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. ABSTRACT - - )

] . & . : . )
'(\\ Ihe prbblem dlscussed is the exact computer_v T
'solutlon of systems of llnear equatlons whose coeff1c1ents

are 1ntegers or polynomlals over the 1ntegers. Two : M

<

;dithods the multl-step and congruentlal algorlthms, are .

escribed and COmpared. The number of single- pre0151on

-

kOperatlons requlred Yo perform each is found, "and it 1s ; e
concluded that the congraentlal method is superlor except
. . / _

perhaps for small systems.

7

“In previous congruentléi algorlthms for the’ poly-'é*

nomlals, certaln 'bad' prlmes which. occur are, dlscarded

‘ IﬂE&hls study it is shown that these prlmes need not be

dlscarded.- In addltlon, a theo}em for effectlvely term- fw‘ o

_ 1nat1ng the Cht§ese Remalnder formula for polynomlals

is gLVEn. : oo ' ‘ I
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CHAPTER ORE

Introduction

\\ ‘ ) 3 A ?/ P

The ‘problem to. be con51dered in . thls study is the

'e#act computer solutlon of systems of llnear equatlons
w1th coeff1c1ents 1n the xntegers I_, or in I(xl, ..,x ) s
the multlvarlate polynomlals over the 1pte%ers

Symbolic solutlons are requlred in connectlon with'

) a Qide range of problems. The appllcatlons oA flowgraphs
serve ‘as an- 1llustratlon A flowgraph is a labe%led
dlrected graph with a startlng node ‘and a final node.’

B The generatlng functlon G of a flowgraph F hav1ng~
‘startlng node ‘s s flnal node £, ‘and tranim1551on matrix
'T}Vcan be found by solv1ng the system - of n equations

transpose) ‘and b is

Ax'= b for X f; where VA'f (I T
vthe “s th un1t vector. Problems ar181ng in electrlc | v
c1rcu1t theory, in the analysxs of Markov. chalns, in ‘br
graph theory, and ;n codlng theory can all ‘be solved by £
' flndlng such a generat;ng functlon._ The graph in Flgurevl,
for example, may be consxdered a fIOWgraph with startlng"
node ‘8= l ; flnal'node f=6,‘, and transm1531on ¢ r
f‘connectlon) matrix T= (t; J)'-;‘ tlJ Ks the label on the
path from node i_ to;node . Solutlon of the system.

of equations



S { \ s
’ { .
" _ \\ | '
(1 0 0 o o, o [x, ] [ 1
-a 1 °'-b =~a -a' o0 x; 0
-b -a 1 0 0,-b Xq 0
26 -b 0 1. -b o x, |.° |o ]
- L ‘
0 0 -a- 0 1 -a x¢ 0-
, ‘ .
| 0 0] 0 --b 0 Ng ] i XGJ ._0 ]
yields , ’ . ’
e abZ+adbZeapdralpiept,
®  -2ab-a’b-ab?oap?oapd-ptoadtel
Two possible interpretations of ‘this flowgraph,
and of G , follow. o ‘

L If the graph in Figure 1 is interprétedAaSJa Markov:

'"vgraph, where 'tijv= probability of a traﬁéition from. |,

 state i to ‘state 3 , then the k' th coe f1c1ent of the

éxpahsioﬁ of . G \represents the probablllty of a trans-’

"tlon from staﬁgln state 1 to flnal state.6 in k- steps.l

1

>For example, 1f a = %vz and b = 1 = U z.= T2z then

o= %% " n %56 x
-% 22_— %% z" - 3% zu + 1

The probablllty of reachlng state 6. in, say, 5 stepg is
found by expandlng G to obtaln the poeff1c1ent of z?b;,

which is 0. 05273437 ._' | [ '., :_~
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If, on the Q;her hand, the graph ‘1h’ FlgUre 1 s

7 .
an adjacency graph 1n.wh1ch a=>b= z/ s and t. ;/F z
e o

indicates that there/ls a path frbm node i “to .node’ j ,
then the k'th coeff1c1ent of G ‘is the number of paths o
of length k from startlng node 1 to flnal node;.s..
In this case, . '.‘, 7 - ‘ L A
22+ 22% 4 225 T 5. % s
222 - 233.4 yz" £1. - Y

-There are no paths cf‘lengtH '0§ l,ior 2 from node 1
S | g S ' S

~ to node 6 ; 1 iof iength 3, 2 of. 1ength ¥ , and 50, on.g,

U As another example, con51der the problem of

r palrs of adjacent l s and no adjacent O's Q

. state machine whlch recognlzes sequences hav1ng no. - _
t N BT
ad]ac nt 0's ?s shown in Plgure 2(a). 'In Flgure 2(b), é

. the corre3pond1ng flowgraph is shown the branches are:
ulabelledhwlth blvarlatevmonomlalsx x81yS2 -, ‘'where . €1r=°1
indicateS‘the"occnrrencé of a 0. cn_ 1, 'ei.=,0 . ' g/\\
. . . .

1nd1cates no occurrence of a 0: or' 1 , e, =1 indicates
B ' : : o
" the occurrence of the seq& nce 11 , and Le2'=10 indicates

A

- no occurrence of 11 . or thls flowgraph,

c=42 ‘LY‘Z)" - g1 =1+ 2x + (yendx?

1= yx=-x" ' | | L
iZ/ o ".(Y2y*y»2"'2.)x'3 toee .
N . . N ’J\ . ‘_
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The coeff1c1ent of xnyr ~is the number of sequences of
Vs
o4 N
lengthA n hav1ng exactly ‘e palrs of adjacent 1's &

3

Qbere are, for example,_x 2 sequenceé of length 3'ﬁayingv

exactly 1 palr/pf adjacent 1! s fand no' adjacent 0's . .?,
. 4 "4, I . ' ~'gﬁ
- Flowgraphs are déed in codlng.theory to enumerate e

A .

’ t

comma- free code words, and i electrlc clrcw1t theory toé Lo
flnd the transml gl&a of a 01rcu1t., The examples above,m,

and others, are glven by Llpson 520] S ?” o -
' SR LA
The»tnadltloﬂal method\for solv;ng systems of linear

equatlons is Gau531an elimination. In tnls algquthm#yan

‘felement -aik of the coeff1c1ent matrlx is reduced to zepﬁ’ ol

~ T

‘byvsubtracting fPOm row al., (a. k/akk) x prOt row K . . gy

_Thls method cannot be used for 1nteger or“polynomlal systems <
since lelSlOn is not deflned in an 1ntegral domain. - . ﬁ\ , \
. . :

To overcome this pnoble , Rosser,[?S] has dis-
cussed anfbbvious'hodifieatiq /of theé Gayésian ellminatioﬁ\
method=Qhereby'onejsucces§ive y subtr4cts Epp X roQ i

'ffom\ia§k X oﬁ?k ,ff Th ;}enger requires,dlvisgon.//(
However‘it isﬂuhsat%sf' )ﬁtﬁe éreeﬁsion ofathg;' |
e polyﬁOmials) doubles.ataeach o ,A;\

~-the method requlres “the equxvalent of O(n 2™ 51ngle— '

T4

prec181on operatlons to- solve a system of llnear

- equations with. 51ngle prec1sxon 1nteger coeff1c1ents. "

‘Three a{ternatlves to{fﬁ' mfygod have been proposed S

. . . ey . - s .
" . B . » S

VA
_ NEEURRERN



'The 'growth’ of coefficients can be minimized by

finding the greatest common,d%v1sor of ayy and Zaik at

each step. ‘Algorithms‘which find the'g.é.o. of each
'eolumn’of.the coeff;clent‘ms;rix (end perform.row'oper—
Iaiionsvaccordingly) have been investigated hy Rster (251,
‘Blankinship [6,7] and Bradley [11, 12]. Although the

growth of coeff1c1ents is llnear, the computatlon required

to find the g.c.d. 's is large, SES\‘:f complex1ty of the e
method.is O(n R : N o
| A compromlse ‘to remov1ng all coqhon factors 15)
found in the multl—step aléorlthms. These algorlthms‘
~ are a modlflcatlon of fract&q‘-free ellmlnatlon which

T

remove at each step a factor whlch can be shown ;ﬁ occ&%
Although the largest factor is not always remove

v-as in
the g. @.d. algorlthm the rate of growth of the coeff;c-‘
ients remalns llnear, and now no(work is 1nvolved in ”

| flndlng the factor whlch is hnoth before-hand . As a

| ﬁconsequence, multl-step methods are superlor to g.c. d;'

methOds. Mult1 step alg“rlthms are’ dlscussed 1n Chapter

Two and 1tfls shown that ** comp exity is O(n ) -or

. 0(n" 1og n)», dependlng on the mult1 prec1§fon arlthmetlc

——

' algorlthms used.
’ ‘Another alternatiVe exhgts: the congruent1al

.algorithms solve the glven system modulo a- number of

~

. 31ngle-prec131on prlmes and construct a solutlon from the*

\modular solutlons by means of the Chlnese Remalnder

,



-

@ s , % ° -~ ;

Theorem. Several golutlons have to be found, but they

°

can be computed usnng 51ngle precision operatlons only»
Surprlslngly, the requlslte number of solutions can be

found “and the solutlon constructed, -in only O(n )

~‘operations. This fact is shown in Chapter Three, and

some improvements to the existingmalgorithms are suggested.
_ | R ) ’ o e
There has been some controversy over which of'the
latter two‘@ethods, multl step or congruentlal is actually’

X
superlor.v In thls study, both methods are 1nvest1gated\t

- with the objectlve of determlnlng which should be the focus

of future research. . In Chapter Two the one and two—step

algorithms are considered in detail; exact operation counts "

R

fOr”the'integer»case are found, and the asymptotlc

: behav1ous of the polynomlal case is establlshed.’ The

congruentlal algorlthms ‘are 51m11arly treated .in Chapter
: A

Three.

- ’Finall;, in Chapter Four it is shown that the con-
‘ , _ oo o ‘ o Y _
gruential metr od is4asymptotically'superior.tevthe mﬁiti—'

.. step methods, both for-systems with integer coefficients’

and systems w1th polynomlal coefficients. It iS‘alsé

. establlshed that for systems of “linear equatlons w1th

51ngle—pre0151on 1ntegér coeff1c1ents, the number of

operatlons requlred by the congruentlal methods will ’
always be less than those requ1red by the‘two-step algor-

/

ithm 1f n 1s greater than about flve. Slmllar results

iln the polynomlal case are dlfflcult to establlsh for

-y



small n because theJnumber'ef operations depends not
only on n but also on the numberfOf variahles, the
degrees ofythese varlables, and the humber of)terms._
Assu&%tldns made in order to slmpl;fy the relationships
among these . factdrs; assumptions which typify real-
world problems, tend to make results unrellable for
vsmall n . However, generallzlng on the results -

obtaing% for the integer*case, the'congnuential method~

'should be. superlor to the multl-step methods for similar,

h and perhaps eveh smaller, vaiéesiof n . ‘Experlmental
results are neeeSSary'ih.establishing more deflnltlve
'conclu51ons and McClellan [23] is currently worklng

on such experlments. | .

-~ Sincecongruentialaigoritr\sbare:superioﬁ to
multl-step algorlthms for all buthimall n ., spec1al
attentlon is glven to theSe algorlthms. One dlsadvantage‘
of congruent1al algérlthms is that certaln modular
»solutlons may - have to: be dlscarded if bad' prlmes occur.

bt 4l
to which the system is solved. In Chapter hree a major

The primes referred to hepe are the modul;\;lth respect

/Vefforé\}s made to deal w1th such prlmes. Alsd‘in

Chapter Three a theorem for efféctlvely termlnatlng the

~

>Ch1nese Remalnder formula for polynomlals is glven. ’The \h'

results obtalned there\are perhaps the’ hlghllghts of

this thesxs.
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; eff1c1ents by»blpson [201].

CHAPTER TWO

The Multi-Step Methods

' } K o 4 : ¥ RV

Dlscovery of the one-ste fraction—free algorithm is

attributed to Jordan (186@- 22). More recently, Bodewig_

' [8], Fox [15], and Luther and Guseman [22] have dlscussed

this method of solv1ng exactly a system of linear equatlons

w1th 1nteger coefflcrents. The two-step algorithm was

-»proposed by Barelss Il 2 3,4] and has also been dlscussed

for systeiselther w1th integer or w1th polynomlal ‘co-

-
-

in. sec%ioan.l the algdrithms are discussed. In-

sectlon 2.2 the exact number of operatlons required to

(:;fsolve an integer:- system by the one and two- step algorlthms

is- calculated, whlle 1n sectlon 2. 3 the approxlmate number
é

" of operations requlred for'systemsw1th polynomlal coef
“;ﬁ1c1ents is determlneqii The order of complex1ty of the}

‘multl step algorlthms 1s conSLdered in sectlon 2.4,

{
The mult1 pre0151on arlthmetlc requlred by these~

_algorlthms can be performed u51ng elther the cla531cal'

algorlthms such as’ those descrlbed by Knuth [19, section

']u;a.l], or varlous 'fast technlques whlch have been_
recently developed. “In sectlons 2.2 and 2 3, the analy51s -

.assumes the' cla551cal' algorlthms are used the order of

1(’

SH



e . . . ‘ . .
complexity which can be achieved using 'fast' algorithms

is discussed in section 2.4. -

2. 1 The Algorlthms ‘ f”hV
i The one- step algorlthm 1s a fractlon free Gau551an

clelnatlon algorlthm whlch reduces the rate of - growth of -

' _the coefflclents by remonng at each step a factor whlch

is known to accur. To trlangularlze the n by (n+l)

(O)) of a system of g'

X

augmented matrix. [A b] =

(s

o ) : X
linear equations Ax;:vb » the algorithm is as follows:

o ) e
[ .

( 1)
800 N

1 5o B - R
__For k=1,2,.00,n=1 0}
For.>1 k+l k+2,...,n‘ 3

For j=k+1 k+2,...,n+l 3

(k-1) _ (k-1) _(k-1)_(k-1)

bo () _ Fkk %3 " %%k Yk
> &4y T T T (k-2) SR
L - S %k-1,k-1

N

&

.where it is understood that

N ;
%3 0o 'for: k+l<i<n. , 'lfjfk '

Q. ' ’ o ?
© The division is exact (i.e. fractlon—free) for coeffl-
eients'ih'any'integral‘domaln.‘ (See Llpson [20]).

§!

< VA
[N /
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The td;-step algorithm performs in one iteration two
steps of the one-step algorithm. The plvot_row. k 1is
,,calculéted as in ;he 6ne-step method, while for. rows
(k+1) to n

(k) - (k-1) _(k ) (k 1) (k l)) / (k-2)

ER 35" = ‘akk 1 ik akf&,k-l
- ' . ' . @1 :
2 (k=2)  (k-2)_ 4 (k=2) (k 2) . a(k 2)_ (k=2Q (k=2)
12k-1,k~1%kk kPG k=1 | %k-1,k-124F L T%k-1,Wd k-1
- F (k- 3) . _ (k~3) B -
8k=2,k-2 U \ ;k-2 -2
N T B . ' N ‘
4 (k= 2) (k= 2) g ks 2)a(k 2)  _(k-2) _(k-2)_ (k—2)a(k 2) .
dk-1,k-1 'S k=1,3%,k-1 , 2k-1,k-1%ik 43-1,k% k-1
) (k=37 k=3
& %k 2,k -2 : k-2 k=2
L (k-2)
T %%-1,k-1

| o :

(k=2) (ke2) (k=2)_ (k=2), ,*(k=2) _(k=2)
B =12k - "%%-1,k%,Kk-17 ‘31 k- 1% A TR
T a(k-§7 ark 3 _ k-1,k-1 """

k=2 ,k=29%=2 ,k-2 | - -

ka (k=-2) . A(k=2)_ (k 2) (k- 2)) (a(k=2) (k- 2))
18- llk -12 ik Uk=1,k%i k=17 Tk-1,k-1%]
L(k=3) _(k-3) _
.k-2,k—2 k=2 k=2

(k=2) (k-2) (k=2)_ (k- 2) (k=2) _(k=2)
Kok=1%ik "% k-1 ) ¢k 1,])
RS )

k-2,ké23k 2,k=2"

(a

alks 2) (k 2) (k- 2) (k-2) a(k 2) (k- 2)a(k 2)a(k 2)
k-ljk a)  k-1%k-1,3%i,k=1"3Kk-1,k%k, k-1%k- 1,3 ik-1"
S(k-3) _Yk- 33 » : 2
8x-2,k-2 k 2,k=2 T :

(k 2)
}: ‘k-lik-lv *



(k 2) (k) (k- 2) (x) (k-3)
i35 3 S0t %3 i1 " 1,352 ) /a7 k-
where ' . 4 /
QU L (k=2) (k= &I (k-2)_ (k=2) (k-3)
a ;‘ (a *k-1,k-1%k hlf,ak-l,kék,k-l)‘/ ax-2,Kk-2
o IR
(k) - (k- 2) (k 2) -(k=-2) (k 2) (k-3)
i1 T (ak 1,k% k-1 7 %k-1,k=1%1k > / %k-2,k-2
Sk L (k- 2) (k—z) (k 2) (k-2) (k—3)
12 a (ak k-1%ik - kk ,al -1 2 %k-2,k- 2 -
If n 15 eVen, an extra pivot row is calculated at
~the end. Notlng that cék) is calculated once per
.iteration and cii) d ig) once per row, the two-"

a _ 1,k- % we eee'that:" ﬁ

Dividing by (k=2)

el

2 (6 o a2 ()

step algorlthm, then, 1s as. follows:

( 1) _ .

o =1 s o
If n odd then q = n-1 -
 else q = n-2 . ;

Fcr_ k:2,4,.,;,q 5
f'Compute 'c(k) 3

FO l k+l k+2 nd'o ’n .’

| e OO L)
Compute °;1 » Cig0 5

FOI‘ j=k+l,‘k+2 9’ cse ,n"l

o

2

12



Ly
5

(k) (a(k 2)Q(k) (k-@é (k)

Do ~a; " = i - 50 ‘+ akJ €11
. LK) (k-3)
%k-i) . (K) f . . N ’
k. ¢ o o \ RETRA

O b
For j=k+1, k+2,;..,n};“/

Do (k l) = (a (k 2) (k 2) ' (k 2)_ (k- 2)) R, . -

%3 T '¥%-1,k-1%3 T %k- 1,3ak k-
. " \
. (k=3) . St o
T A k-2 b T N
‘If n even then: :

" For j=n,n+l

(n-1) ;('(ndé) (n-2) (n-2). (n—2))

L Do anj' _ - n-l n-1 nj n- 1,3 n,n-1

;a<n-3>fi-:i‘;:-’." R
Se n—2.-,n-‘-‘,2_;;___ : . '

'As noted~by-Lipsoh"[?0} and Bareiss [3, u] back sub--
’stltutlon can also be carrled out w1th a fractlon free

ﬂ'elgorltpm._ In general, the components of the solutlon RN

vector. P are not 1ntegers (or polynomlals) : However,

by Cramer s rule axfs y/d where d = determlnant of A

b -Slnce d = a(n'l) (see Llpson

: - ad301nt
and y A | an

[20] for proof), the fractlon free back-substltutlon

-algorlthm 1s

L Yn T8 '(2'1‘l),' g

R w
[ .
.

L

LSV R



‘Fof‘ﬁksn-l,h;zzf;;,i*‘;

1 (k=1)_ (n 1) 0 (k- 1)

° Vg F k-1 (ak n+1%nn =Lz (ak] \ y ” B
: g E o 3=k+l . .

Theh'ix yk / a(rl ;).

is de51red, a greatest?gommon d1v1sor algorlthm must be

~ used. ,”ﬁ-t L _ e ;

Multi-step‘algbrithms thch'perform“more_then<two

' steps in one iteration have been investigated by Bareiss

and_Mazukelli [53., In general, a k- step algorlthm for the

solution of 1nteger systems uses (%ﬁg) 'tlmes a@&%@n

. multlpllcatlons/lelslons as the one- step algorlthm, the
'{number'ogﬁgddltlons/subtractions does not.change.SLgnlf—
. icantiy' In section 2.2, for example, we see that the

ftwo—step algorlthm reQulres two-thlrds as many multlpll—

"catlons/d1v151ons as the one- stép algorlthm. As the step

"'551ze-grows; however, the amount of-computatlon saved

’,2z2 Integer Systema.v~ .

decreases whlle the plvotlng algorltbm needed to ensure

Jthat all d1v1sors - are’ non 2ero becomes 1ncreas¢ng1y

»

7
complex. In the follow1ng sectlons, only the one and two-

~step algorlthms/w1ll be consxdered.-

-

+

t N RN " "o

2 2 1 Growth o Coefflclents )

Before the number of bperatlons requlred to perform

4 a'.‘ i

,b‘the one and two step algorlthms can be found 1t is.

i necessary to determlne=the 81ze of the integers produced

“3 T
[

{ If a reductxon to lowest terms -

i . I
i N



.

Vat>each step.. . . 7)/

- It has been prov%dE(Lipson (2017, Baféisé [3,4]) that

each ai?-l) ”1s the determinant of a k! th order sub-

matrix of [A,b] -. ,If each element aig) of  [A,b] |is

4

an integer of precision’ = s , and the maximUm value of a

sihgle?preciéioh integef_is'»(mél) ’ then 'éig) can be
; '; _ . o e s=1 '(13) r
written in the polynomial form I c.

. ] ; - X ) . =O. )
(1 ) T . R CoL A (0) ’ RN - T
csiib <c f?r{'lil > 3:@ ;>then aijf < (c*+ldm

r

If

and by Hadamard's inequality weJhave; a v A

S o 1/2

l:] ‘ liif_k lijik lj . ' - _ .“?.".

-

IA

I D 5.3 83 1<3<k | ) &

[k(c*l) (ms:;)zl ‘gﬁf.

where ;ﬁw = ;k(c+i5ms-i: l -Then':aib” héspfecéﬁion
:s,wk whgfe '414 o o | ;@';b'
| o ‘
| .w’= log (/k(c+l)m )‘ o
’ = 1 logmk + log (c+l) + ks.l) (2.2;i) )

]

158 -



/

< % lpgmn + lovm(c+l) + (s-1) .

If each eig)‘ is single-precision, and if
5 l log_n +‘iog (c+l) =1 ﬁ T (2.2 2)
) mS o T ®m - sreres
then i? 1) has precision = k . S -
. , v o
2.2.2 One-Step Elimination

In this section it is assumed.thatv'claseiCal'

algorithms for performing multi-precision arithmetic are

a7 7y

. - e
- u

used. - ‘; S
Lef o} [k,j] represent the number of sxngle prec151on
operations requlred to multiply a,k-prec151on 1nteger by
—iawa-prec151on,;nteger, and let C._ and C, be 81m11ar1y
defined; Let A" represent 51ngle-prec151on addltlon or

_subtractlon operatlons, and let M ‘represent 51ngle—

.prec151on multlpllcatlon or lelSlon operat;ons._'

Then u51ng the cla531cal algorlthms.in4}ﬂn"
Tc+[k;k3'= [2k]A LT S -
T e k331 = [kj]M + [ij]A ,nf- }rg*.f?ff | |
@C.lks3] =

[(3+2)(k-3+l)]M * [3(J+1)(k 3+1)]A

If (2.2.2) is=satiéfiea*5nafhehce L(K=1) \kas

“y

16
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1 S 3“" v G

precision = k , then triamgularizatioﬁ/by the one-step

: ) /\ . ) . . )
algorithm requires the following-operations:

n-1 o o T
£ (n-Xk)(n-k+1)(2C [k;k] + C,[2k;2k] + C.[2k;k-11)
k=1 . e : . D

n-1 - .

=L (n-k)(n-k+1)C[2k°IM + [4k21A + [uk]lA +
k:.]_ e . ) | . \
4.0 (k+1) (k#2) 1M + [3k(k+2) JA)
n-1 '

Lo pX [3k2-k3(6n)+k2(3n243nf1)+k(3h2en52)+én2+2an.;
{ ) k:l » . R
n-l 2 2

¢ L [7x%ex3 (~14n+3)+k% (712-13n-10)+k(10n+10n) 1A
k=1 a .

Back—substitutionAby'algofithmf(2.l,l) requires:’

nei - o o .
L *{(n-k+1)C [n3k] + (n-k)C, [n+k;n+k] + C,[n+k;k]}
k=1 o S
L {[(n-l+1)(nk) 1M + [(n-k+1)(2nk)]A + [(n-x)(2)(n+k)]A

+ t(sz)(n+i)JM'+ [3(k+1)(n+1) 1A}

-

Cl g . + ['§'n+ —g'!_n ”+ __3_‘n I‘_s__n‘ . SJA :
I :

res



(R

'\’

‘ | B '. : E . R ) 'Q - .
The total operations required then, for both trian-

' gularization and back-substitutidn are:

1 S 2 4 13 3.5 2 53 '
[Iﬁ n +‘§ n f TT'QQL+ E-é —’gﬁ n - 2IM 4
7 5,7 4 .11 3, 9“2 - 58
+ [-3—0n +-En_ +’—_§—n +En _K]A . '
. ” : T . )
- e e o oy s e L (k=1)
;f inequality (2.2.2) is not satisfied, then aij
_hés precision’ = wk where‘ w 1is defined by equation
(2.2.1)'énd,triangularization requires:
v - -n=1 S . L . ' ‘ ’ - »
‘ " Z (n-k)(n-k+1)(2C [wk;wk] + C,[2wk;2wk] + C;[2wk;wk-w]) >
k=1 R o R . o
-l M ea2,2 2.2 s
= z,{ (n=1) (n=-k+1)([2wk“IM + [w’k“IA + [uuwklA
+ [ (wkw+2) (wk+w+1) IM + [3(wk-w+1) (wk+w+1)JA)
n-1 L ' L e : | §
=z -2 0wk + [7w?k%1A - L B
;k':l s L ’ B N - . ) . )
. X S 2. 7 5 2. . s - "
 { —:[lq'n w.gM + [30 n w JA © e L . "
. S . ‘ : ' o~
o ) : _ : . o , B
GaR ‘The number of operations, then, is increased by & factor
oﬁ.jw2 if w\g.l' , and the order of complexity.pf the
YJ&: f}one*stépvmethéd isk.hswz--;fc |
I AR .
© 2.2.3 Two-Step Elimination - |
R A ’ . e T (ked) o
: 7. . 1f inequality (2.2.2) is satisfied and aig 1 has
) AR i ° Sl - o
',” ,] '_¢L  -: . v B . L . . . ) o

18
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o - _ < -
. - . . ; N . *
precision = k , then trlangularlza%xon by th;\fvo—step

N . {0’* Lo R n odd .
. ..‘+ - .

]

BRY .

algorithm requires thejféflowing operations: -

Q" . . . ‘ L ' : o ’ -
I {2¢ [k-13k-1) + C,[2k-2;2k-2] + C.[2k-2;k<2]
k=2 ,u Py -.o . . . ar o 3 N ' -

“

+

(n-k)(2)(2C, [k~13k-1] + C, [2K-232k-21. + C.[2k-2;k-21)

+

(n-k)(n-k+1)(3C_[k=1;k] + 2C,[2k-152k-1] + C.[2k~15k=2])
. T 5

+ (n-k+1)(2C [k-13k-1] + C,[2K32;2k-2] + C.[2k-23k-21))
a.' _— - . . ) o G . L
0 ¢ o , ‘ » . n odd

2Cx[n-1;nall +.C+[2n-2;2n-2] + C;[2hff;nfé]f,‘n even

f} - n-1, n odd
where  q =

|l n-2 , n even

(0K +kT-8n-10)+k 2 (un?+15n+16)+k (-n”=10n-12)+.
’ooc. : . . o .

4+ 6n + _'-& ]M

+ [9k + x3(-18n-25) + kZ(9n?+20n+11)
‘+ k(5h24i3n+ll)‘fi10n2‘¥ 19n - 6JA} - ‘ i‘fi)'
Yton?-6n+uIn + [14n?-8n-61A , n even
T {lu23)" + (23)7(-8n-14) "+ (23)°(4n"+15n+16)
=1 o o o s

- .
-
ERY

3 | |
,*‘(Zj)(-525qu-125_+ 6n + QJM"."”
o+ 192" + (23)3(-18n-25) '+ (23)% (an?+20n411).

2\

19



+ (23)(5n%+13n+11) - 10n

-

U
+ P R T S
: [6n“-6n+4]M + [14n"-8n-6]JA , n even

;. [i 5

. S
)|t

: TR ‘
———e
Coel
o|w
o]
o -

,

Cf}The Qotal’number of'operations’reQuired-iéz.

f_[

o’
o}

L
15 .
’tf% 5

N
5

=
= -
=E
o]

'—l
=
o

pa

£
- 00

_F .

~

19
3
1
-t 17

2

2

- 19n --s]A}J‘

n° - 35 P.-
n? +:f% nlM , n even
3, 223 2 , 451  _ 61
+ S0 .+ jﬁr‘n - IEJA , n odd
3 _ L n? 4 113 n - VhJA 4 n even
v 730 P

'in the one-step case, requires: )
™1 -

+-§nf-5n-,2-]M'.

+ 23‘h3‘+,%%nn2_— %% n - 6JA .

Tole

,.:' . ‘\( ‘4-4'- “ B | )

.% n3 + %% n? - %% ]M - »
6L 311 2. 34l _ - 354, .
+ -—6- n _i-ﬁ- , n .“" -%-b—- ,},? -E]A . .

Comparlng thls total ‘with that obtalned for the one-»

step algorlthm, it can be seen that M has decreased by

approxxmately,one-th;rd, whllef

g

1

‘A has decreased by:one-’

o
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sixtieth

W

© 2.3

1

If a

.

i
Polynomlal Systems R

(

l

[3

3
/

" The order of‘complekity is still, however,
k1) |oo oo dision Cihes '
i has precision  wk -where w > 1 , then

-

N

o | -

5

If the elements a.

2. 3 1 Growth of Coeff1c1ents

(0)
iy

N

are polﬁhomlals of degree d in each of 'r» variables

X: o hav1ng 51ng1e-prec151on coeff1c1entsv = ¢, then

-each term-of a..’ = c(xl

v’Qrder deterﬁﬁnantAand by Hadamard's inequality:

\

o

vd

Then

r varlables,

a

(k=1)

l]

-

term of

-

Lk-1)
@13

(0D d...x ) ..'Then'
ij ‘ )

‘ 1/2
x d)2]v

(k-1) o 2.4
L eeaX
1

ca.. < m- I c(x
SR N T 1gick 1<k
.} f .

4
2
—
v[/k'E(xgx
1<i<k S

1
=

4. . dyq
2...§r)]

: dk dk dk.v '
[/k c] X) Xy eeeXp Yy

-t

-~

o v=k(mw)k (xikxgk..{8i¥) .

e
o -

‘lQ%_m (Vk ¢ |
l . : R
f,logmk : logmc »

=3
)

k>
"

s
n

of the augmented ma;glx [A b]

is a:ponnbmial‘of”degree. = kd vin‘each.of

with coefficients of precision < wk where

again the orderﬂof complexity is increased by a factor of .

Cay

(2:3.1)




.

L : : 1 . o L
i/ _ - <73 logmn_+ logmc - i
. .\ . . i 7 B
awnd (m-1) 1is the-maximum value of a single-precision

integer.

\‘\ 2.3.2 One-Step Ellmlnatlon .
| As 1n sectlon 2.2, the assumptlon is made that the

.cla351cal algorlthms are used for polynomlal arlthmetlc.
v .

Let C, [(d)r (e) ) »repreﬁent‘the number of operations,
requlred to multlply a polynomlal with k~prec151on coef-.

f1c1ents and degrz; d din each of T ‘variables by a

.

polynomlal with j- prec151on cbeffzcxents and degree e
“Tln each of r variables. - Let C+f(d) .(e) ] and .
C;[(Q)i;(e)?] be similarly defined.
. _ . St I
‘Then 7 / -
¢, L(@E;(@If1 = (arDITe [k = [+ (2K0IA o
L T, D7 o r \r "_. |
| C# @D e+ 1TC k4 3k+i ]
= [(d+1) (e+l)r(kj)]M N
+ t(d+1) (e+1)r(2k3+2k+23)]A
c.[(a)}3(e)f1 = (d-e+127c, [k,J] E
| S (d-e+1) P((e+1)F-1)C, [k-J,JJ
+ (d-e+1IT(e+1)7C,[k3k] ,;;'*i”érf

..

B



) ' = [(d-e+l) (2k-3+2+(e+l) (k 3)(3))]M
| L [(d-e+1) (ki< 32+3k+3

e (2@ (k3-324K) 1A ';[f_n'
Triangularization‘by”the one-step.algOritﬁm, then,'

' requires the following operations:

: n;l
31

+ C [(de)

4

2w k,(kd d)wk w]) o N
.n~1- - o A :
= r (nek) (nek+1) {[(2) (ka+1) 2T (wPx?) M
k:l " . : o
N | |

+ L2 tas) T (2w’ k +uwk)JA + [(2kd+1) (upk)]A -

+ [(kd+d+l) (3wk+w+2+(kd d+l)(wk+w)(wk-w))]M

2

’\ + ;<kd+d+1> (wlk +uwk+2w2k-w2+3+<kd-d+1)

(2)(w k -’ )]A}
N | ' ]
-1 2 2p+2 2r~' '2 2r+2.2r
=Tz (n—k) {[2 d _f.w k d“" IM

.£v[“w2k2r+2a2r +'2w2k2rf2d2r]A}*"
_ (taking terms of highest ofder'only)'

:Zi' :
Lo

n-lf' &r+2 2r

(nety? {[3 a*T 1M + [ow w2l 2r*2 2r]A}

">J~k 1

o o o o o o
L (n-k)(nfk+1)(2C [(kd)rk;(kd):k]'*C+[(2kd)§wk5(2kd)§wk3

23
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_n_l. ' “ ‘ . o
[3w?d?T & AP ank?Tt a2k 2T 2y I

k=1

-‘n-l
+ [6wla?T

2r+l_, L 2043, 2042y 9,
k .

I (x°" "-2nk
=1 .
o 2p+s
[3w2d2r (n :

i

C opalh. 2., 2r+3 R
(2n) (n ) . (n)(n ) /
20+5 - 2r+h * 2r+3 ) M R

2rtS o @™ L, @ 2>(n2r*3>)3A

2 2r‘(
2r+5 2r+y ; E 2r+3

+ [6w d’

3 8 .
2r+5 2r+h 2r+

| 2 2p+5 2r | 12 .. 8 %0

[w2n2r+5d2r“ ( B)JM .. .‘ ’ ' e

- The.operatiOns needed fdr,back—substitution are:

n-1° - C
, y . TS r
kzl {(n-k+})Cx[(nd)wn?(kd)wkj

4

+ (n-k)C [(nd+ LEDH wks (ma* kd)wn+wk]

- r .
n + ¢ [(nd+kd) fwk,(kd)wk?} 3
o ¢ -
| sak\z {[(n-k+l)(nd+l) (kd+l) (w nk)]M

+ [(n- k+l)(nd+l) %Fd*l) (2w +2wn+2wk)JA |

+ [(n-k)(nd+kd+l) (2wn+2wk)]A '_ F - BRI
+ [(nd+l) (2wn+wk+2+(kd+l) (wn)(wk)]M

_ r [(nd+l) (w nk+3wn+3wk+3+(kd+l) (2)(w nk+wn+wk)]A}
A S o
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N
2 p+4 . 2p

2nr+u 2r 2

- 1 1 o, v
':,'[W » d (m - m)]M + [w'n d (;‘P_f- -m)JA .

o o | L

. The order of Eomplexity for the one-step algorithm,

e

then{ is w2 2r+5d2r ;-‘For univariate.polynomfals, the
. ot
one-step algorlthm requlres approxlmately _gg'w2n7d2

ol

multlpllcatlons/dlylslons and g% w2n7d2 additions/sub—

~ tractions. ' ' } S R

.If the Polynbmials» aig) are of low degree'and have:

smalls coefficieﬁts, and n is»small* 80 that wn < 1 .

'.then all coefflcxents remaln sxngle prec151on. In this

/ case the operatlons requlred are

&

. 2r+32p ., 3 & . 3:.:
T ‘7ov3 " 7T ! o1
s 2r*3d?? l)]A .

2r£§\ 2r+2 7T¢

.2:3.3 ‘Tw0rStep Elimination

If- the two-step algorlthm is used to trlangularlze
(0)) 5 (O)
“ij
pre0151on coefflclents and degree d " in each of r

LA, bl = (a wherev is a polynomlal with 51ngle-'

varlables, then .the operatlons requlred are:

z {2Cw[(kd-d)?-_ ; (kd-d) ket
h? ‘. +oc, [(2kd 2d)2wk 20 (2kd 2d)2wk ul
* c [(2kd =2d)% o ,(kd 2d)wk 2w]--'

.
' [
’

/ .



+

¢

(n-k><z><25 [(ka-dF, 5 Ged-)F, ]

wk—w

o+ C [(2kd 2d) ,(2kd 2d)

2wk~2w 2wk= 2wJ

+ C [(2kd 2d) ,(kd 2d) ])

2 k=-2w

o o k) (n- k+1)(3C [(kd )y ;(kdogkl

. 1T
+ 2C, [(2kd d) tzkd-d) .k_wJ

+ C. [(2kd d)2 k- w,(kd 2d>wk 2w])

+

(n= k+l)(2C [(kd ar ; (k- d)wk wj

2wk 2w]
]}

+ C, [(2kd 2d) ; (2kd- 2d)

2w k 2w
+ C [(2kd 2d)

) owk=2w ,(Kd 2d)

wk 2

e N
26, [(nd-a)0 s (nd=) 1 g

C, [(2nd 2d22 Wh— 2 ,(2nd 2d) ]

2wn- 2w

2wn- 2w wn- 2w

o, : s n odd
‘. _ o R _
. C. Hznd 2d)f ,(nd 2d) ] , n even

{(n-k) [sz 2r+2d2r]M + [8w k2r+2 ZP*ZJA}

90 s

(téking termSVOf“highést order)

26
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. 2n2r¥S g 2r 2 y o2
= [wn (3e7% - 7o * Torp) M
2 2r+5.2r, & 8 oy |
MR =2 Sl S o SR

’ N

"Back-substitutionﬂis‘performed as in the one-step

51gOrifhm
The order of complexzty of the two-step algorlthm
is the same as that of the.one-step algorithm - 2 2r+5d2r.

However, the coeff1c1epﬁ is smaller. In the case-of'unl-f
.varlate polynomlals, for ‘example, M is-approximéfely |
T%K w2n7d2 and A is approx1mately I%F w2n7d5 . These
totalslare eechﬂone-thlrd smaller than'those obtained for'
ethevone sfep’algbrithm. | |

A s1m11ar reductlon 1n the operatlons requlred can

be observed for systems Whlch satlsfy wn < l .. For such

s
.sysfemS‘the two-step qlgorlthm requlres:

2r+3_2r B B AL
SO i s A o

Y v —2]a

2r+3, 2r
[n ‘2r+3 7ozt T 1A,

+

_Fov upivariate polinomials, thetevtotals‘abe .[f% nsdng
and EI%insdzlAb y as. bppesed;to“the totals df |
.‘[f%.hsdz}M ‘and [IEI ]A obtained for the one- step
‘algorlthms. - - |

. If the polynomlal coeff1c1ents of A 'and- b heve'
;Vafying degrees_'di K l<i<r |, 1nstead of unlform degree

o]



e

‘been discovered.~ The flrst of these was' an O(k

. -,
TA, ;
Sy

Lo L
¢ .00
3

T

: [w2n2r+$ (n- ﬁ 5(
' ,1,& *v
‘_"“l ' |
2, 2r+5 Y R B N
M Ty Tz ey A
N 3 :\@ »
[
20k Fast Arlthmetlc _f .- _ ’ i SO f‘ * %u_y

Barexss (3,43 has suggested that 'fast' algorlthms

for the multlpllcatlon of multl-prec1310n numbers can be

'_used to reduce the order of complexlty of the~mu1t1 step o

methods. He concludes that with’ such technlques, the

multi- step algorlthms use O(wn ) operatlons fh the

lﬁteger case. To the contrary, in thls sectlon it.is .

shown that fast technlques produce an algorithm which ié;

at . best 0(wn lOg n) -: . o i'

.

‘Several algorithms which multip;y two k-préeision-

numbers in»less.than'the classical _ck2' operations hgve

logz 3)

algorlthm suggested by A. Karatsuba in 1982 Shortly‘

. afterwards A.L. Taom produced a computer—c1rcu1try scheme

1+3. S/#lo k

to multiply in O(ck operatlons, and 1n
1966 S.A. Cook- adapted the method to computer programs.
A. Schonhage (1965) used modular technlques to . obtaln an

0(ck l+'2l°g2k k)3/2) ‘method. For a descrlptlon and

| - analysis of these ,algorlthms, @evkn_uth ([191, Chapter ,

%
¢

28
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.

., this optimum.  In faét Knuth [19] has shown that the best

‘H.3.3,i"How Fast Can We Multiply?").

- which is 0(k.2

‘ations required for the one-step al nythqﬁare: o &

29

As Bareiss points out, Schdénhage has‘speculéted

1+e

that at best, an 0(k ) algorithm is poséible, wherev"'

. € = log log k/log k . But L | E

k;&e = )xltlog log k/log k
k(z108 k)log log k/log k

k.‘2log log k

1}

K log k .

Schénhange, then, is_suggestihg-an optimum of ¢k log k
operations to perform k-precision,multiplicatiqn}‘

None of the algorithms mentioned ébove;achievesv

of_fhese'is a’modification'df theiTooﬁ-Cook'élgorithm

& 1°8251og2k)- . Ahothef‘algorithmldis-
cussed:bybﬁorodin and Munrb [9] is based on the Fast

Fourier Transform technique and uses OCk'logzk) oper-

ations. -

,}',- If*Séthhage'sadptimumrof‘ x log k is assumed

and a similar result for division is ugéd, the oper-

!

e



30
L N { . SRR .
L (n- k)(n~k+l)([2wk log wk]M + [2wk log wk]A |
k=1 .
| + [uwk]A + [2wk log 2wk]M + [2wk log 2wk]A)
‘ S : —_—
n-1 ) R _ e .
= I (n-k)“ (4wk log wkIM + [uwk log wk]A + [uwk]A)
k=1l - TS e o SRR
| n-1 h
= [4w I (n k log k 2nk log k+k log k)]M
k=1 :
n-1 2 9
+ [uw (n Hﬁ&og k~2nk’ log’ k+k log k)]A
‘ k;l % : . _ _ :
+ [uw_'z kJA 3
k=1 - ;
. ‘ o : RN
. : AN
Since ,
n-1 - T _ .
' 1.2, 1. 2 1 o1
L k log k = 5 N log n - ¢ n-v’.g n‘}og‘n»+ﬂﬁe R
k=1 | S A | B
n-1 .7% . S e
rxK? log k = % n° log n - é ﬁa'iu%'nz'log n + % >
m=l a1 oy 1 4 1 3. 1
£ k" log k =.yn logn - s ~—7n log n + w
k=1 : A -

the qperations required are approximately:

rl y 13 Y 2 8 10 . : -

fC§ wn'log n - = Qn f wn - gfwv + W]M S e N
o+ [% wn'log nf-‘éé'wnu’+’3wn2 - %ﬁ»wn_f %]A e .

, <

Thls total constrasts’ w1th the conc‘usxon of
\Barelss {3, 4] He says that the number of muLLlpllcatlons*

needed for the one step method, assuming calculatlon of
L
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(k)
413
4 the‘two‘mgltipiiéﬁkions’needed and ignores the ‘division),

requires one multiplicatjion '(he adjusts later for

, n-1 f' U, d 1+e _ . . .
. is b (n-k) (k —~) 1 where de/w. is the precision
k=1l - o | -

oo ‘ - + .
'at step k and k-prec481on multlpllcatlon takes kl €

81ngle pre0151on multlpllcatlons. Bareiss then states .
thats - L . e T

S - 'aQ'fﬁf',; ‘ L }L+
con=10 >2-' d, l+e ‘ e(d /w) '
I m-K)° (kX = N
k=1 Y - (2+E);(3,+e),,(u+s)- €+

! ° : v . -.’

d
o T
w -

.L—;‘L‘S:'

]

‘w('&hls result ls 1ncorrect. For taklng Schonhage s*
Joptimum_estlmate_of‘ - log log n/log n ,} hre " does
not‘behaée léke::au 1n the llmlt .as € 0 but.rather, 
aasaalready'shodn,:inu eﬁz n Yog n ": ¢ *  5

| W1th optlmal’fast multlpllcatlon, then, the, one- _‘f
step algorlthm has prder wn log n ; Even 1f such” an.
optlmal fast multlplacatxon algorlthm can be found, 1t ‘is
> not clear what the. 1ead1ng coeff1c1ent of that method wlll
be. Hence Barelss conteﬁtlon that the one- step algorlthm ‘
’has;ordef ”Qnu w1th a coefflclent less than: one is .
incofredt;A Slnce the order of. complex1ty of the multl-;4
':step algorlfhms w1th larger step sxzes is the -same as that_
1 of the one—step algorlthm, ‘it can be seen that all of
thesevalgorlthms are :O(wnu log n) _}’ |
| ‘Knuth [19] neges fhat multiplication dfek-bit§

numbers can bepacédmplished'in X steps "if we lea?e‘the.



 domain of
ourselves
number of

algOPithm

s

'convent%onal computers, however the mult1 step algorlthms

are of order wn14 log n ., at best.

’ . \

conventlonal computer programming and/allow '

Is

to bulld a computer which has an unllmlted

components all acting at oncq". Such an

'wou1d~give"0(wnu) mﬁ%ti?stkp methods. For .

32



T w1th 1nteger (or polynomla%? coeff1c1ents,'the,

" CHAPTER THREE

Congruehtial;Methods

e

4

The congruent1a1 method of solv1ng a system of
"llnear equatlons ‘with 1nteger coeff1c1ents was flrst
iproposed in 1961 by Takaha51 end Ish}bashl 273. - Slnee
‘that time Newman [24], Borosh and Fraenkel [10], Howell

Aand Gregory [16 17 18],vCabay [13], and Barelss [3 u]

.have suggested 1mprovements._ Some attentlon has also .
L

been glven, notably by’ McClellan [23] to,the case of

'fﬁpolynomlal coeff1c1ents.. e

¢

To solve a system of linear equatlons Ax_= b-

"2

step in the procedure is to solve the system by ‘Gaussian
'-ellmlnatlon modulo.a number-of'prlmes pl’p2’ ..*pt¢ .”'
The true solutlon is then constructed from the . f Amodular ‘
solutlons by means of the Chlnese Remaxnder The rem.

. In general the com?onents £‘;he;solut;on veeﬁor  x- 
are pot. 1ntegers (or polynomlals) | By bramer's/rule;.
however, X é y/d ’ where_‘dj= oetermiﬁhnt of A and
' y.= Aad1°i“tbf are'iotegert(or’polynomisl)‘qUaotities;

~The method,_then}iis’fo compute for each’ x . 1<k<t

' ﬁoe‘solution: (dk,yk) yof; ' f.
) Ay = &5y (mod p)



"
>

where; Kk : (mod pk);,rSk = b (mod pk) and‘

A
1

X d' (mod,pk)

(**)_'

i
ks

Y =V (mod Py) o

The nnique integer (or'polynomial) & and the uniqde d
vector"of‘integers (or polynomials): y Satisfying'(**)

can then be constructed by means of the Chlnese Remalnder

Theorem. 1f the system (*) has been solved for a sufficient

number of prlmes Py :;— |
- The congruentlal method of - solv1ng a system of
:llnear equatlons with 1nteger coeff1c1ents is dlscussed in
‘section 3.1 and detalled operatlon counts for'the method
‘ane given. 'in'seCtion 3.2, systems wlth polynomlal coef-
f1c1ents are con51dered and approx1mate operatlon counts.
are found. '

¥,
S

The congruentiaL‘methodvis often hampereddhy the
) . . 4

‘occurrence of what has ;ome to be known as 'bad'“prlmes.

-b %

Recently it has been sh wn that these prlmes are not 'bad’ﬁ

in the case of systems w1th 1nteger coefflclents. " For

systems w1th polynomxél coeff1c1ents, 1t is shown that

T

{hot 'bad',: that subject to a -

' 1tlon, a- second type need not occur,
“type'can,bexused w;th.l;ttle or_no_-
loss of computh on;_‘ .

-Also'fm‘section'B.iil,'a theorem‘forgefficiently‘

3y



terminatinglthe Chinese Remainder formula for polyf

nomials is given. |

3.1 Integer Systems

3.1.1’*The‘Mexhoaf

L

When a system'of llnear equatlons Ak_ﬁ b w1th

‘ 1nteger coeff1c1ents 1s solved by the congruentlal method
the system 1s solved modulo 1t; prlmesb pk ’ jlikﬁtj .
Suppose that the Py have<been'selected.efFor_each p?ime
ka tﬁe‘qoantity (3 ,yk) veatiSinPg‘ti |

L

i

"

’ﬂ“ak. d-t(mod;pk)

f‘§k<=‘y” (modfpk)

fis'determined1byt$olVingﬂthe system ‘Ax = b usiﬁg C

*Gau531an ellmlnatlon modulo pk w1th partlal plvotlng

K}

~'The algorlthm for trlangularlzatlon becomes

T .

"For  h

l"2-.s:'-":n 1 5'?‘. | v '
For i = n+1 h+2,..',n';f |

" For j'= hel, h+2,...,n+1 | .

o (h) (h-1) (h l) (h—l) -1 (h l)
'IDO »613 'éij. | -'alh- (ahh ) ah] (mod pk)

N ; “ ’ . . ‘ "- - ) . - "‘

" By partlal;plvotlng, we mean that 1f at any stage the ' .

(h=- l)

:dlagonal prOt element ahh becomes zero, an attempt

I
©

--13 made to rearrange the remalndxng rows to obtaln a non-:

~y
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zero plvot. The determlnant of A (mod pk) is 1mmed—
1ate1y avallable as the product of the pivot elements.

To detepmlne yk ‘back- substltutlon modulo pk is

first used tb’pfoduce.a vector. ik' satigfying ,

Ax, = b (mod Py) - Then §k:,al30 éa isfies

';k = x (mod P ) + But since y =-dx , it follows_that ;y

b

The cbnditioné which should be;imposgd'on the primes

P, now become apparent. Each * Py shddld be:
(1) less than or equal to the word-size of the
' computer so that all modulér_operatibhs are
performed oﬁ singlé-precisiéh integers. _' . ~
(2). as. large as p0851b1e (wlthln the restrlctlon
'lmposed by (l)) so that a mlnlmum number of .“; -
' I . [N ‘ .
'modull can be used.': -
2y B (h- 1) Uy
| (3): primg so that ahh | Q (qu;pk) is deflnea _
IR . _(h=1) o o
o o wheneyeg ahh o .
T R
: .mThere are two algorzthms avallable for flndlng a
(mod p) 5'?""By Femt 8. ’l‘heorem, | a"1= aP~? (mod Pl ',_ o

e pp ‘ (a.p>



The‘algorithm (see;KnUth [lgj, page 302) is as follows:

(ui,u ).+v(0;p) ;f

(vl,v ) - (l a) ; l“J'_-'
Whllel.v2 #,0 do
q f‘}gzlsz'

_(#l,ﬁé)‘* (ul;uz) - (vl,V?)q

CQupug)e Guguvy)

(V13V2)f; (ti;jz) ;

T

»

| By Lamé s fbeorem, thls algorlthm requ: es,a maximum

' number of d1v181ons when ” ~and’ p are consecutive _

" Flbonacgb numbers. In thls case (see Knuth [;9], page
320)_ the number of lelSlonSv < ru 785 + l°g10a + 1. 6721
‘5 < 5. loglop .; ~The average number of d1v151ons requlred
.however, 1slgf% logzp (Colllns [14]) and 1t is thls
wlatter estlmate whlch Wlll be used. B

It may happen that durlng the h'th step of the

trlangularlzatlon process a- zero prOt element is encount-

.ered . (That 15, no non-zero plvot can be obtalned by

: rearranglng the rows of the matrlx ) In thls case'

(a(h l)), ( od pk)‘ no longer ex1sts, howéver, 1t isr now

B known that dk 5-0. . Then elther d ﬁ (1n whlch caSe

-
" w

G“A, B ‘-

t

the coeff1c11nt matrlx ﬁ 1s s1ngular and no splutlon‘h,

exlsts). or d is a multlple of pksi;? In_the latter

B3
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case y, can no longer be‘fdund from the equaticn.
Several appneaches have been taken to thls:‘bad"
prime problem;f’The probablllty that Py is .a factor
of d  is small. Therefore Tekaha31 and Ishibashi [27],
and.Newmanf[ZHJ suggestrterminéting the algorithm on the
eSSumptiOnitnetb,A is einguler. Borosh and'?raenkel
[iQ];—en.the other'ﬁand,'diseardvfhis prime andxuee'
another\if any previeue or'subsequent moduli showvthat,vd
,ie'nof in fept'zero._ | .
"Howevef,nCabay [13] has shown that ;k:‘can be‘feundf
’»even.when”eak jis‘zeroi nThe celumn-witn fne~?ero-piv6t"
elemenf (celumn j, say) iéyigndred-andbthe rest of the
columne.are eliminated as if‘colunntj‘were not present.
Two‘ceses arise. If rank [A,b] = n (mod,pk) _it‘can |
-be’shewn ﬁhaf , _: ) '.‘t -vi‘ - ’/}. - e  B T

N

-

s = 1y, co> (3-2)  _(3-1)  _(n-2),(n-2)

j - a1 a; 1,5-193, ]+l"'an-l,knv‘n R
that (§); = 0 for j+i<i<hv{;'and'that'-(§k)l .
l<i?j-l s can be found by back-substltutlon in A(n"Z)

0 (mod pk‘\fﬂ If rank [A bl < n (mod pk)_, then a
gsecond zero plvot element is encountered and . yk must be
“the zero vector. A sllght modlflcatlon of the Gausszan

o ellmlnat;on algor1thm-1s therefqre'sufflc1ent*to handle .

a 'bad' prime, should one occur.



“;1‘ 3‘9' .

b‘vw':Fer,,ak and ;k' s likif » @ solution
.,y = §k (mod'pk)” , d = dk (mod pk) is constructed by

means of the'ChineeevRemainder Theorem for integers. e

There are two”con"ructiVe proofs of this theorem: the

. =%
Newtonlan formu a and the Lagrangian formula. Llpson

[21] has shown that the Newtonlan formula 1s to be

; pneferred in as uch/@s the number of modull requlred

v

'need not be known 1n advance, the storange requlrements
'are smaller, and fewer mult1pllcataons/d1v1elons need be
performed.

The Newtonlan formula for constructlng an 1nteger I

satisfylng I ilnk ¢(mod pk) for 1<k<t 1is glven by:

\ ‘ : '
o L _ -

I = al:+va2pli+'a3plp2 oo atplpz...p -1 (3,;.1)

where a; = s; = ul S
' -1 -1
(UKA- s )(pl P, ...pk l)

o ay (mod.pk) : d:
COSKT Skl + kplpz"'Pk-l' :
It is assumed'that - C B (mod ) l<k<t |
k TP1 Py f"Pk 1 Pk ’ g

is pre computed, agaln by means of the extended Euclidean

:'.algorlthm._

LlpSOD [21] also analysed three 1mplementatlons of
~ the Newtonlan formula. The best'of these (from the view-
point of operatlons and storage-reqdired) proceeds as

lfollows:
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" For i = k-2 step -1 C; 1 do
- v]:~bpi.+ a; f(mod p )" ;5

a, = (uk-v) X ¢y  {mod>pk) .
Then I 1is computed by Horner's rule:——~

I'= ((...(atpt l ap_ l)pt 2 _2):5.+aé)pl_+ a, - (3.1.2)

Observe that 51ngle prec181on operatlons only are requlred
to compute the coeff1c1ents ay .
-The-lnteger . I so constructed is only one out of

5v1nf1n1tely.many integers satlsfylng the- congruences

. p

it

(%) I uk‘,(mod‘pk)“ l<k<t .

We know however, by the Chlnese Remalnder Theorem, that

there EXlStS a unlque I satlsfylng _(*)v if it is known
that c < I < c + plpz..%ﬁt ‘where c is ah arbitrary. g

'1nteger. Slnce d and 'y may be negative}.we wish to "

represent the re51dues symmetrlcally about zero. There-

‘ ~"J"'":-"‘"xr%l? P --.P
fore we chooee C..& i 172 t

. Then: I is the unique
»einteger satisfying [I] < (pipéa;.p£)/2,‘and eatisfying~
* _ . , ‘



/

In the reconstruction of (d,y) from the con-
gruences ’ R .

I
e

A
m

d, -(mod pk) : e

<
[l

Y;yk (mod Pk)

'A?k akbf(moﬁ P} must therefore have been splved for

enough prime_s_'pk so that

e e
(*%) [d]s [yl < 7
or |2d|, |2y||, < PiPp- - Py o [

Tp obtain’ah upper’béuhd on thév;umber oﬁlprimes requifed,
g wé note that ifI‘A :(aii).is an n by @; Qatrix and |
v;b ;'(bi)"is-én ‘n by 1 =veqtor, then vy "and d ~ are
n'th or@er_dgterhinants.;_lf' aij

‘and b, have precision
< s, then (from section 242-1) y and d: have

- precision < nw where: ° . . ' ; -

£
]

= 7.}ogmn'ﬁ ;og(c+l) + (s—l).»

=)
]
H
n

maximum}sing1e¥precisiqh integer
s=1 iy R P
. I v-c(lj)mr = s T S (3.41.3)
5705 S

[0
]

'5;1 . L
3. pzg T

v
"

o . "max(. _xhax ‘ | céii) I ,- max Id;gi l ) .
1<i,j<n ° 1<j<n = |
e '
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Then 2y and ‘2d  have precision 54nw;¥ logm2 Vand

t = nw + log 2 + 1 primes‘are sufficient to'satisfy'(**);
v‘An upperebound op'the‘number of modular solutions

required is given by ‘t . In some'cases t solutions

‘will actually be ﬁeeded: but in_other‘cases the bound

is unnecesserily large;"Ah elternafive approach,’used’gy_

BoreSh and fraenkel [10],.is to contihue computing ter;s

{of the mixed-radix representation of vy and d

y = yl + y2pl + y3P1p2 f...+ ykplpzo.opk-l ) A..u

+d ovo.+ d +o‘.. ) 4

2P1 3PPy * kP1P2°"Pk 1

until for some j , dj = 0 and y3 is the zero vector.

‘The probability that the correct solution has been found
~is high, but a substitution check’ié-made, end addit;ena1
terms of ‘the mixed-radix representatlon .are found if the
"check falls. : | | |

The . substltutlon check is expen51ve 81nee Qt requlres

operatlons w1th multl prec151on 1ntegers. An alternatlve
termlnatlon procedure has been suggested by Cabay [13] i
He proved that if dy = Q‘ and. yk is the zero vector
for m+1 <k <m+ s where IIAII°° < plpz...p Cand’

IbIL < P1P2...ps ,and )

¥ T Yy Y YoPy teee® Y PiPyecePp g

§ o= | ‘ .
d dl + d2?1 tooot dmplPZ"’pm-l

—

=1
o
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‘ 'the\ijifow1ng operatlons.: .

'Computatlon of a ‘(mod pk)

A » ' ’ . . v VC . )
4(// L ' o : L3

e

then AyI ='dIb and x = yI/dI is -the solution if

1 #0 . If df =0 , Y1 # 0 , then A is singular.

1f di =0 and y; is the zero vector, it is almost

d

certain that A is'singuler, but to be sure, more

pfimes must be used unfil the bound (*#*) is satisfied.

.3.1.2" Operation Counts

The assumption is made that if 'd is a single-
precision integer and e is an s-precision integer,
. . " < . ~ \- "
calculation of (d+e) requires s additions, (dxe)

requires s muliiplications and ‘(s—l)~ addi ions; and

;(e;d) requlres (25-2) \mult1p11catlons/d1v151ons and

(s l) addltlons/subtractlons.

The formétlon of t mo}ular systems, then, requlres

0' i} '
L (*)

The Gau851an ellmlna 1on algorithm requlres thej'

computatlon of ';% (mod P\ once per 1terat10n on h'-;33f*

equlres an. average of .

\

7/12 logza d1v151ons, 7/12 logéa\multlpllcatlons, and

;7/12 logza addltlons/subtractlons. Notlng that a, <.m»,.

hh

- ’ ¢
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|
]
/ ‘ . . S
and that division by Py is performed to keep all
integers single—ppecisidn, then a single solutiohs_
reQuires:

Ly
S n=1 - n-1

#multiplications = g (n-1)(n-k+1) + Elr(ﬁ-k) ‘ o %
k=1 - ; k=1 o
n-1 | ; -
7 .1 3 1 2 , L
o z (y7 log,m) = Fn +3n .
k=1 | S
: A3
7 & 5 7 :
, +'n(I7 log,m - &) = y» log,m
#additions = I (n-k)(n-k+l) + .§ (T7 logsz
k=1 . k=1 2
1 .3 7 1 7 .
. =3 n- + n(ﬂ- 1og2m - 3-) - iz logzm \‘
. » ) n-.l - ~ . 'n’-l o .
#divisions = 2 ¢ (n-k)}(mp-k+l1l) + I (n-k) -
o k=1 TR ksl .
n-1
- v .2 .3 .1 .2
v L (rzlogm) = gnt g

| 7 77
+ n(T7 ;ogzm -5 - If\logzm -

Durihg'back-subsfitution, multiplication by the inverse

of apys 1<hsn , -is performed. Since all of't%ése

.inverses except a-l

nn have been .calculated during the

triangularization process, it follows that:

#multiplications = I



n-1 1.2 1

#additidns'

;zt ‘ - k=1 . |
AR n-1 r’_‘} e | '} )
divisions = 2 I k + n ¥ 17 log,m = n®

.-
= + log.,m
ktl 1z
An ‘additional '2(n-1) multlpllcatlons/d1v1s10ns are
. v , n
. needed to find H . a;s andb 2n mult1pll¢atlons/
1 1 - :

Ad1v151onsrare requlred to find yk = x E . To find f“

k7k
modular solutlo:i>‘then3 the operations required are:

S . . o

[t{(n  + ; xﬂ2'+'h(7 log,m + %) - 2}IM
o 1.3 . s .
;‘ : .'4+-[t{§ nd + n(12 ;ogzm f g)}JA I
=gLn3t,¥ % nzt'+}nt(% lo

e [% nd

i T Ki

' To flnd the mlxed radlx representatlon (Equatlon

(3 1 l)) of an 1nteger from t modular values requires:

t-2

#multiplications .= £ k + (t-1) = % tzfrv%'t

' ' ' . ‘ ksl : : '
RTINS S -

#additions = I Kk + (t 1) % R

k=1
. o 3

f?divisiohs'i #ppltiplicétibnSﬁﬁ #addi@ions =12 - ¢t
> . P . _

Applicatidn of Horner's rule (Equation (3.1,2))'reg§ifes:

.

7 3 7 .
L k+ g7 log,m = 3 n° - 3n+ 77 log,m
!

~ .

| ) g.ﬁ + %);- 2t]ﬁ' -
T nt(-zi-vl'og;l -2 _-c*gj

45



To construct the (n+l) infegers_Of .d"-ahd 'y there-

fore requires:

2

[(n+1)(2t2 - 2t)IM + [(n+1)(% t° - % t) 1A
T T S
= [nc2t® - 2t) + 2t° = 2tIM .
" 3.2 3 3.2 3. g | |
f [n(z t% - > t) + 7t -7 t]A - - (REE)
Comblnlng the totals of (*), (%*), and (#***), the

complete solutlon of Ay = bd requlres_the following

cperations:

5

-

3. .5 2., .7 .
[n"t + 5 n"t + n(z t log,m + 2t

.

2 4 % ) + 2t

2 - Ut]Msi s=1

3. 2 1 7 : 3
Fn‘t +n (zts * 3yt +npt 1og2m + 2; -3t

[— ndt + n(

t log,m + 3 t7 - %t’){ + 3 t% - 311, s=

- wedM, RS |

4 -

3 3 10
£§ n“t + n (ts t) + n(—f t logym + 5 t° - 5= t + ts)
’ V 3,2 3 ) “l? | . : .

SinCe-‘ng$2

\_=",0'_ . vfchen. t = nw+l , and the above

'P

totals are equivalent to:

~

D



- : ¥7
*([n W + n (2w2+%w+l) +n (2w2+%w log2m+%w+—)
+ n(-s-logzm*f?-) -'- ZJM L b.b. . : E ‘ ’,Sﬁl
g[n W+ n (2w +2ws+7w+l) + n?(2u? +€w log2m+§w+2ws
‘\ - +2s+—) ¥, n(€10g2m+§+25) -2, B ;~}".fs>;
1y 303.2,1y 2,32, 7. sl o
( [gn w + n f5w +§) +'n (7w +i§wlog2m+§w) - :
~+-§ R “‘ﬂfﬁl‘?gzm‘f”éar o e
[lnuw + n (—w2+ws Wz ) +:n ( +1Lwlo .m— +we+s l)
3 7“ 177108 ,m-3w > | o
\v . n( ' log.m ._ ll+s)]ﬂ’" R o Ty 4 .' S>l : A
7“ IT B = TSI T 82
~?>&heré‘ s 1is the precision of théeelemehfs'ofgﬂA'.aﬁdfeb"5f”
) and- w :.and Jm’ are ‘defined by (3.1. 3) .
eﬂfi : Frqm these totals it can be seen that the con-':?'

;{ﬂ“ &n 1 method uses O(n w) S eratlons,~'I§ [=jl'-: e,“:‘t;;
“ %ﬁ“‘kw'u ’f-}qqs . p .;:, b . . A §, T ,‘V i - _‘.
W <Eﬁgﬂﬂ%hep these totals are: . . -:f;'-_ﬂ'ijéﬁs o o

‘+ n (Q# logzm) + n(—+—log2m) ZJN L
: 3. 2 13,7 7 cas
==n" + n°(== = 12logzm) + n(—+I§log2m)]A ;

3.2 Polynomial Syste s

3.2.1 The Method

.In thlS sectlon, the congruentlal method of solv1ng f %
\ S

- a system of llnear equatlons Ax = b where the elements ;

of? A and b ‘are multi- varlate polynomlals Wlth

R

<



;\;f/%zw\x;/f“

integer coeriicients is considered.

©

As in the integer

i case, d and vy safisfying QAy = db are found, and

then y/d 1is the required solution. -The: components

of d and y. are polynomials of the form

whefel e = (el,ez,...,eb) and?ba s I .

To ensure that none’but the 1n1t1&i and flnal steps
require mult1-prec151on operatlons, the system is
s solvec, as in the: 1nteger case, modulo a number of
the solution 1s repre-

prlmes Py . For.eaeh prlme' Py

sented by ak' and ;k with coefficients which are cpn-’

- gruent modulo pk ‘to the coefficients of d and y
,respeetively

a

The flnal step is constructlon of ‘the

’multl prec151on coeff1c1ents of y

‘r"

the Chinese Remalnder Theorem for 1ntegers.

and d by means of
Slnce the

’latter process has ‘been described 1n‘sect10nl3.l, the

e,

problem to be discussed here is that ofvfinding,the’

solution .d (mc ), y (mod p)" of a system Ay = db

~ (mod p) . |

" To solve the'poiynomiaf system ‘Ayts'db (mod p) we
first evaluate the polynomials of A and b at an
e o ! v )

.'?gpropriate.number of points c = (el,cé,;;;;c,) . At

” each ﬁoint ¢ the system of polynomlal equations then

.becomes ‘an 1nteger system of equatlons whlch can be

..o

48



- Figure 3.)

49

.;. | v o 1
‘soived'by-méthods}already described, The solution .of
_the'integer“system répresents the polynomiai solution!'
of the orlglnal system evaluated at the p01nt c
The polynomlal solution can be constructed unlquely by
1nterpolat10n as long as 1ntege ﬁolutlons have been
 foupd for a suff;c1eqt‘numbe? of evaluation points. (See-
In the congruent;al settlng,.evaluatlsn of a po;y—
. nomial f(x 2,...,x ) (mod p) at the po;nr éf cor-
responds to flndlng the re51due of f(xl,xz,... Xr) on
sgcce551ve 41v;510n byw p (x -c, ),...,(xr 17 Cpe l) and
_(xf-cr) .'.That”is, f(cl,cz,...,c ) (mod.p) = ‘
f(xl;xz,.;.,ir)vmod.p., ,mod(x -c )g...,mod(xr-c )
whefe it is uhdéfs}ood’that mod(xk k) is pe:formed

”before mod(xk+l k+l) Lo In~theory, ‘the moduli chosen

 -need not be llnear, 1n practlce it 1s convenlent to

choose. llnear modull of the form (xl—c ) so that?the
;‘re31dues can be found by evaluatlon rather than by
‘Q1v151on. | m%u
| - In the remalnder of thls sectxon, some of . the

"dlfflcultles Wthh have been ehcountered w1t ;$he con- A

_gruentlal method are con51dered.

_The flrst_ofuthese oqcurs when ﬁhe determinqnt of an '7"i{
integer system of equations (mod p) at some’poiht
c = (gl,é2,;;.,cr) is zero. This phenomehqn will be 'Ejf@ X

\

e e

refér;ed_to as a 'bad' prime of'typé,One; TIt wil;,océur'yﬂéﬁ%zy

.
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’ when the determlnant d,‘oflvA et the point ¢ is a
multlple of p ‘or when d ‘oontains the facfom
f(x -c ) for some i 1<1<r M;for when.~df‘is'actUally

l/ - A

' zero : If d is not zero, McCleizﬁn.[23] suggests

dlscardlng the prlme P or<tﬁe‘e luatlon p01nt depend- o

1ng -on. whlch is respon51b1e for the zero determlnant.
ThlS dlscardlng process is costly, for several modular'
solutlons prev1ously computed may ‘have- to be dlscarded
when p or‘ (xz-c.) ,1s found'to be 'bad'. “Thls waste
1s needless in’ as much as a zero value for~ dkjfisl
":perfectly legltlmate and y(cl,c2,...,c ) cen'stiiikbe
found by Cabay s [13] method. ‘fv ' |

: A second type of ’bad"prlme can occur when con- o

.

# o

”

structing a polynomlal f(xl,x2,...,x ) (mod p) from-its

values at an approprlate number of p01nts c . ,Fof

‘polynomlals over the 1ntegers, the 1nterpolatlon problem

I'

1slwe11-posed as loné'as £ is known at ‘a: suff1c1ent /
numberxof pointsu For polynomlals over the 1ntegers

’(mod p), the following addltlonalvcond;tlon is 1mposed"
: 3. .‘-l '. o B . . ' ’ . ‘ :_l . - ,/ ) a .
~on mhe i'th component,of (Cl’c2*7°“cr) for al} é! :

.(c(J)—c(k);p)d= 1. for every. j,kn'suoh*that jEK .

ol

A construetive'proof that the'interpoletion:pnoblem"
modulo p' is well posed sub]ect to this’ condition is. -
_ A o (4
glven below., ' S
; o . r

~ The interpolationgprocess is carried our recursively.

. o . : . o
- - . ] .
o . ) Coy



That is, from. 1ntegers each representlng the solutlon e
(mod p)‘at 901nts (cl,c2,...,c ) 3 polynomlals in one
Variable X, each representlng the solutlon (mod p)

eValuated at (xl’XZ""’xr l) --(cl,cz,..,,cr_li

-

are constructed then polynomlals in two‘variables %,

_ and. f_l, each representing the solutlon (mod p)'

}evaluated at (xl,xz,...,xr_é)'= (cl,cz,...,c

e é) are o~
v'found,'and so on,'untilta solution 1n"r variables is
‘~obtained; This process of constructlng a, polynomlal
"(mod p) from its modular values is lllustrated in
Flgure 3. Therefore it 1s suff1c1ent to show that a
polynomlal f(xl,xz,...,x ) (mod p) of cegree dm in
‘ﬂthe yarlable ‘xm, can be constructed unlquely from |
dm ¥:1n polynomials,-.ui» for _lilidm+l “ 1n‘the’

variaoles' xl?xz;...JXh_l satisfyinge

,c(l)) -

_fﬁxl;xé;.,.,x -1 = u. (xl,xz,... -i) (mod‘ﬁ)d;
1<i<d +1
- —="m
.Theoremi Let p be an odd prlme and let c;l),c;Q),;.;
| . (d +1) 4 | : -
e - Dbe distinct integers'moduIO"p . Let .
ul’uQ;f:‘iEd ' befpolynomials:in.the'varif b
. “. ‘v | . . ‘. . ’ )
A‘lables XisXpseeosXyg - dThen there exists_a

unique polynomial
_‘;;J ' ~gi, A e
f(xl,gz,...,xm) =L ...0 L axy ee X

Lo



- 3
v 8
- o o
LN ‘'such that , .
, & f(xl,xz,...,xm;l,cmﬂ;)) Eﬁgir(mod p)
L ( ,
for 1<i<d +1 and J|a| < 1 for all e
. Proof: (1) Ekistencé‘df f
Let a; ¥'s; =.u,
- k=l' oy -l
7 a; (uy=s, 1) _g (x_-c_ )
i=1 .
. Ky
. ‘ | ‘[mod p,mod(x_-c ""7)]
e s h T e ) mod p)
®k T Sk-1 7 %% DL TS mod p
R . i=l . -
:The roof that s_ = u [moa ﬁod(x ~-c (i))] '
Pr Tk T T PGt X ™ -3

WEE < _ay
"“For k=1 5 sk-sl-ul[mod p,mod(x e 7] by‘
def;nltlon. ,
ASsume‘ sk_l = ug [mod prmod(x_-c (l))J s liiik-l.'

, l<i<k'*f6r k=1 2‘..ﬁ,d *1. is by induction.

53

Then s, = s + a kﬂl ( -‘(i))i tmoa ]

RS SRS 55 T SR " E

R k-1 . B

- | L (i),-1
= Sp-1rt {(uk_sk ) X T Gegmem ) T

- k=1 | o

[mod-p;mod(xm—cm(k))]}'x'n Ix =c (l)) [modpl.
- - S i:]_ .

Triviélly k =y [mod p,mod(x -c(l))]

~lii§k 1 ..f"
o T h}Q that s, =. u [hod mbd(x'—c Ck)]'
- To show a K 5 up d P, dCxymep ™

bb?erVé that



Sy

-l‘[mod p,mod(xm—cm(k))]'ﬁ

‘~l ; ‘[mod pl is well-défined since
c:“:-c: - . »

(cék)-c(l),p)

=1
m ‘ _
: k-1 ~» .
: = ' (1),-1
Thus s, =5 ;¢ (uk K< l) *'igi (xm-cm. )
(xm—c(l)) [mbd;p,mod(xm—cék)],u
Czos L+ (u =S, _,) x 1 [mod mod(x - (k))]
SR S TR S SS1 Ps
z Sk;l + dkl- Sl [m%d P mod(x Fc(k))]

(k))]

’uk [mod - p mod(x -c

s er fup [med pmedleefiNI L 1cicn

'Also;,by definition;”the.abSolute value of the

. .. - . - ' l ) . X ) . l .‘>(
coefflc;ents Of":sdm+1 < »(p-1) . | | - _4

- (11) Uhiqueness of £ .

Suppose there exists a polynomial q(k
d d_ ‘

. 1 3 m. el ) é . | :
R S AL AL IR R
"~ such that  qQ é [mod p,mod(x -c(l))J >
1<igd +1 . B R Sy
'_Then q = Sd +1 [mod p,mod(x -C(l))l‘, l<1<d +l o‘.')“
e g s e T ol o 1

i=1



<1 ’ . . o ’ .
But degree of q 'in X, = degree of. sdm+l in

v L x = d_ . o o . ‘{
' m m " ,
"Thus ¢ = 0 [mod pJ'/// . S ,_"

and q = s

dm+l o

' c 1, S U
. Then since Iael < 7(p-l); lbelvi z(p-1)

we haveA Q= 84 47 -

%dv+i -1s therefore the requlred unlque poly-

Tmo

, nomlal - %g

The above theorem 1mp11es that if d (mod P).
a polynomlal of degree di in 'r varlables Xs s

lilir » then d (mod p) can be cohstructed unlquely

. ' _ T .
" from its values at I (d.+1) p01nts c = (c ,c~,...,c )
- RS i=1 77 . : 1272 2r
. .. : . « (i),v(k) -
providing thatv P 1is chosen so.that\ ( “cp »P) = 1
if 'i'#'k .- Slnce p is- chosen as a: very large

51ngle prec1szon prlme, and 1t is convenlent to choose -
small evaluatlon points, thls restrlctlon is easily

satlsfled, and 'bad' prlmes of type two w1ll not occur.

_ k-1 .
If r(k) = o) ) ‘and b, = T (c(ki—ccl)- >
. o 1= 1™ .
'2<k<d+l are pre computed, the Newtonlan 1nterpolatlon
*algorlthm for constructlng a polynomlal f(x) -of degree.

d - from the values idi _where £(x) %lui [mod p, mod

(x-c(k))]. is:

55

For k = 2 to (d+1)  do o @.2a



MEEE T EETERT, - 4 ‘
G Vg *@ A i % !
% Fof i =k -.24 . do v (3.2.1)
® | a (k) .0 - .o
‘& T (V.I‘i .$\ a.i) '

I,V . o _l e . _;J." "‘,’* 3 :"
akAz,(uk'V)'.x by [mod p] @

)%

Then by Horner's rk¥e

.f =‘(.f.(ad+1(x-cfd))+adf%x-é(d—1))+ad_1)..I¥a25(x—c(l)),?

. \ ta; .
If the elements of A 'and b are polynomials beﬁ
- degree 'd in‘each’df- r _variables:'héving single~- -
precision gpefficienfs,then (from §éction 2.3.1) d and
.;y 'qbe polyhomials of degree < nd  in éachvof' r.

' variables and’ the coefficients of d and y have.

precision’ <‘nw where:

7 loggn + log,c

w

m=-1 = maximum single-precision integer

¢ = approximate value of gbefficients of

polynomials in A and b .

- It is therefore sufficient to find»sbl&iions'at (gd*l)r‘

points‘mbdulo t prime integers, where o
t=nw+log 2+ 1 . (3.2.2)

In some cases, fewer than (nd+1)T solutions'are\



. S P S %
required to find a solutxon ‘modulo p. - # Again one

iapproach (used by McClellan [23]) is to’ cease computlng

. o

terms of the mlxed rid;x representatlon when the same

i solutlon is found for two succe551ve modu11 and to do ‘a

’

-substltutlon check The ’ follow1ng theorem shows" that
Cabay's [13] termlnatlon algorithm can be extended to

-'polynom;al ;nterpolatlon.

'Theorem: Let* A= (a.f) be-én-'n by n .matrlx where

aj3 is ﬁ polynomlal in varlables which 1nclude

X ‘and' max [deg (a )] <r. . Let
l<j<n . x . ]

‘ b = (bi) bean n by 1 vector where by is

a polynomlal in varlables whlch 1ncluae X ahd _:

‘max [deg (bi)] < ti* - ‘ | o o J
l<i<n - x ) L

e
‘e

If the miXed-radix'repfeSenfation of |y

-(moq:p)l; d(mod p) , p'e I, i§ 

y = YI + (x— )(x -c, ). (x—cm).0_+ .

4 x=c ) (x=c,) s (xm y.0

~C
m+s 1

a. o
\

- dy +'(i-cl)(x:cz)};5(x-cm).0 +

.+

(x-cl)(x'c2)"f(xécmfsil)'o.

: + .(~)v<-cl)‘. .« ('x‘-cm+s) .dp v. R

where



"’ Proof:

> - 58
yr =yt (x-?cl)y2 t...
o+ (x—cl)fkhcé).;.(x-éﬁ_l)ya
L‘ | . o
d; = d, +j(x-cl)d2 too.. SR .
+ (x-cl)(xfcz)‘;'(fom?l)dmf
: [4

- and max [deg (dI)] i'q
' A x : . )
max [deg (yI)i] < p; » lzicn ‘ ' v
"ﬁ X S _ ' _ .

“éflméxl['mdx (r.+pi), "max (t.+q)] < m+s-1

l<i<n * l<i<n
SR -
then ;Ayi = d;b (mod p) .

 A§$hmé.fheic6ntrary. That is,#suppose Ay; -_dibﬁﬁ-

OJXmodap)-. Then' there eXists a polyhomiall‘p_i 0

”,@wdﬂp)i suéh-fHat

. 0.z (Ay-db), = (Ay;=d;b); -
L T YITOTITy

_ Butj:deg (Ayljdrb)i i‘max}tdeg (Ay;

-

»w;?f%—c{?(x—cz)f.-(x-cm;s) f(@od!p)  .

“Then' [deg-(AYideb)i]'i m*s .

x :

)i,deg(dIb)iJ
x X x

< max’ [ max (r;*p;), max (t3¥Q)]
T+ 1<di<n T O™ l<dcn “

< m¥s-1 " .
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Contradiction.

: € v . : ‘
Ayi”= d;b (mod p) . ’ ° Q.E.D.

If dI7¢ O"thene X yI/dI (mod p) . "If Yq is not the

zero vector and d; = 0 , then A (mod p) is sipgular.

_ : S . .
If dI and Y1 'are.bqth zero, then it is almost

o certain that A (mod p) is eingulaf but fb be sure the

(nd+ ' modular solutlons 1nd1cated by Hadamard s ‘bound

T must be found.

Note, hdwever,"that‘ Ayi = d;b (mod p) does not

impiy that d = dI (mod .p) ;. y jI"(de'p)'zj‘We know

only that. y;/dI = y/d (mod p) . Then either d = dI

Lo ’ ' Y

(mod p),} y = y; (mod p) , or d and y have a common

1

‘\factor (mod ) which is not present 1n fa and ‘yI

I

~The early tgqmlnatlon which occurs in the latter case is

e

~<an advantﬁge ‘when 1nteger systems -are belng solved 51nce
";lﬁ:means thét a solutlon‘ior xf,has been'founa thhout

. solving completely d and“y".

In thegpolynomial case, however, eafly terminatioh
B oL ' : S
means that interpolation on dI and’ y; to find *d and

y mey produce'an  incorrect result. In Figure u, for

~éxampje, termination modulo 3 OEéurs-with d; =1 .

"1

- while modulo 5 the partlal solutlon obtalned is

!

2

dIK= 1 - 2.x + x(x-1) = x t 2x lv§m0d>5). Since - - '}“ﬂ'

d=x%+2x+ 1 (mod 5) ,but d # 1 (mod 3) (where d
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is the true solutlon), it is clear that the two df's
.obtalned are. not modular representatlons of the same

polynomlal and 1nterpolatlon uSLng these two partial

~ solutions will not yleld the correct*Solution. This

case will be referred to as rbad' prlmes of tlype thvee.

In an algorlthm, the fact that 3 is.a ! ime would.

‘be recognized by'qbserv1ng that.three non-zerc terms ofr

: the—mixed-radix‘fepfesentatign’(mod 5)'were feund;.' _ o
“VThefefore[three'termsAof the moddlo 3 solution are

vreQuired.td ensure'that modular representations'df the -

same polynomlal solutlon are obtalned in each case.
c-:, .

Slnce only two terms were-computed (mod 3) the modulo 3.

= part1al solution’ may be 1pcorrect.'

¢ Ty

Interpolation (and the terminatidn~algorithm) are
v .
.applled recur31vely, startlng W1th the 1nteger solutions

4

'obtalned andmworklng upwardsvln the tree to obtalnefirst
solutlons in one varlable, then solutlons 1n two
var%ables,‘and so on. Therefore»'bad' primes nay occur -
at any ievel'in fhe fbee. Thateis, a,'bad' prlme may

~ be an.integer mddﬁlus Py (as in Flgure L) or a poly—'

4 .
To ensure that}eariy termination -does not cause an .

nomial modulus’ (x;-c

1ncorrect pesult, McClellan [23} dlscards the nodulus

(xi-c‘k)) (or ‘the prime pk , as the case may . be) 1f L V) |

¥

d, or yk have lower degree than dj -and.‘yj ‘fqp sgme;‘,
(3) | |

BN

‘other modulus (xl-c ) (or p. ). However, it has

R



Il

vbeen>nofed tnaf,the terms. of the miked—qadix repre-

sentation of. d, .and y; which have been obtained are

-« o

not incorrect, but that more of them dre requ1red.
-Instead of d;scardlng the modulus, the additional terms

can be computedi In Figure u, for example, the additional

term required modulo 3 (shown in detted‘lines) can be
"computed to‘give the correct result. ' |

" Two dbservatiens can be made. First, since s .zeroc'
coeff1c1ents of the mlxed—radlx representatlons of dI
- and yI are computed before termlnatlng moduloa%
'(xi-e(k))‘ (or mod pk )3 more term¢are needed‘only ifv
the degree,of some_other‘so;ution “dy s yi modulo |
(3

) (or mod-nj ) is greater by at least '(s+15.f.

Second; ifvthe 'bad’' prlme occurs after any good' prlme,

.=C
sy

ucomputatlon of the addltlonal tenms is pot troublesome
Abecause\izgie known at the tlme ‘of computation that extra

.terms are equlred. e

In the event that a 'bad’' prime occurs before a
4good' prime, additional‘terms of the mixed-radix pepre-’

sentatlon must be: added to a prev1ous solutlon. To do so,‘

the prev1ous solutlon must be known In genéral, 801-

-utlons obtalned lowerxln the tree are released from

N

'StOragevas-solutions in more var}ables are obtalned.

i_HoWever; it ' is alwayslposséble fo regain solutions lower
e T » AR o "3
in the tree by evaluating a solution higher in’the tree.
For éxampie;“' ‘a polynomial pabtialfsolution 3(*1532)
Ve : : : . i

L . Q

ad s,
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is known, a previous solution- a(xl) such thats .

o _ o o g _ S
dlx,.x,) = d(x,) [mod (x;-c)] can be obtained. by -

~evaluating a(xi,xz) at. x = ¢ . The computation

required %o do so is pgrtainly 1e§§ than that requiréd’
to.éo;ve égain, or téfsblve\withﬂénofhef prime. |

In séme‘éases,‘ﬁo previéus éolutions'have:to‘be
found before ah additional term can .be ad?ed;”‘lﬂ

Figurev 4,'for example,"d =1 (mod 3) , .y, = (2,0).
V4 - s I . . C“'}- ) I

(mod 3) are immediately available when the modulo 5

solution indicates that an additional term is required.

The édditional term can be computed without obtaining

agaiﬁ the solutions at x =0, x= 1" (mod 3) .

'Béd' primés ofltype'thnee; Fhen, can alwayé'be

used, and can often be used with no loss of computation.

'3.2.2 Operation Counts.

R T o <f" 2
A -A .

Additional'cdmputation‘is sbmetimesffequired,_but_it is

certainly,}é$sn$han that rgqhired when the prime is

T

As in Chapter Two, . the analysis.iS“réstéiéted to .

théycase of.polynomialé of degree} d in'éach of r
'Variables Fmd having singie—precision'coefficients.- It

‘is théréfére sufficient to find solutions at ' (nd+1)T . -

points_modhlo' t primes - p. where t is defined by



s

'.(mod Py) s

6u

~

.

If evaluation is performed by Horner's rule, and

.division is performed to keep all‘integers modulo Py »

‘_thehzv k ! : >,' ‘ N .

B T - = X
#multipliq?tions = t(n‘ + n) £ [(d+1)" T(d)(nd+l)"]
PR . - k=17 ,

2 r r-k, .., k X
< t(n“+n) I [(d+1)" "(d)(n7)(d+1)™"]
Pl k:l ’ - .
Y .ar Tk | |
=_t(n +n)(d)(d+1) I n
~ k=1 .
= td(n +n)(d+1)r T
= (d+l) T(tdn®t 2+ ean™*1)
#additions. = #multipliqations =_(d+l)r(tdnr 2+tdnr+l)k
'#divisions z #multiplic&tions,+ #additiéns
= *2,2tan™hy

(d+1)F(2tdn®

Yy

From section. 3 1.2, the operatlons requ1red to
t -

solye t(nd+l) integer systems_quulo Py are:

e - S : o
#multiplications/divisions = t(nd+l)r{n3 +-% n?

Aht.‘ o t p(g»logzm f 2)_. 2} - .
#addltlons/subtractlons = t(nd+l)r{§ n3

¥ o e n(g logzm - E)} ,-'

. . ’ L)
Whéﬁ\fjndlng the mlxed-radlx representatlon of d

o

y (mod pk) " 1535; K. by algorzthm (3.2-1), y



at the j'th step rgk? is an intggér, v, a; and Quk
‘are polynomials of dééreeu nd in each of. (j-1)
.variables, and interpolation ‘is.performed“,(nd+l)r J

times. - Then the operations'required'areﬁ

r nd

N#mulfiplicatiphs = t(n+l) I { I [k(nd+1)3™1
o ’ S j= l k=1
' . r '. v
| + 12 nd logzm] x (nd+l) ]} ’r
; ' v T 7.' : —
= tndl) 2 v{[(nd+l)3(7,nd)?frii_pd‘logém],
ik <nd+13r B
= t(n+l) £~ { nd(nd+1) '?*-.nd?log~m(ndfl), }
. le 2 4 7 12 B " 2: .
" g @'}“w 1“,'Q'ay ' :
= t(n+1){7 ndr(nd+l) Tf log2m(nd+l)r+l

of

’ . -"¢‘

: (’;, R ~§ nd logzm'— 2 logzm}

='(nd+l)f[n (7,drt + f td lng ) + n( td logzp'
N . . L . o ‘j' . o . »_\‘(./. ‘ )

. "u" - _7.-,?-9 . “ ’

o .+512 log2m + 7 drt) + T7 t 1og2m]

f% tdnzlégzm_— f% tdn log2
-7 ' .
- T7 tn logzm - T—'t log2 ‘ .
. #additions'=‘#mulfiplications

|  .r  nd-1 oy
t(n+l) I {2 I  k(nd+l)?
’/,- ]"1 » k-l - )

-

- #divisions

. - - 517 .
B + 2nd(nd+l) * 12 §d log2§J
T 1 - - (nd+l)r 3}
;‘-:' 1’3‘ ﬁ



-
= (na+1)7[n’(art + & ta log,m)
¢ + n(-% td lo m+7‘t"n + dot)
S 12 B2M T 17 ]

7 : 7 | 7 L
trpt logzm] - —7 tdn_.iogzm -1z tdn log,m
; .

i “—'12 tn logzm - TT t log2 -

To find .d (mod pk) y (mod pk) from the mixed-

&

radlx form by Horner s rule requlreéﬁﬁ

S o o o r : . s
#multiplications = t(n+l) g [% nd(nd+l)3(ndfl)? 33
| = t(n+1)(} drn)(nas1)T L
L _ r,1 . 2 .01 .
'it‘f = (nd+l) Ff Egrn, t > té;n),
RN 5 SN r R r-
., #additions = t(nt+l) I [(nd(nd+1)“{nd+l) ]
SR . . )

= (nd+1)¥ (tdrn®+tdrn)

- #divisions = #multiplications + #additions

o - = (nasDT(S tden? ¢ 3 tarm) .

Constructlon of the mult1 prec131on coeff1c1ents of

d and y ‘from< d (mod pk) X y (mod pk) . l<k<t .

‘;qﬁrequlres (from sectlon 3.1.2):

"#multiplicationéldivisionsv;_(nd+1)r(nfl)(2t2_§f)
o = (na+D)F(2t%n-2tne2t?-21)

N : . c 19 ! Pl
. C : .
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#additions = (nd+1)7(n+ )(% t )

o : _ ?9 3.2 3 3,2
= (nd+l ("2- : 7

Thereforeithe cbmplete‘solution requires the fbliowihg

arithmetic operations:

#multlpllcatlons/d1v1510ns =
5

= (nd+1)F [n t + n° (7 drt + » t + g td 1og2m)

t it logzm] + (a+D) (3tdnr+2 + 2tdn P+1)”..»

- % t logzm(dn + dn +n - 1 "v o
#addltions/subtractlons : B . -‘~ o .%/':
= (nd+1) [% n3t +n (2drt + f% td logzm) ‘j .

' v+ n(Zdrt +f%»f2 § t + {L td logzm + 32 t log2m)

03,2 3 7 p+2) . T+l
rxth - sttt log2m] + (d+1) (tdn +tdn” )
A 2 |

17 4+ dn +.n - l) | ’  , f

t 1og2m(dn

o

'SihCe long'a“Og;then t % nw + 1  ;>éhd the totals are:

» N ’ N '- s s ' ﬁ N N
#multiplications/divisions T S {
) _

¥ (nd+l)r£n“w'+ n3(2w -% drwx+’%,w f»% wd log2m+i)

T+

h2(2w2 + % drw + 7 w

+
+ >,

3 wd‘logzm + 5 dr -
7 T R AN
o+ gd logzm + 7) + n(2w + 3w log,m + ¢ d log, m

% dr + 7J+ 3 logzm] '_  . R - N

+



W

#addifions/éﬁbtﬁaétibns B Jﬁ’ﬁ"(

+ (a+1)7(3awn™"3 + agn™*

2,3
n 7
d

._a

‘(Hd*i) [g ﬁ

1og2m(dn2_+ dh + n - 1) . ‘;3;?:

+2\+ 2dwnr*? ¢ 2dn?*l)l

4“‘

nw lbgzm(dnzfdn¥n:})u;3%"1 m(dn +dnxﬂ§15“f

"%:,?‘L* %o

Tk

L EL L
-

y 2

‘w +n (%vw ‘+ 2drw %0 Tf dw lmgzm)
2'+ 2drw + 5 W+ If wd logzm + 2dr.”'

log2 + —) + n(~ W L %‘w logzm * Tf d log2

,ﬁ' r+3 r+2

6

.5
dr ‘_§) + = log2 ] + (d+1) (d\n d

dwnrtztf dnr+l) - ;L nw lo m(dn2 + dn + h - l)
| R 12 %2
e _

R
PP

_-The number of muitiplications/diviSions reQuired'is

r+4 »

approx1mately wn" -d ‘and the number of addltlons/sub—

tractlons is approx1mately = wn et

polynomxals.thesevtotals are wn d and - %;wn&d respect- }

1velyp
If the "r
degrees - di: .
and ~%'wnr+g(
: i

1 +4 .
n For unlvarlate

~

3

. o , ) SR
Lo L L S ,f}'
variables xi',_liiir , have- varylng

r“‘( 1 d. )

then themaboVe_tdfais become
: ‘ S ' i=1

"=y
[a¥
~
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E two—step, (and in general multl-step) methods is O(nvwz)

CHAPTER FOUR

- Conclusions

In this chapter the multl step and congruentlal

3 methods are. compared on the ba51s of the resul s . /»b
o %‘establlshed in Chapters Two andtThree. Thé order of'
”lhcompiewity of theﬁtwo methods‘are noted, and some. |

’ﬁif observatlons are made about when one. method can be

. expected to requ1re fewer arlthmetlc operations than the

other._.‘

From Chapter Two,vthe complexlty of the one- step,
for systems of n- eqdatlons with 1nteger coeff1c1entst

i=1

'f‘g and‘:O(n r+ TCm 'di)wz)' for systems with polynomial . r

v
. " o
SN . "

_coefflelents*of degree di“ in(the variables-.xi' ’l<i<r s

¢

| where ,w' lS deflned by’ (2 2. l) and (2.3.1) respectlvely

~Even w1th fast multlpllcatlon, these orders are at least
r :
n“w log; f and n ( T d. )w log n .,Afor the con-

>

. 1 l& i

‘ gruentlal methqﬁ 1t was establlshed in Chapter Three.

Y

- that these orders are n&w and ‘nt ( n d )wi respec-

.

‘ t1vely.~ THe congruentlal method lS therefore certalnly

4

\'superlor for large no . It is- stressed that thls con—"
:,clu51on contradlcts that of Barelss [3 H], who states
“_that w1th optlmal fast arlthmetlc the multl-step methods

:1;'have the same order of complexlty as the congruent1al ot

B
¥



fl c is deflned as 1n (3 l 3) (That 1s, for small n -

#

_For;thejcongruential method, theftotél is:

'The number bf‘operations reQuired by the congruentiel.

methods, but with a smaller leadlng coeff1c1ent.

We consiger next the values of n. for whlch the

congruentlal method for 1ntegers uses fewer Operatlons K‘
! K]

_ Assume that the llnear equatlons have 51ngle precxslon

coefflclents such that o 'ﬁﬁ y?

%‘I lo‘gmn + lbgm(c#;‘l)“: <1 (4.1)

’ o
s

%where (m-1) 1s the largest sxngle prec181on 1nteger and

’

the coefflclents are. sllghtly less than the maximum 51ngle-“

prec151on value ) Then for the two step method w1th

cla551cal multlpllcatlon, the operatlons requ1red are:

15 2. 3 19 2 . 28
sz n” + 3 S R A v I T ol B 2]M

3 s 163 2 .47 3 853 2 8 a2
thgn r oyt -t mgn- A

s . o
' .

s

,“4¢7'ii 3. 2, 7 . 5 7. IR,
[n’ + = n” +n §9>+ 3 logzml_f n(z e logzm) 2JM
Lg%, 113, 213 R SV
tlymir Rt e nGy v g doggm) ¢ n(3 * gy logm I

method depends on. the word-31ze of the computer belng used

/ For a 32 blt word (where ‘one blt 1s a sign blt)

1og2m = log2(2 )‘e 31 .
g oo

70
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In this case, the congruentlal method uses fewer multl—
pllcatlons/d1v151ons for n 2 16 , fewer addltlons[
’ subtractions for n. > 2 , and fewer operations in total
“for'_n > 5} . ' |

In the polynomlal case, a rellable exact comparison

cannot be made on the basis of the approx1mate operatlon

counts obtalnea. However, 51nce the congruentlal method

is asymtotlcally better than the multl -step methods by

‘a factor of n%t3( H dl)w ', the method may be superior
i=1 :

for smaller n . than in the integer case if and dy

are large. Experimental ev1dence is needed here,

(1nclud1ng experlments w1th algorlthms u51ng fast multi-

pllcatlon technlques) to establlsh the cross- over point
'at whlch the congruentlal method 1s superlor., McClellan
[23] is currently’worklng on such experiments. |
It should be noted that as the word size of the’
computer decreases, the performance of the congruentlal

method in relation «¢o the multl-step methods 1mproves.

With a word ~-size of 16 blts, for example, the congruentlal

method uses fewer total operatlonS’for. n >4 (for the

71
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integer case when equation (4.1) is satisfied5.

In eonclusion, two observations 10t central to the »
theme'of'this study, but never-the-1i .s of iﬁterest,,can
be made. -

Flrst, the congruentlal algorlthm described in 5
) ‘fvt{,\
Chapter Three is not optimal in a theoretical sense, '

3.8 e ‘ v

since an - 0(n w) meéethod for solving systems of linear

equations exists. Strassen [26] has devised -fast matrix

multiplication and inversion algorithms which are

2.8

0n"*") . 1In the congruentiéi settihg; this yields an

O(n3'8w)‘ method for integers, pHowever, the coefficient

pfeéeding h?f?w is very lerge (appfoxihétely. 12) .-

'Since 12 nd® <”ﬁ“ ‘only when n > 125 , the method,
whlle theoretlcally of interest, is not practlcal.

(" Second, ;f multlpllcatlon and division are more
coStiy operations fhan addition and subtraction,-;ﬁ_;;ey
‘are for many(computers, a method proposed by W1nograd
[28] is of 1nterest. He uses block Gau551an ellmlnatlon
in conjunctlon wlth matrlx multlpllcatlon and 1nver51onv
algorlthms whlch exchange about half of the multlpllcatlon/
dlvléion operatlons for,addltlons/subtractlons. The
_total(operatlon count is apprOxxmately the “same as tra-
ditional Gaussian ellmlnatlon, but fewer of these are
‘mult1pllcat10ns/d1v151ons.v ThlS method ‘has the dis- j fﬁ
advantage (as does Strassen s) that certaln*submatrlces of

o £
Ithe coeff1c1ent matrlx must be non-s§ngular.

‘\. ’ ¢ . o MS&A
\ ) ' ' . . %
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