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Abstract.

The localization of areas of excessive electrical activity in the human brain system by multi-
channel electroencephalography (EEG) recordings is one of the most important problems in Clinical
Neurophysiology. This activity can be approximated by equivalent dipole [15], which generates the
potential distribution all over the brain system. The essential part of the source localization proce-
dure is the forward problem solution, i.e. computation of the potential on the surface of the head
given the location and orientation of the dipole. In this work, the forward problem is solved with
the use of the Finite Volume Method (FVM). The implementation of the FVM is done in such a way
that the same algorithm can be applied for the realistic head model made by using Magnetic Reso-
nance Imaging (MRI) scans of the head of the real patient. The main objectives of the research are
assessment of the errors of the FVM modeling and computational issues such as deflation, properties
of deflated matrix and acceleration of computations. The forward problem acceleration is especially
important in practice, hence alternative approaches for the solution of the forward problem would
be interesting. The Finite Volume Method is implemented in such a way that the deflated matrix of
the linear system corresponding to the forward problem is symmetric and positive definite. These
properties allow the use of the Conjugate Gradient Method with Polynomial Preconditioning and
essential acceleration of the computations. The errors of the numerical solution were studied using
analytical solutions for three-shell geometry. The realistic three-shell solution derived in this work
allows to separate the source and sink of the equivalent dipole. This is essential for the FVM tests,
as with this method the source and sink cannot be infinitely close together. As the radial dipole gets
closer to the skull, the error of FVM grows. It can be reduced either with the higher resolution grids
or with better domain decomposition algorithms. The idea of analytical matrix inversion developed
for one, two and thri-dimensional systems of cubic finite volume elements can have potential for a

rapid solution of the forward problem provided that it can be extended for deformed and nonuniform
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1 Introduction.

1.1 The Forward Problem in EEG.

This work addresses the computational aspects of one of the major problems in Clinical
Neurophysiology - the localization of the areas of excessive neural activity in the human
brain. These areas of excessive neural firing caused by the external electrical stimulus
are associated with possible brain tumors, epilepsy, head injuries, infectious diseases, drug
overdoses, etc. Therefore their accurate localization is very important for diagnostic pur-
poses. It is a well known fact [15] that this neural activity can be fairly well approximated
by dipole current sources, consisting of closely located "source” and "sink™ of the elec-
trical current of the same intensity. The stationary current dipole source (or sometimes
the multiple sources) generates the distribution of potential all over the head. In practice,
only the potential difference between a given point and a chosen reference point can be
measured. This potential difference is collected by a limited number of sensors through
the procedure named Electroencephalography or EEG and called the biopotential in EEG
literature. Combined with Magnetic Resonance Iniaging (MRI), which provides informa-
tion about the anatomy of the brain system, EEG is a very powerful and informative tool
in neural diagnostics.

In EEG literature, the problem of computing the biopotential for such a dipole is called
the forward problem of EEG source localization. This problem can be posed as follows:
given the geometry of the human head as well as the location and orientation of single or
multiple dipole sources, find the potential on the surface of the head. The problem of the
source localization itself, given the potential on the head surface only, is called the inverse
problem of EEG. One way to solve the inverse problem is to solve the forward problem

with a different location and orientation and then try to combine the results in order to
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fit the boundary data.

1.2 Biophysics of the EEG.

Consider the theoretical aspects of EEG. The electro-magnetic field is governed by the

Maxwell equations (macroscopic version)

v-D = p (1.2.1)
~ dB
= e — 29
VxE 5 (1.2.2)
V-B =0 (1.2.3)
7 = 8D ,
VxH = J- E, (12.4)

where E - electric field;

D = ¢E - electric displacement inside the mass of tissue;

p - density of electric charge:

B - total magnetic field;

H- magnetic field due to free currents;

J = oE - density of the electric current.

Here € is the permittivity of the brain tissue. o is the conductivity. The frequency

range of the electromagnetic fields in the human brain system is below 100 cycles/second,
therefore the electromagnetic field changes slowly. In this case, electric and magnetic fields

can be uncoupled in the first approximation [15].

Uncoupling simplifies the equations for the electric field to

V-D = p, (Gauss’ Law) (1.2.5)
VxE = 0, (1.2.6)
- oD
= — )
J e (1.2.7)
2
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By virtue of V x E =0, the electric field is of the form

E

-Ve.

Consider a control volume V inside the surface with face § containing a current source
J=0E = —oVW.

Integration over S gives

favw-dS’:-ffds:/IvdV,
v

where Iy is the current volume source density, i.e. the charge emitted into a unit

volume for unit time. If a current source is located at a single point,
Iy = I,§(z - To,y — Yo, 2 — 20),
then
}f oV¥ .dS = I,. (1.2.8)

For the domains that do not contain the current sources, the right-hand side is zero.

Combination of (1.2.5) and (1.2.7) result in the conservation of charge

- Op _ o
v.J i 0., (1.2.9)
or equivalently
. I
V.(oFE) - a(V -eE)=0. (1.2.10)

Dividing the biological volume conductor into smaller domains for which ¢ and £ can
be assumed to be constant and making use of (1.2.7), it is possible to get the equation

describing distribution of the potential for every domain,

(0AW)

oAV —¢ 3t

=0, (1.2.11)

3
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where A is the Laplacian operator. The current flow normal to the interface between the

two adjacent domains does not change, therefore

a: a‘I‘in _ a‘I’o»ut
in On *—o'out_an y

where n is the normal to the surface of the interface. The first term in (1.2.11) describes
the resistive current, whereas the second term describes the capacitive current. Under
certain circumstances, namely when the conductivity is high enough and the polarization
of tissue is low enough, the second term can be neglected. Assume that the potential is

periodic in time with field frequency f,
¥ = P(X)e* /1,

The condition which determines whether the capacitive effects are negligible [15] is

capacitive current 2 fe( f) <

= 1, 1.2.12
resistive current o(f) ( )

and generally in the case of frequencies below 100 cycles/second this condition is satisfied.

1.3 Solutions to the Forward Problem

The main difficulty of the forward EEG problem lies in the complexity of the anatomy
of the human head. So far the conventional way of solving the forward problem has been
to use the three-shell model of the human head, first introduced in [{46]. This allows for
the analytical solutions of the forward EEG problem, however it does not reflect the entire
complexity of the human head. It was demonstrated in [44] that natural holes in the skull
such as the eyes, nose, mouth and ears can already cause errors in the source localization
which are significant enough to hinder practical diagnostics.

The finite and boundary element modeling experiments were conducted in order to

solve the forward EEG problem numerically ([6], [12], {13}, [14]. {35], [42]). In these

4
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experiments, the three-shell model was used in order to measure the accuracy of the
numerical computations. It was found in [35] and [42] that there was a substantial (10-20
%) increase in the error if the dipole got closer to the skull.

The Finite Volume Method (FVM) seems to be the most acceptable way of solving the
EEG problem since it allows to take into account the real structure of the human brain,
skull and scalp. In order to put it into practice, one must have a three-dimensional map
of the human brain of the particular patient. This practical problem of brain mapping
by MRI (Magnetic Resonance Imaging) datasets was solved by Koles at al. in [45]. The
FVM for three-shell spherical model was done in [5]. However, this implementation does
not allow to model the realistic head based on MRI slices with such an approach.

The inverse EEG problem is a well-developed procedure, whereas the forward EEG
problem has many aspects 1hat still need thorough study. The source localization given the
solution of the forward problem was studied in Koles et al. [2], Mosher et al. [34], as well
as Raz et al. [7]. Mosher et al. [34] suggested the MUSIC algorithm which localizes several
dipoles given the value of potential in a limited number of locations on the head surface.
Prior to the MUSIC algorithm, spatio-temporal decomposition had to be applied to the
data from EEG electrode recordings. The theoretical considerations, implementation and
experimental results of this were given in Koles et al. {2]. Besides MUSIC, a Frequency
Domain Estimation algorithm which does not require spatio-temporal decomposition was

developed in (7).

1.4 Objectives of this Research.

1) To accelerate the numerical solution of the forward problem in a realistic head model.
The issue of computational speed is very important, as one needs systems of the order
of millions of finite volume elements in order to get the accepted accuracy for source

localization.
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2) To assess the errors involved in the numerical solution of the forward problem by
comparison to the analytical solution of the problem for the spherical head model.

Hence the FVM solution for the three-shell spherical model should be compared with
the analytical solution. In the three-shell analytical model one assumes that the distance
between a source and a sink is infinitely small, although in reality there is a finite distance
(of the order of a few millimeters). Furthermore, the implementation of the FVM brings in
a technical obstacle - it is not possible to place both the source and the sink into the same
finite volume element. In such a case, the forward problem will have a zero right-hand
side. Therefore it would be convenient to have a three-shell model with a finite distance
between positive and negative sources of electric current for comparison. Such a model
must also be compared with the previous one.

3) To look at alternatives to the numerical approach.

For practical source localization, the iterative methods, even accelerated, are too slow.
Linear systems of the order of millions by millions have to be solved for each candidate
dipole location and all possible orientations - might be thousands of times. Hence it is
worth finding at least some alternative ways of solving the forward problem by FVM. For
example, it would be interesting to consider the forward problem for some ®good” geometry
- a chain, plate or cube consisting of smaller cubes - and see whether the resulting linear

system allows the analytical inversion of the matrix rather than the numerical inversion.
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2 Background Review.

2.1 Three-shell Spherical Model.

For most of the practical applications so far the forward problem of EEG has been studied
with the three-shell spherical head model. The human head is approximated by a sphere
surrounded by two concentric spherical shells. The inside sphere corresponds to the brain,
the outside shells represent the skull and scalp. With such an approach it is possible to
write the analytical solutions for the potential on the surface of the three-layer sphere.
The three-shell model is important as it allows one to estimate the errors of the numerical
methods if applied to the three-shell geometry.

First, let us consider the point source of the electric current in an infinite homogeneous
medium. The potential generated by such a source can be found in a similar way to the
potential generated by a single electric charge placed into such a medium. The problem
may be stated as follows: given a point source with intensity I = ‘é‘}, find the potential on
the surface of the surrounding sphere of radius r. The density J of the current through

the element of the surface dS will be

= ds I r
Since J = ogE.
= I F
E= 4mor? W’

where 7 is a radius-vector which points from the origin to the point on the surface of the
sphere with radius r, ¢ is the conductivity of the medium. Since V¥ = ~-E, integration
in one direction gives

I

4ror’

(2.1.1)

Now this result will be used in order to obtain the potential of the dipole in the same

media. Consider the source and the sink of the same intensity I located at a distance d

7
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from each other in order to find the potential on the surface of the sphere that contains
the dipole.

First assume that the dipole is oriented radially, i.e. both the source and the sink will
be on the line drawn from the center of the sphere of radius R in the radial direction (see
Fig. 1). Such a dipole is called radial in EEG literature. b is the distance between the
center of the dipole and the center of the sphere, © is the latitude. Consider a point P on
the surface of the sphere, r is the distance between the dipole and the point. The ratio %
can be represented as Legendre polynomial expansion ([36], [11]),

= Z ETP;(cos o). (2.1.2)
=0

Here P, = P are Legendre polynomials [11, 36] given by Generalized Rodrigues formula,

4

1 2
H(I) = WE(I’ - 1) . (21.3)
By (2.1.1) and (2.1.2), the potential at point P is
I &6+ -9
v = 4%0%[ R+1 ~ R+ ]PI(CO&G)
I & b-ld i+l
R — 2.1.
Tro 2 T T Pilcos©) = — a'b2 E ( ) LP)(cos ©), (2.1.4)

where m, = Id is the radial component of the dipole.
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Figure 1: Radial Dipole.

If a line connecting the source and the sink is perpendicular to the radius, then the
dipole is called tangential. The dipole of arbitrary orientation can be considered as a
vector sum of radial and tangential dipoles. Consider now the dipole which has only a
tangential component in the infinite media of conductivity . Now m, = Id is in direction

X. and the angles 8, and ©,, by Figure 3, are

de
O1=0+5
do
©,=0- ER
where
de ~ dc‘;sﬂ.

The potential of the tangential combination of source and sink is

¥ = i (b + g) 47mR,+1Pz(cos(9 + %e-))

3 (++3) ommn(=(e- )
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5 e (A0 + 2) - om0 £2))

using the fact that Py(z) = 1.

R dcosﬁ{”'(m<9+? ) - B (cos(o -
=1

£)
do
_2 b~'m;_dPi(cos®) —

b[_ m
T BT Ty os 3 = —Z o RH—IPI (cos 8) cos 3.

(2.1.5)
Here P!(cos ©) is the associated Legendre polynomial ([11], [36])

PHz) = (1~ )} ZP(a).

If £ = cos B, then

P}!(cos®) = (1 — cos? 9)% d

dcos© Fi(cos©)
_sin©dP(cos©) _ dP(cosO)
sin® do - e

Next consider conducting sphere of radius R and conductivity ¢ surrounded by an air
of zero conductivity and find the potential generated by the radial dipole on the surface

of such a sphere. It can be written as a solution of Laplace’s equation, a function of two

spherical coordinates r and © with unknown coefficients A;

oc

b {+1
O(r,0) = ; [A,r' + ﬁﬁz(;) ]Pz(cos 9).

(2.1.6)
There is no current through the boundary of the sphere, therefore the boundary condition

o¥

(2.1.7)
r=R
gives

A bl +1)
L= GrxoRET’

10
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the expression for the potential on the surface of the sphere is

© Lo, -
o= ; (2 ;;)m, ,b;:l Pi(cos ©). (2.1.8)
The solution of the three-shell model can be obtained in a similar way by matching the
solutions for each shell through boundary conditions. The three-shell idealistic head is
shown on Fig. 2. The potentials ¥, for the inside brain, ¥, for the skull, ¥3 for the scalp

and P4 for the space outside the three-layer system can be written out as follows:

o0 . my b +1
¥, = g:‘l[l‘ + 471’01b2l(;) ]F’[(COSG),
o0 -
T = Y C'[rl-é-Dlr'("*'l)]Pl(cose), (2.1.9)
1=0"*
[a o] -
U3 = ELEzr'+F)r’('+l)]H(cose).

~
Il
(<)

Obviously it can be assumed that the potential of the surrounding air is zero, therefore

¥, =0.

The conductivities of the brain tissue and the scalp can be assumed to be equal,
o1 = 03 = o, and the conductivity of the skull is ;. Then the coefficients in (2.1.9) can
be obtained from the boundary conditions due to the continuity of radial and tangential

components of the current through the boundary,

Lo _ 0% 9% W3
61' - 3 ar b S ar ar ]
r=r; r=r1 r=ra r=ra
(2.1.10)
o, _
o =
r=R
or,|  ow k| 9
50 | '@®| ~ 98 (2.1.11)
r=r r=r]1 r=r2 r=r2
11
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Figure 2: Three-layer Spherical Head Model.

The first three equations due to the boundary conditions (2.1.10) are

-1 _ e g M+ | -1 _p+1) 5
O'{Allrl 47m_b i_{_,, = oggq Cilr} Dy r[;_2 (2.1.12)
- [+1 _ l+1
0’3{0[17"2 t_ Dl(’,TfQ_)} = O'{E[lr.lz 1_ H(’JT)} (2.1.13)
2 2
l+1
E/lR"! F,( RT+2) =0. (2.1.14)

Denote £ = £=, than these equations can be more conveniently written as

(H—l)b’1 (I+1)
A — rom =&C — EDll T (2.1.15)
l+1 l+1

E £Dl( 2“,_1) =E — B(I ;+1) (2.1.16)

Ir; T2

(I+1)
E = FIW- (2.1.17)
The other two equations due to the boundary condition (2.1.11) are
" +1 D

Arl + ——= v b2 ( ) =Cir} + E_éf (2.1.18)

F
C[1'2 + —-— D = E'[ Ty + = T (2.1.19)

r5 T2

12
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Furthermore, equations (2.1.16) and (2.1.19) can be written as

D, K F;
Dyl +1) K\ F;
C - e ; , (2.1.21)
where
L+ 1)rh 1
K, = IR2A+T P2 (2.1.22)
2
(I+1) 1 1
Ky = — = . 2.1.23
2 1 RA+1 r§l+1 ( )
From equations (2.1.20) and (2.1.21), obtain expressions for D; and Cj,
I KR KoF
D = S ré - c , (2.1.24)
Di(l+1)  KoFy  (l+1) | K\1Fi K)F Ky F
C = + = — + . 2.1.25
CT T £ @+1) £ [T ¢ (2.1.25)
It is convenient to write
(t+1) (K, K, K>
C; = McF, h =—2|—=—-—— -—_ .1
f cF;, where Mc @r+1) ré 3 + g (2.1.26)
l 2A+1 K K
Dy = MpF;, where Mp = %{(-—r‘f - -E_Z . (2.1.27)
Writing (2.1.15) and (2.1.18) as
m.(l+1) b+ (l+1)
Al 411’0’62 P%l+1 - EA’ICH - g‘NIDH l’l‘fl".l
my pi+1 _ MpF,
A+ 47!’0’b21;'-;§l:? = A’[Cl‘—'[ + 1‘1217’
and combining these expressions, obtain the expressions for F; and E;.
[~
F= ""'(2’4 + 1)b [ 1 — (2.1.28)
T M-+ Mp(1+ £51)
I+1)(2+1)p1!
g =it (@+1) 1 (2.1.29)

LR2+1 4o M, cr%“'l (1—£) + Mp (1 N §_§l_l+ﬂ) .

13
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Hence the potential on the surface of the sphere will be

V= Z{E;R‘ + — }H(cos o) =

i meb (21 + 1)2 1
&= 4moR™U . 2’“(1—6)—%—1\/10(1—}-—55,*1)

Writing out the denominator in the last expression, f; = §, =%

Mort =0+ bip(1-+ S0) - (3)*a - éf,:‘u )
+((211:_11))(1__)(r1)2ﬂ( —O+ ((jzilf)(kg)dﬂ( ( SUH))
+€!§(T21(:+11)(1 £(l+1))

2+1
_ 51((l2:- +1>1) { I L2 L 1)(% )

Py(cos ©). (2.1.30)

(1-8)!

FAE-EU ) + 0 + (B 1) €+ D) fz)}

Finally

_ 1 e+’ ) .
¥ = Tro ; R+1 [di(l 1) :ImrPI(COa 0), (2.1.31)

where

( FAFL f21+1)(1 -6 +EU+1))

2+1
+(1 - 5)2(%> + (l—f—l + 1) (L + €1 +1)). (2.1.32)

Now conduct the similar calculations for tangential dipole. It is shown on Fig. 3. For the

uniform conducting sphere of radius R and conductivity o, the potential inside the sphere

will be
v = Z (A, TW) P}(cos ©) cos 3. (2.1.33)
Due to the boundary condition
ov
> =0, (2.1.34)
=R
14
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A = l+1 m,
Y= 7T 4roRTFT
Therefore,
oc
m, 21 + 1 bt
¥ = Tro R P}(cos ©) cos 3. (2.1.35)

=1

Hence for the three-shell model, the potentials ¥;, ¥, ¥3and¥, can be described by equa-

tions

. b\ .
Alr +4ﬂ_ b2( ) ]P,(cose)cos[)’,

C,-y-‘ + D,«r“("“)] P}(cos ©) cos 3, (2.1.36)

¥y = Z Eirt + Flr'““)] P}(cos ©) cos 3.
=1*

The boundary conditions are the same therefore the equations due to these boundary

conditions will be the same, except (2.1.12) and (2.1.18),

L m d+1 (+1)
a’{All'r‘1 o 41rcrcb2bl+1 rll+2) } {C I\~ - D pea (2.1.37)
I+1
m b Dy
At + ——4”;1’2 (H) =Crt + —rl1+l . (2.1.38)

Again the above two equations can be more conveniently written as

A - Ti’:i—%:ﬁ =£C — sD‘g;;), (2.1.39)
A+ 4;”%:;1 =C+ %. (2.1.40)
As before
Ci=MchH,
Dy = MpkF,

where Mc and Mp are defined by the formulas (2.1.26) and (2.1.27). The expressions for

coefficients K; and K> in these formulas also remain the same.

15
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Thus

{+1
A - mb T+ 1)

MpF(l+1)
%H-I =&McF, — {——7—

Amolr rf“‘ll !
A+ %:;_1 = McFy + %I%?TI?
and the new formulas for F; and E; will be
= me(20 + 1)b1 1 , (2.1.41)
Amolri™h Morf*'(1— ) + Mp (1 + L)
E = me(l + 1) (21 + 1)b! 1 (2.1.42)

[2R2+1 dno NIcr'f’“(l —6)+ .MD(I 4 E(l+1)) .

The potential on the surface of the three-shell sphere due to the tangential dipole will be

oC
Uy = Z [Elr‘ + F[r‘("*'“] P}(cos8)cos 3

=1
0

-3 mb 1 g2 +1)3
© & 4mo R (1 + 1)dg

P}(cos©) cos 3. (2.1.43)
=1

Finally the following expression describes the potential on the surface of the three-shell

sphere of radius R

1 o bl &2 +1)>° )
V(e,8) = o ; T [ d;&l(l -~ 1)](lm,.P¢(cose) — m:P}(cos©) cos 8). (2.1.44)

Of course the tangential component of the dipole does not necessary need to be oriented in
direction X. If it has a component in direction Y as well, then by the appropriate rotation
of the coordinates the problem can be reduced to the one described above. In the case of
multiple dipoles, the forward problem is a superposition of the solutions for each dipole.
The three-shell model cannot adequately describe the complexity of the realistic head.
Therefore the numerical models as well as advanced brain mapping techniques are needed

in order to make the source localization procedures applicable for clinical purposes.

16
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2.2 Finite and Boundary Element Methods.

The Boundary Element (BEM) and Finite Element (FEM) Methods are already widely
used in literature ([6], {12], [13],(14]) for the solution of the forward problem. For the sake
of consistency a brief overview of these methods will be given in this work, although the
Finite Volume Method will be used for practical computations.

With BEM the governing differential equations are transferred into equivalent bound-
ary integral equations which contain no volume integrals. This is done by using certain
well known integral identities. Among them are:

1) Gauss-Green Theorem
F) dav ——/ fnzdS, (...2.1)

where n; is the z-component of the unit normal 77 to the boundary surface S of the
domain V;

2) Divergence Theorem,

/(V -f)dV = /(f-n)dS, (2.2.2)
14 S

where f is defined on the domain V;

3) Green’s First Identity

/ (Va - Vb + bAa)dV = / (b7a - n)dS (2.2.3)
v S

4) Green'’s Secon _/V(bAa —alb)dV = /s (bVa — aVb) - iidS,

L)

f (bAa — aAb)dV = / (bVa — aVb) - iidS, 2.2.4)
v S

where a and b are scalar functions.
Sometimes depending on the partial differential equation the transformation to the
boundary integral equation involves certain known solutions, usually called the funda-

mental solutions to the original differential equation. The boundary of the 3D volume is

17
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Figure 3: Tangential Dipole.

18
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triangularized, the discrete integration is performed over the boundary elements (trian-
gles), which results in a linear system from which the values of the biopotential at any
location within the volume can be determined. For further details on BEM, see [37]. The
BEM allows to model boundaries and boundary conditions very naturally, it doesn’t re-
quire grids over the entire volume, surface grids are sufficient. BEM also gives rise to quite
sparse matrices.

Unfortunately the BEM sometimes gives rise to very complicated formulations; since
it requires integral relation as well as transformation to boundary formulation using the
fundamental solutions, it also requires substantial integration of complex functions. For
BEM, nonhomogeneity within the domain causes serious errors, and this is exactly the
case of the forward problem of the EEG source localization. The matrices obtained by
BEM are not usually symmetric.

The Finite Element Method envisions the solution as being built up of many small,
interconnected subregions or elements. The basic idea of FEM is that a solution region can
be analytically modeled or approximated by replacing it with an assemblage of discrete
elements. Since these elements can be put together in a variety of ways. they can be used
to represent exceedingly complex shapes.

The boundary value problem for the biopotential ¥ in tri-dimensional domain V

bounded by the surface S can be written in the functional form
L(¥)-f=0. (2.2.5)

We assume that the proper boundary conditions are prescribed in S. The variable ¥

is being approximated by the linear combination of certain functions

m
v=¥ =Y NC,

i=1

where C; are the unknown parameters and the N; are functions such that they satisfy

the boundary conditions.

19
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Define the residual or error which results from approximating ¥ by ¥ as
R=L(¥) - f. (2.2.6)

The m unknowns C; are determined in such a way that the error R over the entire solution
domain is small. This is accomplished by forming a weighted average of the error and
requiring that this weighted average vanishes over the solution domain.

Therefore one chooses m linearly independent weighting functions W; and then insists

that
/ [L(¥) — f]WidV = / RWdV =0 i=12,..,m. (2.2.7)
|4 v

There are quite a variety of weighted residual techniques because of the broad choice
of weighting functions (see, p.e., Collatz [2]). The choice of the weighting functions is
commonly referred to as the error distribution principle. The error distribution principle
most often used is known as the Galerkin criterion, or Galerkin’s method. According to
Galerkin’s method, the weighting functions are chosen to be the same as the approximating
functions used to represent ¥, that is, W; = N; for i = 1,2, ..., m. Thus Galerkin's method

requires that
/ (L(F) - fINV =0, i=1,2,...m. (2.2.8)
v

Since (2.2.8) holds for any point in the solution domain, it also holds for any arbitrary
subdomain or element of the smaller domain. In practice the functions N; are defined in
a way that they are nonzero only on a certain subdomain Vi(e) of the domain V', the finite
element. Hence for each element V,-(e) there is one interpolating function N;, and C; are
the nodal values of ¥ at the center of each finite element. In the simplest case N; = 1 if
they are within Vi(e), and zero everywhere else, although in practice N; can be defined in

other ways. The m equations

/ o LFE) — FOINEAV =0, i=1,2,..m, (2.2.9)
V" e
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will result in the linear system from which the biopotential will be determined at chosen
m locations.

The obvious advantage of the Finite Element Method is its natural way of modeling the
boundaries and the boundary conditions. FEM does not require structured grids. it can
accomodate a broad range of elements of different geometries. Unlike BEM, FEM requires
the integration of simple functions only, which leads to quite sparse, usually symmetric
matrices. It also allows good enough handling of nonhomogenuities. The technology of
FEM is quite mature. Those who want to apply the FEM for practical purposes will have
to face certain difficulties however. They will have to generate volume grids, which can be
quite arduous in the case of complex geometries. Writing out the discrete relations from
the weighted residual formulation may be a rather complicated and tedious matter. The

resolution of the response gradient, if needed, will be tied to the volume mesh refinement.

21
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2.3 Finite Volume Method.

In this work the Finite Volume Method (FVM)[1] was applied for the EEG forward prob-
lem. For this approach the biological volume conductor is decomposed into smaller finite

volume elements. For each element the conservation laws of charge equation
f oV¥-dS =1,

is written in the form of finite difference equations. The boundary condition of no current

%‘E = 0, where n is normal to the boundary. The discretization

into the surrounding air is o
can be done for a generalized curvilinear coordinate system (§,7,{). The centers of the
finite volume elements or cells inside the biological volume conductor are indexed with
respect to each curvilinear coordinate as (i, j, k), whereas the eight vertices correspond to
(ix -é-,j + -é-,k + %), and the centers of faces are indexed as (i + :_li,j,lc), or (i,j £ %,k),
or (i,j,k+ %). The faces of cells are given by the normal area vectors S'. where | =

(&, n, or (). The values of potential ¥; ;i are defined at the cell's centers. Each cell is a

hexahedron of arbitrary shape. The area vectors, for example S¢ are calculated as

| W - - .
§§+§J.k = 5((TJ‘+%J=+% — ot g-i) X (FjoLprdl = rj+%.k—§)) : (2.3.1)

l+::7
where ¥ is the position vector. The volume of each hexahedron cell is calculated by
dividing it into three pyramids, each one having the main diagonal of the hexahedron cell

in common

1 0 - -
Viak=3 (S?—%J,k IR 3"27-,::-;) ' (’f+éj+%,k+% B ri—%d—%*—%)' (232
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For each finite volume the integral equation (1.14) is discretized by the second order

accuracy scheme

(oVE- )y 1 0 — (V- §F)

i-$.5.k
+ (VO -8, 1, — (VU8 1y (2.3.3)
+ (oVE-8), 1 — (V-5 1 =1

Each term on the left-hand side represents the current flow through the relevant face,
while the right-hand side equals the total current volume source in the cell. The gradient

for each primary cell is calculated from the integral definition

ve =1 / vdS. (2.3.4)
Vs

Such a definition has advantages over the differential form, as it imposes fewer restric-
tions on the smoothness of the mesh than the finite difference approximation based on the

differential form of the equation. Discretization yields

1 U
VY = 7 zl: v, S (2.3.5)

where ! denotes the face of the secondary cell and ¥; is the potential at the corre-

sponding centers of the face. For example the approximation for the (¢ + 1, j, k) face of

the hexahedron is

(VVE)irs = (TS i1k — (¥S%)ijk
+ ((@Sﬂ)ﬁl - (‘ys")j_l)
2 vtk
+ ((#59ry —(#5%y) - (2.3.6)
2 2 i+~é—,j
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The corresponding flow term in (2.3.3) will be

o

(aw.s‘)ﬁy.k:(V) ik (('I'Sf)s+1j.k—(‘1’5€)f.f'k
< i+3.0.k

+ ((ws")j+%—(\ps")j_%) 1 (23.7)

i+3.k

Similar expressions can be applied for the calculation of fluxes through the other faces.
Finally one has to work with a discrete equation involving the potential ¥;; in the
center of the cell under consideration and the potentials at 18 neighboring points, with
coefficients dependent on the geometry and conductivity only. The conductivities of the
neighboring hexahedrons may vary, hence one has to take into account the abrupt changes
in conductivities.

In such a case for the face indexed as (i + %, J, k), the effective conductivity can be

defined as

(2.3.8)

9 a g
“\V v
(U) _ igk \ /Ji+ljk
<))
ik i+1,4,k

({5) & must be used instead of (fy) in the formula (2.3.7). It is easy to see that if
e i+3.0.k

Gijk = Oit1,jk and Vi jk = Viiyjk, then (i’?) = ({'7) and (5) = (5) .
eff i+14,k eff gk

Otherwise if 011 j x differs from o; jx, then ({5) gives some intermediate value between
eff

(6) and (“;’») for (%) . Without effective conductivity the resulting
i,k i+1,j,k i+ig.k
distribution of the potential may be distorted. This formula can be trivially generalized

for the fluxes through the other faces.

The FVM described here is a particular case of the FEM. In order to see this consider

24
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the Method of Weighted Residuals. Recall that for this method
/[E(@) — fIWdD = / RWidD =0 i=1,...,m,
D D

where & = Y = CiN; is an approximation to the solution of the differential equation

L(®)-f=0;
R = L(®) — f is the residual,
D is the three-dimensional domain bounded by the surface X.
Suppose that V; are three-dimensional finite elements obtained as a result of decom-

position of the domain D. Require N; to be

1, (z,y,2) eV;
N; = ) (2.3.9)

0, otherwise.

The Galerkin Method requires that W; = Nj, so
[1e@ - Anap = [ 2@ - flavi=o,
hence there are m equations, one for each finite element. If
L(¥)=V.-0V¥, f=-V.j wherej=-oV¥,

then by the Divergence Theorem

/V (V- oVE)dV; = fs ka4 -dS; (2.3.10)
where S; is a surface of three-dimensional finite element V;. For the right-hand side

- [ v-javi=-{§ jas. = -1,

where Iy is the charge emitted by the point source into a unit volume for the unit time.
Since the FVM is a particular case of Galerkin FEM, the matrices for the FVM will

be symmetric and as sparse as those resulting from FEM formulation. Due to effective
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conductivity (f’;)eﬁ, the non-diagonal elements of the resulting matrix differ less, hence
the condition number of that matrix decreases. Unlike (5], the implementation of FVM
which will be presented further in this work does not require any singularities, i.e. the
hexahedrons that have a common boundary with more then 6 neighboring hexahedrons,

which can worsen the conditioning of the matrix. Futhermore the question of deflation of

the resuiting linear system was not studied in [5], but is discussed in this work.
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2.4 Conjugate Gradient Method.

The Conjugate Gradient Method (CGM) [43, 37, 40, 31] was first introduced by Hestenes
and Steiffel in 1952. Combined with preconditioning strategies it remains one of the most
efficient iterative methods of solving the linear systems Ax = b, where A is Hermitian
positive definite matrix (hpd), A € My, »,(C). The basic idea of the conjugate directions
as a whole is to represent the solution x as a linear combination of vectors pi, ..., pn

orthogonal in the metric called A-norm,

(Api, pj) = &i5. (2.4.1)

The solution can be written out as
n
X =X + Zaip,-. (2.4.2)
i=1
The coefficients a; can be written out explicitely due to the A-orthogonality of p;. Multi-

plying (2.4.2) by A,

n
Azaipi = b — Axp = ry,
i=1

(r01 pl)
[ = —— (2.4.3)
(Api, pi)
In practice there is no need to compute all the vectors p; and all the coefficients a;. Only
the approximate solution x; is computed, it can be represented as a last element in the

sequence of the successive approximations to the solution

X0, X1, ...y Xi,
where Xg is an initial vector,
i
X; = Xg + Z axPk = Xi—1 + GiPi- (2.4.4)
k=1
27

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



For each successive approximation, the corresponding residuals ro, r;, ... are computed

rg = b - AXO (2.45)

ri=b— Ax; = b~ Ax;_| — a;Ap; = ri—; — a;Ap:. (2.4.6)

The approximation x; is best in the sense that of all vectors of the formu =xg+v, v €
span{p1, ..., pi}, the generalized error function fq(u) = (A(x — u), (x — u)), where x is

the exact solution, will take its least value for x;. Indeed consider u = xg + 27;:1 BiPk-

fa(u) = (A(Z akpk — _ BkpPr)s (D akpx — Zﬂkpk)) =
k=1 k=1 k=1 k=1

D (ak — Be)*(APk, k) + Y af(APk,P) = Y. ai(APk. Pr),

k=1 k=i+1 k=i+l

the equality can be attained only for ax = 8i. Therefore the generalized error function
decreases with increasing index ¢. The two lemmas below summarize the properties of the

direction vectors p;.

Lemma 1.
(rps) =0,  (G=1,..0). (2.4.7)
Proof.
ri=b-Ax; = A(x—x;) = k-g;l %.‘lpk.

Hence (r;,p;)=0if j<i+1. a
Lemma 2.

(ri,pj) = (ro,p;), (E=1,..,5-1). (2.4.8)
Proof.

(ri, pj) = {ro. py) (Ap;, p;) = (ro, pj)-

(Apj, Pj)

28
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The direction vectors py, ..., px+1 are constructed successively together with the residuals

ro, ---5 Fi;

Pi+1 = ri — bip,

_ (ri, Apl)

b = )
(pi, Api)

(2.4.9)

(2.4.10)

The residuals ro, ..., r; are mutually orthogonal. In order to see this, consider (r;, r;), where 7>

j. By (2.4.9),
ri = Pi+1 — bipi
Therefore

(riyrj) = (Pi+1,r5) — bi(Pi, rj),

and both terms are equal to zero by (2.1.13). Each successive vector p;+; will be A-

orthogonal to pji, ..., pi, which are already mutually A-orthogonal.

(riv ‘4pt)

;, Api) = 0.
(Pi,APi)(p‘ po)

(Pi+1, Api) = (ri, Ap:) —
Consider (pi+1.4p;), j=1,2,...,i—1.
(Pi+1, Apj) = (ri, AP;) + bi(pi, APj) = (ri, APj),
by A-orthogonality of p1,...,p:. Since
1
Ap; = —(rj—1 —rj),
a;

1 1
(pi+17 Apj) = —-(ri, rj_l) - ——-(l‘i’ r]) =0,
a; a;

(2.4.11)

(2.4.12)

since j—1 < i, j < i. It is also possible to derive the recurrent formula for r;. By (2.1.14),

b - Ax; =b — Ax;_; — a;Ap;:
r; =ri_1 — a;Ap:.
Two more useful lemmas will be proved below.

29
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Lemma 3.

_ (Piyri-1) _ (ri-1,ri1)

= = . 2.4.14
(Pi> Api) (pi, Ap:) ( )
Proof.
(Pi,ri-1) = (Fi1,Ti~1) + bi_1(Pi—1, Ti—1) = (ri—1,ri=1) by (2.1.13).
Od
Lemma 4.
(riy ri) -
b = ———— 2.4.1
(ri-1,Fi-1) ( 5)
Proof.
1
Api = —(ri—1 — 1),
ai
hence
(vis Aps) = ——(ri,r2)
i APi) = a: iy Fi).
Furthermore
(pi7 AP:) = (ri—ly APi) + bi—l(pi-laApi) =
1 1
(ri-1, Ap;) = Z(ri—lyri—l -ri) = Z(ri-l,ri—l)'
Finally,
b= Fodpi) _ (riE)
' (pi Api) (riz1,Fic1)”
a
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The above considerations result in a classical algorithm of Hestenes and Steiffel. The

Matlab program pcg.m is based on this algorithm.
Po=Tro, po= 11

for k = l:maxit

p1 = (Pk—1,Tk-1) (2.4.16)
by = 2L (2.4.17)
Po
Pk = k-1 + br—1Pk—1 (2.4.18)
(Pk—1,Tk-1) 5
= 2.4.19
(Pks APk) ( )
Xk = Xk—1 + QkPk (2.4.20)
Ty = Fg—1 — axApi (2.4.21)
po = p1 (2.4.22)

end

So far the forward EEG problem is being solved with the use of a three-shell idealistic
model. This is then combined with the MUSIC algorithm [35] in order to solve the inverse
problem. For practical applications the geometry of the head must be taken into account,
so the Finite Element and Boundary Element methods have been used for the experimental
modeling. In this work the Finite Volume Method is applied. It allows one to take into
account the realistic distibution of the conductivities in a natural way. The Conjugate
Gradient Method is an efficient way of getting the iterative solution of large sparse linear
systems, provided that the matrix is symmetric and positive definite. The properties of

the matrix resulting from the FVM implementation will be considered in the next chapter.
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3 Numerical Implementation and Acceleration.

3.1 Formulation of the Thesis Problem.

In this work the forward problem of EEG source localization is posed in the following way:
given the intensity and location of the positive and negative sources of electric current,
find the potential distribution inside the biological volume conductor, as well as on its
surface. This problem has to be solved both for the three-shell spherical head model and
for the head of realistic shape obtained by means of the MRI scans. It is natural to apply
the Finite Volume Method in this case, since this will allow one to take into account
the geometry of the realistic head and the conductivity distribution. In this respect it
is important to study the properties of the matrix of the resulting linear system and to
determine how the system can be deflated in order to avoid semidefiniteness.

The inverse problem of EEG source localization can be posed as follows: given the
value of potential for a limited number of surface points, find the location and orientation
of the dipole source. In order to do this the forward problem has to be solved for all the
candidate dipole locations. The potential for each particular location has to be computed
for each of three spatial directions. Therefore it is very important for practical purposes
to reduce as much as possible the computational time needed for the forward problem
solution. Below The preconditioning technique will be discussed below.

In fact the three-shell model described above has quite a serious drawback. It assumes
that the positive and negative sources are infinitely close, which is too idealistic from a
brain anatomy point of view. Therefore it is important to develop a more realistic three-

shell model which would allow the comparison of the performance of FVM with theory.
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3.2 Realization of the Finite Volume Method for a Realistic Head. Dis-

cretization, Deflation and Positive Definiteness.

Until recently the Finite Volume Method did not have applications in EEG Source Local-
ization, although this method was widely used in Fluid Mechanics {1]. There are quite a
few technical difficulties one can face while implementing the inverse problem algorithms
combined with the FVM. While implementing the BEM only the surface of the biological
volume conductor is triangularized. For the FVM the entire three-dimensional domain of
the biological volume conductor has to be decomposed. Moreover such a domain decom-
position algorithm has to take into account the differences in conductivities for different
layers. In order to solve the inverse problem of source localization a regular and dense
grid is needed. Such a grid has to be adjusted to the real geometry of the human head.

Rosenfeld et al.[5| implemented a forward problem by mapping the sphere onto the
real volume. The basic idea is the decomposition of the sphere by meridians and parallels
and then mapping the surfaces of the layers of the realistic head. This approach works
reasonably well for spherical or ellipsoidal head models, the distribution of potential ob-
tained matched quite well the results for the analytical three-layer head models. However
there is no indication in the literature that such an approach can work well for a more
realistic head. First mapping the sphere onto the real head surface is a very complex task
if we take into consideration the ears, nose, lips, etc. Second such an approach assumes
the existence of the sc-called singularities, i.e. points common to more than 8 neighboring
finite volume elements. The singularity is shown on Fig. 4. For such a singulasity addi-
tional cells must be constructed and additional equations must be written, which makes
the resulting matrix less sparse and poorly conditioned.

In this work a more simple approach based on the decomposition of the cube is adopted.

An algorithm which was used for the code generation will now be considered in detail.
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Suppose that the dipole of intensity I is located somewhere inside the biological volume
conductor. First the biological volume conductor is enclosed into the cube. Without loss
of generality we may assume that the length of a side is 2, so the sphere with unit radius
can be enclosed into such a cube. Divide such a cube into a number of smaller cubes with
side h. These smaller cubes will form a system of (2] + 1)3 finite volume elements, where

l is defined as

| = [%] (3.2.1)

['] means the operation of taking the integer part of a number. The coordinates of the
cubes’ centers can be written as a product of the cube’s size h and the indexes i, j, k for

each spatial direction

z=ih, y=jh, z=kh, (3.2.2)

L, k=~ -l +1,..,-1,0,1,..,[—1,L
The finite volume elements are numbered with index s

s=@+D@A+1)2+G+DA+) +k+1+1, (3.2.3)

s=1,..2+1)>3

However only the cubes with centers inside the biological volume conductor are of
interest for the forward problem computation, since for all other cubes the conductiv-
ity is assumed to be zero. Hence one more index is needed for the cubes with nonzero

conductivity, and the indexing is done in the following way:
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n=20
for i starting from —! up to [ with step 1
for j starting from —! up to [ with step 1

for k starting from —!{ up to ! with step 1

if cube with indexes i, j, k
has nonzero conductivity, then

n=n+ 1;

otherwise n does not change

end;
end;

end.

The procedures for assigning the values of o; j for each cube will be described later
on, as they depend on a particular experiment. There are five important parameters in
these codes:

s - parameter indexing all the cubes;

n - parameter indexing only the cubes with nonzero conductivity:

i, J, k - parameters defining the spatial coordinates of the center of the cube.
The computational scheme (2.3.3)

(OVE - 58)i sy — (0T 88y
+ (OVE-§7) 1, —(aVE-§T), . 1,

+ (V-5 s —(@VE-§) 1 =D

is discretized in the following way. Change § -z, n =y, {( — z,

2 3 & v
§ -§Jvk_§ii%g,k_y—hl’
G1 -G —§n _ &Y _ B2
ST =Sk S‘.Jilk—sy—h,),
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— 3
Viik = Vigljas et =1

Here i, j, k are unit vectors in three spatial directions. One shouldn’t confuse them with
the scalar indexes i, j, k.

Therefore the expression for the current flow through the face (z + é, 3. k) is
(V¥ - Sz)i-(—%,j,k = ai-(»-%,j,k(‘l’i*'l.j.k -V k)h, (3.2.4)

and it was already discussed in the previous chapter that

20i+1,jkTijk

ag. .
itk + Oijk

i+d4k =

It is straightforward now to write the expressions for the fluxes through the other faces of

the cube. Finally

2041,j,kTi jk 20 j kCi~1,j
+J (2¥] = ‘v.)vk ;-lJyk
= Wik — Wik ) — | Wik — Pio1gk
Tit+l,5k + Tijk Oigk T Ti-1,4k

20; j+1,k0ij G: i 1O

vJ+lvk ‘Jvk Ll l.J.k ld—l,k

+ Wik — Wijk ) — ——— Wik —Wij—1k (3.2.5)
Oij+l,k + Tijk Oijk+0ij—1k

20; j k+10i,j 20; j k05 j :

Jik+191,5,k i,j,k0i,5,k—1 Li ;i

e — ‘I’i,j,k-{-l —_ ‘I"ij,k —_—— ‘I'i,j,k - ‘I’i,j,k—l = _'..’{._
Tigk+l + Tijk Oi gk + Tijk—1

Singularities and additional equations are no longer needed. Now the computational

scheme needs to be transferred into the matrix equation

Au=b.

The dimension of the matrix A is N x N, where N is the maximum value of the parameter n.
For each value of n there is only one combination of indexes i, j, k. Such a transformation

can be represented as a function of i, j, k.

n = f(i, 5, k).
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. Denote n; — ng as the indexes of the adjacent cubes,
=f(l+11.71k)1 n2=f(i—1,j,k),
n3=f(i7j+17k)1 n4=f(i1j—17k)7
n5=f(i,j,k+l), n6=f('i,j,lc—1),

If the sign of the left and right-hand-side is changed to the opposite the equation (3.2.5)

has the form

LomiZn (@ — Un,) + 22T (W ~ Uny)

Ona+0n
+ o (U — Uny) + 2T (Y — U, (3.2.6)
2 n n I
+ ST (W — W) + 38T (Un — Ung) = =3

For each value of n the elements of the n-th row of the matrix A are

6
‘)
Anﬂ = 2an (z L) Y Ann‘ = —ﬂ- t = l, seey 6- (3-2-7)

=1 On, +0n On+0n,
Since the normal component of the current flux does not change at the interface of the

biological volume conductor,

ov
on

:L
- outan

in

Tin

out

The conductivity of the surrounding air is zero, therefore the current flux at the interface
is zero. For the computational scheme it means that if the center of the adjacent cube

with indexes i + 1, j, k is located outside the biological volume conductor, then

Oir1jk =0,

therefore the correspondent terms in (3.2.6) and (3.2.7) become zeros as well.
The matrix A is symmetric since for two cubes with n-indexes p and t,

20,0t
a'p ‘{“ Ut

App = Ap =— (3.2.8)
Now we will study the question of positive definiteness of the matrix A.
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Definition 1. A positive definite matriz A € M, is a nonsingular Hermitian matriz such

that (Ax,x) > 0 for all nonzero x € C™.

Here M, is a set of all n-by-n complex matrixes, C" is a complex vector space of the
complex n-vectors [25]. If for some nonzero x* € C™, (Ax*,x*) = 0, then the nonsingular
Hermitian matrix A is called positive semidefinite. In our case matrix A is Hermitian,
since it is symmetric and it has only real entries. It is easy to see that for N-dimensional
vector u = [c,...,c ]T, where ¢ is a constant, (Au,u) = 0, hence matrix A is positive

semidefinite. In such a case vector v = [c, ...,c |7 € ker(A), and rank(4) < N — 1.
Lemma 8. rank (A) = N - |.

Proof.

Assume that the opposite is true, i.e. there is another vector w = [¥, ¥s, ..., ¥xn ]T €
ker(A) such that for some indices i and j, ¥; # ¥;. This means that for at least one of
the finite volume elements with index n at least one of its adjacent elements indexed as
ng has a different potential. Without loss of generality we assume that ¥,: > ¥,. Define

new indexes n®and n! as n® = n,n! = n}. Since

5 2UnlU 1 20.10,0
Aw),, = — 2 (W — (¥, — = 2.
(AWl = 3. (W — ) + B2 (B — W) =0, (329)
t=1
n; #n’

then there is at least one index nj* such that ¥,;. > ¥,.. Denote n? = ni*. In such a
way it is possible to construct a sequence n%,n!, n2, ... of indexes such that ¥, 0 < ¥,1 <
¥,2 < ... Since the set of the finite volume elements is finite, this sequence must end
with an index m. For such a finite volume element there are adjacent elements with lower

potential, however there are no elements with higher potential.
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For this index

20,m0,m-1
(AW)nm = a—r—::—-——:(‘l’nm - ‘I’nm—l)
nm nm—
6 90 mQO,m
Y (Pom — W m). 21
o 6210
t=1

n* # nm-!

The first term is greater than zero, the second is greater or equal to zero. Hence
(Aw),, > 0 and there is a contradiction, w ¢ ker(A). There is no vector w linearly
independent from v such that w € ker(A). Therefore dim(ker(A)) = 1, rank(4) = N - 1.

This property of matrix A has a clear physical sense. In the absence of the sources
or sinks of the current the potential is the same everywhere within the biological volume
conductor.

Consider

20000,

.&.an -

(Au,u) = Z Z(\I'n = Un )¥n——t

n=1 t=1

(3.2.11)

It is easy to see that for each term with indexes n,n, there is a term

-0’7;0’,-,‘

(‘I’nz - ‘I’n)\pn: On +Un¢ .

The sum of the two results in

22070 {1 — W)U + (T, = B) U | = 22, — ).

On -+ On, On + On,
Finally the expression (3.2.11) can be written out as a sum with respect to all the sides

of the finite volume elements,

(Au, u) —ZZ 2009 (g _ g, V2 H(n, —n), (3.2.12)

n=1 t=1 On + On,

where H is a Heaviside function,

1, n,>n,
H(ng—n)=
0, ns<n.
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It is also possible to prove that any row of the matrix A is a sum of all the other rows,

taken with the opposite sign. Indeed for the n-th row of A,

6 6 N
_ 20n,0n _
m=1
m#n
T Op+0On mene On +0n,J
§=1
ng # ng
6 6 N
_{ZM_ 3 M}_"ZA" (3.2.14)
= S— 2.
=1 On, + On, Op, + On, = ¢
s=1
ns # ng

For all other entries with k # n, k # n., Zﬁ:l Ank =0.

Apparently the linear system will have multiple solutions. However if a certain value
of the potential is ascribed to one of the finite volumes, then the linear system will have
a unique solution. Such a practice is called deflation of the matrix A. Without the loss
of generality the biopotential in the center of the finite volume element with n-index 1
can be ascribed the value a, then all the other potentials will be measured with respect to
that potential. It is well known that not just the value of the potential but the potential
difference makes physical sense. In practice one measures the potential difference with
respect to the so-called reference electrode. Therefore we can assume that ¥; = a. Instead

of Au = b, there is a system

Aqug = bg, (3.2.15)
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Ay - - - AN

where Ay = , (3.2.16)
| A2 ANN |
[ ¥y - [ ba - [ Az '
u = , bg= —a (3.2.17)
| PN | | by | | ANt |

The deflated matrix A4 is positive definite. Assume that {;, j;, k) are the indexes that

correspond ton =1,

81 = f(i+ l,j,k), S2 = f(z,j + l,k), 183 = f(ivjyk+ 1)'

For any nonzero uy,

DS %(wn — @ )?H(n — 1) > 0. (3.2.18)
n#1
This sum is greater than zero unless ¥ = ¥3 =... =¥y =0.

It is further assumed that the human head has three major domains with the same
anisotropic conductivity - the inside brain, skull and scalp. The brain tissue and scalp
have the same conductivity of value 0.0029 (Qm)~!. It is quite realistic to assume that
the conductivity of the skull is much lower. For the numerical experiments it is considered

to be 3.6 - 10~3(Qm)~L. If the center of the finite volume element is within the domain of
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the brain, the conductivity of the brain is attributed to the entire element, similarly for
the skull and the scalp. It is assumed that the brain, skull and scalp have clearly outlined

shapes, so it is possible to determine the conductivity for each particular center.
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3.3 Preconditioning of the Conjugate Gradient Method.
3.3.1 The Idea of Preconditioning.

In order to reduce the computational time for the CGM, one applies preconditioning
strategies. The basic idea of preconditioning ([30], [39], [40]) can be described in the
following way. Instead of the system A4yXxqg = by, consider the linear system CrA4Crx =

Crbg. Such a system can be written out as
Ax = b, (3.3.1)
where A = CpLA4CR, b=Crby.

The matrixes Cp and Cp are called left and right preconditioners. The choice of
these matrices depends on the particular preconditioning strategy. The matrix Cr A4Cr
is supposed to have better spectral properties than the original A4, the details will be
given below. Such an approach does not require matrix inversion, it does not reduce the

sparsity of the matrix of the system.

Consider the classical CGM, described in the previous chapter
xXo — initial approximation; fo=b — AXy, Po=Fo, po=1.
for k = l:maxit

p1 = (Fx—1,Fr-1),

by = 22
Po
Pr = Fr—1 + bk—1Pk—1
_ (Ek—lvi'k—l)
g = ——m=——+
(Px, APk)

Xk = Xk—1 + arPk
Tr = Fr_1 — arAPk
PO =M
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end
The successive approximation vectors X; and direction vectors pi of the CGM for the
system A4x; = by are related to the corresponding vectors X and py of the preconditioned

linear system (3.3.1) in the following way
Xdk = CRXk, Pk = CrX. (3.3.2)
For the new residual vectors rk,
fr = b — A% = Crb — CLA4Cr¥k = Cr(b — AgXai) = CLrk. (3.3.3)

Now one can derive all the intermediate parameters and vectors for the preconditioned

CGM,

by = (Fk—1,Fk—1) _ (Crre—1,CLrk-1)
1T (Fr-2,tk—2) (CrLTk-2,CLTk_2)

(3.3.4)

Pr = Fx—1 + bk—1Pk—1,
CrPr = Crtg—1 + br—1CRrPk—1,

Pk = CRCLrk—1 + bk—1Pk-1-
If C = CgrCr, then

Pr = Crr_1 + be—1Pk-1- (3.3.5)
Since

(Pk, APk) = (Cg' Pk, CLA«CRCR ' Px)

= (CR'Pk, CLA4Pk) = (Pk, CAapPk),

_ (fk-x,fk—ﬂ _ (Crrx_1,Crri-y)
(Pk: APk) (Px, CAapx)

(3.3.6)

Xk = Xi—1 + akPk (3.3.7)
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Fx = Fk—1 — ak APk,
Crri = Crri—1 — akCrAdCRCR ' Pe-

Therefore

Tk = Ck—1 — Gk AdPk- (3.3.8)
Hence for the preconditioned CGM there is a following set of equations,

Xp — initial approximation;

ro = Cr(bg — Agxp),

Po=ro, po=1,

for k = l:maxit

pr = (Crrr—1,Crri—y)

1
by = 2

Pk = Cri—) + bk 1Pr—1

o = (CLrk—1,CLri—1)
(Px, CAdpk)

Xi = Xk—1 + akPk
T = Pk—1 — Gk AdPk

PO = p1

end

3.3.2 Polynomial Preconditioning.

For the problem under consideration the polynomial preconditioning ([30], [39])was ap-

plied. Consider the basic ideas underlying this approach. The left preconditioner Cp is
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chosen to be a matrix polynomial,
CL(Ad) = aol + a1Ag + apA3 + a3A3 + ..., (3.3.9)

such that the product Cr(A)A will be close to 1 in [ norm on some set S C o(Aq),
where o(Ag) is the spectrum of matrix A4. Since A4 is symmetric and nonsingular, it can
be assumed that S is a subset of the real line that excludes the origin. Next let S be a

compact set, and for f a continuous function on S, define

Iflls = max|f(A)]- (3.3.10)

This norm is also called the uniform norm; note its dependence on the set S. We shall seek
the polynomial which minimizes |1 — Cr(A)A||g, i.e. the best polynomial approximation
to 1 from among all polynomials of degree m or less having a root at zero. If p,, = Cr(A)A

is such a polynomial, the problem may be recast as a constrained minimax approximation

problem

min 11 —plls, 3.3.11
pen T p(o)=oll plls ( )

where T, = {p : p is a real polynomial of degree m or less}. Therefore it is desirable to
choose such p,, that the eigenvalues of the preconditioned matrix p,(Ag4) are as tightly
clustered around 1 as possible. In this way the convergence of the Conjugate Gradient
Method can be accelerated. Since p,,(Aq) is a preconditioned matrix, pm(A) is called the
preconditioning polynomial. In order to find a;, we need Chebyshev polynomials of the

first kind [42], orthogonal on the interval [-1,1] with weight function

h; = z € (-1, 1),

1
[_1 —ﬁx- Y
which provide the solution for the minimax problem [47].
The explicit form for m-th Chebyshev polynomial is T, = cos(m arccos z). In practice

Chebyshev polynomials are generated by the recurrent formulas
To(z) =1, Ti(z) ==,
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Tpi1(z) = 22Ta(z) — To1(z). (3.3.12)

The leading coefficient of T,,(z), for n > 1, is 2"~!. Therefore the Chebyshev polynomials

with leading coefficient 1 are defined by the formula

T(z) = S 1T,,,(:z:) — cos(m arccosz), m > 1. (3.3.13)

The polynomials Ty,(z) deviate as little as possible from zero on the interval [-1,1], in
the sense that for any other polynomial Fi,(z) of degree m with leading coefficient 1 the

following is true,

max |Fn(z)| > max ITm(z) L

. 3.3.14
ze(-1,1) ze(- am-1 ( )

Proof of this fact can be found in [47] or [48]. Suppose that [c,d] = o(Ag) for a known

positive ¢ and d. Introduce the following coordinate transform.

. 2z—(c+d)
B == (3.3.15)

then £ € [-1,1]. The Chebyshev polynomial T}, (—-:(—cin-) will minimize ||fllg¢ =

I1 — plls - In order to satisfy the condition f(0) = 1 one should divide T}, (%) by

T ( c+d_—c‘2A )

Tm taken at A =0, i.e.

fm= (3.3.16)
(e

. T(ERY .

Pm=1- Tﬁ}:). (3.3.1()

Now the explicit form of C(Aq4) can be obtained. Since p(Ay4) = Cr(Ag)Ad = AqCr(Ad),

T, ((tgi24e) } _ 4 {I _ Tm(al —bA) } (33.18)
Tm(a) ’ -

Cr(Ad) = AEI{I -

Tm($2)
c+d 2
where a_d—c’ b_d—c'
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The minimax preconditioning polynomial is attractive for application to large sparse sys-
tems for several reasons. First the minimax preconditioning polynomial p,,(\) equioscil-
lates about 1 over the set S, therefore the preconditioning polynomial Cr () is unbiased
in its suppression of the error: no portion of the set S is preferred over another. Second
if 0(Ag) C S, then o(pm(Aq)) C [1 — €m,1 + €m), where €n = |1 — pm||g. The original
matrix may even be indefinite, but the minimax preconditioned matrix is positive definite,
since €, < 1.

Define the spectral condition number k(A4) = |A7'(|,llA4ll, = 3=. The spectral

1

condition number of p,,(Aq), k(pm(Aq)), satisfies

l+em
l—€en

k(pm(Aq)) < ) (3.3.19)

when o(Ag) € S. This bound yields an estimate of the number of steps the Conjugate

Gradient Method requires for convergence. One needs approximately

steps to reduce the errors by an amount 4§ {31], where

Cr = Cr(pm(Ad)) = -——W (3.3.21)

is the convergence factor for the Hermitian positive definite matrix p,,(Ag). The esti-
mate (3.3.21) is fairly accurate if the eigenvalues of pm,(Aq) are uniformly distributed
throughout [1 — €y, 1+ €mn]. Since A;‘l is not known a different formula for the polynomial

preconditioner is needed, which would be suitable for practice. Now consider
Tm(al) — Tm(al — bA).

Here a well known formula can be used,

n—1
" —y" = (z — y)(xn—-l + xn-2y 4.+ xyn—Z + yn—l) =(z—1y) Zzn—l—kyk(3_3'22)
k=0
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Hence taking al instead of z and al — bA instead of y,

n—1

(al)™ — (aI —bA)* =bAY_ a"'7F(al - bA)*. (3.3.23)
k=0
Now consider
Tn(z) =tg+ 61T + tox> + ... + tmz™, (3.3.24)

the m-th order Chebyshev polynomial.

m m n—1
Tm(al) — Tra(al - bA) = Z tn ((a}')" —(al - bA)") =64 tn Z a™ 1=k (af — bA)E
n=1

=bA Z tn Z a1k Z Ck(-1)%aF—*b* 4%, (3.3.25)
n=1 3=0
!
where C" Ek——%ﬁ are binomial coefficients.

Finally the expression for the m-th order polynomial preconditioner is

n—-1

CLm(A) = Tt )Ztha"_l k(al - bA)F

=1 k=0

2

(d —c)cos (m arccos (EL)

n—-1-k k—s
B Rera .

= Z anA™. (3.3.26)
n=0

By formulas (3.3.12), the coefficients t,, should be defined as follows: consider the array

of coefficients

R=LA=0=f=.=fy=0.

These coefficients correspond to Tp(z) = 1. The coefficients which correspond to Ti(z) = =

will be
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Then the coefficients f[™ which correspond to Tin(z) can be obtained in the following
way
fork=2:m

fori=0:m

fE =2ff - g

end;
end.

Finally,

tl =f{nat2 =f5n1"-7tn=frr;n-

One more advantage of the Polynomial Preconditioning approach stems from the fact
that there is no need to generate and store the preconditioning matrix. Moreover there
is no need to store the matrices A2, A3,..., A™ as well. The CGM computations were
implemented in the following way,

Xp — initial approximation;

rg = CL(bd - Adx0)1

Po = ro, P0=1,

for k = l:maxit

k-1 =CrL.Tk-1,
p1 = (Pk—1,Px-1),
P1
b1 = —,
PO
Pk = Fr_1 + br_1Pk—1,

Px =CL,.Pk;
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_ (Fr—1, k1)
(Pk, AdPk) ’

Xk = Xg—1 + AkPk,

Qk

Tk = k-1 — @k AdPk,
po = p1.
end
The products of C_, times vectors ri—; and px are computed only once per iteration

in the sequential way. For example for £r_; the multiplication procedure is implemented

as follows,

f=l'k_1,
q = aof,
for k = l:maxit
f = Af,
qQ = q+ o,

end
Ti—1 = CL,Fk-1=Qq.
The procedure is same for px. Such an approach is economical in terms of memory.

3.3.3 Finding the Spectral Bounds.

The approach described in [40] was used for finding the spectral bounds of 44. The
Orthodir (A4, Aq) version of CGM is

Xo — initial approximation;
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p0=r07 € =X — X,

_ (Aqgei,pi) _ (ri,pi)

i = = , 3.3.27
(Agpi, Pi)  (AaPi, Pi) ( )
Xi+1 = Xi + aipi, (3.3.28)
riy1 = r; — a;Agpi, (3.3.29)

(Agpi, Aapi) .
= (Adpi Aapi) 3.3.30
' (Adpi1 pi) ( )

(Aapi, Adapi—1)

i = , 3.3.31
' (AdPi-1,Pi-1) ( )
Pi+1 = AdPi — 7iPi — OiPi-1- (3.3.32)

The parameters computed by the first k steps of Orthodir (A4, A4) can give the estimates

of ¢ and d. Let Pi be the matrix with columns py, ..., Pr—-1.

Then
PiAqP. = Dy = diag(dk-1), k-1 = (AdPk-1,Pk-1)- (3.3.33)
The three-term recursion (3.3.32) gives
P AgA4P; = DTy, (3.3.34)

where T} = tridiag(l,y¢—-1,0%) is a tridiagonal matrix.
Define the field of values of symmetric positive definite matrix G with respect to A

inner product as

(AqGx, x)

i) (3.3.35)

Fa©) = {r:a=

for some x € C™. If A is an eigenvalue of T with eigenvector x, Tix = Ax, then

\_ (DT x) _ (AsGPix, Pix)
(Dxx, x) (AgPix, Pcx)

€ o(Aq)-

Hence if [ ¢1, di] = o(T%), then [ c1, di] C [ ¢, d], and ¢; and d; can be used as the

estimates of ¢ and d.
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Consider

1 1
= 3 -1 - Ok—1\2 Ok_1\2
Ti. = DiTi D, * = tndlag((g—:—i) s Yh—1:0k -’;.TI) ) (3.3.36)

The matrices T and Ty are similar, hence they have the same eigenvalues. Since

oy = (AdPk; AdPi—1) _ (AaPr Pic + Ye-1Pko) T 0k-1Pk-2) _ _(AdPkoPr)
(AdPk-1, Pk—1) (AdPk-1, Pk-1) (Adpk-1,Pk-1)  Ok—1’
1 1
Ok-1\2 _ [ Ok \?
""( 3% ) = (Jk._l) :

then T is a symmetric matrix,

T = tridiag(\/Ck—1, Yk-1, VOK)- (3.3.37)

A similar procedure can in principle be derived for the classical version of the Conjugate

Gradient Mcthod. One just has to rewrite the expressions for pi in a similar way.

3.3.4 Jacoby Preconditioning.

The Polynomial Preconditioning is combined with Jacoby Preconditioning for further com-
putational time reduction [39]. This procedure allows one to reduce the difference in the
absolute values of the entries from different rows for the symmetric positive definite ma-
trix. For the matrix under consideration there is a difference between the rows which
correspond to the inside brain cubes and the ones which represent the cubes from the

skull. Instead of the system.,

Adud = bdv

one should consider the system

BAy4Buy = Bby, (3.3.38)
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where ug = By, B is a diagonal matrix

1
v i 0 0 o --- 0
0 7&; 0 0 0
B = 0 0 L o --- 0 ) (3.3.39)
ass
1
| 0 0 0 o - T

where a1, a2, ...,ann are the diagonal elements of A;. The matrix BAyB is symmetric
positive definite, its diagonal elements are all equal to 1. The computation of B can be
vectorized in practice with the Matlab procedure diag.m. This method does not require
extra storage or extra CGM operations. It is supposed to improve the conditioning of
the matrix A4. By Gersgorin theorem [18], all the eigenvalues of the symmetric positive

definite matrix are located within the union of n intervals,

Ull{ll' —aii| < R:-(Ad)} = G(Aq),

where

N
Ri(Az)= Y lagl, 1<i<N.
j=1 j#i

The eigenvalues of the matrix BA4B lie within the interval (1,2). The spectral condi-
tion number :\\:—:égj%g% is normally less then ’;:—::{%3. Usually the Jacoby Preconditioning
is combined with other preconditioning strategies.

The realization of the Finite Volume Method is simple enough and can be easily repro-
duced for an arbitrary grid resolution. The deflated matrix of the forward EEG problem
is proved to be positive definite, so the Conjugate Gradient Method can be applied. The
computational time can be reduced with the use of preconditioning strategies. The Poly-
nomial Preconditioning is chosen and implemented due to its efficiency. The numerical

results are given in Chapter 6. An implementation similar to the one here is given in [42].
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It is called the finite difference modeling. It leads to a similar matrix but the positive
semidefiniteness was not taken into account in [42] and the computational procedures are
inferior to the one applied here in terms of speed. The ideas underlying the Finite Volume
modeling will allow to extend the implementation in the case of a nonuniform grid. In
such a case the deflated matrix will also be positive definite as this property is due to the

underlying physics of the problem.
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4 Non-iterative Inversion of the System Matrix.

The linear system which corresponds to the forward EEG problem for a single dipole was
already described in detail in Chapter 2. The right-hand side of this linear system has

only two nonzero entries, corresponding to the positive and negative current sources,

- -

0

b=| . |. (4.1)

—b;

0

Here b; = b; = I is the intensity of the source. The indices ¢ and j are defined as follows.
Assume that (i1, j1, k1) and (i2, jo, k2) are indices corresponding to positive and negative
current sources (see Chapter 3 for details). Then h is a parameter defining grid resolution.
f is a function which defines the correspondence between the indexes numbering the system

of all the cubes and the system containing only the cubes with nonzero conductivity.

= (o B+ G (DL ) o 4]

(4.2)
= e (D )" (o () LR ) =0 [
i=f(s1), J=f(s2
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For the forward problem with a different right-hand side

0

bb=| . |. (4.3)

we can write
b = Hiﬁ l'Ijjl b, (4.4)

where the matrices II;;, and II;; are permutation matrices of the form (4.8) with the

properties
M, =My, M5 =1y, (4.5)

If x is the solution of Ax = b, the solution of

Ay = b1 = [I,-,-l[I,-jlb (4.6)
is related to x by the formula
y = A”'PAx, where P =II; II;;. (4.7)
57
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1
1
00 1
i
01
nill = . . . L} (4'8)
10
i
1 00
1
1
and II;;, can be written in the similar way.
Moreover
y=A"Ax+ A"Y(P-DNAx=x+ A"} P - I)Ax. (4.9)

The matrix P — I has only 4 nonzero elements. As a result the matrix (P — I)A has only
four nonzero rows. Therefore a much faster algorithm for the forward problem solution

can be developed provided that the structure of the inverse of A is known. In fact for this
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problem only the columns of A~! with indexes i,i;, j, j; need to be known.

0

I

Each row of A has at most 13 nonzero elements and the matrix

(P-DA=

0

ai 1 — @il

a;; — a1

aj 1 — aj1
0
aj1 — aj1

0

has only four nonzero rows.

1) One-dimensional Case.

0

ai,2 — a2

a2 — ai;2

aj 2 — aj2
0
aj2 — @j,2

0

ay N — GiN

aiN — ai;N

a; N —ajN

a;jN —ayH N

(4.10)

(4.11)

Let us first consider the one-dimensional case, i.e. one-dimensional chain of N cubic

finite volume elements of unit conductivity connected sequentially.
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Figure 4: One-dimensional Case.

For such a system the deflated matrix A has the form

of -

[
!
p—
o

A= : (4.12)
e 212 -1
i 0 -1 1 ]
Recall that
Al = -1 adia, (4.13)
det A
60
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where adjA is the adjoint of A, obtained in the usual way by first taking A({i} , {j} ) to
be the submatrix of A without the i-th row and j-th column, then constructing the matrix

of cofactors of A,
(-1)* det A({i}, {i} ),

and finally transposing the latter. For the sake of simplicity we use notations B and b;;

to denote (adjA);; and its elements
bij = (adjA);; = (-1)™ det A({i}, (5} ). (4.14)

Denote by Ay the principal minors of A, i.e.

[ 2 1 o ]
-1 2 -1 o0
A= O 2t . (4.15)
-1 2 -1
0 -1 2

1<k <N =dimA.

Define Ag = 1, and A, = det[2] = 2. Expansion of A = "aij”,f with respect to the k-th

row yields:

28,1 — Ao for k>2,
Ay = . 2 (4.16)

Ak—l —Ak_g for k= N.
They can be easily computed:
DAy =2A1-A¢g=2-2—-1=3,
A3 =20-A1=2-3-2=4,
Ay =203-A3=2-4-3=35,
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AN—I = N1
that is,

k+1, k=12,..,.N-1
Ar = (4.17)
detA=An_1 —ANn-2=1, k=N.

A is symmetric, and so is adj A. The cofactors b, of A, satisfy byn = bpm. f m = n,

then by (4.14)

2 -1 0 |
-1 2 -1 0 |
0 -1 2 -1 0 |
|
0 -1 2 |
b= (- — o~ o~ o | 2de lagg7~" 0
0 Fn_m
| 2 -1 o0
| -1 2 -1 0
|
| -1 2 -1
| 0 -1 1|
where
2 -1 0
-1 2 -1 0
laslly ™" = ,
L 0 -1 2-
62
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Fny_om=

0
-1 0
2 -1

Fn_m is a matrix of the same structure as A, except that rather than being N by N, it is

(N-m) by (N-m). Since det Fy_,, = det Ay = 1, we have

bun = det [la;j[|I7 7 = An_1 = n. (4.18)

Let us now consider nondiagonal elements by,

. More precisely

-10 -0
-1
bor = biz = (—1)'*2det | ¢ Fn_o =(=1)'"2.(~1)det Fy_2 =1,
0
-1 0
2 -1
1+3 0 -1 1+3 3-1
bs1 = b1z = (—1)"" " det =(-1)""(-1)"""det Fy_3 =1,
0 0
Fy_3
0 O
bni = bin = det (—1)1*F(—1)*1det Fy_, =1,n > 1. (4.19)
63
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2 0 0
-1 -1 0 0
2+3 0 -1 2+3
bz = b32 = (—1)" " det =2.(-1)*"3.(-1)det Fy_3 =2,
0
Fyn_3
0 0
2 0 0
-1 -1 0 0
. 0 2 -1 0 - 0 _ ,
bas = bgz = (—1)*** det =2.(=1)**%(=1)2det Fy_3 = 2.
0 0 -1
Fn_4
b2 = bon =2+ (=1)>""(=1)"2det Fy_n =2, n>3. (4.20)
2 -1 0 0
-1 2 0 0
0 -1 -1 0 -0 , 2 -1
baz = byg = (—=1)*** det = (—1)3" det -(~1)det Fy_y = 3.
0 0 —1 -1 2
0 Fx_4
64
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2 -1 0 0
-1 2 0 0
345 0 -1 -1 0 - R 2 -1 o
bsg = b3s = (—1) ° det = det (—1)"detFN_5 =3.
0 0 -1 -1 2
0 Fy_s
2 -1 3 3
bna = bgn = det det (—1)*™(—=1)""det Fy_, =3, n>4.  (4.21)
-1 2
There emerges a pattern,
ay - a) k-1
bnk = brn = det . | (=D)FT(=1)" % det Fy_n
Qk—-11 " CGk—] k-1
= Ai_jdet Fy_, = k. (4.22)

which can be easily proved using mathematical induction. The inverse of A thus has the

form:

1 2 3 e [ e e .o
Al = (4.23)
1 2 3 - k=1 k=1 k-1
1 2 3 k-1 k &k
1 2 3 k=1 k k+1

.o S -

hee. e

In such a case A~!}(P — I A can be trivially computed.
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2) Two-dimensional Case.
Now consider a less trivial case of the conducting square plate broken up into N x N
cubic finite volume elements of unit conductivity. In this case the matrix A is N x N and

has the following block structure,

A I
I Ay -I
a=| @ A , (4.24)
I A I
I A

where I is the N by N identity matrix, A; and A are tri-diagonal N by N matrices of

the form,

(4.25)

AI = 3 A'Z

-1 2 L -1 3

b -

A can be viewed as an N by N matrix with entries from the {Al,Afl}-generated ring

since Ap = A; + I. Thus block entries of A are from the minimal ring generated by A;.
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Figure 5: Two-dimensional Case.

Before we compute A~} let us first invert an N x N matrix with scalar entries

M
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ai

-1

a2

-1

-1 a -1

-1 al
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1

a=a; +1,

(4.26)



To do this we introduce notations,

ai -1 0
a) -1
A/Il = [ a; ] ) A/l?. = ’ A/I3 = -1 a» -1 H '
-1 ap
0 -1 ai
ay -1 W
-1 az -1
-1 a) -1
M, = . y e My =M,
-1 as
1, k=0
and A; =
det M, 1<k <N.
Each three consecutive Ay are related by
az, = 27 ooy N - L,
Ay = agDi—1 — Ag—2, where ap =
ay, k=N
Define
VAV
. = , 1<k<N
A
Then for £ < N (4.30) takes the form:
0 1 .
&k—l = Tfk, T= =UDU~ .
-1 a9
where
1 1 A1 O A2 -1
U= D= ’ U—1=xi,\
AL A2 0 X 27 a1
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(4.28)

(4.29)

(4.30)

(4.31)

(4.32)



and

Va2 — Va2 = 1 1
,\1 —_ 072 + _al__i, A‘_)_ = 0_2 — 02_4, e = and ey = (433)
2 2 2 2 A A2
1

are the eigenvalues and eigenvectors of T'.

(4.30) can be explicitely solved,

E—1 =Tk =UDFUY¢,, k=1,2,3,..

JN=2 (4.34)
and
An-1 0 1 0 N=2p7—1
=§€N = En—1 = UD U™€;. (4.35)
AN -1 a -1 a
The matrix on the right-hand side is
0 1 . fu1(A, A2,a1)  fi2(Ar, Az, @)
F = UDAV—IU-—[ - /\ -]; ,\ 11\l 1 1 1 1 (,436)
-1 aq 2 1

fa1(Ar, A2,a1)  faa(Ar, A2, ay)
where
fir =AM =A%, fla= A3 AT
o1 = AT 2h2(a1h — 1) = AT 20 (a1A2 — 1), fa2 = A3 %(a1he — 1) = AT %(a1); — 1).

Therefore

_ Jo1 + fo2ar _ 1 N=2 N=2
AN = Ag — Al = ’\2 — Al {Al /\2(01/\1 1) /\2 /\1(a1/\2 1)}

al _ N
+A2 - A1 {,\QT Had - 1) - ’\Iv Y(a1h — 1)}
1 - —
- A2 — A {,\{V 2('\2 —a1)(ah - 1) - '\§V 2(A1 —a1)(a1re — 1)}

(4.37)
2 e 2 [T

A%=a2_2+w.-l=a2(a—22-+a+4)—1=0,2/\1—1, (4.38)
2 . 2 —

,\§=“2_2_“2—V‘;24_1=az(122.-—\’“224)-1=a2A2—1. (4.39)
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We can replace the terms (a1A; — 1), (a1A2 — 1), (A2 —a1) and (A — @) in (4.37) with

ad—1=(a— 1A —1=23 -, (4.40)
ado—1=(as— 1A —1=2A3 - Ay, (4.41)
Ag—a1=1+,\2—ag=1—%—-——'022_4=1—,\1, (4.42)
Al—a1=1+A1—a2=1—(:—2+————Va?)—4=1—/\2. (4.43)
This gives us,
A = o T = A0 - A) = AT - X2)(0F - M)}
,h - {AN“(A1 1 =21 - 1)) (4.44)

Note that A\jA2 = 1.
An is a polynomial of a2. To determine its form we take

1

AN:AQ-,\I

{A{VH—AQ’*I 2N =AYy £ ANt - -',"-1}. (4.45)

and replace A\;, A2 with s and d defined by

s=A+A=a3 d=A1—-A= a§—4. (4.46)
Let
g =max{m — 1 — k,k} — min{m — 1 — k, k}, (4.47)
¢ _ q'
Ci= A= o (4.48)
_ o=l if m is odd,
1= . (449

5=, if mis even.

For arbitrary m > 1, the ratio

m=t
AL "z{: Am—l—kpk _ S PR £ ATTIRA), i mis odd, (4.50)
A=Az Zk—o ](Am"l"",\ + 14+ AP7I7FA%) if m is even.
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Furthermore using AjA2 =1
(=54
D APTEA +ARTITRA) =
k=0

mz—ll

— Z (,\lxg)min{m—l—k,k} (I\Qmax{rn—l—k,k}—-min{m—l—k,k} + Arlnax{m—l—k,k}—min{m-l—k,k})

- §<,\1+A3>=[m§l{(3’;d)"+(3;d)"}

k=0

k=0 k=0
(25 4 q
=Y (X cietat + Y (-1retstat),
k=0 ~ =0 t=0
(=54 1 (2l ,
=3 5T O Cilag® (a3 - 4) = Pin_y)(a2). (4.51)

k=0 ° =0

Here Pm_1;(a2) is the polynomial of degree [251] defined by the second last part of the

string of identities above. Hence
Ax = Py(a2) — 2P x_1i(a2) + Pz (a2). (4.52)

Forl1<k<N-1,
1

Ag-1 Ao
= fk = Tk—lsl — UDk—lU—IEI = UDk—lU—l.
Ak Al
;
1 1 1 Ak-L o A2 -1 1
A=Ay 0 A5t -1 a
1 1 1 A=t A2 —ay
A=Al 0 At a1 — A\
1 11 AL —ay)
A2 — A

Al A2 M2 —1)

1 AL =) + M52 - 1)

=T (4.53)

(L= A1) + M52 —1)
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A2 — A\
MRt o
AL = A2 Al — A2

Ap= ;(Afu — A1) +A5(Ag - 1))

= P[§I(a2) — P[k—ll(a?_). (4.54)

Again let b;; denote elements of adj M. For the diagonal elements,

a -1 a -1
-1 ay -1 -1 a -1
b11 = det = det . =AnN-1,
-1 ap; -1 -1 a -1
-1 ai -1 a
ai, 0 - - - . . - -
a -1
0 a -1
-1 a -1
-1 ay -1
boa = det = a det
-1 a3 -1
-1 a» -1
-1 a)
-1 a) - -
=a1AN-2 = A1AN_2,
ay -1 0
-1 a2 O
0 0 a -1
a) -1
biz=det| 0 0 -1 a -1 = det An_3=A20,3.
-1 a3
-1 a2 -1
- —1oar
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There emerges a pattern

i (4.55)
AN—17 t=N.
As far as the nondiagonal b;;'s are concerned,
[ -1 0
-1
boy = by = (~1)**'det | ¢ Mu_y | =A4n-,
-1 0
as -1 0
by = b3 = (-1)*'det | o -1 =det Mp_3 = An_3.
0 Mu_3
L J
by = bie = (-1 (=1 TAn k= Ank, 1<ESAN. (4.56)
a) 0
-1 -1 0
243 243 ap 0
bz =(-1)""det| o9 -1 = (—1)"""det det My_3 = A 1AN—3.
-1 -1
0 M,n_3

bni1-iN+1-iDic1AN—i, 2<i<N-1,
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a) 0
-1 -1 0
0 a -1 0 - - a; 0
bog = det = det det My_g4 = A1AN_4
. 0 -1 -1 -1
0 Mpy_.a
k+2_1\k—2 a0
bor = b2 = (—1)""°(—1)"""det An—k = A1AN. (4.57)
-1 -1
Again a clear pattern
b = bt = (1) 5 (-1)" AL ANk (4.58)

emerges and can be proved using mathematical induction.

In summary:
An-1 An-2 An-3 An_y - Ay AV
An-2 An-2A1 An_3A, An-alp - A1 A
An_3 Anx_38;1 An_3D2 AN_4A2 - A1y As
) An-q An_4A1 ANn_4Ay AN_4A3 -+ A1A3 Aj
adjM = , (4.59)
A A A4, Ai1A3 - AJAN2 An-2
Ao AV As A3 - An—2 AN
and
M™! = AjtadjM. (4.60)
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Since AjAs = A2A;, A can be thought of as an N x N matrix with entries from an

{A,, A '}-generated ring, which we denote by F. We can construct F-valued determinants
Dy,Dy, Da,...,DyN

obtained from
Ao, AL, Ag, ..., AN,

by replacing 1 with I, a; with A;, and as with As. Then

I, k=0
Dy = | A F=1 (4.61)
AoDgy = Dgo 2<k<N-1
\ A1Dy-1 - Dn_2 k=N,
and
Dy_y Dy-2 Dy -3 Dyn-g --- D, Do
Dx_2 Dy-2Dy Dn_3Dy Dyx_4Dy --- DDy Dy
Dn-3 Dn-3Dv Dn-3Dy; Dn-4D2 --- DD, D,
A=t = D3t Dy_y Dn_sDy Dy_4Dy Dyn_4D3 --- D1Dj D3 (4.62)
D, DD, D, D, D\D3 --- Di\Dy-2 Dn-2
I Do D, Da D3 -~ Dy-2 Dy ]

Thus the process of inversion of the N2 by N2 matrix A can be replaced with the inversion
of a much smaller matrix Dy = I)[mT—I](A2). If f; are the eigenvalues of A; and U is the

matrix whose columns are the eigenvectors of A,

DR =u -diag{Flfs} UL (4.63)
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For N =3,

fl=2v f2=31 f3=5-

For N =4,
=2 fa=4 fr=4+V2, fui=4-V2
For N =5,
f1.2=”:2‘/g, fa=2, f4.s=9t2‘/g.

For large values of N one needs to compute the eigenvalues of A> numerically.
3) Three-dimensional Case.
Now consider the three-dimensional case of an N x N x N cube of finite volume

elements. For such a homogeneous cube the matrix of the forward problem has the form

r -

G, -I
—I Gy -I
-I G -I
A= ) , (4.64)

-I Gy -I

-1 &

L. .

where I is an N2 by N2 identity matrix, and the matrices G; and G in turn are N2 x N2
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blocks, which have the form

S,
I
G, =
[ s,
I
Gy =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

S3
I

S

7

I S5

-1 S

.
S

-I
S

(4.65)

(4.66)



with N x N blocks S, S2, S3 of the form

S
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Figure 6: Three-dimensional Case.

NN N NN

A NANANEANAN

Due to the equalities S3 = S2+ 1,8, = S1 + I and G2 = G + I, G and G2 commute,
as do S1,952,53. We can thus view A as either an N x N matrix with elements from
the {G2,G; 1}-generated ring or an N? x N2 matrix with elements from the {Ss, Sy I}-
generated ring.

Therefore construction of the inverse of A for the three-dimensional case can be reduced

to the construction of the inverse for a much smaller matrix such as for the two-dimensional

case.
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Define

I, k=0
Ty = 4 G e=tk (4.67)
Golg_1 —Tko9, for k=2,N-1
‘ GiI'v—1 —Tn-2, k=N.
As before
Cy-1 Pn-2 vz In-g - I Co
Cv-a Fy_ol Cy_aly Cy_yh --- N r
Py-3 Fny-3lt Tyl Py_4l2 .-+ Il | P
At =3t Pnv—y Tn-alt In-al2 Cy_yl3 -+ I3 I3 (a68)
r o s L3 -+ Tlv-2 Tvoo
Co Iy o I3 SRR U VO S A VR

Now the process of the inversion of the N3 by N3 matrix A is reduced to the inversion of
the N2 by N2 matrix [y.

The forward EEG problem can be inverted analytically for the particular case of a
chain of finite volume elements. This can be done regardless of the number of cubes in
the chain. The basic idea of matrix inversion can be extended to the two-dimensional
case of the square plate and the three-dimensional case of the cube assembled from the
elementary cubes. Obviously additional research is needed in order to find out whether
similar derivations can be carried out for the cube’s deformations in fitting it to the realistic
head. If so then the forward problem solution can be realized considerably faster than
the iterative inversion. The right-hand side of each forward problem has only two nonzero
entries, hence only a few rows of the inverse matrix are needed for its solution. This is

one more potential opportunity for a reduction of the computational time.
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5 The Three-shell Model with a Realistic Source.

So far the three-shell model of the human head was studied under the assumption that
the distance between the dipole sources is infinitely small. As we have seen in Chapter
2, this is one of the key assumptions for the derivation of the potential on the surface of
the sphere. However anatomy studies show that the distance between the source and sink
is finite - of the order of several tenths of a centimeter. Therefore for practical purposes
more realistic model is needed which would take this feature into account. In this chapter
the expressions for radial and tangential dipole will be derived separately. Then they will
be combined into a single expression.

Consider the radial dipole with the finite distance d between the source and sink, each
of intensity I, placed inside the homogeneous media of conductivity . The potential on
the surface of the sphere of radius R will be the difference of the potentials due to the
source and the sink, as it was already established in Chapter 2.

t l
R V(GD )

4o Ri+1 RI+1 )P[(cos O). (5.1)

=0

Using the formula

-1
-y =@y + Py ) =@ -y YR (52)
k=0

for

d
.’t—l-i-%, y—l—%, (5.3)
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G -2 =0 8) (-3}

l-1-k k

= bt~ Idkg (1 + 2b) (1 - —) . (5.4)
Hence
4M }fél(szl(co ) Z gl(f_zP[(cos ), (5.5)
1=
where
-1 I—-1-k d k
= (1+5) (1-%). (5.6)
k=0 =
For b =0,
_ Id S bl Py(cos©) — Py(cos(m — ©))
" dmo tz: Ri+1 2
—~ 1 P(cos ©) — Py(cos(m — O)) .
47r0'h3 ( ) 3 ' (5.7)
Since Py(z) = ﬁz’:—l(xz - 1)l,
P(-z) = (-1)'P(), (5.8)
hence @ = —— th Z RH_lPl(cos e)——-ﬁ—l)—)- (5.9)

It is now possible to write the potential on the surface of a three-shell sphere in a way
similar to the previous derivations in Chapter 2. The potentials ®,, ®,, #3 and ¥, for the

brain, skull, scalp and the surrounding air can be written out as

oo . Tn,- b [+1
no= Xlar s Zn0)(7) | Ao
oo
¥y, = ZLC,r'+D,r‘('+l)]Pz(cose), (5.10)
=1
o0 p
Uy = Z E,r'-f-ﬁr'(‘“)]l’z(cose),
=1"*
¥, = 0.
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The boundary conditions

03‘1‘1 ov, ovy ov,
ar or|  T5Tor or |
T=T1 r=r r=r3 T=T2
(5.11)
oV,
—= 0,
or r=R
ou| ol ok ow| 5.12)
099 09 98 99
r=r r=r; r=ro r=ra
result in the following system of equations
-1 mefi(b) i L+ 1) (t+1)
a{A,tr{ e 2l (= Ciri™' - D4+ e (5.13)
- (I1+1) -1 ({+1)
a's{Cllr2 D[ l+2 } {El F‘[? (514)
_ {+1 -
E/lR"! — n(m—+2) =0. (5.15)
b 1+1 D
r, _Mr — el L
Alrl - 41l'a'b2fl(b) ("_1) = C["']_ -+ ’JIT, (516)
C ! Dl _ ! {
ra + T = El 9 -+ w1 (5.17)
T2 2
Again combining equations (5.14) and (5.17)
D K\ F;
Cr+ Dt Kih 519
L r2
D(l+1)  KiF
C - e == (5.19)
where
(1 +1)ré 1
K = let+12 r§£+1' (5.20)
(I+1) 1 1 )
Kz = 1 RA+L ~ P2+ ) (5.21)
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it is possible to write the following relations between Ci, D; and Fj,

l+1) [Ky K> Ko
Ci = McF, b7 =-(—- N —, .22
i cFi;, where Mc (21_*_1)(112 3 + £ (5.22)
2+t (K K.
D = = -2_ _1 _— __2. D)
1 = MpF;, where Mp T ( T e ) (5.23)
The equations (5.13) and (5.16) can be rewritten as
my [+1 b1 [+1 1
A - . fi(b) [P =EMcF —s.MoﬂTrf'ﬁ
me bl+1 ' A’IDFZ
A+ —=filb) I = McF + T
in order to get F; and Ej,
2A+1, bt 1
Fi=m, fu(b) - , (5.24)
! 470 Mordi(1 - €) + Mp (1 + S42)
(+1)A+1), bt 1
E=m.—7; fi(b) . (5.25)
[2R2+1 4o J‘KICT%‘-‘H(I _ E) + A’[D(l + 5("‘*—1))
Since
ol i+l +1) 1 [+1 1y 1
Mc = R2‘+12l+1( I *’E) + 21+1(1"E)r§l+1’
[+1 fro\2+1 1 El+(l+1)
Mp = 22 —2) o)
1o 2!+1(R) (1 g) £+ 1)
1 —
Mer3+1(1 - €) + Mp(1+ £41)
(I+1) 2A+1 fry*+!
aarnn Aol ) ve-n(g)  a-o
A+l e _ (8
+AHE-DEU D +) + (2 + 1) €+ D) +z)},
=N =12
fl = R’ f2 = R
In short
1 l+1
L (5.26)

Mcr?+i(1— ) + Mp (1 + §gz+1g) CERL+1)
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where

2l+1
de = 21 (1-¢) (5(1 +1)+ l) +(&- 1)(f1) (1-&l
+fEFYE - 1)U +1) + 1) + (% + 1)(&(1 +1) +1). (5.27)

Hence the potential on the outer surface of the three-shell sphere will be

[= +}
U= Z [E,R‘ + F,R'(“'”] Pi(cos ©)
=1

o0
Bl ) 2A+1,. I+1 1
= Z(m"RHl o 1 (1 7 ) Yy ; —o Fi(cos ©)
Mcry (1—6)-:-1‘/11)(11-—!—-)

=1
oc 1 2
m, b 2A+1) 1
= - fi(b) . Pi(cos O)
; 4o Ri+1 12 M Crfl+l(1 _ 6) + A’[D(l + 5(11-1))

= me(2+ 1) fi(b)b el + 1)
‘IZ:; TR (1 dg L 1es®)

— mr(2 +1)°¢ fi(b)b! !
> "mez(z +) 1§ﬁf+)1d5 Rlcas ©). (5.28)
=1

It is easy to show that for an infinitely small distance d this formula corresponds to the
one for the idealistic three-shell model. Since

i ) -1 dr\{-1-k d\k -1
imi) =m3 (1vg)  (1-g) =X 1=t

¥ = lim = me(20 +1)3 fi(b)b-1
~d—»0 =4 4rol(l + 1)R*1de

Pi(cos B)

Z me (21 +1)3p-1

ana(l + )R+ 1d; Pi(cos ©),

and this is the formula for the realistic three-shell model.

For b = 0, calculations similar to the ones above result in

-1 1\
v Z ud ((211:11461’;“1 P(cose)w. (5.29)

For the tangential dipole the situation is a bit more comlex. The angles ©; and 6, are

not necessary close to ©. First the expressions for cos ©; and cos O, are needed. Consider
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the tangential dipole in an infinite media of the conductivity o (Figure 3). The potential

on the surface of the sphere of radius R is

v=(n) = ; (b +(3) ) e Plcos©1) - (5.30)
L
1 x 2 d 2\ 2 I
Iro 12_:1 (b * (5) Fir1 Fi(cos ©2) (5.31)

r%=b2+(g)2+R2—2\/b'2+ (g)2Rcos81, (5.32)
2 d\? ‘/ dy?
r? = b2 + (5) +R2 22+ (5) Rcos©,. (5.33)

On the other hand

r? =d? + (Rcos© — b)?, (5.34)
r3 = d3 + (Rcos© — b)?, (5.35)

where
(5.36)

d%:Rsin26+(§)-—dRsin6cosB,
2 o dy? : 2 d\* : . an
d5 = Rsin" 8 + (3) — dRsinBOcos(m — 3) = Rsin“© + (3) + dRsinOcos 3. (5.37)

Combining these expressions obtain the formulas for cos ©; and cos O,

2bcos © + dsin© cos 3 (5.38)

C0561 = 3
2‘/b2+(§)2

2bcos© — dsin©cos 3 (5.39)

cos 8y =
2‘/b2+(§)2
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Figure 7: Tangential Dipole with Finite Distance d Between Source and Sink

Hence
2\ %
Y= 47{0_ g (b2 ;[(i) ) {Pl(kl cos © + ko sin O cos ‘3)
-P, (h cos © — ko sin O cos B) } (5.40)
where
PR S -4 (5.41)
1 \/1+(§)2 ‘/1+( b
In case b =0,

= Z e (Alcos0) — A(cosy),
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where

c0s©; = lim 2bcos © + dsin © cos 3

lim = — = sin © cos G, (5.42)
2\/; + (%)

c0s©s = lim 2bcos© — dsinBcos B

b—0

= = —sin O cos 3. (5.43)
2,/b2 + (g)'
Hence

I & n . Iy
" dmo Z RI.HPI(Smecosﬁ)_(#)_

(5.44)
For a homogeneous sphere of radius R and conductivity o
4
PNE
) (g °
I A2 . ,
U= Z(A,r' + o ( ,.lg-l) ) ) {Pz(kl cos O + ko smecos/i)
=1
—Pl(kl cos O — Icgsinecosﬁ) }
The boundary condition
ov
pm =0 (5.45)
r=R
results in
L
+1)’(”2+( 8
A= . (5.46)
4o R2+1
Therefore the potential for this illustrative case will be

2\ 2
= (2L ;- ) I(l:r:lgjzl) {H(k1 cos © + k2 sin © cos ﬁ)

—Pl(h cos O — kgsinecosﬁ) }

For the sake of convenience denote

(5.47)

Si(q,5,0) = {P,(/cl c0s © + k2 sin O cos ﬂ)

- P,(/.:1 os© — ko sin © cos ,3) } (5.48)
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In a general case of three-shell sphere with conductivities o and og,

o0 b% +
\I’l ‘Z[AT + 0'( rlg-l) ) .Sl(q7ﬂ1e)w
‘I".Z = i [Cl'rl + Dl'r—(l-i-l)- Sl(q') ,Bv e)'/
l=°‘} :
U, = Z [E'[rl + Fr~ (D)

=1

Si(q, 8,6),
¥, =0.

The boundary conditions (5.11)—(5.12) will result in the system of equations (5.14), (5.15), (5.17)
and the following equations

1 Dy :-2
(=+ (9"’
) 3
0 =G :
Alrl + 41ra rll"l'l = C[Tl + rll+1 (5-50)
Write them as
4
I (o (d\B\Z(U+1) 1 ¢+1 1
M- (t+(3)) T G-
L
2 2
1 (2+(4)) c + P
i'*“ s 21\-1 = ‘+,,.%1+1
As before C; =

McF, D=

MpF;, where C; and D; are given by formulas (5.22) and
(5.23), K| and K> -

by (5.20) and (5.21). Hence

o (P (8))

i~

(+1) 1 (+1) 1
4mo d T =&McF, - §MpF, ] rf'ﬁ’ (5.51)
L
b + :
mt ( 2(“2 ) = McF + A(;DF;[ (5.52)
Therefore

2 %
A= g (4 (5)) :

, (553
Mcriti(1—¢) + MD(l + -‘i'-,*—‘l) (5:53)
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1
. (554)
Mcr*(1-€) + Mp (1 + 42)

Wi~

e 6D

E, =
Eventually the potential on the surface of the sphere is

oo
=3 [E,R‘ + F:R“‘“’] Si(g,8,0)
=1

©)~

= I (2a+1)?%, rd\? 1
—_Z? 2R!+!1 (b +(§) ) A/ICT%H."(].—&')+A/[D(]_+§(_l?'_ll)s'l(q"3’e)

> I d\2\ T (2 + )2 €12 + 1)
=2 "'"(b2 M ('2') ) PRFU (I + 1)dg 5u(.5.0),
r (¢ (9) é(2t+1)“<ss .

2411'0 Ri+1 I(l+1)de (g, 5,6).

where d¢ is already defined by (5.27).
For an infinitely small distance between the dipoles, the expression should be identical

to the one given in Chapter 2 for the idealistic three-shell model.

Indeed for d — 0,6 # 0, m; = Id fixed,

Wi~

d 2

-1 2n (/'—H mf—f_(ﬂ)
<,f—:i’f§1 “/I—Tgsﬁ)}

= g_% {Pz(cose + = 2b sin © cos 3)

— Pi(cos© — % smecos 6)}

Since d—ciié =~ dO

d sin ©dO 1
%sme ;3 = _2 = —id(COS e)’
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the above expression can be written as

b—1cos B

d;+0 de {PI (cos ®- %d(cos 9))
— P (cos o + %d(cos 9)) }

dP;(cos ©) d(cos 8)
d(cos ) de

= — mb'"!P}(cos ©) cos 5,

=— mpblcospB

hence as a whole,

Wi~

) — I (b2+(%)2) (20 +1)3
lim

§
d—0 E 4o Ri+1 Il + 1)dg Si(e,5.8)

P}(cos ©) cos 3.

_ i me b=t (21 +1)3%¢
T & 4no RV + 1)dg

Ifb=0,

= me R+ 1% (1= (-1)Y N
¥ = g{ e B 10 _*_l)dsPl(smGCOSﬁ)—_—? : (5.56)

Finally combining the expressions for the radial and tangential dipole,
[e <} 97 3
vy {mrfz(b)b"‘Pz(cos o)
=1

4ro l(l + 1)de R+!
+1(+ (3))

The numerical implementation of this solution requires not only the radial m, and the

i
2

Si(q, ﬁ,e)}. (5.57)

tangential m, components to be defined, but also the intensity I and the distance between
the sources d to be defined. For the sake of simplicity they are the same for both directions
in the preceding formula, as it is not a prime consideration. This implementation of the
analytical model can be combined with minimization algorithms in the same way as it was
done for the idealistic three-shell model. The new model is more suitable for the tests of

the FVM modelling. It corresponds to two distance sources located in the centers of two

different finite volume elements.
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6 Experimental Results.

6.1 Comparison of Numerical and Analytical Models.

For practical source localization it is important to know the accuracy of the computation
of the potential by FVM. The accuracy can be estimated by applying the numerical model
for the computation of the potential for the biological volume conductor with geometry
admitting the known analytical solution. The three-shell spherical models are suitable for
this purpose.

The three-shell model with an infinitely small distance between the source and the sink
will hereupon be called the idealistic three-shell model (I3SM), whereas the one described
in Chapter 5 with the finite distance between the source and the sink will be called the
realistic three-shell model (R3SM).

The standard three-shell setup representing the human head has the following para-
meters:

ry =087; rp=0.92; R =1.0;

o =0.0029(2m)~!; o5 =23.6-10"3(Qm)"L.

The system of the finite volume elements with cube size h is defined in the way it was
described in Chapter 3. The conductivities for each cube with indexes (i, j, k) are

z=th, y=jh, z=kh,
if VZ2 +y2+22 <
Cijk = 0,

else if \/m <rqg
Cijk = 0S;

elseif \/ZZ+y2 +22 <R
Oijk = T3

else ojx =0.
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In other words if the center of the cube is within an inside sphere representing the
brain or in the outer shell which represents the scalp, the conductivity o is described
for the cube. Otherwise if the center is within an inner layer representing the skull, the
conductivity of the cube is os.

The values of the potential on the surface of the sphere will be compared for the points

with the following spherical coordinates

R=1;

for m = 1:90
O=(1+2-(m-1)) &

for n = 1:90

B=(1+4-(m-1))

Hence there are 8100 spatial points in total.

//\\ %
/ - Jt 3
S\
\\ '/ /’
~_
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For a given spatial point P on the surface of the sphere, the NM potential computed
for the finite volume element with the center closest to P is ascribed, ¥p = ¥;;.. The
point X = 1.0,Y = 0.0,Z = 0.0 is taken to be a reference point, and the finite volume
element closest to this point is taken to be a reference finite volume element. The matrix
of the linear system is deflated with respect to this element in the way it was described in
Chapter 3. Two systems of finite volume elements were generated, first with N; = 267761
cubes, second with Ny = 523305, they correspond to the cube sizes 0.025 and 0.02. These

systems will be denoted as R; and R».
The potential due to NM was compared to the idealistic three-shell model first for

radial and tangential dipoles with centers located at

X=00; Y =0.0;

Z =00, 01, 02,..., 0.7.

For the numerical model the source and the sink are assumed to have a unit intensity
whereas the distance d between the dipoles is twice the cube’s size, i.e. 0.05 for R; and
0.04 for R2. For the I3SM the radial m, and tangential m; components are 0.05 for R;
and 0.04 for R;. The radial dipole is oriented in the Z-direction, whereas the tangential
dipole is oriented in the X-direction.

The scaled difference between the NM and the I3SM for the X Z-plane. Z = 0.1, 0.4, 0.7,
for the radial dipole is shown on Figure 9. As for the intersection of the surface of the

sphere and the X Z-plane, the following expression is mapped:

1.0+ S(VNA,[(G, ,3) - ‘/[351"(6, B))v

where s is a scaling factor. Apparently for Z = 0.7, i.e. when the dipole is getting closer
to the skull, the difference Viyar — Vizsar has a positive spike. The value of the potential

Var is higher for the surface area that is immediately above the dipole. The differences
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1.0 + s(Vnar — Viasar) for R, and R for are shown in Figure 9. The error norms for the
radial dipole are given in Table 1. The same scaled difference for the tangential dipoles is
shown in Figure 10. The error growth for the area under the skull is not as large as for the
radial dipole. The error norms for the tangential dipole are summarized in Table 2. The
higher resolution reduced the error for the radial dipole, except for Z = 0.7. The Boundary
Element Modeling [35] resulted in 10-20% error for similar multiple-shell models when the
dipole was located in areas close to the skull. The finite-difference approach taken in [42] is
very similar to the one taken in this work. The resulting matrix is almost the same except
the deflation and positive definiteness were not studied. The measure applied in [42] for

the error estimates is not a proper measure, since the authors applied mean relative error,

N
1 (LN.’W - i’I(.lSIU)'
— . - i . 1
A= N E Ari, where A,; Voar: x 100 (6.1)

i=1
Such a norm implies the summation of the positive and negative values of the error. so for
the same actual error such a norm results in lower values.

It is also important to know where and how the realistic three-shell model differs from
the idealistic three-shell model. There is the possibility that the increase of the error
Vum (0, B) — Viasar(8, 3) under the skull for the radial dipole can in part be explained by
the difference between the model with a finite and infinitely small distance between the
source and the sink. Hence the outputs of the two models for the radial dipoles places at
the same locations as before were compared.

The scaled difference between R3SM and I3SM for the X Z-plane, Z = 0.1, 0.4, 0.7,
for the radial and tangential dipoles is shown in Figures 11 and 12, whereas the error
norms for the radial and tangential dipoles are given in Tables 3 and 3. Apparently the
difference grows while the radial dipole approaches the skull, but for given resolutions this

error only is a small percentage of the NM error.

Of course for the radial dipole the error can be further reduced with an increase of
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the resolution, but the capabilities of the SUN Ultra 30 workstation do not allow further
substantial reduction of h. One can use the following simple estimates of the dimension
of the arising problem. For the cube which contains the three-shell sphere one needs

3
(2 . [;1;] + 1) finite volume elements. The ratio of the volume of the sphere of radius h

to the volume of the cube with side 2h is

%’n’h:’
8h3

A~
~o

YR
(ST

Hence the dimension of vectors which have to be stored is approximately %(2 . [ﬁ] + 1)3.
The dimension of matrix Ay is approximately %(2 . [71;] + 1)3. If h = 0.01, then the
dimension of the solution vector should be over 4 million. For A = 0.005, the dimension
will exceed 30 million.

Nevertheless it is important to know the impact that the error will have on the source
localization. In order to find the source in the case of the realistic head {45], a certain
number of candidate dipole locations inside the brain is chosen, and the potential corre-
sponding to the dipoles in X, Y and Z directions in those locations is computed. Then
the best location and direction (i.e. combination of X, Y and Z components) is chosen
[35] in such a way that it is closest to the recorded potential in lo or /2 norm. It can be
seen from the experimental data that there is a growth of the error for the radial dipole
as it gets closer to the skull. This means that the potential distribution generated by such
a dipole can become closest in [ or [y to the recorded potential for the actual dipole
which is located even closer to the skull. Nevertheless the effect is significant only for
that limited area and the error of source localization will be limited due to geometry - the

actual dipole does not have much space to go, it can be located within the brain tissue

only.
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Figure 8: Error Close to the Skull.

6.2 Polynomial Preconditioning Results.

The Polynomial Preconditioning resulted in a considerable reduction of the number of
iterations needed for reaching the absolute error of 10~!°. The numerical experiments
were made for the matrix corresponding to the R1 grid described above. The spectral
bounds of the matrix were estimated in the way described in Chapter 3. The number of
iterations needed for reaching the absolute error of 10710 as well as the error graphs were
obtained for preconditioning polynomials of the order of 1,2,3,5,7.9.....17,19. The graphs
of the absolute error vs. the number of iterations are shown on Figure 13. Apparently even

the preconditioning polynomials of the order of 5 or 7 allow the reduction of the number
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Figure 9: 1.0 +8.0- (VNM - V135M), Radial Dipole.
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Figure 10: 1.0 + 15.0 - (VNM - VlgsM), Tangential Dipole.
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Figure 11: 1.0 + 1000.0 - (VR;;SM - vmw), Radial Dipole.
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Figure 12: 1.0 + 1000.0 - (VmM - V135M), Tangential Dipole.
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Table 1: Errors of Numerical Model, Radial Dipole.

{Vvar—Viasarilo [IVarar—Viasarlla
e 2 | — Vel 7

Z R, Ry Ry R,
0.0 5.4 5.2 4.9 4.3
0.1 7.4 4.4 5.5 4.3
0.2 9.4 4.2 7.3 4.8
0.3 11.4 5.9 9.4 6.0
0.4 13.3 8.6 11.5 7.9

0.5 15.3 11.7 13.4 10.3
0.6 17.2 15.2 15.1 13.2

0.7 18.2 18.6 16.4 17.0
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Table 2: Errors of Numerical model, Tangential Dipole.

IV ar ;‘::a.:.zllm . %

Z R;
0.0 3.2
0.1 3.2
0.2 3.3
0.3 3.3
0.4 4.4
0.5 5.1
0.6 5.5
0.7 5.2
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Table 3: Realistic versus Idealistic model, Radial Dipole.

2 | Uapetgla, o, | Mingrtiauls, o
0.0 0.060 0.044
0.1 0.024 0.016
0.2 0.031 0.018
0.3 0.039 0.022
0.4 0.053 0.030
0.5 0.075 0.042
0.6 0.118 0.065
0.7 0.209 0.117

Table 4: Realistic versus Idealistic model, Tangential Dipole.

IVRasar ~Viasatll IVvar—Viasarll,
Z IVRasarlloo » % Vv arlla - %
0.0 0.061 0.042
0.1 0.020 0.014
0.2 0.021 0.016
0.3 0.022 0.018
04 0.030 0.022
0.5 0.046 0.030
0.6 0.078 0.044
0.7 0.154 0.077
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of iterations from 210 to 30. The further reduction of the number of iterations gets more
time-consuming. In order to reach 10710 in 18 iterations, a preconditioning polynomial of
the order of 18-19 is needed. As the order of the preconditioning polynomial increases, the
computational time needed for a single iteration increases as well. In order to estimate
the increase in computational time, compare the number of operations per one iteration
for the CGM with and without preconditioning. The equations needed for only one CGM
iteration are shown below, as well as the estimates of the number of operations. It is
assumed below that any vector (p.e. Cprri_;) or scalar product needs to be computed
only once and can then be stored for further use. For CGM without preconditioning,
p1 = (Lk—1,Pk—1) = 2N,
be-1 = 2y,
PO
Pk = k-1 + bk—1Pk—1 — 2N,
ay = %%A?T:)) — 2N + O(N),
Xi = Xk-1 + arPr — 2N,
Tk = Ck—1 — @k Agpi — 2N,
po=p1— 1.
For CGM with preconditioning,
p1 = (Crri-1,CLri~1) = 2N + mO(N) + 2N,
br—1 = LN 1,
PO

Pk =Crri—1 + bg—_1Pr—1 — 2N,

g = (Crrg—1,Crri—1)
(P, CLA4Pk)

— 2N + O(N) + mO(N) + 2N,

Xk = Xk—1 + axPi —> 2N,

Tk = rk—1 — axAaPi — 2N,
po=p1— 1L
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Here N is the dimension of the vector and m is an order of the preconditioning polynomial.
O(N) is the number of operations, proportional to N, needed for the multiplication of the
sparse matrix by an /N-dimensional vector. In both cases one also needs 2N operations for
estimating ||rx||, in order to determine whether this norm satisfies the stopping criterium.

Hence the ratio of the time needed for one iteration of CGM without preconditioning

to the one with preconditioning is

tar 12N +O(N)+ A
tor 16N + (2m + 1)O(N) + A’

where A is the memory allocation and storage time. The overall gain in time will be

achieved if
¢
n‘;xpr tnpr
Sie 3> b
ny.  tpr
where nﬁfp, and n{,‘, denote the number of iterations needed for getting the desired accuracy

of 10710 for CGM without and with preconditioning. O(N) depends on the sparsity of the
matrix. The simple calculations based on the above formula show that up to two times
the gain can be achieved, depending on the order m of the preconditioning polynomial.
It does not make sense to use the polynomials with m more than 9-10. The experimental
values of the ratio of the computational time for preconditioned CGM over the time for
CGM without preconditioning are shown on Figure. The condition number for the matrix
resulting from R2 is not supposed to differ much from R1, hence similar results will be
obtained for matrix R2.

In conclusion the error of the FVM numerical modeling increases for the radial dipole
approaching the skull. However as it was shown before, this error will not affect the accu-
racy of the source localization. The difference between the realistic and idealistic models
also grows for the radial dipole approaching the skull, but this difference is not significant

in comparison with the difference between the numerical and analytical modeling results.
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The number of iterations and computational time can be substantially reduced thanks to
the Polynomial Preconditioning. However the computational time here was not reduced

that much for the reasons described above.
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Figure 13: Relative Error versus the Number of Iterations for Polynomial Preconditioning.
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Figure 14: Time Ratio for Preconditioned CGM versus the Order of Preconditioning
Polynomial.
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7 Summary and Conclusions. Suggestions for future re-

search.

7.1 Summary and Conclusions.

The development of efficient software for high-precision patient-oriented localization of
the multiple dipole sources remains one of the major purposes of the EEG research. In
Chapter 1 an overview of the basic concepts underlying the Inverse and the Forward EEG
problem was given, as well as a very brief overview of the ways of solving it. The objectives
of this research are:

1) an acceleration of the numerical solution for the realistic head model;

2) an assessment of the errors involved in the numerical solution of the forward problem
by comparison to the analytical solution of the problem in a spherical head model:

3) a search for alternatives to the numerical approach.

In Chapter 2 a review of known methods relevant to the forward problem is given. The
three-shell idealistic model allows one to get analytical solutions for a certain geometry.
It can also be used for the assessment of errors in numerical modeling. The Boundary
and Finite Element Methods have already been used in EEG literature for the numerical
solution of the forward problem. In this work the Finite Volume Method for the forward
EEG problem was implemented in a way suitable for computing the biopotential for the
realistic head model. The Conjugate Gradient Method is described since it provides an
efficient way of solving large sparse systems with symmetric and positive definite matrices.

The implementation Finite Volume Method is given in Chapter 3. The approach
taken in this work provides a uniform grid which is convenient for source localization. The
matrix for the corresponding linear system is symmetric but semidefinite. This is due to
the fact that only the potential difference between the given point and a reference point

makes physical sense. Therefore the solution is defined up to an arbitrary constant. Hence
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the linear system must be deflated. It is proved that the matrix of the deflated system
is positive definite. The Polynomial Preconditioning allowes one to accelerate the CGM
forward problem computation by about 2 times in comparison with the non-preconditioned
CGM. The overall computational procedure becomes much more efficient comparied to the
implementations given in [42] and [5].

It is desirable to have an inverse matrix for the Finite Volume Method. This would
allow one to avoid numerous repetitions of the forward problem iterative solution for
different right-hand sides, needed for the inverse problem of EEG source localization. It
is much more desirable to have an analytic expression for the inverse matrix. Thus there
would be no need to store it in memory. The very first step in this direction is the idea
of the analytic inversion of the forward problem matrix for the uniform cube, given in
Chapter 4. First the inverse matrix is found for a one-dimensional chain of cubes. Then
the idea is extended for two-dimensional and tri-dimensional cases. In these cases the
block matrices are similar to the one-dimensional cases. The analytical expression for the
inverse matrix could also be valuable due to the fact that only a limited number of entries
of A~! is needed for the particular forward problem solution. Certainly this direction of
research has a potential for a given problem, and such an approach may also be extended
to a variety of inverse problems of similar nature.

In Chapter 5 a new version of the three-shell analytical model is given. One of the key
assumptions of the idealistic three-shell model described in Chapter 2 is that the positive
and negative sources are infinitely close to each other. First this assumption is not realistic,
as in practice these sources are separated. The distance may vary up to 1 cm. Second
the FVM implementation of the forward problem is done in a way that the positive and
negative sources cannot be placed into one and the same finite volume element. In such
a case the system will have a zero right-hand side. Hence this assumption is removed in

a realistic three-shell model. As before the solution is a sum of expressions for the radial
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and tangential dipoles. It is shown that as the distance between the sources goes to zero,
the solution for the realistic three-shell model turns into an expression for the idealistic
one.

Chapter 6 contains the description of numerical experiments. First the idealistic and
realistic three-shell models are compared. It is quite surprising that the difference does
not exceed 1 % in absolute value. The difference is maximal for the radial dipole as
it gets closer to the skull. Nevertheless the new model is more convenient for testing
the Finite Volume Method. Second the solutions of the forward problem are compared
to idealistic and realistic analytical models. The difference between the numerical and
analytical solutions can be regarded as an error of the FVM. For the radial dipole, there
is an increase in error as it gets closer to the skull. For the tangential dipole, the increase
is not very significant. The error of the numerical models cannot be explained by the

differences between idealistic and realistic models alone. Similar results are obtained in

(35] and [42)].
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7.2 Suggestions for Future Research

For practical diagnostics, it is important to further reduce the computational time, as
well as the error of the numerical modeling. Below are the guidelines for an enhancement
of the forward, as well as the inverse, problem solution.

1) In order to solve an inverse problem, the forward problem has to be solved thousands
of times with different right-hand sides corresponding to the varying dipole locations and
orientations. Hence there are parallelization opportunities.

2) A grid with finer resolution is needed for further error reduction. In addition the
error can be further reduced by adapting the shapes of the finite volume elements to the
edges of the skull and scalp, keeping the grid uniform in the brain area.

3) The system of the finite volume elements should reflect the realistic geometry of the
human brain. The conductivity distribution data is obtained through Magnetic Resonance
Imaging scans of the realistic head. The proper identification of the edges of the skull and
scalp is quite problematic for these scans. There is already a certain progress in the iden-
tification of the three-dimensional shapes of the human head [45], however it is important
to identify the outer shapes of the skull and scalp and construct an algorithm which will
automatically generate the system of finite volume elements with a given resolution for
the scans of the human head.

4) In order to make the modeling more realistic the FVM system of equations should
be modified in a way that will allow the anisotropy of conductivities. In reality the
conductivity of the brain tissue depends on the direction and this fact should be taken
into account.

The new model can be combined with the MUSIC algorithm for the experimental

source localization. One can also use it for the estimation of the FVM error while studying
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different domain decompositions.

The analytical matrix inversion has a serious potential for an acceleration of the forward
problem solution. However in order to put this idea into practice the following should be
done:

1) calculations like those in Chapter 4 must be extended for the cube under various
deformations;

2) this idea should be extended to a nonuniform conductivity distribution;

3) the problem of matrix deflation has to be studied for two and three-dimensional

cases in order to put these solutions into practice.
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