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Abstract 

The interaction between operator input, machine and operating surface is highly complex and varied. 

Time based equipment evaluation metrics are limited in the type of information they can convey.  A 

common alternative to time based evaluation is mechanical modeling, however; these models can be 

complex and require an advanced understanding of mechanics to construct.  The purpose of this 

research is to provide the framework for a simple vehicle performance indicator which is capable of 

providing meaningful insight into the physical interaction between the equipment and its operating 

environment.  The value of this indicator is in its versatility, and simplicity which allows it to be 

implemented by a wide range of researchers and operators who have an understanding of the basic 

principles of mechanics.     

This document proposes a generalized methodology which uses forces measured from the hubs or 

struts of mobile haulage equipment to quantify, with magnitude and direction, the effects of the 

interaction between machine and environment.  The method proposed is easily adaptable to allow 

alternative effects and perspectives to be evaluated.   

In addition to the formulation of the Generalized g Level Analysis method a scale model investigation is 

provided to demonstrate the mechanics of g level based evaluation and provide insight into the adverse 

motions experienced by full scale underground articulated haul trucks.  The g Level Analysis method is 

also applied to field data collected from an ultra class rigid body hauƭ ǘǊǳŎƪ ƻǇŜǊŀǘƛƴƎ ƛƴ !ƭōŜǊǘŀΩǎ ƻil 

sands.  This field data is used to present additional applications of the method including haul road 

monitoring and equipment efficiency. 
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Definitions, Abbreviations and Symbols 

Definitions 

The following list of definitions covers terms defined specifically in this document.  Where appropriate 

the corresponding symbol for the term is also provided. 

Natural or Tare Hub Force  One of the four loading components defined in this 
paper.  The natural tare or curb weight of the vehicle is 
defined as the stationary unloaded operational weight of 
the vehicle.  Additionally; the hub forces under tare 
conditions are defined as the specific forces at each 
wheel under zero articulation tare conditions and 
evaluated on even ground 

Payload Hub Force  The incremental increase over tare weight as payload is 
applied and the vehicle is in the non articulated position 
such that the articulation angle of the vehicle is zero.   

Articulation Force  The incremental change in force at each hub as a result of 
a change in vehicle articulation.  Defined as zero for rigid 
bodied equipment.  

Force Due to Motion  The force generated at the hub as the vehicle moves over 
uneven terrain or experiences linear or centrifugal 
acceleration due to changes in velocity or direction 
respectively. 

Cumulative Hub Force  The instantaneous net effect of tare, payload, articulation 
and force due to motion at each hub.    

Mid-ship  The point on an articulated piece of equipment where the 
front and rear frame components are physically pined 
together.  This is also the point of articulation. 

Theta ɸ Natural front frame angle in degrees. 

Beta  ̡ Natural Rear Frame angle in degrees. 

Phi  ˒ Articulation angle in degrees defined as the deviation of 
ǘƘŜ ŀȄƛǎ h¸Ω ŦǊƻƳ ǘƘŜ ƛƴƛǘƛŀƭ Ǉƻǎƛǘƛƻƴ ǇŀǊŀƭƭŜƭ ǘƻ ǘƘŜ ŀȄƛǎ 
OY.  See Figure 2.3 
 

Instantaneous Cumulative 
Moment 

ὓ  The resultant moment about the reference point created 
by the instantaneous moment at each hub. 

Equivalent Force Ὂ  The force which replicates ὓ .    

Instantaneous Vehicle Mass ά  The instantaneous mass of the vehicle and payload not 
including the effects of motion. 

Pitch  The degree of rotation about the vehicles lateral axis 
originating at the reference point.  See Section 3.2. 

Roll  The degree of rotation about the vehicles longitudinal 
axis originating at the reference point.  See Section 3.2. 

Rack  the degree of rotation about an axis which runs through 
the reference point O in the XY plane and at a 45° angle 
from the X and Y axes.  Has sub components Q1 and Q2 
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Rack.  See Section 3.2 

Twist  The degree of total rotation about any axis.  See Section 
3.2 

Underground Articulating Haul 
Truck 

UAHT Any underground hauler which articulates when steering. 

Payload Scaling Factor PSF Scaling factor relating the payload of a full scale hauler to 
the required scale model payload. 

 

Abbreviations 

The following list of abbreviations is used throughout the remainder of this paper. 

gLA Generalized g level based equipment analysis method 

Ὂ  #ÕÍÕÌÁÔÉÖÅ ÈÕÂ ÆÏÒÃÅ ÁÔ ÔÈÅ ÊÔÈ ÈÕÂ ÏÆ ÔÈÅ ÖÅÈÉÃÌÅ. 

Ὂ Instantaneous total force exerted by the vehicle on the ground. 

ὲ The number of hubs on the vehicle. 

Ὂ  Cumulative hub force at hub A 

Ὂ  Cumulative hub force at hub B 

Ὂ  Cumulative hub force at hub C 

Ὂ  Cumulative hub force at hub D 

ὃ Position vector describing the line from O to A 

ὄ Position vector describing the line from O to B 

ὅ Position vector describing the line from O to C 

Ὀ Position vector describing the line from O to D 

ὓ  Total Resultant Moment about the reference point O 

Ὗ  Vector describing the axis about which ὓ  rotates. Normalized to fall on a unit 

sphere. 

Ὂ  Equivalent Force. 

Ὗ  A vector perpendicular to ὓ . 

P The coordinates of a point on the unit sphere orthogonal to Ὗ .  Determined by 

normalizingὟ .  Ὂ is applied tangent to this point. 

Қ A line which runs tangent to point P. 

kg Kilogram 

g Gravitational Constant (9.81m/s²) 

N Newton 
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Symbols 

The symbols in the following list are used throughout this paper. 

A Location of the front right wheel hub 

B Location of front left wheel hub 

C Location of the rear left wheel hub 

D Location of the rear right wheel hub 

O Reference point 

ɸ Natural front frame angle in degrees 

 ̡ Natural rear frame angel in degrees 

ʊ Articulation angle in degrees defined as the 
deviation of the axis OYΩ ŦǊƻƳ ǘƘŜ ƛƴƛǘƛŀƭ Ǉƻǎƛǘƛƻƴ 
parallel to the axis OY 
 

ὶ  Radius of an arbitrary unit circle. 
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1 Introduction 
 

1.1 Motivation 

Modern construction and mining equipment is expected to operate continuously at high levels of 

efficiency with low maintenance costs and little downtime.  Factors which affect the ability of the 

equipment to meet these expectations are diverse and complex.  Environmental factors can include the 

prevalent weather conditions and the geotechnical parameters of the operationΩs location.  Operational 

factors such as employee skill level and site specific practices and procedures impact equipment and 

component life as organizations operate equipment differently.  Even if environmental and operational 

factors could be considered essentially equivalent, business conditions and management preferences 

could result in very different fleets in terms of models and size being employed between operations. 

The immense variation in which mining and construction equipment operates leads to a scenario where 

equipment evaluation and monitoring between operations is very difficult.   Conventionally time based 

metrics have been used for equipment evaluation.  The mining and construction industries are very 

comfortable with time and motion studies and reliability metrics such as mean time between failures.  

Time based approaches to equipment evaluation are limited in ability to compare an operationΩs 

performance against another, as well as against other equipment types both internally and externally as 

time based metrics often miss the impact the operators decisions have on the equipment and operating 

surface.  Time is also limited in the information it can convey.  For example knowing the cycle time of a 

shovel loading trucks can allow the observer to calculate how many trucks per hour can be expected 

from the shovel operator but it provides no information as to how precise the operator is in his load 

placement, which can have a large negative effect on the overall cost to run the equipment.  This 

research demonstrates the mechanics and values which a generalized g level based analysis model can 

add to equipment evaluation.  Time based approaches to equipment monitoring can help to build 

confidence in how long components will last or when components will fail.  However, the g Level 

Analysis (gLA) method captures information about the physical interaction between the equipment and 

its operating surface.  This reaction is inherently highly influenced by operator input and as a result gLA 

can provide insight into operator performance as well.  The ability to collect information regarding the 

equipments interaction with its environment, operator and its own dynamic weight allows the observer 

to understand why components fail rather than only when they will fail.  Combining the observation of 

how the equipment interacts with its environment with sufficient domain expertise can assist in 
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directing changes in an attempt to improve equipment performance.  Once these changes have been 

implemented, for example to haul road maintenance or load placement practices, the effect of these 

changes can be evaluated using gLA.  Figure 1.1 shows how an equipment improvement practitioner can 

view the g level based analysis as part of a standard scientific observational model. 

 

 

Figure 1.1: g Level Analysis in a Simplified Scientific Method 

 

1.2 Thesis Statement and Purpose 
Time based equipment evaluation models are limited in the type of information they can convey.  A 

common alternative to time based evaluation is mechanical modeling, however; these models can be 

complex and require an advanced understanding of mechanics to construct.  The purpose of this 

research is to provide the framework for a simple vehicle performance indicator which is capable of 

providing meaningful insight into the physical interaction between the equipment and its operating 

environment.  The value of this indicator is in its versatility, and simplicity which allows it to be 

implemented by a wide range of researchers and operators who have an understanding of the basic 

principles of mechanics.     
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1.3 Approach 

This study was carried out in four phases: a literature review, the mathematical formulation of the 

proposed gLA method, a scale model application of the derived mathematical models which focuses on 

articulated equipment, and finally the approach is applied to real field data from a typical ultra class haul 

ǘǊǳŎƪ ƻǇŜǊŀǘƛƴƎ ƛƴ !ƭōŜǊǘŀΩǎ ƻƛƭ sands.   

The formulation of the method uses a summation of moments approach to derive the mathematical and 

geometrical relationships necessary to understand the frame twisting interactions between machine, 

load and ground under various operating conditions.  The general case of an underground articulated 

haul truck is used to derive the method which can then be simplified for application to rigid framed 

equipment.  Following this mathematical investigation, a scale model of a typical articulated 

underground haul truck was constructed to provide a platform to demonstrate the application of the 

mathematical model.  Data from the scale model was recorded as articulation, payload, and inclination, 

and was varied through positions and quantities typically found in an operating environment.  This test 

data was then processed through the gLA model and the results interpreted and discussed in Chapter 5.  

It was decided to utilize a scale model study for this investigation after considering the potential 

challenges associated with attempting to study full scale equipment which are active in an operating 

profit driven environment.  Operations are understandably, not easily persuaded to release revenue 

generating assets to academic study and as a result research time is not easily obtained.  Other 

problems which can arise from attempts at working with full scale operating equipment are from the 

unpredictable nature of breakdowns and availability as well as the dynamic nature of production 

requirements which leave the researcher with many repeatability problems [1].  Another major driver in 

the decision to use a scale model of a haul truck was the difficulty in securing time with underground 

articulated suspension-less equipment in Alberta.  

1.4 Literature Review 

Although there is ƭƛƳƛǘŜŘ ǿƻǊƪ ŘƻƴŜ ŘƛǊŜŎǘƭȅ ƛƴ ǘƘŜ ŦƛŜƭŘ ƻŦ ŘƛƳŜƴǎƛƻƴƭŜǎǎ ŜǉǳƛǇƳŜƴǘ YtLΩǎ ǘƘŜǊŜ ƛǎ much 

written which is related to this original research in either application or alternative techniques.  The 

following literature review has been designed to highlight areas within which the following original 

research is expected to be of use.  Because the research which follows provides a tool useful for 

examining the connection between the performance of: the operator, equipment and operating surface 

the majority of the literature reviewed focuses specifically on haul roads, operator well being and 

education, and equipment monitoring.  A section on rigid body dynamics based modeling provides the 
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reader with a background to the most common alternative technique and the challenges associated 

with modeling an operating haul truck. 

1.4.1 g Level Based Analysis 

The concept of the moment in classical mechanics refers to ǘƘŜ ǇǊƻŘǳŎǘ ƻŦ ŀ ŦƻǊŎŜΩǎ ƳŀƎƴƛǘǳŘŜ ŀƴŘ its 

perpendicular distance from the point the force is applied to the point or axis about which the force will 

generate a rotational tendency [2].  The concept of the moment is central to the study of statics and 

dynamics and is generally introduced in first year engineering classes.  As it applies to this body of work 

the moment and its vector properties have been used to determine the cumulative effect of the 

machine ground interactions at each hub of a mobile haulage unit.   

The natural unit of the moment is force-distance such as Newton Meters (Nm) or pound feet (lbft) and 

while these units do provide a somewhat intuitive sense of rotation they are not as useful for describing 

the cumulative effects on an object, such as a haul truck, which is not generally thought to be in 

rotation.  Joseph, 2003 used the notion of g level to describe adverse hauler and cable shovel motions 

specifically because the g level unit was thought to be more accessible to a broader range of industry 

[3].   This paper by Joseph is considered the definitive work to date on g level based equipment 

evaluation.  The method presented by Joseph in this paper uses varying levels of acceleration to explain 

varying strut pressures in large haul trucks even when the instantaneous mass of the vehicle remains 

constant.   It is also in this paper that Joseph defines a rack event larger than 1.5g to be detrimental to 

the frames and super structures of large mining haul trucks and shovels.        

The 2003 approach to g Level analysis developed by Joseph (2003) has proven to be a useful equipment 

evaluation tool.  However; to date the method has only been applied to equipment with fixed geometry 

such as rigid body haul trucks and track mounted loading tools.  Figure 1.2 shows a simple schematic of 

a rigid body haul truck where the indexes 1,2,3 and 4 denote the struts at the front left, rear left duals, 

rear right duals and front right wheel sets respectively.  This figure and notation system corresponds to 

the subscript notation used by Joseph to define rack, pitch and roll in terms of dimensionless g-units as 

in Equation 1.1 through Equation 1.3 Where ὥ, ὥ, ὥ and ὥ are the incremental accelerations of the 

sprung mass calculated at the left front, right front, left rear and right rear struts respectively and g  

represents the gravitational constant.   
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Figure 1.2: Haul Truck Schematic (After Joseph, 2003) 

)]()[(
1

3241 aaaa
g

Rack +-+=  

Equation 1.1 (After Joseph, 2003) 

)]()[(
1

4321 aaaa
g

Pitch +-+=  

Equation 1.2 (After Joseph 2003) 

)]()[(
1

4231 aaaa
g

Roll +-+=  

Equation 1.3 (After Joseph, 2003) 

.ǳƛƭǘ ƛƴǘƻ WƻǎŜǇƘΩǎ method is an assumption of symmetry regarding the strut locations relative to one 

another.  Analysis of Equation 1.1, 1.2 and 1.3 shows that pitch can be interpreted as the difference in 

balance between the front and rear axles while roll is interpreted as the difference in balance between 

the left and right; while rack represents the difference in balance along lines running between opposite 

corners.  From the simple schematics of rigid frame equipment shown in Figure 1.3, it is intuitive that 

pitch is a measure of the vehicles response front to back while roll is a measure of response left to right 

and rack is a measure of the twisting response of the vehicle.   
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Figure 1.3: Rack, Pitch and Roll Visualization (After Joseph, 2003) 

²ƘƛƭŜ WƻǎŜǇƘΩǎ ƳŜǘƘƻŘ Ƙŀǎ ōŜŜƴ ŘŜƳƻƴstrated to provide a useful analysis of equipment behavior it is 

not clear how the method handles the geometry of the vehicle and direction of the resultant response 

accurately.  When applying the 2003 method to an articulated vehicle in the zero articulation position, 

as represented by Figure 1.4, the same logic and interpretation of rack, pitch and roll are applicable.  

However; if the method is applied to an articulated vehicle, as represented in Figure 1.4, it is less 

obvious if the original rack, pitch, and roll calculations are still representative of the vehicles response.  

As Figure 1.5 shows, the inherent symmetry associated with rack, pitch and roll calculations for a rigid 

frame hauler is lost when considering an articulated hauler vehicle.   

 

Figure 1.4: Articulated Hauler Schematic 
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Figure 1.5: Pitch, Rack, Roll Asymmetry Visualization 

To begin demonstrating the importance of the location of a strut force; first consider a simple beam as 

shown in Figure 1.6.  If, for example, F1 and F2 represent the net summation of forces across the front 

and rear axles respectively this beam represents the vehicle pitch response described by the g Level 

method proposed by Joseph.  A simple statics analysis shows that the reaction at the fixed point A would 

be equal to -2F1 in the vertical direction and zero moment about point A, implying also that the vehicle is 

enduring zero pitch.  If the location of the fixed point is moved as shown in Figure 1.7 the same statics 

analysis reveals that the reaction at the fixed point is still -2F1 in the vertical direction, however the 

moment at A is now equal to (-LF1)/3 and so it is apparent that the geometry of the applied forces is 

important.  What is not apparent is if the vehicle should be considered to be enduring a pitch response. 

 

Figure 1.6: Balanced Simple Beam 
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Figure 1.7: Unbalanced Simple Beam 

To extend the previous example to a more realistic vehicle scenario, consider the simple articulated 

vehicle as shown in Figure 1.8 and 1.9 in the non-articulated and an arbitrary position of articulation 

respectively.  If each of the strut forces at 1, 2, 3 and 4 in both figures are equal to F1 in the vertical 

direction out of the page, then using the original 2003 method both vehicles would show rack, pitch and 

roll all equal to zero.   

 

Figure 1.8: Simplified Articulated Vehicle, Articulation Equal to Zero 

 

Figure 1.9: Simplified Articulated Vehicle, Articulation Not Equal to Zero 

This shows the importance of geometric scaling as it is not logical to interpret the vehicles in Figure 1.8 

and 1.9 as being equally in balance about the fixed point A.  A primary goal of gLA is to address this 

issue.  
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1.4.2 Vehicle Modeling  

Vehicle modeling and simulation is in itself an entire field of research and application.  Multi-body 

simulation is often used to study dynamic vehicle behavior and there is a wide range of literature 

available.  Wheeled vehicles inherently share some degree of similarity and so while much of this 

literature is not directly related to heavy mining equipment, the results and principals derived can still 

be useful.   

 It is important to note that the intent of the research contained in this study is not to directly model 

vehicle motion but rather to provide an analysis method which can be used as a performance indicator 

either by itself or in conjunction with efforts sǳŎƘ ŀǎ ǎƛƳǳƭŀǘƛƻƴΦ  ¢ŜȄǘǎ ǎǳŎƘ ŀǎ ά±ŜƘƛŎƭŜ 5ȅƴŀƳƛŎǎέ and 

άDǊƻǳƴŘ ±ŜƘƛŎƭŜ 5ȅƴŀƳƛŎǎέ provide instruction in both fundamental and advanced topics related to the 

description and modeling of vehicles in general [4, 5].    

Mobile equipment interacts directly with the ground upon which it operates via tire-terrain interactions.  

In off road operations these tire-terrain interactions dominate vehicle performance [6] and it is 

therefore essential that appropriate tire models exist in order to accurately model the ground influence 

in more comprehensive off road vehicle models.  For example, recent work by Senatore and Sandu, 

2011 has generated an off road tire model which predicts the traction, torque, sinkage and the multi-

pass compaction effect [6].  The choice of tire model depends on many factors including: physical terrain 

properties, required accuracy, required outputs and computational and laboratory requirements.  Due 

to the large variation in each of these parameters there are many tire models spread across several 

analysis methods, fortunately Taheri et al  (2014) conducted a thorough survey of the terramechanics 

models used in the modeling and simulation of wheeled vehicles which is designed to assist readers in 

selecting an appropriate model for their particular application [7].   

In many cases whole vehicle models are generated with various levels of complexity to investigate 

specific problems.  Figure 1.10 shows the basic diagram associated with a dynamic model of a vehicle 

capable of forward, lateral yaw and roll motions [4].    This model is referred to as a four Degree of 

Freedom (DOF) model meaning that that the motion of such a model is described completely by four 

variables, leading to four equations.   
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Figure 1.10: Roll Model of a Rigid Vehicle (after Jazar,2014) 

Equation 1.4 to Equation 1.7 below presents the four Newton-Euler equations of motion as derived in 

Jazar, 2014.  Note that the four equations describe the motion in the x and y directions and the 

moments about the z and x axes.  As this model was derived to describe a rigid body with roll freedom 

the force in the z direction and moment about the y axis (pitch) motions are defined as constraints 

specifically to prevent pitch. 

Ὂ άὺ άὶὺ 

Equation 1.4 (Jazar, 2014) 

Ὂ άὺ άὶὺ 

Equation 1.5 (Jazar, 2014) 

ὓ Ὅ‫  

Equation 1.6 (Jazar, 2014) 

ὓ Ὅ‫  

Equation 1.7 (Jazar, 2014) 

The pitch limitation in the above four DOF model may be acceptable if the vehicle is operating on a 

perfectly smooth and level surface however; given that mining equipment frequently operates on 

substantial degrees of slope and over uneven terrain the pitch component is considered important.  The 

addition of a pitch degree of freedom to the model of a rigid body results in a vehicle which moves 
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completely in three dimensional space.  The model of a vehicle or generally a rigid body which moves in 

space is also derived by Jazar (2014).  The Newton equations of a six DOF model are presented in 

Equation 1.8 and the corresponding Euler equations are presented in Equation 1.9.  Note that the 

allowance of the vehicle to move in a pitch motion results in a model with six DOF.    

Ὂ
Ὂ

Ὂ
ά

ὺ  ‫ὺ ‫ὺ 

ὺ  ‫ὺ ‫ὺ

ὺ  ‫ὺ ‫ὺ
 

Equation 1.8 (Jazar, 2014) 

ὓ
ὓ

ὓ

‫Ὅ  ‫‫Ὅ ‫‫Ὅ 

‫Ὅ  ‫‫Ὅ ‫‫Ὅ

‫Ὅ  ‫‫Ὅ ‫‫Ὅ
 

Equation 1.9 (Jazar, 2014) 

Jazar, (2014) derives the Newton-Euler equations in both the four and six DOF models mentioned above 

around the concept of modeling a vehicle, however the general equations of motion described by 

Equation 1.7, Equation 1.8 and Equation 1.9 are actually the equations of motion for any rigid body.  A 

substantial deficit of these models when applied to any typical vehicle is that they do not include the 

dampening effects of either tires or suspension components.  Ghike and Shim, (2006) have generated a 

fourteen DOF model which models a basic 2 axle vehicle allowing for the six DOF of the vehicles center 

of mass as well as vertical suspension travel and wheel spin at each tire location [8]. Figure 1.11 below 

shows the schematic presented by Ghike and Shim (2006).   

 

Figure 1.11: 14 DOF Full Vehicle Model (Ghike and Shim, 2006) 
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This model was derived specifically for automated roll over prevention systems in the automobile 

industry.  Details of the model Ghike and Shim developed are left to the reader to investigate.  As in the 

case of Ghike and Shim, vehicle models are often derived for specific purposes, even relatively simple 

vehicle models are not trivial.  For example the U.S. Army Research Laboratory used a 26 DOF model to 

investigate chassis performance with predictive vehicle control algorithms [9].  In contrast to the model 

used in Brown et al, Laghari (2011) used an 8 DOF model to investigate the effect of tire and suspension 

non-linearity [10].  

Due to the prevalence in both on and off road environments, there is substantially more modeling 

research directed towards rigid framed vehicles than articulated frame or Articulated Steer Vehicle 

(ASV).  Within this research the terms Articulated Frame, or simply Articulated, refers specifically to an 

ASV where the main vehicle frame is comprised of two parts connected by a hinge[11, 12] as opposed to 

the work concerning articulated heavy vehicles in the sense of traditional highway based tractor trailer 

units [13-16].  A typical ASV dump truck is shown in Figure 1.12 and Figure 1.13 Below. 

 

 

Figure 1.12: Typical Articulated Frame Steer Dump Truck (After Huang, Shen, Zang, 2010) 
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Figure 1.13: Basic Frame Arrangement of Typical ASV (After Huang, Shen, Zang, 2010) 

In the area of ASV, Pazooki  (2012), constructed a complete vehicle model of an ASV truck, including the 

hydraulic steering mechanism at the articulation joint, for investigation of vehicle stability and ride 

dynamics for both the suspended and unsuspended case[17].  Additional complete ASV models have 

been created by Li et al (2013), Yavin (2005), Langer et al (2013) and [18].  While Li et al (2013) and Yavin 

(2005) both modeled articulated loaders, their work is still relevant to the motion of all ASV[19, 20].  

Pazooki et al (2011) and Langer et al (2013) both compared the chassis motion of unsuspended vehicles 

to those with a suspension mechanism.  Although Pazooki et al (2011) modeled a vehicle with rear 

torsio-elastic suspension while the vehicle modeled by Langer et al (2013) incorporated a front hydraulic 

suspension, both were able to show that the suspended models tend to generate substantially less 

chassis accelerations than their unsuspended counterpart[21, 22].  As ASV are typically unsuspended 

and are known to subject the operator to higher levels of WBV it is increasingly likely that ASV will 

incorporate some form of suspension.   

While formal modeling of haulage vehicles is possible and has very practical purposes the strength of 

the gLA presented in this study is in its ability to use very few inputs (strut pressures, geometry and 

load) to provide a substantial amount of insight into the performance of not only the actual vehicle but 

the haul road and operator.  The generalized nature of this gLA also allows for comparison across vehicle 

designs which would otherwise require separate mathematical models. 

The whole vehicle models discussed above are presented to provide the reader with an overview of 

models with varying complexity, however, when studying the effect of ground conditions on vehicle 

performance the quarter-vehicle model is often used.  A typical quarter-vehicle model is shown in Figure 
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1.14 and Table 1.1 below.  This model is modified from Pakowski and Cao (2013) who used a quarter 

vehicle model to derive equivalent soil stiffness values for several different soil types [23].  This model is 

presented here to show that all ground profiles and properties, such as deformability impact vehicle 

response as it travels over real world terrain.  Vehicle models, such as Ghike and Shimm (2006) and 

Pazooki (2012) often simplify their models by either combining the soil and tire reactions or neglecting 

the ground deformation which has been shown to be non negligible within mining environments such as 

!ƭōŜǊǘŀΩǎ ƻƛƭ ǎŀƴŘǎ [8, 17, 24].  While modeling has proven very valuable these common simplifications 

show that even comprehensive modeling is a simplification of real world conditions.  Due to this 

inherent simplification and the substantial effort required to generate reliable, comprehensive models 

there is an obvious value in methods such as gLA which are capable of using real world field data to 

investigate the combined effect of equipment-ground interactions. 

 

Figure 1.14: Quarter Vehicle Model (After Pakowski and Cao, 2013) 

Parameter Symbol 

Sprung Mass (kg) ά  
Unsprung Mass (kg) ά  

Suspension Stiffness Coefficient (kNm-1) Ὧ 
Tire Stiffness Coefficient (kNm-1) Ὧ 

Soil Stiffness Coefficient (kNm-1) Ὧ  
Suspension Damping Coefficient (kNsm-1) ὧ 
Sprung Mass Displacement (m) ὼ 
Unsprung Mass Displacement (m) ὼ 

 

Table 1.1: Quarter Vehicle Model Parameters (After Pakowski and Cao, 2013) 

The quarter vehicle model derives its name from the assumption that the sprung mass in the model is 

equal to one quarter of the sprung mass of the overall vehicle.  Note that at each corner of the model in 
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Figure 1.11 a quarter-vehicle model is used to describe the interaction between the vehicle and the 

ground.   

1.4.3 Haul Roads and Haul Road Maintenance 

The haul road is the primary component of the transportation network used by any mining or 

earthworks operation that has chosen mobile haulage as the primary method of moving earth.  

Although underground haulage-ways serve the same function as their surface counterparts they differ 

primarily in the degree of construction associated with each.  Surface haul roads are now highly 

engineered travel-ways designed to withstand the impact and degradation expected from continuous 

travel of haul trucks with up to 400t payloads.  Conversely, while design is still very important in 

underground haulage-ways, the fact that the haulage-way is excavated directly from either waste or ore 

and typically in stronger substrates and carrying lighter loads leads to less necessity for extreme design 

work.  Given these differences there is still a similarity to both surface and underground haul roads in 

that they are the only point of direct interaction between the haulage equipment and the ground.  This 

interaction has the ability to induce deterioration on both the truck and the road which ultimately leads 

to higher truck/road maintenance costs and lower production rates; perhaps this simple relationship is 

what generated ǘƘŜ ƴƻǿ ŎƻƳƳƻƴ ŜȄǇǊŜǎǎƛƻƴ ǘƘŀǘ άǊƻŀŘǎ ƳŀƪŜ ƭƻŀŘǎέΦ   The following discussion is 

intended to provide a brief overview to haul road construction and to look at two maintenance 

optimization techniques which rely on analysis similar to the original research which follows in this work. 

1.4.3.1 Surface Haul Road Construction and Geometry 

In 2001 Tannant and Regensburg generated an overview of haul road construction and maintenance 

practices in the form of a manual intended as an aid to geotechnical engineers, mining engineers and 

management of mining and construction companies.  One of the foundations of this manual is a 1977 

document by Kaufman and Ault of the title Design of Surface Mining Haulage (Information Circular 

8758, 2001) from the United States Department of Interior.  A component of both works is a survey of 

13 mines conducted as part of both the manual created by Tannant and Regensburg and Ault and 

Kaufman.  From Tannant and RegensburgΩs more recent work, a snapshot of average haul road 

geometry consisted of grades less than 8% with super-elevations below 4% and typical running widths of 

greater than 25m for trucks with greater than 200t payloads [25].  Although road design is largely 

influenced by the environmental and physical constraints of each mining operation, the primary goal of 

road design is to strike the common balance between safety and the combined effect of capital and 

operating costs.  Also of note is that due to the inherent temporary nature of a mining operation, 
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surface mining haul roads have expected lives which feed into the design and maintenance process. 

¢ŀƴƴŀƴǘΩǎ нллм ǎǳǊǾŜȅ ŦƻǳƴŘ ǘƘŀǘ ǘȅǇƛŎŀƭ ŜȄǇŜŎǘŜŘ ƭƛǾŜǎ ƻŦ ƛƴ pit roads range between 1 and 2 years 

while out of pit roads could have lives ranging between 5 and 10 years.   Figure 1.15 below shows a 

ǘȅǇƛŎŀƭ Ƙŀǳƭ ǊƻŀŘ ŎǊƻǎǎ ǎŜŎǘƛƻƴ ŀǎ ŘŜǇƛŎǘŜŘ ƛƴ ¢ŀƴƴŀƴǘ ŀƴŘ wŜƎŜƴǎōǳǊƎΩǎ ƳŀƴǳŀƭΦ 

 

 

Figure 1.15: Typical Haul Road Cross Section (After Tannant and Regensburg, 2001) 

It is understandable that mining operations attempt to reduce costs by constructing haul roads as much 

as possible from materials on hand.  Because operations typically have an abundance of materials such 

as run of mine waste and ore processed tailings it is common that road design is dictated by the 

properties of these materials.  The generally accepted pioneering work of haul road design was that of 

Ault and Kaufman (1977)Φ  YŀǳŦƳŀƴƴ ŀƴŘ !ǳƭǘΩǎ work relied on the California Bearing Ratio (CBR), which 

is used to evaluate the strength of the materials used as the base and sub base layers [26].  When 

following the procedure developed for haul road design using the CBR method, the thickness of each 

construction layer is determined from an empirically derived table and the anticipated single wheel 

load, of the equipment which is to be operated on a road.  An example of the table included in Tannant 

ŀƴŘ wŜƎŜƴǎōǳǊƎΩǎ Ƴŀƴǳŀƭ ƛǎ ƛƴŎƭǳŘŜŘ ōŜƭƻǿ in Figure 1.16.  

The primary goal of this method is to prevent overstressing and deformation of the subgrade .  

However; there are problems with the CBR method which stem from its original function of evaluating 

sub-grade performance beneath pavement or cemented materials.  Thompson (2011) compares the CBR 

method to a more modern mechanistic design method, discussed below, and found that the CBR 
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method would over design a temporary haul road with an expected life of less than 5 years by 

approximately 21%, and would significantly under design a road with a longer design life [27]  

While the CBR method is still used and has a simplistic advantage, the method has largely been 

superseded by a mechanistic structural design method which uses elastic beam theory to determine the  

 

Figure 1.16: Example CBR Design Curve (After Tannant and Regensburg2001) 

required thickness of each road construction layer.  In this methodology the vertical compressive strain 

in each layer created by loaded haul trucks traveling over the surface is treated as the primary design 

criteria.   In his original work on the subject Thompson suggests typical haul road designs should fall in 

the range of 1500 to 2000 micro-strain where lower allowable micro-strain would indicate a more 

robust road design [28]    

Whereas in Ault and KaufmanΩs work CBR is the primary material property; ¢ƘƻƳǇǎƻƴΩǎ ƳŜŎƘŀƴƛǎǘƛŎ 

approach relies on an estimation of the resilient modulus of the haul road construction as well as the 
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stress profile generated by the anticipated tire loads.  While the resilient modulus can be estimated or 

tested directly, a stress strain model is most commonly used to estimate tire loads.   Figure 1.17 below 

shows a flow chart of the Critical Strain [ƛƳƛǘ ƳŜǘƘƻŘƻƭƻƎȅ ŀǎ ƛƭƭǳǎǘǊŀǘŜŘ ƛƴ ¢ŀƴƴŀƴǘ ŀƴŘ wŜƎŜƴǎōǳǊƎΩǎ 

haul road design manual. 

 

Figure 1.17: CSL Design Method (After Tannant and Regensburg 2001) 

In addition to primary construction considerations the selection and maintenance of wearing course 

material can have a significant impact on overall operating costs, production and operator comfort.  

Thompson and Visser (2006) found that based on a road user assessment the defect types most 

detrimental to hauling operation performance included [29]: 

¶ Wet and dry skid resistance 

¶ Dust generation 

¶ Loose material 

¶ Corrugations 

¶ Stoniness (loose and fixed) 

¶ Potholes 

¶ Rutting 

¶ Cracks (slip, longitudinal, crocodile) 
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Reviewing the above list it can be pictured how each could impact the suspension responses of haulage 

vehicles as they travel over the defects.   

1.4.3.2 Haul Road Maintenance 

Haul roads are the transportation network of a mine site and as such are travelled by all mobile 

equipment operating at the mine.  This interaction between machine and road deteriorates the entire 

system (vehicle and road) through the transmission of energy from the equipment to the road way [30].  

The maintenance of multiple machines in a deteriorating environment is a complex task which is 

complicated by the presence of uncertainty in factors that affect haul road deterioration such as 

environmental conditions[31-33]Φ   ! ƳƛƴƛƴƎ ƻǇŜǊŀǘƛƻƴΩǎ ƛƴǾŜǎǘƳŜƴǘ ƛƴ  ŀ Ƙŀǳƭ ǊƻŀŘ ƳŀƛƴǘŜƴŀƴŎŜ 

management system can result in lower mobile equipment operation costs, higher equipment 

availability and less impact on operator well being; the cost of road maintenance should reflect an 

optimum between both haul road and overall vehicle operation costs as pictured in Figure 1.18 below 

[34].  Thompson summarizes the motivation for haul road maintenance with his introduction to the 

topic in the SME Mining Engineering Handbook (2011) chapter on haul road design and maintenance:  

ά5ŜǎƛƎƴ ŀƴŘ ŎƻƴǎǘǊǳŎǘƛƻƴ Ŏƻǎǘǎ ŦƻǊ ǘƘŜ ƳŀƧƻǊƛǘȅ ƻŦ Ƙŀǳƭ ǊƻŀŘǎ ǊŜǇǊŜǎŜƴǘ ƻƴƭȅ ŀ ǎƳŀƭƭ ǇǊƻǇƻǊǘƛƻƴ 

of the total operating and road maintenance costs; in particular, the use of an appropriate road 

maintenance management strategy has the potential to generate significant cost savings, particularly in 

the light of increases in rolling resistance because of the interactive effects of traffic volume and wearing 

ŎƻǳǊǎŜ ŘŜǘŜǊƛƻǊŀǘƛƻƴέΦ  [35]  

 

Figure 1.18: Minimum Total Cost Solution For Road Maintenance Frequency (After Thompson and Visser, 2003) 
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As noted in the above excerpt, the deterioration of a haul road detrimentally affects road and 

equipment performance as measured by rolling resistance.  Rolling resistance (RR) and its effect on 

vehicle performance has been studied extensively in terms of classical and theoretical soil mechanics, 

however for the purposes of this discussion an acceptable definition of RR can be taken as the sum of 

the forces resisting the motion of a vehicle due to the compaction of the operating surface, the 

horizontal displacement of the operating surface and the flexure of the vehicle tire [36].    The resisting 

forces as described by Plackett (1985) are summarized in the following free body diagram. 

 

Figure 1.19: FBD of RR on Tire (After Plackett, 1985) 

Referring to Figure 1.19, it is reasonably easy to picture how increases in rutting, potholes, 

washboarding, swales, bumps or generally any form of road roughness leads to an increased rolling 

resistance [29].  In the case of a vehicle operating on a soft soil, an increase in rolling resistance 

essentially indicates that the tire and hence the vehicle are forced to continuously climb out of a soil 

depression which leads to increases in fuel consumption and decreased productivity due to lower travel 

speeds.  Undulations, potholes and washboarding do lead to higher fuel consumption and lower 

production rates but also create high impact events to vehicle components, [37].  It is because of this 

increase in rolling resistance and an inherent increase in costs, that mines spend considerable resources 

on road maintenance usually in the form of grading (for both smoothness and debris removal), 

compaction, and scarifying, watering and aggregate addition [38].   
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Although the maintenance methods of haul roads are rather simple there has been considerable work 

done which attempts to optimize haul road maintenance efforts.  Key to optimizing these condition 

based maintenance efforts is the characterization of defects and mapping of the haul road profile which 

is then used with either simulation or other appropriate algorithm to identify defect types and severity.  

However the dynamic and complicated nature of haul road condition means modeling approaches are 

very challenging and direct profiling often involves specialized aftermarket equipment [30, 39-41].  

Ngwangwa and Heyns, (2014), successfully profiled a haul road using vehicle mounted accelerometers 

and an Artificial Neural Network technique, however the accuracy of the profile was sensitive to speed 

vehicle speed and a lack of control over the vehicles operation[42].  Heyns, de Villiers and Heyns, (2007), 

used measured speed, vehicle mounted accelerometer data and target speed as inputs to a Gaussian 

regression analysis which generated a dynamically calibrated severity metric for road condition 

classification [43].  While this method yielded promising results, to the knowledge of this author, the 

method has yet to be tested under real world conditions.   

Lee (2010) focused on improving haul road maintenance by using real time data to generate a haul road 

deterioration profile which feeds into a decision analysis model which optimizes maintenance timing 

and trigger levels by considering additional economic and production parameters [39]Φ  [ŜŜΩǎ ǿƻǊƪ 

utilized an instrumentation cart to gather rolling resistance data and mentions that practical 

implementation of his methods requires a low cost instrumentations system.  It may be that modern 

haul trucks are already collecting appropriate data which can be used with the method to be presented 

ƛƴ ǘƘƛǎ ǊŜǎŜŀǊŎƘ ǘƻ ǇǊƻǾƛŘŜ ǘƘŜ ǊƻŀŘ ŘŜǘŜǊƛƻǊŀǘƛƻƴ ǇǊƻŦƛƭŜ ǊŜǉǳƛǊŜŘ ŦƻǊ [ŜŜΩǎ ƻǇǘƛƳƛȊŀǘƛƻƴ ǊƻǳǘƛƴŜΦ  Figure 

1.20 ǎƘƻǿǎ ǘƘŜ ƎŜƴŜǊŀƭ Řŀǘŀ Ŧƭƻǿ ƻŦ [ŜŜΩǎ ǿƻǊƪ ƛƴ ŀ ǇǊŀŎǘƛŎŀƭ ƛƳǇƭŜƳŜƴǘŀǘƛƻƴ, while this figure is specific 

to Lee, 2010, it represents the general information flow for most real time haul road maintenance 

methods even if the metrics used to establish haul road condition change. 
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Figure 1.20: Components of Real Time RR Based Haul Road Maintenance (After Lee 2010) 

All of the previously mentioned work on haul road profiling and defect identification has been 

attempted with the aid of additional instrumentation.  However, some work has been done which uses 

actual strut responses from operating haul trucks to recognize road defects. Thompson, Visser, Heyns 

and Hugo, 2006, used the original equipment manufacturer (OEM) proprietary on board data collection 

systems in concert with additional accelerometer data to analyze vehicle responses in the form of strut 

pressure, speed and mode of operation data to determine the degree to which the vehicle racked and 

pitched during operation.  This vehicle response data is then used to determine both the type and 

degree of haul road defects [44].  While this work by Thompson et al provides the advantage of 

modeling both the degree and type of road defects, it is admitted by the authors, a complex procedure 

to calibrate and characterize the haul truck geometry, spring stiffness coefficients, dampening 

coefficients and other characteristics such as mass and inertia used in the modeling process.  Thompson 

and his colleagues assert that this complexity is warranted because it allows for the algorithms which 

these parameters feed into to computationally correct for continuously varying parameters such as load 

and velocity.  In 2008 Hugo, Heyns, Thompson and Visser, 2008, simplified the procedure formulated in 

2006 and showed that hydro pneumatic suspension pressures in association with OEM GPS data could 

be used to reconstruct haul road defect profiles by imposing dynamic equilibrium on a quarter vehicle 

model consisting of a linear spring and circular rigid tread band tire model which is depicted in Figure 

1.21[45, 46].   From the tire Model in Figure 1.21 the road profile can be calculated as zr in Equation 

1.10[46].    
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Figure 1.21: Illustration of Circular Rigid Treadband Model (After Hugo et al, 2008) 

 

ᾀ ᾀ  
ά ᾀ  Ὂ

Ὧ
 

Equation 1.10: Road Profile Calculation (After Hugo, Heyns, Thompson and Visser, 2008) 

where: 

ᾀ ὙέὥὨ ὉὰὩὺὥὸὭέὲ 

ᾀ ὠὩὶὸὭὧὥὰ ὈὭίὴὰὥὧάὩὲὸ έὪ ὟὲίὴὶόὲὫ ὓὥίί  

ά ὟὲίὴὶόὲὫ ὓὥίί 

ᾀ ὠὩὶὸὭὧὥὰ ὃὧὧὩὰὩὶὥὸὭέὲ έὪ ὟὲίὴὶόὲὫ ὓὥίί 

Ὂ ὛόίὴὩὲίὭέὲ Ὓὸὶόὸ ὊέὶὧὩ 

Ὧ ὝὭὶὩ ὛὴὶὭὲὫ ὅέὲίὸὥὲὸ 

1.4.4 Whole Body Vibration 

A large part of the motivation behind the research in this study is to present a classical analysis of the 

interactions between machine, operator and operating surface.  When considering the effect of 

machine and the operating surface on the welfare and productivity of the operator, the concept of 

Whole Body Vibration (WBV) is essential.  The concept of whole body vibration is introduced here 

because the method of analyzing equipment performance in terms of g level about a point could 

possibly be extended as an alternative to current WBV monitoring standards by considering the 

cumulative g level about an axis reflecting the ƻǇŜǊŀǘƻǊΩǎ spinal position or about a point representing 

the operators head, feet or organs.    
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Research has conclusively shown that operators of heavy construction equipment; including surface 

haul trucks and underground Load Haul Dump (LHD) units, are at high risk of overexposure to WBV [47-

52].  Studies have shown that negative health effects of WBV can include a multitude of symptoms 

ranging from chronic fatigue to neck pain and irritability, however, the most common ailment is lower 

back pain (LBP) which is particularly marked in heavy equipment operators [53].  For obvious reasons it 

is unacceptable to have workers at risk of injury, where in response standards for acceptable dose rate 

and measurement practice have been developed.  The most widely accepted of these standards is ISO 

2631-1, άMechanical Vibration and Shock Evaluation of Human Exposure to Whole Body Vibrationέ [54].  

This standard provides a basis for analysis using frequency based root mean square, peak velocity and 

fourth root analysis.  ISO 2631-1 acknowledges that certain methodologies under-represent the peak 

impacts and do suggest alternatives to account for this.  WBV exhibits many of the same characteristics 

as radiation hazards in that duration is as important as intensity meaning that sustained lower rates of 

vibration are not necessarily safer to the operator than short durations of high magnitude vibration.  

Although there are similarities between WBV and radiation exposure, WBV is perhaps more complex to 

measure and monitor because the direction and the frequency of the vibration or shock are also critical 

in determining the negative effect on human health [55].   

While no clear limits or regulations have been legislated regarding allowable WBV doses, ISO 2631-1 

does provide the following Health Guidance chart, shown in Figure 1.22 for total weighted acceleration 

exposure.  The dotted lines represent the allowable exposure for each of the calculation methods 

presented within the standard.  Also note that the standard specifically states that extreme caution 

must be used when considering short durations of higher acceleration. 
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Figure 1.22: WBV Health Caution Guidance Zones (After ISO 2631-1) 

Recent work has been completed which attempts to monitor the amount of vibration a heavy 

equipment operator is exposed to[40, 56, 57].  Specifically the work by Berezan in 2006 showed that 

there is a correlation between operator exposure vibration levels and equipment rack [1].  Specifically 

.ŜǊŜȊŀƴΩǎ ŎƻƴǘǊƛōǳǘƛƻƴ ǿŀǎ ǘƘŜ ŘŜǾŜƭƻǇƳŜƴǘ ƻŦ ŀƴ ƻǇŜǊŀǘƻǊ ǿŀǊƴƛƴƎ ǎȅǎǘŜƳ ǿƘƛŎƘ ƛƴŦƻǊƳed the 

operator of his or her cumulative vibration exposure over the course of a shift.  The goal of the project 

was to prove that operator exposure to WBV would be lower with the use of the device.  Unfortunately 

it was shown that vibration exposure was actually higher with the system in place due to operator abuse 

of the system to gain time off.  Figure 1.23 shows the operator interface designed by Berezan.   

 

Figure 1.23: WBV Exposure Monitor Interface (Berezan,2006) 
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Although Berezan was unsuccessful there is merit in the concept of continuous WBV monitoring which 

could be explored using the gLA presented in this research about the location of the operator.  The 

ǇǊƛƳŀǊȅ ŀŘǾŀƴǘŀƎŜ ǘƻ ǳǎƛƴƎ ǘƘƛǎ ƭŜǾŜƭ ƛǎ ǘƘŀǘ .ŜǊŜȊŀƴΩǎ ƳƻƴƛǘƻǊƛƴƎ ǎȅǎǘŜƳ ŎƻǳƭŘ ōŜ ƛƳǇƭŜƳŜƴǘŜŘ ǿƛǘƘƻǳǘ 

additional instrumentation. 

To this point the discussion of WBV has centered largely on the root mean square calculation methods 

presented in ISO 2631-1 and ISO 2631-5, but work has been done which proposes more classical 

calculations based on acceleration versus time graphs.  Much of the foundation of this theory is held in 

the concept oŦ άJerkέ, defined as the first derivative of acceleration with respect to time or the third 

derivative of position with respect to time [58].  Acceleration versus time methods are particularly 

appealing when considered in connection with the research in this paper as dynamic gLA could be used 

to generate the required acceleration versus time graph without the use of additional instrumentation.   

Although the ISO 2631-1 standard is still most commonly employed, a 2009 paper by Miller of the 

National Institute for Occupational Safety and Health proposes a method referred to as the Jolt Duration 

(JD) Method [59].  The JD method describes each jolting and jarring event as approximated as a half sine 

wave.  Miller describes jolting as any event with a peak greater than 2.0g and jarring events as any event 

with a peak less than or equal to 2.0g.  The excerpt below from Millers work and Figure 1.24 detail 

Millers method of determining the duration and amplitude of each event from an acceleration versus 

time graph.   

! Ŧƛƴŀƭ ƴƻǘŜ ƻƴ aƛƭƭŜǊΩǎ Wƻƭǘ 5ǳǊŀǘƛƻƴ ƳŜǘƘƻŘΤ aƛƭƭŜǊ ŎƭŀƛƳǎ ǘƘŀǘ ƛŦ ƧƻƭǘƛƴƎ ŀƴŘ ƧŀǊǊƛƴƎ ŜǾŜƴǘǎ όŀǎ ŘŜŦƛƴŜŘ 

about 2.0g) from his data set are accounted for, the remaining WBV levels fall below the ISO 2631-1 

health guidance zones.  This is an interesting statement as it implies the possibility that if this correlation 

is formerly proven, a simpler WBV standard may be achieved.  

άLƴ όFigure 1.24), t2 is the time when the absolute value of the acceleration first exceeds the upper 
threshold. For the data in this paper, the upper threshold was | 0.60 g |. The amount of time between t2 and t1 is 
interval2. For this particular example, interval2 was about a millisecond. When the acceleration reaches its apex, 
that time is marked t3 and the amount of time between t3 and t2 is interval3. Similarly, the amount of time 
between t4 (when the acceleration falls below the upper threshold on the way down to t5) and the apex, t3, is 
interval4 and so on. If various intervals are too short or too long, then the waveform may not be ruled as a jolting 
ƻǊ ƧŀǊǊƛƴƎ ŜǾŜƴǘΦ ¢ƘŜ ŀƳƻǳƴǘ ƻŦ ǘƛƳŜ ōŜǘǿŜŜƴ ǘр ŀƴŘ ǘƘŜ ƴŜȄǘ ǘм ƛǎ ŀƭǎƻ ŎƻƴǎƛŘŜǊŜŘΦέ (Miller,2009) 
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Figure 1.24: Example Jolt Duration Event (after Miller, 2009) 

 

Training and Operator Education 

Equipment terrain interactions are impacted not only by terrain and equipment parameters but also by 

operator decisions and ability.   The safe and efficient operation of mining equipment requires skill and 

experience which is not always practically attainable through operation of full scale equipment.  Of 

paramount importance is the safe operation of mining equipment, however lack of training is a leading 

cause of haul truck related accidents [60].   In order to meet this training deficit modern mining and 

construction operations are increasingly turning to simulation and virtual environments to aid in training 

and re-certification of operators [60-62].  There is also evidence that operator ability and education can 

increase equipment efficiency and operator well being by decreasing exposure to occupational hazards 

such as WBV [63-65]. While this research shows operator training is important and will yield valuable 

results, what is not clear is how to identify the success of such training efforts or when specific operators 

require additional training.  Because the gLA method presented in this paper is conducted from easily 

obtained field data it is hoped that by using it as performance indicator, in both the simulated and real 

world environments; a connection between simulation training and actual operator ability can be 

established. 
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2 Mathematical Investigation 
 

As with many wheeled vehicles an underground articulated haul truck (UAHT) has 4 tires which act as 

contact points with the ground.  As the wheels are the only contact points with the ground any forces 

acting on the vehicle in the plane normal to the operating surface must be transmitted through these 

tires.  These vertical forces at each wheel create a moment about both the longitudinal (y-axis) and 

lateral axis (x-axis) of the vehicle; a complete presentation of these forces and the resulting moments is 

presented in Figure 2.1 through Figure 2.3 below.  Importantly; the vehicle at any moment, stationary or 

otherwise, has a weight which is transmitted through the tires to the ground.  It is this ground tire 

interaction which results in the forces which consequently twist the vehicle frame.  Although the mass 

of the vehicle is instantaneously constant, it is not implied that the loading at each wheel must be equal 

or, unless the vehicle is completely stationary, that the sum of the forces at the contact points must 

equal to the weight of the vehicle.  In concept the hub forces of any vehicle and the account of their 

distribution to each wheel can be described as the cumulative effect of the following four force loadings 

on the vehicle: natural or tare, payload, articulation, and motion. Although these four sets of forces can 

be used to describe the net hub force for any vehicle it follows naturally that the force due to 

articulation is zero when the vehicle is rigid (non-articulating) and that the forces due to motion are zero 

when the vehicle is stationary. 

2.1 Loading Components 

2.1.1 Natural of Tare Force Loading 

 

Vehicle curb weight is defined by the Society of Automotive Engineers as ά¢ƘŜ ǿŜƛƎƘǘ ƻŦ ǘƘŜ ōŀǎŜ ǾŜƘƛŎƭŜ 

(standard equipment only), with all fluids filled to maximum (fuel, oil, transmission, coolant, etc.).  For 

heavy trucks, the curb weight does not include engine fuelά [66].   For the purposes of this analysis the 

tare or curb weight of the vehicle is defined as the stationary unloaded operational weight of the 

vehicle.  Additionally; the hub forces under tare conditions are defined as the specific forces at each 

wheel under zero articulation tare conditions and evaluated on even ground; this distinction that tare 

forces at each wheel may be different is important as this analysis procedure does not require that each 

wheel is under symmetrical loading.  Although this analysis is derived around suspension-less 

equipment, the procedure is also valid for equipment with suspension systems which may or may not 
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have non symmetrical tare hub forces which may occur if, for example, a suspension system is damaged 

or altered.   

2.1.2 Payload Hub force 

 

Most vehicles are designed for the purpose of transporting material or people.  The weight of this 

additional load is considered payload which in the context of mining vehicles is generally a material such 

as dirt or rock loaded into the box of the vehicle via large shovels, wheel loaders or hoppers.  The weight 

of the payload, like the tare weight of the vehicle, must also be passed through the wheels to the 

operating surface and thus adds directly to the vehicles tare hub forces creating gross vehicle hub 

forces.  The total payload force distributed amongst each of the hub forces must not be greater than the 

weight of the material comprising the payload but there is no restriction as to how the payload weight 

may be distributed amongst the hub forces.  The notion that payload is not distributed evenly across all 

hub forces is intuitively pictured, as shovel and loader operators cannot reasonably be expected to place 

loads in exact positions and in general payload is carried primarily by the rear wheels as heavy vehicle 

components such as engines are loaded over the front axle.   Although it has been established that force 

due to payload does not need to be distributed evenly amongst all wheels this paper will define payload 

force as the incremental increase over tare weight as payload is applied and the vehicle is in the non-

articulated position, such that the articulation angle of the vehicle is zero.   

2.1.3 Articulation Force 

 

The primary difference between rigid bodied and articulated vehicles is the fact that in an articulated 

vehicle the front and rear axles are not constantly aligned when either at rest or during travel.  This 

dynamic relationship has many implications for articulated vehicle designers and operators, however, 

the two primary differences as concerned by this study are that with articulated vehicles the vehicle 

weight distribution at each hub changes as the vehicle articulates and, further; as the vehicle articulates 

the distances of the hub forces relative to the mid-ship and opposite axles change.  We will see that this 

dynamic geometry will play a pivotal role in this proposed method of equipment monitoring. The 

Appendix 1 contains a study which shows statistical proof using polynomial regression that the force at 

each hub in fact varies with articulation, following a quadratic relationship, while the vehicle is 

stationary and gross vehicle weight constant.   



  

30 
 

 

2.1.4 Force Due to Motion 

 

The above described hub forces due to vehicle tare, payload and articulation are all present when the 

vehicle is either stationary or in motion.  The final force contributing to total hub force is the force due 

to motion which, in other words, means the force generated at the hub as the vehicle moves over 

uneven terrain or experiences linear or centrifugal acceleration due to changes in velocity or direction 

respectively.  The overall approach to frame twist analysis described in this paper is in many ways a 

continuation of the work done by Joseph in 2002 who used bŜǿǘƻƴΩǎ 2nd Law to prove that the dynamic 

force on any strut of a large tonnage class rear dump haul truck is due to the mass over the strut in a 

static scenario combined with the reduction or enhancement of acceleration relative to gravity created 

by the vehicles motion over uneven terrain [3]   

2.2 Calculation of Cumulative Hub Forces 

 

The preceding section served to introduce the four forces which contribute to the total instantaneous 

hub force of any vehicle, specifically these forces are due to: Natural/Tare weight, Payload, Articulation 

(which is defined as zero for rigid bodied vehicles), and motion (which will be zero if the vehicle is 

stationary or otherwise experiencing zero acceleration). Equation 2.1 describes the cumulative hub force 

for each hub of a vehicle.  

 

Ὂ  Ὂ 

Equation 2.1 

 

Where:  

Ὂ ὅόάόὰὥὸὭὺὩ Ὤόὦ ὪέὶὧὩ ὥὸ ὸὬὩ ὮὸὬ Ὤόὦ έὪ ὸὬὩ ὺὩὬὭὧὰὩ  

And 
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Ὥ ȡ  

1 ¢ŀǊŜ ²ŜƛƎƘὸ  

н Ґ CƻǊŎŜ ŘǳŜ ǘƻ tŀȅƭƻŀŘ  

о Ґ CƻǊŎŜ 5ǳŜ ǘƻ !ǊǝŎǳƭŀǝƻƴ  

п Ґ CƻǊŎŜ 5ǳŜ ǘƻ aƻǝƻƴ   

 

It is important to note that the hub force at each hub of the vehicle is equal to the action/reaction force 

at the ground level which also implies that the total ground force exerted by the vehicle can be defined 

as the summation of all hub forces; this relationship is presented Equation 2.2. 

Ὂ  Ὂ  

Equation 2.2 

  

Where: 

Ὂ = Instantaneous total force exerted by the vehicle on the ground 

ὲ   The number of hubs on the vehicle 

Ὂ  The cumulative hub forces at each hub, as described by Equation 2.1 

 

2.2.1 Acknowledgment of Lack of Monitoring Points on Suspension-less Equipment 

 

The work of Joseph utilizes the pressure in an oleo pneumatic suspension system found on most heavy 

haulers to determine the reaction forces transferred from the ground through these suspension 

cylinders to the frame of the vehicle [3].   As many large haulers either have existing data acquisition 

systems, such as CaterpillarΩs ±La{ ƻǊ YƻƳŀǘǎǳΩǎ ±Ia{ ǎȅǎǘŜƳǎΣ ƳƻƴƛǘƻǊƛƴƎ ǎǘǊǳǘ ǇǊŜǎǎǳǊŜǎ ƻǊ ƘŀǾŜ 

ports which ease the installation of monitoring equipment to collect force information in this manner is 

by far the simplest approach to obtaining hub forces.  It is acknowledged that, in practice, it is very 
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difficult to directly obtain hub forces from suspension-less equipment as without suspension cylinders 

the remaining choices for data collection become strain gauges or optical readings neither of which are 

reasonably expected to survive very well in the typical operating environments of articulated mining or 

construction equipment.  It is for this reason that this research uses the theory of an equivalent force 

and g level loading about a mid-ship reference point as support to suggest measuring frame twist 

directly at the mid-ship or via the mid-ship pins which although not simple to implement would move 

the monitoring equipment to a less hazardous location and simplify data analysis as the forces measured 

directly, would be the resultant twisting force about the vehicle mid-ship. However, given the practical 

challenges regarding direct hub force measurement on suspension-less vehicles this analysis uses hub 

forces to derive the equivalent reaction about the mid-ship of the vehicle for several reasons: firstly it 

provides insight into how the machine ground interactions affect frame twisting, secondly it allows a 

more detailed analysis into how machine weight is transferred during loading, inclination and 

articulation; and lastly with the use of a scale model truck direct wheel/hub forces were measured by 

effectively replacing the tires with load cells.  Specifics regarding the scale model test vehicle and 

procedures are provided in Section 4. 

2.3 Relationship between Hub Forces and Frame Twist 

 

¢ƘŜ ƳƻƳŜƴǘ ƻŦ ŀ ŦƻǊŎŜ ŀōƻǳǘ ŀ Ǉƻƛƴǘ ƻǊ ŀȄƛǎ ƛǎ ŦƻǊƳŀƭƭȅ ŘŜŦƛƴŜŘ ŀǎ άǘhe measure of the tendency of the 

ŦƻǊŎŜ ǘƻ ŎŀǳǎŜ ŀ ōƻŘȅ ǘƻ ǊƻǘŀǘŜ ŀōƻǳǘ ŀ Ǉƻƛƴǘ ƻǊ ŀȄƛǎέ[67].  From this definition it stands logically that the 

cumulative hub forces described in Section 2.1 will create a resultant moment of force on the vehicle 

frame about the centre of gravity.  The remainder of this analysis is concerned with the moment these 

cumulative hub forces generate, about the mid-ship of the articulated vehicle under various loading, 

articulation combinations.  These moments about the mid-ship are then expressed as an equivalent 

force and g level response located on a unit sphere about the mid-ship of the vehicle.  For articulated 

vehicles it makes logical sense to use the mid-ship as the reference point for analysis because as the 

single connection between the front and rear sections of the vehicle all moments, or twisting, must be 

transmitted through this point.  Furthermore, because all twisting force is directed through the mid-ship 

in all makes of articulated vehicles using this point as the point of reference would allow the easiest 

performance comparisons across articulated vehicle sizes and makes.  Specifically the point of reference 

used is the point located directly in the center of the mid-ship pin when viewing the vehicle in plan view 

and at an elevation equal to the center or the wheel hubs.  This exact position is chosen to ensure that 
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vehicle rotation about either the longitudinal or lateral axis does not change the location of the 

reference point.  Figure 2.2 and Figure 2.3 illustrate the reference point and free body diagrams from 

the model truck used in this investigation.  While this point may in fact not be physically located on the 

vehicle it is located on the simplified free body diagram used to represent the vehicle during analysis.  It 

is important to note that an inertial reference frame or the COG of the vehicle would be used for a 

moment analysis such as in the Newton-Euler approaches to vehicle modeling presented in the 

literature review section.  However; the mid-ship is a simpler point to use for derivation and basic 

analysis of articulated equipment as this point is constant whereas the COG would move as the vehicle 

articulates to steer.  Using any point other than the COG of the vehicle will introduce error, however 

because this method is intended as an indicator, rather than true dynamic modeling, the location of 

reference can be relaxed and still provide useful monitoring.   

 

Figure 2.1: Caterpillar AD60 Haul Truck 
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Figure 2.2: (Left) UAHT Schematic Plan view and Free Body Diagram, (Right) UAHT Free Body Diagram 

O O 

N.T.S. N.T.S. 
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Figure 2.3: (Left) Overview of Test Unit FBD, (Right), Test Unit FBD 

 

2.4 Relationship between Multi -Body Modeling and g Level Analysis 

 

As discussed in the literature review section, multi-body vehicle modeling is a very common and useful 

method of performance investigation but drawbacks including necessary simplification of real world 

interactions and technical complexity of comprehensive models mean that it is not desirable in all 

situations.   The g Level based analysis presented here is a relatively simple method which conveys 

similar information as conventional modeling but with several differences.   

Figure 2.4 highlights the location used to measure the hub/strut forces used as variable inputs into the 

gLA.  This measurement location captures the overall reaction as the sprung and unsprung masses 

interact with each other in response to terrain excitation.  Using information from each of these 1 DOF 

quarter vehicle models, located at each strut, a simple vehicle model can be created as shown in Figure 

2.5.  As will be shown, gLA calculates simple pitch and roll moments about a single reference point.  

When the chosen reference point is the vehicles COG the result is similar to a simple 6 DOF sprung mass 

multi-body vehicle model where the sprung mass is treated as a rigid body with 2 DOF (pitch and roll) 

and each suspension strut has 1 DOF.  Note that the DOF of either a rigid or articulated vehicle is the 

same because gLA is a series of snapshots within each an articulated vehicle is treated as a single rigid 

body. 

 

O O 

N.T.S. N.T.S. 
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Figure 2.4: Location of Data Collection on 1/4 Vehicle Model 

 

The reason the g Level model can only be considered similar to a conventional multi-body vehicle model 

is that gLA uses the terms pitch and roll to describe the overall moment generated about the x and y axis 

(see Figure 3.1) and does not imply any degree of actual movement as is implied by the use of the terms 

in vehicle dynamics.  Secondly; the gLA method is an equipment model which is a projection of a three 

dimensional vehicle, which operates in a three dimensional world, down to the two dimensional model 

as represented by the free body diagram in Figure 2.3.  Although these simplifications from typical 

vehicle models are considerable, gLA remains a useful vehicle performance monitoring tool because the 

input is real suspension data from operating equipment, to explain this statement consider the 

following: Although gLA has no calculation for load transfer due to cornering; this analysis method will 

capture the impact of a cornering event due to the accompanied increase in suspension pressure at the 

struts on the outside of the corner.  It is these strut/hub forces which form the basis of gLA and so this 

method is able to provide information on any interactions which create suspension responses.    In a 

similar fashion, when using a COG reference point on a loaded haul truck the COG is located above the 

suspension elevation and is also at an increased elevation from the COG location of an unloaded truck.  

It is known that raising the COG of the vehicle would decrease the stability of the vehicle on slopes and 

in corners, due again to load transfer.  The gLA model would still place the COG of both the loaded and 

unloaded vehicles on the same elevation plane (although it will be shown that the y axis COG coordinate 

will change to reflect the shift of weight rearwards when loaded) but any stability issues will result in 

load transfer which will affect the gLA readings. 
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Figure 2.5: g Level Analysis Vehicle Model 

 

Key Simplifications 

Section 2.4 describes the overall relationship between conventional multi-body vehicle modeling and 

the gLA method.  The key simplifications made from dynamic modeling to generate the gLA model 

include no the following: 

¶ Only forces acting on the point mass of each wheel hub are relevant.  This simplification is made 

in order to develop a model which utilizes data from near vertical suspension struts. 

¶ The inertia tensor of the vehicle is zero.  This implies that angular acceleration is neglected and 

that the calculated approximate accelerations are virtual, linear accelerations only, in the 

vertical direction due to excitation at the point mass of the wheels.  

¶ The analysis is quasi-static as each sample point is treated as a snapshot of the vehicle at that 

point. 

By working with the above simplifications gLA provides a simple vehicle model based on a moment 

analysis approach calculated about the vehicles approximate centre of gravity.  These simplifications are 

Z 

z 

y 

x 

Coordinate frame attached to 

Reference Point located on 2D 

projection of sprung mass 

Vehicle operates within 

fixed inertial co-ordinate 

frame 
Y 

X 

Spring and damper suspension 

model at each strut/hub location. 
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made in order to develop a model which can be calculated from easily observed data, using existing 

technology.      

2.5 Choice of Reference Point 

 

Although the formal derivations in this work are based on the geometry of an articulated haul truck the 

analysis can be simplified for application to rigid frame vehicles.   

When applying this analysis method the COG of the vehicle is recommended as the first choice of 

reference point as it will provide the largest degree of agreement with results from classical multi-body 

analysis.   While the COG is recommended as the reference point this location is not necessarily static 

throughout the vehicles duty cycle, for example the COG of a loaded haul truck travelling from a loading 

tool to dump location, is different than the COG of the same vehicle travelling empty on a return route 

to the loading tool.  Also of note is that in the real world example of the hauler the COG location would 

likely change in the x,y and z coordinates, however; because gLA is a two dimensional projection only 

the x and y coordinates would be affected.  This concept is applied in Section 5.2.  Another simplification 

regarding COG in the g Level method is to perform the analysis about the Ideal Centre of Gravity (ICOG).  

The ICOG is the location where under ideal loading the vehicles COG would be, in reality the COG of the 

vehicle will vary slightly between loads based on operator ability and if any large fragments are placed 

off centre.  While this assumption will affect the absolute accuracy of the g Level method versus a true 

classical analysis the g Level method will still capture the overall effect of varying loading conditions as 

they these variations will be associated with an off-centered suspension response. 

The previous paragraph discussed utilizing the ICOG as the reference point instead of the actual COG.  

This simplification will impart error into the g Level method results when compared to a classical 

analysis but it is the ŀǳǘƘƻǊΩǎ opinion that the results of gLA under these conditions are still a valuable 

performance monitoring tool.  There are also situations where a more extreme deviation from the COG 

or ICOG will yield useful performance information.  One such example of a situation is the application of 

the method to an articulated vehicle.  In the case of an articulated vehicle the COG of the vehicle will 

shift from in front of to behind the mid-ship location when empty and loaded respectively.  The effect of 

this is that the COG will rotate about the mid-ship from one instance to the next as the vehicle 

articulates.  Analyzing loaded conditions separately from empty conditions would minimize the variation 

in results however, if it is desired to compare whole duty cycles simultaneously it would be beneficial to 
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use a point of reference, such as the mid-ship pin, which does not vary during articulation.   Although 

this reference location will impact results, overall the method will still function as a performance 

indicator and can be used to monitor equipment performance and road conditions as long as all vehicles 

under analysis use the same reference points.  This discussion is also applicable to other potential 

monitoring points such as the geometric centre of the wheel base as demonstrated in Section 5.2. 

 

2.6 Derivation of the Equivalent Force about the Mid-ship 

 

Unless otherwise noted all pertinent vehicle components and general geometries are referenced to 

Figure 2.2 and Figure 2.3.  Additionally it should be noted that a standard x,y,z and i,j,k Cartesian 

coordinate system is used consistently and that all counter clockwise rotations are considered positive. 

Where in Figure 2.2, and Figure 2.3: 

A = Location of the front right wheel hub 

B= Location of front left wheel hub 

C=Location of the rear left wheel hub 

D=Location of the rear right wheel hub 

O= Reference point as described in Section 2.3 

ɸҐbŀǘǳǊŀƭ ŦǊƻƴǘ ŦǊŀƳŜ ŀƴƎƭŜ ƛƴ ŘŜƎǊŜŜǎ  

ɰҐ bŀǘǳǊŀƭ ǊŜŀǊ ŦǊŀƳŜ ŀƴƎŜƭ ƛƴ ŘŜƎǊŜŜǎ 

ʊҐ !ǊǘƛŎǳƭŀǘƛƻƴ ŀƴƎƭŜ ƛƴ ŘŜƎǊŜŜǎ ŘŜŦƛƴŜŘ ŀǎ ǘƘŜ ŘŜǾƛŀǘƛƻƴ ƻŦ ǘƘŜ ŀȄƛǎ h¸Ω ŦǊƻƳ ǘƘŜ ƛƴƛǘƛŀƭ Ǉƻǎƛǘƛƻƴ 

parallel to the axis OY 

 

2.7 Natural Front and Rear Frame Angles 

 

The term Natural Frame angles refer to the angles beta and theta in Figure 2.3 and are defined as the 

angle between the longitudinal axis of the vehicle and a line originating from the point of 

reference/origin άhέ ƻŦ ŀƴȅ ǾŜƘƛŎƭŜ ǿƘƛŎƘ ǘǊŀǾŜƭ through the wheel hubs.  These angles are used to 

simplify the representation of the vehicle free body diagram.  These angles are constant as they are a 

function of vehicle construction. All of the relevant dimensions required for analysis can be estimated 
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from general arrangement drawings or, if available, CAD drawings can be used for more accurate 

determination.   

2.7.1 Definition of Articulation 

 

If the vehicle under investigation is articulating the geometry between the wheel hubs and the reference 

Ǉƻƛƴǘ άhέ will change as the vehicle articulates.  See Figure 2.3.  By convention established in this 

investigation articulation is defined as deviation of the longitudinal axis OY, which bisects the front axle 

from its location at zero articulation ǘƻ ǘƘŜ ƭƻŎŀǘƛƻƴ ƻŦ ǘƘŜ ōƛǎŜŎǘƛƴƎ ŀȄƛǎ h¸Ω ŀƴŘ ǿƛƭƭ ōŜ ŘŜƴƻǘŜŘ ōȅ ǘƘŜ 

Greek ƭŜǘǘŜǊ ǇƘƛΣ ˒.  Arbitrarily the rear section of the vehicle is considered stationary relative to the 

reference point; ǘƘŜǊŜŦƻǊŜ ŀƭƭ ŀǊǘƛŎǳƭŀǘƛƻƴ ƛǎ ŜȄǇǊŜǎǎŜŘ ǘƘǊƻǳƎƘ ǘƘŜ ŀƴƎƭŜ ˒Φ  ¢ƘŜ decision to arbitrarily 

hold the rear section of the vehicle stationary serves to simplify evaluation as this condition forces the 

geometry of hubs C and D to remain constant relative to point O in the XY plane.   

As mentioned in Section 2.2.1 there is substantial difficulty in attempting to measure hub forces directly 

on suspension-less vehicles.  However, cumulative hub forces will be used to derive the general 

relationship for an equivalent force about the mid-ship as it is a more general approach and because 

hub forces were obtained directly during scale model testing.  The derivation of this equivalent force 

from hub forces also provides a more thorough understanding of the machine/ground interactions 

which take place to create the overall twisting effect on the vehicle.  The cumulative forces acting at 

each of the wheel locations can be computed using Equation 2.1 and will be denoted according to the 

alphabetical convention displayed in Figure 2.2 where, moving counterclockwise from front right to rear 

right: 

Ὂ  = Cumulative hub force at hub A 

Ὂ = Cumulative hub force at hub B 

Ὂ= Cumulative hub force at hub C 

Ὂ = Cumulative hub force at hub C 

At each instant the forces described above can be written in vector notation as: 
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Ὂ Ȅ  Ù ÚË 

Equation 2.3 

   

Where Ὂ  is the cumulative hub force at either the A, B, C, or D hub location and x,y,z are the 

magnitude of the cumulative hub force in the , ,Ὧ directions respectively.  In this analysis, when using 

the vector notation the x and y components of hub force are zero as the monitored forces are in the Ὧ 

direction only which simplifies the vector notation to: 

Ὂ ÚË 

Equation 2.4 

It is a relatively safe assumption that the x and y components of the hub forces are zero as they could 

only be non zero if the wheels were to be impacted from a direction other than within the z plane which 

is not a part of normal operating conditions for the equipment under investigation.   

 

2.8 Instantaneous Moment about the Reference Point 

As this analysis is based on moments, the moment arms of the forces located at the wheel hubs will 

change as articulation increases or decreases.  Referring to Figure 2.3 a simple geometry can be used to 

develop the instantaneous position of each hub relative to the reference point.  These instantaneous 

positions of each hub, relative to the reference, in effect describes the i,j,k components of the lines OA, 

OB, OC, and OD which will be denoted as position vectors ὃ, ὄ, ὅ, and Ὀ respectively.  These position 

vectors are drawn from the reference point and travel through the line of action of each respective Ὂ  

and as such the instantaneous cumulative moment about the reference point created by each Ὂ  can be 

determined from the cross product ‌ ὢὊ ǿƘŜǊŜ ʰ ŘŜƴƻǘŜǎ ŜŀŎƘ Ƙǳō ǇƻǎƛǘƛƻƴΦ  This computation is 

expressed in Equation 2.5 below as: 

ὓ ‌ ὢὊ  

Equation 2.5 
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Which can be calculated in determinant form as Equation 2.6: 

ὓ  

Ὥ Ὦ Ὧ
‌ ‌ ‌

Ὂ Ὂ Ὂ
 

Equation 2.6 

  

With each of the moments calculated about the common reference points, the resultant moment about 

the reference point, denoted ὓ  , can be calculated as the vector summation of each of the moments 

created about the reference points by each individual  Ὂ . 

ὓ  ὓ  ὓ   ὓ ὓ  

Equation 2.7 

  

Which is equal to: 

ὓ

Ὥ Ὦ Ὧ
ὃ ὃ ὃ

Ὂ Ὂ Ὂ
  

Ὥ Ὦ Ὧ
ὄ ὄ ὄ

Ὂ Ὂ Ὂ
 

Ὥ Ὦ Ὧ
ὅ ὅ ὅ

Ὂ Ὂ Ὂ
 

Ὥ Ὦ Ὧ
Ὀ Ὀ Ὀ

Ὂ Ὂ Ὂ
 

Equation 2.8 

  

This resultant moment can be expressed in vector form as 

ὓ  ὓ ὓ ὓ Ὧ 

Equation 2.9 

 

 The unit vector Ὗ , which provides the direction of the axis about which the resultant moment tends 

to rotate the vehicle can be calculated as: 
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Ὗ  
ὓ

ὓ
 

Equation 2.10 

 

Using the unit vector, Ὗ , and the magnitude of the resultant moment, ὓ , the final form of the 

resultant moment about the reference can be expressed as: 

 

ὓ  ὓ Ὗ  ὓ ὓ ὓ ὓὯ 

Equation 2.11  

Figure 2.6, is a visual representation of Ὗ using the Test Unit frame as an example. 

 

Figure 2.6: Example Representation of Unit Mo 

 

2.9 Equivalent Force and Instantaneous g Level Analysis 

 

Thus far the major result has been the derivation of an expression for the magnitude and direction of 

the resultant moment about the reference point created by each of the cumulative forces acting at the 
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individual hub locations.  The direction of the resultant moment, ὓ  , is provided by the unit vector 

Ὗ , however this is the direction of the axis about which the vehicle will tend to rotate.  Therefore; to 

replicate this rotation with a single force, the force will need to act in a direction perpendicular to that 

indicated by Ὗ .  To determine the direction of this perpendicular equivalent force, denoted as Ὂ , 

first a point, ὖ, on the unit sphere perpendicular to the point indicated by Ὗ  will be found and then 

the required Ὂ will be applied tangent to the point  ὖ .  Figure 2.6 above along with Figure 2.7 and 

Figure 2.9, in the following sections, show the progression of the representation of the  ὓ  by the 

equivalent force Ὂ . 

 

 

2.9.1 Determination of the Magnitude of ╕╔╠ 

 

The purpose of Ὂ is to replicate the cumulative moment about the point O.  Given that the magnitude 

of any moment is dependent on both the magnitude of the force and length of the moment arm at 

which the force is applied the magnitude of the equivalent force, Ὂ ȟ will be dependent on the radius of 

the unit circle chosen for analysis.  While the radius of the relevant unit circle is arbitrary caution must 

be used to ensure that magnitudes of all forces which are to be compared are adjusted to act with a 

common moment arm.  This same statement will be important in the gLA presented in Section 2.11.  

Once the radius of the unit circle has been set the magnitude of Ὂ  can be determined from the 

following equation: 

Ὂ  
ὓ

ὶ
 

Equation 2.12 

Where ὶ is equal to the radius of the unit circle. 

2.9.2 Determination of ╤  

 

A commonly employed and useful property of vectors is that two non-zero vectors are orthogonal if and 

only if the dot product between the two vectors is equal to zero [68].  To find a vector which is 
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orthogonal to Ὗ  this dot product property is used to determine an arbitrary vector Ὗ   which satisfies 

the condition that Ὗ dot  Ὗ  is equal to zero.  Specifically to determine Ὗ  the following is used: 

Ὗ  Ὗ Ὗ Ὗ Ὧ 

Equation 2.13 

Ὗ  ὓ ὓ ὓὯ 

Equation 2.14 

  

And  

Ὗ ɆὟ π 

Equation 2.15 

  

Because all three components of Ὗ  are unknown there is no single solution to Equation 2.15.  However; 

since any vector orthogonal to Ὗ  is adequate any arbitrarily assumed values for two of the variables in 

Ὗ  will result in a solution to Equation 2.15.  This solution will actually be a vector from the plane which 

is orthogonal to the vector Ὗ .  By convention stated here the  and Ὧ components of Ὗwill be 

assumed to be equal to one leaving only the  component to be determined.  This solution simplifies 

Equation 2.16 as follows: 

Ὗ ɆὟ π 

Ὗ Ὗ Ὗ Ὧ Ɇὓ ὓ ὓὯ π 

 

 And with the assumption Ὗ Ὗ ρ. 

 

Ὗ ρ ρὯ Ɇὓ ὓ ὓὯ π 
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Ὗ  
ὓ ὓ

ὓ
 

Equation 2.16 

The resulting vector Ὗ Ὗ ρ ρὯ  can then be normalized to yield the coordinates of a point, 

P, on the relevant unit sphere which is perpendicular to Ὗ as illustrated in Figure 2.7.  Specifically the 

coordinates of point P are calculated as: 

ὖ
 Ὗ

 Ὗ

Ὗ ρ ρὯ

 Ὗ
  ὖ ὖ ὖ  

Equation 2.17 

 

Figure 2.7: Example Representation of the Cumulative Moment and the Point P 

 

 

2.10 Final Determination of ╕╔╠  

 






























































































































































































































































































































































































































