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Abstract

In this thesis we examine singularities of surfaces and affine Schubert varieties
in the affine Grassmannian G/P of type A", by considering the action of a
particular torus Tong /P. Let ¥ be an irreducible T-stable surface in G /P
and let u be an attractive T-fixed point with T-stable affine neighborhood ¥,,.
We give a description of the f—weights of the tangent space T,,(X) of ¥ at u,
give some conditions under which > is nonsingular at u, and provide some
explicit criteria for ¥, to be normal in terms of the weights of T,(3). We
will also prove a conjecture regarding the singular locus of an affine Schubert

variety in G/P.
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Chapter 1

Introduction

In the theory of algebraic groups, the flag variety plays an important role.
Given an algebraic group G (eg. GL,(C)) and a Borel subgroup B (eg. upper
triangular matrices) of G, we form the flag variety G/B. Now G (and hence
any of its subgroups) acts as a group of transformations on G/B. One par-
ticularly important subgroup action is the action of a maximal torus 7' (eg.
for G = GL,(C), the subset of diagonal matrices) contained in B on G/B.
The homogeneous space GG/B has been studied by many authors and a key
object in some of these investigations is the closure of a T-orbit. In particular,
irreducible T-stable curves and surfaces contained in GG/B are T-orbit closures
which are well understood: the case for T-stable curves has been addressed
by Carrell and Peterson in [4] and the case for T-surfaces has been covered by
Carrell and Kurth in [5]. The theory of curves and surfaces has applications
to the theory of Schubert varieties, combinatorics, and representation theory
as outlined in [6] and [1].

Now let us consider an infinite dimensional analogue to the above situation
in the context known as the Kac-Moody setting. The role of the flag vari-
ety is played by the affine Grassmannian G/P, where G := SL,(C((z))) and
P := SL,(C[[z]]) for some n € N. In this case, G/P is an ind-variety, ie. a
direct limit of finite dimensional projective varieties. The torus under consid-
eration is 7' = T x 5, where T is the subset of G consisting of the diagonal
matrices with constant entries and S = C*. The irreducible T-stable curves
are well understood (cf. Proposition 12.1.7 in [10]) with a description similar
to those in the classical case. As the next logical progression in complexity, we
are interested in studying irreducible T-stable surfaces. In the classical setting,
irreducible T-stable curves and surfaces are useful tools in understanding the
singular loci of Schubert varieties. In the Kac-Moody setting, there is a nat-
ural generalization of the concept of a Schubert variety called affine Schubert
variety. As was hoped would be the case, a firm understanding of T-surfaces
is not only as instrumental in studying the singular loci of affine Schubert



varieties as in the classical backdrop, but in fact, similar techniques can be
employed.

Before we provide any specific details about the contents of this thesis we will
establish some notation and state our universal assumptions. We will always
work over C. We will view varieties as sets of closed points. We assume that
the set N of natural numbers does not include 0 and will write Ny for NU {0}.
Despite the fact that we work over C, we will denote the coordinate ring of
an affine variety X by k[X] and its field of regular functions by K(X). The
tangent space of an affine variety X at a point x € X, will be denoted by
T.(X). We assume all algebraic groups are affine varieties. Whenever we
discuss an action of an algebraic group on a variety we assume that it acts
morphically. Finally, the Lie algebras of G, B, and T" will be denoted by g, b,
and b, respectively.

Returning to the classical case, in [5], Carrell and Kurth determine the sin-
gularities of T-stable surfaces in G/P, where P is a parabolic subgroup of
G. In Chapter 3, we will examine in great detail a restatement of these find-
ings in G/B as given in Proposition 5.2 in [6]. The technique applied to this
problem is as follows: Given any T-stable surface X in the projective variety
G/B and a T-fixed point u in 3 (which we identify with an element of the
Weyl group Ng(T')/T), there exists an open affine T-stable neighborhood of
u, denoted X,. Now, X, is a T-orbit closure and has the property that there
is a T-equivariant embedding of ¥, into T;,(X). Since we may assume u = e,
we have the following situation:

S = Tu(2) C TW(G/B) = g/b = ) 9-a,

acdt

where ® are the roots of G with respect to T'. Thus, determining the singu-
larities of ¥ and the form of ¥, reduces to root system considerations.

We will use the same technique as in the classical setting to examine singu-
larities of T-stable surfaces in G /P, which is possible, in part, because any T-
stable surface ¥ in G/P sits in a finite dimensional projective variety. Again,
for any T-fixed point u in ¥ we have that there is an open affine T-stable
neighborhood of u such that

Yu = Tu(X) C Tu(G/P),

only in this case the problem reduces to considering roots which result from
the action of T on g®Clz, ™|, where g is the Lie algebra of SL,,(C). Although
initial considerations deal with G = SL,,(C((z))), our results in Chapter 4 hold
for G(C((x))), where G is any simply laced connected semi-simple algebraic
group. We provide a description of the possible weights of T,(3) (via the
weights of the dual space T,(3)*) in terms of the two weights that we know



occur and place bounds on the number of weights that may occur. We state
some conditions under which ¥ is nonsingular at v and give a description of
Y. in certain cases. In addition, we give explicit conditions on the weights of
T.,(3)* under which ¥, is normal.

As mentioned above, T-stable surfaces are used in studying singularities of
Schubert varieties in G/B and this is also the case for G/P. In deed, in [6],
Carrell and Kuttler use T-stable surfaces in conjunction with an object called
a Peterson translate of a Schubert variety to prove a generalized version of
Peterson’s ADE-Theorem (describes the singular locus of a Schubert variety
in G/P). In the affine case, Kuttler and Lakshmibai conjectured as to the sin-
gular locus of a Schubert variety X in G/P (Remark 4.19 in [11]). In Chapter
5, using our partial description of the regular locus of a T-surface contained
X, we provide a proof of this remark, which utilizes the same technique as the
proof of the ADE-Theorem.

In Chapter 2, we will present some well-known results about torus actions,
T-orbit closures, and T-fixed points. In particular, we will discuss the notion
of an attractive fixed point, whose usefulness alone makes it deserving of its
name. In addition to presenting the proof of Proposition 5.2 from [6], we
present some facts about G/B and g/b in Chapter 3. In Chapter 4, we will
comment on how the techniques in Chapter 3 translate into the new setting
and present our findings on the T-stable surfaces in G/P and the open affine
T-stable neighborhood of a T-fixed point. In Chapter 5, we discuss the notion
of a Peterson translate of a Schubert variety along a T-stable curve and provide
a proof of Remark 4.19 in [11].



Chapter 2

Preliminaries

We will begin this chapter with the definition of a torus, some important
properties of objects associated with a torus, and some of the basic proper-
ties of torus actions on vector spaces and on affine and projective varieties.
Throughout Chapters 2 and 3 we will use facts about linear algebraic groups
and varieties which can be found in the books by Borel (see [2]), Humphreys
(see [8]), and Hartshorne (see [7]). All of the results presented in these two
chapters are well-known and the proofs have been provided for the pleasure of
the reader.

2.1 Tori

Definition 2.1. A torus is an algebraic group which is isomorphic to (C*)"
for some n € N. An algebraic group is called diagonalizable if it is isomorphic
to a closed subgroup of a torus.

An example of a torus is D,(C), the subgroup of the general linear group
GL,(C) consisting of n x n diagonal matrices. Every finite abelian group is a
diagonalizable group. Any connected diagonalizable group over C is a torus
and since any homomorphic image of a connected diagonalizable group is again
connected and diagonalizable, any homomorphic image of a torus is again a
torus. In particular, connected subgroups and quotients of a torus are tori.

Of particular interest in this thesis is the case in which T" C B C G, where
G is a connected semi-simple algebraic group, B a Borel subgroup, and T" a
maximal torus. We will discuss this case further in Chapter 3.



2.2 Characters and One-Parameter Subgroups

A character of an algebraic group G is a homomorphism x : G — C*. The set
of all characters of G, denoted X (G), forms an abelian group under the rule
(x1+ x2)(9) = x1(9)x2(g), for all g € G, and can be viewed as a subset of the
coordinate ring k[G]. Note that (—x)(g) = x(9)~' = x(¢~'). The characters
of a torus (C*)" have the form
X(C1,€yniyCn) =T Cq? oo
for some ay, as,...,a, € Z. It is clear that X (7T) is a finitely generated group
isomorphic to Z™ (so X (T) is a torsion-free Z-module) and the generators are
the projections
i (€1, 00 Cn) — G

In particular, X (C*) ~ Z. The character group gives us another method of
identifying a torus, ie. a torus is an abelian group whose character group is
a torsion-free Z-module with rank equal to the dimension of the group as
a variety. Likewise we can define the concept of a diagonalizable group in
terms of its characters. Indeed, a diagonalizable group is an algebraic group
G such that X (@) spans the coordinate ring k[G]. Note that there is an anti-
equivalence between the category of diagonalizable groups and the category of
finitely generated abelian groups where A corresponds to X (A).

A one-parameter subgroup of a torus 1" is a homomorphism A : C* — T'. Every
one-parameter subgroup A is given by

Mc) = (e, ),

for some by, by, ..., b, € Z. As with characters, the set of all one-parameter
subgroups of T'; denoted Y (T'), forms a finitely generated abelian group, with
generators

vire— (1,1,...,1,¢,1,...,1),

where c is in the i*" entry.

It is well-known that X (7") and Y (T") are dual Z-modules, ie. X(T') ~ Y (T)* =
Homy (Y (T),Z), or equivalently there is a non-degenerate pairing X (7') x
Y(T) — X(C*) given by (x,A) — (x,A), where (x,A) is the integer which
corresponds to y o A € X (C*), ie.

xoA:C"— C~.

c C<Xu>\)



2.3 Actions on Vector Spaces

We will frequently make use of finite dimensional complex vector spaces with
torus actions. Indeed, they possess a number of useful properties and will
play a key role in subsequent discussions as we will often be able to reduce
problems concerning varieties with 7T-actions to problems concerning vector
spaces. Given a finite dimensional representation p : 7' — GL(V'), we define a
linear action of 7" on V' by the rule ¢ - v = p(t)(v). A vector space with such
a T-action is called a T-module. One particularly important T-action occurs
when T is a subgroup of an algebraic group G. If we restrict the adjoint
representation Ad : G — GL(g) to T, we obtain an action of 7" on g.

We begin our examination of T-modules with a well-known result, which will
be applied ad nauseam.

Lemma 2.2. Let T be a torus and V a T-module, then

V=P V..
)

aeX (T

where
Vo={veV|t-v=at), forall teT}.

This decomposition is referred to as the weight space decomposition of V. The
a for which V,, # 0 are called the weights of T'in V' (or simply the weights of
V', if the torus involved is clear) and V,, is called a weight space. We denote
the set of weights by Q(V). If V = g, then the nonzero elements of §(g) are
called the roots of G relative to 1" and the set of roots will be denoted ®.

Remark 2.3. If T' = C*, then we can specify a Z-grading on a T-module V/
by defining V; := V,,, where a(c) = ¢?. For an arbitrary T, given a A € Y (T),
we can make any T-module into a C*-module by defining ¢- v := A(¢) - v. The
induced Z-grading on V' in terms of the weight space decomposition of V' with

respect to 1" is then
Vi= P Ve

aeX(T)
(a,A\y=d

Vt= @Vd.

d>0

In either case, define

Of course, if we want to apply Lemma 2.2 to a subspace of a T-module, then
the subspace itself must be a T-module, ie. it must be T-stable. If this is the
case, then the structure of the subspaces is known. Given a T-stable subspace
W of a T-module V, by definition we have that Q(W) C Q(V) and that



W, CV,, for every a € Q(V). Thus W, = V, N W and hence

W= P WnW).

aeX(T)

A T-module V is called multiplicity free if dimV,, = 1, for all @ € Q(V). In
this event, the T-stable subspace W NV, of W is either {0} or V,,. This gives
us the following lemma:

Lemma 2.4. Suppose V = @ Vo, is a multiplicity free T-module. If W is
aeX(T)
a T-stable subspace of V', then W = @ Ve, where T' C Q(V).

ael

When dealing with a T-module V', it is natural to consider the action of T" on
the dual space V* of V' and on the quotient V/W of V' by a T-stable subspace
W. The action of T on V* is defined by (¢ - f)(v) = f(t7'-v) for all t € T,
f € V* v eV and the action of T on V/W is defined in the obvious way.
In particular, we want to be able to relate the weights of V* and V/W to the
weights of V. We will begin with the weight space decomposition of V*.

Lemma 2.5. Let V be a T-module, then V* = @ (Vo).
aeQ(V)

Note that Q((V,)*) = {—a}. We now move on to consider the weight space
decomposition of a quotient space.

Lemma 2.6. Let V' be a T-module and W a T-stable subspace. Then (V/W), =
Vo /W.

Remark 2.7. As a consequence of this, Q(V/W) C Q(V).

2.4 T-Orbit Closures

In this section we will examine some of the properties of T-orbits and their
closures and consider torus actions on projective and affine varieties. We will
first fix some notation and define some basic terms. Let X be a variety with
a T-action and let z € X. We will use X7, T'- z, and T, to denote the set of
fixed points of T', the orbit of x, and the stabilizer of x, respectively. A map
f: X =Y of sets with T-actions for which ¢ - (f(z)) = f(t - x) for all z € X,
t € T, is called T-equivariant. An irreducible T-stable curve (resp. surface)
is called a T-curve (resp. T-surface). Although our focus is on T-actions, we
begin with some useful and well-known properties which apply to G-actions
for any algebraic group G.



Lemma 2.8. Let G be any algebraic group and let X be variety with a G-
action.

1) G-orbits are open in their closures.

2) G-orbit closures are G-stable.

3) Every G-orbit closure contains a closed orbit.

5) X is closed in X.

6

)
)
)
4) G-orbits are irreducible, if G is connected.
)
) G, is a closed subgroup of G, for all x € X.

Proof. See chapters 7 and 8 of [8]. O

As with all group actions, we have the Orbit-Stabilizer Theorem:
G/G,~G-x
(as varieties with a G-action).

So in the case that G is a torus, it follows immediately from the Orbit-Stabilizer
Theorem that a T-orbit, 7" - z, is isomorphic to the torus 7'/T, as a variety.
This fact proves helpful when determining the dimension of a T-orbit. Let
V be a T-module and let v € V. Then v = »_ v,, where v, € V,, and the
set s(v) := {a | vo # 0} in X(7T) is called the support of v. Now let M be
the Z-module generated by the support {ay, as, ..., a;} of v. We will use the
notation M = (ay,aq, ..., ak). The following lemma provides us with a nice
relationship between 7" - v and M.

Lemma 2.9. Suppose v is an element of a T-module V with support s(v) =
{ai,a9,...,ar}. Then dimT -v =rank M, where M = {aq,ag, ..., ax).

Proof. Let v be an element of a T-module V' with support s(v) = {1, e, ..., ax}
and let M = (ay, 9, ..., ax). As a consequence of the Orbit-Stabilizer Theo-
rem we have that

dim7T - -v=dim7T — dimT,,.

Recall that there is an anti-equivalence of categories between the categories
of finitely generated abelian groups and diagonalizable groups. Thus, given
the inclusion map ¢ : T, < T, we obtain the map X (7') — X(T,,), given by
a +— a7, whose kernel will be denoted as K.



The claim is that K = M, from which it follows that
dim T, = rank X (7,) = rank X (7T') — rank M = dimT" — rank M
and subsequently dim 7T - v = rank M.

To see that the claim is true we first note that

T, = ﬂ ker av

and so M C K.

For the other direction, since M is a finitely generated abelian group, M =
X(9), for some diagonalizable group S. So we have the inclusion map

©* X(S) — X(T)
with corresponding map
p: T —S.

Let H = ker . From the exact sequence
1-H<—=T—S5—>1,
we obtain the exact sequence
0— X(S)— X(T)—» X(H)—0.
Therefore, X (5) = {a € X(T) | o|g = 0}.

Now for all « € X(S),h € H, we have that ¢*(«)(h) = a(¢(h)) = 1 and hence
H CT,. Accordingly, if a € K, ie. a|p, = 0, then a|y = 0 and so a € X (5).
Consequently, K C X (S) = M. O]

Remark 2.10. It follows immediately that the dimension of a T-orbit 7" - v is
1 if and only if the elements of the support of V' are proportional over Q and
at least one is nonzero.

In addition to considering T-actions on varieties, we want to consider torus
actions on objects associated with these varieties. The coordinate ring k[X]|
of an affine variety X with T-action and the tangent space T,(X) of X at the
point x € X will be instrumental in subsequent sections.

The action of T on k[X] is defined to be (t- f)(z) = f(t7!-x), forall t € T,
f € k[X], and z € X. It is well-known that T acts locally finite (ie. for each
[ € k[X], there exists a finite dimensional subspace of k[X] that contains
T - f). In particular, this gives us that k[X] is the union of T-stable finite
dimensional subspaces. Also, the action is rational, so when T acts on these

9



subspaces, we obtain a weight space decomposition for each and hence

KX = €D kX
)

aeX(T

The action of T" on the quotient field K (X) is defined by t-(f/g) = (t- f)/(t-g).
If f and g are elements of k[X] of weight of o and 3, respectively, then f/g
has weight o — .

Let t € T and use t to denote the map ¢ : X — X given by y + t-y. Then for
zr € X7, the action of T on T, (X) is defined by ¢ - § = d,t(5), where d,t is the
differential of the map ¢ at x. If Y is a T-stable subvariety of X and y € Y7,
then T, (Y) is a T-stable subspace of T),(X).

Now let z € XT and let m, be the maximal ideal in k[X] consisting of elements
that vanish at . Thus, m, is T-stable since if f € m,, then

- f)x)=ft" z)=f(z)=0.

It follows that m2 is also T-stable and so m, and m,/m2 are T-modules
with weight space decompositions such that Q(m,/m?) C Q(m,). Recall that
m,/m2 ~ T,(X)* by the identification f +— d,f, where f is the coset f + m?2.
Thus if d, f # 0 is an element of (7,,(X)*),, for some w € QT ,(X)*), then we
obtain a nonzero f € (m,), which is then also an element of k[X],.

Remark 2.11. Any weight of T,(X)* is a weight of k[X].

This is significant as it allows us to use results about the weights of k[X] to
understand the weights of T,,(X)*.

We now turn our attention to torus actions on varieties. We begin with an
important definition.

Definition 2.12. A T-variety X is an irreducible variety with a T-action
such that X7 is finite and for all # € X7 there is an open T-stable affine
neighborhood of z, which we will denote by X,.

Our work in subsequent chapters relies heavily on T-varieties and so we will
now present many of their properties that we will require.

Given a vector space V' of dimension n+1, projective space P" can be identified
with the set P(V') of all lines [v] through the origin in V. If V' is a T-module,
then the action of 7" on P(V) is given by ¢ - [v] = [t - v].

Lemma 2.13. Let V' be a multiplicity free T-module, then any irreducible
T-stable subvariety of P(V') is a T-variety.

10



Proof. Once we have proven this for P(V'), then the result follows immediately
for any irreducible T-stable subvariety X since X7 C P(V)7 is finite and for
each o € X7, a T-stable open affine neighborhood in X is X N U, where U is
a neighborhood in P(V).

Let z € P(V)T. The T-fixed points of P(V) are the T-stable lines of V. Tt
follows from Lemma 2.4, that the only T-stable lines in a multiplicity free
T-module V' are the weight spaces V,,, of which there are finitely many. For
this reason, P(V)T is finite. We fix a T-homogeneous coordinate system on V
and denote the dual basis by {zo, x1,...,z,}. Every point in projective space
has an open affine neighborhood U which is the complement of a hyperplane
Z(x;). To see that this is T-stable let [u] € U, then z;(t - u) = a;(t)z;(u),
giving that ¢ - [u] € U. O

Lemma 2.15 below is a crucial element of the proof of Proposition 5.2 in [6]
and of our analogous work in the affine setting. In order to prove Lemma 2.15,

we will use the next lemma, which follows from Theorem 2.2 and Corollary
2.3 in [12].

Lemma 2.14. If an irreducible affine variety X has a G-action such that the
mazximal dimension of an orbit is d, then the transcendence degree of K(X)¢
over C is equal to dim X — d.

Lemma 2.15. Let X be an affine T-variety. The following are equivalent:

1) X has finitely many orbits.
2) X has an open dense orbit.

3) k[X] is multiplicity free.

Proof.

For 1) implies 2):

Since X = (T - z), if X has finitely many orbits, then X = (J(T -z) =
U(T - ). Consequently, X =T -z, for some x € X, due to the fact that X is
irreducible and thus by Lemma 2.8 1), T'- x is an open dense orbit of X.

For 2) implies 3):
Assume that X has an open dense orbit 7' - z. Let f,g # 0 € k[X], and let

y € T-w such that g(y) # 0. Thus f(t™'-y) = a(t)f(y) and g(t~"y) = a(t)g(y)
and so we have

fty) = Mg(f1 -Y)-

9(y)
Consequently, since the action of 7' is transitive on T - z,
[y
f= ( )g
9(y)

11



on the open dense orbit and hence on its closure X. Thus dim k[X], = 1.

For 3) implies 1):

Suppose that k[X] is multiplicity free and let T'-x be an orbit in X of maximal
dimension. Set d := dim(7 - z). Now let f € K(X)T, so f = fi/f> for some
f1, f2 € k[X] such that fo # 0. Then the set V := {g € k[X] | gf € k[X]}
is a nonzero T-stable subspace of k[X] and so there exists a nonzero g € V,
for some a. Thus fg € (k[X])a, but since k[X] is multiplicity free, fg = ag
for some a € C and hence f € C. Consequently, K(X)? = C, and so has
transcendence degree 0. Therefore, by Lemma 2.14, dim X = d which implies
that T'- x is dense in X. If d = 0, then X is finite and hence has finitely many
orbits. Now proceeding by induction on the dimension of X, we consider the
closed subvariety Y = X\ (T"-z), whose coordinate ring is multiplicity free since
it is a quotient of k[X]. By induction, each of the finitely many irreducible
components of Y have finitely many orbits. Hence Y has finitely many orbits
and subsequently the same is true for X. O]

2.5 T-Fixed Points

We have and will focus a great deal of attention on T-fixed points as they are
indicators of whether or not a variety possesses certain properties. Before we
discuss their use, we will establish that they actually occur.

Lemma 2.16. Every T-stable closed subset of a projective T-variety X con-
tains a T-fived point. In particular, XT # ().

Proof. Let Y be a T-stable subvariety of a projective variety X and let y € Y.
If y € YT, we are done. Otherwise, since Y is T-stable, T' -y C Y and hence
T-y CY,since Y is closed. Now T -y contains a closed orbit T - z (Lemma
2.8, 3) ) which is simultaneously an irreducible projective and affine variety.
Therefore, k[T - z] = C, which implies that 7" - z is a single point, a T-fixed
point. O

Note that this is a special case of Borel’s fixed point theorem. Now that we
know that they occur, we shall examine their usefulness.

Lemma 2.17. If X is a T-variety, then the set of singular points Sing X of
X 18 a proper closed T'-stable subset.

Proof. For a proof that Sing X is a proper closed subset of X, see Theorem
5.3 of [7]. To see that it is T-stable note that for any ¢ € T the map ¢ :
X — X given by x +— t - x is an automorphism and hence its differential
at any x € Sing X is an isomorphism. Consequently, dim X # dimT,(X) =
dim 7}, (X). O

12



Since every T-stable closed subvariety of a projective T-variety contains a 7-
fixed point, it follows from this lemma that if Sing X is nonempty then it has a
T-fixed point. Thus, proving a variety is nonsingular reduces to showing that
none of the T-fixed points are singular. Of course, the importance of T-fixed
points is not limited to identifying the presence of singular points. Whenever
it is the case that the set of all points with a particular property forms a closed
T-stable subset, if there is a point with that property, then there is a T-fixed
point with that property.

2.6 T-Curves

Our focus in the next two chapters will be T-surfaces and in our explorations
we will exploit the properties of the T-curves contained in them. As we are
interested in T-actions, it is only fitting that we begin with a Lemma that
relates T-curves to T-orbits.

Lemma 2.18. Let C be a T-curve such that C # CT, then C is a T-orbit
closure.

Proof. Clear. m

Remark 2.19. Since, by definition, a T-variety has only finitely many T-fixed
points, any curve in a T-variety is the closure of a T-orbit.

We have focused a great deal of attention on the properties of T-modules and
have mentioned that we want to relate our objects, such as T-curves, to vector
spaces. One reason for this is given the following lemma.

Lemma 2.20. Suppose that V' is a multiplicity free T-module such that no
two weights are proportional, then the only T-curves contained in V are the
weight spaces V.

Proof. Suppose C is a T-curve in V. If C = OT, then C C V. Hence
C =V} for dimensional reasons and so V' = Vj as 0 is proportional to all other
weights. Otherwise, by Lemma 2.18, C =T - v, for some v = Y v, #0 € V,
where v, € V,. Suppose that the support of v, s(v) = {ay,as,...,ax},
contains at least two elements. Since the weights of V' are nonproportional,
M = (o, a, ..., ) has rank at least 2, but then

dim7T - -v=dim7T -v =rank M > 2,

by Lemma 2.9, which contradicts the fact that dim 7" - v = 1. Thus the support
of v consists of one element, ie. v € V,, for some a € Q(V), and since V, is
T-stable, closed, and has dimension 1, T - v = V,. O
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Denote by E(X,z) the set of T-curves in a T-variety X containing a point
x € XT. It follows that for any multiplicity free T-module V such that no two
weights are proportional, |E(V,0)] is finite.

Of course, we can have many beautiful results regarding T-curves, but these
results are useless unless we know that T-curves actually occur. The final
lemma of this section guarantees that T-varieties of dimension at least 1 with
a T-fixed point contain a T-curve through that point.

Lemma 2.21. Let v € XT where X is a T-variety, then |E(X,z)| > dim X.

Proof. See Lemma 2 in [4]. O

2.7 Attractive Points

Definition 2.22. Let X be a T-variety. A T-fixed point x and X, are called
attractive if there is a A € Y (T') such that (a, \) > 0, for all o € Q(T,(X)).

Lemma 2.23. If X s an affine variety with T-action, then there is a T'-
equivariant embedding X — V', for some T-module V. In the case that x is
an attractive fived point of some T-variety X, then X, embeds into T,(X).

Proof. Since X is an affine variety, its coordinate ring k[X] is a finitely gener-
ated C-algebra and each generator is contained in a finite dimensional T-stable
subspace. Taking V' to be the sum of these subspaces, we have obtained a fi-
nite dimensional T-stable subspace which generates k[X] as a C-algebra. Since
V ~ V** generates k[V*] as a C-algebra, we obtain a surjective T-equivariant
C-algebra homomorphism k[V*] — k[X] which yields the T-equivariant em-
bedding X — V*.

Assume z is attractive and so there is a A € Y(T') such that (o, A) > 0, for all
a € QT (X)). Let m, be the ideal of vanishing of x. Using —\ to obtain a
grading on T,,(X), we have that T,,(X) is negatively graded, ie. (T,,(X))s = 0,
for all d > 0, and hence (m,/m2)y = (T,(X)*)q = 0, for all d < 0. Let
S = {fi}™, be generators of m,/m2 (chosen so that f; € (k[X,])s, where
d; > 0). The claim is that for any choice of homogeneous representatives, the
set {fi}7, generates k[X,| as a C-algebra. Given that the claim holds, taking
V := Span(S), we get a surjective T-equivariant C-algebra homomorphism
k[V*] - Ek[X,] and hence we have a T-equivariant embedding X, — V* ~
T.(X).

To see that the claim holds, we first note that for any ¢ € N, (m,)*/(m,)"*! is
generated by the images of homogeneous polynomials of degree £ in the func-
tions f;. Indeed, any element of m, has the form f = a;f; + f where aq; € C
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and f € m?2 and so any element g of m’, has the form g = 3" g1go - - - gs, where
g; = > a;ifi+§;. Multiplying this out one observes that g = p(f1, f2, ..., fm)+
g where p(fi, fo, ..., fm) is a homogeneous polynomial of degree ¢ in the func-
tions f; and § € (m,)“"l. Consequently, (m,)‘/(m,)**! is generated by the
images of monomials of degree £ in the functions f;. As a consequence of this,
if f+# 0 ¢ m’/m‘! is homogeneous of degree d (with respect to the grading
on k[X,| obtained from —X\), then

f_:Za‘] fiéij)

j=1  i=1

where ) ¢;; =, for each j, and d = > d;¢;;. Thus, since d; > 0, d > /.

We will prove by induction that for each ¢ € Z-q, k[X,] = m{ & Uy, where
U, C Span(polynomials in the functions f; of degree strictly less than /)

is T-stable. For ¢ = 1, k[X,]/m, ~ C and the base case holds. For ¢ > 1,
we have k[X,] = m{! @ U, and from the above discussion we have that
m{t =mél @V, where

Vi—1 € Span(monomials of degree ¢ — 1 in the functions f;).

It follows that k[X,] = m{ ® V,_, ® U,_1, so taking U, = V,_; ® U,_,, we are
done.

Finally, let g € (k[X,])q. Assume g € m’, for some ¢ > d. But then there
exists a k such that g € m* \ mF™1 (embed k[X,] into the Noetherian local
ring k[X;]m,), so that d > k > ¢ by the above argument, which gives us a
contradiction. Thus, there exists an ¢ such that m{ contains no element of
degree d. Consequently, g € U, and hence k[X,] is generated as a C-algebra
by {f;}™,, as required. O

Remark 2.24. If x is a smooth attractive T-fixed point of a T-variety X,
then X, ~ T,(X) (T-equivariantly).

We will state two equivalent notions to Definition 2.22, but first we provide
some clarifying remarks. Given a morphism f : C* — X of varieties, we use
the expression

lim f(c) =y

c—0

to mean that we extend f to a morphism f : C — X, by defining f(0) = v.
Working in a vector space, we have that this gives us the usual notion of a
limit.

Also, to say that a subset S of (V') lies on one side of a hyperplane in
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X(T) ® Q ~ Q™ means that there is a linear function on Q" that is strictly
positive on S.

Lemma 2.25. Let X be a T-variety and let x € XT. The following are
equivalent:

1) x is attractive.
2) QUT,(X)) lies on one side of a hyperplane in X(T) ® Q.

3) There ezists a A € Y(T) such that lin% M) -y=ux, forally € X,.
c—

Proof.
For 1) implies 2):
Use (-, A) extended Q-linearly.

For 2) implies 1):

Let T ~ (C*)", so that X (7T) ~ Z". Assume Q(7,(X)) lies on one side of
a hyperplane f in Q™. Let {e;}"; be the standard basis of Q™. Suppose
fle;) = ‘;—:, for some a; € Z,b; € N and let m = byby - - - b,. Thus f, defined by
f(e;) = mf(e;), when restricted to Z" is an element of Y (T') which is strictly
positive on Q(7T,(X)).

For 1) implies 3):
By Lemma 2.23, there is a T-equivariant embedding of X, into T, (X). Let
Y= Vs € X,, for some o; € Q(T,(X)). Therefore,

)‘(C) Y= )‘ Zvaz Zaz Uocl Z & UO@?

for some d; € N, since (a;, \) > 0. Thus,

hm)\ y—?_r}an Vo, = 0=1lmA(c) -z = z,

c—0
since z € X7T.

For 3) implies 1):

Assume there exists such a A. Using this A, we obtain a Z-grading on 7, (X).
We can embed X, into a T-module V', which also has a A induced Z-grading.
We may assume that x = 0. Then

lime-y=IlimA(c) -y =0,

c—0 c—0

for all y € X, implies that X, C V*. It follows from the definition of the action
of T on k[V*] that k[V*]; =0 for d > 0 and k[V ']y = C and since k[X,] is
a quotient of k[V*], the same holds for k£[X,]. The ideal m, is homogeneous
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and so

m, = @mw NEk[X.]a= @ k[ Xz]a-

d<0 d<0

Consequently, since m,/m2 ~ T,(X)*, T,(X)5 = 0 for d > 0 and by duality
T.(X)a =0, for all d < 0. Therefore, (a, A\) > 0, for all a € Q(T,.(X)). O

Property 3 gives justification for the name attractive point and two immediate
consequences. The first is that X, is unique. Indeed, assume that X, and
X! are both open T-stable affine neighborhoods of the attractive point z, let
y € X, and consider the continuous map f : C — X, given by ¢ — \(c) - y.
Since f~1(X, N X) is open (ie. infinite), there is a nonzero ¢ € C such that
f(e) = M) -y € X., which implies that y € X.. By symmetry, we have
X, = X_.

The second consequence is that X, contains only one T-fixed point, namely

z. For if y € (X,)7, then

r=limA(c) -y = }:1_1)%3/ =y.

c—0

Thus attractive points of T-varieties are isolated. Also, note that an attractive
point x is equal to 0, when viewed as an element of 7, (X), as obtained in the
proof 1) implies 3).

We mentioned above that given a T-variety X and a T-fixed point z, |E(X, z)| >
dim X, but |E(X,x)| is actually determined in the following case.

Lemma 2.26. Suppose X is a T-surface with attractive point x such that
|E(X,x)| is finite, then |E(X,z)| = 2.

Proof. See Corollary 1 and Corollary 2 in [3]. O
Finally, we will require the following lemma concerning attractive points in
Chapter 3. It is Lemma 2.1 in [6].

Lemma 2.27. Given a map f : X — Y of affine T-varieties, where X con-

tains an attractive T-fived point x, then f is a finite morphism if and only if
the fibre f=1(f(x)) is a finite set.
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Chapter 3

G/B

Let G be a connected semi-simple algebraic group, B a Borel subgroup, and
T C B a maximal torus. In this chapter we will examine Proposition 5.2 by
Carrell and Kuttler given in [6] regarding singularities of T-surfaces in G/B
and the open affine neighborhood of a T-fixed point. The same technique will
be applied in the next chapter.

3.1 The structure of G/B

The homogeneous space G/B is called the flag variety of G, a name which
stems from the concept of the flag variety of a vector space. A full flag of an
n-dimensional vector space V isachain 0=V, cV; cV, Cc.---CV,=V
of subspaces of V' in which dimV; = 7. The collection of all full flags of a
vector space is called the flag variety of V', denoted F(V'). For G = GL,(C)
or SL,(C) and B the corresponding subgroup of upper triangular matrices
G/ B is the flag variety of C". The flag variety of a vector space can be given
the structure of a projective variety. Indeed, G/B is an irreducible smooth
projective variety.

Finally, G/B is a T-variety. We define the action of 7" on G/B as usual by
t-gB = (tg)B. Since G/ B is a projective variety, by Lemma 2.16 (G/B)T # ().
In fact, (G/B)" is a finite set, since there is a one-to-one correspondence
between the Weyl group W = Ng(T)/T (which is finite) and (G/B)T in which
w corresponds to wB, where w is a representative of w in Ng(T'). Henceforth,
we will identify elements of (G/B)T with the corresponding element of W.

Now G/B is a T-variety, a fact which follows easily from Lemma 2.13. How-
ever, we will provide a concrete proof, so that we have an explicit description
of the objects involved. To that end, let u € (G/B)T. We will show that
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u has an open affine T-stable neighborhood. Suppose that T" acts on G by
conjugation and let U~ be the unipotent radical of B~, the Borel subgroup
opposite B. As a normal subgroup of B~ =TU~, U™ is T-stable. Now con-
sider the usual projection map 7 : G — G/B. The restriction of 7 to U~ is a
T-equivariant open immersion and hence U~ ~ 7|y-(U~) = U~ -e , where U~
acts on G by left multiplication. Thus, U~ - e is a T-stable open smooth affine
variety. Clearly, e € (G/B)T and since W acts transitively on (G/B)?, there
is a w € W such that u = w - e. Now, we choose a representative wy € Ng(T)
of the coset w, so that u = wg - e. Let U := (woU~) - e = (woU " wy 'wy) - €.
Then U is the open T-stable affine neighborhood of w, ie. (G/B), = U.

Consequently, any closed irreducible T-stable subvariety X of G/B is also a
T-variety since X7 C (G/B)T and for any z € X', (G/B), N X is the open
affine T-stable neighborhood of x.

3.2 T-actions on G/B and g/b

As previously mentioned, the action of T on g is given by the adjoint repre-
sentation Ad. Since T and B are T-stable, h and b are T-stable. We define
the action of T on g/b in the canonical way. Let ® = Q(g) \ {0} be the set of
roots of G relative to T. Since G is a semi-simple algebraic group and C has
characteristic 0, g is a semi-simple Lie algebra.

We established in Chapter 2 that

g= (@90) @b,

acd

where g, = {g € g | t-g = a(t)g, for all t € T}. It is well-known that
dim g, = 1 for all « € ® and thus from Lemma 2.4,

b= @gaa

a€A
for some A C €(g).

We will introduce a notion of positivity on ®, in which case we denote the set
of positive roots by ®* and the set of negative roots by ®~. We let

" :={aed|g, Cb}
which is equivalent to defining

Ot :={a € ®| (a,\) >0},
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where A is an element of Y (7") that depends on the choice of B. We write
a > 0 to indicate that @ € &% and a < 0 to indicate that @ € ®~. Note

that @~ = —®*. Also, since ® is a reduced root system, the roots in &~ are
nonproportional.
Thus
g=( @ go) B b
acd—
and hence
g/b = @ Ja-
acd—

We have one additional description of g/b and that is
g/b ~T.(G/B).

Related to this, we have that the tangent space at an arbitrary u € (G/B)7 is

T.(G/B) ~ g/ubu™" ~ @ Oa,
w1l (a)ed—

where u = w - e, for some w € W.

From these descriptions, we obtain the following important fact about the
T-fixed points of G/B.

Lemma 3.1. Every element of (G/B)T is attractive.

Proof. We will first consider the T-fixed point e. Since

T.(G/B) = @ ga.

acd—

we know from our notion of positivity on ® that there is a A € Y(T') such
that (a,\) < 0, for all @ € ®~. Hence (a,—A) > 0 and it follows that
e is attractive. For arbitrary u € (G/B)*, we know that Q(T,(G/B)) =
{a € X(T) | w(a) € &} where u = w - e, for some w € W. Then
(w™(a),=A) = (a,w(=N)) > 0, for all a € Q(T,(G/B)) and hence u is

attractive. O

3.3 T-Curves in G/B

The study of singularities of T-surfaces in GG/B heavily involves the use of
T-curves and a great deal is known about these objects. We know from the
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previous chapter that every T-curve C' in GG/B is a T-orbit closure, since C' is
not equal to the finite set C7. Denote by E(X) the set of all T-curves in X,
where X is any T-stable subvariety of G/B.

Lemma 3.2. Let X be a nonempty T-stable subvariety of G/B. Then the
following hold:

1) E(X) is finite.
2) Every element of E(X) is smooth.
3) Ewvery element of E(X) contains exactly two T-fized points.
4) If C # D are elements of E(X) with nonempty intersection, then
CND = {u}, for someu e XT.
Proof. See Theorems D and F in [4]. O

Recall that E(G/B,u) is the set of T-curves in G/B containing u and let U,
be the subgroup of G with Lie algebra g,. The following description of the
elements of E(G/B,u) can be found in Theorem F of [4].

Lemma 3.3. Let u € (G/B)? and suppose that C € E(G/B,u), then C =
U, -z, for some a € ® and CT = {u,r u}, where r, is the reflection in the
Weyl group W corresponding to «.

So now we have a characterization of the elements of F(u, G/B) and we know
that |E(u, G/B)| is finite, but it is also the case that |F(u, G/B)| is known.

Lemma 3.4. There are precisely d T-curves through u € (G/B)T, where
d=dimG/B.

Proof. Since (G/B), ~ T,,(G/B), the result follows from Lemma 2.20. O

3.4 T-Surfaces in G/B

Given that we have focused a great deal of attention on torus actions, it should
come as no surprised that every T-surface in G/B is, in fact, a T-orbit closure.

Lemma 3.5. A T-surface in G/B is a T-orbit closure.
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Proof. Let ¥ be any T-surface in G/B and assume that ¥ does not contain an
orbit of dimension 2. Since any orbit of dimension 0 is a fixed point, there are
only finitely many 0-dimensional orbits. Also, the closure of any 1-dimensional
orbit is a curve C' which contains exactly two fixed points and any two distinct
curves contain at most one fixed point in common. Therefore, there are only
finitely many curves and subsequently 1-dimensional orbits, but ¥ cannot be
the union of finitely many curves and fixed points. Thus, > contains a 2-
dimensional orbit and is equal to its closure. O

For the remainder of this section we will present the proof of Proposition 5.2 in
6], which will be stated after the proof. We assume that G has no Gs factors,
ie. ® does not contain a copy of Gy. Let 3 C GG/B be any T-surface. Thus
¥ =T -y, for some y € G/B. Let u € X7 which we know to be attractive.
We may assume that u = e, since ¥ ~ u~'¥ as varieties, where u =Y is also
a T-surface. The goal of this section is to determine when ¥ is smooth and
to describe ¥,,. We will first provide a general picture of how all of our main
objects relate to each other.

As above, ¥, =X N (G/B), =T -yNU, where U := U~ - e. We have
Y. CU~T,(U)~T,G/B) ~g/b.

But since X, T -y is nonempty and T-stable, T"-y C >, and hence ¥, =T -y
in g/b.

By Lemma 2.23, there is a T-equivariant embedding of 3, into 7,(X) and so

Sy = Tu(3) C Tu(G/B) = @ g-a.

acdt

Now since T,(X) is a T-stable subspace of T,,(G/B),
T.(2) = P ga.
acl

for I' C &~ where each g, has dimension 1. In particular, this means that
dim7,,(¥) = |I'|. Thus determining whether or not a T-fixed point u € ¥ is
singular reduces to determining I'. To do this we use the fact that

—T = Q(T,(2)") € Qk[S.])

and employ Lemma 3.8, a result concerning the weights of k[¥,]. Note that
since I" is a subset of ®~, the weights of T,(3)* are positive roots.

Let h € T,(X)*. Since 3, embeds in T,(X), we can restrict h to ¥,. Now
taking the differential of h|y, at u gives dy(h|s,) = h. As in the previous
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chapter we let m, be the ideal in k[3,] of all functions vanishing at v and we
have that T,,(X)* ~ m,/m? by d,f — f. Thus h|s, € m,. Note also that if
hls, = 0, then d,(h|s,) = h = 0 or equivalently if 4 # 0, then h|s, # 0. There
is a nice relationship between weights of T, (X)* and the restrictions to ¥, of
variables on the weight spaces g, contained in T, ().

Lemma 3.6. Let {a1,ag,...,an} C QUT,(X)*) and let x,, € k[X,] be the
restriction to X, of the variable on g_,,, for each i. If

m m
E ;0 = E bic;,
i=1 i=1
where a;, b; € Ny, then
m m
a; b;
[[z =1
i=1 i=1
up to scalars.

Proof. Let
a = Z a; 0.
i=1
Then,

m m
ngfu H xgjz € k[Xula-
i=1 i=1

Since ¥, is a T-orbit closure, by Lemma 2.15, the integral domain k[¥,] is a
multiplicity free T-module. Therefore,

for some ¢ € C (which we can assume is 1 by an appropriate choice of vari-
ables). O

From the above discussion and the previous Lemma we obtain the following:

Lemma 3.7. Any linear combination Zaiai of weights of T,(X)*, with
i=1
m,a; € N and Zai > 1 is not a weight of T,,(X)*.

=1

Proof. Let ay,qs,...,a, be weights of T,(X)* and let x,, € k[X,] be the
restriction to ¥, of the variable on g_,,, for each i. Assume that w = > a;;
is a weight of 7,(X)*, such that > a; > 1 and let x,, € k[X,] be the restriction
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to X, of the variable on g_,,. Thus, Lemma 3.6 implies that =, = ¢]] xg, for
some ¢ € C. From the above discussion, x,, € m,, for each ¢, and since ) a; >
L, [Tx% € m?. Therefore, d,z, = 0 (in m,/m2), which is a contradiction. [J

As previously mentioned, we will use the T-curves in ¥ to analyze ¥. By
Lemma 2.26, |E(X,,u)| =2, so let C,, and D,, be the two curves in E(3,,u).
Then by Lemma 2.20, C,, = g_, and D,, = g_g, for some o, € —I' C &*. So
9-a B g-5 C T,,(X), which gives us that a and S occur as weights of T,,(X)*.
Now we need to determine whether there are any others.

Let z4,25 € k[X,] be the restrictions to 3, of variables on g_, and g_z in
T.(3), respectively (so both are nonzero). Note that z, and x have weight o
and f3, respectively, in the T-representation on k[¥,] and that z,,zs € m,.

Lemma 3.8. Let w € Q(k[X,]). Then there exists an N € N such that
Nw = aa + b3, for some a,b € Ny.

Proof. Let p : ¥, — g_o ® g_p be the restriction to ¥, of the unique 7-
equivariant projection p : T,(X) = g_o ® g_g, so then d,p = p. Now p(u) =0
since u is attractive, ie. u = 0. If the fibre over 0 is infinite, then its dimension
is at least 1 and furthermore, by attractiveness, every irreducible component
contains u. Hence, by Lemma 2.21, it contains at least one T-curve through u,
which we may assume is C,,. But then p(C,,) = 0 implies that d,p(7,(C,)) = 0.
Consequently,

pg-a) = P(Tu(Cu)) =0,

which is a contradiction. Thus the fibre over p(u) is finite and hence by
Lemma 2.27, p is a finite morphism. Therefore, by definition, since g_, @ g_3
is affine, the C[z,, z]-algebra k[X,] is a finitely generated Clz,, z3]-module,
ie. p*: Clza, x5 — k[X.] is a finite ring homomorphism. In particular, p* is
integral and so k[¥,] is integral over C[z,, zg].

Let f # 0 € k[¥,],. There is an N € N such that
SN =hy NN haf + ho,

where hy_; € Clza,zg] , for 1 < i < N, and hg # 0. Since C[z,,x5] has a
weight space decomposition,

hvoi= Y hyoip,

neX(T)

where hy_;, € Clz,,xg],. Since f € k[Z,],, fV has weight Nw, so in fact
N
fN = Z thi,iwa_Z7
i=1
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where hg yo 7# 0 and each summand has weight Nw. Therefore, Nw is a weight
of Clzq, x4 O

Assume w € Q(T,,(X)*) C k[%,] and let x,, € k[%,] be the restriction to ¥, of a
variable on g_,,. By Lemma 3.8, there exists an N € N such that Nw = aa+b0,
for some a,b € Ny. Since the positive roots «, 3, and w generate a root system
of rank 2, we can analyze the equation Nw = aa+ bf for o, f and w in a copy
of As, A1 ® Ay, or By (we have excluded Gy by assumption). If a, § and w sit
in a copy of Ay or A; @ Ay, then we immediately obtain that w = d’a + /[,
for some o', € Ny. But by Lemma 3.7, ' + 0 = 1, since w is a weight of
T.(X)*. Therefore, w = « or 8. If w, a, and § are contained in a copy of B,
then either w = a’a+ 'S or 2w = d'a+ '3, for some o', b’ € Ny, in which case
w = o or f3, as above, or w = (o + f3).

If it is always the case that w = a or 3, ie. a and  are the only two weights
of T,,(X)*, then T,,(¥) = g_o ® g and hence dim 7, (¥) = 2 = dim ¥, giving
us that X is nonsingular at w. In particular, if G is simply laced, ie. all roots
have the same length, then «, § and w sit in a copy of Ay or A; & A; and
hence ¥ is nonsingular at u.

In the case that there is an w = L(a + ), Tu(X) = g-a D g5 B 91 (ats)-
Consequently, u is a singularity of ¥ and 22 = x,25 (Lemma 3.6). Let a =
(22 —x,13), then the prime ideal a is T-stable since 2 — 1,24 is an eigenvector
of weight a+ . Thus, Z(a) is a T-surface in T,,(X). Consequently, ¥, C Z(a)
and is equal for dimensional reasons.

Thus we have proven the following Proposition.

Proposition 3.9 (Proposition 5.2 of [6]). Let ¥ be a T-surface in G/B, where
G is assumed to have no Gy factors. Then for u € X1, ¥ is either nonsingular
at u or the two elements of E(3,u) have weights o and 3 which are orthogonal
long roots sitting in a copy of By in ®. In that event, the open neighborhood
Y. 18 isomorphic to a surface given by the equation 2> = xy for the variables
z,y,z € k[S,] of weights o, B, and 5(ca+ f3), respectively.
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Chapter 4

G/ P

In this chapter we consider an infinite-dimensional analogue to the proposition
examined in the previous chapter. For general results presented in this chapter
on the affine Grassmannian see [10].

4.1 The Structure of G/P

Let G := SL,,(C((x))) and P := SL,(C[[z]]), for some n € N, then the quotient
G/P is a projective ind-variety, known as the affine Grassmannian. So,

where each X; is an irreducible normal finite dimensional projective variety.
Now let B be the lower triangular Borel subgroup of SL,(C) and let B =
ev ! (B), where ev : P — SL,(C) is entry-wise evaluation at z = 0. Then B
is the set of matrices in P whose entries above the diagonal have no constant
term. Let T' C B be the maximal torus consisting of diagonal matrices in
SL,(C), ie. the subset of diagonal matrices in G with constant entries (so
T ~ (C*)" 1) and let T act on G by conjugation. Let S := C*, where S acts
on each g € G by acting on each entry of g by the rule

oo o
s (=30
=L =74

for all s € S. Since these actions commute we can set T := T x § ~ (C*)".

Denote the affine Weyl group of G by W= Ng(T)/T. Then for each w € W
the set
X(w) = BwP
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is called a Schubert variety. This object is extremely useful as it is an ir-
reducible finite dimensional normal projective variety such that E(X(w),y)
is finite, for all y € X(w)f. Returning to G/P, for each ¢, one may choose
X; = X (wy), for some w; € W. We have that the set of T-fixed points of G/P
is in a one-to-one correspondence with the points of the set /V[?P, the set of min-
imal length representatives of /W/ W, where W is the Weyl group of SL,,(C).
Henceforth, we will identify the fixed points of G/P with the corresponding
clement of WP.

The set of T-fixed points of G /P is discrete and hence
X(w)T = (G/P)T N X(w)

is finite. Thus, since X (w;) is normal and irreducible, X (w;) and any of its 7-
stable irreducible subvarieties are T-varieties (See Sumihiro’s Theorem in [13],
[14]). Also, the T-fixed points of G/P form a single orbit under the action of
the affine Weyl group.

4.2 T-actions on §/p

We will denote the Lie algebra of SL, (C) by g, ie. g is the set of n X n matrices
with trace 0. The set ® of roots of SL,(C) with respect to T is a root system
of type A,,_1. Now g has root space decomposition

s= P o.@b,

acd-
where b is the subspace of g consisting of upper triangular matrices.
Let g = g ® Clz,z7'] and let p = g ® C[z]. The action of T on § is given by
(t,s) - (g@a") =tgt™' @ s'a".

So if g € g,, then we have

(t,s) - (9@ ") = a(t)g® s'z" = a(t)s'(g ® z*).
Defining (o + hd)(t, s) := a(t)s" we see that the roots of g are

d={a+hi|acdandheZ}U{hd|heZ\{0}}

and )
¢t ={a+hd|h>00rh=0and a > 0}.

A root is said to be imaginary if it is an element of {hd | h € Z \ {0}},
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otherwise it is called real. Set
o, ={acd"|h>0}

and X )
¢>}_L<0:{d€q)_|h<0}.

As in the classical case, there is an alternate way of expressing d+. First

~

write A + dd for the element (A, d) € Y(T') ~ Y(T) @ Z. Now we have that
¢t = {a € @ | (o, \) > 0}, for some A € Y(T) and since ® is finite there is
a d € N such that [(a, \)| < d for all & € ®. Thus (o + hd, A\ + dd) = b+ dh,
where |b| < d and from this we have that

dF = {a +hd | (o + hd, A + dd) > 0}.

If & = a+ hod, where o # 0, then g5 = go ® (Clz,z7!])s,, where dimg,
and dim(C[z,z7!]);,, are both 1 and hence dim g4 = 1. Since a T-eigenvector
appears in p if and only if A > 0, we have

a/p=EPaa

h<0

As in the classical case,

T.(G/P) = g/p
and for arbitrary u = w - e € (Q/P)f, for some w € W, we have

T.G/P)= D a

dew_l(‘i>;<0)

From this and the definition of ®* it follows that the elements of (G/ P)T are
attractive (in every Schubert variety), using a proof similar to that of Lemma
3.1.

4.3 T-Surfaces in G/P

In this section we will apply the techniques of the classical case to our new
objects, but first we need to verify that this is possible. Let ¥ C G/P be a T-
surface. So ¥ is a closed irreducible subvariety of some Schubert variety X (w)

and hence is a T\—variety. Now, let u € Zf, with open affine neighborhood 3.
As before we may assume that u = e. By Lemma 2.12,
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Lo TS C @B da
acd,

Since ¥, contains a dense orbit, by Lemma 2.15 k[%,] is multiplicity free and
hence T, (X) is as well. Thus

T = (@ e( P L

ael’ heACZ<q

where I' is some subset of Cﬁ};o consisting of real roots and where L5 is a
line in h ® (Clz,27])n. Let C, and D, be the two T-curves in E(S,,u),
with corresponding T -curves C' and D, respectively, in E(X(w),u). Then
T.(C) = g4 for some & € &, _, with a # 0 (see Proposition 12.1.7 in [10]).

~

Let Cy, = T - v, for some v € T,,(¥). Now by Lemma 2.9, since dimC,, = 1,
the rank of the Z-module M generated by the support s(v) of v is 1 and hence
M ~ 7 and the elements of s(v) are proportional. Recall that

fv = ﬂ ker .

So the connected component (7,)° of T, is a codimension 1 torus which acts
trivially on 7 - v, hence on C,, and thus on T.(C) = ga. Therefore, (ﬁ,)o -
ker&. Let N = ker(X(T) — X((T,)°)) (restriction), so N ~ Z and contains
M. Therefore, M = nN for some n € Z, which gives us that na € M. Thus
the elements of s(v) are proportional to & and since no other element of Cf>,: <0
is proportional to &, v € g4. Consequently, €\, = ga, which we will write
instead as §_s, for & = a + hod € ®;_,. Similarly, we have D,, = g_j, where

B =0+hsd € d_,and §#0.

As before, & and 3 are weights of T),(2)* and we want to determine if there are
any others. To that end, let & be any weight of T,(3)*. Since & € Q(k[X,]),
by Lemma 3.8, Nw = a& + bB, for some N € N and some a,b € Ny, where at
least one of a or b is nonzero, since N # 0.

Remark 4.1. Since we can consider the roots o and [ as being contained in a
root system of rank 2, ie. a copy of Ay or A; @ A; in ® and since these are the
only rank 2 roots systems contained in the roots systems of type A, D or E, it
now becomes clear as to why all results to follow hold if we replace SL,,(C((z)))
by G(C((x))), where G is a connected semi-simple algebraic group of type A,
Dor E.

Lemma 4.2 below gives us the possible forms of @ based on the above equation.

Lemma 4.2. Let & = w+ hyd such that N& = ad + b3, for some N € N and
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some a,b € Ny, then

except when [ = +a.
If B = «, then
w=a+ h,0, where hy, < h, < hg.

If 6 =—a, then w =
((ha + hg)cr +1)0,

&+ ((ho + hg)er +1)d, or
B+ ((ha + hg)er +1)0,
where ¢, € Ny and 0 <1 < (ho + hg).

Proof. From the equation N(w + h,d) = a(a + had) 4+ b(5 + hsd), we obtain
the two equations Nw = aa + b and Nh,, = ah, + bhg.

We will first consider the case where § # +a and w # 0. Although «,
# 0, according to our notion of positivity on ®, o could be either positive or
negative and the same holds for 5. These roots are elements of A,,_1, but since
b # +a, a and § form a root system of rank 2 and hence we only consider
that they sit in a copy of As or A; @ A;. From the relation Nw = aa + b@,
for some N € N and some a,b € Ny, we obtain w =«, f,or a+ 3. If w=q,
then Na = aa + bf implies that N = a and b = 0, since o and ( are linearly
independent. Then from the equation Nh, = ah, + bhg, we obtain h, = h,
and thus @ = &. Similarly, if w = 3, then © = B If w=a+ 3, then from
N(a + 8) = aa + b we obtain that N = a = b and hence h, = h, + hg.
Therefore w = & + B Now if w = 0, then 0 = aa 4 bF implies that § = —a,
which we have assumed is not the case.

In the case where 5 = «, we have Nw = (a+b)a, sow = “T*b&. Now since ® is

reduced, a+b > 0, and N > 0, we obtain that w = « and “T*b = 1. Therefore,
N = a+band (a+b)h, = ah,+0bhg. It follows that a(h, —hs)+0b(h,—hg) =0
and so exactly one of h, — h, and h,, — hg is 0 (not both since & # B implies
ho # hg) or exactly one is strictly greater than 0. Without loss of generality,
assume h, < h,, < hg. Therefore, © = o + h,6, where hy, < h,, < hg, as
required.

In the case where 3 = —q, we have Nw = (a—b)a which implies that w = “La.

Therefore, either w = a and ‘%b =1, w = —a and “T’b = —1lorw =0 and
a = b. For the first possibility, N = a — b and so (a — b)h,, = ah, + bhg. Thus
a(hy — ha) = b(hy + hg) >0

and hence h, < h,. By the Division algorithm applied to h, — h,, there exist

30



an r where 0 <7 < (ho + hg) and a ¢, € Ny such that,

O=a+hyd=a+h.d+ ((ha +hg)er +7)0 = &+ ((ha + hg)er +1)0.

For the second possibility, N = b — a. From this we obtain hs < h, and

& = B+ ((ha+hg)c,+7)8. For the remaining possibility, it follows immediately
that & = ((ha + hg)e, +1)0. O

This lemma gives rise to the following theorem.

Theorem 4.3. If 5 # +a, then X is nonsingular at u and ¥, is smooth.

Proof. By Lemma 4.2, since § # +a, @ = @, B, a+ B However, if w = & + B,
then by Lemma 3.7, @ is not a weight of 7, (X)*. Hence & and 3 are the only
weights of T,,(X)* and the result follows. O

Unfortunately, if 5 = +c, then we can not eliminate the possibility that T, (%)*
has weights other than & and B since not all 7-surfaces are smooth. Although
we do not know exactly how many weights occur, we can place bounds on the
number of possible weights. From these bounds we obtain some conditions
under which ¥ is nonsingular at u. We begin by examining the case where

B = a (so hy # hg).
Lemma 4.4. If B = «, then there are at most hg — h, + 1 weights of T,,(3)*.

Proof. This follows immediately from 4.2, since there are hg — h, + 1 natural
numbers between h, and hg, inclusively. O]

We will now consider what happens when hg — h, =1, 2, or 3.

Theorem 4.5. Suppose 8 = a. If hg — hy = 1, then X is nonsingular at u
and X, s smooth.

Proof. By Lemma 4.4, there are at most hg — h, + 1 = 2 weights of T,(X)*
and hence o and 3 are the only weights. O]

Theorem 4.6. Suppose = «. If hg—h, = 2, then either X is nonsingular at
u or X, 1s isomorphic to a surface given by Talp = I(%, where x4, Tp, To € k[2.]

of weights &, 3, %(64 + B), respectively.

Proof. If hg — h, = 2, then there are at most 3 weights of 7,,(X)*. If there are
only two weights then X is nonsingular at u, otherwise there is a third weight
@ which, by Lemma 4.2, has the form « + h,d, where h, < h, < ho + 2, ie.
h,, = hs + 1. Consequently, & + 3 = 2% and hence & = %(d + @) The result
follows as in Chapter 3. O
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Remark 4.7. If hg — h, = 3, then there are at most 4 weights of T, (X)*
where & = a + h,0, B = a + (hy + 3)0, and the two possible weights have
the form W, = a + (hy + 1)§ and Wy = a + (hy + 2). Again, either 2, 3, or
4 weights occur. In the first case, ¥ is nonsingular at . In the second case,
if W appears, then 2a + B = 3w, implies that X, is isomorphic to a surface
given by 2315 = a3, where x4, 25, 75, € k[X,] of weights &, B, . Likewise,
2

if Wy appears, then ¥, is isomorphic to a surface given by xsx 5

= z3,. Now
in the case that all 4 appear we have that

d—i—ﬁ:(ﬁl—i—(ﬁ% CAM+L§2:2051, and B—F(ﬁl:zﬁg

Thus

2

_ _ 2
Taly = Loy Lans TaLay = Tg,, and TiTay = Xg,-

The ideal

e 22
0= (TaTj — T, Tan TaTan — Tgpyr Tl — Tgy)

is prime (verified by Maple) and so defines an irreducible surface which contains

Y. Thus ¥, ~ Z(a).

We will now consider the situation where § = —a. This case is more compli-
cated than the previous one as any additional weight can assume one of three
forms. We shall refer to these three forms so frequently that the following
notation may be useful.

Definition 4.8. Let & = a + h,0 and B = —a + hgd and let r € Z such that
0 <r <d= hy+ hg. Wesay a weight w of T,,(X)* is of type ra, rb, or rc
if & = ((ha + hg)er +7)0, &+ ((ha + hg)er +1)0, or B+ ((ha + hg)e, +1)0,
respectively.

For simplicity, let d = h, + hg. Thus d0 = & + B We will work towards
producing an upper limit for the number of weights that could occur. At the
moment, we have that there are d possible values for the remainder r. So now,
for a fixed r, we want to determine how many weights of each type can possibly
occur and whether or not weights of different types can simultaneously occur.
We start with a Lemma which places bounds on the quotient ¢, of any weight
that occurs.

Lemma 4.9. If (dc, 4+ r)d is a weight of T,,(X)* and (dc, +r)d is a different
weight of k[X,], ie. (dc.+1)d can be expressed as a positive linear combination
of weights of T,(X)*, then ¢, < .. If &+ (de, +1)0 is a weight of T,,(X)* and
G+ (dc. 410 is a different weight of k[S,], then ¢, < c.. If B+ (de, +7)8 is a
weight of T,(2)* and B+ (dc.+1)8 is a different weight of k[,], then ¢, < ..

Proof. Assume ¢, < ¢,. For type ra we have

~

(de, +7)0 =d(e, — )0+ (dc, +1)0 = (¢ — &) )a + (¢ — )5 + (dc,. + 7)o
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and hence is a positive linear combination of weights of T;,(X)* in which the
sum of the coefficients is at least 1. Thus by Lemma 3.7, (dc, + r)d is not a
weight of T,(X2)*, a contradiction.

For type rb, we obtain

&+ (dey +7)8 = (¢r — A)a + (¢r — )G+ (& + (e +1)8),
which as above leads to a contradiction and for type rc,

B+ (der +1)6 = (¢ — )i+ (e — )3 + (B + (dc, + 7)8),
which also leads to a contradiction. O
With this condition in place, we can now restrict the number of weights that
appear of a given type.
Lemma 4.10. If § = —a, then for each 0 < r < d, there can occur at most

one weight of T,,(3)* of each type ra, rb, and rc.

Proof. Fix 0 < r < d. Assume @ = (dc¢, + )0 and v = (dc, + r)d are distinct
weights of type ra such that ¢, < ¢,.. By viewing @ as linear combination of
itself, from Lemma 4.9 we obtain that ¢, < ¢,. Thus we have a contradiction.
For type rb (resp. r¢) , we add the term & (resp. ) to @ and © and proceed
as above. O

As was hoped would be the case, we can limit the number of possible weights
further by comparing weights of different types.

Lemma 4.11. For a fized remainder r, weights of types ra and rb cannot both
occur as weights of T,,(X)* and weights of type ra and rc cannot both occur as
weights of T,(2)*. If & + (dc. + 1)0 and B + (dc” 4 r)8 both occur as weights
as weights of T,,(X)* for a fixved r, then ¢, = c..

Proof. Fix 0 < r < d. Let @ = (de, +7)d, ¥ = &+ (dc, +1)d, and i =
B+ (dc! +r)d.

Assume both @ and © occur. Then since & + & = & + (de, + r)d, by Lemma
4.9 we have ¢, < ¢,. Since

B40= (=) + hgb + o+ hed + (dé. +1)6 = (d(c. + 1) + 70,

we also have ¢, < ¢, + 1, by Lemma 4.9. Thus, ¢, — 1 < ¢. < ¢,, which is a
contradiction. The case for type ra and type rc is proved similarly.
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Now if  and /i both occur as weights, then a+23+0 = S+ (d(c.+1)+r)d gives
us that ¢/ < ¢, by Lemma 4.9. Similarly, since 2a+a+i = a+(d(c/+1)4+1)6,
we have that ¢. < ¢!. Hence, ¢, = ¢. O

Taking into account these restriction, we have the following upper bound for
the number of weights that may appear:

Lemma 4.12. If § = —a, then there are at most 2(hy+ hg) weights of T,,(3)*.

Proof. For each r such that 0 < r < d, there is at most one weight of each
type ra, rb, and rc, by Lemma 4.10. By Lemma 4.11 at most two types can
occur for a given r and hence there are at most 2d weights. O]

Remark 4.13. It was noted above that for the fixed point u = e, the weights
— (v + had) and —(8 + hgd) of the T-curves contained in 3, have hy, hs > 0.
For an arbitrary fixed point, this may not be the case (ie. h, or hg could be
0) since our roots are elements of w(@,;o), for some w € W. In addition,
although we are working with a T-surface in G /P, all of the results presented
are true for T-surfaces in G /B. Indeed, for the T-fixed point u = eBB, we have

HED

which differs from our original case only by the addition of roots @ = w + hd,
where h,, = 0 and w < 0. However, we did not use the fact that h,, hs # 0 in
our root considerations above. Consequently, in either of these contexts, the
following theorem holds.

Theorem 4.14. Let f = —a. If ho + hg =1, then ¥ is nonsingular at u and
Y 18 smooth.

Proof. Since h,+hg = 1, Lemma 4.12 gives us that there are exactly 2 weights
of T,,(X)* and hence of T,,(X). O

Remark 4.15. If § = +«, then a and [ are contained in a copy of A;. So
we may assume that 7" is a subset of SLy(C) and so the weights of the action
of T on sly(C) are £2 and 0. For G = SLy(C((z))) and P = SLy(C[[z]]) and
where Z(G) is the centre of G, we have

G/P ~(G/2(9))/(P/2(G)) = PGL:(C((2)))/(P/Z(G))-

Hence we can consider instead the action of the 1-dimensional torus 7/H C
PGL3(C) = SLy(C)/H, where H is the normal subgroup of SLy(C) containing
the identity matrix Io and —I, on the Lie algebra sly(C) of PGLy(C). In this
case, the weights are =1 and 0. So we may assume that « = 1 and g = +£1.
We will write a + b for the weight (a, b).
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A subvariety of a vector space is said to be a cone if it is closed under scalar
multiplication.

Theorem 4.16. If B # +a or = «, the affine variety X, € T, (X) is a cone.

Proof. Viewing Y, as a subvariety of V' := T,(X), we have that if § # +a,
then ¥, = T,,(3) and hence is a cone.

If 3 =a =1, then

V = @ V_iins.

Let v € ¥, and t € T ~ C*, then (t71,1) - v = tv. which is again in X, since
Y, 18 T-stable. Also, 0 = u € X,. O

After having examined the subject of singularities, one is naturally lead to
consider the weaker property of normality. An affine variety X is said to be
normal if k[X] is integrally closed in K(X). We have been able to determine
conditions under which ¥, is normal in terms of the weights of T,,(X)*.

If 3, is smooth, then it is normal. Thus the only cases left to consider are
those where ¥, is singular and either 3 = —a or § = «. To address these
situations, we will use the following criterion (cf. [9] page 5):

Theorem 4.17. Let T be a torus and let X be an affine T-variety. X is
normal if and only if the following holds: if x € Spany(Q(k[X])) such that
Nx € Q(k[X]), for some N € N, then x € Q(k[X]).

Although the possible forms of weights of T;,(¥X)* are more complicated in the
case that § = —a than in the case where o = (3, the normality condition for
Y, is simpler for f = —a.

So assume o = 1 and 3 = —1, then any weights of T),(X)* has the form
(de, +1')8, &+ (dc, +17)3, or B+ (dd, +17)3,

where d = hy + hg, ¢, € Zsg and 0 < 1/ < (hg + hg). Recall that d§ = 4+ €
QE[Eu])-

Theorem 4.18. Suppose X, is singular and that § = —«. Then X, is normal
if and only if QT,(X)*) = {&, 8,76}, where r is a divisor of d = h, + hg other
than d.

Proof. Assume 3, is normal and that & = 14 h,0 and B = —1+hgd. Let r be
the ged of d and the remainders ' of the elements of Q(T,(3)*). If (dc. + ')
is a weight of 7,(X)* (and hence of k[¥,]), then since

1’6 = (A, +1')8 — ¢d — ¢, B € Spang (AK[E,]))
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and

d(r'é) = r'(do) € Qk[X.])

by Theorem 4.17, 76 € Q(k[2,]). Similarly, if either & + (dc. + )3 or 3 +
(dc). + )6 is a weight of T,(X)*, then 70 € Q(k[X,]). Thus 76 € Q(k[X.])
for every remainder 7’ of the elements of Q(7,(3)*) and since there is a linear
combination of d§ and the weights r'd which is equal to rd and d(rd) = r(dd),
ré € Q(k[X,]) = Spany, (Q(T,(X)*)). But since d > r, v’ > r and dc;. > 0, the
only way for rd to be a linear combination of weights of T;,(X)* with positive
coefficients is for rd to be an element of Q(T,,(X)*). But then,

(d. + 1) = .o+ . + crd
G+ (de+1)6 = (. + Da+ B+ crd

B+ (dc. + )6 = i+ (¢ + 1)B + erd,

where 7’ = ¢r and so by Lemma 3.7, the only weights of T,,(X£)* are h,, hg and
.

For the other direction, assume that Q(7,(%)") = {&, B,ré} and set d = 7r.
Let a + by € Spany(a, 5,r0) = Spany(2(k[>2,])) be an nonzero element such
that N(a + bd) € Q(k[%,]) for some N € N. Thus,

a+ b6 = ay(1+ had) + as(—1+ hgd) + asrd,

so that
a=a, —ay and b= ajh, + ashg + asr, (4.1)

where a; € Z, for i = 1,2,3. Also,
N(a+0b8) = b1(1 4 had) + ba(—1 + hgd) + bsrd,

which gives
Na = b1 — bg and Nb= blha + bghﬁ + b37", (42)

where b; € N, for i = 1,2,3. From 4.2 we have that b > 0.

If a = 0, then from 4.1 we have that a; = ay and hence
b=aid+ asr = (17 + az)r,
where (a;7 + az) > 0. Consequently,

a+ b6 = (17 + az)réd € Qk[X,]).

So now assume that a # 0, then from 4.2 we obtain:

b(bl — bg) = ablha + abzhb’ + ClbgT
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and hence
(aha — b)bl + (ahg + b)b2 + arbs = 0.

If @ > 0, then arbs, (ahg + b)by > 0 and so ah, —b < 0, ie. b = ah, + b for
some b € Ny. From 4.1 we have that

b= —(ay — ag)ho + arhy + ashg + asr = ag(ha + hg) + asr = (aof + as)r
where asr + ag > 0. Thus,
a+ b8 = a(l + hod) + (asf + az)réd € QE[E,]).
If a <0, then (ahy —b)by, arby < 0 and so b > —ahg. As above b = —ahg + b,
where b = (a7 + a3)r > 0, which implies that
a+bd=—a(l+ hgd) + (a7 + az)rd € Qk[E,]).
Therefore, by Theorem 4.17 3, is normal. m

Remark 4.19. If Q(T,(2)*) = {@&, 3, rd}, where r|d, then 2, = Z(xks—wams),

where kr = d and hence ¥, is normal. Surfaces of this form are the only
singular normal surfaces in this context.

Now for the case where 8 = o, we again assume that a = § = 1, so that any
weights of T,(X)* has the form 1+ (h, + ), for some 0 < j < hg — h,.

Theorem 4.20. Suppose ¥, is nonsingular and that f = «. Then X, is
normal if and only if QT (X)*) = {14 (ha +1ic)0 | 0 < i < k and ¢ € N},
where hg = h, + ke.

Proof. Suppose that ¥, is normal. Let
J={j eN[1+ (ha+j)0 € ATL(X)")},
let ¢ be the ged of all elements of J and set hg = hy + ke, then
Jo =14 (ha +7)0 — (1 + hod) € Spany (Q(k[X.])),

for all j € J, and hence ¢d € Spany(Q(k[2,])). It follows that 1+ (he +¢i)d €
Spany (Q(k[2,])), for all 1 <4 < k — 1. Consequently,

k(14 (ha +ci)d) = (k —)(1 + hod) + i(1 + (ha + kc)d)

= (k—1)a +if € Qk[.)),

by Theorem 4.17, gives that 14 (hy+ci)d is in Q(k[X,]) = Spany, (Q(T,(X)*)),
which implies that 14 (hy+ci)d € Q(T,,(3)*). By our choice of ¢, every element
of Q(T,(X)*) is of the form 1+ (h, + ci)d, for some 0 < i < k.
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Now assume that Q(T,(X)*) = {1 + (hq +ic)d | 0 <i < k and ¢ € N} and let
a+bo be a nonzero element of Spany, (Q2(k[X,])) such that N(a+0bd) € Q(k[X,]).

Thus
k

a+bd = Zai(l + (ha +1ic)0),
=0

where the a; € Z. Consequently,

k

k k k
a= Z a; and b= Z a;he + Z a;ic = ahy + Z ajic, (4.3)
i=0 i=0 i=0

=0

Also,

from which we obtain

k k k
Na=> b and Nb=Y bi(ha+ic) = Naho + Y bic.  (4.4)

i=0 i=0 =0

where the b; € Ny. From equation 4.4 we have that both a and b are in N,
Nah, < Nb, and

k
Nb < Nahg + Y _bike = Na(hq + ko).

=0

Thus
ah, <b and b < a(h, + kc) = ahg.

If b = a(h, + ci), for some 0 < i < k, then a + b0 = a(l + (hy + ci)d) is in
Qk[Xu]).

Now assume b # a(h,+ci), for any 0 < ¢ < k, so, in particular, ah, < b < ahg.
There exists an m where 1 < m < g such that

(m — 1)kc < b — ah, < mkc,
which is equivalent to
k
(m—1)k < Zaii < mk
=0

(from equation 4.3). Thus,

k
aiit=(m—-1k+j
=0
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for some 1 < j < k and hence
b—(a—m)hy = ((m—1)kc+ jc) + mhy,

= (m —1)(ha + kc) + (ho + jc) = (m — Dhg + (hg + jc).
Accordingly,

a+0b6 = (a—m)(1+hd)+ (m+(b—(a—m))h,d)

= (a—m)a+ (m—1)3+ (1 + (ha +jc)d) € QE[S,)).
Therefore, by Theorem 4.17 3, is normal. O

Remark 4.21. There are two additional proofs for the “if” direction of The-
orem 4.20. As the affine cone over the k-uple embedding of P! into P*, 3,
is normal. Alternately, >, is the closure of the minimal orbit of SLy(C) on
the irreducible representation of dimension k + 1 and, as such, is normal. We
decided to include the above proof as it demonstrates that the same criterion
(Theorem 4.17) can be used to prove both directions of the theorems for each
of the exceptional cases (ie. § = o and § = —a«) and that this can be done
using elementary techniques.

Remark 4.22. The results presented in this chapter hold for an arbitrary
T-surface in G /P. For any such T I-surface, we have considered all possible
descriptions of the weights of the tangent space at e, but given a “possible”

set S of weights, we do not know if there is a T\—surface ¥ in G/P such that
Q(T,(X)) = S. Indeed, the issue remains as to which T-surfaces actually
appear in the affine Grassmannian. It is, however, clear that not all T-surfaces
can be smooth, since there are rationally smooth singular Schubert varieties.
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Chapter 5

Smooth Points of Schubert
Varieties in G/P

In this section we will provide a proof of Remark 4.19 in [11] (appearing here as
Theorem 5.9), which addresses the topic of smooth points of Schubert varieties
in G/P, where G := SL,(C((z))) and P := SL,(C][z]]), for some n € N. A
key object in this proof is the Peterson translate of a Schubert variety along
a T-curve. A result (see Theorem 5.4) given by Carrell and Kuttler in [6]
reduces the problem to considering the Peterson translate of T-surfaces along
the T-curve, enabling us to use our results from the previous chapter. This
chapter is based on material presented in [6], [10] and [11].

5.1 Peterson Translates

Let T be a torus, X an affine T-variety, and © € X7 an attractive fixed point
(so X = X,). Let C € E(X,u) and define d to be the common dimension of
T.(X), for all ¢ in the open orbit C'\ C*. Using V := T,(X), set G(d,V) to
be the Grassmannian of d-planes in V.

Now consider the map:
0: C\CT = G(d,V),

¢ — T(X)

This map extends uniquely to C',, where the object defined below is the point
o(u) of G(d, V).
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Definition 5.1. The Peterson translate of X along C'is the limit

To(X,u) = lm T,(X),

c—U

where c € C'\ C7.

Thus
dim X < dim7¢(X,u) < dim T, (X).

Let (X, C) be the set of all T-surfaces in X which contain C. A T-curve
C =T -zin X is said to be good if X is nonsingular at z. If C' € E(X,u) is
good, then 7¢(X, u) depends on 7¢(%, u), for ¥ € X(X, C) as follows:

Lemma 5.2. Let X be a T-variety, let u € XT be attractive, and let C be a
good T-curve in E(X,u), then

To(X,u) = Z 1o (2, u).

2eX(X,0)
Proof. See Lemma 5.1 in [6]. O

In addition to Peterson translates, we will also use the following object.

Definition 5.3. Let X be any T-variety with T-fixed point u.

TE(X,u):= Y T.C)

CeE(X,u)

is called the tangent space to E(X,u) at u.

Now TE(X,u) C T,(X) and since 7¢(X,u) is also a subspaces of T, (X), it
is natural to ask if there is a relationship between TE(X,u) and 7o (X, u).
If X is nonsingular at u, then 7¢(X,u) = T,(X), for all C € E(X,u) and
since every T-stable line in 7,(X) is tangent to some T-curve C' € E(X, u),
TE(X,u) = T,(X). Therefore, 7¢(X,u) = TE(X,u). So then the question
arises: are there conditions under which 7¢(X,u) = TE(X, u) implies that X
is nonsingular at u? One such set of conditions is given in the theorem below.
This is Theorem 1.4 in [6].

Theorem 5.4. Let X be a T-variety with an attractive T-fized point u. As-
sume that E(X,u) contains only smooth curves and that for C # D € E(X,u),
the T-weights of T,,(C) and T, (D) as T-modules are not equal. If either

1) TE(X,u) = 1¢(X,u) for at least two good T-curves C' € E(X,u), or
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2) X is Cohen-Macaulay at u and TE(X,u) = 17¢(X,u) for at least one
good C € E(X,u),

holds, then X 1is nonsingular at .

5.2 Smooth Points of Schubert Varieties

We return to our initial situation in the previous chapter, ie. G := SL, (C((x))),
P := SL,(C[[z]]), for some n € N, W = Ng(T)/T is the affine Weyl group,
W =5, is the Weyl group of SL,(C), and W\P, the set of minimal length
representatives of W JW.

Remark 5.5. The affine Weyl group can be realized as a subgroup of the
group of permutations on Z as a subset of permutations which commute with
shifting by n.

Let X (w) = Bw, for w € WP be any Schubert variety in G /P. Recall that we

identify the T-fixed points of X (w) with elements of wP.

Define a partial order on /WP, called the Bruhat-Chevalley order, by setting
u < y if and only if u # y and u € X (y). Let

ww] = {y € WPlu <y <w}.
Thus [e, w] = X (w)T and we have that

X(w) = U By.

ye[e,w}
Consequently, for u,y € /WP, u <y implies X (u) C X(y).

Let Us be the unique subgroup of G normalized by T with Lie algebra ga
and let Gg := (Ua,U_4), ie. the copy of SLy(C) in G which is the group gener-
ated by Us and U_4 in G. The T-curves in X (w) have the following description:

E(X(w),u)
= {Gau | & € &F is real and u # rqu < w}

= {Uzu | & € OF is real and rqu < u}

U{lU_su|ae dF is real and u < rqu < w}
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All of these curves are distinct and smooth. The curve C = Uau (respec-
tively, U_su) has cT = {u,rqu} and T,,(C) = g4 (respectively, g_4) If C, D €
E(X(w),u) are distinct, then C N D = {u} and T,(C) N T, (D) = {0}. (See
[4] or [10]).

In this context,

TE(X(w),u)= P Tu(C)

CeE(X(w),u)

and has dimension |F(X(w),u)|. If X(w) is nonsingular at v < w, then
dimTE(X (w),u) = dim X (w). Note also that the requirements of Theorem
5.4 are fulfilled by any X (w) in G/P.

We are missing only one key ingredient for Theorem 5.9 below and it is this in-
gredient which distinguishes the affine case from the classical case and enables
us to use our results from the previous chapter.

Definition 5.6. Let & = a + h,60. A reflection r4 € W is said to be small if
|ra(z) — z| < n (see Remark 5.5), for all z € Z, or equivalently if & > 0 and
hoe =0, or a < 0 and h, = 0 or 1. Otherwise, r4 is called large.

Lemma 5.7. Let X be any f—surface in G/P with f—ﬁxed point u and let C'
and D be the two elements of E(X,u). Let CT = {u,r4u} and DT = {u,rzu},

where 14,75 € w. If ra and 15 are both small, then X is nonsingular at u.

Proof. Let & = a + h,0 and ,5’ = 5+ hgd. By Theorem 4.3, if 8 # «, then X
is nonsingular at wu.

If § = «, since rs and 5 are both small and & # f, then hg—he =1 (assuming
ho < hg) and hence by Theorem 4.5, ¥ is nonsingular at .

In the case that § = —a, r4 and 75 are both small, exactly one of aw and [ is
positive, and & and B are nonproportional imply that exactly one of h, and

hg is 0 and the other is equal to 1, ie. ho + hg = 1. Hence, by Theorem 4.14,
> is smooth at u. O

We are now in a position to prove Theorem 5.9 (Remark 4.19), but first we
will provide the inspiration from the classical setting for this remark, namely
a result by Dale Peterson called the ADE-Theorem. Let P be a parabolic
subgroup of G.

Theorem 5.8 (ADE-Theorem). Let X be a Schubert variety in G/P, where
G is of type A, D, or E and let u € X7, then u is a smooth point of X if and
only if |E(X,y)| = dim X, for all T-fized points y in X such that y > u.

Proof. See [6]. O
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Although |E(X (w),y)| = dim X (w), for all y € [x,w] is still necessary in the
affine case, it no longer guarantees that X (w) is nonsingular at u. Indeed,
Kuttler and Lakshmibai prove in Lemma 4.18 in [11], that X (w) is singular

at a point u € X(w)f, if s4 is a large reflection such that v < szu < w.

The proof for the following theorem is a modified version of the proof of the
ADE-Theorem given in [6].

Theorem 5.9 (Remark 4.19 of [11]). Let X (w) be a Schubert variety in G/P,
where G := SL,(C((x))) and P := SL,(C[[z]]), for some n € N and let u €
X (w)T, then X (w) is nonsingular at u if and only if |E(X (w), y)| = dim X (w),
for all y € [u,w] and for every y € [u,w|, any sq such that y < sqy < w is
small.

Proof. If X (w) is nonsingular at u, then |E(X(w),u)| = dim X (w) and if
u < y < w, then X (w) must also be nonsingular at y since otherwise X(y)
would be contained in the singular locus of X (w) and thus X (u) C X (y) would
be as well. Consequently, |E(X (w),y)| = dim X (w), for all y € [u,w]. Also,
for y € [u, w], if there exists a large reflection s4 such that y < sqy < w, then
by Lemma 4.18 in [11], y is a singular point of X (w). Thus, X is nonsingular
at u implies that for every y € [u, w], any s4 such that y < szy < w is small.

Now, for any y € /WP, let {(y) := dim X (y). We will give a proof by induction
on {(w) — £(u). The claim holds for ¢(w) — ¢(u) = 0 or 1, since X(w) is
nonsingular at w and Schubert varieties are nonsingular in codimension 1.
Thus we may assume that ¢(w) — ¢(u) > 2, |E(X(w),u)| = dim X (w), and
that all y € (u,w] are smooth points of X (w). Now |E(X (w),u)| = dim X (w)
is equivalent to
{salu < sgu < w} = l(w) — L(u).

In other words, there are at least two T-curves in X (w) whose T-fixed points
are in [u, wl. Let C be any such T\—curve, ie. C = Uyu, where & € 7 is
real and CT = {u,rsu} such that u < rsu and 74 is small. Thus X (w) is
smooth at rau and hence dim 7, (X (w)) = dim7,._,(X (w)) = dim X (w), for
all z € C'\ CT. Therefore, C' is good.

Let D € E(X(w),u) other than C, and let DT = {u,rgu}, for some r; € w.

If u < rau, then D = ZTBu, where B € &+ is real. As in the proof of
Lemma 3.8, there is a finite surjective morphism 7 : X (w), — TE(X(w),u).
Let ¥' = T,(C) ® Tu(D) = ga ® g_5. Then, for dimensional reasons, some
irreducible component ¥ of 77!(3') is a surface containing C,, and D,,. Since
both rs and rj are small, by Lemma 5.7, X is nonsingular at u. Thus

T.(D) CT,(X) =1c(X,u) C 1e(X(w),u),
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with the last inclusion coming from Lemma 5.2.

In the case where 7,u < wu, we have that D = Usu, where B e &+ is real.
Recall that using V' := T, (X (w)) and d := dim7¢(X(w),u), by definition
7o (X (w),u) is the point ¢(u) in G(d, V). Let C" = o(C,).

Now consider the map

Y: Cy— G(d, V) xV
c = (C/’ d(l,c)/'L(L 0))
where yi: U x X (w) — X (w) is the action map and ¢’ = ¢(c). Then
¥(C,) € E, where
E={(Zwv)|veZ and Ze€ C'} CGd,V)xV

is the tautological bundle over C’. Consequently, 1 (u) = (', d,up(1,0)) lies
in the fibre of E over u’, which is 7¢(X(w), u). But since T,,(Uzu) = T,(D) is
spanned by d(1,)(1,0),

T.(D) C 1o(X(w), u).

Consequently, TE(X (w),u) C 7¢(X(w),u). From the induction assumption
and the fact that C' is good we have

dim 7¢(X (w),w),dm TE(X (w),u) = dim X (w),

and thus 7¢(X (w),u) = TE(X (w),u). Therefore, since there are at least two
good curves for which this holds, by Lemma 5.4, X (w) is nonsingular at u. [

Remark 5.10. For a Schubert variety in G/B, the “if” direction of Theorem
5.9 still holds. The question remains as to whether or not the opposite direction
holds or if not what condition should replace the hypothesis that all r4 are
small.
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