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Abstract8

Elucidating the mechanism of the effect of phosphate (Pi) uptake on the growth of algal cells

helps understand the frequent outbreaks of algal blooms caused by eutrophication. In this paper,

we formulated a comprehensive mathematical model to describe the Pi uptake process of algae

incorporating two stages and the transport time delay. The model parameter values are obtained

by fitting the long-term experimental data of Prorocentrum donghaiense under Pi-sufficient at 20

◦C and validated by the experimental data of the proportion of intracellular Pi to the total Pi.

Numerical results show that the model reproduces the general characteristics of algal growth and

Pi uptake process under Pi-sufficient. According to the experimental and mathematical results, the

time delay spent from the surface-adsorbed Pi pool to the intracellular Pi pool is a physiologically

plausible mechanism leading to the oscillations of algal cell quota. These results will be helpful for

resource managers to predict and deepen their understanding of harmful algal blooms.
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1. Introduction11

Harmful algal blooms (HABs) caused by abnormal proliferation or high biomass accumulation or12

other toxic microalgae at the sea surface or in the water column have brought deleterious impacts13

on aquaculture, fisheries, tourism, human health, and components of aquatic ecosystems (Anderson,14

1997; Anderson et al., 2012; Hallegraeff, 1993). About 300 species of phytoplankton are the bloom-15

forming species, while only 40 or so species have the capacity to produce potent toxins, and most16

of them are dinoflagellates (Hallegraeff, 1993). The coastal water in the East China Sea (ECS)17

and Yangtze River Estuary (YRE) is one of the famous regions with frequent HABs events since18

the 1980s (Chen & Chen, 2021; Yu et al., 2017). The dinoflagellate Prorocentrum donghaiense19

(formerly named P. shikokuense; (Gómez et al., 2021; Lu & Goebel, 2001; Lu et al., 2022)) is a20

major dinoflagellate species that have formed blooms in the coastal waters of the ECS each year21

since 2000 during late April-May (Lu et al., 2022; Tang et al., 2006; Yu et al., 2017; Zhou et al.,22

2017c). The scale (approximately 10000 km2) and length of time (approximately one month) of23

the P. donghaiense blooms have been amazing for some years (Yu et al., 2017; Zhao, 2010). Like24

other HABs, P. donghaiense blooms may be great harmful to the ecosystem and fishery resources.25

This is often due to the accumulation of algal biomass, which produces toxic scum and foam,26

covering other phytoplankton and sea grass beds, and causing animal death through decay and27

oxygen consumption (Anderson et al., 2012). Laboratory and field studies have shown that the28

P. donghaiense blooms are extremely harmful to the survival of zooplankton and scallop (Chen29

et al., 2007; Lin et al., 2015; Shen et al., 2022). Furthermore, during the P. donghaiense blooms,30

the community structure of zooplankton changes significantly, from being copepod and jellyfish-31

dominated to small jellyfish-dominated (Lin et al., 2014), and it is well known that copepods are32
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the main food source for many fish larvae (Uye et al., 1999). Therefore, elucidating the growth33

characteristics of P.donghaiense will help better to understand its possible effects on the ECS and34

YRE ecosystems.35

Due to widespread nutrient loading such as phosphate (Pi), the eutrophication of aquatic e-36

cosystems throughout the world leads to the appearance of HABs (Anderson et al., 2002; Xiao37

et al., 2019; Zhou et al., 2017b). In the ECS and YRE, diatom blooms and dinoflagellate blooms38

often appear alternatively (diatom-dinoflagellate-diatom) from April to August, where Pi plays an39

important role in this succession. Diatom blooms (such as Skeletonema costatum) occur in early40

spring when Pi is sufficient because diatom has a greater advantage in Pi affinity, and the growth41

demand for Pi is also higher. Therefore, the growth of diatom algal blooms quickly collapses after42

Pi depletion (Ou et al., 2008; Zhou et al., 2017c). Dinoflagellates blooms such as P. donghaiense43

blooms have been observed in the coastal waters of the ECS from late April to June after diatom44

blooms when the Pi is insufficient because P. donghaiense has lower thresholds of Pi and could45

make good use of the metabolized dissolved organic phosphate or phagocytose the organic debris46

(Ou et al., 2008; Yu et al., 2017). This can be verified in the research by Lu & Li (2006), where47

the authors obtained that the luxury coefficient of Pi (RP = Qmax/Qmin, 4.3) of P. donghaiense48

was higher than that of S. costatum (2.5), and its growth potential of storage Pi (tP = lnRP/µmax,49

2.08 day) was higher than that of S. costatum (0.53 day). This also indicates that Pi is a nutrient50

limiting phytoplankton biomass, which plays an important role in the long-lasting spring bloom of51

P. donghaiense in the ECS and YRE (Shen et al., 2019; Yu et al., 2017). Thus, by studying the52

uptake of Pi by algae, we can find an effective way to control algal bloom formation and biomass53

accumulation (Kilham & Hecky, 1988; Parslow et al., 1985; Schindler et al., 2008).54
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The previous studies on Pi uptake by algae commonly focus on various culture environments55

such as external Pi concentration, illumination intensity, flowing rate, and temperature (Robarts56

& Zohary, 1987; Shen et al., 2016; Shi et al., 2015), and partition the growth of algae, especially57

in bloom, into four phases: slowly-growing, exponentially-growing, stable, and dissipation phases58

(Tester & Steidinger, 1997). In a field survey covering the process of a P. donghaiense bloom in59

the coastal waters of ECS from 9 to 20 May 2016, we observed the oscillation phenomenon in the60

cell density of P. donghaiense (Shen et al., 2019). It seems crucial to understand the mechanism61

leading to oscillations in the algal growth process since it could provide a new perspective to the62

research on the specific Pi demands and abilities to assimilate Pi by algae which helps predict algal63

blooms more accurately (Droop, 1983). However, as far as we know, few studies paid attention to64

the oscillations of cell density and cell quota appearing during the algae culture (Caperon, 1969;65

Cunningham & Maas, 1978; Droop, 1983; Muhammadu et al., 2017).66

Additionally, recent researches have shown that there are two Pi pools, surface-adsorbed Pi (AP)67

pool and the intracellular Pi (QP) pool in the microalgae (Jiang et al., 2019; Jin et al., 2021; Sañudo-68

Wilhelmy et al., 2004; Xing et al., 2021; Yao et al., 2011; Zhou et al., 2017a). Sañudo-Wilhelmy69

et al. (2004) suggested that AP may be part of a two-step process in which surface adsorption is70

followed by internalization in the QP pool. Partitioning the total Pi into AP and QP is essential to71

study Pi uptake kinetics of algae. This is contrasted with the studies only that consider transport72

from the substrate into cells (Saxton et al., 2012). Jin et al. (2021) showed that the cell-associated73

Pi content of phytoplankton washed with oxalic acid was significantly lower than that of unwashed74

phytoplankton. This result indicated that the cell surface Pi pool removed by oxalic acid reagent has75

a non-negligible proportion in the total Pi pool of phytoplankton cells. In addition, new evidences76
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demonstrate that phytoplankton Redfield ratios are strongly affected by partitioning total Pi into77

surface-adsorbed and intracellular Pi pools (Button, 1978; Fu et al., 2006; Sañudo-Wilhelmy et al.,78

2004). Thus, the considerations of both surface-adsorbed and intracellular Pi pools may be required79

since Redfield ratios in the ocean reflect the chemical composition of N-fixing organisms (Kay &80

Mahlburg-Kay, 1991). Finally, in the modeling process of Pi uptake kinetics, distinguishing the81

surface-adsorbed Pi pool and intracellular Pi pool can more accurately reflect the characteristics of82

Pi uptake by phytoplankton (Gao et al., 2022; Jiang et al., 2019; Yao et al., 2011).83

In this paper, we first develop a novel two-stage Pi uptake model incorporating the time delay84

spent from the surface-adsorbed Pi pool to the intracellular Pi pool. Then the model is calibrated85

and validated by the long-term experimental data of P. donghaiense under Pi-sufficient at 20 ◦C.86

Furthermore, combining with the experimental and mathematical results, one plausible physiology87

mechanism leading to algal cell quota oscillations is proposed. Finally, the ratio of intracellular Pi88

to total Pi is also discussed since the study of stoichiometry flexibility on total Pi partitioning helps89

understand the specific Pi uptake process of algae.90

2. Materials and methods91

2.1. Model description92

Phosphate uptake by algae may be seen as a two-stage process. Firstly, Pi in the substrate is93

adsorbed on algal cell surfaces and stored in the AP pool. Secondly, surfaced-adsorbed Pi enters the94

QP pool through the active transport of membrane and then is assimilated to form newborn algal95

cells. In this paper, A (108 cells L−1) represents the algal cell density and N (µmol L−1) represents96

the Pi concentration in the substrate. S (10−8µmol cell−1) and Q (10−8µmol cell−1) represent the97
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cell quota of AP and QP, respectively.98
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Figure 1: Two-stage model concept map. Boxes represent levels; circles represent rates; diamonds and square brackets

are auxiliaries and shadow variables, respectively. There is a delay τ in the transport process from AP to QP. The

biological meanings and functions of these notations in Fig. 1 are shown below the brace in model (1).

In the early Pi uptake model proposed by Droop (1973), it is assumed that the algal specific99

growth rate (µ) is a function of the cell quota of intracellular Pi:100

µ = µmax

(
1− Qmin

Q

)
,

where µmax is the maximum growth rate of algae, Qmin is the minimum cell quota of intracellular101

Pi. Empirical evidence shows that the Droop form describes data more accurately than the Monod102

form (Wang et al., 2022). Under fixed light intensity, the self-shading among algal cells will limit103

its growth rate with the increase of algal cell density. Therefore, the algal specific growth rate can104

be rewritten as:105

µ = µmax

(
1− Qmin

Q

)
(1− A

K
),
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where K is the constant carrying capacity that depends on external factors bounding algae density106

(e.g. light and nutrients). The loss rate of algal cells due to natural mortality is assumed to be107

proportional to its density and determined by the death rate e. So the change rate of A can be108

expressed as:109

dA

dt
= µA− eA.

We assume that the Pi adsorption by algal cells is a single-layer process, and surface-adsorbed110

Pi can be desorbed into the substrate with a rate of Kd. The Pi adsorption rate of algal cells is111

limited by the surface area of algal cells and the density of sorption sites, i.e., there is a saturated112

concentration of Pi on the cell surface. In addition, the adsorption rate of Pi by algae was also113

affected by the Pi concentration in the substrate. Here, to simplify the model, we assume that the114

surface properties of algal cells (e.g. cell size and density of sorption sites) are uniform and ignore115

cell-specific differences. Based on these assumptions, the Pi adsorption process can be described by116

the following function,117

Ra = KaS

(
1− S

Smax

)
N

N +Kn

,

where Ka is the adsorption rate, Smax is the maximum cell quota of surface-adsorbed Pi, Kn is118

the half-saturation coefficient of algal nutrient adsorption. Since the surface-adsorbed Pi pool and119

intracellular Pi pool are considered two separated compartments, so the transport rate from the120

AP pool to the QP pool can be described as one-order rate compartment model (Cembella et al.,121

1984; Droop, 1983):122

T = γS,

where γ is the maximum specific nutrient uptake rate of algae. Furthermore, the transport process123

of Pi is also controlled by the feedback of the size of the intracellular Pi pool, which can be described124

7



by the below sigmoid feedback function (Flynn, 2003; John & Flynn, 2000; Yao et al., 2011):125

F (Q) =

(
1− Q

Qmax

)4
(

1− Q
Qmax

)4
+Kq

,

where Qmax and Kq are the maximum cell quota of intracellular Pi and the constant in the feedback126

function, respectively. Thus, the transport rate T can be written as:127

T = γ

(
1− Q

Qmax

)4
(

1− Q
Qmax

)4
+Kq

S.

With the division of algal cells, the cell quota of surface-adsorbed Pi will be diluted accordingly,128

and the dilution rate is proportional to the specific growth rate µ (Wang et al., 2007). Thus the129

change rate of S at time t can be described as:130

dS

dt
= Ra − T − µS.

In addition, the time delay τ from AP pool transport into the QP pool should be considered131

when researching the Pi uptake process of algal cells (Fu et al., 2006). Hence, at time t, the final132

form of Pi uptake rate per algal cell is133

Tτ = γ

(
1− Qτ

Qmax

)4
(

1− Qτ

Qmax

)4
+Kq

Sτ ,

where the notation Qτ means Q(t− τ).134

In order to make our model closed, a new process variable M (10−8µmol cell−1) is introduced to135

represent the cell quota of Pi in the transport process. Due to the existence of the transport delay136

of Pi from the cell surface into the cell, the change rate of M at time t can be expressed as:137

dM

dt
= T − Tτ .
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Table 1: Parameters in model (1).

Parameter Units Explanation

µmax day−1 Maximum specific growth rate of algae

Qmin µmol cell−1 Minimum cell quota of intracellular Pi

K cells L−1 Resource carrying capacity determined by nutrient and light

e day−1 Death rate of algae

γ day−1 Maximum specific nutrient uptake rate of algae

τ day Time needed for Pi in surface-adsorbed Pi pool coming into

intracellular Pi pool

Qmax µmol cell−1 Maximum cell quota of intracellular Pi

Kq Constant in the feedback function

Ka day−1 Adsorption rate

Kd day−1 Desorption rate

Smax µmol cell−1 Maximum cell quota of surface-adsorbed Pi

Kn µmol L−1 Half-saturation coefficient of algal nutrient adsorption

r Decomposition ratio of dead algal cells
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Since the algal cell quota dilution rate is proportional to the algal growth rate (Wang et al., 2007),138

so the change rate of Q with time is governed by Pi uptake rate of algae (Tτ ) and the cell-specific139

growth rate (µ) (Droop, 1973). Hence, the change rate of Q at time t can be described as:140

dQ

dt
= Tτ − µQ.

For the dead algal cells, we assume that part of them can be decomposed and the intracellular Pi141

and surface-adsorbed Pi can be released into the substrate for recycling (Tiwari et al., 2017; Wang142

et al., 2008). Therefore, the change rate of N at time t can be expressed as:143

dN

dt
= reA(Q+ S)−RaA+KdA,

where r is the decomposition ratio of dead algal cells.144

Based on the above assumptions, we have the following novel Pi uptake kinetics model,145 

dA

dt
= µmax

(
1− Qmin

Q

)(
1− A

K

)
︸ ︷︷ ︸

µ: specific growth rate

A

︸ ︷︷ ︸
G: cell growth

− eA︸︷︷︸
D: cell death

,

dQ

dt
= γ

(
1− Qτ

Qmax

)4

(
1− Qτ

Qmax

)4

+Kq︸ ︷︷ ︸
Fq : feedback function

Sτ − µmax

(
1− Qmin

Q

)(
1− A

K

)
Q,︸ ︷︷ ︸

Cd: cell quota dilution due to cell division

dM

dt
= γ

(
1− Q

Qmax

)4

(
1− Q

Qmax

)4

+Kq

S − γ

(
1− Qτ

Qmax

)4

(
1− Qτ

Qmax

)4

+Kq

Sτ ,

dS

dt
= KaS

(
1− S

Smax

)
N

N +Kn︸ ︷︷ ︸
Ra: absorption from substrate

− KdS︸︷︷︸
Rd: desorption

− γ

(
1− Q

Qmax

)4

(
1− Q

Qmax

)4

+Kq

S

︸ ︷︷ ︸
T : Pi transport rate

− µmax

(
1− Qmin

Q

)(
1− A

K

)
S,︸ ︷︷ ︸

Cd: cell quota dilution due to cell division

dN

dt
= reA(Q+ S)︸ ︷︷ ︸
Dr: Pi recycling from dead algal cells

−KaS

(
1− S

Smax

)
N

N +Kn
A+KdSA.

(1)

where the biological meanings and units of parameters are listed in Table 1. The conceptual diagram146

of model (1) is shown as Fig. 1. For the model’s integrity, we introduce the process variable M .147
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However, it dose not affect on the kinetics of Pi uptake. Therefore, the model can be simplified as:148 

dA

dt
= µmax

(
1− Qmin

Q

)(
1− A

K

)
︸ ︷︷ ︸

µ: specific growth rate

A

︸ ︷︷ ︸
G: cell growth

− eA︸︷︷︸
D: cell death

,

dQ

dt
= γ

(
1− Qτ

Qmax

)4

(
1− Qτ

Qmax

)4

+Kq︸ ︷︷ ︸
Fq : feedback function

Sτ − µmax

(
1− Qmin

Q

)(
1− A

K

)
Q,︸ ︷︷ ︸

Cd: cell quota dilution due to cell division

dS

dt
= KaS

(
1− S

Smax

)
N

N +Kn︸ ︷︷ ︸
Ra: absorption from substrate

− KdS︸︷︷︸
Rd: desorption

− γ

(
1− Q

Qmax

)4

(
1− Q

Qmax

)4

+Kq

S

︸ ︷︷ ︸
T : Pi transport rate

− µmax

(
1− Qmin

Q

)(
1− A

K

)
S,︸ ︷︷ ︸

Cd: cell quota dilution due to cell division

dN

dt
= reA(Q+ S)︸ ︷︷ ︸
Dr: Pi recycling from dead algal cells

−KaS

(
1− S

Smax

)
N

N +Kn
A+KdSA.

(2)

2.2. Materials and methods149

2.2.1. Algal culture conditions150

Prorocentrum donghaiense was provided by Douding Lu of the Second Institute of Oceanography,151

Ministry of Natural Resources of the People’s Republic of China (MNR) in Hangzhou, China. These152

algal cells were pre-cultured at 20 ◦C in f/2 medium (Guillard, 1975). The light intensity and light153

: dark cycle of these cultures were 65-70 µmol photons m−2 s−1 and 12 : 12 h, respectively. All154

cultures were performed in an illumination incubator. The cultures were shaken vigorously twice155

times daily within the set time in case the algal cells gathered at the bottom. The algal cells used156

in the following experiments were those cultured to exponential growth phase.157

2.2.2. Phosphate uptake experiments158

The initial cell density of these batch cultures was about 0.15 × 108 cells L−1, and the initial159

Pi concentration is 35.08 µM. Three biological repeats were used in the Pi uptake experiments.160
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A 10 mL sample was collected every 3 days (0, 3, 6, 9, 12, 15, 18, 21, 24, 27, and 30 day). The161

determination methods of N , AP, and QP were based on Yao et al. (2011) and Jiang et al. (2019)162

with slightly modifications. The cell density (A) was counted in accordance with Jiang et al. (2019).163

2.3. Statistical analysis164

The experimental data are presented as the mean ± SE of triplicates, which follows the normal165

distribution with homogeneous variance (Levene tests). One-way ANOVA and Tukeys multiple166

range test were used to analyze the statistical differences between sample days. p values < 0.05167

were considered statistically significant. All analyses were performed using IBM SPSS Statistics168

22.0 (IBM SPSS Software, Chicago, USA), and all pictures are drawn by MATLAB (R2016b).169

2.4. Model calibration and validation170

Based on the long-term experimental data of P. donghaiense, The parameter values of model (2)171

are estimated by the least square method. This process is implemented by the “fmincon” function172

of MATLAB (R2016b). The following objective function is used in this study,173

f(Φ,m) =
1

m

m∑
i=1

costi,

where Φ is a vector of parameters to be calibrated, m is the number of model variables used for174

model calibration at the same time. costi is the model cost of the ith state variable (Adhurya et al.,175

2021; Gao et al., 2022),176

costi =
n∑
j=1

(Xsim
ij −Xobs

ij )2

Xobs2
ij

,

where n is the number of observed values of a variable, Xsim
ij and Xobs

ij are respectively the simulation177

value and the observed value of the ith state variable at day j. After model calibration, experimental178
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data of QP/(QP + AP) (the ratio of intracellular Pi to total Pi) was used for model validation.179

Moreover, the relative errors of all model variables were also calculated to measure the model’s180

fitness. The relative error of the ith state variable of model is calculated by the below equation181

(Marois & Mitsch, 2016):182

REi =
1

n

n∑
j=1

(
Xsim
ij

Xobs
ij

− 1

)
× 100.

3. Results183

3.1. Experimental data and fitting results184

The model fitting results and experimental data of the four state variables of A, N , Q and185

S of P. donghaiense at 20 ◦C under Pi-sufficient condition are shown in Fig. 2. The estimate186

parameter values are listed in Table 2. Table 3 shows the model costs and relative errors for each187

state variable of model (2) during the calibration and validation. It can be seen from Fig. 2, with188

the initial 0.15×108 cells L−1, A declined in the first 3 days, increased slowly in the next 6 days and189

then increased significantly (p < 0.05) from day 9 to day 15 and reached a peak value on day 15,190

finally reached another peak value on day 27. With the initial Pi concentration in substrate 35.08191

µM, N decreased throughout the experiment, rapidly in the first 20 days and slowly in the last 10192

days. With the initial 9.43×10−8 µmol cell−1, Q shows a significant trend of fluctuation (p < 0.05),193

and the fluctuation range is gradually decreasing. With the initial 13.53×10−8 µmol cell−1, S shows194

a downward fluctuation trend during the experiment, and the fluctuation range is also gradually195

decreasing. In detail, S increased significantly (p < 0.05) in the first 3 days, obtained a maximum196

value of 24.57×10−8 µmol cell−1 on day 3, decreased fast in the next 9 days, and then emerged the197

phenomenon of oscillation in the last 18 days.198
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Figure 2: Comparison of model fitted curve and experimental data of P. donghaiense at 20 ◦C under Pi sufficient

condition. (a) cell density (A); (b) Pi in the substrate (N); (c) the cell quota of QP (Q); (d) the cell quota of AP

(S). The parameters of model (2) can be estimated by fitting the four state variables simultaneously, and the values

are shown in Table 2. The experimental data is expressed as mean ± SE.
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Table 2: Parameter values of model (2) estimated from experimental data

of A, Q, S and N in P. donghaiense.

Parameter Unit Value

µmax day−1 0.52

Qmin µmol cell−1 3.8× 10−8

K cells L−1 2.8× 108

e day−1 0.175

γ day−1 2.23

Qmax µmol cell−1 18.8× 10−8

τ day 3.05

Kq 0.23

Ka day−1 1.92

Kd day−1 0.28

Kn µmol L−1 14.3

Smax µmol cell−1 39.5× 10−8

r 0.92
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Figure 3: Validation of model (2) with the data of the ratio of intracellular Pi to total Pi (QP/(QP+AP)). Here the

parameter values from Table 2. The experimental data is expressed as mean ± SE.

Combining model cost and relative error, it can be seen from Fig. 2, Q has the best simulation199

effect among the four variables, with the smallest model cost 0.45. The cell density of algae (A) and200

the substrate Pi concentration (N) also fit well and the relative errors are 1.53 and 0.48, respectively.201

For S, the simulated curve is basically consistent with the experimental data, especially the first202

peak (day 3) and the last 12 days. But, on the day 12 to day 15, the fitting curve of model (2) is203

much higher than the experimental data.

Table 3: Model costs and relative errors of all variables.

State variable Model cost Relative error

A 1.54 10.24

Q 0.45 10.43

S 6.64 24.95

N 0.48 7.61

QP
QP+AP 0.45 1.97

204

16



Furthermore, we use the experimental data of QP/(QP+AP) to validate model (2), where the205

model parameter values are from Table 2 and the initial values of A, N , Q, S, are 0.15×108, 35.08,206

9.43×10−8, and 13.53×10−8, respectively. Fig. 3 shows that the solution of model (2) is well in207

agreement with the experimental data and can simulate the trend of the experimental data. The208

model cost and relative error are 0.45 and 1.97, respectively. The calibration and validation results209

showed that the two-stage Pi uptake model with transport delay could well describe the Pi uptake210

characteristics of P. donghaiense at 20 ◦C under Pi-sufficient condition.211

3.2. Sensitivity analysis212

To provide a comprehensive understanding the influence of different input parameter values213

and their variations on the model results, the sensitivity analysis of model (2) solutions for all214

variables, with respect to some important model parameters, namely, the maximum specific growth215

rate of algal cells (µmax), the minimum cell quota of intracellular Pi (Qmin), the adsorption rate216

of Pi on cell surface (Ka), and the decomposition ratio of dead algal cells (r), respectively. The217

parameter’s baseline values are from Table 2. For this purpose, we derive the sensitivity system of218

the partial derivative of the variable X = {A,N,Q, S} of model (2) with respect to the parameters219

q = {µmax, Qmin, Ka, r} (the detail methods please see Ref. (Bortz & Nelson, 2004)).220

The semi-relative sensitivity solutions (q ∂X
∂q

) for all state variables of model (2) are displayed221

in Fig. 4. It is worth noting that the information presented in Fig. 4 is not equivalent to the222

difference between the solution in Fig. 2 and the solution in model (2) with a slight increase in the223

parameters, but rather depicts a time series diagram of the derivatives of the state variables with224

respect to the selected parameters. From the semi-relative sensitivity solutions, we can observe that225

r has a positive effect on all variables of model (2), with the greatest effect on the Pi concentration226
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Figure 4: The semi-relative sensitivity solutions (q ∂X∂q ) for four variables of model (2), with respect to the important

model parameters, namely, the maximum specific growth rate of algal cells (µmax), the minimum cell quota of

intracellular Pi (Qmin), the adsorption rate of Pi on cell surface (Ka), and the decomposition ratio of dead algal cells

(r), respectively. The parameter values are shown in Table 2.
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in the substrate. For the other three variables, the effect of r is very small in the early stage but227

with an increasing effect over time. This may be because Pi in the substrate is heavily consumed228

by the early stage of the experiment, thus the decomposition of dead cells becomes an important229

Pi source for cell growth in the last stage of the experiment. Furthermore, we can observe that230

µmax and Ka have positive effects on algal cell density, while Qmin plays a negative role. In the231

initial stage, the three parameters had little effect on cell density, gradually increased over time,232

and finally decreased. The effect of µmax on cell density reached the maximum value at day 20233

(Fig. 4a), and a doubling of µmax will yield an increase of cell density of about 2.28 × 108 at this234

time. The effect of µmax gradually decreased after day 20, which may be due to the growth rate of235

algae is mainly limited by light and resources at the last stage of the experiment. Qmin is minimal236

internal Pi concentration to maintain cell growth, so its increase will lead to a decrease in cell237

density and a positive effect on Pi concentration in the substrate. The influence of Ka and µmax238

on Pi concentration in substrate is negative, and the effect increased first and then decreased with239

time. The influence of the parameters µmax, Qmin and Ka on Q is very complex. It can be positive240

or negative over time, and the amplitude increases gradually. For S, Qmin and µmax play negative241

roles, while Ka has a positive effect in the initial stage and finally becomes negative, which may be242

caused by the time delay of Pi transport from the cell surface to the intracellular.243

The logarithmic sensitivity curves (∂X
∂q

q
X

) for all state variables of model (2) are displayed in Fig.244

5. From the log-sensitivity solution curve, we can explain the percentage of solution change caused245

by positive perturbation of the parameter. As can be seen from Figs. 4 and 5, the semi-relative246

sensitivity solution and the logarithmic sensitivity solution have similar trends, but they represent247

different meanings. For algal density, µmax still has the most positive effect, and changes in µmax248
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Figure 5: The logarithmic sensitivity solutions (∂X∂q
q
X ) for four variables of model (2), with respect to the important

model parameters, namely, the maximum specific growth rate of algal cells (µmax), the minimum cell quota of

intracellular Pi (Qmin), the adsorption rate of Pi on cell surface (Ka), and the decomposition ratio of dead algal cells

(r), respectively. The parameter values are shown in Table 2.
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can cause changes in A above 200% at day 11. Ka has the most significant adverse effect on N ,249

and a change of Ka will cause changes in N about 252% at day 18. In addition, Fig. 5d suggested250

that the parameter r causes more than 400% change in the solution of S at day 30.251

4. Discussion252

In this paper, we developed a novel model based on the two-stage model of (Jiang et al., 2019)253

by further incorporating the transport delay from surface-adsorbed Pi pool to intracellular Pi pool254

and the decomposition process of dead algal cells. The model was calibrated and validated by the255

long-term experimental data of P. donghaiense under Pi-sufficient condition at 20 ◦C. The validity256

of model (2) has been confirmed for the intuitive fitting results, model costs, and relative errors. The257

sensitivity analysis of the model was carried out with the parameter values in Table 2. These results258

show that the maximum specific growth rate µmax is the most sensitive parameter for the density259

of algal cells, and the adsorption rate Ka has the most negative effect on Pi concentration in the260

substrate. We proposed a possible physiological mechanism from mathematical and experimental261

results that may lead to oscillations of algal cell quota. The transport delay τ between surface-262

adsorbed Pi pool to intracellular Pi pool may cause the fluctuations of Q and S. These results match263

those observed in earlier studies (Caperon, 1969; Cunningham & Maas, 1978; Misra et al., 2020).264

Cunningham & Maas (1978) showed that the complex delay between the two different physiological265

components between the cell division rate and the environmental limiting nutrient concentration266

would cause the oscillation growth of algae cells. Any delay arising from accumulated time constants267

may cause instability, for oscillation may be expected in any control system when there is a phase268

change between receipt of information and response to it (Droop, 1983). Some studies have shown269
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that many algal cells have the “luxury uptake” of Pi and store it in the form of PolyP (Solovchenko270

et al., 2019; Sun et al., 2014). The key to developing the “luxury uptake” process would be via co-271

regulation of Pi signal transduction pathways between intracellular Pi pool and surface-adsorbed Pi272

and hydrolysis of PolyP to Pi, which needs a time lag for the specific biochemical process (Kornberg273

et al., 1999).274

In addition, following the modeling ideas of Jiang et al. (2019) and Yao et al. (2011), the cell275

surface Pi pool and intracellular Pi pool are considered two independent compartments in our model.276

Studies have shown that the cell surface Pi pool has a significant proportion of the total Pi pool277

of algal cell. Our experimental results show that the proportion range of surface Pi pool to the278

total Pi pool of P.donghaiense is 3 − 72% under Pi sufficient condition, in the range of previously279

reported values. Qu et al. (2020) reported that the ratio of cell surface phosphorus pool to total280

phosphorus pool of P. donghaiense could reach 9 − 72% in Pi sufficient laboratory culture. The281

proportion of Pi pool on the cell surface of wild phytoplankton samples ranged from 7% to 36% in282

the Sanggou Bay (Xu & Liu, 2016), 15% to 46% in the Delaware Inland Bays and Delaware River283

Estuary (Fu et al., 2005), 0.7% to 34% in Lake Erie (Saxton et al., 2012), and 4% to 54% in the284

Yellow sea (Jin et al., 2021). Sañudo-Wilhelmy et al. (2004) indicated that the proportion of surface-285

adsorbed Pi in the senescent phase of Thalassiosira weissflogii can reach 90%, significantly higher286

than that in the exponential growth phase (30%). As shown in Fig. 3, model fitting results show287

that the solution of model (2) can be well agreement with the experimental data of QP/(QP+AP),288

where the parameter values are from Table 2. In addition, the proportion of intracellular Pi to289

total Pi showed a fluctuating trend during algae culture (Fig. 3). The distribution of Pi between290

the cell surface Pi pool and the intracellular Pi pool is affected by many factors, such as growth291
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stage, cellular Pi demand, and external Pi concentration (Fu et al., 2005). It can be seen from292

Figs. 2a and 3 that the ratio of intracellular Pi to the total Pi is low in the early stage of the293

experiment while higher in the exponential growth and maintenance phase of the cells, which is294

consistent with the previous research results (Jin et al., 2021; Sañudo-Wilhelmy et al., 2004; Saxton295

et al., 2012). Thus, during the high-incidence season of algal blooms, once QP/(QP+AP) of certain296

bloom-forming algae species exceeds a certain threshold, we can send out algal bloom warnings297

and take corresponding steps. Besides related to cell growth, the plasticity of QP/(QP+AP) also298

reflects the change in external Pi concentration at which the cells are grown. The total amount of299

surface-adsorbed Pi varies since the number of cell surface-binding sites exposed to DIP changes300

over time as external Pi concentration changes (Fig. 2d; (Fu et al., 2005; Saxton et al., 2012)).301

On the other hand, algal cells can adjust the level of intracellular Pi while maintaining a relatively302

stable growth rate for persistence across a range of Pi concentrations that do not allow for the303

accumulation of significant biomass (Saxton et al., 2012), which leads to the oscillations of Q and304

S (Fig. 2). Thus, stoichiometry flexibility on total Pi partitioning plays an essential role in the305

growth of microalgae in environments where nutrients are highly variable, for example, large lakes306

and estuarine systems (Davies & Wang, 2021; Saxton et al., 2012; Wang et al., 2008; Yuan et al.,307

2020).308

To provide more accurate descriptions of Pi assimilation mechanism and phytoplankton growth309

characteristics in a changing environment, the model proposed in this paper can be further improved310

by considering some environmental factors, for example, solar irradiance, water velocity, environ-311

mental toxins, and the direct or indirect interactions of algal species (Xu et al., 2021; Yang & Yuan,312

2021). This model is unlikely to apply to all algae, and the corresponding equation describing the313
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Pi uptake process needs to be established according to specific species. In general, combined with314

field data in the ocean, a prediction model tailored to the specific phytoplankton species of the315

target system will help to effectively predict the outbreak of harmful algal blooms.316
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