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: | “Abstract =~
AN . . : , - ..
‘ ' . L » .
The search for effe€t1ve ways to integrate
'microcompute;g»ig;p)classroom instruction is of particular

. interest tO‘mathematics teachers. Although méthematics and

computers bear a close relatmonshxp, the use of the

| technology in teachlng mathematxcal concepts 13 as

challengxng in this subject area as in any other. "The
pJ;pose of this study was three-fold: (1) to adapt a conceot
of 1nstruct1on for understanding in mathemat1cs to include
the not1on that computer algor:thms may be used to represent

mathematical felationships, (2) to .develop a set ol

‘materials for u51ng computer programm1ng in teach1rg a unit

on quadratic funct1ons, and (3) to observe and ana]yze
student productions in an actual cld%sroom setting. The

basic research guestion focused on whether the integration

~of computer programming with regular classroom instruction

_would enhance students' understanding of mathematics

concepts in terms of the completenéss'and‘"correcthess" of

their representation'and their ability to relate ccrrectly

new and existing knowledge. o
In order to address the research guestion, a unit on
‘ . ’ L '
quadratic functions was developed in which computer
_ ‘ A ,

programmingﬁwa§ applied in teaching concepts such as
graphlng functions, examining roots, and using the '

d1scr1m1nant. Computers were used 'in the study to present.

"X ' \

Liwv



ﬂy' graphic images of quedratxc functions and to construct.
algorxthms to represent quadrat1c concepts and computatxons.
Provisxons vere made- in the unit for the use of both
commerczal courseware and student programs written 1n BASIC.
fih! mater‘:li were tested with a group of honors Mathemat1cs /

'
20 students.téhe study was conducted in parallel classroom A

‘sessions and computer laboratory sess1ons‘r <,

*f

researcher served as the instructor for the laboratory \\
sesgsions in which Apple Ile computers were used. The study
requ1red'about 1450 minutes of class time, including the
t1me required to teach a computer literacy unlt. 1
é Approx1mate1y half the time (700 m1nutes) waq Spent in the
computer laboratory. i
Analysis of the results of the field test were based on

notes recorded daily by the researcher, a pre-test and a "\\‘

post-test of concepts related to quadratic fﬁgctions,va
student questionnaire, and inEervieuslwith the teacher. The
results:tended to confirm that'computer programming helped i
students to increase their understanding of basic concepts
and to overcome some misconceptions. Through the writing of
computer programs, students realized the need to specify the
order of Operation when working with formulas. Students'
understanding of'how‘maXimuh and minimum values are
determined was also clarified. In add1t1on, students began
to see relat1onsh1ps ~among. concepts as well as connectedness

between graphing and solyzng problems. The process of
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writing and correet}ng}couputer programs adtively xonlyeg@h1
the students in the léarning process; indications were that
such 1nvolvement enhanced understand1ng. .
Student and teacher responses reflected favorable'
attitudes toward computer programmln%, although consensus
was absent &n, somé\)ssues. Among the unresolved questions
was -the spec1f1c 3p§roach which should be taken to )
integrating computers with regular 1nstructxon. The,
procedure of parallel computer ‘use and regular instructxon
in the tehchlng oﬂ a mathemat1cal concept, as was used in
this study, was»questxoned by both the teacher and the
" students. The appr®dach taken in this study confirms the
feasibility of using a combination ®f teacher developed and

commercially available materials to increase the use of

computers in teaching'mathematics.
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' 1. INTRODUCTION

Educators have always been ‘faced with a two-fold task:

I

(a) they are requ1red to pass on knowledge from one.

generation to the next and (b). they are required to’

socialize thelr students so that they will be able to cope

with the demands of soc1ety. Neither of these tasks remains

1

constant for our knowledge of the world around us 1s
continually changing and, at the same time, soc1ety is also .

b I .
’changing Over the years educators hbve been able to rely on L

the trad1t10na1 methods for going about their duties; ' /
/

however, 1n today s complex society this is no longer v//

,p0551ble. The educators of the present and future must l arn

to adapt to the technological changes occuring in soc1 ty

“and in the schools. = - . :
, | . | | /
B . ‘ b ' /
A. CHALLENGE OF coupqgsns i | - //.q
. X . ! . © . “ .

In soc1ety today the "most significant technological

achlevement présently affecting the quality of life 1s the

computer (Braun, 1977 -p‘3) The computer has 1nvaded the

&.
bu51ness world and with the creation of micro computers _

de51gned for personal use, the 1nvas1on has entered our

homes. As Evans observes, the end to this invasion 1is
i L . .

’ nowhere in 51ght for v 4 .

during the eighties computers will “become cheap and
common rather than rare and expensive. Because they
are small, they use up little raw material and can -
be produced in very large numbers. Because they
’ q ; v
N
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. students of valuable knowledge and the ab111t1es requ1red to

14 i

v, ™ : - 2

have no moving parts (other than electrons) they
are easy to mass produce. They cost little more
than the raw materials of which they are made, and’
they have the advantage of being extremely
rellable.,(Evans, 1982, pp‘15 16)

\
N

These developments raise a number of questions for
educators. As computers beg1n to,permeate all aspects of
life, is it possible for educat1onal systems to remain

unaffected? If edUCators feel it is impossible to 1gnore the

1ntroduct1on of computers 1nto schools w1thout depr1v1ng

-

funct1on“1n today S techn1cal society, then th

challenged as never before to rev1se,.adaptﬂhn

current educational praetlces. The key,‘howeve

manner 1n which educators face thlS challenge

-several approaches have been used in an attempt to 1ntegrate'

computers intq the field of education.
_During th 51xt1es, emphasxs was placed on the
computer s ab111ty to ‘
automate the teaching- 1earn1ng process through theagél |
so-called 'tutorial mode' [in] an attempt to ’
increase the productivity of teaching [and]
-decrease the number of teachers. (Hebenstre1t,
1983, p.3). :
This*particular approach envisioned a>day‘when education
woyld be totally individualized, when students would be ablé

e . . .
to work at their own pace, explore their own areas of

_interest,'and relate to material in a manner appropriate to

their own learnlng styles. Cr1t1cs of ,this approach and

there were many, env151oned a school in which students would

sit before a computer’termxnal for hours at a time. In this

S ) - oAt



type of 51tuat10n very 11tt1e, if any, human interact1on
mlght occur, A second,~comp1ementary approach promoted the
use of the computer for drill and practrce. Here the 1ntent

was to rel1eve teache;s‘of the respon51bmlxty ‘for revxewlng,
pract1c1ng and testlng previously 1earned skills, and thus
to allow teache&s tlme to focus on the Jespons1b111ty of
presentlng mater1a1 and , ss1st1ng those students B

f exper1enc1ng dlfflculty ‘The 1mplementat1on of both of th@se

approacy frelled upon two key factors: (a) access to large -

computer systems, PLATO and TICCIT are two such examples,
“and (b) the availability of a large bank of software |
programs des1gned for all grade’ levels and all: subject“
matter. As Crltchfleld reports, thls approach‘“thr1ved ir a
situation where computers were;just1£1able only as
_cost-savers [and] the~technology of the‘19605\suggested this
use of computers (Cr1tchf1eld 1979"p 18). | |
Dur1ng the seventles, the 1nvolvement of computers in
educatlon rema1ned relat1vely unchanged However, with the
development of the m1crocomputer the vxab111ty of. the ‘
‘ endeavor increased as the form1dab1e cost of computers began ‘//
~ to decrease. School systems qu1ck1y began to see their /
dreams of ownlng a computer become a real1ty, newly acqulred
machines were first put to use in the areas of - /
admlnlstratlon and enr1chment programs for students
In summary, the f1rst two decades of computer‘

1mplementat10n in educatlon focused on ways to 1mprove the

efficiency of teachlng and learnlng. The major research v»ﬁv

-~
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, L 3
questzon addressed during this per1od was: T\- ‘ .
‘Can computers be used in education to do those g
things that we have been doing reasonably well?
" (Bell, ‘1978 p.430)
: Bell reports that research studles answered the questlon
with an emphatic "Yes.
' In the e1ght1es nev approaches toward the use of - -
computers in education are be1ng brought to the forefroht. -
As Bohrer observes'- | ' |
It is not suff1c1ent to look through the curriculum . '»r
and choose topics that can be "computerized." .
Instead, the computer should [be used] to enhance
or expand a partlcular topi (Bohrer, 19871, p a)
"To thls end educators -are be1ng enco raged to éxploxt fully
the pover of the computer so that new areas. of 1nterest
prev1ously unava11ab1e because of insufficient
knowledge, may now be explored x o =
For- educat1ona1 researchers the new approaches of the

: elghtles ‘require that. thelr atdgntlons be refocused toward
questxons such as: ‘ Ca
How can we use computers in mathematlcs classrooms
. ».to.do better-those things that are NOT presently -
- being done very well? (Bell, 1978, p.430)
Questions such as thls challenge educators[to look at how
‘computers can_be used to complenent thevexisting curriculum
_and current teaching methods, ‘and to search for creatlve |
ways to .use the m1crocomputer\\b help us 1mprove our |
teaching" (0O’ Daffer, 1983). The‘result of this change in
approach and direction in research has been twofold: (a) it

has resulted in look1ng for ways in whlch ‘the computer can

be ‘used "by the learner as a tool" (Kearsley & Hunter, 1983,

i



p. 12-13), and (b) it has’also reéu}tedin'focuhihgvupon how
teachers may henefit from using the‘new’technology>ih"their
classrooms. / |
The 1ntent of this study was to examlne how . the

computer can-best ald teachers and students in the teaching
‘\amd learning of one ‘unit of the High School Mathematics

progr::\eurrently in use in Alberta. The spec1f1c approach
was to focus on how the computer may be used as a

-

"facilitator of 1earn1ng rather than the source of learnlng

e

(Wares, 19824 p.8). - ’ - ’ . | {

B. PURPOSE OF THE STUDY

The specific purpose of this study was to de51gn and -~
test classroom materlals for a unit on ‘quadratic functxonshﬁ
in wh1ch computer activities were integratec! wherever
approprlate, to teach the un1t in an actual school sett1ng,
and to seek answers to a number of questlono. The Eollow1ng;
. queStions gu1i§? the development of the_studiy:

1. Does _le use of the microcomputer and the

o 1ntegratlon of computer programming 1nto the currlculum’
N fpromote a relational understanding of mathemat1cs?

% What are the students' react1ons to m1crocomputers

eand computer programm1ng7 |

\

What is the teacher's react1on to the use of

mlcrocomputers and the 1nclu51on of computer

programming in ‘the curriculum?

. A general assessment of the instructional materials which

@



that:

Computers in Education (ASCE), may irdicate that schools are

C. SIGNIFICANCE OF THE PROBLEM o\

A new dimension was added to the area of cimput1ng with

the invention of the integrated circuit, the microprocessor

and other'rélated advancements in technology. The relatively

affordabie cost of‘personal computers has made it clear'tok

L

see that computers are having a major impact on our lives:

The word is out. On the main street, on the farm,
even in' the home, everyone knows that the fantastic
power of the computer is now available -- evgn to
schools. In spite of tight money, funding adgnc1es
are buying microcomputers for schools,
(W1ederanders, 1982, p 7)

In the results of a survey conducted in. early 1983, 63.4

percent of the schools in Alberta were reported as having

one or more m1crocomputers. Even more surprising is the fact
d

In the two year perXJd from the spring of 1981, to

the spring of 1983, fhe ‘number cf mic¢rocomputers

has jumped from 265 to ‘3535, any increase of 1245

percent. (Alberta: Educatlon, 7983, p.18)

The recent government endorsement of the Apple II+

microcomputer .for classroom use, and the success of computer

conferences sponsored by the Alberta Teachers'.-Association

Computer Council (ATACC) and the Alberta Society for

acquiring microcomputers faster. than had been anticipated. A
recent statement by the Alberta Minister of Educat1on,

reported in the ATACC Newsletter, may be more accurate than

many educators may wish to acknowledge. He sald:
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‘I believe that the next five to ten years will seé

a saturation of computers throughout the
éducational system. (ATACC, 1983, p.5) .

Clearly, computers afe becoming a very real presence in
today's classrooms, |

/As the‘computer begins to "saturate the system,"
 eduéatofs éfe facgd'ﬁith the difficult task of deﬁermining
‘the proper use of/this new teqhnoloéy;in tﬁe schodl setting.
Nowhere is this challenge more evident than' in the area of

mathematics education. In their Agenda for.Action,‘the

Nationhl'Couﬂgﬁl of Teachers of Mathematics strongly
recommended that méfhematic§ programsvshould "take full
advanfage of the power of calculato;s and compuéérs at all
grade levels" (NCTM, 1980, p.1). Specifically, the Council
proposed the inclusion of electronic todls in the core
mathematics curriculuh\and suggééted that curricular
materials which e | |
integrate and require the use of the calculator and
computer in diverse and imaginative ways should be
developed and made available. (NCTM, 1980, p.9)
Similar ideas have.been presented by otﬁéﬁ mathematics
eduéatoré (wiederanders,(1982; hodelier, 1978; Spencer and
Baskin, 1981) whO“believé that the most effectivé
" introduction of the microcomputer would be as a complement
to the existing curriculum. The technélogy,‘in_this respecf,
would bé used fo aid teachers in explaining ditficult
concepts, to aid étudents in the understanding of

algorithmic processes, to promote problem solving, and to

|
,illustﬁate significant applicatibns of mathematics (Bell,
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‘1978,'p.431). In general, its purpose would be to enhance

the curriculum as it now stands. The acceptance of this
éroposal requires that edu¢ators familiarize themselves with
the new technolpgy,.design appropriate materials and uses
for the micrOcompute; in the classroom, and evaluate the
:ésults of each endeavor. | ‘
While teacher preparation and inservice programs should
be used to aid teachers in familiarization with the new
technology, research can provide assistance in the design
and evaluation of appropriate materials and uées for
microcomputers in the classroom. The orientation of the
p{esénf study was in the--direction.of this goal.
\ : n;u,
D. D!!;LIMITATIONS

1. The study was restricted to the Mathematics 20 Unit

on Quadratic Functions as prescribed by the Alberta

Department of Education and to the elective compuler
literacy unit.’ o

2.'The study was conducted with one class of Honors ,
students. |

a

E. LIMITATIO{IS' > |

1. The outcomes were dependent, in part, upon the
classroom practices of a selected teacher and a particular

class who erkedeith the researcher using carefully

‘designed activities,
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| 2. The study focused only on tKe short term effects of
the introduction of microcomputers and computer péog§qmming:

longitudinal effects were not be considered. ‘?

students was 3)SIC.

F; OVERVIEW OF THE REPORT Y

In Chapter Two the theoretical backgrg

Pff!ﬁhg St"”4i§
summarized. Chapter Three describes the design of the ;iddyv
as well as the basis for specific decisions. The.chapggr
concludes with an explanation of the materials developed for
testing. In éhapte; Four the results of the research project
are presented and the observations are relateg to the
theories outlined in the second‘chapter, Chapter Five
‘contains"a summary ofvthe project, the conclusions and

suggestions for fudther research.
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11, REVfEW OF RELATED LITERATURE

The purpose of this'chapter iswlo build a theoretical
framework for the primary(research questi;n: Does the use of
the microcomputer and the integration‘of,computer
ptogfamming into the curridulum promote a rélational }
understandlng of mathematics? What follows is a discuss1on

of the term understand1ng from various psycholog1ca1

perspectives and a review of the literature concern1ng’ho&
these theories are applied in mathematics education. The
chapter concludes by relating the intent &f this study to‘.

the preceding discussion. - S

A. LEARNING AND UNDERSTANDING
A‘familiaf maxim states that "knowledge is power."

However, many educators have suggested that'knowledge ipFand
of itself is not powe; but, rather, thgt power stems'fgém
the aﬁility to use and apply knowledge. The recognition of
this distinctios leads to the identification of two |
distinguishable forms of learning: learning which focuses on
rote memorization of facts, or gabit learning, and learning

which involves understanding. Richard Skemp, in his book The

Psychology of Learning Mathematics, elaborates on these two

forms of learning. He states:

The former [form of learning] canfbe.replicated in
the laboratory rat or pigeon, and for various
reasons (such as the greater degree of experimental
control which is possible),cgntemporary

S 10



‘ psychologists have long seemed to preter this kind.
of learn ... The latter kind of learning ’is
P’  that in wh?ch man most excels, and in which he most

differs from all other species. (Skemp, 1971,

p.15). ,

The chdéng psychological researcywon rote or hab&g
learning‘is not QUrprisfng co sidefing the’strcpg hietgfiEal
influence of beﬁavLoral psychgﬂogy on learning theoriesL
With the grow1ng strength of cognltxve psychology and
information proceseing theorxes} together vith the gradual,
blurring of the boundaries separating cognitxve and "
behavioral psychology, research is~shifti&a'toward ene:
second type of learning, namelyf 1eafning vwhich ihvolves
‘understanding. i ‘: ) R

The area of disagreement Beeween“va:ious branches of
‘psychology has not focused on the importance of
understanding because ' ~ o .

the basic fact that understandfhg promotes learnxng

and retention has never beén doubted. (Bower &

Hilgard, 1981, p. 318).

Rether, the area of disagreement has focused on the
‘interpretation of what it means to understand and ;pé
educational practices related to the variohs interbretations
of understanding. The diffe@eﬁeeg are evident in the
interpretations of the behaviorist and cognitive branches of

¢

psychology.

Behaviorist Interpretations

To associate the term understanding with

Stimulus-Response -(S-R) theorists_seems to be contradictory.

g
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However, Thorndlke, Guthrie and Skinner all acknowledged and
'interpreted the term’ wlthin th,;r own theoretical

"frameworka.‘While Thornd1ke did not deny insight and .

A understanding in human bexngs, nexther was he awed by it. He

belxeved that understanding could be 1nterpreted according

to the assocxatxon laws he had £ormulated and applied in

other situations LBover " Hilgard, 1981) Unde standing. and _
'aaalmriation, in thia framework, vere said to‘be aynonymoue ;ﬂ : ) ;Q
as both terms referred'to an 1nd1v1dua1 8 ab1lity to respond )
to a new 51tuat1on of a s1mxlar ndture.,The response to the

new s1tuat10n vas formedeby adapt1ng the response given in ?\

lxer hab;ts and

the prev;ous sxtuatxon. Therefore, ac 1ng to Thorndxke, ﬁ‘r{i\ L.
understandxng was said to "grow Out og\ea

‘was best fostere by "teachzng students éhe many connectxons e
, tu, ) »

relevant to a problem (Bower &, Hilgayé, 1981 pp.'47 48)

v
-

s1m11ar view -of understand1ng was advocated by Guthr1e-f NEJ**"
houever, he placed less emphasxs than d1d Thorndike on- this
form of learning. Y ‘~~‘; o ”“‘\ j:h ZHQ-nyfifu
qule/§k1nner h1m5elf rarely addressed the/xdea of " ‘_ \;;%e\
learnxng with understand1ng, other behav1or1st psychologxsts
did use and def1ne the term. Accordlng to Bower and Hllgard
‘V:(1981) for these psychologlsts understandlng was dependent>
upon verbal descrxptlon since properly 1abe111ng a 51tuatlon
1ncreased the probab1l1ty of act1vat1ng the approprlate
response sequence The emergence,QfAthe solution was sa1d
to be explained on the basis of (1) similarity}pt the ‘.
present problem to one aolved earlierh‘or'(g)nthe 5in§1r¢{£y_a_,,r

s
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'fottthevproh}em”‘inower ¢ Hilgarag, 1981, p.197).frollowing
this perspective, problem solving is vieved as the

+ Lo

manipulation of - veriables to evoke a renponse. Furthermore, }
" the necessary skills can be, taught to students.

‘ In ‘summary, a behavxor&stic view of understandxng

Centere on the subject’ 8 ability to see s1m11erit1es between .
a new situation and a situation previously experienced, and ~

the abtli:y to ectivete the eppropriete §-R chain to.errive

’~lat‘p response. It would probably be safe to say that ;he,‘

speed at which one can jdentify the similarities betveen L
sttuat1ons and activate the correc;~§ -R chain greatly | |
1nfluences whether one's actions are vxewtd as occuring thh‘
or. thhou;!understandxng. That 13 to say, the feSter the
chain 1s 1dent1f1ed and actxvated the: more 11ke1y it will -
'be that the. subJect 15 sald.to respond w1th undcrotend1ng or
1ns;ght. - w . 8

e

Co gnxtxve Interpretatroﬁ; .

Cognztlve psychology, thh 1ts emphasxs on behav1ot
'Abe1ng determ1ned by thought processes rather than by

automat1c responses,_foepggéyon a view of understanding that

'“ﬂginvolves grasplng the pr1nc1p1es under1y1ng a seqguence. of

'ep1sodes (Bower & H1lgard 198}, p. 317}, Thls vieu of

psychology and interpretation of understandxng was _brought-
to the forefront of psychologncal investigation w1th
'*»Kohler s stud1es of apes in problem solving srtuatxons.‘

~Kohler reported that many of- the problems presented to the



' “1nvolv1ng \_ AR (

f‘Thls hol1st1c approach Ts empha51zed in problem solv1nq

1nformat1on Proce551ng

14

’iwa"efe solved 1n ways that could only be sa1d to rely on

'inszght because of (a) the suddenness of the solutlon, (b) -

the ttansferablllty or adaptablllty of the solutlon, and (c)

‘the extent to uhlch understandlng of the total sxtuat1on was.
»1nvolved 1n the solut1on (Ga?d1ner, 1980) Kohler s
‘research and studles conducted later by Werthelmer T

lxnvolV1ng students generalxz1ng the formula for the area. of

R

a rectangle to a formula for f1nd1ng the area o; a

vparallelogram, contr1buted greatly to the formulatlon of the

Gestalt posxtxon on what it means to understand

: From a Gestalt pos1tlon understandlng 1s 1nterpreted as
" . o . ) . _‘

“the perce1v1ng of relationships, awareness of
relationships between parts-and whole, [and] of
means to consequences (Bower & Hllgard 1981
p. 322) - :
I PNy
RE A

"51tuat10ns whlch are sa1d to be approached

sens1b1y, structurally, {and]) organ1cally rather
" than mechan1ca11y, stupidly, or by the running off
‘of prior habits. -(Bower & Hllgard 1981 p.323)

e

Therefore, ‘the- Gestalt pos1t10n ex1sts 1n dlrect opp051tlon

to the assoc1at10nxstqapproadh

Research into 1nformat10n processlng theories and

att1f1c&al 1nte111gence, which have been‘v1ewed as a. part of

e £ 7

.theoretlcal psychology, ‘also prov1des a perspectlvé on -

o

‘.understandlng Both areas have as thelr basic prem1se the'

A.agteement thatiknodledge regardlng_how people_process ,

M)
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‘infOrmationecan be galned byisfmglating cognitive'processes “
or behavioral”actions on a computerﬁkAccording to this
perspective - Q:. _L:*QV' J &?% | |

i“‘ P
i o

a machine yhlch accurately sxmulates relevant
aspects of some organlsm s behavior indeed
constitutes a genuine explanatign of that ‘behavior.
(Bower & H11gard 1981, pv 354) ,
Research. 1nto what it, means to understand in these areas has.
followed two d1st1nctly dlfferent approaches:
‘1. to understand an 1tem,of knowledge refer’r t: the
ab111ty to use the knowledge in appropriat- siv atxons'

and' .

2. to understand an, item of knowledge refé}s to the

+ <

ab111ty to make 1nferences about the knqwledge or to

extend 1t. o

' Understandlng as the ab111ty to use knowledge has been the
focus of semant1c based par51ng systems whlch’attempt to-
:1nterpret sentences and respond to questlons based on 4

1nformat10n contalned in the sentence.

Most research in thlS area has centered around the
~"development of understandlng Drograms most notably SAM,
"developed by Schank (1972)“ and MERLIN, developed by Moore
‘?and Newell (1974) It is in these programs that the breaklng
» down of the barrlers between assoc1at1onlsts gnd .
'cogn1t1v;sts are most ev1dent. The uncerstandlng program
VSAM whlch deflnes understanding in terms of the‘ablllty to
make 1nferences, re11es on "scrlpts to flll in m1951ng

1connect10ns and to make 1n£erences. Scrxpts have been

/ffdefinedfas stereotyped sequences of‘events or act;v1t1es
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that refer specifically to a
particular goal plan sequence [that] has been used
repeatedly by a person in a standard. situation.
Schank and Abelson suppose.that it becomes_
routinized into a conventional act1v1ty. (Bower &
'Hilgard, 1981, p. 408)
Thisg definition and the behaviorist's definitions of S-R
‘chalns and understandlng are indeed very s1m11ar.
. The educat1dnal 1mp11cat1ons and practlces advocated by
the cogn1t1ve psycholog1sts have partlcular relevance for
the development of understandlng in the teach1ng of

mathematlcs.

'la UNDERSTANDING THEORIES AND MATHEMATICS EDUCATION )
D1scu551ons concern1ng what it means to understand
’mathemat1cs from a. cogn1t1ve V1ewpo1nt have been greatly
dlnfluenced by 1nformat10nxproce$s1ng theorles.and research
into the understand1ng of language. These dascu551ons are
fbased-qn a "concept of understand1ng [wh1ch] refers to the
eonstruction of a representatlon of some 1nformat10n ~'v_:
(Greeno, 1978, p. 263) Slmllar definitions have. been |
advocated by Henry van Engen who spoke of understand1ng ‘as a
| process of 1ntegrat1ng concepts or "f1tt1ng it [an ideal
1nto a. conceptuaI structure already in the pupil’'s
ppssess;on (van Engen, 1983, pp. 76- 77),; by_Margenau (1961)
Nwho uiewed mathematics as a network of constructs "or

~general ways oﬁ;ﬁnowingiposseesed'and developed.by'tne \
learner" (Kieren, 1378,'p.77);'and by Riehard Skehpv(1971)‘ /)

~who referred to the representation or conceptual structure



as a schema. Resnick and Ford (1981)falso suppor;‘thisb

def1n1tion and have d1agramat1ca11y shown how schemas are

a551m11ated (see Flgures 1, 2;”and 3).

Tiie schemas in Figure 1 andrF1gure 2.represent
differences in understanding ofrthe relationship between-
multlpllcat1on and d1v151on. In Fxgure 1, the separation of‘
~ the schema 1nd1cates a lack of understand1ng of the |
relatlonsh1p between the- two operat1ons. The 301n1ng and
simplification of the schema in Figure 2 1nd1cates an
understanding of the- 1nversgﬁrelatxonsh1p between
‘mu1t1p11catlon and division. Figure 3 presents a schema
‘whlch suggests a well developed understandlng of the

' operat1ons of add1t1on, subtractlon, multiplication and
d1v1s1on as well as of the relatlonshlps among the four

3

operations..

Measur1ng Understand1ng

- Understandlng is not a 51mple process. Although
understandlng may vary in degree from person to person and
51tuat1on to situation, it is pé’%lble to measure an
1nd1v1dua1 s understandlng of a partlcular event or 1tem of
knowledge. Greeno (1978) has identified three criteria wh1ch
. may be used to judge the degree of understandlng coherence,
bconnectedness and correspondence. Although Greeno 5 Ccri terxa
were establlshed for evaluat1ng an rnd1v1dual s
understanding of language, they'may also be applied in

evaluating the understanding of mathematics., Resnick and
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definition
definition

o ' ‘ _ }

Figure 1. Schema representing nonunderstanding”

- ' of relationship between -two operations
(SourcesResnick & Ford, 1981, p. 201)-

a

fe

definition’

. definition

'Figure 2. Schema representing understénding of
; ielﬁtioﬁship between two qQperations.
Sou

rce: Resnick & Ford, 1981, p. 202)
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n times

definition
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definition

_ definition
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multiplication

definition

Figure 3. Schema re‘presenti—ng. understanding of
“relationships among basic operations
(Source: Resnick &:Ford, 1981, p. 204)
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degree. of connectedness of the information to previous

PR

\‘\‘ A
Ford however, have advocated that ‘the first crlterxon be e

changed to 1nterna1 1ntegrat1on of the representatﬂon

(Resnick & Ford, 1981, p. 206),sxnce Greeno' s original term

coherence did not imply logical\coherence; The criteria for

measuring an individual's underétanding of mathematics then

ﬁggymes_ﬁly internallintegration of the representation, (2)

knowledge,.and‘(B) oorrespondence of the individualfs schema
to the mater1a1 that is to be understood.

To assess an individual's ;nternal integration of hhe
representatlon or schema,-one attempts to determine "the

extent to which concepts are associated with each other in - |

rich-yet orderly ways“ (Resnick & Ford, 1981, p.207). This

is Mllustrated in the difference between Figure 1 and Figure
2, Snchlaseessments have been conducted using timed |

free recall exper1ments and are based on semantic network
theorx. The basic premlse has been that 1ntegrated schema
consist of very few organ121ng concepts llnked to a. larger i

number -of other concepts. Durxng a free recall experlment,

' patterns of information retr1eva1 will be exhibited in whj€h

experts retrieve information in chunks and nov1ces retrfeve.
information more randomly. Resnick and Ford neport that th1s*
was successfully demonstrated in a series of experlments
involving physics teachers and their students; however, they
also\ reported that : -

Larkin's method al;ows one to conclude only that

information is chunked and it reveals nothing about
which 1tems are chunked together. (Resnick & Ford, .

_:! 1981 p. 208)
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“1In addition Lark1nrs method does not allow thﬁ researcher

- to discover the cor\ectnessvof the links. Thxs‘aspect will

be examined in the di \ussion of the third criterion for
. ¥ ~ J - » g
measuring understanding. - 4
The second criterion for measuring understanding,
namely, the degree of connectedness of the information to an

individual's prevxous knowledge,\refers to the ability to

»

apply knowledge_1n new situyations. Most of the research in

this area has‘focusednon.interViewing and observing students
in problem solving.eituations and then inferring informa:ion
about their schemas from their performance.‘The method has
been successful, and often information regardlng the first
and thlrd criteria can be gained from watchlng students
perform. However, as Resnick and Ford point out, more

appropridte ways of inferring knowledge of people's schemas

must be-developed.

The third andlfinal criterion is concerned with the
correspondence of an individual's schema to the material \
that is to be understood. This criterion refers to- how well\
an 1nd1v1dua1 s schema matches that of an expert. A | /
mathemat1cally correct schema of the four basic operatxeﬁs
is shown in Figure 3. Assessment of th1s cr1ter1on has bee
conducted through word association, oraph building and cér?

sortlng tests. These instruments were used by Shavelson

~(1972) ‘to show how the cluster pattexns of physics student . .

‘as they progressed through a course, moved closer and closer

to the cluster pattern dlsplayed 1n the 1nstruct1onal

o

/
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' materiél. A later study by Thro (1978) resulted in similar -
findings ahd also showed how the cluster patterns of -
successful students were more closely matched to the
instructor's cluster patterns than‘were those of
unsuccessful students. K ’ | \

Although these criteria do not provide a definite means

of assﬁssing understanding in mgthematics or‘apy other

F
subject, they do provide a starting point for measuring a

v

very elusive process.

Instrumental vs. Relational Understandxng

Many of the p01nts mentioned by Greeno (1978), and by
Resnick and Ford (1981) relate to earlier work done by
Richard Skemp. The main area of difference is that while

Greeno, and Resnick and Fcrd, were concerned with

T determining How understanding could be a§§€§sed Skemp

~ focused more on defining LnderCtand1ng Skemm/(1976) was
as \V
~ able to distinguish two meanings ofzthe word understandlng.

'gamstrumental understand1nc andzreiatlonal understand1ng
T Instrumental understandlng, as deflned by Skemp, refe&s

to the possession of ru1e= without reasons or a know1ng "how
to" but not "why." Skemp contended that this is the type of
uhdersténdipg that has received the greatest attention in
schools, especially in tezching mathematics. To support this
contentionj'Skemp asks us to consiéer how many students have
kleagned to divide fractions by "turning the éecond one

upside down and multiplying" without understanding how the
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rule was generated That such mathematzcs has been the focus
of teaching need not be elaborated further. Skemp points SL:
that the reason why we focus on 1nstrumenta1 understanding
is that its rewards are immediate and easily gained.
Instrnmental understanding provides us nith a quick and
efficient algonithm for completing problems that, in turn,
generates a page of correct answers. The difficulty with
instrumental understand1ng is that it "necessitates
memorizing which problems a method works for and which [1t
does] not, and also learnlng a different method for each new
class of problems™” (Skemp, 1971, p.23). Instrumental
understanding fails to aid the student with internal
infegration of the schemas and with connecting new
information to prevxoﬁ%”ing;ledge -- two impor'ant criteria o
for measuring under:tanding according to Greeno (1§78), end
Resnick and Ford (1981).

The second type of understand1ng 1dent1f1ed by Skemp,
relational understanding, refers to both'know:ng what to do
and why. The'adyantages of relational understanding include
the following: |
| 1. relational understanding of mathematics is more

adaptable°

2. wh1le harder to learn 1n1t9a11y, relational

understandlng proves to be_e351ee to remember;

3. relational understanding may become a goal in

itself; and, |

4. relational schemas are organic rather than
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mecﬁanical in‘;ature.
In otheé words, relational understanding allows an
individual to construct an adgptablq; functional, and
"correct” schema in tune with the criteria presented by
Greeno (1978), and by Resnick and Ford (1981),

Richard Skemp's views, published’in an article entitled
"Relational Understanding and Instrumental Understanding” in

Mathem&tics Teaching, p@pcipitafed a rather lengthy debate

revolving around the man} different types of understanding
that could be exhxbxted o mtfhbmatlcs. The debate is
summar1zed in Table 1.

] While many mathematics éddcators have argued that
_ Skemp's viéw of understanding should be expanded, the
important point is no;’the number of class1f1cat1ons but the
acknowledgemeat that.th:;e are various forms of
understanding that can be "taught."” Educators must remember
that throughvthe formatibn of approp;iate'schemas students'
‘comprehension of the subject matter under discyssion will
improve as scaemas allow fﬁr the "integration of existing
kﬁowledge and they [provide for] the acquisition of new
_knowledge” (Skemp, 1971, p.39). On the other hand, the
formation of 1nappropr1ate schemas makes assimilation of new
information difficult, if not impossible, and thereby

~ decreases students' ability to understand.
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In summary, it has been suggested-that a "major goal of
mathematics instruction should be the acquisxtion g;
?well structured' knowledge about mathematics" (Resnick & )
Ford, 1981, p.205). In order to ach1eve thxs goal educators AR
should focus attention on how mathematics programs can aid k
students in the development of appropriate schemas. The
extent to which this goal is presently being met can be
determined through a review of current mathematxcs programs.,;s'
C. CRITIQUES OF MATHEMATICS PROGRAMS |

In 1982 the National Assessment ofﬁbduéaffonal Progress
(NEA) completed its third survey of 9, 13, and 17 year olds
enrolled in mathemat1cs programs throughout the United
States. The findings, reported at the 1983 Annual Meeting of
the NCTM, showed that 1mprovements had been made in those

areas that "assess things most easily tsught-éhd learned by

te" but that "pefformance on ‘nonroutine problems and on |
\\\;ﬁj;Lblem solvxng contlnued to be exeept1onally low" (NCTM, 'ms€“~
mfp//19§3, p.2). These'resglts were in agreement with a previous
| study conducted’by tﬁe International/bssooiation’foc the
gvaluyution of Educational'hchievement (iEA).‘The 1IEA stydy
found that algorithmic approaches to mathematics tended 'to
~be heavily emphasized' particulerly in"the area of
computation, with the result that students, in general
possesséd & relatxvely low understand1ng oé mathematics.
Robtta;}le summarized the IEA findings by stating that "in

genera;, the results show that achievement decreases as
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: cognitxve level increases” tﬁpbitaxlle, 1983, p. 7). ‘The"

_'Jltesults of the NBA and IBA studies support the views ot

s
~~~~~~

. ];crxtics of mathematies programs and are in agreement witui'?’

fthe results Of other studies condugted on a much smaller D

U o

“scale.

Fot many years now, mathemetics educqtors ‘have been‘

critical of the4mathemat1cs progrems presently in use,. They

* have advocated that "much df what is being. taught and

: learned under the descr1ption of modern mathematxcs issd:
l;be1ng taugﬁt and leatned just as 1n§trumentally as vere the
sylbaba whxch have been replaced" L Skemp, 1976 p 22) The
: net result for students is that mathematlcs becomes the
"manxpulatxon of symbols havxng l1ttle or no meanrn
attached, accord1ng,to a numbe;kgt ;ote-memgnxzed riles®
" (Skemp, . 1971 p.31). | ‘ . o @
| In a study des1gned to‘assess understand1ng as an

end-product of-learn1ng, Saad (1960) tested 3,324 fourth and

fifth year students in England, in either arithmetic,.”

.. _ algebra or gedmetry. The results of this study'veritied

Skempms contentlons when 1t was found that:

kThe teachxng methods to whxch children have been
subjected tend -to develop not meapingful responses
but fixations, S0 tbat a ¢hild may khow a formula
.without know1ng how'this formula has developed or
why it is always val1d (Saad 1960 p.119).

RS

051ng a different approach teo the questlon of whethet or not’
school mathematics programs promote understandlnq, Bell

(1970) 1nvestlgeted mathematics textbooks in use prior to

AN

1960 and those in use since 1960. He came -to



_ . /the same gloomy conclu51on that Thorndlke reached .

in a similar study in the 1920s: "In general,
" teachers and youngsters who seek understand1ng of
' ... mathematics will get little help from school
o algebra books-, " (Traversd kaaart Suydam, &
Runion, 1977, p 7) ' : . . :

Conclus1ons such as’ tbese conflrm Skemp -3 contentlon
that school mathematlcs programs promote 1nstrumental

lunderstand1ng to the getrlmemt o£ relatlonal understanding.

BT -

T et ‘result .is that mathemat1cs educators are now. faced
"thh the d1ff1cult task of de51gn1ng and 1mp1ement1ng new

approaches to the teachlng and learn1ng of mathematlcs.

Spec1f1cally, mathemat1cs %ducators should be concerned wlth S

the development of a currlculum which w111 a1d students in-
73 . J .

‘ pthe format1on of appropr;ate schemas and thereby promote

o relatlonal understand1ng. This partlcular p01nt was | .

)

addre;sed by Hebenstrelt at the" IFIP Worklng Conference cn’
”Involvzng chros in Educatlon.ﬁ He stated-~ | -

1 rhe transm1551on of knowledge should be -

. sy%tematlcally designed so that pupils can broaden,
‘deepen and improve their model-building aptitudes
-~ rather than more or less: completely reproduce some -
;subset of knowledge, which they have. tr1ed to L

g memorzze as be%t they can. (Hebenstre1t~‘ﬂ983 p.
.20 ' .

f To. achleve thrs end, he promoted the use of computers in

<

education for

- ifa computer is- regarded as a device for o
' manepulating symbols according to purely syntactlc
r les and programmlng languages merely as a ’'set of’
‘mexhods for eluc1dat1ng these rulesy clearly the
. fundamental problem in computer science is ne1ther
“the r-omputer nor the machine language, but: the" C~
- formulation of an actual situation in purely -
., syntactigc terms,-i.e., the construct1on of a model
- (Hebenstreit, 1983, p.21) :

&

o
K1

4
o
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The way§ in Whlch computers can, assist in the constructaon L

of appropr1ate models is.of 1nterest to both researchers and

mathematics educators.

o D. COMPUTERS -AS MATHEMAT I CAL ENTIT IES

/ . * * RSy

'I‘he views expressed by Hebenstre1t are not ent1rely " '
"ln

" new; educators from Dewey to Plaget have.empha51zed that

order to understand a concept, students need to take an.

&

active role (Soloway, Lochhead & Clement, 1981 pP. 19

Recently the most adamant and vocal proponent of thxs ‘

approach partlcularly in the area of computer 1ntegrat10n,““

has been Seymour Papert (1980, 1981)- whose v1ews have

"developed from his work w1th Plaget and the LOGO pro:ect at,

MIT. R S o /

From his‘work with Piaget in Switzerland, .Papert~came

‘ %b reallze that chlldren [are] the active, bu1lders of thelr”

. own 1ntellectua1 structures" and that in the bulldlng of

8

these,structures chlldren‘approprlate [for] their own use

-materials they find about Lem, most saliently the‘modelsv
and metaphors suggested by the surroundlng culture (Papert,
1981, p 3). The d1ff1cu1t1es ch11dren experlenre 1n |

mathematlcs, Papert feels, occur because "our education

culture glves mathematlcs learners scarce. resourcé% for .

'v,makmg sense cf w‘ they are learnmg (Papert 1980,

'p.47). Through the use of computersk however, Papert sees am

v

-.'opportunlty to transform a sterile culture 1nto a4

»vmathemat1cally rich culture for "the metaphor of computer as

e



a mathem tics speaklng entlty pUts ‘the learner in a

"qual1tat1valy new k1nd of relatlonshlp to an 1mportant E

dema1n of kn wledge (Papert 1981, p 3). ASpec1f1cally,
:tPapert“sees‘ he transformatlon ar151ng in the folloW1ng
manner- | '

) ‘Wheg a ch1ld learns to program, the process of :
~learning is transformed. It becomes more active and
self directed. The knowledge is acquired for a -
‘recogn1zable personal purpose. The child does - L
'something with it. The new knowledge is a source of

power and is experxenced as 'such from the moment it
, 'beg1ns)to form in the child's m1nd (Papert, 1981,
p. 3-4 : O _

Wh1le Papert sees the CUltural"rtransformatibn occurring

]

' pr1mar11y through the use of the LOGO language and -

Yoo

'env1ronment 'many other educators feel it 1s the algor1thm1c

e

a,process 1tself that places students in a fundamentally new
',Lpos1t10m in regard to mathemat1cs. |
Expandlng upon earller conceptlons of the problem
‘solv1ng cycle, K1eren (1978“d15t1nguished three stages. of'~
-hdevelopment necessary for the construct1on of mathemat1ca1};
“,1deas. The stages he - 1dent1f1ed are.ﬂexploratlon of

o

'Telements, formal control and advanced exploratlon; The ’
;‘f1rst stage, explogat1on oagglements, refers to the perlod’
.of tlme dur1ng which students famlkﬁarlze themselves w1th
" the essentxal components of an Ldea.zFollow1ng the

- .exploratlon stage,'anllnd1v1dual is able”to manlpulate the
jsymbols and’ language ass§%1ated WIth a concept 1n the

'vapproprlate manner. It is- %;r1ng thls second stage that the

r“relat1onsh1p explored 1n the flrst stage becomes formallzed

llﬂLastly,vthe advanced exploratlon stage refers to the perlod
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of t1me during whlch a "construct is tied to other
constructs through appllcat1ons,ﬁgeneral1zat1ons and problem
3solv1ng. (Kleren, 1978, p.78} While 1nformat1cs exper1ences
are valuable at all three stages of the cycle, Kieren feels
‘the "most profouhd contr1but1on of 1nformat1cs to |
mathematics currloulum is 1ts approach to symbol1sm

(Kxeren, 1978, p- 81) L

~ For secondary stTdents, the powver of mathemat1cs “comes

from the use of symbols as an analytic tooll; howeverh for.
~many studenté learning mathematlcs it is.this "very"notion,'
ostbolics; whichvpresents such great difficulty” (Kieren,&é
‘1978,1p.h81). Proponents of an informatlcs approbach to

mathematics advocate that it v

offers a means to symbolic control of sarious

mathemat1ca1 constructs [hecause] an orithm for

a machine is a bridge sétween the concrete stage of

thought and the more form&*;htages of thought.

(¢ieren, 1978, p. 81, 84) _
In add1t10n, ae Skemp observes, often "the mere act of
communicating our 1deas seems ‘to help clarlfy them, for, in
doing so, we. have to attach them to words (or other
symbols), which makes them more consc1ous (Skemp, 1971“ p.
121). It is through such 1nvolvement, Skemp contends, that
individuals develop the ab111ty to reflect upon thelw own
‘schemas. In this regard, an algorithm may be said to ‘reflect
an understanding of the mathematical problem under
investigation and of the symbolism involved. Through the -

development-of an algorithm, individuals are offered the

opportunity to reflect upon their own schemas.
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E. RELATED STUDIES .
Research into the use of computers in mathemat1cs‘
1nstruct1on began in the late 51xt1es as schools acqu1red
j;-remote ﬂermlnals, purchased their own mini-computers or |
é%%‘ shuttled’programs and output between schools and computer
g centErs Generally, the studies have been conducted from a
quantltatlve perspect1ve, and most have been presented as
dlssertatlons. The tendency has been to focus on secondary.
and post secondary algebra and calculus courses to. determ1ne‘
the effects whxch computer- orlented mathemat1cs has upon
\achievementf problem'solving ability, reasonlng ability, and
attitudes. The majority of results have seemed to indicate
no significant difference betveen treatment groups.
|  The effecds of computer oriented techniques on
achievement”have received the most emphasis.’The overall
results seem to be 1nconc1u51ve. A number of researchers
(Kleren, 1969' Marchand 1974; Payne, 1980; Krull, 1980)
have reported a 51gnlf1cant dlfference in favor of the
computer treatment while others have found that tne use of
the computer ne1ther‘1mprovedvnor interfered w1th
achievement (Hoffman, 1971; Mandelbaum,_1974; DeBoer, 1974;
Basll,s1974; Strawn, 1975; Deloatch, 19784 Sears, 1978;
Chuchat; 1985) In the areas of problem solV1ng and
'Areason1ng ab111ty the results have not been as d1v1ded
'results have 1nd1cated that computer programmlng and

flowchartlng do fac111tate development in these areasi

‘(Hatfleld,v1970; Foster,»1973 Mllner, 1973' Ronan,»1971-
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W1lk1nson, 1973~>Andreoli,‘1976) With regard to effects

upon attitudes, the results are again 1nconc1usxve. Studxes
by Milner (1973), Strawn (1975), Deloatch (1978) Deb1a551o

(1978), and Chuchat (1985) found the use of the computer and

vthe inclusion of computer programmlng 1n mathematlcs

contributed favorably to attitude development, Similar

studies by Basil (1974), 'DeBoer (1974), Mandelbaum (1974),

,and Krull (1980) concluded the opp051te.p

Whlle these studies seem to 1nd1cate that computer

laugmented mathemat1cs does not greatly enhance the overt
'eas1ly measurable areas of mathemat1cs, many of these . same

‘studles have 1nd1cated that a more subtle outcome may result

from implementing this new approach to mathematics teaching.
Im\one study of undergradua:e non?mathematics-maﬁors, an

algorithmic approach to problem solv1ng resulted in strong
]ust1f1cat1ongfor 1ncorporat1ng computer orlented technxques'

into a modern’ syllabus (Marchand, 1974, ‘p. 2888)‘ Students

were: a). better able to structure their solutions,to

problems u51ng algorithms, flowchartlng, and’ 1teratlon, b)

showed s1gn1f1cant improvement in the development of

‘knowledge and SklllS' and c) were motlvated to re- study ,

material from earlier school years. Wells (1981) in a

s1m11ar study 1nvolv1ng h1gh school students, also concluded

that computer programmlng is an effectzve way tc evoPe
- problem solving processes Spec1f1ca11y, Wells based her
,conc1u51on on the observation that "per51stence and. lookxng

‘back technlques [were] widely used in programmlng (Wells,
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1981, p.2010A).

$imilar sub e positive outcomes were shown in other
studies. Ducharn (1974) studied sophmofe level college
- students in a computer-oriented linear algebra course and
found that tg; usbﬁpf flowcharts, 1mproved the st enté"

understanding of mathematics. He also EQ::d tha

flowcharts
~were indispensible for the unders;anding nd_cdmputer |
*implenentation of algorithms. In a fifteen-Week study of
grade f1ve students involved with interactive programmlng in'
LOGO “Milner (1973) assessed the value and effectiveness of
_computer programmxng in the 1earn1ng of mathanat1cs. He |
| concluded that it was "an effectlve learning resource 1n
terms of both cognitive and affective con51derat1ons
(Milner, 1973; p. 4184-a). in a separate study also
invbiving LOGO, Seidman (198{) reported ‘that programming in
LOGO significantly anhanced logiaal reasoning ability under
cartain conditions. | | ”

.In studies qoncerned'with the effect‘computer use has
on glassroom dynamics, Cox’and Berger (1951) found that
student grouping at compute: terminals was related to
performance‘and'fecommended that student grouping should not
be left to chance..Specifically,TCox andeefger suggesfed
nthat.groupS‘shouldlbe,l'mited to "two or three members
[since with) larger grou§§ one or two’students were often
left out" (Cox Q,Berger;'1§81,gp.29). In contrast, Dugdaie
‘(1982) concluded that grouping was not a significant factor
in student per%ormance' students work1ng in groups at

Pk
\"'

1
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computer terminals seemed to oontribute on a more or less
equai basis; | |
The tﬁree‘projects which most ciosely*parallel this
particular study are the Nottingham Programming in
Mathematics Projept (Hart, 1981) and recent studies
conducted by.ﬁoloﬁay}'ﬁochhead and Clement (1981) and by
Chuchat (1985). These studies, because of their .relevance,

will be explored in greater depth.

The main objective of the Nottingham Programming in

Mathematics Project was to identify more clearly areas in

ra

which programming activities would aid students in their

'uhderstanding of mathematics at the lower secondary level,
- and to "devise and test teaching materials that are dirécted

towards ach1ev1ng the resulting objectlves (Hart, 1981, o.

82) Specifically, the project focu:ed on improving
students’ understanding of the concept of variable as this
concept, from the results of recent‘Concepts in Secondary

Mathematics and Science (CSMS) surveys, seems to be poorly

~understood. Programming was seen as an appropriate approach

to increase understandlng because it prov1des for:
(i) "a concrete embodlment of -he concept or at least a
means of approach that makes a concrete vxsual1zat1on-
possible" (Hart, 1981, p.83); ang,
(ii) it contains the concept in activities which are

meaningful to the students.

While the results of ‘the study vere not statistically

ssignificant,'perhaps due to a small sample, they did seem to

35
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inéicate rhat computer programming aids students in Ehe
development of the concept eof variable. In addition*to'the
students' improvement in written exercises, the most notable
evxdence was the 1nTrease in thelstudents performance on
the follow1pg four quest1ons which were included in both the
pre-test-and the post-test:

1. add»4 onto n + 5;

2.‘ado 4 onto 3n;

3. multiply n + 4 by 4; and,

4. Cakes cost c pence each and buns cost b pence ‘each.,

If 1 buy 4 cakes and 3 buns, what does 4c + 3b stand

for?" (Hart, 1981, p.83)
Analy51s of the students responses showed that the success
rate 1ncreased from 41 to 75 percent on the first question,

.20 to 45 percent on the second question, 0 to 12 percent on
tnelthird queséion, and 4 to 16 p&rcent on the last
question._In conclusion, Hart- staéed° '

The relat1onsh1p between research act1v1ty
concern1ng pupil understand1ng and the use of
programming certainly promises to be a wery
fruitful one. (Hart, 1981, p. 88)

5 | The Soloway, Lochhead and Clement (1981) study focused
upon students' ability to read and understand algebraic word
problems embedded in a program@ing context as opposed to the
ability to<read and understand these problems in dsolation,
The spec1f1c concern of the researchers was that students
seem to "have deveioped special purpose translat1on

algorithms whigh work for many textbook problems, but which

do not involve anything that could reasonably be called a
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semantic understanding of algebra™ (Soloway, Lochhead &
Clemént, 1981, p. 3).\This point was illustrated by first
year college students\&§§7 Yhen asked to write an equation

expressing the relationship between two sets, wrote\

equations indicating the relative size of the two sets

‘rather‘than equations expressing how one set could be

transformed into the other. It was concluded that students
viewed an'equation as expressing a passive picture of the
two sets régher than an active operation.

To further explore this area of mathematical

’ unde;standing,“Soloway, Lochhead and Clement (1981)

conducted two investigations to determine if those students

who were placed in an environment which allowed them to take

'a more active procedural view of equations exhibited a lower

explain an équation'émbedded in a computer program as

erJor rate -on problems than students not platedein such an
env1ronment. The researcheré felt that one clear candidate

for such an environment would be the area of computer

- programming sincé a Fcomputer program is a definite

prescription for action; 1t is a set of commands which |
produce some re;ult" (>oloway, Lochhead & Clement, 1981, p.
6). The results of the investigations showed that
sighifi;antly more §tudénts could answer a wo;d;problem by
writing a computer ﬁrogram than an algebraic eguation.

Furthermore, three times as many students could read and -

opposed to an equatiéb which stood alone. The results

supported the initial hypothésis that "programming does
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enhance problem solving because programming encourages the
needed procedural view" (Soloway, Lochhead & Clement, 1981,
.p. 13). However, as indicated by the researchers, much more
" work needs to be done 'in this area to determine more
specifically the cause/effet; relationships involved.

In a study thch closely parallels this particular
project, Chyfhat (1985) investigated‘?ﬁgzzﬁcorporation of

computer fprogramming into the Mathematics 20 curriculum.

‘Specifically, the Chuchat study involved two units: a
computer iiterécy unit which required students fo learn how
.:to program in BASICQ and a computer implementation unit in
which students were required'to apply their knolwledge to
" write computer programs to solve "typical" end of chapter
. exercises. The purpose'of the study was to determine ghe
benefit which the activities would have for students;and
their reactions to the experience. Results of the.study
indicated that students involved in the Compute; programming
group required more attention and a greater amount of
explanation from their teachers than did those who were not
involved. A>signi£icaht difference in favor of the computer
bgrbup was found only in aﬁéasAwhiéh required a considerable
amount of programming. In areas which had few programming
activities, the differences févoged the control group. The
most significant gains were observed in relation to student
reactions and attitudes. The students in the cpmputer‘group
reported that they preferred fd.do mathematics which

o——

involved programming activities and also expressed a more ‘!

1
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positive attitude toward\mathematics.

Ip summary, researcq fesults seem to have been
inconclusive with'regaﬁgfto the effecg‘computer oriented
mathematics has on attétudes and achiévement{ however,
benefits from this appﬁbach are being shown in the area of
problem solving abilib{, reaéoning ability, and
understanding. Continued growth in this area of research
would be enhanced by direct investigation of the effects
which comﬁut?r'orieﬁted mathematics instruction has upon

, N of
these latter areas.

F. RELATIONSHIP TO PRESENT STUDY

The preceding discussion has focused on defining
"understanding" from various psychological'begspectives and
in terms of mathematics education. 5n°intent‘f£ thig stugg
.was to~determine whether a student's uqdérsfanding of
mathematics can be improved through the' integration of
computer programming into the curriculum. A basic assumption
dnderlyixg the project was that a close relationship eXi;ts
.between the process\of.programmiﬁg a computer and the’
procésses invelved in dévelbping undegstanding of
mathematical operations.

In forty short yearé‘compbters have become a fact of
life. While it often seems that computers are controlling
our lives, in reality, éomputers.are just an

automatic device that is constructed in such a way

that it can carry out any one of a number of

well-defined basic information-processing
operations. (Booth & Chein, 1974, p. 2)

-t
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The power of a computer emanates from the programs upon
which it functions. .In the process of programming a
computer, the programmer de3cribes a computational task as a
sequence of well-defined steps commonly referred to as an
algorithm. (Jhe programmer's most 1mportant tasku1n |
programming a computerzis to-define the algorithm in a

- clear, eiact, and unaubféuous manner. To.do SO reduires
understanding.

. /
Earlier in this chapter, underStandihg was defined from

a vatiety of perspect1ves. In the d1scuss1on it was.
indicated that many mathematics educators (Greeno, van

Engen, Margenau, Skemp, Resnick and Ford) regard

-

understanding as the construction of a representation of

some information., Furthermore, understanding is a process in
which relationships must be shoun and generated by the
student. It has been suggested that n L

teach1ng for understandlng ve should consider -the

mental activities that a student fhust perform in

order to understand and arrange exercises to

provide practice in these activities. (Greeno,

1978, p. 267) : ‘

The premise upon which this study was based 1s that the
algoritnm required to,pPogram a computer may be equated to’

the stu 's representatlon of 1nformat10n or schema. Both

Ap

ory and research suggest that the i ocess of generat1ng,

@

A esting and refining a schema improv student's

" understanding. i

G . o . i .*
In the present study, Greeno's criteria for measuring

understanding and Skemp's definition of relational . . -. =



understanding wereldefined operationally as is indicated

bhelow. | )

L

Coherence.’The’term coherence vas used to refer to’the
individual's internal integration of the subject matter
under discussion. For the purpose of the study,
coherence was used to analyze the completeness of the

students' programs.

4

Connect1on. The term connection refers to the extent to

»

/3wh1ch newly acquzred knowledge can be integrated xgto

ex1§¥ﬂng schemas. In the study, connection ‘was used. to

o

refer to the student 'ahil1ty»to relate correctly new‘

. ..
e~ e

S and ex1st1ng khowl

g o . . .
- PR R

Gorrespondeﬁce. Th forrespondehce~refers to the

extent to whlch stude s"schemas agree W1th or .

orrespond to - the ex1st1ng body of knowledge. iy

' Correspondence w!s used to analyze the correctnessﬁ of

PR

a response.‘ o %~5Cr5";" -

e 1R

Relational Understand1ng‘ Students who know both hoﬁ to

]

proceed and why to proceed in that manner were

. descr;bed,as possessxng~a relational understandlng‘ofe~ |

. . g n‘i-. o o ) " - .
. mathematics. .° SN ‘ ’

.

If schema organlz1ng.act1v1t1es are requ1red to program a

Qcomputer properly, then the 1mp11catxon is that computer

‘ﬂ\"“

'.lprogramm1ng Whlch is 1ntegrated into the currlculum may lead
- to 1ncreased understandlngfof mathemat1cs. The operatxonal
def1n1t10ns derlved from Greeno and Skemp vere used to

explore th1s relat1onsh1p xn/the.present study.

. -

. o
R

PR

»
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© 111. DESIGN OF THE STUDY
B | R |
. The project which is‘the subject df.tﬁis_rep§rt
- consisted of three main parts: development~of&instrucfional,

materials, testing thesebmatefialg in a classroom setting,
. : ‘énd uéing the result§ bf3£he test to answer a’number of ¢
‘résearcb qugS;ionsf Dﬁring fhe design_phasélgf the study,
'{H”:decisions had?éo»bé madé aBout.the.spedific ﬁaterials‘to ?f
devéldbéd,‘the seiectidn bf\e site for téstihg the»
e \ : ‘ ;

.[mater1als, and procedures to be followed during the test.

) >

A. MATE#I&LS,DEVELOP&FNT;' B
In braef‘tp AQdfeSS'thé baéic reséaf;h quéstions,'the
'maﬁe:igisitp befdeQelqped‘Had’tdfhayé pb%ential fér»computer'
pfogramming to be integréted into the éursicuium. In
aédition, the cdnﬁént had to‘providéffor,testiné the éxtentJ’?
to which the pr§g}$mﬁihg’contiibUtedgxo;the development of a1‘7 3

relational understanding of mathematics.

i

g

v A . .
-4 . . A : o

N Togjc'and Grade Selectioh-

’ . T . ' o s
Foilowing a review of alternatives, the teaching of

‘QUadraticbfungtions was sélecte%:fer;stUQy.,An?}pdérsténding“
~of the concepts and principles invdlved iigghe-Mathemétics' SR
20¢Unit'dn quadrati¢>fun¢tions plays'an imporgant:roleiin.a1‘ '5$

,student's‘fu;ure success in high schogl mathematics since
~this unit is an introduction to mahyvof“the.ideas.upopfwhich’ﬂf )

N 2y e e
NI Lo f . : . 4 | ‘/“A
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Mathematics 30 and 31 are/ﬁased The decxsxon to select
Mathemat1cs 20 studentg who were stud?1ng this un1t was
1nf1uenced by the follow1ng con51derat10ns.

3 [}

1. the results of prev1ous research in the area of

| pke

‘integrating computers into the mathematics cUrr1culuh;‘
2. the provision’in thewMathematiCSgZO curriculum for
‘ . o , ’
electlve units; and |
3. the general feeling on the part of teachers that
this unit was. dlfflcult for students. |
B In Alberta, Mathematlcs 20 1s the matrrculatlon mathematlcs
§ i 'course offered at the Grade 17 level

The results of StUdleS C(nducted in the late sixties by

PHatfxeld (1970) and Gumm. (1970) support the use of the

:comﬁuter w1th students of. average or above average‘ablllty."

vecommendat1on wh1ch flows " from these studies 1s that

,;‘the -computer be 1ntroduced to the secondary college
i/pound student in conjunction with the mathemat1cs
4curr1cu1um. (Gumm, 1970 p.3899A) ‘

-

B W1th respect to the use of computers spec1f1cally in the

'un1t ohn” quadra&ac functlons, Kleren (1969) found K

hts

: s1gn1f1cant d1fference 1n/ach1evement on a un1t test on\\tw,

quadratlc funct1ons 1n/favor of the computer group He‘
: concluded that. a// _ : . ’

The computer treatment appears to contrlbute most

to the learnlng of complex processes, organization
and relatio of data, and 1nf1n1te processes. _
(Kleren, 68) : . , , , . F s

el

Comprehen51on of these areas in relation to quadratxe~‘5.

‘ !

7‘functlons plays an 1mportant role in understandlng thzs ‘if

branch oﬁ’mathematlcst
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’ Prov151on in the Mathemat1cs '20 curriculum for elect1ve
unlts was 1mportant to thls study because it allowed for the
1nc1u51on of the’ computeﬂ lxteracy un1t whlle remaining
within the bounds of "the curr1culum. At ‘the same time, the
unit did not interfereyw1th theyoverall timing of the

course{ ) »

In regard to the dlfféculty of the unit, most of the
problems may arise because students focus too: heav1ly on the
calculat1ons involved and fail to comprehend the overr1d1ng
‘mathemat1cal concepts. In this study, ‘as in other-studles
completed prev1ously, programmlng was seen as requ1r1ng a

complete and careful analy51s of the processes of the

fproblem. JdHdtfield & Kieren, 1972, p. 100). Th1s is often

more intensive than ‘what might be undertaken otherwlse.
‘Programmlng should allow students to focus their attent1on e
on the central concepts of the un1t whlle the mlcrocomputer

and computer program_are used to perform the necessary.

- CT &

[l

calculations. . A

.
4 > .

- Machine and Language Selectidh o

A

'.re nuperous ma@ﬁlnes and 1anguages ‘on the

‘N'a? an overwhelmlng amount of mater1a1 often
exo§esses confllctlnq views on the superiority of each

machine or language. ‘One of the most d1ffacu}t,decisions
. BN T . : . t%‘A'

»téachers,‘schoo15,fand school. systems‘ééifrequired to make

“is to commit’ themselves to a partlcula machine or language.

'The decision to conduct ‘this study on the Apple Ile was

~



most mic rocomputers H

based on the knowledge that these m1crocomputers enjoy the

N
most w1despread use in Alberta. The BASIC language was

chosen for two.reasons.

In late IQQJ,

the Department‘pf‘

second

T
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First, 1t 1s the language housed in -

1t is relat1vely easy to. learn.'

the M1nzster of Educatxon announced that

,;' c'l
of the Apple m1crocomputef'£or school use. The announcement

e."u:.

.hfwould be supportlng the adoptxon

" met with w1despread criticism; however, since that t1me the‘

number of mlcrocomputers in Alberta has 1ncreased by. 1245*

Wpercent, and Apple m1crocomputers are ‘by far the most,

Ea

"

popula:. Table 2 conta1ns statlstlcs on the mlcrocomputers

“s ip’ use in Alberta schools. As 1s 1nd1cated by the data,

Apple computers accounted for: over half the m1crocomputers

whxch were in use in the provance “in 1983 For th1s reason

the Apple IIe was selected for th1s part1cular research ;j/

n

project. 55
; -
a ’ Table 2
Microcomputers in Use'in Alberta in 1983
a .
Machine Number_f % of‘Tota}
Apple 2077 - 58.8
Commodore 974 27.6
Radio Shack 181 5.1
"Others" - 303 8.5
Total 3835 100.0 -

@1 .
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The BASIC programm1ng language, developed at Dartmouth

IColIege in the m1d 1960 s, has enjoyed w1despread use on a‘ a

rmany computer systems. ‘Today, BASIC is by "far the most
adfly known. language for personal*and small busxness‘ |

1computers 1n the world"'(Bloch 1981 p, 15) because tne

language is built inte most mlcrocomputers. The mldespread

use .of the BASIC.programmzng~language has~allowed it to
'w1thstand a large amount of crzt1c1sm and at the same t%?e,' .

"enabled 1t to become the "most wxdely'known language in.

secondary schools (Spencer, 1978, 1 152): In add1t1on,‘

another contr1but1ng factor to 1ts popular1ty at the

S
vsecondary level is 1té 61mp11c1ty: TA beg1nner who knows

&

‘noth1ng about progra@mimg or computers [1s able to] master

\the rudlments of BASIC in a few hours"™ (Spencer, 1978 p.
. , v ‘ ' 2 .
153-154)., - . . T ";} Y
' ' ? “&J . 4

"' Both- the w1despread use and the 31mpl1c1ty of the@
- lanquage were 1mportant factors 1ead1ng to the selectxon of

' th1s part;c language for the study. The general use and

: easy acce551b111ty of the language ensured that the unit

t]could be adapted to other m1crocomputers and other classroom

. s1tuatlons whlle the s1mp11c1ty of the language 1ncr;ased
'the probablllty,that it could. be learned qu1ckly. This last

upo1nt was extremely 1mportant 51nce a l1m1ted amount of time

was avallable ifor learn1ng a computer language.



Des:gn of Maternals _

While the 1ntegrat1on of‘Lomputers into the educatlonal
system has been a1ded by the fact that it began as a
"grassroots” movement teachers generally are st111 poorly
equ1pped w1th matesmvys and a1ds to assxst them with the
integration of computers 1nto var1ous subject areas. In
. addition, the process has been further compllcated by the
w1despread debate as to the exact approach that should be
taken. Should computers be used to supplement the curriculum
or should computér studies be carrled on 1ndependently of
thelregular curriculum?

The perspective from which this project was conducted
was consistent with the'view that:

If computers are to be fully ut1llzed the

p0551b111t1es must arise from the context of a

total curriculum rather than from isolated

appendages to whatever else happens to. be in use by *
the teacher at the time. (Williamson, 1978, p. 150)

. To a551st in the 1ntegrat1on of computers 1n this wmanner,
‘Williamson has promoted the development, of an unflnxshed"
,currlculum which possesses a conceptual design bacxed by
scholarship and a creditable theory of lea¥hing buc is not
bound by rigid scope and“seduence. More specifically,
Jwilliamson states that therconceptual design of an
"unfinished” cdrriculum should be "clear enoUgh to enable

teachers and scholars to adapt,'mod1fy, and go beyond the -

original design ... in accordance with the1r own talents and

teachlng 51tuatlons (Williamson, 1978, p. 150). HlS
suggestlon5~for an unfxnlshed" curr1culum vere 1ncorporated

K4
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into the design of the materialslused in this research
i prdject.'Speeifically, most acti$itie5'were des?ghed to be
eUSed 1ndependently of one another, thereby leaving teachers
'wzth the opportunlty to use those act1v1t1es that were best
suited to their pafticular teaching styles. In addition,
ﬁ;st*aceivities involved a discovery approach tofmethematics
since‘such-an approach is?saié‘to place "much emphasis upon
{meaning and understanding” (Petty, 1955, p. 121). “ ‘ .!

In order to develop a suitable unlt, the textbooks

L]

prescrxbed by Alberta Education for use in Mathematics 20 .

(Math __Zg and Holt Mathematics 5) were rev1ew’l’and five A4
subtopics, su1table for computer adaptation, were selected.
The five subtopics were: {nves;iga;ing the shape of a

- function, g?aﬁhing, completing the square, the roots of
lfunctiOns, and using the discriminant., Each cf thes;'
sub-topics consisted of one or more activities adapted from
the prescribed textbooks. In the'first activity on ehe shape
-of a quadratic function,‘the students were required to write
a progfam in BASIC and then to evaluate a‘?pmber of
functions esing the program, The three activities -on graphs

of functions provided for graphing different forms of the

function uSing Lund and Ahdersen's (1982) Conputer Graphing

-

Experiments program. The single actiVﬁfy on‘completing the
square was designea as a student follow—up te a

teaﬁher centered activity. Three beparate act1v1t~es on‘
roots focused on searchlng the interval within which roots

“lie and applying the qUadratic formula. Finally, the fifth

s’
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sub-topic eonsisted ?f the use‘of the discriminant to
“examine the mature of the roots of the function.

The instruCticnal unit concisted of activities for
.studenﬁ§ and a guide for the teacher. A complete set*of“

materials is included in Appendix A.

B. TESTING THE !IMTERIALS N

In order to address the major risearch qﬁestions, an
appropriate\sitefhad to be selected for ;esting the
materials. Furthemore, specific procedures had to be
developed whichl{nclﬁdeé defining the role of the
researcher.

.

Site Selection

Permlss1on was obca;had from the Edmonton Separate -
School Board to conduct the stud¥ in >ne of the high .
schools. Through contact with a partltular pr1nc1pal and
teacher, arrangements were made for testlng the materials
w1th a class of twenty four Honors Ma: hematlcs 20 students.
Since this was an Honors class the litelihood of all
stﬁdents masteriﬁg the BASIC languageiwas.increased, and the
Vincid;nce of proactive.inhibition during the second phase of
thg’study was decreased. However, since the class likely

would have been highly successful undar regular

instructional procedures some resistance to programming as a

learning activity was anticipated. Of the twenty-four

-students, only fifteen students who attended.all computer

49
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sessions and wrote both the pretest and the posttest were

included in the analysis. | :

 Procedures

To maximize the use of computers in the high school in
which this study was cbnducted, a.coﬁputerrlaboratory
housing twenty Applé‘IIe computers and one printer had.béen
established. Since the study requireé the instructional unit
to be supplemented with reqular classroom instruction, itb
- was necessary for thé class .to move betﬁegn the classroom
and the comSﬁter laboratory. In order ta hinimize.thé number
of moves, the teacher and researcher agreed to" alternate
lessons between the two fooms. Furthermore,ithe teacher
agreed to cqnduct the classrocm lesséns whilﬁ the reéearcher
égreed to assume‘responsibility for all seséions conducted
in the computer laboratory. The;efore, the research project
was conducted as an observational case study in which the
researcher also served Fs thekteacher fof the specific unit
 bnder‘study. All observétional notes were recorded
immediately following each ﬁeeching seésion. During the
materials testing sessions, whrich were conducted in the
computer laboratoty, the classroom teacher was a}so present
and participated’acﬁively in assisting students when they
encountered difficulty. The ﬁfacher did not have any
prepafati§n in computer programming and regardeé the project

.~ as a learning opportunity.
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Two units were involved: the computer literacy unit,
and the unit covering quadratic functions. The computer
‘1iteracy‘unit, which was integrated into the course through,
the elective component available in«Matﬁematics 20, was
concerned with familiarizing students in the ‘use of the
microcomputer*and reaching students prooramming in BASIC.
The time dura;ion‘of this unit was approximately 150 minutes
(three days of 50 minute classes). This unit olayed an
important part 1n the success of the remainder of the study
because it afforded the researcher with time to develop a g
good worklng relatlonshlp with the teacher involved, time
for the students to become comfortable with the presence of
the researcher in the classroom, and time for the researcher
to become familiar with the students. |

The second gomponent,’the quadratic functions unit, o
comprised the mai;'part of the study. During this unit
‘students were required t.o complete the majority of their
assignments on the microcomputer either through the use of
an interacrive program or .by writing and runn{ng their own
-oomputer proérams. This portion of the study required 950

minutes (nineteen 50 minute classes). Approximately half the

time (8500 minutes) was speht in the computer laboratory.

Test Validation

>

Student achievement was measured by the administration
of a pre-test and post test to the students. 1nvolved in the .

study. In addition, both tests were admlnlstere& to another
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groub of Mathematics‘zo stbdents to assess the validity of
the questions. Since numerous diffe:encés existed between
the two groups -of students, only the results’ for the
students 1nvoiyed in test1ng the mater1als are reported yg

Chapter Four.



IV. RESULTS OF THE CLASSROQM TEST

]

The classroom test of materials involved two units of

the Mathematics 20 course: the computer literacy unit and;h
the unit on quadratic functions. Following a br1e£
de5cr}ptlon of the literacy unit, the three major research
questions are addressed in this chapter. The extent'to vhich
the c0mputer programmlng approach promoted relational ‘V
\understandlng is discussed for each of the five sub- topxcs,
An analyS\s of test results is also presented React1ons of
both the students and the teacher to the use of computer
programmin¢ are then described. In general, the chaptet'

addresses the three research questions which guided the

.
A

study.

A. COMPUTEF Lx;ri;aacv , .

AlthOLghethe questions posed for the test did'not focus
on computer literacy, the unit did piay an important role_in
preparing'students to cemplete the computer assignments in
the quad}etic functions unit. Because of the fundamental |
importance of this unit, the results warrant'sdme
elaboratior.. . )

As previously mentioned, three ;fass sessiéps (150 J
minutes) were allotted for 1earnin§ the_fundamengzls\of

programming in BASIC. For those students who al;eady

possessed a good working knowledge of compute}s and computer

- 53
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"was the result of missing. these rn1t1al sessxons, or“i&

54
programming, the three days were more than gsufficient;
however, for those students who were rnot familiar with
computers or computer programming, the t1me alygtted.kas
insufficient., Specifically, this second group of students

required more time on the computers to increase their

confidence and to consolidate t%ﬁir knoyledge. By the end of

‘the programming‘sessiggg: three groups of students could be
- jdentified.. The first group, approximately one third or the
'class, was very familiar with computer programm1ng and

“exuded a high degree of conf1dence. The second group of

students, approximately half the class, expressed 1nterest
and villingness to learn; however, conf1dence was lacking
The remaining students expressed neither . interest nor desire

to learn programming and .were absent for two or three of the

initial days on the. computers. Whether the lﬁmlted 1nterest f

"o
5t

interest, is unknown,

9 : "

B. COHPUTER " PROGRAMMING AND UNDERSTANDI

. . W
4 x—’“‘ 5

computer and the 1ntegratlon of computer pro?r%lmnng into




observation and assessmsE; of the ways in whxch students
performed on the activities 1n?1uded in the instructlonal
materials. o , . T g
The activifies which students‘completed (see Appendix
A) centered on five concepts covered in the quadratic
functions unit. Since each concept emphasizga different
course-contentland, therefore, different understandings, /
each concept is reviemed separately.. The review of each
toplc consists of a brief summary of classroom observations
and a d1scuss1on of the.understand1ng(s) which.were
stressed. The q;scuss1on of\undgrstand1ng is based on the :
theories of Grc\no(19;b) and ékemp(1971) vhich were

elaborated in Chapter Two.

Investxggt;;g the S hape of a Quadrat:c

‘Due to time constralnts, less .than one class per1od or
. 1
approx1mately 25 minutes was«spegi on this particular top%c.
¢ ‘
.The computer program (Act1v1ty One Quest1on One) was .

. wrltten as a class a551gnment to 1ncrease the conf1dence of

those*é\ﬁdents exper1enc1ng dlfflculty with wrxting computer
programs and to clar1fy the researcher's expectations. N
Although the students’' had discussed the concepts of maxxmum,
minimum and vertex, 'they were slow to apply their knowledge

“to'the data generated dur1ng(rh1s act1v1t{ Activitly Two was
not completed due to' limitations on(ava1lab1e t;me.

The primary purpose of these activities was to
: ?

-

introduce students to the general shape of a guadratic

-4




fact;v1t1es.

~

~ o

>funct1on and to’ 5Pe corcepts of maxima, m1n1ma, and vertext s
ance the students had already dlscussed these concepts 1n‘mmw
class, the purpose of the 1esson was redeflned as follows-'
To have the ' students apply ‘their knowledge of maxlma, m1n1ma

Y
and verth, and to demonstrate to the students that the

extensxons of the exper1ences that were ccurrangﬂln the

¢

"experxences occurrlng 1n the computer 1j:7ratory were,.‘

regular classropm. The results of these act1v1t1es showed .
that for £he . Ltudents the sxperlences in the regular

‘classroom and those in the computer laboratory: lacked

- coherence. The studénts had d1ff1culty relatln thelr iy
, L
'knowledge of maxxma, m1n1ma, and vertex to the mater1a1 s

under d1scusszon in the laboratory settlng /// .
LS e R B . . VAR 3
. B o . B I "‘ } e } ~‘/// .
Ll ‘ R S

Graghnng Quadratxc FunctlonS; R t/f_ '

The purpose of the act1v1t1es on graph1ng was for -

+

_students to determlne the relatlonshxp between the varlables

'a‘ P, and g in the equatlon F(x) = a(x - p)2 + q and ‘the

flocat1pn of the graph represented by the equatlon. Two class

'se551ons (total £ 100 mlnutes) were devoted to these .

a0 ' e w?
AN
ﬂany students did not see a need to dlscover the

relatxonsh betweeh the equatlon and the! graph Tnls may‘-‘

have been :f::ly\because the mater1a had been covered in j

ch%a%\irxor to the computer se551on and partly becatlse thelw
g to belng/p(aced in the p051t10n‘

N E . . v vi “~ B
of\discoé;rers‘of knowledge a

studeg_s-wereﬂnot accustome

f relatlonshlﬁs. However,

:Ft-;\;f\ ,a,rgéﬁ%;/;jlﬁ,gu (ﬁ;aléf/ki}r 5 ‘, - 7@ 1 (Jé}gv



‘experlence provided by these act1v1

vaddltlon, Greeﬁp m1ght argue

pcompleted the rema1n1ng questaons By u51ng the1r own:

while some students seemed unintere ‘the visual”

‘others were

extremely 1nterested in explorlng the varxous graph1ng

"y

options available on the programs. Spec1f1cally, these
lstudents appreciated the opportunlty to explore thlS area of

vmathematlcs without the tedlum of plott1ng the graphs for‘

themselves. S fF

The ma1n d15t1nct1on between the observatlons madef

‘durlﬁg thls act1v1ty and: those made dur1ng the prev1ous onev
is that here students qu1ckly related the 1nvest1gat1ons to

,Amaterlal covered prev1ously in ¢lass. COherence between the

experlences in the classroom and the computer laboratory was

much greater for the students‘ ur1ng this act1v1ty In

‘hat those students who .
explored other types of graphs were mak1ng 1mportant
mathematlcal.connect:ons.

N it

TComgletinQvthe Square

S1nce the flrst major progamm1ng assignment was

included in thls sect1on df the unit, two class perlods

'-(total of 100 m1nutes) were allotted for its complet1on.

Durlng the flrst perlod students were requ1red to. wr1te,

‘1rev1se,‘and test the1r programs. On the second day, the

class rev1ewed the proquure by contrlbutxng to the writing.

of a complete "flnlshed" program¢ The students then

I

S

programs or thef_class program A two day approach to

& -
I & P
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B .-|? |
writing programs and completlng aSSIgnments was used for thev,

duratxon'of the project. This particular approach was found
to,be‘very;sucoesstul,because it allowed the students time

to develop their ownsideas and also gave them the | ,
opportunity to correct’any misconceptionf.prior to running

o \J .Y

‘*"Q“thelr programs to solve problems.

LY

The process of wr1t1ng a program proved to be .
; ~ engrossing and satlsfylng for the students, espec1a11y when
-a successful program was the result. Forymost students, SV
'however, the process also resulted in an encounter w1th
mathematlcs. Three common m1sconcept10ns were c1ar1f1ed
durlng this a551gnment | |
Thé axls of symmetry of a quadratlc funct1on is

¥

represented by -B/ZA For many students, -B was understood

Al

‘as meaning: "the opposzte of"; therefore, 1f B is 4,. thenvjpv

t

>'°-1s -4 51nce_-4 is the opposite of 4. When programm1ng,

\“however, thls“def1n1tlon was,not @ﬁhctlonal and students
- . » W’
. had to re think the1r def1n1t10n to determlne the operatlon

B 1nvolved L ‘
2 A second common mistake w1th the same formula for*

‘1‘,the axis of symmetry (- B/ZA) 1nvolved specmflcatlon of
order of ogeratio . Verbally- most students reallzed the

equatiOn'requiren~the numerator'to be.d1v1ded by.Z*A-

however, in’ prog»amm1ng, often the order of operat1on.was.

'not specxfled th 1S y1eld1ng an incorrect answer.
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required t6 specify wLetherrthe vertex'represenied a ﬁakimum
‘or a minimum. When wr1t1ng the program for this act1v1ty,
students either failed to check whether the valpe would be a
maximum or m1n1mum and stated the vertex was always a

max imum or contlnually based thelr dec1s1on on the y

= . ,
- coord1nate at the vertex, 1.e., if the y value at the vertex

was negat;Ve, the vertex was a mlnumum- 1& the 'y value was
-pos1t1ve, the vertex was a maxlmum.
Some common - errors and mlsconceptlons are 1llpstrated by the

following two_semple programs: o

- Program No. 1 _ W,

v 10 INPUT A,B,C T
" . 20 7 "= "; -1#B/(2%A)
'30 7 "X="; -1*B/(2*A)" "(4*A*C) - B*B/(4*A)
40 ? "MAX = (4*h*C) - B*B/(4*A) ‘
50 END .

Program No. 2

10 INPUT A,B,C SR
20 PRINT "AXIS OF SYMMETRY: X.="; -1%¥B/2x%h

30 LET J = <1%B/2%A . . o ‘;,J“K{:‘:
40 LET R = 4#%AxC - 3*3/4*A BN 3

50 PRINT "VERTEX: {"J","R")" N
“60 IF R < 0 THEN PRINT "MAXIMUM" SR

70 1F R > 0 THEN PRINT" "MINIMUM" E “?c-“Z'
80 END : . \ , v

however, in the firs

" (Line 40). In

'needs to be spec1f1ed (Llnes 30 and 40), and ‘the method of

.determ1nxng 1f the vertex is a max1$%§ or. a m1n1mum ;s\f:”

incorrect (Linesv60'and 70). . VT o S e
. 1' . ,". ’ . -
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‘concepts 1nvolved
- 40

maxlmum or mzn1mum value is calculated and stated in L1§es }

b N e ke .

The follow1ng program 111ustrates a well- developed

understandlng of the concepts to be included in the program

and the nature of their relat1onsh1ps:

5 HOME o

10 ?"INPUT THE VALUES FOR.A,B, and C FOR:"
?"AX#2 + BX +.C" v | :

INPUT A,B,C

IF A = 0 THEN ?"QUADRATIC PLEASE": GOTO 10

25
- 30 ?"AXIS OF SYMMETRY: X ="; -1%B/(2%a)
40 ?"VERTEX: ("‘-I*B/(Z?A)'" "‘(4§A*C - B#*B)/

b ) S S (axA);m) " . |

o B 49 ?"RANGE" , N

i . ,B0 IF A > 0 THEN ?"Y >= ";(4%A*C - B*B)/(4*A)
g gy - . 60 IF A < 0 THEN 2"Y. <= ";(4xA%C - B*B)/(4%A)
% m§§ " 65 ?"HIT RETURN TO CONTINUE"

w0 --67 INPUT R$

g .70 GOTO 5

\1 L

; This sample program 1llustrates a good understandlng of the

In Line 25 the student f1rst checks to

‘

. make certain that the functlon is a quadratlc. Lines.30 and

-

&correctly determlne’the axis of symmetry and vertex,

making certaln to specify the order of operation. The .ﬂﬁ?‘

.“,,*

*

sp and 60. .

,54 The’ act1v1ty of writing a computer program proved to be

a5frue test of the students' understanding of the material.

E that had been covered to- that place in the unit. The )

coherence and correSpondence of the students’

V 3

conceptlons

”ie tested by the wr1t1ng of programs, especxally in-

relatlon to determlnlng max imum and m1n1mum p01nts. Although.

-

the students had. been prov1ded w1th many’ v1sual experlences,*ﬁa

v

‘they vere .unable to conceptuallze a' graph’ with a maxr,ym ' ‘{p -

po1nt below the X ax1s and a M1n1mum po1nt above the X axls{

.

) =
< . i
. RN
Y E R ' :

. r .
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"In addition to,coherence,and correspondence, the
activlty of writing a computer program also challenged
,students to make connections between this area of algebra
and those studled in earlier years such as order of
" operation and add1t1ve ‘inverse. Students “connections were .
-also Challenged during this act1v1ty by the generality
requ1red 1n their computer programs. Generalxty, accordlng
to Greeno, is one of the three distinguishable ways through
whach we can assess the understanding of procedures.

If these same observat1ons are related to Skemp s
dxst1nctlon between 1nstrumental and relatlonal
understandlng, they seem. to support the theory that
relat1ona1 understand;ng is promoted by the writing cof
computer programs.. To complete the a551gnment students were
required to clarify for themselves and to spec1fy to the .
computer the exact calculations involved inlthe equation for
the akis of symmetry (x'= -B/2A).”The,students quickly .
d1scovered that an 1nstrumental understand1ng (-B means the
oppp51te of B) dld not suffice and, as a result, they were
required to rethink their definitions and to understand the -

mathematlcs 1nvolved in thlS equatlon. . - : '

The students m1sunderstand1ng of maximum and m1n1mum

3,indicated earller,_many students 1ncorrectly ‘assumed th{i\
the y coordinate of the Vertex determined whether the

’parabola possessed a maxlmuﬁgog m1n1mup
25

pos1t1ve y coordlnate 1nd1cate ;
. C 3@
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(’to clarxfy this mlsconceptlon by themselve5° however, the

_qu1te suCCessful Dur;ng the second class perlod whlch was

"E B PR B " ’ . i N . R v l.62
-~ | : :
negative.y coordinate indicated a maximum point. By

L ’
observﬁgégghe students' programs, the teacher and the

researc® were able to identify this misconception and to

;clari%y for the students the relationship between the

equation ‘of a parabola and whether it possesses a maxiumum .

or a minimum p01nt. Unfortunately, the students were unable

teacher dxd comment that the exact nature of the students'

mlsunderstand1ng was easy to identify through an examxnatxon

- of their computer programs., R .
’ . . - 4 N .

Roots of Quadratxc Functions

Three distinctly different approaches to determining
the roots of a quadrat1c functlon are contained in this
sect1on of the - un1t TWO(Of the approaches, determining
roots by searchlng intervals and the quadratxc'formula, weT®e
used in th1s research project. |

. The method of searching 1nterva}s :o determlne roots

pfoved to be difficult for those students who failed to

understand an important concept. Specifically, if the range

;< value .of a function changes from negative to positive or

pos1t1vf to negat1ve in an 1nterval then the graph must'

Cross. “the s ax1s in that 1nterva1 For students ,who
,,_‘

understood thlS conc however, +he- ac*1v1ty proved to be «g?

devoted to thls actrw@tx, an engllent dlscu551oaneveio.



_ quadratic function, how do we know the axis of symmetry is

0? For many students, the discussion clarified and extended
their understanding of symmetry in regard to quadratic
functions. The activity concluded}by having students adapt
the&k ?rograms to determine the roots of cubic and quartlc
functions. Most student§ had little difficulty in extend1ng

their programs. ':';

The second'mejbrnprogramniné assignment required K
"students to write a’prOQram‘which determined the roots of a
quadratlc funct1on hy u51ng the quadrat1c formula. In
'general, students showed more confldence and ab111ty in
programming when' complet1ng this a551gnment. Agaln, ‘however,
problems arose in regard ‘to their under;tand1ng of
‘mathematics; several students had diffi:ulty determining how

- the symbbl + could be included in a computer program, and

\\most students failed to check for the occurrence of a '

negaﬁive discriminantﬁ‘Consequently, they had difficulty_

runging their programs with some of the test data. For those

students who %ad difficultyjinterpreting the symbol 1,’£he
problem was resolved when they began ro view the'stbol‘as.
‘being representative of a series of’opecations. Students who
-experlenced d1ff1cu1ty when a negative i1scr1m1nant was

encountered qu1ck1y recogn;zed the need to check for such an

: occurrence when the resulting error message was understood.

f’In?edditiOn,ﬁduring‘theﬁprogrémming assignment, two

miseonceptiéns,were clarified. Specifically, the

°©

‘misconceptions were:

b



1. if A is negative, then'the'p01ynomiai is not a
quadratxc funct1on' and, *
2, if the value of the discriminant is zero, theﬁ the
quadratic’function has no real roots.

The program listed below iilustrates thése ﬁiéconceptions:

*

. 10 INPUT A,B,C
15 IF B*B - 4x*AxC =-0 THEN 65
17 IF A < 0 THEN 60
20 X = (~1%B + SQR(B#*B - 4%A%C))/(2#A)
25 Y = (-1%B - SQR(B#*B - 4%AsC))/(£%A)
30 PRINT "ROOTS ARE: "; X,¥ ,
55 END
60 PRINT "NO ROOTS"
65 PRINT "NOT A QUADRATIC"
The progfam contains incerrect methods for determining if a
polynomial is a quadratic function (Line 15) and if the
quadratic function has real roots (Line 17).

In the concluding act1v1ty of this sectlon of the unit,
students were required to deté&m ne the relatlonsh1p that
exists between the coefficients of a quadratic -function and
the sum and the product of the roots. Since this topic had
not been covered in class, the activity engaged students in
a.real discovery.siiuationT The majority of students quick@&%‘
discovered the relat1onsh1p In doing so, they displayed
con51derab1e growth in conf1dence and ab111ty both in regard
to their use of computer$ and as discoverers of knowledge.

.S
Wh1le completing the activity most students, f 1the first
time; began to use the computer to verify ans% nghen they
were not specifically requibea to do so. ' '
%
In designing the activities for this &oncept, three

methods for. determ1n1ng roots of a quadratic function were

~

e
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included in order to increase students' understandiﬁg ofvéﬁé
roots of a function. The tﬁ% initial activities were also
'intended to»%rovide students with a better understanding of
what thé ansﬁers‘arrivéd at bizthe quadratié formula |
aétually rep%esent.vIn retroépect, this series of activities
provided students with the oﬁximum opportunity to increase
coherence,: correspondence, aﬁd connectibn.
IntqrnaIkcoherence of the material was increased for
" the students @& completing two ﬁifferent activities on
determining the roots of a quadrat%?:funétionllIn_addition,

discussions on the relationship between the roots of a

- quadratic and the vertex of the parabola strengthened

\
students' understanding of the concept of symmetry. Again,

as in previous activities, correspondence could be verified
by the correctness of the algorithm students weré using in
their computer programs. Understandlng as_a connectlon was
d1splayed by students in tvo dltferent ways during the
course of these activities. First, as was explained earlier,
" connection was>shown through the generalizatiohs students
madeiin their computer progirams. Second, it was displayed
when students quickly adapted their programs(in the first
activity to determine the roots . of cubic and quartic
functions. Their understancling of roots was fgftﬁer
demonstfated when.they knev a.cubic function would have aﬁ
most three rogts wheré;s.a quar-ic function would have at

most four roots.



66
!

The Nature of the Roots

only a few students had the opportunity to attempt the
final activity on the nature of the roots. Most of those who

L]

did were successful in drawing conclusjons. The major
.difficulty students experienced in_this_activity was
visué;izing the graph of a quadfatic function which
" possesses identical roots. In this regard, the gyaphihg//
exercises which concluded theﬁgﬁfiyity proved to bg very
: P

!

helpful. )

For siudents who{had the opportunity to compiete this
particular acﬁivity, the benefit seemed to lie in increased
coherence between a function, its grapﬁ‘and its foot;.
Specifically, studgntS'tendéd to realize the information a
graph qodid provide'réggfding the roots of a function and
the information the roots of a function could'provide
concerﬂing the location of the graph. | .
C. STUDENT ACHIEVEMEN&"

In addit{on tovobserving the: performance of students in
class on the various programming exerci;es; a topic by topié
gcﬁievement analysis was also carried out. Both a'pre-test
and a post-teét'on quadratic funttions were administerea*to
students involved in the study. The'fésts, which yere_hot
parallel forms, were init.iallyt validated ‘n another class of

Mathematics 20 students. Summaries of responses to questions

on both tests are presented in Appéndix B. .

O



Ptbétésf Results R v : e ‘ :
" The results of'the"pre¥test~summarized in Table 3 .

indicate that prior to beginning the unit, the students

involQed in the study already possessed a good working

knowledge of graphs and their equations. This was evident in

i

the’overail results of the test: out of a tgtal of 165 o

responses, 132 or_80 percent were correct.’

On the last qhestfon of the test whichArequire¢ lhe
students to match the graph with the correct equation, |
fourféen of the fifteen'teSpondénts Qe;e able to complete '
the matching successfully either by substitution of valﬁes}
or combletion of h tabie of values. At the time, only one
student indicated that the coefficient of the second degr;e»
term could be used to determine whether the graph hpened'hp
or down, | ‘

The only quesflon on the pre-test which related to the
\character15t1~s of - quadrat1c functions was Quest1on 2,
Specifically, this question rééumred students to analyze a
series of coordinates and to[determine whgther or not they’
lay on the graph of a specific funcﬁion, included in the
data were two coordinates which did not.coinéide wifh the
graph. Twelve of flfteen students were able to 1dent1fy the
point (-4, 14.3) as an error since the functxon f(x) = 3x‘ +
9x + 2 must be sg§t1§f1ed by an integral value when xy/'é4.

REE
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Table 3

summary of,Pre?test Results

N
1

. Question - Correct/Incorrect Comment
. Responses .

1. . R YA "All students substituted to
determine the value of the
‘ o function.

2. a) ~T~-—"12/3 Twelve students recognized
s 14.3 as an error. Ten of
4 : - the twelve stated that all L
. - values must be integers, )

b) - "7/8 . Seven students recognized 36
as an error: five substituted
to determine the correct
value, and two students

(-~\,,>J oo stated that the values must
_ \\\ - be symmetric about O,
3. 14/1 . Thirteen students substituted
S ‘\ . to determlne the correct
. B value, and one student used

the quadratlc formula.
| . . - \ .
4, a) 14/1 . Only one student identified 4
' both +12 and -12, thirteen :
identified +#12, and one
student factored the tr1n0m1a1
to (x+9)(x+4)

" b) 12/3 Twelve students correctly
x : identified 12 as -the missing
, term,” one student indicated
, . the missing term was 3, two
. S students attempted to factor
the trinomial.

.

ol
3
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Table 3 (continuedy“\\ : v

‘ R S
LA
" .

7

. \‘ ! ‘ B /
Of the correct\responses "
eight students subgtituted:
values, three students *
‘factored the eguation, and
one student used the
quadratic formula. ,
Ten students factored the
quadratic, and two students
s6lved the equation..

Eight students factored the
quadratic, and one student
solved the equatiof., N -

Twelve students factored the
quadratic, and one student
used the guadratic eguation.

All students completed the
first four parts of the
question correctly. One
student did'not complete
the last two parts.

Nine students indicated that . |
they substituted values, one s
student applied minimum and -
-maximum values. ‘

|
13
|

W

- Eighty percent of the
[responses were correct.
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Mowever, only 47 percent of the students (7 of 15) correctly

s . : . : N
. s . . . »
B . .
" : g / D o ;‘ L
. - e . ; .
. u iy [ . " . . g .
i . : . . . o '
- : 0. ; ! '
’ . . ~ - . . . b .
. I . e v . . . ;
W R
N

. Adent1f1ed the second error 1n the data 51nce/;gcogn1txonw T A
vy SN ‘i‘ \ -

requ1red students ‘to be aware of the symmetrzc nature of
Cd ~~7\ -
quadratxc functlons. Furthermore, of’ the seven sdeents who

i

}' ’were able to recogn1ze the error, only two stated that they»

had appl1ed thzs prznczple. The other f1ve successful

5
students econtrary to the 1nstruct1ons,»had checked eacha

ple
] Ly

@

h;t’. p01nt by subst1tutlon pf values. o ‘ e

' There‘uere no-quesﬁ)ohsu1n the pre- test concern1ng thﬁl..'

AN ,p'vzero values of a funct1on s1nce th1s concept had not been" SR
e ..covered 1n any prev;ous mathemat1cs course..The concept is

7/?'ﬂ{f‘farst 1ntroduced 1n»¢he unit on: whlch the study waSubased

-i’

fg‘h»ﬁf“ﬂ‘? Dur;ng the‘course of the st dy, ‘a- post teSt (see

E ‘:\[' K

‘Appendxx B) was developed whxch took 1nto account the fact

) that tAe students possessed a. good 1n1€ﬁa1 understand1ng of

?the~graphs of quadrat1c functloné Consequentlyr the ﬁj

‘\;.,‘

o

quest1ons”6n the post test dlffered fromthoiﬁion the ','<h.
5??}: pre test The spec1f1c pu{pose of the post t t'was to H;“;“

determ&ne whether or not the students understood the'role of

SR \ thé coeff:c1ents in deter 1nnng the plag\\ent of a graph on

- “
p .
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' summary of Post-test

Table 4

Results

A

AL

' Question

Correct/Incorrect
Responses -

~aComment :

1]

LR

'b) - 15/0 \

2*{e) S

18/1

v,

11/4

=

N

A :
-$~¢w w :
-

wﬁ/ 1345

.’

IS

1/

... the ‘points were below
' Three Stu
not, respond

<

wﬂi;; :

. o
One student sketcﬂgﬁ a i&gpﬁ
‘w1th the vertex 1n Qudﬁrant 1

T
LY

i

. '«‘-’: ““" ) .

A¢§LA

.o

[

All students 1nd1cated that the

. graph never touched or crossed

the X axls.‘

[y

Oy

- e

.

vEleven students 1nd1cated

a" was negative,

two

1nd1cated 1ncorrect values

- for -

"a" and "¢"

one stated

- an incorrect equatlon,g
~.and one student d1d not

’1N1ne students 1nd1cated that’

respond

Th1§teen
graph correctly; two students
- did not complete the questxon.s

«v w

;' .

e

K

udents sketchdd the

3. the values vere not symmetric;
o students indicated that the-

‘tw

“point (-1,1) was lower than the -
minimum. Of the. four 1ncorrect
;nesponses, two students dig@ - -
not respond to the questxonﬁ e

.and ‘three . 1nd1ca;ed t

maxlmum.

\a..r-~

N

-

nts d1

he . /)

=~ S1x students 1nd1cated that
~ - the points were symme§r1c,

v

L

o\
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10/5"

10/53
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Table 4“(¢dhtinuea)

v

correct values of "a" and;

: values for k" and "h"
-Two Students were successful
F & e used 'th® correct method
bit
questlon.r

Ten stuaents 1nd1cated that a

Y

" Five students$ stated the
‘correct values of "a" and "k"

but-an 1ncorrect value -for ¥
F1ve students Stated the /
but-an incorrect’ value for "h".

One student indicated incorrect
values of "k" and "h" but the

-correct value for "af.

:Fourﬁﬁtudents 1nd1cated the

correct values of "a" and. "k"

~_but an incorrect value for "h",
. One student Stated
 value of "a" but intorrect
 values for.ukv :

he correct

and . Nh"

" Four students indxcated the
.-correct value of "a" but

,1ncorrect v§lues of k" and
npn A .

':Three studentS 1hd1cated thé

correct values of "a" ‘and "k"°
and the incorfect value of "h".

Two students stated the correct

value of "a" but 1nporrect

fK completlng the quest1on.

did not complete the

Guadratic funchion. cannot have

. three roots. Five students L
" stated the valueg were not R,

symmetric,” - e
oot ’ : L Lot
i e - N IR I I,

‘ e B  ;‘-.§&t,‘
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Table 4 y‘tc.Qnt,‘i,_nued)»'.

v

73

12,

11/4

o/6

T . e
_Eleven students stated the
values were nOt symmetric;

,Nine students inc icated the
‘values do not ‘cross. the x
_axis. Two indicated that the
- . -graph does Cross the x axis,

“. .., one indicated that the )

i+~ function has.no root®, and

R gthree dld not respond

,Elght students expla1ned that
.roots of an equatlon .occur’
wirere the graph cuts the x
axis or where y = 0, One

indicated that a gubic

» function has thre

'(‘three did not respon

The students.used’a variety-
of approaches: substitution

(5 students); ‘quadratic
formula (1); axis of symmetry
(7)) worklng back from the-

‘ roots (1). One student d1d
oo not. respond., _

"Eleven students SUbStltUted
+ to determlne the answver ne:
"~ used the quadratic formula,

one student indicated that

-9 must. be pos;tlve, and one:

student did not provide

an explanat1on. One student .

d1d not respond

s g_

‘w

i



'Tép;e 4;@continbed)i

13, a) = . -13/2 . : ~wFoutteen students 1nd1cated
S, . ..., that the vertex is a maximum: :
TR e ~thirteen 1nd1cated that the . = 4
SOOAN T T e f‘gragbad one .x intercept,-.
. . - " _one'tudent indicated there ,
'r.f A . were two intercepts. One- v o
U . ~ student did not respond. - :

: iﬂO/S - .. Fourteen students 1ndlcated '
that the vertex was a ﬂar1mug

4 : ”ﬂP . ten indicated’that the

- | “"q&%ig;“s'»were ‘two intercepts, one @ o

' e . indicatef that.there was one - ' = °

S : : o ., inteldept 4nd one indicated | ’
S o RO B O ”%ﬁat tpere were rio intercepts.,

‘ : ‘ FR ' R ree. stud nts id not tespond

c) . . 8/7 . Fourteen. s udent§ 1n618§ted " &,“54
. - S .that the tex was a minimum. .
RS SRS Eight ipdicated that there was
L . . . : . one 1nte§cept, four 1nd1catq TR
R " . . that the SR

T . * ' and.three did not regpond. . .~ ¥ -
L Ted)y e 9/6 . ‘Nine students indicated that . #
- L the Vertex was a maXimum-and
Ty that the graph 1ntercepted
o : Y < . the'x ‘axis in two points., Five
) e N students did not respond.

e wefe two 1ntercep

" Total ;246/§2“] '~ Seventy-three percent of
. .. ... 7™. . responses were correct




Tﬁree-questions in the post-teSt‘(QuQStions 1, 2, and ‘b;

- 5) were d%51gned to check the students' understand1ng ofmthe )

graphs of quadratlc funct1ons. ‘The first two quest'ions

vfpcused on: the ab111t to analyze the graphs of functxons of
the form f(x) = ax? + c whlle the . last questxon related""b\,K
‘graphs of the form f(x) = a(x‘— h)’ + k. uggspg

lfes to these

questlons 1nd1cated that students undr a9 ‘
of the ¢oef£@51ent§;1n determ1n1ng th:*~w

'r'funct1‘Bs of &Qe farst torm'(13 of- 15“ ¢

- second (10 of 15 stuﬁ; r‘f{‘r average)

I

wrth respect td‘ 2 -;tr1c nature of quadratlc
o

functlons, ‘the resuIt-’

‘ g.t&dents vere more l1ke1yz to look for thlS characteristics

at the compﬂetzon of the unit than they were at the outset._w

Observatzon of th1s characterlst'f formed the basxs of:

Quest1qns 3, 4, and 5 Ana1y51$ D
PR

Eﬁe quest1ons on the .

. 1nd1cated that ‘all f1ftee€rstudents UHEErstood that

'“*‘ quadrat1c funct1ons possess two roots and that -the roots

«- AP A% o

foccur at the po1nt where y 0 or, where the the graph
:f‘%f ‘crosses the x axls. Some students (8 of 15) were. able Lo

. apply the1r kmowledge of tﬁe roots of quadrat1c funct1ons to
‘ &

A@ﬁestrpn 40 whlcﬁﬁinvolvés the roots of a cublc fgnctaon.

Alth"gh therebwas some - varxatzon 1n performance, most
: 13
S, 0 A

AP ',Zstudents demonstrated 1ncreased ab111ty to 1neerpret grapbs
~
at a more abstract level and to" apo}y thelr knowledge of the

r'haract:er1st1cs of quadratlc functlons on the pbst test.

= " . - : L e

v roots ‘of quadratlc functlons (Quest1ons 7, 9, and 10) T
. 22 \ . o

SN



By

G:ven that the students already possessed a g‘od knowledge -

1 graphs at the beginning of the unit, - the 1mpxovement was
LY . .
: not dramatic. In- retrospect, ‘this could have been. . .. ' ’

"‘lcy ;,- A v

ant1c1pated A s1m11ar cexlxngaeffect was observed by N(eren

(19@9) wath high achievers 1n an earller study.
* - .

'D. srunsum Rsacrxons. ki SR .zﬁg

¥ ’ The second research guestion addressed in thls study S

”

focused on student reactlons tol{ﬂteérat1ng computer

3‘1 programmzngi1nto the mathemat1 currlculum. The react1ons i
were solxc1ted at the end of the’prOJ%ct through the
;,admlnrstratlon of the tudent questlonnarre contalnedbin
: Appendlx C. The speC1f1c purpOSe of the quest;onna1re wa: to
obtain" fe&back from the students in regard‘ t‘ue pro;ect
’the use of computers 1n mathemat1cs, and thelr gzneral
attxtude ?oward computers and the1r roleﬂ1n soc1=ty. All of

the students who responded to the quest1onna1re atated that

they had prevxous experlence w1th computers. EE:ven students

»

reported that they had completed a computtng ‘course,+and -
trve reported they’had acce%s tdia personal computer at L,
KX
home. The resuIts of the quest1onna1re are contalned 1n L
' _ S
Table 5. L L IR ,
S o o L |
“‘,' ) / o ‘ k. ‘ . ’ \aﬁ. P
; X3 N -
,‘; " .o‘ | ‘
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- .Table 5 . »
a ' o .

. . ‘ 3 3 " % . . N .
“Sumihary of Respofes to the Student Questionnaire

. SD DN A SA

#0008 6

‘;b) I feel conf1dent about my‘ab111ty to ST o
use computers.’ SIS L AL E e =
. e . . I ' s
¢) Thertime T spent on the computer was ¢ ) o
worthwhxle. ' v. Y 1 1 3 7 .2
d) Wr1t1ng - \putef programs_helped me -
learo. ‘ : 2 11, ) 8 3
it he computer helped me learn - ’
out math. : . 0.5 2 6 1
1 - . ‘ )
_£) }‘yould like to use the computer more :
math. ., D 0 5 2 5 2
6 , o
g) 1 prefer to work by myself on the T :
" '‘computer. . ‘ Coe 1t 5 3 3 2
\ ' o o/
“h) 1 en]oyed wr1t1ng conpute. rograms - - Y. /
more-than I enjoyed using tke prepared C - G
programs like the graphing grams. 0 42 3 "
1) There was adequate t. me to complete - ‘
s the ass1gnments. . , ‘ 0 3 0 9 2
. J) Having two people teach the nit was o
. «confusing. » _ ‘ , - 4, 2 6 2 0
k) The requar - teacher shBuld teach both T *
thé classroom and microcomputer - T e

se551ons. . . . 2 1 6 4 1.
. K o
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Table 5 (continued)
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A . - i
. .
1) Efg gtudent should have some m1n1ma1
‘ rstaqd1ng of computers. 0 7
R qk 4 .
m) E secondary sqpool .student should w
. be ghile.to write 2 s;mple computer ) ‘
o sogram . - ? '-'; : ‘ ! S
S N TR, ~
n) C pu:ers can be useful 1nstructxonal
-1 ﬂin many subject areas other than N
ma Matics. : o 1 -5
o). it 'e of computers in Tducation
“resyfts in less personal treatment of ‘
'.fﬁ,_ ¢ nts. 4 0
p) gdmputer are gaxn1ng too much control a3
'3 oger people's lives. WS 2. 1
-
o e ) ’ R )
o ' At
‘. ;“; . .
4 ‘._“‘x )
! " . P
]

T e
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- As is illustrated in the table, all of the students
.stated that they enjoyed using the compbter'and, in general,
felt that the experience was wortnwhiie‘and educational. Tne,
students were -di'vided as to whxch particular activity was
most :nterest;;owand beneficial. Several students stateqy
thae they enjoyed the visual exper1ence prot&ded by the

‘ graphlng act1v1ties while others favored the programmlng

;ﬁf- The ‘students who favored the programmxng

act1v1t1es commented that they found the process of wrrting

)
computer programs extremely challengxng and found many

"

‘situations arxslng in whlch they could learn from thexr
mistakes. Severaﬂ students stated that their understanding

of mathematics iMproved through the process of writing'a

‘computer grogram whlle others apprecxated the speed and .
v ‘?cl

preczs1on~w1th wh1ch results were obta1ned-wdh€n asked to

, Vo % o

comment on, problems or d1ff1cu1t1es which arose dur1ng the

course ofg‘he res earch project, two students expressed a

\
lack of conf1dence in their ab111ty to use computers and, in

-

partlcular, 1nd1cated that they found wr1ting and ~ \

L4
understandlng programs extnemely dxffxcult. Several other

students commented negatlvely on the exp11c1tness\and detail.

.requ1red in a compbter program. .- ' ' -
| The students' responses to questlons concern1ng the u!!'

of computers in mathematlcs were generally d1v1ded No

con51stent indication, either negatlve or pos1t1ve, was
L

evident w1th regard to the extended use of computers in

" mathematics or the approach that should be taken if .
. , '\K N R .

il 2 ‘ L
A . " *
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computers were uséd. Spec1£1ca11¥, two. questions°were left

P Y
unansvered: ‘ ‘ : ;r?

1. Should computer 1mplementatxon use a team approach
to teachxng or should the classroom teacher be
responsibde for both the classroom,and the computer
sessxons (Questzons j and k)?

2. Should students be encouraged to work independea‘ly

at the computers, or is a group approach to computer
b programmxng ::re effectvbe (Questzon g)? .
.@

The preférences of,students in- ‘relation to each of these

.
\\ ) o
) * g L

quest1ons were var1ed. '

The students op1n1ons were more definite with respect

et

bo general attltudes toward computers. 1ca11y, the

' *»

students agreed that every segpndary student shpuld possess

" a mtnxmal understandxng of computers and shquld be able to’

/
“students. However, responses did an reflect consensus on

""much control over people's lives.

.
4, . "‘Mp,?& ﬁ} EY

“‘«»
wrice computer programSg The use of computers in sub]ect

‘ L]
areas other than mathematics was strongly supported by the

N

-,

’

issues such as whether computer us:{;£§h1£ha in less

personal treatment_or vhether computers we )ga1n1ng too

¢ L}

‘E, PEACHER REACTIONS ' R

g

,The third purpose of the classroom test was, to

"determlne the teacher s reactzons “to the 1ntegrat1on of

Jcomputer progradndng and computer laboratory experiences

1nto the mathematlcs curx1cu1um. The teacher s reactions

-
’

/ , , \ .
. . B - ) .
- '

- ’ 3

¢

. \ R
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: converaations following the_computer sessions and at the

_elaborat:on.

‘a higher de@ree of knowledge abodx quadrat1c functqons and
n

_ their grag@s. In addltlon, stude

o

S ) ' - ‘ . . A.EK.
were solicited during the course of the -sttdy through - =

completion of tne study in;an interview, The discussions | d.iﬁ
centered on the following topics: ~ | ' ” - ::ugi
" 4. the value of the graphing activities; e
2, the identification of student erg\rs; and,
3. the use of a team approach versus the teacher
aasuming‘responsibxlxty for both the classroom and |

computer laboratory sg;gion, 1

L]

"~ The points raised through these dxscussions Warrant brief

Y
(D

Durxng the study gnly a limited amoun? of time was"’" o

devoted to' the graphznq act1v1t1ea since the topic had | ujf
already been covered, 1n qiass. Consequently, the teacher ‘\
felt it would be more bene£1c1al to proceed 1mmediate1y to \

the programming act1vrt1es. At the end of . the study:the - Vo

teacher commented that ‘the graphxng )ct1v1t1es were probably

“the most worthwhlle. Spec1flsalﬁy, the teachpr noteé that

'us1ng the computer to sketch graphs allowed*students to ; L

.
- #

concentrate on the concepts being studled rather than on the

mechanics of graphlng ‘This, in turg, resulted in developlng,

s nad more txme to.pursue“
' ’ 4 \ - - .‘, 7 .-
related top1cé fv' ST \_ S S L

N | \\,

teacher commented favozably on the ease W1th/wh1 h errd’s
‘ 2

A -

and m;sconcept1ons could be - 1dent1£1ed in student programs.--_‘ e
A 4 3 ’
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'mistakes such as calculation errors rather than the "“Qh’T
d1agnosis of general ergyors in pr?cedure. Correctxng a

student s computer programs, however, required the”’

| ..ﬁ

The_;ast major topic of discussion concerned w

" P

tpe taam approach (teacher and computer speczalxst) should

errors.. .

A a———

o be uaed to integrate computer programming 1nto the

_ nmathemat1cs curriiutuﬁ“o whether the teacHer should assume’ -

4,

rogpqaprbilzty fo \both the classroom and‘COmputer sessions.
R TE w&‘ the fee11ng of the teacher involved in. thi!'study
‘that the two experxences uould be 1ntergrated much more .
effectively if the teacher ‘were toqassume full o ; ~ K
ey, :T:espORSIbbizty. At the time of the study, howeve;, th1se° H -

.teacher d1d not feel conf;dent to assume the respons1b111ty
wlthoqhiess1stance, espec1ally in the form of appropriate . -
;clafstoom materials. In future,‘he 1ntended to. 1ncorporate
\computer ass1sted graph1ng act1v1t1es rnto the unit ¢n

quhdratlc funct1ons. f*' T - ﬂ __l" ;
gg - In general 'the teacher commented4that he h%oted , :’_5 -t

‘ffr‘i‘iforward to new developments ;n the’ area of computers anq‘ ]

1

i

N . ?”\ e ‘-".‘ (Rl }‘ : "' ﬂ‘.‘ 2 ,,,' N
Th experlence mathematucs 1n.( e

greater depth and variety than occurs through more standard

Sk |

r?ﬁxf/.fforms of,mathematlcs 1nstruct\::j/// C o,
: . . . , T

A T : o
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The £irst sectxon of thls chapf”r preeents a summary of

the qeneral approach taken to develog;ng and te%ting a aet
of materxals deslgned to 1ntegrate computers 1n£o a |

mathematlcs unit. A number,of conclusions about the ways in

o

‘ which the éctivxtzes contributed to increased understanding

?are presente& in. the second sect1on.vThe third section

}outlxnes several possxble areas £or turther research and
add1t1onal developmental act1v1t1es suggested by the present
study. * . [ H'{ : '

I}

A. PROJECT. simaARY . R = ‘
In 1%80 the Nat1ona1 Counc11 of Teachers’of Mathemat1 s

publxshed An ggg For Actzon which stregsed that computers

'sroom 1s 1ncreae1ng, thes

i
T

deemed appropr1ate. The un1t was developed in accordanCe "

+

e Mathematlcs 20 currlculum as grescqxhed by the 1"

Alberta Department of Educatxon. e

.

.

AR

. . -
whlch computer act1v1t1es were 1htegrated wherev_r they were
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The materials developed for this‘stuﬂy were focused oh]
:£1ve tOplCS studled in quadratxc functions. These: topics
were as fOllOWS' the shape of the graph ‘of alquadratxc‘.
function, graphing quadratic fJnctions, completing the'
square, the 4oots of guadratic functions, and the-nature of
thg roots. Built into the de§1gn of thes maTerials was the

‘

1ntent to have the students access the computer in-two

e

dlfferentﬁways- flrst, through the use of a commerc;al

w

- v

graphlng program, and second by writing their own computerw
:programs. The graph1ng act1v1t1es ‘were des1gned to emphas1ze
a dlscovery approach/to mathematxcs wh1le the actlvxtxes .

which requ1red students to write a computer program were ,
>1ntended to increase their understandlng of mathematxcs.

The instruct;Onal materials were f;eld-tested with a

‘classvof Honors,mathematics 20 students. Before the
materials_were actually introduced,;the studentsninvolved in

the study received three hours of "instruction on the

r
.

operation of the Apple Ile microcomputers and the BASIC

-k

computerglanguage. ProcedUresxfor thevstudy Envolved'having

the tea er prov1de ‘regular classroom instruction and ‘the
researcher conduct the computer sessions. The computer
/ -

act1v1t1es required use of e1ther a commerc1al program such

~as Computer Graphlng Exper1ments (Lund & Andersen 1982), or-

a student generated program which used soec1f1c daca as a
tesc of accuracy and LSe;UlﬂESS. ' ‘ o “»_~f
g On the basis of the assessment the‘unit appears to

have been reasonably successful in terms of the amount of

g R R
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of both the teacher and the students towérd the unlt.

In

zegard to student learn1ng,,the results 1nd1cated that

:

computer 1ntegrated uct1v1t1es ma? 1ncrease atudent
- understanding
s

Specxflcally,

‘the results tendeﬂ to»show that
£ "
the act1v1ty of wr1t1ng a computer qugram requ1res students

“to’ comprehend fully what . is 1nvolved /in- each and eﬂ!!y

calculatlon Whlch they w1sh to perform ThlS hlgh degree of
spec1f1c1ty re\hared the students not only to focus on new
o ™

/

concepts but also demanded that they fully understand

*

concepts learnad earller. In—regard to the attltudesbof both
the teacher and the student, the unit was viewed as a
rewardlng experlence, however the ma]orlty of students

1nd1cated that the classroom and computer sess1ons would be

/ \‘

/
) \‘ . . ®
[ . -
‘ B, CONCLUSIONS
¢

/.
/
/
~

‘better 1ntegrated 1f the teachef \assumed- 411 reSpon51blllty
for all act1v1t1es. ‘
A

!
. .

1

“The main research questlon addressed focused on whether
the 1ntegra@‘bn of computers into

{

the mathematlcs curriculum
could be used t0/1nc5;ase students underst%%§?n§ of the A
subject matter under discussion. As was outllned 1n-Chapter
Two, Greeno (1978) has‘1dent1f1ed three cr1terla whlch may

"be used to 1Jdge the degree of understanding:

»

coherence,
connectednpss, and correspondence. The ooservatlons made

during the course of thlq study 1llustrated that these
o/

act1v1taes benerltted the students most 1n the areas of

learnlng that resulted as well as in terms of thA(9tthtud§s

ot

85
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coht®rence and connectionn Coherence, 'in Greeno's terms,
refers to the relationshfp be\ueen‘parts. For”mathematACS
. : N : SRR T .
 educators this is an +important criterion since mothematics
‘often eppears to be teught,in a void with no relationship
'.between concepts being demons{rated. The importance of this
crlterlon in regard to thlS study(zes that through the
course of the un1t students began..te see that mathematxcs
“could be dlscussed in different tgrms and’ s1tuat1ons. At the
beginning of the un1t the students regarded the classroom
se551ons and computer sessions as 1ndependent'act1v1t1es.‘As»
a, result, they were generally unsuccessful in completing the
a551gnments. Once the students began to see fhe relatxonsh;p
between . the twd experiences and to realize that mathematlts
'could be dlscussed<1n different ways, they were much more E
_SUCcessﬁul w1th their a551gnments. The third cr1ter1on, that

/

of connectedn ss, is dexned by Greeno as conS1st1ng of

thﬁee_dlffere t.elements.vconnectlcn between general

mathemetical~conceots; connectlonlof mathematlcs to ordinary

experlence, and connectlon to general schemata. The results
|

~of this study 1nd1cate that the activity of wr1t1ng computer

programs improved the students_ connectlon.between general

schemata. In particular, fhe cbservations suggest that

nections- between existing;SChemas were either established
or impEOvedr |

In regard-to Skemp'e (1976)‘dietinction between
{nstrumental and relational underetanding, the observations

made during the ‘test suppoft the claim that computer

®

i
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y ) . S
'act1v1t1es 1ncrea{e a students' relational understandzng-of

f1ca11y,,the Rasic’ reason for the 1mproved o

relptlonal understazdlng 1s that the ac:;;lty of. wr1t1ng a

computer program dogs. not perm1t student to rely on’ coplng
A ® ‘ C

strategles to succeed Instead, they must explain to a

"difficult taskmaster' exactly what they went to do. For the

studedts involved in th1s study, the process of wr1t1ng

'computer programs resulted in 1ncreesed understandlng of the

'

»

1. -p means. -1%B rather than the opp051te of +B'

2: when worklng w1th formulas,,order of operatlon must
be specified rather than assumed and,

3. maX1mum and minimum values of quadrat:c functions
‘aye dependent upon whether the graph opens up or down
and are not determlned by the locatlon of the \ertex

In addition, the.ab111ty-tovgenerate graphs of.spec1f1c

funcfions with the aid of the computer proved 1nva1uable as

‘the unit progressed since many graphs could be sketched with

very little effort in.a minimum amount of tlme.'The graphs,

i

were then used to clarlfy student mlsconceptlons of how the

variables 1in the equatlon £(x) = alx - h)? + k affect the

..

placement’of the g;p y of the funct1on

':‘t—

{1981) clalm‘that when computers are 1ntegrated into the

. In summary, @ﬁe éswlts of the study support Pupert s
mathematics curriculum the, students are p&aced in a

fundamentally different relationship with regard to o

Q

. mathematics. Furthermore, the manner’ in which the‘actiVitieS’
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were integrated into the curriculum support the view that it

now N B .
. N . . A ' \ R Lo
seems feasible to try to wotrk toward a curriculum
3 in which activities and'materials designed to
i ,1mprove students' skills and those designed to
improve their understandxng can be 1ntegraﬂed and
"made to be synergistic rather than competitive and
antagonistic. (Greeno, 1978 p. 282) :

Spec1f1cally, the results suggest that students
understandlng of mgthematics can be%t be 1n;;easd by
'.chaﬁETng thelr ri;at1onsh1p to mathemat1§s from being
‘paSSiveiparticipahts to being active explorers.

C. FURTHER RESEARCH AND DEVELOPMENT
Thxs study prov1des only a l1m1ted glimpee into the
. area of- computer appl1cat10n tn mathematics education. The
results and.conclu51gns suggest several related areas worthy g
of furthereresearcu. One of the limitations of'thiswstudy
was the short time frame-and small sample size.-ObviduSly,'
before any’major conclusions gan be drawn, recearch projects
will have‘to §e carrfed out'in gteﬁter depth for a,rohger
,period of ti@e to assess lonéitudinal effects. In addition,
sjmifar studies_shOUld‘be-conducted with other students;
grades and topics. |
The results of this study are not generalizable beyond
51m11ar classes of Honors: Mathemdtxcs 20 students., "Further
| studles could explore the effects of such a urit or other'
groups oflstudents such as those taking Mathematics 23. In

. .Y C . . . 7
addition to the questions posed in this study, future

studies might also focus on the value of the graphing ¢
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.

aétivitie§ to dete;mine\if they are more beneficial to some

students than to others. _ ‘

- Ll

The project has demonstrated the fea31b111ty of .

deyelop1ng_computetforlented 1nstruct10nal ma::;pals»which

consist of a‘comb;natfom’of those available cofmercNally and

those preéared Byvthe‘teqcher or de&eloped by the students:
'y . . . . .

as they are learning. Many more projects of this type could

be initiated and coufd be based, in part, on the materials

thCh were developed for th1s project. Future studies should

.~ R

"strlve to delve deeper 1nto ways in wh1ch computers may be

applxed in teachlng mathemat1cs and ways in which

-

.understanding ofﬁgmthematlcs-may be enhanced.

Fa R N
s '




BIBLIOGRAPHY -

S -

AW : - . v

,

A\ ' S ‘

-

AlbertasEducation. Cémputers in schools -- The report of the
Minister's Task Foxce on computers in schools.
Edmonton: Department of "Education, June, 1983,

Andreoli, T. F. The effects of a programmed course in
computer programming with different feedback procedures,
on mathematical reasoning ability (Doctoral -
dissertation, University of Connecticut, 1976) .
‘Dissertation Abstracts'International, 1976, 37, 780A.

ATACC, Newsletter of the Computer Council of ‘the Alberta

, Teachers' Association , 1983, 1(2), 5-8.

. _ .

Backhouse, J.K. Understanding school mathematics -- a
comment, Mathematics Teachingy, 1978, 82, 39-41.

Basil, G.J. The effects of writing computer programs on -
achievement and attitude in elementary calculls
(Doctoral dissertation, University of Pittsburgh,
1974). Dissertation Abstracts; International, 1974, 35,
2114A-2115A, ‘ . :

Bell, F.H. Can computers really improve school mathematics?
Mathematics Teacher, 1978, 71(5), 428-433."

Bell, M.S. Studies with respeét t> the uses of mathematics
in secondary school curricula (The University of
Michigan, '1969). Dissertatioa Abstracts International,
1970, 30A, 3813A-3814A,

-Bloch, S. Reflections of a comput:r language nut. In J.N.
Nazzaro (Editor), Computer connections for gifted
children and youth. Reston, Virginia: The'Council for

_Exceptional Children, 1981, '

Bodelier, H.J.A.M. Enriching the 2xisting curriculum. In
D.C. Johnson & J.D. Tinsley (Eds.), Informatics and
mathematics in secondary schools. amsterdam: North
Holland Publishing Company, 1978.

Bohrer, J. Use of a microcomputer in the teaching of high
school mathematics. San Jose, Calif.: San Jose State’
University, 1981. (ERIC Document Reproduction Serviee .
No. ED 211 071)." ’ -

90 |



91

L4 \

5

Booth, T.L. & Chien, Y.T. Computing fundamentals and
applications. Santa Barbara, Calif! Hamilton Publiphing
Company, 1974. ’

Bower, G.H. & Hilgafd, E.R. Theories of learning (5th
Englewood Cliffs, N.J: Prentice-Hall, Inc., 1981,

Braun, L. Microcomputers and video disk systems: magic lamps W
' for educators? Washington, D.C.: National Institute of»
tBducation (Department of Health, Education and
v welfare), 1977, )
;:i‘ . . .
Brownell, k; 4 & Sims, V.M. The nature of understanding. In -
N.B. Herdy (Ed.), The measurement of understanding (The \

Forty-Fifth Yearbook of the Nationmal Society for the \N
Study of Education). Chicago: Uriversikgtipl Mpcago ‘
«‘ i

Press, 1946.- ‘j;

Buxton, L. Four levels of unﬂe:stahding. Mathemat¥cs in
School, 1978, 7(4)ﬂ 36.

. AN
‘Byers, V. & Herscovics, N. Understanding school mathematics.
Mathgmatits Teaching, 1977, 81, 24-27. . ‘ ’

Chuchat, S. Computer programming in the senior high school
mathematics curriculum. Unpublished doctoral 1
dissertation, Univers:ty of Alberta, 1985.

Critchfield, M. Beyond CAI computers as personal
intellectual tools. Educational Technology, 197Q(
19(10), 18-256. ' .

Cox, D. & Berger, C.F. Mic:ocomputers are motivating.
Science and Children, 1981, 19(1), 28-29,

Deblassio, J.K. Student chiracteristics associ d with | '\\ ¢
attitudes toward using a compyter in sel®ted high
school mathematics courses. (Doctoral dissertation,
University of Pittsburgh, 1978). Dissertation Abstracts
International, 1978, 40, "723A. ' .
C, . . F . JUot
DeBoer, D.D. A comparative study of the effects of a
computer driented app:roach to introductory calculus
(Doctoral dissertation, George Peabody College, 1973).
Dissertation Abstract:; International, 1974, 34,
39128=3913B. ' .

Delcatch, S.J. A comparative study of the use of computer
programming activities in an introductory college
mathematics course for disadvantaged students (Doctoral
dissertation, Indiama University, 1977). Dissertation
Abstracts International, 1978, 38, 6585A.



=

A

92

-

Douglass, H.R, & Spitzer, H.F. The importance of teaching
for understanding. In N,B. Henry (Ed.), The measurement
‘ f understanding (The Forty-Fifth Yearbook of 'the
NN ional Society forithe Study of Education). Ghicago:
:3$\Er§1ty of Chicago Press, 1946

Ducharme; R.G. The development of a compuger oriented linea:
algebra course (Doctoral dissertation, Florida State

* University, 1973). Didsertation Abstracts’
Internatxonal 1974, 33, 3828A-3829A.

Dugdale, S. Green globs: A mlcrocompﬁter application for
graphing of dguations. Mathematics Teach@t 1982
75(3), 298%244.

Ebos, F. & Tuck, ,R. Math is/5. Nelson Canada Ltd, 1980.
F

‘Evans, C. An invitation to the (near) future. Today's‘
Education, 4982 7r(2)‘ 14—17 :

Foster, P.E. The effect of computer prgérammlng experiences
on students' problem solving behaviors in eighth grade
mathematice (Doctoral dissertation, University of

"Wisconsin; 1972). Dissertation Abstracts International,
1973, 33, 4239A-4240A. o '
' i

Fryer, K.D., Dunkley, R.G., Elliotty, H.A., Hill, N.J.,
Mackay, R.J. Holt Mathematics 5. Holt, Rinehart and
Winston of Canada Ltd., 1980.

_ Gardiner, W.L. The psychology of teaching. Monterey,
California: Brooks/Cole Publishing Company, 1980.
rd

Godfrey, R. Understanding school mathemat1cs -- classroam
reallty Mathemat1cs.Teach1ng, 1978 83, 40 41,

Greeno, J.G. Unders anding and procedural knowledge in

mathematics instruction. Educat1ona1 Psychologist,
. 1978, 12(3),. 262—28’
. }

Gumm, R.D..An analy;1s and developmeﬂr of a computer science
program for use in secondary school mathematics
(Doctoral dissertation, Oklahoma State Unlver51ty,

.1969). Dissertation Abstracts International, 1970, 31,
<3988A.

Hart, M. Computer prograaming in =he mathematics classroom
as an aid to underctanding. In J.A.M. Howe & P.M. Rous
(Eds.), Microcomputers in Secondary Education: ‘lssues
and Techniques. London: Kogan Page Ltd., 19€1.

)



‘ ;, ' ‘ | 93
Hatdield, L.L. Computer assxsted mathemat1cs- An
‘ 1nvestxgatxon of the computer used as a tool to learn

mathematics (Doctoral dissertation, University .of

‘Minhesota, 1969), Dissertation Abstracts International
1970 .30, 4329A- 4330A

Hatfield, ﬁ L. & Kieren, T.E. Computer-assisted problem

solvxng in school mathematics. Journal for Research in
Mathematics Education, 1972, 3(2) 99-112.

Hebenstre1t,\J ‘Computers in educat1gg the French approafh |
, Alberta Prxntout, 1983, 4(2) 24. /
Hoffman, 1.J. Effect of computer appllcatxon;on
generalization skills and achievement in a second year
algebra course (Doctoral dissertation, University of

Denver, 1971). Dissertation Abstracts ‘International,
1971, 32, 285§B 2857B..

Kearsley, G. & Huntér B. Educational compyting-in ﬁbe United
States. Alberta:Printout, 1983, 4(2), 12=15.
\
K1eren T.E. Informatics .and the secondary school
mdthematlcs curriculum. In D,C."Johnson and J.D.
Tinsley (Eds.), Informatics and Mathematics in

“Secondary Schools. Amsterdam: North Holland Publishing
Company, 1978,

Kiereﬁ; T.E. Quadratic equatioms . -- computer style.
Mathematics Teacher, 1969, 62(4), 305-309.

Kieren, T.E. The computer as a teach1ng aid for eleventh

grade mathematics: a -comparison study (Doctoral o
dissertation, University of Minnesota, 1968).

Dissertation Abstracts Internat1onal 1969, 29,
L3526A 3“27A

Krull, S.M. An analysis &f the effects of learning to
program a computer on student math performance and
attitude toward school (Doctoral dissertation, St.

Louis Uriversity, 1979). Dissertation Abstracts
International, 1980, 40, 5711A,

Lund, C, & Ardersen, E.D. Computer graphing experiments

(Vol. 1 and 3). Don Mills, Ontario: Addison-Wesley
Publishing Company, 1982.

-Mandelbaum, J. A study of the effects on achievement and
attitude of the use of the computer as a problem
sélving tool with low performance tenth grade students

(Doctoral dissertation, Temple Upiversity, 1973).
Dissertation Abstracts International, 1974, 34, 3700A.



Margenau, H. Open vistas: Phxlosophxcal perspectxves of
modern science. New Haven: Yale University Press, 1961,

¢

Marchand,$.G. Topics~-in elementary mathematics using

. computer oriented techniques (Doctordl dissertation,
Rutgers University, 1974), Dissertation Abstracts

International, 1974°, 35, 2887B-2888B. :

Milner,o.D. The effects of teaching computer programming on

performance in mathematics (Doctoral dissertation,
1972). Dissertation Msstracts

University of Pittsburgh,
33, 4183A-4184A.

International, 1973,
A. How can MERBIN understand? In L.M

Moore, J. & Newell, A,
Knowledge and Cognition. New York: John

Gregg (Ed.),
Wiley .& Sons, 1974,
Position

Nat1ona1 Council of Teachers of Mathematics.
statement. Mathematxcs Teacher, 1978, 71(5), 468.

National Councid of Teachers of Mathematics. An agendd for
action. Reston, Virginia: Author, 1980, ;
NAEP results

Nat1on<1 Counc11 of Teachers of Mathematics,
released at NCTM's Detroit Meeting. News Bulle'tin NCTM,

o,

) - 15'83, May, 1 2
o'Daffer, P.G. By way of introduction. Arithmetic Teacher,

1983, 30(6), 1. —
Nazzara

S. Computers and computer cultures. In J. N.
Computer connections for gifted children and

Papert
Virginia: The Council for Exceptional

(£d.),
youth., Reston,

Children, 1981,
S. Mindstorms: Children, compdteré and powerful
Mew York: Basic Books, Inc., 1980.
Payne,‘C I. The effect of computer: mathematics instruction
- on achievement, problem solving, and attitudes in 3
public high school {Doctoral dissertation, Indiana
1980). Dissertation Abstracts .
1980, 40, 3850A,
‘ Petty, O. Requfring procf of undqfstanding. Arithmetic
121-123 .

Papert,
icleas.

University,
International,

> Teacher, 1955, 2(4),
“ Resnick, L.B., & Ford, V. W. The psychology of mathematics
Hillsdale, New Jersey: LavrenZé
A881%°

for instruction.
Erlbaum and Asspciates,, Publishers,

o,
’
N



*

95 ;JV

Robitaille, D.F. Pgeliminary results from the second .
international 'study in British Columbia. The Canadian
Mathematics Teacher, 198 2, 3-8. . -

' Ronan, F.D. Study of the effectiveness of a computergwhen .

used as a téaching and learning tool in high school
mathematics (Doctprafv&fzsertation, University of
Michidan, 1971). Dissertation Abstracts International,
. 1971, 32, 1264A-1265A,

Saad, L;G. Understanding in mathematics., Edinburgh: Oliver
and Boyd, 1960. )

Schank, R.C. Conceptual dependency: A theory of natural L
language understanding. Cognitive. Psythology, 1972, 3,
552-631, .

Sears, L.D. A problem of the effects of teaching a course in
algebra II and trigonometry via the traditional method,
the Colorado Schools Computing Science Materials
Method, and the altrig computerbased teaching systems ~

. method, (Doctoral dissertation, University of Houston,
11977). Dissertation Abstracts International, 1978, 28,
7125A-7126A. “

Seidman, R.H. The effects-of learning a computer programming
language on the logical reasoning of school children,
Paper presented at the Annual Meeting of the American
Educational Research Associatien, Los Angeles (1981).
(ERIC DocuUment Reproduction Service No. ED 205 206).

shavelson, R.J. Some aspects of the correspondence between
content structure and cognitive structure in physics
instruction. Journal of Psychology, 1972, 63(3),
225-234. o S

5kemp, R.R. The psychology of learhing mathematics.
Middesex, England: Penguin Books Dtd., 1971,

3kemp, R.R. Relational understanding and Tnsttumental'ﬂ
unlerstanding. Mathematics Teaching, 1976, 77, '20-26.
Skemp), R.R. Goals of learning and qualities of \
understanding. Mathematics Teaching, 1973, 88, 44-49.
. ) ’
Skemp, R.R. Symbolic understanding. Mathematics Teaching,
1982, 99, 5%-61. ; - :

Soloway, E., Lochhead, J., & Clement, J. Does computer

< programming enhance problem solving ability?: Some
positive“evidence on algebra word problems. Uripublished
manuscript, University of Massachusetts, 1981. ‘



Spenger, D, D. Using BASIC in the clasnroom. ormond Beach,
Florxda' Camelot Publishing Company, '1978,

Spencer, M. & Baskin, L. Classroom computers: do they make a - -

difference? Classroom Computer News, 1981, 2(29, 12-15,

Strawn, D.,L. A comparative.study of the effect of computer
extended instruction on the achievement of calculus
students (Doctoral dissertation, University of
Mxnnesota, 1974), Dissertation Abstracts Internatxonal
1975, 35, 7539A.

Thro, M.P, Relationship between associative and content
structure &f physics concepts. Journal of Educational
Psychology, 1978, 70(6), 971-978.

Travers, K.J., Pikaart, L., Suydam, M., & Runicn G.E.
Mathematics Teachxng New York: Harper & Row, 1977,

van Engen, H, The formation of concepts. In H.F. Fehr (Ed.),
The learning of mathematics; its theorys and practice
. (NCTM 1953 Yearbook). Washington: National Council of
Teachers of Mathematics, 1953,
Wares, D. Deja vu: Is there anything new in computing?
Alberta Printout, 1982, 3(4), 5-8.

Wells, G.W. The relatjonship between the processes involved
in problem solvxng and the processes involved in .
computer programming (Doctoral dissertation, University
of Cincinnati, 1981). Dissertation AbstractS‘
International, 1981, 42, 2009A-2010A.

Wiederanders, D. The urgent need for curriculum integrated
m1crocomputer séftware. Ontario Mathematics Gazette,
1982 20(3),37-9.

Wilkinson, A. An analysis of the effect of bnidructxon in

electronxc computer programming logic on ‘mathematical
" reasoning ability (Doctoral dissertation, Lehigh
University, 1972). Dissertation Abstracts ‘
International, 1973, 33, 4204A. ; -
| -~

Williamson, E.A. Computers in mathematics instruction. In
J.B. Edwards, A.S. Ellis, D.E. Richardson, D.
Holznagel, & D. Klassen (Eds.), Computer applxcatxons
in instruction: A teacher's guxde to selection and use.
Hanover, N.H.: Houghton Mifflin Company, !978.



N - 4 .
i ;',,,._,‘y,‘
APPENDIX A’
' |
¥ .
Instructional Unit on Quadratic Functions .
\
C | ) ' |
%,
X ' N
Ay . I
y -
- N
- : R
EREE
, " _
' A

;f‘_'»



98

i

LEARNING ABOUT QUADRATIC FUNCTIONS
" THROUGH COMPUTER PROGRAMMING

v\,
» : v Karen L. Miklos
[ .
7
. ' /
L L . f v C
An Instructional Unit {or Mathematics 20
4 5
b ]
) .
\ N
;
//
] 4
-

o " Copyright . 1984 ‘
Please do nct reproduce wlthout perm:ssion



Y

point, and minimum point, 4 Lo

Suggeéteﬁjgpproachv ~

99

s

—~

INVESTIGATING THE SHAPE™OF A QUADRATIC FUNCTION

The activities on évaluating quadratic functions are
intended to focus students' attention on the shape of a
~guadratic function through the observation of pgints
contained on the graph of each function. The students should
be able to make predlctlons about "the shape of the graph of .
a quadratic funct1on and should arrive At tfie following
conclu51ons-, o '

!

a. quadratlc functlons have a maximum or minimum
point; and,
b, a quadratlc function is symmetrlc about the
* Wmax1mum or minimum p01nt .

Followxng the act1v1ty students should be formally
introduced to the terms vertex, axis of symmetry, -maximum

The first questlon of the act1v1ty can beya
students to work bn individually or completeo
activity' depending upon the programm1ng backgrsund of the
students. The second and third gquestions can then'}
assigned to the students to complete on an- indi al
After the students have had sufficient. t;me to cOmplete
Questions Two ‘and Three, use their responses to’ Questlon
Three to begin a class discussion on quadratic functlons.
Students will haye hopefully observed from their ‘data ‘that
quadrat1c functiopns possess a maximum or minimum point and
symmetry about this point. These observations can be used to .
introduce the terms vertex, axis of symmetry, maximum p01nt ’
and minimum point, . o

" The discussion of the shape of' quadratic functions ﬁ!ﬁ’
could be enhanced by the use of a computer graphlng progr
to graph the functions students have been ‘investigating. The
graphs would verify their conclusions and provide a visual
link between the activities included in this section and the

activities that follow. Activity Two has been included for

this purpose. - ' R N

Suaqgested Software

Lund, C. & andersen, E. D. Computer graphing exper1ments',
(vel. 1 and 3). Don Mills, Ontario: Addison-Wesley, 1982 )
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ACTIVITY ONE

INVESTIGATING THE SHAPE OF A QUADRATIC FUNCTION

Write a BASIC program to evaluate a quadratic function
in the domain -5 < = x < = 5 and print out both the
domain and range values. Begin your program with the
statement: 10 INPUT A,B,C.

) )

Each of the followlng equations def1nes a quadratic
function. Use your program to-evaluate these functions .

/ ]
and record the results.

a) * f(x) = x* -~ b) f(x) = x? + 3x + 3
x* £(x) . | X . f(x)
-5 E A -5 -

-4 ~4
-3 -3
-2 -2
-1 ‘_1
0 0
1 1 |
2 2
3 5 \\\ 3
4 \ 4 ’
5 \\\4 5,/1/ |




4x + 4
f(x)

PN
~
“

= -x? -

N

2x - 2

f(x)

Nt

L J
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d)  f(x) = 3x? + BX + 6

E(x)

4

. 5 —

.

ey

T

.

A

f(x)

£ E(x) = -2xt + Bx K9
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3. By looking aﬁ the range values that have been computed,
what do you notice about these functions? -

@
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ACTIVITY TWO

fNVESTIGATING THE SHAPE OF A QUADRATIC FUNCTION

1. By looking-at the data generated for each function in
Activity One, indicate the vertex (of each function.

a) 3 , '4 N ) \

b)

)+ 4 |

g)

2. By inspecting the graphs of the {/:lcwing functions
’ record the vertex and axis of symmetty of eal
function,
Verte x Axis
a) f(x) = x?
Q
b) f(x) = %x* + 4x + 3

c) E(x) = 2x% - 4x + 4

d) f(x) = 3x2 + 6X % 6

\lg
e) fo)»= “xF- 2x fﬁzlv
“E)  f(x) = -2x? + 8x - 9 -
9)  of(x) = -3x* + 6x - 1

Compare the vert1c1es indicated in Question One and
Question Two, Sihce the functlons are exactly the same,
hopefully you will have found that the ve;t1c1es are
alsc the same.
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Based on your observatlons/from Questlon Two, how can
you determine the axis of symmetry of a quadratic
function given the coordinates of the vertex?

] i N

If you are given two symmetr1c points on a graph of a
quadratic function, how can you determine the axis ot
symmetry of the function. (HINT: If you were told that
the points (8,10) and (2,10) lie on the graph of a '
quadratlc functlon how could you determine that the
axis of symmetry is x = 5?)

&

~Based on your responses to Questlons Three and Four,
answer the following questions:

a) The graph of a guadratic function has a minimum
point and contains the pC1nts (2,0) and (-2,0).
What is the x-coordinate of the vertex, -and what
is the axis of symmetry?

b) The graph of a quadratxc function has a m1n1mum
point and contains the pcints (2,10) and (6,10).
What is the x-coordinate of the ver ex, and what
is the axis of symmetry? )

c) The graph of a quadratlc fund¢tion contains points
(3,8) and (5,8). What is thelx-coordinate of the .
vertex, and what is the axis of symmetry? '

X
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14

. )
The graph of a quadratic function has a maximum
point and contains the points (-6,3) and (-1,3).
What is the x-coordinate of the maximum point, ‘and
what ig the axis of symmetry?

il

If (a,b) and (c,b) are on the graph of a/quadratic
function, what is the x-coordinate of the maximym
or minimum point, and what is the equation of the
axis of symmetry?
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GRAPHS OF QUADRATIC- FUNCTIONS

The major purpose of the activities included in |
‘section is for students to establish further familiaﬁ
with the shape of the graph of a guadratic function ahd to

understand the effect the parameters a, p, and g have{on the
graph of the function represented by the equation f(xh = gex
- p)* + g. The activities progressively examine the ~efl
of the parameters by first observing the graphs of §4]
written in the form f(x) = ax?, followed by an e‘xam jtion * !
of graphs of functions written in the form f(x) = ax¥;3
and then of graphs of functions.written in the form "W
a(x - p)* +-q. On completion of these activities, studg
should have reached the following conclusion ab g

graph of a quadratic function represented by 'tihe \g§u 3
f(x) = alzx - p)?* + q: > ‘ : % ;gu
: : “hag?
a) the function will have a maximum point if a <-0,
and a minimum point if a > 0;
‘ b) if a > 0 they the graph is concave upward and if a
. < 0, then tha graph is concave downward;
c) changing the value of g raises or lowers the graph

along the y axis without thanging its shape;

d) changing the value of p moves the graph
horizontally along the x axis without affecting
its shape; and, T p '

e) the vertex of the function is (p,q).”

In order to achieve th:se o;iectives, all three activities
should be completed. :

~

Suggested Apf)r.oach , @

: For the activities to be most beneficial, it is
recommended that the s-udents complete each activity prior
to any class discussior of the graphs and their equations.
In addition, each activity should be follouwed by a
discussion of the grapis and eguations under investigation
to consolidate and verify the conclusions the students have
reached. . ’ .

These activities nay b+ completed by each student
individually or in small grups depending upon the eguipment
avallable. '

¥
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“8ugqgested Software . o 8 : v

Lund, C. & Andersen, E.D. Computer graphing experiments

~(vol, 1 and 3). Don Mills, Ontario: Addison-Wesley, 1982,
‘

NOTE: Using this soitware package, Activities Three and Fou

can be completed by choosing the Parabola Option (option.2)

from the mgin menu page and then the appropriate sub-option \
from the fecond menu page. The functions may then be graphed

by:entering the approprlate parameters.

Activity Five is completed by choos1ng the Special
Functions ¢otion (Option 5) from the main menu page. and_ then
the option which allows you to enter your own special
function (Option 5) from the.second menu page. The functions
in this activity may be graphed by entering the equatlon
using the BASIC commands for ‘multiplication, exponentiation,
etc. The maximum and ‘mjnimum values for both the domain and
the range will be requested: -10 for the minimum value and
10 for the maximum value séems to work well in both .
instances.
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ACTIVITY THREE

GRAPHING FUNCTIONS OF THE FORM F(X) = AX! ¢

l’. Use the "same coordinate axis to sketch the graphs ‘of
’ each of the following quadratic'functions:

f(x) = x?,
S f(x) = 2x7,
“ o E(x) = 3x7,
’ ,’ CE(x)e= 1/2 x‘,gnd
£(x) .= 1/3 x?, | \ ' .

" a) How are the graphs similar?
- ' &é

b) How do the graphs differ?

2. USe the same coordinate axis to sketch the graphs of
each of the following quadratic functions:

f(x) = -x?,
f(x) = -2x7, -
: Tot(x) =h—3xf,
f(x) = -1/2 x*, and
‘. ' f(x) = =-1/3 x?*.
a) How are the graphs similar? L .

b) How do the gravhs diifer?



'a)

b)

)

1

“What effect does increasing the |a| have on the

graph of f(x) = ax??

L)

4

’

What is the effect of décreasing the |a|?

\

Use the same coordinate axis to sketch the graphs of
each pair of funct)ons.

a)
b)

c)

* »

x? and  £(x)

f£(x)

1}
i
X
~

£(x)

Ix? énd £(x) = -1x'
f(x) = 1/4 x? and f(x)v+= -1/4 x?

.Answer the following questions for each pair of

functions:
. L
i) - What do the two functions have in common?

~*

ii) In what way do the two functions differ?

}
i1i) What is the wrelationship between the two
functions? L

109
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The guadratic functions you have sketched have been

represented by equations of the form fix) = ax’ where a
is an element of R and a # 0.

a)

c)

d)

Wwhat is the vertex of these functiong?
dégt,is the axis of symmetry of these functions?
What is the domain of these functions?

The following questions refer to the function
f(x) = ax? where a > 0. :

‘i) 1n which direction will this graph opén?

ii) What 'ie the range of the function?

" i{ii) Is the vertex a maximum or minimum?

\ ’ *

The fcllowing questions refer to the function
f(x) = ax? where a < 0.

i) In which direction will this graph open?

ii) What is the range of the function?

“

iii) Is the vertex a maximum or minimum?



CTIVITY FOUR

GRAPHING FUNCTIONS OF THE FORM F (X ) = AX® + 9

Use the same coordlnatﬂ axis to ske*ch the graph of

'w'<each of the followlng quadratlc tunct1ons
! Ex) = x, IR
f(x) = x* + 2, and
F(x) = x* - 2.
a)  What ié the vertex ofAeach_functidﬁ?'
b)  What is the axis givSymmetry of each function?
# |
 c) How ‘are the graphs similar?
‘@) How do the grapfms differ?
.Use the same coordinate axis to sketch the graph of
each of the following guadratic functions:
,‘ f(x) - _x2, ‘ | i ., A . . d.‘/ﬁﬁug

L]
ES
et
#
t
kel
+
N
o8}
jo)
Q,

a) © What is the vertex of each, function?

‘ R _ , _
b - What is the axis of symmetry of each function? -

&8 T



c)

How do the graphs difﬁég?

e [
0

How are the graphs similar?

Wk .

%

Use the same coordinate axis”f% skeé%hdthe‘graph of
each of the f6llowing quadratic functions. Record the

vertex and axis of symmetry of each function.

a)

b)

c)

4y

f(x) = x* + 5 h .
‘ R
f(x) = -x2 + 5
- E(x) = -2x* 4+ 5
f(x) = 1/4 x* + 5

\‘t?ertex

AXis

Use the same coordinate axis to sketch the graph of
each of the following guadratic functions. Record the

f(x) = 3x* - 4
f(x) = -1/2 x* - 4
f(x) = x? - &

™
>
S’
o
.
N
x
i
>

Vertex-

vertex and axis of symmetry of each function.

;

—y

AX1S



Without graphlng the functions, answer the following
questlons based upon your observations from the
previous questions. The functions you have sketched
' were all expressed by equations of the form

f(x) = ax? + g where a and q are elements of R and
a # 0.

- a) Sketch the position of the graph of a quadratic
function with the following parameters:

i) 'a > 0and q > 0 _' ii) a > 0 and g <

~

A

iii) a < 0and g >0 » iv) a < 0 and q <

. _
b) What effect does increasing the value of g have
the graph of the function f(x} = ax* + q?

P  em—

c) What effect does decreasing thg'value of g Héve
the graph of the function f(x) = ax* + q?

- - i ‘ ) T .
a) What is the difference between the graph of
- f(x) = 3x* - 5 and the graph of f(x) = 3x* + 47

|

b) What do these two graphs have in common?

After answering the questlon, check your answer py
sketchlng the graphs

113
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ACT'VITY FIVE

GRAPHING FUNCTIONS OF THE FORM F(X) = AKX - P) o+ Q

,Sketch each of the follow1ng sets of graphs on the same
coordinate axis.

Vertex AXis
a) “{x) = x? |
c(x) fu(x - 2)?
(x) = (x + 3)?
b)  E(x) = 2x* - 1 ‘
TOE(x) = 2(x - 4)7F -1
f(x) = 2(x + 3)* - 1
c)  f(x) = -3xi + 2
E(x).= -3(x + 1)i +02
f(x) = -3(x - 2)* + 2
d)  f(x) = (x *+ 1)? <
f(x) = 4(x + 1)°?
f(x) = =-2(x + 1)? .
‘e,) f(x)"= 1/2 (x + 3)% = 1
E(x) = 1/2 (x + 3)" - 4 ‘
E(x) = 1/2 (x - 2)% + 2
£)  f(x) = (x +3)* - 4 ,
£(x) = 1/2 (x - 1)} ' \ '
f(x) = -2(x + 4)* - 3 d\@ ~ \\ o
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The functions in the previous question were all
expressed by equations written in the form
f(x) = a(x - p)?* + q.

a) What are the values of p and g for each function?

b). What ig the relationship between the x and y
coordinates of the vertex and the var1ables p and
g in the equation of the function?

' '

c) What is the relationship between the value of
in the equation and the graph of the function?

a

@

In the equation f(x) = a(x - p)* + 1, what values of a,

p and g will produce graphs with the follow1ng
character15t1cs.

‘a) vertex at the origin and opening upward?

o

b) vertex anywhere on the x axis, other than the

origin, and opening downward? .
c) opening upward and cr0551ng the x axis in two
points? Y .
{
d) opening downward and crossing -the x axis in two

p01nts7

M
s
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COMPLETING THE gQUARE

The actual procedure of completing the square does not
lend itself to computer application other than through the
use of a tutorial or CAl sqftware package designed to
improve the students' ahility to apply and complete the-
algorlthm. For this reason a teacher-centered approach to
the topic is suggested.

The follow1ng activity is designed as an additional or
follow-up activity to the actual procedure of completing the
square, Spec1f1ca11y, this activity was designed to
reinforce the students' understanding of how the variables
a, b, and ¢, in the eguation f(x).= ax* + bx + c, determine
the coordinates of the vertex, Rgﬁ equation of the axis of
‘symmetry, and the maximum or minghum value of the graph.

‘Suggestéd Approaéh

Activity Six should be assigned only after students
have investigated completing the square of the general case
(f(x) = ax? + bx + c) and have established how the ’
coordinates of the vertex, the axis of symmetry, and the
maximum or minimum value can be determined from the '
variables a, b, and c. Students should be familiar witlf the
followlng formulas:

a) equation of the axis of symmetry: x = -E,
.. ' ) .. ' 2A
b) maximum or minimum value: 4AC-B*
' ’ _ 4A
c): the coordinates of the vertex: —-B, 4AC-E’
' E 2 an

4

Students should be encouraged to test ‘their programs by
completing a few examples by hand and then using tne same
functions as data for their programs. In addition, students |
should also be reminded to check the data that thexr program
accepts and to be part1cular1y aware of the restriztion Lhat ’
exists on the value of 'a'.
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ACTIVITY'SI&

COMPLETING THE SQUARE

Write a program that given the values of a, b, and c,
in the equation f(x) = ax? + bx + c, determines and
prints the equation of the axis of symmetry, the
coordinates of the vertex, the maximum or minimum
value, and specifies if the value is a maximum or a
minimum. (HINT: Begin your program with the statement
10 INPUT A,B,C and be sure to check the varlables on
wthh restrlctlons exist.)

\

™ *
S;\); o :
(
’ .
2. Use your program to determine the axis of symmetry, the
~ vertex, and the maximum or minimum val:ue of the
following fuqctions.
| Axis of | . Maxl or Min,
Function N Symmetry Vertex |.Please specify)
a) f(x) = x* - 4x + 8
b) f(x) = x? - 2x + 3 , o
c)-f(x) = 2x? - 4x + 3
d) f(x) = -3x* + 6x
e) f(x) = 4x* - 4 ’
f) f(x) = 1 - x - x?
g) f(x) = 13x + 1
R) f(x) = 1 - x? ‘
i) E(x) = 3x% o+ 3x |
i) f(x) = -12x + 2x* -1|
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ROOTS OF A QUADRATIC FUNCTLONWWQ

The activities in this section are designed to provide
students with a variety of experiences in determining the
roots of a quadratic equation. Specifically, the activities
‘involve determining the roots of an equatiog by:

a) successively narrowing and searching the interval
which contains the root;

b) conducting a binary search of the interval; and,

c) applying the quadratic formula.

By exper1enc1ng a variety @f approaches, stud¢nts should
acquire a better understanding of the concept of roe¢s of an
equation,

Suggested Approach E

The methods of determining roots studied in Act1v1t1€s
Seven and Eight are based upon the location principle which
states that if a graph is continuous in the interval a < = x
< = b, and the y values at ‘x = a and « = b have opposite
signs, then there exists at least one root between x = a and
x = b. To ensure that students unders:and these first two
‘approaches to determining roots, it is suggested that these
activitigs be preceded by a discussion of the location
principle’ after which students would he free to work on the
activities at their own pace. If time does not perm1t
Activities Seven and Eight could be assigned to various
groups or completed as a class assignment. An attempt should
be made to include at least one of the activities.

Activity Nine centers on writing a BASIC program to
calculate the roots of a guadratic function through the use
of the quadratic formula. Students should be encouraged to
use the functions and the roots that vwere determined 1n the
" previous two exercises to test their programs prior to using
the program to determine the roots of the functions included
in this specific exercise. In the folt owinj activity,
Activity Ten, students are asked to extend their programg to
include in the printout the sum and the product of the roots
of the gquadratic function under inves:igation. By examining
the resulting data, students should conclude that the sum -
the roots of a guadratic function 1s given by -E/ /A and the
the product of the roots is given by C/A. students are ths
asked to apply their con:lus1uns in Questicn Four of the
‘exercise. '
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ACTIVITY EIGHT

A BINARY SEARCH TO DETERMINE )
THE ROOTS OF A QUADRATIC FUNCTION

In the previous activity, non-integral roots were
determined by successively narrowing and examining the
interval in which the root occurred. Another and sometimes
faster approach is that of a binary search.

A binary search begins in a similar manner to the
previous approach; however, after locating the root of ‘the
function between two integers, the interval is searched by
dividing the interval in half and determining which
“half-interval crosses the x-axis. That is, the rule for
selecting the half-interval to undergo further snarchﬁng is
to choose the interval that is negative at one erd and
positive at the other end. This will ensure that tne graph
crosses the x-axis in this interval. Once the appropriate
_half-interval is chosen, its midpoint is determined and the .
process is repeated to determine which new half-interval
crosses the x-axis.

1, Knowing the endpoints of an interval, how can you
determine if they fall on opposite sides of the x-axis,
i.e., how can you determine if one endpoint is greater
than zero and one endpoint is less than zero? (HINT:
What facts do you know about combining negative and
positive numbers that might be of help?)

.

2. Write a program that will use this procedure to
determine the roots of a function in the domain
"—]0<=x<:; ]O.
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Use the following functions to test your program:

a) f{x) = 4x* + 4x - 3

b) f(x) = 2x* + 5x + 2
c) f(x) = x? + 5x + 2 \
d) f(x) = x? + x - "
e) f(x) = 6x* - 6% - 1



2'

3‘

i) f(x) = x? - 2x - 1

i . ' 122

ACTIVITY NINE .

THE QUADRATNC FORMULA -~

ite a BASIC program that will use the quadratic
formila to determine and print out the roots of any
quadrat1c function. Begin your program with the
tatement 10 INPUT A,B,C and be sure to check for any
estrictions that exist on the variables,

o

Use the functions and the roots determined in Activity .
Seven to determine if your program is working
correctly. .

‘ . . ~
Use your program to determine the roots of the
following functions. Record the results.

a) f(x)

2x? - Bx + 6

b) f(x) = x* + 5x - 84.

c) f£(x) = x? + 6x + 4

4) f(x) = 2x? - 4x + 3

e) £(x) = Ox* + 0x + 5

f) f(x) = 4x* - 9x + 5

g)  f(x) = 5x* - 17

h) f(x) = -2x? + 4x + 6

5)  f(x) = Ox® + 2x + 6 |

k) f(x) = x* + » + 1

S

1) f(x) = 0x?* + O0x + O
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ACTIVITY TEN

THE SUM AND'THE PRODUCT OF THE ROOTS

I« Revise your program from Activity Nine so that it
prints the values of A,B, and C in the functions, the
two roots, the sum of the roots, and the product of the
roots, 2 .

2. Use your program to determine the roots, the sum of the
- roots, and the product of the roots of the following
functions. Record the results,
A B C Roots Sum Prod,

a) f(x) = %x* + 4x - 2

b) f(x) = -x* + 3x - 2

c) f(x) = 2x* + 10x + 8

d) f(x) = 2x* - 2x - 12

e) f(x) = 3x? - 9x + ¢

f) f(x) = -3x* - 15x - 12

g) f(x) = 3x* - 3x - 18

3. What relationship exists between the values 4f A,B, and
C and the sum and the product of the roots of the
functions?

*
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Use your cogclusions from Question Three to answer the
following questions:

a) 1f 2 is one root of the function f(x) = x* - &Hx +
¢, find the other root and the value of c.

b) If‘-f/z is one root of the function f(x) = 4x' -
3x - ¢, find the other root and the value of c,

-

c) If 3/2 is one root of the function f(x) = 4x* + bx
- 3, find the other root and the value of b.

«d) Given that the roots of the function f(x) = dx? -
16x + ¢ are equal, find the value of c.
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O

S TN _THE NATURE OF THE ROOTS g
|

s . ¢
B

,’,\?‘
The discriminant of a. quadrat1c functlon prov1des L \
/1mportant information about the roots of the function which,
“in turn, provide important information about the shape of
the graph of the function. The following activity is
des1gnéd to. assist students in determining the relationships
that exist between the value of the discriminant, the type. -
of roots the function has, and the shape of the graph of the
. function. Specifically, on completion of the act1v1ty,
‘students should understand the follow1ng'

&) if the value of the dlscrlmxnanr is greater than
.zero, then the function has two § al roots, and
. ‘the graph\Qf the function will cut the X axls in
T . - two distinct.points; ¥ L
b) /] if the value ofwsthe d15cr1m1nant is equal to zero,. vl
- then the gquadratic function has equal roots, and :
the graph of the function touches the x axis; and, - K
c) if the valué of the discriminant is iess than '
' rzero, then the quadratic function has; no real
roots, and the graph does not intersect the x
axis. - ] -

- : : . . ‘ e

™

The activiry is optional for this unit.

-~

Suggested Approach

, In Activity Eleven students are: asked to cevise thelr
quadratlc formula ‘program from Activity Nine s» that it will
“include thé value of. the discriminant, in addi:ion %c the
roots of the function, in the printout. Studen-s are then
asked to . investigate and draw conclusions abou: how the
lue of the discriminant can be:.used to determine the
”nu ber of roots the quadratic: function has. Following this
investigation, students are .asked te use the c>mputer to
graph the: functions to determine how the value of the
discriminant and the number of roots‘is reflec:ed in the’
shape of the function's graph. The activity coicludes by
.asking students to graPh a series of functions and to
determine the value of the discriminant of each function
based on"the shape -of the graph and the’ COﬂClU;lOnS they
have reached earlier. : 9.
This part1cular act1v1ty could pe worked on by students N
individually or in pairs. If the pair arrangement 1is cnoseh
1t mlght be effective to have one student use the compgter
to run-the gevised quadratic formula program, to determine
‘the number of roots the function has and the value of the
d1scr1mrnanp, and the other studen; could use the computer.
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‘would then have the.added benefit of 5eeing the whole.

)

ireached the proper conclusions.
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graph thé%séme function. By workihé‘in pairs students

plcture at once, and theé length of time to complete the

activity would be reduced. It is strongly recommended that a
fgwlass discussion be held after students have had sufficient

time to complete the activity to ensure that students have

¢

SuggéSted Software

. Lund, C. & Andersen, E.D. Computer graphxng experxments
(Vol. 1 and 3). Don Mills, Ontario: Addison-Wesley, 1982.



ACTIVITY ELEVEN

L

THE NATURE OF THE ROOTS

The ekpression B? - 4AC in the gquadratic formula ist
called the discriminant of the function f(x) = ax? + bx
+ c. Ravise your quadratic formula program from
Activit), Nine so that it will print out the valiue of
the disc&éminant in addition to the roots of the

- function. ‘

/ | S

v 7

Use your program to determine the roots and the value
of the discriminant of each of tne following functions.

Cf(x) = 4x?* - 20x + 25

f(x).= 2x* - x - 3

f(x) = 4x?

3x +‘5

f(x) = 5x2 - 5x + 1

f(x) ="3x2? - 7x + -3

CE(x) = x4+ 2 : | .

f(x) = x* + 3x - 5 : T -

£(x) = 25x%7 + 10x + 1

f(x) = 3x? - x + 1

f(x) = 9x7 - 6x + 1 _ o -

v e
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What relationship do you observe between the number of
real roots the function has, and the value of the
discriminant? (HINT: How may real roots are there when
the discriminant is less .than zero? equal to zero?
greater than zero?) '

i

Use the computer to graph the functions that are listed
in Question Two. What relationship do you see, between
the shape of the graph, the value of the discriminant,
and the number of roots the function has?

{

-

Use the computer to graph the following functions. By
observing the shape of the graph, specify how many
roots the function will have and whether the
discriminant will be greater than, less than or equal
to zero.

a) f(x) = x? - 4x + &

b) £(x) = 4x?* - 12x + 9 ‘ K o NJ

c) f(x) = x* + x + 1 s
¢
d) . f(x) = -x - 4 .
e) f(x) = 4 - x? . e v
£ £(x) = 9x* + T2x - 4 N ,\l!“
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QUADRATIC FUNCTIONS PRE-TEST
RESPONSE ANALYSIS (N=15)

1. Evaluate the guadratic function f{x)ex?+3x-2. at x=5.

. Response  Fregquency  Method Freqﬁency
38 14 Substitution 15 ’
28 1
2. Without calculating the values CooX £(x)
., of the functicn f(x)=3x2+9x+2, ' -5 32
“" identify any error(s) in this -4 - 14,3
table of values. Explain your -3 2
answer. . : -2 -4
-1 -4 .
0 2
1 14
. 2 36
A
Response Frequency - Explanation Frequency
J . BT
Must be an integer - 10
14.3 12 Substitution oo ’
@ No explanation’ 1
36 o Substitution | 5
' Symmetric about 0 2
. No ‘
* response T o ] R f
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- f

3. Does the point (2,4) lie o £he curve of the functlon
f(x)=2x7-3x+2? j;%vgp~why’not7
Response Fpgggpﬁ%y Method ~ Frequency
Yes ,/ 14 . ‘Substitution g ' 13 -
1 Quadratic formula 1
response o
4
| \}
3 “
R N What values of k will make thg\follow ng trinomials
perfect squares’
‘\-4‘“ .
a)l x’+kx+36 Response Frequency
12 | T3
s12 o
(x+9) (x+4) 1
b) 9x?*+12x+k o Response Frequency
4 12
(3x+6)? 1
\ 3 - 1
i (3x)(3x) 1
5. Is the set {1/2, -1/2} a solution of the equation
6x?-5x+1=0? Why or why_ not?
Response Frequency- Method Frequency
Yes ~ 2 Substitute (only 2
. 1/3) _
Substitution 8
No 12 Factoring 3.
‘ Quadratic formula 1
No ' 1
response
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6.' Solve the following equations, Explain your procedure.

a) 3x’-75=O'

Method
. Factored Solved the
Response QFadratic Equation
5 _ 0 !
+5 _ 10 2
5 and 0 - 1 0
Incorrect O ’ 0 ' 1
b)  6xi+2x=0
) Method
_ Factored Solved the
Response . Quadratic Equation
-1/3 and 0 - - 8 ,
dnly © : 2 0
: 0

lncorrect 3»

Note: One student did not attempt this question.

=) Xx*~4x-12=0

" Method
Factofed . Solved the ‘ Quadratic
Response Quadratic Equation Formula
5y and -2 ‘ 12 0 1
L6, 2z 1 , 0 0
-6 and +2 1 0 0




Match each ofithe equation
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7. ‘a) s with the appropriate
graph. '
Equation Graph Correct : No
: Responses Response
f(x)=x+4 B 15 0
f(x)=.25x" C 15 0
f(x)=-4x" F 15 0
f(x)=-x1+1 A 15 0
f(x)=(x+1)-4 D 14° 1
E(x)=(x-4)2+1 E 14 1
A N
[} 0
6 6 |
2
. 2 -
< omedodo L Y NS W WY PN RN WL TSN S (U TN SO G U— 3
6 8 2 4 6 0
GRAPH A - GRARPH 3]
; B
\ . J J
a
A A
8
6 |
L
2L -
€t L L 1 [ GRRNI WS S 1 "N W 1 5 P QN i —
2 4 6 8
A
GRAPH C L " GRAPH D
Y v
AN A
o
8. 8
6| 6 [
s a4
21 2 |
<~ L 1 1 I3 1 | > [4 1 J t 1 i 1 1 >
~ n 2 4 6 8 2 4 6 8
- GRAPH E - GRAPH F
- =
\ 4 W



b)

How did you determine which equation matched
graph?

Method Frequency ‘/

Substitution (x=0)
Table of values
Max./min. points
No method stated

N —= N ~d

134

each
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b)
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FUNCTIONS POST-TEST

w~

+

RESPONSE ANALYSIS (N=15)

Draw a sketch of the graph of the *function
f(x)=ax?+c where a>0 and c¢>0,

Response Frequency

Correct 14

Incorrect 1
<

At what point does the graph cross the x axis?

Response Frequency

Never ' 15

How would it be possible for a function of the
form f(x)=ax*+c to have no x-intercepts even
though the value of ¢ 1s less than 07? ’

Response Frequency

a is negative 1
a is not negative

¢ is less than 0

f(x)=x+-1

No response

. b

Draw a sketch of the grdph.

Response - Frequency
Correct o 13
No response 2
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3. Would it be possible for the graph of a quadratic
function to have (0,0) as a minimum point and also
contain the points®(1,3) and (-1,1). Explain your
answver, :

rY
~ Response - Frequency Explanation « Frejuency
No 11 - Not symmetric, 9
_(=1,1) lower than - 2
minimum
Yes © 2 Range 20, domain R 1
_The points are above 1
T vertex
No 3
response
\ o'

4. Would it be possible for the graph of a quadratic
function to have (-8,-10) as a maximum point and also
contain the points (0,-11) and (16,-11). Explain your

answer.
x
Response Frequency Explanation 4 Frequency
Yes 9 Points below vertex 3
' Symmetric . 6
No -~ 3 - maximum point below 2
’ (0,-11)
Not symmetric 1

No 3 | /
response ) ‘
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Al

5, Each of the following graphs can be represented by an
equation of the form f(x)=a(x-h)?+k. Match each graph
on the left with the appropriate values of a, k, and h.

4

T . (A) a>0, k>0, h>0
. / (B) a>0, k>0, h<0
(o« f—>. '
| (C) a>0, k<0, h>0
GRAPH .1 (D) a>0, k<0, h<0
'f . (E) a<0, k<0, h<0
\\\// | (F) a<0, k>0, h>0
/
, ¢ : > (G) a<0, k>0, h<0
. ‘ (H) a<0, k<0, h>0
GRAPH 2 J '
N .
' , < >
. ‘ .
GRAPH 3 z.«/\
. AN
GRAPH 4 v
AN
GRAPH 5 v
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The distributions of responses for each of the éraphs in
Question Five are presented in the following table,

Values
Graph - A B C D E F G H
1 0 0 5 10 . 0 0 0 0
2 5 9 1 0 6 0. 0 0
3 0 o] 0 0 4 0. | 10
4 0 0 0 0 0 IR 4 0
<5 0 2 10 3 0 0 0 0
6. Determine the value of A for the function
f(x)=Ax?+8x-3, if the graph of the~function is
symmetric about the line x=2. '
Response Frequency .
a==-2 2
-b/2a=2 5
-3.25 3
-b/2a=? 2
y=4a+16-3 1
-b/2a=-2 !
No response 1
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The following data were determined by evaluating'the |
function f{(x)=x2?-x-12 in the domain -5 < x < 5, Without

calculating
data?. @

X f(x)
-5 18 -
-4 8
-3 0
-2 -6
-1 -0

0 ‘ 0

1 -12

2 -10
.3 - i

4 0

5 8 -

, can you determine what is wrong with the

g

<

Response Freguency
‘Cannot have 3 roots 10 -
5

3 roots, not symmetric .

-

K

i
i

v L : . S
‘The following data were determined by evalnating the
function f(x)=x2?-4x+2 in the domain -5 < x <'6. Without.

calculating,

data?

-

£(x)
47
34
21
14
8
2
- l‘ X
-22

2
7
14

N

L

can you determine what is wrong witn the

, ] | - ]

Responsé “Freguency

Not symmetric‘ "

- Y's:don't ¢orrespond g 2

-Sub. -1 to check d :

Lines,. not parabola !
9,

%
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. <
9. The data below were determined by evaluating the M
‘ function f(x)=4x?-3x-2 in the domain -4 < x S 4, Does
this function have a root in the domain -1 € x < 0?-
Explain . your answer. ‘
j T
. //
X f(x) / — / :
E -4 50 . Response Freqg. Explanation Freq.
...-3 25 Y1 o : '
-2 8 No 9 Does not cross -9
. oo =1 -1 , B the x axis- ,
0 -2 = ‘ —— : — ,
1 5 Changes from + to - 1
2 20 ‘ Yes 3 Crosses the x axis 1
3 43 ) No 0 in f(x) o
3 76 N— -
NO response 3 ,
_ 10, Use your knowledge of gquadratic functions to indicate
4~ .which point(s) might be roots of .this cubic function.
¢ . ‘Explain your answer, ~
;o . Response = . Freguency
_ A 0
B . 8
C 0
D 6
E . 1
F- -0
G 8.
H 0 N\ 4
L .+ Explanation ' Frequency
YR . .
Where graph cuts x ‘axis 6
- Where y= B , 1
Where x=0 o S I
Must. be symmetric , !
Must ‘have 3 roots ; s : -
Must hdve 4 roots !
’ Not the third root 1 5
No response 3 .

4
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ﬂi‘11. Determine the value of B that allows the gfaph of
’ f(x)=-3x'+Bx+16 to cross the xvaxis at both x=-2 and

x=1.,
'Responée  \,'Frequency
B=-3 . - 10
* I'ncomplete . -5
Method = - Frequency
Usevof the formula x= - b/2a

'Substitution

Quadratic formula

Expanded the factors (xw2)(x—1
X vB/3 x + 2

_— s

’

BN

12. Détermine, without solving, whether the set {-9, —1} is
- the solution set of the equation x2-8x-9=0.

Response . Freguency Me thod ’ Freguency
No 14 Substitution _ v11
: “. Quadratic formula 1
- 9 must ‘be positive ' 1
. No explanation 1
No response 1 , ; ; B
-

S

0



\ 13. A function f, where f(x)=ax1}bx+c, a#O, is described in
each question. State whether the graph of the function
has a maximum or a minimum value, and tell how many

points on the x axis are also on. the graph of the
function. -

‘a. a<0, and bi-4ac<0

Response Frequency | Response * Freqguency
Maximum | 14 , 0 - 13
Minimum , 0 ’ 1
No response 1 . 2 1
E <. b4, - No response 1 -

+ b, a>0, and b*f4ac>0
Response Freguency | Response Freguency »
Maximum 0 ' 0o - 1
Minimum 4 1 1
N¢' response o . 2 10
o ‘ No-response _ 3 )
c. a>0, and the function Eas-equal roots
Response Frequency | Response + Frequency :j/
Max imum 0 . 0o ' C
Minimum 4 1 8
.No response 1 2 4
' : .3

K]
No response

G " . ,
d. - bi-4ac>0, b=0, and >0 °

X
v

No response

Response Fregquency | Resgponse Freguency
Max imum Q 0 :
Minimum 1 1 |
No response 5 2 9
4
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Student Questionnaire

.

As you are prob&b&é aware, we have been using the -
computer in your math class as part of a research project 1
am conductlng while study1ng at the University. The research
project was designed to investigate the use of computers 1n
mathematics and to concentrate spec1f1cally on the following
areas:

‘-

1. to determine how computers can be used 1p

. mathematics; &

2. to determine if the use of computers helps students
learn mathemati:s any better than the regular approaches to
mathematics; and, .

3. to determlne how the students and teacher involved
in the project feel about using the computer in mathematics.

The purpose of this guestionnaire is to gain feedback from .
you in regards to the third point listed above.

¢

Please answer the following guestions as truthfully and
~candidly as possible. I would appreciate any feedback you -
can give me above and beyond the specific questlonc included

" in this booklet. : :

If you do 1ot feel comfortable answering the questions,
'please submit the bocklet as 1is.

1 4

This is not a test of any sort, and the information
will not be used in any way to determlne your grade in this
course.

N
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[ W=,

The purpose of the following questxons is for you to give me
your general opinions about computers and programming. There
are no right or wrong answers, .Please circle the response
that best describes how you feel about the st atements. The
responses are:

. ‘ | o
SD -- Strongly Disagree
D -- Disagree
N -- No opinion
A -- Agree
SA -- Strongly Agree
a) I enjoyed using the computer . | Sb D N A SA
"b) 1 feel confident about my ablllty SD D N A SA
' . to use computers. _ .
c) The time I spent on the computer SO DN A SA
was worthwhile. :
d) Writing computer programs helped . SO D N A SA
me learn. -
e) Using the computer helped pe SD D A SA
learn more about math. '
"f) I would like to use the computer Sb D N A SA
more in math. :
g) 1 prefer to work by myself on SOb D N A SA
the computer. . ‘

- h) I enjoyed writing computer programs .
more :han I enjoyed using the SD D N A SA
prepaced programs like the "

graphing programs.

- 1) There was adequate time to SO .D N A SA
compl:te the assignments, g ' '

j) Havinj two people teach the unit SD D N A SA
was confusing.

: -
k) The r:gular teacher should teach

both :he classroom and the S D N A SA
microcomputer sessions. ‘
1) Every student -should have some« - SD D N 2 SA
~minimal understandinc of comp «rs, '

m) Every secondary school studer. ,
should be able to write a sxmplw SD D N° A SA
computer program.



n) Computers can be

usefui

instructional aids in many subject SD
areas other than mathematics.

o) The use of computers in education
results in less personal treatment SD

of students.

p) Computers are gaining too much SD
control over people's lives.

.-~
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2. Before us1ng the computer in math, d1d you have any

previous experierice
( )

I1f you answered yes,

with computers?

-

Yes ) - ) No

please explain whete you have used a
computer before and the amount of 1nvolvement you had.

3. Did you have any difficulty operating the computer?

()

Yes ‘ ( ) No

1f yes, please explain tie-kind of difficulties you had.

.
’ g
’g‘ ¢

4, What did you like most about uéing the computer in math?
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5. What did you like least about using the computer in math?

N

Which assignment(s) did you like the most? Why?

7. Which assignments did'you like the least? Why?

’

-Fhe following space is provided for you to make any
add1t1onal comments about the project or the use of
computers in mathematlcs

Thank you Ver§ much for your help during the past month
and a half through your involvement in the project. I have
really enjoyed working with you.

Karen Miklos



