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This tnesis studies the problem of finding the

actual size of’ a Welch Aspin test as applled to .the

solution of. the well- known Behrens -Fisher problem.t
Methods of flndlng the actual 51ze, due to Wang, and

Mehtafand Srlnlvasan, are dlscussed.' Modifications to

. Wang s method are attempted and the resulting methods

are used to. flnd the actual 51ze for a larger number of

parameter values than used in previous studies.

5

Numerical results are glven for each method. Thése,
results are compared, not only with each other, but
also (where appllcable) w1th those results obtalned in

eafrlier studles. It is seen that the modifled method. of

W tends to produce a size of test in closer accordance

1

w1th an assigned size of test a.

® \¥s : a
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CHAPTER 7T

«, TNTRODUCTION

1.1 The Problem .. ° ‘ "'_' ,l : ;

In.the field of statistical data analysis, it i
often necessary to compare two populatlons with reSpect to
avcertaln qharacterlstlc. For example, agrlculturalrsts
may want to compare the ylelds of'wheat from two different :

farms. Examples such’ as thlS form the basis of the Two

'--Means Problem, which is deflned ‘as that of comparlng

: he means of* tw0‘norma1 populatlons.

'Suppose that?l is:the mean, and 512 the sample?
varlance, of a sample of 51ze n1, taken from a normal popu- -
‘.latlon w1th true mean My and true varlance 312 and that )

B 2 B e

— . 2 :
Xq0 ‘2, n,, ”2’ and 02 are the correspondlng values from

a second normal populatlon.

“a

- If the exact values of the populatron variances.
Gifand_og are known, then the problem of testlng the
hYpOthesis-u1 = M, oanabe'solved ns;ng‘the'Normal dlsf_
tributiOn.'va the exact values are not knomn, bnt-the-'

" ratio 6 = Ol?/ 022;is known, thenbthis-problem is solﬁed-



using the statistic ; | - .0 ' 1
. ¢ ‘ . iYe 2 3
+ (ny=1)5, .
2
- 9, 3
- 2
N

which has the t-distribution with n

1+ n2 —f2 degrees\of'

freedom if uy = uz._'

If, however, the value of 0 is unknown, then the
above d statistic cannot be caleulated:_ ‘the solving of the
. N
two-means problem when 6 ;s 1ndeed unknown, 1s known as the

'Behrens—Flshe: proble.. R o C

1.2 Review of the Literature

N

The1501V£ng of the Behrens-Fisher problem has 'been

the subject of a great‘deal'ef research., It was first /

conSLder‘d by Behrens (1929), who suggested that the dls—"

.

trlbutlon

the dlfferencefbetween two means could be

expressed i‘ terms .of observat 3 in the samples from the
two nbrmal.populatlons. Flsher‘(1936) extended this as
‘the.cefreet"exactf solution and'Sukhatme (1938) drew up

)‘tables:for the distribution‘of tne'Behtens—Fisher'statistic;“
Bartlett (1936 1939), among others, cr1t1c1zed thlS |
solutlon by saylng tﬁat the probablllty of rejectlng the

,hypothesls of the equallty of the two means (us;ng F;sher s

-



"0 b | : /B . v- ) N \\ o3 '

method) waéﬂgenerallxrless than the ass1gned size of the _”:
. & ) -

. test, and trled to-solve the problem u51ng the theory of
_ coétldence intervals. Welch (1938) brlefly mentlonéﬁ ‘this

method, and Scheffe (1943) wrote up the full solutlon

a

thls solutlon was based on the t- dlstrlbutlon, and was

proven to be the best solutlon of 1ts type avallable.

r i oom
R

_ P ' o% o
Welch (19%67 developed a solutl based” nﬂa &

serles approx1matlon for a crltlcal value V (&), sut

" that | ‘ . - - R J i d. AQR.
: ) ‘ , ' - e g;_ :

- > .,_ = : . o . -
Pr { V- va,gc_) } @ o S
. where 4 : ] C R , N
. . ‘szp “Sl
P {
n
c = "
. o & : 2
. 5{2 S2 a N
Y H—" + n.
1 2
and '

A
Y. .
R ¥ Sl e - . N



Aspin (1948), as well asvTrfokett Welch and James

(1956), tabulated crltlcal values V(c) "for thls/solatlon for
e

certain sets of values o, nl, n.,-and c. Other soldtlons.

27
have been proposed by. Wald (1955), Banerjee (1961) and
Pagurova_(1968).' Scheffe (1970) prov1ded a recent paper

a

that rev1ewed many of the above solutions.

1.3 ©Objectives of the-ResearCh'

-
. /

In the paper of Scheffe'(l970), the questlon is

t

s
ralsed as to the actual 51ze of the test for Welch 'S solu-

tlon.MAWelch hlmself‘ in an appendxx to Aspln (1949Y

found the actual slze for ‘a few values of the parameters

(a = .05, n1 = n, =7, 6 =1, l 3, 2 h l), u51ng .an un-
9 4 7 3~ :
-spec1f1ed method. Mehta and Srinivasan (1970), whlle

-

- comparing. the actual size of the testtfor various solutions,

used a method of’triple inte%ration‘develpped bv éolhar”
(1964)v Wang (1971) found the actua?‘512e of the Welch

test for selected sets of parameter values by uSLng a method
.~,1nvolv1ng numerlcal quadrature and‘the‘t-dlstrlbutlon,”_How-.
, {'ever;.all of theSe writers presented results for only a few .
f:setS'of.a, nl and n2., Tnirefore; lt is the:objective of-
-thls research to 1nvestlgate these methods for the purpose

of’ determlnlng the actual size of the test for a g ater

numbex of seti of parameter values.

f
°
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‘In the paper of Wang (1.971)_‘, it is‘ stateduthata'for

a give@st- with statistic ﬂ':ﬁ(x.— u), and critical value =~

' ( v , S 5 .
C, (c) at an assigned size of test a, the attual size of

% . .
- the test may be writtén as

P (ca,e) = Pr(x - q

s 'S "
I‘ -
" where &F o : J )
X' = X T X,
no=ou T, ‘ '
. . {
PR 1
Lo Sl2 ,522' ]
BA% S = .n__ i ;1.____
3‘: k Lo ],' 2 »
and X
g2 , .
8 = X Voo :
. 2
\, 2
PR SRR - .
© Miltiplying both sides of the inequality by the:
term | |



\
; . Afé
. }. -
SZ 2 . v ‘R\'/!"
2 L2 2 ' S
g flsl . f252 . » )
— + \ .
f.+f - 2
1772\ % %2 }
’ . |
where e o _ » _ oA
3 ~ &
N g2 o -
- 02 - nlo + n2 [ v
1 2
the above expression Hécomes
.;/f\S . ' ’ fl + £, \\\ . ;
, | "P (C,.8) = Pr (x-y) T > 7
. v . £ s S =
( ©, 55 )02
2 2
oY% 92
\; “.. | (
) 5 .A" . —— . i ‘/ ’
T %’"‘ ’ N
e 2, 2 ' S
c ) .qf - ol o (E£4+1) (£ +*1’(f 2) ﬂ1+r)

~ where

[o 1 (f +1) + oz{ffl+l)] [rf (f +1)0 | + £, (f +1’ 1 ]

(2.})>»
™ L ;': . Iy
Cd(c) = Weich;Aspin-%;itical 1lve - ’;.,
o Sy . 7
x = T3 N —
SO
f = n, -1
1 S %




.Q: 1 %:‘ ‘ . =)

4 - ! . l . \:"'
c = . —— TJor

- ' —_—+

ny n,

v
)

.ﬁ\' Usfng the hypothesis that u = My thesleft-

1
hand side of the 1nequa11ty in the above expre551on is. a *7

Student s-t varlable with fl + f2 degrees éf freedom, while

\p o

the rlght hand 51de is a functlon of the random variable -

r and is distributed*independently of t.

ha d ‘ines a Beta (fl, fg)‘veriéble Z as -
rf i 2. 2 2 '
S1°f;
. S B

¥4 = 4

: 2 v 2
51 f3, 52 55
g9y | 02

‘and relates ‘this-to r by usiag

-

z = ; . 1
T 2 2
R 52 £20;
| jvy e 221
" S 2.2 - »
R S A T Ly
N 1 n
o | o 2f'(f ,+1)
R 17 ,~
. . ... " 'ro f (f 1+

2

MU



This is equivalent to saying o T j

z £ (f.+1) 0.2 Lo \‘
r. = . 272 . 12 _ (2.2)

The right- hand\slde of the 1nequa11ty (2 1) is tbzs
labelled as a func ion of the Beta varlable z,.say h(z), and
the complete expre351on (2.1) is written as ‘an expectatlon |
| over the Beta varlable z .
i.e;' |

' ,%\ .
P (ca,'e).' =§gz{ P—r[tflﬁ;‘f‘z'z h'('z)'l e.z]}' o
- b Y , .

¢ T B { Q¢ +1, [:h,(z).]}'

whérefo +f2[h(z)]'is the upperltall cf'the,tflntegral (to

the right cf the pcintah(Z)) with fl,+f2 degreesgof.freedom.

, v ., , ‘
' “The value of- the actual 51ze of. the tesz can then

»“be calculated by quadrature u51ng Slmpson s Rule in.the

follow1ng form: SEE ‘ | <5‘ B -

| | _ . iy A | o :
'P, ca,e} = E(Qfl}_f2 [h(z2)]) = 3 ;\E wiQflgleh(zi)]dzi

. 2n .= number ofg\?tervals to be used in Slmpson s Rule.é
. jﬂ<.'

z, = -1 (note that Ofézis l as z; is a{;eta,varidﬁle)
. . 2n o o _ . Vo I .



dz; =@ density function of the Beta variable zi

'

which is | ¥
. . “' ’. . i
otz By 2,
GRS R z
» oz, (1 - z.) S
. i
£ £ ;
1, L 2
F(37) T(z=

£

’ i
An aléerlthm to evaluate thls expre551on is glven

Y

as follows-

v ~

lﬂv Choose the valpes of a, nl, n2 and 9 to be

tested (there w111 be nine values of 6= =0 /022 tested for

each set-of(g;]//z.and @, namely 1, 2, 3, 4
‘ : Rl =’

% 8 -

).

r r f 4 r

7
3

o
wjn
By
Njoo

v

* } .
P2

2. Flt a fourth- degree polynpmlal to the avail—~b

v

able 11 values fﬁ the partlcular TQW S?\a Welch —-Aspin i"
. *
‘table of cr1t1ca1 values correspondlng to the bh01ce of

a, 1 and n2 (thls polynomlal w111 be used to f1nd the

-value of Ca(ci)’ the Welch.critiCal value, necessary to 3
calculate‘a particular value of'h(zi)).'

\



‘10

Y

3. Decide how many intervals will be used, 'and
. B '

call this value 2n. .
4. For each value of 25 (i = 0 to 2n),,¢alculate‘
the value of }Kz}) by tfanéforming-ii to r‘.L using (2.2)

nd maklng the approprlate substitutions 1n tae'rlght—

hand 31de of the 1nequa11ty in (2. l) Use this value of

h( ) to det: Ymrne the value of the t-lntegral ‘to the

F )

r1g t of the p01nt h(z ) namely, Qf +f, [1;(zin .

- 5. Once ‘all of the (2n+1l) values of Qf +f r hJHE)]

have been determlned, use Slmpson s Rule in the fOQm glven

"earller to evaluate EZ_{ Qf +E, [}1(2)] }, whichvis the
desired estimate of the actual sxze_of the test.
o Two things shbuld_be men ipned‘hereﬁ

. \ o .
a)» The fitting of the polynomlal to the 11 p01nts

>1n a‘ﬁelch-Aspln table of critical values correspondlng to
'partlcular values of nl n, and a -can be done u51ng ady
accurate curve—flttlng meqhod : The polynomlal should be

fitted using the values of c indicated in: the tables (c =

0, 1, -2, +:+, 1), not r (r=0,1,2, 3, 4,5, 6, 7,

%, ®) as was suggested by Wang. This is because ‘the value
of o cannot be accurately represented on a’curVel

v

3



[} ' ' ' : . - ‘ 11
) . ¥ » : . : "

b) The estimation for Q [h(z.)] can ‘be done
. R
b using the extremely accurate s:ries -approximation ‘for the

upper tail of the t-integral due to Hill (1970), which is

- .

deéscribed in some detail in Appendix A.

!
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CHAPTER III
. MEHTA AND SRINIVASAN'S METHOD

In the paper of Mehta and Srinivasan (1970), the

¥

Behrens-Fisher problem is defined in terfns of testing the

’

rnﬁli hypothésis

. Hy—U. . .
oY P2 v
H - = = oy
0 n : '01 0‘,
| oy _  A‘ ) o 012 o | - 5
"assuming that 6 = #——5-'is unknown, and. that (ui,ol )
‘g . ot T

are the mean and yariance of one normal popu%;fion, with

.'(u2,022) being the mean and variance of alseCOnd'normal
. population. The solution is expressed in the follqwing

- general form. -~ L ]
: L -

Reject Hg if

. L - %, o . . |
VT (52 o212 Valody,

;.1 S 2 7 Z

__"+n—

M2

where Va(é) is a function of -



a2 _ S 13

o
| ' ny : SN
2 2 : .
S ’ ‘ . L
1 + i&_ . S
S | ny |
' o S AN
and xl, x2, are the% means and Slz, 8122 the variances of
samples of size n, and n2~taken,from'the two - normal poqu
lations. <

'~ For Welch's test, the critical value_Va (C) is
expressed as (for an assigned size of test o)
. . . . : N . J < N

. 1 -,
_ _ 2
va(e),._ £ [ 1+ e (1+g ){ £ cS+f) (1-c) } N

12
TN |
- —— ey f22c2+f§(1-c)2}~
- 2f.°F - |
“*1 *2 '
. R TR | ‘
o+ —5— gt {f22c34f12(1—c)3}.
| o3 %% s A
Y o
N,
Y o A (se32e 249y ffoc 24f. (1-0) 212
. : 2, 2 0TS . 2 1
| 32, %, o |
- (3.1)

R s ' Seo : : : ’
- where ¢ is the (l-a) percentile of the standard normal dis- ;

tribution and fi.=,ni'—'1-(i = 1,2).

-

Golha:’(l964)‘sh§ked, by.a;setiesléf_1@96;1@n§5.'
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Caiéuiatiohs, that the probability
: ‘ . . \\\.
' B(n,-e), = Prob L_y/ < Va(c)}
is given by
| 4x-y (£, _2) (f -2)
B(n, 6) = ff 2 2
v | r (__)F( o :
’,‘ 8 \
j,w(x,y) p -33 , .
. ‘ 1 2 '
Ze, /TEF? dxdydz | ‘(3.2)
."/“
where - | . . N N ;
Wix,y) = Va(cV;__ZJEC ¢ 2lze)
. v 71 -2
= _ 1 <
© T Ly £ dn
' 1 + — —
X f2 z

VG(E) = equation (3.1).with‘c replaced by c



\ .

Tﬁe poWer of'the:test is defined as the probability
of'rejecting H, when it is false, or in other words, P?ob
{.V.é.va(c)} or l— B(n,G).i ThisApower is équal to the
actual size of thé teét when n = n. Thereforé,-the actual
size of the test is givén by the Qalue of 1- 8(6;8)ﬂ_ The “
calcuiation of this value necessitates thé evaluatipn of

the triple integral'(3.25 with p replaced by 0.

The inner intégral in (3.2) is simply the standard
normal cumulative diStribution’fuhction<b(W(x;y)),'and can

~

be evaluated by using -the relatiénship&

& (Wix,y)) = .21. (1_ + erf (W(x,y)/ /i‘),) |
. " . ) . ) . B ".3‘
where - - ' T R
. ‘ . ) . _ . . o v
erf (Wix,y)) = _2 va 2 vy, b4
2 %3 ' L
R 0
is called the "error function."
Thus . »2 o N W(ix,y)
1+ erf(Wlx,y)) = 2 /‘/5_ e
- /fv moto
~ and therefore
‘ oo O

. o -%-y . = (£,-2) = (£,-2)

L4



‘\ .

. | . 16
; (1 +.erf (W(x,x))() dxdy . /(3.3)
. A

o~

-Thls resultlng double 1ntegra1 can be evaluated u51ng
Simpson's Rule by maklng the follow1ng°transformat10ns on
X and y 1n order to make the limits flnlte, and u51ng the

FORTRAN functlon ERF to avaluate the error functlon.

Let
- p v : ':‘ . I -
TR = S 4 Y '
:ﬁ;y ‘ - 1-s
. . ¥
then ‘
dx = v;——l—z—'ds
o (1-s)“ = i )
and let
]
4 s
y o, = ;
. 1_-5 .
 so that /
(1-s') o o
‘This'transformslfhe integral to the following:
ivﬁ~‘., : ,
. ' 2711 ( s s' ) .
: ~' - iz Y 1=/, Y -
: i 1 o \I-5 St s \3 (£1-2)
£y £, (1-s)“ (1-s")° \" 7
2 VFe2y ) \ _
pred g ~
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AT ) S
| 1 -2) w<_§_,4§L_) .
2 27 ~ AN
. (-s' A). (i+exf (. 1-s 1-s ))ds ds'
1-s'/ - 2 o

From examining this integral, we can see "that it

;s undefined at s=1, or's'=l,land close examination of the

formyla for W ( s s ) will show that it is undefined
‘ : o l1-s * ' .
S - 1-s
at s=0. '
Thefefbré, a small value of ¢ (say,'10?7) is chosen,

and the‘valué 6fAthe”integra1,is found'using7the limits

‘ 1le o
o Jf J[ £ (s, s') ds as'
" The" Slmpson s rule form for the above integral is

. hk . ,
BTyt e

wheré -
- 1-2€ R . S
h =- i (the length’ of each' interval on the
s axis)
‘ l-e . a
k.\: -ﬁe (the length of each 1nterva1 on the

‘s' axls) (/'_

_Mk ="ﬁumber of points alénéjgach,axis

s
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. Y
- = - A (£,-2) Xe:

~S l"'S' - ' .

» £ (s,s') = € 8 < S )

(1 s)2 (1-s') 1-s s 1-s
. et
’ FV( s , st )
l+erf ( l1-s = 1-s )
. V2

CW. L
-13
by the follow1ng multlpllcatlon table:

\ . TABLE 3.1

I3

TABLE OF WEIGHTED COEFFICIENTS FOR TWO DIMENSIONAL
- : SIMPSON S RULE :

4

1 4 2 4 2 4 . .. 2. 4 1 '
111 -4 2 4 2 4 ... 2 4 -1
"a4l4 16 8 16 "8 16 ... 8 16 4
212 "8 4 8 4 8 ... 4 8 2
414 16 8 16 8 16 ... 8§ 16 4
— ' ' : ‘ ]
VN d- *
:P;’ ;'« | .
(3 e .
BT o -
4 16 8 16 8 16 .. . . 8.16 4
2

The resultlng value of B(O 9) 1s then subtracted

_ from 1 to//gf the actual size of the test.

= welghtlng coeff1c1ents whlch can be. ‘found



z
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~ CHAPTER Iv S
~ PROGRAM AND RESULTS @
'4;l Wang's Method . : | . o }\

. c K . '» S - . . _ . " . ‘3
s ' . <

‘;;f;m “For Wang s method a program was wrltten in

FORTRAN, u51ng the procedure as outllned 1n ‘the o
/

algorlthm glven in Chapter II (a flowchart for this
program is- glven in Flg; 4.1). As Wang s method involves
direct use of ;he Welch Aspln tabulated critical values,,'

) 1t ‘was' dec1ded to flnd the actual 51ze of the test as

,vsuch for the same values of a (and all flnlte‘palrs of

a

'sample sizes Ry, n ) used in settlng up the Welch- Asplnl

. tables," for values of 8 of (-1, f2,--3, v, *9).
: e . A

The results'are giVen in Table 4.1. 'Investigation’of

these results shows that in: all cases, the tabulated

. size (to three deczmal places) is equal ‘to the a551gned - o
. ! . . v
size of ‘test a. : . S ‘ o -~
. L e i
'4.2. Mehta and Srinivasan's Method - ° )

+

For thé Mehta and Srlnivasan method, a program

' was wrltten in FORTRAN u51ng the procedure as outllned in ¢

:'Chapter III (a flowchart for thls program is given in



Read in a rqw of hnlch-Aspln Table,ZL
and values of f~- . 4/7

Fit a 4th degree polvnon1a1 to helch—Aspln
row data using values of c(0, -2, J1).

Rl

"Pick a value for M(the number of
peints to be used 'in Simpson's Rule).

a 2 2
‘__,4¥$e1ect_ol . Oy

Set k = o0,
. 2k = O.

Use the tormula of Wang's

‘to calculate the value h(zk).

i
~

proximation of HilH
£, Ch( z)1 ..

Use the Series Ap
to qalculate Qf1+

' Use Siﬁpsoh's Rule to find '
9?Z(Qf1+f2 Fh(z )]),Tnd p:}nt out

NO

20

AN

NO

)4),,—’ 1 rows of. the W-2

Tables fxnxshed?

R

*

'PIG. 4.1 PLOWCHART POR WANG'S METHOD .
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TABLE 4.1 )
TABLE OF CALCULATED ACTUAL SIZES oo
USING WANG'S PROCEDURE ~
" (a..=. .05) )
| & o1 |o0.2]0.30.a] 0.5 0.6]0.7]|0.8 0.9
" | 1+8 L AR N SR W
6|£,=16 |.0498 |:0499|.04p9 -0497.0497|.04971.0499 0499 ,.0498|
8 |.04981.0500|.0500.0500,;.0499].0499' 050020501 .0500
10 {.0498|.0500/.0500 .osooi.b499f;0498'.0498"10499::0500
15 |.0499|.0499.0500|.0500 .0500.0500!.0500|.0501 .0502
| 20 [.0499.0499].0499|.0500 .0500].0499 .0499°.04991.0500
8 6 |.0500/.0501(40500|.0499'.0499|.0500].0500 .0500 0498
8 |.0501|.0502|.0501|.0500 .0500{.0500|.0501 .0502 .0501
10 |.0500|.0501].0501 -0500.0500 .0499;:osoof.osoo;.osoq
15 |.0500.0501{.0501|.0500 .0500.0499|.0499|.0500 .0501]
20 |.0500.(.0500 |.0508|.0500.0500|.0499].0498 .0498 0500
10 6 |.0500|.0499.0498|.0498!.0499].0500].0500 .0500.0498
| 8 |.0500].03500].0500{.0499!.0500].0500].0501 .0501;.0500
10 {.0501.0502{.0501|.0501}.0501{.Q501|.0501.0502.0501
15 |.0501.0501.0501|.0500|.0500].0500|.0500|.0500 .0501|
20, [.05011.0501.0501|.0501|.0502|.0502|.0502.0502 .0502
15| 6 |.0502.0501|.0500|.0500'.0500}.0500].0500 ;0499$;o4997
8 |.0501|.0500(.0499 |.0499:.0500|.0500].0501!.0501 .0500].
10 [.0501!.0500.0500].0500'.0500.0500].0501|.0501 .0501|°
15 |.0502.0501|.0500,|.0500.0500|.0500|.0500|.0501 .0502'
20 [.0502(.0502].0501|.0501].0500].0499 .0499 |.0499 .0500
20 6 |.0500(.0499|.0499 |.0499|.0500 |.0500].0499 .0499 1.0499
8 (.0500(.0498.0498.0499|.0500|.0500|.0500.0500 .0500
10 |.0502{.0502[.0502(.0502|.0502|.0501.0501| 0501 |.c501
15 [.0500.0499 |.0499 |.0499|.0500|.06501|.0501[.0502 | 0502
20 |.0500.0500|.0501 |.0502(.0502|.0502.0501 .0500 .0500|
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TABLE 4.1 (continued)

‘TABLE OF (CALCULATED ACTUAY, SIZES
' USING WANG'S PROCEDURE |
‘ (a = .025)

y . \

. \.'1 _

[
N

3 .al s e | 7| .8 .9

1

'ii? 81£1= 8| -0250/.0252|.0251|.0251|.0250|.0251|.0251|.0252 . 0250
10 |..0249|.0250|.0250|.0249|.0249.0248|.0249 |.0250|.0249

12 | .0249].0250|.0250|.0250 | . 049 |.0249 | . 0249 -0250/.0251
15 ] .0248.0249.0250|.0250|.0250|.0249|.0249].0250 |.0251|
20"| .0248.0249 |.0250 |.02501.0250 | .0350|.0250 | .0250 | . 0250

10 8 | .0249).0250.0249|.0248.0249.0245 | .0250 |.0250 | . 0249

| 10 | .0251.0251.0250|.0249|.0249.0249|.0250.0251 .0251]
12| .02511.0252|.0252|.0251{.0251|.0250.0250].0251.0250
15 | .0251}.0252.0252[.0251.0251|70250].0250|.0250 .0250
20 | .0251).0252|.0252 |. e¥51 (0250|0249 |.0248].0249 | .0250

12 8 | .02511.0250|.0249|.0249.0249.0250 | Y0250 . 0250 . 0249
10 | .0250.0251/.0250|.0250 |.0251 -02511:0252.0252.0251]
1121 .02501.0250.0250{.0230{.0249.0250{.0250 |.0250|.0250
15 | .0249.0250].0250.0250 |.0250].0250].0250|.0250|.0250| -

L 20 | .0250/.0250.0250.0250].0250].0250].05%0].0251 .0251
. 2] -0 50 | 025 |

“ 15 8 |..0251.0250 -0249 |.02491.0250.0250(.0250| -0249|.0248
10 | .0250|.0250(.0250.0250.0251.0251].0252].0252 .0251

12 |.0250.0250.0250 |.0250 -0250].0250.0250[.0250.0249

15 | .02501.0251].0251|.0251}.0251|.0251].0251|.0251.0250

20 {.0250|.0250.0249 |.0249|.0248|.0249 | . 0249 . 0250 | . 0250

20 8 | .0250|.0250.0250 |.0250 .0250|.0250|:0250].0249].0248

10 |.0250].0249.0248(.0249.0250.0251|.0252 . 0252].0251]
. 12 1..0251].0251|.0250.0250].0250].0250 .0250 .0250.0250
- .15 | .0250.0250|.0249 |.0249|.0248|.0249|.0249|.0250| 0250
20 |.02501.0250|.0250).0249.0249|.0249(.0250.0250 .0250

: “eﬂ" . .
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TABLE .1 (continued)
Té?LE'OF CALCULATED ACTUAL SIZES
, USING WANG'S PROCEDURE
B : (o = .01)
1o A0 .2 L3 .4 51 .6 .7 .81 .9
l+e . ‘ - . : ' ' o A o

f,=10/£,=10 |.0100/.0101 .0100 -0100}.0100/.0100/.0100|.0101{.0100

.12 |.0100|.0101|.0100|.0100.0099]|.0099(.0100/.0100/.0101
| 415 |.0100/.0100|.0100{.0100].0700 .0099|.0099[.0100(.0100
h 20 |.0100 .01qo‘i0100..01oo.;0166 .0099|.0099/.0099.0100
30 ;.Q{gf -0100].0100{.0101{.0101{.0100|.0100].0100 |.0100

12| 10-].0102].0100|.0099|.0099|.0100 -0100(.0101{.2100/.0099
12 1<0100/.0101}.0101{.0100|.0100|.0100|.0101|.0101}:0100

15 [.0100.0101|.0100|.0100{.0100].0100.0100|.0100 .0100
| 20 ].0100/.0100{.0100.0100].0099 .0099_.0099-.0099 .0100
« 30 |.0100 .010Q\:0100_.0100 -0100{.0100|.0100|.0100(.0100

.0099[.0100/.0100.0100].0100/.0100
|-0100|.0100/.0100 |.0100|.0101!.0100
3| -0200.0100{.0200.0100(.0100/.0100]
£0100.0100{.0100{.0100|.0101].0201] .
{.0101{.0101|.0100.0200].0100].0099

15 10 |.0100 .0100
| 12 |.0100].0700
15 |.0100{.0100
20 |.010p].0100
1 30&-.016§f:01qu.

20| - 10 1.0100|.0099|.0099|.0099|.0106.}.0100.0100 .0100|,0100
| 12 [.0180|.0099 |.0099|.0099|.6099.0100{.0100].0100] .0100

15./.0101{.0101{.0100{.0100.0100{.0100|.0100}.0100|.0100
20 1.0101.0101}.0100{.0100{.0100{.0100{.0100].0101 .0101f
130 |.0100.0100{.0100|.0100|.0100|.0100|.0100|.0100! .0101

. 30f 10 .o;oo';oioo -0100/.0100.0101|.0101|.0100|.0200|.0100
12 |.0100'.0100|.0100|.0100{.0100|.0100|.0100|.0100 .0100

15 |.0099/.0100|.0100.0100{.0101 -0101}.0101}.'0100| .0100|

~ 20 [.0101].0100..100 .9199,;0100-,01007fQ%90';olqg 0100
, 130" |.01001.0100 |.#100.0100.0200|.0100 +0100(.0100/.0100

2 ¥
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"PABLE 4.1 (continued)

1Y

' TABLE OF CALCULATED ACTUAL SIZES
USING WANG,S PROCEDURE

24

(a =.005)
- : — VIV
0 A2 | 3 a5 w6 | 1| .8 .9
J1+8 - : ' 3— N
10 [£,=10 |.0050|.0051|.0051|.0050|.0050(.0050|.005)|,0051|.0050
12 |.0050.0050,.0050|.0050|.0050.0050|.005¢|,0050.0050
15 |.0050{.0050|.0050|.0050|.0050|.0050|.005¢|,0050.0050
20 |.0049].0050{.0050{.0050|.0050|.0050.005¢|,0050|.0050
30 |.0049(.0050|.0050{.0050}.0050|.0050|.005¢|,0050|.0050
12| 10 |.0050{.0050.0050].0050.0050|.0050|.005¢|,b050|.0050|
12 |.0050|.0051|.0051|.0050].0050|.0050}.005}|,b051|.0050]
15 |.0050(.0050{.0050{.0050|.0050|.0050|.005¢|,b050|.0050
20 |.0050(.0050|.0050|.0050 |.0050 .oosov;ggsg AD050 .oofo|
. 30 |.0050/.0050/.0050|.0050|.0050|.0050-{~005¢|,0050|.0050
‘1®| 10 |.0050.0050.0050.0050|.0050|.0050.005(|.b050.0050
12 {.0050{.0050|.0050 .0050.[.0050|.0050 |.005¢| 5050 |.0050
15 |.0050{.0050|.0050|.0050|.0050|.0050 |.005(|.0050.0050
20 |.00507.0050|.0050|.0050|.0050.0050|.005(|~0050|.0050
"~ 30 |.0050/.0050{.0050.0050|.0050/.0050|.005(|~0050 .pbso
20 10 .0050(.0050 [oOso .0050 ,oosolﬁooso_,005@ 0050 .0049
| 12 {.0050|.0050{.0050|.0050{.0050{.0050|.005(/|.0050|.0050|"
15 |.0050/.00507.0050.0050.0050|.0050|.005¢/|.0050].0050
- 20- {.0050|.0050{.0050|.0050.0050|.0050|.005¢|.0050|.0050
301,.0050_.oosov.&050 .0050 |.0050{.0050 | .005¢}.0050|.0050
30| 10 |.0050|.0050|.0050{.0050|.0050|.0050.005¢){ .0050 |.0049
12 |{.0050{.0050 .0050{.0050.0050.0050.005¢ .0050',0050
15 |.0050.0050.0050|.0050|.0050.0050].005¢{.0050|.0050|
20 {.0050.0050.0050.0050|.0050(.0050|.005¢].0050(.0050"
30 |.0050/.0050].0050|.0050/.0050|.0050|.005¢].0050.0050{
| | | o
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Figure 4;2 - 4.3);4 It was dec1ded to flndhthe actual size of
‘the test uslng the same values of «a (and all finite palrs
of sample 51zes ny. n ) used in setting up the Welch—Aspln
tables, for valyes of 8 of (. b%l .001 .01, '.1 1, 10,
100 . 1000, lOOOO)“whlch Mehta and Sr1n1vasan ‘had used pre—
v1ou%ly.r In addltlon, values were computed for the
_partlcular case‘q;_;:.= .05, nl #Anz ;,7, and 6 values of (l,
.%14%: %: g g %;Agf %} in‘order to be able to compare
'the results of Mehta and Srinivasan's‘method, Wangfs
method, and Welch*s unspec1f1ed method. The resultslgggp
‘the g@heral testln; of Mehta and Srlnlvasan s method‘are
glven 1ﬂ%@ai}e 4, 3, and the results for the spec1a1 case
are given in Table 4. 4. Investlgatlon of these results
shows that in all but a few cases, the tabulated size (to
three dec1mal places) is equal to the a551gned 51ze of .

test a._ In all cases, the actual size- toQ{:ree decimal

’places is wlthi; 20.001 of the value of a._>

It should be noted that due to the 11m1tat10ns of
.
the IBM 360/67 computer belng used, results were not ob—‘

1ta1ned,for any set-of-parameters where fi was equal to 30.
Thls is- because the upper 11m1t of s used ( 9999999) was

equlvalent to x = 9999999 and thevcalculatlon of the term

'(fl/z-l)for these partlcular values of x and fl caused

exponent overflow. Lowerlng of the upper~11m1t of s to

& &
’.99999 was trled ‘but this produced a hlghly 1naccurate

Ry
[\
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result for the aetual 'size of the test. Ferisimiiar
reasons, results for f2 = 30 were also unobtainable.
Therefore, in order to get an ideavef,hdw accurate the
method actually is for values of f1 (or £ 5) =’:"30,-
another, more tlme consumlng, verSLOn of the Mehta and

Srinivasan method was 1mp1emented, as described in the

followingkalgorithm.

1. Decide ofi values of fl 2, and'a;to.be used.
| . o _
| - % | |
2. Choose a value of. 0 = ——7--,,and M  (number -
- . ) R 0 .
- ‘

e

of points).
3. Set NN equal to 1 and AVAL = 100.0. '
' A . _

4. ©Set the upper limit of the ‘integral equal to

'Cl"

',5, Use Simpson's Rule in two dimensions, to

evaluate.

. oNN NN 1 ' - ,
som f f x4y % (+erf (Wix,y))dxdy.

g

using M points in each dimension.

 6. If the absolute ‘value of-SUM—AVAL isvless than -



:E, ﬁheﬁ §§ £6'§tep 11. Else
7. Reélace AVAL‘By the value_of SUM:™
8. IncregSe NN:by 1.
9. Change the value of M to el + 1 .
‘10. Go to stepv4.ﬁ |
11.  Set the actuai sizé of the tésf ééuap to
SU#‘"":“ - I

. f £
1. S
2151 65) |

12. If all values of theta have not been tested,
then go to step 2. Else

13. Stop.

g
‘As computer implementation of this version of the

Mehta and Srinivasan procedure is extremely time consuming

and costly,lit was decided . to use the above algorithm for

only,one_sét_of data (fl =10, f, = 30, a = .01). - Results

were as follows:



TABLE 4.2 ¢ . .
B oo Py Lfﬂ

f - A Nv)

CALCULATED SIZE OF. TEsh
(MEHTA AND SRINIVASAN PROCEDﬁRE)“‘
v )
a = .01, 5

]

® =l.0001| .001| .01

“size of test a. The author belleves that 51mllarly

"values w1th one oOr both of n, equalling 30.

' Wang (1970

pctual | ‘ ; , R e
size |.0100{.0100/.0100/.0100|.0102|.0102}.0101 .0101{.010L

It can be seen that these results are also in agreement

v(to three decimal places) w1th the value of the a551gned

”accurate resul%s w1ll occur for other sets of parameter

S

4.3 Comparison of Results

Table 4.4 shows a comparison betweeri the actual

sizes:of‘the test‘for n1'= n, = 7, a« = .05, and values of .
0 '.1" v 3, +«.+ 8,9
of f 7 =’ 5’ = ), ‘as calculated" by Welch (1949),.

2
8 7 2 1
) and the present wrlter (u51ng both Wang s__

and Mehta and Srinivasan' S'baSlC methods).

The results of Welch and~the present writer.



. : Calculate ¢z = 1

 START

29"

-of points in each direction to
be used for Simpson's Rule).

Determine starting value of M (no.

Determne value of assigned size

of test a, and find value of [

)

Y, Read values of N1 and N2. [

Calculate T (N1-1), I (N2-1)
=

2 2 ./‘

. ’ 1 Pick value of 5.

X1+A2 !
)

Ag= 1/N;

Set AVAL = 100, .
- MM = Starting value of M.

Use Simpson's Rule to evaluate transfomed

l-¢ 1-¢

integral f f *** using MM points in each direction.

Call it SUM

AVAL=SUM 3 NO
MM = ((MM-1 )'2)+l

S(AVAL-SUM) £

G ‘I'Vn:s_

et actual size of test = 1 -

: L . 21‘( 1 1)r(
and ,prinﬁ- out.

_.)

NO -

“1 values of 8 tested

NO

~—"_"A1l.sets of N1,

N2 tested? ‘

- NO

<_All values of a tested?

FINISH

FIG. 4.2 FLONCHA.RT FOR MEH‘!'A AND SRINI\IASAN S. M.ETHOD

e s 5
:‘M*" THE

W
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I

r

J 1

3

S
1-
I.
|

Calcula

te Simpson's

Rule coefficient W(I,J) &%,

Ty

-

.Calculate c =

1

1+ &) iy /85) (55

Calculate VQ(E) using Welch Series Expansion.

4

Calculate W(x,y) =-va(61]2x: L Y (=0,
. B fl fz

[,

[Calculate ERRORF = ERF ,W(x,y).
| 75

I

o, £y f2

Xy 31 3 -1
Y

VAL = e X

(1-s)2(1-s")2

* (1 +ERRORF) |

o

s' = s'+(1-¢)

SUM=SUM*W(I,J) *VAL

4

s = s +(1-2¢) |

M-1

FIG, 4.3 FLOWCHART FOR SIMPSON'S RULE
“(AS _USED. WITH MEHTA AND SRINIVASAN'S METHOD)

;

30



TABLE 4.3 -

TABLE OF CALCULAQEQNQCTUAL SIZES | o 7
 USING MEHTA AND SRINIVASAN'S PROCEDURE | -
i (@ = .05)
8 -0001}| .001} - .01} .1 | 1.0 10, | 100 | 1000|10000

E2= 6 |f,= 6 .0503".0503',0503“;6505 .0493/.0505 .05031.0503].0503
-0503].0503|.0503|.0505|.0496(.0502|..0502{.0501|.:0501
10 [.0503[.0503{.0503.0505|.0498|.0501|.0501].0501(.0501]
15 [.0503(.0503}.0503|.8504|.0502|.0500|.0500|.0500].0500

f\§ - 20 |.0505].0505].0505|.0505].0505 .0500(.0501|.0501|.0501

8| 6 |.0501|.0501|.0502|.0502|.0496].0505|.0503]:0503 .0503|
'8 1.0501].0501|.0501.0502].0496.0502|.0501.0501|.0501
10 |.050%|.0501|.0501|.0502/.0497.0501|.0501|.0501].0501
v 15 |.0501}.0501|.0501|.0502(.0500!.0500|.0500].0500}.0500|
| 20 |.0503|.0503|.0503!.0503{.0502|.0501|.0501].0501 .0501

w?

10| ° 6 |{.0501]|.0501}.0501{.0501].0498|.0505]|.0503|.0503|.0503|
8 |.0501/.0501}.0501|.9501|.0497}.0502|.0501|.0501|.0501
10 [.0501(.0501}.0501!.0501|.0498|.0501|.0501|.0501.0501
15 |.0501(.0501|.0501|.0501|.0499].0500|.0500].0500/.0500
20 '[.0502{.0502|.0502|.0502.0501|.0501|.0501 .0501|.0501

15 6 .|.0500(.0500|.0500|.0500|.0502|.0504(.0503|.0503].0503|
8 |.0500/.0500|.0500{.0500|.0500{.0502|.0501|.0501|.0501]"
10 |.0500(.0500|.0500'.0500|.0499|.0501|.0501|.0501 L0501
15 |.0500.0500.0500|.0500|.04997.0500/-0500]:0500(.0500]
2¢ |.0502}.0502|.0502|.0502|.0501|.0502| .0501|.0501.0501

20| 6 |.0501 -0501|.0501|.0500|.0505(.0505! .0505|.0505.0505

10 :{.0501{.0501{.0501|.0501|.0501|.0502|.0502|.0502].0502

15,|.0501|.0501/.0501{.0502|.0501{.0502|.0502{.0502].0502

20 {.0503(.0503|.0503.0503.0502 .g;o3'.0503 .0503/.0503
~ | | i 1 S R

8 {.0501|.0501].0501/.0501|.0502|.0503].0503|.0503 .0503} -



TABLE 4.3 (continued) -
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4 ‘ s
- - TABLE OF CALCULATED ACTUAL SIZES ‘
USING MEHTA AND SRINIVASAN'S PROCEDURE .
- (a = .025) - € :
L- .0001| .001f .o1| .1 | 1.0f 10 | 100 | 1000|10000
f,= 8 |f;= 8 [.0252|.0252|.0252{.0253|.0246|.0253|.0252| .0252| .0252
| 710 [30252|.0252/.0252].0253}.0248].0252].0251].0251.0251
‘12 |.0252|.0252{.0252{.0253|.0249|.0251|.0251(.0251].0251
15 |.0252|.0252|.0252{:0253|.0250|.0250{.0250].0250}.0250
.20\}.0253*.0253_.0253 -0254.0253|.0251],0252(.0252|.0252
10 8 |.0251].0251(.0251.0252|.0248|.0253|.0252|.0252.0252
10 1.0251}.0251}.0251|.0252|.0248.0252|.0251|.0251|.0251
12 |.0251}.0251{.0251|.0252|.0248.0251|.0251|.0251|.0251|
15 |.0251|.0251].0251|.0252|.0249.0251{.0250|.0250].0250
20 |.0252/.0252}.0252|.0253|.0252|.0252|.0252.0252|.0252|~
12| . '8 |.0255f40251|:0251|.0251|.0249{.0253].0252|.0252 .0252|
10 |.0251|.9251|.0251|:0251|.0248|.0252.0251|.0251].0251]
DN DR - | - |
- 12 1:0251|.0251|.0251|.0251|.0249{.0251|.0251.0251{.0251
15 |.0251/.0251{.0251].0251}.0249|.0251|.0250| 1250|.0250
20 |.0252}.0252}.0252|.0252|.0251{.0252[.0252, 3252|.0252|
15| 8 |.0250{.0250(.0250|.0250.0250|.0253].0252|.0282].0253
Ny . P . . P . L . .
- 10 |.0250{.0250|.0250.02511.0249|.0252|.0251|.0251}|.0251
12 |.0250{.0250|.0250|.0251(.0249|.0251|.0251|.0251].0251
15 |.0250/.0250|.0250|.0251|.0249.0251{.0250|.0250].0250
20 |.0252/.0252(.0252].0252(.0251].0252|.0252|.0252.0252|
20 8 |.0252|.0252|.0252|.0251].0253|.0254|.0253|.0253].0253
' 10 1.0252.0252|.0252|.0252|.0252|.0253}.0252|.0252|.0252
12 }.0252.0252|.0252{.0252}.0251|.0252.0252|.0252|.0252
15 |.0252].0252(.0252{.0252|.0251|.0252|.0252|.0252.0252
20 |.0253/.0253{.0253].0253}.0252 .0253}.0253 .0253].0253




'TABLE 4.3 (continued)

‘TABLE OF ,.'CALCULATED ACTUAL SIZES
-USING MEHTA AND SRINIVASAN'S PROCEDURE

(@ = .01)
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i
8 {.0001| .o01| .o1| .1 | 1.0| 10 | 100 | 1000
10 |£,=10 |.6101|.0101].0101[.0102{.0098|.0102|.0101]|.0101
;}2 .0101.010%| 0101 .0102{.0099|.0101|.0101}.0101
15 {.0101{.0101}.0101|.0102|.0200|.0101|.0101{.0101
20 [.0103].0103}.0103|.0103+.0102].0102|.0102/.0102
12| 10 [.0101].0101}.0101{.0101|.0099|.0102|.0101|.0101
12 |.0101{.0101/.0101{.0101{:0099|.0101{.0101{.0101;
15 |{.0101{.0101,.0101{.0101 ,01d¢‘.0101 .0101.0101}
20 |.0102|.01021.0102|.0102{.0102 .0102|.0102}.0102
15| 10 |.0101|.0101!.0101|.0101(.0100|.0102|.0101|.0101
12 |.0101|.0101}.0101(.0101{.0100{.0101|.0101|.0101
15 [.0101}.0101|.0101].0101{.0100|.0101{.0101{.0101
20 [.0102(.0102!.01021.0102|.0101|.0102{.0102|.0102
\ 20| 10 |.0102.0102{.0T02|.0102|.0402|.0103{.0103|.0103]
12 [,0102|.0102{.0102{.0102(.0102}.0102|.0102|.0102
15 |.0102}.0102|.0102|.0102|.0101|.0102|.0102/.0102
20 [.0103}|.0103|.0103|.0103|.0103|.0103|.0103}.0103
. . ) . - . . M \ .
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b‘
¥
- TABLE 4.3 (continued) !
TABLE OF CALCULATED ACTUAL SIZES
USING MEHTA AND SRINIVASAN'S PROCEDURE
(a = .005)
6 -[.0001f .o01f .01l .1 1| 10 100 | 1000{10000
£,=10 |f,=10 |.0051}.0051[.0051| .0052|.0049..0052|.0051[.0051|.0051
o 12 1.0051|.0051.0051) .0052|.0049|.0051].0051|.0051|.0051 |
157|.0051/.0051{.0051f .0052|.0050].0051|.0050 0050/ .0050
20 .1.0053[.0052|.0052| .0053.0052|.0052|.0052].0052(.0052
- o N R ST I
121 10°1.0051].0051f.0051}|.0051}.0049|.0052|.0051.0051].0051
| 12 {.0051{.0051|.0051|.0051|.0049].0051 -0051/.0051.0051
-“15 [.0051!.0051|.0051|.0051 .0050(.0051|.0050(.0050].0050
20 |.0052|.00524.0052|.0052|.0052|.0052|.0052(.0052].0052
15| 10 |.0050.0050(.0050 .00511..0050 |.0052.0051 .0051/.0051
12 |.0050{.0050|.0050{.0051}.0050|.0051.0051|.0051 .0051
15 |.0051/.0051{.0051|.0051|.0050|.0051).0051.0051{.0051
20 |.0052]1.0052|.0052|.0052:8051|.0052|.0052{.0052{.0052
20 | 10 |.0052(.0052{.6052|.0052.0052|.0053|.0052].0052].0053
12 [.0052].0052.0052{.0052|.0052,0052|.0052].0052|.0052 |
15 |.0052.0052].0052}.0052(.0051 3 .0052].0052|.0052
20 |.0053{.0053|.0053|.0053|.0053 %, -0053|.0053/.0053
. ..;;",'
-

e
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TABLE 4.4

ACTUAL SIZES OF TESTS: COMPARISON OF RESULTS

6 ~Welch ~ -Wang | , Present -
1+6 (1949) (1970) Applied| Applied
. : : ' Wang's Mehta's
1 | L.es01 <0894 | 0498 |  .0505
2 ~.0500° ~.0495 L0499 | .oso2
3 h, ~.0500 0493 | _o499 |  .0497
4 | .os9e | loas2 |- oss7| ..0a04
5 | Loa9s .0491 | .0497 [ .0493
.6 "ﬁb498 - 0492 | .0497 0494
A 0500 | .0493 | - .0499 | 0497
-8 .0500 0495 | - o499 .0502
.9 B | .0501 | .0404 0498 0505 |
A — ; ..~ -. - — : “1 | : -
\\\\4Qang;§;ﬁéthcd)'are in close aéreenent (hoth With'eachvother
" and with;the‘assigned value of a). However, there is a o

sllght dlscrepancy between these results and those of Wang
.and the present wrlter (Mehta and Srlnlvasan s ‘method) .

'The p0351b1e 1naccuracy of‘Wang s results (1971) could be‘r

due to the fact that she may not have used as accurate an
"approxlmatlon (such as that of H111 (1970)) for the evalua—;

‘tion of the upper tall of the t 1ntegral. vAnyAlnaccura01es
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/
/

of the results of the present author (Mehta_and Sfinivasan's

- method) are undoubtedly due to the way in which this proce-

dure was impleménted’bn the computer.
da . .. .

i



CHAPTER V
SUMMARY AND CONCLUSIONS

The'methods'of Wang and Mehta and Srinivasan for
'flndlng the actual 51ze oﬁ a Welch- ASpln test as applled
to the Behrens Flsher problem, have been 1nvestlgated ‘in

PO

‘detall. Computer calculatlons of ‘the, actual 51ze have

»

been done for a large number of sets of parameters a, ni, u:

: n2‘and 6. Of the two methods used &hat of Wang was. ‘
ea51er and more economlcal to 1mp1ement on the computer

for the follow1ng reason.-MEach step_ln Wang's method,ls - ;
‘clearly defrned -and 1n’maﬁ%”ca5es; ektremely accurate
computer approx1matlons exist to 51mp11fy the calculatlons
involved. Good accurate computer approxlmatlons for thejhb"ﬂggﬁ
3majorlty of-steps 1nathe-Mehta and’ Srlnlvasamyprocedure do ?“.w
not exist (this 1; partlcularly true for the calculatlng of’
the double 1ntegral spec1f1ed in the method)' *thlS means that.
long laborlous calculatlons must be used.. It is also true .
dthat the quantlty B(O 8) calculated 1n the Mehta— 5
tSrlnlvasan method covers a larger h\ea than the quantltv :;
E. (Qf + f2 [h(z)]) calculated in Wang's method.llThls is
because the value of 8(0 9) must be subtracted from 1 o

‘to obtaln the actual size of the test, whlch E (Qf +if [h(z)] )iv
. . "1 . 2 A
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-

represents directly. ~ There is a chance,_therefore, that

the calculating of B(0,8) without accurate computer ap- .

P

mprox1mat10ns may produce a 1ess accurate answer than the

1

’

calculatlng of E (Qf +E. [h(z)]). Perhaps because of this
, 1,727 ‘
problem, the method of Wang generally produces answers
- /
in closer agreement w1th an a551gned size of test a. It

should be noted however, that Mehta and Srlnlvasan s

' method does have the one advantage that it can be applled

for any flnlte set of parameter values, whlle the use. of
‘Wang s method, as outllned ‘is restrlcted to those flnlte }
values of ny., nz and a used in the calculatlng of the
Welch Aspln tables (Mehta and Srlnlvasan themselves quoted

=19, and £, = 3, f. =

results for f. = f % 3, £, = £ 1 "5

1 2 1 2
19 -~ values not used by Aspin, Trlckett Welch“or James

in settlng up thelr tables).

-

- A recent paper of Golhar (1972) has'just come to L.v
the present author's attention. In thlS paper, he suggests
evaluatlng the ‘Mehta and Srlnlvasan triple’ lntegral hy |
u51ng the error functlon approxrmatlon for.the 1nner in-
tegral and Gauss- Laguerre quadrature for the resultlng
denble 1ntegral.k Golhar glves results for the actual 51ze
of the test u51ng thlS procedure (for a few select sets of

gd and f ), that appear to be in very close accordance Wlth

- an a551gned 51ze of test a. The use. of Gauss Laguerre’

) :
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quadrature appears to cllmlnate many of the problems en-
countered ‘by the- present author in 1mplement1ng the Mehta.
and Srlnlvasan method on the computer. Therefore, it is
recommended that this modlflcatlon to the Mehta and Srl-.

.nlvasan method be used 1n any fu ure 1nvestlgat10ns of the

Welch Aspln test. An;uttempt ' ould be made at the same

time to generallze Wanq s method for all p0551ble sets of

flnlte parameter valuau. .

-y
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. - APPENDIX A
i

- SERIES APPROXIMATION FOR STUDENTS' T

A procedure for fihding the value of the upper

tail of Students' t distribution has been given by Hill

(1970). This procedure involves fouf different approx’-
: ‘ @

mations - the approximation to be used depends on the

- values of t and n. They are given as follows:

1. For lagge n‘(n:520), or noninteger n, for all.

- - except large t, or for any h:;ZOO,vthe series

: : ‘ ‘ ,' . .' » ,"Zx‘__b ‘
‘ s = x + (x3 + 3x)/b - ST
f(4x7 + 33x5

+ 240%> + 855x)/(10b (b + 0.8x* + 100))
is evaluated using . ‘ |
| : 1£2 % S o
x = (a.Ln (1 + =—)) © ' B
S n
where’ | o a

a = n-1x
r 2

b = 48a2>

"fheh'the upper tail of the téintegral (beyond the'Valﬁe.f)
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. _ ]
is given by the value of

| /z o
” 5 . |
fA;‘ﬁ‘

2. For small n>1 and moderate t, W1th n be1ng>v

i

odd, the upper ta11 ‘'of the t—lntegral is given by the

value of
1t[ , Az{ , _2_{;;i" n-5 f{'*v ‘n—B'Q};.;}H
= | arctan (y) + et +d3b Y (n=4)b- 1 ¥ Tm=2)b
liwith : l
2

and oy 45? -
_ . e 2
ol b T+t

3. For small q> l and moderate t w1th n belng
- even, the upper tall of the t- 1ntegral is glven ‘by the

'-value of ~

Y o frvadi s ') 1+ (n—3)f$ {..gf
2/ U - 2 (n-4)b (n-2)b

' with y and b being defined as .in 2.

L
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4. For large t, the series

w2 (1) (3) wo

nyl
s.= e W Tt sy Y oD

+ e

with
C(n) = T((n+1)/2)/( /7 T'(n/2)),
2
2
w = 31 +'t— :

s

the computer program that is used to 1mplement this pro—

is summed until a negllglble term occurs. ‘The upper tail

of the t—1ntegral is then given by the value l%i.

The flowchart on the follow1ng page descrlbes

W+

cedure.



Set T = (h(zy))
N = fl"‘fz

2

NO - f_jﬁii——4*‘ YES

- |YES «
: 'YES

set A=nN -1

B = 48A2 1
x'={A.Ln(1+I)}'2]

N

-

Set s = X+(X3+3x)/B

= (4x7+33%54240x3+855%)
10B(B + .8X°+100)

[

(1-ERE(-5) -

Set Qf1+f2 (h{z,)) = ~

47

N+1
r 2
/1T (N/2)

1//1+T/N

[
o .
r' .
0
<. Z
i~

Sum the series 1 - TN = CN =
wh e {l;+ Wl . “1x3wd .
tN ° 2(N+2) 2+« 4 (N+d3)

until a minute term appears.

2 [ARC?AN (Y) +.
" : :

. N=5
wm-ns (L

 FIG. Al FLOWCHART FOR HILL'S ‘SERIES APPROXIMATION
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APPENDIX E

A DESCRIPTION OF THE WELCH-ASPIN CRITICAL VALUE

o SERIES EXPANSION
. B

Welch . (1947) dé;ived the series expansipn for

V (c) by flrst con51der1ng the gea/pal problem concerning

dn, a populatlon parameter, estlmated by an observed

quantlty y which" is normally dlstrlbuted with variance

where A"are‘known positive,numbers and oi2 are unknown
variances. Suppose that S. ? are tHe estimatedivariances_
based on f degrees of freedom, so that the sampllng

dlstrlbutlon of S 2 1s ch1 square (dlstrlbuted independent-f

ly of each ‘other and of y) which is

£, |
e o 2 3 -D s =
s.2) as.2 - 1 FiS; o | oL 58S (551
PR T T 562 T2 T 2 20, 2
MRl | <93 i 4 VY



Consider a simple'particular case with k. = 2.

Define n;, ‘n, as sample sizes, -

n = }11 - uzl
Y = xl - xz‘r ~
R 5 2\- o 2
o," = — + =, .
Y n, n,.
1 | ;o1
A —_ ———— " A =1 — ’
S ;anl 2 n,
fl = nl-l, f2 = nz—l. "

e

The estimated values offqizyare

n . . .l ) ,
g (x; - % )2, S R
ST ey 1 | | . R
' S‘2 _-i=1
St h
and R nﬁ“ V2
. 1=l | ) . R N
<2 _ | .
- 52 £

'Thé probability'Statements about v’were made similar'ih_;

character to those whlch W S Gosset derlved for the mean

of a 51ngle sample of n observatlons (' Student 1908).



glégeléh sought a quantity h to satisfy the equation

; {'2 L2 2 L L
r [(y_—n)< h(sl ’ 52 r "7 Sk ’ P)] = 4 (B.Z)

It is clear that h, computable from the observatlons,.
must be a functlon of the 1nd1v1dual variances S 2 and of

P where ‘P 1s -a glven probablllty.

2 2

| Let j(S1 y Sy ettty S+ P) eéhpte probablllty
that (y=n) is less than h(S 2 322' ---,/Sk2 P), glven
ﬁsiz '(i = l;.2,-?';, k). Since Yy is dlstrlbuted 1nde— .
pendently of Siz; we have, |
e 2 2 2
h(Sl .52 ’ Sk »P)
, o Y(ENe:d) 102
2 2 [ 3 2 - i 1 . - 5 N
J(S 52 , Ty, Sk , Py = o 1l e’ du

.(B’. 3) )

2 b )
h(sltﬁswz,---.sk 2)

?'Weldh:cails this I » Wwhere I is *h-
. . /” s . . .

anormal probablllty ingééral. The condition of equation (B.2)

3 2 2. » '2, P) is

2

is then 51mp1y that ;1f j(Sl"‘Sz R S

- '_fiaveraged over. the probablllty dlstrlbutlons of" S ‘the

hh‘result w1ll equal P Thus,



e "'."/ . . S 51
i , . . . "‘_"

or

" ¢

~ w2 2 2 =
: f .-..f j(sz, S,%, -, S"Z,_ P Mp (S.7) d S.” = P.
T T2 k PSS § i :

t o (B.4).

wy

2

4

Expand ](Sl ,_52 "ff.'jsk ,‘P) abogt ?n‘orlgln (gi

2 2 et 2 2
Oy "y "% Oy ) in a_Taylor'expans}ong Thus ‘j(Sl,, 82.,

. » 2 “ _ . : . 2 ) 2 ‘ ’ : - : B} '-. . . oy :-

ey, Sk , P) = exp[i(sl . Ol) af] : J(wln wzl, ’ wkl,P):
(B.5)

it being understbod that the expoﬁential'isftd bé expahdea

in a power series in‘ai'and that aifis to‘bé‘interpretifz

so that’ : ‘ . SR ®

50 O B R |
93 wWys Wy, oty Wy, B) S [aw.' Wy oWy 7T P
s S . - o : A TR s =5 2

By‘substitutingv(B,S) into‘(B.4)’Welch obtains
0 Jysuy. e, W, B = R, (BL6)

Vo

where



9 - . 52“

L 2 2. 1 .2 2
| ‘9 = {I/exp[(si - oy ) Bi] p(Si) dSi_‘.

. 1
. (B.7)
) . Substitution into (B:7) from (B.1), yields
‘ . ‘Zoizai ~2%3 5
0 = n .1-— —5 \ exp[ ~0y Bi]
i A | . :
= ex - 10,2, - lX f lo (1- 26i251)
P i i 2 i 09 47 f
- i
4, 2 6., 3 8. 4 ‘-
= explz% % +4 9% % +21% % + etc.
o f 3 2 _ 3
i f. v f. ,
i . i _
‘ . L >
b 4y 2 5. 65 3 452 :
= 1+32% % +]4 £%°% +1({z%°% + etc.
T 3 £ 2 2\ T - |

~ Substituting (B.3) into (B.6), he gets

2

oli{ h(wy, v, ""“’”'k_'P)'} = p (B9
| /(T 0. 9) ) ‘
» .l l', )

¥ : _
‘This is a condensed form of the solution to this problemn.
‘The ‘o'pel;gtor' 0 constitutes _a vdi’rect'i_bn to ‘ca'rry' out the..

‘paﬁrti‘aol difﬁeréntiations indicated by (B.8). . wj must then’



"wiil give Pﬂolz, 022,4f*f,’%w), P) and therefore h(S1 v

" writing. }uw)ifor' fuwl, w

j?/hlw) f ian Taylor series aboﬁt Evas‘origin; Thus
2 -
) .

'where the exponentlal 1s%ﬁov

53

be equated to OJ g@e solut;on of the resultlng equatlon

2
2 2 4.
S%0 ttre 55 P).

T e wedchxthen'proceeds to develop a series sblution by

‘

2 * Wk)'P) and ¢ for the

normal deviate such thé; I(§) = P, and then expanding

o
r

(Zkioi_

' .I;' hv(W)‘ §= - £ “D]I(v)",
2 3 '
(B.10)

g %

be expanded in powers of D,

~and that these powers are to be 1nterpreted so that

= Dr I(v) - [ir I(v) ]
. _ o o .

'Equatlon - 9) then becomes ; ' g
© exp“';: h (w) .- ‘D] I(v) = I(£)
c 2y ‘ : :
. “) o Lo

YI(A.o. : ' - '

D

p'Welch states that thls may be solved b; sdccessive‘approxi—

matlons..

4
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. Sty
i :
&ou
A

" The initial apprpximatiéﬁ@is the large sample

: D
‘normal approximation :
B =8 A wy)

and he writes
h (w) = gV (Z}iwi)‘+\hl(W) + hz(W) +'e?¢.,

.whére ﬁl(w) includes terms of order _1, hz(w) terms of order
) B \\ .

—li and so on. Welépftreats,terms'of_ordé} 1
£. S ! S . 3%
i [ : f.

: . o i
~gible. Then (B.1l1l) Jives

as negli-

S s eXP.[{ E{(XXiwi')_ '_ AE}.D] exp[{hl (w)-i-'h2 (",,) },D]fl(‘;’\ | ,

- 2 2.
/(Z~>:ioi ) v"‘.“i"i )

= I(g): (B.12)

or using (B.8)

r . ,.2. a2 ., . | o

hy (@)D |y 0;79, ‘exp‘(ED{J“i‘”i -1 }) I(v)
a2y _ i N\ Y ZI).o. - o
S B ¢

2. 2 . -2
a2 S
+359% 4 exp'(ED LA jw 1 ) - 1("‘) 2 -
£  ;1io 2 ' ./(ZkiaixJ



( 653 = 4,72, %) ' SRS -
W +{4 > O3 9 R S % %\ exp [ £D Eiiii_ 3 )
3 £ 2 2\ T, ] 2 h
i . * :

~

LI (v = (B.13)

By setting the first order term equal. to zero Welch obtains
| | ( A2 .4).
. s i i
hye?) = g aser) U7

, e Cera o 2y 2
//”// B - : (Zlioi') 2 3 Y

p

whlch may be substltuted in the second order term whlch

- when set equal to zero, w111 glve h2 (o ). To terms of

 order 1 Welch's: solutlon is | o - '
£ 2 . '
i '
. 2.4
e x. 25,4 | iS4
: i Vi o > >
(s?) g\/(m s 2) 1+ (1+£°) fs 2 (1+£2) £5
- 2.2 2 o 2.2
» 4 (ZA Si ) (z}is )
3 6 2
> MS (E xgs, 4 )2
L + (3+5;2+g Yy T L '(15+32£2+9r4) KT A
R o 3 (ZA S. 2)3 32 Co(Ia.s. Y
L (B 14)
Aspln (1948) extended thls series . to terms of order
1 ' and, along with: Trlckett Welch James (1956), used
4 B
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TableBl Test for comparisons involving two variances which must be
separately estimated ’

. : (y—n)
Upper 59, critical values of v=——a———
) prer 5% AR R TP
" (1.e. upper 109, critical values of | v |)*
2y .
A8} 0.0 0.1 0.2 0.3 04 0.5 | 0.6 (;7 0.8 0.9 l-Ov
A+ A8 * : e - LT LT
b £, v 1. . ‘
6 6 1-94 1-90 1-85 1-80 1-76 | 1:74 7! 1-96 1-80 | 1-85 1-90 1-94
8. 1-94 1-90 1-85 180 1-76 ] 1-73 1-74 ! 196 | 1-79 1-82 1-86 |
10 s 1-94 1-90 1-85 1-80 ] 1-76 | 193 0 1730 174 1 1476 1-% *1-81
15 1-94 1-90 | 1-85 1-80 | 1-76:! 1-73 1-71 1 1.71 1.72 1-73 1-75-
20 1-94 1-90 1-85 i-80 i 1-76 1-73 1-7 1-50 170 1-71 1-72
© )-94 1:90 | 1:85 1-80 | 1-76 1-72 1-69 1-67 1-66 1-65 1-64
8 6 1-66 1-82 1-79 1-76 l 1-7 ‘]"'73&7 176! 1-80 {-1-85 1-90 1-94
8 1-86 1-82 }-79 156 117 1'73"..:5, 1-73 | 176 1-79 1-82 1-S8
10 1-86 1-82 1-799 1:76 | 173 i 152 1-32 | 154 | 1-76 1-78 1-81
15 ~1-86 1-82 1-7 1-:56 ! 1-73 1-71 1-71 171 ¢ 1-72 1-73 1-75
~ 20 186 | 182 | 159 | 196 { 193 | 11 | 170 | 170 | 170 | 171 | 132
[} 1-86 1-82 1:79 1-75 1-72 170 1-68 1-66 1-03, 1-65 1-64
10 ) 6 1-81 1-78 176 1 174 1-73 173 1-76. | 1-80 1-85 1-90 1-94
°8 1-81 | 178 1-76 1-74 200 192 | 1-33 1-76 179 152 1-86
10 1-81 1-78 1-76 | 4-73 1-72 1 171 1-72 " 173 1-76 1-78 1-81
15 1-81 1-78 1-78 1-73 1-72 1-70 1-70 1-71 1-72 1-73 1-35
‘20 181 1-78 1:76 | 1-73 1-71 1-50 1-69°.1 1.69 | 1-70 1-71 1-72
W 1-81 | 178 1-76 1-93 | 1-71 1-69 1-67 1-66 1-63 1-G3 1-64
15 ) 176 1-73 1-72 1-71 1-71 1-7 1-78 1-80 1-85 1-90 1-94
8 1-75 1-73 | 1-72 1-51 1 1-71 171 1-73 156 1-790 1-82-] 1-86
10 176 1-73 1-72 171 1y 1-50 + 1-72 1-73 1-76 1-78 1-81
15 175 1-73 1-72° 1 1'70 119 1-69 ‘ 1-70 170 L 172 1-73 1-75
20 1-75 1:93 1 172 1-50 ' 169 | .1-:69 1-69 1-69 1-70 151 1 172
(<] ) 1-75 1-73 1:72. 4 1.7 l 1-68 167 | 1-66 1:65 11-65 1-65 1 1-64 .
201 6 172 | 171 010 |10 | (A3 | 116 | 1so | 1ss | 100 | 108
8 - 1-72 | .1-71 1-70 | ‘ll-TO 150 1-7 1-33 }'1-96 + 179 1-82 1-88°
.10 ‘172 1-71 1-70 1-:69 | 1-69 170 1-71 1-73 1-76 1-7R8 1-81
v 15 1-72 1-71 1-7 1:69 ¢ 1-69 1-69. 1-69 170 1.7 1-73 1-75
20 1-52 1-71 1-70 1-69 I -1-68 1-68 1-68 1-69 1-70 1-71 1-72
o} 1-72 | 1971 1.7 1-68 i 1-67 1-60 1-66 | 1-65 1-65 1-65 1-64
' © 6 1-64 1-65 1-66  1-67 | 1-69 172 1-76 1-1.S0 1-85 1:90 | '1-04
‘8 1-64 1-65 1-65 1-66- | 1.6 1-70 1-72 1-75 1-79 1-82 . 1-66
10 ' 1-64 165 1-65 166 1 167 1-69 1-71 1-73 176 1-78 1-81°
15 1-64 1-65 | 163 1-65 | 1-68 1-67 | 1-638 1-70 172 1:73 1-76.
. 20 1-64 1-:65 | 165 i 1-65 | 1:66 | 1-66 1-67 1-68 ; 170 1-71° ) 1-32
o] 1-64 1-04 1-64 : 1-64 * 1-64 1-64 1-64 1-64 1-64 1:64 1-64

v
‘

* yis normally distributed about 5 with variance A,03+ 4,02, and s? and 8} are independent estimates
of ¢ and o3, basced on__f, and £, dearees of freedom, respectively. A, and ), are known constants. o
1In tho problen of comparing the means of samples taken from two normial populations, put y=(F;~Igk
fi=(m=1)L=(13- 1), A;= },n;-and Ay=1;n,, whero w, and n, ura tho samplo sizes.

s

From Pearson ahd. Hartley, (1966) , pp. 142-145.

¢



Upper ‘_’-5%7 critical values of v="=:

2
(i.e. upper 5°

TableBl (contiiued).

 critical values of |v])

58

-
. | |
Mn_too| o1 | o2 0306 ,05) 06|07 08! 00! 10
(e « . ‘ S .
. N ['s
£ 1, ) . N _
.8 8 231 | 225 2200 214 210 } 208! 210 | 214 | 2:20 2225 | 2.3)
: 10 231 | 225 | 220 215 | 210 | 208, | 208 | 211 | 2137 219 | 2.23
12 231 | 225 | 220 | 215 1 200 ! 207 | 207 | 2:08 | 211 | 214 | 218
15 2311 225 | 220 ¢ 215, 210 | 207 | 205, 206 {208 | 210 | 213
20 231 [ 225 | 220 | 215 | 210 ' 206 © 204 ’ 2:04 | 2:05 | 207 | 209
o 231 | 225 | 220 | 214 : 2-09 ‘ 205 | 201 | 199 ; 197 | 196 | 1-96
10 8 223 | 2119 | 214 | 211 i 2:08 ' 208 ! 210 ! 215 ‘,‘2-20 | 225 | 231
’ 10 223 | 218 | 2:14"| 211 1 208 | 206 | 2:08 | 211 | 214 ; 218 | 223
12 223 1 218 | 214 | 2107 207 : 2.06 | 2.06 j 208 | 211 {'224 | 28
- 15 223 | 218s| 214 | 210 ¢ 207 | 205 | 205 : 206 : 208 | 210 | 213
20 2:23 | 2218 | 214 | 2110, 267 | 205 | 204 '~ 204 | 205 | 206 | 209
e 223 | 218 | 214 | 210 ] 206 | 2:03 : 2-00 ‘ 1-98 | 197 | 1:96 | 1-96
; ' : ! i o L
12 8 218 | 214 } 211 | 208 | 207 ) 207 | 210 § 215 | 2.20 | 2:25. | 231
' 10 2218 | 2:14 | 211 | 203 | 206 | 2:06 | 207 ! 210 { 214 |°248 ; 223
12 . 218 | 214 | 211 | 203 { 206, 205 | 206 | 208 | 211 | 214 | 298
15 2:18 | 214 | 211 | 2:08 ¢ 2:06 | 204 :-2:04 206, 2:08 |26 | 2113
20 216 | 214 210 | 208 | 205 | 204 | 203 = 203 | 2:05 {206 | 2:09
@ =18 | 214 | 201 | 207 | 204 | 202 199 | 1-98°{ 1-97 ' 1-96 | 1-96
. . : ! i . . :
15 8 2113 | 210§ 205 | 2.06 l 205 | 207 | 290 | 215 | 220 I 2-25.| 2.31
10 *} 223 1 210 | 208 | 206 | 205 | 205 * 207 | 210 | 214 | 218 2.23
12 213 17219 | 208 | 206 ¢ 204 | 203 . 206 . 208 ; 211 | 214 | 218
15 213 1 210 § 2:08.{ 205 | 204 * 203 | 204 205 + 208 | 210 | 213
20 213 | 210 | 208 | 2.65 | 203 ' 203 ¢ 203 | 203 | 205 g 206 | 2-09
® 213 | 2110 | 207 | 205 { 2:02 . 200 : 1499 1997 © 197 196 | 1-96
. S I i I ’
22 8 2-09 | 2-07 ' 205 [ 2:04 ! 2.04 | 2.06 ' 210 (215 1 2:20 ’ 225 § 231
10 209 1 206 | 203 204 ' 204 ' 205 ; 207 ' 210 | 214 | 218 | 223
12 2091 206 | 205 | 203, 203 204 | 205 208 211 | 214 | 28
15 209 ] 206 4 205 | 203 203 * 203 | 204 | 205 | 208 | 210 | 213
20 209 1-2:06 | 2.05 | 2.03 | 202 - 2.02 1 2.902 | 203, 203 | 206 | 2.09
x 209 | 208 | 204 | 202 ! 201 | 1=99‘_' 198 | 1-97 I"l-gs-é 1-96 | 1-96
* -8 198 1196 | 197 | 109 | 201 © 2051 209 ! 214 ' 220 225 | 2.31
10 1-96 1 165 | 1-97 | 1.9 = 2.0 | 2.03 ' 2.06 | 210 Pelsio2as | 223
12 196 ) 196 | 107 | 198 - 199 .02 | 208 1 207 - 2 | 214§ 218
15 1-08 | 1-96 |. 1-97 | 1:97  1.99 | 2.00 | 2.02 ' 2.05 ! .07 L 210 | 213
20 1-96 1 195 ) 196 [.1.07 1 143 | 1.99 | 2.01 - 202 1 2.04 | 2-06 2:09
< 1961 1-96 | 198 | 196 { 1-96 J 1-96 i‘l.% l 1-96 l 1-96 i‘ms i 1-96
. t . "I‘ . H

e

Voo,

i



59

“»y qﬁ.T&bchi (continued). Test for comparisons involving tuwo variances which must be

ER , v separalely estimated ’
K " e (y—1n) A
: () = ——
Upper 19, critical values of v= Ty

(s.c. upper 29, criiicql values of | v |)*

——A'ﬁ—— 0-0 Q.1 0.2 9-3 04 | 05| 06 | 07 | 08 0.9 1.0
Asi+A,s) . . : 1 ‘
£, f, . . _ _ R
10| - 10 1 276 | 270 | 263 | 258 | 2-51 { 2-50 | 251 | 2-56 | 2:63 | 2.70 | 278
’ 12 :276 | 250 | 263 | 2-56 | 251 | 249 | 249 | 2521 2:57 | 2:62 |-2-68
15 2.76 | 270 | 2-63 | 2-56 | 2-51 | 2-48 | 247 | 248 | 252 | 256 | 2-60
- 20 276, | 270 | 263 | 256 4 2-51 | 247 | 245 | 245 | 247 | 2:49 | 2-53°
30 276 | 270 | 2:63 | 256 | 2:50 | 2:46 | 243 | 2:42 | 242 | 244 | 2-48
o . |,27 ! 270 | 263 | 256 | 2:50 | 244 | 2:40 | 236 | 234 | 2:33 | '2:33
12 10~ | 268 | 262 | 257} 252 | 249 | 249 | 251 | 266 | 263 | 270 | 2-76
12 268 | 262 | 257 | 2:52 248 | 2:47 | 2:48 | 2:52 | 2:57 | 262 | 2-68
15 2:63 | 262 | 257 | 252 | 248 | 2-46 | 246’ | 248 | 2:52 } 2:56 | 2:G0
20 | 268 | 262 | 257 | 252 | 248 | 245 | 249 | 245 | 247 | 249 | 2563 |
30 | 268 | 262 | 257 | 2:52 | 247 | 244 | 242 | 241 | 242 | 244 | 2-46
w - 2-68 | 2-62 | 257 [ 2-51 |.2-46 | 242 | 2:38 | 2:36 | 2-:34"| 2:33 | 2-33.
15 10 . | 260 | 258 | 252 | 248 | 247 | 248 | 2.51 | 2.56 | 2:63 | 250 | 2-76
- 12 2:60 | 2:56 | 232 | 243 | 246 ! 246 | 248 | 2:52 | 2:57 | 262 | 268
15 2.60 [~2:56 | 2511 248 | 2-45 | 245 ) 245 | 248 | 251 | 256 | 2:60 |
20 260 | 256 | 251 | 248 | 245 | 243 | 243 | 244 | 2-46 | 249 | 2-53 )
30 260 |+ 256 | 251 | 2747 | 244 | 242 | 241 | 2411 242 244 | 246
@ 960 | 2-56 | 2:51 | 247 | 243 | 240 | 2:37 | 2:35 | 2:34 | 2:33.] 2:33
20 10 é 2.53 | 249 | 247 | 245:] 245 | 247 256 | 2:63 | 270 | 2.7
“f T 12 253 | 2.497) 247 | 243 | 244 | 2445 2.52 | 2-57 | 262 | 2-68
15 2-53 | 2-190 2;4;“@@‘\‘&4 ! 243 | 243 248 | 251 | 2:58 | 2:60
20 ) 253 | 249 | 2487 "ok | 240 232 [ 244 1 246 | 249 | 253
39 S 253 249 | 246 | 244 | 242 | 240 2:40 | 242 | 243 | 2:46 .
" 253 | 249 | 246 | 243 ; 2:40 | 2:38 ,234 | 2:33°] 233 7] 233
30 .10 246 | 2.44 | 247 | 242 [ 243 | 2:46. 2-56 | 263 | 270 | 2.7
12 2461 244 | 242 7 241 | 242 ) ¥ 252 | 257 | 2.62 | 263
15 2:46 | 244 0 242 1 241 1 2.4) k742 2:47 | 251 | 256 | 260
200 .}246.| 243 | .42 | 2-40 ,;2';-.9’.0 240 | 242§ 244 948 | 249 | 2-53
- 30, 246 ) 2-43 1°2:42 | 240 | 2:39 | 2:39 | 239 | 240 | 2-42 | 243 | 2:46
, ﬁ 246 | 2:43 | 2:41 | 289 1 2:37 |-2:36°| 2:35 {.'2:34 | 2:33 | 2:33 , 2:33
- W Jo L - . : . .
© 10 2.33 | 233 | 2347 236 | 240 244 2:60.] 2:56 | 263 | 270 | 276
12 233 | 233 | 2:34 | 2.36 | 2:38 | 242 ] 2:46 ! 251 | 2-57 | 262 | 268
15 £33 :.2:35 | 2:34 | 235 | 237 | 240 | 243 | 247 | 2.51 | 2-56 | 260
26" 233 | 233 | 233 2-34‘1 236 | 238 | 240 | 243 | 2:46 | 2-49 | 2:53
<30 2-33 | 2:33 |'2:33 | 234 ; 235 | 236 ; 237 . 2301 2:41 | 243 | 246
© 2:33 | 233 | 235 | 233 i 233 | 233 | 233 i 233 i 2:33°} 2:33 | 2-33
—_

¥ * yisnormally distributed about pwith variance A,05.+ 2,03 and s} and 3 aro independent. estimates
itof 0] and 03, based on £y and £, decrecs of freedom, respectively. A, and A, are known constants. .
In the problem of comparing the mcans of sumples taken from two normal populations, put y = (& = )
fi=(n—1), == 1), A, = L,ny and A, = 1,1y, where 0y and ng are the sample sizes. - ’ '

"
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Table B (continued) _
. Stical values y=7
Upper. 0-5%, éfitical values of v= -3 T___
, i 7 4 VA si+A,83)
(i.e. upper 19, critical values of | v ) -
)‘3, I U/ ' l ! : ’ ‘ .
o] 00| 01 | 02 | 03 [ 04 | 05 | 06 | 07 | 08 ;, 09 | 10
Aot + Ay |0 | e l
) . ' : t
Ii ' ‘ B Ly - .,
N B B R NN
10 10 317 ¢ 308, 300 | 290 ! 2:82 | 279 | 282 | 2.90 | 300 | 3-08 | 317
12 317 | 308 4 300 1 291 | 282 |27 . 279 | 284 | 2.91 | 2.98 | 305
15 317 | 308 | 300 | 2011 2821 2571 2.36 | 2781 283 | 289 | 2.95°
20 {317 | 308 300 291 | 2.52 276 273 1 274 | 2078 | 2.80 | 285
30 317 1 308, 300 | 291 ;| 2:82 | 275 | 271 | 269 | 270 | 272 | 2.75
® 317 © 308 I 2-99 ! 2-91 : 2-82 ,»2-74‘1 2:67 | 2:63 | 2:60 | 2:58 | 2.58 |
» . | ' ‘
12 ; P 284l 279 I 278 | 2:82 | 291 | 3.00 [*308 | 317,
P284 1 298 1276 278 | 2:84.) 2.91 | 2:98 | 3.05
D284} 298 4 275 ¢ 275 | 278 D 283 | 2.89 | 2.95
284 1 278 | 274 272 1 2.3 | 276 | 280 | 2.85
| 2847 277 1 293¢ 270 | 269 | 250 1 2.72 | 275
284 | 277 i 27hr1 265 | 262 | 259 | 2-58 | 2:58
i 1
15 )5 9 278 ! 2.6 | 2.77 | 2.82 | 2.91 l 3-00 | 3-08 | 3-17
1 278 1275 17295 | 298 | 284 ; 2:91'| 2-98 | 3.05
e (281 274 | 273§ 274 278 ! 283 | 289 | 2.95 |
| e 12784294 ] 291 | 271 | 233 | 236 280 | 285
5| 2 j 278 273 | 290 | 268 | 268 | 270 | 272 | 2.75
2 277 | 2-72; 2-67 l 2:64 | 261 | 2:59 | 258 | 2-58
20 | 2. 276 + 2:74 | 273 1276 | 2:82 | 2:91 | 3-00 | 3-08 | 3-17
‘ ’ 2 276-1 273 | 272 | 294 [ 278 | 284 | 291 | 298 | 305
12804 296 | 273§ 271 | 271 | 298| 278 | 2.83 2-89 | 2:95
5 (1 278 ;273 270 | 2.0 270 ' 272 | 23 | 2:80 | 2-85 |
P2 276 272 1 269 | 268 ] 26777 268 | 25 4 272 | 275
y ‘. 276 1272 1 268 | 2.65 | 2:62 | -2.60 | 2591 258 | 258
s R . . l'\‘:\ ) N .
30,119 275 ! 272 1 270 ; 269 | 271 | 275 | 282 | 201 | 3.00 | 308 | 317
| 12 295 | 292 0 270 269 | 270 { 273 | 277 | 2.84 | 2.01 | 2.98 | 3-05
5 15 235 | 272§ 270 | 2:68°| 2:68, | 270 | 273 | 273 | 2.83 | 2.89 . 2:95
ol 20 275 272 | 2707 265 | 267 | 268 | 269 | 272 | 2.76 | 2.80 | 2.85
S 30 235 1 272 | 2.69 | 267§ 266 | 266 | 266 | 267 | 269 | 272 | 2.75
o o 235 | 272 | 269 : .260‘| 2:64 | 262 1 260 | 259 | 2:58 | 258 | 2.58
o 10 258 | 258 1 2:60 | 2201 | 299 | 308 ! 3.17
12 2-58 1 2-58 ! i 284, | 2.91 | 2.98 | 305
15 2-58 | 2-58 ! P2 S 237 1 283 1 2.89 | 2.95
20 2-58 | 2-58 | - . P292 1 276 | 2:80 | 2-85
.30 2-58 | 258 -2 : v | 266 | 2469 ) 272 | 2.75
£ 2:58 | 2:58 | 2-53 l . ‘ : i 2:58 | 2:58 | 2-58 | 2.58

#
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