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Abstract

Let a locally compact semitopological semigroup S have a separately con-
tinuous left action on a locally compact Hausdorff X. We define a jointly
continuous left action of the measure algebra M (S) on the bounded Borel
measure space M (X)) which is an analogue of the convolution of measure alge-
bras M (S). We further introduce a separately continuous left action of M (S)
on the dual of a M (S)-invariant subspace A of M (X)* in analogue with Arens
product. We consider the fixed point of this action on the set of means on A
(topological S-invariant mean on A) and characterize its existence in analogue
with topological right stationary, ergodic properties, Dixmier condition etc. A
notion of topological (S, A)-lumpy is introduced and its relation with topolog-
ical S-invariant mean on A is studied. The relation of existence of topological

invariant means on a subspace of X and on X itself is also studied.
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Chapter 1
Introduction

Let S be a locally compact semitopological semigroup, X be a locally
compact space under separately continuous left action of S. We denote by
M(S) and M(X) the Banach space of bounded Borel measures respectively
on S and X. The main purpose of this thesis is to build a separately continuous
left action of M(S) on M (X)* through the convolution of measures in M (.S)
and M (X). Hence we construct a separately continuous left action of M (S)

*

on the continuous dual of M(S)-invariant subspaces A in M (X)*. Then we
characterize the existence of M (S)-invariant means on A. We use topological
S-invariant for M (S)-invariant in this thesis.

In Chapter 2, we introduce some known results on locally compact semi-
topological semigroup relating to this thesis.

In Chapter 3, we first show that we can properly build an jointly continuous
left action of M(S) on M(X) in section 3.1. Then we introduce the notion of
topology S-invariant means on an M (S) invariant subspace A of M (X)* which
is a generalization of topological left invariant means in the case where X = S.
We generalize some of the well-known characterizations of the existence of
topological S-invariant means from X = S case in section 3.2, e.g., Dixmier
condition, topological right stationary, ergodic property, etc.. In section 3.3,
we generalize results in [32] and characterize the existence of topological S-

invariant mean on M (X)* by identifying M(X)* as a Banach subspace of



[T Lo(p]). In section 3.4, we study a subset 7" of X for a topological
HEM(X)
S-invariant subspace A in M (X)*, such that there exists a mean M on A

and M is topological S-invariant on the set {F' € A; yr < F < 1}, where
Xt is the characteristic functional of 7" in M(X)*. Such set is said to be
topological (S, A)-lumpy. We prove that for each (S, M (X)*)-lumpy subset,
we can always find a topological S-invariant subspace A of M (X)* such that it
has a topological S-invariant mean M with M (xr) = 1. Then in section 3.4,
we study locally compact Borel subspace T' of X which is closed under the left
action of locally compact Borel subsemigroup R in S (in particular, we may let
R =S). We prove that there exists a topological R-invariant mean on M (T")*
if and only if there exists a topological R-invariant mean M on M (X)* with
M (xr) = 1. If we assume further that R is topological S-lumpy, we prove that
the existence of topological R-invariant mean on M (7T)* is equivalent with the
existence of topological S-invariant mean on M (X)*.

In chapter 4, we generalize the results in [18] and [23] to show that the
existence of S-invariant means in the convex hull of multiplicative means on
LUC(S,X), where S is a semitopological semigroup and X is a topological
space under separately continuous left action of S, reflect the structure of S,

i.e., we can decompose S into finitely many open and closed disjoint subsets.



Chapter 2

Preliminaries

2.1 Definition and Notations

Throughout this thesis, a topological space is assumed to be Hausdorff.

Definition 2.1.1. A semigroup S which is also a topological space is a topo-
logical [resp. semitopological] semigroup if multiplication in S is a jointly

[resp. separately| continuous.

A group G is a topological [resp. semitopological] group if it is a topological
[resp. semitopological] semigroup and further the inverse map G — G by

g — ¢~ ! is continuous.

Remark 2.1.2. Note that when S is a locally compact semitopological group,
S is also a topological group (see [12]). However in general, a semitopological

semigroup is not necessarily a topological semigroup.

Example 2.1.3. ( [21, P133]) Let R be equipped with the usual topology.
Let S = R U {oo} be the one point compactification of R. Let s,t € 5,
s+t s,teR

(A2

define s -t = { . Then S is a semigroup under

00 §=000rt =00
In addition, the multiplication of S defined by “.” is separately continuous.

Thus, S is a compact semitopological semigroup. Assume the multiplication

defined by - is jointly continuous, let s,, = n + 1, t,, = —n be two sequences



in S, we have that co = lim, s,, + lim, ¢, = lim,(s, + ¢,) = 1, which is
impossible. Therefore, S is compact semitopological semigroup that is not

a topological semigroup.

Let S be a locally compact space. We denote by M (S) the Banach space of
bounded Borel measures on S equipped with total variation norm and by P(S)
the set of probability measures on S. By Riesz representation theorem, M (S)
is identified with continuous functionals on Cy(S), where Cy(S) is the space
of continuous functions on S that vanish at infinity. It is shown in [20] that
when S is a topological semigroup, we may define the convolution of measures

in M (S) using Fubini’s theorem, i.e., let v, € M(S), define

/fdy*u /fstdy Ydpu(t) /fstdu Yv(s)  (2.1)

for all f € Cy(S). The new measure v * p in M(S) is uniquely identified by
Riesz representation theorem. Further, the above equation can be extended
to the case where f € Ly(|v] * [u]) (details see [20]).

Wong generalized ( 2.1) to the case where S is a locally compact semitopo-

logical semigroup in [33] using Glicksberg’s result in [15].

Theorem 2.1.4 ( [15]). Let f be a separately continuously and bounded func-
tion on S X T, where S and T are locally compact spaces. Then for each
we M(S), the map

0 [ Flstduts)

1S continuous.

This theorem enables the convolution of measures in M(S) to be well-
defined. Wong [33] manage to extend ( 2.1) to the case where f € L;(|v|*|u|).
From now on, we will let S be a locally compact semitopological semigroup.
With the convolution of measures in M (S) being defined, we may construct

the action of M (S) on its second dual using Arens product. Let v € M(S),



F e M(S), N, M € M(S)*™, we define

v O F(p)=F(vxp)
M©F(u)=MupoF) (2.2)
NOM(G)=NMoG)

for all p € M(S), G € M(S)*.
Similarly, let v € M(S), F € M(S)*, we define FF ©® v(u) = F(u*v) for all
we M(S).

Definition 2.1.5. Let A be a subspace of M (S)*. We say that A is topological
left invariant, if {v © F; v € M(S),F € A} C A. We say A is topological
left introverted, if A is topological left invariant and {M © F; F € A, M €
A} C A

The property of A being topological left introverted allows us to define
N ® M in A* for all N;M € A*, while A being topological left invariant
enables us to define v ® F in A for all v € M(S), F € A as ( 2.2).

Definition 2.1.6. Let A be a topological left invariant subspace of M (S)*
containing 1, where 1 € M(S)* and 1(u) = p(S) for any p € M(S). We
say M € A* is a mean on A if M(1) = 1 = ||M||. We denote by M(A)
the set of means on A. We say M € M(A) is topological left invariant if
we have M (v ® F') = M(F) holds for all v € P(S) (or equivalently for all
v e M(S)). We abbreviate 9 (M (S)*) as M(S).

2.2 Topological Left Invariant Means

Throughout this section .S shall be a locally compact semitopological semi-
group. We shall give some characterizations of the existence of topological left
invariant means on M (S)* in this section that have been shown in literature.

Definition 2.2.1. We say S is topological right stationary if for any F €

weak™

M (S)*, there exists a net p, in M(S) such that F' ® p, —— cl for some

5



scalar c.

Theorem 2.2.2 (Wong [29]). The following are equivalent:
1. M(S)* has a topological left invariant mean.
2. w(9)| = inf{||v*ul||; ue P(S)} holds for allv € M(S).
3. There is a net p, in P(S), such that ||V * o — pia|| — 0.
4. S is topological right stationary.

Wong [32] introduces another characterization of the existence of topolog-

ical left invariant means on M (S)* by identifying M (S)* with a subspace of

[T Loo(lp]).

neM(S)
Definition 2.2.3. Wesay f € ] Loo(|p]) is a generalised function on S,

peM(S)
if it satisfies

D) A= suppenrcs) 1full oo < 00

ii) f, = fu |v|-ae., if |v| < |p|, where v, € M(S).

We denote by GL(S) the set of all generalised functions. The set GL(S)
with the norm ||-|| defined in 1) is a Banach space (see [32]). We say f € GL(S)
is non-negative if f, > 0 p-a.e., for all p € M(S). It is shown in [32] that an
action of M (S) on GL(S) can be properly defined by letting

(y © f),u =v0O fl/*,u - / fu*u(St)dl/<3)dlLL(t)

for any v, u € M(S), f € GL(S5).

Definition 2.2.4. A functional m € GL(S)* is a mean on GL(S) if |m| =
m(1) = 1, where 1 € GL(S), 1, = 1 for all u € M(S). Suppose, further,
m(v ® f) = m(f) for all v € P(S),f € GL(S), then m is said to be a

topological left invariant mean on GL(S).



Theorem 2.2.5 (Wong [32]). The linear map T : (GL(S), ||-||) = (M (S)*, |I-|)
by Tf(u) = [ fudp for any p € M(S) is an isometric order preserving
isomorphism. Moreover, T commute with the action of M(S) on GL(S).
Therefore, GL(S) has a topological left invariant mean if and only if M(S)*

has one.

2.3 Support of Topological Left Invariant Means

In the case where S is a discrete semigroup, subsets of .S that support left
invariant mean are studied by Mitchell [25]. For locally compact semitopo-
logical semigroup, [31] and Day [9] introduce topological left thickness and
topological left lumpy respectively to generalize the notion of left thickness
in discrete cases. Throughout this section, we let S be a locally compact

semitopological semigroup.

Definition 2.3.1. (Wong [31]) A Borel subset 7' C S is said to be topological
left thick, if for each 0 < ¢ < 1 and each compact subset K C S, there
exists p € P(S), such that v x u(T) > 1 — € holds for all v € P(S) with
v(S—K)=0.

Definition 2.3.2. (Day [9]) A Borel subset T' C S is called topological left
lumpy, if for each 0 < € < 1 and v € P(S), there exists u € P(95), such that
veu(T) >1—e.

Comparison of both definitions as supports of topological left invariant

means are shown in the following.

Theorem 2.3.3 (Wong [31]). Let T C S be a Borel subset. Suppose there ex-
ists a net g, in P(S), such that for each compact subset K C S, ||V * pio — pa|| —
0 uniformly for all v € P(S) with v(S — K) = 0, then the following are

equivalent:

1. T is topological left thick.



2. There exists a topological left invariant mean M € 9M(S) such that
M(xr) = 1, where xr is the characteristic functional of T in M(S)*,

i.e., xr(p) = w(T) for all p € M(S).

Theorem 2.3.4 (Day [9]). Let T C S be a Borel subset. If M(S)* has a

topological left invariant mean, then the following are equivalent:
1. T 1s topological left lumpy.

2. There exists a topological left invariant mean M € IN(S), such that
M(xr) =1.

As it is shown in Theorem 2.2.2, the requirement in Theorem 2.3.3 is stricter
than the existence of topological left invariant mean on M (S)*. Hence topo-
logical left lumpy is a better characterization of the support of a topological
left invariant mean.

However, the two definitions are equivalent when M!(S) N P(S) is not

empty, where
ML(S) = {p € M(S); s+ &, * p is continuous for all s € S}

Measures in M!(S) are said to be left absolutely continuous. It is well
known that in the case where S is a locally compact group, M!(S) is identified

with L;(.S). The equivalence of topological left thickness and topological left

lumpiness is implied by the following theorem.

Theorem 2.3.5 (Ghaffari [13]). Assume that M!(S) N P(S) is not empty.

Then the following are equivalent:
1. M(S)* has a topological left invariant mean.

2. There exists a net u, € P(S), such that for each compact subset K
of S, we have ||V * o — pol|| — 0 wuniformly for any v € P(S) with
v(S—K)=0.



An example of a locally compact semitopological semigroup that does not

have a absolutely continuous probability measure is given in the following.

Example 2.3.6 (Wong [30]). Let S = [0, 1] be equipped with the usual topol-
ogy. Multiplication on S is defined by st = s for any s,t € S. Then S
is a compact semitopological semigroup. We denote by C(S) the Banach
space of continuous functions on S with supremum norm. Let v € M(S5)

we have &, x v = J, for all s € S, where ¢, is the Dirac measure of s, i.e.,

1 sekE
Is(E) = { ° for any Borel subset E of X. Suppose there exists
0 otherwise

v € ML(S)NP(S), then the closed unit ball of C(9) is equicontinuous, since
for each f € C(S), we have

< |05 * v — &y * V||

£(s) — £(t)] = ]/fdas*u—/fdatw

Hence by Arzela-Ascoli theorem (see [11, IV. 6.7]), the closed unit ball of

C(S) is compact, which is impossible.

Wong generalizes the definition of topological left lumpy to topological left
A-lumpy in [35], where A is an topological left invariant subspace of M (S)*.

Definition 2.3.7 ( [35]). Let A be a topological left invariant subspace of
M(S)*, T C S be a Borel subset. We say T is topological left A-lumpy,
if for each triple (e,v, F') where 0 < ¢ < 1, v € P(S), and F € A with
xr < F <1, there exists u € P(S), satisfying v * u(F) > 1 —e.

It is clear that if A contains xr, then T' being topological left A-lumpy is
equivalent with T" being topological left lumpy. It is shown in this paper that
T “supports” a topological left invariant mean on A when A is a topological

left introverted subspace of M (S)*.

Theorem 2.3.8 (Wong [35]). Let T C S be a Borel subset and A be a topo-
logical left introverted subspace of M(S)* containing 1. Assume that A has

a topological left invariant mean, then the following are equivalent:



1. T is topological left A-lumpy.

2. There exists a topological left invariant mean M € IM(A), such that
M(F) =1 for any F € A with xp < F < 1.

When T is a topological A-lumpy Borel subsemigroup of S for a topological
introverted subspace A of M(S)*, Wong proves the following theorem in the

same paper.

Theorem 2.3.9 (Wong [35]). Let T' C S be a topological A-lumpy Borel sub-
semigroup of S and A be a topological left introverted subspace of M(S)*
containing 1. Then A has a topological left invariant mean if and only if
Alr = {F|r; F € A} € M(T)* has one, where F|r(ur) = F(u) for all
we M(S) and pur(E) = p(E) for all Borel subset E of T

10



Chapter 3

Topological S-invariant means

on Locally Compact Space

In this chapter, we shall look at the set M (X)) of all bounded Borel measures
on a locally compact space X which is under separately continuous left action
of a locally compact semitopological semigroup S. We shall properly build
a separately continuous left action of the measure algebra M (S) on M(X).
Further we introduce the left action of M(S) on the second dual of M(X)
using Arens product and defined the notion of topological S-invariant mean on
a proper subspace A of M (X)* which is a generalized notion of topological left
invariant mean when X = S. We shall first give some characterizations of the
existence of such means. Then we shall look at a Borel subset 7" in X that will
potentially supports a topological S-invariant mean M on A. We say a subset
T of X support amean M on M (X)*if M (xr) = 1, where xr(u) = pu(T') for all
€ M(X). In the last part of this chapter, the relation between the existence
of topological R-invariant mean on M (7)* and on M (X)* itself will be studied,
where R is a locally compact Borel subsemigroup of S (in particular, R = S)
and T is a locally compact Borel subspace of X which is closed under the left

action of R.

11



3.1 Convolutions of Measures

Let X be an locally compact space. We denote by BM (X)) the space of
bounded Borel measurable functions on X, by CB(X) the space of continuous
bounded functions on X, by Cy(X) the subspace of CB(X) of functions that
vanish at infinity and by C.(X) the subspace of C'B(X) of functions that have

compact supports. The supremum norm on C'B(X) is denoted by ||-||. It is
well known that the spaces (CB(X), ||-||) and (Co(X), ||-||) are Banach spaces
(see [3]).

We denoted by M (X)) the Banach space of all bounded regular Borel mea-
sure with total variation norm ||-||, i.e. for p € M(X), ||p|| = || (X). By Riesz
representation theorem, the Banach space (M (X), ||-||) is isomeric isomorphic
with the continuous dual of Cy(S) via < p, f >= [ fdu, where f € Cy(X),
we M(X).

We say p € M(S) is positive (u > 0), if u(E) > 0 for any Borel subset E
in X. The cone of positive measures on X is denoted by M+ (X). We denote
by P(X) :={p € M*T(X); |p|]| =1} the set of all probability measure on X.

Let v, u € M(X), we say that v is absolutely continuous with respect to u
(v < ), if v(F) = 0 for any compact |p|-null set F.

Now let S be a locally compact semitopological semigroup, X be a locally
compact space, The left action S x X — X by (s,z) — sz is separately
continuous. Let f € BM(X), define I f(x) := f(sz), r.f(s) = f(sx), for any
seS,reX.

For each Borel subset E of X, s € S and z € X, we define s™'F = {z €

X; sx € E}, Ex7' = {s € S; sz € E}. We denote by {g the characteristic

1 sekl
function of E on X, ie., &g = { ; by xg the characteristic

0 otherwise
functional of E on M(X), i.e., xp(p) = p(E) for all p € M(X).

Remark 3.1.1. If f € BM(X), let s € S, there is no guarantee that [, f stays
in BM(X). Let f € CB(X). Let x, be a net converging to = in X and
s € S, then sz, — sx. Hence |l;f(xq) — lsf(x)| = |f(sxa) — f(sz)] — 0.

12



Therefore [, f € CB(X) C BM(X). Similarly, r,f € CB(X) for all x € X,
f e CB(X).

It is shown in Glicksberg [15, 1.2] that whenever f is a bounded separately
continuous function on Sx X, we have [[ f(sz)dv(s)du(z) = [[ f(sx)du(x)dv(s)
for all v € M(S), up € M(X). This result allows us to define convolution of
M(S) and M(X). Let v € M(S), p € M(X), we define v * 1 by setting

/fdyw /fsmdu Ydp(x /fsxdu )dv(s)  (3.1)

for all f € Cy(X). The convolution v * y is uniquely defined in M (X) by Riesz
representation Theorem.

Let vy,vp € M(S), u € M(X). By the convolution we constructed above,
we have [ fdvy * (v2 x p) = [[lsf(x)dvy * p(x)dr(s), for any f € Co(X).
However [sf may not stay in Cy(X) even in the case where X = S. An

example is given in the following.

Example 3.1.2. Let S = X = R be equipped with usual topology and the
multiplication be defined by a - b = max{a, b} for all a,b € S. Then S is a
semitopological semigroup. Let f be a continuous function that is supported

on [a,b], we have (—o0,b) C supp (Ipf). Thus l,f ¢ Cy(S).

In order to define an action of M(S) on M(X), we want to extend ( 3.1)
further to the case where f € L£1(|v| *|pu|). Similar to the construction shown

in [20, 19.10], we approach our desired result by a series of lemmas.

Definition 3.1.3. Let f be a non-negative real valued function on X. We say
f is lower semicontinuous, if for each z € X, a € R such that f(x) > «,

there exists a neighborhood U of = such that f(y) > « for any y € U.

Remark 3.1.4. 1. Note that if f is lower semicontinuous on X, then it is

measurable. Since {z € X; f(x) > a} is open for any a € R.

2. Note that for each open subset V' of X, its characteristic function &y is

13



lower semicontinuous.

3. For each lower semicontinuous function f on X, we have f(x) = sup{g(z); g €

Co(X), 0<g < f} (see [20, 11.8)]).

Lemma 3.1.5. Let V' be an open subset of X, let v € MT(S), p € M (X).
Then x — v(Vz™) and s — p(s™'V) are defined everywhere and Borel

measurable. Moreover

[evvsn= [[stsoavsan = [[ esoduwi)

Proof. Since V is open, by the remark above, & is lower semicontinuous and
v(z) =sup{f(z); f€Ce(X), 0< f <&}

Hence &y,-1(s) = &y (sz) = sup{r.f(s); f € C.(X), 0 < f < &} holds
for all s € S. Since the action of S on X is separately continuous, the set

Vaz~!is open in S. By [20, 11.13],
v(Vat) = /qudy = sup{/'r’zfdy; felC(X), 0<f<& )t (32

By Glicksberg [15, 1.2], the function  — [r,fdv is defined everywhere
and continuous. Hence it is Borel measurable on X. Then by Monotone
convergence theorem, x — v(Vz~!) is Borel measurable on X. Similarly,
we have s +— p(s7'V) is Borel measurable on S. Furthermore, by [20, 11.13]

again, we have

[evarsn=sup [ favsm fecax), o< <)
_ sup{//f(sx)dy(s)du(x); FeC(X), 0< f <&
— [[supts(sa) € Cux). 02 £ < 6} dvs)duta)
~ [[ &) avtyinto)

14



The proof of the other equivalence is similar. m

Lemma 3.1.6. For each compact subset K of X, the functions x — v(Kaz™!)

and s — u(s 1K) are defined everywhere and Borel measurable for all v €

M(S)", pe MT(X). Furthermore,

/deV*,u / £k (sz)dv(s)dp(x / Ex(sz)dp(x)dv(s)

Proof. Since X is Hausdorff, K is closed in X. Hence Kz ™! is also closed in

X since the action of S on X is separately continuous. Then we have

v(Kr™) = /{K(sx)dy(s) = /(1 —&x_k)(sx)dr(s)
=v(S

) —v((X = K)z™)

Therefore, by Lemma 3.1.5, the function z — v(Kz ') is defined every-
where and Borel measurable. Similarly, we have that s — u(s™' K) is defined

everywhere and Borel measurable. Moreover,

/ﬁKdV * L= /(]1 —&x K)dv *
//dv Ydp(z / Ex—k(sz)dp(s)dv(z) By Lemma 3.1.5
— [[ extswyav(s)ano
We can prove the other equivalence similarly. O

Lemma 3.1.7. For each o-compact subset A of X, let v € M*(S), p €
M™*(X). The functions v — v(Ax™') and s — u(s~'A) are defined every-

where and Borel measurable. Furthermore,

/fAdV*M //ﬁAsxd,u Ydv(x //f,\s:cdy )Ydp(s)

Proof. Since A is o-compact, there is a sequence {K,} of compact sets in

X, such that K,_; C K, and A = UK,,. Then Az~! = UK,z~! is Borel

15



in S since it is a union of closed sets. Since &k, T &a, &k, o1 T st
Then by monotone convergence theorem and Lemma 3.1.6, we have that

r — v(Az™1) is Borel measurable. Further,

/ Exdy* 1 = lim / Ere.dv i = lim / / £ (s2)dv(s)dp()
— [[ eatonlavts)duta)

The proof of the other equivalence is similar. ]

Lemma 3.1.8. Let v € M*(S), p € M*(X). Let N be a v * p-null subset
of X, i.e., vk up(N) = 0. Then v(Nz™') = 0 for p-almost all . and
pu(s™IN) =0 v-a.e..

Proof. By the regularity of v % p in M(X) and Lemma 3.1.5,

O0=vx*u(N)=inf{v*pV); NCV,V isopenin X}
= inf{// Ev(sx)dv(s)du(z); N C V,V is open in X'}
= inf{/y(Vx_l)du(x); N C V,V is open in X}

> / V(N dp()

Since p € M*(X), v(Nz™') = 0 p-a.e.. Similarly we can prove that
pu(s7IN) =0 v-a.e.. O

Lemma 3.1.9. Let v € MT(S) up € MT(X) and A be a v * p-measurable
subset of X. Then x — v(Az™') € Lq(u) is defined p-almost everywhere

while s — p(s™rA) € L1(v) is defined v-almost everywhere. Moreover,

[eatvsu= [ [ eatsopivtsiduta) = [ [ eatsydnta)ans

Proof. By [20, 11.32], there exists a o-compact subset A of X and a v * py-null
subset N of X, such that ANN =0 and A = AUN. By Lemma 3.1.7, we
have that Az~! is Borel for all z € X. By Lemma 3.1.8, N2~ ! is defined
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v-almost everywhere and is v-measurable. Thus Az~! is defined v-almost
everywhere and is v-measurable. Moreover, we have v(Az™!) = v(Az™1) +
v(Nz™b) = v(Ax™t) € Li(p), since [v(Az~)dp = [[&xdv * p < oo by
Lemma 3.1.7.

Furthermore, by Lemma 3.1.7 and 3.1.8, we have

[ eatvu= [ [ eatsavs)dnta) + v uv)
— [ vl du(o) =

)
v(Az~Y)du(x)
= [[ eatsnavtsauta)

The rest can be proved similarly. O]

Lemma 3.1.10. Let v € M*(S), p € M*(X). Then for each f € Li(v *
w), x — [ f(sx)dv(s) € Li(p) is defined p-almost everywhere while s —
[ f(sz)dp(z) € L1(v) is defined v-almost everywhere. Moreover,

/fdu*,u /fsxdy Ydp(x /fsxd,u )dv(s)

Proof. Define f,(z) := max{f(x),0}, f_(x) := —min{f(x),0}. Since f €
Li(v*p), both fi and f_ are nonnegative and fi, f_ € Li(v+*p). Without
loss of generality, it suffices to prove the result for the case where f €
L1(v*u) and f is non-negative.

Let Ay, = {z € X; £ < f(z) < B2} (k,n € N). Then Ay, is v * pi-
measurable since f is v py-measurable. Thus f, := Zin VEe Ans> T € Nis

an increasing sequence of v * y-measurable functions and f, T f pointwisely.

Since

/fn sz)dv(s

by monotone convergence theorem and Lemma 3.1.9, [ f,,(sz)dv(s) 1 [ f(sz)dv(s)

n2"—1 n2"—1

Z 2n/§Akn sx)dv(s Z %V(Aknli o)

k=1

is defined p-almost everywhere and is p-measurable.
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Moreover, by Lemma 3.1.9

/fdu*,u:lim/fndl/*,u

n2"—1
k
n2™—1

_hmz Zn//fAnksxdu ()

i=k=1

—hm//fnsxdy Ydp(z //fs:cdl/ Ydp(z)

Since f € Lq(v * pu), we have that [ f(sz)dv(s) € L1(n). The rest of this

lemma can then be proved similarly. O

Lemma 3.1.11. Let p,0 € M+ (X) such that p < o, then v*u < v o for
allv € M*(S).

Proof. Let F be a compact subset of X such that v+xo(F) = 0. By Lemma 3.1.8,
we have o(s™1F) = 0 v-a.e. Since u < o, we have u(s™'F) = 0 v-a.e. Hence
by Lemma 3.1.9, v % u(F) = [ pu(s ' F)dv(s) = 0. Therefore, by [20, 14.19],
Uk L KL V*0. [l

Corollary 3.1.12. Let u,0 € M(X) such that p < o, then |v|*|u| < |v|*|o|
for any v € M(S).

Lemma 3.1.13. Let v,0 € M(S) such that v < 6, then |v| = |u| < |o| * |p|
for any p e M(X).

Proof. Similar to Lemma 3.1.11 [

Below is an interesting remark on the relation between absolute continuity

of measures and measurability of functions on X.

Proposition 3.1.14. Let X be a locally compact space. Let o, € M(X), such
that 0 < . Then any p-measurable set is o-measurable. In particular, any

p-measurable function is o-measurable
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Proof. Let E be a p-measurable subset of X, then it is also |u|-measurable.
By [20, 11.32], we have E = AU N, where A is a o-compact subset of X
and |u|(N) = 0. Since 0 < pu, we have o(N) = 0 which implies N is
o-measurable. Therefore E is o-measurable.

Let f be a p-measurable function on X, then {x € X; f(x) < a} is p-
measurable for all @ € R. Consequently, {z € X; f(z) < a} is o-measurable

for all a € R from the above argument. Therefore f is o-measurable. m

For each pn € M(X), let p* = (lu[ + p)/2, p= = (Jul — p)/2. Then
propm >0, ptpT < g

We now come to prove our first main theorem.

Theorem 3.1.15. Let S be a locally compact group, X be a locally compact
space. Assume the left action of S acting on X s separately continuous. Let
v € M(S), p € M(X), f € Ly(w |ul). Thenz — [ f(sz)dv(s) € Ly(|pl),
s — [ f(sz)du(x) € Li(|v]). Moreover,

/fdy*,u //fsxdy e //fs:z:d,u )dv(s)

Proof. Since |v| * |p| = (v +v7) * (ut + p7), by Lemma 3.1.11 and 3.1.13,
we have v * i/ < |v| x /< |v| * |p|, where 4,5 € {+,—}. Then by
Proposition 3.1.14, f is v’ % y/-measurable (i,j € {+, —}). In addition,

Jintav i< S i1 = [11al )< oc

i,j€{+,—}

Thus f € L1(v' xp?). Hence © — [ f(sx)dv'(s) € L1(1/) by Lemma 3.1.10
for all i, j € {+, —}. Therefore, [ f(sz)dv(s) € Li(|u|).
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Furthermore, by Lemma 3.1.10

/fdu*dvz/fd(/L+ — )k (=)
:/fdzﬁ*/ﬁ—/fdfr*p—/fdu*,u*—i—/fdu*p

/fsxdu s)dut( /fsxdu )% ()

- / F(s2)r(s)du* () + / F(s2)(s)du ()

- / F(s)du(s)du(x)
L]

Thus we have extended ( 3.1) to £y (|v| * |u|) where v € M(S), p € M(X).
Even in the case where X = 5, our result is more general than Wong [33], in
which ( 3.1) is only shown for v, u € M*(S).

The following corollary of Theorem 3.1.15 shows that the action of M (S)
on M (X) defined by convolution is proper.

Corollary 3.1.16. For any vy,vs € M(S), p € M(X), we have vy * (g% 1) =

(11 * 1) * p.

Proof. By Riesz representation theorem, it suffices to prove [ fduy * (vg%p) =

[ fd(vi % v2) % p for any f € Co(X).
Let f € Co(X), s € S, x € X. Then r,f € CB(S) C L4(]0]) for all
6 € M(S)and I,f € CB(X) C Ly(|o]) for all 0 € M(X). Thus

[ i) = [ [ ras)an s valyduto)
_ / / / v f(5159)dvn (51)dv(52) dpi(x)

On the other hand, by Theorem 3.1.15, we have © — [ f(s12)dri(s1) €
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L1(|va] * |p|). Hence,

/fdyl* Vo % 1) / /f s12)dvy (s1) ) dvy * ()

_ / / / F(s159)dv (s1)dva(s0)dp()

Therefore, [ fdvy * (o % ) = [ fd(vy * vo) x p for any f € Co(X). O

Further, it is clear that the action of M (S) on M (X) is jointly continuous
when M (S) and M (X) are equipped with the norm topology.

Before we go on to the next section, we shall give an interesting corollary
of Lemma 3.1.9 in the following. Let p € M(X), we denote by supp (u) the
support of u, i.e.,

supp (u) ={z € X; |p|(N;) >0, for any open neighborhood N, of x}

Corollary 3.1.17. Foranyv € P(S), p € P(X), supp (v+u)= supp (v)supp (u).

Proof. Let A = supp (v), B = supp (i) and C = AB. C C supp (v * u) is

clear.

Since C'is closed, C' is v x y-measurable. Then by Lemma 3.1.9, we have
1>vx*pu(C / Eo(sx)dv(s)du(z /ngsxdu( Ydp(x)
> [ €as)gn()iv(s)uta) = v(A)n(B) =1

This implies supp (v * ) C C. Hence C' = supp (v * p). O

3.2 Topological S-invariant Means

In this section, we let S be a locally compact semitopological semigroup,
X be a locally compact space and we assume the left action of S on X is

separately continuous.
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As we have shown in the end of last section, the action of M (S) on M (X) is
jointly continuous which naturally introduces an separately continuous action
of M(S)on M(X)*. Let v € M(S), F € M(X)*, define v ® F () = F(v * p)
for all u € M(X). Then v © F € M(X)* and ||v ® F|| < ||v|| ||F||. Similarly,
let F' e M(X)*, p € M(X), define F © pu(v) = F(v* p) for all v € M(S5).
Then F© p€ M(S)* and [|[F O pl| < [[E] ||p]]-

Let A be a subspace of M(X)*, we say A is topological S-invariant, if
{vOF; ve M(S),F e A} C A. Wesay that A is S-invariant, if {ds© F; s €
S, F € A} C A where J; is the Dirac measure of s.

Remark 3.2.1. The definition of topological S-invariant subspace A of M (X)*
is equivalent as requiring v © F € A for any v € P(S5), F € A, since P(5)
spans M(5).

Let A be a topological S-invariant subspace of M (X)*. For each M € A*,
F € A*, we define

MOFw)=MyoF)  (veM(S))

We will write MpF for M ® F' in this thesis. It is easy to check that
|MLF| < ||M||||F| and M F € M(S)*. Further, using Arens product, for
each N € M(S)*, M € A*, we define

N & M(F) = N(M,F) (F ¢ A)

Thus N © M € M(X)™, [N © M| < ||N|||M]].

weak™

Let N, —— N € M(S)** be a net in M (S)**. Then we have
N.® M(F) = No(M,F) — N(MpF) = N® M(F) (M€ A", F € A)
Thus the convolution of M(S)** and A* is weak™* continuous on the first

variable.
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weak™

Let My —— M € A* be a net in A*. We have

Mg, F(v)=Msg(v©OF) = Mv©F)=MF(v) (veM(S)FecA)
which is equivalent as Qv ® Mg weak”, Qv ® M, where () is the natural em-
bedding of M(.S) into M (S)**

Hence the action of M (S) on M (X)* is separately continuous. However, it

weak™

is not true in general that N ® Mz —— N ® M for any N € M(S)** which is
equivalent as requiring Mg, I weaky A 1 F for any F' € A. This further requires
that weak and weak™ topology coincide on the set {M F; M € A* F € A}.
In the end of this chapter, we will introduce a topological S-invariant subspace
A of M(X)*, such that the action of M(S)** on A* is separately continuous.

Now let A be a subspace of M (X)* containing 1, where 1 € M (X)* and
L(p) = p(S) for any € M(X). A mean M on A is an element M in A* such
that M (1) = ||M|| = 1. We denote by Mt(A) the set of means on A. In the

case where A = M (X)*, we will abbreviate (M (X)*) as MM(X).

Remark 3.2.2. Let N be a mean on M(S)*, M be a mean on A. Then
Mpl(v)=M(rv©1)=M(1)=1 for all v € M(S). Hence

NoM(L)=NM1)=N1)=1<[[NoM|<[N[[M]=1

Thus N ® M is a mean on A.

Proposition 3.2.3. Let A be a subspace of M(X)* containing 1. Then
QP(X) is weak™ dense in M(A).

Proof. Note that QP(X) is convex, hence QP (X )weak* is convex. Assume

—————weak™ eak™

QP(X) C M(A), let M € M(A) — QP(X) . Since (A*, weak*)
is locally convex, by Hahn Banach separation theorem, there exists F' &€
(A*,weak*)* = A, such that M(F) > a and N(F) < a whenever N €
————weak™*

QP(X) . Let b = sup{F(u); n € P(X)}. Then there exists a net
{pa} € P(X), such that Qua.(F) = F(pa) — b. Thus we have b < a. Hence
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M(F) > a > b= sup{F(u); p € P(X)}, which implies | M| > 1. This
———<weak”

contradicts with the fact that M is a mean on A. Therefore, QP(X) =
M(A). O

Let A be a [topological] S-invariant subspace of M (X)* containing 1. We
say M € 9M(A) is [topological] S-invariant if M (s © F) = M(F), for any
seS, FeA[MvoF)=M(F), forany v € P(5), F € A.

Theorem 3.2.4. Let A be a [topological] S-invariant subspace of M(X)* con-
taining 1. If M(S)* has a [topological] left invariant mean, then A also has

a [topological] S-invariant mean.

Proof. We only prove for the case where A is a topological S-invariant subspace
of M(X)* containing 1. The S-invariant case is similar.

Let M € 9MM(A), N be the topological left invariant mean on M (S)*, then

N ® M is a mean on A by the above remark. Moreover, let v € P(5),

we have NO M(v© F) = N(M(v©® F)) = Nv® M,F) = N & M(F).

Therefore, N ©® M is a topological S-invariant mean on A. m

In the following, we let A be a topological S-invariant subspace of M (X)*
containing 1. We shall show a few characterizations of A having a topological

S-invariant mean.

weak™

Definition 3.2.5. Let F' € A, Z(F) == {Fou;, pe P(X)} , K(F) =
{ceR; cl € Z(F)}. We say A is topological X-stationary if K(F') is not
empty for all F' € A.

Lemma 3.2.6. For each F in A, we have
i) Z(F) is weak™ compact and |G| < || F|| for any G € Z(F).
i) Z(F)={MpF; M € M(A)}.

iii) Z(cF) = cZ(F), K(cF) = cK(F), for any c € R.

w) Z(cl+ F)=c+ Z(F), K(c1+ F) =c+ K(F) for any c € R.
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v) Z(F+G) C Z(F)+ Z(G) for any F,G € A.

vi) If A is topological X-stationary, then K(F —v ® F) = {0} for any v €
P(S).

vii) If M is topological S-invariant mean on A, then M(F) € K(F).

Proof. i) Let U be the norm closed unit ball of M (S)*. By Banach-Alaoglu
theorem, U is weak® compact. Hence it is weak* closed. Since ||F' ® pl| <
1l = 1P| for any u € P(X), we have Z(F) ¢ TF[U™" = |F||U.
Thus for each G € Z(F), |G|l < ||F|| and Z(F) is weak™ compact since it
is weak™ closed in || F'|| U.

ii) Let M, be a net in 9M(A). Since M(A) is weak™ compact, passing
through a subnet if necessary, there exists M € 9 (A), such that M, Lweak,
M. Then M, F(v) = M,(vOF) - M(voOF) = M,F(v) forallv € M(S5).
Thus M, F 2% M, F. Therefore {MpF; M € 9M(A)} is weak™® compact.

Hence,

weak™ weak™

Z(F)={Fow pe P(X)}  ={Qu,F; pe P(X)}

weak™

C {]le;l7; M e gjt(/i)} = {j&fi;lw; M € ajt(fi)}

Conversely, since QP(X) is weak™ dense in 9M(A), then for each M €
M(A), there exists a net oz in P(X), such that Qog ek M. Hence
F®os(v) = Qog(v © F) — MpF(v) for any v € M(S) which implies
MpF € Z(F). Therefore, Z(F) = {M,F; M € M(A)}.

iii) By definition.

V) Z(cl+F) ={Mp(cl+F); M € MA)} ={c+M,(F); M e MA)} =
c+ Z(F). In particular, K(cl + F) = c+ K(F).

v) Let F,G € A, p€ P(S). Since (F+G)Ou=Fou+Gopu

weak™

Z(F+G)c{row pe P(X)}+{Gopu; pe P(X)}
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By [11, 415, Lemma 4], since Z(F') is weak™ compact and convex

Fou pe POOY+{Gou pe PO = 2(F) +2(0)
Hence Z(F + G) C Z(F) + Z(G).

vi) Since A is topological X-stationary, by ii) if there exists ¢ # 0, M €
M(A), such that M,(F —v ® F) = cl. Then ke = S5, M F(V') — v @
MpF() = M F(v) — My F(*!) < 2||F|| holds for any k € N, which
contradict the fact that || F|| < oc.

vii) If M is a topological S-invariant mean on A, then M F = M(F)1 €
Z(F), thus M(F) € K(F). O

Theorem 3.2.7. Let H = {vOF—F; F € Ajv € M(S)}. Then the following

are equivalent:

i) A has a topological S-invariant mean.

ii) There exist a net {us} in P(X), such that v pio — o O, for all
v e P(9).

iii) A is topological X-stationary and there exists a sublinear functional p on

A, such that p(F) € K(F), for all F € A.
iv) For any G € H, 0 € K(G)
v) For any G € H, sup{G(n); p€ M(X)} > 0.
vi) nf{||1 - G||; Ge H} =1.

Proof. 1)=ii) Let M be a topological S-invariant mean on A. Since QP(X) is
weak™

weak™ dense in M (A), there exists a net {y,} in P(X), such that Que, ——
M. Thus

Fvsps) — F(lte) =QualvOF —F) > MvOF—F)=0

holds for all v € P(S), F € A. Therefore, v * 1o — fiq TN, for any

v € P(S).
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ii)=- iii) Since M(A) is weak™® compact, passing through a subnet if nec-

weak™

essary, there exists M € 9(A), such that Qu, —— M. Then for any
F e A ve P(S), we have

Fw*py—pa) =QuavoOoF —F) > MveoF—-F)=0

Hence M is a topological S-invariant mean on A. Let p = M, p is clearly a
sublinear functional on A. Moreover, by Lemma 3.2.6 vii) p(F) = M(F) €
K(F) for all F € A.

iii) = 1) Since p(0) € K(0) = {0}

0=p(F = F) <p(F)+p(=F) = —p(=F) < p(F)

holds for all F' € A.
Fix G € A, by [3, Corollary 6.6], there exists M’ € (span{G})*, such that
—p(—G) < M'(G) < p(G). Let ¢ € R, if ¢ > 0, we have

~ep(~G) £ M/(G) < p(G) = plcC)
If ¢ < 0, we have
cp(G) < M'(G) < —ep(—G) = p(cG)

Thus M’ is dominated by p on the linear span of G. Therefore by Hahn-
Banach extension theorem, there exists M € A*, such that M(F) < p(F)
for any F' € A. Hence

—|Fll € =p(=F) < =M(=F) = M(F) < p(F) < ||F]||
for any F' € A. In particular, we have

1=—p(-1)<M(1Q)<p(l)=1
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By Lemma 3.2.6 vi), we have
O0=—pWOF-F)<MF-voF)<p(F-voOF)=0

holds for all v € p(S5), F € A. Thus M is a topological S-invariant mean on
A.

iii)= iv) Let G € H, then G = ) !, a;(F; — v; ® F}), where v; € P(S5),
F, € A, a; € R. By Lemma 3.2.6 iii), we have

plai(F; —v; © Fy)) € K(a,(F; — v © 1)) = a; K(F; — v; © F;) = {0}

Hence

n

0==> pl-a;(Fi~1,0F)) < —p(-G) < p(G) <Y plai(F—0F)) =0

i=1 i=1

Thus 0 = p(G) € K(G).
iv)= v) By Lemma 3.2.6 ii), there exists M & 9(A), such that M, F
vanishes on M (S). Then let v € P(S), we have

0=M(roG) <sup{v©G(p); pe PX)}
<sup{G(u); p € P(X)}

v) = vi) For each G € H, —G € H. Then by ii)
sup{—G(un); p € P(X)} >0« inf{G(p); pe€ P(X)} <0

Thus for any € > 0, there exists p € M(X), such that G(u) < e. Hence
1—e<1-G(u) <||L - G|. Therefore

1<inf{|1-G|; GeH}<|1-0]| =1

vi) = i) Since inf{||1 —G||; G € H} =1, then 1 ¢ H. By [20, B.15],
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there exists M € A*, such that M(G) = 0 for any G € H, M(1) = 1 and
||M|| = 1. In particular, M (F —v ® F) = 0 holds for all v € P(S), F € A.

Therefore M is a topological S-invariant mean on A. O

A local characterization of the existence of topological S-invariant means

is given in the following.

Theorem 3.2.8. Let A be a topological S-invariant subspace of M(X)* con-
taining 1. Then A has a topological S-invariant mean if and only if for any
finite subset F in A and finite subset © in P(S), there exists a mean M on
A, such that M(v ® F) = M(F) for anyv € ©, F € F.

Proof. Let o = {F,0©} be a directed set, where F is a finite subset in A, ©
is a finite subset in P(S). We say {Fo, 00} = ap < a = {F,0}, if Fp C F
and Oy C O. Let {M,} be a net in M(A), such that for each o = {©, F},
M,(F —v ® F) = 0 whenever F' € F, v € O. Since M(A) is weak*
compact, passing through its subnet if necessary, there exists M € 9t(A),

weak*

such that M, —— M. Consequently, M (v ® F) = M(F), for all F' € A,
v € P(S). O

An interesting consequence of M(X)* being topological X-stationary is

proved in the following.

Proposition 3.2.9. Assume M (X)* is topological X -stationary, then for each
ve M(S), [v(S)] =inf{|[v*pll; peP(X)}

Proof. Let v € M(S), p € P(X), then |v(S)| = |v(9)] |u(X)| = |v* p(X)| <
lv*u|l. Let a = inf{|lv*xpu|; p € P(X)}, then [v(S)| < a. Let I, :=
{v*xp;, pe P(X)}M. Since I, is convex, by Hahn Banach extension theo-
rem, there exists F' € M (X)*, such that ||F|| =1, |F(0)| > a for any o € I,.
In particular |F' ® p(v)| > a for any u € P(X). Hence |MpF(v)| > a for all

M € M(X). Since M(X)* is topological X-stationary, let ¢ € K(F), then

a < |cl(w)| = |e| [(F)] < |ela < [[Flla=a
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Therefore |¢| =1 and |[v(S5)| = a. O

We denote by mwp(S, X) the subspace of all F'in M (X)* such that {F' ®
W, b € P(X)} is relatively compact in weak topology of M (S)*. Such functions

are called almost periodic functions on M (X).

Proposition 3.2.10. Let A = mwp(S, X), then

*

i) A is topological S-invariant subspace of M(X)* containing 1.

weak

i) {F ©p,pe P(X)} = Z(F) for any F € A.

iii) ML F € mwp(S) for any FF € A, M € M(A).

weak

Proof. i) Let F' € A, {ia} be any net in P(X). Since {F © u,u € P(X)} — is

weakly compact, passing through a subnet if necessary, we have F'® tweak,

G € M(S)*. Therefore, let v € P(S), we have

M((vOF)®pu,) =QuoMF O p,) - QvoMG)=MvoGq)

weak

holds for all M € A*. Thus (vOF) Oy — v©G € M(S)* which implies
that {(v O F) O p,p € P(X)}weak is weakly relatively compact. Thus v ®

F € A, Ais a topological S-invariant subspace of M (X)* containing 1.
i) Let G € {F®u,p e P(X)}weak, then there exists a net {p,} in P(X),

weak

such that F ® po, — G. Since 9(A) is weak™ compact, passing through

weak™

a subnet if necessary, there exists M € 9(A) such that Qu, —— M €
M(A). Hence

G(v) =Qu(G) = li;n QU(F © o) = ligl Qua(v o F) = MpF(v)

weak

for all v € M(S). Therefore {F © u,n € P(X)} C Z(F).
Conversely, let M € MM(A). Since QP(X) is weak™ dense in M (A), there

weak™

exist a net p, in P(X), such that Qu, —— M. Thus

weak™

Fo Ho = (QNa)LF — M F
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for all F € A. On the other hand, {F © p,u € P(X)}weak is weakly com-
pact, passing though a subnet if necessary, F' ® u, converge weakly. There-
weak

fore ' ® pto — MF.
iii) Let {63} be a net in P(S), let M € M(A), F € A. Then

MLF @ 05(v) = M((v85) © F) = M(85 0 v © F) = (Q85 © M), F(v)

for all v € M(S).
Since from ii) we know that {M,F; M € 9(A)} is weakly compact.
Passing through a subnet if necessary, there exists G € M (S)* such that

MLF ® 05 = (Q8; © M) (F) 2% G e M(S)*

which implies {M F ® 0,0 € P(S)} is weakly relatively compact. Thus
MpF € mwp(S). O

Theorem 3.2.11. Let A = muwp(S,X). The action of (M(S),weak*) on
(M(A), weak™) by convolution we defined previously is separately continu-

ous.

Proof. Considering the argument we give in the beginning of this section.

It suffices to prove that for each N € 9(S), the map (IM(A), weak*) —

(M(A), weak™) by M — N © M is continuous.

Let M, 2“5 M, F € A, then My, F s M, F. Since {M.F; M €
weak

M(A)} is weakly compact, passing through a subnet if necessary, M,, F —
M F'. Therefore

N ® My (F) = N(My,F) = N(M,F) = N ® M(F)

weak™

for any N € M(S). Thus N M, —— N © M. O
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3.3 Generalised Functions and Topological S-

invariant Means

3.3.1 Properties and Connections

Let X be a locally compact space. Let u € M*(X), let h be a Borel
measurable function on X. The essential supremum norm corresponding to p

on X is

[All o = inf supl|h(z)] =inf{M € R; [h(z)] <M p—ae}
’ w(N)= ¢ N

For each p € M(X), we denote by L (]x]) the space of Borel measurable
functions % such that [|h|, ., < co. The space Loo(|p|) is Banach space with
the essential supremum |[-[||, . (see [28]). As there will be no conflicts in the

future in this thesis, we will write [|-||, . for [|-[]|, .-

Definition 3.3.1. We say f = (fu)uemx) € I Loo(|p]) is a generalised
peEM(X)
function on X, if it satisfies:

D) fIT = sup [[fullyoo < o0
neM(X)

ii) Whenever p < o (n,0 € M(X)), fu. = f» |ul-a.e..

Here we say p < o if u(F) = 0 for each compact F' € X with |o| (F) =0
(see [20, 14.19]). We denote by GL(X) the set of generalized functions on X.

Remark 3.3.2. 1. Note that for any yu € M(X), a € R, we have f, = f,
\pl-a.e., fau = fu |p|-a.e.. Thus ||| in Definition 3.3.1 can be equivalently

defined as || f[| = sup,ep(x) HfHM,oo-

2. It is clear that ||| satisfies positivity and triangle inequality. Let f €
GL(X), ||f]l = 0 implies f, = 0 |u| — a.e. for all p € M(X). Thus |||
defined in Definition 3.3.1 is a norm on GL(X).

Theorem 3.3.3. The space (GL(X), ||-||) is a Banach space.
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Proof. Let {f®}acr be a Cauchy net in GL(S). Then {f} is a Cauchy net in
Loo(|p]) for any p € M(X). Since (Loo(|pl), [|]l,.) is Banach, there exists

[l 2,00 . o
fu € Loo(|p]), such that f¥ —== f.. Let f = (fu)uem(x)- Since {f*}acs
is Cauchy in GL(X), for any € > 0, there exists € I, such that

€

7= 2= s (7= fill <y 0> 8

) 1l 0 .
Moreover, since ff —== f,,, there exists a, > 3, such that Hf,f‘H - fMH#OO <

$ for each € M(X). Hence
o= Tl e < 27 = il o + 152 = ] < €

This implies [ LN f- Inaddition, || fI| < |[£2||+ || = f2|| < ||/7) + €<
0.

Let p,v € M(X) such that 4 < v. Then f, — f* — 0 |v]-a.e.and
&= f3 — fulpl-ae. Hence f, = f, |ul-a.e.. Therefore f € GL(X),
(GL(X), ||-]|) is a Banach space. O

Further, we order GL(X) by saying f > 0 if f, > 0 p-a.e. for any p €
M(S). We denote by 1 the function f € GL(X) such that f, = 1 for any
w € M(X). We also denote by 1 a functional in M (X)* such that 1(u) =
w(X) for any p € M(X). There will be no confusions in future. The norm
||| on M(X)* is the usual dual norm, ie. for each F' € M(X)*, ||F| =

sup{[F'(p)]; p e M(X),[|ull = 1}.

Theorem 3.3.4. The linear map T : GL(X) — M(X)* by Tf(p) = [ fudp,
where [ = (fu)uemx) € GL(X), is an isometric order preserving isomor-

phism. In particular, T(1) = 1.

Proof. First we prove that 7' maps GL(X) into the continuous dual of M (X).

33



Let V€ M(X)7 f = (fU)UEM(X) € GL(X)a we have

TSt 0) = [ Sl +0) = [ Bl +v) v <l +1o

:/fu+|,,|du+/f|ul+lud’/
/fudu—l—/fudl/

=Tf(u)+Tf(v
Let a e R, p € M(X), f € GL(X),

7f(an) = [ fuidap=a [ fudn = [ fudi=aT(5) ] < fan
Moreover,
1T = sup{|Tf()]; € M(X), ]| = 1}

- sup{] [ ] e M0l =13

< sup{lfull,ocs p€ MCX), Jull =1} = [ f| By Remark 3

Thus 7" maps GL(X) into M (X)*.

Let F' € M(X)*, then for each p € M(X), F introduces a linear functional
F,on Ly(|p]) = {0 € M(X); o < |u|} by setting F,(0) = F(o ) for all o €
L:1(|p]). Thus there exists some f, € Loo(|p]), such that F,(0) = [ f.do,
for all o € £1(|p|). In particular, F,(u) = [ f.dp.

Let f = (fu)uem(x), then for each o, 7 € M(X) such that o < 7, [ f,do =
F(o) = F.(0) = [ f,dr. Thus f € GL(X). Moreover,

1fully oo = IELll = sup{fu(o); o € L)), llof] = 1} < [|F]]
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for all p € M(X). Thus ||f|| < ||F]. Conversely

[E]l = sup{[F()]; p € M(X),[[ull =1}

= supf] [ S s € MO, Jull = 1)

< [/
Thus || f|| = || F||, T is an isometric isomorphism.
For each f € GL(X), such that f > 0. We have T'f(u) = [ f.du > 0 for
all p € M (X). Thus the order is preserved by T. O

3.3.2 Convolutions and Topological Invariant Means

Let S be a locally compact semitopological semigroup, let X be a locally
compact space. Assume the left action of S on X is separately continuous.
We denote by BM (X) the space of bounded Borel measurable functions on
X.

Let v € M(S), h € BM(X), p € M(X), we define

v o hiz) = / h(sz)dv(s) = / vy
ho u(s) = / h(sz)dp(z) = / Lhdy

Since h € BM (X)) C Ly(|v|*|o]) for all o € M(X), by Theorem 3.1.15, v©®
h is defined o-almost everywhere and v©h € Ly(|o]). Moreover, [[v © hl|, , <
120l jsjol,00 IV]]- Hence v © h € Loo(lo]) for all o € M(X). Similarly, h © p is
defined 7-almost everywhere and h © p € Lo(|7]) for all 7 € M(S).

Let f € GL(X),ve M(S), pe M(X), wedefinev® fe [] Lool|ul)

HeEM(X)
by setting (v ® f)y = v ® fiyj«u- This definition is proper since fi | €

Loo(|v] *|p]) € Li(Jv| * |pn]). Hence by Theorem 3.1.15, (v ® f), € Loo(|pt])-
Let 0 € M(X), such that y < 0. By Lemma 3.1.13, we have |v| x |u| <
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|| * |o]. Thus by Theorem 3.1.15, we have

/w@fnwm:/?®fmuwm

- // Jivjslp (sz)dv(s)d |p| = /f|y|*|u|dV* ||

= /fy|*|adV * |M| = /(V © f)ad |M|

This implies (v © f), = (v © f), |p]-a.e.. It is clear that ||v © f|| = || f]].
Thus {v © f; v € M(S), f € GL(X)} C GL(X).
Assume [ = f' € GL(X), then fipu = fi,u V| * [ul-ae. for any
€ M(X). Thus by Theorem 3.1.15
[ v il = [ [ fupintsiirs)alul = [ ool
= /f|,y*|u|dV * || = /VQ Sl @ 1]

Hence (v © f)y = v O fluppu = v O [ (v ® '), |p|-a.e.. Therefore

vixlul T

the convolution “©” is well-defined.
Similarly, for each f € GL(X), p € M(X), we may define f ® u € GL(S)
by setting (f © p)y = flupju) © 1 and we have || f © pf| < [|f].

Theorem 3.3.5. Let T : GL(X) — M(X)* be the isometric isomorphism as
we defined in Theorem 3.3.4. ThenvOTf=Twof), TfOou=T(fOun),
forallv e M(S), pe M(X), f e GL(X).

Proof. Let v € M(S), f € GL(X). Then by Theorem 3.1.15, we have

vOTf(u)=Tfvxp) = /f,,*udy * [
= / S dy * p = / Sivist (sz)dv (s)dp ()
_ / (v © Pudp =T ® f)u)

The proof of Tf ® = T(f ® ) is similar. O

36



Definition 3.3.6. A functional m on GL(X) is a mean on GL(X) if ||m| =
1 =m(1). Further, we say m is a topological S-invariant mean if m(v©® f) =

m(f) holds for all v € P(5), f € GL(X).

The commutativity of T° with the convolutions allows us to relate the
topological S-invariant mean on M (X)* with topological S-invariant mean on
GL(X). This gives another characterization of the existence of topological

S-invariant mean on M (X)*.

Theorem 3.3.7. GL(X) has a topological S-invariant mean if and only if
M(X)* has one.

Proof. Assume that M (X)* has a topological S-invariant mean M. We denote
by T* the adjoint operator of T': GL(X) — M(X)* as we introduced in
Theorem 3.3.4. We claim that T*M is a topological S-invariant mean on
GL(X).

It is clear that 7% M is in the algebraic dual of GL(X). Besides

1T M| = sup{T"M(f) = M(T[); f e GLX),[[f|l <1}
< [IMIITFIF = NIMIAF <1

In addition, 7*M (1) = M(T(1)) = M(1) = 1. Thus T*M is a mean on
GL(X). Moreover, T*M (v® f) = M(T(ve f)) = M(vOTf) = M(T(f)) =
T*M(f). Therefore T*M is a topological S-invariant mean on GL(X).

Conversely, for each F' € M (X)*, by Theorem 3.3.4, there exists a unique
f € GL(X), such that Tf = F. Then

T voF)=T'voTH =T Tvof)=vef=voT 'F
Thus T~ commutes with convolution of M(S). Similar as we argued

above, we complete the proof. O

As we have proved in Theorem 3.2.7, the existence of topological S-

invariant means on M (X) is equivalent to the existence of a net in P(X)
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that is weakly convergent to its topological S-invariance. Since it is more
concrete and easier to work with M (X) compared to working on the dual of
GL(X). We want a similar characterization for topological S-invariant mean
on GL(X).

Theorem 3.3.8. Let Lo(|p]) = L1(Ju|)* be equipped with weak* topology and

GL(X)C JI Loo(|p|) be equipped with relative product topology 7. Then
neEM(X)

T:(GL(X),7) = (M(X)",weak™)

18 a linear homeomorphism.

Proof. Tt suffices to prove both T and T~' are continuous. Let f* = f be a

weak™

net in GL(X). For each p € M(X), since f —— f, and p € L1(|p]), we

have

110 = [ frdn > [ fudn =150

weak™

Conversely, assume F, —— F. Let f* = T71F* f = T 'F. Let p €
M(X). Then

/ﬁm:&@%F@:/hw

weak™

holds for any o € M(X), o € Ly(|u|). This implies f —— f,,. Hence
fe=f. O

Corollary 3.3.9. Assume M(X)* is topological X-stationary, then for each
f € GL(X), there exists a net p, in P(X), ¢ € R,such that f ® p1o - cl.

Proof. Directly apply Theorem 3.3.5 and Theorem 3.3.8. [
Theorem 3.3.10. The following are equivalent

i) M(X)* has topological S-invariant mean.
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ii) There exist a net {ua} in P(X), such that v * po — i ek 0, for any
v e P(9).

iii) GL(X) has topological S-invariant mean.

iv) There exist a net {jq} in P(X), such that (v® f)u. — fue = 0, |tta| —a.e.,
for anyv € P(S), f € GL(X).

Proof. We have proved 1)< ii) in Theorem 3.2.7, i) < iii) in Theorem 3.3.7.
ii) = iv) Let f € GL(X). Since v * iy — fla weaks 0, we have Tf(v
to) — T f(pe) — 0. This implies T(v ® f)(pa) — T f(pa) — 0. Hence

J((v©® fua = fua)dpta — 0, which implies (v ® f)u. = fua = 0 |pal- ae..
iv) = i) Define m(f) = lim,, [ f,.,dpa for any f = (f.)uem(x)- It is clear
that m is linear, |m(f)| < ||f]| and m(1) = 1. Thus m is a mean on GL(X).

In addition,

m(f) = 1ig1/fuadua = hgl/(v O [uadbta =mv © f)

Therefore m is a topological S-invariant mean on GL(X). [

By the definition of generalised function, we may embed BM(X) into
GL(X) by f+ (f)uem(x) where f € BM(X). In Theorem 3.2.4, we showed
that if M (S)* has a topological left invariant mean, then M (X)* has a topo-
logical S-invariant mean. We shall use generalised function to show in the
following that if a subset of M (S)* has a topological left invariant mean, then
M (X)* has a topological S-invariant mean when X has S-absolute continuous

probability measure.

Definition 3.3.11. Let M (X) be equipped with uniform topology. A measure
w € M(X) is said to be S-absolutely continuous if the map s — 0, * u is
continuous, where §, represents the Dirac measure of s. We denote by

M, (S, X) the set of all S-absolutely continuous measure on X.

Lemma 3.3.12. Let p € M,(S,X)NP(X), v e M(S), s € supp (v). Then
0s * p < || * p.
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Proof. Let K be any compact set, such that |v| * u(K) = 0. Suppose s *
u(K) > 0, by the continuity of s — d, * p, there exists € > 0 and an open
neighborhood U of s in S, such that §; * u(K) > € for any ¢t € U. Since
s € supp (v), we have |v| (U) > 0.

Therefore, by Theorem 3.1.15

wuum3=//mwmwmwmmm=/ﬁ@*KMM@>

=[G )l 5) = el ©) > 0
This contradicts with the fact that |v|*u(K) = 0. Thus dsxp < |v|*p. O

Lemma 3.3.13. Let p € M, (S, X)NP(X). Then F(vxp) = [ F(0sp)dv(s)
forallv e M(S), F e M(X)*.

Proof. Since T' is bijective, for each F' in M(X)*, there exists f € GL(X),
such that T'f = F'. Then by Theorem 3.3.5 and Lemma 3.3.12,

F@MUIVGNMZTW®me=/@®ﬁMu

//fw s)dpa(s)dw (s //5 © fiojon(@)dp(z)di(s)
//fu|*ud5 * udv(s) // fo.6ud0s * pdv(s)

= /F((Ss « p)dv(s)
0

Definition 3.3.14. Let C'B(S) be equipped with the supremum norm topol-
ogy. We say f € CB(S) is right uniformly continuous on X if the map
s — ryf is continuous, where r,f(s) = f(st) for any s € S. We denote by
RUC(S) the set of right uniformly continuous functions on S.

Lemma 3.3.15. Let f € RUC(S). Thenv® f € RUC(S) for anyv € M(S).
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Proof. Let t1,t € X, s€ S,

[re, (v © f) =1, (v © S| = Sup re, (v © )(s) = 14, (v © f)(5)]
= sup

/ (f(wsty) — f(wsta))du(w)

S ||Tt1f - rt2f|| ||V||

]

We denote by 1 the constant 1 function on S, it is obviously in RUC(S).
We say RUC(S) has topological left invariant mean m in RUC(S)*, if m

satisfies,
1) m(1) = |lm[| =1

2) m(v® f) = m(f) for any v € P(S), where P(5) is the set of probability

measures.

Theorem 3.3.16. Assume M, (S, X)NP(X) # (), then whenever RUC(S) has

topological left invariant mean, M (X)* has topological S-invariant mean.

Proof. Let p € M,(S,X) N P(X). For each ' € M(X)*, define f(s) :=
F(ds % p) for any s € S. It is easy to check [|f|| < ||F||. Since f is the
composition of continuous function F' and s — d; * p, it is also continuous.

Moreover,

[, f = re [l = N E (Bsty # 1) = F sty o) || < (NF[[ [0, % o = O, % o

Thus f is in RUC(S).
Let v € P(S). Note that if ¢ € supp (v), then ts € supp (v * d5) by
Corollary 3.1.17. By Lemma 3.3.13

Vo f(s) = / F(ts)dv(t) = / F (61 % j)dv(t)

_ /F((Sa*u)dy*és(a) — F(v#6,% ) = v F(8, 1)
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Let m be a topological S-invariant mean on RUC(S), we define M (F') =
m(f) for any F' € M(X) and correspondingly f = F'(Js * ). Consequently,
we have m(1) = M(1) = 1 < |M| < ||m]|[|fll/|F]] < 1. Thus M is
a mean on M (X). Moreover, M(v © F) = m(v © F) = m(F) = M(f).

Therefore, M is a topological S-invariant mean on M (X)*. O

3.4 Support of Topological S-invariant Mean

Throughout this section, we let S be a locally compact semitopological
semigroup, X be a locally compact space that is closed under separately con-
tinuous left action of S. Let A be a topological S-invariant subspace of M (X)*
containing 1. Let T" be a Borel subset of X, we denote by yr the character-
ization functional of T on M (X)*, i.e., xr(n) = p(T) for all p € M(X). We
let Ap :={Fe€A; xp <F <1},

Definition 3.4.1. A Borel subset 7" C X is said to be topological (S,A)-
lumpy, if for any triple (v, ¢, F'), where v € P.(S), € > 0, F € Ag, there
exists u € P(X), such that F(v*u) > 1—e. When A contains xr, we usually
write topological S-lumpy for topological (S, A)-lumpy. In the case where
X = S, we write topological left A-lumpy for topological (S, A)-lumpy,
topological left lumpy for topological S-lumpy.

Remark 3.4.2. It is clear that if a Borel subset T is topological S-lumpy,
then T is topological (S, A)-lumpy for all topological S-invariant subspace
A of M(X)* containing 1.

*

Let Ay, Ay be topological S-invariant subspaces of M(X)* containing 1,
if Aj C As, then T C X being topological (S, Az)-lumpy implies T being

topological (S, A;)-lumpy.

In the following whenever we mention triple (v, €, F'), we mean that v €

P.(S), e >0, F € Ay unless specify otherwise.

Theorem 3.4.3. Let T' be a Borel subset in X. Then the following are equiv-

alent:

42



i) T is topological (S, A)-lumpy.

i) For each triple (v,e, F), where v € P(S), there exists u € P.(X), such
that F(vxpu) >1—¢€, F(u) >1—e.

iii) For each triple (v,e, F), where v € P(S), there exists v € X, such that
Fvxd,) >1—¢€ F(§;) >1—e.

Proof. 1t is clear that iii) implies ii) implies i).
i) = ii) Let v € P(S). Since FP.(S) is norm dense in P(S), there exists
7 € P.(S) such that |7 — 23| < & Since T is topological (S,A)-lumpy,
there exists ¢ € P(X) such that F'(7 o) > 1 — ¢. Hence

F(V*VTH*G):F(T*U)—F((T—V*WQﬂ)*U)

€

> F(rxo) - c|IF| >1- 5

As we have F' < 1, it implies that F(v xy*0) >1— 5, F(y*0) >1—3.
Since P.(X) is norm dense in P(X), there exists u € P.(X), such that
| —~ 0| < 5. Therefore, F(v*p) >1—¢ F(u) >1—e

ii) = iii) By Theorem 3.3.4, there exists f € GL(X), such that Tf = F.
Let § = “*95% there exists u € P,(X), such that,

1—€¢/2< F(@xu)= /fgmdﬁ * = /fgm(sx)dﬁ(s)d,u(x)
_ / Foendf % 8pddps(z)
supp (k)

= / foxs,d0 % 6, dp(z) By Lemma 3.1.13
supp (u)

= / F(0 % 6,)du(z)
supp ()

Since p € P(X), there must exist some x € supp (), such that F(0xd,) =
F(29sts 5 §,) > 1 — ¢/2. Hence it implies that F(v % d,,) > 1 — € and
F(6sz) > 1 —e€since F < 1.

[
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Remark 3.4.4. Assume A contains xyr. By Theorem 3.4.3 iii), T is topological
S-lumpy if and only if for each triple (v, ¢, F), there exists z € T, such that
v*0,(T) > 1 —e. Assume further that 7" is compact, then there exists
y € T, such that v ® 6,(T") =1 for any v € P(S).

It is interesting to note that even for the case when 7T is dense in X, T

may not be topological S-lumpy. An example of this is given in the following.

Example 3.4.5. Let S = X = R be equipped with the usual topology and
R act on itself by addition. Let T = Q be equipped with the subspace
topology of R. We denote by m the Lebesgue measure on R. For each Borel
subset E of R, define u(E) = m(ENJ0,1]). Thus u € P(R). For any =z € X,
we have pux0,(Q) = p(Q—2) < m(Q—=x) = m(Q) = 0. Thus by the remark
above, QQ is not topological S-lumpy in R despite the fact that Q is dense in
R.

Example 3.4.6. Let T be a Borel subset of X. If there exists x € X, such
that Sz = {sz; s € S} C T. Then for each v € P(S), v * 6,(T) =
[ xr(sx)dv(s) = 1. Thus T is topological S-lumpy.

However the converse statement of Example 3.4.6 is not true.

Example 3.4.7. Let S = X = R be equipped with the usual topology and R
act on itself by addition. Let T be the set of irrational numbers in R. Then
Sz ¢ T for all x € R. However, let i be defined as Example 3.4.5. We have

v u(T) = /,u(slT)dy(s) =1

holds for all v € P(S). Thus T is topological S-lumpy and hence is topo-
logical (S, A)-lumpy for all topological invariant subspace A of M (X)*.

Lemma 3.4.8. Let T' be a Borel subset in X. Then the following are equiva-

lent:
a) T is topological (S,A)-lumpy.
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b) There exists M € M(A), such that M(v ©® F) = M(F) = 1, for any
vePS),FeAr.

c) There exists M € M(A), such that N © M(F) = M(F) = 1, for any
F e Ar, N e M(S).

Proof. a) = b) Let C = {v,---,v,} be a finite subset in P.(S), D =
{Fy, -, F,} be a finite subset in A7. Then # € Ar and E:l:le €
P.(S).

Let @« = (¢,C,D), wesay a > o/ if e < €, C D C', D D D'. Since T is
topological (S,A)-lumpy, thus by Theorem 3.4.3 iii), for each «, there exists
ZTo € X, such that

Y F € o Fy S vk 6, €

j=1+1J
0p ) >1—— >1—-—
m ( “) nm m ( n ) nm

This implies Fj(0,,) > 1—€/n > 1—e and Fj(v;%0,,) > 1—e. Equivalently,
we have 1 > Q(6,,)(v; © F;) > 1 —e and 1 > Q(0,,)(F;) > 1 — ¢, for all
1<i<n,1<73<m.

Since M(A) is weak™ compact, passing through its subnet if necessary,
there exists M € 9M(A), such that Q(d,,) ek M. Hence, My oF) =
M(F)=1for any F € Ar, v € P(5).

b) = ¢) Let M € 9M(A), such that M(v © F) = M(F) = 1 for any
ve P(S), FeAr. Let N € M(S), by Proposition 3.2.3, there exists a net

weak™

vg in P(S), such that Qug —— N. Therefore,
N® M(F) :lignQVg@M(F) :hlIgIIMO/Ig@F) =1

c) = a) If T is not topological (S,A)-lumpy, there exists a triple (v, ¢, F)
such that F(v* pu) <1 —€ for all p € P(X). Equivalently, Qu(v ® F) <
1 —¢, for all p € P(X). Since QP(X) is weak™ dense in M (A), we have
My ©F)<1-—e¢foral M e 9M(A). Therefore Qv ® M(F) < 1 — e which

contradicts c). O
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Remark 3.4.9. Let Mp(A) .= {M € M(A); M F =1,F € Ar}. The subset
T C X is topological (S,A)-lumpy if and only if 97(A) is not empty by
Lemma 3.4.8 b). Actually, My (A) is an M(.S)-invariant subset of M(A). In
particular, if X =S, My (A) is an ideal in M(A).

Corollary 3.4.10. Let T be a Borel subset of X. Assume A has a topological
S-invariant mean M such that M(F) = 1 for all F € Ap. Then T is
topological (S, A)-lumpy.

Proof. By Lemma 3.4.8 and the fact that M is positive. O]

Denote ZA := {MpF; M € M(A),F € A} C M(S)*, where M(A) is the
set of all the means on A as we mentioned in Section 3.2.

Let B be a topological S-invariant subspace of M (S)*. Conventionally, we
say that B is topological left invariant. A topological left invariant subspace B
of M(S)* is said to be topological left introverted if {M.F; M € M(B), F €
B} C B. It makes convolution of means on B defined by Arens product from

convolution of measures on S well-defined.

Lemma 3.4.11. For each S-invariant subspace A of M (X)*, Z A is topological

left introverted.

Proof. Let v e M(S), MF € ZA. Then

vOMLFO)=MFvx0)=M(r+60)©F)
=MOO(VOF))=M(voF) )

holds for all § € M(S). Since A is topological left invariant, v © M F =
Mp(v® F) € ZA. Thus ZA is topological S-invariant.
Let N € M(ZA), ML F € ZA. We have

NL(MLF)(I/> = N(V@MLF) = N(ML<I/®F)>
=NOMYOF)=(NoM),F(v)

holds for all v € M (S). Therefore ZA is topological S-introverted. O
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Corollary 3.4.12. Assume ZA has a topological left invariant mean and T
is a (S,A)-lumpy subset of X. Then A has a topological S-invariant mean
M e Mr(A).

Proof. Let N be a topological left invariant mean on ZA. Since T is (S, A)-
lumpy, Mp(A) # 0. Let M’ € Mp(A). Then N © M' € Mr(A) by Re-

mark 3.4.9. Moreover,

NOMyoF)=NM, (voF)=NvoM,F)
=N(M;F)=NoM'(F)

holds for all v € P(S), F € A. Therefore, M = N ® M’ is a topological

S-invariant mean in My (A). O

Let X = S. Let T be a Borel subset of X. Day [9] shows that if M (S)* has
a topological invariant mean, then the existence of topological left invariant
mean M on M(S)*, such that M (y7) = 1 is equivalent with 7" being topologi-
cal left lumpy. We generalize this result to the case where T'is (S, A)-lumpy for
some left introverted subspace A of M (S)* that has a topological left invariant

mean.

Theorem 3.4.13. Let S be locally compact semitopological semigroup and A be
a topological left introverted subspace of M(S)* with topological left invariant

means. Then the following are equivalent:
a) T is topological left A-lumpy.

b) There ezist a topological left invariant mean M on A, such that M(F) =1
for all F € Arp.

Proof. b) = a) Followed from Lemma 3.4.8.

a) = b) Let N be a topological left invariant mean on A. By Lemma 3.4.8,
there exists M; € M(A), such that M;(v © F') = M;(F) = 1 holds for all
vePS),FeAr. Let¢ M =N ® M,. Then M is a mean on A and for all
FeAvePS), MvoF) = NM,veoF)=NyoM,F)=No
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M, (F) = M(F). Moreover, we have M (v ®© F) = M(F) = N(M;,(F)) =1
for all F' € Ar. O

In the case when X is a general locally compact space, the author do not
know if the above equivalence holds for general topological S-invariant sub-
space of M (X)*. However, we can construct a topological S-invariant subspace
A of M(X)*, such that T being topological S-lumpy implies the existence of
a topological S-invariant mean M on A with M (xr) = 1.

Theorem 3.4.14. Let T be topological S-lumpy subset of X. Then there exists
a topological S-invariant norm closed subspace A of M (X)* containing 1 and

XT, such that it has a topological S-invariant mean M on A with M (xr) = 1.

Proof. Since T is topological S-lumpy, there exists M € 9(X), such that
M ® xr) = M(xr) = 1 for all v € P(S). Thus the set H = {F €
M(X); M(v©F)= M(F) for all v € P(S)} is not trivial. It is clear that
H is a S-invariant linear subspace of M(X)* containing 1. Let A be the
norm closure of H. Let F € A, then there exists a net F, M> Fin H.
Let v € P(S), then [v O F —v o F,| < ||[F—F,| —=0. ThenvoO F € A
since H is topological S-invariant. Thus A is topological S-invariant norm
closed subspace of M (X)* containing 1. Let N(F) = M(F) for all F' € A.
Then 1 = M(1) =N(1) < |IN|| < [[M][=1and Nv© G) = M(r©G) =
M(G) = N(G) for all v € P(S), G € H. Hence, let F € A, F, Il P be a
net in H, then im N(vOF)-N(v o F,) <lm|voO F —v® F,|| = 0 for all
v € P(S), lim N(F) — N(F.) < lim | F — F.|| = 0. Thus N(v® F) = N(F)
for all v € ;(S ), F e A Therefo?e N is a topological S-invariant mean on
A.

O
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3.5 Topological S-invariant Means on Locally
Compact Subspace

In this section, we first let X be a locally compact space, T" be a locally

compact Borel subspace of X.

Remark 3.5.1. A Borel subspace of a locally compact space may not be
locally compact. For example. Let R be equipped with usual topology,
Q C R is Borel since it is a countable union of rational points in R. However,

Q is not locally compact since all of its compact subsets have empty interior.

On the other hand, open or closed subspace of locally compact space is

again locally compact (see [27, 2.3.29]).

Lemma 3.5.2. For each p € M(X), we define a set function on T by setting
pur(E) = u(E) for all Borel subset E C T. Then ur is a bounded Borel
measure on T and ||pr|| < ||p]]-

In particular, let f € BM(T), we have [ fdu = [ fdur, where f(x) =
flz) ze€T
{ 0 otherwise

Proof. Since p is a regular bounded Borel measure, it is clear that ur is a
Borel and finite measure on 7" and ||ur|| < ||| by definition. So it suffices
to prove regularity of uyp.

Let K C T be compact, it is then compact in T, since for any net V,, of
open sets in T" that covers K, it corresponds with a net U, of open sets, such
that V,, = U, NT. Conversely, if K is compact in T, K is then compact,

since for any open net Ug that covers K, Us N T is a net of sets open in T'
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covers K. Therefore

pr(E) = p(E) = sup{u(K); K C E, K compact}
= sup{ur(K); K C E, K compact in T}
= u(E) =inf{u(U); U D E,U is open }
> inf{p(V); V=UNT D E for some open set U}
= inf{ur(V); V D Eis open in T'}

Thus pr is regular Borel measure on 7.
Let f € BM(T), [ fdu = [ fdur follows directly from the fact that if £
is Borel subset of T', [&pdur = pr(E) = p(E) = [ Epdp. O

Lemma 3.5.3. For each u € M(T), there exists a unique measure fi in M(X),
such that u(E) = p(E NT) whenever ENT is u-measurable. Moreover,

el = [l ]l

Proof. Without loss of generality, we assume p € M*(T). Let f € Co(X), we
denote by f|r the restriction of f on T. Then I(f) = [ flrdu is a linear
functional on Cy(X). By Riesz representation theorem, let iz be the unique
corresponding bounded Borel measure of I on X.

Let U be an open subset in X, then &y is lower semicontinuous as it is

shown in Lemma 3.1.5. Thus

i) = [ odp=sup{ [ s e C.00< F<6) 20, 11.13]
—sup{ [ flrdui f € C.X).0< ] < &)

< Sup{/ gdp; g € C(T),0 < g <&urr} = pu(UNT)
The last inequivalence holds since f|r € C.(T) whenever f € C.(X) as we
have shown in the proof of Lemma 3.5.2.

On the other hand, let € > 0, by the regularity of u, there exists a compact
subset K in T such that K C UNT, p(UNT) < pu(K) + €. In addition,
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since X is locally compact, there exists h € C.(X), such that h(K) = 1,
h(X —U) = 0. Thus

,E(U)S,u(UﬂT)Su(K)—i—eS/h|Td,u—l—6—/hd/fL§ﬂ(U)+e

Therefore, i(U) = u(U NT) for any open subset U in X.

Let C be a closed subset of X. Then i(C) = a(X) — a(X — C) = w(T) —
p((X =C)NT) = p(CNT).

Let B be any Borel subset of X. Let ¢ > 0, by the regularity of fi, there
exists an open subset U D B such that

A(B) > (U) — e = p(UNT) — e > p(BNT) —e

This implies i(B) > (B NT). On the other hand, there exists a compact
subset K C B, such that

A(B) < A(K) + ¢ = (KN T) + e < u(BAT) + e

Thus i(B) = (BN T). In particular, il = #(X) = u(T) = |uf. O

Remark 3.5.4. Lemma 3.5.3 implies that the map from M(X) to M(T)
defined in Lemma 3.5.2 is surjective. Thus from now on, we let pp denote

measure in M (T) while p € M(X).

Note that for each yp € M(X), u = fir + fiix—r), since

W(E) = (ENT) + p(E N (X — T))
= pr(ENT) + pox-n(EN (X =T))
= pr(E) + fix—7)(E)

for all Borel subset E of X.

Now let S be a locally compact semitopological semigroup, X be a locally

compact space that is closed under separately continuous left action of S.
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Let R be a locally compact semitopological subsemigroup of S, T be locally
compact subspace of X that is closed under separately continuous left action
of R. We say M(X)* has a topological R-invariant mean M, if M is a mean
that satisfies M (v ® F) = M(F), for all v € P(S) with v(R) = 1.

Lemma 3.5.5. Let v € M(S), u € M(X). Let vg, pr, (v * p)r defined

respectively as in Lemma 3.5.2. Then

| % 1) — v # iz < / W(E)du(s) + / v(E,)du(z)

where B ={r e X —T; sx €T}, E,={se€ S—R; st €T}.

Proof. Let f € BM(T), define f as in Lemma 3.5.2, we have,

/deR * U = // f(sx)dvr(s)dur(z)
_ /T /R F(sa)dv(s)dp(z) By Lemma 3.5.2

[ taw e = [ faven= [ [ fspyvtsianta)

Thus, by Theorem 3.1.15,

‘/fduR*uT—/fd(v*mT

< ) | seaidutayans

_|_

/T . f(sz)dv(s)dv(x)
<A1 wEvts) + [ viEduta)

T

Therefore

| % 1) — v * ] < / W(E)du(s) + / v(E,)du(z)

]

Theorem 3.5.6. There is a topological R-invariant mean on M(T)* if and

only if M(X)* has a topological R-invariant mean M such that M (xr) = 1.
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Proof. Assume M (T)* has a topological R-invariant mean Mp. Let F €
M(X)*, define Fr(ur) = F(ur) for any ur € M(T'), where fi7 is defined as
in Lemma 3.5.3. In particular, 17(ur) = pr(T). It is clear that Fr is linear
and ||Fr|| < ||F||. Further we define M(F) = Mp(Fr). The function M
is well-defined since Fr # Gr implies F' # G. It is clear that M is linear,
M(1) = Mp(1y) =1 =||M]||. Thus M is a mean on M(T)*.

Moreover, let v € P(S) with v(R) = 1, p € M(X)* with u(X —T) = 0.
By Lemma 3.5.5, we have

vO F(p)=Fx*p) = Fr((vsp)r) = Fr(vg = pr) = Vr © Fr(pr)

Hence M (v © F) = Myp(Vr © Fr) = Myp(Fr) = M(F).

Conversely, assume that M (X)* has topological R-invariant mean M with
M(xr) = 1. HenceM (x(x-1)) = 0. Let F € M(T)*, define F(u) = F(ur)
for all 4 € M(X) while puy defined as in Lemma 3.5.2. Since ur # or
implies p # o for any p,o0 € M(X), F is well defined. It is easy to check
that F' is linear and ||F|| < [|F||. Thus F € M(X)*.

Now define Mp(F) = M(F). It is easy to check that My is linear and
Mr(17) =1 < ||M7|| < ||M|| = 1. Moreover, let v € P(S) with v(R) =1

VR © F(p) —v © F(p)| = |F(vg * pr) — F((v * p)r)]
< [[F([ (v p)r — v = pr|

< ||F||/ Lemma 3.5.5

SFI (X =T) = [Fl x(x—(1)
holds for any p € P(X). Thus
[M(vr O F) = M(v© F)| < |[FIM(xs_,) =0

Therefore Mp(vg ® F) = M(vg @ F) = M(v © F) = M(F) = Mp(F).

Then M7y is a topological R-invariant mean on M (T')* since vg runs out of
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M (R) by Remark 3.5.4. O

Theorem 3.5.7. Assume further that R is a topological S-lumpy subsemigroup
of S. Then M(T)* has a topological R-invariant mean if and only if M (X)*
has a topological S-invariant mean M and M (xr) = 1.

Proof. By Theorem 3.5.6, we have the later implies the former. Now we assume
M(T)* has a topological R-invariant mean Myp. Define M(F) = Mr(ur)
for any F' € M(X)*. Then M is a topological R-invariant mean on M (X)*
by Theorem 3.5.6.

Since R is topological S-lumpy, by Lemma 3.4.8, there exists P € 9M(.5),
such that P(v©xr) = P(xr) = 1. Since M(5) is weak™® compact. Let 6, be
anet in P(95), such that Q(6,) e, P Then lim vl (R) =1lim6,(R) = 1.

Let N = P® M. It is clear that N is a mear?on M(X)*. Lcét v e P(9),

then by Remark 3.5.4

NvoF)=PM(voOF))=PvoM,/(F)) = liénVG) M (F)(0a)
= lim M((v+0,) © F)

=lmM((v*0,)r ©F)+1limM((v*0,)s—r © F)
= M(F)
N(F) = P(MyF) = lim M(6, © F)

=lmMlur ©F)+limM(0,5_p ® F) = M(F)

Therefore N is a topological S-invariant mean on M (X)*. O
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Chapter 4

Related Results and Open

Problems

4.1 Definitions and Notations

Let S be a locally compact semitopological semigroup, X be a locally
compact space. We assume the left action of S on X is separately continuous.

We denote by C'B(X) the Banach algebra of bounded continuous functions
on X with supremum norm and pointwise product. Let f € CB(X), s € S,
x € X, we define I f(x) := f(sx), rof(s) = f(sz).

Let A be a subspace of C'B(X), we say A is S-invariant if [;f € A for any
ses, feA

Let f € CB(X), we say f is S-uniformly continuous if s — [,f is con-
tinuous. We denote by LUC(S, X) the space of all S-uniformly continuous
functions on X. It is clear that LUC(S, X) is a norm closed S-invariant sub-
space of CB(X).

Let A be a subspace of C'B(X) containing constants. A functional ¢ € A*
is a mean on A if it satisfies ¢(1) = ||¢|| = 1, where 1 is the constant 1 function
on X. We denoted by 9t(A) the set of all means on A. By Banach-Alaoglu
theorem, M(A) is weak™ compact and convex. In this chapter, we usually
write M(X) for M(LUC(S, X)).
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Suppose A is a subalgebra of C'B(X) containing constants, a mean ¢ €
M(A) is multiplicative if ¢(fg) = o(f)p(g) for all f,g € A.

Let A be a subspace of CB(X) containing constants. Let @ : X — A*
by Q.(f) = f(z) for all x € X, f € A. Tt is easy to check that @, € M(A).
Actually if A is in further an algebra, (), is a multiplicative mean on A, for
all z € X. Since M(A) is convex, Co {Q,} C M(A), where Co {Q,} stands
for the convex hull of {Q,}. Means in Co {Q),} are called finite means.

Proposition 4.1.1. 1. The set of finite means is weak™ dense in the set of

all means on A.

2. QX = {Q.; x € X} is weak™ dense in the set of all multiplicative means
on A.

Proof. 1. Similar as the proof of Proposition 3.2.3
2. Paterson [26, 2.27] O

Throughout this section, we shall let A be a S-invariant subspace of C'B(X)
containing constants. Let s € S, ¢ € M(A), we define L;o(f) = ¢(Isf) for
all f € A. Tt is clear that Lsp € 9MM(A). We say a mean ¢ is S-invariant if
Lip=¢forall se€S. Let ¢ € M(A), f € A, we define ¢, f(s) = ¢(Isf) for all
s€ES.

Remark 4.1.2. Let ¢ € MM(X) and M(X) be equipped with weak™* topology.
Then the map T}, : S — M(X) by s — Ls¢ is continuous. This is not true

for an arbitrary S-invariant subspace of C'B(X).

Corollary 4.1.3. 1. Let ¢ in M(A). Then there exists a net of finite means
{ba} such that for each f € A, we have (¢q)if potmtuwise, of
2. Assume A is in further a subalgebra of C B(X). Let ¢ be a multiplicative
mean on A. Then there exists a net {x,} in X, such that for each f € A,

we have (Qu, )i f pointwise, o f.

Proof. 1. Since the set of finite means is weak™ dense in 9(A) as we have

shown in Proposition 4.1.1, let {¢,} be a net of finite means such that

Go L 6. Then (¢a)if(s) = Ga(lef) = Sl f) = d1f(5).
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2. Similar to the above argument, we finish the proof.
O

Proposition 4.1.4. For each f € LUC(S,X), let Z(f) :={éf; ¢ € M(X)} C
LUC(S). Then T, coincide with T. on Z(f), where T, is the topology of
pointwise convergence and 7T is the topology of uniform convergence on com-

pacta.

Proof. Let ¢ € M(X), f € LUC(S, X),

[G1f(s) = o f (O)] = [0 f = Lf)] < [llsf = 1 f]]

Thus Z(f) is equicontinuous. Hence by Kelley [22, 232], 7, coincide with
T. on Z(f). Moreover,
1ls(Puf) — LS = sup &1f (sa) — duf(ta)| = sup [ La@(lsf) = Lad(le )]
S Hlsf - ltf”

Therefore Z(f) C LUC(S). O

Corollary 4.1.5. Let ¢ € M(X), then there exists a net of finite means {¢,}
such that (¢o)if — ouf uniformly on compacta for oll f € LUC(S,X). In
particular, if ¢ is a multiplicative mean on LUC(S, X), there exists a net

{z,} in X, such that vy, f — &f uniformly on compacta.

Proof. Directly apply Corollary 4.1.3 and Proposition 4.1.4. [

4.2 In the Convex Hull of Multiplicative Means

Throughout this section, we let X be a topological subspace under the sep-
arately continuous left action of a semitopological semigroup S. We shall focus
our attention on the subalgebra LUC(S, X) of CB(X). We shall show that

the existence of S-invariant means in the convex hull of multiplicative mean
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reflects the structure of S. We denote by A(X) the set of all multiplicative
means on LUC(S, X).

Lemma 4.2.1. 1. A(X) is weak® compact.

2. Elements in A(X) are linear independent.

Proof. 1. Let ¢, be anet in A(X), since (X)) is weak™ compact, there exists
¢ € M(X) such that ¢, =2 6. Let f,g9 € LUC(S, X), we have

¢(f9) = lim ¢a(fg) = lim ¢a(f)dal9) = ¢(f)¢(9)

Thus ¢ € A(X) and A(X) is weak™ closed in (X ). Hence A(X) is weak*
compact.

2. Let A(X) equipped with weak* topology. Consider the natural em-
bedding @ : LUC(S,X) — C(A(X)) by Qf(¢) = o(f) for any f €
LUC(S,X), ¢ € A(X). It is clear that @ is an isometric isomorphism when
C(A(X)) equipped with pointwise product and supremum norm. Then the
adjoint operator Q* of () maps point measure on C'(A(X)) onto elements in
A(X). Therefore elements in A(X) are linear independent by the linearity
of Q). O

Theorem 4.2.2. If LUC(S, X) admits a S-invariant mean in the convex hull
of A(X), then S can be decomposed into a finite union of disjoint open and

closed cosets of a finite quotient group.

Proof. Let ¢ € Co(A(X)), then ¢ = Y7 | a;¢;, where a; > 0, > " a; = 1,
{b1,...,0m} are distinct in A(X). Let H = {¢;},. Since elements in
A(X) are independent, we have L;H = H for all s € S.

Since H is finite, the restriction of L, on H is bijective for all s € S. We
define an equivalence ”~” on S by setting s ~ t if Ly = L;¢ for any ¢ € H.

b

It is easy to check that "~"” is a two sided equivalence by the bijectivity of
Ls. Thus S/(~) is finite and cancellative, hence it is a group. We let e

denote the identity of S/(~).
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Let 7 : S — S/(~) be the canonical quotient map. Let F := 7~ !(e) =
{s €8; Lyp = ¢, forall ¢ € H}. Then E is a closed subsemigroup of S.
Let {t;}™, be a set of representatives of S/(~), where t; € E. Since S/(~)
is a group, for each s € S, there exist a unique i (i € N,;1 < i < m), such

2

that 7(t;s) = 7(t;)m(s) = e. The first equivalence holds since ”~" is a two-
sided equivalence. Thus we have S = [JI",¢;'E and the family {t;'E}",
is pairwise disjoint. By the separate continuity of the action of S on X, we
have t;'E is closed for all 1 <4 < m. Hence E = S —J",t;'F is open.

Further, t;lE is open for all 1 <i<m, i€ N. ]

4.3 Open Problems

The following problems are open.

1. Let S be a locally compact semitopological semigroup. When does
M (S)* has a multiplicative S-invariant mean? We know that when S
is discrete, this is equivalent with, for any a,b € S, there exists ¢ € S,
such that ac = bc = ¢ (see [16]). Do we have similar characterization for
the existence of multiplicative S-invariant mean on M (S)* when S is a

locally compact semitopological semigroup?

2. Let S be a locally compact semitopological semigroup, X be a locally
compact space. The left action of S on X is separately continuous. Does
topological X-stationary of a S-invariant subspace A implies the existence
of topological S-invariant mean on A? Does the sublinear functional p

on A always exists as we mentioned in Theorem 3.2.77

3. Let S be a locally compact semitopological semigroup, X be a locally
compact space. The left action of S on X is separately continuous.
From Theorem 3.3.4, we know that we can identify M (X)* with GL(X).
Can we identify mwp(S, X') with a subspace of GL(X)? We denote by
muwp(S, X) the set of function F in M (X)* such that {FOu; p € P(X)}

is weakly relatively compact.
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4. As we have shown in Theorem 3.4.14, for each topological S-invariant
subset T" of X, there exists a topological S-invariant subspace A of
M (X)* containing xr, such that A has a topological S-invariant mean M
and M (x7) = 1. A natural question is for each [topological] S-invariant
subspace A of M(X)* that has [topological] S-invariant means, does it
guarantee the existence of [topological] (S, A)-lumpy subset 7" of X such
that xr is included in A?

5. Let S be a locally compact semitopological semigroup, X is a locally
compact space under separately continuous left action of S. It is known
that M(S)* has a topological left invariant mean if and only if there
exists a net p, € P(S), such that ||v* ey — pa|| — 0 for all v € P(S).
Does there exist a net pu, € P(X) such that || * po — pal|| — 0 for all
v € P(S) when M (X)* has a topological left invariant mean?

6. Suppose that S is a semitopological semigroup and for each f € LUC(S)
there exists amean my = 1 3~ ng;, where ¢; € A(S), such that my(l,f) =

i=1
mys(f) for all s € S. Does LUC(S) has a left invariant mean m =
> na;p;, where a; € R, ¢; € A(X)?
i=1
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