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Abstract

This thesis deals with two problems on multiscale methods for elliptic equations. One is to
discuss super-convergent techniques in multiscale methods. The other one is to deal with a
class of nonlinear multiscale problems based on the theory of upper and lower solutions.

For many problems of fundamental and practical importance in science and engineering,
which have multiple-scale solutions, it is well known that the calculation of numerical
methods for these problems is very huge, even by using some multi-scale methods.
So, it is necessary for us to find an efficient method to deal with them. In this
thesis, superconvergent techniques are used in existing multi-scale methods to reduce the
calculation. Furthermore, by comprehensive analysis, the order of the error estimates
between the numerical approximation and the exact solution is verified to be improved
reasonably.

At present, for some nonlinear problems with microstructure, there are many papers,
based on the multiscale expansion and homogenization theory, to deal with them. But
there is no systemic method to solve all of nonlinear partial differential equations since for
different nonlinear problems, the multiscale expansion is different and some parameters
are also different, which lead to the process of homogenization also being different. In this
thesis, a systematic method based on the theory of upper and lower solution is provided.
It can deal with a class of nonlinear problems just as that in solving linear problems.
In addition, in the last part, numerical computations are also presented to support our

theoretical analysis.
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Chapter 1

Introduction

1.1 Sobolev Space

In this section, we provide some definitions of Sobolev space (see [1]) and state some
important and useful theorems, which, for simplicity, are not proved in this thesis.

Set (2 to be an open set in R, and I" its boundary. Assume that I({2) is a linear space
constructed by infinitely differentiable functions with compact support set in 2, and

I@) = {¢l : p € I(RM)}.

Set I'(2) to be the dual space of I(2). If f is a local Lebesgue integrable function, then

the distribution associated with it is

<frp>= /Q @)p(z)dz, Vg € I(9).

Let Z7 be the n times positive integer space, o = (a1, @y, ..., &) € Z7F, moreover define

la| = > o, then, for any u € I'(2), define 0™ € I'(2) by
i=1
< OMu,p >= (-1 <u, "0 >, Vo e I(Q).
Set LP(2) to be the p-times Lebesgue integrable space with norm

lulop = (] fupdzy,
Q
then form € N,p € R,1 < p < a, define the Sobolev space

W™P(Q) = {vlv € LP(Q), &% e LP(Q), Vla| < m)}
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Sec. 1.2 Finite Element Method 2

with norm

[ullmpa = (D 18%ul} ), p< oo,

la]<m

lullmeon = sup |0°ulloen, p=oc.
al<m

For the space W™P(2), define

[ulmpa = (D 118°ull},0)/?, p<oo,

laf=m

lulm,oo,n = sup ||3au||o,oo,n, p = 0o0.
al=m

If p = 2, the Sobolev space W™? is written as H™(§2).
Theorem 1.1.1 (Imbedding Theorem) (see [1]) If n = 2, we have
[wlmpa < Clwllmire pe€[l,00),
[wlmen < Cllwllmirpe  p>2.

Set T}, be regular partition of €} with elements e with size h., and define h := mgﬂ.x he,
e€Ty

then we have
Theorem 1.1.2 (Trace Theorem) (see [1])

[vowllm-1,60 < [owllm-1/200 < Cllwlm,a,
where C is independent of §). Especially, for any e € Ty, we have

lvowllm-1,8e < IHow|lm-1/2,6e < Ch‘”zllwllm,e.

1.2 Finite Element Method

Let P be the space of polynomials with degree no more than k. We define the finite
element space to be ([4])

Vi:={ve Hy(D): vl € Pi(e) Vee Tp},
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Sec. 1.2 Finite Element Method 3
then for any v € V3, we have that
[Vlimpa < CRT™HHPD|y]| 40,

where e and T}, are defined in section 1.1.

In addition, we also have (see [4])
[u = uplmgn < CRF ™ ulki g0,

where ug is the p-interpolationof u, 0 <m < k+ 1,1 <k < p.

In the following part, some important theorems are presented.

Theorem 1.2.1 (Lax-Milgram Theorem) (see [4], [2]) Let V be a Hilbert space, a{u,v)
a bounded bilinear function in V, F(v) a bounded linear function in V. If there exists a

constant o > 0 such that

a(u,u) > alul?, Vuev,

then, there exists a unique v € V, such that
a(u,v) = F(v), VYvely,

moreover,

1
< -—||F
lull < Z11F,

where || F|| is the norm of F.

Theorem 1.2.2 (Poincaré-Friedrichs inequality) (see [4]) There exists a constant c,

independent of 2, such that
[ullo £ Cluli, Yu € Hy(Q).

Theorem 1.2.3 (Céa Theorem ) (see [4]) If V is a Hilbert space, V}, is a linear subspace

inV,andu € V, up € Vj, are the solutions of the following equations, respectively
a(u,v) = F(v), YvevV,

a(un,v) = F(v), YveW,
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Sec. 1.3 Multiscale problems 4

where the bilinear function a and the function F satisfy the conditions of Lax-Milgram

theorem. Then there exists a constant C independent of V3, such that
u—upll <C inf ||lu—wvl.
Ju=wnll < inf Ju= o

Theorem 1.2.4 (Strang Theorem) (see [4]) If V and V}, are Hilbert spaces, and v € V,

up, € Vi, with uy, the solution of the following problem
ap(up,v) = F(v), VYveW,

where F is a linear function in Vi, ay, is a bilinear function in Vi, + V. Set || - ||, to be the

norm in Vy, + V, and assume that there exists M and o > 0, such that
2
ap(u,u) > oflully Yu € V4,

an(u,v) < Mlu|ln - ||vlln Yu,v € Vi +V,

then there exists constant C, dependent on M, and o, such that

3 aplu, w - F w
= unll < CCinf [lu—vnlls+ sup |20 ®Wn) = F(w)]
VREVS Owh Vi ”wh”h

).
1.3 Multiscale problems

Let 2 C R™ be an open bounded set, we introduce a differential operator A* (see [3]).

Assume that A° oscillates with period e. Define
Y =TI7_0]0, Y[ C R™.
Let a;j, 1,7 = 1,2, ..., n, satisfy
a;;(y) € R, aij:Y —periodic, a;; € L®(R"),

aij(y)&:&; > a&ili, o >0,

where « is a constant and the Einstein notation is used. Also, consider ag, such that

ap € L*(R"), ag:Y — periodic,
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Sec. 1.3 Multiscale problems 5

ao(y) = ap > 0.

Then, we set the operator A® to be given by

where ¢ is a small positive parameter.

In the following part, we consider

Af(u) = f, in Q,
{ ue=0on T'=9Q ° (L1

From homogenization theory (see [3]), we have an elliptic operator A°, such that u, — u

where u is the solution of the following equation

Au=f inQ,
u=0onT )

(1.2)

Then, A° is the homogenization operator of A%, and (1.2) is the homogenized equation.
Let V be a closed set in H'(Q),

H)(Q) CV C HY(Q).

For any u,v € H(), define

a®(u,v) = /Qafj(:z: g—;gzidx + /Q aguvdzr,
where
ag;(z) = aij(z/e), ag(z) = ao(z/e).
_ Then it can be proved that

as(v,v) 2 min(aa aO)”””%ﬂ(Q), Vv € Hl(Q)v

with bilinear variational form

at(ue,v) = (f,v) Yve HY(Q),
{ e (1.3)

where

(f,v)=/nfvdz, f e L*).
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Sec. 14 Asymptotic Expansion 6

1.4 Asymptotic Expansion

For any function ¢(z,y),z € Q,y € R™ that is Y-periodic in the Y -direction, we denote
¢(z,z/e) by ¢(z,y),ie: y = z/e.

In order to find u.(z), we expand u.(z) as follows (see [31)
ue(z) = uo(z, z/€) + euy (x, x /) + *ux(z, z/€) + ..., (1.4)

where u;(z,y) is Y -periodic in the Y-direction.

The main idea of this method is to substitute (1.4) into the original equation to determine
the coefficient of . Equating to the order of ¢ on the both sides of the equation, then we
can obtain differential equations to be satisfied by the ;.

In this method, we look on z,y as independent parameter. Then, the operator 2-

Oz;
10

0
becomes 3z + 3y;

. Based on this idea, A° can be denoted as
A® = e72A) + £ 1 A, + € A3 + higher order terms, (1.5)

where

0 0
A= -Fy;[aij(y)b?j],

0 0 0 0
Ay = —6—%[1111(?4)3—1;]_] - a—%[aia‘(y)a—w],
0 0
As = —E[aij(y)a—%] + ap.
By (1.4) and (1.5), equation (1.1) become
A1u0 = 0, (16)
A1u1 + Ag’LLo = 0, (17)
Arug + Asuy + Asup = f, (1.8)
and
Ajus + Agugs + Azuy =0, ... (1.9)

In the following part, we will derive the homogenized operator g from (1.6), (1.7) and (1.8).
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Sec. 1.4 Asymptotic Expansion 7

If
/ F(y)dy =0, (1.10)
Y
we see that
Aip=F, inY,
{ d)lz Y — periordic, (1.11)
has a unique solution.
Set
W() = {¢l¢ € H(Y), ¢:Y — periodic}.
For ¢, 9, let
- [ g 222%
a(6.0) = [ o) 3e 5oy
(Rl = [ Py,
Y
then (1.11) becomes
¢ € Wl(y),
{ a6 v) = (F )y, W eW(y). (1-12)
From (1.10), we have
w*(Y)=W(Y)/R, (1.13)

Moreover ) — (F,v¥)y = (F,¥ + ¢)y, Vc € R is also linear form in W*.
The process is as follows:
a) Solve (1.6)

From (1.10), (1.11), if z is a parameter , then the unique solution of (1.6) is up = const.
That is

uo(z,y) = u(z), (1.14)
b) Solve (1.7)
From (1.14), (1.7) can be reduced to

15} ou
Ajuy = [B_y-aij(y)]%’ (1.15)
i 7]

Let N7 = N(y) be the solution of the following equation

{ AN = Avy; = —2-a;5(y),

N’ : Y — periodic. (1.16)
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Sec. 1.4 Asymptotic Expansion 8

Since [, A1y;dy = 0, from (1.10) and (1.11), we know that 7 exists. Then the solution of
equation (1.15) is

wr(2,9) = =N (y) 5 (@) + (@), (1.17)

ou
J

c) Solve (1.8)

Consider equation (1.8), where u, is unknown, z is a parameter, from (1.10) and (1.11)

we have that if
/ (Agut + Asuo)dy = /Y fdy = Y|, (118)
Y

then us exists. Equation (1.18) is the homogenized equation we are looking for.

Since

0 / Oouq
Asuidy = — i —dy,
/Y 2U10Y oz Ya x(y) B Y

from(1.17), we can derive that

Fij 87 | Ou
Asupdy = / (U) — dy— |
[ Annay = 5 [ eatzanss

then (1.18) turns into

— il [ - sug vy ol =1 @)
Then we can draw the conclusion that the principle of calculating the homogenized operator
o is as follows
(1) Solve (1.16) in unit cell.

(2) Obtain A° by (1.19).
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Chapter 2

Superconvergent Techniques in
Multiscale Methods

2.1 Introduction

Early papers (such as [1], [4], [6]) concentrated on multi-scale methods mainly based
on the theory of asymptotic expansion and homogenization. Later, various different but
related multi-scale methods were proposed, including multigrid numerical homogenization
method ([18], [19], [27], [28]), the multiscale finite element method (MSFEM) ([21],
[22], [16]), the heterogeneous multiscale method (HMM) ({11], [12], [13], [14]), finite
element method based on the Residual-Free Bubble method ([7], [17], [20], [23]), wavelet
homogenization method ([9]) and so on. Each of these methods has its own advantage in
some special fields. As we know, the multi-grid method as a classical multi-scale technique
achieves optimal efficiency by relaxing the errors at different scales on different grids. It
can give an accurate approximation to the detailed solution of fine scale problems. HMM
is a specific strategy to compute the macro-scale behavior of the system with a standard
macro-scale scheme in which the missing micro-scale data can be evaluated concurrently
by using the micro-scale model. It can deal with many multi-scale problems efficiently
even for problems whose period is unknown. MsFEM can obtain large scale solutions
accurately and efficiently without resolving the small scale details. The main idea of it is
to, in each element, construct finite element base functions which can capture the small
scale information. Such small-scale information is then brought to the large scales through

the coupling of the global stiffness matrix.

10
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Sec. 2.1 Introduction 11

Although the methods above are very efficient to deal with some practical problems,
sometimes the cost is still huge. For example, in order to simulate elliptic problems with
non-uniformly oscillating coefficients by HMM, at least one unit cell in each element
will be calculated to obtain the homogenized equation and grasp the information of
microstructure, which involves many calculations if the number of elements is large. For
some cases in which the domain and the solution are smooth enough, it is necessary for
us to find a more efficient method or technique to reduce the needed calculation. It is
known that, see [8], a fast technique, post-processing algorithm, has been used to analyze
a multiscale method, which is based on asymptotic expansion. But in [8], the authors just
analyzed elliptic problems with uniformly highly oscillatory coeflicients. In practice, there
are many multiscale problems with non-uniformly oscillating coefficients, and by using the
post processing technique directly, it is impossible to improve the order of the error estimate
of the whole domain if one just uses the linear interpolation in the unit cells, which have
been simulated. For instance, under the conditions above, the error estimate of HMM for
the H!-broken norm is just O(H). If we use a high order interpolation technique, then
the number of the unit cells involved in the calculation will increase greatly in HMM. So,
it is very important to reduce the number of unit cells needed. In this chapter, we show
that it is not necessary to choose at least one unit cell in each element for the calculation.
We just simulate unit cells on a new mesh, which is different from the partition of the
whole domain. The size of the former is much bigger than that of the latter. This idea
is different from that used in HMM and some other multiscale methods. Then, by using
high order interpolation technique for the solved unit cells, we successfully reduce the
computational effort. Moreover, we can use the superconvergence technique to deal with
the numerical solution of homogenized equation to improve its accuracy. Based on these
ideas, some improved error estimates are given. In this chapter, we just investigate the
superconvergent techniques in the homogenized equations presented in [4] and [13]. In
fact, superconvergent technique can also be applied to some other multiscale methods.
In addition, in this chapter, we just discuss elliptic problems. For parabolic multiscale
problems with suitable conditions, the superconvergent technique is also valid.

In the past forty years, superconvergence for finite element methods has been an active
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Sec. 2.1 Introduction 12

research field in numerical analysis. Early papers concentrated on superconvergence at
isolated points (see [10] ef al ). Later various type of superconvergent recoveries were
established, either in the strict sense or in an approximate way (see [2], [3], [29], [30], [31],
[32], [33], [24], [26] et al ). In this chapter, we just want to give a framework to demonstrate
that superconvergent technique suited to multi-scale methods and can improve the accuracy
efficiently. Thus, we only employ certain postprocessing techniques proposed in [24],
[26], to improve the existing approximation accuracy. In fact, some other superconvergent
techniques, such as the Zienkiewicz-Zhu superconvergent Patch Recovery(ZZ-SPR), can
also be used to improve the order of error estimates of multi-scale methods . In future
work, for some special cases in multi-scale methods, we plan to investigate ZZ-SPR or
some other superconvergent techniques.

The outline of this chapter is as follows. In the next section, we introduce the model
problem and provide two similar homogenized equations. Moreover, the error estimate
between the exact solution of the original problem and the asymptotic expansion of order

one is presented, and the estimates
lus — ull1,0 < CVellUoll3,00,0

llu€ = @5 ]l1,0 < (Ch*[luoll1,p + Velluollz.con),
are obtained.
Based on this result, we present the principal results of this chapter in section 3. The error
estimate between the exact solution and the numerical solution of the first order multiscale

solution corrected by postprocessing, is shown to be

flu® = @ll,0 < C(Velluolla,oon + h*lluolls,0 + H™||Tollm+1,0),

and

lu =T llp, < C(Veluollseo,, +h¥lfusllno,

+H" Y|l p42,0, + o — U =50,

In section 4 the superconvergent technique is extended to HMM and some useful error

estimates are given. Moreover, from the analysis of the orders of the error estimates, we
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Sec. 2.2 A model problem and its homogenized equations 13

observe that the accuracy of the approximation is reasonably improved. In the last section,

we discuss briefly some possible future work.

2.2 A model problem and its homogenized equations

Once again, we adopt the standard notation W™P(D) for Sobolev spaces on D with norm
| - lmp,p and semi-norm | - |mpp; Wg'? = {w € W™P(D) : w|sp = 0} and denote
w™2(D) (W™*(D)) by H™(D) (HZ*(D)) with norm || - ||, p and semi-norm | - | p. In
addition, ¢ or C denotes a positive constant independent of the sizes of the finite elements
and micro-structure size €.

Consider the model problem:

{ -V - (A(z,2)Vu) = f(z) in D

, 2.1
UEIGD — 0 ( )

where D is a bounded convex domain in R? with a Lipschitz boundary 8D (for simplicity,
we only discuss the model problem in R?, in fact, the conclusions can be extended to R?

(d > 2), ¢ is a small positive number,

1(z,Y)  an(z,Y)
Alz,Y) = ( Zzl(i Y) azz(z,Y) )

such that A is symmetric and

cEiEi < Iaij(I,Y)E‘i&j‘ < C&i{ia v&ia&j € Rza 1’).7 = 112 (22)
Moreover, a;;(z,Y),f € L*(D) are all Q-periodic in Y, where Y = z/e, Q =

(0,1) x (0,1).

We first introduce more notation. Let my (v) be the integral average of v on Q:

_1 _ 2
my(v) = ] /deY /Q'udY Yv € L*(Q),

where @ = (0,1) x (0, 1) is a unit cell which is the referred domain of the micro-structure
Q¢ in D, and |@)] is the area of Q.

Then, the homogenized bilinear equation of (2.1) reduces to finding Up(z) € H}(D)
such that (see [4])

Ao(Uo,v) = (f,v) Y ve Hy(D), 23)
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Sec. 2.2 A model problem and its homogenized equations 14

where A is defined by
Ao(v,w) = (AV,Vw), Vo,we H} (D), 2.9
with _
~  ~ ~ AN
A= (Aij)axs, Ay =my(ay + aik—55), 2.5)
oYy
and N7 is the periodic solution of the equation:
0 ON’(z,Y), 08 . / ——
a—Y;(a,k(m,Y) oY, )= —aY,-a” (z,Y) in Q, QN dy =0. (2.6)

For (2.6), we just want to obtain the solution N7(z,Y) in the Y-direction. But,
unfortunately, there are two variables x, Y in this equation. So, it is very difficult to
directly simulate the solution by any numerical method since the coefficient matrix of any
numerical scheme is not a constant matrix, but a matrix with parameter z. In order to solve
this difficulty, many papers firstly gave a partition of the whole domain, then calculated
(2.6) on some fixed points of the given mesh and finally derived a homogenized equation
in the same partition. For instance, in ([11]), ([15]), ([13]), cell problems are solved at each
quadrature point of every element. Similarly, in some other papers, the vertexes of each
element are chosen as centers of unit cells in order to solve (2.6). For these examples, we
note that the number of unit cells calculated in the whole domain is O(n?) if the number
of elements in one direction of the partition is n. So, it is obvious that the total calculation
expended on the unit cells is huge if n is very big. In order to reduce the calculation on unit
cells, in this chapter, we use P-interpolation technique for the obtained unit cells in a new
mesh, which is not necessary the same as the partition of homogenized equation. That is:
perhaps we use two different meshes to simulate the multi-scale problems. The bigger one
is for unit cells and the other one is for the homogenized equation. This idea is different
from those we have mentioned above. Under the same accuracy as the method in ([11]),
from the following Theorem 2.2.1, it is shown that the required number of the unit cells is
just O(n) if we use P,-interpolation. So, it is obvious that we can reduce the calculation of

unit cells.
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Sec. 2.2 A model problem and its homogenized equations 15

Theorem 2.2.1 Let p(z) be a function satisfying p € W*tL°(D), and let the P-
interpolation of p(x) be denoted by Iy p(x), then it can be shown that (see [1]),

Hk+1—s—6 if k=
Io() ~ gl = { Oapinisy 07 O S 0y @D

Let T}, be a regular partition of D with elements e with size k., and define h := m%x h..
ecly
Let P, be the space of polynomials with degree no more than k. Then, from Theorem 2.2.1,

we have

| N¥(z,Y) = TN (2, Y) |l1,00 < CRE, i=12 k>2, (2.8)

where z,, is chosen point of T},.
In addition, set T to be another regular partition of D with elements K with size hg,

and define H := max hx. We define the finite element space to be
H
Xy:={ve Hy(D): vlg € P(K) VK €Ty}
From (2.8), the homogenized bilinear equation (2.3) can be turned into
/ a(z)VUy - Vudz = / fudz
D D
where a(z) = (a;;(z)), and
0Ym

_— 0 .
a;(z)|k = my (aij(x, Y) + ajm=—11 N (z,, Y)) , 2.9

For any v, w € Xy, define the bilinear form:

—, \ Ov Ow
AH(v,w)= Z ‘/K(au(x)GTBIL‘
3 i

KeTy

) dz (2.10)
Then the homogenized numerical solution is to obtain Uy € X such that
Ag(Ug,v) = (f,v), VveXy. 2.11)

Remark 2.2.1 Our main interest is the numerical approximation to (2.1). Therefore, we
assume that the theoretical solution is reasonably regular for the estimates that follow
to apply. In particular, it is convenient for our presentation to assume Ni(z,Y) €
Wk+ho(D x Q) (=1,2), (k > 2).
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Sec. 2.2 A model problem and its homogenized equations 16
In the following, we give the important error estimates of this part.

Theorem 2.2.2 Let uf(z) be the solution of the equation (2.1), let Uy be the solution of

(2.3), and

uy = up +euy = Uy + eng—g—z.
Assume that D is a smooth domain, a;;(z,Y) € WY*(D) and f € L*(D). Then (See
[10]).

lu® ~ uilli,p < CVellUoll3,00,0- (2.12)

Remark 2.2.2 From Theorem 2.2.2, it is easy to see that
€ € € k AU
llu = Uollo,p < [lu® — uillo,p + €|V 5;;”0,D < CVe||Uplla,c0,0- (2.13)
Assume that % is the exact solution of the following equation:
(U, v) = ) / (a(x)vao : w) dr = / fvdz, Vv e HAD). (2.14)
KeTy K D

Let NV, ,’m be the numerical solution of N7(z,,Y) in Y -direction, where z; is a fixed point.
It is known that the contribution of the error estimate || N/ — N ,{0 |l1,p is very small relative
to the error estimates of this part and can be neglected. So, the error | N7 — N; ,{0 |l1,p is not
considered in the following part.

Next, we will give the error estimation between ug and u,. First, we present some useful

lemmas.

Lemma 2.2.1 Assume that Ni(z,Y) is the solution of (2.6), satisfying N'(z,Y) €
Wk+Lo(D) (k > 2). Let ;L-j(z) and a;;(z) be as defined in (2.5), and (2.9), respectively.
Then, we have

14i5(z) - @3(2)lo,00,0 < CH. 2.15)
Proof: From Theorem 2.2.1, it follows that there exists a positive constant C, such that

Il(pé%,x ”N]('T)Y) - HkNj(xn,Y)HO,oo,K < ”NJ(;L‘,“’Y) - HkNj(x:Y)HO,oo,D < Chk
H
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Sec. 2.2 A model problem and its homogenized equations 17

Using Minkowski’s Integral Inequality, a direct calculation gives,

| Asj(z) — ai(z) oo = max ”mY(a’kay (N(z,Y) = I N? (2, Y))) | 0,00, 6
< max my (|lax 5o~ 3Y, (N (z,Y) — TN (%0, Y)) 0,00, K)
0 . )
< max my (|| @ik 0,00,k * BY, = IN?(2,Y) = g N (2, Y)|0,00,K)
< Ch-.

So, (2.15) is shown.
O

Lemma 2.2.2 Assume that A¢(u,v) is defined as in (2.4) and satisfies the inf-sup
condition. Then for sufficiently small h, we have: a(u,v) also satisfies the inf-sup
condition, that is, there exists a positive constant c, such that

sup [a(u, )|
ogverd IVl ~

> c|lull,p. (2.16)

Proof: By using lemma 2.2.1, it can be easily shown that for all u, v € H}(D),

| Ao(u, v) — a(u, v)|

= Y |Ao(u,v) —&(u,v)|x

KeTy
= 21 [ (G -aeve- o)
KeTy
< > ChH|[Vullo k|| Vollox
KeTy

< CR*|lully,pllll,p

Then, for any v € H}(D) we have
Bl L lAwo)

sup 2
orvery 1Vl omvery Vo

— Ch*|lull1,p 2.17)

Ao(u, v) satisfies inf-sup condition, that is, there exists a constant C> 0, such that

A ~
sup 1200l 5 (2.18)
0#£veH} lvll,p
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Sec. 2.2 A model problem and its homogenized equations 18

Combining the above inequalities (2.17) and (2.18), we obtain that for sufficiently small b,

there exists a positive constant ¢, such that

alu,v =
B o)l 5 (& - ehMyulho > cllullp.
o#veH}) “'UHI,D

Then, this lemma is proved.

Based on the Lemma 2.2.1 and Lemma 2.2.2, we give an error estimate as follows.

Theorem 2.2.3 Assume that the conditions of Lemma 2.2.2 are satisfied, uy is the solution
of the homogenized equation (2.3) and Uy is the exact solution of (2.14), then for sufficiently

small h, we have

lluo — Toll1,p < Ch*|uol1,p (2.19)

Proof: From Lemma 2.2.1 and Lemma 2.2.2, for sufficiently small h, we have

|E(u0 — ﬂﬂ) ’U)I

clluo — Ull,p < sup
0#veH} lvll,p
A(x) — d(z))Vug - Vodz
c S MlA(@) ~() Vo - Vuda
KETHO#’UEH(% “U“l»K
< Y ChMfluolluk
KeTy
= ¢h*|luollp

From the inequality above, we obtain that there exists a positive constant C, such that
lluo — Tolly,p < Ch*|luoll1,p
This theorem is proved.
a

Remark 2.2.3 If all conditions in Theorem 2.2.3 are valid, then for sufficiently small h,
Jrom Remark 2.2.2 and Theorem 2.2.3, it is easy to see that

llu® ~ollo,p < llu®~uollo,o + lluo —Tollo,p < (Ch*|luall1,p+ Velluolls,c0,0), (2.20)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 2.3 Superconvergent techniques in multi-scale method 19

s =% |l,p < llu —ufllnp+ 1w — U ll1,0 < (CR*|luolly,p + Velluolls,eon), (2:21)
where
— o~ ; ou,
T = o + ellN (20, Y) 22 2.22)
812_7'

2.3 Superconvergent techniques in multi-scale method

By the standard theory of finite element method and the Nitsche technique, it is very easy

to obtain the following theorem.

Theorem 2.3.1 Let Uy be the numerical solution of problem (2.11), and uy be the exact

solution of the equation (2.14). Then,
o — Uglli,p < CHl||%oll2,p, (2.23)
g0 — Urllo,p < CH?||to)\2,p-

From Theorem 2.3.1, the error estimate between the exact solution of (2.14) and its
numerical approximation has been obtained. In the following, postprocessing techniques in
[24], [26] are used to improve the accuracy of multiscale method. In this part, for simplicity,
we just give the superconvergent error estimate on a rectangular mesh. In fact, it can be
extended successfully to triangular mesh.

Firstly, construct a postprocessing interpolation operator I17},, such that (see [24], [25],
[26)):

1) Combining four neighboring elements into a big element, € = Uf=1 e;, such that
Dhw € Qm(€), VYwe C(e), (2.24)
where @, is bi-F,, polynomial space.

2)

IMw —w| < CH ' Hw|lpp, 0<r<m, 1=0,1; (2.25)
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3)
ITZ5olle < Cllvll, Yve VD), 1=0,1, (2.26)

where V(D) is finite element space.

4)
nyw! = Iw, (2.27)

where w! € V¥ is the finite element interpolation of w.

In the following, the result of superconvergence in the whole domain is obtained based

on the theory of high order interpolation operators.

Theorem 2.3.2 (see [25]) Let Uy be the exact solution of the equation (2.14), Uy, u! be

the finite element solution and finite element interpolation of g, respectively, and satisfy:
NUs — | < CH* ' Y Ugllimy1, @>p, m>a, 1=0,1,
where p is the order of the finite element polynomial space. Then,
I3 U — |l < CHO ||| a1
where 115y, satisfies (2.24), (2.25), (2.26) and(2.27).

It is often more useful and/or necessary to give some superconvergent error estimates in

local subdomains.

Theorem 2.3.3 (See [26]) Let Uy be the exact solution of the equation (2.14), U, u{,
be the finite element solution and finite element interpolation of g, respectively, Dy CC

D, CC D. Ifug is smooth enough and the mesh in D, is almost uniform, then,
U5 = uglli,po < CHP |[@ollpt2,0, + [l — Uy =s,0,);

105" = upllroo.00 < CCH? |1 H o]l p+2,00,0: + o — Uy ll-s,0)

where p is the order of the finite element polynomial space, s is any non-negtive integer,

and

Z [ L ifp=1
10, ifpx2
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By using the postprocessing interpolation operator, we have

Theorem 2.3.4 (See [26]) Under the conditions of Theorem 2.3.3, then
I UE — Wl < CHPM [Gollps2,p, + o — ULl —s0,);

T4 Uy — Toll1,00,00 < CCHP o HPM[dolp2,00,01 + 10 = Uy ll-s,01)-

In the following, we retrieve the microscopic information in the whole domain from
75, Uy and give the most important results of this part.
Assume that
R(v) = v + ellx N’ (z,, Y)a%%, (2.28)
Define
|k = R(Il3Un) k- (2.29)

Theorem 2.3.5 Let u® be the solution of (2.1), ©° be given by (2.29). Assume that all

conditions of Theorem 2.3.1 are valid. Then,
lu = a1,0 < C(velluollso0,0 + B*uoll,0 + H™|Tollme1,0)- (2.30)

Proof: Note that on each element X,

our 0 o) 0 : 0

22 - Zmm il ] L2 mm
, 5?2 m
+elly N (z,,Y) - mHZHUH- (2.31)

Furthermore,

Oui  Oug 0 0 0%u,

oz; Oz, + (68:1:, aY)l'IkN (zn,Y) +el'IkN (:cn,Y)(9 9z, (2.32)
It follows from (2.31) and (2.32) that

0, . - 0 - 0 3 -
oz T —uy) = B_.T,-(HMUH — Up) + (6Y +5—)HkN (Tp, Y) - (H2HUH o)
52

el N (2, Y) - e (TI7, Uy — ).

O0zi0z;
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Sec. 2.4 Superconvergent technique for HMM 22

From Theorem 2.3.2, we can obtain that

IV(@ —u))llop < ClV(IIZgUs — Uo)llo,p + CellUollz,p

< CH™||Uo|lm+1,0 + Cel|Tol|2,p-
Moreover,

lz* —usllop < ClI3HUn — Uollo,p + Celltoll1,n

< CH™ |t m41,0 + Ceélltoll1,p-
From the inequalities above, it follows that
[ — willi,o < CH™||Uollm+1,0 + Cellto]|2,0-
Combining with (2.21), it is easy to obtain (2.30). This proves Theorem 2.3.5.

a

Remark 2.3.1 In applications, the superconvergent error estimate in a local domain is
sometimes more important. By the same method used in proving Theorem 2.3.5 and from

Theorem 2.3.4, it follows that

s~ < Cveluollsso,s +F¥luolyo,

+HPY|Uol|pta2,0, + To — Uy ll=s,p1), (2.33)

1
where, u¢ = 5 UL,

2.4 Superconvergent technique for HMM

In this section, the superconvergent technique will be successfully used in the HMM to
reduce its calculations. First, let’s recall that the HMM scheme is as follows (see [15]).
Consider the classical problem

{ —V - (a(z)Vus(z)) = f(z) in D C RY,
us 0

(z) = on z € 0D. (2.34)
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In this part, a conventional P; finite element method on a triangulation Ty of element

size H is chosen and we just consider the case d = 2. Let Ay be defined as
Ar(V,V) = Y K| Y wi(VV - AgVV)(), (235)

KeTy €K
where z; and w; are the quadrature points and weights in K, K € Ty. In the absence of
explicit knowledge of Ay (z), let
1
(VV - AgVV){(z)) = 5 Vvi(z) - a*(z) Vvjdz, (2.36)
Is(zn)

where I;(z;) = z; + 61, I = [0, 1]°. Here § is chosen such that a¢ restricted to I5(x;) gives

an accurate enough representation of the local variations of a®, while vf(z) is the solution

of the problem:
{ =V - (a*(z2)Vovi(z)) =0 in Is(z), 237)
vi(z) = Vi(z) on 8I5(x;), ’
where V, is the linear approximation of V' at z;.
Then, the HMM solution uy € X is defined by
For problem (2.37), set wj(z) = vf(z) — V/(z), then we have
=V (a*(z)Vwi(z)) = V- (a*(z)VVi(z)) in Is(z), (2.39)
wle(g;) =0 on 6[5(:61), )
Since VVi(z) is constant, if Nf(z) satisfy:
-Vv- (a,e(:z:)VN;(:v)) = a%_i(afj)(x), in Is(z), (2.40)
Ni(z) =0 on 0Is(x), )
where I5(z) = = + 61, then
c e, OVi(z)
ui(e) = Nj(e) T
It follows that
%
(2) = Vi(z) + Ni(5) 222 241)

6:v,~
Let T}, h be defined as in section 2. Assume that N5(z) € W*+1>°(D), then from Theorem

2.2.1, we have

IN;(2) — N5 (2) 100 < CRF,  j=1,2, k>2. (2.42)
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Set
Ar(V,V) = D K| Y wi(VV - AxVV)(=), 243)
KeTy €K
where
~ 1
(VV - AgVV) () = 5 Vi (z) - af(z) V[ (z)dz, (2.44)
Is(z1)
and
~ oV,
T (z) = Vi(z) + Ik N; () a‘(x). (2.45)
Zj
Then, the revised HMM solution Uy € Xy is defined by
Ag(Ug,V)=(fV), VVEXn (2.46)

Theorem 2.4.1 Let Ay and .ZH be defined by (2.36) and (2.44), respectively. Then, we

have

max | Ag — Ag| < Ch*. (2.47)
€K
Proof: From inequalities (2.41), (2.42) and (2.45), it is easy to obtain that
||V'vf(:z:) - vale(x)HOJ.s(Zz) < Chkllvvl(z)HO,Is(zx)‘
So, from (2.36) and (2.44), it follows that

VW (z:)(Ag — Ag)VV (z)]
-1/ - (wa(x) - a(z) Vi () — Vili(z) - a‘(w)V'ﬁf(x))dwl

gla /I J(Q)(wa(Z) - V§(z)) - af(z)(Vvf(z) — VTi(z))dz

1 ~
+53 (Vwi(z) — V[(z)) - a*(z) V[ (z)dz
6 Is(=z1)
1 vt 3 € € €
54 Vui(z) - a*(z) (Vv (z) — Vi[(z))dz]
Is(z1)

< C(h2’°||VW(:c,)|lo,16(,,.,)HVV(x,)HO,L,(z‘) + BENVW (1) 0,15 ) 1| V05 o, 15 z0)

+h’°nvwf(xl)||o,f.,(z,)||vvz(x>no,zs<x.>)
< CRHIVW (@) lo.e(an I YV @0 oo

The inequality above give the desired result (2.47).
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O

The homogenized equation of (2.34) is (see [15]):

{ -V - (A(x)VU(z)) = f(z) in D C RY,

U(z)=0 on = € 0D. (2.48)

where A(z) is the homogenized coefficient.

Lemma 2.4.1 Let
e(HMM) = max [ A(z;) — Ar (=),
then for the periodic homogenization problems (see [15]),

Cs, if & is an integer multiple of ¢,

C(e/d +6), if 0 is not an integer multiple of e. (2.49)

e(HMM) < {

Theorem 2.4.2 Assume that u° is the exact solution of the problem (2.34), Uy is the exact
solution of equation (2.48), (70 is the exact solution of (2.46) with the space Xy replaced

by H}. Moreover, set a(z) = a(z,z/€). Then we have
llu — Uollo,p < C(ve + h* + e(HMM)), (2.50)

llu€ - @||.p < C(Ve + hF + e(HMM)), (2.51)

=0 ¢80y
where uf = Up + [It N; Bae

Proof: From (2.47) and (2.49), it follows that
max || A(zr) — An(z)|| < C(H* + e(HMM)). (2.52)
In view of (2.44), (2.48) and (2.52), we have

cllUo = UolluplWio < 1AUs — Up, W)
= |A(Uo, W) — A(Up, W)
= |A(Uo, W) — (A — Ag)(To, W) — Ag(Us, W)|
(£, W) = (A= Ap)(To, W) - (£, W)
(A — Ax)(Uo, W)
C(R* + e(HMM))|[Ts|l1,p|W [1,p-

AN
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So,
|Uo — Usllv,p < C(h* + e(HMM))||Tpll1,p

Hence,
lu€ = Tollo,o < lluf = Uollo.o + Vo = ollop < C(Ve + h* + e(HMM)).

In addition, if a*(z) = a(z, z/e), then we have Nf(z) = eN7(z).

So, we can obtain,

e~ ~ Ean 68(70
lui = %illp < [Uo—Ublli,p + ”Njﬁx—,- - HkNja_mj”l»D
A

5 .
lli,0 + Tk N; - =—(Uo — Uo) 1,0

< |Uo = Tollu,p + [I(N§ — TL.NF) o
J

Oz;
< C(Ve + h* + e(HMM)).

Then this theorem is proved.

As theorem 2.3.1, we can have

Theorem 2.4.3 Let Uy be the numerical solution of problem (2.46), and uq be the exact
solution of the equation (2.46) with Xy replaced by H} (D). Then (see [1]),

1o — Usll1,0 < CH|[Toll2.p, (2.53)
o — Unllo,p < CH|[Tol|2,p-

Next, superconvergent techniques are applied to HMM to improve its accuracy.
Firstly, define a postprocessing interpolation operator I17}; that satisfies all the conditions
(2.24), (2.25), (2.26) and (2.27). Then the result of superconvergence in the whole domain

follows

Theorem 2.4.4 (see [25]) Let uy be the exact solution of equation (2.46) with X y replaced
by HY(D), and Uy, u! be the finite element solution and finite element interpolation of Uy,

respectively, assumed to satisfy:

“UH - uI”l S CHa+1_l”’a"0”m+la a>p, m > «, l= 0, 17
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where p is the order of the finite element polynomial space. Then,
I3 US = ol < CH* "ol
Concurrently, we have some superconvergent error estimates in local domains.

Theorem 2.4.5 (See [26]) Let uy be the exact solution of equation (2.46) with Xy
replaced by H}(D), and szf, u{, be the finite element solution and finite element
interpolation of wg, respectively, Dy CC Dy CC D. If ug is smooth enough and the

mesh in D, is almost uniform, then,
IUF — uyllp, < CHP M Uollpra,0, + o — U l|—-s,0,);

105" — uplli,c0,00 < C(HP|In H Mol ps2,00,00 + o = Uy fl-s,02),
where p is the order of finite element polynomial space, s is any non-negtive integer, and

s [ L ifp=1
10, ifp>2

By using the postprocessing interpolation operator, we have

Theorem 2.4.6 (See [26]) Under the condition of Theorem 2.4.5, then
IMELUE — %glly,0, < CHP |[hol|pr2,py + [T — U l|-s,04);
545 U," — Tollveo,00 < CHP | In HM[Tollps2,00,0; + [T — Upll|-s,0,)-

In the following, we retrieve the microscopic information in the whole domain from

I17;,; Uy and give the most important results of this part.

Assume that
o
R(v) = v+ ILN5(x) 5 —, (2.54)
Tj
Define
7|k = R(IGHUH)|k- (2.55)

Theorem 2.4.7 Let u¢ be the solution of (2.34), U° be given by (2.55). Assume that all

conditions of Theorem 2.4.3 are valid. Then,

lut — %10 < C(Velluollzoon + H¥l|uolli.p + H™||Tollms1,0)- (2.56)
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Proof: Note that on each element K,
ous 0 0 0

= —II0 —IINi(z) - —I75;
dz; oo, e Un + g TN (@) dz; U
82
i Ni (z) - —— 110, Uy. .
+1lk J (.’L‘) a.’L’iaij 2HUH (2 57)
Furthermore,
duj Oug O Ouy 8uy
= — I Ni(z)— + I NS . 2.
Ox; Oz + Ox; K (z) 0z; L (z) 0z;0x; (2.58)
It follows from (2.57) and (2.58) that
a —€ ~€ a m ~ 8 € a m ~
oz, (@ -uy) = a—%(HmUH —Ug) + a_zinkNj (z) a_xj(HZHUH — Uy)
82 ~
+ILe N5 () - m( anUn — o).
From Theorem 2.4.4 and Nj;(z) = O(e), it follows that
IV(@ —u)lloo < CIVIIZEUE — To)llo,p + Celluoll2,p
< CH™||ug||m+1,0 + Cellto]|2,p-
Moreover,
7 —dillop < ClIZaUn — Uollo,p + Celltoll1,p
< CH™ G|l m1,0 + Cellolhr,p-
From the inequalities above, it follows that
2 — uilh,o < CH™|[Uollm+1,0 + Celluollz,p-
Combining with (2.51), it is easy to obtain (2.56). This proves Theorem 2.4.7.
O

Remark 2.4.1 In some cases, the superconvergent error estimate in a local domain is
more important. By the same method as in Theorem 2.4.7 and from Theorem 2.4.6, it

Jollows that

lu* =10, < C(Velluollsco,n + h:lluoll1,ny
+Hp+1”50”17+2,D1 + “ﬂo - U;I”—s,DJ’ (2.59)

where, T = II53 UX.
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2.5 Discussion

In this chapter, we have discussed superconvergent techniques in multi-scale methods,
especially in HMM. For simplicity, we assumed that the conditions of the model problems
are smooth enough to derive the reasonable error estimates. In practical problems, some of
these conditions can’t be satisfied. But we can still use this method by some other retrieving
techniques, such as error expansion and defect correction. In the future work, we plan to

do some research on its application in practical problems.
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Chapter 3

A Multiscale Method for Semi Linear
Elliptic Equations

3.1 Introduction

It is well known that nonlinear problems with microstructure occur in many scientific
and engineering applications. These include: material science, porous media, turbulent
transport in high Reynolds number flows, etc. These problems are characterized by a
great number of spatial and time scales, consequently it is difficult to simulate the solution
numerically using standard finite element methods. In recent years, approaches for solving
nonlinear equations by multiscale finite element methods or multiscale finite volume
methods based on the homogenization method have been studied extensively, see [2], [3],
[41, [51, [6], [7], etc. In these papers, the first step is to find an efficient homogenization
of the original problem. It is know that it is difficult to find the homogenization equation
for complex nonlinear systems. Furthermore, for different problems, the homogenization
equations are different. In this paper, we present an efficient multiscale finite element
method, based on the theory of upper and lower solutions, which reduces the solution of
the original nonlinear problems to that of a finite calculable number of linear equations,
thus bypassing the difficulties of dealing with the nonlinear case. Furthermore the method
can be used to find, for example, positive solution for problems that also admit the zero
solution. We point out that not all nonlinear problems can be treated in this manner. In
particular, we implicitly deal with nonlinearities that are sublinear at infinity to ensure the

existence of the upper/lower solution.

34
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Sec. 3.2 A semi linear model and the method of upper and lower solutions 35

Finally, we explicitly consider, for simplicity of presentation, only the situation where
the first order corrector is connected in the e-approximation. This means that we only need
to calculate the solution N7 once. We comment that not all constants can be estimated, but
this is no worse that the situation when homogenization is applied to linear problems, since
as mentioned above the number of nonlinear problems can be estimated.

The outline of this paper is as follows. In the next section, we introduce the model
problem and recall the basic theory of upper and lower solutions. In section 3, a multiscale
method based on the method of upper and lower solutions is provided, and the error
estimate between the exact solution and the asymptotic expansion of order one is presented.
Based on the results provided in section 3, we present the principal results of this paper
in section 4: the error estimates between the exact solution and the approximation of
multiscale method are provided. Some numerical examples demonstrating our theoretical
results are shown in Section 5. In the last section, we discuss briefly some possible

extensions of the completion presented.

3.2 A semi linear model and the method of upper and
lower solutions

In this paper, assume that D is a convex bounded domain with Lipschitz continuous
boundary. Moreover, we adopt the standard notation: W™?(D) for Sobolev spaces on
D with norm || - || p,p and semi-norm | - |y, 5 p. Set Wy = {w € W™?(D) : w|sp = 0}
and denote W™?2(D) (Wg™*(D)) by H™(D) (Hg*(D)) with norm || - ||» p and semi-norm
| - |m,p- In addition, ¢ or C' denotes a positive constant independent of the sizes of the finite
elements and micro-structure size €.

Consider the nonlinear multiscale model:

—Lfuf + c¢(z/e)ut = f(z,uf) in D
{ uelaD =0 ) (31)

where L* is a symmetric operator given by:

R S AN
Lfu = Zax- (a”(e)az,-)‘ (3.2)

ij=1 """
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We assume that L is uniformly elliptic in D, that is: a;;(Z) satisfies:

Cebiti < a,-,-(-f)a-s,- <Ctt, VE&,&ERY, i,j=1,2..n, (3.3)

where the Einstein notation has been used.

To simplify the technical details, we assume that D, a;;, c, f are smooth and ¢ > 0. The
results hold in more general situation with obvious changes, for example: the conditions
on f need only be postulated in the order interval determined by the upper/lower solution,
c could be negative (depending on the least eigenvalue of — L¢ with Dirichlet conditions),
etc. We point out that all equations are to be understood in the usual work sense, and denote
by B(:,-) the quadratic form associated with the left hand side of (3.1).

We then recall, based on results of [9] and elsewhere:
Definition 3.2.1 A function @ € C*(D) () H}(D) is called an upper solution of (3.1) if

{ ~LU + c(z/e)d > f(z,W) in D G4

ulap > 0 ’
similarly, a function @ € C*(D)(H}(D) is a lower solution if it satisfies the reverse

inequalities in (3.4).

We also observe that if ¥ < &, we can construct solutions u, % of (3.1) (with possibly
u = u) by considering the pointwise monotone limit of the process to the linear problems:

(3.5)

—Lu® + c(a:/e)ugk) = f(:c,ugk-l)) in D
By =0 )
Ue ‘BD =

with u£°) chosen to be either % or u. In the former case, uék) | @, in the latter ugk) T u.
Since we need only consider f(x,£(z)) with £(z) in the order interval between %, u,
we assume without loss of generality that f satisfies a global Lipschitz condition in u with
constant K;. Henceforth, we only explicitly consider the case of 20 =7 (The often
possibilities is treated identically), and by the solution u® of (3.1) we shall choose u¢ = u
in the case of multiple solutions. It is important in the sequel to estimate u¢ — u® in terms

of k, u, U, D and the coefficients of (3.1), but not . We then have
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Theorem 3.2.1 Let u® solve (3.1), and ugk) solve (3.5), we then have:

K k
o = u®lo < (52) 15 Bl 66)

and

K2 (K N\ u-a
= Pl p < L2 (—’) [ Slop (3.7)

= /min(Cop, A1) \ M1 vVAiCo

where Cy is the ellipticity constant of a;; and ), is the least eigenvalue of the Dirichlet

problem for —L¢ + c(z /e).
Proof: Observe that
B(u* —u®, u —u®) = (f(z,v) — f(z,u¥),u — ). (3.8)

From the Poincaré Min-Max Principle, we obtain

Ml = wPllop < 5@, 0) — Fz ¢ )op < Kelwt —ul oo (9)
Thus, . .
Ky K¢
o = u®lop < (52) = aloo < (K2) - lon. @10

In the some way,

B(u* — u,u —ul®) > Colu —ul}} p,

and,
min Co, /\1
B(u - ), u — u) > B ey
Moreover,
|B(uf —ul®,us —ul®)| < )\ CovA 1Collu — u*Vllop
< \/—Iu T
VA1Co
| £ (k1) (k-1)
B € — € ) € — € .
< )\100\/ (u — u. us — u, )
So,

min(Cy, A1) K _
VI = o < L llut = Vo
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Thus

min(Co, M) ¢ () k=D Ky Kf SO

_ 7 — < R — — .
5 luf —ue?fl1,p < ’—)\ o [l — llo.0 G Iz —llo,p

Then result follows.

a

We observe that all the terms on the right hand side of (3.6) and (3.7) can be explicitly

estimated, and they are independent of €. The shortcoming is that we require Ky < A\

for a meaning result. Note also that since uf, u®

(k)

are uniformly bounded in k by the

upper/lower solution, then ue"’ — u, in L?(D) for any p and thus in C*(D) for some small

a > 0, independent of e. However, the value of o and the constants now appear difficult to

estimate explicitly.

3.3 A Multiscale Method Based on Upper and Lower
Solutions

By the usual linear homogenization approach, we set in (3.5):
u® Zel ®) (g k=0,1,2,.. (3.11)

with Y = Z, treated formally as an independent variable. We thus obtain, neglecting terms

of order ¢ or higher,
L+ c(%) > 2A; + eV Ay + A3, (3.12)
with

0 15)
A= —E?i[aij(y)a_yj]’

0 0 0 0
Ay = _B_Y,-[aij(y)a_:z:j] - a—wi[aij(y)gz],

A3 = —%[G,J(Y)a—i;] + C(Y)

By classic results, the linear equation:

{ —L'w+c(z/e)w =g(z) in D

) 3.13
wlaD =0 ( )
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is then approximated by W = wp + ew; withwy = N kgzﬂ: and Ni, wp are respectively

solutions of: _
0 ONI(Y) 0
with N7 periodic, fQ Nidy =0, and:

ai;(Y) (3.14)

8 (=~  Ow _ :
{ _'az af’ija-g) + mY(c)wO - g(m) mn D , (315)
wolop =0
with )
~ ON?
aij = my(a,-,- + aika—}/k). (3.16)

We recall that if %ﬁ: € L*°(Q) (this can be ensured by suitable assumptions on a;x, and

in particular, is easy to obtain in one dimension), then

||w — &3“1,0 < C2\/E”w0”2,2,17'

Furthermore, note that both N7 and the coefficients on the left hand side of (3.15) are

independent of g(z). It follows from the assumed smoothness of the coefficients that

llwollz,2,0 < Csligll2,.-

In summary, we have
llw - &liip < Cavellgllz,p- (3.17)

The constant Cy appears difficult to estimate. It depends, in particular, on the shape of D.
Note that (3.17) implies:

llw — wollo,p < Cs5vellgllz,p- (3.18)

by the assumption on N7, wy.

Assume now that u, the supersolution, can be expanded as ugo)(z) + eugo) (z,€) with
error of order 1/c. Observe that this will be the case if f is sublinear since % can be chosen
to be a large positive constant. Note also that the subsolution does not play a role (except

for estimates (3.6), (3.7)) in this calculation. Consider the sequence of linear problems:

(‘ Le + c(%))'""‘) = f(z,v§"™V) in D

, (3.19)
v®)|sp = 0
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where v(()o) (z) = ugo) (z), v((,k'l) denotes the solution of the homogenized equation for (3.19)
if k > 1. We estimate the difference between v*) and the solution u*) of (3.5) as follows:

Theorem 3.3.1
[u® — Bl p < CM*VE,

for some constants C and M independent of k, e.

Proof: We have

[u® —v®p

IA

CEl[u* —o{*Vjo,p

IA

CE{|[u*D —v® Do p + [v*D — o Do p}. (320)
Now

llu® — v p < CKf”U(O) — vpllo.p € MKj/e,
[ =0 lop < CVE,

with C independent of k by (3.18) and the properties of f. Put zx = ||[u®) — v®)||; p. Then
(3.20) becomes

2k < C’Kf{zk_l + C\/E}
or
zi < F{ze_1 + e}

with F independent of k, € and 2; < F'\/e.

The result follows by induction.

O

3.4 Error estimate for the multi-scale finite element
method

Let T}, be a regular partition of D with elements K with size hg, and define h := }{neaigc hk.
h
Let Py be the space of polynomials with degree no more than k. We define the finite

element space to be

Xp = {’UEH(}(D) ’UlKGPl(K) VKETh}
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Let Uéﬁ) € X}, be the linear finite element solution of the following equation,
AU v) = (F@,UED),0), YV veX, (3.21)

where Ag(-, -) denotes the form associated with the homogenized equation (3.15) and with
Ué?,z = (v(()o))h. We estimate the difference between Uéfc,z and v(()k), the solution of the

homogenized equation for (3.19). We have
Ao(v”) = f (2,05 7)
and defining 7 to be the solution of
Ao(r) = £ (@, 0 ™) = £z, Ugh ")

yields

Ao(wy” =) = f(z,Ugy ),
where A, is the homogenized operator of (3.19).

Thus
lof? =7 = UiRlho < Chllef? —rllap < Ch.
Due, once again, to the uniform boundedness of f. We then obtain
Ilog” = Usialho < Ch+ Ksllog™ = Ug Pllop.

This estimate is identical inform to (3.19) with h replacing /¢, and we obtain

o = UR b < CM*h.

Assume that

R(v) = v+ eNi(z/e) 22, (3.22)
ij
where, for simplicity, we assume N7 has been calculated exactly.

Define
a®|x = RUY) k. (3.23)

We observe that 7{¥) is discontinuous across the element face. Let a broken H!-norm be

given by:

1

2
O = (z nvaswng,x) |

KeTy,
We then have the following theorem which is the main result of this section,
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Theorem 3.4.1 Assume that u¢ is the exact solution of (3.1), ¥ is defined by (3.23), then

K2 KA\*1 lla — ulf
e _ (k) < —=£Ye2 ) (—f ) 12— 00D L oMk + h). 3.24
lu® —2™||ap < ( in(Co, M) N Cody (\/E ) ( )

with C, M independent of ¢, h, k.
Proof:

lu —a®|mp < fu —u® o+ [u® — v® |y p + [v® — 0P|y p + [0 — 7P| p.

(®)
1

We need only estimate |jv;" — 7{¥)||g,p. We have

[0 —T®| g

IA

k k k k
Clvd® ~ UR Nk + Ce(lu§® ok + NUSl2.5)
< CM*h + Ce.

3.5 A Numerical example

In this section, we illustrate with a numerical example, the accuracy of the proposed multi-
scale method for solving the semi linear problem (3.1). Let now D = [0, 1] and recall

Q@ = [0, 1] is the unit cell. Consider the nonlinear problem given by:

@Y Fu=14 5 in Q1)
{ u’=0, at 1/':0,1::1_ (3.25)
where
z 1
a(-)

e mn_(f—)

For this case, the solutions, obtained by the standard linear finite element method based
on upper and lower solutions, are looked on as the exact solutions, which is used to compare
with the numerical solutions obtained by the multi-scale method. That is, we use the finite
element method with the mesh hy < € to simulate the following problems:

—(a(EVu®YY 1 4 ®) = (uk-by
{ (@(2)@®)) +u® =1+ {&2s in (0,1), 526

u® =0, atz=0z=1

It is easy to check that f(u) is Lipschitz continuous and a(Z) satisfies (3.3). So, we can
use the multi-scale method provided in this paper to solve (3.25). Let IV be the number of
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elements in the z-direction and M be the number of elements in £-direction in each unit
cell, where £ = z/e. Thus the mesh size in the whole domain is H = 1/N. For all of the

following cases, let M = 100. Then the convergence of this method is as follows.

case Ms-FEM FEM error

N | e [k| N k| fellop | lellin
case 1 | 30 {0.004 | 7| 5000 |9} 0.001580 | 0.147568
casel | 60 [ 0.004 [ 7| 500079 0.001657 | 0.144240
case 1 | 120 { 0.004 | 7 | 5000 | 9 | 0.001677 | 0.143634

Table 1. Convergence for Ms-FEM under the condition e < H < 1.

case Ms-FEM FEM error
N e |k| N |k{ |ellop | rate

case2 {30 | 0.02 {7 | 5000 |9 | 0.002591

case2 | 30| 0.01 {7 500019} 0.001961 | 0.40

case2 | 30 [ 0.005 [ 7 | 5000 | 9 | 0.001533 | 0.36

Table 2. Convergence for Ms-FEM under the condition € <« H < 1.

In the pictures, case 2 for e = 0.02 is given.

0.25 025
0.2 0.2
0.15 0.15
0.1 0.1
0.05 0.05
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Exact Solution N=5000 Homogenized Solution N=30
x107
0.25 4
0.2 2
0.15 0
0.1 -2
0.05 -4
0 -6
0 0.2 0.4 06 08 1 0 0.2 04 0.6 0.8 1
Multiscale  Solution  N=5000 Error  Estimate  N=5000
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In Tables 1-2 above, Ms-FEM denotes the multi-scale finite element method of this
paper. Moreover, let e = u¢ — @), and T(® is as defined in Section 4. From the results
of these two tables, we observe that in case 1 the difference of the error estimates under
L?-norm is not big as H become smaller, and so is it under H'-norm. This phenomena
demonstrates that the most important contributor in the error estimates of (3.24) is the term
/€, not the term h*. That is, the term of h* goes to zero quickly under a suitable condition
as k become bigger. In table 2, H is fixed, the order of the error estimate is around % ase
become smaller. It proves that this rate is consistent with the order estimate of ¢ in (3.24).

In the following part, some pictures about the numerical results are given.

3.6 Discussion

In this chapter, we mainly discuss the multiscale method for the semi linear problems. In
future work, we will try to apply this method to some nonlinear problems although it is

difficult to give the error estimate for these problems.
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Chapter 4

Conclusion

In this thesis, we mainly discuss superconvergent techniques in multiscale methods and a
multiscale method for semi linear elliptic equations.

In Chapter 2, we successfully use superconvergent techniques to improve the efficiency
of some multiscale methods. Moreover, we put forward a method that the points on which
unit cells calculated are not related to the mesh of homogenized equations. So, we can
greatly reduce the number of the unit cells needed to calculate in the practical problems. In
addition, in this chapter, we just use a general superconvergent technique to multiscale
method. In fact, for many practical problems, we can use different superconvergent
techniques according to the conditions of the problems.

In Chapter 3, a multiscale method for semi linear elliptic equations is discussed. In
this chapter, we try to find another efficient method to solve semi linear and nonlinear
problems. That is, the first step of it is to find an iteration process to approximation the
exact solution of the original problems based on the upper and lower solution. The second
step is to retrieve the detailed information of unit cells. This method is same as that of
linear problems after using iteration process. So, in this chapter, we don’t need to find the
nonlinear asymptotic series of the original problems. Moreover, for this method, it can be
used to some nonlinear parabolic problems under some suitable conditions.

From above, we can draw a conclusion that by the technique in Chapter 2 or the method

in Chapter 3, some practical problems can be solved more efficiently than in the past.
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