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Abstract

This thesis includes 2 parts. Part 1 is: Discretization on High Dimensional Compact Do-
mains. Part 2 is: Polynomial Approximation on High Dimensional Spheres. A special example
for part 1 is the result on the unit sphere of high-dimensional Euclidean spaces.

In chapter 2, we obtained general results about discretization of integration on compact met-
ric domains. Related results on spheres, closed balls and simplexed could be as special exam-
ples of our results. The first main result is about regular partitions on compact path-connected
metric space equipped with non-atomic Borel probability measure. An example of this result
is the regular partition on the unit sphere, which improves the previous results by the uniform
absolute constant in the diameter of each partition. Many similar results were obtained with
constants depending on the dimension of the Euclidean space (they are an exponential form
of the dimension). It is a pity that our method here is not constructable. Resting main results
are about numerical integration. Numerical integration plays an important role in approxima-
tion theory. To integrate a given function, we sometimes do not know its original function,
sometimes it is too complicated to find its original function. Thus in many applied problems,
we need to use numerical integration (discrete weighted summation) to asymptotically express

it. A main topic is finding fixed nodes and weights to approximately express integration for
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a class of function, modifying weights and notes to improve the uniform approximation error
for the class of functions. We here used methods from [H]] to prove the existence of nodes and
weights for numerical integration which result in a better approximation error. One result is
about discretization of integration on compact matric spaces that equipped with certain mea-
sures. Results here is better than previous results under the following points. First, we reduced
the smoothness requirements. Functions here do not need to be differentiable, satisfying Lips-
chitz condition is enough. Second, example of our result about discretization of integration for
piecewise polynomials on the unit sphere gives a better approximation error, somewhat over-
come the curse of dimensionality. The last main result is about discretization of integration on
finite-dimensional compact domains.

Chapter 3 mainly discusses the Jackson type’s inequality and its matching inverse inequal-
ity, equivalence of K-functional and modulus of smoothness on the unit sphere S%~!. There
are many definitions for K-functional and modulus of smoothness. Here we use the modulus
of smoothness defined by Z. Ditzian via rotation operator on the unit sphere. K-functional
here we defined through partial derivative in Euler angles. In 1964, D. J. Newman, and H. S.
Shapiro proved that for f € C(S?1), the constant appear in Jackson type’s inequality for
r = 1, p = oo can be a dimension-free constant. Results in this chapter show that this result can
be extended to all cases of positive integer » and p > 1. We also obtain the matching inverse
Jackson’s inequality, equivalence of K —functional and modulus of smoothness with constant
in equivalence independent of dimension d. In this sense, we improved Ditzian’s results on
Jackon’s inequality. Jackson type’s inequality and its matching inverse inequality connect the
rate of polynomial approximation to the smoothness properties of functions on the sphere. E-

quivalence of K-functional and modulus of smoothness builds the relation between difference
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with differentiation.
I will describe in detail my current research projects in these two directions and the progress

I’ve made.
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in Mathematics 381 (2021).32 pages. Professor Feng Dai is the main designer of this paper.
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Martin D. Buhmann gave several examples and references. All of the proofs in this chapter are
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Chapter 1

Introduction

The first part, chapter 2 of this thesis is mainly about discretization of integration on compact
metric domains. Given a set 2 C R%! with a normalized Borel measure i, a function f defined

on €.

An(f,€) :Z/\jf(fj), E=(6,. ..M eQx - x.

Such a formula A,,(+, &) is called a cubature formula (C.F.) with fixed nodes & = (£%,..., &™)
and fixed weights A := (\1,...,\,,) € R™. A C.F.is called positive if A\, -+, A\, > 0.
Typically, one assumes that the target function f lies in some class W of continuous func-

tions on € in the numerical approximation

m

/Q F)dp(x) ~ An(£,6) = 3 A A(E),

j=1

and then looks for good C.E.s for all functions in W. That is, the interest here is on good
C.Es for a given class of functions W rather than an individal function. The error of such

approximation is measured by the following quantity:

A (WS E) := sup
fEW

/fdu—Am<f,£>\.
Q

One can further optimize the C.F.s and study the quantity with infinimum taken over all possible



A€ in A,
inf A,,,(W,§)

In classical approximation theory, a typical method of estimating the quantity inf,,, A,,(W,§)

with Q = S? involves the following two steps:

(I). Reduce the dimension: find a “good” Xy C L1(S%) to approximate functions from W

with N =~ m.
(II). Find a good C.F. A,,, to approximate integrals of functions on X y:

| FE (0 = An(f) = 3 NS (E). V€ X,

j=1

In the second step, one can use the following theorem:
Tchakaloff’s theorem.[T7] Let 2 be a compact metric space and p a Borel probability
measure on (2. If X is an N-dimensional space of continuous functions on €2, then there exist

exactly NV points &/ € © and numbers \; > 0,1 < j < N such that

N
[ 5@ duta) =S 0r(€), vr e X, (10.1)
j=1

Indeed, using this method, one can show

Corollary 1.0.1. Let W be a compact subset of C(S?). Then

il sup| [ fdu— Y NFE)| < 2u(W, Lo),
§€87 N ER few | Jsa =
Jj=1,2,---;m -

where d,,(W, L) is the Kolmogorov m-width of W in the space C(S?):

dm(W, Ly) := inf sup inf — 0lloo
(W L) = pf sup i [/~

In the case when W is the unit ball B” := {f € WZ(S%) : | fllwr < 1} of the usual



Sobolev space W, of order r on the sphere S, we have the following sharp estimates :

N
inf  su du—> N f(&)| < N—a 1, 1.0.2
gjeSd7Aj€Rf€£ Sdf 12 le ]f@ ) ( )
j=1,2,-- N =

where the constants of equivalence depend on d and 7.

The problem with the estimate (T.0.2) lies in the following two facts:

(i) if the dimension d is large and the smoothness parameter r is small (say, » = 1), then the

rate approximation N~ a1 in ([20.2) goes to zero very slowly as N — oo;
(ii) the implied constant of equivalence in (I.0.2) grows exponentially fast to co as d — oo.
In this part, an example of one main results is the following discritization problem for zonal

functions on the sphere:

inf inf max
AL A2, ANER &9 - £y €84 xeSde

[ o g )auty) - 3o r0x-€)

where g € L>°(S?) and ® : [-1,1] — R is a Lipschit-function satisfying certain conditions.
The result shows that the above quantity can be controlled by a better error that goes to zero
faster as d goes to infinity (faster than previous results). Our result somewhat overcome the
curse of dimensionality. For more details, please read the section 2.5 in the chapter 2.

Now we introduce several useful definitions and main results in the chapter 2. Let (€2, p) be
a compact metric space. Open balls and closed balls in €2 will be denoted by B (z) := {y € Q :
p(z,y) <}, and Belz] := {y € Q : p(x,y) < (}, respectively. A path connecting two points
z,y € §is a continuous map 7 : [0,1] — Q with v(0) = x and v(1) = y. A metric space
(€, p) is called path-connected if every two distinct points in {2 can be connected with a path.
As is well known, every open connected subset of R?*! is path-connected. Given a set A C )
and a point x € €, define

dist(x, A) := ingp(x,y).
ye

A measure y on € is called non-atomic if for any measurable set A C 2 with pu(A) > 0



there exists a measurable subset B of A such that p(A) > p(B) > 0. For non-atomic Borel
probability measure p on €2, we have the property: If Ag C A; C 2,0 < p(A;) and p(Ap) <
t < pu(A;), then there exists a measurable subset £, C A; satisfies u(F;) = t. Normalized
discrete measure is an example of atomic measure. Its subsets only have two possible valued
measures: zero or 1.

A partition of () consists of finitely many pairwise disjoint subsets of {2 whose union is
Q2. We first introduce the following theorem about regular partition on path-connected compact

metric space, this theorem will be proved in Section 2.2.

Theorem 1.0.2. Let (X2, p) be a compact path-connected metric space with diameter diam()) =
sup, ,eq P(,y) = 7. Let i be a non-atomic Borel probability measure on (), and N > 2 a pos-

itive integer. Assume that the inequality

. 1
inf ju(Bya(@)) > (103)

holds for some 6 > 0. Then there exists a partition { Ry, . .., Ry} of Q such that
(i) the R; are pairwise disjoint subsets of (),

(ii) foreach1 < j < N, u(R;) = + and diam(R;) < 4.

Theorem[I.0.2] with constants depending on certain geometric parameters of the underlying
space (€, p, ) (e.g. dimension) is known in a more general setting. In result about area-regular
partition on the unit sphere S%, the constant in the diameter of each partition is of an exponential
form of the dimension d. The crucial point here lies in the fact that the constant 4 in the estimates
of diam(R;) is absolute.

Let (X, p) be a compact metric space with metric p and diameter 7. For x € X and 0 <
a<b<m,set

E(z;a,b) ={y € X : a<p(z,y) <b}.

Definition 1.0.3. Let 0 = ty < t; < .-+ < t; = 7 be a partition of the interval [0, 7|, and

let v € N. We say & € C[0, 7| belongs to the class S, = S,.(t1,...,1;) if there exists an



r-dimensional linear subspace V,. of C(X) such that for any x € X and each 1 < j </,

@(p(x, ) feviy.

TR U
E(Z;tj_l,tj) E(w;t]’—l)t]’)

Next, let ;1 be a Borel probability measure on X satisfying the following condition for a

parameter 5 > 1 and some constant ¢; > 1:

(a) for each positive integer IV, there exists a partition {X;, ..., Xy} of X such that u(X;) =

+ and diam(X;) < oy := eitN“F forl < j<N.

According to Theorem[I.0.2} Condition (a) holds automatically with ¢; = 20 if the metric
space X is path-connected, and y is a non-atomic Borel probability measure on X satisfying

that forany 0 < ¢ <1,

8\58
inf ju(B,(x)) > (-) . 1.0.4
inf p(Bi(w)) = . (1.0.4)
One main result in this chapter is:
Theorem 1.0.4. Let & € C|0, 7] satisfy
|D(s) — P(s")] < |s — &, Vs, s € [0, 7], (1.0.5)
and belong to a class S,(t1, ... ,t;) for some compact metric space (X, p), where r € N and

0=ty <ty <---<ty=m. LetjubeaBorel probability measure on X satisfying the condition

(a) and the following condition:

(b) foreachx € X and § € (0, ),
,u(E(x; t;—0,t; + 5)) <ed, 1<j<t, (1.0.6)
where co > 1 is a constant independent of ) and .

Then for each positive integer N > 4, there exist points vy, . . . € X and nonnegative

’ y(r+2)N



numbers A\, ..., \ such that Z (r2)N A;j = land

(r+2)N

(r+2)N

max/q)(p(x Z N ®(p(z,y;)) C3N_%_%\/logN,
X

zeX

where c3 = 8c3\/col\/P.

In the case when the metric space X is path-connected and the borel probability measure p

on X be non-atomic, with the Theorem [.0.2] we have:

Theorem 1.0.5. Let (X, p) be a compact path-connected metric space. Let ® € C|0, 7| satisfy
(1.0.3) and belong to a class S,(t1, ..., t;) forsomer € Nand 0 =ty < t; < --- <ty = 7. Let
w be a non-atomic Borel probability measure on X satisfying (1.0.4). Assume in addition that
the condition (b) in Theorem[I.0.4)is satisfied. Then for any g € L (X, dp) with ||g|| oo gy < 1,

and each positive integer N > 20, there exist points yi, ..., Y,, .,y € X and real numbers
ALy o5 Ay gy SUCh that
2(r+2)N
1 3
max / S (p(x,y))g( Z A ®(p(x,y;))| < 45cgN ™27 25 \/log N.
reX X

The proof of this theorem will partly rely on the regular-partition Theorem[I.0.2} Proofs of
Theorem[I.0.4 and Theorem [[.0.5] appear in Section 2.3.
Let us give some examples of the metric spaces (X, p) and the associated classes S, which

satisfy the conditions of Theorem[I.0.5].

Example 1.0.6. (i) Let X = S? be the unit sphere of R™ equipped with the usual geodesic
distance p(x,y) = arccosz - y for x,y € S If o € C[—1,1] is a piecewise algebraic polyno-
mial of degree at most ng on [—1, 1], then the function ®(6) := ¢(cos ), 6 € [0, 7| belongs to a
class S, with r being the dimension of the space of all spherical polynomials of degree at most
ng on the sphere SY1. In this case, ®(p(x,y)) = ©(z - y), and the condition (.0.4) implies
both the condition (a) and the condition (b).

(ii) Let X = Bz (0) C R™! be the Euclidean ball with centre 0 and radius 5. If ¢ €

C'0, 00) is a piecewise algebraic polynomial of degree at most no, then the function ®(t) =

6



©(t?), t > 0 belongs to a class S, with r being the dimension of the space of all algebraic
polynomials of degree at most 2ng in d + 1 variables. In this case, ®(p(z,y)) = o(||z — y|?),
and the condition (1.0.4) implies both the condition (a) and the condition (b).

We will discuss these examples in details in section 2.5 and 2.6. The Theorem [[.0.5]along
with the Theorem [I.0.4] will be proved in Section 2.3.

We also give a result for discretization on finite-dimensional compact domains. It is an
analogue of Theorem [1.0.5] for all g € L!(dp) (instead of g € L>(dp)) on finite-dimensional
domains. The implied constant in section 2.4 will depend on the dimension and the underlying
domain.

Let (X, || - ||) be a finite-dimensional real normed linear space. Let B¢(z) (resp. B¢[z])
denote the open balls (resp. closed balls) with centre x € X and radius ¢ > 0 defined with
respect to the metric p(z,y) = ||z — y||. Here || - || is not necessarily the Euclidean norm. Let
Q2 C B1[0] be a compact subset of X (not necessarily connected). Let ;2 be a Borel probability

measure supported on €2 satisfies the following two conditions:

(i) there exist a positive constant ¢, > 1 and a parameter 5 > 1 such that for any = € (2 and
9 € (0,2]
18 < /L(Bg(.r)) < cad”; (1.0.7)

(ii) there exists a constant ¢ > 0 such that for any x € Q and ¢, s € (0, 2],

p(lyeQ: t<ly -l <t+s}) <ess. (1.0.8)

Under these two conditions, we shall prove

Theorem 1.0.7. Let O : [0,00) — R be a function such that
|D(s) — ®(s')| < |s — &, Vs,s" €]0,2]. (1.0.9)

Assume that there exist a partition 0 = ty < t; < -+ < t, = 2 of [0,2] and a translation-

invariant linear subspace X, of C(Q) with dim X, = r such that with E; == {x € R? :

7



tj—l S ||l‘” S tj},j: 172,...,&

(- 1 fex}.

E-E {f E

J J

Let g € L*(2, p) be such that ||g||11(a,) = 1. Then for each positive integer n > 2, there exist

points iy, ..., Yy, € Q and real numbers )\, ..., \,, such that
sup| [ @(le = ylho(v }:Mélx—mm
S

%(logn)?, ifl<f<3,

< C(X) qn(logn)z, if B =3, (1.0.10)

N\Cv

| n ~a(5-1) (logn)% if 6 > 3,

where the constant C(X) depends only on dim X, ¢4, cs, r, { and S.

The proof of this result will be given in section 2.4.

The second main part of this thesis is about: polynomial approximation on high dimensional
spheres.

Let S~! denote the unit sphere of R? equipped with the surface Lebesgue measure normal-
ized by [, , 1do(xz) = 1. Given 1 < p < oo, we denote by LP(S?"!) the Lebesgue LP-space

on S?~! equipped with the norm
1

I = ([ 1r@P )"

In the limiting case, we identify L>°(S%"!) with the space C(S?"!) of all continuous functions

on S¢! equipped with the uniform norm

[flloc = max |f(x)].

reSd—1

A spherical polynomial of degree at most 7 on S¢~! is the restriction on S¢~! of an algebraic

polynomial in d variables of total degree at most . Denote by I1¢ the space of all real spherical



polynomials of degree at most n on the sphere S~1. As is well known (see ), I1¢ is a finite

dimensional vector space with

@n+d—1DT(n+d—1) _ 2n+d_1ﬁ(n+j).

T(n+ 1)I(d) T(d)

dim I1¢ = (1.0.11)

For1 <p<ooand f € LP(S* 1), we define

En(f)P:II};}_IndHf_PHp? nzovla"'-

Let SO(d) denote the group of rotations on R equipped with the normalized Haar measure

dQ. As is well known, for each integrable function f on SO(d) and any p € SO(d),

/ FQdQ= [ @@=  f@ndQ={ FQMdQ.  (1.0.12)
SO(d) S0(d)

S0(d) SO(d)

Furthermore, for each f € L!(S? 1) and e € S*1,

/ f(Qe) dQ = f(x)do(x). (1.0.13)
50(d)

gd-1

For each ) € SO(d), we define the “translation” operator T¢, by To f(z) = f(Qx), where
f e LYS%1)and x € S 1. Accordingly, given Q € SO(d), we define the r-th order difference
operator A, : LP(S™') — LP(S™'),1 < p < co by
r

J

A () = (I — To) f(z) = Z(—w(

j=0

)f(ij), r e St

where I denotes the identity operator.

Definition 1.0.8. Given t > 0, we define O(t) to be the class of all rotations p € SO(d) taking



the form p = Q~*MyQ for some Q € SO(d) and 0 € [—t,t], where

( 3\
cosf siné

—sinf@ cosf

M, = 1 L HER. (1.0.14)

\ 7 dxd

Clearly, the matrix M, defined above is a rotation in x;z,-plane satisfying Mg = My for

j e

Definition 1.0.9. Ler 1 < p < oo and r € N. The rth order modulus of smoothness of

f € LP(S%71) is defined by
W'(f,t)p = sup [|[AGfllp, t>0. (1.0.15)
QeO(t)
Clearly, by the definition, for each @) € SO(d) and 0 € R,
DNoyiano = T5 O T, (1.0.16)

and

r

0 =sw s SS9 (1) Qw0 |

|8]<t QeSO(d)

. (1.0.17)
=0 P

The following properties follow directly from the properties of modulus of smoothness on

the unit circle.

Lemma 1.0.10. Let 0 < p < oco. The modulus of smoothness w"( f,t),, defined above have

the following properties:
(i) Foranyr € N, w"(f,t), <27 fll,.

(i) ForO0 <s<r w'(f,t), <27 °w*(f,t),.

10



(iii) Forany( € N, w"(f, 0t), < L'w"(f, 1),
(iv) (Marchaud inequality) m > r,

1 'm
W(f1), < C’l(m)t"/ Wy g, (1.0.18)
t

ur+1

where the constant Cy(m) depends only on m.

The modulus of smoothness w”( f, t), was introduced by Z. Ditzain Section 10], where
the wi(f,t), was used for w"(f,t),. It has the advantage that the difference Ay, f(x) for Q €
O(t) is essentially taken over a unit circle (see (I.0.I7)) as the class O(t) consists of two-
dimensional rotations on planes only. Note that in [22]], the supremum is taken over the set

O'(t) = {Q € SO(d) : max arccos(z - Qz) < t}.

rcSd-1

Since each Q € O'(t) can be expressed as Q = A; MyA; Ay My A" - -+ A\ My A; " with some
orthogonal matrix A, As, ... A;, those two modulis of smoothness are dimension-free equiva-
lent with each other.

Both the Jackson inequality,
En(f)p < Cparw'(f;n™ ), 1<p < o0, (1.0.19)

and its matching inverse inequality

n

W(fn )y € Cppan™ > K Epa(f), (1.0.20)

k=1

were proved by Ditzian [[[4][2T]]. A relatively simpler proof of the Jackson inequality (T.0.19)
can be found in [[T3]]. However, the dependence of the degree of approximation on the number
of dimensions was not taken into account in these papers. Indeed, the implicit constants C), 4.,

obtained in these papers have the asymptotic behavior d** for some a € (0, 1) as d — oo.

11



In 1964, D. J. Newman, and H. S. Shapiro proved that for f € C(S%1),

En(f)oo < Cuw(f, %)oo. (1.0.21)

The crucial point here lies in the fact that the constant C' is absolute and is independent of the
dimension d. The authors [2§] also raised the question whether similar estimates with constants
independent of the dimension d can be extended to higher order moduli of smoothness. They
remarked that the technique of the paper [28]] does not seem to yield such extensions.

One main aim in this chapter is to show the following Jackson inequality and the matching

inverse with dimension-free constants:

Theorem 1.0.11. If1 < p < co and r € N, then there exists a constant C,. > 0 depending only

on 1 such that for all f € LP(S* ) andn =1,2,---,

T d3
E.(f)p < Cw (f, Z)p’ (1.0.22)
and
W(fn ), < Con Y KT EL(f),. (1.0.23)
k=1

Another main result in this chapter is the dimension free equivalent of K-functional and

modulus of smoothness. The partial derivative in Euler angles is given by

Definition 1.0.12. Forr € N, f € C"(S?') and Q € SO(d), we define the r-th order deriva-

tive Dy, f to be a function on S4-1 by

D f(x) = <%>T<f(Q‘1MtQa:)>‘ Cresi (1.0.24)

The related K-functional is defined as:

Definition 1.0.13. Let r € Nand 1 < p < oo. We define the r-th order K-functional of

12



feLr(S™h) by

Ko (f.t) =t {||f gl +¢ sup [ Dogll,: g€ CTS}, >0,
QeSO(d)

This K-functional and its equivalence with modulus of smoothness defined above can be
found in and [20]], but the independence of dimension appear in the degree of approxi-
mation were not considered. Here with the Jackson inequality proved above, we will show

dimension free equivalence of modulus of smoothness and K-functional.

Theorem 1.0.14. Ifr € Nand 1 < p < oo, then there exist a constant C,. > 0 depending only

on r such that for all f € LP(S* ') and t € (0, 1),
CoUK(f,d7%t), <w'(f, 1), < G EL(f, 1), (1.0.25)

This chapter is organized in the following way. Section 3.1 introduces De La Vallee Poussin
type operator on L, (S?"!) and the average operator. The most importance of the De La Vallee
Poussin type operator is that its norm is bounded by the absolute constant 10 for any p and d.
With the average operator and Newman-Shapiro operator, De La Valle Poussin type operator
and Newman-Shapiro operators, section 3.2 gives the proof of Theorem [[.0.IT} The proof
of Marchaud inequality [T.0.18] will be given in section 3.3, as the proof rely on the Jackson
inequality [T.0.22] Here we gave a more detailed proof of the Marchaud inequality. Section 3.4

discovers properties of Euler angle partial derivative and presents the proof of Theorem [3.4.3]
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Chapter 2

Discretization on High Dimensional

Domains

2.1 Preliminaries

In this section, we list several basic results from functional analysis and probability that will

be needed in later sections. All of the materials in this section can be found in the book [32].

Theorem 2.1.1. Let X be a real linear topological space with dual space X*. Then the follow-

ing statements hold:

(1) Let A and B be two nonempty disjoint convex sets in X. If A is open, then there exists
A € X* such that
Ar < inf Ay, Ve A

yeB
If A'is compact, B is closed and X is locally convex, then there exist A € X* such that

sup Az < inf Ay.
z€A yeB

(i1) If X is an F-space ( i.e., a complete vector space with metric that is translation invariant
whose multiplications and additions are continuous), then for every compact subset K C

X, the closure of the convex hull of K is compact in X.

14



Next, we recall some basic facts on weak and weak*-topologies. A topology 7 on a

nonempty set X is said to be weaker than another topology 75 on X if 7y C 7.

Theorem 2.1.2. Let X be a real vector space, and X' a vector space of linear functionals on X
which separates points in X (i.e., given any two distinct points 11,1, € X there exists A € X'
such that Ax1 # Axs). If T denotes the weakest topology on X with respect to which every
element in X' is a continuous linear functional on X, then (X, T) is a locally convex space

whose dual is X'

Let X be a real, locally convex linear topological space with topology 7 and the dual space
X*. Let 7, denote the weak topology of X, i.e., the weakest topology of X with respect to
which every linear functional in X™* is continuous. Then 7,, C 7, and X,, = (X, 7,,) is a locally
convex space whose dual is also X*. We denote by 7~ the weak™ -topology of X*; that is,
Tw 18 the weakest topology of X™* with respect to which for every x € X, the linear functional
f € X* — f(x) is continuous. Then (X*, 7,+) is a locally convex linear topological space
whose dual is X. If X is separable, then every weak*-compact set K in X* is metrizable in the

weak*-topology.

Theorem 2.1.3. [Banach-Alaoglu theorem] For every neighborhood V of 0 in X, its polar
K:={Ae X" :|Az| <1,Vzx €V}
is weak* -compact in X*. If, in addition, X is separable, then K is sequentially compact in the

weak* -topology.

Third, we review some basic results on vector-valued integration. We start with the follow-

ing definition:

Definition 2.1.4. Let X be a real locally convex topological vector space, and let (Q, 1) be a
measure space. A vector-valued function f : () — X is said to be integrable with respect to
if

A(fC) = (A f()) € LY Q. p),  VAEX

15



and there exists y € X such that

(A, y) = /Q (A, f@)du(z), VA€ X"

If such a vector y € X exists, it must be unique, and is denoted by |, of (x)dp(z).

Recall that a positive Borel measure x on a topological space () is regular if

pu(E) =sup{u(K) : K C FE is compact}

= inf{u(G): £ C G,Gisopenin X}

for every Borel set £ C (). Each Borel probability measure on a locally compact Hausdorff
space with a countable base for its topology, or on a compact metric space is regular. If () is
a compact Hausdorff space, and C(Q) is the space of all continuous functions on () (with the
uniform norm), then the dual of C'(Q) is the space of all finite regular Borel measures (i.e.,

Radon measures) on () (with the norm of total variation).
Theorem 2.1.5. Suppose that
(1) X is a real, locally convex topological vector space;
(i) Q is a compact Hausdorff space;
(iii) f: Q — X is continuous;
(iv) m is compact in X (this is automatically true if X is an F-space).

Then given any Borel probability measure 11 on Q), the function f : () — X is integrable with

respect to |4 and moreover,

y= /Q f du = /f 7 dur(2) € conv(TQ)),
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where (15 is a Borel probability measure on f(()) given by

pr(E) = u(fH(E)), EC f(Q).

Conversely, if y € conv(f(Q)), then there exists a regular Borel probability measure [y on

f(Q) such that
= d )
y /f o fup(2)

Theorem 2.1.6. Suppose that () is a compact Hausdorff space, X is a Banach space, [ : () —

X is continuous, and |1 is a positive Borel measure on (). Then

H/QfduH < /Q Iflldu.

We now show some preliminary results that would be of great importance in the proof of
main results.
Let () be a compact metric space equipped with a Borel probability measure p. Let M(Q)
denote the space of all finite signed Borel measures on (). Then M (()) is a Banach space with

respect to the norm

vl = [v1(Q) = p{\ /Q f v

Such a Banach space is the dual space of C'(Q)). Note that C'(Q)) is a separable Banach space.

F 0@ I fllewo < 1}.

Let M(Q)®™" denote the space M (Q) endowed with the weak* -topology 7,,~. Then M (Q)"" is
a locally convex topological space with dual space C'(Q).
Next, let X,,, denote an m-dimensional linear subspace of C(Q). Let Xy C M(Q) denote

the set of all probability measures p € M (Q) of the form

m—+2

p=">_ Ni(P)3y,0);
j=1
where \;(p) > 0, y;(p) € Qforj=1,2,...,m+2and 372 \;(p) = 1.

j=1

17



Let 2 C Xy denote the set of all probability measures p € >, such that

t/j‘ )du(z l/jT Ydp(z), VfE Xpm.

Theorem 2.1.7. There exists a Borel probability measure v on the space M(Q)“" which is

supported in the set > C M (Q)) and satisfies

usz®@%

where the equality holds in the sense that for any f € C(Q),
m—+2
| s@au) = | 3 > A 00
and where i is the probability measure we wish to discretise.

Lemma 2.1.8. The set 3 is w*-compact in M (Q).

Proof. Define
m+2
S = {)\:(}\1,...,)\m+2)GRerQI)\l,...,>\m+220,2)\j:1}.

Then S x Q™" is a compact topological space with respect to the product topology. Next,
consider the mapping 7' : S x Q™" — M (Q)"* that takes (\, ) € S x Q™" to the measure
Z;”:’Lf Ajdg, € M(Q). Note that for any f € C(Q), and any (X, z), (a,y) € S x Q™2 we

have

m+2 m+2 m+-2
‘< S 0 = i £ < 3 W) — st )
j=1 j=1 Jj=1

— 0,as (a,y) — (A ).

This implies that the mapping 7' is continuous, and hence ¥y = T'(Sx Q™2 is w*-compact.

18



Finally, for each f € C(Q), set us := fQ f du. Then

NS={p€Xo:({f,p)=nyVf € Xn}

Since each X,,, C C(Q) and C(Q) is the dual space of M (Q)™", it follows that X is a w*-closed

subset of the w*-compact set Xy. Thus, X is a weak*-compact subset of M (Q)). O]

Lemma 2.1.9. The probability measure i € M(Q) is in the weak*-closure of the convex hull
Kof ¥ C M(Q)"".

*
w

Proof. Assume to the contrary that ;1 ¢ K = convY . Then by the convex separation

theorem, there exists g € C'(Q)) such that

/gdu>sup/gdp. (2.1.1)
Q pex JQ

Let X, 11 = span{X,,, g}. By Corollary 4.1 of [[L7]], there exist 1,2, ..., Zmi2 € @ and
AL, -5 Ama2 = 0 such that ZT:JEQ A; = land
m—+2

/Qfd“: ZAjf(%‘)a Ve Xm
j=1

This implies that p = Z;”:lz Ajdg, € Yand |, 0 9dn= J. o 9dp, which contradicts Z.T.1).

Proof. Proof of Theorem 2.1.7]

Let X = C(Q). Then M(Q) = X*. By Lemma[3.4.2] y lies in the w*-closure of the

convex hull of ¥ thatis, u € K := conv(X) .ByLemma[]2.1.8|, X is compact in the space

(X*,w*). Thus, by Theorem [2.1.5] it is enough to show that K is also compact in the space
(X*,w*). Note that
Y CYXCBxsi={rveX|v| <1},

which also implies that conv(X) C By«. Since By« is compact in the space (X*, w*) (By

w

Theorem [2.1.3|), it follows that K := conv(X) is a closed subset of Bx-, which also implies
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that K is compact in the space (X*, w*). The theorem is proved. [

To prove Theorem and Theorem in this chapter, we also need the following

Bernstein’s inequality.

Theorem 2.1.10. Let {¢; 721 be a sequence of independent random variables such that E§; = 0

and |&;| < 1 for all j. Then for any € > 0,

TLE2

>5}§26’2.

Prob{ ‘% S
j=1

2.2 Regular partitions on path-connected compact metric s-
pace

To prove Theorem[I.0.2} we first introduce a lemma:

Lemma 2.2.1. Let (2, p) be a compact path-connected metric space with diameter w. Then
for each 6 € (0,), there exist a finite set A = {ay,...,ap} C Q with M > 1 such that
Q= Ujj‘il Bs(aj) and

diSt((lj,Aj_l) :5, j :2,3,...,M,

where Ay := {ay,aq9,...,ar},k=1,... M.

Proof. Since the metric space §2 is path-connected and has diameter 7 > J, there exist two
points a1, ay € €2 such that p(ay,ay) = . Assume that A,, = {aq, ..., a,} is a finite subset of
(2 such that

dist(aj, Aj_1) =0,j =2,...,n,

where A; = {a1,az,...,a;}. If Q = Jj_, Bs(a;), then it is sufficient to use M = n. Now

assume that, in contrast, Q # J;_, B;(a;). Then there exists a point y € Q2 \ A, such that
dist(y, A,) = 6.

Without loss of generality, we may assume that dist(y, A,,) = p(y,a1). Lety : [0,1] — Qbe a
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path such that 7(0) = y and y(1) = a;. Define f(t) := dist(v(t), A,,) for t € [0,1]. Clearly, f

is a continuous function on [0, 1] with
f(0) =dist(y,A,) >0 and f(1) = dist(as,A,) = 0.
Thus, there exists a point a,,+1 = Y(t,) € §2 for some t,, € [0, 1] such that

dist(ans1, An) = f(t,) = 6.

We may continue this selection procedure with A,y = {a,...,a,41}. Since ) is compact,

this procedure must terminate after a finite number of steps. [

Proof of Theorem[I.0.2] Let

{ai,...,ap}

be a finite subset of {2 as given in Lemma 2.2.1]

For1 < j < M,let1 < k; < j be an integer such that
dist(a;, Aj_1) = p(a;, ax;) = 6.

Foreach 1 < 5 < M, define

1<i<y

V= {$ € Q:p(z,a;) =dist(z,A) and dist(z, A) < min p(:v,ai)} :

That is, = € Vj if and only if j is the smallest positive integer such that dist(z, A) = p(z, a;).

Clearly, the sets V; are pairwise disjoint,

Bs(a;) CV; C Bslag], j=1,2,..., M, (2.2.1)

)
2

M .
and Q = J;_, V;. Moreover, using (L.0.3), we have

1
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Now we construct the desired partition of {2 as follows via a finite number of steps. In the
first step, we write V;-O = V;forj =1,..., M, and modify the cells V), and V},,, slightly so that
Np(Var) is an integer. Let Eyy C Vy; be such that u(Ey) <  and Nu(Vy; \ Ea) is a positive
integer. We then update the cells as follows:

vy, if j £ M and j # k,
Vii=q VO\ By, ifj=M,
V}O U Ey, if g = k.

.. ... M .
Note that the sets le are pairwise disjoint, Q = J =1 le, Vjo C V;-l forl1 <7< M—1and
Vi c VY.

In the second step, we continue the process with the collection of the first M/ — 1 updated
cells: le, 1 <5 < M — 1. More precisely, we choose a subset Ej;_; of V]S[_l such that
((En—1) < % and Np(Vy;_, \ Ear—1) is a positive integer, and then update the cells as follows:

%3

7

ifj£ M —1andj # kpy_1,
V= VIN\ By, ifj=M—1,

V}l UFEN—1, ifj=Fky1.

It is very important here that the set Fy;_ is selected as a subset of V), _, (rather than a general

subset V;;_,) because this way of selection yields a better control of the diameter of the updated
1 1

cell VkA171 = EM_1 U Vkal’

In general, at the ¢-th step with 1 < ¢ < M, we modify the cells V', and V"' ina

M—0+1

similar manner. Indeed, let Ear—o1 C Vy_,uy C VirY .1 be such that u(Ey_¢41) < 7 and

N

Nu(Vi2, +1 \ Ear—¢q1) is a positive integer.  We then define

V}e—l, ifj £ M—/(+1andj # ky_¢i1,

L, — o
‘/j = Vfw,ngrl \ EM—Z-&-I) lfj =M-—1{+ 17

Vel U Ey—e, if 5 = ke

kni—ev1
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Clearly, the sets Vf are pairwise disjoint, {2 = U;Vil Vf,

0 /—1 4 s
VOCVITtc vl for j=1,2,..., M~

andforj =M —/(+1,..., M,
¢ -1 NE PR
Vi C Vi and Npu(V})is apositive integer.
Furthermore, by the above construction, it is easily seen that foreach1 < j < M — ¢,

Vic U (VPUW),
M—-—t+1<k<M

plan,az) =

which, using (2.2.T)), implies that V}E C Bysla;] and diam(Vf) <4éforalll <j < M.

The above process will be terminated after the (M — 1)-st step, where we obtain pairwise

disjoint subsets V,''~', j = 1,2,..., M, of Q with diameter < 44 such that = U]M:1 v

and N u(‘/jM ~1) is a positive integer for 2 < j < M. Since i is a probability measure, we have

N = Nu() =3 Nu(V).

This implies that Nu(V;* ™) is a positive integer as well. Since 4 is non-atomic, for each

1 <7 < M, we may write VjM “lasa disjoint union

45

M-1

VIt = Sin
k=1

such that (S ;) = + and diam(S; ;) < 46 for 1 < k < ¢;. This leads to a partition of Q with

the desired properties:

M ¢
Q=S

j=1k=1
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2.3 Discretization on compact metric spaces

2.3.1 Proof of Theorem 1.0.4]

The proof of Theorem[I.0.4] follows along the same idea as that of [[].
Let {Xi,..., Xx} be a partition of X satisfying the condition (a). By the inner regularity

of the measure 41, for each 1 < j < NV, there exists a compact subset (); C X such that

1
5 (14 [ @lloc) " N7E55.

1
—u(Qj) < 5

Let y; denote the probability measure on (); given by p,;(E) = li‘((ci)) for each Borel subset

E C @,. Then it is easily seen that

N
1 3

sup d(p(z,y))d - — / x,y))du(y)| < N 2728 (2.3.1)

sup | | @pta ) ) = 532 [ @lptai) st
Let X, denote the set of all Borel probability measures ¢; on (); that take the form

r42
= Ai(0))0y,0,): Nil0y) 20, yilo)) €Q;, 1< <r+2,
such that >>7*7 \;(0;) = 1 and
r+2
/ fly) du;(y Z)\ o) f(i(o;), Yf €V, (2.3.2)

According to Theorem [2.1.7] there exists a Borel probability measure v; on X; such that
r—42

/fduj /Z)\ o) f(yi(o;) dvi(o;),  VYf € C(Q,). (2.3.3)

le
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Now we consider the following product probability space:

(i> v) = H(Ejvyj>'

N
j=1

We first claim that for each fixed x € X and parameter ¢ > +/log 2, there exists a subset

G(z) C  with v(G(z)) < 2" < 1 such that for each 0 := (07,09, ...,05) € L\ G(z),

%;;M%m(p((x,yi(oj))) - %z /Q p(r0) dpsl)
< %01\/ C1C2€tN_%_%_ (2.3.4)

To show this claim, we consider the following independent random variables on the probability
space (3, v):
r+2
(o) = hy(os) = Mo (ot o) = [ (ot ) ansto)
i=1

J

where o = (01,...,0n) €XYandj=1,...,N.By ([.03) and (Z3:3), we have

Ehj = O, |h]| S dlam(X]) S 6]\/, 1 S j S N.
Foreach 1 < j < N, pick a point y; € ); and set R; := By, [y;] so that Q; C X; C R;. Set
Si(z) = E(z;ti—q,t;) = {y € X :tin <pz,y) < ti}, i=1,...,0

Note that if R; C Sy(z) for some 1 < k < fand 1 < j < N, then there exists a function

fr» € V; such that

®(p(z,-))

Y

Qj

= fk,
Qj ‘
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which, using (2.3.2)), implies that

r+2

hi(o5) = Xi05) fra (i) —/Q Jrx(y) dpi(y) = 0.
i=1 j
Forl<k</{—1landif?¢ > 1,]let
Ein(x) ={ye X : t —on < plz,y) <t +0n}.

Denote by I the set of all positive integers 1 < 57 < N such that

-1

v € | Bx(x).
k=1

Let I¢ = {1,2,...,N} \ I. Note that if j € I¢, then there exists 1 < k& < ¢ such that

R; C Si(z), which implies h; = 0. Furthermore, since

-1
UXj C URj C U{yeX: tr — 20y < p(x,y) < tp + 20N},
k=1

jel jEI
it follows by Condition (b) that
#I < 205 N8y = 2coc1 (NP
We shall use this in our next estimate. Now setting
& =—h;, 7=12,...,N,
and using the Bernstein inequality in probability, we obtain that for any € > 0,
Prob{% >s}—Prob{% >€#—A—;}

3 e2N? 32N
<2 ——(H#)— | <2 —_ .

Z@'

jel

N
Z &
j=1
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It follows that for any 6 > 0,

1
P _
rob{N

Given a parameter ¢ > 0, setting

N

>

j=1

392 N1H367
dpr <2 _ .
R R 163yl

4 1.3
0= ﬁCl\/ clcgﬁN 2 QBt,

we conclude that the inequality

N

1

N

_1_3
civ/cieol - t- N 2728

holds with probability at least 1 — 2¢~** on the probability space (i, v). This proves the claim
€33

Now let ¢t := /Alog N > /log2 with A > 1 being a parameter to be specified later. By
[@31) and @33), for each 2 € X, there exists a set G(z) C X with v(G(z)) < 2N~ such

that for each
0= (O-Ia"wo-N) € i\G('ZE)v
1 N r42
302 ) Blote. (o) - Do)
j=1 i=1
< ;clx/clcgﬁ\/z log NN_%_%, (2.3.5)
where
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Then, using Condition (a) with M in place of N, we obtain a partition
{X1, X5, ..., X3}
of X such that ;(X}) = 4; and
diam(X!) < 6y = M7 < N727%
foreach 1 < j < M. Choose z; € X foreach1 < j < M, and let G = Ui\il G(zx). Then

(G) < S w(G(z)) < 2MN~4 < 3/ N334,

M
j=1

Thus, setting A = %ﬂ + % we obtain that for N > 4, v(G) is at most
B
3
3N < (4—“) <1

Finally, using (TJ0.3), we have that for each o = (01, ...,0n5) € &\ G

1 N r+2
sup | = ; 3 Ai(0)@(p(x, yi(0;))) — Do(z)
1 N r+42
< max | ; ; Xi(5)@(p(zr, yi(0;))) — Po(2)] + O,

This completes the proof.
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2.3.2 Proof of Theorem [1.0.5

Let h(xz) = b(2 + g(z)), where b is a normalizing constant so that ||h|[ 14, = 1. Clearly,
<b<h(x)<3b<3, VaeX, (2.3.6)

because ||g||o < 1. Let 7 denote the Borel probability measure given by dr = hdu. By (1.0.4),

we have that for V > 15,
, e X, 2.3.7)

where

~ 7/371 5 1/6 7/371 5 7ﬂ*1
5]\[ = C1<[Nb]) S 4_b ClN S 4—661]\[ y

because § > 1. Furthermore, by (I.0.6), we have that for each z € X and § € (0, ),

-1
T (U{y eX:t;—6<plxr,y) <t;+ (5}) < 3beyld. (2.3.8)

=1

Since X is a compact path-connected metric space, using Theorem [1.0.4] with 7 in place of 4,

we may find points ¥, . . . € X and nonnegative real numbers aq, . . such that

) y(r+2)N ) a/(r+2)N7

(r+2)N
mas | [ @) )~ Y- aplptru)| < if

zeX

CgN_%_% v/log N.

j=1

On the other hand, using Theorem @ we can also find points 2;,..., 2449y € X and

nonnegative real numbers by, . .., b,42)n, such that
(r+2)N .
waae | [ Blolw ) dulw) = Y bBlola.2)| < N5 Iog .
T X =
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Since

/X D(p(z,y))g(y) duly) = % /

; (p(z,y))h(y) duly) — 2/ D(p(z,y))duly)

X

and % < b < 1, it follows that

1 (r+2)N (r+2)N
sup| [ @(p(e.)g)duts) = § Y @) +2 3 bd(plr )
e X j=1 j=1
25v/3 _1_3 1.3
< T6bE +2)egN 2725 /log N < 45c3N ™27 254/log N.
2

The theorem is proved.

2.4 Discretization on finite-dimensional compact domains

2.4.1 Proof of Theorem [1.0.7]

The main idea of our proof comes from the paper [{]. We need the following Besicovitch

covering theorem on finite-dimensional normed linear spaces [26]):

Lemma 2.4.1. [24]| Let E C X be an arbitrarily given nonempty subset of a finite dimensional
normed linear space X. Assume that for each x € E there exists a closed ball B, y)[x| with
centre x and radius r(x) > 0. Assume in addition that sup,.pr(x) < oo. Then there exists a
sub-collection R of the closed balls B, ) [x], © € E, which covers the set E and can be written
in the form

R=RiUR;U---UR,,

with m < N(X), and each R; being a collection of pairwise disjoint balls, 1 < j < m. Here

N (X) is a positive constant depending only on the normed space (X, || - ||).

The best constant A/(X) for the Besicovitch covering theorem has been well studied in

literature (see and the references thererin). In the case when (X, || - ||) = R, it was
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known that V(X)) < 6. The sharp estimate of this constant appears in [33]]. A much more
general version of the Besicovitch covering theorem can be found in [23].

The proof runs along the same line as that of Theorem [[.0.4] We sketch it as follows.

Without loss of generality, we may assume that ¢ > 0 since otherwise we may write g =
gt — g~ with g* > 0. We may also assume that N > 4N\ (X)(r + 2) since otherwise the stated
estimates hold trivially. For the rest of the proof, the letter C' denotes a general positive constant
depending only on N (X), ¢4, ¢, r, £ and £5.

Let 7 denote the probability measure given by d7(z) = g(z)du(x). Let ny = [m]
Forxz € Q,let0 < 6, < 9, = (c4/n1)% be such that

/B [ ](1 +9(y)) duly) = 1 (2.4.1)

ny

By the Besicovitch covering theorem, we can find finitely many open balls B; = Bgzj (),

j=1,2,...,m,such that Q C ., Bj,
{Bl,...,Bm}:'R1UR2U~~U'RN(X) (2.4.2)

with each R; being a subcollection of pairwise disjoint balls. By (2.4.1) and (2.4.2)), we then

have m < 2N (X)n; < 2. Note that pu(B,(z)) = p(B,[r]) for any z € Q2 and > 0, since

by 3.2.6)
u(B,[e]\ By(w)) = lim p{y € X v =7 < pla,y) Sr 457 =0

Now define Q; = B; N and
j—1
=1

Then Q@ = UL, Q) 7(QiNQ;) = 0for1 < i # j < m, Q; C Bjand 7(Q;) < -

for 1 < 5 < m. Without loss of generality, we may also assume that T(Qj) > 0 for each

1 < j < m, since otherwise we remove (); from the partition.
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For each 1 < j < m, let X; denote the set of all probability measures o; on (); of the form
r+42

05 =Y Ai(03)800, Ail0y) 20, wiloy) € Q,

such that
r—+2

7(22)/ Z)\ (0;)P(yi(o;)), VP € X,.

By Theorem [2.1.7] there exists a Borel probability measure v; on X; such that

/ f(2) dr(z / S (Qi)(0) Fi(o3)) dvy(,), VS € C(Qy).

le

Now we consider the product probability space (3, ) = [T52, (%5, v5). Fix @ € Q temporarily.

For 1 < 5 < m, define

r+2

hjw(oj) = 7(Q;) ZA (0;)®(]|z — yz-(oj)ll)—/ ([lz —yl) dr(y).
Qj
Then Eh;, = 0,
|hje(0;)] < 7(Q;) - diam(Q;) < 7(B;)diam(Q;) < CO,,n~". (2.4.3)

For 0 < 6 < 24,,, we denote by Iy := Iy(x) the set of all integers 1 < j < m such that
0/2 <0, <Oandt,—0 < ||z — ;| <t +0forsome 1 <k < (. Note thatif 0/2 < 0, <0
and j ¢ Iy(x), then there exists k in the interval 1 < k < ¢ such that t;,_; < ||z — y|| < #; for

every y € Q; C B; := By, (x;), which implies that /;, = 0. Note also that

U(BmQ) c{yeQ: t—29§||:c—y||§t+29}.

Jj€Ely

It then follows by (2.4.2) and (3.2.6) that

#Iec4< > <> B, (X)es0¢,

J€ly
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which implies that
#H1, < C107P. (2.4.4)

Note that (2.4.4) holds trivially if

b < ((r+2)01

B—1
) — Cyn (2.4.5)
n

since #1yp < m < % Thus, we will mainly consider those index sets [, with
c 1
Con 71 < 0 < 26, = 2(—4) g (2.4.6)
ni

the second bound being the bound on @ stated at the beginning of the paragraph.

To be more precise, let kg, k1 be integers such that
20 < 971 (ny Jeg)F < kot
and

Define J, = Ji(z) := Iy-x(x) for kg < k < k; and

[e.o]

‘]k1+1 = Jk1+1($) = U IZ—k(x)'
k=k1+1
Then by (2.4.4) and the remark after ([2.4.4)), we have
H T <mp o= C7R2FO <k <k + 1. (2.4.7)

Moreover, by (2.4.3)), we have

hjol < COn " <C27%n" ) G €Ty, ko <k <k +1 (2.4.3)

33



Thus, using (2.4.8), (2.4.7), and the Bernstein inequality, we conclude that for each ky < k <

k1 + 1 and each ¢, > 0, the inequality

‘Z th(O'j) > €k
JjeJk
holds with probability at most
2exp(—cgzn22—k<ﬂ—3>). (2.4.9)
Now we write
m ki+1
Yo=Y Y ko)=Y Y hile))
Jj=1 k=ko {j:2~ kgé)T <2-k+1} k=ko jeJx

™|

where we used the fact that Gm]. < (;—j) < 2 ko=l forall 1 < 7 < m in the first step, and the
fact that h;, = 0if 27" <0, < 27" and j ¢ I,-«(f) in the last step.
Given ¢ > 0, let {e,} le be a sequence of positive numbers such that Zi”,;l er < €. Then

using (2.4.9), we have

ki1+1
Prob{| Zhﬂy > g} <3 Prob{| S byl > 5k}
k=kq j€Jk
ki+1
<2y exp(—C’&t k(B 3>) (2.4.10)
k=ko

Noting that ky ~ k1 ~ logn, we may choose for kg < k < ky + 1,

2 -k i B> 3,

eh =4 = if 3 =3,

logn’

olk—ko) %322 if B < 3.

\

We use here that n # 1 so that logn # 0.
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For simplicity, we shall assume that 5 > 3. The proof below with slight modifications

works equally well for the case 5 < 3. We then obtain from (2.4.10)) that

Prob{ ‘ zm: hj »

J=1

> 5} < C(logn) exp(—C’nzf%gQ).

Setting

_1 __BH1 .
e=C"2t-n 26-1 with t >0,

we conclude that for each = € (2, the inequality

r42

Z 7(Q5) Y M0 (llx = wiloy)ll) — /Q O(llz — yll) dr(y)

i=1

__B+1
Z Ctn 26B-1)

holds with probability bounded above by a multiple of (logn)e ", Let

t:=+/Alogn with A= % > 1.

The last inequality holds since 5% — 3 + 2 has no real zeos.
We further conclude that for each = € (2, there exists a set G(z) C ¥ with v(G(z)) <

Cy(logn)n~* such that for any o = (04,...,0,,) € X\ G(x),

r+42

> 7(@) Y Mol = wiopl) — [ @(le = viharty
< 0_1/2\/Zn_%(logn)%.

8
Finally, let {z1, . .., z} be a maximal £ -separated subset of Q2 with e, :=n" ey (logn)z.

By (1.0.7), we have

B

2 B(B+1)

L<e¢ <—> < anwji) (log n)’%ﬁ.
€1
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Setting A = %, we have that

L
Z v ) < CyCs(logn)* 26,

Since 3 > 3, it follows that the following inequality holds with positive probability:

r+42

Z @) Al — o)) - / &(||z — y) dr(y)

<Cn" Gy (log n)%.

sup
€N

The theorem is proved.

2.5 Discretization on the unit sphere S?

In this section, we will estimate the constants ¢; and c, for the unit sphere S¢ C

Rd—H e

quipped with the normalized surface Lebesgue measure 11, and the geodesic distance p(x,y) =

arccos(x - y), z,y € S?. We will prove on the unit sphere S? that

3 1
Cl§40ﬂ-7 02§§\/E, O./:E

2.5.1)

The main point here lies in the fact that the upper bounds for ¢; and ¢,/ V/d are independent of

the dimension d.

By (2.3.1)), we also have

1
A5cs = 45 - 822 Vd < 7 x 10°d7. (2.5.2)
As a consequence of Theorem[I.0.2]and Lemma[2.5.4] we have that
Theorem 2.5.1. For each integer N > 1, there exists a partition { Ry, ..., Ry} of S such that

() the R; are pairwise disjoint subsets of S;
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(ii) foreach 1 < j < N, pqa(R;) = + and diam(R;) < A0rN =1,

Again, the main point here is that the upper bound for Na max; diam(R;) is independent of
the dimension d. Theorem with dimension dependant upper bound for N a max; diam(R;)
can be found in [2]].

Theorem 2.5.2. Let ® : [—1,1] — R be a piecewise polynomial of degree at most r with knots
—1 =50 < 81 <--- <sp=1suchthat |®(s) — &(s')| < |s — | forany s, s’ € [-1,1]. Let
m, = m¢ denote the dimension of the space of all spherical polynomials of degree at most r on
S% Let g € L*°(S?) be such that ||g||oc < 1. Then for each positive integer N > 20, there exist

points &1, ..., {om,+2)N € S¢ and real numbers Ay, . . . s A2(m,+2)N such that

2(my+2)N

O(z - )d A ®(x
ma | [ @G (0) dusty -
< 7-105V¢-diN"2"%/log N.

In the case when ®(¢) = |t|, Theorem [2.5.2} but with constants depending on the dimension

of the sphere, was previously obtained in [H]].

2.5.1 Proof of (2.5.1)

For 6 € (0, 7) and x in the d-dimensional sphere S¢, set

By(z) :={y € S*: p(x,y) < 0}, and Bylz] := {y € S*: p(x,y) < }.

d+1

Q”d—il) denote the surface area of S®. Using the following known estimates on gamma
2

Letwy := T

functions [[T]),

T
i < FE . (x+1) x>0, se€(0,1),
we have that
1 d — 1 % W, F(u) 1 d + 1
T2 (_> < d-1 _ y 2 <72 ( ) . (2.5.3)
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Lemma 2.5.3. For 0 < 0 < Tandx € Se

1 pa(By(z) _ 2
\/ﬂS sin? 6 SWZ'

Proof. For 6 € (0, ], we have

2

Wd—1 ! d—2 Wd—1 sin” 0 a—2 1
1 Bo(x)) = / (1— )5 dr — / P (1= )bt
cos 6 0

Wq Wq

If0 <6 < 7, thenforany 0 < ¢ < sin? §, we have

1<(1-1)72<V2
Thus,
Wa—1 2 wWa12V2, .
< < —_—
o d(sm@) pa(A(z,0)) < o d (sin ),

which, using (2.3.3)), implies that

1 1 A(z,0)) 1 2
dz <V2n2d 1< H Ha(A(, <orrd M d41)2 < .
\/> o -1 < Cosintg mrd ) ~Vd
O
The following lemma shows that ¢; < 407
Lemma 2.5.4. For any positive integer N,
r _1
inf pq(Bsy () > — with dy = 5nN 4. (2.5.4)
zeSd N

Proof. We consider the following two cases:

Case 1. N > 25+1\/d.
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In this case, set

1 1
5::min{6’: 0<o< sind9>—}

T
17 2/d N
and our condition on the N ensures that § be well-defined. Using Lemma[2.5.3] we have that

1
pa(Ba(w) > 1, Vo e s

It remains to estimate the constant 9. By definition of §, we have that

1 . 1
2/d N~ 2Vd 2

This implies that

0 < i 5<
<L 7sin — T —
2 N

Here we have used the fact that the maximum of (logy)/y is attained at y = e.

Case2. 1< N < 2:+1V/d,
In this case,
N-3s o934 % > 2 56 % > 0.2,

and

on = S5TN > .

Hence, (2.5.4) holds trivially in this case.

The following lemma shows that c; < %\/c_l



Lemma 2.5.5. Foranyé > 0,z € Standt € (0, ),
i <{y €St t— 5 < pla,y) <t+ 5}) < 2\/85. 2.5.5)
Proof. Without loss of generality, we may assume that 0 < ¢ < 7. Setting
Ss(z) == {y €S t—0<plr,y) < t+6},

and using ([2.5.3), we have

t+6 d-+ 1\ %
wa(Ss(z)) = -1 / sin®™t udu < 7r_5< il )225

Wd  Jmax{t—5,0}

2 3

2.6 Further Examples

Further examples for our results stem from the fact that not only piecewise polynomials are
suitable for our spaces V,. of dimension r, but also piecewise exponentials , |]'1:Z[] and |]'13[]
as well as radial basis functions of compact support [[7], [6]] and [[IO]l, [LT]I.

All these function spaces are defined not over piecewise polynomials (splines) with a simple
continuity condition, but for instance over piecewise exponentials.

In the most general form, see [30]], the exponential splines of compact support are, say, in d

dimensions of degree n — 1 for equally spaced knots defined as distributions B that satisfy

Blg) = /[ elE e D
0,1]n

where ¢ is a test-function from the Schwartz space S, = is a linear map R® — R? and ) is a
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vector from R™ to define the exponentials. Alternatively we can write for ¢ € L} (R?)

[ Bepwar= [ sEnesn-na

[0,1]"

In the multivariate setting, these functions are called exponential box-splines, in the univari-
ate case they are exponential B-splines. The piecewise polynomial case corresponds to A = 0.

They may also be conveniently defined by their Fourier transforms

“oexp(\; —ig; - 1)
H )\j j_ i§j .Jx )

j=1

Here, A = ()\;)}7_; and = = (§;)}_;.

The univariate piecewise polynomial case corresponds to = = (1,1,...,1) € R", d = 1.
In this case the splines are defined over the interval or cube for d = 1 and d > 1, respectively,
=[0, h]™, e.g., h = 1/ as in our cases. The V, space is here the space of univariate exponential
splines spanned by the exponential B-splines with d + 1 knots.

More generally, we can define space of piecewise exponentials including piecewise polyno-

mials and exponentials as the span of
2 exp(Nx), r=0,1,....,—1, i=1,2...n,

on each subinterval between two knots, now of no longer necessarily equally spaced knots, of
dimension r = > | 7, when they are required to be continuous. The \;s may be complex and
must be pairwise distinct.

Special cases are A = 0 (piecewise polynomials), A € R (V, containing piecewise
trigonometric functions sin, cos and constants) and A € R, V, containing sinh and cosh and
constants. In fact, it is usual (but not necessary) to restrict the exponents that form the com-
ponents of A to R U iR. Examples for the spaces are the polynomials for some fixed maximal

degree (classical spline case) or the spans of, e.g.,

1, cos(Im At), sin(Im At), t cos(Im At), ¢ sin(Im At),
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or

1, cosh(Re At), sinh(Re At), t cosh(Re At), t sinh(Re At).

These two examples are the suitable generalisations of the ®(¢) = |¢| case (piecewise lin-
ears) referred to in the paragraph after the statement of Theorem 2.5.1} For higher powers,
larger r and more exponentials, the other piecewise polynomials used in the first sentence of the
statement of Theorem [2.5.T] are generalised.

Univariate piecewise polynomial B-splines on equally spaced knots can be generated in a
computational useful, recursive way by convolutions [[3]] but now, for exponential splines we get

a weight function, so that, for the B-spline of degree n, the exponential spline
e)\itH (t) o e)\iH <t _ 1) e)\i(tfl)

needs to be convolved with itself n-times, once for the case of piecewise linears multiplied with
exponentials. In the display, H denotes the Heaviside function which is identically zero for
negative argument and identically one for positive argument.

This results from the identities which we stated already in s dimensions

Bxf= exp(\- 1) f(- — =t)dt

[0,1]™

or

B = /O expOM) B(- — £,1) dt.

Here B is the exponential box-spline as above, B is the same with the direction &, removed
from =.

As with the piecewise polynomials and the special case of piecewise constants above, we
consider the special case of piecewise exponentials only (no polynomials as in our example with
sin, cos, cosh, sinh).

For this, consider again the vector of exponents A\, set n = d and let A = A=~L. Then the
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spline is

B(z) = eXP(S‘ “ )X (0,14 (: $), xR

| det =|
Here, x is the characteristic function. Starting from this piecewise “constant” function (i.e., one
that contains no polynomials, just one exponential), other splines can be generated recursively
by
1 ~
B(o) =o' | Blo -9
0

where B is the exponential spline with one direction £ more in the direction set and the us are
chosen arbitrarily from R".

The corresponding radial basis functions of compact support with exponentials are

14

(1/e - exp(—x))

+

and

(1-exp(-(1=2)))"

which are positive definite for suitable parameters ;. and v depending on the dimension because
they are logarithmically monotone of order y in the first case and of order min(y, v) in the

second case [[I0]. The Vs are then defined by the translates

(1/e —exp(—|z])}

and

(1 —exp(=(1 — |2z[)}))",

respectively.
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Chapter 3

Polynomial Approximation on High

Dimensional Spheres.

3.1 Preliminaries

3.1.1 The de la Vallee Poussin type operators

Recall that the reproducing kernel of the space of I1¢ is given by

n

kE+ A -
Gn(xy)zz A C’]i\(il?y)? QT’yGSd g

k=0

By the addition formula for spherical harmonics, we have

"
G =" c,g<1):/gd_l Gz - y)Pdoly) = dmT?, ze s (.11
k=1

Denote by P, the space of all univariate algebraic polynomials of degree at most n. Then for

each z € S 1,

Pa(1) = /Sd—l Po(z - y)Guly - x) do(y) = Cd/ P, ()G (t)(1 — tz))\_% dt, (3.1.2)
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where

F(g> ' 2\A—1 !
iy e R 1—t5)""2dt) . 3.1.3
o= = ([0 -0 ) G.1.3
Definition 3.1.1. Forn € Nand f € L'(S?1), we define the de la Vallée Poussin type operator
V. by
Vaf(@) = | f)En(e-y)doly), =S,
d—
where
1
(0= gy Cerraon(OGan(t)

and d; is the largest integer < d%.

Theorem 3.1.2. The operators V,, defined above have the following properties:
() V.f € H?H%)n C 114, for each f € L}(S41).
(i) V,, P = P for each P € T14.

(iii)) Foreach1l < p < oo,

||VnH(p,p) = ”?‘l‘llil [Vafllp, < 10.

Proof. (i) By definition, K, is an algebratic polynomial of degree at most (1 + 2d;)n. Thus,
V.f € ¢ for each f € L'(S*1).

(142d1)n

(i1) Expanding the function K, in terms of Gegenbauer polynomials, we have

(1+2d1)n .
1 AT A
Klt) = ——— 3 aa(j)——CNb),
( ) dl Hgln = a (j) )\ ]( )

where

an(j) = 0—(1) / Goasagn )G (C ("0,

dp* (t) = cq(1 — t2)*~2 dt, and the constant cg is given in (31.3).
If0 < j <n,then Gg,n(t)C}(t) € P(g,4+1)n- and hence using (B-1.2), we have

: 1 : .
an(]) = C)\—(l)Gchn(l)Oj)\(l) = Gdln(l) = dlmﬂgm, 0< J < n,

J
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which implies (i1).

(ii1) It is enough to show that

Lui= swp [ |Koa-p)ldoty) < 10,
gd—1

zeSd-1

Indeed, using (3.1.1), we obtain

1
(dim 114, n=/|quﬁmammwmw

< ([ 1Gasanrar®)’ ([ 1Gamorar o)

= \/dlm San) dlm(Hgln)

It follows that

dim Hde n

L, <{| ———————
- dim Hgm

Let Ny = din and Ny = Nj + n. Then using (I.0.TT)), we obtain

L2:2N2+d—1ﬁ<Nz+j):2N2+d—1'ﬁ(1+ N, )
" 2N1+d—1j:1 Ni+j 2N1+d—1j:1 di(Ny + j)

<(1+ dl(szTd - 1)) (1 ﬁ)u <(1+ d%)dl

If d > 8, then
1\ d—1 9 Nd-1 4
1 —) <(1 —) < 22 < 10.
(1+g) =(+gm) =3¢«

On the other hand, a straightforward calculation shows that

1 \d—1
max <1 n ) — 2% <10,
3<d<7 dq
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3.1.2 An average operator

Definition 3.1.3. For 6 € R, we define the average operator Ay by

Apf(z) := /So(d) F(Q*MyQx)dQ, z € S*,

where d() is the normalized Haar measure on SO(d), and My is a d x d matrix given by (1.0.14).
For o, § > 0, write

_ P(x)

ROA () = Lo _2),
@) = pm)

Theorem 3.1.4. (i) For 1 < p < oo, sup s _; [[Aefl, = L.

(i) Foranyf € Rand f € L*(S%1),

projn(Agf) = an(COS 9) projn f7 n = 07 17 ) (315)
where
A+ % /1 A=32-3) AL
ap(vr) = —=— R, *7 ° —z)" 2dy, e |—1,1].
() Ot ), () (y — )" 2dy =11

Lemma 3.1.5. Foreach f € L*(S*™ ) and1 <m <d -2,

f(z)do(w) = cm / [ / o, /T = o) dor(w)] (1 lul?) 5 du,
Sd-1 m §d—m—1
where B™ .= {y e R™ . ||ly|| < 1}, and

n= ([ 0=l )

Theorem [3.1.4 was proved in [21]|. Here we give a relatively simpler proof.

Proof of Theorem[3.1.4] Clearly, (i) follows directly from the Minkowskii inequality and the

rotation invariance of do(z) on S?!. We only need to prove (ii).
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First, it is easily seen from (T.0.12)) that

A@Tp = TpAg, Vp c SO(d)

This means that Ay is a rotation-invariant bounded linear operator on L?(S%1).

Thus, Ay is a multiplier operator with respect to the spherical harmonic expansions on S~ 1;
that is, there exists a bounded sequence {s;(0)}5>, of real numbers such that for any f €
L2(S4),

proj, (Agf)(z) = pn(0) proj, f(x), Yo € S n=0,1,---. (3.1.6)

Next, we determine the sequence {1, (0)}°%,. Let e € S*~! be an arbitrarily given point on

S%1, and let f(z) := C}(x - €). Then f € H,, and (B-1.6) with x = e implies that

1 (6)CA(1) = proj, (Aaf)(e) = "2

[ At @)Cle- e dota)
= j)t : /Sd—l :/SO(d) C’?<(Q71M9Qx) ' e) dQ} Cule - z)do(z)

-- J)t A /Sd—l :/sow) OTAL((MW) ' Qe) Ca(@e- y)dQ} do(y)

- ot A /S N /S (o Moy) C - y)dr(a)] dr(y)

= [ €l Muw) i),

where we used (I.0.12)) and the change of variable y = Qz in the fourth step, (I.0.13) in the
fifth step, and the fact that %’\CQ (x - y) is the reproducing kernel of the space H¢ in the last
step.

Now for each y € S41,

d
y- Moy = (yi +y3) cosb+ > yi = (1~ [[ull*) cos§ + u]?,

Jj=3
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where u = (Y3, Y4, -+ , Ya). Thus, using Lemma with m = d — 2, we obtain

C

/ CMy - Myy) do(y) = ¢ / CM(1 = [[ull?) cos b + [[ul]?) du
Sd—l Bd—2
1
/ CAM(y)(y — cos )3 dy.

0s 0

1
=c| O 1—t)cosf+ )M 2dt = ——n——
/0 ( ) ) (1 — cosf)*z

It follows that

c
nll) = ——17
pn() (1 — cosf)Mz

n

L0 s
| R cosop -ty

os 6

Finally, since limy_,o Agf = f, we have
c
1= 1 =
MmO = 3T

N =

Thus, c = A + 1.

3.2 Proof of Theorem [1.0.11]

3.2.1 Proof of inequality [1.0.22]for r = 2

In this subsection, we shall prove
Theorem 3.2.1. Let f € LP(ST ) if 1 <p < ocor f € C(S*1)ifp= oo. Then

En(f)p < 5w2<f%d>p, n=1.2,-.

For the proof of Theorem [3.2.1] we need to introduce the Newman-Shapiro operators on the

sphere S¢~!. Form = 1,2, ---, we set

Bp(t) = 'ym[f_;\lg;ii]z te[-1,1],

2 and v, > 0 is a constant

where 7,, := cosb,, is the largest zero of C)(t), 0 < 6, < 5
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normalized by

/ Bp(z-y)do(y) =1, = €S
Sd—1

It was shown in [31]] that
kE+ A
Bu(t) =Y amykTC’,;\(t), te[-1,1, m=1,2---,
where a,, ; > 0 for 0 < k£ < 2m — 2, and
. o Om
Amo =1, ap1=1—2sin 5 = coS 0, = N (3.2.1)

Moreover, the zero 7, satisfies (see [[27]))

CA+1)(2A+5)

1— 13, =sin®0, < 3.2.2
hm = SI0 2m(m +2X\) + 2\ + 1’ ( )
which in particular implies that
d—1)(d+3
O<1—am1:1—nm<1—nfn<w. (3.2.3)
’ 2m2

Definition 3.2.2. For a positive integer m and f € L'(S?1), we define

S f(x) = /07r Ag f(x) B (cos 0)dug(6), = €S,

where

™ 1
dpg(0) = cgsin®?0df and cq = </ sin?—2 9(19) )
0

Lemma 3.2.3. Let 1 < p < co and f € LP(S?1). Then for any positive integer m, S,,f €
g ., and

d
If = S fll, < 5w? (f, E>p' (3.2.4)

50



Proof. First, it is easily seen from Lemma that S,,f € 114, and Agf = A_4f. Thus

|f(z) = Smf(x)] = ’/ — Agf(x))B(cos ) d,ud(e)‘
=3 )/ — Agf(z)) — Afef(x)} By, (cos0) dud(Q)‘
/0 [/SO( )TQ*lM,gQ(I — To-1m,q)  f(2) dQ] B, (cos6) d,ud(Q)’,

T2

By the Minkowskii inequality, we then obtain

I = Suflls < 5 /W[/So(d)Hu—TQ1M9Q>2prdQ]Bm<cose>dud<9>
1

< 5/ B (cos 0)w?(f,0),dug(0) =: Iy

For any m > d, Choose n = [%], then % —1 <n < % and 1 4 7

(iii), we have

( )2 < 5, and using Lemma

Ly <WH(f,n ), /W(l 4+ n260%) By, (cos 0) dpg(6)
0

2 T
<[1+ 5w / (1= c08.0) By (cos O)dpa(0) | 2(f,n )y = Lo
0

Since the function y — - y is a spherical harmonic of degree one on S?~! for each fixed
z € S, it follows from (3.2.3) that

/Oﬂ(l — cos0) By, (cos0)dpug(0) =1 — (- y) B

—1-a, < UEDUES) 2y

Thus,
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Proof of Theore[3.2.1] Let m € N be such that m < 2m —2 < n < 2m — 1 < 2m. Then

4 < 9d
m n

EoDo < I = Suflly < 52, ), < 52(7, 20,

3.2.2 Proof of inequality [1.0.22]for > 3

The case for » = 2 has already been proven in the last subsection. We need to prove that for
r >3,
d3
En(f)p < Cu (,5) | ¥ € IS, n=1,2,-, (3.2.5)
n/’p
Let n; € N be such that nyd?> < n < (n; + 1)d?, and set g := f — V,,af. Since V,,af €

¢ » C 1Y, we have E,(f), < ||gll,- Thus, it suffices to prove that

d3
l9ll, < Cow" (f, —)p- (3.2.6)

n
Since V,,, f € IIZ ,, we have V,, Vi, af = VidVo f = Vo, f, and

ang = me - vmdvmf = 0.

It follows that

d d?
lglly = llg = Varglly < cBusl9)y < Cu(9. ) <Cu?(9.5) . (32D
ni/p n/p
On the other hand, by inequality [3.3.]
2m¢ r ')
w?(g,t), < crt2/ %;)U)p du + cT2Tt2||g||p/ u™? du
t U 2mi

< 6w (g,2")p + 627 lgll, < 2V (g, 1), + e 27 gl
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Hence:

lglly = 1lg = Vaugllp < 2010 + 1) By (9), < 2245 5 2%2(

3 3

d d
< 440w? (g, —) < 440¢,20m TG (g, —), 4 4406272 gl
n/’p n

Selecting m: 1 < 440¢,272m+" < 1 then
llglly < 880c,2" (4 % 440¢,2")"2w" (g, — ),
n
Thus, to complete the proof of (3.2.6), it suffices to prove that

w'(g,t), < 11w"(f,t),, Vt>O0.

Indeed, by definition, w"(g,t), < w"(f,t), +w" (Vs,af.t),. However,

W' (Vayaft)p = sup (I —=TQ) Viaflly = sup [[VaaI —T0)" fllp
QeO(t)

QeO(t)
<10 sup [[(I —Tq)" fll, = 100" (f, 1),
QeOo(t)

Denote D, = 880c,2" (4 * 440c,27)"/2. Then

T d3
En(f)p < Hng < 11D,w"(f, g>p

3.2.3 Proof of the matching inverse inequality [1.0.23]

Proof. We need to prove

w"(f, n_l)p <Cn™" Z k’”_lEk(f)p.

k=1

(3.2.8)

The main idea of this proof comes from [22] Theorem 4.1]. Replacing the Delayed mean

53



for spherical harmonics by the de la Vallée Poussin type operator V,, in the last step, with
Bernstein’s inequality, we can get the proof of this inverse inequality.
It is enough to prove this result for n = 2. Assume the result is true for cases of n = 2™,

then forn : 2™~ 1 < n < 2™,

2777.71

wT(f, n—l)p S wT(f, 2—(m—1))p S Or2_T(m_1) Z kr_lEk(f)p

k=1

S Crz—rm Z kr—lEk(f)p

<O K TUE(f)p
k=1

Forn = 2™, given f andeach j : 1 < j < n, we choose P; € H;l satisfies || f — P, < 2E;(f),.
We have

w'(f,1/n)y W (f = Pa,1/n)p + W' (Po, 1/n)y < 27| f = Pullp + w" (P, 1/n),
and

W' (P,,1/n), Z (Pyis1 — Py, 1/n), +w"(Py,1/n),
j=0
P, is a constant, hence w”(P;,1/n), = 0. In order to prove the result, we only need to show

that for any spherical harmonic g;, of degree k,
1ALkl < CEE gl for p e O)

with C' independent of ¢, k£ and d. We first prove cases for » = 1 with p = oo and p = 1. Then
use induction and interpolation theorem to get the result as A;_l g 1s also a spherical harmonic
of degree k.

In the case of 7 = 1 and p = oo. For each fixed point z € S?!, we may connect pz and

x by the part of circle created by the intersection of S?~! with the plane generated by vectors x
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and pz. On that circle, gi(y) = Tk () is a trigonometric polynomial with 7}(0) = gx(x) and

Ty (t1) = gr(px), px - © = costy > cost. Hence, with Bernstein’s inequality,

|95 (pz) — gi(x)| = [Ti(tr) — Te(0)] < t1|Ti(c)| < 01k || Tl oo

< t1kl|gklloc < tkllgrllo

In the case of r = 1 and p = 1, we have

[8pgklly = sup [(Bpgr, g)l = sup [(Vi(Dpgr) 9) = sup [(Dpgk, Vil9))]

lglleo=1 llglleo=1 lglloo=1

= H s”up [(gr, DpVi(9))] < H S”up gkl 12, Vi(9) oo < H S|»|up gl 1tk || Ve(9) |l
glloo=1 gllo=1 glleo=1

< sup 10tk|gilhllgll < 10tk||gills

llglloo=1
Therefore,
m—1 m—1
W' (P, 1/n)y <) W (Pyer = Py, 1/n)y <C Y 0 270 || Pyn — Py,
j= J=0
m—1 m—1
<C Z n U+ (E2j+1(f>p + Ey; (f)p> <G Z n~T2r Y (EQﬁl (F)p+ Bz (f>p>
j=0 Jj=0
m—1
<, n~r2r=1i <E2j+1 (fp + Eoirr 1 (f)p+ -+ Ezj(f)p)
j=0
m—1 27+1 n
<C.) n ( > I E( f)p) =Con ") KT E(f),
j=0 =27 k=1

Hence:

n

w"(f, nil)p <Cn" kT*IEk(f)p.
k=1

with C, = 10727

3.3 Proof of Marchaud inequality [1.0.18]
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Proof. For the polynomial g(z) := [1—27%(x+1)*]/(x—1) of degree k— 1, we have (z—1)* =
27%(2? — 1)F + g(x)(z — 1)**1. Replacing x by the translation operator T}, with p € O(t), we
obtain

(T, - I)k = 27k(Tp2 — I)’l‘C +g(T)(T, — [)k+1

For ¢(T),), we have M := ||g(7},)||, < k/2, therefore:
185 Fllp < 271 A% fllp + MIAGT Fll, < 27 A% fllp + Mo (1),
Repeating this process, we obtain

|45 £l < 2787 fll, + MY 275w (£, 290),

j=0
Taking m — oo, we obtain:
S i1\ — j > wk+1(f7 U)
WH(f, ), < MR " (208) Rk (f,27t), < C’O(k)t’“/t uk—ﬂp du (3.3.1)
§=0
where Cy(k) = %Qm Finally, we obtain the marchaud inequality via induction on r. As-

sume the marchaud inequality is true for 7, from (3.3.1)), we obtain:

) < Colk)EE /too W% g,

uk—f—l

o N
< Co(k)tk/ uklu’"/ oL/ (f: 2 dz du
t [

Z'r+1

oo, r+1 z
:C’D(kz)tk/ m/ w1 dudz
¢ t

Zr+1

< Co(k)tk /Oo m du

uktl

As there exists Q € SO(d) and Skew-Symmetric matrix My such that p = Q 'MyQ and
P =Q ' MyQ € O(jt).
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By induction, we have

W f,u)p

V' (f. 1), < C(m)t" / L gy (33.2)

t

with C(m) = Co(r)Co(r + 1) - - - Cop(m — 1).

(), < Oy [~ gy

urJrl

_ [P (fL ), [ W (f, ),
= C(m)t /t — = du+ C(m)t /2 = gy,

lt 'U/T—l—l
C(m)

r

2" £l

There exists ¢ such that || f — co||, < 2infeer ||f — ¢|l, = Eo(f),. By Jackson’s inequality, we

have (C. is a constant from Jackson’s inequality.)

I1f = colly < 2inf I ell, = 2E0(f),

< Cw"(f,d®), = Cw"(f, ),

1
S Crwr(f — Co, E)p
2l m 7 CrC
< C,C(m)t" / - lfif%dqu T(m>2mlru f = <ol

t

Choose [ large enough such that

A~ =
<
DO | —

Then

. ol wm f,u
1f = coll, < 2C,C(m)t / #du

t
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2t m
W(f )y = & (f — cort)y < Clm,r)t" / S g,

t

Denote M, = 2t > 1, (if My < 1, proof ended) then for any s, % <s<1

r Mowm(f’u) T, m m mT m
t/l M—deugth (f,ﬂ)pﬁc(g) t"w™ (f,5)p

< C2m)™Wm(f,s), < Ct" /1 mdu

1 ur—i—l
2

Thus, we obtain:

! wm<f7 u)P

wr(fa t)p <G (m)tr / o1 du7
t

ur—i—l

3.4 Equivalence with K-functionals

Recall that the »—th order partial derivative in Euler angles is defined by

Dy f(x) = (%)r<f(Q‘1Mth)>‘ , zest,

t=0

forr € N, f € C"(S%1) and Q € SO(d). r-th order K-functional of f € LP(S%1) is

K (f.1), = inf{Hf—ng+t’" sup [ Dpglly: g€ CT(SH)}, t>0.
QeSO(d)

forr € Nand 1 < p < oc.
Lemma 3.4.1. Let r € Nand Q € SO(d). Then the following statements hold:
(i) Foreach 6 € R,

DTQTQflMGQ = TQflMgQDE)'
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(i) Forx = (z1,29,-- ,74) € St and f € CH(S1),
(T, 'DoTo) f(x) = Diaf (x) := 2201 f (x) — 210, f (). (3.4.1)
(i) If f € C"TY(S471), then

Dy f(z) = Do(Dyf) (x), =S

(iv) The operator Dy, is invariant on the spaces of spherical harmonics; that is, DoH, C H,

Jforn =0,1,---. In particular, this implies D;,V,, = V;, Dy,

Proof. (i) For 0 € R, set p(0) := Q 'MyQ. Clearly, p(6; + 62) = p(61)p(hs) for any
01,0, € R. For f € C"(S%!), we define

Fy(0,2) = f(p(@)z), 0 €R, xS

Then
Dy f(z) = 01 Fy(0, ).

Moreover, for any 61,60, € Rand x € Se—1,

Fy(0y -+ 02,2) = f(p(01 + 02)2) = f (p(61)p(02)x) = Fy(61, p(6)x)

= (T f) (p(01)2) = Prp, (61, 2).
Differentiating with respect to ¢, then gives
01 Fr(6h + 02, 2) = 0] Fy(bh, p(62)x) = 8{FTP(92)f(91,x).
Setting #; = 0 and 0, = 60, we deduce
01 F4(0, p(0)x) = 0} Fr,, £ (0, ),
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which implies
Ty0)Do f () = (DT ) f) ().
This shows (1).

(i1) By definition,

To DaTof () = DT f(Q ') = o [(Tu )@ Mar) |

— %(f(Mﬁ)) L:o = Dia f(z).

(iii) It is known that D' = D7, Dy,. Thus,
Dy = ToDi3' T, = Ty DT, ' Ty DY, T, = DDy,

(iv) It is known that D15 is invariant on each space H,, of spherical harmonics. Since each

space H, is also rotational invariant, it follows that
DoHMyn = ToD1T, He C Hy.

Since every multiplier operator restricted on each space H,, is a constant multiple of the

identity operator, it follows by linearity that Dy commutes with every multiplier operator. [

Lemma 3.4.2 (Bernstein). Foranyr € N, 1 < p < oo and f € 114,

sup || D fllp < n"[|f],- (3.4.2)
QeSO(d)

Proof. 1t is known that for each 1 < p < oo,

1D llp < n"llfllp, VS € T3,
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Thus, using (3-4.1)), we obtain that for each 1 < p < oo, f € II¢ and Q € SO(d),

DGl = 1T Do T fllp = 1D To-1 fllp < n[[To-1 fllp = "1 f]lp-

]

Theorem 3.4.3. Ifr € Nand 1 < p < o0, then there exist a constant C,. > 0 depending only

on r such that for all f € LP(S* ') and t € (0, 1),
CoUE(f,d7°t), <w'(f,1)y < (£, 1), (3.4.3)

For the proof of Theorem [3.4.3] we need a few lemmas.

Lemma 3.44. Let 1 <p < oo, r € Nand M € M. Then for any f € Hg,
NPl < Cow" (f,n ), (3.4.4)

Proof. For the moment, we assume that p < oo. Since DTQ = ToD{,Tg-1, setting g = Ty f,

we have

IDLFIE = [ Dingl? = ca / / |D%g(v/T = B (cos 6, sin 6), w)Pdfdu

2m
= Cd
Bi-2 Jo

e (9) " dbdu,

where

T.(0) := g( 1-— ||u||2(cosé’,sin9),u>7 6 € [0,2n], ue B2

Since g € T1¢, it is easily seen that for each fixed u € B¢ ~2, T, is a trigonometric polynomial

of degree at most n. Thus, by the Stechkin inequality, we obtain that for each u € B4~2,

([

1

rowlw) <o ([ sy miopa)’
0
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where
r

AT, (0) = r (,)(—1)J’Tu(0+jh), 0,h € R.

J

J

However, by the dfinition, it is easily seen that
NYT,(0) = A?th< 1 — |lu||?*(cos O,Sine),u).
Thus, we get

27
wIDGAI < Crea | [ |85, oV TulP(cost.sing), ) dod
Bdi-2 Jo "
:C’f,’/ ANY: lg(x))pdm:Cf/
§d—1 n

Sd-1
— P
_c,,/
Sd—1

A slight modification of the above proof works equally well for p = co.

P
TQAMlilTélf(x)‘ dx

p
ATQfanlef(x)) de < CPW(f, n_l)g.

]
Proof of Theorem[3.4.3] First, we prove that for any g € C"(S%" ') and ¢t > 0,
w"(g,t)y <t" sup || Dggllp- (3.4.5)
QeSO(d)

Let p = Q1 MyQ with Q € SO(d) and 6 € R. For each fixed x € S, define
T.(t) = 9(@~ MiQa), tE€R,

Then

TO)(1) = (%)Tg(Q‘lMth), teR.
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Thus, for any z € S 1,

Apg(x) = /[oe]r T (uy 4 ug + -+ - 4w, )duy - - - du,
= <Q>Tg (Q_IM Qx) duy -+ -du
0,07 \Ot Uttt 1 r

It follows that

[ALgll, < /[o,e}r (%)rg(Q_lMuﬁerurQ')

< 0"[IDggllp-

duy - - - du,
P

This proves (3.4.3).

Next, we show that

W(ft), < C.K . (f, 1), (3.4.6)
Let g € C"(S% 1) be such that
Hf - ng +1t" sup ”,DTQQHP < QKT(JC: t)z?'
QeSO(d)

Indeed, by (3.4.3)), we have

W (fot)y SW'(f = g,t)p +w (g, t)p < Cellf = gllp + Cw'(g, 1)y

<Colf —gll, +Ct" sup HDggg”p < Cr K (f, 1)y
QeSO(d)

Finally, we show that

K. (f, td™®), < Cw"(f,1), (3.4.7)

Let n be the largest integer s.t. n — 1 < &3 ~'. Let P, € II¢ be such that E,(f), =

| f — Pyl|p- Using Lemma [3.4.4] we have
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K (f,d7%t), <||f = Pull, + 27" sup [ DGP|,
QeSO(d)

< En(f)p + Cow" (P, n_l)p < CTEn(f)p + Crw"(f, n_l)p

< O (fdPn ), < G (1),
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