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Abstract

This paper presents a numerical model with a new approach for analyzing the
propagation of pressure waves in porous media and investigates the dynamic
response of sand in relation to the attributes of pore pressure pulses. There
are various instances in which dynamic phenomena can have a significant
impact on porous media in a reservoir. One notable example is the possible
influence of waterhammer pressure pulsing on sand fluidization around injec-
tion wells in oil reservoirs following a hard wellbore shut-in, which can result
in massive sand production. In some extreme cases, this phenomenon can
even result in the loss of the wellbore. Nevertheless, the pore pressure wave
propagation in porous media has often been neglected in modeling likely due
to mathematical complexity.

The proposed model solves the momentum balance of fluid and solid
coupled with the fluid mass balance equation in the prediction of dynamic
fluid flow and mechanical deformation in porous media. The model is a
two-dimensional, elasto-plastic, axisymmetric, single-phase and sequentially
coupled model. The numerical model was validated against experimental
data for a step wave in a shock tube and good agreement between model
calculations and measured data has been obtained.

Two distinct waves have been observed as a result of a shock pore pressure
wave. The first one is an undrained wave where fluid and solid travel at
the same speed. The other one is a wave which is often damped far from
the source due to the friction between fluid and solid as they no longer
travel together. It is found that tortuosity plays an important role on the
amplitude of the waves. The results were then compared to the predictions
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by Biot's theory for waves through porous media. Biot's theory is shown
to be inaccurate in predicting the transient dynamic behaviour, but it is
sufficient in capturing the overall trends. Finally, the model is used to predict
waterhammer response in near wellbore reservoir.

Keywords: dynamic fluid flow, pore pressure wave, shock tube,
waterhammer, wave propagation

1. Introduction

Coupling of fluid flow with geomechanics is necessary when analysing the
propagation of pore pressure waves in porous media. Biot (1941) proposed
the theory of poroelasticity which ignores the acceleration terms and wave
effects. By wave we mean any discontinuity or jump in the field parameters
such as pressure, temperature and stress (Hill. 1962). Later, Biot extended
his formulations to elastic waves in saturated porous media for low frequency
(Biot, 1956a) and high frequency waves (Biot, 1956b). A wave with low fre-
quency is defined as the wave whose wavelength is less than the pore scale
for which Poiseuille flow is valid (Sivrikoz, 2009). Different mathematical
modeling is required at high frequencies since certain parameters such as
permeability and tortuosity are frequency dependent. Biot's formulations
have been used extensively in various applications including the study of the
effects of earthquake shear waves on saturated sand response (Cheng, 1986;
Desai and Galagoda, 1989) to the ultrasonic waves travelling in human bones
(Lakes et al., 1986). The applications however focus on stress waves and ig-
nore the effect of pore pressure waves in the fluid flow mainly because they
are mostly damped and are of importance only around the source. Another
reason is that Biot's theory predicts two waves in porous media while the
second wave was not observed experimentally in porous media until 1980
(Plona, 1980) and later by Van der Grinten et al. (1985) in soil. An example
of pore pressure wave is waterhammer (WH) waves around an injector well-
bore, the effects of which can be detrimental to the stability of wellbore and
is suspected to induce sudden massive sand production because of sand liq-
uefaction (Santarelli et al., 2000; Hayatdavoudi, 2005; Santarelli et al., 2011).
The exposure of the reservoir to water hammer amplitudes that can move
the stress conditions towards near-zero mean effective stress (or liquefaction
conditions) poses a potential risk to the stability of the wellbore.

Verruijt (2010) presented an analytical solution using Biot's 1D dynamic
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formulation for a shock pore pressure wave and showed that two p-waves are
generated as a result of a shock wave. He also verified the results with numer-
ical simulations and obtained a reasonable match. The simulation results,
however, showed numerical oscillations when shock waves were calculated.

De la Cruz and Spanos (1989) solved the thermodynamics of porous me-
dia for low-frequency seismic waves. They used continuity and momentum
balance equations and added thermal coupling to the poroelasticity equa-
tions and treated porosity as a primary variable. In their formulation, they
related velocities and deformations to heat generation of the second order
and compression to heat generation of the first order. They showed that
the heat flow leads to wave attenuation. Their formulation has been used in
the mathematical demonstration of the feasibility of the application of pore
pressure pulsing as an Enhanced Oil Recovery (EOR) method (Spanos et al.,
1999).

Sivrikoz (2009) simplified the equations presented by de la Cruz and
Spanos (1989) for pore pressure and solid displacements as the main variables
under isothermal conditions, and solved them for the application of pressure
pulsing as an EOR method. The method of solution adopts an elastic con-
stitutive model to simplify the governing equations and is not applicable to
elasto-plastic cases.

The work presented in this paper adopted the approach proposed by de
la Cruz and Spanos (1989) for a saturated porous medium, ignoring the
thermal effects by assuming isothermal conditions, assuming 2D axial sym-
metry, and employing artificial viscosity to damp the numerically-induced
oscillations and achieve smooth response for shock waves. An elasto-plastic
constitutive model was implemented to account for inelastic deformations.
The state variables were chosen to be fluid velocity, solid velocity, pore pres-
sure, porosity and stresses. The model was validated against experimental
data published by van der Grinten et al. (1985) and van der Grinten et al.
(1987). The results were also compared with those of Biot's formulation. The
explicit finite difference method was used to solve the governing equations
by employing a sequential coupling scheme combined with the velocity-stress
method (Virieux. 1986).

2. Theory and Background

De la Cruz and Spanos (1989) derived the governing equations for elas-
tic solids by substituting stresses with displacements in Hook's law. The
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following equations are derived for isothermal conditions.

2.1. Mass Balance Equation for Elastic Medium

The derivation of mass balance is expressed in more details to emphasize
the assumption of elasticity in describing the solid response. Next section
will discuss changes required on the governing equations for a more general
constitutive model for solid. The mass balance equation for fluid is:

∂(nρf )

∂t
+Div(nρfv) = 0 (1)

where n is the porosity, ρf is the fluid density and v is the fluid velocity
vector. This equation is Eulerian while the solid momentum equation is
usually expressed in the Lagrangian framework. Due to solid deformation,
the change in mass will not be equal to the change in nρf . Hence, the material
derivative is introduced:

∂()

∂t
=
d()

dt
−w .Grad() (2)

where w is solid velocity vector. The mass balance equation for the fluid can
be rewritten as:

d(nρf )

dt
−w .Grad(nρf ) +Div(nρfv) = 0 (3)

Also since divergence is a linear operator, it satisfies the product rule. There-
fore, for any vector F and scalar a, one can write:

Div(a.F ) = Grad(a).F + aDiv(F ) (4)

Now if a = nρf and F = w , it yields:

w .Grad(nρf ) = Div(nρfw) − nρfDiv(w) (5)

Replacing w .Grad(nρf ) in the mass balance equation:

d(nρf )

dt
+ nρfDiv(w) +Div(nf (v −w)) = 0 (6)

Fluid compressibility is defined as:

Cf =
∂ρf
ρf∂pT

= (

∂ρf
∂t

ρf (∂p/∂t)
)T (7)
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under isothermal conditions:

d(nρf )

dt
= (n

dρf
dp

dp

dt
+ ρf

dn

dt
) = (nρfCf

dp

dt
+ ρf

dn

dt
) (8)

The porosity change proposed here depends on the solid and fluid compress-
ibilities and is valid only for elastic behavior:

d(n)

dt
= (α− n)Cs

dp

dt
+ (α− n)Div(w) (9)

where Cs is the grain compressibility and α is the Biot's coefficient. Elasto-
plastic deformations are discussed in the next section. Substituting Eq. 9 in
Eq. 6 one obtains:

ρf (nCf + (α− n)Cs)
dp

dt
+ ρfαDiv(w) +Div(nρf (v −w)) = 0 (10)

Defining storativity as: Sp = nCf + (α − n)Cs, the mass balance equations
yields:

Sp
dp

dt
+ αDiv(w) +

1

ρf
Div(nρf (v −w))) = 0 (11)

Verruijt (2010) derived the same equation by combining solid and fluid mass
balance equations. Using Eq. 4 one obtains:

Div(nρf (v −w)) = (v −w))).Grad(nρf ) + nρfDiv(v −w) (12)

Grad(nρf ) = n
∂ρf
∂p

Grad(p)+ρfGrad(n) = ρf (nCfGrad(p)+Grad(n)) (13)

Substituting into Eq. 6 and combining with Eq. 8, the mass balance
equation becomes:

Sp
dp

dt
+αDiv(w) + (v −w))).(nCfGrad(p) +Grad(n)) +nDiv(v −w))) = 0

(14)
Note that the change in porosity is based on elastic theory. For elastoplastic
deformation, the governing equation is given in Eq. 25 in the next section.
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2.2. Equation of Motion for the Solid-Fluid System

Assuming stresses in the fluid and solid are related by: σfn−pn = σsn,
where n is the normal unit vector, we obtain (de la Cruz and Spanos, 1989):

(1 − n)ρs
∂w

∂t
+ nρf

∂v

∂t
= Div(σ) + ρg −KsGrad(n) (15)

Stress in the fluid can be defined in terms of fluid velocities as:

Grad(σf ) = (µ+ λf )Grad(Div(v)) + µ(Grad2(v)) (16)

where superscripts s and f denote the solid and fluid phases, and λf = −2/3µ
since shear stresses for fluid are assumed to be zero. Stress is then replaced
by effective stress through: σ′ = σ − αpI, where I is the identity matrix.

2.3. Equation of Motion for Fluid

The equation of motion for fluid is presented in differential form as (de
la Cruz and Spanos, 1989):

nρf
∂v

∂t
= −nGrad(p) − (n2µ)

k
(v −w) + nµDiv(Grad(v))+

n[(µ+ λ)f ]Grad(Div(v)) + ρfg + ρ12
∂(v −w)

∂t

(17)

Replacing λf , one obtains:

nρf
∂v

∂t
= −nGrad(p) − (n2µ)

k
(v −w) + nµ

(
Div(Grad(v))+

1

3
Grad(Div(v))

)
+ ρ12

∂(v −w)

∂t
+ ρfg

(18)

The added mass,ρ12 , comes from the tortuous path that the fluid follows to
pass through the porous medium. The narrowing-widening nature of porous
media makes the fluid more accelerated. In other words, it is equivalent to
an increase in the fluid mass. This added mass depends on the tortuosity or
connectivity of pores.

As Eq. 18 shows, the fluid momentum balance equation reduces to Darcy's
law under negligible compressibility and no dynamic effect (Verruijt, 2010).
A convection term, (Div(v))v, may appear in some formulations, but it is
avoided here. Beck (1972) stated that this term is inappropriate since it
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increases the order of the partial differential equation. It is also inconsistent
with the slip boundary condition. In addition, this term is not an appropriate
way to account for nonlinear drag, arising from inertial effects, since this
term is zero for steady incompressible 1D flow regardless of the fluid velocity.
The convection term can only be important for high-speed compressible fluid
flow in highly porous medium. In general, this term will be small and can be
ignored since solid structure may prohibit some motion and cause a change
in momentum (Nield and Bejan, 2006).

2.4. Constitutive Law

Hook's law is used for elastic description of solid deformation.

σ̇′ = (Ks −
2

3
G)ε̇I + 2Gε̇ (19)

where σ̇′ is the rate of change of effective stress, ε̇ is the rate of change of
strain, Ks is bulk modulus, G is shear modulus and I is the identity matrix
defined before. Compressive stresses are assumed to be positive.

2.5. Mass Balance Equation for Elastoplastic Medium

For elastoplastic deformation of rock, one may expect that nearly all
porosity change will be originated from bulk volumetric deformation. The
assumption here is that the fluid volume change is negligible compared to
that of the solid. The porosity of the rock can be calculated from:

n = 1 − (1 − n0)

(1 + εv)
(20)

where n0 is the initial porosity and εv is the volumetric strain. Taking dif-
ferentiation:

dn =
(1 − n0)

(1 + εv)2
dεv (21)

Therefore the rate of porosity change with respect to time is:

dn

dt
=

(1 − n0)

(1 + εv)2
Div(w) (22)

where dε̇v = Div(w). Mass balance equation was derived by combining Eq. 6
and Eq. 8:

7



nρfCf
dp

dt
+ ρf

dn

dt
+ nρfDiv(w) +Div(nρf (v −w)) = 0 (23)

Substituting Eqs. 12, 13 and 22 into Eq. 23 yields:

ρf (nCf )
dp

dt
+ ρf

(1 − n0)

(1 + εv)2
Div(w) + nρfDiv(w) + nρfDiv(v −w)+

(v −w).ρf (nCfGrad(p) +Grad(n)) = 0

(24)

Dividing by ρf and simplifying the equation, one obtains Eq. 25 for the fluid
mass balance.

(nCf )
dp

dt
+

(1 − n0)

(1 + εv)2
Div(w)+nDiv(v)+(v−w).(nCfGrad(p)+Grad(n)) = 0.

(25)

2.6. Comparison with Biot's Theory

Biot's theory neglects some physics that govern the transport phenomenon
in saturated porous media. One important assumption in Biot's theory is
that porosity change is ignored. This porosity change leads to a porosity dif-
fusion wave which can play a significant role in multi-phase saturated porous
medium by enhancing the transport of the non-wetting phase (Spanos et al.,
1999). The other difference is the fluid compressibility terms in fluid mo-
mentum balance, nµ

(
Div(Grad(v)) + 1

3
Grad(Div(v))

)
. The effect of these

differences on the results is demonstrated later in Figure 3 to Figure 5.

2.7. Artificial Viscosity Damping

In fluid dynamics, artificial viscosity is very common to damp the unre-
alistic oscillations resulting in a smooth response for modeling shock waves.
Artificial viscosity makes it possible for the wave to be modeled by consid-
ering it as a viscous dissipation over a thin space, instead of a jump with
infinitesimally small thickness. In reality, the thickness of the waves is at the
molecular scales.

Artificial viscosity damping has been evolved over the years. The first
representation was a scalar form in terms of the velocity rate. It includes
the Von Neumann term, q1, and the Landshhoff term, q2 which are given by
(Wilkins, 1980):

q1 = −sign(ε̇v)c
2
0ρL

2ε̇v
2

q2 = −sign(ε̇v)cLρLaε̇v
(26)
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where L is element size, ε̇v is the rate of volumetric strain, c0 and cL are
constant values equal to 2 and 1 respectively, a is the speed of sound which
is equal to

√
((Ks + 4/3G)/ρ) (Wilkins. 1980), q1 is the Von Neumann term

which damps the oscillations behind the front and spreads the wave over
the mesh, q2 is the Landshhoff term which diffuses the shock front over an
increased number of zones as the shock wave progresses (FLAC user manual,
2008). The minus sign of volumetric strain ensures that damping always
occur in the opposite direction of the strain.

This damping is a scalar value which is used in the calculation of stress
gradients. For a 2D case, the tensor form of artificial viscosity is adopted
here based on the original scalar form:

qr1 = −sign( ˙εrr)c
2
0ρδr

2 ˙εrr
2

qr2 = −sign( ˙εrr)cLρδra ˙εrr
(27)

qz1 = −sign( ˙εzz)c
2
0ρδz

2 ˙εzz
2

qz2 = −sign( ˙εzz)cLρδza ˙εzz
(28)

qθ1 = −sign( ˙εθθ)c
2
0ρr

2 ˙εθθ
2

qθ2 = −sign( ˙εθθ)cLρra ˙εθθ
(29)

qrz1 = −sign( ˙εrz)c
2
0ρ(wzi+1,j

− wzi−1,j
+ wri,j+1

− wri,j−1
)2/4

qrz2 = −sign( ˙εrz)cLρ(wzi+1,j
− wzi−1,j

+ wri,j+1
− wri,j−1

)/2
(30)

Comparing the smoothness of the results for the discussed artificial viscosi-
ties, this tensor form is more effective than the scalar form in damping nu-
merical oscillations of 2D problems.

2.8. Discretization and Solution Method

Appendix A extends the equations to cylindrical coordinates for axisym-
metric condition. The finite difference method was used to solve the equa-
tions sequentially using the velocity-stress scheme (Virieux, 1986). The so-
lution method is described in details in Appendix B.

3. Validation against Experimental Data

van der Grinten et al. (1985) and van der Grinten et al. (1987) conducted
a shock tube study by applying a single step-like pore pressure wave to a
cylindrical sand sample and measuring the pore pressure at different locations
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from the top of the sample. There was a layer of water on top of the sample
to ensure full saturation and above that there was a plastic sheet separating
a high-pressure section from a low-pressure part in the tube. To produce the
shock wave, the sheet was burned and a plane wave hit the water surface
above the sample. This induced a step-like pore pressure increase. The
schematic of the experiment is shown in Figure 1.

There was a thin water layer (1 mm) separating the sample from the
shock tube preventing shear interaction between the wall and the sample.
To measure pore pressure, the pressure gauges have been placed in the gap
resulting in erroneous measurements caused by wave propagation in the water
column. For instance, Wisse (1999) performed two similar tests one with
small (0.25 mm) and the other with large (3.5 mm) gaps and stated that over
the entire frequency ranges the gap pressure and the porous sample pressure
have the same order of magnitude. However the results of the small-gap
measurements were closer to theoretical predictions. North (2002) performed
a 2D modelling of both water and porous media using Biot's theory and
concluded good agreement between the results of the theoretical model and
the measurements of the shock tube for tests with small gap. However, for
large gap sizes between the sample and shock tube, the wave in the water
has an impact on the amplitude of the measurements. No explanation of the
gauge placement was provided in van der Grinten et al. (1985). However, in
a later work, they measured both pore pressures in the gap and in the sand
sample using identical experimental set-ups (van der Grinten et al., 1987).
This newer experiment also included strain measurements. Hence, we used
the later work which used the same type of soil as in their earlier work to
validate the simulator developed here.

The soil properties are summarized in Table 1. The compressibility of
the sand grain is not reported in the experiment. A value of 2.35 × 10−11

1/Pa, which is the average of grain compressibility values reported for Ottawa
sand and quartz from Gulf of Mexico, is used in the modeling (Richardson
et al., 2002). The sample was saturated with water whose properties were
not measured. As such, typical water properties are assigned in the model
(i.e. density=1000 kg/m3; viscosity=1 cp; bulk modulus=2 GPa).

3.1. Comparison of Simulation and Experimental Results

Figure 2 shows the schematics of the model under 2D axisymmetric condi-
tion. The sample size is 75 mm in diameter and 1.895 m in length. Very fine
mesh is required for the convergence of the solutions and to capture the wave
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Figure 1: Shock tube experiment (van der Grinten et al., 1985)

Table 1: Properties of the porous sand (van der Grinten et al., 1985)

Property Value
Sand Intrinsic density (kg/m3) 2650
Bulk Modulus (GPa) 8.16
Shear Modulus (GPa) 1.3
Permeability (m2) 5.62×10−11

Porosity 0.3
Added mass parameter 2.7

propagation through the sample. For this work the radius and the length
were divided into 10 and 400 equal elements, respectively, following a mesh
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sensitivity analysis. The time step was selected so that the waves travel the
length of one element during one time step. The bottom of the model was
assumed to be fixed in the vertical direction and the shock wave was applied
from the top. This shock wave was represented by a combination of pore
pressure and normal stress waves, i.e. zero effective stress normal to the top
surface. The right boundary was allowed to move freely in the model in r
direction while in the experiment water would prevent some (but not all) of
the displacements.

Figure 2: Schematic of the model geometry

Figure 3 shows two jumps in the pore pressure response. It is hypothesized
that (1) the first jump is the result of an undrained wave where both phases
move together while the sample is contracted under the shock load; and (2)
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the second jump is due to deceleration of solid velocity while fluid phase is
accelerating (See Figure 6).

Figure 3 through 8 show the results of the numerical model, which in-
dicate a reasonable agreement between the measured and calculated pore
pressures at 120 and 220 mm from the top. Note that we used the tortuosity
(or added mass) as a calibration parameter to obtain a closer match for the
pore pressures because among the measured properties tortuosity has the
highest uncertainty. This parameter is characterized by electrical conductiv-
ity measurements as suggested by Brown (1980). However, this measurement
method is valid as long as the pore structure can be assumed incompressible,
and would also be erroneous when applied to deformable porous media. The
effect of tortuosity on the simulation results is viewed in ??

Figure 3: Comparison of measured and calculated pore pressure response for a shock wave

Figure 3 to Figure 5 show noticeable difference between the predictions
of Biot's theory and the formulation used in this work during the transient
period. Biot's theory prediction for the amplitude of the undrained wave
is nearly half of the real value. Note that changing the value of tortuosity
does not improve the results obtained by Biot's theory since tortuosity has
no effect on the speed of the first wave which is overestimated by Biot's
theory. Van der Grinten et al. (1985) and van der Grinten et al. (1987)
attributed the difference to the radial motion of the sample and, therefore,
modified the constrained modulus,Ks + 4/3G, to an effective constrained
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modulus (4.5 GPa instead of 9.9 GPa) in their analytical model. We will see
that the radial motion of the sample in this experiment is negligibly small.
Also the rise of the second wave as predicted by Biot's theory is more abrupt
than the predictions of Spanos and De la Cruz's theory and the experimental
measurements.

The strain gauges inserted on the wall of the sample are pressure-dependent
because they are glued to the porous sample with epoxy resin whose bulk
modulus is smaller than that of the sand. Therefore, the glue would be com-
pressed with increasing pressures. This pressure dependency was calculated
from separate experiments. Values of 3.5 and 5.0 microstrain/bar are re-
ported for the pressure sensitivity of these gauges (van der Grinten et al.,
1987). Both the measured values and the corrected ones are shown in Fig-
ure 4 and Figure 5 assuming compressive strains to be positive. There is a
difference in the transient regime but the trend is predicted correctly. This
difference is more significant using Biot's theory.

Figure 6 and 7 show the axial velocity and acceleration of both phases
at 220 mm from the top of the sample, respectively. The interesting point
is that solid and fluid phases move together in the beginning resulting in
undrained wave propagation due to undrained conditions (Verruijt, 2010).
For the second wave, the phases move with opposite accelerations with larger
differences in velocities. Therefore, the friction between the two phases leads
to the damping of wave amplitude far from the source.

Figure 4: Comparison of axial strain response at 120mm from the top of sample
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Figure 5: Comparison of axial strain response at 220mm from the top of sample

Figure 6: Simulated axial velocity response at 220mm from the top of sample

Simulation results indicate near zero values for radial acceleration and
velocity. Therefore, it appears that the radial motion of the sample does not
play a significant role in this experiment which is contrary to the justification
for wave speeds done by van der Grinten et al. (1985) and van der Grinten
et al. (1987).

It would be beneficial to look at the porosity changes during wave prop-
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Figure 7: Simulated axial acceleration response at 220mm from the top of sample

agation. Figure 8 shows the time variation of normalized porosity as defined
by nD = (n− n0)/n0 . The first drop in porosity is the result of the sample
contraction due to the shock wave. The subsequent increase in porosity is
the result of the second wave when the solid moves more slowly than the
fluid resulting in some expansion but not enough to cancel out all the initial
contraction.

Figure 9 shows the effect of tortuosity on the numerical results. It affects
the amplitude of the first wave and the speed of the second wave. Tortuosity
or the narrowing-widening nature of porous media makes the fluid more
accelerated. This acceleration can generate a wave with different amplitude.

3.2. Wave Reflection in the Shock Tube

Verruijt (2010) presented an analytical solution to Biot's 1D dynamic
formulation for a shock pore pressure wave and estimated the velocity of
both waves. The solutions predict nearly the same velocities for the fluid
and solid phases (w ∼ v) under undrained conditions and elastic solid. It
also predicts the wave propagation at the velocity of c1 given by:

c1 =

√
((ku +

4

3
G)/ρ) (31)

where ku is the undrained bulk modulus of the soil.
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Figure 8: Change of porosity due to a shock wave

Figure 9: Effect of tortuosity

The second wave speed for very high frequencies is estimated by:

c2 =
√

(n/[(1 + τ)ρfSp]) (32)

which is the same as the propagation wave velocity in fluids. τ in this equa-
tion represents the tortuosity.
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Equations 31 and 32 result in the velocities of 2508 m/sec and 732 m/sec
for the solid and fluid waves, respectively. Hence, the time for the solid and
fluid waves to travel to the bottom end of the sample and return to point 2
(220 mm from top) is estimated to be 0.0014 sec and 0.0049 sec respectively.
Using the simulation results, the wave velocities are calculated as 1980 m/sec
for solid and 649.9 m/sec for fluid waves. Therefore, the time needed for the
reflected wave in the solid and fluid to reach Point 2 is estimated at 0.00184
and 0.0058 sec respectively. This assessment is in agreement with Figures 10
and 11, which show the wave reflection in terms of pore pressure and porosity.
The vertical lines represent the expected reflection times calculated from the
wave velocities. It seems there is a slowing factor as time increases. The figure
shows only the first wave reflection and there are no pressure changes at the
expected reflection times of the second wave. This wave is usually damped far
from the source (Verruijt, 2010). In addition, the type of the boundary plays
an important role into whether a wave is reflected or completely absorbed.
The velocity of the first wave depends only on the moduli and the density
of the medium. Density especially that of the fluid, increases with higher
pressure resulting in a slightly slower wave. This is why based on the first
wave speed the reflections should occur slightly earlier. Figure 11 shows

Figure 10: Pore pressure response due to the reflection of wave at 220mm (P2) from the
top of the sample

that the reflection of wave can also be observed by examining the porosity
changes. The first drop in porosity is the result of the first undrained wave
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Figure 11: Porosity response due to the reflection of wave at 220mm from the top of the
sample

followed by an increase in porosity by the second wave to an approximately
steady value. The later changes are due to the reflection of the first wave.

Figure 12 demonstrates the axial displacements through time. Initially,
downward displacements are generated as the waves compress the soil sample.
After a while, when the wave hits the boundary and is reflected, part of the
compression is relieved.

4. Waterhammer Waves

Waterhammer (WH) is a general term describing pressure wave genera-
tion and propagation through liquids in pipes and pipe networks (Jardine et
al., 1993). The classic analysis of waterhammer shows that a pressure pulse
is generated when the flow is suddenly stopped, e.g. a valve is closed. Pres-
sure increases upstream of the valve and reduces on the downstream side of
the valve. The liquid then comes to complete halt downstream to the valve
resulting in the flow from the reservoir into the pipe and acceleration of the
fluid towards the valve, resulting in a high-pressure pulse. The pulsation
travels back and forth in the pipe until it is fully attenuated by the wall
friction, and pipe deformation among others (McStravick et al., 1992).

The magnitude of initial waterhammer amplitude can be estimated using
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Figure 12: Contours of axial displacement

(Streeter et al., 1998):
∆pmax = ρc∆v (33)

where c is the speed with which the pressure-pulse wave is transmitted along
a pipe and is calculated using (Streeter et al., 1998):

c2 =
(
Kf

ρ
)

(1 + (
Kf

E
)(D

l
))

(34)
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where Kf is the bulk modulus of elasticity of the fluid, E is the elastic
modulus of the pipe, D is the inner diameter of the pipe and l is the thickness
of the pipe. The basic equations in formulating waterhammer analysis are
Newtons second law and the continuity equation.

Waterhammer waves can be generated in an oil well due to sudden shut-
in caused by pump malfunctions, sudden shut-in in emergency situations to
prevent blow-out, velocity changes due to step-rate-testing (SRT), sudden
shut-in during a pressure build-up test and sudden changes in flow rate dur-
ing injection/production cycles. They may also be generated during drilling
operations by a kick, tripping out, pulling the string, casing, or even screens
(Hayatdavoudi, 2005). Waterhammer effects resulting from the shutting in
of water injection wells are often ignored in petroleum production operations
but they can result in considerable impact on the performance and longevity
of the injection well (Wang et al., 2008). Waterhammer pulses hit the reser-
voir formation like seismic waves during shut-in and may lead to liquefaction
of sand (Santarelli et al., 2000). As a result, sudden shut-in of the well should
be avoided unless in an emergency. Wang et al. (2008) reported the measure-
ments of waterhammer pulses in an Alaskan oil field by downhole memory
pressure gauges. They examined the repeatability of the wave characteristics
by repeating the test. They measured waterhammer waves with frequencies
as high as 17 Hz. Waterhammer is a short transient event and its modeling
requires the use of a dynamic approach.

4.1. Waterhammer Pressure Propagation in Porous Media

The results of the simulation of the propagation of a shock wave in a
hypothetical reservoir are presented in this section. Since the emphasis of this
work is on dynamic fluid flow and wave propagation through porous media,
the rock deformation is assumed to be elastic obeying Hook's law. Hence,
there is no attempt to incorporate failure or any possible liquefaction of the
rock. The reservoir properties are: zero tortuosity, 500 mDarcy permeability,
bulk modulus of 218 MPa and shear modulus of 131 MPa. All the other
properties are the same as those of the experiment cited before. In-situ
reservoir pressure and vertical and horizontal stresses were selected to be 112,
120 and 115.6 MPa, respectively. The injection into the reservoir was applied
from an openhole with the diameter of 10 cm at the pressure of 115.6 MPa.
The right boundary was fixed against displacement in the normal direction
and the pore pressure was also fixed in the same boundary. The initial
condition was considered to be steady-state injection and axial symmetry
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Figure 13: Schematic of the reservoir model

was assumed. A drop wave with amplitude of 3.6 MPa was applied on the
wellface. The total stress at the wellbore was also dropped simultaneous to
the pressure drop so that the effective stress stayed at (1 − α)p, where α is
the Biot's constant.

Figure 14 shows the pore pressure variation with time at three different
locations. The two distinct pore pressure waves are characteristics of porous
media which are expected here. However, the second wave is damped in most
cases and its appearance depends on the properties of the medium. The pre-
dicted velocities show that the two phases are moving together, emphasizing
that only the undrained wave occurs under these conditions.

For a cylindrical wave there will be a geometric damping as the area ex-
posed to the wave increases with radius. Hence the amplitude of the wave de-
creases with radius. In addition, for low permeabilities, the radius of drainage
for Darcy flow cannot reach the wave front. Therefore, there will be gradual
increase of the pore pressure behind the wave front. If we use the properties
of the shock tube example, there will be two-wave response for the radial
propagation of wave.

From the results one can observe that, in this case, only near-well areas
are affected by dynamics. Figure 14 shows that only one fifth of the applied
wave is expected one meter away from the well. However the nature of the
wave is very quick and when the wellbore is exposed to subsequent multiple
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waves, e.g., for waterhammer pressure pulsing, dynamic analysis is necessary
to obtain a proper solution for the problem. The change in the effective

Figure 14: Pore pressure versus time at three locations

stresses and shear stress are plotted in Figure 15 through 17. Although pore
pressures return to their original values when the waves are damped, effective
radial stresses undergo a permanent change.

Since we are modeling a 2D problem, we should expect to observe the gen-
eration and travel of shear waves in the model. A shear wave is a wave for
which the direction of particle displacement is perpendicular to the wave trav-
eling direction. Here we have a radial wave; under axisymmetric conditions,
the shear wave must induce oscillating vertical displacements, equivalent to
εrz, Figure 18 shows the shear strain. The values of shear strain and stress
are small here. This could be due to the fixed top and bottom boundaries
and small reservoir thickness. More investigations are required to see if the
shear stresses increase in case there is a soft cap rock on the top.

23



Figure 15: Effective radial stress at r=0.55 m and z=0.05 m

Figure 16: Effective vertical stress at r=0.55 m and z=0.05 m
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Figure 17: Shear Stress at r=0.55 m and z=0.05 m

Figure 18: Shear Strain at r=0.55 and z=0.05
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5. Conclusions

A two-dimensional mathematical formulation and numerical solution of
dynamic wave propagation in saturated porous media was presented for low
frequency waves with the emphasis on pore pressure waves. To predict the
dynamic transient fluid flow accurately, Spanos and de la Cruzs approach was
adopted. The formulation was modified in displacement-stress format and
the equations and the solution method are extended for elastoplastic solid
behaviour. A new tensor from of artificial viscosity was proposed which is
more efficient in damping numerically-induced oscillations than the original
Von Neumann and Landshhoff terms.

The formulation was validated against experimental data and then com-
pared with the formulation presented earlier by Biot. Biot's theory has shown
to be inaccurate in calculating wave propagation speed in deformable porous
media and the amplitudes of pore pressure responses. However, it is sufficient
in predicting the trends of pore pressure.

Both theories predict two distinct waves as a result of a shock pore pres-
sure wave: (1) undrained wave, and (2) a wave which is highly damped due
to opposite motion of the solid and the fluid. The presence of this wave
depends on the porous media properties.

Finally, a reservoir response to water hammer pressure wave was simu-
lated. Only near-wellbore areas could see the dynamic effect. In rocks with
low permeability (compared to soil in the shock tube experiment), Darcy's
flow cannot compensate the pressure increase as quickly as the wave propa-
gates. Consequently, the pore pressure will return to the original values after
the waves pass that specific location. In 2D problems, a shear wave is also
generated as a result of the shock wave.
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Nomenclature

a Speed of wave through solid
c Speed of wave through pipe
Cf Fluid compressibility
Cm Porous medium compressibility
Cs Grain compressibility
D Inner diameter of the pipe
E Young modulus of pipe
G Shear modulus
I Identity matrix
k Permeability
Ks Bulk modulus of solid
Kf Bulk modulus of fluid
l Thickness of pipe
n Porosity
n0 Initial Porosity
nD Dimensionless Porosity
p Pore pressure
p0 Initial pore pressure
pa Applied pore pressure
pD Dimensionless pore pressure
q1 Landshhoff term in artificial viscosity damping
q2 Von Neumann term in artificial viscosity damping
r Radial direction
Sp Storativity of the porous medium
t Time
vr Fluid velocity in r direction
vz Fluid velocity in z direction
wr Solid velocity in r direction
wz Solid velocity in z direction
z Vertical direction
α Biot's coefficient
εv Volumetric strain
ε̇ Strain rate
µ Fluid viscosity
ρf Fluid density
ρs Solid density
ρ12 Added mass density
τ Tortuosity
σ Stress tensor
σ̄ Mean stress; σ̄ = σii/3
θ Tangential direction
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Appendix A-Governing equations under axisymmetric cylindri-
cal conditions

Under axisymmetric conditions one can write:

∂

∂θ
= 0, σrθ = σzθ = 0 (A.1)

εrr =
∂wr
∂r

; εθθ =
wr
r

; εzz =
∂wz
∂z

(A.2)

We also have:

Div(w) =
∂v

∂t
= ˙εrr + ˙εθθ + ˙εzz (A.3)

Therefore the equations can be rewritten as:

ρf
∂vr
∂t

= −∂p
∂r

− n
µ

kr
(vr − wr) + µ[

∂2vr
∂rt2

+
1

r

∂vr
∂r

+
∂2vr
∂z2

−vr
r2

] + (µ+ λf )[
∂2vr
∂r2

+
1

r

∂vr
∂r

− vr
r2

+
∂2vr
∂r∂z

] +
ρ12

n

∂(vr − wr)

∂t

(A.4)

ρf
∂vz
∂t

= −∂p
∂z

− n
µ

kz
(vz − wz) + µ[

∂2vz
∂r2

+
1

r

∂vz
∂r

+
∂2vz
∂z2

+(µ+ λf )[
∂2vr
∂r∂z

+
1

r

∂vr
∂z

+
∂2vr
∂z2

] + ρfg +
ρ12

n

∂(vz − wz)

∂t

(A.5)

where λf = −2µ/3 assuming shear stress in liquids are zero.

nρf
∂vr
∂t

+ (1 − n)ρs
∂wr
∂t

=
∂σ′rr
∂r

+
∂σ′rz
∂z

+ α
∂p

∂r
+
σ′rr − σ′θθ

r
−Ks

∂n

∂r
; (A.6)

nρf
∂vz
∂t

+ (1 − n)ρs
∂wz
∂t

=
∂σrz
∂r

+
∂σ′zz
∂z

+ α
∂p

∂z
+
σrz
r

−Ks
∂n

∂z
+ ρg; (A.7)

Sp
∂p

∂t
= −α∂εv

∂t
− ∂[n(vr − wr)]

∂r
− ∂[n(vz − wz)]

∂z
= n

(vr − wr)

r
(A.8)

dn

dt
= (α− n)[Cs

dp

dt
+
∂εv
∂t

] (A.9)
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Appendix B-Solution method
To solve the equations, finite difference discretization is applied with sec-

ond order approximation in space and first order backward approximation in
time given by:

∂f

∂x
=

(fx+∆x − fx−∆x)

2∆x
+O(∆x2), (B.1)

∂f

∂t
=

(f t+∆t − f t)

∆t
+O(∆t). (B.2)

The explicit time marching scheme is used because of the complexity and
nonlinearity of the equations. However, this method imposes conditional
stability and small time step with fine mesh are required to achieve stable
solutions.

To solve the equations, they are simplified and rearranged in the following
order so that they can be solved sequentially.

∂vj
∂t

=
−1

ρf − ρ12/n
(p,j +

nµ

k
(vj − wj) − (vj,ii +

1

3
vi,ij) +

ρ12

n

∂wj
∂t

) (B.3)

∂wi
∂t

=
1

ρs(1 − n)
(−nρf

∂vi
∂t

+ σij,j + ρgi −Ksn,i) (B.4)

dp

dt
=

−1

Sp
(αwi,i + (vi −wi).(nCfp,i + n,i) + n(vi −wi),i) (B.5)

dn

dt
= (α− n)Cs

dp

dt
+ (α− n)wi,i (B.6)

ε̇ij =
1

2
(wi,j + wj,i) (B.7)

σ̇′ij = (Ks − 2/3G)ε̇ijδij + 2Gε̇ij (B.8)

First, fluid velocity is calculated explicitly from the fluid momentum bal-
ance. Then the new values for fluid velocities (shown in bold) are used in the
momentum balance to find solid velocities. Calculated values of velocities for
both phases are used in the mass balance equation to solve for pore pressure.
Finally, using the new values of pore pressure and solid velocities, strains
rates are calculated and porosity and stresses are updated. The algorithm is
shown in Figure B1.
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Figure B1: Algorithm used to solve the equations
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