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ABSTRACT

A net (z,) in a vector lattice X is unbounded order convergent to
x € X if |z, — x| A u converges in order to 0 for all u € X,. Recent
work by Gao et al. has shown that this type of convergence has many
interesting theoretical and practical applications. In this thesis, we use
unbounded order convergence as a tool to study a different convergence
in Banach lattices. A net (z,) in a Banach lattice X is unbounded
norm convergent to z € X if |z, — x| A u converges in norm to 0 for
all w € X,. We describe basic properties of this convergence and show
that it can be viewed as a generalization of convergence in measure to

the setting of Banach lattices.
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The research appearing in Chapter 2 of this thesis is my contribu-
tion to the article Unbounded norm convergence in Banach lattices by
Y. Deng, M. O'Brien and V.G. Troitsky, arXiv:1605.03538v1 [math.FA]
which has been submitted for publication. All of the original results
and the proofs appearing in Chapter 2 are due to myself and V.G.
Troitsky. V.G. Troitsky formulated and proved Theorem 2.12, Corol-

lary 2.13 and the results appearing in the section on un-topology.
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1. PRELIMINARIES AND INTRODUCTION

In this thesis, we will work primarily in Banach lattices, which, for
the moment, can be thought of as Banach spaces with some type of
ordering. Since these spaces have several structures on them, we pro-
vide a brief overview of the background material. For more details, we
refer the reader to [ABO06], [Sch74] and [LT79, Chapter 1]. We begin

by reviewing the notion of an ordered set.
1.1. Order Structures.

Definition 1.1. A set P together with a binary relation < is called a
partially ordered set if the following hold for each z,y, z € P:
(i) x 2 x (Reflexivity)
(ii) If z Ky and y <X z, then x = y (Anti-symmetry)
(iii) If z <y and y < z, then x < z (Transitivity)
In addition, we say that P is directed by =< if for each z,y € P

there exists z € P such that z < z and y < 2.

We may view this definition as an abstraction of < for real numbers.
Indeed, R with the < relation is a directed set. We call this the usual

ordering of R. Here are some other important examples of this concept.

Example 1.2. Let X be any set. The power set of X, P(X), is directed
by set inclusion. Explicitly, for subsets U and V' of X, we write U <V
iff U C V. It is straightforward to verify C is a partial order on P(X),

and that P(X) with this ordering is a directed set.
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Example 1.3. Let (X,7) be a topological space and let z € X be
fixed. Then the set of open neighborhoods of x is directed by reverse

inclusion; that is, V X U iff U C V.
We now come to the main purpose for introducing directed sets.

Definition 1.4. Let A be a directed set, and let X be any set. A
function x : A — X is called a net in X. We write z(a) := z, for

a €A

It is more common to identify a net with its range; i.e., we say that
(Ta)aea is a net in X. Sometimes we will suppress the index set and
write (z,) when the index set is clear. If X itself is partially ordered
by =<', then a net (z,)aca is called increasing if z, <’ x5 whenever
a =X [ in A; in this case, we write x, T. Similarly, one can define

decreasing nets and these are denoted by z, |.

Example 1.5. Recall that a sequence in X is a function into X whose
domain is the set of all natural numbers, N. Observing that N is

directed by <, we see that any sequence is an example of a net.

Example 1.6. If (X, 7) is a topological space and x € X is fixed, let
M, denote the open neighborhoods of x. Example 1.3 yields 91, is a
directed set. For each U € M,, U # @, so pick some xy € U. Then

(xy)ven, 18 a net in X.

For any subset A of a partially ordered set X, there is a notion
of ‘largest’ and ‘smallest’ elements. An element v € X is called an

upper bound for A if a < u for every a € A. In this case, we may
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write A < u and say that A is bounded above by u. Notice that an
upper bound need not belong to the set which it bounds. We say
that u € X is the greatest element of A if A < u and u € A.
Notice that we called it ‘the’ greatest element; this is justified since
a greatest element, if it exists, is unique. In a similar fashion, one
can define lower bounds and a least element of A. We say that
A is order bounded if it is bounded above and below; in this case,
A Cla,b) ={z € X :a =2z <X b} where a and b are lower and upper

bounds of A, respectively.

Example 1.7. Let Q denote the set of all rational numbers. Then
Q with the relation < is a partially ordered set. Consider the subset
A:={q€Q:q¢* <2} Then A has many upper bounds; for example,

15—2, 3 and 7 are all upper bounds for A.

This example helps to motivate the following terminology. Let Uy
and L4 denote the set of all upper and lower bounds of A, respectively.
If U, has a least element, then we call it the least upper bound
or supremum of A, and denote it by sup A. If £4 has a greatest
element, then we call it the greatest lower bound or infimum of
A, and denote it by inf A. It is important to remark that sup A and
inf A need not exist for a general subset A of X; one such example of
this is Example 1.7.

The notation x, T u means that (x,)aea is an increasing net and
u = sup{z, : @« € A}. Similarly, x, | u means (z,)aca is a decreasing

net and v = inf{z, : « € A}.
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Definition 1.8. Let X be a partially ordered set. For z,y € X define
x Vy = sup{z,y} and z Ay := inf{z,y}. We say that X is a lattice

if xVyand x Ay exist in X for every z,y € X.
Here are some important examples of sets with a lattice structure.

Example 1.9. For any set X, P(X) is a lattice under the ordering
from Example 1.2. The lattice operations are AV B = AU B and

ANB=ANB forany A, B € P(X).

Example 1.10. Let €2 be any set. The set of all R-valued functions on
Q, R, is a lattice under pointwise ordering of functions. That is, for
f,g € R® we write f < g iff f(w) < g(w) for every w € Q. Notice that

fVgand f A g are defined pointwise via

(fvg)w) = flw)Vyw) (fAg)w) = flw) Agw)

for w € Q. In particular, setting {2 = N yields the set of all real

sequences is a lattice under pointwise operations.

Example 1.11. As a special case of the previous example, if € is
finite, then we can identify R® with R® (where |Q| = n) by viewing R-
valued functions on {1,...,n} as vectors in R"; i.e., we identify z € R®
with the vector in R" whose coordinates are given by z; = z(7) for
i€ {l,...,n}. It follows from Example 1.10 that R" is a lattice under
the pointwise ordering of functions. In this case, we say that R” is
ordered coordinate-wise; that is, for z,y € R* x < y iff z; < y; for

every i € {1,...,n}. Tt is easy to see that the lattice operations are



also computed coordinate-wise:

VY= (@1 VY, TnVYn) TAY=(TIAY1,. Ty AYn)

where x = (21, ...,z,) and y = (y1,...y,) € R™

Example 1.12. Let C'(K) denote the space of all continuous R-valued
functions on a compact Hausdorff space K. Again, this is a lattice
under pointwise ordering of functions; i.e., f < gin C'(K)iff f(t) < g(t)
for all t € K. We have

ft) +9(t) +1£(t) = g()]
2

(f Vg)(t) = max{f(t),g(t)} =

and

f@) +g(t) = [ f(t) — g(t)]
2

(f Ag)(t) = min{f(t),g(t)} =

fort e K.

Example 1.13. Let (€, 3, 1) be a measure space and set Lo(p) = {f :
Q2 — R : f is ¥-measurable}. Recall that we identify two functions in
Lo(p) if they are equal p-almost everywhere (a.e.); hence, elements of
Lo(p) are actually equivalence classes of functions. For f, g € Lo(u) we
set f < giff f(w) < g(w) p-a.e.. Under this order, Lo(u) is a lattice

where

(f Vo) w) = flw)Vyw) (f A g)w) = flw) Aglw)
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hold for p-a.e. w € €. Moreover, for 1 < p < oo we let ||f|, =

(JolF(@)Pdp)r and define L,(u) = {f € Lo(u) : [|f]l, < oo}. Then

L,(1) is a lattice under the order it inherits from Lo(u).

1.2. Vector Lattices.

The examples at the end of the previous section illustrate how many
classical function spaces have a lattice structure. In fact, it will often be
helpful to view Banach lattices as function spaces. In order to develop

this idea, we now consider sets with an order and a linear structure.

Definition 1.14. An ordered vector space is a R-vector space X
with an ordering < such that the following compatibility conditions
hold for every z,y,2 € X and A € R;:

(i) x <y implies z + z <y + z, and

(i) <y implies Az < Ay.

If, in addition, X is also a lattice, then it is called a vector lattice.
See Example 1.10 — Example 1.13 above for examples of this concept.
Throughout the rest of this section X will always denote a vector
lattice. An element x € X is called positive if 0 < x. The set of
all positive elements of X is denoted by X,. We say x is negative if

0 < —x. The following result is easy to verify.

Lemma 1.15. For every x,y € X, and A € Ry the following hold:
(i) Az € X, ;

(iii) x € X4 and —x € X, if and only if z = 0.
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Lemma 1.15 says that X, is a cone in X; we call it the positive
cone of X. We say that X is Archimedean if %u J 0 forany u e X,.
The following identities describe the interactions of the linear and
order structure in vector lattices. We present some of their proofs to
familiarize the reader with common calculations in vector lattices. For

more details, see [AB06, Theorem 1.3].

Lemma 1.16. For every x,y,z € X and XA € Ry the following hold:
() =(zVy) = (=z) A(—y) and —(z Ay) = (=) V (=y);

(i

(iii

)

Jrx4+y=xzAy+zVy;

) o+ (yVz) = (@) V(@+2) and 2+ (YA2) = (24+y) Al +2);
(iv) Mz Vy) = (Ax) V (Ay) and Mz Ay) = (Ax) A (Ay).

Proof. We begin by remarking that if x < y, then y — z > 0 and

—x > —vy.

(i) From the definition of supremum we have z < z V y. It follows
that —x > —(x Vy). Similarly, —y > —(z V y). This shows —(z Vy) is
a lower bound for —x and —y. Since (—x) A (—y) is the largest element
with this property, we must have —(x V y) < (—x) A (—y). If 2 < —x
and z < —y, then —z > x and —z > y. It follows that —z > x V y;
hence, z < —(x V y). This shows that —(z V y) is the infimum of —z
and —y, which proves the first identity in (i); the second one follows
by replacing x with —z and y with —y in the first identity.

(ii) Since zAy < z implies z—xzAy > 0, we must have y < y+z—xAy.
A similar argument shows z < x+y—2x Ay, sox+y—xAyis an
upper bound of x and y. It follows that x Vy < x4+ y — 2 Ay,

hence x Ay+2Vy < x+vy. To obtain the reverse inequality, note that
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y < xVy which implies y—xVy < 0, hence x4+y—2xVy < x. Similarly,
z+y—zVy<y sox+y—axVy<zAy,re,z+ty<zAy+zVy.
The anti-symmetry of < yields the identity in (ii).

(iii) We leave it as an exercise to the reader to show that (x + y) V
(x +2) < x+ (yV=z). The first identity in (iii) follows from the
trick y = =z + (x +y) < —v + [(x + y) V (x + 2)] and, similarly,
z< —x+[(x+y)V(z+2)]. The second identity can be proven in the
same way.

(iv) Exercise. O

Perhaps the most noticeable omission from Lemma 1.16 is the dis-
tributivity of V and A over addition. In fact, V and A need not be
distributive over addition in a vector lattice. Nevertheless, for positive

elements, we have the following inequality.
Lemma 1.17. If v, x1,25 € X, then
A (x1 +x2) ST ATy + 2 A 2o

Proof. See [AB06, Lemma 1.4] for a proof based on the definitions. [

For x € X we define the positive part of x, the negative part of

x, and the modulus of x with the following identities.
T =zV0 - =(—-z)VO0 lz] =2V (—x)

Remark 1.18. The modulus of z, |z|, should not be confused with
the absolute value over R, though, for R with the usual ordering, they

coincide.
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Example 1.19. In Example 1.10-Example 1.13 we showed that the
lattice operations V and A are computed pointwise. Similarly, for an
element f in any of these vector lattices, fT, f~ and |f| can be com-
puted pointwise with the appropriate modifications for each case. For
instance, if f € Lo(u) then |f| € Lo(p) is computed pointwise p-a.e.
by

[f1(w) = [f(w)]

for p-a.e. w e €.

One can derive the following basic results using Definition 1.14 and

Lemma 1.16.

Lemma 1.20. The following hold for every x € X:

(1> $+,Z‘_, |$‘ S X+;

(i) =2t —a~;

(iil) |z] =2t + 2.

We call the mappings that send = to =™, 27, |z|,z V y, or z Ay the
lattice operations on X. It is of interest to note that all of the lattice

operations can be expressed in terms of each other.

Lemma 1.21. The following identities hold for x,y € X :

(i) ot = 3(|z| + z) and 2= = (|| — 2),
(i) xVy = —Hygz*y' and x Ny = —Hy;‘m*m , and

(i) zeVy=z+(y—a)t ande ANy=x— (z —y)*.

We say that =,y € X are disjoint if |z| A |y| = 0. In this case, we

write x L y.
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We will often use the following inequality for making estimates in

vector lattices.
Lemma 1.22. For every z,y € X,

||z = [yl| < o £y] < |z] +|y]
Moreover, if x L y then |z +y| = |z| + |y|.

Remark 1.23. In light of Remark 1.18, it is peculiar that the modu-
lus, which is only defined in-terms of the order structure, also satisfies
the triangle inequality. This alludes to a deeper connection between
the modulus and absolute value. Indeed, it can be shown that every
inequality that is valid for real numbers is also true for vectors in a

Banach lattice; see, for example, [LT79, Theorem 1.d.1].

In order to understand the structure of a vector lattice, we need to
understand both its vector subspaces and ‘lattice subspaces’. Let Y
be a vector subspace of X. If, in addition, Y is closed under each of
the lattice operations, then we say that Y is a sublattice of X. By
Lemma 1.21, it is enough to show that Y is closed under any single
lattice operation. For example, if Y is closed under the modulus op-
eration, i.e., x € Y implies |z| € Y for every z € Y, then Y is closed
under all lattice operations since they are all expressed via each other.

Another important class of sublattices are the order ideals. We say
that Y is an order ideal of X, or just an zdeal, if Y is a sublattice
of X and 0 < 2z < y implies x € Y whenever y € Y. For § C X, the

intersection of all ideals containing S is, again, an ideal containing .S
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this is the smallest such ideal, so we call it the <deal generated by
S, and denote it by Ig. If S = {e}, then we write I, instead of If.y. It

is important to note that we can describe Ig for any subset S of X.

Lemma 1.24. For any subset S of a vector lattice X, we have
k
I = {x ol <30 Mk € N M € Ry, g € S}
i=1

If B is an ideal of X and z, 1 in B, implies sup,{z,} € B for any
net (x,) in By, then we call B a band. As with ideals, given a subset
S of a vector lattice, one may speak about the band generated by
S, Bg. In the case where S = {e}, we write B, for the band generated

by e. The following is a useful characterization of B,.

Lemma 1.25. Ife,z € X, then

r € B, <= x =sup{z Ane}
neN

Remark 1.26. It is interesting to contrast I, with B.. Suppose = €
X,. On the one hand, by Lemma 1.24, x € [, iff there exists some
n € N such that x < ne; i.e., x is eventually dominated by a multiple
of e. Said differently, x € I, iff there exists some ny € N such that
x = x Ane for all n > ng. On the other hand, (z A ne),ey is a positive

increasing net in B,, so z € B, iff x A ne T z.

The following is a standard fact from the theory of vector lattices.

For a proof, see [AB06, Theorem 1.20].
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Theorem 1.27 (The Riesz Decomposition Property). Let xq, ..., z,

and Yy, ..., Ym be positive vectors in a vector lattice X. If
IR
i=1 j=1

then there is a finite set {z;; : i = 1,...,n;5 = 1,..,m} of positive

vectors such that
m
€T; = E zij
=1

foreachi=1,...n and

Yj

)
i=1
for each j =1,...,m.

Lemma 1.28. Let |z| = u + v for some vector x and some positive
vectors u and v in a vector lattice. Then there exist y and z such that

r=y+z |y =u, and |z| = v.

Proof. Applying Theorem 1.27 to the equality 27 + 2~ = u + v, we
find four positive vectors vectors a, b, ¢, and d such that u = a + b,
v=c+d,zt =a+c,andx” =b+d. Puty=a—band z =c—d.
Then y+z=a"—2~ =z It follows from 0 <a <zt and 0 < b <z~
that a L b and, therefore, |y| = |a — b| = a + b = w. Similarly, ¢ L d,

and, therefore, |z| = v. O

The following concepts are useful for studying the structure of vector

lattices.

Definition 1.29. A vector e € X is called a

(i) weak unit if for every x € X, z L e implies z = 0;
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(ii) strong unit if for every x € X, there is a A € Ry such that

|z] < Ae.

In Remark 1.26 we highlighted a similarity between I, and B, for
an arbitrary e € X ;. We can now deepen this connection through the

following simple facts.

Proposition 1.30. e € X, is a strong unit iff I. = X. If X s

Archimedean, then e is a weak unit iff B, = X.

Remark 1.31. The condition that X is Archimedean is not a very
restrictive one. Indeed, any vector lattice with a compatible norm
structure is an Archimedean vector lattice. In particular, every Ba-
nach lattice is Archimedean; for clarification of these definitions, see

Section 1.3 below.
We now introduce a concept of convergence in vector lattices.

Definition 1.32. A net (z,)aca in a vector lattice X is said to be

order convergent to x € X if

(1) there is a net (z3)pep in X such that z5 | 0, and
(ii) for every 5 € B, there exists oy € A such that |z, — x| < 23
whenever a > ay.
For short, we will denote this convergence by z, — z and write that

T, 18 o-convergent to x.

Definition 1.32 is quite abstract. It is best to think of order conver-
gence as bounded a.e. convergence in L,(), as the following example

demonstrates.
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Example 1.33. A sequence (f,) in L,(u) converges in order to f €
L,(p) if and only if (f,) is order bounded and f, == f.

The next fact can often be used to simplify arguments involving order

convergence.

Lemma 1.34. If (z,) is a net in a vector lattice X such that x, T x,
then x, — x. The same is true if we replace T with |, or replace nets
with sequences. In particular, a band s an ideal that is closed with

respect to order convergence.

A function on a vector lattice is said to be order continuous if

f(zq) > f(z) whenever 2, = x in X.
Proposition 1.35. The lattice operations are order continuous.

1.3. Banach Lattices.

We are now ready to introduce the formal definition of a Banach
lattice. A normed lattice is a vector lattice with a norm that satisfies
the following conditions:

(i) x <y implies ||z|| < [|y|| for every z,y € X;
(ii) ||[«]|| = [|=|| for every z € X.

A norm that satisfies these criteria is called a lattice norm. If,
in addition to being a normed lattice, X is complete with respect to
its lattice norm, then we call it a Banach lattice. Unless stated
otherwise, we will always assume that X is a Banach lattice. Since X

is also a Banach space, we may discuss norm-convergence in X; for a
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net (z,) and z € X, we write z, — = when ||z, — x| — 0. We may
also consider the norm dual of X, X*. The next results show that the

lattice operations are compatible with taking limits.
Proposition 1.36. The lattice operations on X are continuous.

Proof. Suppose z, — x in X. Then
[1zal = 2] < |[lza = 2[|| = 24 — 2] — 0.

Thus, |z,| — |z|; that is, the modulus operation is continuous. The

desired result is now an immediate consequence of Lemma 1.21. U

The order structure on X interacts with limits in the following way.

Corollary 1.37. If (z.), (ya) are nets in X such that xo — ,Yo —> Yy

and x, < Yo for every a, then x < y.

Proof. Our goal is to show that y —z € X,. Since z, < y,, we have
Za = Yo — To € X, for every a. As z, — y — z, it suffices to show
that Xy is norm closed. To this end, suppose wg — w for any net
(wp) in Xy and some w € X. By Proposition 1.36, wg = wy — w™.
As the norm topology is Hausdorff, the limit is unique and we obtain

w=w"e X,. O

Here are some important examples of Banach lattices.

Example 1.38. R with the usual order and absolute value is a Banach

lattice.
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Example 1.39. The following sequence spaces are all sublattices of
RN under the pointwise order given in Example 1.10. In addition, they

are all Banach lattices with their given norms.

e /., the space of all bounded sequences, with norm ||z||s =
sup,, |z, | for x = (2,)nen € loo;

e ¢, the space of all convergent sequences, with |[|-||so;

e ¢y, the space of all sequences converging to zero, with |[|-|/s;
and

e /,, the space of all p-summable sequences, where 1 < p <
oo and the norm is given by |lz|/, = (Zf:1|xn|p)% for x =

(xn>n€D\I S gp'

Example 1.40. In Example 1.12 we introduced a lattice structure on
C(K) for a compact Hausdorff space K. In fact, it is a Banach lattice.
As C(K) with the sup-norm || f|| = sup,cx{|f(z)|} is a Banach space
and a vector lattice under pointwise ordering of functions, it remains
to show that the sup-norm is a lattice norm. Indeed, suppose f < g in

C(K). Then |f(z)| < |g(z)| for every x € K. It follows that || f|| < ||g]|-
Also, [[Ifl]] = supsex{If1(2)} = supyer {1f ()1} = IIfIl.

Example 1.41. If X is a locally compact Hausdorff space, then we
denote by Cy(X) the set of all continuous R-valued functions on X
that vanish at infinity; i.e. it is the set of all continuous functions
f + X — R such that for every ¢ > 0 there is a compact subset K of
X with f(z) < € whenever z € X \ K. With the sup-norm from the

previous example, Cy(X) is a Banach lattice.
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Example 1.42. For a measure space ({2, %, i), recall that a function
f € Lo(p) is said to be essentially bounded if there exists a positive
real number M such that p({w : |f(w)| > M}) = 0. Taking the
infimum over all such M defines a norm on all essentially bounded
functions; we denote this space by Lo (1) where || f||o = infareps+ {M :
p({w : |f(w)| > M}) = 0}. It is a basic fact from functional analysis
that Lo (¢) is a Banach space. Moreover, it is a Banach lattice under

the order introduced in Example 1.13.

Example 1.43. Let (€2, %, 1) be a measure space. For 1 < p < oo, we
have mentioned that the space L,(u) is a vector lattice under the point-
wise p-a.e. order. Recall that two functions f, g € L,(p) that agree p-
a.e. are identified with each other. In this case, || f]|, = (fQ|f(w)|pdu)%

is a lattice norm and L,(x) is a Banach lattice.

Given that X has the structure of both a vector lattice and a Banach
space, it is natural to ask about the relation between order and norm
convergence in X. Unfortunately, these two convergences may not be
directly related in general. If x,, 2 implies z, — z for any net (z,)
and x € X, then we say that X is order continuous. If this property
holds for sequences instead of nets, then we say that X is o-order

continuous. Clearly, order continuity implies o-order continuity:.
Example 1.44. L,(;) for 1 <p < oo is order continuous.

Example 1.45. C([0,1]) is not even o-order continuous.
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The following is a standard result that is useful for extracting order

convergent sequences from norm convergent ones; see [AA02, Exer-

cise 13]

Proposition 1.46. Every norm convergent sequence in a Banach lat-

tice has a subsequence that converges in order to the same limit.

1.4. Representations of Banach Lattices.

In this section we give a more rigorous discussion on how one may
view Banach lattices as spaces of functions. We begin with a few defi-
nitions.

Let T be a linear operator between two Banach lattices T' : X —
Y. T is said to be positive if T(X,) C Y,. We call T a lattice

homomorphism if T(x Ay) = Tax ATy for all z,y € X.

Remark 1.47. In the definition above, we made no assumptions about
the continuity of T'. In fact, positive operators between Banach lattices
are continuous; see, for example, [AB06, Theorem 4.3]. If T is a lattice
homomorphism, then T preserves all lattice operations via Lemma 1.21.
In particular, if x € X, then Tax = T|x| = |Tz| > 0; that is, T is

positive and, therefore, continuous.

If T is an injective lattice homomorphism, then we call T a lattice
isomorphism. Notice that we do not require T to be surjective. If
there is a surjective lattice isomorphism between X and Y, then we say

that X and Y are lattice isomorphic. Similarly, a lattice isomorphism
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T is called a lattice isometry if | Tx| = ||z| for every x € X, and X
is lattice isometric to Y if there is a lattice isometry from X onto Y.

If e € X, then one can consider I, = {z : |z| < Xe for some \ €

[0,00)} as in Lemma 1.24. We can define a lattice norm on I, via
|z]le = inf{A > 0: |z| < Xe}

For a Banach lattice, (I, |-||e) is complete for every choice of e €
X,. In addition, if e is a strong unit, then I, = X with ||-||. is a
Banach lattice. Since any two norms turning X into a Banach lattice
are equivalent, [|-||. is equivalent to the original norm on X. This leads

to the following result. For a proof, see [LT79, Chapter 1b].

Theorem 1.48. For every e € X, (I, |||e) is lattice isometric to
C(K) for some compact Hausdorff space K. Moreover, through this
correspondence we may identify e € I, with the constant function 1 in

C(K); i.e. 1(z) =1 for everyz € K.

In particular, if e is a strong unit in X, then Theorem 1.48 says that
X is lattice isomorphic to a C(K) space. Therefore, from the point
of view of the lattice structure, Banach lattices with strong units are
C(K) spaces.

In this thesis, we will be interested in studying the relationships be-
tween different convergences in Banach lattices. Since we will often deal
with order and norm convergence, it is natural to restrict our atten-
tion to order continuous Banach lattices. However, in Example 1.45 we
showed that C'(K) spaces are not necessarily order continuous; hence,

C(K) spaces may not be sufficient for the purposes of representing
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order continuous spaces. In light of this, it will be useful to have a
representation of a Banach lattice on a space that is always order con-
tinuous. We can do this with the following construction.

A strictly positive functional is an element h € X* such that
h(x) > 0 whenever > 0. This concept is useful because it allows us
to define the following norm. If X admits a strictly positive functional,
h, define

[ ]ln = R(|])

It is easy to verify that (X, ||-||n) is a normed lattice, but it need not

be complete with respect to ||-||. Any norm satisfying
(1) Iz +yll = [lz]l + llyl| whenever = Ly

is called an AL-norm and a Banach lattice with a norm satisfying
(1) is called an AL-space. It is straightforward to check that -]
satisfies (1); hence, if X is a Banach lattice that admits a strictly
positive functional, we can apply the above construction to obtain an
AL-norm on X. It follows that the completion of X with respect to
|ln, X, is an AL-space. At this point, we draw on the following

powerful result due to [Kak41].

Theorem 1.49 (Kakutani’s AL-representation Theorem). Every AL-

space is lattice isometric to Li(p) for some measure fi.

Since X can be identified with an L;-space via a lattice isome-
try, we will often write X = L;(u) and say that L;(u) is an AL-

representation of X.
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Remark 1.50. In the AL-representation of X, we will view X as a
sublattice of Li(x). To justify this, let V : X — Ly(u) be a lattice
isometry and let ¢ : X — X be the inclusion map. If we let T =V o,
then T': X — Ly(p) is a lattice isomorphism; hence, the range of T is

a sublattice of L;(u). Now X is lattice isometric to T(X).

Theorem 1.51. Let X be an order continuous Banach lattice with a
weak unit, e. Then X is a dense ideal in Li(u) for a finite measure p.
Moreover, e € X can be identified with 1 € Ly(p) and the inclusion of

X into Ly(p) is continuous.

Remark 1.52. The proof of this result is a direct consequence of The-
orem 1.49. We point out a few subtleties. The conditions that X is
order continuous and has a weak unit guarantee that there is an order
continuous strictly positive functional on X; see, e.g. [LT79, Proposi-
tion 1.b.15]. This leads to the fact that X is an ideal in L;(u). The
fact that there is a weak unit in X allows one to choose the measure in
Theorem 1.49 to be finite. Finally, the continuity of the inclusion of X
into Ly(p) follows from ||z||z, ) = ||z|ln = R(Jz]) < [[h]|||z] for some

h € X* that is strictly positive.

1.5. Unbounded Order Convergence.

The variety of structures on Banach lattices make them host to a
number of interesting convergences. In addition, one can study how
these convergences are related amongst each other. For example, in

Banach lattices one may study order convergence and how it relates
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with the norm convergence. Of course, these convergences need not be
directly related in general, but there is a rich theory that follows from
the cases when they are; for further reading in this area, see [ABO0G,
Chapter 4.1] on the theory of order continuous Banach lattices. Still,
even in vector lattices, the order convergence is lacking some desirable
properties. For instance, if Y is a sublattice of a vector lattice X, then a
net (y,) in Y which converges in order to some y € Y need not converge
in order in X; this is in sharp contrast with the behavior of norm
convergence in subspaces. Of particular interest to this thesis, [GTX]
show that we can resolve this issue if we replace order convergence with

uo-convergence and use reqular sublattices.

Definition 1.53. A sublattice Y of a vector lattice X is called regular
if z, | 0in Y implies z, | 0 in X. In particular, every ideal in a vector

lattice is a regular sublattice.

Definition 1.54. A net (z,) in a vector lattice X is said to be un-
bounded order convergent to v € X if |z, — x| Au = 0 for every
u € X,; we denote this convergence by z, — x and say x, uo-

converges to x.

Theorem 1.55 (GTX, Theorem 3.2). LetY be a sublattice of a vector
lattice X. The following are equivalent:
(i) Y is regular;
(ii) For any net (yo) inY, Yo — 0 in Y implies yo — 0 in X ;
(iii) For any net (yo) inY, Yo — 0 in Y if and only if yo — 0 in
X.
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Uo-convergence first appeared in [Nak48] and was formally intro-
duced by [Wic77]. Since this time, there have been several theoretical
and practical applications of uo-convergence; see, for example, [Gaol4]
and [GX]. For a detailed account of many interesting properties of
uo-convergence, we refer the reader to [GX14], [Gaol4] and [GTX].
In particular, it is straightforward to verify that this is a linear con-
vergence; hence it suffices to study uo-convergence of nets to 0. One

property that will be particularly useful in this thesis is the following.

Lemma 1.56. [GTX, Corollary 3.5] Let X be a vector lattice with a
weak unit, e. Then for a net (x,) in X, v, — 0 in X if and only if

[za| Ae =0

Thus, if a weak unit exists, it suffices to check the uo-convergence at
a single point.

It is of theoretical interest to note that one may view uo-convergence
in Banach lattices as a generalization of almost everywhere convergence

in L,-spaces.

Theorem 1.57. [GTX] Let X be an order continuous Banach lattice
with a weak unit, and let Li(p) be an AL-representation of X. Then

Ty ~2 0 in X if and only if x, == 0 in Li(u).
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2. UNBOUNDED NORM CONVERGENCE

In this thesis, we will use uo-convergence as a tool to study another
convergence in Banach lattices. A net (z,) in X is unbounded norm
convergent to v € X if |z, — x| Au — 0 for all u € X ; in this case,
we write £, — z and say x, un-converges to x. This concept was first
introduced in [Tro04], where it was shown that un-convergence in ¢y is
the same as coordinate-wise convergence. Additionally, it was shown
in [Tro04] that un-convergence agrees with convergence in measure in
L, () for a finite measure p and 1 < p < co. Given the relationship be-
tween a.e. convergence and convergence in measure in L,-spaces, it is
natural to ask about how uo- and un-convergence are related in general.
As their definitions only differ by the use of order and norm conver-
gence, the appropriate setting for this question is in order continuous
spaces. This leads to the following characterization of un-convergence
in terms of uo-convergence for order continuous Banach lattices: a se-
quence (z,) un-converges to z if and only if each subsequence has a
further subsequence that uo-converges to the same limit. We will also
demonstrate that un-convergence can be viewed as a generalization of

convergence in measure to Banach lattices.

2.1. Basic Properties.

A version of the results presented in this chapter can be found in
[DOT].

Unless stated otherwise, we will assume that X is a Banach lattice
and all nets and vectors lie in X. The first result highlights some basic

properties of un-convergence.
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Lemma 2.1.
(1) Ta = 2 iff (14 — 2) 2> 0;
(ii) If x4 —> x, then |z > |x|;
(iii) If 2o —> = and Y, —> y, then azy + by, — ax + by for any
a,b e R;
(iv) If 1o > x and T4 —> y, then = y;

(v) If v, = x, then x,, — x for any subsequence (x,,) of ().

Proof. (i) Suppose 7, — . Then |(v, — 1) — 0| Au = |74 — 2| Au — 0
for each u € X, 50 (4 —2) — 0. The proof of the converse is similar.

(i) As [|za| — ||| < |za — 2], it follows that
|za| = |2|| Au < |za — 2| Au—0

for every u € X ; that is, |z,| — |z|.
(iii) Suppose x4 — = and y, — y. Applying the triangle inequality,

we obtain
[(Tatya) = (@x+y)|[Au < (|Ta—2|+|ya—y]) Au < |20 —2|Aut|ye —y|Au

for each o and u € X . It follows that 24 + Yo — = + ¥.
Next, fix a € R and let w € X,. Observe that |ax, — ax| A u =
(la| - |za — x|) Au. If |a| <1, then
la| - |xe — x| ANu < |z — x| A — 0.

If |a] > 1, then u < |a| - w and

la| - o — x| Au < |a] - |zo — x| Ala| - u =la| - (|xa — 2| Au) = 0.
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In either case, az, — az.
(iv) Observe that |z — y| < |x — xo| + |y — xo| for every a. Let

u = |x — y| and notice that
lz—yl=|z—ylAu<|z—zo| Au+ |y —zal Au— 0.

(v) Suppose z,, — z and let (,,) be any subsequence of (z,,). For
any € > 0 and v € X there is a ny € N such that [|(z, —x) Au| <€
whenever n > ng. Then for & > ny > ny we must have ||(z,, —x)Au|| <

. un
€. As € was arbitrary, we have x,, — . O

Remark 2.2. Recall that each of the lattice operations can be ex-
pressed via each other. In light of this, Lemma 2.1 (ii) shows that

un-convergence preserves all the lattice operations.

Remark 2.3. Combining Lemma 2.1 (i) and (ii) we obtain z, — 0 if
and only if |z, —2| == 0. This often allows us to reduce un-convergence
of nets to un-convergence of positive nets to zero.

The next result justifies the name unbounded norm convergence.

Proposition 2.4. If 2, — 0 then x, — 0. If (z4) is order bounded,

then the converse is also true.

Proof. Without loss of generality, suppose x, > 0 for all . Then

To AU < xq8 — 0
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for any v € X, . Conversely, if 2, — 0 and there is some b € X such

that x, < b for each «, then
Ty = Ta Nb— 0.

O

We will show that the condition that (x,) is order bounded in Propo-
sition 2.4 can be weakened. First, we need the following relation be-

tween uo- and un-convergence.

Proposition 2.5. In an order continuous Banach lattice, uo-convergence

implies un-convergence.

Proof. In order continuous spaces, order convergence implies norm con-
. uo o
vergence. Thus, if z, — 0 we must have |z,| Au — 0 for each u € X .

Order continuity gives |z4| A u — 0 for each u € X . O

Example 2.6. Let (e,,) denote the standard unit sequence in ¢; that
is, for each n € N let e, = (0,0,...,0,0,1,0,0, ...) be the sequence with
a 1 in the n'® coordinate and 0 elsewhere. Note that (0,0,0,...) <
en < (1,1,1,...) for each n; hence, (e,) is order bounded. However,
llen]] = 1 for each n, so e, # 0 in £. It follows from Proposition 2.4
that e, 7‘£> 0 in /. Since it is known that /., is not order continuous
and e, — 0 in /s (see [Gaol4, Lemma 1.1]), the order continuity

assumption in Proposition 2.5 cannot be dropped.

Example 2.7. Example 2.6 also shows that Theorem 1.55 fails for
un-convergence. Indeed, (e,) converges coordinate-wise to (0,0,0, ...);

hence, by [Tro04, Example 21], e, — 0 in ¢y, but not in /..
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We now use Proposition 2.5 to weaken the condition that (x,) is
order bounded in Proposition 2.4. A subset A of X is almost order
bounded if for every € > 0 there exists u € X, such that A C [—u, u]+

eBx where By denotes the unit ball of X.

Lemma 2.8. If 2, — 2 and (z4) is almost order bounded then x, —

x.

Proof. The proof is identical to [GX14, Lemma 3.7] after applying
Proposition 2.5 to reduce uo-convergence to un-convergence. However,

unlike [GX14], we do not require the space to be order continuous. [

We also have the following estimate on the limit of a un-convergent

net.

Lemma 2.9. If 1, —» x then x4 A|z| — |z| and ||z|| < liminf, || zq]|.

Proof. Again, the proof follows immediately from [GX14, Lemma 3.6]

and Proposition 2.5. U

Our next goal is to reduce the task of checking un-convergence at
every positive vector to a single ‘special’ vector as in Lemma 1.56. A
vector e € X, is called a quasi-interior point if x A ne — z for

every x € X, . This leads to the following result.

Lemma 2.10. Let X be a Banach lattice with a quasi-interior point e.

Then o > 0 if and only if |za| A e — 0.
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Proof. The forward implication is immediate. For the reverse implica-

tion, let u € X, be arbitrary and fix € > 0. Note that
|Za| Au= 24| A (u—uAme+uAme)
for every a and each m € N. It follows that
|Za| Au < |zo| Alu—uAme)+|zo| A(uAme) < (u—uAme)+m(|za|Ae)
and, therefore,
H]xa| A uH < |lu—uAme|| + mH|xa| A eH

for all @ and all m € N. Since e is quasi-interior, we can find m such
that [[u — u A me|| < e. Furthermore, it follows from |z,| A e — 0 that
there exists aq such that H|xa| A eH < = whenever a > ag. It follows

that |||za] Aul| < &+m< = 2e. Therefore, [z4| Au — 0. O

In order continuous spaces, we can obtain a version of Lemma 1.56

for un-convergence.

Corollary 2.11. Let X be an order continuous Banach lattice with a

weak unit e. Then x4 — 0 if and only if |z Ae — 0.

Proof. If X is order continuous, then e is a weak unit if and only if e

is a quasi-interior point. O

In [GTX, Corollary 3.6], it was shown that every disjoint sequence is
uo-null. Example 2.6 shows that this fact is not true for un-convergence.

The following result says that un-null sequences are “almost” disjoint.
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Theorem 2.12. Let (z,) be a net in X such that v, — 0. Then there
exists an increasing sequence of indices (o) and a disjoint sequence

(dg) such that z,, — di — 0.

Proof. Assume first that z, > 0 for every a. Pick any ;. Suppose

that aq,...,ag—1 have been constructed. Note that z, A z,, — 0 for
everyi=1,...,k—1. Choose aj > «j_1 so that Hxak NTq, || < 2;% for
every ¢ = 1,...,k — 1. This produces an increasing sequence of indices

(ay) such that ||zi|| < 2;% where 2 = To, A T, 1 <@ < k.
For every k, put v, = Zf:_ll Zik + Z;’ik +12kj- Clearly, vy is defined
and [Jvg| < 55. Put dp = (24, —vp)". It is casy to see that 0 <

To, — di < U, so that ||z, — di| — 0 as k — oo. It is left to show

that the sequence (dj) is disjoint. Let k < m. Then

d, = (2o, — )t < (20, — 2km)t = oy, — Ta, A Za,,, and

dn = (20, — )t < (Ta,, — 2km)T = Ta,, — Tap N Tay, -

It follows that d, L d,,.

For the general case, we apply the first part of the proof to the
net (|z4|) and produce an increasing sequence of indices () and two
positive sequences (wy) and (hy) such that |z,,| = wr + hg, (wg) is
disjoint, and hy — 0. By Lemma 1.28, we can find sequences (dj) and
(gx) in X with |dg| = wg, |gk| = hx and z,, = dp + gi. It follows that

(di) is a disjoint sequence and g, — 0. Thus, z,, — di — 0. O
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It is well-known that a topology induced by a norm is sequential in
nature; ¢.e., the norm topology can be described by prescribing con-
vergent sequences instead of convergent nets. For order continuous
Banach lattices, un-convergence is also sequential in nature; that is,

one can always work with un-convergent sequences instead of nets.

Corollary 2.13. Let (z,) be a net in an order continuous Banach
lattice X such that x, > 0. Then there exists an increasing sequence

of indices (ay,) such that v, — 0 and x,, — 0.

Proof. Let (ay) and (dy) be as in Theorem 2.12. Since (dj) is disjoint,
we have dj, — 0 and, therefore, d, — 0. It now follows from To,, —di —
0 that z,, — di % 0 and, therefore, Ty, 2% 0. Furthermore, since
Zq, — di — 0, passing to a further subsequence, we may assume that

Toy, — di 2 0 and, therefore, Toy, — di 2 0. This yields Ty, 0. O

2.2. Generalized Convergence in Measure.

In this section, we characterize un-convergence in terms of uo-convergence.
As a consequence, we obtain a generalization of convergence in measure

in Banach lattices.

Proposition 2.14. If , — 0 then there is a subsequence (,,) of

(z,) such that z,, — 0.

Proof. Define e := S°°° 1L Let B, be the band generated by e

n=1 3% [l

in X. It follows from z, —» 0 that |z, Ae — 0in X. As B, is

norm closed, |x,| Ae — 0 in B.. By Proposition 1.46, there exists a
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subsequence (z,,) of (z,) such that |z, | Ae = 0 in B.. Since e is a
weak unit in B,, we have x,,, 5 0in B,. Finally, as B, is an ideal in

X, it follows from Theorem 1.55 that z,, ~» 0 in X. 0

It was observed in [Tro04, Example 23] that for sequences in L, (),
where p is a finite measure, un-convergence agrees with convergence
in measure. We now provide an alternative proof of this fact based on

Proposition 2.14.

Corollary 2.15. [Tro04] Let (f,) be a sequence in L,(u) where 1 <

p < oo and pi is a finite measure. Then f, — 0 if and only if f, & 0.

Proof. Without loss of generality, f,, > 0 for all n. Suppose f, = 0.
It is easy to see that f, A1 — 0 in the norm of L,(u). Since L,(u) is
order continuous and 1 is a weak unit, it follows from Corollary 2.11
that f, — 0.

Conversely, suppose that f, — 0. Then every subsequence (f,,)
is still un-null and, therefore, has a further subsequence (fy, ) such
that fnk-,- 2 0 by Proposition 2.14. Since uo-convergence agrees with
a.e. convergence in L,(u), we have o, 2% 0. In summary, (f,) is
a sequence in L,(u) with the property that every subsequence has a
further subsequence that converges a.e. to the same limit. Since p is

finite, this yields f, < 0. U

Remark 2.16. In the preceding proof, we used the fact that if (€2, 3, u)
is measure space with a finite measure and (f,) is a sequence of %-

measurable functions on Q, then f, £ 0 iff every subsequence (fur)
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has a further subsequence ( fnki) such that fnki 225 0; see, for exam-
ple, [Cohnl13, Exercise 6, p. 84]. It is of interest to note that Propo-
sition 2.14 may be viewed as an extension of the forward direction of
this result to general Banach lattices. Our next result shows that the

converse is true in order continuous Banach lattices.

Theorem 2.17. A sequence in an order continuous Banach lattice X
1s un-null if and only if every subsequence has a further subsequence

which s vo-null.

Proof. The forward implication is Proposition 2.14. To show the con-
verse, assume that x, 2> 0. Then there exist § > 0, u € X, and a
subsequence (,,,) such that |||z, | A u|| > ¢ for all k. By assumption,

there is a subsequence (z,, ) of (z,,) such that z,, > 0; therefore,

Ty, % 0 by Proposition 2.5. This yields |£B”kl| A u — 0, which is a
contradiction. O

Remark 2.18. Again, Example 2.6 shows that the order continuity

assumption in Theorem 2.17 cannot be dropped.

These techniques allow us to generalize convergence in measure to

the setting of order continuous Banach lattices with a weak unit.

Theorem 2.19. Let X be an order continuous Banach lattice with
a weak unit, e, and let Li(u) be an AL-representation of X. For a
sequence (x,) in X, we have z, > 0 in X if and only if z, & 0 in

Ly ().
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Proof. Recall that, by Theorem 1.51, these conditions allow us to rep-
resent X as a dense ideal in L;(u) for a finite measure p, where e is
identified with 1, and 7', the inclusion of X into L;(u), is a contin-
uous lattice isomorphism. We also view X as sitting inside L;(u) by
Remark 1.50.

Without loss of generality, we take z, > 0 for all n € N. For the
forward direction, suppose z, — 0 in X. Since we view X as being
contained inside L;(u) and e € X is identified with 1, Corollary 2.11

and the continuity of T gives
z, N1 — 0.

in Ly(p). As 1 is a weak unit in Ly (p) when g is finite, Corollary 2.11
yields that z,, — 0 in L;(u). By Corollary 2.15, this is equivalent to
T, 5 0in Ly(p).

Conversely, suppose (x,) is a sequence in X whose representation
in L;(u) satisfies x, & 0. Let (z,, ) be any subsequence of ().
Then there exists a further subsequence (xy, ) such that z,, 2% 0;
SO T, 2% 0 in Ly(p). Since we view X as an ideal in L;(y), Theo-
rem 1.55 gives us that x,, %% 0 in X. Now apply Theorem 2.17 to

obtain z, — 0 in X. O

2.3. Un-Topology.

Recall that a topology on a set X is determined by its open subsets.
Equivalently, one can describe a topology by prescribing convergent

nets or by describing a system of neighborhoods.
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It is known that a.e. convergence is not given by a topology [Ord66];
i.e. there is no topology for which the associated convergence is a.e.
convergence. In particular, this shows that uo-convergence is gener-
ally not given by a topology. We show that un-convergence is always
given by a topology and define its neighborhoods explicitly. In light of
Lemma 2.1 and Remark 2.3, we expect that this will be a linear topol-
ogy; hence, we begin by describing a base of neighborhoods of zero.

Given an € > 0 and a non-zero u € X, we set
Vie={zeX : H\x! /\uH <e}.

Set Nop = {Vie: e >0;u € X\ {0}}.

Proposition 2.20. The collection Ny is a base of neighborhoods of

zero for a linear topology.

Proof. We apply [KN76, Theorem 5.1].

First, every set in A trivially contains zero.

Second, we need to show that the intersection of any two sets in N
contains another set in Ny. Take V,, ., and Vi, ., in MVy. Put e = g1 Aeo
and u = u; V up. We claim that V,,. CV,, ., NV,,,. Indeed, take any

x € V. Then |||z Aul| < e. Tt follows from |z Ay < |z| A u that
el A < [l Avulf < e <e,

so that x € V,,, .,. Similarly, x € V,,, ,.
It is easy to see that V,,. + V,, . C V, 9.. This immediately implies
that for every U in N there exists V' € N, such that V +V C U. It is
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also easy to see that for every U € Nj and every scalar A with |A] <1
we have \U C U.

Next, we need to show that for every U € Ny and every y € U,
there exists V' € Nj such that y +V C U. Let y € V,. for some
e > 0 and a non-zero u € X,. We need to find § > 0 and a non-
zero v € Xy such that y +V,5 C V, .. Put v := w. It follows from
y € Vie that |||yl Aul| < e take § := & — |||y A ul|. We claim that
y+Vys C Vye. Let x € V,4; it suffices show that y + 2 € V,, .. Indeed,

ly+z| Au < |y| Au+ |z| Au, so that
|y + 2| Al < ||lyl Aul|+ |[lz] Aul| < |[lyl Aul| +6=e.

t

Now we can describe all the neighborhoods in this topology: a subset
U of X is a neighborhood of y if y +V C U for some V € Nj.

The next result shows that un-convergence is topological.

Proposition 2.21. Un-convergence in a Banach lattice is the same as
the convergence in the topology whose base neighborhoods of zero are

given by Ny.

Proof. If 2, = 0, then for every € > 0 and u € X, there is some ag
such that |||za] A ul| < € whenever a = ag. Said differently, for any
Ve € No, there is an g such that z, € V, . whenever a = «p. The

converse follows immediately. 0

Thus, the natural convergence in this topology is exactly un-convergence.

Notice that this topology must also be Hausdorff by Lemma 2.1 (iv).
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