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Abstract

The operations of the plant may deviate from the initial design due to the uncertain-
ties and changes in the several conditions as a result of market demand, operation
conditions, and safety regulations over time. To maintain productivity, safety, and
efficiency, operators should ensure the plant to be operating around its optimal point.
However, due to the changes in the operating conditions of the plant, the current op-
timal point may deviate from the one obtained during the initial design. Alongside
finding the optimal point, it is essential to find the optimal path that steers the plant
from the current operating conditions to the optimal operating point. Hence, auto-
mated self-optimization of the plants is gaining popularity in academia and industry.
One of the approaches that is in practice in plant optimization is optimizing the plant
with the aid of the model. Thus, developing a model that can mimic the plant with
the utmost accuracy is important. However, due to the possible differences between
the developed model and the plant (model-plant mismatch), the obtained optimal
point from the model may not be accurate. The main objective of this thesis is to de-
velop a general framework for optimization of a plant that can handle the model-plant

mismatch. A model-based optimization strategy is utilized to achieve this objective.

To develop a model that is robust to outliers, and can handle delays, missing data
in input and output, and also is simple to use in plant optimization, two extensions
of a generalized weighted probabilistic principal component regression method are
proposed in this thesis. In addition, the proposed model is able to deal with high-

dimensional plant datasets, multi-modal and/or nonlinear nature of the plants.

The high dimensionality, multi-modal nature of plants, missing data in input and

i



output variables, and outliers are addressed simultaneously in Chapter [2] the mix-
ture robust semi-supervised probabilistic principal component regression model with
missing input data. The main challenge with the model developed in Chapter [2] is
to determine the optimal number of mixture components to be used while modeling.
In Chapter (3] entitled weighted semi-supervised probabilistic principal component re-
gression with missing input and delayed output variables, challenges like the delay
between each input and output variable and missing data are addressed. These exten-
sions are developed under the expectation maximization (EM) framework owing to
the fact that they can efficiently deal with hidden variables like missing data, delays,
and outliers. To account for the missing input and output data in these models, the
data imputation method and semi-supervised framework are utilized, respectively.
To deal with the presence of outliers, a combination of two Gaussian distributions is
used as a prior for the noise, and a model-free distribution is considered for the delay
variables. Finally, a strategy to update the range of delay in the variables is proposed

to help speeding up the convergence of the algorithm.

A combination of these two proposed algorithms is capable of making the most
use of all available information and address uncertainties that may occur in plants.
Therefore, by incorporating the proposed extensions of the PPCR model together, a
generalized weighted PPCR model is developed to describe the plant, which is able to
deal with different types of uncertainties while performing the plant optimization. To
account for the model-plant mismatch between the generalized weighted PPCR model
and the plant in addition to steering the solution closer to the plant’s optimal point, a
robust Gaussian process regression model is utilized. To increase the accuracy of the
generalized weighted PPCR model, a nonlinearity index is proposed that defines the
range of the data to be used while developing a model. The proposed algorithm builds
a local model around the current operating point and tries to find its optimal point
by solving the optimization problem, and then steer the plant to the obtained optimal
solution. By repeating these two steps, i.e. 1) building a local model and 2) steering
the plant to the obtained optimal point, the algorithm tries to gradually move the
plant from its initial operating point to the optimal point. Finally, the applicability

and performance of all the proposed methods are tested and demonstrated through
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several numerical, simulation, experimental, and industrial examples.
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Chapter 1

Introduction

1.1 Motivation

Processes are designed to operate optimally and safely; however, due to process dis-
turbances and changes in plant conditions, process operations frequently deviate from
the initial design. Thus, developing an online framework to optimize the plant along
with finding the optimal path for steering the plant from its current operating point
to the optimal point is desirable. Many methods have been developed for optimizing
the plants and finding the optimal condition of the processes [3, 4, B]. Real-time
optimization (RTO) is one of the solutions. Extensive studies have been conducted
about the RTO that relies on a first principle model [0} [7]. The first principle model-
based RTO requires an in-depth understanding of the process through the governing
equations, which may not always be available. On the other hand, data-driven RTO

utilizes the available data to model the plant and is gaining popularity.

One of the main challenges with the data-driven models lies in its ability to
simultaneously deal with different uncertainties like outliers, missing data, and delay
alongside dealing with the nonlinearity and/or multi-modal nature of the plant [} [,
10]. In addition, in applications like RTO, the data-driven model should also be able
to deal with high-dimensional datasets. Due to the differences between the model and
the plant, the optimal solution obtained by solving the RTO will be different from the
true optimal point of the plant. Therefore, it is essential to consider the differences
termed as a model-plant mismatch, while solving the optimization problem, which is
one of the main objectives of the thesis. Further, the proposed framework should be

able to provide an optimal solution. Another objective of this thesis is to address the



aforementioned challenges by developing an online data-driven modeling framework.

1.2 General literature review

Self-optimization aims to optimize the process and make process operations efficient
and profitable [I1]. Optimizing a process can be performed based on the development
of a model, which is generally obtained through two different approaches, i) first
principle model-based optimization and ii) data-driven model-based optimization [12),
13]. In the first principle model-based optimization, the plant is modeled with the
help of deriving the governing equations from the fundamental laws, which needs
an in-depth understanding of the plant [14]. On the other hand, in data-driven
model-based optimization, a model is built based on the historical data. Therefore,
neural networks, being simple and efficient, are utilized as a data-driven model in [15].
Moreover, in [15], authors applied recurrent neural networks to solve the optimization
problem. However, their developed model is not able to consider data uncertainty
like missing data, outliers, and time delay. Recently, authors in [16] investigate the
application of derivative-free optimization in the data-driven optimization framework.
They compared the performance of different model-based methods on several chemical
engineering benchmarks. Authors in [I7] proposed a time-varying extremum-seeking
control (ESC) approach for discrete-time systems that tries to find the local optimum
in convex functions through a model-free manner. One of the main drawbacks of
method is utilizing gradient information that requires a process knowledge. Hence,
in [I8], authors proposed using GPR and Bayesian optimization to accelerate self-

optimization of ESC by utilizing an expected improvement (EI) acquisition function.

In all the aforementioned self-optimization methods, obtaining a model that can
handle various uncertainties like missing data in both input and output variables, out-
liers, and time-delay has not been considered. Further, the acquisition functions are
only considered in the objective function for improving the optimal solution, and ex-
ploring optimization constraints has not been addressed. In this thesis, a data-driven
self-optimization to handle various uncertainties in the presence of model-plant mis-
match is proposed that can reduce the possibility of getting into local optimal points.
The detailed literature review of data-driven modeling and data uncertainty will be
provided in Chapters [2] and The detailed literature review of self-optimization
algorithm will be provided in Chapter [4]



1.3 Thesis outline and contributions
The rest of this thesis is organized as follows:

In Chapter [2 the mixture robust semi-supervised probabilistic principal compo-
nent regression with missing input data is developed to deal with the high dimension-
ality in the plant datasets. The proposed method is able to tackle the multi-modal
nature of the process, scaled outliers with varying properties across different input
and output variables, and simultaneously handle the missing data in each input and
output variable. The method is developed based on the expectation maximization
(EM) algorithm owing to its ability to efficiently deal with hidden variables like miss-
ing data in input variables, latent variables, outliers, models. The EM algorithm
provides a maximum likelihood estimation of the parameters by iteratively updating
the estimated values of the hidden variables and the parameters of the model. The
proposed model enables each input and output variables to have scaled outliers with
different properties that are more common in industrial processes. Finally, a numeri-
cal and an experimental case study are provided that validate the performance of the

proposed method.

Although the proposed method in Chapter [2| is able to deal with outliers with
different properties, determining the number of the mixture components can be chal-
lenging. In addition, the problem of delays between input and output variables has
not been addressed in Chapter 2] Therefore, in Chapter 3] a weighted semi-supervised
probabilistic principal component regression model in the presence of missing input
and delayed output data is proposed. The proposed model provides an online model
based on the current query point by assigning weights to the historical data and uses
the most relevant data to develop the model. It also deals with time delay in each
output variable that is the most common uncertainty in the real processes and directly
affects the quality of the models. Moreover, the issue of missing data in input vari-
ables is handled through the data imputation method. This model is developed under
the framework of just-in-time learning, and the estimation of parameters is performed
through the use of the expectation maximization (EM) algorithm. In addition, the
EM algorithm allows model parameters to be estimated through the maximum a pos-
teriori (MAP) principle. An update strategy is developed for the range of the delay
terms to speed up the convergence of the EM algorithm and providing more accurate
estimates for the delays. To verify the applicability of the proposed method and its
performance, a numerical example and experimental example of the hybrid tank pilot

plant model are provided.



In Chapter {4} a data-driven self-optimization of the plant operations in the pres-
ence of model-plant mismatch is proposed. It is an online data-driven framework for
plant optimization. A generalized weighted probabilistic principal component regres-
sion model that is the combination of the proposed models in Chapter [2]and Chapter 3]
is used as a data-driven model while solving the optimization problem. This gener-
alized model is able to model nonlinear and/or multi-modal processes and can deal
with the different uncertainties that may occur in datasets like missing data in input
and output variables, outliers, and time delay. Due to the possible difference be-
tween the generalized weighted PPCR model and the plant (model-plant mismatch),
a penalty term in the robust Gaussian process regression model was introduced in
the optimization to account for the mismatch and correct the final solution of the
optimization problem. To overcome the most common challenge in the optimization
problem, i.e., stuck in local optimal points, exploration through the acquisition func-
tions that are commonly used in reinforcement learning and Bayesian optimization
is utilized. Finally, the accuracy of the online data-driven optimization is tested by

simulation and industrial examples.

In Chapter [ a conclusion of the thesis and some possible future work for future

research is provided.

1.4 Publications

The following contributions are published or submitted for publications/presentations:

1. A. Memarian, S. K. Varanasi, B. Huang. ”Mixture robust semi-supervised
probabilistic principal component regression with missing input data”. Chemo-
metrics and Intelligent Laboratory Systems, vol. 214,p. 104315, 2021

2. A. Memarian, S. K. Varanasi, B. Huang. ”Soft sensor development in the pres-
ence of missing input and delayed output data through weighted semi-supervised
probabilistic principal component regression”. Submitted to IEEE Transactions
on Industrial Electronics”; 2021 (Chapter 3| - Short Version)

3. A. Memarian, S. K. Varanasi, B. Huang. ”Data-Driven Self-Optimization for
plant Operations”. Presented in Canadian Chemical Engineering Conference
2021, October 24-27, Montreal, Quebec, Canada, 2021 (Chapter — Extended
abstract)



4. A Memarian, S. K. Varanasi, B. Huang. ”Data-driven self-optimization of pro-
cesses in the presence of the model-plant mismatch”. Submitted to 13" IFAC
Symposium on Dynamics and Control of Process Systems, (DYCOPS), June
14-27 2022, Busan, Republic of Korea, 2022 (Chapter |4f- Short Version)



Chapter 2

Mixture robust semi-supervised
probabilistic principal component
regression with missing input datal

2.1 Introduction

Improving efficiency, profitability, and safety are the main objectives of industries [19,
20]. Monitoring and optimal control of processes are essential to achieving these
objectives, for which the availability of online measurements is necessary. Online
measurements are not always available for several reasons, such as unavailability of
measuring devices or measurements obtained only through offline laboratory analysis,
which can lead to delays or missing in data samples. A soft sensor is essential for

solving these challenges and providing frequent on-line predictions of quality variables.

The predictive models for soft sensors can be derived from either the first prin-
ciples or data-driven methods. Models derived from first principles use in-depth
knowledge of the process, which is not always available. Further, these models may
be computationally expensive for online predictions and may not be feasible as a soft
sensor model. On the other hand, data-driven models are developed directly from
the data and hence, complete understanding of the process is not essential. With the
collection of a large amount of data in process industries, data-driven soft sensors

are gaining popularity. Data-driven soft sensors can be modeled using different ap-

LA. Memarian, S. K. Varanasi, B. Huang. ”Mixture robust semi-supervised probabilistic prin-
cipal component regression with missing input data”. Chemometrics and Intelligent Laboratory
Systems, vol. 214,p. 104315, 2021



proaches such as artificial neural networks (ANNs) [21], 22], support vector machines
(SVMs) [23], principal component analysis (PCA) and its regression model extension
(PCR) [24].

PCA is a linear modeling method that is mostly used for dimensionality reduc-
tion [25] by mapping data into its principal components, which are also called latent
variables. PCR is used to build a relationship between input and output variables
through regression after extracting the latent variables. Due to its deterministic na-
ture, PCA has some disadvantages, especially when dealing with missing data and
outliers, which are common in process industries. These issues are addressed by prob-
abilistic PCA (PPCA) |26, 27], which can only perform well on linear and unimodal
data. Most of the industrial processes, however, operate in multiple operating modes
where the mapping between system states and measurements is nonlinear, on the
whole. Hence, an extension of PPCA to model multiple modes, termed as a mix-
ture PPCA, has been developed [28, [0]. In the mixture PPCA model, a combination
of multiple linear models is considered to handle the issue of operating in multiple
modes [28] 29].

The problem of missing data while modeling can be handled using two ap-
proaches: 1) Neglecting and removing data corresponding to that sampling instant,
which can lead to the loss of information, 2) Imputation methods, wherein the missed
data is replaced with an estimate. Depending on the method of estimation, there exist
several imputation approaches such as mean substitution, regression imputation, and
the last observation carried forward (LOCF) [30, 31]. In the framework of a mixture
PPCR model, the problem of missing data in output is addressed in [9], wherein the
authors developed a mixture semi-supervised PPCR (MSSPPCR) model, which is
further extended for the missing data in both inputs and outputs in [§]. In such a
framework, the entire dataset is divided into the labeled and unlabeled parts; thereby;,
a semi-supervised learning strategy is employed. However, the MSSPPCR model de-
veloped in [0, 8] cannot handle outliers in the data, which is another critical factor

that affect the accuracy of the soft sensor.

Outliers in a dataset are those measurements that deviate from the rest of the
data [32], which usually occur due to hardware failure, operator’s incorrect recording
and transmission issues [33]. Several methods exist in literature wherein, different
choices of noise distributions are considered to make the regression robust to out-
liers [34]. For instance, the authors in [10] B3] [35] considered a mixture of Gaussian

distributions for noise measurements. The authors in [36, 37, B8, B39, 40] used stu-



dent’s t-distribution and in [24] [4T], 42], Laplace distribution is considered for dealing
with outliers. In the framework of MSSPPCR model, the problem of outliers in data
is considered in [43], wherein a student’s t-distribution is considered for all the vari-
ables. Although this framework effectively handles the outliers, the main drawback
comes with the assumption that all input and output variables have the same proper-
ties regarding outliers. In most of the process industries, outliers might occur in each
of the input and output variables with different properties. Therefore, it can lead
to information loss when an assumption that all variables being affected by outliers
having the same properties while modeling. Hence, it is essential to develop a mixture
PPCR model which can simultaneously handle different properties of outliers for each

input and output variables, and can also handle their missing data.

This chapter proposes a mixture robust semi-supervised PPCR (MRSSPPCR)
model with missing input data in the presence of outliers with different outlier prop-
erties among different variables. The proposed approach can handle the multi-modal
nature of the data and efficiently handle the missing data in input and output variables
along with the outliers. The significance of this chapter comes with the fact of provid-
ing flexibility to each input or output variable to have its own outlier properties while
simultaneously dealing with missing data problem. Since some of the variables are not
observed directly, the approaches like maximum likelihood estimation and maximum-
a-posteriori are not tractable [44] [45]. Therefore, Expectation-Maximization (EM)
algorithm is utilized owing to the fact that it can approach a maximum likelihood
estimation and the estimated values of the missing data can be iteratively updated
while updating the parameters of the model [I0]. However, the main challenge of
this method is its possible convergence to a local optimum. Therefore, Monte Carlo
simulations i.e., initialization of algorithm with different values is followed for a better

convergence [33].

The remainder of the chapter is organized as follows. In Section[2.2] preliminaries
about the PPCR and its extension named MSSPPCR are provided. In Section [2.3]
a detailed description of the proposed method is presented. The accuracy of the
proposed method is demonstrated through a simulated and an experimental case
study in Section [2.4 Finally, the conclusions are drawn in Section [2.5]



2.2 Preliminaries

2.2.1 PPCR model

In this section, the details of PPCR model are presented by considering X € R™*"
and Y € R"™" to be the input and output datasets, respectively, where n represents
the total number of samples, and m and r denote the number of input and output
variables, respectively. The PPCR model is derived based on the following generative

model.

where, ¢; € R™*! and y; € R"™! denote the input and output data at i*" sampling
instant of the datasets X and Y, respectively. P € R™*? and C € R"*? are weighting
matrices. t; € R7! is a vector of latent variables, and e; € R™*! and f; € R™! are

measurement noises of input and output, respectively.

In PPCR, the latent variables and noise measurements of inputs and outputs
are assumed to be independent and identically distributed (i.i.d) with Gaussian dis-
tribution, i.e., t; ~ AN(0,I), where I is the identity matrix, e; ~ N(0,0%I) and
fi ~ N (O,azl ) where 02 and a; represent the corresponding noise variances. In

such a model, the objective is to estimate the parameters, ie., {P,C,02,0.} by

maximizing the likelihood function:

L(X,Y | 0)=logp(X,Y | P,C,02,00) = logp(x;,y; | P,C,02,02) (2.3)

Y xT? Yy ) xT? Yy
=1
where

An illustration of the PPCR model is shown in Fig.[2.1] The parameters of the PPCR
model can be estimated by using the EM algorithm and a detailed description of the

algorithm is given in [28].

2.2.2 MSSPPCR model

In a MSSPPCR model, a total of K individual sub-models are incorporated. In each
sub-model (denoted by a variable k), a semi-supervised PPCR with n; labeled and



o> wle

Figure 2.1: Hlustration of the PPCR model

Figure 2.2: lustration of the MSSPPCR model

ny unlabeled data is used. It is to be noted that all the sub-models are independent,

and their parameters are different, as shown in Fig. 2.2
In such a scenario, the model of MSSPPCR can be represented as

Tik = Pkti,k + €k + Mz k, k= ]-7 27 [ERE) K (25)
Yir = Citjp + fin + yr, F=1,2,.. K (2.6)

K
Yopi(k)x 1<i<my

=1
o 2.7
. 1)
Yopak)xi mi+1<i<n+ny
=1
K
yi=> pik)y, 1<j<m (2.8)
=1

where, p, , and p, ; are the mean of the input and output measurements in the kth
sub-model. In Eq. (2.7), p1(k) and py(k) denote the mixing proportions of the k'

sub-model for the labeled and unlabeled data, respectively. Further, these mixing

10



proportions should have the following constraints.

Y pik)=> pa(k)=1 (2.9)

In each sub-model, the nature of the parameters and the properties of latent
variables and noise measurements are identical with the PPCR model. The main ob-
jective is to find the optimal values of the parameters ({ Py, Cy, Ui’k, U;,€7 Ho ks Hyk })

by maximizing the following likelihood function.
L(X,Y | 8) =logp(X,Y | ) = logp(X,, Y | 6) + logp(X, [6)  (2.10)

X, € R™*™ represents the labeled input dataset, whose corresponding output, i.e.,
Y € R™™ is available; however, X, € R™*™ whose corresponding output is not
observed, is the unlabeled dataset in the current formulation. A detailed description
of this model and the algorithm for updating the parameters using the EM algorithm

is given in [9].

2.3 Development of the MRSSPPCR with missing
input data

In this section, a general MRSSPPCR model is developed by considering a Gaussian
scaled mixture noise for the input and output data that can identify outliers for each
input or output variable independently. Moreover, a semi-supervised learning is used
to cope with missing data in output variables and imputation of available input data
is used to deal with missing input data. A formulation of mixture model is utilized
to handle the multi-modal nature of the process. The parameters in the developed
model are estimated through an EM algorithm, and the steps involved in updating

the parameters are detailed in the rest of this section.

2.3.1 Model Formulation

For developing the proposed MRSSPPCR model, the following assumptions are made.
As a result of changes in set points and/or process drifts, different operating modes
appear in a process. The number of modes can sometimes be known from the op-
erator’s knowledge. However, in most scenarios, it is an unknown parameter and is
required to be defined. One such algorithm for identification of modes is provided

in [46]. In the current work, an assumption of number of modes to be given/known is
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made i.e., the model is assumed to have K operating modes, where K is known /given.
The dimension of latent variable in each mode is denoted as ¢. In such a model, the
total number of samples is n, wherein n; samples are labeled, and the remaining
n — ny (= ny) samples are unlabeled. Finally, the input variables are assumed to have
missing values completely at random (MCAR) [47]. The input dataset at time instant

i can be partitioned into two sub-vectors as ! = [ ,x! ]. It can be noted that

7 2,00 i,m

due to the assumption of data being missing completely at random, the dimensions

of ¢;, and x;,, may vary at each time instant.

The generative model for MRSSPPCR will be the same as the one given in
Egs. -. To make the model robust to outliers, the noise is assumed to
follow a mixture of Gaussian distributions with two components in each mode. One
component of this distribution has a mean and variance that correspond to the normal
data and the second component has the same mean but with a larger variance to
account for the outliers in the data. Further, the variance of outliers is inflated with
respect to the variance of the normal noise by an inflation factor, (p~!), which is
reflected in a diagonal matrix with all values being constrained within p € (0,1]. It
can be noted that the inflation factor is considered in the form of a matrix, instead of a
single scalar value as considered in [4§], indicating different variables can have different
outlier properties. Therefore, p, ., denotes the outlier level of the 4 variable i.e.,
the j diagonal element of the matrix p,x, where j = 1,2, ..., m. This modification
is considered owing to the fact that the former provides an advantage of dealing with
outliers of different variances in different variables. Thus, the distribution of input
and output noise in each mode in Egs. and will be as follows

eir ~ (1 —0,,)N(0, ajkI) + 8, 1N (0, p;}gaijkI) (2.11)
Fir ~ (1 =3,)N(0, a;kl) + 8, 1N (0, p;;a;kf) (2.12)

To differentiate between the outlier data from a normal data, two binary indi-
cators, ¢, and g, are introduced for input and output variables in each mode,
respectively. The property of this binary indicator is such that when g,,, = 1, the
input data noise (e;) corresponds to the distribution of normal data, i.e., N'(0, 02 . I)
and when q,,, = min(p,x;,), the input data noise corresponds to the distribution of
outlier data, i.e., N(0, p;}caikl ). A similar definition holds for g, ,. To denote such
binary indicator when the inflation factor is a scalar, the authors in [48] utilized a

Bernoulli distribution. Inspired by the idea of [48], a Bernoulli distribution for the
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case when inflation factor is a matrix is provided as follows.

REED)
I=11—qa; 1 Py k.
PGy, | Paks Oz k) = 0, P (16

_ Yi,k Py sk
Py s | Py ) = 5y,k x(1—-4

{ m ik " Pakyy
=1 1—qg. ;. p koo
:c,k) i,k TT R (213)
|: r qyi,kipy,kjj

-1 ﬁ} (2.14)

y,k

where, m and r denote the number of input and output variables, respectively. In
Eqgs. and (2.14)), é,x and d,; denote the probability by which the input (z;)
and output observation (y;) follow second component of the distribution, i.e., the
probability of an observation is an outlier. The hidden variables in the MRSSPPCR
model are {X, {tix}is1, {qu,, }ic1> {0yis iz, and K} and the parameters are as

follows.

0 = { Py, Ci, 02 1 0 s Baaes By ks Oyokes O o Paer Pyt P1L(K), P2(k) }

Since the EM algorithm can deal with missing data alongside the hidden variables
when used for parameter estimation, it is utilized in the current work. The first step
is to build a @ — function, i.e., the expectation of the complete data log-likelihood.
Since the complete data consists of observed and hidden variables, the resultant () —

function has two components and is given as

EX,Tk,Qz,k,Qy,k,mxo,Y,eold [10gP(X1, Y, T, Q. Qy,ku k| 9) + log p( Xy, T, Q:r,ku Qy,ku k | 9)]
(2.15)

Since the noise in input and output variables, latent variables, and input and output
sample indicators are assumed to be independent and identically distributed (i.i.d),

the terms in the Q — function can be written as

ni ni
Q= EX,T,C,QI,,C,Qy,k,K\XO,Y,eold ([Z Ing(mi | t; Az; 5 Qy; 1. k, 9) + Z lng(yi | tik, Qx; 1 Dyi g k, 9)

i=1 i=1

+> logp(tix | k,0) +> logp(as,, | k.0) + > logplay,, | k,0)+ Y logpi(k)

i=1 i=1 i=1 i=1

D" logp(@i | tige o, s Gy K Z log p(ti | k,60) + Z 10g p(qa, . | k. 6)

i=ni+1 i=ni1+1 i=ni1+1
+ Z logp(qy, , | k,0) + Z log pa(k ])

1=ni1+1 1=n1+1

E(Ls)
A ! / ’ ’ !
:Ql+Q2+Q3+Q4+Q5+Q1+Q2+Q3+Q4+ QG + QE,
E(Ly) E(Lz)

(2.16)
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where @Q;, © = 1,2,---,6, represent the terms belonging to the labeled part, and
Q;, 1 =1,2,---,5, represent the terms belonging to unlabeled part. Since the last
two terms in Eq. , Q)¢ and Q/5, are independent of the hidden variables, they
can be derived separately by incorporating the constraints given in Eq. . To
derive the posterior probabilities of p;(k) and pa(k), it is essential to determine the
posterior probabilities of p(k | @i, yi, 0°9), p(Tie, yi | k,0°¢) for labeled dataset
and p(k | ©;,, 0°%), p(x;, | k,0°?) for unlabeled dataset. These terms are estimated

using the Bayes rule as follows:

For the labeled part,

p(@io, i | k,0°%) x p(k | 0°7)
p k mi,m (2 HOM = 7
(k1 Y ) (X0, Yi | 0°4)

] ) old Hz.ko0 Pk,Oij:o + Ui,k,oIo Pk,ocg
p(mz,oayl ’ k:,H ) N (|: y’y,k :| 9 |: CkP]g:o CkC]? + U;,kI (218)

(2.17)

and for the unlabeled part,

p(xio | b, 679) x p(k | 0°'7)

k| @, 0°) 2.19
p( ‘ Lio; ) p(mi,o | Oold) ( )
P(Tio | k,077) ~ N (po k00 ProPio + 02 g, 01o) (2-20)
Now the posterior probabilities for mixing proportions are as follows.
1 - old
pl(k> - n_l X Zp(k | mi,oayiva )
) = (2.21)
k) = X k|, 0%
Pl = =k 3 plk 00

A detailed derivation of Eq. (2.21) is given in appendix [A]l To calculate F(L;) in
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Eq. (2.16]), the terms given in Eqs. (2.22)-(2.26]) are essential.

Qe | K,0) ~ B(1,1 = 6,) (2.23)
Py, | 5,0) ~ B(1,1—6y) (2.24)
,N<Pkti,k + Mk, Ui,kI) Qz; ) = 1 Qy; . = 1
N (Pt + top Py 021 d) Qo =P Gy =1
(@i | tiks Qoy s Gy, o K0 ) ~ (Pt Tk ) o S T(2.25)
N(Petig 4 pop, 00 L) Qo =1 Gy =p
\N(Pk’ti,k + Mok, p;}eai,kI) Az, = P Gy — P
(N(thi,k + My ks Us,kI) Qz; ) = 1 Qy; , = 1
N(Cytiy + Pio2 ) qu, =1 q, =
P(Yi | tiks Qoo Qyo s K0 ) ~ Ok + P ”g”“ i) o o ’(2.26)
N<th7,,k‘ + Hy,ka O-quI) qwi,k =p Qyi,k =1
\N(thi,k + Hy.k, p;llco-g,k-[> qrz‘,k =p q%‘,k =p

Since 36 terms arise while expanding the expression, the detailed expression for E(L;)

is provided in appendix [B] The parameters are estimated from the derived Q@ —
function (Eq. (2.16])) by taking derivatives in the maximization step and are given

as follows

0(Q1 + Q;)
P2 =0
, OP,
0
Ck . 3(2;) = O
o(Qq1 + Ql)
Uz Tl
ok Ga;k
9(Q2)
o2, =0
Yok aask
22
x,k
’ 2.27
Q) 220
vk 8“’@/,16
0(Q4 + Q%)
Oppp i ———22 =0
4 D041
0(Qs + Q;) -
Oy i : 96, 1 =0
P Q1+ Q) —0
7 apx,k
0(Q2)
Py apy,k =0
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Derivatives in Eq. (2.27)) are estimated by using expressions given in appendix
and the update of the parameters are as follows (Egs. (2.28)-(2.37)).

The weighting matrices P, and C}, can be updated as given in Egs. (2.28)) and
(2.29)), respectively.

ni

Py, = Z(p(lﬂ | i, Yi, 07N [(2(E (i, | Qoo = L Qy,,, = 1, ky i 0, Yi, 074); — Mm,k_j)PmEﬁ)'i‘
i=1
(Q(E(a:i,k | Az, = PsQy; e = Lk, Lio; Yiy GOld)j - lukaj)px»kjjppleZ:l)—i_
(Q(E(mi,k | qqu = 17 q?hk =P, k? Lio; Yi, OOM)J' - vakj)Plva%jP)_‘_
(Q(E(mi,k | qwi,k =p, qyi,k =P k7 Lios Yi, 00ld)j - Mw,kj)Pz,kijp,pEZp)])+
D 0k | @io, 0" 2AB(@in | Guy = 1,0y = Lk, @i, 0°%) = pra )y — PLUEVI+

1=n1+1
2(E(wz,k: | szk =p, Qyi,k = 17 ka mi,oa OOM) - :uz,k:] )j - pz,kij;71E2?1+
Q(E(wz,k | in,k = 17 qy@,k =P k7 Lo, OOld) - ,ux,kj )] - P1/7PEE;+

Q(E(:Bi,k | Quip = Py, = Ps ko, 00ld) = Hak; )j = Pxky, P/;PE;Z;)])] X

ni
Zp(k | Ti 0, Ui, GOld)(Pl,l(El,l(ti,ktg:k) - E1,1E1T,1 + (El,l(ti,ktzk) — E1,1E1T71)T + 2E1,1E1T71)
i=1
+ Pro(Byp(tist]y) — By B, + (Bu(tist]y) — B B )" + 2B, B )+
vakijP:I(Epal(ti7ktZk) - Ep,lEpT,l + (E;J,l(ti,ktgk) - EpJEZl)T + 2Ep,1EpT,1)+
Pk PP;P(EP’P(ti,ktZk) - EPvPEij + (Ep,p(ti,ktgk) - EﬂvPEij)T + QEMJEpT,p))"‘
Z p(k | L0, 90ld)(P1,1(E1,1(ti,ktZk) - E1,1E1?F1 + (El,l(ti,ktz?:k) - E1,1E1,Tl)T + 2E1,1E1?1)
i=ni+1
+ Pll,p(Ei,p(ti,ktg:k) - E;,pEf;) + (E;,p(ti,ktz:k) - E;,pEi?;)T + 2E1,pEf;))+
px,kjjpp,l(Ep,l(ti’ktZk) - Ep,lEpTl + (Ep,l(ti,ktg:k) - Ep,lEpTl)T + 2Ep,1EpT1)+
-1
/ / T ’ /T ’ T ’ /T T / /T
Paky; Pp,p(Ep,p(ti’kti,k) - Ep,pEp,p + (Epyp(ti»kti,k) - Ep,pEp,p) + ZEp,pEpyp))]
(2.28)
where j = 1,2, ...,m, By, is the j row of P, and p,,, is the j™ row and j* column
element of diagonal matrix p, k. fiex, and E(...); are j™ element of p,; and EX(...),

respectively.
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C, =

J

ni
> "2y, — e ok | i, 95, 01 (PLaETy + Por ELy + pyiy, ProET, + pyiy, Prp EX,)] | %
=1

ni
> ok | @i, yi, 0 (Pra(Bva(tist]y) — BuiELy + (Bua(tist]y) — EiaEL)T + (2B, B))

i=1

+ Poa(Bpa(tint] ) — Epn BNy + (Epa(tist])) — E,n BT + (2B, E) )+
Py,kjjpl,p(Elyp(ti,ktZk) - ElypElT,p + (El,p(ti,ktz?:k) - El,pElT,p)T + (QEl,pElT,p))+
Py.k;; Pp,p(Epyp(ti,ktZk) - Ep,pEpT,p + (Ep,p(ti,ktgk) - EMEpT,p)T + (2Ep,pEZp)))]

-1

(2.29)
where j = 1,2,...,r, Cy, is the j™ row of C} and p,, is the j row and ;™ col-
umn element of diagonal matrix pyj. pyk, and y;; are j™ element of p, ) and y;,

respectively.

The update equations for the covariances of input and output variables are given

in Egs. (2.30) and (2.31)), respectively.

ni
Ui,k = Zp(k? | @0, i, 07) [PL1 AL + PrpA1, + P Asy + P, AL 1+

i=1
o / / ’ / / /* / /* _1
Z p<k ‘ Li0; 0 ld)[Pl,lAl,l + Pl,pAl,p + Pp,lAp,l + Pp,pAp,p] X (mn)
i=n1+1
(2.30)
52 Stk | @0, yi, 07 [PraBiy + Py Byt + pyiPrpBY, + pyiPo Bl
vk r.ng
(2.31)

The definitions of Ay A, A5 A, A;, A and A;)f A are given in appendix and the terms
B, and B}, are presented in appendix .

Similarly, the update equations for the mean values of input and output variables

are given in Egs. (2.32) and ([2.33)), respectively.

ny
Ha ey = (Zp(k | w,:,mymgold)([E(m,-wk | G = 1,y = l,k,m%,,,.,y,;,e"ld)jPlyl-i-

i=1
p:);,k“E(mz,k | (I;nhk =P (thk = 17 k7 Lo, Yi, eou)jpp‘l + E(wi,,k' | q.'zrm_k = 1«, (Iy,,k, =p k-, mi,m Yi, eou)jpl,p""
Pak, B@ik | Qo = P2y = 003 a0, Y1, 07 Py ] = Poy(PraBry + PupEyy + paky, Pot Bt + puy, FpopEpp))+

n

Z p(k ‘ L0, 90“)([E($i,k‘ | Qu; ) = 1vqyx,l« = 11 k77mi,o-,0()ld)jpl/,1+

i=n1+1

Py, B(@ik | Goy = Pr Gy = 1K, 10, 07 Py + B(@ig, | Qo = 1,4y, = .k, @10, 079, P) 1+
Pty B@i | oy, = 2y = 0100100 0"V P} ) = Piy(PLLE L+ Pl + Pty Pos By + e, P ) )

it Pl i3t PP psp

ny n -1
(Z Pk | @i, Ui, 07 [Pt + Pip + paky; Pt + poy; Popl + Z p(k | zio, 901{1)[1)1,,1 + Pl/‘p + oy, Poy + Pk P, )

/
33T p,l /w]
i=1 i=ny+1

(2.32)
where j =1,...,m.
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ni
Py k; = Zp(k | @i i, 07 (i j (P + Pt + pyies; Prp + Pyt Ppp)

=1

- Ck,j (Pl,lEl,l + Pp,lEp,l + py,k:jjpl,pEl,p + py,kjj Pp,pEp7p)) (233)

ni -1
X (Z p(k | Lios Yi, HOZd)(PLl + Pp,l T Py.kj; Pl,p + py,kijﬂ»ﬂ))

i=1

where j =1,2,...,r

The update equations for the probability of each measurement in input and

output data being an outlier are given in Egs. (2.34)) and (2.35)), respectively.

Sy Pk | i i, 0°) [Bo + Dol + 3001 P | 210, 0°)[F,, + P, )]

5$,k -
n
(2.34)
n1 . . pold
5y,k — Zi:l p(k | wwyla 0 )(Pl,p + Pp,P) (235)
m

To analyze the distinction of noise variances between the regular and the outlier
data, the update equations for inflation matrices are essential and given in Egs. ([2.36)
and ([2.37) for input and output data, respectively.

ni n
Pak (ZP (k | @0, Y5 0N (Pot + Fpp) + Y plk | @i0,07) (P, +Pp,p)> x
=1 i=ni1+1

ni n -1
(Z Dk | @041, 0") (PpiCopty + FppCop, )i + D 0k | #i0,0"!)(PpiCy + FrClp )0 k)

i=1 i=ny
(2.36)

ni ni -1
Pyk = (Zp(k | @i0, Y1, 0°) (1 + Byp) ) <Zp (k| @0, yis 0°)(Prp + Ppp) X Dy o yk)
=1 =1
(237)

where definitions of C,, A, and C” ., are given in appendix 3 (Egs. (C.7) and -
and D, ,,; is defined in appendix |C.4 m Eq. ( .

Since EM is an iterative procedure in which the estimated parameters are used
to update the posterior probabilities, the above estimated parameters are used in
updating the posterior probabilities of p(tix | Ti.o, Yis G, 1s Uiy K ,0°4),
ik | Tios Goiyr Qyigr 07D, D(Qosr Gyis | Tior Yo K 0°Y), (s s Gy | Tior Kk, 0Y),
P(®ik | tiks Goyrs Qysr B Tior Yi, 09) and p(xig | ik G, s Gy, s K> Eio, 09), that are
required in the ) — function as defined in Eqgs. —. Expressions for the
aforementioned posterior probabilities are derived using the Bayes rule and are given

as follows
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p(wi,Ovy”ti,k’q%,k Ay ke ak’OOld)p(ti,k |(Ixi7k Qy; g, akveold)
p(wi,oayi|q$i’k ’qyi,k 7ka90ld)

p(t%k | Lios YisQz; 1 Ay; 5 k?, HOld) =
(2.38)

p(mi,o | ti,kv Az 1> Dy 1> k? OOld)p(ti,k | Az 1> Dy 1> k7 OOld)
p<wi70 ’ QIi,ka Qy¢7k7 k? GOZd)

p(tl,k) | mi,m q:vum qyi,ku ka 00ld) =
(2.39)

By using Egs. and (2.26)) in Egs. and (2.39) respectively, the terms
p( i,k | wi,o; Yi, q%‘,k’ Qyi,/w ku OOld) and p( i,k ‘ xi,m qa:“m qyi,ka ka HOld) fOHOW a GaUSSIan
distribution with means (denoted as E. ) and variances (denoted as E(. ) (t;xt]}))

given below:

For the labeled dataset:

By = (P
EI 1( 0, kt )
Ep1 = (PLo(ppx0i D) " Pro + CL00 D) Cr+ D) M PL (0, 3020) (@i — Bamo) + CF (07, 1) (yi — p1y))

(Pio(02 ) Pro + C (03, 1) ' Cr - 1) (P (02, D)™ (0 = Hakio) + CF (03, D) ™ (i — pyx))
(Pr,o(
= (Pyol
Epp(tiatly) = (Pio(prt0rid) " Pro + Ci (03, D) Cr+ 1) + (Bp By )
(Pr,ol
(Pr,o(0%
(Py,o(
(Prjo

o

Pgo UzkI) 1Pk0+ck( ykI)71Ck+I)7l+ (El 1E?1)

Elp Pl (02,0) " Poo+ CF (p, 105, 1) " Cr+ 1) NPy (02 1) (@io — Bako) + O (0100 D)™ (Yi — 1y)
By p(tik ) Pl (02 D) Pro+ Cl(py 100, D)7 Ce+ D)7 + (BB )
Py (0,105 D) Pro + CL(py 300, D) Cr+ 1) 7 X (B o (0,302 1) ™ (@10 — ko) + CL(py 100 D) " (Yi — 1y4))
PkTo P;}‘UikI) 1Pk,0+0k (P;}l(’jk )" ICA3+I>71+(E/’=/7EZ:;;)

o

Epp(t; ktm)

(2.40)
and for the unlabeled dataset:

Eyy = (Pio(00 D) Pao + 1) (P (071 D) ™ (@0 — B ko))

Ery(tint]),) = (Pro(02 1) Pro+ 1) + (E11 E))
B, = (PLo(prx0s D) Peo+ 1) (PL(pr 100 kD) (i — Mo ko)
Ep1(ti zT ) = (Pro Py D) Pryo + 1)+ (Epi B, )
= (Proo(05 1) " Pro + 1) (Py o (02 1 )" (@0 — Bayhro))
B p(tist;, ) (Po(02 k1) Pryo + 1) + (1 ,EY )
o = (Pro(Prr02 D) Pro+ 1) (Py o (05102 1) (®i0 — B ko))
E,,(t Zktzk) (Peo(prr03 i) P+ 1) + (E, B, )

(2.41)
The posterior update for input and output indicators can be estimated using Eqs. (2.42))

and ([2.43) with the aid of Eqgs. (2.22))-(2.26)).
PGy Qyore | Tivor Yir K, 0°) = D(@i0, Yi | Gy s Gy, K 0°7) X D(Ga,,, | k.0 X plqy, , | k, 09
(2.42)
P(Gas s> Qyon | Tisor b, 07) = p(@io | Quys Gy K, 07 XD, | K, 077 % p(gy, . | K, 077)
(2.43)
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The update of the posterior probability related to hidden variable x;; for the

labeled dataset can be derived as follows:

Ptik | Gopror Qyosos Ky ®isor Tis Yi, 07ND(Xik | Qoo yor K Eisor i, 07Y)
PEik | Gupror ysor By T, i, 0°)

Dk | Qe Gy By Tios Tins Y, 07D ®i ke | G,y Gy Ko i, Y, 07

B p(tik | (Iz,,k»(]yf,kvk,wi,o,yi,e"ld)

p(wlk ‘ t’iu,ku QJCLM le7k7 ka mi,oa Yi, BOld) =

(2.44)
Since z;,, is not available, the following assumption is made in order to make the

problem tractable:

p(tz,k ‘ qM’ka Qyi7k7 kv mi,oa xim"m Yi, QOld) ~ p(tz,k | qchN Qyi’k,a k’, wi,oa Yy, HOld) (245)

By substituting Eq. (2.45) in Eq. (2.44]), an approximation of the following form is

obtained:

p(wi,k ’ ti,ka qg:i,ka ql/i,m ka wi,oa Y, OOld) ~ p(wz,k ’ Qxiym qy,-,ka ka wi,o; Yi, OOld) (246)

Similarly, for the unlabeled dataset the posterior probability can be updated as

p(mi,k | ti,kv q:ti’kv Qy“w k7 mi,oa GOld) ~ p(wz,k | in,ka Qy@ka ka wi,o; OOld) (247)

Therefore, from Eqgs. (2.46)) and (2.47)), it can be concluded that x; ;, follows a Gaussian
distribution; hence the mean and covariance are required. The mean for the labeled

dataset can be derived as:
E(wzk ‘ qx-mqy'kakawi oayiaedd) = - wi’o old (248)
' “ N ' _E(mi,k,m | Az > Dy k> k7 Lio, Yi 0 )

and for the unlabeled dataset:

o [ mi,o
E(wi,k ‘ ql’i,k? Qyi,m /{Z, Lio; 0 ld) = E(m i ’ q qy k. x.: Qold):| (249>
L i,k,m Ti ko Yyi ks vy Li,09

The covariance of x; j, for labeled dataset, can be derived as:

0 0
. . X . oldy _
COU(wz,ka Lk | Qz; 15 Qy; 1o k7 Lo Yi» 0 ) [O COU(CL‘Lk’m, T ko | Qs s Qi k, Ti o0, Yi, Hold):|
(2.50)
and for the unlabeled dataset:
0 0
) ) . k. ox oold —
COU(wz,k:; Lk | qu'nzyka Qywﬁ y Li.09 ) 0 COU((E@k,m, T o | qmi,k’ qy@k’ k’, T, OOld)
(2.51)
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The expectation terms in Egs. (2.48) and (2.49) have to be updated by using the

input model equation, and for the labeled dataset it is

E(xi,k,m | in,ka qy@ka ka mi,oa Y, egld) - Pk:,mE(tz,k | Qxi,ka Qy@ka k’, xi,o: Y, OOZd) + ,uz,k:,m
(2.52)

and for the unlabeled dataset, it is

E(wi,k,m ‘ Qxi,ka qy@w k‘, wi,oa 001d> = Pk,mE<tz,k ’ qxi7k7 Qyi,ka k, wi,m OOld) + ,U:r,k,m (253)

where E(tix | Gu, > Qi k,x; o, yi, 0°¢) and E(t;, | qxi}k,qyiyk,k,wi,o,ﬂ"ld) are derived
in Egs. and , respectively. To compute the covariances in Egs.
and , it is necessary to calculate cov(®; km, Tikm | Gosrs Qyirr By Tisor Yis 0°'1) and
COV(%; foms Tifeym | Qs gs Ay, s Tiro, 07). The derivations related to these terms are
provided in appendix

The parameters in Eqs. (2.28)-(2.37) are estimated again by using the updated
posterior probabilities given in Eqs. (2.38)-(2.47) and are repeated until the parame-

ters converge.

2.3.2 Omnline Predictions

For the soft sensor application, it is necessary to predict the variables online. To
perform the online predictions given a new data point (x"¢"), a weighted predicted

value of the output over all K modes is used and is given as

K
gnew — Zp(k | mnew’ 9) % ,!)Zew (254)

k=1

snew

where p(k | ", 0) is the posterior probability and g}
each mode and is provided by using the generative model in Eq. (2.6). These terms

are given as

is the predicted output in

" | k,0) x p(k | 0)
p(mnew ‘ 0)
Y = Crpty™ + py (2.56)

new p
ok | e, ) — 2L

(2.55)
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in which fzew is the expectation of the latent variable and is computed for each mode

as
izew :E(tzew | wnew’ k’, 0)
:ZZE(tzew | " ,q;z:w7qgew k. 0) % p(q;ww | xnew k 0) % P( new | wnew’k’g)
qxy Qyp
B | & = L =100 X =12 0) <l = 1.0
F B | 20, g1 = p, g = 1k, 8) X p(q = p | &k, 0) X p(g = 1| 2" k, 0
B | 270, = 1,ge" = p.k, 0) x plgle” = 1| @, k,6) X pla” = p| ", 8

)

)

B | @ g = p g = p,k6) X plai = p| 2k, 8) X plgl” = p | & K, 6)
(2.57)

To evaluate the prediction performance, R-squared (R?) test and root mean
square error (RMSFE) are commonly used and are also adopted here. Given a dataset
y and its prediction g, the RMSE and R?* will be calculated according to

RMSE 2 ly — 9l
n

RZ—1_ ly — 9l

ly — 9l

where n is the total number of samples used and g is the mean of the dataset y.

2.4 Case Studies

In this section, the performance of the proposed method is demonstrated by consid-
ering two case studies. A numerical example is considered as the first case study and
an experiment on a hybrid tank pilot plant system is considered as the second one to

demonstrate the practical applicability of the proposed method.

2.4.1 Numerical Example
The following model is used to generate the dataset.

Tip =Pt +e+ i (2.58)
Yir = Crtig + fir + tyx (2.59)

A three-operating-mode problem with five input variables and one output vari-
able in each mode is considered. Therefore, the values of k£ will be either 1, 2, or 3,
and the weighting matrices P, € R>*3 and C}, € R*? are selected randomly. The la-

tent variable in each operating mode (¢; ) follows a Gaussian distribution of (0, I),
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and the values of p,; and p,  are set to zero. The input (e;x) and output (f;x)
measurement noises in each mode also follow Gaussian distribution with zero mean
and variance 0.05 and 0.35, respectively, i.e., in Egs. and , crik = 0.05
and o7, = 0.35.

A total of 900 data samples (300 samples each mode) for each variable are gen-
erated as shown in Fig. 2.3l To study the effect of missing output data, 4/5" of
output data are removed randomly (approximately 240 output samples per mode).
30% of input samples are also considered to be missing at random locations. Fur-
ther, to demonstrate the robustness in identification with outliers in data, 5% and
25% of the entire dataset are replaced respectively with data that follow Gaussian
distribution of zero mean and variances (0.2,0.15,0.05,0.1,0.05) as diagonal entries
and 0.7 for output data, respectively i.e., the third and the fifth input variables are
not contaminated with outliers since the replaced data have the same variance as the

normal data.

A comparative study among the proposed method, MSSPPCR [§] and traditional
MRSSPPCR [43] is made by showing the training and validation results under various
scenarios shown in Tables and 2.2 Further, the prediction performance of the
proposed method is shown in Fig. [2.4]

Table 2.1: RMSE and R? values under various missing inputs and outliers with
sampling ratio of 1/5 for training set

Missing Percentage No missing input 30%
Proposed Model ~MSSPPCR[8] MRSSPPCR[E3] Proposed Model ~MSSPPCR[S] MRSSPPCRJ43]

Outliers RMSE R* RMSE R? RMSE R RMSE R? RMSE R?! RMSE R?
No outlier 57301 09346 5.7422 0.9348 5.7331 0.9339 57828 0.9267 5.7647 0.9282 6.0152 0.8926
5% 57749 09280 59962 0.8974 5.7784 0.9302 57627 0.9009 6.1332 0.8493 6.0571 0.8853
25% 58413 09210 6.4891 0.7698 59031 0.9078 6.0410 0.8067 6.8419 0.7166 6.2875 0.8433

Table 2.2: RMSE and R? values under various missing inputs and outliers with
sampling ratio of 1/5 for online validation set

Missing Percentage No missing input 30%
Proposed Model ~MSSPPCR[8] MRSSPPCR[E3] Proposed Model ~MSSPPCR[S] MRSSPPCRJ43]

Outliers RMSE R? RMSE R? RMSE R’ RMSE R! RMSE R?! RMSE R?
No outlier 58321 09194 5.8320 09196 5.8318 0.9196 5.8331 09172 5.8327 09173 59982 0.8417
5% 58913 09176 59276 0.8349 5.8908 0.9179 6.0243 0.8995 6.1471 0.8035 6.0986 0.8262
25% 6.1482 0.8069 6.9074 0.6982 6.2033 0.8710 6.2775 0.8846 7.0524 0.6874 6.7868 0.7936

From the results reported in Fig. 2.4 and from Table[2.2] it can be noted that the

prediction of the proposed method is more accurate and also robust to different levels
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Figure 2.3: Generated data for numerical example

of outliers and missing data compared with the MSSPPCR and traditional MRSSP-
PCR methods. Further, due to the introduction of flattening ratio in the formulation,
the variances of outliers in the data can also be inferred. For example, in the case

with 25% of outliers and no missing data in the input, the flattening ratio of input
and output data is estimated as p,; = diag(0.2114,0.3458,0.9425,0.6471,0.9123)
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Figure 2.4: Online prediction performance of the proposed method on the numerical
data with 25% outliers and no missing input.

and p,, = 0.4512, respectively. From these results, it can be inferred that a value
close to 1 for the third and the fifth input variables implies that these input variables
have no outliers which is consistent with the real situation. The computation time of
the proposed method with 4 CPU, Intel(R) Core(TM) i7 Processor, 2.60 GHz for the
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case when a 30% of data is missing and outlier percentage is 25%, is approximately
39 seconds. For the case of MRSSPPCR [43] and MSSPPCR [46] the computational
time is approximately 31 and 29 seconds, respectively. Though the proposed method
is slightly more time consuming (& 8 to 9 seconds more when compared to the exist-
ing methods in all the cases), the proposed method is better over the other methods

in terms of its robustness and more accuracy.

2.4.2 Experimental case study: Hybrid tank pilot plant sys-
tem

A hybrid tank pilot plant system, as shown in Fig. [2.5] is utilized for demonstrating
the practical applicability of the proposed method.

a. Model description

A hybrid tank system consists of three cylindrical tanks connected by six valves,
namely Vi-Vy, Vs, and Vg, and a container at the bottom of these three tanks to
collect the tanks’ outflow. Three level-sensors, namely LT}-LTj3, are used to measure
the level in each of these tanks. The tanks are connected to the container through
three valves, namely V5, V7, and V4. Two similar pumps are also connected to this
container to send the water into Tanks 1 and 3, and the flowrate of these streams is
considered as manipulated variables. The level in Tank 2 is regarded as the variable

that is of importance.

I

Tank 1 Vs Tank 2 Vy Tank 3

o _ ) |
&[] iy . B[]
L7 N\

Qi Container —>Q

Pump 1 Pump 2

Figure 2.5: Schematic of the Hybrid Tank Pilot Plant
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The process operates in different operating conditions depending on the consid-
ered range of inlet flowrate to Tanks 1 and 3. In the current case study, two different
operating points are considered by manipulating the inlet flowrates of Tanks 1 and
3 around 4.75 and 5.15 for the first operating point, termed as a low-level operating
point. For the second operating point, termed as a high-level operating point, the
flowrates are manipulated to be around 6.15 and 6.00, respectively. Since the valves
Vi and V5 are kept open throughout the experiment, the significant difference in op-
erating conditions arises when the level in the tanks exceeds the position of these
valves. Different process modes can be generated by changing the valves V3 and V}
from open to close. In such a case, an overflow might arise when the system is oper-
ated at a high-level operating point, which is considered to be the abnormal process
mode. Therefore, two different modes (abnormal and normal process modes) will be

present in the system.

The input and output data for the considered operating conditions are shown in
Figures [2.6(a)| and [2.6(b)|, respectively [49]. The data consist of almost 3000 samples,
of which 1800 samples that correspond to the first period of the signal shown in

Fig. are used for training the model, and 1200 samples of the remaining data are
used for validation. To demonstrate the efficacy of the proposed method for modeling
with outliers in data, noise generated from A(0,25027) and N (0, 30021), where o is
the variance, is added to the first input variable data and output variable data at

random locations, respectively.

b. Identification and validation results

The proposed method is implemented on different outlier levels and with different
amounts of missing data in the inputs. It is also assumed that 4/5" of output data
is missed completely at random. A comparison in terms of the RMSE values and
the R? is made between the proposed method and the MSSPPCR method presented
in [§] and MRSSPPCR proposed in [43]. The results with training and validation
datasets are shown in Tables and To further demonstrate the performance of
the proposed method, a scenario where the input and output data have 30% and 80%
missing values, respectively with a 15% of outliers in the data is considered. A com-
parison of the prediction performance of the proposed method with the MSSPPCR
and MRSSPPCR is shown in Fig. 2.7

From the comparison presented in Table [2.4] and Fig. [2.7] it can be concluded

that the proposed method is able to identify the model more accurately compared
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Figure 2.6: Collected data for experimental example

to the MSSPPCR method presented in [§] and MRSSPPCR presented in [43]. This
improvement can be attributed to the fact that the proposed method can deal with
different level of outliers in different variables and simultaneously considers missing
data in both the input and output variables. Regarding the computational cost, a
trend similar to the numerical case study is also observed in the experimental case

study.
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Table 2.3: RMSE and R? values under various missing inputs and outliers with
sampling ratio of 1/5 for training set

Missing Percentage No missing input 30%
Proposed Model ~MSSPPCR[8] MRSSPPCR[43] Proposed Model ~MSSPPCR[S] MRSSPPCR[43]
Outliers RMSE ~R2 RMSE R? RMSE R! RMSE R* RMSE R? RMSE R?
No outlier 9.3162 0.9015 9.3162 0.9014 9.3108 0.9018 9.3249 0.8945 9.3391 0.8951 9.3384 0.8574
5% 9.3310 0.8913 9.5921 0.8445 9.3257 0.8936 9.3847 0.8748 9.7143 0.8186 9.6058 0.8263
15% 9.6823 0.8642 9.8771 0.7427 9.7855 0.8462 9.7956 0.8281 10.0107 0.6797 10.3546 0.7596

Table 2.4: RMSE and R? values under various missing inputs and outliers with
sampling ratio of 1/5 for online validation set

Missing Percentage No missing input 30%

Proposed Model ~MSSPPCR[S] MRSSPPCR[3] Proposed Model ~MSSPPCR[E] MRSSPPCR[A3]

Outliers RMSE R? RMSE R? RMSE R? RMSE R* RMSE R? RMSE R
No outlier 9.8718 0.8249 9.8823 0.8236 9.8524 0.8261 10.0228 0.8058 10.1012 0.8108 10.4852 0.7538
5% 10.1738 0.8172 10.4317 0.7491 10.1442 0.8203 10.3149 0.7863 10.5394 0.7107 10.5973 0.6985
15% 10.4890 0.7694 10.8146 0.6624 10.5758 0.7513 10.7489 0.7437 10.3218 0.5759 10.0913 0.6684

2.5 Conclusion

In this chapter, a new mixture robust semi-supervised PPCR (MRSSPPCR) model
with missing input data is developed. The proposed approach can handle the multi-
modal nature of the process. It can efficiently handle the missing input and output
data and have the flexibility of handling different nature of outliers among different
variables. Since outliers can appear in different variables with different statistical
properties, the proposed approach will provide more practical results over the ex-
isting methods since no existing methods have considered this practical issue. The
estimated values of the missing data can be iteratively updated while updating the
parameters of the model. The robustness and performance of the proposed method
are demonstrated on different scenarios through a numerical and an experimental

study.
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Chapter 3

Weighted semi-supervised
probabilistic principal component
regression with missing input and
delayed output datal

3.1 Introduction

The mixture robust semi-supervised probabilistic principal component regression (MRSSP-
PCR) model developed in Chapter , extends the PPCR model to handle uncertainties

like missing data in input and output variables, outliers with different properties, and
dealing with mixture-modal /nonlinear nature of the plants. However, it is not able to
identify the presence of time-delays between each input variable and output variables.

In addition, determination of the number of mixture components in industries can be
challenging. The MRSSPPCR model uses the information of all the available data

in dataset to develop the model which increases the computational effort. Hence, in

this chapter, a weighted semi-supervised probabilistic principal component regression
(WSSPPCR) model is proposed to address the aforementioned challenges.

Inspired by the ideas of locally weighted learning [50, 51] and just-in-time learn-
ing [52), 53] techniques, a weighted PPCR (WPPCR) model is proposed in [54]. The
advantage of the WPPCR model lies in its adaptability by providing an efficient

LA. Memarian, S. K. Varanasi, B. Huang. ”Soft sensor development in the presence of missing
input and delayed output data through weighted semi-supervised probabilistic principal component
regression”. Submitted to IEEE Transactions on Industrial Electronics”, 2021 (Chapter [3| - Short
Version)
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model based on selecting a subset of the training data that is relevant to the current
operating conditions of the process without the need for determining the number of
mixture components. To achieve this, weights are assigned to the training samples
based on the Euclidean distance between the current operating point and the training
data. The authors in [55] proposed a locally semi-supervised weighted PPCR model

to account for the missing data in output variables.

It has to be noted that alongside the outliers and missing data, the efficiency
of the soft sensor also depends on the time-delay between the input and output
variables. Depending on the time required for lab analysis, the input and the output
variables may not be sampled at the same time, and the output often falls behind the
input [56]. Therefore, it is important to account for the time-delay while building a
soft sensor. The determination of time-delay can be either from the understanding
of the process mechanism [57] or data-driven methods. The former typically uses the
process information and first principle models to determine the time-delay, while the
latter, i.e. data-driven methods, rely only on the process data. To identify time-delay
directly from the data, methods like Pearson correlation coefficient (CC) [58], fuzzy
curve analysis (FCA) [59], the mutual information (MI) [60, [61] are utilized. In the
design of a soft sensor, the authors in [62] proposed an algorithm called a weighted
relevance vector machine model based on dynamic time-delay estimation (DTDE-
WRVM) that is capable of estimating the dynamic time-delay. However, it uses two
separate steps in the determination of time-delays and the modeling, respectively.
Clearly, the accuracy of one step will greatly impact the other. Hence, it is desirable
to develop a soft sensor that can handle the estimation of time-delay and missing

data simultaneously.

In view of aforementioned points, this chapter proposes a weighted semi-supervised
probabilistic principal component regression with missing input data and delayed out-
put data. The proposed approach can model non-linear and /or multi-modal processes.
The significance of the chapter follows with its ability to provide flexibility to each
input variable to have their own time-delay while simultaneously considering missing

data in both input and output.

The rest of the chapter is organized as follows. In Section [3.2] a detailed descrip-
tion of the proposed algorithm is presented. The accuracy of the proposed algorithm
is demonstrated through a simulated and an experimental case study in Section [3.3]

The conclusions are drawn in Section 3.4l
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3.2 Weighted semi-supervised probabilistic princi-
pal component regression with missing input
and delayed output data

In this section, the proposed algorithm of the weighted semi-supervised probabilistic
principal component regression model (WSSPPCR) with missing data in both input
and output along with time delays is presented. The proposed approach utilizes
the techniques of semi-supervised learning to handle missing data, and also provides
flexibility for each input variable to have its own distinguished delay. Further, due to
the use of a just-in-time learning strategy, the proposed algorithm is able to model
nonlinear and multi-modal processes. The details are provided in the rest of the

section.

3.2.1 Model Description

In this section, the details on the WSSPPCR model are presented by considering
X € R™™ and Y € R"™ to be the datasets of the input and output variables,
respectively. The total number of samples is denoted as n, and the number of input
and output variables is denoted as m and r, respectively. In such a setting, n; samples
are labeled (observed data), represented by the set O. The remaining n — n; samples
are unlabeled (missing) and are represented by the set M. It is also assumed that
input variables have missing values completely at random (MCAR) [47]. Let the
variable A denote the time-delay and the matrix X, represent the modified input

dataset wherein, the delay for each input variable is accounted for, the generative
model of the WSSPPCR can be represented as

a:M:Ptl—l—ez—l—ux, Z:1,2,,n (31)
yj:Ctj+fj+“y7 J=12-m (32)

where, z;, € R™*! and y; € R"™*! denote the input and output data at i*" sampling

instant of the datasets X, and Y, respectively i.e.,

Ty,
2y = | (3.3)

Ty
where A, Ao, -+, A\, are the time-delays corresponding to the first, second,..., m*

input variables, respectively. P € R™*? and C' € R"*? are the weighting matrices
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and t; € R?! is a vector of latent variables. The variables e; € R™*! and f; € R™!
denote the measurement noise in input and output, respectively, which are assumed
to follow a Gaussian distribution as given in Egs. (3.4)-(3.6). The mean values of the

input and output variables are denoted with p, and u,, respectively.

t; ~N(0,1) (3.4)
e; ~ N(0,0°I) (3.5)
fi~ N(0,0,1) (3.6)

It is further assumed that the delay of each input variable (A,Vz = 1,--- ,m)
has an upper and a lower bound. These limits can be assigned based on the process
knowledge, or a trivial value of zero is considered as a lower bound, and a large value

is considered for the upper bound. Thus, the range of each input delay is defined as:

di <\, <d; z=1,...,m (3.7)

It has to be noted that the range of the delay considered can be updated and
optimized through the updating equation provided in Eq. in Section and
this type of updating helps in faster convergence and better results. In such a setting,
the objective is to estimate the parameters given in @ = {P,C, 02, 05, My by} along
with the hidden or latent variables i.e., { X, {t; x}1;, '} where, I' = {A\, Ao, - - , A}

is the vector of all input delays.

3.2.2 Weight Assignment

Since most of the industrial processes are non-linear and /or multi-modal, the devel-
opment of a single-PPCR model using the information of complete data set is not
practical. Thus, to improve the accuracy in modeling, weights are assigned to all
the data points in such a way that relevant data points are selected for modeling.
Therefore, similar to the work in [54], a weighted log-likelihood function is used in

the development of the model. The weights, w; used in the @ — function (given in

Eq. (3.10)) are calculated using Eq. (3.8]).
—d2

w; = exp(T) (3.8)

where, ¢ is a tuning parameter that is defined based on a trial and error and it controls

the distribution of the weights as shown in Fig. i.e., it controls the range of the
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data that are used while building a model. d; is the Euclidean distance and is chosen
as [63]

di =\ (w0 — @) T9peld (a; — ) (3.9)
In Eq. (3.9), ¢ = diag [C(PTP + ¢2I)~'P”] represents the parameter that intensi-

fies the importance of each input variable to the output variable and x, is the query

point around which the model needs to be developed.

w= exp‘(—d2/¢)
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Figure 3.1: Weight assignment based on the tuning parameter ¢.

3.2.3 Parameter estimation through EM algorithm

In the case of missing data and/or in the presence of latent variables, the likelihood
function is not tractable [44], [45]. Therefore, the approaches like maximum likelihood
estimation and/or maximum-a-posteriori are difficult to use for the estimation of
parameters and in such scenarios, Expectation-Maximization (EM) algorithm is an
efficient choice. EM algorithm consists of two steps, the expectation (E) step, and

the maximization (M) step.

In E-step, the expectation of the weighted log-likelihood, i.e. @) — function, is

calculated. Due to the presence of observed and missed values, the weighted log-
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likelihood comprises of two parts as provided in Eq. (3.10)

Q = Ex, Tr|x,, Y 000 Zwi logp(xi,, yi, t:, T | 0) + Z w; logp(x;,,t;, T | 0)
€O ieM
(3.10)
Since noise in input and output variables, delays, and latent variables are assumed to
be independent and identically distributed (i.i.d), the terms in Q — function can be

expanded as:

d} ap
Q= Z Z Z p(C=J | 2,4, 0" Ex, 1ix, v r=se0a (Wi 10g p(@s, [ £, A = i, s A = jim, 0))
€0 jlzd% Jm=d"
d g
+ Z Z Z p'=J| wimyivGOZd)EXA,T\XUA,Y,I‘:J,é)o’d(wi log p(yi | £, A = 1, ooy A = i, 6))
i€0 ji—d!  jm—dp
d dy
+ Z Z Z p(C = J | @iy, 9:,0°) Ex, x,, v .r-1.600(w; log p(t; | 9))
1€0 j;=d!} Jm=d{"
d g
+ Z Z Z p(T=J | 2iy, y;,0"") x w; x [logp(Ay = ji) + -+ log (A = jim)]
i€0 ji=d} Jm=d7*
d dg
+ Z Z Z p(C = J | @;,,0°) Ex, 7x, r-ge(wilogp(@, |t \ =i, Am = jim, 0))
€M ji—dl  jm—dp
d dy
+ Z Z Z p(I'=J| wi,wBOld)EXA,T|X,,A,I‘:J,0”ld(wi logp(t: | )
i€M jy=d} Jm=d]"
d dg
+ Z Z Z p(C=J |, ,0%) x w; x [logp(h = j1) + - +10g p(An = jim)]
€M ji=d}  Gm=d}
=Q+ Q2+ Qs+ Qi+ Q)+ Q)+ Qs
(3.11)

where Q;Vi € 1,2,3,4 denotes the terms corresponding to the observed data or la-
beled measurements and Q;W € 1,2,3 denotes the terms corresponding to missing

or unlabeled data. To expand the terms in ) — function, the distributions given in

Egs. (3.12)-(3.14) are used.

p(Yi [ ti, M, A, 8) ~ N(Cti + py, ) (3.13)
plt: |6) ~ N(0. ) (3.14)

Now, to calculate the terms of EXMNX“’Y’F:J’@om(.) and EXA7T|XOMF:J7901(1(.) in

Eq. (3.11]), the posterior probabilities (derived using Bayes rule) given in Egs. (3.15))-
(13.30) are needed.
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For labeled data:

o aAmaOOld)p(yi‘ti)\lf” aAmaOOZd)p(t”)\la'" ’/\m’oold)

A gold) — p(®ig, [tis A1,
ms ) o p(aziok 7yi|A17"'7Am700ld)

p(ti | @i, yi Ary e
(3.15)
From Egs. (3.12))-(3.14)), it can be observed that Eq. (3.15] follows a Gaussian distri-

bution. Thus, the mean, and the variance are defined by following a similar approach
as detailed in [20] and is given in Eq. (3.16]).

B! | iy, Yis A, s Ay 079) = €+ B8 | Tiy s Yis ALy oo Am; 077) X E(t; | Tiy s Yis ALy oo /\mﬂ(gd T6)
Bt | Tioy Yis ALy sy A, BOld) ={x (O-;-,zpoT(mio,\ = Mao) Uy_QCT(yi - Il’y))

where § = (0,.P/ P, +0,°C"C +I)™".

Similarly for the unlabeled data,

old old
p(mio/\ |ti7/\17"' 7)‘m70 )p(tz | )‘la"' 7/\ma0 )
p(wio)\ | /\17 ) )‘m7 OOld)

old\ __
p<ti|wio>\7>\17”'7)‘m70 >_

(3.17)
and the mean and variance for Eq. (3.17)) are provided by Eq. (3.18]).

E(tt] | @i, Moo A, 091 = € + Bty | @i, Ay ooy Ay 079 X E(t; | @i, Mty oy A, 9((’?)1%)
Bt | @iy My oo A, 090 = € 5 (0:2P7 (@1, — pra,) '

where ¢ = (0, 2PYP, +1I)7".

Alongside these expressions, the posterior probability of the hidden variable z;, for
both labeled and unlabeled data is essential and is given by Egs. (3.19) and (3.22)

respectively.

p(tl | )\17 Ty /\m7 mi)@ wio/\ y Yiy OOZd)p(mi/\ | Alv Ty >\m7 mi(,%7yi7 001(1)
p(tl | )\17 e 7)\777,7 wioA y Yis OOld)

7p(tl | )\la Tty >\ma wim/\a mio)\7yi7 eold)p(:rh | )‘17 Tty Ama wioA>yi> aold)

p(tl ‘ )\17 e 7)\m> a:io/\ayiﬂ GOld)

p(wi/\ | tq',7 )\1’ Ce 7)\m7 wioAvyiv eold) _

(3.19)
Since x;,,, is not measurable, the following approximation is considered to make the

problem tractable.
p<t1 | )‘17 R >\m7 wioA ) mim)\ » Yis 00ld) ~ p(tl | /\17 R )‘m7 m%)\ » Yis OOld) (320)
By substituting Eq. (3.20]) in Eq. (3.19)), the following approximation can be obtained:

p(wl}\ ’ tiv >‘17 T )\m; xicz)\7yi’ 00ld> ~ p(wiA | )‘17 ) )\m> in)\ » Yi, OOZd) (321>
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Similarly, the approximation of the posterior probability of x;, for unlabeled data is

given as follows:

p(wb\ | tia )\17 T 7)\m7 wi(,)\ ) 001d> ~ p(wz/\ ’ )\17 T 7)\m7 wi())\ ) BOId) (322>

The sufficient statistics of Egs. (3.21)) and (3.22)) i.e, the mean values and covariances,
can be obtained by combining the distributions of both observed and missing input
variables as suggested in [64]. Thus, for the labeled data the mean value can be

obtained as:

0 Li,
E(wix ‘ )\17 U 7)\m7 wiokayia 0 ld) |:E(£B | )\1 e )i\ T Y 00ld)1 (323)
'LmA ) Y my Zo>\7 (23]

For the unlabeled data, the mean value is

E(wh ’ )\1, s ,)\m7 inA y HOId) = |: (324)

E(mim/\ | A17 ) )‘mv m’ioAveold):|

The expectation terms in the right hand side of the Eqgs. (3.23) and (3.24)) can be
calculated through the input model equation stated in Eq. (3.2)) and for the labeled

data, the mean value is as follows:

E(ximA | )‘17 e 7)‘m7 wi0>\ » Yi, OOZd) = PmE<tl | )‘17 e 7)‘m7 wi0>\ » Yi, OOZd) + Ham
(3.25)

For the unlabeled data, the expectation term is calculated as:
E(xi, | Ay Amy i, 07 = PuE(t; | Ay, A i, 077) 4 pom (3.26)

The covariance of z;, for labeled data can be obtained as:

cov(a;,, @i, | A1y - - s Ams Tiy,  Yis 6°) = [8 covizi @ | A, O Do T Ui, eald)]
R h (3.27)
and for the unlabeled data,
cov(@iy, Tiy | A1, 7/\m’mi"x’001d> - {8 cov(zx;, ,x;, | )\1(,)- A, X ,HOld)]
R 7 3.8)
where,

COV(%Z‘MA ; mim/\ | )‘17 ) )‘ma mioA » Yis OOld) = Pm[E(tZt;r | )\la ) )‘m7 :L'io/\ » Yis OOld)
- E(tz | )\17 R )‘m7 mio)\ayiv GOld)E(ti | >\17 Tty )‘m7 mio)\7yi7 GOld)T]PTZ: + O-i,mI—i_
E(mimA ‘ )\17 ) )\m> wiokayh OOld)E(mimA | )\17 Ty )\ma wiok » Y OOld)T

(3.29)
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and
cov(Ti,, s Tiy, | A1, ,)\m7$io>\,001d) = P, [E(tit] | M\, 7/\m,mioveold)
— Bt | M, ,)\m,zciowgold)E(ti | A, - - ,)\m’wiwgold)T]Pg Lot It (3.30)
E(il/'im/\ | /\1’ e )\m7 mio/\ , Bold)E<mim>\ | )\1’ cee )‘m7 mio/\ 7 eold)T

Finally, the posterior probabilities of variables’ delay for labeled and unlabeled data
are given in Egs. (3.31]) and (3.32)), respectively.

p(e;, ,y; | T =J,0%) x p(T = J | 6°%)
S S (@i, yi | T = J,609) 5 p(T = J | 6°14)

— Hieop(mio)\,yi | T = J7001d) % p(]_" =J ‘ eold)

1 m
S S Theopl@a, i | T = J.099) x p(T = T | 604)
(3.31)

Go :p(r =J | min/\7yi>00ld) =

where, p(T' = J | 0°) = p(Ay = j1 | 0°9) x - X p(Ay = Jim | 6°'), and

. . _ old Mo PoPoT + 0'3701-0 POCT
(@i, i | T =J,07) N({MJ,{ cp! oC" 1 021

Similarly,

P(:EioA |T = ngold) x p(I'=J | eold)
d; r - - -
Zﬁ:d} ey (@i, | T'=J,0°) x p(I' = J | 6°)
_ HieM p(il?iuA T =J, OOld) x p(T'=J | aold)

Eff:d% 3 Mienr P, | T = J,0°) x p(T = J | 6°4)
(3.32)

Gm :p(r =J | wio)\veold) =

where p(F —J | eold) — p()\l = | eold) X e X p()\m = Jm ‘ 90ld> and

old
p(mio/\ | r=Jg,0 ) ~N (Nm,o; PoPoT + 02,01‘0)

The final step is to provide the prior probability of p(A, = j. | 8°¢). In the absence
of prior knowledge, the simplest and efficient choice is to assume that the initial
probabilities follow a uniform distribution and then update the probabilities through
Eq. (3.33).

)= Gom + 3G (3.33)
Y G+ > Gy

where 1 < z <m and d? < L < d3, and G>! and G*® denote the 2z delay variable

has value L where G, and G,, are defined in Egs. and , respectively.

Unlike the existing methods, the probability value defined in Eq. is updated at

every iteration for faster convergence and better accuracy in the proposed algorithm.

p(>\z =
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In most cases, it is not feasible to obtain efficient bounds on the initial limits
of delays and one typically considers a wide range of delay. Thus, a strategy of
updating this range of delays is proposed in this chapter. In the proposed approach,
the starting and the end values of the range for each input delay are modified based
on their difference from the most probable delay in the current iteration. In other
words, the search starts from the beginning and the end of the range simultaneously,
and each candidate delay value will be removed until the criterion given in Eq. ,
is met.

p(\, =di) or p(\, =d5) > T x maxp(],) (3.34)

In Eq. , T € [0,1) is the tuning parameter that controls the range of removal
of delays, i.e. when T = 0, then the delays in the initial range will remain the same
throughout, and when T = 1, the most probable delay will only be present. It has to
be noted that this idea of updating the range is only applicable to the case of a fixed
delay in each input. In the case when the criterion in Eq. is met, the search is
stopped, and the range of delay will be updated from d; = d7** to dy = d3** as shown
in Fig. [3.2l This step of updating the delay range will help in faster convergence.

) o
BVV XVVVERER

maxp(2.)

4 zew Fnew z
d] dl d, dZ

Figure 3.2: Search algorithm representation

After calculating all the terms in @ — function (Eq. (3.11))), the parameters are

estimated by taking derivatives in the maximization step and are given as follows:

,a(Q1+Q/)_ ,3(Q1+Q/)_ ,3(Q1+Q/)_
P =5 =0 N L =0 Ui‘—aag L =0

L 0(Q2) C0(Qa2) o 0(Q2)
C:—5 =0 e =0 7 2 =0

and the updating equations for the parameters are given in Egs. (3.35))- (3.40))

The weighting matrices P and C' are updated based on Egs. (3.35) and (3.36)), re-
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spectively.

d} g o
new . 0 . 12 _d
P = [Z Z Z p(A = Ji | mi(,)\ayive ld) < (A = i | mz‘ow’yiva ld) X CXP(TZ)
i€0 jy=d!  jm=d]"
X (Q(E(wu | >‘1 - jla te 7)\m = jma wio/\ayia 001d> - /J/x)E(tz | >\1 = j17 e a)\'m = jﬂn w’ioxﬂyi: GOZd)T)
d} dg &2
AN > pa =g [, 07 p( A = i | T, 0) X exp( 5
ieM jlzd% Jm=d{"
X (Q(E(‘L.M ‘ )‘1 = .jla U 7>\m = jWH wio)\7001d) - l‘l’w)E(tl I )‘1 = .jla e 7)\m = jm, wioAaGOld)T)}

d} dg
, X . o —d;
X [Z Z Z p\ = g1 |z, Yi, 0 "y p( A = G | T, . Yi, 0 14 5 exp( p )(B)

i€0 ji1=d} Jm=d"

2

d d'
+ Z Z Z p(>\1 = | wiuA700ld)"'p(/\m = jm | inA7eold) % exp( ¢1)(B )}71

iEMj1 :d} jm:dT

(3.35)

where
A= E(t,,t;[ ‘ mmoAvym /\l = jlv e v)‘m = jmv 90M) - E(tl ‘ mlo}\ » Yiy )\1 = jls e ->\m = ]m Guld)E(ti | wlu,\vym )‘1 = jla Y /\m = ]m Bgld)T

A, = E(tttlT ‘ wi%ﬂ)\l =jl7 e 7>\m = j'm,teold) - E(t, | mi,,xy)\l = jl-, e 7Am = jm«,eou)E(ti | mi,ua)\l = jl: e 7)\m = jnmgold)T
B = A+AT + QE(tz ‘ xiok>yi7>\l :j17 e a)\m :jmaedd)E(ti | wiokﬁyi:Al :jla e 7)\m :jWﬂoOld)T

B/ = A, +A,T +2E(t1, | wiokv/\l :jlv' o 7>\m :jmveold)E(ti | wioA7A1 :jh' o 7)\m :jm7001d)T

dl dm
: : ; o . ol 7d12
Cc = Z Z e Z p()‘l = | mioxvyia 0 ld) o p()\m =Jm | wioxvyiae ld) X eXp(T)

i€0 ji=d!  jm=d}

X (Q(yz - I’l’y)E(tz | A1 = jla Ty Am = jnn wio)\ » Yis OOld)T)]

-1
d% déﬂ 2
. o . o —d;
X Z Z Z p(Ai =51 | i, , i, 0 Y p( A = im | zi, Y, 0 ) x eXP(T)(B)
i€0 jy=d} Jm=d"
(3.36)

Similarly, the update equations for input and output covariances are provided in
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Egs. (3.37) and (3.38]), respectively.

d} ayp
; 0 . ol _dzz
o = 13T Y p =g | @iy 07 - (A = i | T, Y, 0°17) X exp 55)(82)
i€0 ji=d!  jm=d]
d} dy )
Z Z T Z p()‘l = .71 ‘ xio/\yeold) o 'p()"m = j’rn | mio/\veold) X eXp( (Z)Z )(Sx)
i€M ji=d} Jm=d{"
d} ap 2
X |m X (Z Z Z PO =1 | @iy 40, 07) - (A = i | @i, Y3, 077) X exp( gbz)
i€0 ji=d}  jm=d]
< g ld —d; h
+ Z Z Z P =1 | @i, 07 - p(A = i | @i, 077) X exp(T‘))
i€M ji=d}  jm=d}
(3.37)

where

Sp = (B, [ A\ = j1, -+, A = Jims @iy Y3, 079) = pa) " (B(@iy | M= Ju, -+ A = Jims @i 5 Ui, 077) — 1)
— Bt [ A= j1, s A = s @iy, 43, 07 PT (B (@i | M= Ga,e o A = i @iy 95, 079) — 1)
—(E(@iy [ M= d1s 5 A = s @i, 43, 070) — o) TPE(6 | M= Ja, -+ A = Jims @i, 5 95, 07) + tr(PTP(A))
F B A =01 A = s @y Y3, 07T PTPE( [ M =1, A = s T, Y1, 07)

S; = (E(mu ‘ /\1 = jh e -,/\m = jnu mi%7001d) - I’LJ/)T(E(mL)\ ‘ )\1 = j17 e >>\m = j’nnxiuX-, BOld) - ,U/L)
- E(ti | )‘1 = jh e 7)\m = jmvwioxvedd)TPT(E(mi)\ | )\1 = jlv e :)\m = jm,ﬂji%,gdd) - Hm)
- (E(wl)\ | /\1 = j17 e »Am = jmvwiowOUld) - Hz)TPE(ti | >\1 = jla e 7>\m = jm7wioxyeold) + tT(PTP(A/))
+ E(tl ‘ A= jh T 7/\m = jM7mioA700ld)TPTPE(ti ‘ AL = .jlv T 7/\m = jm7wiokveold)

and:

dy 0

d}
cw . 1 . ol 7di
o_gnc = Z Z e Z p()\l =N | wioxvyive ld) o p()\m =Jm | wio)\7yi70 ld) X eXp( ¢ )(S’U)

i€0 jy=d!  jm=d}

dl am -1
2 . o . %) _dL2
< e Q0T ST pw =g | ®i v 07 (A = i | @i, w1, 0°9) X exp( 5 )
i€0 j;=d} Jm=d
(3.38)

where

Sy = (g — )" (Wi — py) — E(ti | M =1, Aon = Jons @iy, 3, 07 ' C7 (i — )
- (yz - I-'l’y)TCE(t’L ‘ >\1 = jl; e 7/\m = jm7 mio)\vyia OOM) + LLT’(CTC(A))
+E(tz | A1 :j17... 1)\7)@:jmvmio)\yyivgold)TCTCE(ti ’ )\1 :jlv"' a)\m :jmvwio)\vyiveold)

Finally, the updating equations for the input and output mean are derived in Eqgs (3.39))
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and ((3.40)), respectively.
ap

dy
e = 13T Y p =gt @,y 07 - P = i | T, i, 0°1%) X exp(

i€0 jy=d}  jm=d}

X(‘E(wi)\ ‘ At :jlv"' 7/\m :jmvmiovodd) _PE(ti ’ A1 :jh’" 7)‘m :jm7mig>\700[d))

—d?
5 )

d p 2
. o . o _di
+ Z Z Z p(>\1 =5 ‘ ;1:2»0)\,0 ld)...p()\m = jm ’ :I:Z'DA70 ld) x eXP(T)
€M ji=dt  jm=d"
X (B, | A =1 A = Jons i, 070) = PE(t | Ay = 1. A = s @i, 0°9))]
4 a iy
X Z Z Z p()\l :jl | mio)\vyiaedd)”'p()\m:jm ‘ mi%’yheold) xexp( ¢Z)
1€eO jlzd% jm:din
—1

dst 9

dl
2 ) , ) o _di
T > =@, 07 p(N = i | @i, 07) X exp(—)

i€M ji=d!  jm=d} ¢

(3.39)

g 2

d
. o . o _dZ
By = [Z Z Z p(A1 = J1 | zi,,, Yi, 0 - pAm = Jm | Zi, .Y, 0 ) x eXP(T)

i€0 ji=d}  jm=d]

X(yz - CE(tz | AL = Ji, e ’)\m :jm,wio)\7gald))]

-1
d} g 2
. o . o _d’L

X [§ E g p()\l :]1|£I}'Z'o)\,yi,gld)"‘p()\m:]m|miu)\7yi10ld)Xexp( ¢ )]

€0 ji=d!  jm=d}’

(3.40)

The parameters in Eqgs. (3.35))-(3.40) are estimated in an iterative manner by
using the updated posterior probabilities given in Eqgs. (3.12))-(3.32)) till the estimates

converge.

3.2.4 Online Predictions

For the application of soft sensor, it is necessary to predict the variables online. The
term given in Eq. is used to perform the online predictions given a new data
point, x,.

Y = CE™v + My (3.41)

Now, to estimate £"* in Eq. (3.41)), the posterior probability of the latent variable
given the input information (new data point) is required. This posterior probability

is given as
new p&™)p (x| ")
p(t x,) = (3.42
(" | a,) e )
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From Eq. (3.42)), it can be observed that the latent variable follows a Gaussian dis-

tribution and hence £"* is estimated by the mean value of the distribution as,

£ = B | @,) = (0;2PTP + 1) (0, P (2, — 1)) (3.43)
The predictions of the quality variables i.e., g"¢" is obtained by substituting Eq. (3.43)
in Eq. (3.41)).

3.3 Case Studies

In this section, the performance of the proposed algorithm is demonstrated by consid-
ering a numerical example, first. An experiment on a hybrid tank pilot plant system

is performed to demonstrate the practical applicability of the proposed algorithm.

3.3.1 Numerical Example

A two-operating-mode problem with 6 input variables and one output variable as
given in Eq. (3.44)) is considered.

mode 1: z; ~ N(0,01) i=1,2,3
mode 2 : x; ~ N(0,02) + 1.2 i=1,2,3

) _ (3.44)
Ty = 1] x5 = sin(ry + 1) xg = cos(xz + 1)

y = 22 + exp(x2/3) + sin(z3)

where o7 is 0.1 and o5 is 0.3 [54]. After generating the data using Eq. , the
input variables 1 to 6 are shifted artificially by {4,2,1,5,3,2} samples respectively
to account for the delay factor. A total of 400 samples (200 samples for each mode)
are generated, of which, 300 samples are used for training, and 100 samples are used

for validation. The trend of the input variables and the output variable is presented
in Fig. [3.3]

While developing a weighted PPCR model, the number of relevant samples is
chosen as 20, and the dimension of the latent variable is determined as 3 by doing cross
validation analysis [10]. To demonstrate the superiority of the proposed algorithm, a
comparative study is performed with the cross correlation (CC) analysis [65], which is
one of the most prominent methods in identifying time-delays and also with a regular
PPCR method [66]. Though CC analysis is one of the prominent methods, it is
well known that the performance of this method degrades in the presence of missing

and/or high noises [67]. The results of the comparative study in the presence of
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Figure 3.3: Generated data for numerical example.

different amount of missing data are provided in Table which are the mean values
after a hundred iterations with different initialization, and the prediction results for
the case of 15% missing in input and 30% missing in output are shown through a
scatter plot in Fig. The modes of the estimated values of the time-delays with
the proposed algorithm are {4,2,1,5,3,2}.
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Table 3.1: RMSE and R? values under various missing inputs and outputs data

No missing input 15%
Proposed Model PPCR PPCR+CC Proposed Model PPCR PPCR+CC
RMSE R? RMSE R?} RMSE R?! RMSE R? RMSE R? RMSE R?

No missing output  0.2831  0.9415 0.9924 0.4231 0.3072 0.9342 0.2543 0.9406 1.003  0.403 0.4642 0.9222
5% 0.2842  0.9399 1.0970 0.3942 0.6788 0.8990 0.2973 0.9379 1.1438 0.3869 0.6822 0.8978
30% 0.3095 0.9351 1.283 0.3641 0.7236 0.8804 0.3442 0.9245 1.5270 0.3257 0.8729 0.8664

From the results presented in Table |3.1] and Fig. [3.4] it can be concluded that
the proposed algorithm is able to provide better performance and more accurate
estimations compared to the traditional methods due to its ability in handling noise,

missing data and identifying time-delays.

3.3.2 Experimental study: Hybrid tank pilot plant system

A hybrid tank pilot plant system, as shown in Fig.[3.5] is considered for demonstrating
the practical applicability of the proposed algorithm. A hybrid tank system consists
of three cylindrical tanks connected by six valves, namely V;-V,, Vs, and Vg, and a
container at the bottom of these three tanks to collect the tanks’ outflow. Three
level-sensors, namely LT3, LTy and LT3, are used to measure the level in each of these
tanks. The tanks are connected to the container through three valves, namely Vs, V7,
and Vy. Two similar pumps are also connected to this container to send the water
into Tanks 1 and 3, and the flowrate of these streams is considered as manipulated
variables. The level in Tank 2 is regarded as the variable that is of interest. A more

detailed explanation of this hybrid tank pilot plant system can be found in [68] [49].

To account for the multi-modal nature of processes, two different operating re-
gions are considered by manipulating the inlet flowrates of Tanks 1 and 3 around
4.75 and 5.15 for the first operating region that is called normal operating mode and
around 6.15 and 6 for the second operating point that is called the abnormal operat-
ing mode, respectively, where the phenomena of overflow might arise. The input and
output data for the mentioned operating condition are shown in Figures and
, respectively. The data consist of nearly 1100 samples, of which 600 samples
are used for training the model, and 500 samples are used for validation. To demon-
strate the efficacy of the proposed algorithm for modeling with time-delay in data, an
artificial time-delay of 6 is introduced to the left flowrate, and the right flowrate has
the time-delay of 2. A comparative study is made among the proposed algorithm,
PPCR, and PPCR with the help of CC to identify the delays before modeling where

10% of input variables and 45% of the output variable are missed. The mean values
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Figure 3.4: Online prediction performance of the proposed algorithm on the numerical
data with delayed and 15% missing input data and 30% missing in output.

after 100 different initializations are provided in Table 3.2 and the estimated values

are visualized in Fig.
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Figure 3.5: Schematic of the Hybrid Tank Pilot Plant

Table 3.2: RMSE and R? values of three different algorithms when 10% of input
variables and 45% of output variable are missed

proposed algorithm | PPCR | PPCR4CC

R? 0.8427 0.4476 0.7125
RMSE 1.1271 2.8515 1.5246

From the comparison provided in Table [3.2]and Fig.[3.7] it can be concluded that
the proposed algorithm is able to deal with the presence of constant but different time-
delay for each input variable while building the PPCR model. Moreover, the proposed
algorithm is able to provide more accurate model compared to the other algorithms
in the presence of missing values in input and output variables. In addition, the mode
of the estimated time-delays are {5, 2} for the left and the right flowrate, respectively

that is very close to the original values, {6,2}.

3.4 Conclusion

In this chapter, a weighted semi-supervised PPCR (WSSPPCR) model with missing
input and delayed output data for modeling non-linear and /or multi-modal processes
is developed. The proposed algorithm can deal with missing input and output data
with the help of data imputation and semi-supervised learning, respectively. It can

also efficiently cope with the existence of time-delays between each input and out-
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Figure 3.6: Collected data for experimental example.

put variable. Further, to optimize the time-delay range for each input variable and
speed up the modeling process with less computational effort, a searching approach is
proposed. The performance of the proposed algorithm is demonstrated through a nu-
merical example and an experimental study. From the comparative studies between
the proposed algorithm, regular PPCR, and PPCR with CC analysis for the delay, it
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Figure 3.7: Comparison of output response with 45% missing in output and 10%
missing in input

can be observed that the proposed algorithm has a better performance compared to

all the competing methods.
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Chapter 4

Data-driven self-optimization of
process in the presence of the
model-plant mismatch!+?

4.1 Introduction

Increasing productivity, safety, and efficiency have always been the main objectives of
industrial plants. The objective of plant optimization is to reduce or abolish resource
wastage and bottlenecks while accomplishing the objective of the plant and meeting all
plant constraints, including operational, economic, and safety. Due to the reduction
in the availability of the raw materials [69], the increase in the market demand for
the products because of escalation in the number of the world’s population [70],
and the environmental concerns like global warming as a result of the emission of
the greenhouse gases (GHG) [71], plant optimization has gained more popularity,
recently. One of the approaches to do plant optimization is optimizing through the

model.

Plant optimization can be performed based on the development of a model, which
is generally obtained through two different approaches, i) first principle model-based

optimization and ii) data-driven model-based optimization [12] 13]. In the first prin-

'A. Memarian, S. K. Varanasi, B. Huang. ”Data-Driven Self-Optimization for plant Operations”.
Presented in Canadian Chemical Engineering Conference 2021, October 24-27, Montreal, Quebec,
Canada, 2021 (Chapter [4] - Extended abstract)

2A.Memarian, S. K. Varanasi, B. Huang. ”Data-driven self-optimization of processes in the pres-
ence of the model-plant mismatch”. Submitted to 13" IFAC Symposium on Dynamics and Control
of Process Systems, (DYCOPS), June 14-27 2022, Busan, Republic of Korea, 2022 (Chapter (4 -
Short Version)
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ciple model-based optimization, the plant is modeled with the help of deriving the
governing equations from the fundamental laws, which needs an in-depth understand-
ing of the plant [14]. On the other hand, in data-driven model-based optimization, a
model is built based on the historical data. The closer the developed model is to the
plant, the more accurate optimal point can be obtained by solving the optimization
problem [72]. However, due to the differences between the model and plant (model-
plant mismatch) and the disturbances that may occur during the data collection, the
optimal point obtained by solving the optimization problem can be different from the

true plant’s optimal point [73].

To account for the model-plant mismatch in process optimization, the scheme
of modifier adaptation is proposed in [74] [75] [76, [77]. In this scheme, the error be-
tween the developed model and the plant is incorporated in the objective function
while performing the optimization by using the information and measurements col-
lected from the plant. The authors in [74] provided a theorem that demonstrates
the equivalence of KKT conditions of the plant and the model with the inclusion of
the modifier adapters. They suggested the use of gradients of the objective function
and constraints calculated from plant measurements as a functional form of modifier
adapter. Although the calculation of gradients from noisy plant measurements can be
challenging, it is demonstrated to be a reasonably reliable and effective approach [7§].
To overcome the challenges with the calculation of gradients, several methods such
as nested modifier adapters [79], recursive modifier adapters [80], and derivative-free
modifier adapters [81] are proposed. Recently, the authors in [73] proposed using
Gaussian process regression (GPR) as a modifier adapter. In this work, the histor-
ical data and real measurements obtained from the plant are used to train the GP;
thereby a nonlinear model on the modeling error that accounts for the model-plant
mismatch is obtained. The authors in [77] proposed a trust-region framework and
the Gaussian process modifier adapters to control the optimization region and to
avoid the possibility of violation of constraints. However, the convergence to a local
optimal is still a challenging problem in all the aforementioned methods. One of
the approaches to overcome this challenge is considering uncertainty in solving the

optimization problem [82].

With the fast pace of development in the field of reinforcement learning [83], 84,
85], the concept of self-reflective objective is gaining popularity. In this concept, the
accuracy and reliability of the optimization problem are improved by consideration

of uncertainty. Although many studies have focused on increasing the accuracy of
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the scheme of modifier adaptation, the potential of reinforcement learning has not
been studied extensively in the modifier adaptation and optimization problems in
general. One of the concepts that can help to increase the accuracy of the opti-
mization is acquisition functions that are used in Bayesian optimization and provide
the balance between exploration(trying something new) and exploitation(keep doing
what has been done) [82]. In all the aforementioned studies, the modifier adaptation
scheme is used along with the first principle models, which essentially requires an
in-depth understanding of the process and hence, is not always feasible. In addition
to finding the optimal point, an efficient way to steer the process to the optimal point
is of paramount importance. Trust-region-based Real-time optimization (RTO) is
one of the solutions finding an efficient way to the optimal point [86]. However, the
application of the data-driven RTO has not been well studied [87, [8g].

In view of the aforementioned points, a novel self-optimization algorithm is de-
veloped in this work that can find both the plant optimal point and the efficient way
to shift from the current operating condition to the determined optimal point. The
proposed algorithm considers a generalized weighted PPCR model due to its ability
to deal with missing data in both input and output variables, outliers, and time-
delays [68, [89]. Since weighted PPCR is a linear model, and the plant is nonlinear in
general, a non-linearity index is used to help the local data-driven model to determine
its accuracy based on the plant operating point. The proposed non-linearity index
measures the mismatch between the locally weighted PPCR model and the nonlinear
GPR model. Then, this non-linearity index is used in determining the trust range of
the generalized weighted PPCR model; thereby, an increase in the accuracy of the
model is obtained. In addition, the GPR is used as a modifier adapter to account
for the model-plant mismatch. Finally, the concept of acquisition functions is used in

optimization problem to study the significance of exploration.

The remainder of this chapter provides a brief overview on modifier adaptation,
Gaussian process regression, and acquisition function in section [£.2l The proposed
method of the data-driven self-optimization in the presence of the model-plant mis-
match and the study of acquisition functions for exploration is detailed in section (4.3
The efficiency of the algorithm is illustrated through a simulation case study on a
deethanizer column and an industrial application to show its applicability and feasi-
bility in section 4.4} and the conclusions are drawn in section [4.5]
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4.2 Preliminaries

This section provides details regarding the modifier adaptation scheme, Gaussian

process regression model, and acquisition functions.

4.2.1 Model-plant mismatch

To find the optimal point of a steady-state plant, the following optimization problem

needs to be solved.
min G(u) := gou, " (w)

(4.1)
st GY(u) i= gi(u, yP(u)) <0, i=1,-,n,

where Gf is the objective function of the plant where the superscript ”p” denotes
the plant, and G¥, Vi =1,---,n, are the constraints that should be satisfied while
solving the optimization problem, with n, denoting the total number of constraints

in the optimization problem.

Finding a mapping between input and output variables to describe the plant
with a greater accuracy can be challenging and is not always possible due to the
complexity of the process and lack of in-depth understanding of the operations [77].
Therefore, the mapping between input and output variables is modeled with the help

of data-driven models in this chapter, and the model-based optimization problem is

defined in Eq. (4.2).

muin Go(u) == go(u,y(u,0))

(4.2)
s.b. Gi(u) = gi(u, y(u, 0)) <0, i=1,---,n,

The term y(u,0) in Eq. (4.2)) represents the mapping between input and output

variables, and 6 is the parameters of the model.

The model-plant mismatch is frequently observed while developing a model.
Hence, the optimal point of Eq. is usually different from the one found from
the modified optimization problem in Eq. , as shown in Fig. . Hence, the
authors in [74] proposed using the modifier adaptation scheme for both objective and

constraints to account for the model-plant mismatch.

4.2.2 Gaussian process regression

Gaussian process regression (GPR) is a non-parametric modeling approach that is

first proposed in [00]. The assumption in GP regression is that any function can be
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Figure 4.1: model-plant mismatch effect on optimization

modeled using a combination of multivariate Gaussian distributions in the presence
of noisy measurements through a varying number of parameters. This model requires

the mean function and the covariance function, where its representation is provided

in Eq. and Fig..
f(uy(u,0)) ~ GP(m(u), K (u,u)) (4.3)

In Eq. (4.3), m(u) is the mean function and a constant mean value function is used
in the current chapter. The K (u,u) is the covariance function calculated based on
different positive definite kernel matrices. There are different choices, like Squared
Exponential Kernel, Rational Quadratic Kernel, Periodic Kernel, Locally Periodic
Kernel, Linear Kernel [91]. In Eq. (4.4), the derivations of the squared exponential
kernel and rotational quadratic kernel, which are among the most popular kernel
matrices, are provided [91]. In this work, the squared exponential kernel is considered

because it can be utilized for most functions and has fewer parameters.

’

)

Ksp(u,u) = o? exp(—%(u —u)TA(u—u
(4.4)

One of the challenges with the industrial datasets is the presence of the outliers
that may affect the accuracy of the model in Eq. (4.3)). The authors in [92] proposed
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a robust GP regression that can efficiently handle outliers. This method is utilized

in the proposed optimization.
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(b) GP regression with noisy data

Figure 4.2: Mean prediction with the prediction interval by 2 standard deviation from
the mean.

4.2.3 Acquisition functions

Acquisition functions are mathematical equations that account for the exploration of

the parameter space in an algorithm in addition to the exploitation. They use the
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predicted mean and predicted variance generated by the Gaussian process regression
model. Exploitation consists of searching the limited parameter space and hoping for
improving the in-hand solution. However, exploration pushes the search area to a

larger space to find better solutions towards the unexplored regions.

There are different types of acquisition functions proposed in the literature.
Among the proposed acquisition functions, expected improvement [93], lower or up-
per confidence bound [94], probability of improvement [95], entropy search [96] are
the most commonly used. Among the mentioned acquisition functions, lower confi-
dence bound (LCB) is the most common function used in the literature due to its
simplicity [97]. LCB tries to consider both the exploitation (GP’s mean) and the ex-
ploration (GP’s variance) at the same time to improve the solution of optimization by
considering the uncertainty to minimize the regret and loss while using the Bayesian
optimization. In Eq. , the LCB acquisition function is presented.

Aroplp, o)(u) = pyp(u) = fo(u) (4.5)

where p is the estimated mean, and o is the estimated uncertainty term. 5 € [0, 00)
is the exploration tuning parameter. Most acquisition functions have an exploration
parameter that defines how much exploration is desired and needs to be tuned to
obtain the best solution. By setting g = 0, it is dictated that no exploration will be

added to the optimization problem.

4.3 Data-driven self-optimization of processes in
the presence of the model-plant mismatch

In this section, the data-driven self-optimization of processes in the presence of the
model-plant mismatch is presented. The proposed approach utilizes a generalized
weighted PPCR model that can handle the missing data in both input and out-
put variables, time-delay, and outliers in data. Moreover, due to its weighted local
model property, it can efficiently handle the nonlinearity and/or multi-modal nature
of plants [68, 89]. A robust Gaussian process regression model is used to account
for the model-plant mismatch between the weighted PPCR model and the plant. To
balance the exploitation and exploration terms in the optimization problem, the lower
confidence bound is used as an acquisition function both in the objective and con-

straint functions in this chapter. The details are provided in the rest of this section.
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4.3.1 Generalized weighted PPCR model formulation

The most important step while solving an optimization problem is to build a suit-
able model that can describe the plant with sufficient accuracy. Hence, data-driven
modeling is one of the approaches that can help. In the proposed self-optimization al-
gorithm, a generalized weighted PPCR model is used as a data-driven model to mimic
the plant that is described in [68, [89]. The generalized weighted PPCR model is one
of the simplest models yet effective in dealing with different possible uncertainties in

the plant’s datasets.

The generative equation for the generalized weighted PPCR model is presented

in Eq. (4.6).
z, =Pt,t+e+p,, i=12---n
. (4.6)
Y =Ct;j+fi+mpy, 7=12-,m

where, x;, € R™*! and y; € R™! denote the input and output data, respectively, i.e.

T1, s,
i, = xQ’jA? (4.7)
where Aq, Ag, -+, A\, are the time-delays for the m input variables, respectively. P €

R™%4 and C € R™Y are the weighting matrices, and t; € R?! is a vector of latent
variables. The variables e; € R™*! and f; € R™! denote the measurement noise in
input and output, respectively, which are assumed to follow a mixture of two Gaussian
distributions given in Egs. and to account for outliers and regular noises.

The mean values of the input and output variables are denoted with p, and u,,

respectively.
ei ~ (1= 0,)N(0,031) + 6,N (0, p; 07 1) (4.9)
fi~ (1= 6,)N(0,020) + 6,N (0, p, ' o) (4.10)

Due to the nonlinear and/or multi-modal nature of the plants, developing a single
PPCR model to capture the entire plant is not suitable. Thus, to improve the ac-
curacy in modeling, exponential weights are calculated based on Euclidean distance
assigned to pick the most relevant data points for building the model. The weights
are calculated based on Eq. ({.11]).

—d?
w; = exp(j) (4.11)
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where ¢ is a tuning parameter that defines how the weights are spread across the
neighborhood of the testing data to develop the weighted PPCR model, and d; is
the Euclidean distance. The detailed introduction of the weighted PPCR model
can be found in [89]. The model is developed under the framework of expectation

maximization (EM) algorithm. The parameters are estimated from the @ — function

presented in Eq. (4.12]).
Q =

Ex, 1.0..Q,11X,, .Y 00 sz log p(x;,, Yis i, @z, @y, I | 0) + Z w;log p(x;,, ti, Qu, Qy, T | 9)]
€0 €M

(4.12)

The @ — function presented in Eq. (4.12) is solved by incorporating the equations

derived in Chapter [2] and Chapter [3] In the rest of this chapter, the generalized
weighted PPCR model is denoted as GFFCE,

4.3.2 Data-driven self-optimization algorithm formulation

Since the plant conditions change over time, the historical data that is used to build
the model may not be able to accurately describe the current condition of the plant.
Therefore, a model-plant mismatch exists between the weighted PPCR model built
from the historical data and the current condition of the plant. To account for
this model-plant mismatch, the authors in [73] proposed to use the Gaussian process
regression (GPR). The objective of this GPR model is to build a model by considering
the differences between the values of the objective function that are calculated from
the plant (real-time measurements) and the estimation from the weighted PPCR

model. A similar approach is also followed for the constraints, and the resultant set
of equations are shown in Eq. (4.13)).

6G; =GP — GPPOR QP(,u(;Gi,agGi), i=0,---,ng (4.13)
where n, is the total number of constraints.
Hence, the optimization problem in Eq. (?7) can be modified and is given in

Eq. [@.14)

k+1

u! € argmin (G + pig, | (u)

st [GPPC'R_I_ k - (4.14)
LGy H&GJ(“)SQ =1, ,ny

where pf, is the estimated mean of the GP regression that accounts for the term of
model-plant mismatch in iteration k. The mean values used in Eq. (4.14]) are those
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values that are estimated from Eq. (4.13]) which approximates the model-plant mis-

match and correct the objective function and constraints in the optimization problem.

As discussed in section [£.3.1] the amount of data points relevant to the current
operating condition is determined by tuning the parameter ¢ i.e., by decreasing ¢,
fewer data points will contribute to the model construction. If the current operating
point is in a highly nonlinear region, building the weighted PPCR model might not
have a sufficient accuracy. Thus, by decreasing the parameter ¢, less number of
data points will receive significant weights for the corresponding data points to be
effectively utilized; hence, a generalized weighted PPCR model in a smaller region
will be built. On the other hand, when the weighted PPCR model approximates the
nonlinear plant very well, we can increase area and have more data with sufficient
weight while developing a model. Hence, a non-linearity index is proposed to define
the range of data to be effectively used, and based on the index, the parameter ¢
can be tuned. The non-linearity index calculates the performance ratio between the

nonlinear model (GP regression model) built from the historical data and the linear

weighted PPCR model, as can be seen in Eq. (4.15)).

Pt = G (u) = G- (w ) (4.15)
[GEPER + pfg, J(uk) = [GEPOR + pfg, | (wh )

After calculating the non-linearity index from Eq. , similar to the concept
of trust-region optimization [77], three different thresholds are determined to tune
¢. These three thresholds are 0 < 13 < 12 < 13 < 1. The shrinking and expansion
actions to change ¢ are 0 < t; < 1 < ty where t; and ¢, are shrinking and expansion
values, respectively. It has to be noted that these parameters should be tuned before

starting the algorithm [77].
The size of the weighted PPCR model is updated based on the following steps:
1. If GP(u**1") > 0 for some i = 1,--+ ,n, or pF*! <y then ¢ :=t; X ¢
2. Else if pFt1 > 3 then ¢ := min{t, x ¢, ¢™**}
3. Else ¢ := ¢

where ¢ is the maximum allowable value that ¢ can take. Based on the value of
p, the decision will be made on whether to repeat the optimization, or the obtained

optimal point can be used as the operating point for the next iteration. The decision
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criterion is as following:
L. If GP(u**1") > 0 for some i = 1,--- ,n, or pF*! < then uF+! =k
2. Else vt := ¢+

Based on the aforementioned steps, the number of effective points, which need
to be accounted for the optimization, will be changed and adjusted based on the

performance of the previous iteration. The steps of the proposed algorithm is provided
in Algorithm [I}

Algorithm 1: Data-driven self-optimization algorithm

Input: historical data (input and output); initial (query) point, z,;
maximum value for ¢™** and an initial value for ¢; non-linearity threshold
parameters 0 < n; < 1y < n3 < 1; expansion and shrinking parameters t;
and ty; objective and n, constraint functions of the optimization problem

Repeat: for £ =0,1,---

1: Build the generalized weighted PPCR model for the given z, and the
historical data
2: Train GP regression modifiers based on the weighted PPCR estimates and

the real-time measurements of the plant

3: Solve the modified optimization problem provided in Eq. and obtain
ukF 1

4: Calculate the non-linearity index p*+!

5: Update the value of ¢ based on the value of p

6: Based on the developed criterion decide to accept the new operating point
or to repeat the optimization problem in step [3|

7: x4 < uF or 2, < u” based on the previous step’s result

k+1

One of the drawbacks of algorithm [I| is that the solution obtained from the
optimization problem can get into the local optimum. To circumvent this problem
and letting the optimization explore more locations, the acquisition function from
the theory of reinforcement learning and Bayesian optimization is used. The authors
in [82] proposed using the acquisition functions in objective function. However, in
our proposed method, acquisition functions are used both in objective and constraint

functions. Therefore, the LCB acquisition function is used [97] and the modified
optimization problem is given in Eq. (4.16]):

k+1 [G(])DPCR

u + Mg, — Bosq,) (u)

st [GPPOR + b — Boda](u) <0, i=1,---,n,

€ arg min
uelU

(4.16)

61



In Eq. , the variances estimated from the GPR in Eq. (4.13]) are used to take
the optimization search to a newer area and may therefore escape the local optimum
points. The negative sign before [ is consistent with the optimization problem as
the goal is to minimize the objective function. Introducing the LCB acquisition
function in the constraints helps to relax these functions while solving the optimization
problem. However, if it is needed to tighten the constraints, the UCB acquisition
function can be used. With the introduction of acquisition functions, the optimization
problem provided in Eq. is solved in the step |3| of Algorithm , and the rest of

the steps remain the same.

4.4 Case Studies

In this section, the performance of the proposed algorithm is demonstrated by a sim-
ulation of a deethanizer column through the Aspen HYSYS V.9 [I]. An industrial
example on the zinc roasting unit is also used to demonstrate the practical applica-

bility of the proposed method.

4.4.1 Simulation Example: Deethanizer column

The deethanizer column is a continuous operating distillation column used for ex-
tracting ethane as a distillate from a mixed feed that contains light hydrocarbons.
Deethanizer column is one of the most important units in refineries and is usually

located ahead of other units in the plant.

In Fig. [4.3] a principle of the deethanizer column is demonstrated. The objective
of the deethanizer column in the refinery plants is to separate C5+ components from

the upstream feed.

[

Elhanewgas] ¢ i
é4—4- Ethane ég,——-
D v reFux Reﬂux{ Distllcond) Dist -cond

Q Iy R
. FEED

—_—]
Q_reb

C3+ i

T-100

Figure 4.3: The schematic of the deethanizer plant [I]
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The main objective of optimization is to minimize the operational cost of the
unit, which depends on the energy consumption in the reboilers, the condensers and
the pumps. To minimize the energy consumption, the temperature and the feed rate
of the input stream needs to be regulated. Hence, the objective function is defined

as:
mlanecd,Ffeed Qreb + Qcond + qump

S.T.:

F(Qreb, Qeond> Qpump, Foottoms X Bthane,pottoms Lfeeds Freed) =0

T feea € [15,30) (4.17)
Ffoeq € [8000,11000]

Fottom < 2 x 10°[kg/h]

Xethcme,bottom < 0.05

where Ffeeq and Fyopom are the flow rate of the feed and bottom product, respectively.
T'teeq is the feed’s temperature, and X ipane pottom 1S the molar fraction of the ethane
in the bottom product. Qrep, Qcond; and Qpump are the terms corresponding to the
energy consumption of the reboiler, condenser, and pump, respectively. f(.) = 0 is
the PPCR model that relates input and output variables to each other. The first
two constraints i.e., Tfeed, F'reed Which are defined in Eq. are the operational
constraints, and the Fyotom and Xeihane pottom are the planning constraints. In such a
setting, 15% of the input and 35% of the output variables are assumed to be missed,

and 10% of the data is replaced with outliers.

By solving the optimization of Eq. with the optimization module of Aspen
HYSYS, the minimum energy consumption is 1.082x 108[I#] and the decision variables
are found to be Tfeeq = 16.3 and Fe.q = 10485. The operating region and the actual
solution to the optimization of Eq. are presented in Fig. 4.4

To demonstrate the efficacy of the proposed method in steering the plant to
its optimal point, two different initializations (current operating points, COPs) are
considered. In Fig. , the locations of these COPs are shown in Fig. |4.5(b), where
the path and the final solution obtained by the proposed method for each COP are
provided.

Based on the results demonstrated in Fig. [4.5 the proposed algorithm is able to
find the optimal path and solution, and steer the plant to the desired point. It is well

known that the amount of signal to noise ratio (SNR) can affect the performance of
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Figure 4.4: Operating region and optimal point of the deethanizer problem

the algorithm. To study the effect of measurement noise on the proposed algorithm,
eight different noise levels are considered for this study whose optimal points are
shown with /. Two different initial operating points are considered for this study
which are similar in all the noise levels. As it can be seen from Figure , solu-
tions corresponding to noisy data (low SNR) are getting trapped in local optimum
points instead of getting close to the true optimum. To obtain a possible better
solution through the discovery of the new path by searching through a wider opti-
mization region, the exploration described in Eq. is applied, and the results
are demonstrated in Figure 4.6(b)|

From the results of Fig. [£.6] it can be concluded that with the inclusion of
exploration in the optimization as explained in Eq. (4.16), helps in better convergence

to the actual optimal point, and avoid being trapped in the local optimum points.

4.4.2 Industrial case study: Zinc roasting unit

One of the minerals that have vast application in different industries is zinc. One of the
applications of zinc is galvanizing other materials like iron and aluminum to prevent
rusting. The galvanized steel is used as the main material for car bodies, street lamps,
safety barriers beside the roads, and suspension bridges. Moreover, zinc can be used
to produce die-castings which are essential for electrical and automobile industries.
Zinc is also one of the components used in alloy productions. In addition, zinc oxide
can be used in rubber, pharmaceuticals, paints, textiles, and soap manufacturers [9§].

One of the processes to produce zinc or zinc oxide is the roasting unit that is shown
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Figure 4.5: Initial points and the solutions obtained by the proposed data-driven
self-optimization algorithm

in Fig. [4.7] In this unit, zinc sulfide feed turn into zinc oxide at high temperatures

which contains impurity. The reactions that take place in the fluidized-bed roaster

are provided in Eq. (4.18):

27nS 4+ 30, 2 2700 + 250,
280, + 0y —=5 280,
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Figure 4.6: Study the effect of exploration in the optimization problem. Solutions
to the optimization problem with 8 different noise levels (shown with A) without

exploration (Figure 4.6(a)|) and with exploration (Figure [4.6(b))

The fluidized-bed roaster is operating below the atmospheric pressure and at temper-
atures around 1000°C [99]. Providing greater capacity, better sulfur removal capabil-
ity, and lower cost for maintenance is the advantage of the fluidized-bed roaster [100].
After the fluidized-bed roaster, products are sent to the leaching plant to leach zinc

oxide out of zinc.
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The objective of the optimization is to maximize the feed rate coming from
the warehouse, along with minimizing the required amount of oxygen for roasting
operation in the fluidized bed while keeping the other variables within the limits. Such
a process consists of 5 inputs (MVs) and 8 outputs (CVs) as described in Table [4.1]
A total of 1100 data points are collected from the plant and the normalized values of

all the variables are shown in Fig. |4.8, and the optimization problem is defined as:

min — FeedRate + 1.2 x \
allMV's

S.T. :
L; <war; < H; ;Vi
yj=f(u) Vj ,ueMV

(4.19)

where L; is the lower and H; is the upper bound, and X is the required amount of
oxygen for roasting operation in the fluidized-bed roaster. var; represents input and

output variables.

The self-optimization algorithm is tested on two different initializations, and the
obtained results are shown in Fig 1.9, From the results shown in Fig. [£.9] it can be
concluded that the proposed method is attempting to maximize the feed rate and

minimizing the oxygen demand while simultaneously satisfying all other constraints.

Though the results provided in Fig. are satisfactory, there is room for further
improvement as the feed rate is not at its upper bound. Thus the acquisition func-
tion is applied to investigate the possibilities of further improvement in the result of
optimization. The results obtained are shown in Fig. As it can be observed
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Figure 4.8: Historical data of the zinc roasting unit.

from Fig 4.10, the acquisition function helps to improve the optimization and steer
the plant to a higher feed rate, and the algorithm reduces the possibility of getting
trapped in the local optimum.
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4.5 Conclusion

In this work, a data-driven self-optimization of the process in the presence of model-
plant mismatch is proposed to find the plant optimum along with the optimal path to
reach the obtained point. The objective of the proposed algorithm is to automate the
procedure of finding optimal operating points of a process. It models the plant with
a generalized weighted PPCR model and the Gaussian process regression model is
utilized to compensate the model-plant mismatch. A non-linearity index is proposed
to adjust the weighted PPCR model to ensure its accuracy at a sufficient level. Finally,
to make a balance between exploitation and exploration, acquisition function is used
in the optimization. The performance of the proposed algorithm is demonstrated
on the simulated deethanizer column and an industrial zinc roasting unit. Based on
the results obtained from the case studies, it can be concluded that the proposed

algorithm is able to move the plant towards the plant’s optimal point.
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Table 4.1: Process variables description
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Chapter 5

Conclusions

In this chapter, summaries of the thesis are provided in section and some possible

future research is discussed in section 5.2

5.1 Summary

The main objective of this thesis is to introduce an online framework for plant opti-
mization and finding the optimal path for steering the plant to the optimal operating
point. Most of the available works rely on the first-principle models to describe the
plant and solve the optimization problem, which needs an in-depth understanding
of the process. Hence, a data-driven self-optimization algorithm in the presence of
the model-plant mismatch, outliers, delays, and missing data in both input and out-
put variables is proposed in this thesis. This algorithm is developed by utilizing a
generalized weighted probabilistic principal component regression (PPCR) model. It
attempts to model the plant by using the plant datasets that contain different types
of uncertainties like outliers, missing data in input and output variables, and delays

between the variables.

Chapter [1| provides the motivation and challenges in process optimization and
modeling of the industrial processes. An overview of contributions of the thesis pre-

sented.

In Chapter [2 modeling of the plant through the incorporation of a mixture
robust semi-supervised probabilistic principal component regression (MRSSPPCR)
model is proposed. This approach can address the high dimensionality of the pro-

cess alongside the multi-modal nature of the processes. The main advantage of the
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proposed approach lies in its ability to deal with outliers in each input and output
variable with different properties. Further, due to the sensor failure or delays in mea-
suring process variables, some measurements may be missing at times. The problem
of missing data in the input variables is addressed by the data imputation methods
when the data is missing completely at random (MCAR). For output variables, the
issue of missing data is addressed with the help of the semi-supervised learning. The
proposed model is developed through the expectation maximization (EM) algorithm
to estimate model parameters in the presence of hidden variables like missing data in
input variables, hidden operating modes, and outliers statistics. The significance of
this chapter is to develop a reliable model that can deal with different uncertainties
in the data. To demonstrate the prediction performance of the proposed model, a nu-
merical example and an experimental example on the hybrid tank pilot plant system
are provided where an improvement compared to the previously available models is

observed in both cases.

In Chapter [3] a weighted semi-supervised probabilistic principal component re-
gression with missing input and delayed output data is proposed to address the non-
linear nature of the processes, taking care of data high dimensionality. The proposed
model is able to deal with the time-delay between each input variable and output vari-
able. In addition, the model is robust to the missing data in both input and output
variables while an assumption of MCAR is considered. By utilizing the just-in-time
learning and locally weighted modeling, the proposed model is able to provide an
online local model based on the query points. Euclidean distance-based weights are
assigned to the process datasets such that only the most relevant data information is
utilized while developing a model. Similar to the previous chapter, the expectation
maximization (EM) algorithm is utilized for the development of a model. The EM
algorithm enables the model to identify time-delays, impute missing data in input
variables, and estimate the hidden variables of the PPCR model. In order to improve
the convergence of the PPCR model, an updating strategy for the delay ranges is
proposed, which can reduce the range of the considered delay for some/all of the
variables at each iteration. In contrary to the previous works that consider a fixed-
distribution for time-delay variables while developing a model, in the proposed model,
a free-distribution model is considered that gives more flexibility for each time-delay
to act independently. Finally, the model accuracy is demonstrated through a numer-
ical example and experimental study on the hybrid tank pilot plant system, and the
results are compared with the other methods, demonstrating the superiority of the

proposed method.
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In Chapter [4], a data-driven self-optimization in the presence of the plant-model
mismatch, is proposed which is an online data-driven approach for process optimiza-
tion. A combination of the modeling methods in Chapter [2land Chapter [3|namely the
generalized weighted probabilistic principal component regression (PPCR) model, is
used to model the process. To account for the plant-model mismatch, a robust Gaus-
sian process regression model is used. A nonlinearity index is proposed to determine
the extent of nonlinearity in the process and adjust the generalized weighted PPCR
model accordingly. To increase the possibility of finding the optimal solution, the
acquisition function from reinforcement learning is used to make the exploration in
optimization process and obtain a trade off between exploitation and exploration.
The applicability of the proposed algorithm is demonstrated through an example on
the deethanizer column simulated through the Aspen HYSYS software. Finally, an
industrial zinc roasting unit is considered to demonstrate the practical applicability

of the proposed method.

5.2 Future Work

In Chapter [2, a MRSSPPCR model is proposed that deals with outliers with different
properties along with missing data in input and output variables. In the proposed
model, scaled outliers are studied, and a mixture of two Gaussian models is used to
differentiate the regular noise from outliers. Scaled outliers have a different variance
from the rest of the data, whereas location outliers represent a common problem
such as a jammed instrument which have different mean values. Considering the
location outliers with the scaled outliers can be a future work. Moreover, instead
of the mixture of two Gaussian distributions, a Laplace distribution or student’s
t distribution can be used. For missing data in input and output variables, the
assumption of missing completely at random (MCAR) is considered. The other types
of missing data like missing at random (MAR) or missing not at random (MNAR)
can be explored. In addition, the variational Bayesian (VB) algorithm can be used
instead of the expectation maximization (EM) algorithm where the VB provides a

measure for the amount of uncertainty in the parameters.

In Chapter [3] a weighted semi-supervised probabilistic principal component re-
gression (PPCR) is proposed. In the proposed model, the presence of the constant
time-delay is studied in the process datasets. In future work, the time-varying time-
delay can be investigated in the framework of the PPCR model. Moreover, the Kull-

back—Leibler (KL) divergence can be replaced instead of Euclidean distance-based

74



weight assignment as Euclidean distance measures the distance point by point, it is
not robust to uncertainties. On the other hand, KL divergence is known to be a
better metric for measuring the distance that is used to find the similarity between

two different distributions and can possibly be robust to uncertainties.

In Chapter [ an online data-driven optimization framework is proposed that
considers a steady-state model as its main model. The drawback of the static RTO
implementation is the steady-state wait time that delays the model adaptation [I01].
In future work, this linear static model can be replaced with a dynamic model to
consider transitions between operating modes in addition to steady-state. For the ex-
ploration of the proposed optimization algorithm, the lower confidence bound (LCB)
acquisition function is used in both optimization objective function and constraints.
However, the study of the other types of the acquisition functions like the probability
of improvement, entropy search, and expected improvement is worthy to study, and
comparing these functions together can be an interesting direction. Further, exten-
sion to the Gaussian process regression model to deal with the missing data and delay

can be considered in future works.
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Appendix A

Mixing Proportions

ny K

>0 plk | @i, yi, 07 logp(k | 6) +A(Zpk‘| > E(Ly) = Qs (A1)

i=1 k=1

ni K
=0=> p(k| @0y, 07) + 2> p(k|6)=0= A= —n; (A2)
1=1 k=1
n K K /
> plk | @0, 07 logp(k | 6) + A (Zp(k | 6) — 1) = E(L;) = Qs (A3)
k=1

i=ni1+1 k=1

OE(Ly) n K
ap(k |30) =0= Z p(k |a:2-,0790ld)-|—/\2p(k: |0) =0= A= —(n—n1) (A4)
i=ni1+1 k=1
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Appendix B

Q-function Terms

The variables given below are used to simplify the notations while defining terms in
@ — function.

Pon = p(qu,, = * | @0, yi, k,077) X play,,, = A | @0, 41, k, 077)
P;A = Pz, = * | Tio, K, 0°'4) x PGy, = D] T, K, 6°'4)
E*A = E(tin | Tio, Yir Gory = * Gy, = D, k, 077
*A =E(ti | Lioy e,y = % Ay, = Aakaedd)
Eon(tigtly) = E@utly, | ©io, Yis Guyy = % Gy, = D, K, 079
(t

/

E*7A(tz Kyt i, k) E(t; kt;l:k; ‘ Lioy Qs = % Ay, = Aa ka BOId)

where * and A can be either 1 or p. The expressions for () — function are as follows
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n1

1

2 zk(( (mﬂvl(hk*lq‘/k*lkmto Yi, Oo’d) .ux,k)T

K
—1
p(k | mi,myhgnld)PLl[? log(2™n™ x |0, 1|) —
i=1 k=1
X (BE(xik | oy = Lgy,, = 1,k, miymyi,e"ld) -
- (E(mzk | Qu;p = 17Q1] ko 17k7 :Bi‘my’hedd) -

ni

Bak) — B PH(E(®ig | qoyy = Loy, = 1,k @0, i, 079) — )
How) PeBiy + tr(BI Pu(Ev(tiatl),) — EviELY)) + B B BB+

.

1
Sk | 10, 0, 0 Pyl 0827 % |02 T 1) = Som 2B @it | o = ot = 1o, ) — i)
k=1

i=1
Pok(E(@i | Gory = 0y Gy = 1, Ky Ti0, 4, 07) — poi) — EL VPl poi(E®@ige | Gy = 02y = 1K Tior Yi, 077) — phos)—
(B(Zip | Guig = 0@y = 1 ks i, Yi 07) — pose) T pusPeEpy + pusitr(PLP(E, (¢ 1ktlk) Ep,lElq;Ll))‘F
ET PTPz wPrE,1)]

-1 ‘ 1

+ ZZp (k| @i, y:, 07 Pr - log((2m)™ x 07, T1) = 50 i (B(@i | Gue = 1 Gy = P ks @ior ¥, 0°) = pras) "
i=1 k=1

X ( (wzk | Qu; ), = 1, s Qyi e = P k T myueom) xk) - Eljijk (E(:I:LJC ‘ e ), = 1,le,;€ = p7k)wi.o>yi700ld) - I’Lt,k)
—(B(®@ig | qoyp = 1, ayy, = P s @i, Y3, 07Y) — pos) " PoBy, + tT’(PkTPk(ELp(ti.ktzjk) - E1,pE1T,,])) + Epr];TPkEl,p)]J’_

3
=

K
1 o
Z p k | Li0; Yis OOld) pp[i IOg( 277) |pz kI‘) - ao-zi((E(muk ‘ qm,,k =p, thk =p, k7 i, Yis 0 ld) - u’z.,k)TX

i=1 k=1

sz( mi,k ‘ Qac,,;c =p, qy,Ak =p, kv Tio, Yi, eold) - p/ac,k) - ET PkTpT Ic( (1}7 k | (11 ko P qy & =p, kv Lio0;Yis OOld) - Hr,k)_
(B(@i | Gr,y = P Gy, = Po K Tior i, 077) — Mz,k)TPz,kPkE + poitr(P Pu(E,  (tist],) — E, B )+
EZ?pPl?pz,kPkEﬂ,p)}

(B.2)
ny K ny K
Q4 :ZZP(]C | @0, yi, 079) x Py X [log(1 — b,4)] + Z Zp(k | @0, i, 077) X P,1 x [log(dz,r)]
i=1 k=1 i=1 k=1
ni K ni K
YN plk | @i, yi, 07Y) x Py x [log(1 = Soi)] + 3> plk | Tio, 45, 07) x Py, x [l0g(604)]
i=1 k=1 i=1 k=1
(B.3)
n K
Z Zp (k| i, 0°) x Py y x [log(1 = 0op)] + > Y plk | @io, 0°%) x P,y x [log(d,1)]
i=n1+1 k=1 1=n1+1 k=1
n K n K
+ > D w20, 07 x Py, x [log(1= 8,0 + Y Y p(k | @i0,0°%) x B, x [10g(6,.4)]
i=n1+1 k=1 i=ni1+1 k=1
(B.4)
ni K ni K
Qs = ZZP(]C | 0, i, 077) x Pry x [log(1 — 6,.1)] + ZZPU‘C | o, Yi, 077) X By X [log(1 — 6,1)]
i=1 k=1 i=1 k=1
ni ni K
Y plk [ @i, yi, 077) X Py x [log(yn)] + > > plk | i, yi, 07) x By, x [l0g(6,4)]
i=1 k=1 i=1 k=1
(B.5)
n K
S plk | @i,,0°) x Py x [log(1 = 6,4)] Z Zp (k | @i0,07%) x P, x [log(1 — 6,4)]
i=ni1+1 k=1 1= n1+1 k=1
n K
+ Z Zp(k | wi,modd) x Py, x [log(dy.x)] Z Zp (k| 2, 0a00ld) p X [log(dy.x)]
i=n1+1 k=1 i=ni1+1 k=1
(B.6)
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= 30 S bl i 0P om0 ¢ 0 T1) — Lo (B e = L = LR 0% — i)
i=n1+1 k=1
X (B(®ig | quyy, = 1, @y = 1K, Tio, 0°'") — prop) — E;T1PkT(E($m | Qo = Ly, = Lk, i, 0°'") — pr, 1)

(B
(E(wik | o, = 1oy, = 1.k, @10, 0) — o k) PEy, + tr(P{Py(Ey (tixt]y) — B, E)) + B\ P PE, )|+

0 1 m 1 [
S S| w0, 2[5 108((2m)" |, k0 T1) = 30, H((B @i | oy = 01y = Lo @10 07%) = )T
i=n1+1 k=1

X Pz X (E(-’mk \ Qz; 0 = P Qy; p = 1L,k wi,oaenld) - Ihk) ETPk P, k(E(wzk \ Qz; 0 = Ps Ay, = 1Lk, x,, enld) — M, k)_
(E(ik \ o = P s = Lk, @i, 0°) = pos) posPLE, y + postr(PLP(E, (tist],) — E, E))) + EJL Pl po PLE, )+

; 1
5 btk 6% P15 0a((2m)" x 102,01) — S0, (B (@i | e = 1ty = oo 0°%) = i)
i=n1+1 k=1

X (E(wzk ‘ Gy, = 17(1yhk =p, k7wi,o:0()ld) - Ilfaz,k) - E,T T(E(wik ‘ Qe = 1 (Iylk =p, kawi,o 0Old) — Mg, k)
— (B@ik | Qo = 1, Gy = P Ky Ti0, 07%) — po i) PLEy , + tr(PL PU(E) (tiit]y) — By BL)) + BV P PE, )|+

n K
soo—1 - 1 _ o
S bk @i 87, [ 1og(20)" X 1% D) = 500 E (B @i | e = 91 = oo @10, 0°) = i)
i=n1+1 k=1

X Pz X (E(-’sz \ Qzip = Py Ay, = pakth,ov 90’d) - Nz,k) E Psz k(E(wék \ Qzi . = Py Dy = Ps k,x;,, BOM) - Hz,k)—
(B(@ige | Gorp = 0 ysr = 025 ®i0,0%) — o) pai PLE, , + postr(PL Pu(E, (tist]y) — E, ,E,7))+
E P! p,+PE,,)

(B.7)
ZZP (k| @i, 1, 07 Pra X [ Dlog((2m) |02, 1)) - U;i((yi =ty )" (Ui — ) — BV CF (i — i) —
i=1 k=1
ni K
(yi — pyr) " CeBry + tT'(CkTCk(El,l(ti,ktzjk) —E11E0T)) + ElTJCkTCkEl,l)] + Z Zp(k | @i 0, yi, 07 P,
i=1 k=1
-1
x [~ log((2m)"loy, ) — 5 yk(( — ) (yi — pyk) — B O (yi — g ) — (Yi — py i) CrEpa+
n K
-1
tr(CL Crl By (tistly) — EpnEpiT)) + ELCLCLE, )] + Y 0> " plk | i, i, 07 Pr, [7 log((27)"|p, 1os 1)
i=1 k=1
1
~3 oy i((yi = ) Pyr(Yi — g k) — EL ,CLpyi(yi — py ) — (Ui — pay i) py ik Ci B p+
Py, kTT(CkTCk(El ot kt'T - B ,E,T)) + B} ,;C/?pyﬁkckEl,p)]"’
ni 1
ZZP (k| @i 90, 07 Py [ Liog((2ry 103154 ) = 502U = 1) Py (i = pry )=
i=1 k=1
Egijkpr,k(yi = Hyp) — (Yi — »uyyk)pr,kaEp,ﬂ + pyﬁkltT(CIcTCk(Ep-,p(t ) E,pE,,T)) + Egjpcgpy,klckEfiyr))]
(B.8)
n K
—1 1
Qs =YY pk|@i0,yi,0°) Py x [ log((2m)*|1]) — §(t7‘(E1,1(ti,ktZ:k) — B EY) + B B
i=1 k=1
LR -1 1
3 Sl @i 0°9) P ¢ [0 (20)71]) = (0B bt = By B + BT, )
i=1 k=1
ni
) 1 1
3k | iy 0 Py x (S o@D — S0y (t4) = EupBT,) + BT, Eo )
=1 k=1

& . ~1 1
+ Z Zp(k | Lioy Yis 0 ld)Ppm X [7 log((27r)q|[|) - i(tr(Epm(ti,ktZ;k) - Ep,pEpT,p) + EZpEﬂvﬂ)]
i=1 k=1
(B.9)
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n K
! o / _1 1 ’ / / / ’
Q, = Z Zp(k’ | ;0,0 ld)Pl,l X [7 log((2m)?|1]) — i(tr(El,l(ti,ktg:k) - El,lElﬁ) + El,TlEl,l)]

i=ni1+1 k=1
& ~1 1 , :

+ Y plk @i, 0P, x [ loa((2m)7| 1) — 5 (tr(E, . (bixtis) — E, ES)+ELE,))]
z:n7j+1 k[:(l 1 1

+ Y ok | i, 07 P, % [_7 log((2m)?|1]) — §(tT(ELp(ti,ktfk) - B ,EL) + ELEL)
1:7:4—1 klz(l 1 1
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Appendix C

Definitions and covariance
computation

C.1 o¢2%,’s Terms Definitions

Aip = (B(@ig | Goyy = 1,4y, = D, k@i, Yir 07 — i)Y (E(@ig | €y, = gy, =24, ke, @0, Yi, 07 — pos)—
EV PHE@ik | Qo = Lty = Dk, i, i, 077) — pog) — (B(@ik | oy = 1, Gy = Dk, @io, 41, 0°%) — pas) " BBy A
+ tr(PEP(Eya(tigt]y) — BEvaELN)) + EL AP PeBy a + tr(cov(@ig, Tige | doy = 1,0y, = Dk, @0, yi, 07))

(C.1)
App = (B@in | Qo = Lay, = Dk, @00, 07 — puo i) (B(@ig | oy = 10y, = DK, 200, 070) — piy)
— BUAPL(E@ig | Gy = 1 Gy = D k@10, 07) = o) = (B(@in | gy = 1,0y, = 5, @0, 0°) = pas) ' PLEy 5
+ tr(PL Po(Eyp(tigt]y) — Ey o EL)) + EVWPEPLE, o+ tr(cov(@ig, Tige | Goyy = 1, Gy = Ok, @i 0, 0°7))

(C.2)
Afp = (B(@ig | Gy = oGy = Ok 0, 07) — p101) ot (B(@ige | Qo = s iy, = D5, @10, 077) — ) —
E,/),TAPk-TPz.k(E(mz‘,k | 4z, ) = 1, Ty = Ak, mzxmeom) — pag) = (BE(@ig | 4o,y = P, Gy, = Ok, i, Oom) - Hz,k)sz.kPkE‘;A
+ tr(PkTpMPk(E;[(t,i‘ktgk) - E;,AEEA)) + EEAPkTpMPkE;,A - tr(cov( @ik, Tik | Qoyy = Pr Qysr = Oy, Ti0, 8°))

(C.3)
A n=(BE@ik | Goiy = 05Oy, = Dk @0, Y5 07) — o) Puk(B(ik | Qo = PrGyos = O Ky @io, Y, 0°%) — o) —
EN AP pot(E(@ig | Qo = 0y Gy = O Bi0, 43, 077) — proie) — (B(@ig | Qo = po Gy = 20 K, Tio, Yis 07) — po ) o P X Epn
+ (P pas Pr(Epa(tintly) — EpnBon)) + Eb cPL porPByn + tr(cov(®ip, Tig | o, = Py Gy = O, K, Ti0, Y5, 0°7)) ( )

C4

C.2 05 k’s Terms Definitions

By = (yi — ty) (Y — pyx) — ELLCL (yi — py) — (i — pyre) CiEin

(C.5)
+ tr(C{Cr(Ev(tixt]y) — Ex1ELY)) + ELL,C{CLE,
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Bip = (yi — tyi) Py (yi — py) — EL CLpyn(yi — tys) — (yi — pyi)" pyrCrEnp
+tr(CL pysCu(Bsp(tintly) — EvyEL)) + EL CF pyxCrE.,
(C.6)

C.3 px,kj’s Terms Definitions

Cp,Aj - (E(mi,k | Qi = Py Qy; . = A, k-, Lio,Yi, Bt)ld)j - ,“z,kj)T(E(mi,k | (Izzyk =Py . = Av k7 Lio,Yi, al)ld)j - .uz‘kj)_
EZAPZ;(E(ml,k ‘ qz,‘k/% qyuc = Av k7 Lio, Yi, 00&1)]' - .uz,kj) - E(wl,k ‘ qZL,kP? Dy = Av k7 Lio,Yi, auld)j - .um,kj)TPk] Ep,A
+ tr(Plz;Pk](Ep,A(ti,ktZk) —E,nEl )+ EE,AP;z;Pk]Ep,A + (cov(@ig, ik | oy Gy = D0 K, T, Y, 0°)) 5

(C.7)

7

prA’ = (E(mz,k ‘ Az = Py Ay = A7 k7 L0, 001(1)]' - ,u'z,kj)T(E(mi,k | Az = Ps Dy = A, k7 Ti o, ould)j - /%ch)_
E;JIAPkI](E(mL,k | q(l?;)k =P, qy,,k = Aa k> Lo, BOld)j - /-Lav,k]) - E(m7,k | Quip = P leyk = Aa k7 L0, 001(1)]' - ﬂw,k] )TPk]E//],A

’

+ tr(Png](E;,A(ti,ktZk - Ep,AE,,,,TA)) + El;TAP,ng] E/’),A + (cov(@Tip, Tig | Qery = Py Qysy = DK, i, 9"“))_”

(C.8)

where j=1,..., m.
C.4  py’s Terms Definitions

D, = (Yij — :uy,kj)T(yi,j = fhy ;) — E*T,kaT,j Yij — Hyk;) — Yig — My,kj)TC'k,jE*,p
+tr(CF Crj(Bap(tintiy) — EvpEL)) + ELCLCrjEvyp .
C.9

where j=1,..., 1.

C.5 Covariance Calculations

For labeled dataset:

COV(Ti ks Tikom | Qo = 1, Gy = DK, Tio, Yi, 6°'%) = Pyl Era(tiptly) — By aELAPL, + Ui,k,m[

+E(wi,k,m | qu = L q.y“c = A: ka a:i,ov Yi, BOId)E(xi,k,m ‘ Qmi’k = 17 q;qu = A> kvxi,oa Yi, OOZd)T
(C.10)

COU(wi,k,ma L km | Az, = Py, = Aa ]{)7 Lo, Yi, GOZd) = PkJVL[EP,A(thtZk) - E/J’AEZA]PIZW + p;}c,mai,k:,mj
+E(wi,k7’m | QIL)‘« =P, le,k, = A? k7 Lio;5 Yi, OOZd)E(wi,k,m | QIN‘-, =P qu;yk = A7 k? Lios Yis BOld)T
(C.11)
And for unlabeled dataset:
coU(; kms Tikm | Qo = L1, Gy, ). = Ak, @i, Oald) = Pk,m[ELA(ti,ktZk) - ELAELTA]PIZm + Uz,k,ml
+E (xi,k,m | qxi)k = 17 Qyi)k = A, kaxi,oveold)E (xi,k,m | qxi)k = 1a Qyi)k = Av kaxi,oveold)T
(C.12)
_ _ old\ __ ! T ! 'T T —1 2
Cov(wi,k',ma Lik,m | Qv = Py Dy g = Av k, Lio; 0 ) - Pkml [Ep,A (ti,kti,k) - Ep,AEp,A}Pk,m + pz,k,mgx,k,vrzl

+E/(wi,k:,m | qz“k =p, q%,k = A7 k7 wi,ov BOId)E/(wi,k,m | C]zi,k =p, C]yi,k = A7 k7 mi,(ﬂ GOId)T
(C.13)
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