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ABSTRACT

The purpose of this study was to design a computer
based model of a child experiencing difficulty with
proportion problems and investigate its effec£'on
prospective mathematicé teachers. Instruction must deal
'specifically with incorrect responses of individual
students, Reinforcement of this need to anl with
wrong answers by virtue of exposure to a large number of
student errors, in a short period of time.{was seen aé
significant. It was felt that sueh exposure would not
only contribute to the improvement of the analysis
skills of the participants but would also i;trease their
awareness of the importance of such skills,

A LOGO program called RATIOERROR Qas developed
tﬁat generated erro;s consistently for a defined type of
‘possible student error to ﬁrqbortion questions.
Participants were given botﬂtpre and posttests on their
ability to analyze such errors along with questionnaires
céncerhingutheir thoughts on the usefulness of incorrect
answers to thg teachingﬁp}ocess. Prospective teachers
uéed»the prbgram for approximately two hours{ practising
teactiers for one hour.

The computer model was tested with twenty-two

prospective teachefs,and ten practising teachers. 1In

4
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all cases there was a marked increase in the aSility to
discriminate various actual student errors.

‘Most participanté indicated a 'greater specific
awaren;ss to the usefulness of an incorrect answer in
the teaching of proportion problem solutions. They came
to view both student and teacher as idtegral parts of
the development of mathematical procedures. Therehwés
an increased focus amingst the par;icipants on the
concrete actions possible when confronted with stﬁdent
errors., A corresponding shift'away from abstract
judgements about s;udent'ability was also no;ed.‘
.RATIOERRCR:was‘felt Sy most to help sharpen their
‘diagnostic skills while increasingAtheir awareness of
the number og—errors possible in prdbortion‘questions;

This research indicates that the ability of the
computer pfogram to present ;irtually all classifiable
error patte¢n§\ﬂffes it a practical aid in the education

of mathematics teacﬁérs.,
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CHAPTER T S

;. THE. PROBLEM .

- INTRODUCTION/f

éomputers have com; to plaxf;n.important role in
éducat?on and the field of educétional research,
Software is often used to collect and/or help analyzé
data. As well, the comp%Bér is béing iﬁcreasingly
utilized as a means of deiivering ihstruction. as a tool
to assis;'the student,/énd as a simulator of a situation .
to be examined. .Ail/@uch uses should be subject to
s;udy. / |

/
’/

In the_past ;nstructlonal programs were usually
designed w1th the 1ntent of 1nd1v1dua1121ng learning by
.means of dr111-and-practice sessions, or‘through actual
jlessoﬁApre§éntatiOns. This kind of comﬁuter—assisted
instrﬁcfioﬂkwas generally iﬁ the fo;m of a frame by
fraye‘preéentation”of informafion; where particular
pages, or screens if you willz were shbwn. These
screens weie'sometimes delivered according to the
programmer's preconceived notions of what the student,

-should be doing, and sometimes according to the

students' responses to various questions. In each case

kg



however, the program was. not 1nteract1ng with the
student, Rather, it was ch0081ng various paths w1th1n

“itself, based on a minimal knowledge of that student.
Programs that can determlne érrors a student has |
made and analyze the route taken to arrive at those
errors, rather than blindly follow a part1cu1ar path .
can have a protound effect on how both the teacher and
the student visuallze the student as a learner, ih'
‘order to accompllsh such ‘an ana1y51s, the program must
-contain or be able to develop a model of the student s

mathematlcal actions and react aCLordlngly in

comb;nation,wlth the student s,responses.

~—

"While we may present a variety of problemS'to.
students that deal uith a specific contept in varied
ways, variety, in and of‘;%%elf. is not always enough to
expedite learning. When tt is not, we must consider the
students' errors.
| If we grant that children develop their own
algorithms, we can better understand the trouble they
‘have adapting to the procedures given by their teacher.
In fact, the new and old procedures may co-exist.,
«eeping this in mind, e have to adjust ourselves to
chiinren's seemingfy irrational answers generated from

those theorems -in-action (Vergnaud 1982b), often

invoked despite their 1nappropr1ateness to the

¢



situation. Téachers must grasp what the studenfs

pr1m1ﬁ1ve conceptions.look like and the errors and
AEy ) ‘v

mlsundersgandlngs which may result.

Given a framework within which to place a
conception, we are not restricted to judglng an answer
as only right or wrong If the answer.is incorrect we
shopld be able to détermine mow the student develoéed
it. Aside from simple compudational mistakes there are
ho-incorrect answers, only the follow1ng of 1ncorrect
paths will usually lead to a wrong answer. This set of
steps can be judged as incorrect only when inappropriate
to the problem at hand.

The fi 18 of eprbr analysis is iﬁ its infaﬁcy as
far as the r ular classroom teacher is.concerned, wlth
%uch of the work left. to be accomplished by educators.'
The problems to be-solved are not those of developing

’ [}
techniqdeé;for writing computgr programs ;hat may
}perfqrm such analysis, but are of understanding
students' higéonceptidns of particular knowledge domains
~and determiniﬁg the various styles of learning within
those domains.A Any instructlon must deal specifically
with 1ncorrect answers of the individual student Is it
possible to re1nforce the understanding of this need in

those who will be teéching children? Can a computer

program that simulates a student expefiencing difficulty



with proportion problems help in this regard? It is the
) ‘ [
intention of this study to find the answer to these

questions.s

STATEMENT OF THE PROBLEM

The follo:ing questions exemplify the areas of

concern of this study:

Is the representation of an error model an adequate
generalization of sfqdents experiencing problems with

proportion questions?

Will teacher candidates' perceptions of the role of
. :

incorrect .procedures in the teaching of mathematics

change if exposed to computer based simulation of such

\\

errors”?
Will teacher candidates exhibit an increased ability to

identify and analyze the algorithms used by children?

e
What will teacher candidates indicate as their perceived
usefulness of the idea of children correctly following

incorrect procedures? s



Will experienced teachers and teacher candidates

demonstrate similarities after exposure to instruction
& .

concerning:

l. the ability- to identify and ‘analyze
children's algorithms

2. 'speculation ’'as to the cause of student
difficulties concerning proportion problems

3. the usefulness of an incorrect answer to
the teacher -

4. whether it is better to focus on the
correct or incorrect procedure when helping a
student experiencing difficulties with
proportion problems

i

5. whether mathematical rules -should be v

developed by the child or given out by'ﬁhb_',‘;vﬁl

;eacher% i
|

/

'PURPOSE OF THE STUDY

/

i

\ e 7 ; .
The purp?se of this study is to develop and

investigate q%e effect of a compﬁter—basgd modei'of{a
// i
child who is/ experiencing difficulties with proportion

problems on/the perceptions of the causes and usefulness

. / :
/.

of such knowledge of errors on prospective mathematics:

teachers. An attempt will be made to compare the results

of the inexperienced teachers with a small group of



hAd
practising teachers by analyzing their respective
responses to an analysis of pfoportion errors,

as well _Aas

categor121ng their answers to various questlons concernlngA

.the usefulness of knowledge of ,such errors.
A basic premise of this study is that not only can a
;representétion df an erroréprohe studéht be accomplished,
but also that interaction with such a program will focus.

a-

the user on the need to analyze student 'errors -and work

+ <& i

with those errors, rather than to simply consider a wrong

answer as a cue to review g pre-given set .of rules.

DEFINITION OF TERMS . o

Algorithm refgrs‘to‘a list of processes specifying a
sequence of operations which lead to the answer to a

problen. /

Bug refers to a student's misconception as to how a

problem is solved.

CAI jComputer Assisted Instructlon) refers to a method of :

using a computer to present 1nstruct1ona1 materlals.



Computer-Based Model or Simulétion-'refers to a model of

"an individual or situation or part thereof embedded within

a computer program.

Error Model refers to g repfoduction-of what is believed

to be the student's way of arriving at an incorrect

1

~solution to a problem.

]
4,
i3

Expert System refers to problem-solving progrdmé that | =

i

—_—

require an ability to model an expert's decision making

process.

Functional refers to two ﬁagnitudes of different iypes
related to each other so that the values of one torrespond
to the values of the othgr in é single valued manner.
igﬁl (Intelligent Computer Assisted ihstruction) refers
Fo uéing p‘cbmputer té present instfuctional materiéls
‘that in some way develop a'model ofithe user. based on

interaction,

Knowledge Base - refers to a collection of facts, —

inferences and procedures that people know.

1



ki

Measure Space refers to a relationship between

quantiites, .

Perceptions of the Role refers to the ideas about a topié
, held as inherent to that topic.
\; “‘\
Procedure refers to a series of steps followed in a

particular order.

Procedural Network refers to a number of connected
computer procedures representing a model of a particular

activity.

Proportion refers to an expression relating the equality

. of two ratios.

Ratio refers to the comparison of one number with

another,

Scalar refers to a single value which relates two
magnitudes of a single type through an arithmetic

operation.

Student Model refers to a computer model of a particular

aspect of student performance.



. ~ DELIMITATIONS

In the interpretation of this study the following

delimitations will have to be considered:

1. The study is confined to education

N students at the University of Alberta.

2.: Experienced teachers were drawn from a
group interested in the LOGO computer
language. °

3. There will be no fdllowup concerning

‘actual teaching methods of,the subjects

involved in the study,

LIMITATIONS

In the interpretation of the data, the folTlowing
limitations will have to be considered:
1. The students were volunteers-chosen on

the basis of interest.
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2. The teachers were bﬁrticipants in a LOGO

workshob.

3. The results of the study may be
restricted to proportion qQuestions,

4. Exposure to the computer program is of a
short duration (approximately two-hours for
the prospective teachers and one hour for the
practising teachers). Such a short exposure
may not demonstrate enough of a change to be

significant. : d

IMPORTANCE OF THE STUDY

For computer programs to ﬁave an appreciable positive
impactkon learning they will have to fulfill a need théé
can not be easily met by other media. This study will
attempt to evaluate, using criteria outlined in Chapter
III, a micr;computer implementation of a program to
encourage_rhe view of the child‘as a develoPer.of .
procedures used in some_ways appropriately and in some
ways inappropriately wﬁen encountering difficult material.
If successful the-results sﬁould serve as a beginning for
further research into the use of the computer in the

L

remediation of problems students encounter in the solution
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of proportion questions.

LAY

OUTLINE OF THE THESIS

The present chapter has introduced the backgréund and
significance of the study. Chapter II will organize
previous work done on children's solving of proportion
problems., It will élso outline the development of various
Intelligent Computer Assisted Instruction programs and
their characteristics. The purpose of this review was to
arrive at a suitable conjunction of the two areas in terms ﬁh
of a coherent and managable computer program that
simulates a student experiencing difficulties with
proportion type problems. Chapter III will describe the
sample, the project goals, the projéct design, the
computer program and how the data was collected and
analyized., Chapter IV will portréy the ;;;ults of the use
of the computer program by the groups tested; Chapter V

will contain a summary of the study, some conclusions

reached and suggestions for further research.

!
!
1

I
|



CHAPTER 11

REVIEW OF THE LITERATURE

INTRODUCTION

The purpose of this review is to explore two
different fields that hold significant implications for
the studf at hand - proportions, in conjunction with
their development, and Intelligent Computer Assisted
Instruction. Because of their diversity, eacﬂ area will
be treated separately, in the hope that the
possibilities of their convergence will be realized. An
understanding of the problems inherent in their mutual
dependence related to the present research is necessary
to consider the pfogram developed. Special attention
will be paid to the work of Gerard Vergnaud in the area
of error analysis of proportion problems. The emphasis
on Intelligent Computer Assisted Instruction will be on
those programs, in educational settings, whose basis is
8 model of a person with little expertise in the area of

interest.



PROPORTIONS
T
A proportion is a statement representing the
equality of two ratios. Problenms involving proportions
prove difficult for many students and much researcﬁhhas
recently been undertaken to find a solution to these
difficulties (Kieren and Southwell, Noelting, Karplus,

Stage and Pulos).

RESEARCH ON PROPORTIONS

Inhelder and Piaget (1958) developed concrete
exercises involving a fulcrum and the projection éf
shadows to determine the child'sg conception of ratio.
Piaget believed that children will fall back to additive
strategies when confronted with difficult rroblems,
According to Piaget, proportional reasoning develops
from the additive to an ungeneralized but organized
strategy to a formal law.

Kieren (Kieren and Nelson, 1978) studied natural
numbers in ratio form using the concept of a machine
which packs objects into boxes. Using this concept, it
was hypothesized that ;hree levels of opera:or

development exist, First, there is is the 1:2 level
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where the child's concept is dominated by 1/2, second
there is a levelﬁat.which competence in the handling of
unit operators (l/n; h/l) ls displayed and finally there
exists a level of ability to handle all forms of
operators. Kieren's pattern problem (Kieren%ahd
‘Southwell, 1979) was designed: wlth only palrs of
numbers, one being the result of a transformat1on of the
other. After several examples of such pairs, the
subjects were to complete other palrs. As a result of

" this study. which compared. pattern problems to the
problem packing machine mentioned above,th wasb
suggested that a partltlonlng strategy led to correct
but often clumsy results, whlle seeing the pattern
representslmore sophistica%éd thbught and is thus‘more
subject to error.

Noeltihg (1980) has studied probortional reasoning
whererhypothetical orange juice.flavor, which was
determined‘by the concengration of orange juice in -
water,’was examined. Two interrelated types of - —
development were posited: a qualitive change
icorresponeing to the onset of new strategies and a .
quantl«e change within a stage leading to- an‘increasing
’consolldat1on of that strategy. Development is gradual.

-He also found that problems with integral ratios were

easier than problems with only non-integral ratios.
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o ‘&gf% (1981) determined that students develop
Strategies establishing a relationehip within, a ratio

and, extend it to the second ratio by addition. While

these solutions do lead to successful outcomes in simple

A

problems, they become cumbersome- when the problems
contain non-integer ratios. HArt has also shown that
studénts rely on their own informal procedures even when

they have learned the formal mathematical algorithms
necessary for the solution of a problem.
'Quintérn and Schwartz (1982) found that mixture

problems are more difficult than other proportlon
problems possibly because of the understanding of a
physical eontext’inherent in such problems.-
Karplus. Pulos, and Stage (1983a) dupllcated

'Noeltlng s basic research but added detalled information’
about the subjects' use of integral ratios. The
problems presented compare the sweetness of two recipes
for lemonade. The problems. require recognizing equality
or determining the amount necessary to achieve equality,
The main difference between pup1ls approaches was
f%tween proportlonal and additive methods. The
researchers believe that the student first eests the
within, and then, the between ratio to see if they are
integral and then compares them with the other ratios,

v

. :
This analysis seems to suggest that early attempts at
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Mproportional>reasoning consists of the child reducing to -
unit fatios. Karplus, Pulos and Stége (1983b) have
found that the.relative frequehcy w?th which the types
of comparison and various stragggié; are used 1is
affected greatly by the context and numerical content of
the problem, and even of the immediately preceeding
problem. The choice of a scalar or a funcfiohal |
strategy was influenced by the context of the problem.
Strepfland (1984) propoéed that the logical status
of ratio is more complex than ghat of such elementary
ideas as length, mass, area,;volume: n;mber, adding,
sdbtracting; multip&ying; or dividing; The crucial
question is how to steer the pupil to the\correct
solutions of ratios. He contends that a ratio table, a
means of o%ganizfﬁé‘the information présented.in a .
problem by means of a table'héadings; can be used "as a
means to organize the student's spontaneous sdlution
sfrétegies. |
Gerard Verngaud (1983) has examined those problems
whose solution involves multiplication andivision. He

o

maintains that by providing a system of classification,
it wil]l be easier to interpret the procedures that
students have used to arrive at their solutions to

7 -
multiplidgt;ve problems. Such a framework also provides

for the désigning of research problems based on related



17

mathematical problems.

Vergnaud has developed the‘idea which he has £ermed
isomo;phism of measures - all ‘instances where two
measure;spaces are directly proportional t¢ one another,
Examples would include rate and partition problems.
Vergnaud's research group has found that most of the

;procedures that students used, even when they were
incorrect, had a physical interpretation. iis
conclusions (1982b) include: |

1. ﬁoncepp'development is very slow.
2. compiex concepﬁs will not develop unless
complex situations argvmet. |
3. ﬁhildren develop their own
'theorems—in-éctionffA By this‘Ve;gnaud neans
'the_héndling of higher level relationships
(which we tallntﬁeorems) during real
\%%»problem—éolving situation;
Vergnaud (1983) has alsc found that'scala; procedures
afe more frequenﬁly used than.are function proéedures in

the correct solution of proportion problems.
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CORRECT PROCEDURES

Proportional reasoning seems to become more readily

implemented with the developing relationship of maturity
and experience with broportign. As ;he Studéﬁt'grows
older and has more experiences, the strategies that are
used'to solve problems involving ratios becomesrmore

ngarly corfect and sophisticated. As a result of this
interactioﬁ, inereasingly difficult proportional problems
fall within the realm of student solution.

Tourniaire and Pﬁlos (1985) point out that solving
proportional problems can be seen as the ability to
overcome a series of successive hufdles. As was pointed
out by‘Kierén in 1981, first the child must be able to
brogréss form those problemsfinvolving 1:2 ratios to those
consisting of l:n ratios. .quf is the solutibﬁ of |

non-unit problems. Finally as suggested by Karlplus,.Pulos&t
et al, the leap—;:;;-;;—;;;; betwéen.integer and
non—integgr proportional problems,

Building-up sgrategies consist of determining'a
relationship with a ratio and extending it to the second
ratio through addition (Har;, 1981). While these
strategies are initially succe;gful, with non-integer

ratios they are seldom effective exéept for a few

students.
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Multiplicative strategies involve a multiplicative
‘relation belng establlshed “between the terms within a
ratio and that relation being extended to the second
ratio. Such strategies imply a‘choice betweeg scalar and
functional solutions to proportional problems, .

ferplus, Pulos ano Stage (1983) have suggested that
'thlS choice is the result of the context presented in the
problem. They also belleve that® progress in the solution
of proportlonal problems comes with the reduction of rates

. to,unlt variables, : . ‘

Vergnaud (1983) has outlined fiVe,correct.weys:of
solving proporti;: problems.. By using the idea of a
meéasure space he is able to present these as well as
iocorrect ways in a sucoihét and easily analpizable rorm:
For example, given the problem:

If a car travels 'a' km. in 'b'
hours, how long will it take to travel '¢'

. km.?

M1 M2
a b
c X

These corréct procedures are as folloﬁs:

‘1. Scalar: The student calculates (& = c/a)
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or (y = a/c) and then calculates (x = y*b) or
-(x = b*y) or (x = b/y).

2, Functlon: The student célculates (b/a .=

y) or (a/b.sAy) and then (x = y*c) or (x =
cly).

‘3. Unit Value: Th;‘studgnt preforms the same
.falculations as in the function rélatiop but
éxplains that (b]a) is the unit Value,'making
the procedyfe scalar indcharactf;.‘

Z. Rule oflThreef The student calculates
(b*c)/a ér (c;b)/a.

5. Scalar Decompésition: The student tr&es
to decompose magnitude c as a linearz
combination of multiples or fractions of‘a.

?

INCORRECT PROCEDURES

Hart (1981) and Karplps (1983) Have found that one
»frequent.error Strategy is to iggore part. of the dété in
tﬁelproblem. Addltlve strategles are often used in an
 atFempt to deal with non- 1nteger ratios. Typlcally
according to Karplus (1983a), more elementary strategies
are used as a.fall—b;Ek method‘oh:the more difficult

problems, whether that difficulty is due to the structure
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of the problem 6r-to its content.

Vergnaud (1983)’has’developed.seven error categories
based on his idea of measure space, These are as
follows:

1. Erroneous scalar: The student uses a

sﬁalar ratio or difference and gives it aé

the answer dr‘applies it to b.

2. Erroneous function: The student uses a
function rat19 or difference aﬁd either gives
-1t as the answer or applies it to c;

3. Erroneous Scalar and functionf The -

student makes 5 calculation b*c,lforgettihg

or cénceling division by‘a. or makes a
combination of erroneous scalar and {;nctioﬁ
operations, |

4. Inverse: The student uses the inversé of‘
tﬁe correct ratio,

5. Erroneous product: The étudent multiplies

¢ ard a, or b and a, i

6. Erroneous quotient: The student divides ¢
by'bglor divides b by c.

:72‘ Others: Procedures that do not fit into
the above classifications.

The problems that students encounter in the

mathematics curriculum involve complex structures ang

- #
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concepts. Vergnaud (1983) suggests that these concepts
can only develop_through problem soiving experience and

that such development is slow. If we can base the work of

our students within a conceptual framework we can analyze
likely sources of errors in order to assist them in their
necessarily slow development of understanding.

Chlldren can be seen as developers of mathematical
theorems. Thls 1nformal mathematics is, as Vergnaud
(1983) points out, very powerful. That which the child is
able to accomplish intuitivély far surpassesitheir |
knowledge of formal mathematics. Learning is the result
of a need to generalize, to remove ﬁhe details and find
common patterns‘(Davis. 1984). Encouraging ‘this activity
by error anaiysis,'by helping the child find those
patterns which are successful in the solution of problems,

is one approach to the teaching of mathematics.
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INTELLIGENT COMPUTER ASSISTED INSTRUCTION

Intelligent computer-assisted instruction (Barr and

Feigenbaum, 1982) involves computer progra@s that attempt
to model the user, either directly through the

k=g
incorporation of mistakes that are made, or indirectly,

through the comparison of responses to those of an expert.

~The main components of such systems are (Barr and

Feigenbaum, 1982):

1. Problem-solving expertise - the knowldege
that the program tries to convey to the user.

2. The student model - an indication of what
the student does and does not know.

3. Tutoring=strategies - how the material
should be presented.

As Barr and Feigenbaum (Barr and Feigenbaum, 1982,

™~
page 229) further point out:

"Not all of .these components are fully
developed in e ry.system. Because of the
size and complexity of ICAI programs, most
researchers tend to concentrate their efforts
on the developmefit of a single part of what
would constitute a fully usable system."

Some of the issues that the develbper of ICAI must

concern themselves with i;clude (Pli!Le and Pstoka, 1986):

l. The representation bffinowledge in the
program,
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2. Whether a system can consistently provide
adequate solutions to the problem at hand.

3. The theoretical model of the expert
and/or student,

4. The level of detail needed in response to
the user's error or request for help.

5. The’broblem of usually only one
conceptual organization of knowledge.

6. The user interface often makes little use
of simulations of mental models or pictorial
representations. P

Harris and Owens (1986) further point out that:

1. Knowledge representation is often
atheoritical, influenced more by the coding

system favored by its originator than
research.

2. Performance criteria are vague,

3. Building in the appropriate amount of
uncertainty into models not inherently
deterministic is difficult.

4. Workload assessment techniques are needed
that can quantify cognitive performance.

5. Stress in some tasks (especially
military) will affect human-machine dynamics,

[
-

.
John Self (1979) discusses the following difficulties

with reference to the student model of an ICAI system:

1. Representation - multiple representations
are to be preferred since different
representations such as frames, procedural
networks and graphs, have advantages in
different situations.
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2. Content - given a user's answers to
questions, the program must hypothesise an
explanation on what is usually incomplete or
ambiguous evidence,

3. Creation - are the student
characteristics to be pre-~-stored or created
by the teaching program?

4. -Change - designing programs that learn
from their interaction with the user,

5. Growth - determining what changes to the
student model should be made.

6. Execution - the possibility of run-time
errors.
7. Comparison - devising an appropriate

teaching strategy by comparing the student
model to an expert model.

8. 'Use for planning - develbdp a global
rather than step-by-step teaching Strategy.

9. Use for monitoring - as more effective
learning is likely with student participation
how can the student model be combined with
the user responses to predict appropriate
outcomes?

10. Efficiency - the cost of implementing a
program and its response time to queries.

The preceeding concerns highlight the difficulty
involved in developing useful ICAI programs. By examining
some of the more significant work of the past, with
relation to those attributes of ICAI described above, we
should be able to come to a better understanding of the

research currently being undertaken and the place of the

present study within its scope.
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HISTORY

Farly research on ICAI systems was concerned

primarily with the representation of the knowledge domain

of an expert in that domain. This expertise enabled the
programs to respond to a large number of questions.

SCHOLAR (Wyer, 1983) was created by Jaime Carbonell
and Allan Collins. Its purpose was to tutor students about
some simple geographical facts concerning South :merica.
It allows both program and student initiated conversétions
through the posing of questions. TheAprogram itself can
be used to teach material other than geography as the
knowledge is not embedded within the tutor. SCHOLAR also
"knows" about the extent of its own knowledge.

SOPHIE (Brown, J.S. and Burton, R., 1982) undertakes
to teach problem-solving sk‘lls related to an electronics
labratory where there is malfunctioning electronic
equipment that needs to be repaired. The students take
measurements of various devices and develop a theory as to
what is wrong. SOPHIE analyzes tﬂe students' conclusions
and where there are logical errors can provide other
examples and suggestions, SOPHIE is provided with a
natural-language interface so that the student may iﬁput
commands in ordinary English forms.

From what was seen as a large database that contained
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all the facts needed to be taught, a shift was made to the
replication of human reasoning.. Problem solving methods
were modelled on human reasoning patterns to make their
line of reasoning more understandable to those using them,

WEST (Burton, R. and Brown, J.S., 1982) is a program
based on a children's mathematical game called "How The
West Was Won." 1Tt is conceived of as a computer coach,
which while allowing thé;student to play the game., wil]
interrupt with advice or sugpgestions only when it
determines that the student could use soﬁe help to

optimize his performance. The program has been used at an

elementary school level where the coached group was shown
™~

. Y

to use a greater variety of mathematical expressions then
the uncoached group.

GUIDON (Clancey, 1983) is a system that uses a set of
diagnostic rules developed in the MYCIN program as ;he
knowledge base with which to guide students' 1earning’;{
the diagnosis of ; patient who is suspected of having an
infection, It mékes use of lengthy discussions which do
not rely on the student's last input, B ¥

BUGGY (Brown and Burton, 1978) attempts to explain

arithmetic errors by analyzing the mistakes students make
-~

e

This is based on Brown's assumption that students are very
good procedure followers, but that they sometimes follow

the wrong procedures. BUGGY presents examples of incorrect
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behaviours and asks the teacher to dédagnose the error.
BUGGY. has been the basis for much of cﬁé educational -
research presently teking place, including this study. As
teachers tend to-concentrate on whether the problems a
student'eolves‘ere right or Qrong, difficulties
eﬁcountered‘may apﬁear to be greater than,ghey acteally
are, Beceuse ofclhe procedural interreletibnship of
arithmetic operations, a student can'get‘many problems
wrong by\having one basic mieconception in an important

algorithm that is being.used to solve different questions.
>2The BUGGY syStem is strictly diagnostic,cwith no

attempt being made to tutor the participants. The program

rwas used with both student teachers and school age puplls,\\y//

in order to increase the1r ab111ty in diagnosing
subtraction errdrs. Also, arithmetic errors of a large
population of schooléthildren were diagnosed and
qlessified by the‘reSearchers. |

A. diagnostic model represeuting a student's
procedural knowledge must be built. The technique used to
represent diagnostic models is a procedural network which
is a collection of procedureslwhere the control structure
be{ween procedures is made exp11c1t. BUGGY was an attempt

9

to incorporete such a model in a{compdter*program.

There are, as is noted by researchers, several

complications with this simple pargﬂigm for diagnosing a
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student. One complication is that the student who has
developed a novel bug (as opposed to one that arose out of

a combination of 'primitive' bugs) will not be diégnosed.

Another is that students do make 'ra:if mistakes
(presumably as many while following ;; incorfect.procedure.
as a correct one)‘that could erroneously lead to the
‘exclusionAof his bug or the inclusion of aﬁother bug that
happened to coincid; with a student's ';andomness.'“

Finally, blindly considering all possible combinations.of

bugs can lead to an explosion of pdssibilities.

CURRENT RESEARCH

Curreng research in ICAI, at the elemeﬁtary and
secondary school levels, ifs generally based on Euggestions
imp t 'in the original BUGGY program. BUGGY has spawned

many interesting research designs but such designs have

.

ped l .
tended towards mathematically simple operations Yevoid of

a meaningful problem context,
4

The most immediately obvious example of a BUGG

related research program is DEBURGY (VanLehn; 1982); a
extension of the BUGQGY system. DEBUGGY has been used to
analyze students' subtraction errors in an attehpt to

understand the procedures they are applyiﬁg. Many more
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"bugs" than were originally posited have been discovered
by the program, " At the moment, there are hundreds of

1" "
documented bugs + 8@ most unfortunate situation as far as

7

being of use to the average teacher. * While the program
has been used in the classroom to analyze students'
errors, remediation has been limiteq to informing teachers
that individual.studehts do indeed have a‘probyem.

VanLehn has used DEBUGGY (Brown andHVanLehn,-l980) to
érrive aé what H; calls Repair Theory. This theory tries
to explain errors (other then arithmetic slips), by
argu1ng that when a student has unsuccessfully applled a
procedure, he will attempt a repair. This attempt will
often lead to am impasse that the student w111 try to
surmount by further patching of the algorithm.

Tatsuoka at the University of-Illinois (Tatsuoka and
Eddins, 1985) has also used the idea of "bugs"‘to analyie
; udents legyning of the cbncept of signed, number

_opeﬂgbﬁqns ;:d'how ertoneous rules ére forme&;
; P ‘ : ‘ 4 \

At a tutorial level, Attisha and Yazdani at the
University of Exeter,” have developed two

~ microcomputer-based systems for diagnosing childern's
ﬁ subtraction (Attisha andeazdéni,kl983) and multiplication
'éﬁttisha and Ytzdani. 1984) errors respectively. The

systems are designed to allow the student to interact with

the computer tio &mprove their performahce. Unfortunately

e
>~
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this interaction seems to consist solely of a statement as
t§ what the gtudent'has done to arrive at his answer. In
pthér words, a description of khp incorrect procedure of
procédures the chiid has chosen is written to Ehe screen,

Another, less direét, off-shoot of Brown and Burton's
original wérk has been the wé;k'of Sléeman (Sleeman, .1982)
ét the University of Leeds. At this poinf though, he hés
.come to a different conéeptioﬁ of ﬁhe learning model
students use (Sleeman, 1984) than has VanLehn. Sleeman'é'
Leeds Modélling System (LMS) is an ICAI system that
analyzes what he t mal-rules ("bugs") in the solving

2

of algébrajc.expressions} He has used the program with 14
4& - .

and lS,f;;r—olds.v Slgeman argues that Vanlehnfs Repa;r
Theory proposes a specific mechanism common't; all
'students, whereas he’believes that the problem is one of
misgeneralization; that is, students infer several‘rules
 consistent with an introduétory. simple example, not just
the téacher—given algorithm, This initial knowledge,

\

according to Sleeman is extremely influentiél, and given
the‘}otion of learners as active theory builders, wha form
theories and then test them out, an algorithm that
generally works will usually be applied to a similar
situétion.' Once a mal-rule is created it .may be very

difficult to eliminate. Sleemantfdrther suggests that

while Repair Theory may be apbropriate for the explanation
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of the application stage of”mathematics, misgeneralization
is more plausible in explaining rule acquisition,

A self-improving quadratic tutor was developed by Tim

O'Shea (0'Shea, 1982) at the University of Leeds. A set

of production rules was established to envelop the
teachiﬁg strategy. The tutor learns about the utility of
a teaching strategy by looking at the student's responses.
Changes were:made to these rules after selecting a
particular educational objective. After evaluating the
program's resulting performance; updating-of the
production rules was undertaken. Students were, successful
ih discovering the rules of quadrqtic equation solving
through the representatiﬁn of ;—variety of compﬁterl
generated examples.

An ICAI system for teaching equation solving (Lantz,
Bregar and Farley, 1983) uses production rules to build
the expert module? while a tutorial interface controls the
.-rule-based proBiem solvér-so'that it can emulate a
student's steps in the solution of a problem. The system
vcan check ahead to see if the student is on the right
track, or back up if the student has gone astray: In a
sense, as the authors note, their system acts like a

coach., While the program is sensitive to errors,

especiélly those concerning operator understanding and

selection, it is not based on "bugs." The system, while
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flexible, is limited to linear equations of no more than
two variables, ThlS expertise limitation is indicative of

one of the major stumb11ng blocks of ICAI - the

restriction of the knowledge domain.  This constraint

occurs in order to 'account for virtually every concelvable

student mlsunderstandlng within a domain.

From the above snmmary, it is evident that much of

what can be deemed as specifically educational research in

the ICAI field is concerned with hhe way children learn.
Actual remediation or tutoring has generally not been

stressed either at. the student or teacher level. It is
'

interesting"to note that most of the more ambitious

examples of tutorlng are taking place in the context of
lesrnlng ‘programming languages in computer science
departments, Systoms such as PROUST (Johnson and Soloway,
1985), thoh tutors béginning PASCAL programmers, and
GREATERP (Anderson and Reisner .1983), which does the same
for LIS?, have .been developed, This‘evolution is‘ '
occurring not onlyvbecause.authors have access to large
amounts of comnp;ing power andrexpertise, But because they

believe that such programs make much more efflcent use of

development time than do standard CAI programs.

b



CHAPTER 111 o , I

DESIGNsFOR THE STUDY

INTRODUCTION
Thié‘section will focus on the description of fhe

sample, deliniation of the project goals, description of

the project design, ethical considerations, the computer
_program to be used, monitoring instruments and finally

the anélysis of data.

] THE SAMPLE

~The prospective:teacher-sample for‘ﬁhe project
consisted of volunﬁeer students eﬁrolled,in the Faculty .-
of Education at the Universigy of Alberta. It is
,expecfed that becausé of the volunteer nature of the
projedf some confounding influences may have been
introduced; h

Of the total of twenty-two participants in this
.phase of the experiment, seven were mathematics majors
"and fifteen were mathematics minors with a Oariety of

majors, such as. business education, physical education

and science education.

o 4
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The ten experienced teachers who participated in
the study were taking part in/a LOGO wofkshop concerning
list proeessing. They were all mathematics teachers of
varying degrees of eiperience,‘training and grade level

placement.

PROJECT GOALS

The project goels which follow are.considered
peftinent to the development of an attitude amongst
educators.‘of children as‘pheorem‘developers, who brieg
certain non-formal mathemat1ca1 understandings to the
formal mathemat1ca1 problems they encounte} in s%geol
The means to this goal is assumed to involve the
development of an understandlng 5hat thé child's errors
are not senseless but can offer us a way to recognize

“and treat d1f‘1cult1es encountened in certain

mathematlcal 31tuat10ns.

The goals of the project can be outlined as:
1...Participaﬁt recognition that solutions to
proportion problems are based on analyzable

procedures.

¢
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2. Participant -realization that by
understanding how a child arrives at an incorrect

solution the teacher has a formidable tool in

&>
assisting that student.

_ 3. Development of a useful computer model of
a student experiéncing difficulties with

proportion problems.

PROJECT DESIGN

The original project plan was not viewed as a rigid
and fixed schedule of. future events but as a tentative
-outllne which could be adapted as the needs of the study
become more clear through its implementation.

For-eqch prospective teacher group partiéipating in
the s:udy the following sessions were undertaken:

SESSION 1 -~ An introduetion to-the project.,
| ; Attempts toranalyze student errors on
proportion pfoblems.
=~ A questionnaire concerning concept
development.
SESSIONS 2-4 - Small groups.using the program.,
SESSION 5 - Further attempts to analyze érrdrs.

- A follow-up questionnaire and
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debriefing of participants,

The experienced teachers, because they were
participating in a day long workshop, whi}e following the
same type of schedule as the student teachers, were only
able ;o spend one hour using the program. All other
activities were of a length equal to that of the other

group.

THE COMPUTER PROGRAM

RATIOERROR is a LOGO program which develops a
studeat's wrong answer to a ratio question by following a

path through a procedural network and asks the user to

determine the route taken to arrive at that incorrect
response. The program, as it is presently written, is
meant to encourage the teacher to analyze a student's
incorrect procedure.

The user is initially presented with a proportion
question énd.a gtudent's incorrect solution to it. There
is an opportunity to create similar questions with the
computer supplying the appropriate incorrect answér that
the student would generate. When the user feels they have

sufficient knowledge to state the error path they are
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tested by attempting to supply the student's answer to
questions posed.

The various errors analyzed are based on the work of
Vergnaud. He uses the concept of a measure space to

describe a ratio question as follows:

M1 M2
A C
B 2

An example would be: In A hours heating consumption
is C litres of oil. What is the consumptionqgn B hours?
Following are descriptions of the errors with tree
diagrams of their representation.
\
Erroneous Scalar: use of a scalar ratio or difference to

which'B is applied.

FIGURE 1la
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Erroneous Function: use of function ratio or difference to

6/ SN G -

B0 00 G0 00 60 OO €@ OO

FIGURE 1b

which C is applied.

Erroneous Product or Quotient: multiplies or divides which

has no physical meaning.

FIGURE 1c¢

Erroneous Scalar and Function: combination resulting in B

*C.

Computer System

The program was written in IBM LOGO requiring 40K of
memory and ran on IBM XT's operating under the JANET?2
network. Each machine had 640 kilobytes of random access
memory. The program was resident in memory and thus there

was no use of the computer network except in downloading



the program to each machine.

Program Description

The algorithm for the actual program presentation 1is

described below.
l. Present a ratio question.

2. Choose an incorrect answer by fandomly
following an error path as outlined in

figures la, 1b and lc.

3. Present an opportunity to test solutions
by allowing the user to assign values to

variat§es in the original question.

4. Supply student's incorrect answer to the
supplied variables,
a. If requested, access help page.,

b. If requested, repeat [3] and [4].

5. Ask for a deghgiytion of the error path

hypothesized.



6. Present a new question.

7. Ask for the appropriate incorrect student

i
response,

a. If requested, access help page.

b. If requested and second time through,

provide error path. Q
c. If answer incorrect, repeat (3) a
through [7].

d. If answer correct and first time

through, repeat [6] and t7].

8. Describe error path.

9. If not end -t iuestions, goto [1].

LOGO Representation

_The error paths, accessed randomly by the program,
were‘represented by means of data structures called trees,
Each tree is a 1list consisting of a number of nodes, all
but the terminal nodes having four children. The first

node of each tree is empty, that is, it does nothing., All

.
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other nodes specify a mgthematical operation to be

performed.

The method—of representing trees in LOGO is simple

and consistent. To build the trees used the following

»

procedures adapted fromiWest>n (1984) were empioyed.

N
| ({

TO TREE.CONSTRUCT :SUBJECT
PRINT [WHAT IS THE ROOT NODE?]
MAKE :SUBJECT ‘TREE.BUTLD READLIST

END
TO TREE.BUILD :NODE -
IF EMPTYP :NODE [OUTPUT []]
OUTPUT (LIST :NODE RS
- TREE.BUILD GET.FIRST :NODE -
TREE.BUILD GET.SECOND :NODE
TREE.BUILD GET.THIRD :NODE . - .
TREE.BUILD GET.FOURTH :NOBE) " -

E N D -y, s
.' M\ : EN

TO GET.FIRST :NODE )
PRINT :NODE
PRINT {FIRST ...] .
OUTPUT READLIST

END .

TO GET.SECOND :NODE
PRINT :NODE P
PRINT [SECOND ...] . - a
OUTPUT READLIST} ‘ S

E N D ;«.;& " '

L
SR

TO GET.THIRD :NODE L
PRINT :NODE .’
PRINT-[THIRD ...}
OUTPUT READLIST

END

3
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$ |
TO GET.FOURTH :NODE
PRINT :NODE

PRINT [FOURTH ...]
OUTPUT READLIST
END Lo

To traverse the trees once they were established, the

§
i

following procedures were used.

TO EXPLORE :TREE :ANSWER
i IF EMPTYP :TREE [STOP]
" RUN FIRST :TREE
IF :SOFAR = :ANSWER [GO "DONE ] S £
EXPLORE LEFT2.BRANCH :TREE :ANSWER -
EXPLORE LEFT1.BRANCH :TREE :ANSWER
EXPLORE RIGHT1.BRANCH :TREE :ANSWER
EXPLORE RIGHT2.BRANCH :TREE :ANSWER
LABEL "DONE
END -

TO LEFT2.BRANCH :TREE

OUTPUT FIRST BUTFIRST :TREE
END .

TO LEFTI.BRANCH :TREE ’
OUTPUT FIRST BUTFIRST BUTFIRST :TREE
END
’i
TO RIGHT1.BRANCH :TREE ]
OUTPUT LAST BUTLAST :TREE
END :

TO RIGHT2.BRANCH :TREE . N N,
- OUTPUT LAST :TREE (.- .
END S | .



Each node was represented by ‘a procedure that

]

performed a mathematical operation and kept track of the

path taken. An example of one'such'nods is given below.

TO X.TIMES.Y :X :Y :X1 :Y1
MAKE "SOFAR :X * .Y .
MAKE "PATH (LIST WORD ": :X1 "* WORD ":
:YL) :
END ’

MONITORING INSTRUMENTATION

Pretest ‘ - : , 2

All participants attempted to analyze student errors

to'ten proporbion pr@blems and try to explain how a

student could have arrlved at such ah error. These

mlstak@s were- taken from junior high students errors to
ghe problems given., It was developed with the assistance
of-a mathematlcs teacher and validated by two professors
of‘ﬁsthematlcs education, (

The test was designed to lead into and focus the

questions to be answered on the questionnaire described

below. - As the pretest’ was basically a written

interpreﬁation\o@ﬁ%hose problems which will follow when

using the computeerrogramJ it was hoped that the

- carry-over from the pretest to the posttest woﬁld be

44
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+An open-ended questionnaire concerned with the
attitudes of those participating to the usefulness of
analyzing student errors was given. This was supervised

by two prefessors of mathematics education,

L]

VideovTépe Recordiﬁgm‘ﬂ
v,ﬂ ?ideo rgcorder with a microphbne was interfacedl
directly to thg‘computer scréen'énd a microphone put in

operation tq'docuﬁént group comments as they worked
% L RE

through tﬁé program., The“tapes were analyzed in an

attempt to clarify the perceptions of the users regarding

error analysis.,

Posttest

Similar to the pretest in content though wit@
. ‘ N

- ~different questions.

Post-Project Questionnaire

Similar to the pre-project questionnaire in content

though with different questions. 0
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ANA)LYSIS OF DATA

]

The data acquired from the prev1ously descrlbed
1nstruments was used on four 1evels.

First, the information obtaindd from the'Qideo—tapeg
Qescribed the process of interaction with the cbmputerk
?rogram by the partieipents. Specifically'an endeavor was
made to classify comments‘and,reactions to the errors.-
This classification was presented in terms of the
51gnificance of such errors to the teaching process in
terms of their usefulness 1n remedlatlon as well as to the
view of the chifﬂ as a theorem dfveloper.

Second, an attempt was made to establish the effect
of neing‘the computer ‘program on the stated attitudes of
tne«subjects towards children's mathematical errors.
Questionnaire ;esponses were analyzed and broadly
categorized so that a pettern might emerge regafding
Change in attitudes towards proportion errors in
particular, and mathematical errors in general, These
patterns were restablished by means of matrix
representations of the responses.,

Third, an effort was made to determine any change in
‘the ability to discover causes of errors on proportion

problems. Performance scores for each participant were

analyzed in terms of both the pretest/posttest as a whole,

X



";”““End“giecific categories of errors., THhese specific scores
were of use in evaluatlng relatlve dlfflcultles' C
encountgfed in analyzing certain types of errors. Due to
the small sizé of the groups involved the data were not
statistically analyzed.

Fourth, the gpmputer'progfam itself was evaluated in
terms of some of the important considerations presented in
Chapter 1II (Pllske and Pstoka, 1986, Harris and Owens,
1986. and Self} 1979) including: )

1. Problem spécifféation - the problem must
be specified ih terms of a cdmparison to the
expeftfs natural process based .on theoretical

models.,

2. Problem representation - must provide an
effective representation of the chosen model.
3. Program content - given the user's
answers to problems must be able to
hypothesize an explanation consistent with

the model in question,

4. Program interface - should be interesting

with pictorial representations and
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simulations of mental models of the user,

5. Learning outcomes - should satisfy

learning objectives in a m%stable fashion,

.
6. Efficency - is not cog& prohibitive and
~ g
is search proficient.

L4



CHAPTER 1V

RESULTS OF THE STUDY

INTRODUCTION

Chapter IV will deal with the implementation of the
research design, paying particular attention to the
groups involved and the computér program used,. Actﬁal
Scores on the tests of error anal}sis of student
mistakes will be examined, some of the comments made by
those pro;pective téachers while dealing with the
student simulation will be brought forth, and an
analysis of the reponses to the questionnaires
cbncerning views of proportion'errors and their

usefulness will be given. Following this, an

examination of the computer program will be undertaken,

*

Nature of the groups

Two groups were tested using the program:

1. Prospective teachegs whose major or
minor is mathematic's ' .
2. Practising teachers, teaching at
least some mathematics. _ -

49



A 50
Procedure

Each group was given a pretest involving the
analysis of student errors in proportion p;oblems
(ApBendix 1) and g questionnaire concerning their
attitgdes towards such .errors (Appendix 3). As a result
of absences on the day that this phase was,underQaken with
the prospective teachers, 5 students did not wri@e the
pretest or fill in the initial questionnaire.

Following this initial testing, each'group spent time
using a computer program which simulates such student
errors as was described in Chapter II. They then were
given a posttest (Appendix 2), similar in content to that
previously taken.lconcerning analysis of proportion
errors, as well as a further questionnaire (Appendix 4)
regarding attitudes towards student errors on proportion
problems.

The prospective teachersy both mathematics majors and
minors, spent two hours using the progfam. ’The practicing
teéthers, because participation was part of a LOGO
workshop, were only able to spend approximately one hour
uéing the progranm. |

Each gréup was given 15 minutes to answer thé error
analysis'qﬁestions on both the'pretest and posttést, Féw

completed ﬁhe pretest in the alloted time, while the
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majority of the prospective teachers were able to finish
the posttest. They had as much time as they needed to

fill out the open-ended questionnaires.

RESULTS OF THE STUDY

Error analysis

All'groups showed improvement in their ability to
analyze stﬁdent'errors of the types detailed by Vergnaud
after spending time using the computer program.

The pre end post tests contained ten questions with
five errors being of the scalar type and five of the
functien type. Question types were scattered throughout
the test to minimize the effect of placement. Each group
was given 15 minutes for each test.

As can be seen in Figure 2, experienced teachers
recelved lower scores on both the pretestrand posttest.
Thls may have been due to thelr participation being a
small part of a day‘long computer workshop whose primary
purpose as far as they were concerned was the discussion
of 1lSt processing in LOGO, Thelr inital score of 38%

overall improved to 62% in the pbsttest, after

approximately one hour using the computer program.
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Those prospective teachers who took the pretest, |
initially received a score of 50% solved. 1In the
posttest, written several days after their;use of the
computer, they improved to an 83% solution rate. All
participants in this group were volunteers, recieving no
compensation in any form.

The five prospective teachers who did not write the
pretest, but did use the computer program for twa hours,
scored 787 on the posttest.

The prospective teachers initially experienced more
éifficulties with errors of the functional type!than those
of the scalar type. After using the program, wﬁ%re they
Qere exposed to numerous examples of eachﬁ_xhey»§eeeme
equally adept at the solution of each.

Findings for the experienced teachers were
dissimilar, with no'inital differences between the

diagnosis of scalar and function errors, nor were there

any on the posttest,
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Participants' observations during program

All computer sessions involving the prospective

teachers were video-taped by means of a direct
connection of a video recorder to the computer monitor

so that the computer screen was recorded at all times,

in conjunction with the'participants' reactions being

recorded by a mlcrophone as they worked through the

s e
AR

program. Part1c1pants w% e generally in g{%upg”of two

or three people.

the student doin&
:m’
the focus became’ n

I like thab & he subtracted hOurs from
dollars. It& unbelievﬁble.a :

;ors, coupled with an 1nab111ty to

54

nt would respond in such a manner.

%
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There's no rationale for some of these errors
because all we are doing is manipulating the
number, '
I don't know where these kids get these
things. At least he's dividing using the
same units. Some of them weren't.

From this initial sceptisim there was a progression

towards trying to theorize about why a student _may be

making errors,

b4
DERAY

b D : .

%ﬂe probably tried it out once something like
‘ this and it worked and then ... hah!
See I don't believe a kid whose thinking as
wrong as these kids are thinking are going to

use the same error paths twice in a row.
Maybe the kid read the problem incorrectly.

So what the kid is forgetting is that it
matters how many boys you had in the first
place.

He's always going to put the difference down. “
He doesn't even have the concept of if you're
given these two ratios - what you're given is
going to determine ..,

Yeah, but if you read the question you might

ask where they get them from. I could never
understand ratios I'd always have them

backwards and screw. them up.

Finally there was an attempt to understand some of
the underlying difficulties with the ratio concept that

could be the basis of such errors as were being exhibited.

Now you cannot divide seconds by a whole -
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that's the amazing thing. .

That's why T tell them to put their units in.
‘But then my cooperating teacher said no they
get all mixed up on theml- But then you gan s
cancel them out and its easy doing anything.

I taught the ratio proportions and I thought
it was the actual interpretation. Once they
got the ratio down they knew what to do with
it. It was trying to get the right numbers
in the right places.

What do you do with a kid who does this thing
for one and another thing for one?

N
B \\

3

N

Participant questionnaires

‘Pafticipants,were'given pre and post questionna;res.
with a number of qﬁestions cpnéerning the import?ncg of
errors in proporﬁion probLems. Answers to the‘questith'
were anélyzed and separéted”into appropriate categories.

- To facilitate gnalysis of thg;responses, answers were
placed in only né category wiph the most likely category

.
chosen. .. o

Prospectiyg teégﬁers answered the post questionnairg
from 5 to 7 days after responding to the pfe |
questionnaire, Expeérienced teachefs'answered the post
qpestionnairevlater in the same day as they énswered the

pre questionnaire .due to the fact that this was part of a

’LOGO.worksgop that the partigipants were taking.
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Students' Difficulties with Proportion Problems

Prospective teachers (Figure 3) ieitially felt that
most difficulties inherent in proportion problems could be
seen es a lack of underetanding on the student's part as
to Qhat is involved with the notion of ratio. They
theorized that. the concept may have geen introduced too

early, that it was hard for a student to visualize the
. : /
relationship between ratios, or that the student did not
. N /’

know what to find. A significant ﬁinority believed that
probleﬁs stemmed from the actual setting up of the ratio
problem, such as rewriting the problem\in mathematical
form,

" After speeding approximaeely twdo hours using the
comﬁuter.prgg}am which simulated a student experiencing
difficulties with proportion problems, the participants
exhibited -a marked tehdency tovblame such.difficulties on

the setting up)of the problem, of deciding how the
tehﬁenents related to each other. This is not all that

) L]

surprisin aSsthe' rogram was written in such a way as to
priying asithe prog 1 ; g

: 4 o . #
emphasize this getting up (by means of the construction of

a small chag#) Ed‘fqliow what often'eeems at first like:

A3
i 5 2N

impossible errots by means of vtédalizing relationships"

between coémponents of that chart. They also seemed to kel
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feel that this could be an important tool in the
organization of iﬁformation and making questionslmore
meaningful to the student experiencing difficulties.

The éxpefienéed.teachers' responses (Figure 4) to
this particular, area of the questionnaires changed little
'afterﬁ$heir short exposure gg the progrém. There was a
slight tendency to goncentrate on comprehension and
‘abstraction even when des;ribing‘an error pattern, where
the prospéctive teachers looked at such patterns (after
EOmpleting Lhé computer program), as being more mechanical-
in.naﬁure. Experienced teachers still seemed to bé more

concerned with finding underlying causes of error,

patterns, rather than those patterns by themselves.

" a——
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Usefulness of Incorrect Answer

‘Prospecti;e teechers{‘in the pre-questionnaire
(Figure 5), concentrated on the importance of the
incorrect answer in helping remediate student errors.

They were cohcerned with the‘methods_to use establishing
an overall view of the situation which could in some Qey
help to bring the student up to the level‘of work that
would be expected.  The shift towards teaching strateéy,
as‘witnessed in figure #6, was due entirel§ to the"
iefluence pfAthose who did not fill out the
pre-questionnaire, they‘chose the identification of an
improved teaching strategy as the focus brdught about by
looking at ae incorrect answer. There seemed to be almost
no movement in relation to this qugstion, Qith requndebts
believing that incorrect answers either told them
something about the success of-their initial teaching-)
strategy, how to help an indiv1dual student or the ability‘
grey
of the studént. It was noted however%;hat those who

concéntrate on student ability, after using the

~51mu1at10n, were more 1nclined to speak of it in terms of
vn.,,d‘ N
w2 &

o
thlngs thagacoul

utively eaeily'remediated, as .

“nclination to describe such -
: 7
athings as stages of.thought and difficulty with abstract

opposed ¢ their

concopts. The pre- QUestionnaire contained vague comments

k3
4
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on"the usefulness of the incorrect answer such as:

"The child didn't understand.

Incorrect answers show how the children think
(in,concrete or abstract terms),

‘Student ability. r

On the post-questionnaire the concerns expressed
through the examination of the incorrect answer were much
more specific, including:

‘Whether or not the student is thinking or
just Juggllng around the numbers.

When the student is confused in the
algorlthm.”

Detect comm n errors.

.- ‘ L]
While practicing teachers (Figure 6) were split

evenly bgtween,student ability, remediation and teaching
Strategy'(with one no response), there‘has a»significant’
shift aftef using the simulation program towards the
usefulnes§ of incorrect answers in the remediation

process. On the pre-questionnaire typical responses

inﬁluded:

Not much -:the teacher would have to also

look at the work and discuss it with the
"student., '

‘How far off the student's thinking is - at
what level the student is at.
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On the post-questionnaire the responses changed to

-

reflect an increased concern with using the incorrect
N v

answgr:.
Weﬁéan learn what misconceptions a student
hasrand be better able to correct the error.,
How far off the student is - ie., is it
setting up the.condition or is it in the
process of calculation?

There seemed to be a greéter interest than was
exhibited by the prospective teachers as to the need to
work individuglly with their pupils, with much less
emphasis on changiﬁg'teaching strategies, This is not
surprising as most of these teachers would be expected to
be fairly confident in their own teaching styles and
abilities whereas those who have not had that experience
would tend to be more concerned with their possible

inadequacies as teachers.

Focus When Helping Students

As to how the student who is experiencing
difficultie; with proportion probiems should be helped,
prospective teachers who compléted both the pre and post
duestionnaire; (Figure 7) showed little variation in their

focus, though most chose either to dwell on the incorrect
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procedure or on both incorrect and correct. On the

pre-questionnaire typical }esponses were:
Concentrate on the correct response but do
not neglect the reason for the incorrect one,
I feel it is most important for the student
to analyze his techniques to see where the
mistake was made and to remedy the
misunderstanding. »

Those prospective teachers who did not do the
pre-questionnaire were unanimous in believing that the
focus. should be on the incorrect procedure. Viewing the
computer simulation seemed to focus their perceptions on

the incorrect by reviewing the numerous errors committed,

Responses to the post—quefgionnaire included: -

Focus on how they arrived at their answer.

It is better to focus on how they arrived at
their answer because then you will be able to
understand where they need help,

Experienced teachers (Figure 8) showed no significant
change regarding focus of remediation. Most felt the
3 5 S
concentration should be on the incorrect procedure, with

some believing that both must be examined. Typical

comments for both pre and post-questionnaire included:

Focus on how they arrived at their answer,

Focus first on how they arrived at their
answer. You must understand how they are

thinbina ahawe eha 1T oo 2ar
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It would seem that thoser;cachors with classroom

)
23,

experience, unlike thoirﬁinexpvribnced colleagues, felt
that thev already knew where to concentrate when there
were problems. The majority believed that it was
necessary to focus on the student's incorrect Procedure,

though a<4fw felt there should be an equal emphasis on

the incorrect procedure and the correct one,
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: ™~ ’
Developer of ‘Mathematical Rules
- . —\7 = .

5
‘

G

As a deVeloper of mathemat1ca1 rules, the teacher was

~

chosen in¢t;/11y by '8 of the 17 prospectlve teachers *

(Figure 9) who completed the fre questionnaire. R_sponses

¥

’L
/

®

¢
- ]

o s
The teacher shodld - prov1de the appropriate
rules after some concrete examples have been
preseﬁted

. The students should try to create the rules

if they can; however, should they (the ‘
students), be too far off base then the
teacher should define the rules for clarity.

L

.After using_the computer‘pnogram simulating a stﬁ%ent
with diéticulties only 3 malntalned this stance,rwlth the
majorlty oplnlon belng that both the student and the
teacher must dev;dop rules 1nta Jornt“effort. Resﬁynses
1ncluded' _‘,_~ '%;:~ ,; '? di ’ R  . ' XA' 'f'

A .

.
Students should ba guld d because it is - l:\ -
~.essential that students KRind patterns in . - \
. pfoblem solving By -themselyes - this R
. facilitates learning and not rote - o
.memorization. o ‘ '

Both-ate important. If studentS\develop
-+ their own rules, they will be at their level
- of understanding, yet some. teacher rules are S
7 necessary.

»

a

‘. ¢

1

Experienced tea@hers (Figure 10) changed from

geherally believing that' ‘the student @hould develop
% ‘

1

@
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~ .
rules so that they can truly understand a concept, to a
joint rule development, guided explicitly by the teacher.

Typical responses to the pre-questionnaire were: ,f?'

I think that there is a time for both -
v -approaches, however if students truly
‘ understand a conceptthey will develop their
own rules. : '
7% Co . - S
When introducing\a problem, the teacher
should always (ideally) let the students

generate-their own rules,
" T

the post-questionnaire responses included:

I think that both situaé%ons are appropriate
and guided development is a good approach,.

Developed by the students with assistance
from the teacher. ' '

.
. . ’ .
. ¥

Learned From Using the Computer Program

Prospective teachers generally felt’that they had
come to learn more about”why'errors in proportion problems

were made (Figure 11), as well as the unexpected range of )
errors possible. Responses included: T

There are many different ways of making
errors - we must be, aware of them.
Ca -

That there are many commnn error paths,

Experieqced'teachers.?Figpre 12),‘whi1e often <§¥;;%

A '
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N ment‘pnlng analyzing skllls, were generally gpre taken

,g}\\w L -
with the usefulness of incorrect answers. Respons&mf

-

included:

ST g

el

Frequ n&%y we think we know what errors a
stud s making and we may be totally on
the. s§§pg track. Helpimg\them with what I

- think- Xhe error is may toggl{?-éonfuse the
studenty

The mistakes made by students are often very
obvivus and quite different from what I
thought they mlght be .

. , .
S . P b -
) ‘ - p .

H

Analjsis of the Computer Program ' .

N

The computer program RA‘ﬁOERROR used in ghe st\% ﬁ W

analyzed in terms of the six—eatageries outlined in the
third chapter. ' : ~ ig .

22

Problem Specification é

. The problem to be dealt wlth hy the program was

-31mulat1ng a student exper1enc1ng d1ff1cultmes with'

™~
\

proportion problems. A model of those errots c13551f1ed
‘by Vergnaud,was implemented While no attempt wes made to

™
revalidate the appropriateness of these error paths.\work
\

N

of-&enior«htgh students‘pn test questions used "to . \\
‘ ' AN
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determine the answers to analyze, were readily

classifiable according to this scheme.

’

The program chose various error paths at random with

no effomt to dlstrlbute errors as to the1r 11ke11hood of

N » . ¥ oy

feiniy
RcE i ‘

occurrence., - It %ould be sald then that RATIOERROR is a
i

good,m’pel‘of a different student through each iteration,
-solQing r;tio problems in one specififally incorrecp way
‘one time. Of coursé. the program itself aoes not have a
'reasonvfbr choosing its various paths, it is in effect

just manipuiating numbers, as it would sometimes appear to

the obssrv:r that a student is.

Problem Representation -

The problem was represented by means of a tree

— S R

structure chosen for what to the researcher was its -
obvious suitability. Each node of the three trees
involved had four children. This partlcular

o . )

representation easily captured those errors outlined by

Vergnaud.



Program Content

»

RATIOERROR was consistent in its provision of e

appropriate solutions to the types of errors generéf:f

However, because some common errors will always generate

the same ®answer, the program and the user will .often offer
' T >

different yet equally correct explanations. This was a

problem when some users felt the program was'not choosing

errors. randomly, when in fact the problem was different
/"\

g . - Perhaps the weakeet‘area of the computer progrem was
its interface with ugers. ThereVWas no attempt to do more
then minimaliy analyze user responses and provide | .
rudimentary help screens. Pictorial representation was |
: : /
1imited to a depiction of information in table form to g
encourage the idéa of setting up the proportlon problem.
While some users were easily bored -with the program,
most became quite engrossed for the short period of time

Y
involved. _ o

-



Learning Outcomes

As outlined in préviously in this chaptér, using
RATIOERROR improvéd the analysis scores of the ’
pérticipants’marktey. From their comments both during
the use of the program and afterwards, RATIOERRO%‘

generated an'increqsed interest in the usefulness of 3uch”

tasks in the teaching process,

t

Efficienc!

RATIOERRORY, being written in LOGO, was for its size,
"
fairly straightforward to implement. IBM LOGO is quite
-fast for an interpreted LOGO and computer response times

were adequate for the use envisaged.



CHAPTER v &

C . ) N

SUMMARY, CONCLUSIONS AND FURTHER RESEARCH

¢

THE STUDY

" The purpose ’study was to design a computer

based model of a child eXperlenc1ng &1ff1cu}ty with

proportion problems and investjgate *its effect on

prospective mathematics teachers; Instruction must deal

specifically w%th incorrect responses of individual

students, Reinforcement of this need to deal with

Qrong answers b; virtue of.exposurejto a iarge number of

student errors, in a short period of time, wés se;n'a§

significant. It was felt that such exposure would not

only.contribute to the 1mprovement of the analy51§

skills of the part1c1pants but would also 1ncreas; their

awareness of the importance of such skills. ! -
A LOGO program called RATIOERROR was developed N

that generated errors con51stent1y for ‘a defined type Ofk\/

p0331b1e student error to proportlon questions as

outlined by Vergnaud (1983). Participants were given

bbth pre and posttests on their ability to analyze sich

errors along with questionnaires concerning their

thoughts on the usefulness of incorrect answers to the

-~

an
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i

teaching process. Prospective teachers used the profram

, for approximately two hours, practising teachers for- one

3
“hour.

CONCLUSIONS

OVERVIEW OF THE RESULTS

. The computer model was tested with twenty-two
prospective teacherswfnd ten practising teachers. In
all cases there was a marked increase;in the ability to
discriminate varioustahtual stuaent errors,

® Most participants indicated a greater specific

awareness to the usefulness of n incorrect answer in

the teaching of proportion problem solutions. Théyfﬁame';f .

to view both student and teachér.&

: : ) N A i b
. I O ki
the development of mathematlcaT‘M%& &
o , Gt

v .
s

: ) T
~'uan“increased focus amongst the pfﬁt
1,;“ T v %

concrete actions possible when cenfronted with studért.

’-
Yo
2T

errors. A corresponding shift away from abstract fy"
judgements about student abilitp was also noted.
RATIOERROR was felt by most to help sharpen ;heir
diagnostic skills while increasing their awareness of

the number of errors possible in proportion questions.
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The major weakness bf the program was the user
inperface. There was no attempt to incorporate a
variety of problem representations. Pictorial
depictions of problems, a common and uéeful method of
solviﬁg proportion questions, was not employed due to
time lim;tafions. As well, no endeavor was made to
adapt insquction implicitly presented to a:model of the
user deve}gped through the implementation of a‘coach or
expert advisor. Such an effort wodl be essential for
anyvprogram being used overﬂan extended period of time
and/or with a 1aggef démain of knowledge.

RATIOERROR proved to be, despite a somewﬁat

mediocre user interface,”a useful presentation. Its

abilitf to present virtually ill classifiable error

- Patterns as delineated{by Vergnaud makes it a

potentially practical aid in the education oi

: ematlcs teachgrs. LA

Tree Representation L

-

.

‘It_is épparént from both a programming and
instructloqﬂg basis that representatfonp of 1nformat10n
P %; o
by means of*iree structures is a very~ owerful device,

‘Qﬁy following a.path down a tree, a limited number of
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choices are available at any given levgl. The trge may

have many levels but the choices at eafh level are|
. J

‘Tﬁ present a very

complex situation in an understandablfe agshion.

severly limited. Thus it is possible
As a method of instruction, tre dfagrams offer a
ready representation of complex relagionships that
otherwise may be overpowering to the student. By
understanding that such relationshigs amount to simple
"choices at each level of the tree, %he student is in a
pOsitiéh to take control of the learniﬁ; situation,
Not only is a tree structure udeful as a guide to

instruction, it can help us analyze 'l problem or a

partfcular solution to a problem. The tree manifests

its power as it becomes a tool in ou problem—solving

S

‘arsenal, .

Implications

student with a 'bug and asks the user to discover the

problem, : ‘ . . N

The discovery that errors, which at first may
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appear random, are in actuality the result of)systematic-
. 4 . , . :

- ~

" procedures is qrrevelatioh‘to many pfospéctive teachéfs.
Those who used RATIOéRROR felﬁ they'had benefite& from
uéi;g the bfogrgm. " A teacher who is not able ﬁo |
diagnoseta difficulty with a pafficular type of quesfion
can bniy‘retegch the_whble procedure. \The attempt to
remediate falls’back/to reexamining the éntipe~ébncept
inveolved inﬁthe'solution of a problem. This reteaching.W~;
‘of t%e Lomplete procedure may 1eaye_tﬁe étudent with.no
_id;a as ﬁo why previous‘ansyers were judged incorrect.r

| A computer program that can ﬁodel Qirtdally all
_errors made in a cergéin type of problem allows its.user
to eiperience the full spectrum of'errofs #n ;¥ »
-rela;ivély short time., This exposure is further

enhanced bf?the consiﬁtency.of the error ov¢r a number -~ e
of quéstions. This‘consistency is not arwéys availéble
when dealing with actual students. "
Another positive aspect ofIUSiﬁg a computer

simulation in the education of prospective teachers is
N

that diagnosis méy be practiced withohtvinterfefing in aﬂ&
defrimental way with_actuafﬂstudents."Whileimuch has “
been written aboui the poteﬁtially harmful‘effécts of—
acquiring knowlege through’the use of machines,
(Weizenbaum, 1976 angd breyfus. 1979) such'training as

‘that exhibifed by RATIOERROR avoids possible negative

3
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.effects associated with untraimed teachers interactihg
'with students. By expériencing.ﬁdiagnosing and L
dgscfibing e;;orsvmade byva computer pfograh;
bfospective teachers are allowed to think about the

underlying causes of such errors in a non-threatening

\

~-

environment. ~.

SUGGESTIONS FOR FUR%%ER RESEARCH

« »

: The following ngggbtions fo¥ further studies arise
oy N _

9
¥ ' L :
. from the present research.

ES

i
=1 -

Replications

The pfesent study'had many restrictions placed on

it. It should therefore be replﬁcated with special

emphasis on an adequate experivental design, increased
sample size and the empioymeng/of a control groups, one

with no instyuction and one with instruction based on

Vergnaud's theories.



Further Research

b

The following are possible areas for further
research.
1. Would using the present prog}am directly

with students experiencing difficulties w;t%

~

proportion groblems aid them in analyzing
their own errors? * .. t
2. Pictorial representation is a
particularly good use of computet resources.
hédld an emphasis on pictorial representation
-~ as oppo;ed to a word problem approach have a

greater influence on potential users of the

program?’

3.‘ Ne attempt was made to follow up on the
actual teaching practices of those 1nvclved
Do relatlvely short exposures to computer

models of students exfleriencing difficulty

~

have long term effects on teaching styles?

- 4, RATIOERROR was a relatively straight
- forward representation of a limited knowledge

domaln. Is it possible to implement other

86
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T

student errors for other types of problems . )

——

using a similar LOGO program?

“

—_ 4 FINAL COMMENTS

A4
Further developmental research and error analysis,

such as that undertaken byGVe'rgnaud, will be needed if
computer-based simulations of studeéts,“whethér as
subjects d% study, or as the basis of a user interface
model, are to be established. Educators must bg involved
in thF éevelopment of educational compﬁtér programs of all
types. Such development is not primarily a,matter of
representing a student model, but is rather a matter of

__undersfanding students' misconceptioné of particuiar

| knowledge domains and determining the various styles qf

learning within those domains.

W
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APPENDIX 1

PRE AND POSTTESTS OF ANALYSIS OF STUDENT ERRORS

9L



PRETEST: STUDENT ERRORS SOLVING PROPORTION PROBLEMS

Please describe how you think the student arrived at'thc
answer shown. ' ’

1) A sheep's heart’ beats 15 times every 10 seconds.
How many seconds does it take for 36 beats?
STUDENT ANSWER = 54 seconds.

2) On a hike Nancy takes 15 steps for every 9 steps
that Grant takes, How many steps does Nancy take when

Grant takes 36 steps?
STUDENT ANSWER = 42 steps.

>~

3) During a poll, 16 out of 96 drivers were not in
favor of seat belt legislation. If another 54 drivers
were polled, how many additional drivers would not be isg

favor of legislation. .
STUDENT ANSWER = 25 drivers.

4) The heights of two poles are in the ratio 5:2. The
shorter pole is 8 meters high. What is the height of

the taller pole? -
STUDENT ANSWER = 3.2 meters,

5) A dripping faucet wastes {ow many liters of water in
11 hours if 42 liters are wasted in 2 hours?
STUDENT ANSWER = 21 liters.
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6) Jenny earns $128 for-working 32 hours, " How many
hours would she work to earn $7Q07?
STUBENT ANSWER = 66 hours.

o

7) Find the actual distance on a map which would
represent 64 km. if the scale is 3 cm. to 8 km.?
STUDENT ANSWER = 88 km. '

8) A cake recipe requires 84 ml. of flour to make 3
layers. How much flour 1is required to make 21 layers?
STUDENT ANSWER = 1.33 ml. ‘

)

9) The ratio of the amss of uncooked hamburger to the
mass of cooked hamburger is 24:21__ How much cooked K
hamburger can be rrepared from 6 kg, of hamburger?
STUDENT ANSWER = 3 kg.

10) A penquin weighing 24 kg. eats .8 kg. of fish a
day. Suppose that a girl weighing 72 kg. who "eats like
a bird" ate the same proportion of food How much would

she eat in one day?
STUDENT ANSWER = 2.4 kg.
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"POSTTEST: STUDENT ERRORS SOLVING PROPORTION PROBLEMS

Please describe how you th1nk the student arrlves at the
answer shown, - - .

~
N

1). HGW much would an ad runnlng for 6 days coet if a .
similar ad costs $100 for 4 days? '
. STUDENT ANSWER = $.24

2) On a hike Nancy takes 15 steps for every 9 steps

that Grant takes. How many steps does Nancy take when

Grant takes 36 steps7 ” -
STUDENT ANSWER = 21.6 steps

‘ R

e v . : ’ R %
3) During’a poll 16 out of~9%‘drivers werenot in favor
of sezt belt legislation. ~"'If another 54 drivers were
polled, how many additional drivers would not be in

favor of leglslat10n7l .,
’ f)’ . STUDENT ANSWER = 48 drivers _

s M

4) The heights of two poles are in the ratio 5:2. The
* shorter polé is 8 meters hlgh What is the height of

the taller pole7 . ’
STUDENT ANSWER = 6 meters

M

5) A dripping faucet wastes how man& liters of water in
11 hdurs if 12 liters are wasted in 2 hours?
: “STUDENT ANSWER = 132 liters

A
Do
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6) Jenny earns $128 for worklng 32 hours, ;How many
hours would. ﬁhe work to earn $707?
STUDENTkANSWER = 90 ﬁours

) .
, ~

/
!

7) A sheep's heart beats 15 times every 10 seconds.
How many seconds does it take for 36 beats?
STUDENT ANSWER = 32 seconds

\

8) A cake recipe requires 84 ml of flour to make 3
layers, How much flour is requ1red to make 21 layers?
STUDENT ANSWER = 12 nml.

9)' The ratio of the mass of uncooked hamburger to the

mass of cooked hamburger is 24:21. How much cooked

hamburger can be prepared from 6 kg. of hamburger?
,'STUDENT ANSWER = 6.8 kg.

10) A pully dev1ce enables John to 1lift a load of 144
kg, ‘'with a pull of 24 kg. How much can be lifted if he
and Harry can pull 42 kg.?

y STUDENT ANSWER = 408 kg.

/

/
/
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V{f PRE AND POST-QUESTIONNAIRES
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-PRE—QUESTIOVNAIRE

1) What do you th1nk is the most common difficulty in
the solv1ng of mathematical word problems?

[

“'2) * What should a teacher do with a student who is
having difficulty with proportion problems?

3) When introducing a concept should the teacher
provide the appropriate rules or should the student
develop their own rules?

‘ . o .
. B

. /‘ P

4) Is it best to concentrate on the correct ﬁrocedure

when a student is having difficulty or on the student s

incorrect response"

5) Descrlbe how using a computer could help- to overcome’
~a stud%ﬁt s difficulties with proportion problems

RN

6) In general why do students do so poorly on ratio
quest10ns7

7) What can a teacher determine from an incorrect
answer?

8) Outline how you would attempt to help a student who
is not able to solve proportion problems.
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POST-QUESTIONNAIRE

1) What would you think is the most frequent type of
error on mathematical word problems? .

o : : O
2) Are there any difficulties that students face that
are peculiar to proportion problems? °

3) Should mathematical rules be given by the teacher or
developed by the student?

4) When would a student not use a correct rule?

~ 5) Is it usually better to focus on the correct
algorithm when helping a student or to focus on how they
arrlved at their answer?

6) Outline the type of computer programs that could
help studepts who are experiencing difficulty with
mathemgficﬁ} concepts. -,

~" ¢ ] \

7) How would you ét&empt to help a student who is not
able to solve proportion problems? : -
S y _

\
1

]

8) What can we learn from an incorrect answer?

é
s

—

&,L/ v . . . _






