
Dynamic Response of Droplets to Single Wave Electrowetting
Perturbation

by
Juan Sebastian Marin Quintero

A thesis submitted in partial fulfillment of the requirements for the degree of

Master of Science

Department of Mechanical Engineering
University of Alberta

©Juan Sebastian Marin Quintero, 2019



Abstract

Active control over the spreading of a liquid can be the avenue of endless opportu-

nities. This spreading is dictated by the surface energy of a solid surface in which

the wetting of a given liquid is quantified by the Young’s contact angle. This quan-

tification is the outcome of the interactions and the magnitudes of the interfacial

energies at the solid-liquid, the solid-medium, and the drop-medium interfaces.

Electrowetting-on-dielectric (EWOD) is a technique that can permit the control

over spreading and its rate without permanently altering the surface energies of

these three interfaces. This is the key aspect and the most important advantage

of electrowetting. The new equilibrium configuration of the drop, as a response

to EWOD by means of an externally applied electric field, can be predicted by

the Young-Lippmann’s equation. Although electrowetting has been widely stud-

ied, there is limited knowledge on the initial response of the drop, mainly after

exerting different kinds of electric fields. During the implementation of the electric

field a spreading behaviour is triggered, and this initial reaction of the drop to elec-

trowetting was investigated thoroughly in this study. The transient evolution in the

drop’s shape was analyzed meticulously while the drop acquired the new equilib-

rium position. If the applied electrical actuation is oscillatory (AC), the number of

cycles of this actuation dictated the equilibrium configuration and, in some cases,
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it deviates from the Young-Lippmann’s equation prediction. Moreover, the system

properties, i.e., the thermophysical properties of the droplet and the surrounding

medium, along with the voltage and the frequency of the applied wave, completely

altered the initial drop dynamics that eventually resulted in the corresponding equi-

librium of the droplet. It is also observed that the first actuation cycle of AC EWOD

had the greatest influence on the drop to achieve the maximum possible spreading.

Hence, as an extension of this research, the transient dynamics of a drop submitted

to a single electrokinetic excitation is scrutinized. The response time of the drop,

defined as the time from the instant that the excitation is introduced until the max-

imum spreading reached during the single actuation cycle, is directly and inversely

proportional to the viscosity of the liquids and the frequency of the actuation force,

respectively. Based on the extensive parametric study, a unique definition of time

scale is proposed to predict the time to reach the maximum spreading of AC elec-

trowetting. This new time scale was based on the imposed actuation time by the

frequency of the wave and on the viscous time scale modified by the electrowetting

properties. The aftereffects of the actuation on the drop’s motion, particularly at the

drop-medium interface, are also investigated to find out the role of this induced per-

turbation on the equilibration process. The oscillatory motion at the drop-medium

interface resembled an inertial capillarity response. An equivalent mass-spring-

dampener model is also proposed to analyze these oscillations. Finally, with in-

creased knowledge about the response of a single drop to electrowetting, a new

technique for electrocoalescence is proposed. The in-house developed technique

circumvented the repulsion at the point of merging between two drops, i.e., at the

three-phase contact lines. The coalescence of sessile drops is characterized by the
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evolution of a film bridge between the drops that represents a mass transfer phe-

nomenon. If a redefined time scale for maximum spreading is considered for the

coalescence analysis, initial bridge growth suggested a universal growth irrespec-

tive of the system properties.
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Chapter 1

Introduction

Modifying the wetting properties of a solid substrates has been a topic of inter-

est for the last three decades. To alter the wetting properties of a solid substrate,

pretreatment of the solid surface of known surface energy is the most popular op-

tion [1–3]. Additional techniques, apart from the engineering of the substrates,

include the introduction of additives or surfactant into the liquid [4, 5] or in some

special cases the introduction of intermediate layers between the liquid and solid

substrates [6]. However, above mentioned methods, either solid or liquid properties

are permanently altered and it is an arduous task to regain the original properties

of the solids or the liquids. A technique named electrowetting (EW), which was

introduced in 1875 by G. Lippman [7], alters the wetting behaviour of liquids and

has a high reversibility with minimal or null changes to the substrate. Initially, this

phenomenon was observed by G. Quincke in 1870, where the mercury-water inter-

facial tension continuously decreased over time [8]. Yet, Quincke failed to give a

satisfactory explanation, and he proposed this might be attributed to the deposition

of impurities brought by the air or by the liquid, which were impossible to avoid

[8]. Later on, Gabriel Lippmann discovered that this effect could be eliminated

by applying a voltage between mercury and aqueous electrolytes, which was seen
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in the capacity to control the position of the mercury meniscus in a capillary [7].

Hence, Lippmann formulated a theory for electrocapillarity effects for modifying

the interfacial properties of liquids. Thereby inducing an electric field, the wetting

characteristics could be changed resulting in the alteration of wettability of the sub-

strate in a controlled manner. The mathematical relationship (Eq.1.1) between the

applied electric potential (U ) and the apparent surface tension (σ) is expressed in

Lippmann’s equation [7, 9]:

σ = σsl −
1

2
cU2 (1.1)

Where σsl is the surface tension of the solid-liquid interface when no voltage is

applied, and c is the capacitance per unit area of the solid-liquid interface. During

the next decades, EW received considerable attention, where aqueous electrolytes

were used as a liquid on metal substrates [10–14]. The key breakthrough was wit-

nessed when the electrolysis at the metal-liquid interface was circumvented [15].

In the case of aqueous electrolytes, which are in direct contact with electrodes, the

electrolytic decomposition in H+ and OH−, within the voltage range of hundreds

of millivolts, is inevitable [16]. This phenomenon limits the applied voltage and

thus the maximum reversible spreading, one can achieve. The combination of a

metal electrode and an aqueous electrolyte also suffers from the lack of reversibil-

ity primarily due to high contact angle hysteresis caused due to rough metal surface

[12, 14, 17]. Two fold challenge, electrolysis and surface roughness, was address

partially in the 1990’s when Berge et al. [15] proposed an ingenious way of in-

troducing a thin insulating layer between the conductive liquid and the metallic
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electrode. This innovative concept, named electrowetting-on-dielectric (EWOD),

eliminates the electrolysis and expands the selection of electrode materials and liq-

uids. In case of EWOD, the insulator layer acts as an ideal dielectric and blocks

the electron transfer from the electrode to the electrolyte, and at the same time, it

maintains the high electric field at the electrode-electrolyte interface by redistribut-

ing the charges at the interface. Also, it is noteworthy to mention that EWOD is

independent of the polarization at the interface, i.e., any magnitude of polarity can

be used for EWOD experiments [18, 19].

The contact angle of a sessile drop on a solid substrate (cosθY ) is primarily gov-

erned by the Young’s equation [20]. Traditionally, Young’s equation can be very

easily interpreted as a force balance at TPCL and one can get the expression for

cosθY . Similar approach fails to derive the expression for contact angle in the case

of electrowetting, hence the minimization of energy was considered and an expres-

sion for the deviation from θY was obtained. Details of this derivation are presented

in Appendix A-1. After accounting the role of the dielectric and corresponding

change in the surface energies, the contact angle (CA) as a function of the applied

voltage is described by the Young-Lippmann equation as [21]:

cosθapp = cosθY +
εoεd
2dσlv

U2 (1.2)

where θY is the initial equilibrium contact angle or Young’s contact angle, εo is the

permittivity of free space, εd is the dielectric constant of an insulating layer with a

thickness d, σlv is the interfacial tension of the liquid and the surrounding medium,
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and U is the applied voltage. Equation 1.2 is based on a very important assumption,

i.e., an equilibrium state of drop, in which the dynamics involved in EWOD due

to varied voltages and frequencies are ignored. This can be based on the actuation

of electric field and its characteristics, i.e., alternating or direct current actuation.

The direct current (DC) voltage presents the advantage of simplicity, where the

voltage remains unchanged in time and the three phase contact line does not oscil-

late [22–25]. On the contrary, if the alternating current (AC) voltage is used, the

drop’s response depends on the relationship between the applied frequency f and

the relaxation time of charges τ = εoεr/k, where εr and k are the permitivitty and

conductivity of the liquid, respectively [26]. Jones et al. [26] proposed to catego-

rize the drop’s response into three regimes: if τ << 1/f the droplet behaves as a

perfect conductor and only coulombic forces act at the three phase contact line; if

τ >> 1/f the droplets behaves as a perfect dielectric and only the dielectrophoretic

forces act on the drop; and if τ ≈ 1/f the drop behaves as a leaky dielectric and

both forces act on the drop. For the case when the droplet behaves as a perfect

conductor, which is a basic assumption of the Young-Lippmann’s equation, the re-

sponse depends on the time average voltage (U = URMS) and Eq.1.2 can be used

for AC voltages [15, 27, 28].

Although DC voltage is easier to analyze and does not need to consider an ad-

ditional factor, i.e. applied frequency, AC voltage is recurrent in EWOD studies

[29, 30]. AC EWOD is preferred in microfluidic applications due to its ability to

induce internal flows mixing inside the droplets while the droplet oscillates [13, 30–

32]. In addition, AC has presented three more advantages that clearly make it the
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Figure 1.1: Dielectric breakdown of Electrowetting on dielectric. Successful
EWOD and dielectric breakdown voltages versus the insulator thickness. The black
line represents the insulator breakdown for PDMS (EBD = 19V/µm and εd = 2.8)
while the other lines represent the voltages required to obtain a desired reduction in
the contact angle (∆θ) from 115° of a water drop in air medium (σlv = 72.7mN/m).
The dashed blue line indicates the minimum insulator thickness (dmin ≈ 11µm) to
obtain a change in the contact angle of 20°.

best alternative for EWOD. First, the continuous motion of the charges at the three

phase contact line induces oscillations in the base area of the drop that prevents the

contact angle pinning, which leads to a reduction in the contact angle hysteresis

[28, 33]. Second, as the polarity of the applied voltage is switching, the permanent

ion adsorption at the liquid-solid interface is reduced [18, 19, 34, 35]. Third, and

the most important aspect, is the delay of the contact angle saturation by effectively

enhancing the maximum wetting envelope [36–39]. For both AC and DC voltages,

the dielectric breakdown is one of the major limitations in EWOD. The dielec-

tric breakdown occurs when the current flows in an electrical insulator because the

voltage applied surpasses the breakdown voltage. Once the dielectric breakdown

occurs, the insulator becomes electrically conductive and no longer behaves as a

dielectric, which occurs at UBD = EBDd, where EBD is the breakdown strength
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of the dielectric material. The breakdown voltage for a given voltage is linearly

dependent on the thickness of the material as shown in continuous line in Fig. 1.1.

Nevertheless, in order to obtain a desired reduction in the contact angle of the drop

due to electrowetting, the voltage required can be found as [40]:

U2 =
2σlv(cosθapp(U)− cosθY )

εoεd
d (1.3)

This equation is a rearrangement of Young-Lippmann’s equation in which the

applied voltage can be determined for a given system that can be further com-

pared to the breakdown voltage, as demonstrated in Fig. 1.1. For a varied thickness

and given ∆θ, i.e., maximum change in contact angle compared with the Young’s

contact angle, the corresponding voltage can be determined. The competition be-

tween the dielectric breakdown and the required voltage for EWOD is illustrated

in Fig.1.1. The convergence of the two lines determines the minimum thickness

required to successfully operate EWOD for a desired contact angle reduction. For

the case of a PDMS layer, the breakdown strength is at EBD = 19V/µm, and it

has a dielectric constant of εd = 2.8. In addition, for the case of a water drop in

air medium, the surface tension is σlv = 72.7mN/m with an initial contact close to

115°. In order to produce a change in the contact angle of approximately 20°, the

minimum thickness required is theoretically dmin ≈ 11µm.

Additionally, it has been observed that, after the voltage is significantly in-

creased (but still under the dielectric breakdown) the denominated critical voltage

is reached and the CA becomes independent from the applied voltage as seen in
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Figure 1.2: Contact angle saturation of Electrowetting on dielectric for a water
drop in air medium. The contact angle becomes independent of the electrowetting
number approximately after η = 1. A continuous AC voltage with f = 100Hz was
applied to a drop with σ = 71.7mN/m on a dielectric with a thickness d = 21µm.

Fig.1.2. In other words, after a critical voltage is surpassed, the contact angle be-

comes independent of the applied voltage, which is referred to as the contact an-

gle saturation [41]. Unanimous theory to explain the contact angle saturation has

not been developed yet, but several academic groups have attributed this anomaly

and suggested different hypothesis such as: air ionization close to the drop’s edge,

which suppresses the driving force of electrowetting [42]; the trapped charges in

the dielectric layer that partially screen the applied electric field [18]; the sur-

face energy of the solid-liquid interface approaches to zero and becomes unstable

[10]; the assumptions of perfectly insulating dielectric or perfectly conducting liq-

uid are violated, thus the net force acting on the contact line is reduced [43]; or

even attributable to material deficiencies [44]. However, some attempts have been

performed to correct Young-Lippmann’s equation and accurately predict the ob-

served contact angles beyond the critical voltage [45–47]. Interestingly, very few
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researchers have devoted their attention to the transient dynamics or effect of dif-

ferent transient parameters involved in the electrowetting such as the frequency of

the applied voltage or cycle of the applied voltage, etc.

In spite of these challenges, EWOD is widely used for numerous applications,

but inadvertently without detailing the transient dynamics, and always below the

CA saturation. EWOD has attracted the attention due to: its fast response (achieving

contact angle changes at a range of 10-100ms with variations of several tens of

degrees) [48, 49]; long-term reliability and stability [50]; reversible nature [18, 51];

and higher efficiency with low electricity and power consumption [16, 48]. Another

aspect of EWOD-based devices is the exhibition of different phenomena without

moving any mechanical components for its operation and the reduction of power

usage [52]. Therefore, EWOD has raised a lot of attention recently for a range of

applications including Lab-on-a-chip devices [19, 53–57], liquid lenses [22, 23, 29,

58, 59], displays [60, 61], reserve batteries [62, 63], communication technology

[64], sustainable buildings [65], and microrobotics [66].

1.1 Overview of key applications

The reversibility and precise manipulation are key factors for allowing electrowet-

ting to be the natural choice for a wide range of applications. The manipulation of

small amounts of liquids (down to volumes of pico-liters) through micro-channels,

for diagnostic or analysis purposes, is usually denoted as Lab-on-a-chip (LOC)

[67, 68]. At the microscale, with such a small sample volume for analysis, surface

forces becomes dominant, therefore, non-mechanical approaches are invented. The
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manipulation of droplets with controlled maneuvering can be executed by dielec-

trophoresis [69], surface acoustic wave transport [70], and thermocapillary transport

[71]. Electrowetting was introduced to microfluidic-based devices by Matsumoto

et al. [13], where they replaced the use of piezoelectrically actuated micropumps

by electowetting for the manipulation of drops. It has been widely implemented for

LOC devices [31, 55, 56] because it not only eliminates the requirement of mechan-

ical connection/fittings, pumps and valves, but also gives a precise control over the

transport. Further, electrowetting-based devices have been developed with interdig-

ited electrodes where individual electrodes act as guide for droplets, in which the

drops can interact with other drops. This entire sequence is controlled externally

and a desired path is the outcome of the activation sequence as seen in Fig.1.3.

The liquid droplets are located between two parallel plates; the bottom electrode

contains independently controlled electrodes, while the top electrode is a contin-

uous and shared ground plate. The operational principle of liquid motion caused

by electrowetting is to asymmetrically change the interfacial tension by applying

a potential difference, and to induce a pressure difference inside the drop. The in-

duced pressure gradient leads to an asymmetric deformation as well as the drop’s

motion [55]. As the drop is occupying more than one electrode, the side electrodes

are activated to elongate the drop and the liquid moves from the high-pressure to

the low-pressure region. Therefore, droplets can be manipulated without moving

any mechanical part, more than one drop can be handled simultaneously, insignif-

icant volumes of liquid are wasted, and automated programs can be implemented

for the drop’s control [72]. Electrowetting-based LOC operates following four fun-

damental fluidic’s operations; generation, transporting, splitting, and merging of
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Figure 1.3: Digital microfluidic circuit based on electrowetting. A matrix of mxn
different input liquids can be introduced. Also, the four fundamental droplet oper-
ations are represented; (1) Create droplets from reservoir; (2) Cut; (3) Merge; and
(4) Transport (Adapted from Ref. [55] with permission of Journal of Microelec-
tromechanical systems).

liquid droplets [55], as shown in Fig.1.3. In the microfluidic conduit on a series

of electrode platforms, small droplets are taken from reservoirs, are transported

along defined paths, and can be combined and mixed with other liquids to produce

chemical reactions [54, 57]. Electrowetting has already been used to manipulate hu-

man physiological fluids, like blood, serum, plasma, urine, saliva, sweat and tears,

demonstrating its promising future in biomedical applications [56].

The second broadest application field is related to adaptive optics. Many me-

chanical systems grant adjustable focus and magnification of the image, but the
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device’s size is compromised. In order to reduce the size of the optical instrument,

the mechanical motion should be eliminated. Abundant solutions have been devel-

oped to design an operative tuneable micro-lens, but they have limited control on

the change of the focal length [73–76]. A curved liquid-liquid interface can be used

as a smooth lens, as the surface tension maintains a uniform curvature and restrains

any irregularity at the interface. Following this order of ideas, if electrowetting is

used to change the shape of the liquid-liquid interface, both the curvature and the

focal length of the lens can be varied as a function of the applied voltage as shown

in Fig.1.4. The cell typically consists of two immiscible liquids, an insulating liq-

uid (usually oil), and a conducting water solution [22, 29]. The nature of a drop in

a liquid medium guarantees the small contact angle hysteresis and the abolition of

evaporation effects; thus, a continuously adjustable lens can be built. Also, as elec-

trowetting exhibits a fast reaction, it allows the reduction in the operational time of

the liquid lens. The optimized condition for reducing the response time of the lens

is at the critically damped response, which is the fastest form to achieve the final

shape without oscillations [23]. Hence, the viscosity of the oil and water solution

should be considered carefully, as well as the comparison between the reaction time

of the drop and the actuation time imposed by electrowetting.

The aim of this thesis is not to focus on the development or establishment of

electrowetting in different domains with its applicability towards various applica-

tions. The prime objective is to identify the gap in the fundamental understanding

of governing factors mainly the Young-Lippmann equation and further comment on

the usefulness of such studies in real life application, primarily on the contact lens.
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Figure 1.4: Liquid lens device based on Electrowetting on dielectric. (a) Schematic
of a drop under equilibrium with no applied voltage acting as a lens, which con-
verges the light rays into a fixed focal length. (b) Change in the focal length of
the liquid lens by applying an electric field into the drop, which induces the drop’s
spreading and increases the drop’s curvature. (c)Image focusing test of a liquid lens
unit based operated by electrowetting. It is used a water-based conductive liquid
and oil-based insulating liquid. The difference in the focal length can be seen for
three different voltages (a) 0V, (b) 30V, and (c) 60V (Adapted from Ref. [77] with
permission of Sensors and Actuators A: Physical).
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1.2 Aim of the present work

Although Young-Lippmann’s equation is widely recognized and mostly used to de-

scribe electrowetting, it has two very important limitations that very few researchers

have studied. The first bounding limit of this equation is the contact angle saturation

at high voltages, where the observed contact angle deviates from the theoretically

predicted values and, as mentioned earlier, unified rationale for this behaviour has

not been established. Therefore, it is accepted that the Young-Lippmann’s formu-

lation is only highly reliable for voltages below the threshold or before the critical

voltage is reached [41]. The second defect of the Young-Lippmann’s equation,

which is borrowed from Young’s equation, is the inability to describe the transient

response of time, and therefore it is entirely unknown how the initial actuation of

AC voltage alters the drop dynamics and equilibrium. Interestingly, based on pre-

vious works related to electrowetting, we noticed that minimal efforts had been

devoted to understanding the initial reaction of the droplet in view of electrowet-

ting. A thorough search of the relevant literature yielded that only DC voltage has

brought special attention to the initial spreading of the drop due to electrowetting

[25]. Consequently, the complete description of the drop’s response caused by AC

electrowetting is still missing, leading to a lack of information in the droplet dy-

namics immediately after the voltage is applied. The complete understanding of the

time required for the drop to reach the new equilibrium position can be beneficial

for the different applications where reducing the operational time or response time

is essential [23].
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The utilization of electrowetting inevitably generates the drop spreading, which

is usually described as a function of the contact angle, the base radius, or the

droplet’s height [78–80]. Yet, the contact angle hysteresis and contact angle pin-

ning spoil the drop’s contact angle and base radius response [47, 81]. Thus, to

circumvent this difficulty, which cannot be avoided, we focused on the height of the

spreading droplets in our analysis. One of the aims of this research was to focus

on the study of the droplet’s dynamics based on the effect of essential actuation

parameters such as voltage, frequency, drop’s viscosity and medium’s viscosity. It

was observed that for experiments under air medium the drop experienced high os-

cillations on its height, which are a function of the applied wave, and the drop’s

thermophysical properties. In fact, the associated drop’s shape response coincides

with the inertial capillarity phenomenon [82], which inspired us to correlate the dif-

ferent studied parameters with the mass, spring, and dampener coefficients of the

system.

In contrast, the response of a drop in a liquid medium completely differs from

the case of air medium, where the droplet simply follows the applied wave and the

oscillations completely vanish after the application of the potential difference. The

reduction in some energy losses in the case of a liquid medium, as the contact angle

hysteresis is almost negligible, allowed us to proposed and verified a theoretical

model. This proposed model is able to predict the drop’s transient response with

respect to the AC actuation. The model was based on an overall energy balance

approach that considered the most relevant energies as the kinetic and surface po-

tential energies, as well as the work done by the drop the and medium dissipation
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[83]. This model was tested to verify how the response of the drop will change

according to the applied potential difference, the number of electrical waves, and

the medium’s viscosity.

And finally, with a better understanding of the early response of sessile droplets

because of electrowetting, an experimental investigation of electrocoalescence was

accomplished in the present thesis. Some studies have reported the presence of

charges at the interface of the sessile drops, which create repulsion forces at the

interface of the drops and prevent the drop coalescence [34, 84]. Thus, the drop’s

detachment from the electrodes is allowed, so the repulsion force at the interface of

the drops weakens, and the drop coalescence can occur. The drop coalescence is

characterized by the bridge that connects both drops, which grows fast with respect

to time [85], where the initial contact angle of the drops dictates the bridge growth

[86, 87] along with the viscosity of the drops [88–90]. In this context, electrowetting

is used to study a wide variety of initial conditions for drop coalescence, as well as

the effect of the applied voltage, separation distance and the role of the viscous

forces in the process. In the upcoming section, the arrangement of the thesis with

these three major studies is presented.

1.3 Thesis Outline

The primary purpose of this thesis is to describe and analyze the transient dynamics

of the response of sessile droplets to the application of a single or a series of AC

waves. Therefore, in this section, we attempt to delineate the thesis structure and

the subjects covered in the succeeding chapters.
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In Chapter 2, “initial drop spreading on a solid substrate due to electrowetting”,

we developed a theoretical model for the description of a drop’s response to elec-

trowetting in a liquid medium. A single or a sequence of AC waves, with different

amplitudes and frequencies, were applied to a liquid droplet in an oil medium with

different viscosities. In our proposed model, we considered the interaction of the

kinematic energy, the surface energy, and the work due to the dissipation of the drop

in an overall energy balance. The governing nondimensional parameters were the

viscosity ratio (between the liquid drop and the oil mediums), the Electrowetting,

the Roshko, and the Ohnesorge numbers. Experimental results captured by high

speed imaging were compared with the theoretical results from the overall energy

balance. A clear shift from in-phase to out-phase drop’s response and its depen-

dency on the applied wave characteristics (amplitude, frequency) and the medium

viscosity was established. We believe, our study in electrowetting can offer a better

understanding of the transient dynamics of droplet spreading in a liquid medium

along with the role of AC waves. The detailed understanding of this allowed us

to comment on the attainment of steady state drop configuration after the decaying

oscillatory behaviour. However, we noticed that the first half of the actuation cycle

had the biggest impact on the drop response and a different time scale must be in-

vestigated to predict accurately the time required to reach the maximum spreading.

In Chapter 3, “sessile drop response to a single wave of electrokinetic excita-

tion”, we provide an extensive experimental study regarding the drop’s response

caused by electrowetting. In this work, an experimental mechanism was designed
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to create a controlled perturbation or disturbances in a sessile droplet by applying an

external electric field which induces the corresponding changes in the drop’s shape.

Single sine waves of AC voltage with different frequencies and voltages were ap-

plied, and the drop dynamics were investigated to scrutinize the drop’s response

while attaining its maximum deformation configuration. High-speed imaging of a

sessile drop disclosed that the drop’s response varies significantly according to the

single wave characteristic (amplitude and frequency) and the properties of the drop

(density, surface tension, and viscosity). The drop’s shape response, after the actu-

ation of the external field, resembles the inertial capillarity phenomenon; therefore

the role of the drop and the medium viscosity is studied in detail. Experimental ob-

servations permitted us to propose a model, for the variations of the sessile drop’s

height, based on a mass-spring-damper system. The damping ratio of the system

was observed to be a function of the Ohnesorge number, i.e., viscous, surface ten-

sion, and inertial forces in the system. In addition, we proposed a modified time

scale that considers the applied frequency, as well as the applied voltage of the

wave and the thermophysical properties of the liquids, to predict the time required

for the drop to reach the maximum spreading.

After understanding the time required to reach the maximum spreading, we

continued this work by introducing electrowetting at the interface of two liquids

by observing the sessile droplet coalescence. In Chapter 4, “induced coalescence

of sessile droplets by a single wave of electrowetting”, the results obtained from

previous chapters are used to predict the drop’s motion and induce the coalescence

of two sessile drops by electrowetting. Repulsion forces between the drops were
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observed, which constraint the coalescence. Therefore, we proposed a new tech-

nique to study the drop coalescence under different initial conditions by applying a

single electrowetting wave and generating drops detachment from the top electrode.

The detachment of the drop guaranteed that the drops coalesce under all the differ-

ent conditions of the applied electrical field, as long as the separation distance was

under reasonable limits. The electrocoalescence study was focused on the growth

of the bridge formed by the union of the drops, and how the different conditions

influenced the initial bridge height and its growth.

Finally, the last chapter (Chapter 5) draws the conclusions from the analyses of

the experimental results and the mathematical model along with a brief discussion

about the future applications of this study. The results obtained in the previous

chapters lead to a better understanding of the drop’s response that can be applied to

the droplet coalescence or the design of a micro-lens as an extension of this work.

However, these two applications of electrowetting have been kept as future work

and only the initial steps have been completed.
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Chapter 2

Drop Spreading on a Solid Substrate
due to Electrowetting 1

2.1 Introduction

Electrowetting is the induced effect of spreading of a liquid droplet on a conduc-

tor surface by applying an electrical potential [41]. In 1875, this phenomenon was

discovered by Gabriel Lippmann [7], who observed that by applying a voltage dif-

ference between an aqueous solution and mercury, the liquid-liquid interface on a

capillary could be controlled. In the case of electrowetting, an electrical double

layer is spontaneously formed at the solid-liquid interface, which is made up of

ions and counter ions at the solid-liquid interface, and is inherently charged or un-

charged. The magnitude of the applied potential difference is tuned to control the

charge distribution that reflects in a slip at the contact line. Thus, the desired contact

angle can be obtained by applying the required voltage. For a solid-liquid interface,

the maximum charge distribution is limited by the electrolysis. This is termed as the

threshold voltage beyond which the disassociation of liquid molecules occurs with a

marginal slip at the three phase contact line. Berge [15], in 1993, discovered that by

1A version of this chapter will be submitted to the Journal of Fluid Mechanics as: Juan S. Marin
Quintero, Hafijur Rahman, and Prashant R. Waghmare, “Drop Spreading on a Solid Substrate due
to Electrowetting”
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inserting a thin insulating layer (dielectric) between the liquid and underneath solid,

the electrolysis could be eliminated and a higher contact angle reduction could be

achieved. The introduction of the dielectric layer is known as electrowetting on

dielectric (EWOD), and the layer works as an ideal dielectric, which enhances sig-

nificantly the breakdown limit and simultaneously maintains the high electric field

at the interface redistributing the charge at the surface [15].

Electrowetting is commonly characterized by quantifying the change in equilib-

rium contact angle (θ0). The new equilibrium contact angle (θe), due to the applied

voltage, can be deduced by energy minimization, as presented in Eq. 2.1 and a

relationship between cosθ0, commonly known as Young-Lippman’s equation, and

the electrowetting parameters [15, 21]. The details of this process can be found in

Appendix A-1.

cosθe = cosθ0 +
ε0εdU

2

2dσ
= cosθ0 + η (2.1)

Here, ε0 is the vacuum permittivity constant, εd is the dielectric constant of the

insulator, d is the thickness of the dielectric layer, σ is the surface tension of the

liquid-vapor interface, U is the applied voltage, and η is the electrowetting num-

ber which primarily governs the electrowetting phenomenon. Apart from material

properties and interfacial tension, the applied voltage is only controlling parameters

to tune the wettability. This applied voltage can be either direct (DC) or alternat-

ing (AC) current. Initially, the natural choice was DC for electrowetting [91, 92]

but Magali et al. [93] performed electrowetting with AC, considering the voltage
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as the root mean square voltage (Uo = U/
√

2) in Eq. 2.1. It was evident that the

AC performed significantly better than DC because of: the reduction in the con-

tact angle hysteresis due to the continuous motion of the three phase contact line

[28, 33]; the reduction of ion adsorption at the liquid-solid interface [19]; and the

delay of the contact angle saturation [37–39]. In addition, AC EWOD stood out

because the possibility of effective internal flow mixing produced by droplet oscil-

lations [30, 32, 94, 95], which is commonly required for microfluidics applications

[13, 31, 55, 56]. Equation 2.1 is valid for both scenarios, provided the applied

voltage is the root-mean-square voltage. This Young-Lippmann equation, predicts

the change of the contact angle with respect to the applied voltage after attaining

the equilibrium, but it fails to comment on the dynamic evolution or transience

involved in the applied voltage, in particularly for AC scenario. A few studies

[26, 30, 94, 96–98] have researched the role of applied frequency and its implica-

tion on the equilibrium contact angle, but the transience involved in this process

is always missing. Also, the role of the actuation cycles is studied for a specific

application [95], but prime attention was towards the internal flow of the drop and

the implications towards the mixing. Hence, it is not fully understood how the drop

attains the steady state and how the system parameters, primarily the medium vis-

cosity, play a role on it. Here, we analyzed the role of electrowetting parameters,

applied frequency, and the medium viscosity on the equilibrium contact angle. A

detailed theoretical model is proposed to quantify the role of each energy compo-

nent involved in this process and finally, the predicted drop shape evolution was

compared with the experimental results. It is desirable to generate relatively simple

models that can describe and predict the transient evolution of the drop spreading
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[46, 47, 83, 99]. The complete understanding of the drop’s response can increase

the efficiency of EWOD-based devices by reducing operation times and having the

entire description of the drop’s evolution for a given actuation. Thus, the objec-

tive of the present study was to investigate and develop a theoretical approach that

considers the effect of electrowetting and the fluids’ properties, which can predict

the drop’s response and the transient dynamics of the drop spreading. An Overall

Energy Balance (OEB) approach is proposed to study the sessile drop height in a

varied viscous medium. This model can describe the transient evolution of the drop

motion, and can predict the shift from in-phase to out-phase drop response from the

applied waves.

2.2 Formulation of the mathematical model and so-
lution

A liquid drop, when in contact with a smooth and homogeneous solid surface, wets

the substrate and attains an equilibrium position, which is a function of interfacial

energies. If the sessile drop is sufficiently small, the gravity has negligible effect

compared to the capillarity. Therefore, it is safe to assume that the sessile drop

shape resembles a spherical cap as shown in Fig. 2.1. By simple geometric exercise,

the volume of the spherical cap can be deduced as presented in Eq. 2.2, which is a

function of the radius of the sphere, r, or the height of the sessile drop, h, and the

contact angle, θ, as:

V =
πh3

3

2 + cosθ

1− cosθ
(2.2)
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Figure 2.1: Schematic of a drop placed on a solid substrate that follows the spherical
cap assumption. r represents the radius of the sphere, h is the height of the cap, R
is the radius of the base of the cap, and θ is the contact angle of the drop.

For a constant drop volume, after ignoring the evaporation, the relationship be-

tween the transient variation in the contact angle and the height can be established

as follows:

dθ

dt
=

(
(2 + cosθ)(1− cosθ))

hsinθ

)
dh

dt
(2.3)

Similarly, one can get the relationship between the drop radius and height as pre-

sented in Eq. 2.4. It is often seen that either the base radius of the drop or the contact

angle are used to describe the behaviour of the drop under the influence of different

actuation mechanisms [100–102]. However, if the drop is submitted to continu-

ous oscillatory disturbances, the contact angle hysteresis and pinning at three phase

contact line influence the spreading dynamics and a corresponding erratic behaviour

in the base radius or contact angle can be witnessed. This phenomenon becomes

prominent in the case of air medium [47, 81]. Thus, to avoid any ambiguity and

decipher the observed phenomena from these unavoidable circumstance, the height

of the drop is considered as a variable for the analysis [103]. Therefore, along this
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study, for theoretical as well as experimental exercise, the analysis is presented in

terms of drop height:

dR

dt
=

d

dt

(
h

sinθ

1− cosθ

)
= − 1

sinθ

dh

dt
(2.4)

To theoretically determine the implication of induced drop deformation, due to

applied electric actuation by means of electrowetting, the overall energy balanced

(OEB) approached is considered. As performed for the prediction of advancing

contact angle, the variation of drop’s height can also be predicted with different en-

ergies involved in this process, namely kinetic, surface, and viscous dissipation due

to drop and surrounding medium. Considering the sessile drop as the control vol-

ume, the applied electric energy (Ein) is utilized to move the contact line, i.e., the

creation or destruction of the interfaces at a certain velocity (U). For this system,

the energy balance can be written as:

dEin
dt

=
d

dt

(
Ek + Es

)
+
d

dt

(
Wd +Wm

)
(2.5)

Here, Ein is the energy added to the system, Ek and Es are the kinetic and the

surface energies of the drop. An additional work must be done to overcome the

inherent resistance caused by the viscosity of the drop (Wd) and medium viscosity

(Wm). For an isothermal system, an internal energy change can be ignored [83].

In the following section, the expression for all necessary energies that govern the

energy balance are studied individually.

24



2.2.1 Kinetic energy, Ek

For an incompressible flow, the kinetic energy can be simplified as Ek = mU2

2
,

where m is the mass of the drop and U is the bulk velocity of the internal flow

in the droplet. It is to be noted that the effect of compressibility is limited (∼

0.5GPa−1) for water [104] and it can be ignored if the experiments are performed at

atmospheric pressure [105]. Also, it is assumed that the mass of the drop is constant

through the experiments, hence there is no mass transfer with the surrounding fluid.

One can debate on the exact representation of U , which can be approximated to the

velocity of the centre of mass of the drop (z) [99, 106]. Hence, the change in the

kinetic energy with the location of centre of mass at height z from the drop base

can be written as:

dEk
dt

=
d

dt

(
mU2

2

)
= mU

dU

dt
= m

dz

dt

d2z

dt2
(2.6)

After establishing the relationship between the drop’s height and the centre of

mass, the total rate of change of the kinetic energy of the drop can be found as:

dEk
dt

= m
1

2 + cosθ

(
dh

dt

)(
1

2 + cosθ

d2h

dt2
+

1− cosθ
h(2 + cosθ)

(
dh

dt

)2)
(2.7)

2.2.2 Surface potential energy, Es

The total surface energy of the system is an amalgamation of surface energies of

liquid-solid, liquid-fluid, and solid-fluid interfaces. Here, the liquid corresponds to

the drop’s phase, the solid is the underneath dielectric layer and the surrounding
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medium is a representation of the fluid. For this system, the surface energy can be

expressed as:

Es = σSDASD + σDMADM − σSMASM . (2.8)

In Eq. 2.8 σ and A are the respective surface energy and area whereas the sub-

scripts denote the interface combinations, i.e., the substrate-drop (SD), the drop-

medium (DM), and the substrate-medium (SM). At the three-phase contact line,

it can be noticed that the substrate-drop and substrate-medium areas are equal

(ASD = ASM ). Thus, the rate of change of the surface energy is:

dEs
dt

= (σSD − σSM)
dASD
dt

+ σDM
dADM
dt

(2.9)

By implementing the Young’s equation with an equilibrium contact angle of the

drop θe, the rate of change of the surface energy can be estimated as:

dEs
dt

=
2πhσ

1− cosθ

(
cosθe − cosθ

)
dh

dt
(2.10)

The only surface tension (σ) that appears in the equation is the drop-medium

interfacial surface tension (σDM ). The Young’s equation fails to comment on the

change in contact angle due to the application of the electric field, which was later

modified by Lippmann as presented in Eq.2.1. Hence, the equilibrium contact an-

gle θe was replaced by the instantaneous equilibrium contact angle θie, which is
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the manifestation of the applied actuation. To account the role of the applied fre-

quency in the contact angle, the revised Eq.2.1 can be considered, where U(t) =

Uosin(2πft) and f is the applied frequency [27, 28].

cosθie = cosθ0 +
ε0εdU

2
o

2dσ
sin2(2πft) (2.11)

2.2.3 Viscous dissipation within the drop (Wd) and at the drop-
medium interface (Wm)

It is well accepted that the viscous dissipation during the drop’s spreading can be

deduced by considering the lubrication approximation [107]. As De Gennes pro-

posed [108], the equivalent viscous force per unit length of the three-phase line can

be estimated as:

Fv(t) =
3µd
θ
ln(ε−1)

dR

dt
(2.12)

where µd is the drop viscosity and ε is the ratio of the microscopic to macro-

scopic cut-off length. The logarithm ratio of the microscopic to macroscopic cut-off

length, ln(ε−1), was considered to be ten [109], as proposed in the literature. Bear-

ing in mind the viscous force and the velocity (dR
dt

) along the three phase contact

line, the energy penalty due to drop viscosity can be found as:

dWv

dt
=

6πµdh

θ
ln(ε−1)

1

sinθ(1− cosθ)

(
dh

dt

)2

(2.13)
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In the case of drop’s deformation with a constant volume, due to the applied

actuation, the fluctuation of the drop-medium interface (ADM ) can be observed. In

most previous works, the increased drop volume scenario in an air medium [83]

preclude the fluctuation and the resistance from the medium. The nature of vol-

ume increment is always continuous in nature, hence, the oscillatory motion was

not noticed, whereas the viscous dissipation from the medium was ignored due to

significantly higher drop viscosity compared to the air. Here, we attempt to account

the role of medium viscosity since we have a medium with a viscosity compara-

ble or higher than the drop’s viscosity. The net rate of work due to the dissipation

at the drop-medium interface can be calculated as dwm

dt
= −τvdA, where τ is the

shear stress acting normal to the surface area dADF , considering the drop spread-

ing at a velocity v = 2dR
dt

. The shear stress at the drop’s boundary is assumed to

be τ = µm
∂ur
∂r
|r=R, where µm is the medium viscosity, and ur is the velocity at

which the medium is getting displaced [110]. If a mass conservation analysis is

performed at the boundary of the drop, the displacement velocity of the medium

can be found to be ur = − 2
R
dR
dt

, and the net rate of work due to the dissipation at

the drop-medium interface can be calculated as:

dWm

dt
=

8πµmh

sin3θ

(
dh

dt

)2

(2.14)

2.2.4 Governing equation for the drop’s height variation

Combining equations from 2.7 to 2.14, the variations in the drop’s height due to

oscillatory actuation of the drop in a another liquid medium is:
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m

(2 + cosθ)2
d2h

dt2
+
m(1− cosθ)
h(2 + cosθ)2

(
dh

dt

)2

+

(
6πµdh

θ
ln(ε−1)

1

sinθ(1− cosθ)
+

8πµmh

sin3θ

)(
dh

dt

)
+

2πhσ

1− cosθ
[cosθie − cosθ] = 0 (2.15)

Furthermore, the mass of the drop is contemplated as m = ∆ρV , where V is

the volume of the spherical cap, and ∆ρ = ρwater − ρoil is the density difference

between water and oil. To extract the key parameters from the governing equation,

the governing equation was nondimensionalized as presented in Eq. 2.15. It is to

be noted that the instantaneous contact angle and drop’s height are two dependent

parameters in this non-linear second order ordinary differential equation. With this

approach, we have obtained a set of nondimensional numbers for which the char-

acteristic length and time scale were chosen as drop’s initial height (h0) and the

capillary time scale (τc), respectively where τc = (∆ρh30/σ)1/2.

h∗2

3(1− cosθ)(2 + cosθ)

d2h∗

dt∗2
+

h∗

3(2 + cosθ)

(
dh∗

dt∗

)2

+

(
6ln(ε−1)

θsinθ(1− cosθ)
+

8

sin3θ
µr

)
Oh

(
dh∗

dt∗

)
+

2(cosθie − cosθ)
1− cosθ

= 0. (2.16)

Here the µr is the ratio of the medium to the drop’s viscosity andOh = µd/(∆ρσh0)
1/2

is the well-known Ohnesorge number. In this nondimensionlization process, the

equilibrium contact angle from Eq.2.11 gets appropriately changed to cosθie =

cosθY +η sin2(2πRoOh t∗), where Ro = fh20∆ρ/µd is the Roshko number. In the

present analysis, the solution of this second order differential equation was obtained
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with a fourth order Runge-Kutta method with h∗ = 1 and dh∗/dt∗ ≈ 0 as initial

conditions. The proposed theoretical model is validated with the experimental re-

sults for a range of µr (10-1000), η (0.29 to 0.89), and Ro (0.44 to 44.49). The

variation in the Oh for the considered parameters is marginal from ≈ 8.9 × 10−3

to 9.7× 10−3, hence we have not considered this in our parametric analysis. In the

upcoming section, experimental details are reviewed before the discussion of the

comparison between the theoretical model and the experimental evidence.

2.3 Experimental study of drop’s perturbation

The experiments were conducted by depositing 3µL drops of aqueous solutions

(DI water and 0.1M sodium chloride) by means of a goniometer (DSA30, KRÜSS

Scientific Instruments Inc.). A disposable syringe (NORM-JECT 1mL, Henke-

Sass Wolf GmbH) was used to generate the drops inside a distortion-free cuvette

(SC02, KRÜSS Scientific Instruments Inc.), which was prefilled with silicon oil

(Paragon Scientific Ltd) with different viscosities, as shown in Table 2.1. The drops

were deposited on a copper substrate, which was coated with a thin layer of Poly-

dimethylsiloxane (PDMS), acting as electrode and dielectric. The dielectric layer

was placed on the electrode by spin coating (WS-650Mz-23NPPB, Laurell Tech-

nologies) and the thickness of the dielectric layer was controlled by optimizing the

rotational speed and the duration of the spinning process. The resulting dielectric

layer thickness was approximately 21µm with a dielectric constant of εd = 2.8.

The actuation by means of electrical signal was triggered by a waveform genera-

tor (294 100MS/s, FLUKE), which was further augmented by an amplifier (BOP

500, KEPCO) to obtained the desired output. The contact angle saturation [18] was
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Table 2.1: Properties of water and liquid mediums. Viscosity µ, density ρ, and
interfacial tension σ of different liquids at room temperature

Liquid µ(mPas) ρ(kg/m3) σ(mN/m)

Water 0.91 997.1 71.7
D10 10.32 846.2 40.6
N35 59.19 853.6 40.6
S60 100.60 857.0 40.4
D500 541.40 869.9 40.5

the dictating factor to limit the maximum actuation signal in terms of maximum

voltage. Finally, a copper wire, with a diameter of 60µm, was used as positive

electrode, and it was situated at centre of the droplet but with a separation distance

equal to the initial radius of the drop from the bottom electrode.

The drop’s perturbation and the associated changes in the shape of the drop

were observed with a high-speed camera (Phantom V711, Vision Research Inc.)

with a frame rate of 3,000 frames per second. An extended macro lens was at-

tached to the high-speed camera to attain a spatial resolution of ∼ 5µm/pixel with

a magnification factor close to four. A high intensity back light source (High Power

LED Illumination, KRÜSS Scientific Instruments Inc.) was used as a back light

illumination source. The camera exposure time, white intensity, focus, and colour

balance were optimized to obtain the sharp drop-medium interface. The captured

videos were calibrated and post-processed with an image analysis software (Image-

Pro Premier 9.2, Media Cybernetics, Inc.) for the quantification of instantaneous

drop’s height. The drop-medium interface was identified by using an edge detector

function in the image analysis software, so the height of the droplet could be mea-

sured.
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2.4 Results and discussions

The dynamic response of the drop due to the electrical perturbation is compared

with the solution of the overall energy balance equation, i.e., Eq. 2.16. Apart from

the response to various operating conditions or to varied range of nondimensional

numbers, the number of actuation waves is also studied for the sake of complete-

ness of the analysis. The drops in all the different mediums attained an equilib-

rium, or initial height of h0 = 1.70 ± 0.03mm with an associated contact angle

θ0 = 157.6 ± 5.7°. However, the initial height and initial contact angle for the nu-

merical study was selected as h0 = 1.70mm and θ0 = 153.5°, respectively. In the

following section, the theoretical predictions are represented by solid lines and only

symbols are experimental observations.

The governing equation can be solved for the drop’s height or the drop-medium

interface velocity as shown in Fig. 2.2(a). This equation is a combination of differ-

ent energy sources that can easily be quantified separately as depicted in 2.2(b). An

analysis of the relative magnitude of the different energies considered provides a

better understating on the drop’s oscillations associated with the applied force. Fig-

ure 2.2(a) presents the height and the change in the height of the drop vs the time

for the case of nondimensional parameters of Ro = 0.22, Oh = 0.0093, η = 0.89,

and µr = 110. The height’s velocity has a zero magnitude at three times, i.e. at

the initial position, and approximately when the voltage returns to a zero value in

two occasions. Also, the velocity asymptotically attains a zero velocity as the drop
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Figure 2.2: Theoretical results for a water drop (µd = 0.91mPas) in an oil medium
(µm = 100.60mPas) submitted to a single sine wave of UAC = 350V at a fre-
quency f = 5Hz, which corresponds to the nondimensional numbers ofRo = 0.22,
Oh = 0.0093, η = 0.89 and µr = 110. (a) Height and the rate of change of height
with respect to time and (b) Comparison of all the different energies considered in
the theoretical model.
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returns to the initial position. At this point, all the energies from Eq.2.15 return to

a zero value as shown in Fig.2.2(b). Also, it can be seen how the surface energy

is transmitting the energy to the drop as in the form of velocity (kinetic energy),

and to the surrounding as viscous dissipation (work due to drop and medium dissi-

pation). The reason of the negative nature in the change of the surface energy can

be understood from how the drop is attempting to reach the instantaneous equilib-

rium contact angle, and the difference between the cosines of the equilibrium and

the actual contact angles, which is always negative or zero. The kinetic energy for

almost the entire process was three times bigger than the work due to dissipation,

and so the kinetic energy represented approximately 75% of the dielectric energy.

It is worthwhile to mention that the negligible work due to the drop’s viscous dis-

sipation remained approximately 0.2% of the dielectric energy, which is consistent

with the viscosity ratio for this particular case.

The maximum energy delivered to the system is nearly at t = 0.15s, which cor-

responds to the 75% of the period of the wave. At this point, the kinetic and the work

due to medium dissipation reach their maximum value, while the surface potential

energy reaches its minimum. This behaviour aligns with the application of the ex-

ternal force perturbation, where there are two moments when the voltage acquires

the maximum amplitude, i.e. at 25% (t = 0.05s) and at 75% (t = 0.15s) of the ap-

plied period. At these two points, the instantaneous equilibrium contact angle from

Eq.2.11 is equal to the apparent contact angle from Young-Lippman’s (Eq.2.1), and

so the difference between the equilibrium contact angle and the actual contact an-

gle is the highest. However, when the electrical wave is at the 0.25% of its period,
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the drop is still in an intermediate spreading point where the height velocity is not

maximum, the minimum height has not been reached yet, and the substrate/droplet

area (ASD) has not reached its maximum value. Therefore, the energy peaks when

the voltage is maximum are not identical, and the first peak is never greater than the

second peak. The asymmetric spreading of the drop between the first half and sec-

ond half of the electrical wave is detailed in the up coming sections. Following this

order of ideas, a better understanding of the different nondimensional parameters

is required to completely understand the drop’s response and the oscillations linked

with the application of a single or a sequence of electrical sinusoidal waves.

2.4.1 Effect of electrowetting number

The electrowetting number represents the ratio of the electrostatic energy to the sur-

face energy, and it is the main governing parameter for a sessile droplet perturbed

by an electric field. Literature already reported that by increasing the electrowet-

ting number the apparent contact angle is further reduced [41], which leads to a

lower instantaneous equilibrium contact angle that dictates the solution of Eq.2.16.

In the case of electrowetting-induced spreading, a similar behaviour is presented

in Fig.2.3. Figure 2.3 illustrates the change in the nondimensional height with re-

spect to the nondimensional time multiplied by the Ohnesorge number (Oh) and

Roshko number (Ro). The multiplication of the nondimensional time by the Ohne-

sorge and the Roshko numbers facilitates the analysis and comparison of the drop’s

dynamic response, which translates the time into the number of electrical cycles

applied. For fixed values of Oh, Ro, and µr, the traditional outcome is observed,
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i.e., a higher height diminution with the electrowetting number η. The voltage’s

range, and therefore the electrowetting number’s range, was selected based on the

dielectric breakdown of the insulator layer (the PDMS layer) that is a function of

the dielectric thickness depicted as Ebreakdown = 19V µm−1. Thus, the maximum

possible potential is approximately 400V before the occurrence of the electrolytic

process. Yet, the maximum applied voltage was selected as 350V (η = 0.89) to

avoid electrolysis and the saturation of the contact angle [18, 42]. The lower limit,

200V (η = 0.29), was chosen to observe a change in the drop’s shape due to elec-

trowetting. The height reduction for waves below this threshold voltage was ob-

served to be less than 5%, as seen in Fig.2.3, resulting inconvenient for capturing

the drop’s response with the high-speed camera, and impractical to compare with

the mathematical model.

Figure 2.3: Transient variation of the droplet height for different electrowetting
numbers. The additional terms are fixed to Oh = 0.009, Ro = 4.45, and
µr = 110.55. The experimental results are represented by symbols and the results
obtained from the proposed model are represented by the solid lines.
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For waves that generate a significant change in the drop’s height, it can be seen

how the drop does not symmetrically stretch following the applied sine wave, being

more evident as the electrowetting number increases. Due to the additional resis-

tance from the surrounding medium, the drop deviates from attaining the forced

equilibrium contact angle, which leads to the dissipation of energy and to the delay

in the spreading. This can be further seen as how the drop in the first quarter of the

cycle spreads to an intermediate position, which does not correspond to the height

calculated from the Young-Lippmann’s equation (Eq.2.1). After the first quarter of

the cycle has ended, when the voltage is starting to decrease, the drop momentarily

continues to spread due to inertia, until it reaches a local minimum. As the voltage

significantly reduces in magnitude, and the inertia vanishes in the second quarter

of the cycle, the drop recoils to regain its original shape, but at a slower rate com-

pared to the spreading in the first half. This phenomenon is directly attributed to

the governing forces acting on the drop, i.e. during the first quarter of the cycle,

the electrowetting is forcing the motion; while in the second quarter of the cycle,

the electrowetting weakens, and the drop follows only the forces imposed by the

interfacial tension. Before the drop can arrive at its original height, the second half

of the electrical cycle starts, and the voltage restarts increasing in magnitude, lead-

ing to an additional spreading stage of the drop. However, in this second half of

the actuation cycle, the drop further spreads due to the partial spreading occurred

in the first half of the cycle. Then, a similar episode occurs as the voltage reaches

again its maximum value at OhRo t∗ = 0.75, where it can be seen how the drop re-

traction is delayed due to inertia. Once the electrical cycle has been completed, the

drop monotonically retracts to its original shape regardless of the applied voltage.
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Nevertheless, it is worthwhile to observe how the drop reattains the initial position

in a similar manner after the electrical wave vanishes.

2.4.2 Effect of Roshko number

The non-symmetric response of the electrowetting is directly related to the relax-

ation time of the drop and how fast the external force is applied [26]. As a conse-

quence, there is an interplay between the properties of the liquids and the actuation

by means of electrowetting. Hence, there are two key aspects one has to compare,

the applied actuation frequency and the response in the drop oscillations, which is

mostly due to the viscosity of the droplets. The first natural choice, in the case of

considering nondimensional number, can be Strouhal number St, but we opted for

Roshko number (Ro) instead. Anatol Roshko [111] introduced this nondimensional

group as a dimensionless frequency to study vortex shedding in turbulent flows. Al-

though Ro is commonly used to describe repetitiveness of vortex-street structures,

in this work we proposed to use it to represent the repetitiveness in the drop’s oscil-

lations. This also allowed us to circumvent the use of contact line velocity for the

analysis. For this research, the Ro describes the oscillating flow mechanisms and

directly relates the applied frequency (f ) and the drop’s viscosity as the governing

factors. Figure 2.4 represents the response of the drop’s height to the varied range

of the Ro number, where Ro is varied from 0.44 to 44.49. In any damped harmonic

oscillator system, the existence of the resonance frequency can significantly alter

the oscillations. The first resonance frequency (i.e. n = 2) for a drop of 3µL in

oil medium is approximately f2 ≈ 35 − 40Hz [112]. Therefore, we avoided fre-
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quencies close to this, to avoid any implication from the resonance. Based on the

experimental observations it was noticed that beyond 100Hz the drop’s response

was minimal, therefore, the highest frequency selected was 100Hz (Ro = 44.49).

With this frequency noticeable response in drop’s shape was observed. Below cer-

tain frequency, the drop has a tendency to slip away from its centre, also reported

as ‘waggling’ [98]. Therefore, to avoid any asymmetric linear translation in the

drop along the spreading direction, the lowest frequency of 1Hz (Ro = 0.44) was

chosen. For this lowest frequency, i.e., forRo = 0.44, it is clearly seen that the drop

closely follows a symmetric spreading and both valleys, representing the minimum

height in the drop, have a similar magnitude. The symmetric or uniform spreading

of the drops is defined to be fulfilled if the difference between the magnitude of

droplet’s height at the maximum spreading position in both halves has a difference

below 5%. The discrepancy between the experimental and theoretical predictions

is off two folds, first, the predicted magnitude in the drop’s height and second, the

location of the minima. Interestingly, the time achieved to attain the first minima

matches quite well with the experimental observations. The underprediction of

height depression is significant for lower Ro, but for higher Ro (4.45 and above) it

matches perfectly well. The proposed model is developed for AC voltage, whereas

the lower frequency behaves similar to DC voltage scenario, hence, the discrepan-

cies can be justified.

For a relatively low frequency (Ro = 0.44), the drop’s response is in phase

with the actuation, as we observed in the case of η. As Ro is increased, the actu-

ation time scale is much faster than the response of the drop, hence, the deviation
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Figure 2.4: Transient variation of the droplet height for different Roshko numbers.
The additional terms are fixed to Oh = 0.009, µr = 110.55, and η = 0.89. The
experimental results are represented by symbols and the results obtained from the
proposed model are represented by the solid lines.

from the actuation cycle is imminent, which can be observed for case of Ro = 2.22

and above. As a result, the drop’s response shifts from the sine form to an out of

phase asymmetrical spreading. As noticed for all η, the drop attempts to regain

its original height as the voltage is reversed during the first half cycle,but the time

scale is too short for the drop to regain the original height. In this middle height

regaining process, the second increment in the voltage magnitude triggers, i.e., the

initiation of the second half of the cycle, and interrupts the recoiling and generates

that the drop further spread. This caused the out-phase response, which intensifies

along with the difference between the two valleys as Ro increases. As mentioned

earlier, for higher Ro the drop spreading is minimal and is reversible in nature. The

time to regain the original drop shape is strongly dependent on the viscosities of

the drop and the medium. It would be interesting to see whether one can get simi-

lar reversibility in the air medium with the practical limitation of the contact angle
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Figure 2.5: Effect of Roshko number on drop’s spreading dynamics. (a) Minimum
height achieved by a drop (Oh = 0.009 and µr = 110.55) by a single electrowet-
ting wave as a function of Roshko number, for different electrowetting numbers.
The experimental results are represented by open symbols, and the lines represent
the theoretical results. (b) Three different regimes proposed to study the transient
reponse of drop spreading, which can be categorized into in-phase, out-phase, and
non-responsive behaviour.

hysteresis. One very critical aspect of Young-Lippmann’s equation is scrutinized

here, this classical equation (Eq.2.1) never commented on the role of frequency.

Here, we clearly demonstrated that for Ro = 22.25 and above, the drop’s response

completely deviates from the expected prediction proposed by Young-Lippmann’s

equation. One can argue that only one cycle of actuation is applied, which moti-

vated us to study the role of number of cycles and the outcome was similar. The

details of the role of number of cycles are presented in the upcoming sections, and

prior to that, we have presented a quantified way to identify different regimes where

the role of frequencies can be considered or ignored. In Fig.2.5 an attempt is made

to present a phase plot that can clearly identify the range in which one has to study

the electrospreading.
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Interestingly, if the minimum height attained by the drop is studied as a func-

tion of the Roshko number, the response resembling to the ”S”-shaped curve can be

observed, as depicted in Fig.2.5(a). This phase plot can be categorized into three

different regimes namely, Regime I (1 & Ro ), Regime II (20 & Ro & 1), and

Regime III (Ro & 20). For Regime I, where the applied frequency is smaller and

can be approximated as DC electrowetting, the drop’s response is approximately

in phase with the applied actuation, hence, the minimum height is independent of

the Ro. Regime I is the process where the maximum drop deformation can be

witnessed, which is in phase with the actuation, whereas the Regime II is out of

phase of the drop’s response. As identified in Regime III, for very high actua-

tion frequencies, the drop is irresponsive to the actuation, hence, it can be approx-

imate as independent of the actuation. To further clarify the significance of the

regimes, the theoretical response of the drop’s height in three different regimes is

presented in Fig.2.5(b). In the first regime (Regime I), when Ro << 1, the drop

can closely follow the applied electrical field [98], but the minimum height devi-

ates from the height calculated following the Young-Lippmann’s equation using the

root-mean-square value of the voltage. However, it is desirable to reiterate that, for

low frequencies, the drop response resembles closer to DC voltage rather than to

AC, where the drop can spread to a greater extent. This justifies the deviation in

the theoretical model from the experiments, in Regime I, which underestimates the

height reduction. On the contrary, by increasing the actuation frequency at which

electrowetting is triggered (higher Ro), the model perfectly predicts the response

of the drop. For the transitional regime (Regime II), when 20 & Ro & 1, the

drop can partially follow the actuation, which leads to the out of phase behaviour
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Figure 2.6: Minimum height achieved by a drop (Oh = 0.009 and µr = 110.55)
by a sequence of sine waves (η = 0.65) for different Roshko numbers. The initial
height, when the number of waves is zero, is represented at 0.1 instead, because of
the logarithmic nature of the plot. The maximum error obtained was Errorh∗min

=
±0.013.

as explained in the case of variation of η scenario. In this regime, the drop fails

to attain the equilibrium maxima or minima in phase with the actuation. This has

further consequences in terms of maximum spreading, which is a strong function of

the number of actuation cycle that is studied in the upcoming section. For the last

regime (Regime III), whenRo > 20, the drop is completely irresponsive to the actu-

ation cycle. In this particular case, the spreading becomes independent of η andRo.

The fact that a transitional regime exists can arise two questions: what would

happen if more than a single sine wave is applied to the drop? and how many waves

would be necessary to achieve the maximum reduction in height? Aiming to resolve

the previous questions, the drop was subjected to a series of waves, and the mini-

mum height achieved with respect to each cycle is studied as presented in Fig.2.6.
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We believe the transition zone, i.e, Regime II, is in between Ro = 2 and Ro = 22.

Due to additional continuous actuation for certain period, by means of higher num-

ber of actuation cycles, the drop further spreads and attains the maximum possible

spreading. This maximum spreading, after certain number of actuation cycles, does

not alter the maximum spreading or resulting change in the contact angle. It is

worthwhile to notice that the number of actuation cycles is strongly dependent of

Ro, as the Ro increases, one has to apply a larger number of cycles. Another in-

teresting aspect was noticed regarding the drop’s response after this equilibration.

As the inset shows, once this critical number of actuation cycles are performed, the

drop deforms in phase with the actuation cycle. During the in-phase oscillatory be-

haviour, the maximum and minimum drop height neither corresponds to the initial

drop’s height nor to the equivalent height predicted by Young-Lippmann’s equation,

respectively. In fact, as the Ro is increased, more cycles are required to approach

towards the in-phase cyclic response, as shown in Fig.2.6. As a consequence of

these higher number of cycles, the ultimate drop equilibrium height decreases with

the increase in Ro. The higher Ro implies a faster spreading and a limited time for

the drop to pursue the imposed actuation, which inevitably leads to a higher viscous

dissipation and thus a longer time to achieve the equilibration. With the best of the

authors’ knowledge, based on all previous studies related with AC electrowetting,

the researchers always comment that ‘sufficient time’ was granted to the drop for

this equilibration, but quantification of this ‘sufficient time’ was missing which we

have presented here. For the completeness of the analysis, it is important to study

the role of medium viscosity as we have presented in the next section.

44



2.4.3 Effect of viscosity ratio

The viscosity ratio significantly affects the overall oscillatory response of the drops.

For this study, only the liquid medium viscosity was varied. Thus, the viscosity ra-

tio µr was always greater than one, which implies that the effect of the work due to

the medium dissipation was significantly higher than the drop viscous dissipation.

However, both the drop and medium viscosity directly influence the relaxation time

of the drop, by causing additional energy losses associated with energy dissipa-

tion. The study of viscosity ratios below the unity can be easily performed in an

air medium, but the existence of additional factors, such as evaporation and con-

tact line friction, was restricting us to perform that spectrum. Figure 2.7 exhibits

the experimental and theoretical response of a drop to a single wave for different

viscosity ratios. A similar effect occurs for increasing the viscosity ratio, as in the

case of increasing η and Ro, i.e., the drop cannot pursue the external actuation cy-

cle. It requires more time to respond as the viscosity of the medium increases. The

aforementioned delay is greatly reflected on the drop at the end of the first half of

the cycle, where the drop cannot retract to its original height, and during the second

half, the drop spreads in a completely different magnitude than the previous half.

Thus, an irregular spreading is observed and more than one wave is required to

attain the global minimum height. The irregular response can be avoided by reduc-

ing the medium dissipation, accomplished by reducing the viscosity ratio, which

guarantees insignificant losses due to the medium. For the least viscous medium in

Fig.2.7 (µr = 11.34), the drop can retract to its original height by the end of the

first half of the cycle, and the first and second valley are equal in magnitude. As

µr increases, the drop’s reaction diverges from the in-phase response and begins to
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Figure 2.7: Effect of viscosity ratio on drop’s spreading dynamics. (a) Transient
variation of the droplet height with additional terms fixed to Oh = 0.009, Ro =
4.45, and η = 0.89. The experimental results are represented by symbols and
the results obtained from the proposed model are represented by solid lines. (b)
Minimum height achieved by a drop (Oh = 0.009 and Ro = 4.45) by a sequence
of sine waves (η = 0.65) for different viscosity ratios. The initial height, when the
number of waves is zero, is represented at 0.1 instead, because of the logarithmic
nature of the plot. The maximum error obtained was Errorh∗min

= ±0.037.

lag. It can be observed in Fig.2.7 that the lagging phenomenon and the intensified

out-phase response can be seen with the increase in the viscosity ratio. For more

viscous medium, the difference between the first and second valley is more palpable

and the reduction in the maximum height depression can be also witnessed. A clear

similitude between Fig.2.4 and Fig.2.7 corroborates the statement that the transi-

tion of the drop’s response from in-phase to out-phase is linked to the relationship

between the drop’s response and the actuation time scale.

As we studied the role of number of cycles with the variations in Ro, the similar

analysis is presented with respect to medium viscosity in Fig. 2.7(b). Also, it is

observed that a plateau is reached after the actuation of certain number of cycles

beyond, in which the drop’s response was in phase with the actuation independent
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of the number of waves. For higher viscosity ratios, the drop reduces the maximum

spreading and requires more waves to reach the oscillatory steady state response.

Thus, the resemblance between theRo and the viscosity ratio is evident. Here again,

the same observation was made that suggests a minimum number cycles must be

considered before commenting on the equilibration or even for the comparisons

with the Young-Lippmann’s equation.

2.5 Conclusion

This study has developed a theoretical model to predict the dynamic response of

a drop to the actuation of an external electric perturbation. An overall energy

balance (OEB) approach was selected to study the combined effects of the iner-

tial, the surface tension, and the dissipation forces on the drop’s oscillations. The

model balances the energy delivered by the electrical actuation, which was simpli-

fied by defining an instantaneous contact angle as a function of a modified Young-

Lippmann’s equation. The energy balance resulted in a second order ordinary equa-

tion, which was solved by means of a Runge-Kutta technique. The results obtained

from the theoretical model were compared with the results from the experiments.

The theoretical and the experimental results presented a similar response in the

drop’s oscillations for electrowetting in a liquid medium. The model qualitatively

predicts the dynamic drop’s response in terms of height’s variations. This model

also commented on the retracting stage where the drop attempts to reacquire its

original shape. The model predicted the change between the in-phase to out-phase

spreading of the drop according to the applied frequency and the thermophysical

properties of the liquids. Also, the comparison of the different energies revealed
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the relevance of the work due to the medium dissipation in the electrowetting’s re-

sponse of a drop in liquid medium. Finally, the dynamic response of a drop for

a single or a sequence of electrowetting waves was studied in detail. For a single

wave perturbation, it was observed how the drop completely changed its reaction

according to the relationship between the dissipation forces and the speed of the

electric wave. Nondimsionalization of the governing equation resulted in three key

parameters or nondimensional groups, i.e. η, Ro, and µr representing the impor-

tance of the magnitude of the actuation force, the dynamics involved in this force,

and the viscosity of the system, respectively. The obtained results were presented in

a nondimensional form and the analysis was corroborated with experiments. Three

different regimes for the dynamic response of a sessile drop to electrowetting were

identified. Special attention was dedicated to the transitional regime, where the

number of waves applied to the drop dramatically changed the maximum spreading

of the drop. Therefore, this mathematical model can provide with a better under-

standing of the electrowetting’s dynamic response, and can be used for finding the

optimal operating conditions of electrowetting-based devices.
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Chapter 3

Sessile drop response to a single wave
electrokinetic excitation 1

3.1 Introduction

Drop spreading and response of equilibrated drop to an external actuation has al-

ways been a topic of interest due to its relevance in numerous applications such as

inkjet printing [113], droplet manipulation [114–116], pesticide deposition [117],

raindrop impact [118] and so on [119–122]. The drop motion on a surface is gov-

erned by the inherent surface energies of the drop and the underlying interface along

with the physical properties of the liquid, which is generally represented in terms

of group of nondimensional numbers [123, 124]. For solid-air interface the surface

roughness [125], inherent surface energy [126, 127] and stiffness [128, 129] in-

fluence the drop motion. Based on the surface energy interactions, the drop forms

a sessile drop configuration attaining an equilibrium with a contact angle either

termed as equilibrium or Young’s angle ascertaining the importance of only inter-

facial energies [101, 106]. After the actuation of external filed by means of drag

[130], magnetic field [100], acoustic field [131, 132], electrical field [133, 134],

1A version of this chapter has been submitted for publication in Langmuir as: Juan S. Marin
Quintero and Prashant R. Waghmare, “Sessile drop response to a single wave electrokinetic excita-
tion”, 2019.
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the sessile drop response is studied for a relevant applications. The continuous de-

formation of the drop with respect to the continuous deformative external actuation

is widely investigated [100, 130–134]. Interestingly the responsive behaviour of

drop to a single or series of waves has not been singled out, primarily permitting

the drop to equilibrate after the actuation of external deformative force. In this study

we attempt to investigate the response of a sessile drop to a wave perturbation by

means of electric field and through the examination of the drop response, until it

equilibrates, we commented on the generalized responsive behaviour of the drop.

The sessile drop configuration can be maneuvered in a precise way by applying

an electric field which is commonly known as ‘electrowetting’ [7, 41]. In the case

of electrowetting, an electrolyte drop attached to the electrode − generally a thin

copper wire − spreads on the dielectric layer (PDMS or Teflon). The dielectric

layer enhances the ability to spread the drop and avoid the unwarranted electrol-

ysis. Prior to the application of an electric field, during the attainment of sessile

drop configuration, ions instantaneously reconfigure to form an electric double lay-

ers at electrolyte-dielectric surface and dielectric-metal surface [135] as depicted in

Fig. 3.1 (a). Commonly, the larger variation in the reversible wettability is attained

with dielectric layer between the electrolyte and the metal substrate. By inducing

an electrical voltage difference between the droplet and the substrate (electrode),

coated with a dielectric layer, the ions inside the drop particularly at the three-phase

contact line reorganize themselves, and slip at the three-phase contact line (TPCL)

is witnessed. This slip ultimately reflects in the drop shape which can be quantified

in terms of contact angle (CA) or the height of the drop [21, 103]. The presence of
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charges at the solid-liquid interface, after the actuation of electric field, generates

a repulsion between like charges causing the drop to spread. The resultant drop

height variation after the single wave actuation is presented in Fig. 3.1(b) and the

corresponding images depict the drop shapes at that particular instance. The volt-

age actuation cycle is shown in the continuous line in Fig. 3.1 (b).

In such cases, where the dielectric layer, for enhancement of maximum re-

versible displacement of the TPCL, is used in the electrowetting is referred as elec-

trowetting on dielectric (EWOD) [15, 41]. The apparent contact angle θapp attained

due to electrowetting, is related to the applied voltage as explained by following

Young-Lippmanns equation [41]:

cosθapp = cosθY +
εoεd
2dσlv

U2 = cosθY + η. (3.1)

where θY is the initial equilibrium contact angle or Young’s contact angle, εo is

the permittivity of free space, εd is the dielectric constant of an insulating layer of

thickness d, σlv is the interfacial tension of the liquid and the surrounding medium,

and U is the applied voltage. The change in contact angle due to the application of

electric field is computed with the second term in Eq. 3.1 and this nondimensional

group is known as electrowetting number (η). This superposition of contact angles

suggests that the wide range of contact angle variation, in reversible way [47], can

be achieved. It was discovered that by using alternating current (AC) voltage, the

electrowetting saturation can be further prolonged even with higher voltage com-

pared to direct current (DC) voltage [135]. Furthermore, the energy supplied using
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Figure 3.1: Schemes of the response of a sessile droplet to an external deformative
force. (a) Electrowetting of a sessile droplet on a dielectric with a thickness d
and and initial contact angle θY . (b) Oscillatory response of the drop to a wave
perturbation by means of electrowetting, snapshots of the drop evolution in time
are presented. The inset figure symbolizes the wave perturbation, where the two
main parameters in the wave are exemplified. The wave represents the actual wave
which the drop received.
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AC is used to reduce the possibility of permanent charge adsorption on the sub-

strate [41, 97, 136]. By introducing an AC voltage, the frequency of the applied

voltage will change hydrodynamic flows inside a droplet [94]. It was also found

that the magnitude of driving frequency can suggests whether the system behaves

as a perfect conductor at low frequencies or as a dielectric at high frequencies [137] .

A single wave of an electrowetting force will create motion in the drop with os-

cillations by abruptly changing the shape of the drop. This force can be considered

as an external force that will not considerably modify the properties of the system if

the force is only applied at the beginning of the process. After the voltage has been

applied, the drop will spread by reducing the CA and height and thus increasing

the base radius. Yet, the base radius of the drop will experience additional forces

such as the three-phase contact line friction and pinning effect with the substrate.

These additional forces will provoke higher energy dissipation and therefore an er-

ratic spreading. The drop height will present more noticeable oscillations, making

the height to be reliable parameter that can be studied. The primary objective of

this paper is to observe and explain the effects of the applied voltage and frequency

of the single wave. Additionally, the role of drop and medium viscosity is also in-

vestigated in the transient dynamic of drop spreading.

3.2 Material and Methods

During the experiments, an aqueous solution consisting of different concentration

of glycerol and 0.1M sodium chloride was used. The viscosity of drop phase was

53



adjusted by varying the glycerol concentration. The role of viscosity was studied

by changing the drop as well as the medium viscosity. Viscosity was measured us-

ing a bulk rheology rheometer (Rheolab QC, Anton Paar), and the surface tension

and density were measured using a force tensiometer (K100, KRÜSS Scientific

Instruments Inc.). Drops of approximately 3µL were created using a single soft-

ware controlled syringe dispenser, installed on a goniometer (Drop Shape Analyzer

(DSA100, KRÜSS Scientific Instruments Inc.) using disposable syringes (NORM-

JECT 1mL, Henke-Sass Wolf GmbH). As a surrounding media, air and silicone

oils with a wide range viscosity were used. Drops were deposited on a copper

substrate covered by a PDMS layer with a dielectric constant of εd = 2.8. The

thickness of the film ( 21µm) was controlled by changing the time and rotational

speed of the spinning coating process. The AC electrical signal, as shown in the

inset of Fig. 3.1 was produced by a waveform generator (294 100MS/s, FLUKE),

where the frequency was varied between 1Hz ≤ f ≤ 100Hz. The voltage ranged

between 200 ≤ UAC ≤ 350V was achieved with the help of an amplifier (BOP

500, KEPCO). The range for these experimental operating parameters was decided

based on the contact angle saturation [18, 42] for a considered combination. The

negative electrode was connected to the copper substrate, and the positive electrode

was connected to the copper wire (60µm in diameter) which was positioned inside

the droplet with a vertical separation distance from the copper substrate equal to

the initial base radius of the drop. A high-speed camera (Phantom V711, Vision

Research Inc.) with a frame rate of 3,000 and 7,000 frames per second was used

to record the spreading and retracting stages of the drops. An extended macro lens

assembly was used to obtain a spatial resolution of ∼ 5µm/pixel with an appro-
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Table 3.1: Properties of liquids. Viscosity µ, density ρ, and interfacial tension σ of
different liquids at room temperature

Liquid µ(mPas) ρ(kg/m3) σ(mN/m)
Water 0.91 997.1 71.7
43% Glycerol/water 4.86 1120.8 65.6
60% Glycerol/water 13.34 1166.6 60.8
76% Glycerol/water 47.93 1205.4 64.0
85% Glycerol/water 121.71 1226.3 65.6
D10 10.32 846.2 40.6
N35 59.19 853.6 40.6
S60 100.60 857.0 40.4
D500 541.40 869.9 40.5
D1000 1138.00 870.7 40.5

priate magnification. The length scale of the image was calibrated by considering

the needle image with know diameter as calibration target. Videos were analyzed

by an image processing software (ImagePro Premier 9.2, Media Cybernetics, Inc.),

where an edge detector function in the software was applied to identify the liq-

uid/gas interface; thus, the transient variations in the height and the base diameter

of the drops can be quantified. Parameters that influences the drop response notice-

able such as applied voltage, amplitude, frequency, and viscosity were studied in

systematic way. Table3.1 provides the details of viscosity µ , the density ρ, and the

surface tension σ of liquids considered here. It is to be noted that the interfacial

tension reported in Table 3.1 for viscosity standard oil is with respect to water since

the water drop was placed inside the oil.

For a desired process, the optimization of the operating parameters is one of the

main objectives and the applied voltage is the energy consuming parameters that

one has to optimize for the envisioned outcome. Hence, in this study a single wave
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actuation is studied that can certainly help to comment on the role of time scale

involved in the electrowetting process, for which Young-Lipmann equation fails to

comment on. Dey et al. [138] already used the intermittent AC electrowetting to

reduce the trapping of condensate droplets which has ultimately enhanced the con-

densate shedding efficiency. The Young-Lippmanns equation, despite describing

the change in the CA accurately, is only valid for the equilibrium contact angle

after some time has passed, which varies depending on the system’s parameters.

Although some researchers have studied the variation of the shape of the drop by

applying an AC voltage [30, 94, 139], the electrical signal in these experiments was

applied continuously. Also, some other studies regarding the transient dynamics of

the drop spreading due to electrowetting have been performed [25, 102]. However

they used a DC electric pulse as a step function, and the voltage was always kept at

a non-zero value. Hence, the study of the spreading of the drop caused only by a

single AC wave without any offset voltage has not been achieved yet.

3.3 Results and Discussions

The dynamic response of a sessile drop to the perturbation resembles to an iner-

tial system, where the electric force will generate the perturbation in the system

and induce the oscillations across the liquid-fluid and solid-fluid interface. The

oscillation at the contact line are prone to get hampered or dampened due to the

contact angle hysteresis but the oscillatory behaviour along the fluid-liquid is ham-

pered only due to the surrounding and drop phase properties. Thus one can ar-

gue that the oscillatory behaviour at the interface decays over time either by the

contact line friction or by the dissipation caused by the viscosity of drop and/or
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medium. The behaviour studied in Fig. 3.1(b) reminded us the inertial capillarity

studies [82, 140, 141] where the role of inertial and dampening viscous forces in

relation with driving force were scrutinized. A simpler approach with mass-spring-

dampener model analogy is commonly used to determine the characteristics of such

systems [142, 143]. Here, mass represents the object in motion, which is subjected

to the external actuation for short period of time, and resistance offered by the

fluid due to viscosity acting as a dampener. In the case of liquid drops, one can

infer that the mass of the system is related to the density and volume of the drop

under consideration; the inherent energy source, i.e., surface tension at the drop-

medium interface is spring, and as mentioned earlier the viscosity is dampener. For

an ideal damped harmonic oscillator, the height of the drop, h, can be expressed as

[142, 143]:

d2h

dt2
+ ζωn

dh

dt
+ ω2

nh = 0 (3.2)

The transition from oscillatory to non-oscillatory behaviour can be easily identi-

fied based on the magnitude of ζ which is ratio of the damping coefficient (C), and

product of mass (m) and spring constant (K). By defining the natural frequency

as ωn =
√
K/m, the underdamped (ζ < 1) and overdamped (ζ > 1) regimes can

be established with the knowledge of C and K. For the underdamped system, the

decayed oscillations can be witnessed, conversely, the exponential decay without

any oscillatory behaviour is common outcome for overdamped system. In the case

of a drop submitted to electrospreading, one can obtain both the regimes by appro-

priately changing the properties of the system, such as the viscosity of the drop, as

depicted in Fig.3.2(a). The height of the sessile drop with two distinctly different
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Figure 3.2: Drop’s response to a wave perturbation by means of electric field (a)
Snapshots presenting the drop evolution for the under damped and over damped
regimes by applying a 350V sine wave at 100Hz to drops with viscosities of
0.91mPas and 121.71mPas. (b) Droplet height vs time, for both cases of un-
der damped and overdamped regimes. The wave perturbation is represented in a
second vertical axis. (c) Comparison between the drop’s response of underdamped
with a damping ratio ζ = 0.1, along with the exponential decay and the mass-
spring-dampener response associated to this experiment. The wave perturbation is
again represented in a second vertical axis.
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viscosities, 0.91mPas and 121.71mPas, is presented in Fig. 3.2(b). For a drop

of 0.91mPas the decaying oscillations are evident in height of the drop for more

than 100ms, even though the application of single wave perturbation was for 10ms.

However, for the case of 121.71mPas, with the same actuation, the drop rapidly

attains the new equilibrium position without any oscillations. With appropriate re-

gressionanalysis, the decay along the peak of highest height from each oscillation,

as shown in Fig.3.2(c), ζ , can be quantified [143]. Further, spring and damping co-

efficient can also be determined empirically. The continuous line, overlapping with

the experimental results, in Fig.3.2(c), is theoretically predicted height response. It

is evident that at the beginning of the process, the theoretical prediction is in phase

with the experimental observation but with marginal over prediction. In the dying

period, this model is not in phase and under predicts the behaviour. The devia-

tion from the experimental results can be attributed to the contact line hysteresis.

Another possibility for this discrepancy is the inability to dynamically change the

spring and damping constant [143]. The pinning of the contact line or stick-slip

[144] at the contact line results in disruptive representation in height. This was

the prime motive for us to represent the entire analysis in terms of height of the

drop rather than the base diameter or the contact angle. To circumvent the role of

solid substrate roughness and in turn slip-stick or pinning effect at the contact line,

one can perform similar analysis in liquid medium instead of air. After a single

sinusoidal wave actuation, the drop continues to move due to the inertia and even-

tually stops when the dissipation forces overcome the inertia. The combination of

the applied forces or parameters responsible for the actuation such as voltage and

frequency along with the thermophysical properties of the drop and medium will
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dictate the drop dynamics. Therefore, a parametric study with different operating

parameters mainly the actuation parameters is worth to study. In the following sec-

tions, a more detailed analysis for each of these parameters and corresponding drop

responses are presented.

3.3.1 Applied voltage effect

The driving actuation force is mainly controlled by the applied voltage, hence by

increasing the applied voltage with constant wave frequency, the variations in the

height is expected. Figure 3.3 represents the response of drop height to the varied

range of applied voltage. The role of applied voltage (200−350V ) is studied in the

Fig. 3.3(a) where it can be observed that after the one cycle of actuation the drop

continues to deform in the similar way as the applied signal. The selection of max-

imum voltage (350V ) was based on the dielectric breakdown of PDMS, Ebreakdown

(19V µm−1, which in the case of the present study is 400V ) and on the saturation

criteria. The lower voltage (200V ) was decided to observe the noticeable change

in the drop shape. The continuous line in sine wave form at the left bottom corner

represents the actuation signal and the numbers in the parenthesis for legends are

corresponding electrowetting numbers for each voltage. In the first quarter of the

actuation cycle, as the voltage is increased the drop apex is pulled further towards

the solid interface. In the next quarter, drop attempts to regain its shape by attaining

its original height. In the figures the drop height is normalized with the drop initial

height whereas the time is normalized with frequency to get the same bounding lim-

its for comparison of the observed phenomenon. In the regaining process, during
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the second quarter of the cycle, the drop attains the height which is less or equal to

the initial drop height.

In the case of 350V , marginal overshoot is noticed which can be attributed to

the inertial effects [141] or the non-symmetrical nature of the drop shape (refer to

the Fig. 3.2(a) and drop shape at the nondimensional time 0.25 and 0.75). The inset

presented, at the right bottom corner, depicts the magnified view of the quarter cy-

cle response and the solid symbol representing the maximum deformation of drop

in terms of height. Higher the applied voltage, smaller the out of phase behaviour

for the drop deformation. For example, in the case of 350V , the solid symbol, max-

imum deformation of the drop is observed closer to the peak of the applied voltage

(point A presented in both the inset figures). It is to be noted that even though the

magnitude of applied voltage is in the opposite direction, the electrospreading is

governed by the square of the applied voltage as discussed in Eq. 3.1. Therefore, in

the second half cycle, the similar observation is noticed. After one cycle actuation,

in the absence of any external force, the drop continues to deform in a similar way

and attains the equilibrium with dampening in the oscillatory changes in the height.

In air medium (Fig. 3.3(a)), the non-continuous or abrupt change in the height is

observed which is due to the contact angle hysteresis at the contact line at the solid-

liquid interface at the substrate as well as at the electrode [80]. The abrupt change

is due to the pinning or sudden slip at the three-phase contact line which can be

clearly noticed for 300V . In the case of liquid medium, as presented in Fig. 3.3(b),

the liquid surrounding medium nullified the role of hysteresis and thus the contin-

uous change in the drop height was observed. The moment actuation finishes, the
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outer liquid medium instantly suppresses the oscillatory deformation of drop and

and returns to its original height monotonically. In the case of air, the oscillatory

behaviour continues for longer period of time which is at least ten to twenty folds of

the time required to complete the first cycle. The focus was to observed the first few

cycles of the oscillations with high frame rate, hence the attainment of equilibrium

or original shape of drop was not presented here. After attaining the equilibrium,

the normalized final drop height response in air (empty squares) and liquid medium

(empty circle) are shown in the inset of Fig. 3.3(b). The main difference between

the liquid medium with the air medium is the origin of the dissipation of energy.

In liquid medium, the thin lubricated film at the drop base enhances the slip

at the contact line but at the expense of dampening the movement of the interface

due to the surrounding viscous medium. Due to the lower three-phase contact line

friction in liquid medium, the droplet attains the initial position without any addi-

tional permanent spreading of drop, regardless of the applied voltage. In case of air

medium, the permanent irreversible drop spreading was noticed which decreased

the drop height accordingly. This change is in linear response with the applied volt-

age suggesting that the higher voltage indeed forced the drop to spread more but

the drop could not regain its original shape due to the resistance at the contact line

arises by contact angle hysteresis. It is well accepted fact that liquid medium or thin

liquid film significantly reduces the contact angle hysteresis [145]. The careful ob-

servation of air medium case (Fig.3.3(a)), the continuous pinning, in a successive

manner in each cycle, can be noticed by identifying the valleys of each cycle. The

maximum diminution in the height for a given cycle decreases as the number of cy-
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Figure 3.3: Effect of applied voltage on the drop spreading dynamics: (a) Drop in
air medium with an electrical wave of 100Hz and different voltages for drops with
viscosity of 0.91mPas; and (b) 10Hz and different voltages for a liquid medium
with 10.32mPas viscosity. The actuation time is located and increases with the
applied voltage for both air and liquid medium.
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cle increases. This reflects the permanent irreversible spreading of the drop. At the

same time, for liquid medium, the two maximum decrements are more congruent

with each other suggesting a marginal loss in the height due to the hysteresis.

3.3.2 Applied frequency effect

The second controlling parameter, in a sinusoidal wave, is the applied frequency

which can be considered as the number of waves completed in one second. By

increasing the frequency, the number of waves per second is increased which is op-

posite to the period − time to complete an individual cycle. In this study, the role

of single wave actuation is studied and the consequence of changing the frequency

is witnessed accordingly as shown in Fig. 3.4. The range of frequency (1− 100Hz)

was selected based on the limit for breakdown of the conductor [94] and minimum

frequency to observe the change in the oscillation of the drop height. The separa-

tion between high- and low-frequencies is defined by a critical frequency fc [96].

For f << fc the droplet behaves as a perfect conductor and the voltage drop is

entirely concentrated in the dielectric layer. The critical frequency for a water drop

is fc ≈ 2kHz, but the practical limitation of the system was selected to be 100Hz

to avoid the inconsistency from a perfect conductor. In addition, the resonance fre-

quencies of the drop can be expressed as fn =
√
n(n− 1)(n+ 2)σ/(R3ρ)/(4π),

where n is the corresponding resonance mode, and R is the volume-averaged ra-

dius [30, 98]. For the case of a 3µL water drop, the resonance frequencies for

nodes n = 2 and n = 4 are f2 = 50 and f4 = 150Hz, respectively. Therefore, fre-

quencies above 100Hz were avoided aiming to remain below the second resonance
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frequency and to prevent the formation of additional lobes and higher complex-

ity in the drop geometry. For frequencies far below the first resonance frequency

(f << f2), i.e., f < 5Hz, the drop response does not present significant changes

and the height remains constant. However, for frequencies in the vicinity of the

first resonance frequency, the drop behaviour changes according to the applied fre-

quency.

Interestingly, the drop response dramatically changes as a function of the ap-

plied frequency; the amplitude of the oscillations in drop motion and the equilibra-

tion time increase as the applied frequency increases. The advantage of normalizing

the time with the frequency is necessary, since the comparison becomes cumber-

some with respect to the dimensional time (as in the inset figure at the right bottom

corner of Fig. 3.4(a)). The drop spreading is similar until the minimum height is

reached in the first quarter of the actuation cycle, approximately at the time when

the voltage is maximum (t · f = 0.25). After the voltage starts returning to zero for

the first time, the drop attempts to recover its original height, with the exception of

10Hz. Hong et al. [98] observed that for certain frequencies, the drop oscillations

are extremely weakened. The maximum drop height is always less than or equal to

the original drop in all the cases except for 100Hz. We speculate that this is due to

the inertia in the system and the higher frequency actuation can verify this claim.

For other frequencies, the drop height decay is noticed which eventually attains an

equilibrium with a smaller height than the initial drop height due to the slip at the

three phase contact line. For the frequencies far below the first resonance frequency

(1 and 5Hz), the drop simply follows the applied voltage [98], and the inertial ef-
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fect is not significant enough to trigger any oscillations in the drop after the seizing

of the actuation. For lower frequency, the actuation is smaller in magnitude hence

the spreading or slip at the contact line is also lower. Moreover, the longer time

between the actuation peaks allows the drop to reconfigure itself, therefore, nearly

follows the actuation wave. The resultant spreading in the drop was marginal which

is reflected in the final drop height which is almost 90− 95% of the original height.

On the contrary, by increasing the frequency, the period of the wave is shortened,

and the drop struggles to be in phase with the actuation due to its response time.

One can argue on the definition of the drop response time which can be the inertial

or viscous time scale and in the later part of the manuscript we will comment on

it briefly. During the actuation, the higher frequency increases the height drop that

subsequently requires longer time to equilibrate the height even after the comple-

tion of the actuation cycle. Theoretically, the drop must regain its original height

but, as mentioned earlier, the stick-slip at the contact line facilitates the irreversible

spreading. The liquid medium avoids such a scenario as can be seen in Fig. 3.4(b).

For a liquid medium, an analogous behaviour, as witnessed in air medium, is

observed by varying the frequency. There are two distinct behaviours noticed, i.e.,

in phase and out of phase with the actuation. The first resonance frequency asso-

ciated with the liquid medium is similar compared to the air medium experiments

(f2 ≈ 35Hz) [112]. It can be anticipated that for high frequencies the momentum

transferred is highly restrained by the medium viscosity and at these high frequen-

cies the drop will not oscillate by applying only a single wave due to the medium

viscosity. Therefore, the selection of the frequencies in the case of viscous medium
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Figure 3.4: Effect of applied frequency on the drop spreading dynamics: (a) Drop in
air medium with an electrical wave of 350V and 0.91mPas viscosity for different
applied frequencies; and (b) 350V and 10.32mPas liquid medium viscosity for
different applied frequencies.
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was based on the limitations of the medium dissipation. For all the cases in the

liquid medium, the drop always regains its original height reflecting a negligible

penalty due to the contact angle hysteresis. In the case of 1−10Hz, the drop height

response is in phase with the actuation cycle and it is independent of the magnitude

of the frequency as presented in Fig. 3.4(b). For these three cases, the maximum

depression in the height, with maximum (at quarter of the cycle) and minimum (at

the middle of the cycle) voltage, is approximately the same. A marginal increment

in the drop depression with respect to the actuation frequency is witnessed from

1 − 10Hz due to inertia. Whereas, for 50Hz and 100Hz the response in height is

completely different. It is evident that for these two frequencies the drop response

is much slower than the actuation. By the end of the first quarter, as observed for

both cases, a local maximum deformation is attained. The occurrence of the min-

imum height is delayed, perceptible on how the drop does not immediately stop

spreading at the end of the first quarter. In the next quarter, the drop tries to regain

its original shape with its own response/relaxation time scale which is significantly

slower than the actuation frequency. Therefore, in the second quarter of the actua-

tion, the process of regaining the original shape is interrupted and a non-symmetric

change in the height is observed [95]. The interrupted spreading in the case of

50Hz and 100Hz can be interpreted in terms of height change which suggests that

the drop has not settled into defined limits, as commonly reported in studies of AC

electrowetting [21]. Hence, a single cycle is not sufficient to stabilize the dynamic

response of the drop due to electrowetting. This justifies the difference in the min-

imum drop height during both halves of the cycle. This effect is also reflected on

the delay in the occurrence of the minimum heights. Such a behaviour was absent
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in the case of air medium, hence we attribute this to a role of surrounding medium.

This is supported by the observations reported in next section where a similar out-

come was witnessed as we increased the medium viscosity.

3.3.3 Viscosity effect

Drop response which is in phase with the actuation cycle is observed in most of the

cases. The out of phase response and the non-intuitive obstruction in the regaining

of the shape without attaining original height during the subsequent second half of

the actuation cycle − which is observed only for liquid medium beyond a certain

frequency − motivated us to investigate the role of surrounding medium viscosity.

For the completeness of the study, the response of drops with different viscosities

is also studied as shown in Fig. 3.5(a) whereas the drop response with different

medium viscosities is demonstrated in Fig. 3.5(b). The viscosity represents the loss

due to energy dissipation, so if the magnitude of the viscosity is increased, a higher

energy loss is expected. For a constant deformation rate, the loss due to viscous

dissipation can be approximated to the velocity gradient, higher the gradient larger

will be the losses. The same observation is noticed, as stipulated in the case of

change in frequency. For higher applied frequency the difference in the first and

second valley of the drop height was higher compared to the lower ones. In air

medium, to study the role of viscosity, other parameters were chosen in such a way

that the contact angle hysteresis was as minimum as possible. As expected, in air

medium, the increase in drop viscosity decreased the amplitude of the oscillatory

change in drop height without hampering the frequency. The maximum reduction
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in height is lower for more viscous drops, having repercussions in the amplitude

although the applied voltage was identical. The argument of the inertial effect for

overshoot in the height can be witnessed by observing the 0.91mPas case. Based

on a similar hypothesis, it has been demonstrated that, with the sudden release in

the voltage, the drop recoils and jumps from the substrate [146]. Nevertheless, for

drops that remain on the substrate, as in all the cases observed here, the first and

second valley witnessed marginal difference, regardless the drop viscosity. There-

after, after the actuation cycle is completed, the drops continue to oscillate with a

similar frequency until the energy is dissipated and the new equilibrium shape is

attained. Complete dampening of these oscillations can be observed in the case of

121.71mPas, as seen in the inset figure. A similar phenomenon of the delay in the

minimum height is observed as in the case of varying the frequency. By increasing

the viscosity, the response time of the drop is increased and the drop demands more

time to restructure. Therefore, the drop still spreads after the first quarter of the cy-

cle, which is intensified as the viscosity of the drop is increased. Yet, the retraction

stage for all the different viscosities follows the same fashion, and finishes exactly

at the end of the second quarter of the cycle. With the understanding of drop re-

sponse based on its viscosity, the role of medium viscosity is studied.

For the case of varying the medium properties, the drop also changes the spread-

ing behaviour according to the surrounding medium viscosity. For low viscous

medium (10.32 mPas), the drop does not experience a resistance from the medium

and it spreads following the applied sine wave of the voltage as seen in Fig.3.5(b).

But as the viscosity is increased, the responsive behaviour changes as a consequence
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Figure 3.5: Effect of viscosity on the drop spreading dynamics: (a) Drop in air
medium with an electrical wave of 350V and 100Hz with drops of different vis-
cosities; and (b) 350V and 10Hz for different liquid medium viscosities.
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of a dissimilar retraction response which is evident in the height variations. In other

words, an alike effect with the frequency is noticed, where the drop initially spreads

to an intermediate position in the first half, and then further spreads in the second

half. Hence, it can be recognized that as the viscosity increases, the dynamic re-

sponse of the drop differs more from the sine wave shape. Furthermore, for higher

viscous mediums, as in the case of 541.40 and 1138.00mPas, the drop seems not to

oscillate and barely spread. However, in the inset figure, at the right bottom corner

in Fig. 3.5(b), it can be seen that the amplitude is highly dampened. Consequently,

the occurrence of the minimum height is delayed which depends on the medium

viscosity. This irregular spreading is not attributed to the polarity of the voltage,

but to the relationship between the relaxation time and the applied frequency. By

comparing the height response for both frequency and medium viscosity, it can be

affirmed that the actuation time of the drop is directly proportional to the viscosity

and inversely proportional to the frequency. As the viscosity is increased, the re-

laxation time of the drop is also being raised and it needs more time to reorganize

itself. To understand the role of the time scale a detailed study on the response time

scale is presented in the next section.

3.3.4 Response time of the drop

The response time of the drop (τdrop) is defined as the longest time required for

the drop to attain maximum deformation with the first attempt of maximum per-

turbation, i.e., the time required for the drop to reach the minimum height in the

first half of the actuation cycle. If there was no influence of any thermophysical
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property, this time should exactly match the imposed actuation time of the applied

frequency (τf ). In other words, the drop should reach the maximum deformation

exactly at the end of the first quarter of the cycle when the voltage is maximum

(at t = 0.25f ). However, as previously discussed, the drop has a different re-

sponse time based on its thermophysical properties, either inertial viscous or cap-

illary time scale [147]. Hence, the first choice was viscous time scale to observe

its influence on the response time of the drop. We can contemplate that the max-

imum force per unit length exerted to the drop on the three-phase contact line is

F ∗
max = σ(Cosθapp − CosθY ) = ησ, and an opposite force due to the friction

is F = A(µµo)
1/2u, where µ and µo are the viscosity of the drop and the sur-

rounding fluids, respectively, u is the contact line velocity, and A is an empirical

constant that is a function of the surface properties [102]. In our case, we are ana-

lyzing the results without any correction factor A. Thereafter, the balance of these

two forces will lead to a characteristic velocity at the three-phase contact line of

U = ησ/(µµo)
1/2. The viscous time scale for electro-spreading of the drop can

be found as (τv = (µµo)
1/2(Rmax − R0)/ησ), where Rmax and R0 are the maxi-

mum and initial base radius of the drop. The response time of the drop will never

be smaller than the imposed actuation time, yet it can be delayed by the different

factors considered in this study. Thus, if this viscous time scale is considered as an

additional time for the drop to respond, the total response of the drop is the sum

of τf and τv, and the universality of the response time of the drop due to AC elec-

trowetting can be studied, as seen in Fig.3.6.

Based on the present study, the drop response time is noticed to be dominated
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Figure 3.6: Response time of the drops for different conditions of electrowetting.
Linear relationship between the response time of the drop τdrop and the combined
effect of the actuation time of the applied wave and the viscous time scale (τf + τv).
For τv calculations, all liquids in Table 3.1 are considered.

by the actuation time of the external force, with marginal influence from the applied

voltage and the viscosity of both drop and liquid medium. Results for different oper-

ational conditions present an agreement with the proposed corrected drop response

time, where these modifications are based on the viscous effect and electrowetting

numbers η. The drop response is highly influenced by the frequency and the vis-

cosity due to the application of a single electrowetting perturbation. Therefore, it is

crucial to consider the relationship between the time scales and the actuation time

of the applied wave.

3.4 Conclusions

The present study details a thorough experimental investigation on the dynamic re-

sponse of a sessile droplet to a single wave perturbation which is similar to the

electrowetting scenario. This investigation includes the careful analysis of the drop
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deformation before and after the perturbation. The similarity with a mass-spring-

dampener system is explained and a simple approach is presented to correlate the

fluid properties with the damping ratio. Furthermore, the comprehensive analysis

includes the different implications of variation in the perturbation of the applied

electrowetting actuation, and the thermophysical properties of the system. It was

demonstrated that the periodic self-similar oscillatory behaviour was a strong func-

tion of the applied frequency of the electric wave and the systems properties primar-

ily, viscosities of drop as well as medium. Out of phase response in the oscillations

in the drop shape, compared to the applied frequency, was an outcome of viscous

nature of the system and electrowetting properties. In the case of air medium drop

dynamics, increase in the frequency witnessed the irreversible and marginal over-

spreading along with the out of phase response. The irreversible spreading can be

attributed to the contact line friction or contact angle hysteresis which has been

avoided by performing the similar in liquid medium. The presence of viscous sur-

rounding medium not only demonstrated the reversible spreading but the reduction

in out of phase response was also noticed. Evidence was presented regarding the re-

lationship between the drop response time to maximum spread in comparison with

the actuation time. Interestingly the linear relationship was established between

these two responses provided the time scale contributing the electrowetting in ad-

dition to the viscous time scale of the system is considered. The additive time re-

sponse is a representation of electrowetting number which is required to be studied

for a better understanding of attainment of equilibrium configuration in electrowet-

ting where the equilibrium contact angle is presented as the outcome of the initial

actuation.
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Chapter 4

Induced coalescence of sessile
droplets by a single wave of
electrowetting 1

4.1 Introduction

As we discussed in the Introduction chapter (Chapter 1), coalescence and electroco-

alescence are important for numerous applications [148–151]. Electrocoalescence

is the merging of two liquid drops under the influence of an electrical field [149].

The drop can be either a sessile drop or a pendant drop, but interestingly the ma-

jority of the literature focuses on electrocoalescence of pendant or suspended drops

[149, 152–155]. The importance of studying the coalescence of drops is related to

cloud formation [156], viscous sintering [157], two-phase separation [158], emul-

sion stability [159], and spray cooling [160]. Drop coalescence is linked with the

minimization of surface energy [87]; upon coalescing, the surface area of the fi-

nal drop is less than the combined surface area of the two separate drops. In the

case of sessile drop coalescence, apart from the charged liquid-fluid interface, the

1A modified version of Chapter 4 of this thesis will be prepared for submission to a suitable
journal as: Juan S. Marin Quintero, Hafijur Rahman, Markus Cäsar, and Prashant R. Waghmare,
“Induced coalescence of sessile droplets by a single wave of electrowetting”
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charged solid-liquid interface is also an additional factor that must be considered.

A key aspect for studying the sessile drop or the spreading drop coalescence is

the merging of two drops at the three phase contact line (TPCL) rather than at the

liquid-fluid interface. Coalescence without any electric filed is also a classical sub-

ject that has been studied in detail and a universality for the coalescence or mass

transfer between drop has been established [150]. Different techniques have been

developed to deposit two drops on a flat substrate in such a way that the desired

coalescence occurs. Some techniques include: a) allowing both the drops to attain

an equilibrium differently and the operation distance between two drops managed

so that coalescence at TPCL can be observed [85]; b) generating the second drop

from the hole drilled to the substrate and pumping the liquid from the bottom of the

substrate until the coalescence can be noticed at the TPCL [161, 162]; and c) pro-

ducing drops with jetting systems and observing the coalescence of two spreading

drops [87]. For the benefit of maintaining consistency, the coalescence terminology

used in this chapter is associated with sessile drop coalescence.

In the process of coalescence, a small bridge is formed at the TPCL connect-

ing the two drops for the purpose of mass transfer. The growth of the bridge is

the representation of the mass transfer rate. Hence, for such scenario, the bridge

growth with respect to time is the key quantifying parameter [85]. The coalescence

can be characterized by the behaviour of the bridge growth dynamics, which has

two dimensions namely, the vertical height (with respect to the substrate) and the

radius of the bridge (which is measured parallel to the substrate). It is found that the

radius growth of the bridge, which grows in lateral direction, has a dependency on
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the viscosity of the liquid that can be seen as r ∼ t for high viscosities [88, 89] or

as r ∼ t(1/2) for low viscosities [89, 90]. Yet, for both viscosities, the bridge height

grows as h ∼ t1/3 in the initial stage, and later in time slows down [86]. The sur-

face tension drives a motion of the TPCL that merges the two drops to form a larger

drop with a smaller surface area [88]. Once the bridge is formed, the thermophys-

ical properties of the liquid start playing a role; as the initial bridge growth starts,

the viscosity and the density of the liquid, in combination with the surface tension,

decide the growth dynamics [89]. This role can be represented by the Reynolds

number Re ∼ ρσDFR/µ
2
d, where ρ is the fluid density, σDF is the interfacial ten-

sion of the drop and the surrounding medium, and µd is the viscosity of the drop.

Here, the capillarity velocity (Uc = σDF/µd) is the characteristic speed and the ra-

dius of the bridge (R) is the characteristic size [89]. For Reynolds numbers smaller

than the unit, it is a viscous coalescence, where the early stage is characterized by

a significantly larger capillarity in the droplets that relaxes very quickly by linking

the two drops [163]. However, for Reynolds numbers greater than one, the dynam-

ics are dominated by the inertial forces. For water, it is considered to be always in

the inertial regime.

In the case of electrocoalescence, the interface is charged and for pendant drop

electrocoalescence, drops are charged by the needle and the coalescence dynam-

ics at drop-medium interface are studied [152, 153]. If the suspended or inter-

acting traveling drop coalescence is investigated, the drops are surrounded by an

immiscible fluid through which the interface is charged before the coalescence

[149, 154, 155]. For sessile drop coalescence, the drop is charged during the flight
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Figure 4.1: Schematic of two water drops on a PDMS layer on top of a copper
substrate, with a wire of copper on top of each. (a) No voltage is being applied, the
charges and dipoles are freely distributed inside the drops. (b) Voltage is applied,
the charges reorganize, and the drops spread and eventually detach from the top
electrode. The base diameters increase to generate the drop coalescence where
the minimum height h(t) characterizes the bridge height and growth. Dashed lines
represent the original drop before the voltage is applied.

before impinging on the substrate [164, 165], or the drop spreading is influenced

by electric filed and eventually this electrospreading results in electrocoalescence

[84, 166–168]. The later one is commonly used for studying the electrocoalescence

and the externally actuation of the electric field, which is similar to the electrowet-

ting case of a drop. Thus, the coalescence of two spreading drops influenced by

electrowetting is researched. Here, we have adopted the same approach for which

we have devised a specialized drop deposition mechanism and the details of it will

be discussed in the experimental section.

A simple sketch is presented to illustrate the different stages of the proposed

experiments; in Fig.4.1(a)(before applying an electric field) two drops are placed

over a copper substrate with a PDMS (Polydimethylsiloxane) coating on top of it.

This additional coating acts as a dielectric that enhances the breakdown limit [15].

The drop has ions which are dispersed at will inside the drop, and a copper wire is
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inserted inside the drop at the centre to transmit the electricity. In Fig.4.1(b), when

the electric field is applied, and the ions get reoriented and reorganized, both the

drops spread instantaneously. Based on the separation distance between the wires,

i.e., drops, the attainment of the equilibrium sessile drop formation or coalescence

of two sessile drops can be witnessed. The initial insertion depth of electrodes in-

side the drop and the applied voltages will decide whether the electrode will remain

in contact with the drop for the entire duration. One can also study the electroco-

alescence by triggering the electrospreading of only one drop, in which case the

coalescence can also take place with the electrode being immersed in the drop or

detached from the drop. The consequences of the electrode being in contact with

the drop can result in numerous unwarranted cases. The results of different arrange-

ments of electrodes is discussed in detail in Fig. 4.2.

The first observations are pertinent to the single electrode electrocoalescence,

panel presented in Fig. 4.2(a). It is noteworthy to mention that there is a significant

difference in the response of the electrocoalescence according to the way in which

the electric field is applied to a single drop or both drops. For instance, if the electric

field is applied to only one drop, at the initial stage the drop connected to the wire

will spread and, as the moving TPCL approaches to a stagnant drop’s TPCL, the

stagnant drop marginally gets attracted towards the spreading drop and eventually

coalescence initiates. Albeit this method can effectively induce coalescence, it will

be always an asymmetric coalescence, and during the bridge formation and growth

process, the shape of the drops are not symmetric as depicted at all times (except

t = −1.86ms) in Fig.4.2(a). Please note that the initial time t = 0ms is always con-
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sidered at the onset of the bridge formation. The asymmetric coalescence inevitably

generates a horizontal displacement of the bridge towards the drop with the lower

contact angle [85], which in this case is the drop spreading due to electrowetting.

The initial coalescence is governed by the bridge geometry, which can be described

with the contact angles of the drops just before coalescence. Therefore, the bridge

growth dynamics will be significantly different in every case with respect to the

applied voltages [86, 87]. However, this additional lateral displacement restricts

us to characterize the bridge growth since the bridge and liquid-medium interface

are of irregular shape. This motivated us to use two electrodes instead of a single

electrode.

Figure 4.2(b) demonstrates the arrangements with two electrodes for electro-

coalescence of two electrospreading drops. In this particular case, both droplets

spread until both moving TPCL are in contact. Surprisingly, a repulsion between

the two drops, instead of coalescence, was witnessed, as shown in Fig.4.2(b). The

effect of the charges accumulated at the interface of the droplets in the spreading, in

this case similar in nature, creates a electrostatic repulsion [34, 167, 169]. Quillet

et al. [34] observed the presence of charges at the interface of the drop that cre-

ate repulsion forces and prevent coalescence. This electric field near the contact

line has a high magnitude, but it rapidly decreases above the contact line [84] that

causes a varied repulsion magnitude along the drop-drop interface. However, the

coalescence sporadically occurs along the interface at a location where the electro-

static repulsion is low, which leads to induce coalescence at a random location at the

liquid-liquid interface, i.e., above the TPCL rather than at the TPCL. Therefore, this
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Figure 4.2: Drops response to a single wave perturbation by electrowetting. The
drops, with a viscosity of 0.91mPas and separated approximately by 2.2mm cen-
tre to centre distance, were submitted to a wave of 350V at 100Hz. (a) Snapshots
presenting the induced electrocoalescence by applying the electric field to a single
drop. The right drop is slightly attracted to the left drop which is spreading. Once
the drops coalesce, the bridge grows vertically and moves horizontally simultane-
ously. (b) Snapshots presenting the repulsion experienced by both drops submitted
to electrowetting. Once the drops spread and touch each other, the repulsion forces
prevented the coalescence and generated that the drops spread outwards and do not
coalesce.
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method also guarantees an inconsistent and highly likely asymmetric coalescence.

Another alternative is to use one electrode in a horizontal orientation instead of a

vertical one. In this case, the two drops will spread and eventually coalesce [170],

but the drop shape gets altered due to the horizontal wire arrangement. Moreover,

the location of the wire inside the drop from the surface or from the tip of the drop

influence the outcome significantly, and a critical distance for coalescence is re-

quired for successful coalescence [170]. Therefore, we diverted our attention to an

arrangement where we can spread the drop by means of an electric field, but at the

same time the role of the electrode can be avoided. This can be achieved by allow-

ing the drop to detach from the electrode after it starts electrospreading. The single

drop detachment from the electrode due to electrowetting on dielectric (EWOD)

has already been studied [139, 171], and it was observed that after the detachment,

at low frequencies, the contact angle remained close to the apparent contact angle

predictions made by Young-Lipmann’s equation. The ultimate motive for drop’s

detachment from the electrode is to eliminate the repulsion between charges at the

drop-drop interface, particularly at TPCL. Therefore, if the drop detaches from the

electrodes, the inertia will facilitate the drop spreading with a spreading equivalent

to the electrospreading and, as the two TPCL merge, a bridge growth similar to the

symmetric coalescence can be observed.

For a symmetric coalescence, the bridge growth and its shape have a universal

behaviour. For the coalescence of two sessile drops, in the absence of an elec-

tric field, the 1/3 power law of the bridge growth is assumed respect to time [86],

and it is desired to verify if it is applicable for this electrocoalescence scenario
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achieved by a novel method. The experiments for sessile drop coalescence, in the

absence of any electric field, have always been developed with a fixed separation

distance between the two drops. The considered drop-liquid combination enables

to achieve a coalescence without a finite velocity of the TPCL. Yet, it has not been

understood the role of the moving TPCL on the coalescence dynamics and bridge

growth. Though a few studies relate electrowetting and coalescence, a relation-

ship between the voltage, the frequency, the number of electrical/actuation waves,

and the size and viscosity of the drop has not been presented in detail. Following

this order of ideas, the present chapter was thought as a chance to correlate two

different phenomena, which are the sessile drop coalescence and electrowetting,

where nowadays there are not many studies with respect to this. It was expected

to develop an innovative technique that can initiate an additional application for

EW, and a simplified experimental setup for drop coalescence. Also, in this cur-

rent study, the transient bridge growth in electrocoalescence, and the coalescence

response as a function of the EW parameters were considered and analyzed. In like

manner, the critical distance for the drop coalescence was observed and discussed,

looking for a dependency on the EW or drop liquid properties. The main purpose of

using EW for the drop coalescence was to observe the growth of the bridge by the

union of two symmetrical drops, separated by a controlled initial distance, which

is practically impossible to study for the case of sessile drop coalescence due to

engineering as well to physical limitations. First, two drops of equal volume and

same properties were deposited on the PDMS coated substrate. Then, by applying

a voltage, the CA decreased and the base diameter increased, causing the two drops

to reduce the separation distance between each other, until they started unifying. By
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using this procedure, it could be studied how the coalescence can change according

to the separation distance, the initial volume of the drops, the initial CA, and the

spreading rate, i.e., TPCL velocity, which can be controlled by the applied electric

field and the duration of it.

4.2 Experimental setup

The electrocoalescence experiments were conducted using an aqueous solution con-

sisting of glycerol and 0.1M sodium chloride. Please refer to Table 3.1 for de-

tails of the thermophysical properties of the liquids. Drops with 3µL volume were

generated using a goniometer (Drop shape Analyzer (DSA100), KRÜSS Scientific

Instruments Inc.) equipped with disposable syringes (NORM-JECT 1mL, Henke-

Sass Wolf GmbH). The droplets were positioned with a centre-to-centre distance

in the range of 2mm < D < 3mm, based on the volume of the drops and the

maximum spreading of an individual drop. The drops were deposited on a copper

substrate coated with a PDMS layer with a dielectric constant of εd = 2.8. The

copper substrates were cleaned with acetone to remove any oil particles on the sur-

face and then with isopropyl alcohol to remove the acetone residue. The dielectric

layer was deposited on the substrate by spin coating, so the thickness of the film

was controlled by changing the time and rotational speed of the spinning process.

Uniform thickness of 21µm was maintained in all cases. The AC voltage was ap-

plied using a waveform generator (294 100MS/s, FLUKE). The wave’s frequency

was set to be f = 15Hz and 100Hz considering the first resonance frequency (at

the second resonance node n = 2), which for a drop of 3µL in air medium is ap-
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proximately f2 ≈ 40 − 60Hz [30, 98]. The voltage produced by the waveform

generator was strengthened by an amplifier (BOP 500, KEPCO), where the voltage

applied to the drops was set to 200V ≤ U ≤ 350V . The negative and positive elec-

trodes of the circuit were connected to the copper substrate and the copper wires,

respectively. The copper wires had a 60µm diameter and were positioned at the

centre of the droplet with a vertical separation distance equal to the initial radius of

the drop, and the location of the tip of the wire was maintained in such a way, that

after the actuation of electrowetting, the drops detached from the wires. The drop

spreading and the bridge growth due to coalescence were recorded at a frame rate

of 15,000 frames per second by a high-speed camera (Fastcam Nova S9, Photron).

The recorded videos were analyzed by an image processing software (ImagePro

Premier 9.2, Media Cybernetics Inc.), where an edge detector function in the soft-

ware was used to identify the liquid/gas interface; thus, the height of the bridge

and the diameter of the drops could be measured with respect to time. Also, in

an initial stage, the dynamic contact angle was measured by a shape analyzer soft-

ware (ADVANCE, KRÜSS Scientific Instruments Inc.) until it reached equilibrium.

An ingenious mechanism was devised to precisely control the position of the

two top electrodes as seen in Fig.4.3, where the separation distance between the

wires could be adjusted, as well as the vertical position of the tip of the electrode

with respect to the drop. The main objective of this instrument is to enable the

placement of the wires at the centre of the drops to induced a symmetric spreading

for both droplets. Also, as the insertion depth of the electrode inside the drop can

be controlled, the detachment of the drops was facilitated for the drop coalescence.
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Figure 4.3: Experimental setup used to locate the two top electrodes at the centre
of the droplets, with a desired separation distance. Both vertical and horizontal
position could be controlled precisely to induce drop detachment after the voltage
is applied.

And finally, the quick time span to make the arrangements (maximum 10 seconds)

and to get the electrodes placed inside the drop at a desired and specific location

allowed us to eliminate the role of evaporation before the coalescence. Thereafter,

an extensive parametric study was performed to study the effect of the influencing

parameters on the response of the electrocoalescence. The main parameters studied

were the frequency and amplitude of the applied electrical signal, the separation

distance between the drops, and the viscosity of the drops.

4.3 Prediction of the bridge growth

The governing equation for the growth of the liquid bridge can be obtained using the

knowledge of the creeping flow approximation of Navier-Stokes equation. Since the

velocity of the liquid bridge growth is very small, the creeping flow approximation
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is introduced here to neglect the non-linear terms of the Navier-stokes equations.

For steady flow conditions, the Navier-Stokes equations for a 2-D system under

gravitational and electrostatic forces can be written as follows [172]:

∂P

∂x
= µd

(
∂2u

∂x2
+
∂2u

∂z2

)
+ fe (4.1)

where, the drop spreading direction is in x direction, whereas the bridge growth is in

z direction. In addition, u represents the horizontal component of the fluid velocity

along the x axis, P is the pressure of the fluid, µd is the drop’s viscosity, and fe is the

electrostatic force per unit volume. The properties of the liquid drop are assumed

to be homogeneous. Since the drop is already detached from the electrodes during

coalescence, in this case, electrostatic force can be considered as zero (fe ≈ 0).

This is a preliminary attempt to get the theoretical modeling and we are working

on developing the extensive model with fe being non zero. Thus, Eq.4.1 can be

reduced to:

∂P

∂x
= µd

d2u

dz2
(4.2)

In order to solve Eq.4.2, two boundary conditions are required. Since this is

a bridge growth process, we are assuming there is no-slip at the TPCL during the

bridge growth. And for the second boundary condition, we decided to consider the

medium viscosity by considering the interface boundary condition µd ∂u∂z = µm
∂um
∂z

:

z = h(x, t), which implies the tangential stress balance at the drop-fluid interface.

Then the solution of Eq.4.2 can be found as:
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µdu =
∂p

∂x

z2

2
+

[(
µd
∂u

∂z

)
=h

− ∂p

∂x
h

]
z (4.3)

If air medium is considered, the viscosity of the drop is several orders of mag-

nitude above the viscosity of the medium (µd >> µm), thus the first term inside

the square bracket can be neglected. In addition, another boundary condition at the

liquid-drop interface can be derived from the Young-Laplace equation, in which the

normal stress balance can be written as [20, 173]:

∂p

∂x
= −ρmg

∂h

∂x
− σ∂

3h

∂x3
(4.4)

where σ is the surface tension of the drop-medium interface. The first term is the

static pressure head due to medium and the second one is the pressure along the

curvature. Using Eqs. 4.3 and 4.4, the flow rate can be simplified to:

Q =

∫ h

0

u(x, z, t)dz =
h3

3µd

(
ρmg

∂h

∂x
+ σ

∂3h

∂x3

)
(4.5)

Utilizing the conservation of mass for a thin strip of fluid film of thickness dx,

the relationship between the change in the height of the strip and the flow rate per

unit depth can be obtained as:

dh

dt
+
dQ

dx
= 0 (4.6)

89



Now, for an air medium scenario, after combining Eqs.4.5 and 4.6, the lubrica-

tion equation in one dimension, for symmetric drop coalescence, can be expressed

as:

dh

dt
= − 1

3µd

d

dx

[
h3
(
σ
∂3h

∂x3

)]
(4.7)

The resulting equation is a non-linear partial differential equation that describes

the growth rate of a liquid bridge between two spreading drops. Aiming to re-

duce the governing parameters, a nondimensional study of the governing equation

(Eq.4.7) can be performed. The initial base radius of the drop (R0) was selected as

the length scale, while the time scale found in Chapter 3 (τsum = τf + τv′) was used

as the characteristic time scale. Involvement of this timescale allows us to consider

the electrowetting effects even though we have not considered the equivalent body

force in the momentum equation (Eq.4.1). In this time scale τf = 1
4f

is the imposed

actuation time of the applied frequency, and τv′ = µd(Rmax−R0)/ησ is the viscous

time scale for a electrospreading drop. Subsequently, the nondimensional form of

Eq.4.7 can be found as:

∂h∗

∂t∗
= −1

3
× d

dx∗

[
h∗3

τsum
τv

∂3h∗

∂x∗3

]
(4.8)

Owing to the high complexity involved in obtaining the numerical solution of

Eq.4.8, a scaling analysis was incorporated into the investigation to obtain approxi-

mate results. The final expression for the dimensionless height (h∗) can be obtained

as a function of the dimensionless time (t∗) as [86]:
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h∗ ∼ φ

 t∗(
τsum
τv

)


1
3

(4.9)

where an empirical constant φ = f(µd, η, f) was used. Therefore, the results were

focused on the effect of η, D/(2R0), and Oh which correspond to the governing

factors of electrowetting number, separation distance, and Ohnesorge number, re-

spectively. In addition, the effect of the frequency was also considered, but only

for one frequency below and one frequency above the first resonance frequency.

It is noteworthy to mention that this is a preliminary attempt to get the theoretical

model, and a detailed modeling approach is warranted to get the desired accurate

solution.

4.4 Results and Discussions

In the case of the electrode being in contact with the drops, a repulsion at the TPCL

was observed. In order to reduce or eliminate the repulsion effects of the elec-

trostatic forces, a detachment mechanism was developed that allowed to observe

similar coalescence for both drops with equal spreading rate. For a predetermined

separation distance that is larger than the base diameter of the equilibrium sessile

drop configuration, the coalescence can be studied while maintaining the separa-

tion distance smaller than the base diameter of the drop representing the Young-

Lippmann’s contact angle. Once the drops detach and continue to spread, the co-

alescence takes place at the moment both TPCL meet with each other, provided

the electrode is not in contact with the drop. With different separation distances or
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Figure 4.4: Drops response to a single wave perturbation by electrowetting. The
drops, with a viscosity of 0.91mPas and separated approximately by 2.4mm centre
to centre distance, were submitted to a wave of 350V at 100Hz. (a) Snapshots pre-
senting the induced electrocoalescence by applying the electric field to both drops
and inducing the detachment from the top electrode. (b) Bridge height vs time, for
the previous case. After the drops started to coalesce, the relevant events are high-
lighted in the plot. The moment when the drops started to coalesce was set to be
t0 = 0ms, therefore, times before coalescence have negative values.
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drop volumes, along with an applied voltage and frequency, a varied range of coa-

lescence mechanisms can be studied. Figure 4.4(a) shows the case where the drops

coalesced with an actuation wave of 350V at 100Hz. As mentioned earlier, the ar-

rangements are made in such a way that the bridge growth starts at the moment the

drops are detached from the electrodes. In all the cases, the drop liquid properties,

along with the applied voltages and frequencies, dictate the contact line velocity.

Based on the contact line velocity we have observed different coalescence mech-

anisms. This contact line velocity can be altered by changing the electrowetting

parameters, which can be studied by varying the electrowetting number (η) and the

drop liquid properties, that can be represented in terms of the Ohnesorge number

(Oh). Before we scrutinize the role of these two primary nondimensional numbers,

we would like to explain the coalescence process as depicted in Fig. 4.4(b).

The inset figure of Fig. 4.4(b) demonstrates the drop spreading before the coa-

lescence (Zone I), therefore the bridge height is not measurable before t0, i.e., the

initiation of coalescence. Before the electrowetting is triggered (approximately at

t = −5ms), the base diameter is constant. Please note that the distance between

the two extreme positions of TPCL of both drops is termed as base diameter, which

is not a base diameter of the single drop. After the drops get actuated due to elec-

trowetting, the rapid spreading can be witnessed and eventually both TPCL merge

for the coalescence. Before the coalescence starts, the base diameter momentarily

attains a constant magnitude (Zone II). Thereafter, the bridge rapidly grows with

no change in the base diameter (Zone III). Then, as the bridge becomes larger than

the initial single drop base radius, the drop starts to demonstrate dewetting or re-
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ceding at TPCL. At this point the bridge height is smaller than the initial height of

the drops. The instant at which the bridge attains the height equal to the initial drop

height is denoted as ta, as presented in Fig.4.4(b). At the noncoalescing side of

TPCL for both drops, where the influence of the other drop is absent, drop recoiling

or receding dominates, which can be attributed to the minimization of the surface

area or energy. Therefore, despite the oscillatory growth in the middle (coalescing

side of the TPCL), the drop’s base continues to recoil from the noncoalescing side.

The maximum recoiling continues until the maximum bridge height is observed

(tb) and after that, even if the drop-medium interface oscillates, the base diameter

remains constant. The sudden decrement in the base diameter is facilitated when

the bridge oscillated and assisted the further spreading.

4.4.1 Effect of electrowetting number

The applied electric field is the actuation force that provokes the drops to spread and

come into contact. The magnitude of this actuation force can be estimated based

on the electrowetting number η. The range of η was decided based on the applied

voltage U , and was fixed for the dielectric constant εd, the dielectric thickness d,

and the surface tension σ parameters. The lowest limit for the applied electrowetting

number (η = 0.16) was selected based on the experimental observation of sufficient

applied force to create drop motion and drop-fluid interface oscillations. However,

for this low η, the drops did not detach from the electrode and could not spread to

observe the coalescence. Hence, the lowest electrowetting number for successful

coalescence was observed to be η = 0.26, as seen in Fig.4.5. For the upper limit,

the maximum applied electrowetting number (η = 0.50) was based on the contact
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angle saturation to prevent the deviation from Young-Lippmann’s equation [18, 42],

so we restricted the upper bound below this actuation. After applying the actuation

force, both drops equally spread and detach from the top electrode. It was observed

that the drops did not immediately start coalescing after coming together due to

the remaining repulsion forces at the interface. When the ions inside the drops

reorganized and the repulsion force weakened, coalescence began. However, it

is beyond the scope of this study to comment on the delayed coalescence or the

timescale pertinent to this delay. It is reported that the oscillations of the interface of

the sessile drop depend on the applied frequency and its proximity to the resonance

frequency [30, 98]. The first associated resonance frequency (f2) for a water drop

of 3µL is approximately f2 ≈ 40Hz. Therefore, in order to avoid the influence due

to the closeness to the resonance frequency, the bridge growth was studied for two

applied frequencies (15Hz and 100Hz), which are under and above the resonance

frequency, respectively.

For the frequency below the resonance frequency (f ≤ f2), we observed a sig-

nificant influence of η on the coalescence that can bee seen in Fig.4.5(a). The initial

bridge growth − growth until the bridge height is approximately equivalent to the

drop radius − is presented in the inset figure, where it can be noticed that the initial

growth rate is independent of η. It can be clearly seen that the initial bridge growth

follows an exponential growth with an exponent of 1/3. This prediction matches

with the proposed bridge growth from Eq.4.9. Yet, after the bridge had a height

close to the initial base radius of the drops, the influence of η can be noticed. For

lower electrowetting numbers, the drops coalesced with larger initial contact angles
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Figure 4.5: Effect of electrowetting number on the bridge growth for drops in air
with Oh = 0.0035 and separated by a distance D/(2R0) = 1.15. (a) Bridge growth
for applied frequency under the resonance frequency, and (b) Bridge growth for
applied frequency above the resonance frequency. The initial bridge growth is pre-
sented in the inset figures.

compared to the drops with higher electrowetting numbers or stronger actuation

forces, i.e. higher voltages. It has been demonstrated that the bridge growing ve-

locity is affected by the initial contact angle of the drops immediately before the

coalescence [87]. In the case of sessile drops with contact angles lower than 90°,

a larger initial contact angle speeds up the bridge growth. For the considered sce-

nario where the drop’s contact angle is always greater than 90°, the first point of

contact for the coalescence is in function of the separation distance and the actu-

ation magnitude, and it can be either at TPCL or at the drop-medium interface.

As the actuation force is increased (increment in η), the larger spreading can be

witnessed for a given time, due to which the first point of contact to initiate the

coalescence, comes closer to the TPCL. Unfortunately, due to experimental limita-

tions as well as the repulsion at the TPCL, the ideal scenario could not be achieved

where the drops can always coalesce at TPCL. This reveals the importance of the

location of the first contact point where the coalescence triggers. If this point is
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farther from the TPCL, the bridge growth was faster and if it came closer to the

TPCL with the increment in η, a slower bridge growth was noticed. Once the coa-

lescence begins, based on the initial rate of the bridge growth, the dynamics in the

bridge growth can be witnessed. Interestingly, with this growth rate, the oscillatory

behaviour in the bridge growth, resembling the inertial oscillatory motion, is also

observed. Here, as the first point of contact comes closer to the TPCL, the growth

rate decreases, and thus the maximum height in this oscillatory motion decreases.

After attaining the maximum bridge growth, the newly formed drop attempts to

regain a new equilibrium through the decayed oscillatory motion in bridge height.

It is evident that larger the bridge growth rate is, the longer the waiting period for

the drop to attain the equilibrium. These oscillations can be studied by following a

similar analysis from Chapter 3, i.e., an ideal damped harmonic oscillator described

by Eq.3.2. The sudden growth and oscillatory motion at the drop-medium interface

has consequences on the drop’s base as well. The finite pinning force at the TPCL

of both drops is primarily function of the contact angle hysteresis, but also of the

surface energy of the substrate and the interfacial tension of the fluids. At certain

growth rate, the induced force at the TPCL during the coalescence is sufficient to

overcome the adhesion due to the contact angle hysteresis and to slip the TPCL.

This slip is the indication of a change in the base diameter, as detailed in Fig.4.4(b).

One can completely eliminate this slip-stick motion by performing experiments of

a substrate without contact angle hysteresis, but it is challenging in air medium.

Nevertheless, one can argue that if the actuation frequency is kept high enough, that

will always ascertain the higher force at TPCL to depin the TPCL. Therefore, we

performed a similar study with a frequency with at least one order of magnitude
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higher (f = 100), and we also made sure that this frequency avoided the natural

frequency. As anticipated, at the higher frequency the role of η was diminished.

4.4.2 Effect of separation distance

As mentioned earlier, the first point of contact for the coalescence can be maneu-

vered by the separation distance, therefore we attempted to study this hypothesis.

In spite of the fact that the separation distance is only a geometrical parameter, it

greatly affected the dynamics of the coalescence bridge. The range of the separation

distance was based on the minimum and maximum distance where the coalescence

can be witnessed. The minimum distance is equal to the base diameter of the sessile

drop when the drop’s contact angle is less than 90°, and to the spherical diameter

of the drop for drops with a contact angle of ≥ 90°. The details of the geometrical

parameters of a drop under the spherical cap assumption can be found in Chapter 2,

as presented in Fig.2.1. From the closer observation of Eq.4.10, it can be seen how

the initial bridge height is mainly a function of the separation distance D and θ, in

which the later can be approximated to be θapp as a function of the electrowetting

number η from the Young-Lippmann’s equation as:

h0 = −rcosθ ±
√
r2 − D2

4
(4.10)

where r is the radius of the sphere by assuming a spherical cap geometry.

Hence, the initial bridge height can be presented as a function ofD/(2R0) and η, as

seen in Fig.4.6(a). If the theoretical initial height occurred below the substrate, i.e.,
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Figure 4.6: Initial bridge height of water drops in air with Oh = 0.0035 as a func-
tion of the nondimensional separation distance D/(2R0) and electrowetting num-
ber η. (a) Theoretical results of initial bridge height obtained from Eq.4.10 from all
possible ranges. Inset figure presents all the geometrical parameters of the drops,
including the initial height of the drops H0, the initial base radius of the drops R0,
the equivalent radius of the sphere r, and the separation distance between the drops
D. (b) Experimental results of initial bridge height for successful conditions, along
with the four different experimental limitations.

h0 < 0, the drops in reality will not coalesce. The range of η was selected based on

the Young-Lippmann’s equation in which the maximum η is approximately 1.4 with

a corresponding apparent contact angle of zero. The expected height, calculated

from Eq.4.10, is compared with the experimental results obtained from the water

drops, shown in Fig.4.6(b). For the practical case, as mentioned in the previous sec-

tions, the range of η ([0.26, 0.50]) was based on sufficient driven forces to induce

the spreading, detachment, and coalescence of the drops, but always below the con-

tact angle saturation. While the separation distance range D/(2R0) ([1.15, 1.30])

was established for successful coalescence conditions, it was also observed that co-

alescence could also be obtained for separation distances of D/(2R0) = 1.44, but

above this value the drops never merged. It is interesting to observe how the initial

bridge height is reduced by increasing the separation distance and the electrowetting
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number simultaneously, which occurs due to the possibility of the drops to further

spread and collide in a position closer to the TPCL. Yet, in reality, the electric field,

and therefore the repulsion forces, are higher close to the three phase contact line

[84, 174]. This additional effect, which is not considered in the purely geometrical

observations from Eq.4.10, will prevent the coalescence at the TPCL as observed

at t = −1.40ms from Fig.4.4(a). Thus, the coalescence will be delayed until the

drops touch in a higher height, where the repulsion forces are lower, and start to

fuse, as observed at t = 0ms in Fig.4.4(a).

After finding out the appropriate domain of the separation distance, a detailed

parametric study was performed to observe the variations in the coalescence. Figure

4.7 shows the role of the separation distance on the bridge growth and, as antici-

pated, this observation is similar to the previous one where the first point of contact

for coalescence dictated the outcome of the coalescence behaviour. As we have

noticed for lower η, similarly for the case of the low frequency, the drop’s response

was affected by the increment in the separation distance, as observed in Fig.4.7(a).

The drops separated by smaller distances could meet with a greater contact angle

prior to coalesce and with a reduced separation distance between the two extremes

of the TPCL. All these factors generated a faster bridge growth with a greater max-

imum height, that will eventually influence the reduction of the base diameter and

increment the magnitude of the equilibrium height. The additional distance cre-

ated elongated final drops with a bigger base diameter that reduced the height of

the final drop. As in the case of the electrowetting effect, for the high frequency,

a lessen effect of the separation distance was observed, as seen in Fig.4.7(b). The
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Figure 4.7: Effect of separation distance on the bridge growth for drops in air with
Oh = 0.0035 submitted to an applied wave of η = 0.37. (a) Bridge growth for
applied frequency under the resonance frequency, and (b) Bridge growth for applied
frequency above the resonance frequency. The initial bridge growth is presented in
the inset figures.

initial bridge growth remained unchanged for all the separation distances. The inset

figures for Figs. 4.5, 4.7, and 4.8 demonstrate the linear bridge growth, and if we

compare that with the proposed theory, it is evident that it follows the 1/3 scaling

law. However, all these considerations still ignore the influence of the viscosity of

the drops, which is known to be a governing parameter in coalescence. A change

in the viscosity will generate a different dissipation rate in the drops, and will af-

fect the velocity at which the drops encounter before coalescence, as well as the

attainment of the equilibrium. Hence, the following section is dedicated to study

the influence of the Ohnesorge number in the bridge growth.

4.4.3 Effect of Ohnesorge number

The Ohnesorge number, Oh = µ/
√
ρσR0, was mainly modified by changing the

viscosity of the drops. The selected range considered for Oh was from 0.0035 to
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0.4386. The appropriate ratio between glycerol and water allowed us to attain this

range. As studied in previous chapters (Chapter 2 and 3), the gain in the viscosity

of the drop increased the response time of the drop, which implies a lower spread-

ing velocity. Also, the higher Oh implies a stronger effect of the viscous forces

compared to the surface and inertial forces, which will generate a higher energy

dissipation and will decelerate the bridge growth [85, 175]. The Ohnesorge num-

ber has a bigger effect on the bridge growth response in the case of the frequency

below the resonance frequency, as shown in Fig.4.8. The increment of Oh implies

a longer time required for the drop to respond to the external actuation force and to

restructure, as studied in Chapter 3. Hence, this delay will prompt smaller perturba-

tions in the drop during the coalescence. The eventuality of the oscillatory motion

and the magnitude of the maximum bridge height becomes less pronounced as Oh

is increased. The change in the magnitude of the bridge height and the frequency

of oscillatory motion is associated to the underdamped regime, in which the drop

oscillates and the magnitude of these oscillations decay exponentially over time

[143]. The deformation of the drops in the overdamped regime did not show cap-

illary waves, and the time to reach the maximum bridge height was delayed [176].

An additional effect is witnessed for high Ohnesorge numbers, where the base di-

ameter of both drops were completely pinned during the coalescence time. Thus,

the base diameter of the new drop is larger to justify the spherical cap assumption,

therefore, the drop flattens and lowers the equilibrium height.

The frequency above the resonance frequency induced more oscillation in the

bridge growth after attaining the maximum height, as seen in Fig.4.8(b). The higher
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Figure 4.8: Effect of Ohnesorge number on the bridge growth for drops in air sub-
mitted to an applied wave of η = 0.50 and separated by a distanceD/(2R0) = 1.15.
(a) Bridge growth for applied frequency under the resonance frequency, and (b)
Bridge growth for applied frequency above the resonance frequency. The initial
bridge growth is presented in the inset figures.

frequency implied a faster abrupt change in the shape of the drop, which increases

the drop-fluid interface oscillations. In addition, it causes a higher velocity of the

drops prior to coalesce, which also increases the velocity at which the bridge grows.

All this additional considerations resulted in more kinetic energy and presented

more oscillations than the experiments from the frequency below the resonance fre-

quency. At the same time, these oscillations aided the depinning of the three phase

contact line and reduced the base diameter of the new drop. The initial bridge

growth was almost identical for all the Ohnesorge numbers following an exponen-

tial growth with an exponent approximately of h∗ ≈ t∗1/3. However, it is important

to mention that the scaling analysis performed for the governing equation, resulting

in Eq.4.9, can accurately predict the liquid bridge growth at the initial coalescence

interval, within which the liquid bridge is smaller of the initial base radius of a sin-

gle drop.
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4.5 Conclusions

The electrocoalescence of sessile drops in air medium has been investigated where

coalescence was triggered by a single actuation cycle of electrowetting. The elec-

trocoalescence of sessile drops was achieved by generating the detachment of the

drops from the electrode and by reducing the repulsion forces existing at the in-

teracting interfaces of the drops. The sudden change in the contact angle of the

drops will also generate some interface oscillations that will promote the drop co-

alescence. A modified theoretical approach, developed primarily based on the lu-

brication approximation, contemplates the electrowetting effect in the drop’s coa-

lescence and predicts the bridge growth between two coalescing drops. The time

scale used in the nondimensional process was the sum of the actuation time of the

applied frequency and the viscous time scale modified with the electrowetting num-

ber. This time scale considers the time required to reach the maximum spreading of

the drops and, by using it as a time scale for electrocoalescence, the initial bridge

growth presented a universal response. The effects of the electrowetting number,

the separation distance, and the Ohnesorge number were investigated separately

for two different frequencies, i.e., above and below the resonance frequency. For

the case below the resonance frequency, all the parameters influenced the bridge

formation by affecting the maximum bridge growth magnitude and corresponding

oscillatory motion at the drop-medium interface. It was demonstrated that for a

frequency above the resonance frequency, the operating parameters had less im-

pact in the growth dynamics. In the case of a frequency higher than the resonance

frequency, the dynamics at the three phase contact line were much quicker and in-
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fluenced in the coalescence accordingly. Yet, for both frequencies, it was observed

that the separation distance and the Ohnesorge number influenced the bridge growth

and the equilibrium height. The higher separation distances reduced the contact an-

gle at which the drops approached prior to the mass transfer, so it slowed down the

bridge growth and reduced the magnitude of the maximum height attained by the

bridge. Also, the combined effect of the electrowetting number and the separation

distance was studied on the influence of the initial bridge height. The lower Ohne-

sorge numbers allowed the new drop to acquire a higher maximum height that was

reflected in terms of motions at the three phase contact line. For the same scenario

of low Ohnesorge numbers, the oscillations in the bridge height were granted in

resemblance with the case of an underdamped mass-spring-dampener system. For

higher viscous cases, i.e., higher Ohnesorge numbers, the equilibrium height was

lower but with minimum oscillations, therefore, the attainment of equilibrium was

in shorter period of time.
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Chapter 5

Conclusion and Future Work

5.1 Overview and summary

The primary objective of this thesis was to investigate the dynamic response of ses-

sile drops to perturbation cycles triggered by means of electrowetting. Therefore,

this thesis addressed the transient dynamic response of sessile drops to an external

actuation force. Our efforts were dedicated to understand the implications of apply-

ing an individual actuation wave to the drops aiming to reduce the operational time

and power consumption involved in electrowetting.

First, in Chapter 2, a mathematical model was proposed based in an overall

energy balance that contemplates the combined effects of the inertial, the surface

tension, and the dissipation forces on the drop’s oscillations. The capillary time

scale was used as the characteristic time scale for the nondimensionalization of

the governing equation, in which the key nondimensional numbers were the elec-

trowetting number, the Roshko number, and the viscosity ratio. The theoretical

results were compared with the experimental results to describe the transient re-

sponse of drops due to electrowetting in a liquid medium. The proposed model
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illustrates a notorious shift of the transient response depending on the applied fre-

quency and the medium viscosity. It was noticed that, for low frequencies and/or

viscous mediums, the drop closely follows the applied actuation wave. Yet, as the

frequency or the medium viscosity increase, the drop lags from the response and

cannot longer spread equally for both halves of the applied wave. This special case

of out-phase response was studied thoroughly for additional waves. It was observed

that the drops further spread after each applied cycle until attaining a steady oscil-

latory response. However, it was discerned that the time scale used did not consider

the viscous effect nor the properties of the applied wave, as the voltage or the fre-

quency. Hence, the natural extension of this investigation involved scrutinizing the

first half of the applied wave and finding a time scale that quantifies all the thermo-

dynamic properties of the liquids, as well as the parameters of the applied wave.

In Chapter 3, the transient dynamics of EWOD were studied for a single wave

perturbation. The change in the drop’s response was investigated considering the

effects of the applied electrowetting perturbation and the thermophysical properties

of the liquids. Special attention was dedicated for the maximum deformation of the

drop in the first half of the cycle and the time required to reach this point. For the

completeness of the study, drops in liquid and air medium were considered, which

provided a better understanding of the transient response of the drop. In the case of

air medium, interface oscillations that resemble the mass-spring-dampener system

were perceived, and these oscillations remained after the application of the elec-

trical wave. However, these oscillations were not observed in the liquid medium

due to the different nature of the energy dissipation, which was provoked by the
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liquid medium viscosity rather than the contact line hysteresis, as in the case of air

medium. The time required to reach the maximum spreading, called as the response

time of the drop, was compared with a new time scale that considers the thermo-

physical properties of the liquids, as well as the applied frequency and voltage of the

perturbation. It was observed a universal linear relationship between the response

time of the drop and the proposed time scale.

Finally, the associated drop oscillations inspired us to use them to induce elec-

trocoalescence of sessile drops by electrowetting. Based on the results obtained

in the previous chapters, in Chapter 4 a method to guarantee electrocoalescence

by applying a single actuation cycle of EWOD was experimentally investigated.

The repulsion forces between the drops were reduced by inducing the detachment

of the drops from the electrode. It was observed that the coalescence at the three

phase contact line was entangled by the repulsion forces, but coalescence could be

achieved by applying a single actuation cycle. The initial bridge growth was studied

in detail, and compared with a theoretical model for drop coalescence that considers

the effect of electrowetting. Hence, the bridge growth was studied as a function of

the electrowetting number, the separation distance, and the Ohnesorge number. The

combined effect of the electrowetting number and the separation distance on the

initial bridge height were observed mostly as a geometrical consideration. Greater

values of these two parameters allowed the drops to spread further and to initiate

the coalescence at a point closer to the three phase contact line. The lower initiation

height point slowed down the bridge growth and the magnitude of the maximum

height attained by the bridge. In addition, it was observed how the Ohnesorge num-
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ber affected the occurrence of droplet-medium interface oscillations, which affected

the motion of the three phase contact line. As the Ohnesorge number increased, the

oscillations were minimum and the new equilibrium height was attained faster.

In summary, this thesis contributes to the literature as follows:

• Describing the initial transient response of the drop to electrowetting experi-

mentally and theoretically, which was commonly ignored.

• Developing a theoretical model, based on an overall energy balance, able to

predict the dynamic response of a drop in liquid medium.

• Identifying and categorizing the transient response of a drop to electrowetting

into in-phase, transitional, and non-responsive, as a function of the system

parameters.

• Establishing a corrected timescale for AC electrowetting that incorporates the

delayed time due to the thermophysical properties of the drop, but that also

considers the electrical wave properties as the voltage and the frequency.

• Proposing a novel method to induce drop coalescence of a pair of sessile

drops by means of electrowetting, where the repulsion forces were minimized

by generating a drop detachment from the electrode.

• Delineating the bridge growth in drop coalescence and studying the influ-

ence of system parameters as the separation distance between the drops, the

applied voltage and frequency, and the viscosity of the droplets.
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5.2 Future works

The better understanding of the dynamic response of sessile drops due to AC elec-

trowetting in air and liquid medium provides the opportunity for further studies

as an extension of the current research. The conclusions presented facilitate the

full description of the drop spreading due to electrowetting and explained how the

shape of the drop evolves in time. Therefore, the time required to achieve the max-

imum spreading, or to attain a steady state oscillation, it can improve the usage of

electrowetting for different applications. Also, the observations raised due to elec-

trocoalescence can be used as a basis to study further drop’s coalescence due to the

application of external forces. These future works can be mainly divided into the

study of liquid medium electrocoalescence and the design and characterization of a

liquid lens.

5.2.1 Liquid medium electrocoalescence

Coalescence in a liquid medium presents a completely different nature from air

medium scenario. The additional resistance generated by the surroundings prevents

the fast process of coalescence, in which all the liquid trapped between the two

drops needs to be removed before the drops can merge [177]. The time required to

completely drain the liquid between the drop, referred as drainage time (tdrain), is

in function of the Capillary number (Ca = µV/σ), where V is the characteristic

velocity of the drops [178]. The increment of the medium viscosity leads to longer

time required to move the trapped liquid due to the additional energy dissipation

[179]. Thus, the film drainage decelerates which can delay or prevent coalescence
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to occur [180]. However, the inherent nature of a drop in a liquid medium gener-

ates greater contact angles of the drops which speed up the coalescence of partially

wetting drops [87, 163]. The induced detachment of the drops from the top elec-

trodes is required to reduce the repulsion forces between the drops that prevents the

electrocoalescence [34, 84]. Yet, due to the additional restriction from the medium

viscosity, the drop detachment is reduced for liquid mediums, and is completely

abolished for high viscous mediums.

Therefore, electrocoalescence prompted by a single actuation wave of elec-

trowetting has an entirely different dynamic and considerations from the case of

air medium. The reduced time granted for the drops to touch each other by the

application of an external force is quickly removed to the oscillatory nature of the

actuation force. Time for which drops are allowed to come into contact with each

other is not sufficient to completely drain the confined liquid and start the coales-

cence. However, we observed that, under certain conditions, the electrocoalescence

in a liquid medium can be generated by a single actuation cycle of electrowetting

as shown in Fig.5.1.

The electrocoalescence process in liquid medium provokes that the initial bridge

formed by the coalescence is considerably far from the merging three phase contact

line or the substrate. Although two drops merge by removing the liquid between

them, some liquid still remains underneath the bridge that needs to be drained as

well. The time required to drain this liquid cramped under the bridge is also a

function of the liquid medium properties. Hence, further investigation is required
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Figure 5.1: Liquid medium electrocoalesce for a single wave perturbation of elec-
trowetting. The drops, with a viscosity of 0.91mPas and separated approximately
by 2.2mm center to center distance, were surrounded by a liquid medium with a
viscosity of 0.91mPas. The applied wave 350V and 35Hz was submitted for both
drops. The snapshots present the initial spreading and detachment of the drops, and
at t = 0ms the drops started to coalesce. Once the bridge started growing for a
height above the three phase contact line, some liquid remained under the bridge
which was drained after some oscillations of the drop. After multiple oscillations
in the shape of the final drop, all the oil is drained and the final drop acquired a
spherical geometry.

to generate and describe the electrocoalescence of two sessile drops by means of a

single actuation cycle of electrowetting.

5.2.2 Design and characterization of a liquid lens

Minimizing the size of the optical devices and the reduction in the number of me-

chanical components necessary for its operation allows a compact design and a

faster focusing process. Existing mechanisms provide the feasibility to build tun-

able micro-lenses, but they have limited control on the change in the focal length

of the optic device [73–76, 181]. Manufacturing a lens from a liquid interface has

the potential to completely fulfill the operation requirements for a photonic device

and can be driven by the surface tension forces [182, 183]. This concept can be

achieved by depositing a liquid droplet on a transparent substrate and surrounding
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it by an oil medium. Therefore, the focal length of the lens can be varied by mod-

ifying the curvature of the droplet-medium interface [77, 184]. The shape of the

interface is usually characterized by the contact angle measured at the three-phase

contact line [185]. Hence, electrowetting provides a reversible alternative to al-

ter the shape of the drop by several tens of degrees, with low power consumption

[18, 51, 105, 186]. Bearing in mind that the drop acts as a lens, the drop can be

considered to be a plano-convex lens. The liquid-liquid interface acts as the convex

side with a radii of curvature equal to the radius of the drop (r), while the liquid-

solid interface is the planar side with an infinite radius of curvature. Following this

idea, the Lensmaker’s equation for a plano-convex lens can be simplified to [187]:

1

f
=
nL − nM

r
(5.1)

where f is the focal length of the lens, nL and nM are the refractive indexes of

the liquid drop and the oil medium, respectively. If the drop’s shape is assumed to

always maintain the spherical cap geometry, Eq.5.1 can be rewritten as [22, 59]:

f =
3V

π(2 + cosθ)(1− cosθ)2(nL − nM)3
(5.2)

V represents the volume of the drop, and θ is the aforementioned contact angle

of the sessile drop. Thus, the focal length of the lens can be mainly modified as

a function of the applied voltage, described by the Young-Lippmann’s equation as

presented in Fig.5.2. Therefore, it can be seen how the focal length increases as the

applied voltage increases. This result is intuitive by thinking that as the voltage is
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Figure 5.2: Theoretical results of contact angle and focal length of a liquid lens
as a function of the applied voltage. Results are based on a drop of 3µL volume,
submitted to AC EWOD with PDMS as an insulator layer with a thickness d =
21µm and dielectric constant εd = 2.8.

applied, the drop spreads and increases the curvature of the drop which ultimately

increases the focal length. However, due to the contact angle saturation, the drop

no longer spreads following Young-Lippmann’s equation beyond a critical voltage.

Thus, the increment in the focal length after this point decelerates and reaches its

maximum value.

These results are based on the assumption of steady conditions for AC EWOD,

when the drop has completely reached the new equilibrium contact angle after nu-

merous cycles. However, it is desired to reduce the operational times and costs

involved in controlling a liquid lens, so the results obtained in this thesis can be ex-

tended into this context to obtain the minimum time required to achieve the desired

focal length. It would be interesting to observe the effect of the transient dynam-

ics of electrowetting on optimizing the operation of a liquid lens, which can be

continued as future work.
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Appendix

A-1 Derivation of Young-Lippmann equation

A droplet which partially wets an homogeneous, rigid, and chemically stable sub-

strate attains an equilibrium geometry, usually characterized by a contact angle.

This contact angle is a function of the interaction between the interfacial energies

(σ) of the solid substrate (S), liquid droplet (D) and fluid medium (F). Hence, the

total free energy of the drop can be written as:

F =
∑

Aiσi − V∆P ( A-3)

whereA represents the area ofASD solid-drop, solid fluidASF , and drop-fluidADF

interfaces, V is the drop volume, and P is the pressure drop across the drop-fluid

interface. Please note that an index notation (i) was used to denote all the different

interfacial energies and areas. If an additional external electric field is applied to

the drop, the total free energy will be modified. The free energy of a drop as stated

in Eq. A-3, when submitted to electrowetting on dielectric, has an additional term

from the electrostatic energy:

F =
∑

Aiσi − V∆P − EE ( A-4)
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where EE is the total electric potential energy stored in a capacitor. For instance,

if a dielectric layer is used for electrowetting, the total capacitance of the system

can be approximated to the capacitance of the dielectric, and the capacitance of the

electric double layer can be ignored. A dielectric material can prevent the flow of

the electric charges through it, but allows the reposition of some charges that grants

the polarization of the material. A dielectric in an external electric field will induce

a charge separation within each atom [188]. By applying Gauss law, the electric

field E between two plates through a dielectric medium is:

E =
Q

ε0εdA
( A-5)

whereQ is the charge of each plate, ε0 is the vacuum permittivity, εd is the dielectric

constant of the medium, and A is the cross-section area of the plates. The electric

field can also be represented as E = U/d, where U is the potential difference

between plates and d is the separation distance of the plates (or dielectric thickness).

Thus, by combining this with Eq. A-5, the potential difference can be obtained as:

U =
Q

ε0εdA/d
( A-6)

Now, the energy stored by the dielectric could be obtained following Verheijen

and Prins derivation [18], which considered the differential electrostatic energy per

unit area. However, we proposed to use the total electric potential energy stored in

a capacitor EE = QU
2

, which incorporated with Eq. A-6 can give the expression of:
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EE =
ε0εdA

2d
U2 ( A-7)

This electric potential energy is only for the area in which the drop wets the

dielectric, i.e. the area of the solid-drop interface (ASD). With these assumptions,

and bearing in mind that the area of the solid-drop and solid-fluid interface are the

same, the total free energy of a drop with an electrical field can be written as:

F = (σSD − σSF −
ε0εd
2d

U2)ASD + σSVASV − V λ ( A-8)

where λ is a Lagrangian multiplier. The previous equation can be treated as the

minimum energy required to be in equilibrium, in which all the components are a

function of the base radius of the drop R or the contact angle θ, as reported in Table

A-1. Therefore, the partial derivation of Eq. A-8 with respect to R and θ should be

considered. Hence the partial derivatives of the energy in the drop are:

∂F

∂R
= (σSD − σSF −

ε0εd
2d

U2)
∂ASD
∂R

+ σSV
∂ASV
∂R

− λ∂V
∂R

= 0 ( A-9)

Hence, by substituting terms from Table A-1 into Eq. A-9 and reorganizing

terms, it can be obtained that:

ksin2θ + 2(1− cosθ) =
R

2σDF
(2 + cosθ)(1− cosθ)2 ( A-10)

143



where for the simplicity of the calculations representation k = σSD−σSF

σDF
− ε0εd

2dσDF
U2.

Following this order of ideas, a similar procedure was performed with the partial

derivative with respect to θ, and it was found that:

kcosθ + 1 =
R

2σDF
(1− cos2θ) ( A-11)

Thereafter, if Eq. A-10 is divided by Eq. A-11, it can be foun that k = −cosθ.

Now, by substituting back the values into k, the classical formulation of Young-

Lippmann equation for electrowetting on a dielectric can be written as:

cosθapp =
σSF − σSD

σDF
+

εoεd
2dσDF

U2 = cosθY + η. ( A-12)

in which θY = σSF−σSD

σDF
is the Young’s contact angle that can be obtained with the

same procedure as before but starting from Eq. A-3 which ignores the electrostatic

contribution. And η = εoεd
2dσDF

U2 is the dimensionless electrowetting number.

Table A-1: Areas and volume equations, with the corresponding partial derivatives
with respect to R and θ.

Parameter ∂
∂R

∂
∂θ

ASD = πR2sin2θ 2πRsin2θ 2πR2sinθcosθ

ADF = 2πR2(1− cosθ) 4πR(1− cosθ) 2πR2sinθ

V = πR3

3 (2 + cosθ)(1− cosθ)2 πR2(2 + cosθ)(1− cosθ)2 πR3sinθ(1− cos2θ)
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A-2 Optical setup considerations

For all the experiments performed in this thesis, the spreading, the oscillations, and

the coalescence of the droplets caused by electrowetting were recorded with a high

speed camera. The drop was visualized by a shadowgraph technique in which the

drop generates a shadow that is captured by the optic system. Figure A-3 presents

an schematic of the main components of the optical system used in this project. For

the functionality of shadowgraph technique, the system requirements can be divided

into image acquisition, illumination, and data acquisition/processing. Therefore, in

the following sections these main components will be described in detail.

A-2.1 Image acquisition

Both the cameras used in this project have a CMOS sensor with a dimension of

25.6mm by 16.0mm, with a pixel size of 20µm by 20µm. Then, if a spatial res-

olution of 5µm/pixel is desired, the magnification factor is equal to four. Also, if

a spatial resolution of 800 by 600 pixels is used for the images, the field of view

will be 3.2mm by 2.4mm in horizontal and vertical direction, respectively. The

minimum working distance can be calculated by considering the thickness of the

cuvette and the base radius of the deposited drop after the spreading and/or coales-

cence. The thickness of the cuvette wall is approximately 2.5mm and the radius of

the drops after the maximum spreading will be assumed to be 3mm. In addition,

the drop must be deposited away from the wall to avoid any effect that the cuvette

might produce in the fluid flow. An additional distance is included to separate the

lens and the cuvette. Following this order of ideas, an additional distance of 10mm

is required for the separation distance from the drop and the lens, leading to a total
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Figure A-3: Schematic of the optical setup used for the experiments. The main
components of the optical setup include the high speed camera, the lens, and the
back light source.

separation distance of 15.5mm. Therefore, the viewing angle of the lens can be

calculated as [189]:

tan(θ/2) =
L/2

f2
( A-13)

where θ denotes the angle of view, L the length of field of view, and f2 the separa-

tion distance between the droplet and the lens. As mentioned previously, if the sep-

aration distance is assumed to be 15.5mm and the lengths of field of view 3.2mm

and 2.4mm, the angle of view is 11.85° and 8.88° for horizontal and vertical di-

rection, respectively. Now, in order to calculate the focal length, the following

expression can be used [189]:

f1
f2

=
l

L
( A-14)

where f1 denotes the focal length and l the corresponding length of the sensor.

Hence, it can be calculated that the focal length equals 77.5mm. Therefore, a lens
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with a focal of 80mm can be selected for the analysis. Therefore, the separation

distance should be recalculated considering the fixed focal length of the lens, and

for the same reason the angle of view must be recalculated. If the field of view

remains constant, the new separation distance is equal to 16mm and the new angle

of view is 11.48° and 8.60° for horizontal and vertical direction, respectively. As

the height of the drop was the main parameter studied in this study, reducing the

angle of view is essential for an accurate measurement of the droplet height. For

high angles, the tangential rays of light might not be at the top of the drop, which

will lead to an erroneous observation of the drop’s shape. However, for low angles,

the tangential rays are closer to be completely horizontal, so the height observed by

the optic system corresponds with the height of the drop. This can also be verified

by comparing the height obtained from the equation of the volume of a spherical

cap (Eq. 2.2), with the measured height of the system. Therefore, the separation

distance and focal length were set to produce a small angle of view, and so the

measured height of the drop did not deviate more than 5% from the theoretical es-

timation of the droplet height.

The system f-number is used to control the size of the circular opening that al-

lows light to reach the camera sensor. It is a nondimensional number that measures

the lens speed and can be determined by the ratio of the system’s focal length with

respect to the diameter of the entrance pupil [189]:

N =
f1
D

( A-15)
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where N denotes the f-number and D is the diameter of aperture. The f# for

most of the lenses can be tuned from defined limits, in which by increasing the f#,

the relative brightness is being reduced. If the f-number is increased, the exposure

time should be increased to obtain an image with the same exposure. For this main

reason, the f-number is selected to be equal to f/4 for capturing images with the

maximum possible brightness.

The only two missing parameters related to the specification of the image are

the depth of field and the depth of focus. The depth of field (DOF) is the missing

spatial resolution parameter and the depth of focus measures the tolerance at which

the image can be placed in comparison to the lens. The main difference between

the depth of field and depth of focus is that the first is the area in front of the lens to

obtain an acceptable focus, and the second denotes the zone behind the lens wherein

the sensor is positioned to generate an in-focus image. The depth of field and the

depth of focus can be calculated as [189]:

DOF ≈ 2Ncf 2
1 f

2
2

f 4
1 −N2c2f 2

2

( A-16)

t ≈ 2Ncf2
f1

( A-17)

where c is the circle of confusion and t is the total depth of focus. The depth of

field and depth of focus can be calculated by assuming the circle of confusion is

0.02mm, the f-number is four. Also, by using the previous values of focal length,
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and separation distance, the depth of field and depth of focus are approximately 6.4

and 32µm, for the depth of field and depth of focus, respectively. With these values,

the interface of the drop and the medium is well focused, with a high resolution of

pixels to identify the change in the height of the droplet.

A-2.2 Illumination

The basic principle of shadowgraph is to detect the object by interrupting the rays of

light of the back-light source. Therefore, a high illumination is required, specially

when high speed imaging is used and the exposure time is reduced. Thus, the light

source can be selected based on the camera saturation. The image saturation refers

to the condition when the cell in a pixel becomes occupied. This limit, or amount

of charge that can be accumulated in a single pixel, is a function of the area. As the

pixel reaches the saturation, there is a smaller probability of trapping an electron,

leading to the degrade of the linear relationship between the light intensity and the

signal. The full well capacity describes the amount of charge that a single pixel

can hold before saturating. This value depends mainly on the size of the sensor

and the operating voltage for the sensor. The quantum efficiency is another key

parameter that will determine the saturation of a system; it compares the number of

photons hitting the devices and the number of charge carriers produce by the device

at a specific wavelength. If any other kind of losses in the system is ignored, the

number of incident photons can be calculated as:

Nphoton =
Nelectron

QEλ
( A-18)
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where Nelectron is the number of electrons produced, Nphoton is the number of pho-

tons absorbed, and QEλ is the quantum efficiency at a specific wavelength λ. The

high speed cameras used in this project have a Quantum efficiency (QE) of 31%

approximately at a wavelength λ = 530nm with a full well capacity of 23, 000e,

which will be considered as the number of photons absorbed to saturate a pixel.

Therefore, the number of electrons produced to saturate a pixel is 74, 193. Know-

ing the number of photons to saturate a pixel, the amount of energy involved in this

process can be calculated with the Planck-Einstein relation:

Esat = Nsaturationh
c

λ
( A-19)

Here, Esat denotes the total energy of the light source, h is the Planck con-

stant, and c is the speed of light. Hence, the total energy of the photons is equal

to 173, 538eV . Now, in order to calculate the total energy to completely saturate

the camera, this energy most be multiplied by the number of pixels that the sensor

has. The total number of pixels in the sensor is 1, 024, 000 pixels, therefore the total

energy is 1.78 ∗ 1011eV . Thus, the light source should be selected accordingly to

considered the energy required to saturate the sensor of the camera.

A-2.3 Data acquisition and processing

The first step of the data processing is the image calibration. An adequate spatial

calibration is required to produce valid data and to reduce errors or distortion asso-

ciated with the geometric measurements of digital cameras. The spatial calibration

is performed to convert measurements from pixels (taken with the camera or sen-

sor) to SI units or spatial units that can be compared with other images or data
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obtained. Usually the calibration is achieved by measuring the number of pixels in

the image which are associated to a known distance. Hence, the pixel domain can

be converted to the physical domain. In this project, a needle with a known outside

diameter of 0.51mm was used to create, to position, and to deposit the droplets for

the experiments of electrowetting. Also, these needles were used to locate the top

electrode to transmit the electric field to the droplets and generate the spreading.

Therefore, the needle with known size can be used to calibrate the image from the

pixel domain to the spatial domain. By locating the needle on the field of view of

the camera and using the same conditions as in the experiments (light, zoom, and

separation distance), the camera can capture the needle. Then, the number of pixels

used to cover the outer diameter of the needle can be counted and used to calculate

the aspect ratio of a pixel per unit length. Also, it is vital to clearly specify that the

calibration is completed by maintaining the acrylic tank perpendicular to the front

of the camera.

Finally, after the image calibration was completed, the height of the drop was

measured by detecting the drop-medium interface. The interface was detected by

the raise in the intensity of the pixels along the vertical center line of the droplet.

Hence, the interface occurs when the pixels go from a low intensity (black) to a high

intensity (white), as presented in Fig. A-4. All the optical parameters will influence

how many pixels will be required to change from a low to a high intensity. For

reducing the error associated with the height measurements, these number of pixels

should be reduced as much as possible, which indicates a well defined interface in

the image captured. If the condition of a well defined interface is maintained, the

151



Figure A-4: Line profile for detecting drop’s interface of a water drop in a liquid
medium. (a) Experimental snapshot of a droplet with a submerged wire for inducing
electrowetting. The line profile is located at the center of the droplet, in which R
represents the rise of the pixel’s intensity. (b) Intensity measurements, based on
a grayscale, along the line profile in which the height of the drop is measured as
1.65mm.

height measurement process by this technique can be repeated for all the frames

and the measurement of the height in time can be obtained.
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