﬁneﬂtly; ??e gq&ubs of these quantltles “at

a.Obtained directly from

-—

E ébf equations (4.26) -

“‘ @

sznltlal values, a step—by-step

: atlons (C.6) and
 g;t§neous1y for the half-mesh in the lower’
;corﬁetAef the tr1angular reglon ACD.” Thls glves

' at the third point qf the traangular

mesh and‘81nce o is already. prescrlbeg a& this
o g o |

e B \If . | e : e

e
¢

144



‘along thisfl
angular,re;i.@‘

the fox&:gn stepwise process is regeated.
o . > o R . ) o :
- time starting with the first outer half-mesh in the

'point,‘we can now solve equations (C.5) - (657) .

o "simultaneously" for the full imterior mesh nex} ﬂ(

this first half-mesh, This %ives values of o ‘oe

r
and. v at the fourgh point of the grid fIOm which
we can evaluate the next mesh in a similar way .

This process is repeated_pntil all‘the.grid points

RSN o

in-the triaﬁ@uler-reggon Aép have been treated. ";
: : (e s .

CD is a path of wavefront propagation, there-'

3
T e

fore, the stronq discontinultmes in gf, 0y and v”,\

given by equatlons (4. 26) (4. 28) “must be added to

- the values prevxously calculated for these quantltles

A!ne An order to proceed to the noxt trl—'

CDE. CD is now the ir\it:;La‘;}t 1$ and

lower corner of CDE. ~* ~ - = - - _ 4.

o Jumps are again added for p01nts along DE

before_golhg lnto the next trlangular ;eglon which

o

»

then beoomes~evaluable. In this way wcfcan cover

o
v

as meny triangular regions as we desire.

"o



T T NP ST LE L I
: C.2'gBoundary]Cohditi0ns'an&‘fheAConstants K and K . '

The dlscontlnulty relatlons across an I

°

”‘wavefront arelkfét

- ‘ Q [Ur] = -r"
', \ : )c ) " ‘ . Q K . p‘ L
logl = '1—\7 T
SR ___‘f 1. K - S
R .__,[y] f’”“f:pc-r : . {c9)

and ‘across an I” wavefront, these are .~ - .l

. . Lo : E oL

r

. H'lpg_

R DR

M

146 -

1= e A E T \'i,c,;ﬁfo) o8

.whéfe'the'notatlons for the thlck compre381b1e shell._

W K L . '
have been'used and K, K are c0nstants to be determ—

ined from the boundary condztions.;o

These boundary condltlons are"'

1

and

" Lo

o ==-q at r = A (or r 531)”.J~€ ”‘ov»-*

i



”~fand the flrst boundary condltlon in . (C 11), the

v‘WHere*G"

For. the flrst I wave prOpagatlon llne AC, of

Flg 5, we have, from G‘i flrst of equatlons (C 9)

-

equatlon f f"

r+'~ r-

. hlnd the wavefront respectlvely Equatlon (C 12),

therefore, gives ’7‘le:"'f{,

 Lvixa

‘wht:the,ehdpqintf % of line AC, the flrst of equatlons

s

L Y L R
‘_(C;;A)_giveSv_'i["«' Wl ,‘ N

Y
i

i{;_dd :j;~i%.%?7-d‘i -

-

and 1n order to satlsfy the second boundary conditlon
in equation (C 11), we should have, from,the flrst

of equation (C 10)'

DA

S 5O

. 4f%§'5aﬂi

d'; are the values of or ahead of and be- R

(e.14y.

s ) _.O’I’:‘-—r-'g:, o qA T e T (C.12)

. i g e a



7.

!

o becofhe

and the:diScohtthuity.feiatiohs,elong théetiihej

This 1mp11es that,‘for the flrst I wavelpiopegetion"

line e, 4'. L

P

“fge]‘:f T=v (‘%?»f_- a

. .

L for the endpoint D. of CD# the discontlnuity 1n Gr as

‘[ar] iégfdeff:"; ;1.  vﬂj ‘h'

2

‘:in equqﬁion (c 11), we must have, for the value of

K along the second I propagatlon line DE, the ex—”

pression’

N
~o

Similarily, for the line ‘EF,

-

o

LUK = =qa .(c;.',l'é_),_%

EIt fol'ows, therefore, that for succeedlng I . propa-

,gation lines, the values of K are ngen by

e Again, the first of equatlons (C. 16) giﬁes,_"

C 148,

Ly

S;Consequently Eo satlsfy the flrst boundary condltlon‘ o



| with alternating signs, and

aines. - Tl

-f_gais§*w1£hgsigné‘altefh&ﬁing.

|

ey ‘
T
RN
.

N
S

[k = ‘.fgg*r"'*qﬁ?":qh.r' +qhs ie.

e -

®'= ¥an, -qA, YaR( -aRs -

_fOfﬁthefIpreragéti§n '

149.

)

 (c.19)

N

A

(c.20)

D
/

. s .
. S )
R
e e : [
3



fTo the Averege Hydrgstatlc Stress:

.. APPENDIX D

’-‘f"pRoo,F.S OF THEo’hEMS e

Proof of the Theorem Relatlng Surface Tractlons g

“The theorem’1eadsito‘theieqﬁetionf
j T« ¢dS\—"f p¥t -‘.‘r,dv.":-_ 3\;0' S (Dl) L
s~ N . vV"","‘_. o

~ where T 18 the surface tractlon, r the.position-

t¢Vector, V the volume, S xhe surface and G the average‘_f

. hydrostatlc stress.

Denote the left hand 51de of equation (D l)

! “'by L, so that

tf%_J'T’a r ds -;lef"7r1dV" ‘(bIZ)V

~
1

'and put f_; p¥-.  Then, inmteng;anotatLoh,'equetionf

(D 2) becctes

- L= fc n, r, ds - J £, av .

.

"1App1y1ng the dlvergence theorem, this eqdationobeef

. . » e -,

L f‘jvl}rj ‘°ij ,—'f,i_"‘;i]"dv"- SRR

comes

N . . - e




‘as stated above. . 0

(D 3)

) By Cauchy s first 1law of " mqtion, when there o

'are no body forces preqent, we have

ac . 3 .";'
) Ff'-j_:i - f'i' = 0 .-

»J : ‘ -
It follows, therefore, from this and eguation (D}ﬁ);,

B T

.'that ST e

L= I 0,, AV = 3Vo
: v ii o

- 3Vo -

il

-~

‘ 'J‘T" r ds —;f pY + r av

»The1Charéctefistic'Curves~

Tfollowing total dlfferentials

Let the characterlstlc Eurve in the (r—t)

‘hplane be defined by the parahetrlc equatlons

'.?? m'r';vr(s) and o= t(s) .z.'_i

Then the dependent varlables o -ry and ,v have the

(D 4)

151




el o
o -
S SR ¢ I ’
adr' _d.£ + _..__acr ..d_t:‘. =.- .:.g. AQ'
- Jr .ds_ t - ds. T ds r
.aob.g£‘+ aqe dt .y ljted_
or _ ds t a ~.ds. "6
) ‘ . . ’ 27N
. '
dv dr ., dv dt _ d W
ras T %das. - @y .o, (S
The paffiél derivetives Ofed Og anddg_‘ | .
. become 1ndeterm1nate when the determlnant of the
choeff1c1ents of the left hand 51des of the six - ’
equatlons (4.18) - (4. 20) and (D. S) is zero. ThlS
condltlon 1s expressed by the equatlon - 4,
det |1 0 0 .0 &  -p|=0
. : 0 0o .0 1 - -Ev 0
0 1 0 0 -E(l-v) 0
) de. dt. o o 0 0
s ds . 7. . ‘ . y
dar dt L o
° % 3% &@w. ° 0
. ' - dr at |-
0 0 0] 0 | -a—js- 3s »
) whlch 1mp1ies that) o ' o e Y

&=

Crar\? 1E(l;9)
; Qt P

andfdf‘f_q
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" that is

= tc and dr = 0

2j2
it
f

',Whe:e c is the'veioqity ofa§r0pagatioﬁ of dilata-

. tional spherical waves. .



