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Abstract

This thesis investigates the important statistical tool of Esscher transform with its
applications in mathematical finance for various environments. This transformation was
introduced by F. Esscher and it became very popular afterwards, in both actuarial sciences
and finance due to its role in premium calculations and pricing. The thesis discusses the
Esscher pricing measure (or equivalently density) for both the discrete and continuous time
settings. In discrete time, we describe the Esscher martingale measure for the general case,
and we illustrate the results on the two popular models for stock, namely the binomial and
trinomial models. In the continuous time framework, we focus on the Black-Scholes model
for stock (geometric Brownian motion) only. The innovation of this thesis lies principally

4

in considering two level of informations: The “public” flow information denoted by [ that
represents the flow of information available to all agents through time, and a bigger flow

of information denoted by G. This latter flow of information incorporates both the flow F

and the information about a death time of an agent 7 as it occurs. Thus, for this larger
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flow of information, we describe the Esscher martingale measures, and the Esscher prices

for death-linked contracts. The Greeks of these Esscher prices are derived as well, besides

the comparison with the Black-Scholes pricing formula.
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Chapter 1

Introduction

Mathematical finance, also known as quantitative finance, was pioneered by Louis
Bachelier, in his Ph.D thesis defended in 1900 at Paris Sorbonne. His stunning work on
"Théorie de la Spéculation” (Theory of Speculation) was published in one of the famous
French scientific journals called Annales Scientiques de 1’école Normale Suprieure. He used
the trajectories of Brownian motion for modeling the stock price movements and pricing
the European option. In 1973, Fischer Black and Myron Scholes published the paper " The
Pricing of Options and Corporate Liabilities” [3] and Robert Merton published the paper
”On the Pricing of Corporate Debt: The Risk Structure of Interest Rates” [15]. These two
papers introduced the Black-Scholes-Merton formula for pricing European call and put
options and it made a very big impact in the field of mathematical finance and the stock
and financial derivatives market . In 1975, two years after the Black-Scholes model was
introduced, a lot of traders started using it for hedging and valuing the financial deriva-

tives. In 2008, Schachermayer and Teichmann [16] showed that the price comes from the
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Black-Scholes-Merton formula and the option pricing formulas derived by Louis Bachelier
are equal. Nowadays, Mathematical finance is one of the rapidly developing areas. It is
a combination between mathematical analysis and financial economy and focuses on the
mathematical techniques from the probability theory, stochastic process and its properties

and stochastic differential equations.

Mathematical finance is very important for many financial institutions like banks be-
cause they need a very good mathematical skills along with a good financial decisions
making ability. It provides the mathematical modeling to price the financial products like
derivatives. In the area of mathematical finance, there are many major problems in the
financial market such as hedging and pricing different financial products. There are two
popular approaches in mathematical finance for option pricing. In the first approach, the
price of any financial security equals to an expected value under the risk-neutral probability
while in the second approach the price of the option can be calculated by the Black-Scholes
formula. There are many important topics in mathematical finance such as risk measures
and portfolio management, hedging, volatility, risk management, credit risk, insurance
analysis and financial derivatives pricing under the risk-neutral probability measure. In
this thesis, we consider the topic of pricing financial products under Esscher measure for

models stopped at the death time.

Esscher Transform is one of the useful topics in mathematical finance. This transfor-
mation was introduced by the Swedish actuary F. Esscher in 1932 [7], it is named in honor
of him. Gerber and Shiu [3] (1994, 1996) used the Esscher transform for pricing some
derivatives namely options. In 2002, Kallsen and Shiryaev [11] introduced the Esscher

martingale measure for exponential processes and the Esscher martingale transform for
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linear processes. Esscher transform plays a vital role in the financial market because it is
a great tool for pricing many contingent claims (individual risks) and financial derivatives
like options. It is mainly a transformation of distribution function F'(z). Esscher martin-
gale transform is a popular approach for option pricing for incomplete models. There are
two different Esscher martingale transforms for Levy processes depending on the choice of
the parameter. The first one makes the ordinary exponential process a martingale while
the other one makes the stochastic exponential a martingale. Esscher transform creates
an equivalent martingale measure on stock price process. Here are some examples of the
stochastic processes: Poisson process, Weiner process (Brownian motion) and the inverse
Gaussian process. Brownian motion and Poisson process are the most common examples

of the stochastic processes with stationary and independent increments.

A general definition of Esscher transform relies on the change of measure for certain
class of stochastic processes for modelling financial security prices, in which the Esscher
parameter is determined in such a way that the discounted price process of the primitive
securities becomes a martingale under the Esscher measure . In mathematical finance and
insurance mathematics areas, Esscher transform is a very popular way to price many fi-
nancial products. It solves major problems in quantitative finance such as option pricing,
asset allocation, and risk management. Esscher transform can be used to price the financial
derivatives of asset pools or multiple risky assets. A very notable application of Esscher
transform is inventing some hedging strategies to avoid the risk of losses. There are other

applications such as the valuation of non risky assets.

This thesis is organized as follows. There are six chapters including the current chapter.
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The second chapter recalls some stochastic elements, for both discrete and continuous time.
In chapter three and four of this thesis, we address the Esscher pricing measure/density
for the discrete time models with a particular illustration on the binomial and trinomial
models. In chapter 3, we consider the model, without incorporating the mortality, denoted
by (S,F). Here S represents the price process of the underlying risky assets (stocks). In
chapter 4, we incorporate the mortality into the model and work with the model (S7,G).
Here S7 is the stocks’ price process stopped at the death time 7, and G is the resulting

flow of information from the expansion of the flow F with 7.

In chapter five and six, we discuss the Esscher pricing measure for the continuous
time namely for the Brownian motion (Weiner process). In chapter 5, the model of the
Black-Scholes for the stock without the mortality is considered. Chapter six incorporates
the mortality via considering the stopped Black-Scholes model at the death time with its
larger flow of information G. Herein, we describe the Esscher pricing measure, we price
some death-linked contracts, and we compare the obtained Esscher under mortality prices
with the Black-Scholes prices under no mortality. The Greeks for the Esscher prices are

also derived in this chapter.



Chapter 2

Mathematical Tools and

Preliminaries

In this chapter, we introduce some of mathematical tools that we used in our studies.
This chapter is divided into two sections. The first section recalls mathematical and statis-
tical tools for discrete-time setting, while the second section addresses the continuous-time

setting.

Throughout this thesis, we suppose given on a probability space (€2, F, P). Here, Q
is representing all the possible outcomes, F is o-algebra of subset of 2 and P represents
the probability measure. Below, we recall one of the most useful definitions in the field of

mathematics which is the definition of o-algebra (see [17]).

Definition 2.0.1. A o-algebra on 2 is any collection B of subsets of Q0 satisfying the
following:

(i) (Empty set) ) € B.
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(ii) For any E € B, then E¢:=Q\ E € B.

(111) For any sequence (E,),>1 of elements of B, we have U;, E,, € B.

Definition 2.0.2. Let A and B be two events on the probability space (2, F, P) such that

P(B) > 0. Then
P(ANB)

P(AIB) = ~ 5

In chapter 4, we change the probability measure, and hence we need the following

results that can be found in many probability books see for instance [13]

Lemma 2.0.1. Let () ~ P be equivalent two probability measures on the probability space
(Q, F) with density Z, X be a nonnegative random variable or X Z is integrable, and G is

a sub-o-algebra of F. Then
Ep[XZ|G]

Eqo[X|9] = EpiZI0]

2.1 Elements from discrete-time stochastic

Throughout this section, we consider the setting of discrete-time. A filtration F :=

(Fi)t=o.... T is an increasing sequence of o-algebras
Fogfsgﬂnga OSSStST

Definition 2.1.1. A process X = (X})i=o..... 7 18 said to be F-adapted if X, is F;-measurable

.......

forallt=0,....,T.

Definition 2.1.2. A process X = (Xi)i=o.....1 15 said to be F-predictable if X, is Fy_1-

-------

measurable for allt =0,.....T.
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Definition 2.1.3. Let M = (M,;)i—o.. 1 be a stochastic process. M is a martingale if

(1) M is F-adapted.
(2) B|M,| < 400 ¥V t=0,...,T.
(3) E[Mt|ft_1] :Mt—ly Vtzl,,T

Then, M, is sub-martingale if and only if (1) and (2) hold, and (3) replaced by

E[Mt|‘7.t—1] Z Mt—h a.s. Vi= 17 7T

M; is super-martingale if and only if (1) and (2) hold, and (3) replaced by

E[MAE_I] S Mt—h a.s. Vi= 17 7T

Stopping time is one of the important random times in the area of mathematical finance,

we state below the definition of it [17]

Definition 2.1.4. On the probability space (2, F, P), any nonnegative random variable T

is a stopping time with respect to the filtration F := (Fi)i=o...1, if and only if

.....

{T:t}éft, t:O,,T

2.2 Elements from continuous-time stochastic

In this section, we introduce the Brownian motion and its properties. Brownian mo-

tion is a continuous-time stochastic process that is widely used in physics and finance for
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modelling random behaviour over time. It is used in mathematical finance to model stock

prices. Below, we define it precisely

Definition 2.2.1. Let W = (W,);>0 be a stochastic process. Then W is called a Brownian
motion if the following hold [1/]:

1) The initial value of the process Wy =0

2) Wy has stationary and independent increments,

3) The process Wy is continuous in t,

4) The increments Wy — Wy are normally distributed with mean zero and variance |t — s|,

W, — W, ~ N(0, |t — s|) (2.1)

Beside the definition of the Brownian motion itself, we need to define the filtration of
it
Definition 2.2.2. Let a Brownian motion Wy be defined on the probability (2, F, P). A
filtration for the Brownian motion is a collection of o-algebras (Fy)i>o, satisfies [17]:
(i) Every set in Fs is also in Jy, for every 0 < s <t
(ii) At time t, Wy is F;-measurable,

(i1i) The increment of (W, — W,) is independent of F;,  for0 <t <u

In order to introduce Ito’s lemma, we have to define the stochastic integral [17]. We
have to start constructing the Ito’s integral. Let W; be a one dimensional Brownian motion
with the filtration F;. An adapted stochastic process X; is called elementary process, if it

is written in the form

Xt = Zgil(ti,ti+1]t7 (22>
=0
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where 0 = tg < ¢; < ... < t, < oo, and for each index i the random variable &; is F,-

measurable.

Definition 2.2.3. For a simple process (X;)i>o satisfying (2.2), the Ito’s integral is defined

as:

L(X) = /Ot XodW, 1= Y&Vt A1) = Wt A1),

Then, we need to define the Ito’s process

Definition 2.2.4. Let X, be a stochastic process, Then X; is called Ito’s process if it is

written in the following form:

t t
X =Xo+ / asds + / b dW,
0 0

where a and b are two progressively measurable process such that
t
/ [|as| + |bs|?]ds < +00 ¥ t>0.
0

After that, we introduce Ito’s lemma [17] and it is a very important part of [té’s calculus

Lemma 2.2.1. Let (W;)i>o be a Brownian motion. Then we have

FOV) = %) = [ rovgaw.+ [ Srravas

Theorem 2.2.2. Let W be a Brownian motion defined on a probability space (2, F, P)

and (Fi)i>o be the filtration. Then, let M; be a martingale with respect to (Fy)i>0, My can
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be written as follows

t
Mt=M0+/ by dW's,
0

where 1) is a progressively measurable process such that

¢
/|¢S|2ds<—|—oo v t>0.
0

Theorem 2.2.3. Let W = (Wy)i>0 be an m-dimensional Brownian motion x € R, and

A, a,Sj, 05 be progressively measurable,real-valued stochastic process such that

plur=o0: (A +las)hds < oo} =1

P {Vt >0: /0 (|S2(s)] + |05 (s)])ds < oo} =1
Then the stochastic differential equation
0X, = [AWX(0) + (o) de-+ 3 [8,(0X (1) + 5 ()] I 1),

X(0) =,

has a unique solution given by
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Definition 2.2.5. On the probability space (2, F, P), any nonnegative random variable T

is a stopping time with respect to the filtration F := (F;)i>0, if and only if

{(r<tyeF, 0<t<T.



Chapter 3

The Esscher pricing measure in

discrete time

In this chapter, we will focus on the Esscher pricing measure in discrete time setting.
1, which represents the stock price process,

-----

1, P). Throughout this section,

.....

we also consider the following notations
* S . : * * *
St = 5= discounted stock price process, AS; =S; -5, t=1,..)T.

Since our framework is a stochastic dynamic setting, we consider our extension of Esscher
transform, called conditional Esscher transform. Up to our knowledge, this extension was
introduced first in [1], and we refer the reader to this paper for more details and related

discussion. Below, we recall the definition of Esscher pricing density.

12
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Definition 3.0.1. Suppose that a stochastic process H = (H,) with AH,, = h,,, EFe%h <

00, k> 1 and a1, as,.... are constant then the following process Z = (Zp)n>1 and Zy =1
n eakhk
Zn = _ >1 3.1
1!—[1 Elehe | Fi] "= (3.1)

15 a martingale called Esscher martingale density, or Esscher pricing density.
By constructing the family of measures (ﬁN) such that dﬁN = ZndPy and ISN =
ﬁN+1]f ~v. The conditional distribution

eaNhN

hn) E[eaNhN |-FN—1]

ﬁN(hN S A|]:N_1) = E[[A( |,FN_1]

is called the conditional Esscher transform.

3.1 The general framework

This section describes the Esscher pricing density by using an integral equation. More
importantly, we extend (3.1) to allow the sequence of constants (a;);>1 to be a predictable

process.

Theorem 3.1.1. The FEsscher pricing density, denoted by Z, is given by:

~+

GAS*
Cot=1,...T, Zy=1, (3.2)
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where 0, is an F;_1-measurable random variable that is the unique root of
0 = E[AS; e | Fy_y] = /(:L’ — Sp e S Fy(dx), where Fy(dz) == P (S; € dz| Fi-1) (3.3)

Proof. This proof contains three steps. In the first step, we prove that the process 7
defined in (3.2) is a positive martingale, while the second step proves that the process Z.S*
also a martingale when 6 satisfies (3.3). The last step proves that the equation (3.3) has
in fact a unique solution.

Step 1. It is clear that Z; is positive since it is the product of positive random variables.

It is also clear that Z; is F;-measurable, and satisfies

RN

Ele®ASt | F_q]’

Zt - Zt—l t = ]_, 7T (34)

Therefore, by taking conditional expectation in the above equality, we get
E[Zt|]:t—1] :Zt—la t= ]_,...,T.
This proves that Z a positive martingale.

Step 2. By using (3.2) and (3.3), for t =1, ....., T, we derive

GBS SIF ) ZiaSi Ele S5 | Fiy)
E[Z,5;|Fi1] = : = * = Zi1Siy-
(2S¢ | Fil E[e?AS; | F,_ ] E[e%AS7 | Fy4] ol

This proves that Z.S* a martingale, and completes the second step.
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Step 3. Here we prove that (3.3) has a unique solution. To this end, we put

fla) = /6‘”(“}_5?1)1%(0[:1:), a e R.

Then, we get

a) = f'(a) = [(z— S )@ Fy(dx) = 0,
gla) = f'(a) = [(z = ;) Fi(dz) =0 (3.5)

g'(a) = f"(a) = [(z = S;_)?e* 5D Fy(dz) > 0

It is clear that g is strictly increasing and continuous. We need to calculate the limits when

a goes to (+00) and (—oo). Then

lim =
a—r—+00 z>5

lim = / (x—Sf_l)e“(xsfl)Ft(d:U)—l—/ (x—S; )e* @S- F,(dz) = 0—o0 = —o0
o

a——00 2<S;_,

(x—SZ‘1)ea(x_sf—1)Ft(dI)+/ (z—S; )e @5 F(dz) = 0co—0 = 400

* *
t—1 TSy

Therefore, we have that g(+00) = 400 and g(—o0) = —oo. Hence by using the intermediate
value theorem, these exists a unique a € R particular g(«) = 0. This proves that (3.2) has
a unique solution, and the proof of the theorem is completed.

See [2] for the intermediate value theorem. O

3.2 Particular cases

In this section, we illustrate the results of the previous section on two important par-

ticular cases, namely the binomial and trinomial models.
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3.2.1 The Binomial Model

Throughout this subsection, we assume that the stock price S = (S;);=o..._ 7 is given by

¢
Sy =81, =5 HYZ" t=1,....,T, Spis a positive given number, (3.6)
i=1

777777 r are independent and identically distributed random variables satisfying the

following

u  with probability p,
Y, = (3.7)
d with probability (1 — p).

Theorem 3.2.1. The model described in (3.6)-(3.7), is arbitrage free if and only if
O<d<l4r<u,

and under this assumption there is one risk-neutral probability Q) given by

1 — — (1
%j =:p*,  Q(Stock goes down) = u-(1+r) =1-p"(3.8)
u R—

Q(Stock goes up) = -
u —

The proof of this theorem can be found in [15].

Theorem 3.2.2. The Esscher pricing density process, denoted by Z, when S follows the
binomial model of (3.6)-(3.7), is given by

Ry e



CHAPTER 3. THE ESSCHER PRICING MEASURE IN DISCRETE TIME 17

Proof. The proof of the theorem follows from Theorem 3.1.1, as soon as, we solve (3.3).This

is the aim of the rest of this proof. To this end, we calculate

Yi—(1+7r)

AS} = ! =Sty = Sia—

, t=1,...,T

Then, by inserting this in (3.3) and using the fact that Y; is independent of F;_; and has
the same distribution as Y7, we get

Yi—(1+r)

- S* B
0 St l 1+7r

exp (8,51 AV = (1 7)1+ 17

Yi—-1-r -
= 5708 [P a0 = (1 )1+ T

. u—1—7r L, u—1—r d—1—r L, d—1—1r
= S {p (1——1-7”) exp <9tst_11—+7’> +(1-p) (ﬁ) exp (etst—1ﬁ>}

Hence, the solution to this equation is

~ 1+ N (1-=p)(1+r—4d) 14 N p*(1 = p)
9“‘@—@&41{ plu—1-r) } (u—@$41[(_¢m} (3.10)

As a result, we get

das; = sy, U _No U, {p . _m}

L+r u—d 1—p)p =y(Y;— (147)), (3.11)
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where « is given by (3.9). Then, by combining (3.10) and (3.11) we obtain for t = 1,....,T

OtAS; e (Ye—(147))
E[egtAS: Fii] o ElerMi=04)| F_{]
ey e
- Ele™|F_] EleY]
67Y1

per + (1 —p)er®

Therefore, by inserting this in (3.2), we obtain

.

t eYi 4
7, = = = .
' 1} pert + (1 —=p)ert  (per + (1 —p)erd)!

and hence (3.9) follows immediately. This ends the proof of the theorem. O

3.2.2 The Trinomial Model

Throughout this subsection, we assume that the stock price S = (S;)i—o,... 7 is given by

-----

t
S =851, =5 HY}, t=1,....,T, Syis a positive given number, (3.12)

i=1
and (Y3);—1,_r are independent and identically distributed random variables satisfying the

following
(

u  with probability p,

Yi =4 m with probability g, (3.13)

\d with probability (1 —p — q)
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where p >0,g>0and p+q < 1.

Theorem 3.2.3. The model described in (3.12)-(3.13), is arbitrage free if and only if
O<d<l4r<u,

and under this assumption the model is incomplete, or equivalently there are many risk-

neutral probabilities.

The proof of this theorem can be found in [15].

Theorem 3.2.4. The Esscher pricing density process, denoted by Z, when S follows the
trinomial model of (3.12)-(3.13), is given by

Z, = exp (% S vi- (@) + ﬁ)) , (3.14)

where f is a function given by

u—1l—7r m—1—7r

f(z) ==In (pe(f ) 4 qel" ) 4 (1—p— q)e@‘ﬁiﬂ) , (3.15)

and 7 is the unique root of f'(x) =0, or equivalently

[(u—r—1)pexplz(u—1—7)]+(m—r—1)gexp[z(m—r—1)]+(1—p—q)(d—r—1) exp[z(d—r—1)] =0
(3.16)

Proof. The proof of the theorem follows from Theorem 3.1.1, as soon as, we solve (3.3),

and prove that (3.16) has a unique solution. This is the aim of the rest of this proof. To
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this end, we calculate

Yi—(1+7r)

ASt* = S: - 55—1 = S:—l 1+r

. t=1,...,T

Then, by inserting this in (3.3), and using S; ; > 0 and the fact that Y; is independent of

Fi_1 and has the same distribution as Y7, we get

o
I

E [W exp (a8, (Y = (1+7))(1+7)7) |}—t1}

Y — (1
B [% exp (am(Yl —(1+r)+ 7’)_1)] Ie—s» y,  (since Y; is independent of F;_;)
. ~
u—1-—7r g u—r—1 n m—r—1 g+ m—r—1
—p——exp | a - ——exp |« _
p 117 P =1y q 11r p =1 4y
d—r—1 d—r—1
l—p—q)——— S, ——.
Hl—p—a)—— wPG¥F11+T )

Therefore, if 6; is the root for
0= p(u—7r—1)e-210==0 L g(m —r — 1) == 1 (1 —p—g)(d —r —1)e*Si-2d=r=D),
then n; := 6,5 | is the root for (3.16). As a result, we get

Yi—(1+7r) Yi—(1+r)
= t=1...T 3.17
1+7r 1+7r 77’ T ( )

QtAS:( = 0,58:_1
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where 77 is the unique root of (3.16), which is a real constant. Therefore, we get

Yi—(+r) =Y —(1+r)

B[RS |Fy_y] = E[eﬁtst*_l tr | Fio1] = Ele" ]

~u—r—1

— pe(ME) 4 geF) 1 (1= p — )5 (3.18)
= exp(f(77))

where f is the function defined in (3.15). Thus, by inserting (3.17) and (3.18) in (3.2)

afterwards, we obtain

~ t

Z —exp<n2 i) tf(?“ﬂ)=exp<1ZTZ(K—(1+r))—tf(m>

This implies (3.14). Then, the proof of the theorem will be achieved as soon as we prove

that (3.16) admits a unique solution. To this end, we put

h(z) = p(u—r—1) exp(x(u—r—1))+q(m—r—1) exp(z(m—r—1))+(1—p—q)(d—r—1) exp(z(d—r—1)).
Then we calculate the derivative of h(x)

W (x) =plu—r—1)%"""D 4L g(m—r—1)% D L (1—p—q)(d—r—1)%e4D >0

Hence h is strictly increasing, continuous and h(+00) = 400 and h(—o0) = —oo. This is

due to the fact that

lim e = B (3.19)

T—+00
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lim aet® = - (3.20)

T—r—00



Chapter 4

The Esscher under mortality for

discrete-time

In this chapter, we derive the Esscher pricing density in the discrete time framework,
for the model S™. Since 7 is not an F-stopping time, the first obstacle is to find another
filtration that incorporates the information in 7 and that in F. Thus, herein, we follow the

footsteps of [0] regarding this issue, and we consider the filtration G given by
G = (G)i=o,..., G=FNVo{(tr=k),k=0,..,t}), t>1.

Therefore, for the filtration G (as stated in [0] ) 7 is a stopping time and our problem
reduces to discuss Esscher pricing measure for the model (S7, G). Throughout this chapter,
we consider the following lemma (See Lemma (2.4) and the equality (2.7) in Choulli and

Deng. [0] ), that we state below

23
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Lemma 4.0.1. The following assertions hold.

(1) For any nonnegative (or integrable) random variable X, we have
E[X|Gi] Ip<ry = E [ X< | Fioa] (Gioa) Hp<ry. (4.1)

(2) For any G,_1-measurable random wvariable, Gf’, there exists F;_i-measurable random
variable, 07, such that

0F =605 on (t<7). (4.2)

Lemma 4.0.2. The following process

Lo=]] G t=1,..,T, (4.3)

is a positive martingale with respect to (Ft)i=o,..1-

Proof. Remark that L; is positive, F;-measurable, and satisfies

G
L |J—“t_1] .

BlLi|Fi] = Lin E G

Due to E[G|Fi_1] = Gy_1, which follows from Gy = P(t < 7|F,) = P(t >t — 1|F,), we
deduce that
E[Lt|ft,1] == Lt,1 tzl, ...... 7FP.

This proves that L is a positive martingale. O

The next theorem proves that the Esscher martingale measure for (S7,G) coincides
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with the Esscher martingale measure of (5,Q,F) for some probability Q).

Theorem 4.0.3. Consider the probability ) := Lt - P, where L is given in (4.3), and let
79 be the Esscher pricing density for (S,Q,F), and ZC be the Esscher pricing density for
(S7,G). Then it holds that

78 =7°, t=0,1,...,T.

Proof. First, we have the density Z©, is given by

76 = : P —1...T. Zy=1 4.4
c=11 E[e%557|G,_,] t=L.. 1 Z=1 (44)
=1 1=

where (6%);51 is a G-predictable process.
Thus, by applying (4.2), we replace §° by an F-predictable process 6*.
Afterwards, we combine (4.1) and the Bayes’ rule, and get on (¢t < 7),
E [GefAS:éﬁftfl

e _ B [FAS:
G 1} Gy qle

E [ N

Foil

As a result, we derive for ¢t < 7:

GGAS* t QFAS 0
| | =7 Z
GFAS* AT 0
EQ 2—1]

=1

I
—

ZF =

i=1

E [ee;GAs*

This ends the proof of the theorem. n
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4.1 The general framework

The aim of this section is to describe the Esscher pricing density for ( S7, G). To this
end, we start describing the Esscher pricing density for the model (S, F, @Q)), where @ is
given in (4.0.3). Then, we combine the obtained result with Theorem 4.0.3 to achieve our

goal.

Theorem 4.1.1. The Esscher pricing density for (S, F := (Fi)i—o.. 1, Q),denoted by Z,

1S given by:

¢ ASI G
Z =] — L ot=1,....T, Zy=1, (4.5)
i Ble" a5 G| Fid]

where 0, is F;_1 measurable random variable that is a unique root of
E[AS; ™5 Gy Fiq] = 0 (4.6)

Proof. This proof is divided into two steps. In the first step, we prove that Z is a martingale
under Q). In the second step, we prove that ZS* is a martingale under Q.

Step 1.We need to change the measure by applying Bayes rule:

E\Z,L|Fi_
Falair ) = PPl



CHAPTER 4. THE ESSCHER UNDER MORTALITY FOR DISCRETE-TIME 27

Then we derive

1 [ 66"AS;GZ;1 ! él
EolZi|\Fie = E = Fi
QlZ| Fi-1] L1 _E E[eHiASfGi\]:i,ﬂ P qu‘ t—1
- geren
= E\Zi_ 1L ‘ = il |-7:t—1
Lt—l i E[eetASt Gt|ft_1]Gt_1

= Zi-1.

This proves that Z a martingale under Q).
Step 2. Here we prove that ZS* is a martingale under @ if and only if (4.6) holds. To

this end, we remark that

E[ZiLiS;|Fia] _ ZiaB[S; ™25 G| Fiy]

EQ [ZtSt ‘./T"t—l] = Ltfl E[eO‘AS?CNQ't]Ft,l]

E[SZeaAS; ét‘]'—t_ﬂ
E[eaAS; Gt|.7:t_1] ’

or equivalently 6; is the root of F[AS,e**% ét\]:t_l] = 0. This proves the theorem. O

Thus, we conclude that Z.S* is a martingale under ) if and only if S} ;| =

Theorem 4.1.2. The Esscher pricing density for (S™,G), denoted by Z©, is given by

tAT 6§iAS;f

ZE = _—
t H E[e%AS7|G;_4]

i=1

Cot=1,...T, Zy=1, (4.7)

where é; 1s Fy_1-measurable random variable and the root of

E[AS; 5 Gy Fiq] = 0 (4.8)
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Proof. First, we need to define two conditional survival probabilities as follow:
Gy=P(t<7|F)  and Gy =Pt < 7|F). (4.9)
Second, we will change the measure by applying (4.2) and (4.1)
E [ 0ASH|G, 1] Ii<ry = E [eemsﬁ{tg}!ﬂfl] (Gi1) Hp<ny

Rewrite Z as follow, on (¢t < 1)

e B t GJ.FAS?‘Gil
t i B85 Gyl Fia
Then,
t GFAS*GZ )
(Z|Gia] = E[le Ele oTASI G, 7 1]|Qt71]
OFASH
et (G
= ElZi——— — |G 4]
E[eei St Gt’ftfl]
OFASy
et2Pe G
= [Zt—l el ’th—l]

E[e%AS: G| Fy]
=71

This proves that Z® a martingale. Then, we will prove that ZS* is a martingale. Remark
that on (t < 7):
G, DS

E[ZtSt |gt—1] =F Zt—lst E[éteefASf -7:15—1] ‘gt—l = Zt—th—l

E[S:GGtAS,? |gt_1]
E[G,e?857 | Fyy]
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By using (4.1), we obtain

* Z — G - * B * _
El2i5(16] - = E[étetatlAs; }tﬂE[St G "% | Fu 1) (Geen) ™!
Z — -~ *
== B[S;G e 2% | Fya).
E[Gye a5 | Fy ]

Thus, from this equality, we deduce that ZS* is a martingale if and only if € is the root of
(4.8). This ends the proof of the theorem. O

4.2 Particular cases

In this section, we illustrate the results of the previous section on two important par-

ticular cases, namely the binomial and trinomial models.

Throughout this section, we consider a sequence (Y;);>1 of independent and identically
distributed random variables and another sequence (¢;);>1 of independent and identically
distributed random variables that are also independent of (Y;);>;. Then throughout the

rest of this chapter, the filtration F := (F;);—o_ r will be
F = (—FTL)TL:O,..,Ta Fn = O-(}/la """ 7Yn7€n7 ""761)7 n Z 17 ]:0 = {®7Q}

Lemma 4.2.1. Let a, b, and c be real numbers. The process

t

t
K; :=exp ZaYi—i-qu—ct , t>0.
i=1

=1
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is a super-martingale if and only if p(a)(b)e™¢ < 1, where
o(r) = Ele™], and (z) = Ele™]. (4.10)
Proof. Due to the independence of (Y}, €;) and F;_;, we derive

t t
E[K}|Fi] = exp Z aY; + bz €; — ct|Fi1
=1 =1
— Kt_lE[e(aYt—&-bet—c)]

= K, E[e"™]E[e"]e™¢

As a result, K is a super-martingale if E[K;|F;_1] < K, 1, which is equivalently to
Ele?t|Ele*t]e~c < 1, or equivalently to p(a)y(b)e~¢ < 1. This proves that K; a super-

martingale if and only if ¢(a)y(b)e ¢ < 1. O

Throughout the rest of this chapter, we assume that 7 follows a model given by its

Azéma-supermartingale
" t t
Gy == exp ZaY; + bz e —ct|, with ¢(a)(b)e ¢ <1, (4.11)
i=1 i=1
where ¢(a) and () are defined in (4.10).

4.2.1 The Binomial model under mortality

In this subsection, we suppose that the sequence (Y;);>; follows from Subsection 3.2.1

where Y] is a binomial random variable.
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Theorem 4.2.2. The Esscher pricing density, when S follows a binomial model, for

(S7,G), is given by

~ tAT
5
7, = Y, — A 4.12
t eXp[1+riZ:1: 1 (t/\T)lv ( )
where
(1+7)n [ 22 NEN
= — (1 A =1 4.1
fy u — d ( +T)a‘7 n g0(@) Y ( 3)

and @(a) is the function given in (4.10).

Proof. The proof of the theorem follows from (4.5), as soon as, we solve (4.6). This is the

aim of the rest of this proof. To this end, we calculate:

Yi—(1+47r)

AS) =5/ =51 =51 1+r

: t=1,...T

Then, by inserting this in (4.6), on (¢ < 7) we get

. Yi—(1+7) L Y= (1+r) S
0 = St—lE |:tlT exp (QtSt_l%> Gt|]:t—1:|

Vi — (1+7) Yy — (1+7)
SRS LT o )| Taess
T+r O (x L1 )] fe=esiy

u—r—1 0.5* u—r—ljL .
ex — +au
I+r P\

d—r—1 d—r—1
(1 —p)ﬁ exp (GtS:_l—+ad)}

=S¢ Gy Ele"¢|E {

- S:_lét_lE[ebet_c] {p

147
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Hence, the solution to this equation is given by

~ 147 (1—=p)(l4+r—d)] adl+r) 147 [p*(l—p)} a(l+7)
0, = — In — . = —In . — -
(u—d)S; plu—1-—r) Siq (u—d)S; (1—p*)p Siq
(4.14)
As a result, we get
n x o Qx Y;—(l—f—'l“)_,,}/;—(l‘l—r)
HtASt = QtSt—l 1 T =7 1 T (415)

where 7 is defined in (4.13). Remark that G;_; and ét are related by the following equation

Giorp(@)p(b)e = E[Gi|Fi] = Gy (4.16)
This implies that
~ e G
Gt—llb(b)e - g@(a)’

and by combining this equality with (4.14), we get

- e~ ~ Yi— (1
B35 G\ Fi] = Gyi(b)e B {exp @% " Y)]

— g&;e—m {exp ((%H + a)Yl)]

G (3 -
‘so<a>*”(1+r+“)e
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Then, by inserting this equality (4.15) and (4.16) in (4.5), we obtain

t ~ Y, —(147)
e T G

Y —(+4r) ~
i=1 F |:€fy I+r Gz’]:z—l]

where A is given in (4.13). This implies (4.12) and the proof of this theorem is completed.
[

4.2.2 The Trinomial Model Under Mortality

Hence in this subsection, we suppose that the sequence (Y;);>¢ follows Subsection 3.2.2

where Y] is a trinomial random variable.

Theorem 4.2.3. The Esscher pricing density, when S follows the trinomial model, for
(S7,G), is given by

Zy = exp (ﬁin —T(tA 7')) , (4.17)

where 1 is the unique root of
plu—r — 1) L g(m —r — 1)@ 1 (1 —p—g)(d —r — 1)t =0, (4.18)

and

P (2050, (4.19)
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Proof. The proof of the theorem follows from (4.5), as soon as, we solve (4.6). This is the

aim of the rest of this proof. To this end, we calculate

Y~ (1+1)

ASp =8 =S =5L—7

Y

Then, by inserting this in (4.6) and using the fact that Y; is independent of F;_; and has

the same distribution as Y7, on (¢ < 7) we get

Yi—(1+7) L Y=+ S
0 =F [% exp (aSt_l%> Gt|]:t—1}

Yi—(1+7) Yi—(1+7)
_ _ Y, Tin—as 1,
ex (x T +aY; { Sy 4}

~ e u—r—1 L, u—r—1
= Gt_lE[eb ¢ ] {pv exXp (ast_ll——l—r + CLU)

= G, E["|E {

m—r—1

m—r—1
147

147

d—r—1

+q exp (aSZ‘_l + am> +(1-p—gq)

Therefore, if 6, is the root for

0= p(u—r—l)eas;l%T:h”“‘—i—q(m—r—1)60‘5:*1%71”’”4—(1—19—(])(d—r—l)easgfl%+ad.

057

- is the root of

then n, :=
0=plu—r— 1)6(““)“ +qlm —1r— 1)€(I+a)m +(1=—p—q)(d—r— 1>€(ﬂc+a)d.

As a result, we get

Yi—(1+7)

=Y, — (1 7. t=1,...T 4.20
1+r (t ( +T))77’ ) s Ly ( )

etASZ( - (9t S:_l
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where 77 is the unique root of (4.18). By combining this with (4.16),we get

Yi—(14r) ~

E[eA5iGy|Fy_y] = B[S T8 G| Fia]

= ét71E[ebﬁt_c]E[eﬁ(yl_(l'*'r))‘*‘ayl]

— %[peﬁ(u—r—l)—&-au 4 qeﬁ(m—r—l)-l—am 4 (1 —p— q)eﬁ(d—r—l)-‘rad]

= Z=Le (1] 4 a),
(4.21)

Then, by inserting this equality (4.20) and (4.21) in (4.5), we obtain

AP e

L Bleni-(4m) G| Fy]

tAT eﬁy

Zt =

‘p(a)
e +a)

tAT
= exp (7’721@ - Pt) ,
i=1

where A is given in (4.19). This implies (3.14). Now, we prove that (4.18) has a unique

solution. To this end, we put

f(a) = p(u—r—1)exr=Dreuy g _p_1)edtm—r=tem (| _p_ o) (d—r—1)e*dr=DFad o c R,
Then, we have

() = plu—r—1)2e2@=r=Dreuy gy 1)2eatm—r—D+am (1 0y(dp—1)2eo(d-r—D+ad 5 g

It is clear that f is strictly increasing and continuous, and satisfies f(400) = +oo and

f(—o0) = —oo. Hence, thanks again to the intermediate value theorem, these exists
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unique 7 € R particular f(77) = 0. This ends the proof of the theorem. ]



Chapter 5

The Esscher for the continuous-time

In this chapter, we extend our studies to the continuous-time setting. Hence, through-
out this chapter, we suppose that W = (W;);>o is a Brownian motion on a probability
space (2, F, P). Then the filtration F := (F})¢>0 is the augmented natural filtration of W.
For simplicity, we assume that the risk free rate r = 0. We suppose that the stock price

process S = (S;)o<i<r is given by

2
Sy = Spe™t, where  X; = (u— %)t +oW,,  0<t<T, (5.1)

where Sy is a positive number, i1 € R is the drift rate and o is a positive number representing
the volatility rate.
A direct application of Ito’s formula allows us to conclude that S is the unique solution to

the following stochastic differential equation

dSt = Stdj(vrt, where j\(:t = /Lt + UWt. (52)

37
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5.1 Definitions of Esscher pricing measure/density

For continuous-time models, there are two definitions of Esscher transform in the lit-
erature, depending wether we consider process X or the process X that appeared in the

dynamics of S in (5.1) and (5.2) respectively.

Definition 5.1.1. (Esscher for exponential processes) We call exponential Esscher mar-

tingale density for the model (S, ), the process Z is given by

Zy = exp(6X, — v(0)1), 0<t<T.

Here ~v(0) is a function of 0 € R, such that the process exp(0X; — v(0)t) is a martingale,

and 0 is a real number such that (Zst)ogth is a martingale.

Definition 5.1.2. We call linear Esscher martingale density for (S, F), the process
Z, = exp(0X, — k(O)1), 0<t<T,

where k(0) is a function of a real number 6 such that exp(6X, — k(0)t) is a martingale,

and 8 is a real number such that (Ztst)ogth 1$ also a martingale.
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5.2 Esscher Pricing Measures

Theorem 5.2.1. The Esscher pricing density Z, for the model (S, F) defined in (5.1), or

equivalently (5.2), is given by

—p 1
o o

Proof. This proof is divided into two parts. In the first part, we need to find the process

of V, = fg vs(0)ds that makes the process

t t
7% .= exp( / 0,dX, + / vs(6)ds)
0 0

a martingale. In the second part, we have to find the value of 0 that makes the process
798 a martingale.

Part 1. Consider the process Z?
t t
7% =¥ where Yt:/ Ouqu—l—/ v, (0)du (5.4)
0 0

where S is given in (5.1).

By applying Ito’s formula to Z%, and get

1
dz? = ZdY; + 52 (Y),

2 2.2

0
t; o+ Ta dt + 0,0dW,.

= Zy |Opp —
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As a result, Z% is a martingale if and only if

0,02 %0

’Ut(e) = —etﬂ+ 5 9

(5.5)

Part 2. In order to find the value of 6,, we need to calculate the dynamics of Z?S using

Ito’s formula. This leads to
d(Z°9); = ZuSi[(p + 0,0%)dt + o (1 + 6,)dW,].
Therefore, Z%S is a martingale if and only if

[ ——— (5.6)

o2

Then, by inserting (5.5) and (5.6) in (5.4), we obtain (5.3). This ends the proof of the

theorem. O

We didn’t specify in the previous theorem wether we consider the linear Esscher pricing
density or the exponential Esscher pricing density for the model (S,F). This is due to the
fact that both densities coincide in this Brownian setting. In fact, the exponential Esscher

pricing density, defined by
Z, = exp(6X, — v(0)1), 0<t<T,

can be obtained as follows. A direct application of [to’s formula, we get

2 2 2
dz¢ = Z(0cdW, + (0(u — %) + 92‘7

—7(0))dt),
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and hence Z? is a martingale if and only if

(0) =0(p— —) +

and in this case we have

dz¢ = Z2c0dW,, 7§ =1

Similarly, we recall that the linear Esscher density
LY = exp(6X, — k(0)1).

Due to a direct application of It6’s formula, we get

6?02
drL? =LY (OodW, + ( — k(0) + Op)dt)
L? is a martingale if and only if
92 2
k() = 2" + 0y,

and in this case we have

dL! = Lio0dW,, Lj=1

41

(5.7)

(5.8)

Therefore, in this Brownian setting, Z% and LY are solutions of the following equation

dZt = HO'thVVt, Z() =1.
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Thus, Z% and LY conicide with the solution to this SDE given by (see Theorem 2.2.3 )

292
7Y = LY = exp (OJWt — 02 t) .

This ends the proof of the theorem.

42



Chapter 6

Esscher under Mortality for

Continuous-time

In this chapter, we address the Esscher pricing measure under mortality for the continu-
ous time setting. Precisely, we suppose that the stock’s price process follows the Brownian

motion model of chapter 5 (see (5.1)-(5.2)).

Lemma 6.0.1. Let o, 8 be two real numbers. The following process
K, = exp(aW, + pt),

15 a super-martingale if and only if B < —Ta?

Proof. By applying Ito’s formula, we get

1
dK, = K, |adW, + Bdt + §a2dt .

43
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Then, K, is a super-martingale if and only if
2

ﬁ+%§o.

This ends the proof of the lemma. m

Throughout this chapter, we suppose that the death time 7 follows the model given by

its survival conditional probability G as follows,

2

G, = P(r > t|F,) = exp(aW; + Bt),  with 8 < % (6.1)

6.1 Esscher under Mortality

In this section, we consider the following process
Wt = Wt/\T — Oé(t A 7'), (62)

which is a martingale under G, see [1] for details about this and related discussion.

The stock’s price process stopped at 7, S7, is given by

2 —_
ST = Spe* where Xy, = (1 — % +ao)(t A1)+ oW, (6.3)



CHAPTER 6. ESSCHER UNDER MORTALITY FOR CONTINUOUS-TIME 45

where Sj is a positive number, p € R is the drift rate, and o is a positive number repre-

senting the volatility rate. The dynamics of S™ are given by
dST = STdX -, where Xinr = (u+ o)t AT) + oW (6.4)
Proposition 6.1.1. Let 0 be a real number, and consider the two processes
Z0 = exp(0Xinr — k(O)(EAT)), LY :=exp(0Xipnr —v(0)(EAT)), 0<t<T.

where k(0) and v(0) are functions of 0. Then the following properties hold:
(1) Z% is a G-martingale if and only if

k(0) =0un+ 22 i + aflo. (6.5)
(2) L? is a G-martingale if and only if
v(0) =0+ 92202 + abo — %‘2. (6.6)
(3) The two processes Z° and L° coincide and
2 2

0o

ZezLG:exp(Qa/VVt— (t/\7‘)>, 0<t<T.
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Proof. (1) To prove property (1), we directly apply Ito’s lemma and get

-~ 1 -
dZ0 = 7°0dX, + - 7°0%d <X>
2 t
o~ 920.2
= 7! <9<7th + (e(u +oa) + - = k;(e)) I}Oﬂdt) .
Hence, Z% is a martingale if and only if
02 2
K(0) = 01 +00) + —

This proves the property(1).

(2) Similarly, a direct application of Ito’s lemma, we get

t

. . 0_2 020.2
= Lj (0odW, + | 0(u — - +00) + —— = (0) | Lozdt ),

1
dr? = LYdX, + §Lf02d (X)

and LY is a martingale if and only if

92 2 2 2
v(0) =0(p+oa) + 20—%.

This proves the property (2).

(3) Finally, we prove the third property. By inserting (6.5) in the quantity

79 = exp(0X,pnr — k(0)(E A T)),

46
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we obtain

70 =exp(0Xinr — k(O)(t A T))

e 2 2
=exp(@(p+ o)t AT+ 0cW; — (0(p + o) + 7 YJEAT))
e 252
= exp(faW; — (tAT)).
Similarly, by inserting (6.6) in the quantity
Lf = exp(eXt/\T - 7(9) (t N T))?
we obtain
L] =exp(0Xinr —1(0)(t A T))
o? — o? 020>
= exp(O(u — ?—l-()éd)t/\T—'—QO'Wt— O(p — 7+aa)+ JEAT))
. 2,52
= exp(QocW; — (tAT))

These calculations prove the property (3), and the proof of the proposition is complete. [

Proposition 6.1.1.tells us that the linear and exponential Esscher pricing densities co-

incide also for ( S™, G). Then, in the following, we determine this Esscher pricing density.

Theorem 6.1.1. Suppose that r=0, then the Esscher pricing density for ( ST, G), is given
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by:

- 2 o
— exp {— (&+a) Wi - % <(§)2 - a2) (t A 7)} | (6.7)

Proof. This proof contains two steps. In the first step, we need to find the value of y; that

Z8  =exp [— (“ i m) W, — 1M(t A T)]

makes

tAT - tAT
Z? = exp( / 0,dX, + / ysds)
0 0

a martingale. In the second step, we need to find the value of § that makes Z%S™ a
martingale.

Step 1. Remark that on (¢t < 7):
t — t
Z? = e, whereY, :/ GstsT—l—/ Ysds. (6.8)
0 0

Then, in order to find the value of y;, we have to derive the dynamics of Z¢ using Ito’s

formula, and get

1
dZt - th}/; + §th <Y>t
0?0 —
= Zt (0,5[1, —|— 0,50'04 + Yt + t2 )dt + O'Qtth .
As a result, Z% is a martingale if and only if
0?02

Yo = =i — o — (6.9)

2
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Step 2. A direct application of [to’s formula, we get
d(Z°S7), = Z,ST | (1 + o + 0,02 [ ydt + (0 + 0,0)dW; |
Therefore, ZS7 is a martingale if and only if
_ —(p+oa)

0, = —— "7 (6.10)

o2

Then, by inserting (6.9) and (6.10) in (6.8), we obtain (6.7). This ends the proof of the
theorem. O
6.2 Esscher pricing for some contracts
Throughout this chapter, the survival process G defined in (6.1) satisfies
Gy = P(1 > t|F) =G, = 14+my — Vi,

where m; is a martingale and V' is an increasing process given by

t 052 t

my = a/ GsdWs and V= —(f+ 7)/ Ggds.
0 0

Lemma 6.2.1. For any process F-adapted process L, we have

2

T T
ElL ] = E UO LidV, + GTLT} - B+ %)E UO Lthdt] + E[GrLr].
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For the proof of this lemma we refer the reader to [5].

Throughout the rest of this chapter, we consider the following notations

dit) = , 0<t<T,
g
In (%2) — ¢ In (52) + %t
di(t =K 2 gy (t) =L 2 6.11
10 =7 2(t) = —E (6.11)

Definition 6.2.1. We call variable annuity contract a contract that has the payoff

D(T) = max(K, S(T A 7).

Theorem 6.2.2. Consider the notations in (6.11) and let Z® and ® be the martingale
defined in (6.7), and the cumulative distribution function of the standard normal distribu-
tion. Then the following hold.

(a) The Esscher price of the call option, based on the model (S™,G), is given by:

CP0) =Eo[(S(rAT)—K) e ™ = B(ZZ(S(T AT) — K)Te ™)
= —(% + 3) (So / e<5-r+%2>tq>(d2(t))dt - K / e<ﬁ—r+“f>t<1>(d1(t))dt) -
T (S0 (dy(T)) — KB(dy (T))) - (6.12)

(b) The Esscher price of the put, for the model ( ST, G), is given by:

PE(O) = Bol(S(r AT) — K) "] = B(ZE(S(r AT) ~ K) e~ ")

T 2 a2
= CF(0) — 5(0) — K(% + 8) /0 BTt 4 KeBr 5T (6.13)
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(¢) The Esscher price D(0) of the variable annuity contract, for the model ( ST, G), is

given by:

T C!2 &2
= CP(0) - K(—=+8) / Bttt 4 KePrt5T, (6.14)
0

Proof. This proof is divided into three parts. In the first part, we prove the call option price
under Esscher measure. In the second part, we show that by using the call put parity, we
get the put option price under the Esscher measure. The third part calculates the Esscher
price of the variable annuity contract.

Part 1. Remark that:
(ST/\T - K)+ = (ST/\T - K>[{S-,—/\T>K} = ST/\TI{ST/\T>K} - KI{ST/\T>K} (615>

We will calculate the quantity of E[ZFe " ""T)S  \rls .~y as follows

a2

T
EZe ) Spp sy 5ky] = —E / e " 2S5y Gil + B)dt + Ele™" ZrSrGrlisys i)

0
a? r
— _(? + ﬁ)E/ e*”ZtStI{SQK}tht + E[eirTZTSTGT[{STM(}}
0
2 T

(0]
— _(7 4 ﬁ)/ Ele " Z,Si1s,51,Gildt + Ele™"™ ZpSyrGrlis,~x))
0
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Thus, we need to calculate Ele™""Z,S 5,51 G| for 0 <t < T,

Ele™ZSilis>Gl] = E[e_”SoeXte_(§+a)Wt_%((5)2_a2)t€aWt+ﬁt[{SoeXf>K}]

2
_ Bl G, - T A (4) 0t (o ta-E-a)W;
= E[G S()e 2 2 I{Soe(u7§>t+UWt>K}

]

— —rt (e—=EYWi+( 7ﬁ+5,l((%)27a2))t
_E[e Spe ) 2 {Soe(“_g;)t+"wf>K}].

Since (Soe(“’é)“r"wt > K) = (W; > —d(t)), we obtain

Bl Zsilisom @) = Soe (0= +5- 57— att) [T
e = e ex - 4 — a _ -« X
ot s, >K1Gt 0EXp { (H = 2\ _a@) V27t

o2 1 L 0o eg—tl[(x—Ft)?—FQtQ]
- Ls - Lty a%)t) / da
o —d(t) \ 27t

+B— 1((%)2 —a?) + F2)t) P [Z > (%(tt) —F\/E)}

where I' = 0 — £ and d,(t) is given by (6.11).

In particular, when t = T', we get

o2
E[eirTZTSTGTI{ST>K}] = Soe(ﬂirJrT)T(I) <d2 (T)) .
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By combining the calculations of the two parts, we get

a? T el
E[e_T(T/\T)ZT/\TST/\TI{ST/\7—>K}] = —(7 + ﬁ) / S(]e(ﬁ T+ )t(I)(dZ(t))dt
0

1S g (dy (1)), (6.16)

Next, we calculate the strike price part i.e E[KZZe """ g -]
T 2
G, —r(TAT) _ —rt « —rT
KE[ZSe Iispsxy) =-KE | e Zt]{5t>K}Gt(? + B)dt + KEle™™ Zrl{s,>xG7)
0

a2 T
= —K(? + ﬁ)E/ 6_TtZtI{St>K}tht + KE[G_TTZTI{ST>K}GT]
0

o2 T B
— —K(; —f- ﬁ) / E[@ TtZt]{St>K}Gt]dt + KE[G TTZTI{ST>K}GT]
0
Similarly as before, we need to calculate Ele " Z,I1g,»xyGy] for 0 <t < T.

KE[e_TtZtI{St>K}Gt] = KE[e_Tte_(%+Q)Wt_%((§)2_a2))t€aWt+Bt]{SoeXt >K}]

K Elemtelo— (o) Wet (8- H((£)—al)1
= KE[e e 2 I{Soe(u_§)t+awt>K}

]

]

K et EWeHB- b ()20
— KE[@ e t 2 [{Soe(#_%Q)t+UWt>K}



CHAPTER 6. ESSCHER UNDER MORTALITY FOR CONTINUOUS-TIME 54

Since (Soe(“_ﬁ)“"’wﬁ > K) = (W; > —d(t)), we get

KB ZilsonGl = Ke ey (5= 547 - ) [ N %d
_ Ke"exp (w - S((Ey - o?))f) /i) expuwg;/;;_; P
— oo (5 57—+ 250) P 2> (Z92 4 wiovi)
— Ke " exp <(5 + %)t) {1 Sy (%(;) + (u/a)ﬁﬂ
— ket (54 5 ) 0(d(0)

where d;(t) is given by (6.11).

In particular, when t =T, we get
KE[e™ Zrlis,»iGr) = Ke ' Tel* s T ®(di (1)),

By putting together the calculations of the two parts of the strike price calculation, we get

2

T
[0
KE[e ™™D Zrpiligy, sk)) = —K(7+5—T)/ TP (dy (1)) de
0

o2
+Ke " TeBT5TD(dy(T)). (6.17)
As a result, by combining (6.15), (6.16) and (6.17), (6.12) follows

CFO) =~ +) [ Sl ()t + S BT + K+

T 2 o?
/ BT IND(dy (t))dt — KeP+)TD(dy (T)).
0
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Part 2. Here, we prove (6.13). To this end, we remark that
ST/\T - K = (ST/\T - K)+ - (ST/\T - K>_7
Then calculate

E[Z%q(STAT . K)e—T(T/\T)] _ SO . KE[Z(G —T(T/\T)]

T
=S+ K( + ) / Ele™"Z,G})dt — KE[e™™" Z1Gr]

= So+ K(% +6)/ BT+ )t gy (B-r )T (6.18)
Therefore, we derive
PP(0) = E[Z5(Sypr—K) e 70D] = CF(0)~ S K (% +5)/ G-+ gy 4 BT+ 5T
0

This proves (6.13).

Part 3. Here, we prove assertion (3). Remark that the payoff D(T") satisfies

D(T) =max(S(T),K)
=max(S(7),K) - K+ K

=(S(T) - K)"+ K
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Therefore,

D(0) = E[ZfD(T)e "]
= E[Z8e7 """ (S(T) — K)*) + Ele "™ ZEK]
= CE(0) + Ele "™ D ZE K]

a? T a? a2
= CP(0) — K(Z +5) / Py 4 Kl )T
0

This proves (6.14), the last equality follows from the calculation in part 2 and the proof of

the theorem is complete. O

Corollary 6.2.1. Suppose that o = 0. Then the prices C*(0), P¥(0) and D(0) become

r T
CE0) =B [ Suel VM B{da(®)dt + Socl® HAT)) + K5 [ eI (s (0)de -
0 0
KePTd(dy(T))
T
PE(0) :=0Em>—5«»_zq?/ BV 1 BT
0
T
D(O) = C’E(()) _ Kﬁ/ e(ﬁ_r)tdt—{— KeB—1T
0

This corollary follows immediately from Theorem 6.2.2. by putting oo = 0.

Corollary 6.2.2. Fort € [0,T]

2

T—t 5 T—t .2
Cpsr(t) = —(% +5) (St / P D (dy(s))ds + K / e“—’“*a”@(dl(s))ds) +
0 0

(BTN (6, (dy(T — 1)) — KD(dy (T — 1))
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o2 Tt 2 2
Ppsr(t) = Crsr(t) — S(t) — K(? +5) / eBrH s ds 4 KBt
0

o’ = o? o?
Dpsr(t) = Cpsr(t) — K(5 +5) / T s 4 KelPmrr s,
0

This corollary follows directly from Theorem 6.2.2. by replacing 7" and Sy with T — ¢

and S(t) respectively.

6.3 Relationship to Black-Scholes Prices

Definition 6.3.1. The Esscher price for an European call (respectively put) with strike K
and maturity T for the model (S,F), will be denoted by

C’%SR(SO, K,r,o,T) ( respectively PESR(SO, K,r,0,T))

Definition 6.3.2. The Esscher price for an European call (respectively put) with strike K
and maturity T for the model (S™,G), will be denoted by

C’SSR(SO, K,r,o,T) ( respectively PS’SR(SO, K,r,0,T))

Definition 6.3.3. The Black-Scholes price for an European call (respectively put) with
strike K and maturity T for the model (S,F), will be denoted by

CBS(‘SO? K7 r, o, T) ( Tesl)ecmvely PBS(SO7 K7 r,o, T))
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Theorem 6.3.1. Consider a call and put option on the stock given by (5.1), that expire

at time T with a strike price K. Then
CBS(S(), K, r,o, T) = SOCI)((51> — Ke*TTCD(ég),
Pps(So, K,r,0,T) = —=S;®(61) + Ke " ®(dy).

5 S

The proof of the theorem can be found in various of graduate textbook such as in

corollary 3.9 of [12].

Theorem 6.3.2. Put

2
~ o
= —.
B+ 5
Then the following hold.
a2 T ~
C}%SR(SO, K,r,0,T) = —(7 +5) / eFtC’BS(SOe_”, K,r o,t)dt + eFTCBS(SOe_rT, K,r,0,T)
0
2 T ~
PSSR(SOa K,r,0,T) = —(% + 8) / €FtPBS(SO€7M7 K,r,o,t)dt + erTPBS(SoefrT, K,ro,T)
0

Proof. The proof of the theorem follows from combining Theorem 6.2.2. with Theorem

6.3.1. as follows. Notice that for 0 <t <T', we have

)T () oo
i e ot
= e (S, D(dy(t) — KD (dy (1))

In
Cps(See™™ K, r,0,1) = Spe "D (
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This ends the proof of the theorem.

6.4 The Greeks for Esscher prices

Here in this subsection, we calculate the Greeks for Esscher prices of Section (6.2). To

this end, we recall the following notations

In (52) — ¢ In (52) + 2t
di(t) = —E2 2 — @,(t) —ovt, do(t) = ——L_ 2"
1(2) ovi o(t) — o 2(t) ot
Proposition 6.4.1.
E 2 2 T o2
A _ oC (0) — e(ﬁfr+%)T<D<d2<T)) . (a_ + 5)/ 6(57r+7)tq)(d2(t>>dt
850 2 0

0*C*(0) i ®'(da(T)) — o? T i @ (da(t))
r _ 2~ V) (Bt — 4 / (B—r+%5 )t—dt
353 - SOJ\/_ ~ 2 p) 0 ‘ Soov/t

D s DWW — (5 5)5 [0 ) Vi

To calculate Rho, we assume that r # 0

o =200 (@ s, A ><I><d<>>dt— K&+ 5) | e

CTSee P DTR(dy(T)) + TE P+ 570 (dy (T))
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Proof. The proof of this proposition follows directly from Theorem 6.2.2. by differentiating

and using the following fact.
So®' (do(t)) — K®'(dy(t)) =0 V 0<t<T (6.19)

Then the rest of this proof we prove this fact. To this end, remark that
dy(t) = do(t) — o/t, and get

di(t)? = (da(t) — ovV1)? = do(t)? — 2do(t) oVt + 0%t

= dy —21n<

e~ /2 o=d2(?/2 g , Sy

NI") ||

Then, we get

Therefore (6.19) follows immediately, and the proof of the proposition is complete.
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