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P
. ABSTRACT
~

Since the initiation of electron radiation therapy,

most of the experimental efforts to understand the

transport of electrons in a medium‘hayé been concentrated
on the i;vestigation of dose deposition by electrons.
Because the dose qistribution of an electron beam 1is oﬁly
the end fesult of the transpbrt'of electrons, it has nbt
been possible to predict the dose distribution in a complex
medium. In adg}tioﬁ, the prediction of a dose distribution
even for a simple mediug% such as, an all water "phantom",
cannot be made generally because of the the degradation of
the accelerated beam caused by the method of shaping a

broad beam(e.g., scattering foil -and collimator).

In this study of electron transporf-in a homogeneous
semi-infinite ‘medium, the linearized Boltzmann transport
equation 1is wused with the boundary condition of an
individual pencil  beam 1is used. To facilitate the
mathematical treatment of the problem, the medium is
divided into two vregions. The first region is Where fhe
path-length of an efectron is still far shorte:' than the
"diffusion 'vlength"l of the medium. By applying the
"Fokker-Plank" approximation we obtain the angular
distribution of electrons and the average lateral, and
longitudinal displaceménts, Thé second region is where the

orientations of electrons has become very diffuse. In



order to take <care of the energy dependence of .the
scattering Cross—section; we use the “continuous>slowingb
down approximation". The angular_ density function 1is
expanded in terms of spherical harmonics and the scattering
cross-section is also'gxpanded by the Legendre polynomial.
The series 1is truncated at m=1 and n=1. The spatial
distribution of elecfrons is obtained by <solving the

resulting coupled equations.

Results are compared to fhose 6btained by Fermi and
‘discrepancies are found in angular distributions of
electrons. Furthermore, it is pointed out that Fermi's
solution has a serious drawback beéause the depkh of the
medium is used as an energy indicator instead of the actual
path-length of eletrons. Its appliqation to the radiation
transport problem is thus inappropriate, despite its

popularity‘in applications to medical physics problems.
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I.1

CHAPTER I

INTRODUCTION

History of Radiation. Therapy with Electrons

In 1934, Brasch and Lange(l) reported on- the use of

~Ufast dafhode rays" as a method of radiation therapy. This

« 1is apparently the first paper dealing with the use of
' .

external beams of electrons as a therapeutic agent. They

cited as adVantages;

(a)

(b)
(c)
(d)

The

well defined and adjustable range of penefration;

ability to deliver more dose at Jept. relative to
4
dose at surface ("skin sparing" ;

enhanced biological response; and
the possibility of magnetic directability.

w

energy of the electrons they used was between 0.7

the

MeV

and 2 MeV, with a range of up to appfbximately 1 cm in soft

4



tissue. The first mention of the wuse of higher energy
electron beams was made by Hass et al.(2) in 1954. These
authors pointed out the advantages described previously and
also stated that the skin reaction was not worse than thaf
experienced with other typgs of radiation. This papér

dealt with electron beams produced with a 22 MeV betatron.

Electron radiation therapy was initiated mainly
because of the adVantageous penetration characteristics(a
\and b) and it evolved trapidly ‘with the development of
reliable higher energy aécelerators. The early method. of
dose administration was ©based largely on the energy
deposition‘data measurea in a homogeneous medium, such as a
water "phantom"(Figure 1). This approach is based on the
assumption that the volume of the patient's body to be
irradiated is of unit density and water—iike in atomic
’composition. The dose distribution of an electron beam is
assumed not té be severely distortéd as it penetrates
heterogeneous tiégue. This dose administration method is
therefore based on the simple consideration of the
cross-sectional area and the depth of the tumor from the

skin surface, which determine the field size and beanm

energy, respectively.

In 1961, Ovadia and McAllister(3) reported impfoved
"skin sparidg" and the reduction of dose to normal tissue

overlying tumors with the use of a '"grid" placed in the

»
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Fig. 1.

Depth dose curves of broad beam of electrons
of various energies incident on a water

phantom . o



incident ~ beam. The grid was constructed of "a lead
mask(1.25 cm thick) with holes of various size. These
authors optimized the hole size and spacing to achieve dose
reduction in the skin and "transit" tissue: In 1963, therc
was another report of a similar effect without the use of a
grid by Carpender et al.(4) who described electron
radiation therapy vith a scanned "pencil beam". This

concept of a\\ﬂpenci1‘ beam" 1is important and will Dbe

emphasized in this thesis. They found less skin reactions,

and gave several explanations,;

(a) "grid-effect" caused by the raster scan pattern,

(b) higher local dose rate,

(c) uncontaminated beam of electrons achieved by not using
a scattering, foil to produce a macroscopic beam by

spreading a pexczl beam.

i\ ¢

However, they were doubtful about the first explanation,
because the scanping was performed continuously to give a
homogeneous §3££gce dose. Furthermore, daily variations in

positioning of the field on the patient would further

diffuse or blurr the raster pattern.

Another significant finding was the actual
alteration of the depth dose curve(Figure 1), caused by
tissue inhomogeneity.l Taply and Fletcher(5) summarized

various «c¢linical complications caused by overdosage due to



the presence of lung in 1964. Several years before this,
simple corrections(i.e., CET) for tissue inhomogeneity had
been developed by Laughlin.(6) Basically, this method
reiies upon the modification of standard central axis dose

data on the basis of the{&veragg,density of tissue actually

\ -

Vet

traversed. At that ti&sj/the lack of information of the
anatomy of the patient presented an unsolved problem and
more complex schemes which consider electron transport were
not developed. With the advent of X-ray computed
tohography 'which provides not only the geometry of the
patient's anatomy but also an in vivo map of tissue
densifies, one ofl the fundamental obstacles to accurate
treatment planning was removed.(9,11,12) However, in spite
of this remarkable progress in obtaininyg patient—specific
data, thé 'complexity of electron transport in a
heterogeneous ~“ medium has yet to be fully understood and

-

this remains as a pfoblem today.
1.2 Physical Description of Broad Electron Beams

1.2.1 Beam Energy

\

4

The energy is perhaps the’moép important parameter
in that it 1is directly related to the location of abrupt
fall-off in the depth dose curve, as measured 1in a

AN

(o}



homogeneous medium. Selection pf an appropriate energy
permits the treatment of a lesion loéated near a surface
and extending to a specified depth (e.g. chest wall). In
fact this trend of depth dose curves to fall off sharply
Ahas been used reciproéally to define the "mean energy" of a

broad beam of electrons.

The nominal energy of electrons 1is fixed and
uniquely defined by the accelerating potential. Even.
though there is a small spread in energy (<1%) within( the
accelerator, we can characterize this energy{ﬁgy-*a
monoenergetic value Ea , the "accelerator enefgy“.‘ The
accelerated narrow béam of electrons, howéver, has to pass
through exit windows of the acce’erator spacé, scattering
foils, mirrors, dose monitor champers, and air layers of

considerable total thickness Dbefore reaching the body

surface.(Figure 2) A cascade of energy losses in these

2

materials shifts the electron energy to less than Ea ,
and also broaden the spectrum as a-result of fluctuations

in energy loss. Provided these fluctuations in energy loss

are very small, one can still speak of a single energy
value, 4EO , at the body surface;

E0 - Ea - AEtot
wﬁere L\Etot is the total mean energy loss in the 1ayer§

traversed by the Dbeam before reaching the patient. 1In a
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practicai situation, this quantity is difficult to
calculate, although a measurement is possible(49). Beyond
layers of the tissues of appreciable thickhess in an
irradiated.gody, one has to consider a further.distribution
of the electron fluence in energy, whiCh‘is influenced by
the incident spectrum, further energy losses in penetréting
into the body,.énd the generation of secondary electrons.
The ~gistribution may be characterized by the most probable
ené?@?f the mean energy, and the maximum energy at a

particular site in the body.

According to the ICRU(17), there are four possible

statements of energy currently in use;

(a) Ea , with description of the scattering foils(if

any);
(b) the "most probable energy" at the surface of the body ;
(c) the "mean energy" at the surface of the body ;

(d) energies determined experimentally using various
methods that yield values of one of the above three

energies. These quantities are shown in Figure 3.



Pe(arbitrary units)

Phantom
\\ Window Accelerator
Filter J
W
- -+ e
- 7
at depth Z at surface ﬁ before
=0 window
1 /4 {
L4 7/
tz 0 ( max)o Ea

F#g; 3. Definition of various energies used in electron

radiation therapy. @E is the distribution of

fluence in energy. (17)

v @
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: The accelerator energy
: The maximum energy at the surface
The energy at the surface of medium

: The energy at depth Z



'1.2.2 Energy Spectrum

The quality of the electron beam is characterized
fully by its energy spectrum, E (aésuming no photon
contaminations). The energyNSpectrum deterhines the yields
of energy-dependent physicai, chemical, 'and biological
effects. The energy spectrum also hés a _considerable
clinic&l significance because it influénces the actual dose

distribution of electron beams (e.g. sharpness of the dose

fall-off region). Moreover, the stopping power of the
medium, which is energy-dependent, is the Dbasis of (the
calculation of the absorbed dose. In defining the

spectrum, the interesting quantity is the particle fluence,
£hat is, the numbér of electrons passing through a unit
‘area, per hnit time, per unit energy(l7). Expérimental
information about the fluence within an irradiated medium,

is very hard to obtain, often one must rely on

calculation.(18,19)

Another important_quantity related to energy spectra

of electrons is the distribution of electrons per unit |

solid angle for a particular direction of motion. This
quantity is essential information for understanding
influence éf tissue inhomogeneit: on electron dose
distributions. Multiple scattering of electrons in a

complex medium poses tremendous difficulties in calculating

or measuring this fundamental quantity.

10



1.2.3 .Field Size

Because of clinical requirements, the field size of
the extdrnal electron beam must be variable. As part of
the specification of the electron beam, the field has.  to

have . a shape and size compatible with the spatial

¢

distribution of the tumor and surrounding -healthy tissue.,

Generally, rectangulaf fields are produced by the
collimators in the treatment head(Figure 2), but these can
be ' shaped further with secondary block to produce

1

irregularly—shaped‘fields.

1.2.4 Field ?nifonmity And Symmetry

Field uniformity end symmetry are specified .at a
fixed depthi in a homogeneous phantom for a portion of phe
geometric field area at that depth. The feference depth 1is
often taken as the depth along the central axis at which
90% of the maximum dose 1is delivered. However, if we are
truly interested 1in .understanding fiela uniformity'and
symmetry, we should:also consider the electron fluence(the
number of electrons per anit solid angle for a specific

direction of motion, per unit energy, per unit volume).

The absorbed dose is only the end product of interactions-

between the electrons and the constituent atoms of the

medium. A uniform - absorbed dose distribution over the

!

11



N 12

fieid can be formed by many . different = fluence

distributions, which are more of fundamental importance.

1.2.5 Mass Stopping Power

An undersfanding of the interaction of charged
particles with matter is important, because the detection
and inflgence of all types of radiation on all éubtances,
living or not, is‘thrqugh this interactiona For ;?ample,

' > - :
the detection of neutral particles(e.gz neutrénsr/photons)
can oniy take place indirectly, i.e., after the;e have
produced secondary charged particles(e.g., eledtron,
proton) which dissipate énough energy to be detectable*
Because several processes contribute to the slowing down of

a fast charged particle, it 1is convenient to discusé

stopping power in' three different energy intervals;

(a) 1low energy, below apprpximately ldqmcz (m 1s mass of

electron)
(b) 1intermediate energy
(c) high energy, above ncz-ffor all particles.
For the ldw energy(a), elastic collisions ' between

the ‘particles and "whole" atoms of the medium are

important. In the intermediate energy region, the



principal interaction is Dbetween the barticle and fhe

Q

atomic electrons of the stopping _medium; Electrons are

excited into higher quantized energy stétes(excitation) or

continuous energy states(ionization). This  inelastic

~collision process is well understood through Coulomb forces

and the stopping power. “The . average energy 1oss per unit, .

1ength of path can be computed from a knowledge of a few.

pa;ameters measured experimentaily. The bulk properties of
the material (e.g. density) also inf}uence the interaction
'Vprocess and tend to decrease the »stopp}ng power. Thix
phenomenon is called the "density" effectior "polarization"
effect. Nuclear interactions occur ' \only rarely( 1
per 109e1ectron interactions), but their large effect
(i.e, severe eﬁergy loss) isiof }mpoftance for the upper

~range ; of intermediate energies(b) of  heavy charged

particles.

For high energies(c),' rédiative.,interactions or
\ !

. - ’ - ]
"bremsstrahlung”_ is of major importance.

- The interactions of electrons have tWo_ distinctive

features; (a) For - each collision with atomic electrons,
large energy losses can occur; and (b)\ electrons with

energles of even only 4 few hundred keV lel be influenced

7

(
by_relat1v1sFlc effects. In general, it is assumed that

after an .eiectron—electron Coulomb collision the emergent

electron with the greater energy will be considered the

13
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"primarY". The mean energy loss, expressed 1in units
of MermFg , is given by the collisional mass

stopping power;

(1) -5z [] 222 5]

R
. _;\ ‘
where = ‘i‘T and ,
Feol-pttdn [(-)A]+[T/(T=8]
| L& r+n) D= (401 )
(T+ 1 "

Here [ = uymcz) , g-ié the density (ot polarization)
correction, and - =511,006eV; A is the maximum energy
transfer of interest in .units of »ncz.. _ The ,Qbovef

equations were written containing A explicitly éorthat
they would be.useful in the déscription of - the ?linear

energy transfekaET) or festriéted stoppihg power (45).

{
5

A second impoftant effect for the energy loss of

electrons 1is the emission of photons\dué to acceleration
(or decelleration) of a moving charge. This brémSSCrahlung
energy 1oss\iggreases rapidly with an incfeasé in energy of.

the electrons or atomic number of the absorber. A critié&l_

_ , ‘ . s
energy, TE , can be defined at which the energylloss_due to

- e

1



Coulomb collision is equal to loss due to bremsstrahlung;

S [N
4 - N .

TE A~ [700/(2 + 1.2)] MeVv.

L

.For human soft tissue, Tc is approximately 85 MeV. ‘An
estimate of the fatio, r, of the energy loss due to

bremsstrahlung to that due to collisions is given by

’ r = ( TZ/700 ).

|
Thus for soft tissue(Z=7) and clectron beams up to 30 Mev,
r <30%. For "hard" tissue(Z=r14), such as bone, this

proportion’ rises to X 60 %.

1.2.6 'Maéé‘Angular Scattering Power

When a charged particle traverses a slab of finite

thickr , it undergoes a large number of collisions, most
of which ~ oduce very small angular deflections. As a
resu of these successive collisions and cumulative

redirections, one may want to compute the probability that
the particle emerges from the slab with a particular

lateral displacement and direcfion.



As a measure of multiple scattering, the ICRU(17)

suggests the mean square scattering angle, E; and defines.

the quotient 04/ P-L as the "mass angular scattering

power" in a manner analogous to mass stooping power. This

quanti}y should be used cautiously, however. The original
1

calculation of Rossi(21) used by ICRU, was based on the

validity of superposing numerous small and independent

angular deflections. This 1is generally not the case in
multiple successive scattering processes, especially
through thick slabs. It is wvalid , only when, for each

collision, the direction of the emergent electrons does not
differ significantly from the initial direction, and-the
eféctrons remain "bunched" and esseqtially parallel to the
incident beam direction. Thus, the appplicability of the
mass angular scattering power is confined to such a case as
the passage of electrons through an ultrathin plate of
scattering medium. This 1is "often overlooked, and many

authors continue to misuse this quantity(38,40) for thicker

absorbers.

1.3 Electron Beam Treatment Planning

!

The principle of electron beam treatment planning is

simple. The intent is to optimize the treatment of d

malignant tumor by delivering the maximum dose to the

targef ’volume, while éparing the adjacent healthy tissues.

K
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Thus, the treatment planning process can be regarded as the
procedure of getting pfecise information of the patient
angtomy and selecting the optimum field arr&pgement to

administer a prescribed dose distribution.

1.3.1 Descfiption of The Patient

The nece;sary patient-specific .data for treatment
planning ére the patient's external contour, the internal
anatomical structures, and the location of the fumor. From
a physical standpoint, fheée esseﬁtial data afe available
through X-ray computerized tomography (CT). It should be
also noteq that the CT>scanner ié used to obtéin tissue
density maps, although the poténtial'exists to also obtain

tissue atomic numbers(1l1l).

1.3.2 Dose Distribution

Once the anatomical data for a particular site 1is

7 e>
&ié in tr Atment planning is to select

the sultable type of elee

acquired, the next s
ron beam(s) which will prov1de
the optimum 1£riﬁiatlon. The accurate computation of the
dose distribution is essential and the method used ‘must- be
rellable . for a wide range of beam, and patlent

configurations.
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For a tumor located at depth, treatment beams
unavoidably deliver undesired radiation to the healthy
tissues overlying the tumor in the treatment region. In
this context, the skin (surface) dose, relative to the
nnximum dosé has import&ntr implications for radiation
protecfion of the healthy tissues. The typical skin or
surface dose for a broad beam of electrons is approximately
85% to 95% of the maximum dogeﬂ and varies according to the
method of producing the macroscopic beam. Electron = beams
generated by scanning a pencil beam, fathef than by

foil-scattering, and requring less secondary collimation

reduce the skin dose significantly.

1.3.3 Characteristics of Depth Dose Curves

The relative depth dose curve of a broad beam of
electrons(see Figure 1) can be dfivided into several zones
of interest; the initial build-up regién, the depth of
maximum dose, the fall-off of dose, and the "tail">of the
curve caused by photon contamination. A1l of thesel nre
influenced by the _parameters of the beam, namely, the
nominal energy, the field size, the energy spectrum, and
the field wuniformity and symmetry. What they have in
common in influencing the shape of the depth-dose curve 1is
the -degradation and redirection of electron ‘energy, that

is, the broadening of the energy and angular distribution

L}
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of the electron beam.

The iﬁitial build-up region of the depth dose curve
is where the initial interaction of electraqons occur with
the scattering medium. This region 1is subject to the
fluence of the 1incoming electrons from outside of the
medium and. some electrons backscattered from the deeper

regions of the medium. These electrons may also qontribute

partially to the skin dose, if they .manage to reach the

surface " of the medium. Thus every- electron beam,

regardless of its size,‘has a build-up region, .even though

(0

it is not as evident for a very narrow beam.

The build-up region ‘has a significant meaning in the
treatment of the tumors near tgé skin_surfaée, such as
lesions of the ear, lip, and cheek. In these dases, it 1is
advéntageous to employ lower-energy beams but it is
sometimes still necessary to protect undérlying tissues by
placing a shield behind the treatment volume. Certain
studieé have indicated iqcreases, by as much as 80%, due to
back—scéttered‘ electrons from such lead "shields". This

overdosage can be minimized by using a shield constructed

of lower atomic number materials, or lining the lead shield

with a thin layer of wax(22,23,24). The  following

explanation éan be given for these protective effects.

Firstly, the effectiveness of lower atomic number material

might be caused by the reduction 1in the fluence of

19



backscattered electrons, as confirmed by Baily. (25) The
lining effect might be explaingd~by two phenomena happening
in the lining and in the lead shield. The electron beam
first'enters the wax lining, and exits with a high residual
energy because the, lining is comparatively "transparent".
Once this beam enters the 1lead portion, part of the
electrons are backscattered with/ reduced energy after
undergoing multiple scattering in/%he lead. The lining on
the incoming facé of the lead shi;ld is then more ‘"opaque"
to these lower energy electrons backscattered from the lead
and reduce the dose due to backscattering. The above

possible - explanations are tentative and more understanding

of scattering in general is required for validation.

Anothef significance of the build-up region can be
found in  the distortion which occurs when the beam is
incident obliquely on the surface. In this case, the dose
at shallow depths increases and the dose at deeper
locations decreases.(26) The increase of relative dose at
shallow depth is obvious; while most of the incident
electréns ;re retained 1in fhe medium, some of the
multiply-scattered electrons can escape through the medium
surface; This represents a pure gain for the~ build-up

region and a pure loss for the deeper region.(Figure 4)
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Surface of Medium

Fig. 4. The effect of tilted surface of

a medium on the dose distribution
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When the incident\peam is sufficently large or the
electrons in the beam are sufficiently degraded, ‘the
electron beam delivers the maximum relative dose at a
certain de;th. This depth of maximum dose(dmax) 1is
believed to be the Aepth where the transport and the 1loss

of electrons are combined to provide a maximum net number

of electrons per unit volume. .

The dose fall-off region of the depth dose curve 1is
believed to be caused primarily by the stopping of the
incident electrons after, progressive energy loss.
Historically, the implgﬁentation of electron beams for
radiation therapy was acceler ted by the need for a
fall-off of dose behind the target vblume. For lower

energy electron beams, this drppoff is wvery abrupt and

useful for the treatment of superficial or shallow lesions.

For monoenergetic beams produced by a scattering

foil and collimation, the production of bremsstrahlung in

22

these dévices is unavoidable. The bremsstrahlung usually.

forms the tail end of the depth dose curve. The relative
magnitude ranges up to 10% of the maximum dose, depending
on ‘the accelerator energy of electrons. Few experimental
'étudies of this "tail" and its significance on treafment

planning have been reported. 4



1.3.4 Field Shaping

The treatment bf , tumors with an electron beam
sometimes requires considerable shaping of the irradiatién
area. Lead sheets cut in the shape of the treatment portal
are often used in conjunction with the standard.circular or
rectangular applicators. The thickness of lead shielding
is wusually chosen to reduce the dose in the "shadowed"
region to less than 5% of the dose in the open beami‘ For
high “energy electrons additional thickness beyond a few
millimeters does not decrease-the dosé further because of

the bremsstrahlung produced. . .

It is generaliy suggested that if the field is large
and the blocking 1is minimal, then the normal dose
calibration, may be used, = but for extensive or complex

blocking, a special calibration should be carried out(33).

I1.3.5 1Isodose Curves , .

(Shln electron beam treatment planning, = isodose
dist;fbution data play a key role in that they provide the
Ewo—dimensional map of the dose. Irformation about the
dose at off-axis points and at the edgeé of the collimated

beam is thereby obtained. It is common practice to choose

a beam(s) so that the target volume lies ehtirely-within
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the 80% or 90% isodose curve. However, even 1in ‘ga
homogeneous medium, the isodose curves for electron beams
produced by foil-scattering are not "flat" so that the area
covered by 80% or 90% isodose line is considerably less
than that based on the geometric field area defined at' the
surface. (Figure 5) Therefore, to cover the target aréa
completely, a larger field at the surface is usually used,
fhereby increasing the irradiation of healthy tissues.
This problem .can. become worse‘if »tissue inhomogeneity is
present. For example, the "bulging" ”éfuiéddoée can be

accentuated in a low density region.

1.3.6 Interactions in Heterogeneous Tissue

For the energy range(<50MeV) of electrons used 1in
radiation therapy, the most important microscopic
interactions of‘electrons with the constituent atoms of the
medium are due to electromagnetic forces. The number of
interactions among the incident '"bare" eiectrons is
negligible compared with that between incident electrons
and atoms of the ‘medium. The fwo dominant resultant
effects of thé interactions are defleétions and the loss of
kinetic energy(21). The deflection takes plaée Wheh an
electron passes 1in the neighborhood of a nucleus. Since

. -
the nucleus is very heavy with respect to ¢hev.incident

-electron, the energy of .the nucleus does not change
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Fig. 5. Constriction of the 80% and 90% isodose
' " line in comparison with the geometric

field size (at surface) (33)




appneciably by recoiling and thé colliéioﬁ is an elastic
one(exclusive of the radiation emitted during the process).
The loss of kinetic energy occufs when an incoming electron
interacts with one of - the .atomic electrons having

comparable mass.

From a physical standpoint, the inhomogeneities in
the irradiated volume can“Ze regarded as a distribufibn map
of materials having high or low density and/or atomic
number. In case of human tissues, where thereé is nbt a big
difference in  mass »quﬁbeysbuﬁofH . major constituent
‘dtdﬁs(ﬁlcyd,ﬁa;‘ the density variations -affects multiple
scattering of electrons by changing the possible number of
scattering events, eitger\elastic or inelastic. That 1is,
the density_effects of an inhohggeneity cén alter both the
gross amount of energy deposition‘ by 1increasing or
decreasing the frequency of inelastic séattgrings, and the
overall spatial- distgibution bf energy ‘depoSition by
increasing or decreasing the number of elastic scattgrings.

These tWo effects are interrelated since the energy loés\of

-individual electrons by inelastic events affects the

elastic scattering which 1is energy—dependent; The major
influences of the atomic number of the material is through
dependence 1in the microscopic 3catteripg cross—sectioni
Since tﬁe inelastic scattering cross>sectf6n contains the

term, Z/A, there is not a big difference in the collisional

energy loss in each collision with an orbital electron for
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two media of different atomic numbers. On the other hand,

the elastic scattering cross-section cohtains the term, .

ZZ/A, in which variation of Z can result in a significant

effect. The main influence of variation in Z, therefore,

is the angular redirection of electrons. In summary, the’

density effect of the inhomogeneity alteré bbth the grdss

amount of energy deposited _in the finite volume and its-

spatiai distribution, whereas the atomic number mainly

1.4 Present Theoretical Model for Electron Transport

jj

The ~interest in the transport of high energy

electrons 1in a scattering medium has been steadily growing

ever since the concépt of ‘"pencil beam analysis" was
proposed by Lillicrap et. al.(41l) .Somersemi—analytic and
empirical approaches to the ‘transport problem which had
béen used'previously were not suitable for narrow beams of
electrons(47) becéuse,they relied on broad beam parameters.

l

These methods are reviewd in chapter II.

A transport equatidn, currently wused widely in
medical radihtion‘ physics, is that derived by
Ps .

Fermi.(46) This eqﬁgtion was intended for the description

of very- high energy(acGeV) charged particles passing

‘through a thin slab 6f scattering medium. Its derivation

27
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involved approximations, which are not necessarily suitable

for a thiqker media and lower energy beams.. The two

‘notable approximations are the assumptions that particles

(a) do not lose their energy in d?ossing a medium, and (b)

always travel paraxialiy along the incident direction. The

28

éoldtions-to-the Fermi equation clearly shows the effecthwa“_~m

fhe latter appfoximation,(46)./The“ ré§u1tant'angu1ér and

- spatial distribution functidns are Gaussian “in shape;  the

probability_'that‘ a particle has large angular orientatioq_

is negiigiblé.> In this work, the problem of electron

\Eransport A is -appfoached by studying . a more  general

equation, namely thg'linearized Boltzmann equation. °

B
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CHAPTER 11

' REVIEW OF DOSE CALCULATION METHODS

Acc%rate'calculation of the dose distribution for a
specific <clinical situation 1is oné of the main steps in
electron'beam treatment planning. After the introduction
of electrons as a mode of radiotherapy, the dose
,calculation'methods have been steadily growing in ndmber as
well as in improved accuracy(47). Having started with the
assumption of a homogeneous patient, today's dose

calculation methods attempt to handle the complex

inhomogieneity distributfion of- tissue in a patient. The
advent of X-ray computerized tomography(CT) and the

| p‘avaiLability of high speed computing facilities stimulated

the development of more accurate and yet practicai>hethods
. L) .

of dose cal%ulation.

In general, the early dose calculation methods were

déﬁeloped for application to.simple situations. Current

trends are towards establishing a flexible method which is

29
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useful for more complex situation in heterogeneous tissue.

In the following sections, the major dose calculation

methods are reviewed (47).

4

IT.1

Absorption Equivalent Thickness Method

As previously explained in Chapter I, the changes in

AY

density and/or atomic number of a scattering medium alter

the depth dose curve for a broad beam of electrons.

Laughlin (50) discovered some general aspects of these

alterations (Figure 6);

(a)

(b)

(¢)

Within and beyond tissues of lower density, such as
lung, the central axis dose increases, as if the depth
dose curve is "shifted" longitudinally towards a deeper

location.

Beyond high density regions, such as bone, the dose:

contours are displaced toward the skin surface with a

consequent decreased dose at a given depth.

The magnitude of the actual dose in and beyond 1low
dgnsity regions, rTelative to - that in a unit density
medium, depends in a nonlinear manner on the location,

extent, and density of the inhomogeneous region.

b

30



Ionization

Relat.

Ionization

Relat.

100

80

60

40

20

100

80

60

40

20

31

20 MeV
1 ’ -\ (C )
15 ‘\ pg ‘CM
Depth in Po]yr .
X
PolY. Cork
77
- ’\10 MeV 15 MeV
: \\
- \. \\\
\ N
' s \'
1. ‘ 1 = (1 i S ( )
0 5 /10 15 20 25 \CT
Depth

Fig. 6. Central-axis depth dose distribution produced

in (above) high—impact polystyrene and (below)
2.0 am high-impact polystyrene followed by

© cork, by electron beams of indicated energies.
(6)



(d) Within high atomic number materials, such as bone, and
immediately beyond the 1interface region there can be

regions of elevated dose ("hot spots").

A correction factor has been developed to take into
consideration the presence of inhomogeneities and 1is
referred to as the absorption equivalence thicknéss (AET)
method.  Although the correction factor should depehd on
depfh, fér practicality, an average factor is used based on

the following relations;

AET = 1.3 Pa
where f{ is the assumed lung density. For bone,
_ Pb  (electrons/g in bone)
AETbone -

1.0 g/cm3 (électrons/g in water)

Py 3.01102%/g

1.0 g/am®  3.36x10°/g

= 0.88 Py

where Pbis the density of a bone.

The correction of an isodose distribution 1in . a
homogeneous medium using the AET factor is usually made by
assigning AET factors to each inhomogeneous fegion along
divergent rays from the. Virtual " source. The corrected

_isodose distribution can be obtained by joining equal dose
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Fig. 7. Calculation of isodose distribution with
correction for bone and lung inhomogeneity.
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-II.2 Coefficient of FEquivalent Thicknesé (CET) Method
N o

Another‘way to determine the dose distribution in
lung .uses an appropriate correction. factor, called
Coefficient of FEquivalent Thickness(CFT), which can be
defined by referring to Figure &. Considering,vfirsti the
case where there 1is no divergence of the beam, the
coefficient of equivaleqt thickness is defined as the ratio
of the distance in thé water to the distance in the

inhomogeneity, as measured from the interface, at which we

have the same percent depth dose value.

CETZ Xl/xz

¢

,3,_()(1) =Y, (X‘>

where

Here, g. refers to percent depth dose, X - to the distance
measured from the interface, and 1 and 2 refer to the

'standard water curve and water-cork curve, respectively.

These have to he measured experimentally.

Now the decreasing part of the curve in water_can be

pr—

described by the empirical equation(51l);
' X
4= 1lo-10e"

-where x is measured from the depth of the 100% point on the
central-axis depth dose curve. The value. can be

calculated from the standard water curve;
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calculation of CET and MAC methods.



M(x,+ Q)

Yy () =1o-10e -
where ¢ is the distance between the interface and the depth
of the 100% point(dmax) on the water curve; c¢ can be

either positive or negative;

Hz(’(z) =’ HO — ]Oe}‘l (Xi'CET_‘_C>

For a given ray, there will be an inverse square correction
given by

ssD + d, + CET *Xz

SSD+do + X,

and ﬂ1&1)=ﬁ‘bh)'s Thus, the overall expression is;

. 2
: . SSD +d, +CET X
o= 1p ot (Xe CET+ c)}{ z}

Since Y, is measured at X, , M can be found from

the water depth~ dose curve, and since SSD, db ,and c are

known, the equation can be solved for CET.

“ As in the AET method described previously, the beam
can be divided' into seperate rays, a new attenuation
coefficient }A and values for x and do measured, and the

corrected doses calculated alohg each ray.
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11.3 Modified Absorption Coefficient (MAC) Method

To implement the CET method with consideration for
the polarization effect, field size dependence, deviation
of central axis peréent depth data from Laughlin's
equation(51) at electron energies above 20 MeV, and the
variation in the densities of 1internal organs for the .-
specific patient, Bagne (52) introduced the Modified

Absorption Coefficient(MAC) Method. . '

For a given percentage depth dose measured 1in a
water-cork phantom at a distance Xz from the interface, the
MAC value is .defined as (see Figure 8);

MAC = X, P./szz

where .
%;(Xz} = %’\(XO'S
and
, 2
_(SSD*‘ d\g*’MAC'szz/Ps)

N SSD+A° +X2— ¢
Here, the water and cork densities are designated
byﬁP{ and PL , repectively, and S 1is the inverse square

. correction factor.



Although percentége depth dose curves for
energies € 20 MeV follow Laughlin's equation, data obtained
for higher energies deviate significantly from a straight

i

line at values below the 50% percent depth dose level(52).

Bagne suggested a modified equatidn based on curve fitting,; .

To0 = 110=10 exp{ p[(X-dm)P - X(X—di S

~ where P is the density of the medium and Nl'is the depth
dose correction coefficient. Regardless of field
size, X is constant for a given material and energy. For

energy < 20 MeV, N approaches zero.

The percentage depth dose at a given point in ‘water

is then ‘obtained as;
4 (x = (110 ~100xp{ 0.693NR[ | -Nx=eV P} P,

where P is the‘correction for the polarization effect, ¢ is
the distance between the 100% depth dose point and the

sgrface—interface distance, and n is defined as;
n= (x=dm)/(des~ dm)
Then, g;(xz) can be expressed in the following way using

the MAC method; |
Y, (%) = { 110 = 10 exp[ 0.693 ED/ (dso ~dm)]} SP,

where

ED = (MAC-P,Xa— CP,) = AN(MAC-P, Xz~ CP)?
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I1.4 Correction Method for Edge Effects

For the determination of the dose perturbation at

the edge of a finite inhomogeneity, Pohlit(54) introduced a

correction method based on experimental observations. In
‘order to quantify the 1limit of influence of the edge,
Pohlit graphically defined .two angles & and B , which are

dependent on the mean electron energy E (Figure 9 and

Figure 11);
E=E.(I-Z/Rp), i
where
Eo = initial enerqy,
QP = practical range,
1
'. Z = depth in medium.
The maximum change, Rmmx , of absorbed dose due to

an edge between different kinds of medium is'(Figure 10);
Dm[xx"D°
Do

Rnax

where Dmmxis,the absorbed dose at the highest increase -or
depression due .to the presence of the edge and Do is the
absorbec dose at:the same point in -the absence  of the
edge.(Figure 11) Wheneyer edges are present 1in - the
irradiated volume, the dose can be corrected dlong the

angles X and B .
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Fig. 10. Maximum changes in absorbed dose

behind edges. (54)
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I1.5 Approximation of Isodose Curves by the Age Diffusion

Solution

For the accurate characterization of the  dose
distribution of rectangular electron beams with minimal
amount of empirical data, the solution to the age d1ffus10n

equation can be used to approx1mate the dose dlstrmbutlon,

at least in a homogeneous medium(36).

One typical exampie is(see Figure 12);

Duuno = 23] + et ]

o[t [} oSt
o [G R G R 1]
<[F/ (e x exp [-[mfary) ()]
_where \
D(X,Y,2,T) = dose at depth Z,
(RT)YE = (Ce/Re ¥ PYY

Fl = socurce~skin distance,

= (1/2) (width+ Ke) -[(F+2)/F] |
3 (1/2) (length+Ke) - [(F+Z)/F]

R? = practical range,

G.,G,,G,, C,N, P = constant for a given energy.
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7+
a (b)
o
Calculated\isodose disﬁributions in water,

assuming a nonoenergefic incident electron
energy of 15 MeV and a field size of 10 cm
with a parallel beam. The values of ¢ and

‘n are: (a) Left side, c=1.5,n=1.0 Right

side, c=1.5,n=3.0 (b) lLeft side, c=1.2,n=
2.0. Right side, c=1.8,n=2.0. (36)
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All the contants are to be "adjusted" to give a good(

fit to the exp gmental data. The functions of individual

parametric cdﬁbf-%ts are,; P characterizes the beam
diffuseness at the surface; C characterizes the increase
in diffuseness with depth; N is an overall shape-changing

parameter; Kg adjusts the width and length of rectangular
beams. This method is used on some commercial treatment
planning computers(e.g., AECL TP-11), but no allowence are

made for tissue inhomogeneity.

11.6 Pencil Beam Analysis of Brqad Beam

~

A
)

“Unlikei most ; of the dose caiculation methods,
idiééuéséd previous{y, pencil beam analysis method deals
with a broad beam of electrons not as a whole but as an
integration of a number of narréw beams (Figure 13). 1In
this Qay, dose caléﬁ}ation problem becomes a study .of a

narrow beam of electron which is simpler in many aspects

(e.g., mathematical treatment) and can be used to account

N

for small inhomogeneities.

As an analytic expression for a narrow beam, authors

have used a soluii o to the Fermi, equation(55;56).
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Fig. 13. Sc!-zmatic representation in the X-Z plane
of a therapeutic electron beam incident

on a patient. (38)



where

— - — — z 2
@) = Plo) +278 ()2 + B 2+ | G-ur T du

and
-_ — — , z
Y6(2) = re (o) + 67 (02 +f (Z-uW) T du
[o]

With this solution as a Dbasis, a Dbroad beam of
electrons ‘can be represented mathematically as a
convolution;

11, ' _ , ‘ /

Sy, z) = Sg A GGy S 2 Xk yhy, 2z) dxdy

S

where A(Xﬂ)ﬂ,z’) is the incident beam fluence and S 1is

the cross-sectional area of the broad beam.

II.7 Summary

As men*tioned earlier, the earlier dose <calculatior
methods, such as, AET, CET, MAC mehtods, were developed Ior
a specific¢c treatment situation in which 1laterally broas

inhomogeneities -are present in the treatment volume(e.g.,

lung). Accordingly, the applicability of those methods to

a more complex situation(e.g., small voxels of.

inhomogeneity) remains questionable, even though some
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institutions accept these methods to develop a
"comprehensive" electron beam treatment planning
system(52,55). - Furthermore, the empirical nature of the

approaches to the problem of these methods makés their
application to a "beam model" for computerized treatment
planning difficult. This trend is also true for Pohlit's
correction method for the edge of an inhomogeneity and

Kawachi's isodose calculation method.

Considering these 1limitations, the pencil beam
analysis of broad beam has two distinctive advantages for
the computerization of electron beam treatment planning.
First, it would require only a minimum amogntlof empirical
data for characterization of the electron beam from a
particular medical accelerator. Secondly, “as the broad

beam is considered to be mdde up of a number of narrew

|

beams, the treatment of inhomogeneities can be done on a
<3 - |
voxel by voxél basis, using CT data. However, at current

stage, the necéssary theoretical model for the transport \of

\

a narrow beam, even in a homogeneous medium, is not we\3
\

established. The only present model we have is Fermi'Q\

model which is quoted in section II.7. This model, for
example, ignores the existence of backscattered
electrons(see Chapter II). Furthermore, before we can use
the pencil *beam analysis as a "dose” calculation method,
the relationship betweén the electron fluence ‘distribution

and the resultant dose distributioh should be well

47
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CHAPTER ITIT,

TRANSPORT OF ELECTRONS IN A SCATTERING MEDIUM

II1.1 Introduction

The physical problems in electron radiation therapy
are largely due to the beam production techniques commonly
used. For instance, the scattering foil, beam-defining
collima#or, and added shielding materiéls are used to shape
a field but these'méterials degrade the beam. This 1is at
ther’origin of two of the most important current problems,
thét i;, tissue inhomogeneity and dose standardization.

Chg
%

From a phyéics standpoint, " the tissue
inhomogeneities are local clusters of material which have a
mass density and/or atomic number‘différent frdm that of
yater; These cldsters are usually small in size compéred
to the electron beam dimension, and yet:aré not negligible
in size. The = absorbed dose depends on the relative

location of thé-inhdmogenei;ies, with respect to a point of .

49



interest. The assessment of the influence of the
inhomogeneities on a Eroad beam of electrons 1is ve;y
difficult. Even after assuming that the required
perturbation effect of the inhomogeneity is characterized
émpiricaliy, current Schehes of electron dose computation
do not have the necessary foundation to predict these
effects and provide guidancé for dose compensétion.
Currently compensation for inhomogeneities is only achieved

approximately by selecting an appropriate electron beam

energy at the cost of 9ther advantage(e{g.,‘skin—sparing).

The problem of standardizatién is as serious as the
problem of inhomogeneity. Withopt standardization theré is
restricted sharing of physical or clinical results Because
measurements taken on one medical accelerator with the
"same energy" may nqt be relevant to another. Beam
spreading by a scattering foil was developed without
serious consideration of electron tfansport and makes it
very difficult to develope shareable data bases of

"standard electron beams".

Recently, several attempts were made to understand
the characteristics of the dose distribution of a broad

. beam of electrons by decomposing it into a number of narrow

beams.(40,4i) This type of analysis is advantageous as a

method of understanding the inhomogeneity effect.  The

lateral size of a ©pencil beam is virtually zero at the:
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surface of.a medium, and does not increase significantly at
depth 1in ‘comparison with the size of inhomoéeneities.
Therefore, assuming the syntheéis of a broad beam from a
finite number of pencil beams is valid, we heed not be
concérned with the lateral dimgnsion‘of the inhomogeneity;
every inhomogeneity can be seen to be "slab—like”} relative

to an incident pencil beam size.

Pencil beam analysis can also be appliéd to minimize
the problem of standardization. The common origin of this
problem is the mechanism of producing a broad beam of
eléctrons which degrades the electrons to such an extent
that the characterization of the broad beam becomeé
ambiguous.' However, the characterization of
monodirectional and monoenergetic pencil beams which
compose the degraded broad beam should be possible in a
unique way, because the degree.of degradation of. electrons
“within each ~pencil beam would be ihdependent and not too

severe. -

I1I1.2 Some Aspects of Electron Transport in a Scattering

Medium

5

All the electrons in a therapeutic electron beam
lose their initial energy in a stopping medium, namely, the

tissue of a paﬁiéht. While losing energy through numerous



Ay

inelastic <collisions, the electrons are also déflected by
elastic collisions with the nucleﬁs. These two events are
interdependent because = of progressivé degradation 1in
electron energy and angular distribution of the electron
fluence 1in a scattering mediup. In the following section

[y

we will discuss some features of these combined effects.

IIT.3 Multiple Scattering and the Linearized Boltzmann

Equatioh

Basically, the electron transport problem in medical

radiation physics 1is that of an infinite absorber. It is
assumed that electrons, ‘in general, participate“in a large
number of collisions before they are finaliy stopped. In

this calculation we assume;

(a) statistical fluctuations("straggling") in electron

range and energy-loss are ignored.

(b) all the collisions between electrons and atoms are
assumed to occur- instantaneously and elastically.
However, the mean energy loss over a finite path-length

will be considered.(see section I1I1.3.3.)

(c) bremsstrahlung production by elastic collisions 1is

ignored.

If we rely on the conservation of electrons within an

52

1



Ry

infinitisimal volume element of phase space, then the

linearized form of the Boltzmann equation is;

53

X v 3TF =0\ W 0E, O{FRF0-fRED} @)

where 'F(?,’G‘, Q)d?d@ ‘ is the expected number of

electrons 1in the volume eleme. about the pgint -Z )

whose velocities lie in, the R f dU‘ about AJ , at

o a0 % .
pathlength L. n is the_huri} scattering centers per

o0

unit volume of medium. U ig the differential

- -

2

scattering cross-section. Here e scattering centers are

assumed fixed in position, ,Sphericai, and uhiformly_
distributed in the medium. Thus, elastic scattering
cross-section only depends' on ‘the angle between the’
trajectories of " incident and emergent

electrons, CALQ_'Qﬁwé}q . The general solution fo
equation(Il.l1) 1is uniquely determined if proper boundary
qoﬁditions are specified. The existence theorem of .a
solution -inlxa very generél case and many more useful

properties of equation (If.l), have been studied by Case

and Zweifel. (42) Since the equation (II.1l) is linear, it

is clear that the solution for a broad surface boundary.

condition can be established by the superposition of
solutions with "point" boundary conditions on that surface.
~ .

In our study, we are interested in the solution to

equation(II.1) with the bencil or point boundary condition

Y,
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on the surface of semi-infinite homogeneous medium. In our
discusSion, Wwe willl assume that the pencil beam is
mono&@p€rgetic, monodirectional, : and incident
perpendicularly on the medium surféce. In ﬁhis geometry,

the oylindricall,coordinate_ systeﬁ ( P ,'pr without an

azimuthal angle for spatial coordinates is suitable. For
™~
vellety d;rectlon coordinates, NJ , spher1ca1 coordinates

will p€ used throughout discussion. The azimuthal angle of

velocjtly coordinates is defined as the angle Dbetween
N

the P-7 plane and the ~projection of Ay on the Z-plane.

The ipCident direction is chosen along the Z-axis.

I11,3,1 Fokker-Plank Approximation At Shallow Depth

) A -4 AN
Supposing that the scattering angle ( ) is

very Small, the collision integral within equation(II.1)

. . Ay
can beg approximated by expanding ‘F(?,QF,Q) in a Taylor.

Ay A\ o . -
serieg about VU =1 , retaining - only " the lowest

nonvaplshing terms. If we substitute cjxfe = Pk , we find
| 2z
2F :: 2 ! DF —————Et£ } I.2
l

where the."diffusion length", D, is defined by

—

VAT (P) xum\}/ d+

| ZTTH“
5%
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where \P = wﬂ"'(%ﬁ')

In order to estimate the error involved 1in this

o

approximation, we consider an electron perpendicularly

incident on the surface of a medium. For simplicity we

concentrate on the probability that tﬁe velocity of this
electr§n has a polar  angle 6 a: .pathleng%h Q. without
regard to the spatiél coordinates. Throughout the rest of
discussion we shalli ‘be concerned only with path
1ength-2. small compared to the diffusion 1ength_D of the
medium. For QKD , it is expected that ’F(G,QJ will be
peaked at small angle v ;: and in.the small séattering

angle approximation, the equation (II.2) is solved by

fo = Tr‘é?’éxe (-7 6) o, @)

where

T =4/D LI, | (L4)

It is assumed that the energy of the particle does not
o . .

change too much during the collisions: if QQ(D .For a

simple assessment of error, we compare solution (II.3) to

the .true solution of the Boltzmann equation, using an

iterative test. By inserting (I1I.3) 1into the _cgllisfon

integfal of the BoltzmahnAequatiQn,'we find, with the small

angle approximation,
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3@ =75 20 (-5/8) | do | dy ainy 71w

X{Q/"P[;'(‘PZ“ZQ‘PWCP)/ 5] -I} (T.5)

‘In the Fokker—Plank approximation to ‘the cglliéion

integral, the above equation reduces to;

26y« 2 ox (676‘ (‘ ) d wanton (e

We can say that~'the Fokker—Plank approximation is

approprlate, for - a glven & and ,Q , if (I1.6) adequately

-

approx1mates (I1.5). -
, Qg“

—-T

The equatlon (II 2} Can obviously be meanlngful only
. \ ? ¢ \;v
if ,the_ scatterlng crqssrsectlon ‘falls off sufflclently

abruptly with increasing *P . In the present discussion,

we restrict our éonsiderations to scattering cross-sections

v

which fall off monotonieally with~'increasing VY and which

ATt T ) . C s N
have the property,. that  there exists some critical angle?
. o . @

such that

R\ . \.po -. | q )
dy ¢" amy 5(V) K| dyppraim ¥ gy (L.7)

Under this condition, it is clear that one necessaiy’

-
condition for validity of the Fokkef—Plank approximation is*
. . : . - ‘&’ y
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2 c
=4%/D >V (I.3)
That is, the approximation is dependab}s only after a
sufficient time has elapsed. Physically this means each
electron must have euffered'enough collisions before they
can be effectively deecribed.by the equation (II.2). After
the first mean collision time interval; “the true
diétribution should already be "filled out' to a value' of
otder 4{ . Thus, enough t1me< 1s‘ needed for ((3>‘h
exceed 4@ , that is, for the orientations‘to be rela:ively
randon or "diffuse". ‘It should be also noticed that the
expan81on ‘of equation (II.5)‘ to terms linear 1in \P is

e

1ncorrect unless

ek e/ - )

. ‘ 1
which 1is 'a ' :cessary conditiéon for the Fokker-Plank

y s

N

approximation to be adequate. This condition too has a
physical significance. A typicglb5COilision involves a
scattering through angle of order W@ . In a sequence

of N colllslons, w1th random changes 1n' azimuthal angle,

. o 2) 1/2 . .
the mean net deflectlon angle (9 ; is. given

Wz gy o ' _ ) i
( q)l gz_hQn the cher hand, the improbable’  sequence ..

[P .

. ol

o IR ’ . .
/' o

scatterlggs is not prOperly accounted for in Fckkef;Plank

6

. apprcxlmatlomf ...;We- - therefore expect the: Solution™ to

&

r ) b . . -

qﬂ_ﬁgdsions‘5in &hich the velocity vector remainéiﬁ
Jn"g flxed plane yields a net  angmlar

‘Such a. coherent chain = of

57




equation( . (11.2) to ‘ become invalid
when G:>N\H = é}/”+2 . While conditioné (11.8,9) a;e
" necessary for securLQg ﬁhe validity of the FoRke;—Plank
approximation, the sufficienéy fs provided by avsimple

obvious condition;

. ./ BN - I ’ -
] Y ) ~ .
} o " . 2 __-l e . - 1 ) (-I_ . \D
,”_~_.. .L. ‘\‘ 9 < e " . 3
. R‘ [ -" ‘ ‘ . /1 i ; C ) e .
/H a : Coe L o . e
5 \ _1 . - <, e . . )
'as.ono expects on phy51cal, grounds and can verlfy by
»\-u J /”*\'«L C ) ‘
1nspectlon of- equatlon (IL b) ‘,Eor 5% improved estlmate of

fthls 'suff1c1ent ' Londmtion 1f7we inquire about the

- f o
contribution to’F(@ 19 ‘for 9:» e . This contribution
. l
comes from a 81ngle large angle scatterlng having taken

placg’durlng the path 1ength 1nterval X Slnce the major
contribution to the probabillty distribution comes from the
deflection “angles wup to a value of order E9<< > , such a

N ] o :
scattering . must involve an ‘angular deflection which 1is

essentially equal - hﬁ”e itsel . Hence, this single

scatteringicontribution'is approximatelyugivem>by

<
'

oy urn/QO’(e) ) 6 > —él‘ @)

Note, from (II.4) and (II.11), that

&= (zn/a)poUle) Tz -

and from the-definition of D, that

we
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oy

a critical - angl%, 6. , g determined .
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/D 2 (2un/a) ¥ 0 (W) (1L.13)

i

Now, from the single large angle scattering probability, we

can calculate the total probability F#(er) for siqgle

scattering through anglés of order € or "arger by simple

( . . .

integration r angle 6 . Since <<9<<T\' , and

supposing that 640{9) is a monotonically decreasing
function, we have

. - . I

-n- 2. | -~ ]
R(e.0) = 5 © D( 6 (8) atn 'do’

(=]

3 .
B DO S = s | )

Iy
)
o b

Therefore, we can safely %Eglect multiple large angle
scattering for all e>»>e . However, single large. angle
seattefing ‘ can be neglected only

when Fs00,0) < Fep (8:0) . The equation (I1.2) is then

" adequate provide O satisfies (I1.9) and is also;agSé than

oy fer (0, 0)F, @1 . Thus, o

_Tr_l'___ oxp (-61/8) ~ 2N 008 (1. 15)

- ¢

or” from (II.4)and (I1.13);

e (u/E) T (S (we) )

RV
i
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These results can also be understood from a direct

comparison of equations (II.5) and (11.6). For e>»6 ,

the expression in curly brackets in (Il.5), regarded as a

function of %’ , has a sharp peak of
. 2/ 73 . . =

height Q$6MP(8//9 ) and - of width>~ 8 , centered

at V=0 . In the integral on the right hand side of

equation (II.6) this makes a contribution.which is o#  the

-

order of fs(©2)/8 ; i.e., it is just the contribution of

8 single large angle scattering. " Indeed, if the condition

~ 1y

(11.9) is satisfied, the right side of equatibn (II.5) is

essentially the sum of two terms;

2 o e s
Sl TR (T.AT)

*

In summary; (1) The transition from the Bbltzménn\

equation to equation (II.2) 1is ‘acceptable only if the

~scattering cross-section 01@0 falls off sufficiently

tapidly with increasing q/ (faster than \Pd4 ) beyond some

small angle QL . (2) Even’then, any solution of equation

(II.2) must be thought of as represéﬁting a smoothingiof

the true distribution.funcﬁion over path length intefgéls
large compérea to QOZ'A:D\P . Where the distribution
function has already becomel{smoothly—varying in phase
spaces, this limitation is no 1ohger important. waevér, as
in--the example we have analyzed'the'inip}al 'F is sharply

peaked in.phase space, the solution cannot be trusted until

4
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28

e

.Vﬁgi

an interval 6f time Qo/if has elapsed. In any case,
if (YGV) is slowly wvarying in the interval C)<\V<Q%>,
changes in the distribution function over an
intef9a1 43&f<20 can always be obtained from pure single
scattering analysis. (3) If at some ‘initial time the

distribution - function 1is

region in phase space, its

larger domain of
interval Qo<< R<< D , is
- regarding as a direct

contribution 4; coming

scatterings;

fafep +

essentially confined to a narrow
subsequent development within a

phase space, . over an
LT g
et :

adequately  approximated by
sum of the main solution and a
large angle

from singlé,

£ (LA

where {% is to be ingluded only for anglés large compared

to 'the mean angle
analyzed above, the domain of
corresponds to 0<(p<K 9%/ Y, , the

for FF-P .

In the same problem
validity of  (I1I.18)

term being appended

only for 6:2>9 and becoming impor‘tant only beyond some

critical angle, OS¢ determined -by setting

\
Te-p ~fs and

taking the froot, if any, which lies well above O .

A S

Finally a- broperiassessment,of'the errors in

ot

volved in any
. .

approximation'sgﬁﬁme for pféatingumultiple“scattering must

e

. L 1-:"‘-.
depend on the details of the Problem in question.

¥ ' ?
5 ! .
r L

[, §
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I11.3,2 Applications to the Shallow Depth Problem
At the initial time, an electron is assumed to be

located at the spatial origin-?=50 with velocity vector

directed along the positive Z axis. In the following
treatment, we scale the distances by measuring them in
units of D , the diffusion length. D is assumed to Dbe

independent of 9{ in the region under consideration. We

start with studying the dependence on orientation of the

velocity vector of the 1low spatial moments of {: , in

'particular for times which are small compared to the

diffusiOn time, i.e., for Q<(\,

Consider first the zero-th spatial moment;

(L. 9)

‘E (6.2) =§1C’(P, Z,0, P, Q) pdedz

which describes the distribution in yelocity vector’

I

orientation, irrespective of spatial position. For this

=L

moment, after averaging over (P , equation (II.2) reduces

to

2%

and the solution cons1stent w1th the bound&ry condition is
—m{m+ 1D

{= Wmi.: 2m+|) Pm(P) e (x.21)

£

>

%(“W)%ﬁ - o . M= cmob (1‘20)‘
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- where Rn(H) is the Legendre polynomiall

“‘In order to find out the rapidly convergent solution
“‘for ,X<K\ , Wwe exploit ‘the integral representation of

‘Legendre polvnomialj; i.e., for 8<C“

aim n [ (m+2)d]
P () = f dot = (1.22)
- (906-eant)
so.that
{: ] vdo( > (&)
4T T T 5 (8B - oa k)2
where e o _ e g
- co ot s (M) o
s@=2 @M+ sin[meEET e |
m=-00 s -*:
With the Poisson sum. formula, | :i(d)can be “transformed
into .

X (X+DH

i(“)z-m?:., Sixeuz "o amn [(x+a] e

B T M L AL
mEmF l)j € csw‘o(xe e

For sufficiently small £ , only the M=0 term need be

retained in the above expression and we find
. , ' — o4 2
SN N B L) e
4:W'Fo ; ‘ETT L’/l g C,{OQ e

-
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Wo ‘evalute this in the 1limit X =>0 (but for arbitrary O )

and we get

(Ir.23)

l ( 5 )'/16-61/41

| (0,0 > o

o) 4wL
\ U ' .
which is-consistent with the earlier result (II.3).
Now;'to‘get information about average‘ longitudinal
displacement, we consider the higher moments of the
distribution in ‘the coordinate of spatial position{i)

regarded as functions of the velocity vector orientation.

o 'F(n;i)‘(e’i) Egzn{: <P)‘2: O,QJQ)PJPdZ A (1.24)

: ' n
. Multiplying the equation (II1.2) by Z ,integrating
\ oVer_:all space, averaging over azimuth angle of velocity

vector'orientation, we find a set of coupled equations;

2 20 n; | | |
ormim 2 by Fmw | = unfoepn (X.25)
2% W{ 2 op } =

This is to be solved subject to the initial

condition 'F(n;m:O at =0, provided n>0. 1t is -
evident that the solution for {%n;z) , in terms
of 'F(n—|;z) , 1s given by

—mm+1) (R-2)

| 2
{:0\;;) (e,0) =%T§ 49] %(zmﬂ) Pn (P) e



——
& ‘:‘ V‘Z -
&

P X

P
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40 P (P {:(M;z.). (¢,2") - (12b)

Since the zeroth moment {% is already known, all of the

higher moments can be obtained in succession. For example,

—mm-1NQ -(m+l)(m+1)1} (1 2q>

flse = Z Pm(wi - @ o

Using the Poisson sum formula as before we find for the

limit X 20 the result;

fosey > Q(M: )\COQG/“

Now

= s (8, O/ £ (8,0) (T.28)

is the average value of the Z displacement at
"time" é% for electrons whose velocity vector makes an

~angle 6 with respect to the Z ax1s SO we have

—mc e —mHY (M) Q
£ Pago{e i Y

m

?_Z (2m+1) Fm(f") —mim+1) L (.29
and
Z (e, 1) S R<Ame>
L—0 2 .



We consider next the question of the lateral spread
with time of a group of electrons all located:initially at
the origin, with the velocity vectors directed along

the 2 axis. Define the moments

Fomiey = | P F(P2,0,9,0)PdPdE (L.30)

The equation (II.2) then reduces to

?ﬁc“‘?f’)_{ l‘*( P\)D\C(n M 4 _-L__?‘_Em;es}

v ‘DQ l_pz 'D(_?l
‘= pame P fm-ey (L.31)
“which, for N>0, must be solved subject
to ‘F(n p)—o as > O .4 This has the solutlon Cag
~NA+D =)
'F(n P>= JC‘JSLZE YX(BQ)
» A=0 m=-\

o]

X S AN Yy (659 08 00 ¢ Fn 3 (626, 2)
o (1L, 32)

where the Y&m are spherical harmonics. To determine the

moment = functions = we proceed aé beforel With the
given'{%(@,i); we find . P
o\ CNQ D °°
i

B g
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" { e—m(m—\)l_ e—M(W\)Q} (T 33)
Thus, :
iy - (en(P)Q
P(6,9,0) = fu:n )
£ (e, 2)
-mm-1)Q (m+)
W‘-P‘oe \ {_Pm ‘ (8)- Pm 8)}{ (m-1) em l}
Z% (7-YY\+\)PM(9) e—mm\.ﬂ\,m |
(m.34)

To get the behav1or of P for the 1limit, Q—>0, we work

directly w1th the dlfferentlal equatlon (I1.31). We set

WC“.,m(e,cp,l)»z‘{Q P (6.9, 0)F, (8, 0) (IL.35)

and insert this into equation (II.31) and, in the resulting
equation for P , retaining only the 1linear %erm in an

o

expansion in power“bf'Q\ . The result is given by;

P (6,9, 2) ~——>chp<“%‘°"e) _(1.36)

the interpre%ation of this is the following. Let ?? be the
projection -on X ;g, plane of the position vector ;? ; and

- . , v .
let 'U} be a unit vector directed along the projection

A L : —

of 4 in the X - 3— plane. 'Then the average value of P is

expressed by

& ) _>.Y2<l'__w‘46, );L\rp .. @'37)

20 6 .




I11.3.3 Diffusion In Deeper Regions

In ‘the deeper region of a medium, the variatioﬁ of
elastic scattering cross-section with energy of electrons
is no longer bgéligible due to the large number of
inelastic coliisioﬁs. To inclﬁde the edérgy dependence.of
" elastic scattering cross—séction, we use L as the
parameter of energy of an eleptron 'instead of using
inelastic scattering crdss—section. The energy ‘oT an
electron is as§umed to be a well defined‘function of XL ,
i.e. we assume '"continuous slowing down approxir. on"
'acgording to the linear stopping power. In the following
tré;tment we retain the same boundary condition as before.
To"put the equation (I1.1) in‘a more tractable form, we

Aexpand the angular density function in spherical harmonics;

= 4 (m+n)l

'F( 5 2) § nzm j(2m+l) (m-m) ! Wcmn Ymn (Q;CP)" (1 38)

and obtain {rom (IT.1) and (I1I.38)

ﬁﬁ?n +'j§£ ‘7#;9 Mn

I YLIZ ‘Fxp‘ Ymn (1]‘ Y\P‘ - Y)\}A ({\T):‘

x 0 (% ,z)cl 4 - (1.39)

a

where
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)\M ~ * - I~
an - S Ymn 'UY)\H 4@
»~1s a constant vector. The boundary conditions to be

satisfied by f%W\ are

'an (?, O) = gr\og(_\?) -Ymn (0) = Z‘:_n;' gno'g(?o (T4

\J

With spherical harmonics expansion of angular density
function, we easily reéegnize that the spatial distribution
alone, regardless of tbe erientation ‘ of' electrons,
'isv*%o(?;l)j.‘m The last integral in (II. 39) c@w be carried
out by expanding GYWF«Y,QJ in Legendre polynomials, using
“the eddition~ theorem, orthogonality, enq normalization of

the sph&&acal harmonlcs
he -
- N-

. Z'Frnn ‘*V'Km‘{:mn _( % n+|)-{;m+" m.;.{_(m n+|)(m YH-Z)(M; P)'ﬁhﬂ n-i

2%
2 i3l : —I
+<DP )'F'mﬂ N—| <m+\\ m+n- l) (.DP )‘F‘m " n_\

— (m-n+1

l

)mt"‘“ Y = (men) —Del Py _ g o @A
22 : _ .

- where .
W SR .
ki = 270N | T{ 1= P} ainp dy  (T42)

o
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, 'Equation (11.41) are a set of coupled equations of

) . ’ .
infinite number. To obtain an approximate solution, we

- ’ :
must truﬂcate fn's at a certain order. To estimate the

t

error ghwolved, in this approximatibn, we again resort to
) KPS
¢

of the spatial distribution. By integrating (11.41) over

all space, and noting tilat the terms with N#F O vanish

because of the azimuthal Jsymmetry of the problem, we get

‘v ?%KMRman =0 _ (IL. 43)

wherel Fran (2) = g‘Fmo X, 9\3(‘—)? L The  solution 'tov this

equation 1is >

. Fn 1) = ‘_Zf%” %P(?J:Km.(w)d&') | | .'""}\

which satisfies the boundary conditions, so that

N

£ @) = .,,\C(?,\’fr,'i) i

|2 s (M N oman

— ! e TV
L Y e

. : : STE

- e . - T~ N

Which is basically consistent with eqﬁation-(li.?l).'f From.

-~

(11.44) we.find; o SR N

oty = oo (o) w0

T
.

For a sharply-peaked distribution at small -angle‘&a ,f‘wé



oL ot
Ny
s -
G,
:
o |
- \

d, can take . . | | -
P (€008) 2Py Lmlmen) 6

so that ..

R . o
L e e (mr ) D
' ,siaee rhe aréument'of“pbe. xponential in quation (fIQ%Syﬂg
- 'is w'reaatively small high. energies(>20 Mev5 forv
'fzsmgll ms. Therefarefy to adequately appreximateA the

e

- Urelatlvely shallow depfh reglon we have to truncate the'

'\QW

/
-~ fungtion, at least, W\“ﬁl/ 1)”1
v - - . ) hnd

distribution,‘equatieh (II.4%) obv1ously condergeé rabiq

Forvadlffuseuapp ir

BY
Yooy

In thi&%ease; truncatlng the spherlcal harmonlcs expan51on‘

D at iowm, would yle%d a‘good' approx1mat10n. .-Buf,. unllke

the case pf a peaked dlstrlbutlon it 1$*not easy to locate

oY Va p01nt where thls approxlmatlon éeé&@s&é adequate. »«ThUS,

o

'we arbltrarllx take thedpﬂlnt at whleh %he average 0051ne

"t the polar angle becomss 8, mafis, ¢ . o
o ‘ ,1 o \o . C ;
<°&“9> Q-XP( S K, da') ~e .
o s . .
0;'«' ) ¢ ¥ |
S L ' - 7(05 o , N N
O Kode = Sk dT o
| o B mm |- AT/N&LI
U , )
p -~
where( AT/PAQ‘) is the- ma§s stopplng power of a .medium-
T E . B N

fSpherlcaI'harmonlcs expansian of the angular distributinn.-
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The ave:r. o . pené&ration”,depth of “electrons can then be .

calcui%ted from (11.46)by

B¢ t& <CMB(SL)> é‘ﬂ’ : | (L.47) .

&
n
t\q ‘
~ A - ﬁi‘l,v'.‘q_' . . .
) “, p X ' Qu . A ﬁ . . . . ‘ /,-—-

We dpply‘the Feun(ziﬂfssel integral and . Fourier

tranﬁiormatlon Lo (II 41) to %4 nd; e
- 03mn + Km gmn + k %ﬁ@“ ~dn- L= (m+n+|)(m mﬂgmﬂ N

oL ; g o
— S (Y“+ﬂ)(m+n—a)8m—| n- \} R

+iw {-(m+n+n Qmst,n +(m+”3?m—‘ n} = B
Lo .o R '
o ({q\;)’\ o
.l . . - . N
; AN ) ) . . 9 . . " Ca \
T | e g @©, oY=
with the_houndary cond}tlon, ﬁnﬂ1(&:_ ) 53%%
- . : : R ' . » . i
gg -'“ 'oa . : o
le Q = F——‘“' iwz ) Ao
@mn( '3 = {mn(P% me :rn<kg) Pchl? - s
. L0 Jo . : S S
.- v:&‘ . : ~ - f.“ e . ’ .‘ i N 'y"
In order to ;nvestlgate the electron. ; the;( 7
fegion where the depth 1s greater than the d”?fyelon depth :ﬁ’
N
B ) /" e P
defined by &@II.47), we retgln only terms "~ with “’
o SR L # .
,both Mand N up to [ . The solution oo (K, u) Q),\ungr
this approx1matlon is, . e:" - : v-': . g@ N ‘,J
. v ’ - . &v .

r s

¥

30,("“*’91)— = F[ 9‘ dq_ }(wi-bkl):{ (Ifsb)n B

~ R
ela -

>

o N T AR T
. The inverse,transformation of (I1.58) -with normalization
. R . ' . . N . R : ce

'giVéS; f' - ‘ / S - ,;:.ut | ‘ ,;v"%ﬁk

=Y



foo (P.7,0) = L ep[ - (p*+ b2 (
00 R ) . lzﬁ Xs/z_ ; P 122.’.)( ."“.- :I?:_S')
) ' ' ) [ o . _"‘ i
where = W y - ‘ ’ C,
R .‘.‘v‘*f.r X(ng _i%l_'_ SEEN - (IL.52)
. o ) (o] K|(a) S ‘ = ‘."
L . - . ' ..
‘For the numerlcal calculatlon of spatlal
dlstrlbutlon in. the depth reglon, we §%ed thu mass stopplng
r ) ‘e ,_“‘ \J
power and:- the energy’ depénuence of - ‘the - scatterlng
a . N ..‘ ) m - L. d

cr@ss sectlon (43) For ﬁsimﬁliCity, the Rgﬁhéﬁi-rd\iormula

y

: £y . , P for X S
¥ . Bk
aCCOUHtlng- for, 1ne1ast1c ‘deflections ~'ﬁ,'

isEd. The
R o

1%

‘Enegliglble fort our appllcatlon (43),/&n&*&s¥§m1tted in qQur
N ] " A . B \" ) . :‘F ) - “ . k] \'.(.'
,”vgalculation. ?hus.i."fv . o ,kﬁy~ » ﬁfﬁ;‘ .

ZTh O'(\P 2y = 4
: ’VIJ‘.JV.“‘ @

-AM v oL ) \:imi X T_ (-FFZ)ZQK C£V3q;>— . CE 55) "

where S I
) : Fa o <
) > . fi.‘ Q}a.m ‘
. . s - B ‘
.- - v & ' - e . ’ ’
s : “Nn is the Avogadro's number, ' . ,
' . ’ 1 ‘ . . . o s
~ A+is mass number,
“hy ’

© - smeYamict

‘zand»the functional relationship between/T and U is given as

' e : . .
follows; ST o .

B : L ‘ ’ - i
»*&mscreenlng ‘effect of atomic, welectrons is -known tg,be»

z+l>‘z<*NAd> %/A)(Tm g
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4 A ‘;‘ 5 a S | ' ' . “»..‘f
o 'szg 4T (g™ (T.54)
- | ~d4T/e d ] e

- where Q%ﬂT/Pdl) is the mass stopping power. © . Equation

L4
(I1.54) hinges on the egitimacy of the "c

RIS "N
AN

%
X

. i
down -approximation = da). In this _gepkﬁiiﬁetien, the ‘
energy of « an elec*#on s supposed to ge deee;mined selely

by the total track length which' the electron.has travelled.

' .

A compiete tabulation ‘of mass stopping power and range data

cansbe found in Berger and Seltzer (44) »Spencer, con51dere:“

thej stopplng power ~number ”B whlch is eessentially a’ .

logarlthmlc functlon Qf the energy to be a constant;.w;ln

a : _
. this approx1matlon fhe mass stopplng powe%’mayfﬁﬁ-written
3 » ) e T

»" s

3
o

M§¢ z - {‘* (T‘”fz}—‘ e 5) .‘

Y S L8

from which folldws. the expression for (I1.62)

S

.’ ' e _ . ‘ — . y ' . .

.- (M= (3_‘NA ¢, % B/‘”\). T (T+15 l | (II:.Sb} ©
R R .

A o .

Spencer also'%?esented the function férm of Ken (1) .

L

LY
L e

Km (%) :r%.zj”(Nhéb z/A)Cm{(T+!>)S{ | }/.

-

[T r+y]+4
i o . B (I 5'7)

s~

Where"tmls satlsfy the foliowing recurrence relatlons



Cl:—-\

Cm+(=(Z+W\UCm—'U+m‘)Cm (2+nfw

if, therefore, we define o(—-(BNAq) ZB/A}}\) -4, we may
rewrite (II.56) in the form l/(T+l)-—-.|:Q.n Q(T)]‘}-/O(
Deflnlng dm Exér(éiﬁ) Cm/B , it is easily seen that

'(II 57) may be represented with considerable accuracy by

~
13

the form; ¢

)

The Spatial distributibn of electrons in the :'depth

region then 'can be calculated from (II.51).

‘_’ v}s N
- ‘ ’ I R
I11.4 Discussion . .
‘ S o
e . ‘ ' . ‘ ;‘ -
. Assumwng that'g. represents the estimate of the

: . o -® ‘
patﬂ}length of individual electrons, equation (II.21) means

the orientations ' of the electnmn§5 are mofe random for

Iar%ef QL or equivalenfly, 1ower energy electrons. (Flgure

14) In this calculatlon a§/;lectrons are assumed to  be
o

\‘J 4 .o .~ -~ A
"‘ $ oo - < '-3' ~--o,f N DL “‘bx

'? §p1ﬁced _the surface,:Ofé,a semi- 1nf1n1te medium - and

Lorlented perpendlcularly to the surface *1t is. llkely that

Mﬂl) dj?/[l -L(MIL L. -1hﬁ+0q Cm5ﬂl
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Fig. 14. The plot of the angular distribution function f (®,2)
" for various £. £(0,4) is normalized to the £(0,4).
# 2 is the pathlength of an electron divided by the

diffusion length. - ;

G
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-mést of ;elécfrons- w1th 1arge angle orlentatlon are. those

whlch have relatlvely 1arge B . -The contrlbutlon from a
¢ i J
81ng1e large angle 8catter1ng to the number of electrons of

large ang&e orlentatlon would likely be s1gn1f1cant after

1.1

dﬂeleotrons has - tr&velled for a long t1me "Q", because the

'y

single large angle-sCatter1%g pr9Gess 'is' not a %?equent
. ‘ .
event. .kwm \ - - PN : ~iic¢$ xig,.
. . - NN . B
%As for Fermi's mode1(46) 'df Jélectronv tranSpOrt
Ji,\ J , *\3," N ,) . 4 ' 'l

¢since it';lncorporates ﬁhe-'small angle approxmqatlonq 1t

s

Y

77

‘underestlmates the probablrlty that an electron has,a largeﬂl

. *Qa?i 1 . ,.“ x_rl Lot 5c‘¢' Vea | -_‘ v - ‘w, .
“angle, t@%g(Flgure ,15®.~~\Thls 1s manlfested in the
.‘,I . R \.d EFIN o . .
expr .23),~ Thax 1s tged R;edlctlon obtalned by
. - ." . R‘“ - ) R Q . .
‘_Fe@mf~ }atlon dlffers from that obtalned by the Boltzmann :

‘equatbon by as much as (Kuﬂ\e/eﬁvzeven 1n the 'supevflclal

B . .«

E)

“reglon, L—>0 Q‘ 'Thls; trend "is 'eﬁpecteg " to 'be moreﬁ’
p?onoUncedv at ?he deepeg ;%egﬁod;‘médé*'to 'the'.if?aéén:
explained previously. AR e RS
_ ‘“ e Vu'v-' . | o ¥
“H Ihéadditiqn:fdyfhegi;adequatg description of angular
N "

distribﬁtion, Fermi‘s ”model iSj_not' approprlate for the
déscription r of spatial distribution of  the incident
electrons in the deeper '?egion of semi-infinite medium
because it dées not include any délimiting pafameter for;
the stopping of electrons. This is because Eﬁis model 1is
basically‘mediumldriented,’that is, the primary objective

~of it is to get the distribution of electrons after - they

*
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[

Fig. 15. The angul

“

ar distribution

7

-

%f .electrons. (56)

/
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R
have beénjtransported through a certain thickness of a
slab. The distribution of electrons after they have lo§t a
certain amount of their initial energy, is not considered

and 1s more relevant to tr&nspo}t theory. The depth of a

"medium is*not a suitable quantity to represg&t the physical

state of .individual electron beéause.fle fluctuation of
AN

energy loss and scattering spoils the relationship between

the 1ongitudina1 position of electrons &nd ,théir real

physical state.
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CHAPTER IV -

¥ CONCLUSION AND FUTURE WORK :

b

The Bolthann'eQuation'can be used ‘to obtain the
'spatial fluence distribution' of electrons which has

immediate application to dose calculation ‘inf,gv.complex

; s
medium® . In . addition, « this ecﬁghtion &/ides 4the

u

‘ﬁ‘ ,ﬁ‘l '\(p:
- predictapility of dose distribution % hQut ‘resoiting

’ ekperimental parameters. Unfortunatelﬁv the complex nature

of the Boltzmann equation seems to defy a solution in

closed form, at least for a penc1l beam boundary condition.
However, with some reasonable approximations, the ' equation,
. L\ . . -

can " be utilized to"investigate'some salient<§eatun§§'of v
' ' SR oo .

= i

electron t}ansport which would be usef%l for seekiﬁg‘
. . 4 . . N

. 4 i -. ] . N X ¢
numerical solutions, and designing future experiments.
< . , N . B A f

4

Despite its potential i'mpact on Velectron radiation .

tberapy, the electron tran&port problem has been largely
. . . 91-
" ignored. Several: m151nterpretations ‘or incomplete

'% . rd . )
interpretations of experimentql results ' have “originated

e {0 - \f -

A}

R
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\ N ISRy . . .

U N

from this i Tﬁ&ce. For example, current understanding of

Rl

X l‘.\ . . K . » . .
macroscopfc .effects of inhomogeneities. 1s- mainly

3€reiated-to the density of inhohogeneities. In fact, as

ideso}ibed' in the first chapfer, because the microscopic
elastic interactions between an incident electron and  a
constitu@%t atom is .influenced by the .atomic number, the
effect of inhomogeneities should ‘be regarded as the
combined‘aotionuof the change of the density ahd fhe atomic

P
\ " number of the medium. J

Regarding: the  atomic nhmber‘ effogt of
inhomogeneitres, it is expected‘“that the ahisp&EOpy”of

the'.atomic .

elastlc scatterlng »follow1ng the hange ofi

U

', o
»‘ . o r'

2
1)

: ; Vi ‘»\u t -
Qelectron fluence dlstrlbutlon in .a homogeneous medlum“ﬁ‘and
_ %thus affect ;the ~ dose dlstrlbutlon. This contrlbutlonl
oy A‘ : T o R v

. should be more 51gn1flcant whlle "electrons' are retalny

h;gher energies, that is, at shallow depth of”’ thegmedlum;ﬁ'

- ' .- ) . _
<;, This is not only because chedyanisotropy of elastic

scattering cross-section iS'iﬁore pronounced at higher
- . ) ’ . s . . . U
. energies, bu} also because at these higher ‘energies, most
by .

‘- i . )
EX “’l:' 2 ' . ~ “ . . k] )
R {mof electrons are - still we?&%correlgted.spatially, Thus,

the bre&down in correlatlon wonld be>'mofe " appreeciable.’
: ,Thls contrlbutlon should become \1ess. pronounc¥®d as the

Grientations of 'electrohs. become diffuse at -.deeper

“.o locations, because in this, case, the ¢anisotropy of
'a’ scattéﬁing‘cross—section would not be as influential as

hY

81

number would 51gn1flcant1y contrlbute to the dist@rgi%ﬂ”pfuhgef



1atter by modulat;ng the 1nten51ty and/or ‘energy‘ ofa€the:ﬂ:

':each.,narrow beams. . .More standardlzatlon of a practlcal

4
[

.before in chbnging the electron fluehce distribution. Even

in a medium «Which is made up of the atoms whose " scattering

'

cross—-sections are highly anisotropic, a point source
‘particles would ultiﬁately produce a spherically symmetric

particle fluence distribution.

Better understanding tof the electron transport
problem can be utilized to a'great advantage for innovation
in the current dose administration technique.‘ For example,
‘medical linear_accelerators which use. magnetically scenned

electron beams have some &dvantageous features, deécribed
. . . ; A o
I8 e

in the first chapter, whlch cannot be foun"'in the

conventlonal accelerators using foil- scatter;ng =mechan1sm.

HoWever, ~to date% thisymagnet- SCannlng technlque has only
au. . oo

been regarded as one of the possxble methods of produelng

*

broad beam W1¢hout perceptlon of other 1nherent advanta%es.
)

It is concelvable that thls technlque would ellmlnate;i in

e : ';\

addition to the scatterlng foil, the nece381ty for; (a),

field ,shaping devices, inclUding the colllmators, '1ead

o o

effect of inhomogenelty. Thls technlque can ellmlnate the

[4

former by choosing" appropriate scan;pattern,and»@he

‘> L -

ieiebtroﬁ‘_beam' is ‘also, to be expected by u81ng‘ thlS

A oy -

3, teclinique.” . IR S G .

R

2

“

masks& and (b) ﬁexternal compensatlng materlals for the'j‘

4
. ‘

Fa



e

It is certain that the essential‘érpﬁnd work for the

©

new generittion of spot beam scanhiﬁg technique (39), should

be qhe_development of transport theory fof electrons. Even
though the ultimate information we need is the dose

distribution, the primary physical quantity to be sought in

»

radiation physics should be the fluenée of eiectrons. In

this context, a new dewice measurlng tie particle
fl~uenée ~ with reasonable resoltlon ‘1§ necessary to
s . e | NV
compliment w‘ghe currapt dos1metrlc dev1ces, - and confirm:
o ‘ - & ' .
theoretlcal expectatlons. ’ 3 v
. 5y . o
. - ] . N - )
bt X R = ;..——/"" R
,%:g ‘ T g ¥
T Ak B W

83



REFERENCES

1. BRASCH, A.,LANGE, F.: Aussichten and Moglichkeiten
einer Theraple mit schnellen Kathldenstrahlen. '
JStrahlentheraple 51:119-128, 1934
2. HASS,,L.L.q HARVEY, R.A.,.LAUGHDPN;‘J.SM, BEATTIE, °
J.W., HENDERSON, W.J.: Medical Aspects of High Energy
Electron Beams. Am. J. Roentgenol., Rad. Therapy &
- Nutclear Med. 72:250- 259, 1954 . ' o

3. OVADIA J.,McALLISTER J.: -Dose distribution in grid
' Therapy with 15- to 33- MeV Electrons. Radiology
76: 118 119 1961 ‘,“ : ‘ : B
4. 8 CARPENDER I, 5&&@6 L.S., LANZL, ‘L. H., GRIEM,
' M.L. Radlatlon Tre ment with’High- Energy Electrons
‘u31ng Rencil Beam S nnlng. Am. J. Qf Roentgen.,

°

'~ "Rad. Therap. and Mfc. Med. 903221, 1963 .. o

L

5. TAPLEY,"N.duV, FLETCHER,'G.H.F Skin Reactions and
Tissue Heterogeneity in Electron Beam Therapy. Part y
.:clinical Experience. Radioxogy 84:812 1965 A

6. LAUGHLIN J.S. :¢» High Energy Electron. Treatment -

.. Planning for,InhomogeneltlesV~ Brlt “J. Radlol. . :

»~;? 38: 143 147, 1965 , , A : Ry

7. HULTEN Gu SVENSSON ‘H. Eledtron Depth Absorbed . @

‘ Doses for Small Phantom Depths( Acta.- Radlol. Ther."
Phys. BlOl 14: 537 1975 : , | uj.v DT Tk

. »I,g. _
-8, . BRAHME A.,SVENSSON "H. Spe01f1cat10n of Electron
7~ Beam, Quallty from the Central Axis Depth Absorbed Dose

Distribution. Med.. Phys. 3 95, 1§76 / P
9. MUSTAFA A. A.,JACKSON D F. The Relatlon between X-ray
CT Numpers and- Charged Particle Stopping Powers and 1t§“
Slgnlflcance for Radlotherapy Treatment‘Plannlng. ,
Phys.. ‘Med. Bnol. 28 169 176, 1983 Sl / I
. .. /' L - P
10. MILLAN ‘P, E.,MILLAN S.,JERNANDEZ A.,ANDREA P ‘
L Paramexrlzaﬁlon of Linear Accelerator éle&tron Beam for @
Computerlzed D031metry Calculatlons.. Phys. Med.;, o
"~ Biol. 24 827 1979 , R N
N - yo . // " . : '
11, PARKER R P.,HOBDAY P A.,CASSELL K J. The Direct--
. Use of CT Numbers in Radiotherapy Dosage Calculat ons
for Inhomogeneous Medla. Phys4 Med. BlOl u<,

) . , Lol
R . N
PR , . . .
X S y ' ,



12.

13.
14,
15.
16.
17.

18.

194

20.

21.

22.

33.

\ -
\

24:802 é , 1979

LEACH, M?b.,WEBB S.,BENTLEY, R.E. A Rotate-Translate
CT Scanner providing Cross sectlonal Data suitable for
Planning the Dosimetry of Radiotherapy Treatment Med.
Phys. 9: 269 1982

PFALZENER P M.,CLARKE H. C.: Radiation Parameters-of
6 to 20 MeV Scanning Electron Beams from the Saturne
Linear Accelerator. Med. Phys. 9:117, 1982

MARBACH, J.R.,ALMOND, P.R.: Optﬂmisation of Field
Flatness and Depth Dose for Therapy Eleg¢ron Beams.
Phys. Med. 'Biol., 26:435-443, 1981

|

BRAHME, A.,HULTEN,[G.,SVENSSON, H.: Electron Depth

Absorbed Dose-Distribution for a 10 MeV Clinical
Microtron. Phys., Med. Biol. 20:39-46, 1975.

de ALMEIDA, C.E.,ALMOND, P.R.: Comparison of Electron
Beams from the Siemens Betatron and the Sagittaire
Linear Accelerator. Radiology 111:439, 1974

ICRU REPORT 21(1972): Radiation Dosimetry: Electrons
woth Initial Energies Between 1 and 50 MeV,

BERGER, M.J., SELTZER, S.M. Calculation of Energy and.
Charge Dep031t10n and of the Electron Flux in a Water
Medium Bombarded with 20 MeV Electrons. Ann. New York
Acad. Sci. 161:8, 1969

KESSARIS, N.D.:Penetration of High Energy Electron

‘Beams in Water. Phys. Rev. 145:145, 1965

SEMPERT, M.,WIDEROE, R.: Untersuchungen uber
D081metr1e und Ausblendung von 30 MeV
Elektronenstrahlen. Betron und Telekobalttheraple,
Edited by Becker and Scheer Springer Verlag, Berlin,
pp. 182

ROSSI, B.B.: - High Energy Particles. Prentice Hall,
New York, 1956 »

SAUNDERS, J.E.,PETERS, V.G.: Backscattering from
Metals in Superficial Therapy with High Energy
Electrons. Brit. J. Radiol. 47:467, 1974

WEATHERBURN, H.,McMILLAN, K.T.P.,STEDEFORD, B.,DURRANT,
K.R.: Physical Measurements and Clinical Observations
on the Backscatter of 10 MeV Electrons from Lead
Shielding. Brit. J. Radiol. 48:229, 1975



24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

86

NUSSLIN, F.: Electron Backscattering from Lead in a
Perspex Phantom. Brit. J. Radiol. 48:1041, 1975

BAILY, N.A.: Electron Backscattering. Med. Phys.
7:514, 1980

- - 4 \\\~
EKSTRAND, K.E.,DIXON, R.L, The Problem of OBliquely
Incident Beams in Electron Beam Treatment,?lannlng
Med. Phys. 9 276 1982

SIBATA, C.H.,de ALMEIDA C.E.: Build-up Curves of
Scanned High Energy Flectron Beams from the Sagittaire
Linear Accelerator. Med. Phys. 7:374, 1980

OVADIA, J.: Treatment Planning Consideration. In:
Practical Aspects of electron Beam Treatment Planning,
Edited by C.G. Orton and F. Bange, 1977, pp. .33.

SUNTHARALINGAM, N.: Dosimetry of Electron Beams. In:
Practical Aspects of Electron Beam Treatment Planning,
Edited by C.G. Orton and F. Bange, 1977, pp. 11.

BRAHME, A’ ,KRAEPELIEN, T.,SVENSSON, H.: Eiectron and
Photon Beams from 50 MeV Racetrack Microtron. Acta.
Radiol. Oncol. 19:305, 1980

BRAHME, A.,SVENSSON, H.: Radiation Beam Charactristics
of a 22 MeV Mlcrotron Acta. Radilo. Oncol. 18:244,

11979 '

BRENNER, M.,KARJALAINEN, P.,RYTILA, A.,JUNGAR, H.: The
Effect of Inhomogeneities on Dose Distributions of High.
Energy Electrons. Anh. New York Acad. Sci. 161:233,
1969 ;

ALMOND, P.R.: Radiation Physics of Electron Beams.
In: Clinical Applications of The Electron Beam.
Edited by Tapley, N.duV., John Wiley & Sons, New York,
1976

LANZL, L.H: Electron Pencil Beam Scanning and its
Application in Radiation Therapy. Front. Radiation.

-Ther. Onc. 2:55-66, 1968

. HASS, L.L.,SANDBURG, G.H.: Modification of the Depth

Dose Curyes of Varlous Radlatlons by Interposed Bone.
Brit. J. Radiol. 30:19-26, 1957

KAWACHI, K.: Calculation of Electron Dose Distribution
for Radlotherapy Treatment Plannlng Phys. Med.
Biol. 20:571-577, 1975 .



37.

38.

39.

40,

41,

42,

43,

44,

45.

46,

47,

48.

49.

GAGNON, W.F.,CUNDIFF, J.H.: Dose Enhancemgnt from
Backscattered Radiation at Tissue-Metal Interfaces
irradiated with High Energy Electrons. Brik. J.
Radiol. 53:466, 1980

HOGSTROM K.R.,MILLS, M.D.,ALMOND, P.R.: Electiron Beam
Dose Calculations. Phys. Med. Biol. 26:445, 1981
KANAI, T.,KAWACHI, K.,KUMAMOTO, YL,OGAWA, H.,YAMADA
T.,MATSUZAWA, H.: Spot Scanning System for Proton
Radiotherapy. Med. Phys. 7:365-36%, 1980

BRAHME, A.,LAX, I.,ANDREO, P.: Elec'ron Beam Dose
Planning using Discrete Gaussian Beams.<{Mathematical
Background> Acta. Radiol. - Onco. 20:147, 1981

LILLICRAP, S.C.,WILSON, P,,BOAG, J.W.: Dose
Distributions In High Energy Electron Beams:
Production’ of Broad Beam Distribution from Narrow Beam
Data. Phys. Med. Biol. 20:30, 1975

, ! ‘
CASE, K.M.,ZWEIFEL, P.F.: Linear Transport Theory.
Addison Wesley, Mass., 1967

SPENCi:, ».V.: Theory of Electron Penetration. Phys.
Rev. 98:1597, 1955

BERGER, M.J.,SELTZER, S.M.: Tables of Energy Losses

- and Ranges of Electrons and Positrons. NASA SP-3012,

)

National Aeronautics and Space Administration,
washington, D.C., 1964

ATTIX, H.F.,FRANK,.ROESCH, W.C.(ed.): Radiation
Dosimetry(2nd ed.), Vol. 1, Fundamentals. Academy
Rress, New York and London, 1968

EYGES, L.: Multiple Scattering with Energy Loss.
Phys. Rev. 74:1534, 1948 ..

)

STERNICK, E.S.: Algorlthms\fbr Computerized Treatment

Planning. In: Practical Aspects of Electron Beam
Treatment Planning Edited by C.G. Orton and F. Bange,
1977, pp. 74:

HANSON, A.0.,LANZL, L.H.,LYMAN, E.M.,SCOTT, M.B:
Measurement of Multiple Scattering of 15.7 MeV
Electrons. Phys. Rev. 84:634, 1951

BATTISTA, J.J.: A Magnetic Specfrometer for Betatron
Electrons. M.Sc. Thesis, University of Western
Ontario, 1973 : .

87



50.

51,

- 52,

53.

S54.

55.

56.

<

v ~

LAUGHLIN, J.S.,LUNDY, A.,PHILLIPS, R.,CHU, F.,SATTAR,
A.: Electron Beam Treatment Planning in Inhomogeneous

Tissue. Radiology 85:524-30, 1965

DAHLER, A.,BAKER, A.S.,LAUGHLIN, J.S.: Comprehensive
Electron Beam Treatment Planning. Ann. N.Y. Acad.
Sci. 161:193-213, 1969

BAGNE, F.: Electron Beam Treatment Plannlng System
Med. Phys. 3:31-38, 1976

PACYNIAK, JZM.,PAGNAMENTA, A.: Central Axis Percentage
Depth Dose for High Energy Electrons. Rad. Res.
60:342-46, 1974

POHLIT, W. Treatment Planning for Electron Beams in
Inhomogeneous Medla/ Radiation Dosimetry, AAPM 1976
Summer School, PP 81-

HOLT, J.G.,MOHAN, R.,CALEY, R.,BQFFA, A. ,REID, A.,
SIMPSON L.D. LAUGHLIN J. S Memorial Electron Beam

AET Treatment Pbannlng System. Procedings, *"Practical

1

Aspects of Electron Beam Treatment Planning ",
Symposium, July 31, 1977 pp 70

* N ——
HOGSTROM, K.R. Dosimetry of Electron Heterogeneltles
Preprint, Unlver81ty of Texas

88



-

1

APPENDIX A

RELATIONSHIP OF BOLTZMANN AND FERMi EQUATIONS

L]

As a first step in/éériving the Fermi equation from the

linearized Boltzmann equation (II.1), we have to modify the

equation (II.1) slightly, because there are substantial

differences between the two models, notably,;

(a)

(b)

(c)

r

In - Fermi's model, electrons remains on a plane
containing the initial trajectory after scattering,
that is, scattering process changes only the polar

angle of the orientation of "the incident electron.

E

As the  energy losses of electrons are ignored - in
Fermi's model, the path-length of an electron, 2, is

not considered.

.

Fermi's model defines a probability that an electron
traversing the - thickness éSt_of a scattering medium
will be deflected by an angle (B, d® ) regardless of

the detailed multiple scattering processes.
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) 4
Due tu this particular treatment of . multiple scattering,

the necessary changes of the equation (IT.1) for the

comparison are;

(a) There is no @ -dependence in U‘and-F . In addition,

the scattering cross-section becomes a function of
=V AN AN — /
Y = ced (v-5) =6-9
With these changes the eciation (IT.1) reads;

G-’K?F(?,e)- ngde'[wc(?,e')—’?(?,é)] 5 (8- 0) | (A1)

«

(b) The 9 -dependence of the cangular distribution
function, f , and the scattering cross-section, 0 , in

‘the equation (II.1) should be ignored.

As 0(8-8) is peaked at very small(@t-e), we

expand -F(?,e') in a Taylor series of (8-B).

, -8y 2%
CFX, ey = (X e) + (6~e>%‘c§+ ( 7__/_)z N

Thus, the right hand side of (A.l) becomes;

n[ | h;ie’(e'-e) 0(§'~e) | Z-‘;Jr ffie’ (e’—e)lﬁ(e'-mz—lg”

The limit - of integration can be " extended



from —C&0 to Oo . sin%§f019C~8) is very sharply peaked
'
at 6 = 0 . Since 0185-8) is even in (BE-Q) , the equation

(A.1) reduces to,

2P

Y

Aime”’c y mggfz :’[n S-ie’(r(ete)(e‘-eﬂ %CL (A-2)

According to the Fermi's treatment -of angular deflection,
explained 1in (c),' the expression in the brackef of the
bt . - e \ 2 .

- equation (A.2) - is equivalent to |/W* . Finally,

since B 1is small, (A.2) reéduces to Fermi eqﬁgtion.(49)
. . \\ '

;D£ = —-97_’f 4 ..l__ ?:f. ) \\
IE 2P . w* 2Pt \
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