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Abstract

Centrifugal separators have many applications in industry. Comprehensive infor-

mation based on performance and energy consumption for a detailed comparison

between different types of centrifugal separators is essential to allow design opti-

mization and is the focus of this work.

Equivalent settling area factor is typically used to compare and scale up cen-

trifuge separators. A performance chart based on this factor is available in the lit-

erature that compares the performance of different centrifuge separators including

hydrocyclones. However, the available performance chart for centrifuge separators

is problematic in terms of over-predicting the hydrocyclone performance and not

being updated for the progresses in the centrifuges technologies.

Predicting the equivalent settling area of the hydrocyclones is important for se-

lection and design of the device. It also allows comparison of hydrocyclones to

other separators that work using a similar concept. A mathematical model based

on the physics of the separation phenomenon in the reverse flow hydrocyclones is

developed to predict the equivalent area factor of the hydrocyclone. A framework

for comparing performance with an updated performance chart for four types of

centrifugal separators and a comparison with a continuous gravity settling tank is

described. A model and chart for performance and energy consumption, which
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makes it possible to compare different separators, is a key result of this work which

extends current available handbooks and guidelines.

Studying the effect of using a pump in the underflow on the operating conditions

is another focus of this study. This effect can be used for controlling the device as

the underflow of the hydrocyclone is usually adjusted to overcome the variable con-

ditions of the feed flow to achieve a desired performance. It is observed that a pump

in the underflow through either back pressure or by pump suction allows simulating

the function of underflow variable pipe size or valves to control the flow rate. An

empirical correlation is developed in this research for the effect of underflow pump-

ing that can be used to predict the pumping influence on the hydrocyclone operating

variables and for controlling the hydrocyclone performance.

Keywords: hydrocyclone, separation, performance, energy consumption, equiv-

alent settling area, underflow pumping, design chart, centrifugal separator
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Chapter 1

Introduction1

1.1 Introduction to separation technologies

Separation of particles from a fluid, is an important part of many industries such as

in the production of medical products, food, chemical plants and oil industries. This

is either to improve the quality of products or to make easier process for other ap-

paratus or to protect environment from undesired waste materials. There are many

separation techniques which are used in industry and laboratories, particularly for

liquids. These can be categorizing based on the forces employed for separation or

phases which are involve or chemicals that are used. Force due to gravity or cen-

trifugal field, acoustic force and electrical forces are some of the forces that are

used in separation [16]. For the phase based separation, solid, liquid and gas are

1Parts of this chapter are based on R. Sabbagh, M. G. Lipsett, C. R. Koch, D. S. Nobes, Hydro-
cyclone Performance and Energy Consumption Prediction: A Comparison with Other centrifugal
Separators, Separation Science and Technology, 50(6): 788-801, 2015 [15]
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the three main phases for classification of the separation techniques. Typically, the

major component in the mixture is important to determine the separation method.

A list of separation techniques is presented in Appendix A-1 which lists different

techniques depend on the phases in the mixtures. Solid-liquid separation techniques

and ranges of application are listed in Appendix A-2. Particle size is another im-

portant parameter in categorizing the separation techniques. Fine, coarse, micro [8]

are some terms that are typically used in this field. However, there is no unique

definition to categorize particle sizes or particle size based separation techniques.

A sample terminology for particle size is provided in Appendix A-3.

Physical separation processes such as centrifugal separators have many applica-

tions in industry [17, 18]. Industrial devices have process flows comprising at least

two different phases, such as solid particles in a fluid or gas bubbles in a liquid. Sep-

aration of phases is often necessary and so separation devices are employed. Some

separation processes must be done at very large scale, especially for large industrial

users of water. To both minimize clean water use and to improve process efficiency,

water re-use or recycling [6] is becoming more prevalent, requiring separation of

solid particulate from water.

Several types of solid/liquid separators based on different operating principles

are commercially available, including but not limited to: vacuum and pressure fil-

tration, gravity settlers and filtration, centrifugal separators, and force field separa-

tors [12, 16]. Focusing on centrifugal-based separation technology, the literature

highlights that centrifuges can be used over a broad range of particles, from fine

particles (< 5 µm) to coarse particles (> 50 µm) making them an important tool

for industry [18]. It is important to a have a suitable methodology for design and
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comparison for process efficiency and operating cost.

1.2 Background theory

1.2.1 Equivalent area factor

A physical solid-liquid separator is studied by comparing the settling velocity and

flow rate to a simple separation device analogy such as a continuous gravity settling

tank [19, 20]. A schematic of the continuous gravity settling tank is shown in

Fig. 1.1. For a settling tank with height h, the time needed for a particle to reach the

bottom of the tank, the settling time ts, is obtained from the particle characteristic

settling velocity vs as:

ts =
h

vs
(1.1)

Figure 1.1: Schematic of a continuous gravity settling tank

Particle settling time in the tank should be at least equal to the tank residence

time for separation to occur. The particle residence time in a continuous gravity
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settling tank is dependent on the flow rate and volume of the tank. Particle residence

time tr is represented as:

tr =
Ah

Q
(1.2)

where A is tank surface area and Q is volume flow rate. Eqs. (1.1) and (1.2) can

then be equated, simplified and rearranged to give:

Q = vsA (1.3)

which relates volume flow rate to characteristic settling velocity through the surface

area of the settling tank. This relation shows that for a tank with unit surface area,

the value of characteristic settling velocity is equal to the amount of flow rate.

Using this analogy, an equivalent area factor [21] is defined for centrifuge sep-

arators. For a distribution of particles in operation, volume flow rate and gravity

settling velocity are correlated [22] and a relation is derived for equivalent area

factor (Σ), also called theoretical capacity factor [23] such that:

Q = 2vgΣ (1.4)

Here, a 50% cut size, where 50% of particles (by mass) which are larger (smaller)

than this size pass through each of the outlets of the separator, is used. This size

represent separation efficiency of 50%. This size is defined in Fig. 1.2 on a sample

separation efficiency curve. The particle size associated with the efficiency equal to

0.5 (50%) is the 50% cut size [24]. The particle 50% cut size is represented by d50

and called separation cut size or simply cut size.

The settling velocity vg under gravitational acceleration (not under centrifugal

acceleration) is calculated using Stokes’ law [25] such that:

FD = 3µπUd (1.5)
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Figure 1.2: Definition of cut size on separation efficiency curve

where FD is drag force on a sphere particle with diameter d suspended in a flow

with velocity U and µ is dynamic viscosity of the fluid. For a particle that settles

with settling velocity vg, balancing the drag force with buoyancy Fb and weight

force Fw gives [22]:

FD = Fw − Fb = msg −mlg = mg (1.6)

where g is gravitational acceleration, ml is mass of the liquid particle transported

due to movement of the solid particle with mass ms and m is the mass difference

between solid and liquid particles. Replacing these masses with density and volume

of the liquid and solid particles and replacing U with vg results in:

3µπvgd = (ρs − ρ)V g = ∆ρ
πd3

6
g (1.7)

vg =
∆ρd2g

18µ
(1.8)
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where V is volume of the particle (that is equal for solid volume and volume of

liquid particle transported due to movement of the solid particle), ∆ρ is density

difference between phases equals (ρs − ρ) and d is particle diameter that is typ-

ically 50% cut size particle. Deviation from the assumptions used in developing

Stokes’ law results in deviation of Eq. (1.8) from theory. Non spherical particles,

hindered settling [26], non Newtonian liquid and non uniform flow invalidate the

Stokes’ law assumptions. It implies from Eq. (1.8) that increasing the particle size,

density difference and gravitational force and reducing the liquid viscosity can im-

prove sedimentation of the particle. Among these parameters, increasing the gravi-

tational force is a key element in developing centrifuge separators.

In a centrifuge separator, the gravity acceleration is replaced with a high accel-

eration field due to centrifugation. This results in increasing the force on particle

which in turns increases the settling velocity. Therefore, for a similar settling area, a

centrifuge separator can process more flow compared to a gravity settling tank. Re-

placing the gravity with centrifugal acceleration, the settling velocity in a centrifuge

vc with angular velocity ω can be written as [27, 28]:

vc =
∆ρd2

18µ
rω2 (1.9)

This can be rearranged in the following form:

vc = vg
rω2

g
(1.10)

In an analogous with Eq. (1.4) for a centrifuge separator:

Q = 2vg
rω2

g
Ac (1.11)

where Ac is the settling area of a centrifuge device. The term rω2

g
Ac is known as the
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equivalent settling area of a centrifuge device and is calculated for different types

of centrifugal separators [22].

1.2.2 Hindered settling

Typically increasing the concentration bring the particles closer to each other, which

in turn allows them to cluster. This should increase the settling velocity, however,

in most situations such as the flow in a hydrocyclone (where the shear rate is high)

the cluster does not survive and the settling rate reduces with increasing concentra-

tion [29]. This is known as hindered settling [26] and is mathematically combined

with the settling velocity relation and a function of concentration such that:

vh = vgf(c) (1.12)

where vh represents the hindered settling velocity and c is solid volume concentra-

tion in the mixture [30].

One dimensional models are usually developed to predict the hindered settling

velocity [31]. These models assume that there is no flow across the directions other

than the settling direction. This assumption can represent many phenomena in the

real world applications [31]. The one dimensional assumption brakes where the

particles are considerably large compared to the settling distance as the ratio of the

particle diameter to the settling distance is greater than 10−4 [31].

A well-known relation for the effect of concentration on Stokes (gravitational)

settling velocity has been proposed by Richardson and Zaki [32]. It has been ob-

served that the settling velocity changes with changes in the solid fraction c in the

mixture such that the Stokes settling velocity vg multiplies in (1− c)k and k is a co-

efficient that is experimentally determined to be 4.75 [32]. Several researches have

7



been dedicated to this subject such as [31, 33–36]. A method for determining k is

presented in [36] and it is shown that the value of k is dependent on the material

and may vary significantly from what is suggested by Richardson and Zaki [32].

For sand particles, a review of the settling models can be found in [30].

8



1.3 Literature review

Centrifuges or centrifugal separators are types of separators that are used either to

separate or classify particles. These devices are categorized as fixed wall or mov-

ing wall separators. Comparisons of performance and energy consumption in such

equipment are important for device selection and design. Particularly, a compari-

son between the fixed wall and moving wall centrifuge separators can be important

considering the advantages and disadvantages of the two types of centrifugal sepa-

rators.

1.3.1 Centrifugal separators

Centrifuges, also called centrifugal separators, are relatively simple devices that

separate particles from a fluid based on the particle/fluid density difference. In a

gravity separator, particles are separated with a settling velocity under the influence

of gravity, which is calculated using Stokes’ law [25]. Centrifuges increase the

sedimentation efficiency through increasing particle settling velocity. This can be

achieved by accelerating the particle/fluid mix in a high curvature rotating field,

often aligned normal to the gravitational field. A much larger force than weight due

to gravity can be realized on the denser phase, causing the dense material to move

toward the outer wall of the device. The dense phase leaves the field (and the device)

typically at the outside radial location. Conversely, the less dense phase is forced

toward the center and leaves the separator on the centerline of the rotating field. The

rate that separation occurs is governed by the G-factor, the ratio of acceleration

in the centrifugal field to the acceleration in a gravity field. The G-factor may

vary from 70 to 65,000 for different centrifuge devices depending on their size
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and design specifications [16]. With the potential to apply such a strong force on

suspended particles, centrifuges are commonly used in industry for separation as

they have simple construction, handle a variety of flow rate throughput, and operate

in either a batch or a continuous process [18].

Solid-liquid centrifugal separators can be sub-divided into either moving wall

or fixed wall (hydrocyclone) categories as shown in Fig. 1.3. Tubular bowl [37],

scroll decanter [38] and disc stack machine [39] are different types of rotary/moving

wall centrifuges that can be employed for both solid-liquid sedimentation sepa-

ration or for liquid-liquid separation [37]. Tubular bowl centrifuges can handle

small throughputs with low concentration and can be used in semi-continuous pro-

cesses [16]. Decanters can handle a variety of sludge in large amounts even with

high concentration systems but they may have poor quality in outlet liquid and are

more affected by fluctuations in the inlet feed [40]. Higher maintenance costs and

a high wear rate are disadvantages for this type of separator. Similarly, disc stack

centrifuges can be employed for large throughputs of sludge with finer particles

and produce supernatant of good quality [40]. However, disc centrifuges have high

maintenance requirements as they are complex and expensive devices and larger

particles may cause them to clog [16].

The equivalent area factor Σ, (with SI units of m2) of a gravity settling tank

with the same separation capability as a centrifuge that has the same equivalent

area factor can be calculated. Here, it is assumed that an individual particles settle

without any interaction with other particles, as opposed to hindered settling [32].

Equivalent area factor (capacity factor ) for a tubular bowl, disc stack and scroll

decanter centrifuge separators have been derived by Ambler [22] and are defined
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Figure 1.3: Types of centrifugal separators

as:

Σtubular =
2πlω2

g
(
3

4
r2

2 +
1

4
r2

1) (1.13)

Σdisc stack =
2πndω

2(r3
2 − r3

1)

3g tan θ
(1.14)

Σdecanter =
2πω2

g
[l1(

3r2
2 + r2

1

4
) + l2(

r2
2 + 3r1r2 + 4r2

1

8
)] (1.15)

where ω is angular velocity of centrifuge device, and nd is the number of discs in a

disc stack centrifuge. A number of specific geometric parameters are also needed

for each specific design type. The definition of each of these is illustrated in Fig. 1.4

to Fig. 1.6 for the corresponding device. Each figure shows the location of a single

particle in relation to geometric features of the different separators.

Considering Eq. (1.4), the ratio of volume flow rate to equivalent area factor

Q/Σ is the characteristic velocity of the system. That is, twice the settling velocity
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of particles at the particle cut size under gravitational settling. Knowing properties

of the particle and fluid, it is possible to find the diameter of a particle that is settling

in a separator by utilizing Stokes’ settling velocity. Higher values for Q/Σ indicate

larger particle separated in a centrifuge as a result of either higher flow rate or

smaller capacity factor. The equivalent area factor can be applied for evaluating the

performance of different centrifugal separation devices [22].

Figure 1.4: Schematic of tubular bowl centrifuge with a settling particle
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Figure 1.5: Schematic of two discs in disc stack centrifuge with a settling particle

Figure 1.6: Schematic of decanter centrifuge
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1.3.2 The Lavanchy chart

Centrifuge separators are usually designed through a scaling procedure using scal-

ing factors. Since these factors are calculated based on simplifying assumptions

such as Stokes’ law and evenly distributed particle sizes, they are usually augmented

by empirical correlations. The equivalent settling area factor, Σ is a scaling param-

eter proposed by assuming plug flow in a centrifuge device [22]. Equivalent area

factor is an indication of separation device performance compared to a continuous

gravity settling tank. This factor is combined with flow rate to design geometrically

similar centrifuges. To overcome the simplifications used in deriving the equivalent

area factor, this factor is multiplied by an efficiency factor to obtain the scaled-up

overflow. Efficiency factors are documented in the literature and are 0.45-0.73 for

disc stack centrifuges, 0.54-0.67 for scroll decanters, and 0.90-0.98 for tubular bowl

centrifuges, respectively [41].

Selecting a centrifuge for a specific application is also dependent on many

other parameters that are installation or application specific. These include: de-

sired particle size in the outlet, cost of installation and operation, space availabil-

ity, working environment, and properties of the feed flow. For instance, tubular

bowl centrifuges can treat solid volume concentration of 0-4% whereas this range is

1%-30% and 5%-80% for continuous nozzle disc and decanter centrifuges respec-

tively [42]. During the development of centrifuge technology several guidelines for

selecting centrifugal separators have been developed that provide recommendations

based on the type of application, concentration of mixtures, and particle size in the

phases [43–45]. Terminology used to define particles and particle size are described

in Appendix A-3 Most of these guidelines, as in [9], are based on particle size and
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inflow concentration.

Utilizing an empirical correlation and theoretical model, [23] generated a lim-

ited performance and energy chart for comparing hydrocyclones and disc centrifuges.

Later, following Keith’s study [23], Lavanchy et al. [10] proposed a performance

chart for comparing centrifugal separators along with hydrocyclones. This chart is

regenerated in Fig. 1.7 and has been used as a guideline chart for sedimentation cen-

trifuge separators selection and design [9, 12]. The Lavanchy et al.’s performance

chart (LPC) [10] represents centrifugal devices performance utilizing twice gravi-

tational settling velocity of particles 2vg and volumetric flow rate Q on logarithmic

scales. For a known density difference between phases, fluid properties and particle

size the gravitational settling velocity is calculated and knowing the process flow

one or more appropriate devices can be determined from the chart. It also shows the

limits of each device for the amount of flow that can process or the range of settling

velocity of the particles that can be separated by a separator. Since settling velocity

is a function of particle size, this leads to a range for particle size in separation for

each device. It also shows how effective a centrifuge separator is comparing the

performance of a continuous gravity settling tank with unit settling area of 1 m2.

This chart allows the selection of a centrifugal device for a specific separation

application based on the flow properties such as the flow rate in the process, density

difference between the solid and liquid phases and the required separated particle

size. Knowing the densities, fluid properties and the particle size the gravity settling

velocity is obtained from Eq. (1.8). The amount of the flow rate together with this

settling velocity can refer to a point on the chart within the region of a separator

device. This separator device can be a desired separator for such flow properties.
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When there is an overlap between the devices, there is more options than a single

device to process the flow. The LPC is introduced in the literature as a guideline

chart for selection and design of centrifugal separators [9, 12, 38, 46].
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Figure 1.7: Performance of sedimentation equipment; regenerated from [9]

Although the chart provides a good tool for selecting the device, it cannot show

which device is better when there is an overlap on their performance region on the

chart. This needs more information to help selecting a device such as the concentra-

tion of the particles in the process. The energy consumption analysis can also help

in solving such issue. The LPC [10] initially published in 1964 and was republished

by [46] in 2005 with no changes. Hence, it is expected that the chart does not take

into account ant progress in the centrifuge technologies. Using the hydrocyclone

performance chart and the particle size associated with it from [46], it is also found

that the chart cannot predict the common types of hydrocyclone performance.
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The determination process behind this chart has not been released in details.

Clearly, some minimum and maximum values for equivalent area factor of different

centrifuge separators have been used to derive a performance range for each device.

It is not clear, however, how those values are obtained. The derivation method of

the equivalent area factor for hydrocyclone is not clear, too. Therefore, there is a

need to evaluate the LPC to examine how well it predicts the performance of the

centrifugal separators of the current technology in order to update it into a more

effective chart.

While centrifuge separators are still operating according to designs that date

back to original concepts, recent information [47] shows that current separators are

designed with larger equivalent area factor values. Although the LPC [10] has been

applied as a guideline performance chart for centrifugal separator for many years, a

design method based on information related to the latest progress in centrifugation

technology would improve predictions. It should also have the capability to be used

as a part of a model for comparative evaluation of energy and performance for a

wider set of devices.

Energy consumption is another important factor that should be considered along

with separation performance in the selection and design of centrifugal separators.

While there has been some research related to the cost of centrifugation, those stud-

ies have restricted the cost to parameters such as materials, manufacturing, and in-

stallation [48, 49]. Empirical correlations and studies investigating disc centrifuges

and hydrocyclones to predict the operating specific energy consumption are consid-

ered in [23]. Other than that, operational or settling-related energy efficiencies of

different centrifuge separator devices have not been compared in the literature. Al-

17



though different centrifuges are used in a variety of applications, it is important to

have a good understanding about their energy consumption in a specific application

and there is still a need for further investigation into energy consumption of other

different sedimentation centrifuge separators.

1.3.3 Hydrocyclones

Hydrocyclones are used in industrial processes to separate liquid or solid particles

from a liquid phase of a different density [6, 50–55]. Hydrocyclones have a fixed

wall for the separation chamber and are based on implementing a centrifuge force

that is generated by a tangential inlet of a high velocity stream into the cyclone

chamber. Interaction with the wall turns the flow, creating centrifugal acceleration

force which drives the separation of the particles from the liquid. The mixture is

usually pumped to the inlet pipe where it is directed tangentially to the hydrocyclone

chamber. The flow starts to rotate and the centrifugal force due to rotation pushes

the denser phase toward the hydrocyclone wall where it is separated. The separated

particles leave the chamber through the outlet pipe. However, since separation is

not perfect, a portion of each phase leaves the hydrocyclone at both the overflow

and underflow.

Compared to other types of centrifuge separators, hydrocyclones have no mov-

ing parts and therefore have low maintenance costs [13]. Hydrocyclones are consid-

ered to be relatively low capital cost devices that are easy to install [13]. They are

inexpensive to construct and they need little space for installation and operation.

High capacity and simplicity are of the other advantages of this separation appa-

ratus [54]. Hydrocyclones are sensitive to flow rate and they produce wall shear
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forces that result in wear [29]. In addition, the flow has a limited residence time un-

der the high G-factor loading for achieving separation of the particle/fluid stream.

This specific feature of hydrocyclones makes them different from other centrifugal

separators in both design and application. Although both centrifuges and hydrocy-

clones are possibilities as compact separators, when the available space is a limit

for selecting a separator device, the chosen separator is usually a hydrocyclone due

to economic reasons [56].

To understand the swirling flow in the hydrocyclone, the flow pattern has been

investigated through experimental measurement of velocity components [7, 57–

61]. In addition, models have been developed to predict the hydrocyclone behav-

ior [5, 62–70]. These include empirical models [1, 5, 66, 71], analytically devel-

oped models on the basis of physics of flow in the hydrocyclone [62–64, 67, 69, 72]

and more often, numerical models [73–75]. Review of such studies can be found

in [73, 76–78]. Although models have been developed to predict the performance

of the hydrocyclones, these models are not in a form that allows direct comparison

with other types of centrifugal separators.

The equivalent settling area is a concept used to compare the performance and

scaling up of different centrifugal separators [12, 20]. For hydrocyclones, despite

the importance of the performance in terms of the equivalent area there is limited

available information for developing the equivalent area [15, 79]. A mathematical

model to obtain the equivalent settling area of the device is lacking in the literature.

As the equivalent settling area in centrifuges is derived for a cut size particle in the

device, such a model should be based on the same concept to make it possible to

be compared with other centrifuge separators. This concept is known as residence
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time theory. A model has been proposed by [23] for determining equivalent area

in hydrocyclones, but the derivation technique has not been fully explained. It is

also observed that the proposed model uses the relations in [62, 80] for tangential

velocity that are based on equilibrium orbit theory [13] which is inherently different

from residence time theory [13].

Geometry

A schematics of a hydrocyclone and its components are shown in Fig. 1.8. Hy-

drocyclones typically have a cylindrical section at the top attached to a cone shape

portion in the bottom. The length of the cylindrical and conical portions vary from

manufacturer to manufacturer. In some cases the cylindrical section in extended

to the bottom and the conical section is removed. Two well-known geometrically

similar hydrocyclones are Rietema [12] and Bradley hydrocyclones [12]. These hy-

drocyclones are similar in shape but different in size and cone angle. The cylindrical

portion diameter is used to define the size of other components of the hydrocyclone

including the inlet, overflow and underflow diameters, vortex finder, cylindrical

portion and total length in a hydrocyclone as they are proportional to the diame-

ter of the cylindrical portion shown in Fig. 1.8. The hydrocyclone diameter varies

between 10 mm and 2.5 m [81].

Inlet pipe

The inlet pipe in a hydrocyclone has either a circular or a rectangular cross-

section. This pipe is attached to the cylindrical portion of the hydrocyclone in a

way that conducts the flow to follow the geometry of hydrocyclone wall to provide

a smooth flow pattern. Tangential and involuted entry are two common types of

inlet geometries. Some hydrocyclones are designed with more than one inlet pipe
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Figure 1.8: Trajectory of particles in a hydrocyclone and the definition of the hy-
drocyclone portions

to achieve a better symmetry in the flow [82]. Increasing the inlet pipe size results

in reducing the inlet kinetic energy and hence increases the separated particle size.

Overflow pipe

This pipe is attached to the cylindrical portion on the top and extended into the

hydrocyclone. The extended portion of this pipe is called the vortex finder. Finer

particles separated from the mixture leave the hydrocyclone through the overflow

pipe. This is usually known as the clean part of the separation in hydrocyclones

with solid-liquid mixtures. Increasing the overflow pipe size increases the amount

of coarse particles in the underflow [13].

Underflow pipe

The pipe that the coarse part of the separation pass through it is known as the

underflow pipe and the section is some times called the apex or spigot. This pipe
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has an important role in hydrocyclones as it is used to control the separation perfor-

mance. The shape of the underflow may vary from a spray (or umbrella) shape [83]

to a rope shape [83] and is an indication of the effectiveness of the separation.

Changing the underflow pipe size affects the shape of the underflow slurry. Re-

ducing the apex size results in increasing the coarser particles in the underflow and

reduces the portion of the flow that leaves the hydrocyclone through the underflow

pipe [13].

Flow rate and pressure drop

Pressure drop and flow rate are interdependent variables for a hydrocyclone.

The pressure drop is typically considered the difference between inlet pressure and

the overflow pressure. This is approximately equal to the square of the flow rate [13]

(∆P ∼ Q2). Typically, pressure drop increases with flow rate to the power of

greater than two. Experimental correlations show that the pressure drop and flow

rate are connected to each other through other variables such as design parameters

and feed solid concentration. Some of the empirical correlations are investigated

in [1]. The pressure drop in hydrocyclones varies between 34 kPa to 586 kPa and

the feed flow rate varies between 0.1 m3/hr to 7,200 m3/hr depending on the hydro-

cyclone diameter [81].

Particles

As the separation in hydrocyclones are based on density difference, there should

be a finite difference between density of solid particle and liquid phase. Increasing

the density difference increases the separation performance. The shape and size

of the particles affect the separation. Particle shape directly influences the settling

velocity as the drag force changes with the shape [82]. Large particles usually
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sediment to the hydrocyclone wall and are separated. The fine particles however

may entrain with the liquid phase and leave the hydrocyclone through the overflow

pipe or they may attached to the coarse particles or trapped in the wakes around

the larger particles and particles and go to the underflow portion. This results in a

change in the fine section of the particle size distribution known as the fish hook

effect [70, 84, 85].

Feed concentration

It has been observed that the performance of a hydrocyclone is affected by feed

solid concentration. High concentration of solids in the hydrocyclone leads to lower

settling velocity comparing to the Stokes settling velocity. Influence of inlet solid

concentration on the hydrocyclone performance has been studied theoretically and

experimentally [26, 86]. Increasing the feed concentration and keeping all other

parameters constant results in more particles in the overflow and coarser particles

in the underflow [26]. This has been interpreted as the effect of hindering in ra-

dial direction where particles move toward the wall [26]. Limited capacity of the

underflow diameter and changes in the flow field are named as other reasons for

entrainment of the particles in the hydrocyclone which eventually lead to less effi-

ciency of separation. A reduction in pressure drop at higher flow rates has also been

related to the effect of hindered settling [26].

Attempts have been undertaken to model the effect of solid concentration in

hydrocyclones by applying a function of solid volume fraction in the mixture c into

a hydrocyclone performance model [5, 70, 87–89]. Some researches have adopted

the Richardson and Zaki [32] hindered settling correlation into their hydrocyclone

models [87, 90] and some have formed a different nonlinear relation from gravity
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settling relation [70, 91].

As the theoretical solution for the effect of hindered settling is complex, most

of the models are based on experimental correlations. Performing the experiments

and developing experimental correlations for sets of different designs of hydrocy-

clones, [5] shows that concentration affects the hydrocyclone parameters (such as

pressure drop, flow rate and cut size).

Flow control

The separation performance of a hydrocyclone is affected by the inlet flow con-

ditions. This is a major disadvantage of hydrocyclones [92] when the upstream flow

conditions fluctuate. In a solid-liquid hydrocyclone, changes in the inlet flow rate,

particle size distribution, particle shape and concentration affect the outlets flow

properties. Changes in the separation efficiency as a function of the separation cut

size (the particle size that has 50% chance of being separated in the device) and the

flow ratio (the ratio of the volumetric underflow flow rate to the feed flow rate) are

observed. For some operating conditions, this may lead to impracticability of using

a hydrocyclone at some conditions. Controlling the hydrocyclone performance is

desired to avoid such conditions [13].

There are several methods available for monitoring and controlling the hydrocy-

clone performance. These methods are either based on the shape of the air core [93–

96], the internal particle distribution [97] or the shape (spray/rope) or other proper-

ties of the underflow [83, 98]. The control typically actuates a flow stream at either

of the inlet [99] or the outlets [100, 101]. For instance, a set of hydrocyclones that

are used in a group have been controlled by regulating the overflow [92]. Other

methods include injecting water through the hydrocyclone wall [102], water injec-
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tion to the underflow discharge pipe [103] or using an electrical hydrocyclone [90]

which can be used to control the device separation performance.

The flow stream in a hydrocyclone is usually controlled by changing the geom-

etry and particularly by changing the apex size (shown in Fig. 1.8). Changing the

apex size changes the underflow capacity and therefore the solid concentration and

the separation cut size [104, 105]. Commercial hydrocyclones are often supplied

with several replaceable orifice sizes to allow the appropriate size to be used based

on typical operating conditions. In addition, several designs for the underflow ori-

fice are available [6, 13]. Different types of discharge orifices that are used for

manipulating the underflow are discussed in [13].

Since changing the underflow diameter is not always feasible, a valve at the un-

derflow is also used to control the flow [6]. This valve is adjusted either manually

or automatically by a control valve. However, this method has the risk of blocking

the apex and should be used with caution. Although solutions to avoid apex block-

age have been developed, both changing the apex pipe size or using a throttling

valve at the underflow have the disadvantage of increased chance of clogging in the

underflow pipe.
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1.3.4 Summary

The literature review shows there is a need to compare the performance and energy

consumption of the centrifuge separators with hydrocyclones. The equivalent area

factor can be used as a useful criterion for performance comparison. A guideline

performance chart published in 1964 (LPC) was discussed. The determination pro-

cedure for the charts has not been fully explained in the literature. In addition, no

evidence has been found in the literature showing that the chart areas have been val-

idated for centrifuge separators or hydrocyclones. It was highlighted that a model

that can predict the equivalent area of hydrocyclones is lacking in the literature.

Therefore, LPC needs to be evaluated for the performance of the centrifugal de-

vice to verify the functionality of the chart and to update it for the progresses in

centrifuge technology since 1964. Also, a model to predict the performance of a

hydrocyclone device in terms of equivalent area factor needs to be developed.
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1.4 Scope and objectives

The main objectives of this thesis that define the scope of the work are:

• development of a method to compare the performance and energy consump-

tion of hydrocyclones with other centrifugal devices,

• theoretical and experimental study of the developed model that describes the

equivalent area factor for hydrocyclones,

• investigation of the effect of solid concentration on the equivalent area factor,

• investigation of the effect of hydrocyclone underflow pumping in order to be

used as a control technique.

To achieve the objectives, the equivalent settling area factor is used as an impor-

tant criterion for comparing the performance of the centrifugal separator equipment.

This factor is calculated for centrifuge separator according to the most recent avail-

able information in the literature for the current technologies of centrifuges and

hydrocyclones and the LPC performance chart is evaluated.

A mathematical model is also developed to predict the hydrocyclone perfor-

mance and the results are compared with the performance of the centrifuge sepa-

rators. The specific energy consumption in the centrifugal separators is calculated

by developing a mathematical model. This model considers the forces applied on

a particle that is suspended in a centrifugal field and obtains the amount of energy

that is consumed to sediment the particle in a centrifugal separator.

The developed model for hydrocyclone performance is validated by perform-

ing a set of experiments at different operating conditions. This model is further
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investigated and modified for the effect of concentration and is validated using the

experimental data.

To investigate the underflow pumping effect, a test rig is designed and built

for this study using a commercial hydrocyclone. The setup is equipped with an

underflow pumping device to experimentally study this effect on a hydrocyclone

performance. An empirical correlation is also developed to predict the underflow

pumping effect on hydrocyclone operating variables.
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1.5 Thesis organization

In Chapter 1 the research is introduced and the background theory of this research

project is explained. A detailed literature review for centrifuges and hydrocyclone

performance and energy consumption modeling is provided with a focus on identi-

fying and developing a criterion and its application for comparing the performance

of the hydrocyclone and other centrifuges. Following the literature review, the re-

search objectives and the scope of the work and the organization of the thesis are

described.

In Chapter 2, a semi-empirical model is developed to predict hydrocyclone per-

formance. This model and available information from the literature are used to

develop a performance chart that allows comparing the performance of different

centrifugal separators including hydrocyclones. This performance chart is com-

pared with an available chart in the literature and the differences between the charts

are detailed by highlighting the need for developing a mathematical model for hy-

drocyclones. A theoretical model is also developed in this chapter to predict the

energy consumption required to sediment a single particle in a centrifuge or hydro-

cyclone separator. This model is a basis for developing an energy chart to compare

the energy consumption of the devices that is undertaken in this chapter.

In Chapter 3, the experimental setup and procedure are detailed. The test rig

and its features are explained, the details of performing the experiments and parti-

cle sizing are described and a sample data from particles is discussed to help under-

standing the repeatability and reproducibility in sampling. The uncertainty in the

measurements and the accuracy of the measuring device are also detailed and the
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novelty of the experimental setup for pumping the underflow is discussed.

In Chapter 4, the modeling approach for developing a theoretical model for hy-

drocyclone equivalent settling area factor is detailed. A model is developed from the

basic concepts that allows predicting the equivalent area factor for hydrocyclones

under low concentration inlet flow. The model is validated with experimental data

of the current study and literature. The developed model is then used to predict

the tangential velocity profile in hydrocyclones and the result is validated with data

from literature.

In Chapter 5, the equivalent area factor model is modified for the effect of solid

concentration in the inlet flow and details of modification technique is described.

This modified model allows prediction the equivalent area factor under low to high

inlet solid concentration. Guideline charts are developed based on this model that

are helpful in selecting and design of hydrocyclones and comparing the hydrocy-

clone performance with centrifuge separators. An updated performance chart is

provided for the hydrocyclones.

In Chapter 6, the effect of using a pump in the hydrocyclone underflow to con-

trol the system is investigated. The investigation is based on an experimental study

using the novel experimental setup. The experimental data is used to study the

effect of underflow pumping on the bulk flow characteristics. Following the evalu-

ation of the pump effect, an experimental model is developed that allows predicting

the pumping influence on hydrocyclone operating variables.

Finally, in Chapter 7, the main concluding remarks of the analytical and exper-

imental studies of this thesis are explained and the main contributions of this work

are highlighted. Following that, an overview of possible future steps and directions
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of this work and and the research contributions are listed.

In the appendices, a summary of separation techniques (Appendix A-1), solid-

liquid separation methods and range of applications (Appendix A-2), a simple par-

ticle terminology (Appendix A-3) and the uncertainty in calculation of the equiva-

lent area factor in the experiments (Appendix A-4) are provided. The Stokes’ law

assumption for the hydrocyclone and particles used in this research is justified in

Appendix A-5.
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Chapter 2

Modeling performance and energy
consumption1

2.1 Introduction

The importance of separation performance and energy consumption in centrifugal

separators, the significance of the equivalent area factor and the application of the

energy and performance charts were discussed in Chapter 1. It was shown that there

is a lack of a model in the literature to predict the equivalent area for hydrocyclones

from the basic principles of the equivalent area factor. To address this, a predictive

model to compare the performance and energy consumption of the different cen-

trifugal devices to each other and to a simple separation device such as a gravity

settling tank is the focus of this chapter. Using the concept of equivalent area factor

the performance of centrifugal separators are calculated based on the available in-

formation in the literature. For hydrocyclones, an equivalent area factor is modeled

based on a semi-empirical equation from the literature. The performance results

are then compared with Lavanchy et al.’s performance chart (LPC) and discussed.

1Parts of this chapter is based on R. Sabbagh, M. G. Lipsett, C. R. Koch, D. S. Nobes, ”Hydro-
cyclone Performance and Energy Consumption Prediction: A Comparison with Other centrifugal
Separators”, Separation Science and Technology 50(6)(2015) pp 788-801 [15]
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Applying the forces on a single particle sedimenting in a centrifuge separator and

a hydrocyclone the specific energy consumption is modeled. The obtained energy

consumption relations are then used to develop charts that allow comparing the

centrifugal separator devices. The results for performance and energy consump-

tion in hydrocyclones are also compared with experimental data from literature and

discussed in detail.

2.2 Performance chart development for centrifugal
separators

2.2.1 Centrifuge separation performance

Utilizing the equivalent area factors defined in Eqs. (1.13) to (1.15) with Eqs. (1.4)

and (1.8), it is possible to generate a performance chart to compare different cen-

trifugal separators. There are several parameters needed for creating a performance

chart, including flow parameters and system characteristics. Among those param-

eters the equivalent area factor is independent of flow characteristics in centrifuge

separators and is a function of the geometric characteristics of the centrifuge (as

detailed in the previous section). Applying suitable dimensions and angular veloc-

ity of a separator, the equivalent area factor value is calculated from Eqs. (1.13) to

(1.15) for tubular bowl, disc stack and scroll decanter centrifuges. From the settling

velocity, the volume flow rate can be obtained using Eq. (1.4) and an expected range

of typical conditions can be used to develop a performance chart. This process,

from calculating equivalent area factor to calculation of volume flow rate, should

be repeated for several sizes and rotational speeds of each device over the range of
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settling velocities of particles to generate Q and Σ for each device. Data generated

for volume flow rate and settling velocity can be inserted into a chart and bounded

to demonstrate a region of performance for a particular separator. Plotting differ-

ent separators on the same chart then allows for direct comparison of operational

ranges.

While it is vital to know the design parameters of centrifugal separators (such

as physical dimensions, rotational speed, etc.) to obtain the equivalent area factor,

these parameters are proprietary and are not usually readily available. Centrifuge

dimensions and rotational speeds are instead obtained from the literature [47] and

the calculated theoretical equivalent area factor is then multiplied by the efficiency

factor of each device. Efficiency factors in this study were selected to be 0.95 for

tubular bowl centrifuge, 0.70 for a disc stack centrifuge, and 0.62 for a decanter

centrifuge, in agreement with suggested ranges [41].

2.2.2 Overview of hydrocyclones separation performance

For hydrocyclones, unlike other types of centrifugal separators, the speed of rotation

of the flow is not a design parameter as it is a function of the inlet flow rate, which

in turn is directly related to the pressure drop across the hydrocyclone. Hence, the

theoretical equivalent area factor for a hydrocyclone is not simply a characteristic

of the system as with other centrifugal separators. In this work, the performance

of hydrocyclones has been first investigated through empirical correlations in order

to find flow rate and settling velocity. The hydrocyclone used is designed accord-

ing to aspect ratios suggested in [106]. With the aid of empirical correlations, the

separation performance of hydrocyclones is predicted for a range of small to large
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hydrocyclones with diameters from 10 mm to approximately 1000 mm. This is un-

dertaken using the Plitt empirical model [71] which has a good accuracy compared

with other empirical models [66, 107] given as:

∆P =
1.316× 105Q1.78 exp(0.55c)

D0.37D0.94
i (L− l)0.28(D2

u +D2
o)

0.87
(2.1)

d =
0.00269D0.46D0.6

i D1.21
o exp(6.3c)

D0.71
u Q0.45(L− l)0.38(ρs − ρ)0.5

(2.2)

Q = 0.00133∆P 0.56D0.21D0.53
i (L− l)0.16(D2

u +D2
o)

0.49 exp(−0.31c) (2.3)

where Q is inlet volume flow rate, d is 50% cut size, ∆P is the pressure drop

across the hydrocyclone (between the inlet pressure and overflow pipe pressure), µ

is dynamic fluid viscosity, ρ and ρs are liquid and solid densities, c is solid volume

concentration (fraction). SI units must be employed and all other parameters are

hydrocyclone dimensions as defined in Fig. 2.1.

For two cases of small and large solid-liquid density differences of 50 kg/m3 and

3000 kg/m3, pressure drops and particle cut size in the hydrocyclone are obtained

from the Plitt model [71]. This procedure is repeated for several inlet flow rates.

Since pressure drop in hydrocyclones is a function of flow rate, iteration is required.

An initial flow rate is chosen and then corrected according to the pressure drop to be

in the range of 40 to 600 kPa [13] which refers to a minimum and a maximum flow

rate. When calculating the flow rate, the fluid density is assumed to be 1000 kg/m3

with the viscosity of 1 mPa.s (water). Different cases of solid volume concentration

from 0.005 to 0.2 are substituted into Eq. (2.2) for calculating 50% cut size of
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Figure 2.1: A schematic of a hydrocyclone showing basic components and opera-
tion principles

particles. The gravitational settling velocity is calculated from the particle cut size

and Eq. (1.8). This value is utilized to evaluate the separation performance.

Derivation of a equivalent area factor for hydrocyclones is scarce in the liter-

ature. Utilizing an empirical correlation and a theoretical model, Keith [23] tried

to use this concept for hydrocyclones and developed an equivalent area factor re-

lation. Assuming a simplified settling area for the hydrocyclone Rovinsky [108]

developed an equation supported with empirical coefficients for the equivalent area

factor of a hydrocyclone. Neither of these two works validated their results with
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experimental data. Although the equivalent area factor in hydrocyclone depends on

operation characteristics, it is possible to define an equivalent area factor based on

flow modeling, flow properties and experimental knowledge [106]. The following

is a semi-empirical relation for flow properties in a hydrocyclones developed by

Rietema [106] for a set of geometrically similar hydrocyclones:

d2∆ρL∆P = 3.5µρQ (2.4)

Rearranging Eq. (2.4) to be analogous to Eq. (1.4) and using Eq. (1.8) gives Σ, the

equivalent area factor of a hydrocyclone as:

Q = 2vg(
18L∆P

7ρg
)→ Σhydrocyclone =

18L∆P

7ρg
(2.5)

This semi-empirical equivalent area factor is used to calculate the performance

and is a function of pressure drop between the hydrocyclone inlet and the overflow

outlet. The value of the pressure drop found in the previous section is then used to

calculate the equivalent area factor using Eq. (2.5). Having the value of equivalent

area factor and 50% particle cut size (from Eq. (2.2)) the volume flow rate can be

calculated from Eq. (1.8). Comparing this value with flow rate from Eq. (2.1) can

be an indication of compatibility of performance based on equivalent area factor

and what has been derived from experimental correlations. For an extended region

of applications, the amount of overflow rate (See Fig. 2.1) is considered to be 0.6

to 0.95 of the inlet flow and then this value is used to plot a performance chart for

hydrocyclones.

For the purpose of designing a hydrocyclone and describing the flow parame-

ters in the hydrocyclones a number of correlations are available [1, 107]. Due to

the complex behavior of the system, none of these correlations are sufficient to sat-
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isfactorily describe the full range of hydrocyclones operation [1]. However, it is

possible to provide a useful design procedure based on available correlations. A

design flow chart outlining this procedure is provided in this chapter. A selected

model [5] based on a group of dimensionless parameters for a hydrocyclone design

is detailed following the flow chart. Other available correlations in the literature

for predicting hydrocyclone variables can also be used through this proposed de-

sign procedure provided that the necessary design equations are available and the

limiting assumptions are respected.

2.3 Modeling energy consumption

While a performance chart can be employed as a guideline for designing a sepa-

rator, it does not indicate how much energy is consumed for a particular separation

technique. An energy consumption chart would be useful to help designers to make

the right decision for a specific application. In this research, energy consumption

is obtained using a model of the centrifugal force exerted on a particle to push it

toward the settling wall. To do this, the equivalent area factor of centrifugal sepa-

rators, settling velocity, and volumetric flow rate are assumed to be known, as they

can be calculated using the equations in the previous section. All of the assump-

tions applied to derive the separation performance charts still apply. The effect of

cake formation within the centrifuge is ignored and all other work on the particle

except for centrifugal force work is neglected in the energy calculation.

The method of energy calculation is described below, using a bottle centrifuge

separator as a simple example. This procedure is then extended to the other devices.
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Figure 2.2: Schematic of bottle centrifuge along with a settling particle

For the bottle centrifuge separator shown in Fig. 2.2, the work required to settle a

particle is calculated through the integration of centrifugal force through a distance.

In this case, the force is:

F = mrω2 =
∆ρπd3rω2

6
(2.6)

where F is the centrifugal force on the particle, ω is angular velocity of centrifuge

and r is particle distance from the axis of rotation. This force acts toward the cen-

trifuge wall where the particle settles. The effective distance re =
√

(r2
1 + r2

2)/2

is obtained based on the assumption that the particle size is equivalent to the 50%

cut size and can be found by writing a mass balance relation in each hypothetical

volume at both sides of the particle [22]. The total work on the particle is then:

W = mw =

∫ r2

re

Fdr = mω2(
3r2

2 − r2
1 + 2r1r2

8
) (2.7)

where W is the amount of work and w is W/m , m is mass difference between

particle and the fluid it displaces, dr is the element of distance, and r1 and r2 are

the minimum and maximum radius in a centrifuge that a particle can displace as

shown in Fig. 2.2. The particle residence time is used to calculate the amount of

power needed for the settling of a particle by dividing the force by residence time.
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This residence time is obtained using the volume of the centrifuge and the volume

flow rate, which are known from the equivalent area factor and the settling velocity.

Assuming that the particle settles on the wall through the longest possible path, the

power (PR) which is consumed for sedimenting a particle is calculated during the

residence time of the particle in the separator such that:

PR(bottle) =
W

t
=

∆ρd2

18µ
mω4(

3r2
2 − r2

1 + 2r1r2

8 ln r2
r1

) (2.8)

For a 50% cut size and following the same procedure as that of the bottle cen-

trifuge power consumption can be found for tubular bowl, disc stack, and scroll

decanter centrifuge for settling a particle as:

PR(tubular) =
∆ρd2

36µ
mω4(

3r2
2 + r2

1

2
) (2.9)

PR(disc stack) =
∆ρd2

27µ
mω2 2nd(r

3
2 − r3

1)

a(r2
2 − r2

1)
cos θ[

ω2

2
(2r1

a

cos θ
+

a2

(cos θ)2
)+
g(r2 − r1)

tan θ
]

(2.10)

PR(decanter) =
∆ρd2

12µ
mω2[ω2(

3r2
2

4
− r2

1

2
+
r2r1

2
)− 3g

2
(r2 − r1)]

× l1(6r2
2 + 2r2

1) + l2(4r2
1 + r2

2 + 3r2r1)

3l1(r2
2 − r2

1) + l2(r2
2 + r2

1 + r2r1)
(2.11)

The geometric parameters in Eq. (2.9) to (2.11) are shown in Fig. 1.4, Fig. 1.5

and Fig. 1.6. The amount of energy consumption can be obtained per unit volume

of feed flow (kWh/m3) by dividing power consumption by volume flow rate. A cut

size particle in hydrocyclone has the same chance of being in the overflow or the

underflow. Therefore, it is assumed that the vertical velocity of such a particle is

zero. The locus of particles with zero vertical velocity (LZVV) is the the imagi-

nary location where underflow and overflow particle are separated and the vertical
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Figure 2.3: (a) Locus of zero vertical velocity and a single particle in a hydro-
cyclone, (b) cross section of inlet pipe and its wall distances from hydrocyclone
centerline
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component of the velocity vector is zero [13]. This locus is shown on Fig. 2.3(a) as

dashed line.

Calculation of energy consumption in a hydrocyclone using an individual par-

ticle model is problematic as defining a precise relation for equivalent area factor

and determining the variable angular velocity and LZVV is difficult. However, it is

possible to calculate the amount of work needed for sedimenting a single particle

under some simplifying assumptions. Assuming that a particle represents 50% cut

size in the hydrocyclone, it starts its settling from LZVV and moves toward the hy-

drocyclone wall due to centrifugal force as shown in Fig. 2.3(a). Centrifugal force

in a hydrocyclone is related to the tangential velocity component at each radius lo-

cation and this component varies exponentially with radius in the outer vortex as

described in [80]:

vθ =
C

rn
(2.12)

where vθ is the tangential velocity component in the hydrocyclone inlet, r is particle

orbit radius, and n is an empirical exponent, usually between 0.5 and 0.9 [13] in the

outer vortex. The constant C can be obtained from a mass balance and is defined

as:

C =
Q(1− n)

H(r1−n
2 − r1−n

1 )
(2.13)

where Q is the inlet volume flow rate, and r1 and r2 are distances between the inlet

pipe walls and the center line of hydrocyclone as indicated in Fig. 2.3(b), and H is

the inlet pipe height.

The tangential velocity vθ is obtained by combining Eq. (2.12) and (2.13) to

42



give:

vθ=
Q(1−n)

H(r1−n
2 −r1−n

1 )rn
(2.14)

Utilizingthisvelocitycomponent,theamountofworkW forsettlingaparticle

isfoundfromintegrationofcentrifugalforceFfromthefollowingrelationswhen

theparticlemovesfromLZVVtothehydrocyclonewall:

F=m
v2

θ

r
(2.15)

W =
mQ2(1−n)2

2nH2(r1−n
2 −r1−n

1 )2
[(

D1

2
)−2n−(

D2

2
)−2n] (2.16)

whereD1andD2arediametersoftheLZVVandhydrocyclonewallrelativeto

thehydrocyclonecenterline,respectively.Thecentrifugalworkandpowercanbe

calculatedbyconsideringthedistanceaparticleof50%cutsizemovesfromits

separationposition,theLZVVtothehydrocyclonewall.Themaximumdistance

betweenLZVVandthehydrocyclonewalloccursat0.43D whereD ishydrocy-

clonediameter[80],asshowninFig.2.1,andhenceD1=0.43DandD2=D.

Knowingthevolumeflowrateandvolumeofthehydrocycloneitispossibleto

findtheaverageresidencetimeofaparticleinthehydrocyclone[6].Theaverage

residencetimecanbeappliedalongwiththeamountofworkforcalculatingthe

powerthatisconsumedforaparticlesettlinginahydrocyclone. Sinceparticle

massisrelatedtoitsdensityandvolume,Eq.(2.16)canberearrangedtogivethe

power:

PR(hydrocyclone)=
22nd3Q3(0.43D−2n−D−2n)∆ρ[ 1−n

H(r1 n
2 −r1 n

1 )
]2

3n[(L−L1

D−Du
)(D3−D3

u

3
)+D2L1−D2

ol]
(2.17)

Alternatively,similartotheseparationperformancecalculation,itisalsopossi-

bletodirectlyuseempiricalrelationshipstofindtheamountofenergyconsumption
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in a hydrocyclone. Since pressure drop in a hydrocyclone is an indication of energy

consumption per volume flow rate, Eq. (2.1) can be used to find energy consump-

tion for different flow rates. A similar procedure is followed as the one for deriving

the separation performance to generate energy consumption curves. These curves

indicate a region of energy consumption of the device and can be bounded to the

operating region to generate a chart for a hydrocyclone.

2.4 Discussion

The relationships for separation performance and energy consumption of centrifu-

gal separators have been obtained using the above described procedure. For calcu-

lations related to generating separation performance and energy of centrifuges, the

same range of particle settling velocity of the centrifuge devices follows [46]. The

data points for the performance and energy consumption are bounded to show the

device operating region and are used to compare the different separators. The region

of separation performance obtained from the result of calculating the equivalent

area factor is compared with the separation performance resulting from equivalent

area factor reported by Axelsson and Madsen [11]. For hydrocyclones, performance

and energy consumption calculations are compared to data from experimental stud-

ies [1–3] to validate the proposed performance and energy chart. The FLSmidth

Krebs Hydrocyclone company data sheet [4] has also been employed to examine

the results. Raw data from the literature [1–3] and manufacturer data along with

the reported flow rate and pressure drop resulting from their experiments is used to

evaluate the performance and energy consumption and to calculate particle settling
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Figure 2.4: Performance chart for tubular bowl centrifuges. solid lines: LPC [10],
dashed lines: current work, dotted lines: based on Σ from [11].

velocity. The detailed parameters used to obtain the required values for perfor-

mance, energy and calculating settling velocity are given in Table 2.1.

2.4.1 Centrifugal separation performance

The performance calculations for tubular bowl, disc and decanter centrifuges are

shown as dashed lines in Fig. 2.4, Fig. 2.5, and Fig. 2.6. These are compared to

the LPC (solid line). In addition, the minimum and maximum values of equivalent

area factor for centrifugal separators reported by [11], shown as a dotted line, depict

an additional separation performance chart that is used for comparison. The values

for the equivalent area factor are 1,400-4,500 m2, 35,000-180,000 m2 and 400-

25,000 m2 for tubular bowl, disc stack, and scroll decanter, respectively [11].
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Figure 2.5: Performance chart for disc centrifuges. solid lines: LPC [10], dashed
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Figure 2.6: Performance chart for decanter centrifuges. solid lines: LPC [10],
dashed lines: current work, dotted lines: based on Σ from [11].
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In Fig. 2.4 to Fig. 2.6 the maximum performance of centrifuges is clearly higher

than the LPC. In all cases, the maximum flow rate values are in good agreement

with performance chart directly derived from equivalent area factor reported by

Axelsson and Madsen [11]. However, the minimum performance calculated here

represents a lower flow rate and this might be due to a discrepancy between the

more recent data [11] and the data reported in [47] which comes directly from an

earlier work [109]. However, Lavanchy et al. [10] and later Letki and Corner-

Walker [46] have provided limited information on how they determined the settling

velocity ranges and developed their performance chart. It is therefore difficult to

fully critique their derivation method and hence the source of discrepancies between

the charts.

Comparing the maximum separation performance shown in Fig. 2.4 to Fig. 2.6

from the current work with the LPC, the most significant difference is in Fig. 2.6 for

the decanter centrifuge. Here, the flow rate has increased to more than 1000 m3/hr

showing higher performance for the device. Such a flow rate usually belongs to

feeds with coarser particles, which leads to lower bowl speed and hence centrifugal

acceleration and larger bowl diameter (> 1m). For example, a decanter centrifuge

with bowl diameter of 1.35 m (54 inches) can provide a G-factor about 370 and

a maximum throughput of 3520 m3/hr with [110] detailing the improvement in

decenter technology.

Overall, comparing the LPC with the charts obtained in this study, it appears that

while LPC predicted regions of separation performance for centrifuge separators, it

is limited to regions of lower flow rates. One possible reason for this could be due

to changing in technology in recent years. The updated performance chart obtained
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in the current research covers this gap in performance charts to include the latest

technology of centrifuge separators.

2.4.2 Hydrocyclone performance
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Based on Σ from Rietema equation
data 1©
data 2©
data 3©
data 4©

Figure 2.7: Comparison of performance charts with experimental data for hydrocy-
clones

The performance chart obtained for a hydrocyclone (dotted line) is combined

with the LPC (dashed line) in Fig. 2.7. The large discrepancy between these two

charts requires further investigation. To find the applicable region, several ap-

proaches have been considered. The first approach is to compare the charts to

experimental data from the literature and to manufactures data sheets. Also, the

performance obtained based on the equivalent area factor concept is compared.

Evaluating the settling velocity and practical particle size range for the hydrocy-

clones is another approach. These approaches are described below.

The charts in Fig. 2.7 have been evaluated using 61 data points calculated/extracted
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from data reported in experimental studies [1–3] and detailed in Table 2.1. The data

points have been used for computing settling velocity along with values for flow

rate to plot the performance chart in Fig. 2.7. It can be seen that except for a few

data points almost all experimental data are inside the region of the performance

chart obtained in this research. This comparison demonstrates that the LPC is over-

predicting the separation performance of hydrocyclones and predicts a smaller set-

tling velocity and hence that finer particles can be separated using hydrocyclones.

It also shows a lower value for the maximum possible flow rate for hydrocyclones

than what is predicted by the current study and observed in experimental data used.

To further investigate, values of flow rate for a specified volume concentration (1%)

have been calculated using the equivalent area factor of Eq. (2.5) that is based on the

Rietema equation. These values are shown in Fig. 2.7 as ’×’ points. This data also

falls in the same region on the separation performance chart. Both experimental

data points from literature and data based on equivalent area factor concept seems

to confirm that the chart obtained for hydrocyclone performance from this work is

more representative of real hydrocyclone performance compared to the LPC.

Data from a hydrocyclone manufacturer [4] has also been utilized to evaluate

the charts in Fig. 2.7. Taking the liquid as water and 1-2% weight concentration of

silica particles with a 1650 kg/m3 density difference, the settling velocity has been

calculated for a range of hydrocyclone diameter sizes from approximately 1 cm to

40 cm. These data points are shown in Fig. 2.7 as diamonds ’�’. Again, this data

covers a part of plot that belongs to the proposed chart in this study rather than the

one prepared in [10]. This further supports the results of this study in generating

a separation performance region for hydrocyclones. Although some of the points
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are out of the dotted line region (for example the points labeled A©) these can be

explained due to the high pressure design (50 psi) which violates the assumptions

made in this study for calculating flow rate and 50% particle cut size. Point B©

on the right hand side with Q of approximately 4 m3/hr is another outlier that vi-

olates the efficient application region of hydrocyclones, as is shown later. Fig. 2.7

indicates that the chart of Lavanchy et al. [10] is over-predicting the hydrocyclone

performance in terms of settling velocity and hence the particle size.

To further examine the results for a hydrocyclone, the settling velocity range

of 50% cut size is studied. Assuming the liquid viscosity as 1 mPa.s (water), the

settling velocity range was evaluated for two density differences of 1000 kg/m3 and

10 kg/m3. For a range of particle size from 2-250 µm (which is the applicable range

for hydrocyclones [12]) the settling velocity range is 2.2×10−6−3.4×10−2 m/s for

1000 kg/m3 and 2.2× 10−8− 3.4× 10−4 m/s for 10 kg/m3 density difference. This

settling velocity range in the LPC is 1.8×10−7−7.5×10−5 m/s for a hydrocyclone,

which is even smaller than the range obtained for 10 kg/m3 density difference. This

is not a practical range for settling velocity in a real application of hydrocyclones,

where density difference between the phases is the major driver of separation.

Converting the settling velocity from the LPC to particle size by assuming den-

sity difference equals 1000 kg/m3, the particle sizes will vary from about 0.3 µm

to about 7 µm for hydrocyclones operation, which is much lower than what is gen-

erally accepted for hydrocyclones (2 to 250 µm [12] or 5 to 500 µm [16]). This

demonstrates that the charts in [10] and [46] are over predicting the 50% cut size

for a hydrocyclone than what is observed in industry. One reason for this discrep-

ancy could be that the calculations in Lavanchy et al. are based on theory and do
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not take into account the practical performance of hydrocyclones.

2.4.3 Updated performance chart

By considering several criteria including performance, settling velocity range, and

particle sizes, and by comparing experimental studies, it is now possible to propose

an updated general chart for centrifugal separators that includes tubular bowl, disc

stack, scroll decanter and hydrocyclone. As a result, when LPC is replaced by

the updated dotted line for centrifuge separators shown in Fig. 2.4 to Fig. 2.6 an

improved performance prediction of centrifuges is obtained compared to the dashed

line in Fig. 2.4 to Fig. 2.6. The hydrocyclone performance chart on LPC can also be

replaced with the updated hydrocyclone performance chart shown in Fig. 2.7 with

the dashed line.

Fig. 2.8 shows the modified separation performance chart for centrifugal sepa-

rators. This updated chart represents performance of current centrifugal separation

technology based on the latest available information. It represents the range of

settling velocity of the particles, which can be converted to particle size if fluid vis-

cosity and density difference of phases involved in separation are known. This is a

main result of this work and can be used to aid designers.

The performance of the centrifugal devices is also compared to the separation

performance of a continuous gravity settling tank that has unit surface area of 1 m2

in Fig. 2.8. This comparison indicates the increased effectiveness of the device

compared to the gravity settling tank. In other words, it demonstrates the surface

area of a gravity settling tank that can perform similarly to the centrifugal separator

in terms of flow rate and separation efficiency. It is worth noting that not all ap-
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Figure 2.8: Performance chart for centrifugal separator devices along with 1 m2

gravity settling tank considering overflow discharge rate

plications of hydrocyclone are more efficient than a gravity settling tank. Improper

operation of a hydrocyclone may provide poorer separation efficiency than a grav-

ity settling tank. Therefore, a minimum flow rate and pressure drop should be used

to maintain an efficient device and to prevent the performance from falling into the

low performance region.

2.4.4 Energy consumption

The results of the calculation of energy consumption for four types of centrifugal

separators in kWh/(kg.m3) based on the model developed in the previous section for

a single particle are shown in Fig. 2.9. The specified energy consumptions of disc
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stack and tubular bowl centrifuges are similar; and they have higher energy con-

sumption than scroll decanters and hydrocyclones. However, disc centrifuges may

need less energy than tubular bowl separators for sedimenting a certain amount of

solids depending on their operating conditions but are sensitive to the inlet flow

rate. Considering equal flow rates for the different devices, the results shown in

Fig. 2.9 are expected since the hydrocyclone cannot separate fine particles com-

pared to other centrifuge devices. Disc centrifuges and tubular bowls have higher

separation efficiency and usually work with higher G-factors than scroll decanters

and hydrocyclones. Fig. 2.9 also demonstrates that, for the same separation effi-

ciency, hydrocyclone specific energy consumption for single particle sedimentation

is ∼10 to 1000 times less than that of scroll decanter centrifuge.

Fig. 2.9 combined with Fig. 2.8 show the capability of hydrocyclones of han-

dling larger flow rates with lesser energy consumption for particle sedimentation.

The energy consumption chart combined with the performance chart provides de-

sign insight for these separators. It can provide a guideline for selecting a separa-

tor for understanding how much energy is consumed in the device. Energy con-

sumption calculated using pressure drop for hydrocyclones is shown in Fig. 2.10

and compared with a chart presented in [23]. The specific energy consumption

between [23] and this study are comparable but for a different settling velocity

range and hence separation efficiency. This indicates that Keith’s chart [23] is over-

predicting the settling velocity and hence the capability of hydrocyclones in 50%

cut size separation efficiency.

Experimental data from studies [1–3] that detailed in Table 2.1 are also shown

in Fig. 2.10. Experimental values of data 3© are in the region of energy consump-
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of a single particle per unit volume of feed flow and particle mass (50% cut size
settling velocity under gravitational acceleration)
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tion obtained in this study while some reported data of data 1© shows lower energy

consumption than what is predicted in the current study. This can be described by

considering Fig. 2.7 and Fig. 2.8. Contrasting Fig. 2.7 and gravity settling tank per-

formance line with unit surface area in Fig. 2.8, it can be seen that the hydrocyclone

of data 1© produces less efficiency than the settling tank showing less practical ap-

plication of the device with low feed flow rate. This can be a reason for less pressure

drop and hence the reason for consuming less energy than industrial hydrocyclones

as shown in Fig. 2.10. Comparing the chart with the data 4©, it is observed that most

of their data confirm the proposed energy consumption chart but there are some data

outside the predicted range of this study. This is attributed to the high pressure drop

suggestion (345 kPa) for small hydrocyclones (13 mm-50 mm). Overall, data from

the literature and manufacturer performance charts together support the proposed

energy consumption chart, which can be used for future applications.

2.5 Design summary for hydrocyclones

A design flow chart shown in Fig. 2.11 is generated based on the proposed per-

formance chart of the current work. This flow chart can be used to estimate the

hydrocyclone dimensions for a required cut size at a certain available pressure. The

following design flow chart can be used with different empirical models as long as

it matches the requirements of the procedure. However, empirical models for hy-

drocyclone design have some limitations and should be used cautiously to avoid un-

reliable results. A possible set of equations for designing families of geometrically

similar hydrocyclones [5] shown in Fig. 2.1 is provided here and is followed by

the geometric proportions and limits of the equations. For other empirical models
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the relevant equations should be used in the flow chart. For instance, for designing

a hydrocyclone employing the Plitt model [71] Eq. (2.18) to Eq. (2.22) should be

replaced with Eq. (2.1) to Eq. (2.2).

Rw = 1.18

(
D

Do

)5.97(
Du

D

)3.10

Eu−0.54 (2.18)

Stk50Eu = 0.12

(
D

Do

)0.95(
D

L− l

)1.33[
ln(

1

Rw

)

]0.79

exp(12.0c) (2.19)

Eu = 43.5D0.57

(
D

Di

)2.61(
D

D2
o +D2

u

)0.42(
D

L− l

)0.98

Re0.12 exp(−0.51c)

(2.20)

∆P =
ρv2Eu

2
= 36.3D−3.55Q2.12

(
D

Di

)2.61(
D

D2
o +D2

u

)0.42(
D

L− l

)0.98

ρ1.12µ−0.12 exp(−0.51c)

(2.21)

d =

[
18µDStk50

(ρs − ρ)v

]0.5

=
1.173D0.64

D0.475
o (L− l)0.665

[
µρQ

(ρs − ρ)∆P

]0.5[
ln (

1

Rw

)

]0.395

exp(6.0c)

(2.22)

where Re = ρvD/µ is Reynolds number and v = 4Q/(πD2) is hydrocyclone char-

acteristic velocity if Q represents inlet volume flow rate. Eu is the dimensionless

Euler number, Stk50 is Stokes number related to 50% cut size of particles, Rw is the

water flow ratio (the proportion of feed water entering underflow), ∆P is pressure

drop and d is 50% reduced cut size. More details about these parameters can be

found in [13]. Parameters µ and ρ represent liquid dynamic viscosity and density,
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Table 2.2: Geometric properties for hydrocyclone design [5]

Parameter Range
Di/D 0.14-0.28
Do/D 0.20-0.34
Du/D 0.04-0.28
L/D 3.30-6.93
l/D 0.33-0.55
θ 9°-20°

ρs is solid particle density, and c is solid volume concentration. All other param-

eters are hydrocyclone dimensions as shown in Fig. 2.1. Eqs. (2.18), (2.19) and

(2.22) can be used with any coherent system of units but Eqs. (2.20) and (2.21) are

only valid for SI units. The set of equations are valid for the range of hydrocyclone

geometric properties as in Table 5.2.

It should be noted that this is a general design flow chart which does not con-

sider all the details of the flow conditions (such as chemical properties, abrasion,

charge, etc.) which may affect some design equations. Those parameters may

need extra work for considering their effects on the separation and hydrocyclone

performance. Such a design flow chart may not completely remove the user from

consulting a specialist. However, regardless of those details, this chart provides

the users with hydrocyclone design parameters through a simplified design method

which the only design parameters are hydrocyclone diameter and cone angle giving

all other hydrocyclone design parameters.

2.6 Conclusions

While centrifuge separators have various applications in industry, from separation

of liquid-liquid mixtures to concentration of slurries and wet classification a com-
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parison between different types of separators is rare in the literature. Using the latest

available information, performance and energy consumption charts for four types

of centrifugal separators are derived. The following conclusions can be drawn:

• A discrepancy between the hydrocyclone performance charts of this study

and the one from the Lavanchy et al. [10] is found and it was shown that the

LPC is over predicting the separation performance of the hydrocyclones. The

reason for this is not clear as the theory behind developing the equivalent area

and the hydrocyclone performance chart have not been released by the LPC

developers. This is noticeable as the LPC is still being introduced in the liter-

ature as a guideline chart for selection and design of centrifugal separators. It

is also found that the LPC has not been updated since 1964 to include changes

in centrifuge separator technologies. Therefore, there is a need to introduce

an update performance chart for centrifuge separators and hydrocyclones.

• The separation performance estimates of different centrifugal separation de-

vices are updated in this chapter using more recent available information

about centrifuging technology and a performance chart is proposed and com-

pared with a gravity settling tank with unit surface area (Fig. 2.8).

• A semi-empirical model is developed to compute the work on an individual

particle in centrifugal separators and a chart is developed for specific energy

consumption in centrifugal separators (Fig. 2.9). This chart is helpful in pro-

viding better understanding of centrifugal separators in order to design and

compare between different separation techniques.

• Hydrocyclone performance and energy charts are verified by employing ex-

61



perimental data from the literature and manufacturer data sheets. There is

good agreement between the charts proposed in this study and empirical data.

A mathematical modeling for generating such chart can help generating a

chart according to basic physic principles of the separation phenomenon.

• To aid designers of this type of separation technology an updated design pro-

cess is summarized in Fig. 2.11. The developed charts combined with the

assumptions applies can be employed for predicting performance and energy

consumption of the devices.
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Chapter 3

Experimental setup

3.1 Introduction

Experiments are designed to study the hydrocyclone performance and validate the

model developed for equivalent area factor. The experimental setup, flow loop de-

sign and procedures are explained in this chapter.

3.2 Experimental apparatus

An experimental flow circuit has been designed and built as shown in Fig. 3.1.

Water with particles are pumped into the hydrocyclone using a centrifugal pump

that provides different inlet flow rates and hence pressures. Pressure is monitored

at the inlet and the outlets to obtain the pressure drop across the hydrocyclone.

A second pump (a progressive cavity pump) is connected to the underflow pipe

to allow independent control of the underflow flow rate without clogging the under-

flow pipe. This method has an advantage compared to using a valve for manipulat-

ing the underflow flow rate since a valve in the underflow pipe can easily block [13].

Another important feature of using a pump for the underflow is it provides the op-

portunity to simulate underflow diameter variation. Each pump is controlled using

63



Figure 3.1: Process flow diagram for the experimental setup
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a separate variable frequency drive (VFD). Both underflow and overflow are re-

turned to the tank for recycling. The solid and liquid (water and soda lime glass

beads particles) in the mixing tank are pumped to the hydrocyclone inlet as the feed

stream. The clean part (fine particles) of the separation moves to the overflow of

the hydrocyclone and is returned to the mixing tank. The coarser particles leave the

hydrocyclone through the underflow pipe and a progressive cavity pump equipped

with a VFD and controller are also returned this mixture to the mixing tank. To

have a uniform distribution of the particles at the inlet, a mixer is used in the tank.

The mixer is also equipped with a VFD to control the mixer speed.

Flow at the inlet and underflow are measured by a Coriolis flow meters (Pro-

mass 83I Endress+Hauser Ltd with maximum measurement error of ±0.05% for

inlet flow; Optimass7300 KROHNE Messtechnik GmbH with maximum measure-

ment error of ±0.1% of the actual measured flow ±0.0018 m3/hr for underflow).

The Coriolis flow meters are located properly in the loop according to the man-

ufacturers recommendations [111, 112]. Using the Coriolis meters, temperature,

velocity, density and solid concentration are also measured.

Pressures in the system are measured near to the hydrocyclone inlet and both

outlets. This is to minimize the pressure drop effects in the connected pipes on

the measurements. Pressure transducers (AST4000) with 4-20 mA outputs are cali-

brated according to ASTM D5720-95 [113] and used for pressure monitoring. The

accuracy is ±0.4% for the best fit straight line (BFSL) and the measurement range

is from zero to 200 kPa. A sample calibration data sheet for one of the pressure

sensors used in the experiments is presented in Table 3.1. Details of the calibration

method and definition of the terms can be found in [113].
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To examine the effect of solid concentration in the mixture on the mixture vis-

cosity, the viscosity of mixtures with different solid concentration are measured us-

ing a rotational viscometer (Rheolab QC, Anton Paar USA Inc.) with a pre-installed

double gap measuring system (DG42, Anton Paar USA Inc.).

A summary of the setup equipment is listed in Table 3.2 and the hydrocyclone

dimensions are detailed in Table 3.4. A picture of the major parts of the test rig is

shown in Fig. 3.2.

Figure 3.2: Test rig and the parts
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3.2.1 Hydrocyclone

A 50 mm diameter hydrocyclone (GMAX FLSmidth Krebs Hydrocyclones) is used

in the experiment as the device under test. The main design parameters of the hy-

drocyclone are listed in Table 3.3 (Case 1) for geometrically similar hydrocyclones

as shown in Fig. 2.3. This can be compared to other common hydrocyclone designs

listed as Case 2 to Case 4 in Table 3.3. These hydrocyclones are also compared

in Fig. 3.3. As it can be seen from the figure, the Bradley hydrocyclone and the

hydrocyclone in the current research has a larger conical portion and total length

comparing the Rietema and Demco 4H hydrocyclones. As the performance of the

hydrocyclones are geometry dependent [13], the differences in the geometries will

affect the separation performance and pressure drop. For instance, for a same hy-

drocyclone diameter a Bradley hydrocyclone provide lower reduced cut size while a

Rietema hydrocyclone can perform with a higher flow rate but provides a larger re-

duced cut size [65]. The hydrocyclone of the current research has the largest length

comparing the other types and it is expected to perform significantly different from

other types of hydrocyclones. This will be discussed later by comparing the per-

formance of the four types of hydrocyclones in terms of equivalent area factor in

Chapter 4 .

Table 3.3: Hydrocyclone geometric parameters

Case Parameter Di/D Do/D L/D L1/D l θ
1 Current study 0.44 0.24 17.8 1.24 0.84 -
2 Rietema 0.28 0.34 5 - 0.4 20°
3 Demco 4H 0.26 0.33 3.3 0.55 0.55 18°
4 Bradley 1/7 1/5 - 1/2 1/3 9°
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Table 3.4: Geometric parameters of the hydrocyclone in the current research

Geometric proportion size (mm)
Hydrocyclone diameter, D 50
Inlet pipe hydraulic diameter, Di 22
Overflow pipe diameter, Do 12
Cylindrical section length, L1 62
Vortex finder length, l 42
Hydrocyclone total length, L 890

Figure 3.3: Comparison between geometry of different types of hydrocyclones (di-
mensions are in mm and scales are different)
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3.3 Test conditions

Soda lime glass beads particles are mixed with water to obtain nominal solid vol-

ume at three concentrations equal to 0.1, 0.5 and 2%v/v. The average measured

concentrations are 0.111%v/v, 0.480%v/v and 1.908%v/v, respectively. At each

concentration three tests are done at different flow rates according to 1200, 1500

and 1800 rpm for feed pump (centrifugal pump) speed. For each flow rate the un-

derflow pump speed is varied at 6 speeds from 300 to 1500 rpm. This results in 54

(3×3×6) test points each of which is repeated three times to check the repeatability

of the experiments. Liquid properties are determined according to the temperature

measured in the flow meter. The ratio of the volumetric underflow flow rate to the

inlet flow rate (the flow ratio Rf as defined in Fig. 3.4) due to the underflow pump-

ing varies from 0.2 to about 0.8. Total volume of the flow in the system is 260 liters.

Each test is repeated three times and the average values of the data are used for the

analysis. The experiments conditions are listed in Table 3.5.

Table 3.5: Experimental conditions

parameter condition
Centrifugal pump speed (Hz) 40, 50, 60
Underflow progressive cavity pump speed (Hz) 10 to 50
Inlet pressure (kPa) 150 to 230
Inlet flow rate (m3/hr) 1 to 2.4
Inlet solid volume concentration (%v/v) 0.1 to 2
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Figure 3.4: Schematics of the flow rates in a hydrocyclone
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3.4 Experimental hardware control

3.4.1 Communication system

Control of the experimental hardware (including pumps and mixer VFDs), com-

munication with Coriolis flow meters and recording the data from the devices and

temperature and pressure sensors is performed using custom software developed

in the laboratory. At steady state flow conditions information was recorded and

filtered to remove noise and averaged. The mixture and flow properties of flow

velocity, flow rate, solid concentration and temperature are measured in each flow

meter and transmitted to the data acquisition system. A flow diagram including the

communication lines of the experimental setup is shown in Fig. 3.5. Communica-

tion lines for flow meter transmitters, VFDs and pressure gauges that communicate

to the data acquisition system are depicted with dashed lines in Fig. 3.5.

3.4.2 Software

A customized controlling and data logging software (LabWindows/CVI, National

Instruments Corporation) has been developed to communicate with the devices and

to record the data with the specifications are listed in Table 3.6. The codes are

developed for different communication systems required for each apparatus and

integrated as a single main software. The underflow Coriolis communicates through

Modbus RTU over RS485, the underflow pump communicates in serial over RS232

and all other devices transmit voltage to the DAQ system. Some of the main pages

of the software are shown in Fig. 3.6 to Fig. 3.8.

The pressure sensor data, temperatures and the inlet flow Coriolis flow meter

data are logged in the main tab of the data logger software shown in Fig. 3.6. All
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Figure 3.5: Schematic of the experimental setup
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required data in the experiment is logged in a file defined by the user. The feed

pump VFD and the mixer VFD are also controlled in this tab. There is an emergency

button that shut down the feed pump and mixer and stops data logging system in

case of emergency problem. The underflow Coriolis flow meter communicates with

the software through a separate tab shown in Fig. 3.7. This tab also allows visual

monitoring of the Coriolis flow meter variables such as the concentration, flow rate

and flow velocity. This part of the software is programmed for communicating in

Modbus according to [114] and [115]. As the underflow pump VFD comunication

is different from the other equipment it is controlled in another tab shown in Fig. 3.8.

All VFD settings for the underflow pump are performed in this tab. and the data

from the pump VFD is collected and sent to the main page of the software for

recording. The settings for the underflow pump VFD are programmed according

to [116] and [117].

75



Figure 3.6: Data logger software for monitoring and controlling the devices and
recording the data
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Figure 3.7: Example of data monitoring and recording in software for Coriolis flow
meter
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Figure 3.8: Software developed for monitoring and recording for VFD of the un-
derflow pump
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Table 3.6: Specifications of the data acquisition equipment

Device Model Maker Specifications
DAQ module NI 9208 National Instru-

ments Corpora-
tion, Canada

16 channels, current in-
puts, 500 S/s, 21.5 mA

DAQ module NI 9217 National Instru-
ments Corpora-
tion, Canada

4 channels, 400 S/s
(100 S/s per channel)
PT100 RTD analog in-
put

DAQ chasis NI cDAQ-9178 National Instru-
ments Corpora-
tion, Canada

8-Slot USB Chassi, up
to eight NI C Series I/O
modules

3.5 Flow sampling

Flow samples are taken using a sampling ball valves at three points in the loop

shown on Fig. 3.1: the hydrocyclone inlet, the overflow pipe and the underflow

pipes. To minimize the sampling errors and prevent the sampling at one point af-

fects the other sampling points, the flow stream of the underflow is sampled first

followed by sampling the overflow and then the inlet streams. The samples are

used for determining particle size distribution (PSD) with a PSD analyzer and are

described later. Each sample is diluted first to avoid image overlapping by the parti-

cle analyzer. Three samples from the flow are taken at each sampling point shown in

Fig. 3.1 for particle size analysis. Each experiment and hence sampling is repeated

three times and the average values of the data are used for the analysis.
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3.6 Particles and particle size distribution (PSD)

3.6.1 Particles

Soda lime glass beads are added to the working fluid (water) to perform the experi-

ments in the current study. The density of the particle is 2500 kg/m3.

3.6.2 PSD for feed particles
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Figure 3.9: Definition of median value (D50) on particle size distribution curves

A laser diffraction sensor (Sympatec GmbH, HELOS/BR) with ±1% deviation

with respect to the standard meter is used for particle size distribution (PSD) analy-

sis. The measuring zone for the insertion of wet disperses for particle size analysis

varies from 0.1 µm to 875 µm.

Median values are defined as the value where half of the population resides
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above this point, and half resides below this point [24]. The particle size (diameter)

D50 is defined as median value of the distribution which is the size that splits the

distribution with half above and half below this size [24]. This size is defined in

Fig. 3.9 on a sample size distribution curve. The particle size associated with the

cumulative distribution (dash line) equal to 0.5 (50%) is the median size. Typically

value of the D50 is used to represent a particle size distribution. This value can be

obtained for number, surface or volume distributions [12]. The D50 values in this

research are associated with volume distributions obtained from the particle size

analyzer.

A plot of a typical cumulative distribution of the particles for the inlet flow

sample is shown in Fig. 3.10 on a semi-logarithmic chart. The data for the PSD

is fitted using a log-normal [118] and Rosin-Rammler (also called Weibull distri-

bution) [118] distributions as the uniformity of the distribution is tested with the

chi-square (χ2) goodness of fit test [119]. These results confirm that the data comes

from a normal distribution at the 5% significance level. Both fitted curves appro-

priately predict the distribution (R2 > 0.99) and indicate a uniform distribution of

the particles in the hydrocyclone inlet pipe. Both the Rosin-Rammler distribution

(R2 = 0.9984) and the log-normal function (R2 = 0.9939) are excellent fits to the

data. The particle median size (D50) is 4.53 µm from the experiment, and 4.05 µm

and 4.38 µm from the log-normal and Rosin-Rammler distribution, respectively.

The distribution functions for the log-normal (LN ) and Rosin-Rammler (RR) dis-

tributions are [118] :

f(x)LN = 0.5 + 0.5
erf[(log(x)− log(xg)]√

2log(σ)
(3.1)
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Figure 3.10: Particle size distribution for the particles in the current study with error
bars (D50 = 4.53 µm) and the log-normal fit (D50 = 4.05 µm) and Rosin-Rammler
fit (D50 = 4.38 µm)

f(x)RR = 1− exp[−(
x

λ
)k] (3.2)

where erf is the error function, x is particle size, and xg, σ, λ and k are the fitting

parameters. The parameters for the plots shown in Fig. 3.10 are xg = 4.051 and

σ = 2.735 for log-normal distribution and λ = 6.054 and k = 1.131 for Rosin-

Rammler distribution.
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3.6.3 Accuracy in PSD measurements

The particle size distribution for each stream sample is obtained using the particle

size analyzer detailed in Table 3.2. Each sample is diluted first as required by the

manufacturer and the accuracy of the size distribution measurements is tested with

a known sample. The size distribution is performed for inlet and outlet streams.

The underflow sample size distribution results are discussed in detail for a spe-

cific case. The underflow PSD is shown in Fig. 3.11 as a cumulative distribution.

Using a diluted sample from the underflow, the PSD measurement is repeated five

times with the repeatability of the measurements also shown in Fig. 3.11. Confi-

dence intervals in cumulative measurements at each particle size are shown on the

figure as the error bars. For particle sizes the confidence interval is ±1% of the

size [120] (not shown on the figure). It is observed that the PSD measurements are

repeatable with maximum standard deviation of 0.01234 in the cumulative distribu-

tion. For each measurement, D50 the median size (the size that has cumulative dis-

tribution equal to 0.5 or 50%) is also obtained. The averageD50 is 6.10±0.1017 µm

at 95% confidence level.

As the samples need to be diluted for the PSD measurements, the effect of dilut-

ing on the measurements is also tested by measuring PSD for five diluted samples

reproduced from the same underflow stream sample source. This sample source is

chosen to be the same sample as the repeatability test so the results can be compared

to each other. The results of these reproducibility tests are shown in Fig. 3.12. The

plots of distributions show a good agreement between diluted samples with maxi-

mum standard deviation of 0.01489 in cumulative measurements. The average D50

of 6.36 ± 0.1800 µm at 95% confidence level are obtained for the D50 measure-
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Figure 3.11: Repeatability of PSD measurements for an underflow steam sample;
average D50 = 6.10 µm;

ments in this test. The discrepancy between the averaged D50 for repeatability of

the measurements and the reproducibility of diluting the samples is 0.2 µm. These

results confirm a good agreement in size analysis between the repeated tests and

reproduced diluted measuring samples. It is also observed that the underflow size

distribution can be fitted to a Rosin-Ramler (or Weibull) distribution that is a typical

distribution for the solid particles used in the industry [118].
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Figure 3.12: Cumulative distribution for reproducibility of the diluted samples from
the same source as in Fig. 3.11; average D50 = 6.36 µm
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3.7 Uncertainty analysis

Three sets of experiments for each feed flow conditions i.e feed pump speed (nFPS),

underflow pump speed (nUPS) and feed concentration c are used to quantify uncer-

tainty. Both precision (random) uncertainty (Px) and bias (systematic) uncertainty

(B) are determined from the experimental data [121]. Combining the two uncer-

tainties using the root sum square formula [121] gives the total uncertainty (Ux).

For a constant feed pump speed (1800 rpm) and underflow pump speed (1500 rpm)

the uncertainty of the main variables and the standard deviation (STD) are listed

in Table 3.7. The average value (mean) of each variable, the minimum uncertainty

Ux(min.) and maximum uncertainty Ux(max.) for all 54 experiments are also listed

in Table 3.7.

The effect of pump speed on the total experimental uncertainty (in terms of

percent of the measured data) due to changing the inlet conditions are shown in

Fig. 3.13 to Fig. 3.15. Increasing the nUPS typically decreases the percent of total

uncertainties of the density measurements as shown in Fig. 3.13 and Fig. 3.17.

However, the uncertainty analysis for the inlet flow rate and pressure shown in

Fig. 3.14 and Fig. 3.15 indicate neither an increasing or deceasing trend for the

effect of pump speeds on uncertainties as in the density case. The uncertainties in

measuring the underflow pressure and density are shown in Fig. 3.16 and Fig. 3.17.

The underflow density uncertainties are decreasing with increasing the underflow

flow rate which is due to increasing the inlet flow rate or the underflow rate by

increasing the underflow or feed pump speeds.

These uncertainties will be used to determine the uncertainty of the measured
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Figure 3.13: Effect of underflow pumping on the total uncertainty of the measured
inlet mixture density; c = 0.1%v/v.
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Figure 3.14: Effect of underflow pumping on the total uncertainty of the measured
inlet flow rate; c = 0.1%v/v.
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Figure 3.15: Effect of underflow pumping on the total uncertainty of the measured
inlet pressure; c = 0.1%v/v.
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Figure 3.16: Effect of underflow pumping on the total uncertainty of the measured
underflow pressure; c = 0.1%v/v.
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Figure 3.17: Effect of underflow pumping on the total uncertainty of the measured
underflow density; c = 0.1%v/v.

equivalent settling area factor obtained from the experimental data.

3.8 Conclusions

The experimental setup, procedures and details of the equipment are explained in

this chapter. A test rig is designed and built that is used to undertake experiments

to validate the theoretical models of equivalent area factor for the hydrocyclone.

It also equipped with a pump in the underflow that allows investigating the effect

of underflow pumping on the hydrocyclone performance. The sampling method

is explained and a sample particle size analyzing from the inlet flow is detailed to

show the distribution type and the repeatability of the particle size measurements.

The sampling procedure is also shown to be reproducible. The experimental data is

used in the consequent chapters to evaluate the theoretical results and to investigate
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the underflow pumping effect. The uncertainties of the measured variables in the

experiments are also obtained and discussed. The uncertainties will be used to

determine the uncertainties of the models (to estimate the equivalent area factor in

the hydrocyclone) that are developed in the next chapters.
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Chapter 4

Modeling and experiement for
equivalent settling area factor in
hydrocyclones1

4.1 Introduction

In this chapter, a mathematical approach to develop an equivalent settling area

model (ESAM) is presented to predict the performance of the hydrocyclone using a

similar technique to other centrifugal separators. Such a model allows comparison

of the device performance with other centrifuge separators. It also helps under-

standing the effect of design and operating variables on the performance of the

device. The model can also be used to scale up a hydrocyclone for a desired per-

formance. Basic concepts are discussed first and then the derivation of the ESAM

is detailed. The results from the experiments are used to validate the ESAM. Four

different types of hydrocyclone designs are studied for model validation. The effect

of design parameters on the hydrocyclone performance is detailed and examined

using the experimental results. The advantage of using the ESAM in flow predic-

1Parts of this chapter is based on R. Sabbagh, M. G. Lipsett, C. R. Koch, D. S. Nobes, ”Theoret-
ical and experiemntal study of hydrocyclone performance and equivalent settling area”, ASME2014
International Congress and Exposition IMECE2014, ASME, Montreal. Quebec, Canada [122]
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tion without performing a flow measurement is discussed. The ability of the ESAM

in providing a quantifiable information for predicting the equivalent settling area

factor is also investigated over broad ranges of design and operating conditions.

4.2 Analytical modeling

4.2.1 Basic concepts

In developing the equivalent settling area of a centrifuge (i.e the area of a continu-

ous gravity settling tank that has the same performance as the centrifuge) a 50% cut

size particle is assumed to be separated in the centrifugal separator during its stay in

the device. This is a similar concept to residence time theory which assumes that a

50% cut size particle will be separated in a hydrocyclone during the residence time

if it reaches the hydrocyclone wall when the particle is injected into the hydrocy-

clone exactly from the middle of the inlet section pipe [13]. The assumptions used

for the residence time concept are the basis for developing an equivalent area for

centrifugal devices [22]. Combining residence time theory with the assumptions of

Stokes’ law [25], the radial velocity due to the centrifugal acceleration is [13]:

vr =
∆ρd2

18µ

v2
θ

r
(4.1)

where d is the particle diameter, ∆ρ is density difference between phases, µ is dy-

namic viscosity of the fluid and the term v2
θ/r is the centrifugal acceleration where

vθ is the tangential velocity component and r is the radius of the rotation. The radial

velocity vr can be related to the vertical velocity (vz) using the chain rule. Assum-

ing that the flow near the hydrocyclone wall follows the shape of the wall [13], vr

is approximated by:

vr =
dr

dt
=
dr

dz

dz

dt
=

D

2L
vz (4.2)
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Figure 4.1: Plan view of the cylindrical portion of the hydrocyclone with a rectan-
gular inlet for defining model variables.

where dr and dz are line elements in the radial and vertical directions, dt is the

time element, D is the hydrocyclone diameter and L is the total length as defined in

Fig. 2.3.

Assuming the vertical velocity of the particle equals that of the liquid [63], the

average vertical velocity component can be estimated from the inlet flow rate Q in

the hydrocyclone cylindrical section region as [123]:

vz =
4Q

π(D2 −D2
o)

(4.3)

where Do is the overflow diameter. The flow rate can be obtained using Eq. (4.3)
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combining with Eq. (4.1) and Eq. (4.2):

Q =
∆ρd2

9µ

π(D2 −D2
o)L

4D

v2
θ

r
(4.4)

which can be simplified to:

Q = 2vg
π(D2 −D2

o)L

4gD

v2
θ

r
(4.5)

where vg is settling velocity under gravitational acceleration (not under centrifugal

acceleration) for 50% cut size particle where 50% of particles (by mass) which are

larger (smaller) than this size pass through each of the outlets of the separator. The

gravitational settling velocity vg is defined as:

vg =
∆ρd2

18µ
g (4.6)

where d is the particle 50% cut size diameter and vg is calculated using Stokes’

law assuming that particles are fine enough to satisfy Stokes’ law assumptions and

travel at terminal velocity.

For hydrocyclones it has been experimentally found that vθ is a function of r

such that vθ = C/rn where the constant C and exponent n are typically determined

from experiments [13]. The constant C can be obtained from a mass balance

by integrating the tangential velocity at the inlet section area from r1 to r2 (for a

rectangular inlet pipe r1 = D/2 and r2 = D/2 − w where w is the inlet pipe

width as defined in Fig. 4.1) and then equating to the feed volume flow rate [122].

Therefore, vθ is obtained such that:

vθ =
Q(1− n)

H(r1−n
2 − r1−n

1 )rn
(4.7)
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Figure 4.2: Schematics of velocity components and flow rates in a hydrocyclone

where H is the depth of the rectangular inlet pipe defined in Fig. 4.1. The tan-

gential velocity component is also related to the pressure drop in the hydrocyclone.

This is shown by considering the Navier-Stokes equation in cylindrical coordinates

(r, θ, z) [25] for the radial direction as defined in Fig. 4.2 to be:

∂vr
∂t

+ vr
∂vr
∂r

+
vθ
r

∂vr
∂θ

+ vz
∂vr
∂z
− v2

θ

r
=
−1

ρ

∂P

∂r
+

µ

ρ

[
∂

∂r

(
1

r

∂(rvr)

∂r

)
+

1

r2

∂2vr
∂θ2

+
∂2vr
∂z2
− vr
r2
− 2

r2

∂vθ
∂θ

]
+gr (4.8)

where t is time, P is pressure and gr represents body forces. For a steady state flow

and no gravity (body force) in the radial direction, the first and last terms of Eq. (4.8)

are zero. Since the radial velocity in absolute terms is much smaller compared to

the other velocity components [2, 124], the terms including vr and its derivatives

are neglected, resulting in:

vr
∂vr
∂r
− v2

θ

r
=
−1

ρ

∂P

∂r
+
µ

ρ

(
− 2

r2

∂vθ
∂θ

)
(4.9)
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The tangential velocity vθ is also a function of the radial position in the hydro-

cyclone as in Eq. (4.7) and hence its θ and z derivatives are zero. The following

relation is then an expression for pressure changes within the hydrocyclone:

1

ρ

∂P

∂r
=
v2
θ

r
(4.10)

This expression balances the pressure force with centrifugal acceleration per unit

volume and indicates that the pressure increases toward the hydrocyclone wall as

the centrifugal force increases.

The pressure drop (∆P ) in a hydrocyclone is obtained by integrating Eq. (4.10).

Replacing vθ from Eq. (4.7) and integrating it in the radial direction between the

overflow radius (Do/2) and hydrocyclone radius (D/2) results in:

∆P =
22n−1ρ

n

(
Q(1− n)

DnH(r1−n
2 − r1−n

1 )

)2
[(

D

Do

)2n

− 1

]
(4.11)

At a known flow rate this gives the pressure drop for a hydrocyclone if the exponent

n is known. A good approximation for the value of n is 0.8 [125] which can be

used for majority of the hydrocyclones.

4.2.2 Model

In a continuous gravity settling tank separator, flow rate is proportional to gravita-

tional settling velocity of particles [15], where the proportionality coefficient is the

surface area of the tank. Similarly, assuming a uniform distribution of the particles

in operation, for centrifuge separators [22] defined the equivalent area factorΣ with

SI units of m2 as:

Σ =
Q

2vg
(4.12)
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For a separator, Σ = 1 shows that its performance equals to the performance of a

gravity tank with surface area of 1 m2 at the same flow rate. A higher value of Σ is

desired as it is an indication of the separator performance.

To develop an equivalent area relation for hydrocyclones, the flow rate is related

to centrifugal acceleration (Eq. (4.5)) and the equivalent area factor Σ is obtained

by combining Eqs.(4.12), (4.7) and (4.5) and replacing Q2 with the pressure drop

relation from Eq. (4.11) resulting in:

Σ =
πLnD2n+1[1− (Do/D)2]∆P

ρg(D − w)2n+1[(D/Do)2n − 1)]
(4.13)

where w the width of the rectangular shape inlet section equals r2 − r1. Since the

inlet section depth H does not appear in Eq. (4.13) for hydrocyclones with circular

inlet pipes, by assuming w = Di, the equivalent area is:

Σ = β
L∆P

ρg
(4.14)

where:

β =
πn[1− (Do/D)2]

(D/Do)2n − 1

(
1

1−Di/D

)2n+1

(4.15)

This relationship can also be used for other inlet section types. The equivalent

diameter to a circular pipe can be used in Eq. (4.15) if obtained from equating the

inlet section area to the area of a circular pipe. Mathematically Eq. (4.15) is held

if the following conditions hold: Do/D > 0, Di/D < 1, and Do/D 6= 1. All of

theses criteria are satisfied in practice for a typical hydrocyclone. The impact of the

incoming flow and the overflow pipe (the portion of the overflow pipe inside the

hydrocyclone called the vortex finder) wall causes turbulence in the flow. To avoid

this turbulence, (2Di/D + Do/D) ≤ 1 can be considered as a limit for inlet pipe

and the vortex finder diameters.
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Equation (4.15) indicates that for geometrically similar hydrocyclones, β de-

pends on the value of n and the ratio of inlet (Di) and overflow (Do) diameters

to hydrocyclone diameter (D). A hydrocyclone diameter could affect the value of

β implicitly through the value of n, which could change the tangential velocity

component [57]. However, it is believed that the value of n is independent of the

hydrocyclone size in most cases [6] and for this reason β is considered a useful

design parameter.

In developing the ESAM, the assumptions of Stokes’ law for calculating radial

velocity of particles are used and it is also assumed that the interaction between

particles is negligible. This requires a low concentration of solid particles in the

feed flow. The value of volume solid concentration for unhindered settling varies

from 1% to 11% for spherical particles [6, 13]. For non-spherical particles this limit

is approximately 4% [6]. At high solid concentration, particle-particle interactions

reduce the settling velocity and hindered settling effects [30, 126] are significant.

The validity of Stokes’ law assumption for hydrocyclones has been discussed

in [62] by calculating the Re number of the settling particle and obtaining the par-

ticle sizes that satisfy Re < 2. Using the same method the Stokes’ law is justified

for the hydrocyclone and operating conditions in the current study. The obtained

Re numbers are < 0.1 and show that the Stokes’ law is a valid assumption in this

research. Details of the calculations can be found in Appendix A-5.
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4.3 Results and Discussion

4.3.1 Effect of design parameters

The experiments are performed according to the experimental procedure discussed

in Chapter 3. The experimental results are used to validate the model and to inves-

tigate the effect of different variables on the model. The ESAM described in this

study relates both operating and design parameters to the Σ, which in turn is a mea-

sure of hydrocyclone performance. Hydrocyclone total length L appears directly

in the equivalent area factor relation and has a linear effect on Σ. The factor β in

Eq. (4.15) is basically a function of design parameters; but it is indirectly related

to the tangential velocity through the exponent n. However, according to [6], for

every hydrocyclone the tangential velocity component changes only with the radial

position as the value of n is independent of the operating conditions and does not

change with the vertical position. Thus, β is considered a design parameter and

evaluating the β factor can be useful in comparing different designs.

The different values for n reported in the literature are discussed in [6] where the

method of measurement is described. This exponent for different designs is found

to typically be between 0.7 and 0.9 [127]. An average value of 0.8 is suggested

for hydrocyclones [80, 125] and this value is used for further investigation in the

current study.

Values of β for different Do/D and Di/D is obtained from Eq. (4.15) and are

plotted in Fig. 4.3. This figure shows that β increases with either increasing the ratio

of the inlet diameter or the overflow diameter to the hydrocyclone diameter. The

maximum value of β is obtained for large inlet and overflow outlet diameters. This

100



0.1
0.2

0.3
0.4

0.1

0.2

0.3

0.4

0.5

1

1.5

2

Do/DDi/D

β

Figure 4.3: Value of β vs. inlet and overflow diameter ratios (n = 0.8)

is detailed in Fig. 4.4 and Fig. 4.5 for two different values of n. These figures show

that β increases with either increasing the ratio of the inlet diameter or the overflow

diameter to the hydrocyclone diameter. The maximum value of β is obtained for

large inlet and overflow outlet diameter. Comparing the two figures shows that

increasing the value of n decreases the β value. Also, β values according to Fig. 4.4

and Fig. 4.5 can change from about 0.05 for small diameters to about 5 for large

inlet and overflow diameter. However, the condition (2Di/D+Do/D) ≤ 1 restricts

this range of diameters. This limit (2Di/D +Do/D = 1) is shown by a dotted line

on Fig. 4.4 and Fig. 4.5. The shaded areas above the dotted lines are where the

inlet flow stream collides with the vortex finder wall and hence such diameters of

the inlet and vortex finder should be avoided due to creating turbulence to the inlet

flow stream. Thus, the values of β can not exceed 2 (for n = 0.7) and 1.9 (for

n = 0.9) for the diameter ranges shown in the figures for hydrocyclones mentioned

above. For a constant pressure drop, increasing the β results in a higherΣ and thus
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Figure 4.4: Contours of β for different values ofDi/D andDo/D (n = 0.7); dotted
line is where 2Di/D +Do/D = 1; shaded area is where 2Di/D +Do/D > 1
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a smaller particle cut size according to Eq. (4.12). However, in most applications,

changing the inlet and/or the outlet diameters changes the pressure drop, which

affects the performance of the device. Increasing the equivalent settling area Σ of a

hydrocyclone by increasing the overflow diameter is a better choice than increasing

the inlet diameter because the equivalent area is more sensitive to the overflow

diameter. This can be quantified by calculating the partial derivatives of β in terms

of Di/D or Do/D as in Eq. (4.16) and Eq. (4.17).

∂β

∂(Di/D)
=

πn(2n+ 1)[1− (Do/D)2]

[(D/Do)2n − 1] (1−Di/D)2n+2 (4.16)

∂β

∂(Do/D)
=

2πn (1−Di/D)−2n−1

(D/Do)2n − 1

[
n [1− (Do/D)2] (D/Do)

2n+1

(D/Do)2n − 1
− Do

D

]
(4.17)

The plots of the partial derivatives of β (sensitivity) in terms of Di/D (Do/D

remains constant) and Do/D (Di/D remains constant) are shown in Fig. 4.6 for

n = 0.7 and in Fig. 4.7 for n = 0.9 at three constant values of 0.1, 0.2 and 0.4

for Di/D (or Do/D). Changes in β as a result of changes in Do/D (at a constant

Di/D) are greater than the changes in Di/D changes (at a constant Do/D). Since

the appearance of the overflow diameter Do in the β relation is due to the pressure

drop, changing the pressure drop has more effect on β and the tangential velocity

than changing the inlet diameter and keeping the pressure drop constant.

Comparing Fig. 4.6 and Fig. 4.7 shows that increasing the value of n results

in increasing the slope of β with respect to Di/D or Do/D. These changes for

overflow diameter are greater than the inlet diameter ratio and particularly for higher

values of the overflow diameters.
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4.3.2 Model validation

The experimental results are used to validate the ESAM. To do this, the Σ values

are calculated from the ESAM (Σmodel) with the average chosen value of n = 0.8.

These are plotted versus experimental values obtained from the experimental data

(Σexp) for the current study. Values of Σmodel and Σexp are also calculated for

other types of the hydrocyclones (Case 2, 3 and 4 in Table 3.3) assuming similar

hydrocyclone diameter of 50 mm as in the hydrocyclone in the current study. The

design parameters for these designs are also listed in Table 3.3.

To obtain the equivalent area factor from the experiments (Σexp) the underflow

cut size at each test is determined by particle size analysis using the same method

previously explained in Chapter 3 for the inlet flow particles. For the underflow cut

size diameter Eq. (4.6) is used to calculate the settling velocity under gravitational

acceleration. At each operating condition (constant flow rates and pressure drop)

for a certain inlet flow rate, Σexp is calculated from Eq. (4.12). For the Rietema,

Demco 4H and Bradley hydrocyclone designs, the values of Σexp are obtained from

the experimental correlations in [5] by calculating the flow rate and cut size at sim-

ilar pressure drops as in the current study. Pressure drop is calculated from the

difference between the inlet and the underflow pressure.

The equivalent area factor from the ESAM (Σmodel) is calculated from Eq. (4.14)

at each inlet flow rate for all designs. As pressure drop is required for obtaining

Σmodel and to be able to compare the results of the experiment and the model, the

same experimental pressure drop is used. The uncertainties in calculating Σ are

explained in Appendix A-4.

The plots of Σexp and Σmodel (n = 0.8) resulted from the calculations for the
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current study (and for Rietema, Demco 4H and Bradley hydrocyclones) are shown

in Figs. 4.8 to Fig. 4.11. As can be seen from the figures, there is a discrepancy

between the experimental data and the data predicted using the proposed n = 0.8.

This is particularly noticeable for the Bradley hydrocyclone which using n = 0.8

leads to underestimated values of the equivalent area factor. To obtain the best

match between the experiment and the ESAM results, the sum of squared errors

(SSE) between the values ofΣmodel andΣexp in each hydrocyclone is minimized by

examining the exponent n). The resulted exponent after minimizing SSE is called

the optimized n and is represented by np. The results of comparing the equivalent

area factor between the ESAM and experiment using np are plotted in Fig. 4.12

to Fig. 4.15. Points on the 45° line indicate an exact match between ESAM and

experiment. The lines of±15% deviation from the best match are also plotted in the

figure. The comparison in Fig. 4.8 and Fig. 4.12 shows a good agreement between

the ESAM and experiment within 15%. The scattered experimental data are due

to uncertainties in the experimental measurements for the operating variables and

particle size measurement. The larger length of the hydrocyclone in the current

study comparing the other types of hydrocyclones causes a noticeable difference

between the scales of the equivalent area factors that can be seen in the figures.
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Figure 4.8: Comparison of experimental equivalent area factors and ESAM
(n = 0.8) prediction for the current study.
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Figure 4.9: Experimental equivalent area factor vs. ESAM (n = 0.8) for similar
pressure drops and inlet concentrations as in the current study for a Rietema hydro-
cyclone; experimental values are from the correlations in [5].
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Figure 4.11: Experimental equivalent area factor vs. ESAM (n = 0.8) for sim-
ilar pressure drops and inlet concentrations as in the current study for a Bradley
hydrocyclone; experimental values are from the correlations in [5].
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Figure 4.12: Comparison of experimental equivalent area factors and ESAM
(np = 0.88) prediction for the current study.
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Figure 4.13: Experimental equivalent area factor vs. ESAM (np = 0.94) for sim-
ilar pressure drops and inlet concentrations as in the current study for a Rietema
hydrocyclone; experimental values are from the correlations in [5].
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pressure drops and inlet concentrations as in the current study for a Demco 4H
hydrocyclone; experimental values are from the correlations in [5].
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Figure 4.15: Experimental equivalent area factor vs. ESAM (np = 0.31) for sim-
ilar pressure drops and inlet concentrations as in the current study for a Bradley
hydrocyclone; experimental values are from the correlations in [5].
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As can be seen from Fig. 4.8 and Fig. 4.12, the exponent np for the current

study is 0.88, which is comparable with the value of 0.8 for n suggested in [125].

The obtained value of np is 0.94 for Rietema hydrocyclone, 0.88 for Demco 4H

hydrocyclone and 0.31 for Bradley hydrocyclone shown in Fig. 4.13, Fig. 4.14 and

Fig. 4.15, respectively. The values obtained from the ESAM as determined above,

are close to the chosen value of n = 0.8 except for the Bradley hydrocyclone that

there is a significant discrepancy between the two exponents.

To investigate the discrepancy between the ESAM prediction and experimen-

tal equivalent area factor observed for the Bradley hydrocyclone, the values of

exponent n are compared with the literature. To do this, the experimentally ob-

tained n for Bradley hydrocyclones are extracted from [6] and compared to the

optimized values of np from the ESAM (optimized exponent for the best match

between Σmodel and Σexp). The tests conditions and the results of the comparison

are summarized in Table 4.1. The values in Table 4.1 indicate that the optimized

exponents np from ESAM are in good agreement with the values of n measured ex-

perimentally with maximum deviation of 0.06. This denotes that the ESAM can be

confidently used to approximate the n and hence Σ. Knowing this, the discrepancy

in Σ values between the ESAM and experiment is attributed to the value of n used

in the ESAM to predict the Σ in Bradley hydrocyclone. It shows that despite the

generally accepted range for the exponent n (0.7-0.9 [127] or 0.5-0.9 [13]), for par-

ticular designs this may decrease to a small value such as 0.2. Therefore, the best

value of n that fits the model for each design geometry should be obtained from the

experimental results. To evaluate the effect of design parameters on the equivalent

area factor, plots of Σ as a function of pressure drop (according to Eq. (4.15)) are
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Table 4.1: Comparing the experimental value of the tangential velocity exponent n
[6] and the optimized values using the ESAM (np); Di/D = 1/7.5, Do/D = 1/5;
Du/D = 1/15, θ = 9° (dimensions are defined in Fig. 2.3)

D
(mm)

Pressure
drop
(kPa)

Inlet flow
rate
(m3/hr)

n
(experiment)

np
(ESAM)

15 46.9 0.072 0.11 0.16
15 81.4 0.091 0.15 0.16
15 146.9 0.114 0.16 0.17
15 193.7 0.112 0.18 0.17
15 242.0 0.128 0.19 0.17
75 30.3 1.363 0.17 0.19
75 31.7 1.363 0.16 0.19
75 84.8 2.066 0.19 0.20
75 86.9 2.066 0.19 0.20
75 84.1 2.066 0.18 0.20
75 85.5 2.066 0.19 0.20
75 134.4 2.495 0.24 0.20
75 135.8 2.495 0.24 0.20
75 206.8 2.971 0.26 0.20

shown in Fig. 4.16 to Fig. 4.19 for the four types of hydrocyclones. Each plot com-

pares the data of experimental Σ to the data with Σ from the ESAM with n = 0.8

and ESAM with optimized exponent np. This comparison has the advantage of

including the effect of hydrocyclone total length L (see Fig. 2.3) which does not

appear in β. From Fig. 4.16 to Fig. 4.18 it can be concluded that there is a good

agreement between the ESAM and the experimental results. This shows that the

proposed ESAM in Eq. (4.14) predicts well the effect of the design parameters on

Σ. As discussed above, the discrepancy between the ESAM and the experimental

points for the Bradley hydrocyclones in Fig. 4.19 is attributed to the specifications

of this hydrocyclone that requires a smaller value of n to predict the tangential ve-

locity profile. Therefore, the plot of the model with np shows an excellent match

with the experimental data.
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Figure 4.16: Current study; comparing the experimental equivalent area factor vs.
pressure drops with the values predicted with ESAM (n = 0.8, np = 0.88) for
similar pressure drops and inlet concentrations as in the current study.
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Figure 4.17: Rietema hydrocyclone; comparing the experimental equivalent area
factor vs. pressure drops with the values predicted with ESAM (n = 0.8, np = 0.94)
for similar pressure drops and inlet concentrations as in the current study; experi-
mental values are based on correlations in [5].
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Figure 4.18: Demco 4H hydrocyclone; comparing the experimental equivalent area
factor vs. pressure drops with the values predicted with ESAM (n = 0.8, np = 0.88)
for similar pressure drops and inlet concentrations as in the current study; experi-
mental values are based on correlations in [5].
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Figure 4.19: Bradley hydrocyclone; comparing the experimental equivalent area
factor vs. pressure drops with the values predicted with ESAM (n = 0.8, np = 0.31)
for similar pressure drops and inlet concentrations as in the current study; experi-
mental values are based on correlations in [5].
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4.3.3 Predicting the tangential velocity profile

Estimating the value of n for a hydrocyclone without needing velocity profile for

tangential velocity component is an important aspect of the ESAM. Using the es-

timated value of n, the tangential velocity profile can also be predicted. Typically

to determine the tangential velocity profile measuring of the velocity components

is required [58, 128]. Velocimetery measurement in a hydrocyclone is difficult as

a result of complicated flow geometry. In addition, some measurement techniques

are invasive and some are difficult to perform in an industrial setting. Thus, an alter-

nate method of determining the tangential velocity component (the most important

velocity component affects the separation performance [58]) can be useful.

The following procedure is proposed as an alternative method of determining

the tangential velocity profile in hydrocyclones on the basis of the ESAM:

1. Experimentally determine the flow rate, fluid properties (density and viscos-

ity), particle density and the separation cut size (using a particle size analysis

method).

2. From the information obtained in step 1, settling velocity is determined from

Eq. (4.6).

3. The experimental equivalent area factor is calculated from Eq. (4.12).

4. Equating this value with Eq. (4.14) at a known pressure drop gives the value

of n.

5. Then vθ is calculated using Eq. (4.7) using n at the known flow rate and inlet

section dimensions.
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Figure 4.20: Normalized tangential velocity profiles using ESAM at separation
zone vs. normalized radius for different hydrocyclones (R = D/2)

Following these steps the velocity profiles for the tangential velocity in four hy-

drocyclone cases are obtained. Fig. 4.20 shows the normalized tangential velocity

(normalized with inlet velocity) at different normalized radii (the radial distance

from the hydrocyclone centerline). Higher values of the vθ/vinlet is obtained for Ri-

etema and Demco 4H hydrocyclones. This is interesting as the maximum equivalent

area factor is observed in the hydrocyclone in the current study (compare Fig. 4.8 to

Fig. 4.14) shows that the effects of the design parameters on the separation is also

important. Considering Eq. (4.14), it is found that the total length of a hydrocy-

clone and the value of β that is dependent to design parameters are also important

in determining the equivalent area factor. The longer length of the hydrocyclone in

the current research is considered to cause higher equivalent area factor comparing

other hydrocyclones.
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Figure 4.21: Comparison of predicted tangential velocity profiles vs. hydrocyclone
radius (r) at separation zone and experimental data from [7] for test conditions as
in Table 4.2; R2 = 0.71

Experimental data from [7] are also used to examine the proposed method of

tangential velocity profile prediction according to the above mentioned procedure.

The hydrocyclone dimensions and test conditions are listed in Table 4.2. The value

of exponent np is obtained by determining Σmodel and Σexp. Assuming that the

liquid density equals 1000 kg/m3 and using ESAM, Σmodel is determined. The

experimental test in [7] had no solid particles and performed only for velocity mea-

surements. Thus, Σexp for the test in [7] is calculated using the correlations devel-

oped in [5] assuming sand particles with ∆ρ = 1650 kg/m3, water as liquid with

µ = 1 mPa.s and low particle volume concentration as 0.05%. Equating these two

equivalent area factors for the model and experiment results in np = 0.41. Using

this optimized exponent and approximating the rectangular inlet pipe depth H from

the equivalent area of the inlet circular pipe, vθ is obtained using Eq. (4.7). This pre-
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dicted tangential velocity is compared to the experimental data [7] in Fig. 4.21. The

comparison shows a good agreement between the predicted values and the exper-

imental data with more discrepancies for smaller radiuses. The predicted velocity

profile is vθ = 0.31/r0.41 and the profile resulted from the experimental data is

vθ = 0.25/r0.51 which show a difference of 0.1 between the exponents and 0.06 be-

tween the constants. This results in an average error of 14% between the predicted

and the observed values shown in Fig. 4.21.

Employing this technique, information at a single data point can be used to es-

timate the velocity profile. Such an estimation is based on the assumptions used

to develop the ESAM including Stokes’ law, no hindered settling, spherical parti-

cles and for reverse flow hydrocyclones. However, having more experimental data

points at different operating conditions results in a more accurate estimation of n

by minimizing the sum of squared errors of prediction. Most of the measurements

for the tangential velocity component are in pure water or lightly seeded water

[7, 57, 58, 61] as the measurements are simpler to perform. However, these exper-

iments do not replicate the real applications of the hydrocyclones in terms of the

effects of particles on the tangential velocity component. Predicting the tangential

velocity profile on the basis of the proposed method in this study does not required

velocity measurement and is based on the experimental cut size.
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Table 4.2: Hydrocyclone geometric parameters and experiment conditions from [7]
for examining the tangential velocity profile (dimensions are defined in Fig. 2.3)

Parameter Value
D (mm) 75
Di (mm) 0.28D
Do (mm) 0.34D
Du (mm) 0.16D
L (mm) 5D
l (mm) 0.4D
∆P (kPa) 25
Q (m3/hr) 1.82
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4.4 Conclusions

A mathematical model has been developed to predict the equivalent settling area

factor in hydrocyclones (ESAM) and it has been validated using data from an ex-

perimental study. The experimental results are in good agreement with the ESAM

prediction. ESAM can be used to predict the equivalent area factor for a variety

of hydrocyclone designs. The equivalent area factor Σ can also be used to com-

pare other centrifugal separators and a continuous settling tank to provide insight

into the relative performance of different centrifugal separation techniques. The ef-

fects of hydrocyclone inlet and overflow diameters are studied. Σ in hydrocyclones

is increased by increasing either the hydrocyclone inlet diameter or the overflow

diameter, but it is more sensitive to the overflow diameter.

Since the model development basis is the centrifugal acceleration, the ESAM

together with the experimental equivalent area obtained from performance exper-

iments can be used to predict the tangential velocity profile in the hydrocyclone.

This prediction is validated by comparison of the tangential velocity profile of a

given hydrocyclone. This method has the benefit of predicting the tangential ve-

locity profile without requiring complex and expensive instruments for velocimetry

measurement.

The average value of 0.8 is suggested in the literature for the exponent n in the

tangential velocity profile function for hydrocyclones. It is shown that the value of

this exponent is significantly geometry dependent. For three of the hydrocyclone

designs studied in this research, the exponent values are close to the average, while

for Bradley hydrocyclone n is found to be 0.31. The proper exponent for each
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hydrocyclone design can be determined from the ESAM by comparing with exper-

imental data and the ESAM can now be used as a design tool for hydrocyclones.
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Chapter 5

Effect of inlet concentration on
equivalent area factor

5.1 Introduction

The equivalent settling area model (ESAM) in Chapter 4 does not consider the ef-

fect of concentration of solid particles in the feed stream. The developed ESAM

presented in Eq. (4.14) and Eq. 4.15 is based on residence time theory [13] that

does not take the concentration and hence hindering effect into account. To gen-

eralize the relation for predicting the separation performance at high concentration

when hindered settling occurs, the ESAM should be modified. This chapter aims in

modifying the ESAM for this effect. This is performed by applying different forms

of concentration functions in the ESAM. Comparing the experimental data, the best

predicting function is obtained through regression analysis.

To avoid confusion with ESAM, the modified equivalent settling area model

(modified ESAM) for the effect of concentration is shown with Σc and is used to

evaluate the effect of operating and performance parameters in hydrocyclones. A

performance guideline chart is also developed for hydrocyclones using Σc.
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5.2 Methodology

5.2.1 Concentration functions

High solid concentration increases the particle-particle interactions and hence re-

duces the particle settling velocity which is known as hindered settling velocity [26].

This velocity is usually correlated with gravity settling velocity obtained from Stokes’

law [25] by multiplying in to a function of solid volume concentration such that [34]:

vh = vgf(c) (5.1)

where vh is the hindered settling velocity and c is the volume fraction of the particles

in the mixture. Some types of function f(c) that have been used in hydrocyclone

studies in the literature are listed in Table 5.1. The functions have been used either to

modify the radial terminal velocity of the particles in the hydrocyclone or to predict

the separation cut size in the device which in turn is related to the settling velocity.

This is discussed in 1.3.3 under ”feed concentration” section. The references from

reviewing the functions are given in column three of Table 5.1.

These functions are evaluated in this study to modify the ESAM for the effect

of concentration. Each function is combined with the ESAM and the resulted rela-

tion (modified model) is used to obtain the data that predicts the equivalent settling

area factor in a hydrocyclone for different concentrations. This predicted data is

then compared to the experimental data to examine the capability of the modified

model (and the concentration function) in predicting the equivalent area factor un-

der the influence of solid concentration. The theoretical equivalent settling area
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Table 5.1: Functions that are used in the literature for the effect of solid concentra-
tion on the hydrocyclone performance

Case Function Reference Descriptions
f1(c) (1− c)α [32] α = 4.65
f2(c) c/(1− c)α [33] α = 3
f3(c) 10αc/(1− c)β [66] α = 10.82, β = 2
f4(c) exp(αc) [5] α = 6.0
f5(c) (1− c)(1− c/β)α [70] α = 1.5, β = 0.6
f6(c) cα/(1− c)β [88] α = 0.46, β = 4.5

model ESAM is modified using a concentration function f(c) such that:

Σc = ESAMf(c) (5.2)

A regression code is developed to fit the experimental data. To obtain the best result

for each regression analysis the function coefficient(s) (α or β) listed in Table 5.1

is allowed to be optimized. The results are then compared with each other and the

function that provides the best match for the model is selected. The experimental

data for separation from low to high solids concentration (up to 10%v/v) is used to

determine the coefficient α or β.

5.2.2 Empirical data

Since the experiments in the current study are limited to low solid concentrations,

the required data at higher concentrations to evaluate the concentration functions

is obtained from empirical correlations available in the literature [5]. The correla-

tions are for hydrocyclones with geometric proportions listed in Table 5.2. These

geometric properties covers the most well-known hydrocyclone designs including

Bradley [80], Rietema [106] and Demco 4H [129] hydrocyclones. The correlations

used in this research are according to Eq. (5.3) to Eq. (5.8) [5].

Rw = 1.18

(
D

Do

)5.97(
Du

D

)3.10

Eu−0.54 (5.3)
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Table 5.2: Range of geometrical parameters [5]

Parameter Range
Di/D 0.14-0.28
Do/D 0.20-0.34
Du/D 0.04-0.28
L/D 3.30-6.93
l/D 0.33-0.55
θ 9°-20°

Stk50Eu = 0.12

(
D

Do

)0.95(
D

L− l

)1.33[
ln(

1

Rw

)

]0.79

exp(12.0c) (5.4)

Eu = 43.5D0.57

(
D

Di

)2.61(
D

D2
o +D2

u

)0.42(
D

L− l

)0.98

Re0.12 exp(−0.51c)

(5.5)

∆P =
ρv2Eu

2
= 36.3D−3.55Q2.12

(
D

Di

)2.61(
D

D2
o +D2

u

)0.42(
D

L− l

)0.98

ρ1.12µ−0.12 exp(−0.51c)

(5.6)

Q = 1.84D−0.217D1.231
i (D2

o+D2
u)

0.198(L−l)0.462µ0.0566ρ−0.528∆P 0.472 exp(0.241c)

(5.7)

d =

[
18µDStk50

(ρs − ρ)v

]0.5

=
1.173D0.64

D0.475
o (L− l)0.665

[
µρQ

(ρs − ρ)∆P

]0.5[
ln (

1

Rw

)

]0.395

exp(6.0c)

(5.8)

Assuming a certain hydrocyclone diameter, the hydrocyclone dimensions are ob-

tained from the aspect ratios from Table 5.2. For different well-known designs, the

separation cut size and flow rate are calculated from Eq. (5.8) and Eq. (5.7) for
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Table 5.3: Values of the variables set for obtaining experimental data

variable value Units
Liquid density, ρ 998 kg/m3

Liquid viscosity, µ 0.001 Pa.s
Solid density, ρs 2500 kg/m3

Pressure drop, ∆P 30-140 kPa
Inlet concentration, c 0.0125-0.10 v/v

the flow properties presented in Table 5.3. Knowing these values, the experimental

equivalent area factor is then obtained for different inlet concentrations and pressure

drops. Details of calculation method can be found in Chapter 2. This experimental

data is used as the response value in the regression analysis.
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5.3 Results and Discussion

5.3.1 Effect of concentration on ESAM

The effect of increasing the inlet concentration on the equivalent area is presented

for a Bradley and a Rietema hydrocyclone. The experimental data is compared

with the data from the ESAM for different solid volume concentrations vary from

1.25% to 10% shown in Fig. 5.1 and Fig. 5.2. Increasing the amount of solids in the

inlet flow decreases the equivalent area factor, the effect that is not covered by the

ESAM. It is seen from Fig. 5.1 and Fig. 5.2 that the data is deviated from the line of

the best match by increasing the concentration such that the ESAM overpredicts the

equivalent area factor under the effect of concentration. The same trend is observed

for a Rietema hydrocyclone as shown in Fig. 5.2.
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Figure 5.1: Comparison of the theoretical and experimental equivalent area factor
at different solid volume concentration for a Bradley hydrocyclone
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Figure 5.2: Comparison of the theoretical and experimental equivalent area factor
at different solid volume concentration for a Rietema hydrocyclone

5.3.2 Modifying ESAM

Nonlinear regression along with Eq. (5.2) and functions listed in Table 5.1 is used

to adjust the ESAM to match the experimental data. The value of np obtained

in 4.3.2 for each type of hydrocyclone is used to calculate the equivalent area from

the model. Therefore, the regression analysis is to obtain the coefficient(s) in the

concentration functions. The regression results for any type of hydrocyclone within

the range given in Table 5.2 and for hydrocyclone diameter ranges from 1 cm to

20 cm is tabulated in Table 5.4. To test if the coefficient (α or β) of the function

is statistically significant in the model, the t-statistic [119] is used which tests the

hypothesis that the true value of the coefficient is non-zero [119]. The probability of

being no difference between the groups using the concentration function f(c) and

observed experimental data is measured by the p-value [119]. The standard errors
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Table 5.4: Regression results for any hydrocyclone design

Variable f1(c) f2(c) f3(c) f4(c) f5(c) f6(c)
α 10.86 -0.25 -5.85 -11.36 5.73 -0.004
β - - 2 (fixed) - 0.6 (fixed) -11.10
SE 0.0059 0.3955 0.0036 0.0077 0.0040 α: 0.0001; β: 0.0058
t-statistics 1837 -1 -1621 -1467 1449 α: -68; β: -1930
p-value 0 0 0 0 0 α: 0; β: 0
R2 0.999 -0.6720 0.999 0.999 0.999 0.999
RMS error 0.0601 3.300 0.0826 0.0768 0.0682 0.0444
AIC -15046 28212 -11608 -12399 -13681 -18318

of the estimates (SE) (which is a measure of the accuracy of predictions), root mean

squared (RMS) error (measures difference between predicted values by the model

and the experimental values) and the coefficient of determination R2 (that is the

measure of how the values predicted by the model are close to the experimental

data) are also presented in the Table 5.4 to evaluate the excellency of the fit to the

data through the estimated coefficient(s) and the regression model.

The regression statistics show that most of the models provide a good estima-

tion of the concentration function. The only function that cannot well predict the

experimental data is f2(c), as the determination coefficient R2 is about one in all

models except for f2(c). Thus, the function f2(c) is removed from the study. All

other models (functions) are statistically significant and RMS errors are small. This

does not allow to reject or accept one model against the other models or to decide

about the best function that can be used in Eq. (5.2) to predict the effect of con-

centration on the equivalent area factor. However, using the Akaike information

criterion [130], it is possible to determine which model is more likely to be true

model in regenerating the experimental data. Akaike information criterion (AIC)
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is defined as [130]:

AIC = N ln(
RSS

N
) + 2K (5.9)

where N is the number of observations, K is the number of model parameters

(predictors and response) involved in the regression, and RSS is residual sum of

squares (sum of the square of the vertical distances of the data points from the fitted

curve). The probability that one candidate model is better than another candidate

model is obtained from theAIC values of every two candidate models. The Akaike

information criterionAIC is an indication of how much more or less likely a model

is true [131]. A model with lower AIC value is the model more likely to be correct

and such a model has a higher probability of being the true model in comparison.

Details about the calculations of these statistical parameters can be found in the

related statistics references such as [132].

The AICs of the models in this study, are tabulated in Table 5.4 for the can-

didate models listed in Table 5.1. The probabilities of one model being the more

likely model between every two models are tabulated in Table 5.5. Each score

in this table indicates the probability of its function in percent from the above row

against its relevant function in the left column. According to the Table 5.4, theAIC

score in the model that includes f6(c) is the lowest among the other candidate mod-

els. Considering the function with the lowest AIC in Table 5.4 and comparing the

probabilities from Table 5.5, the order of the functions from the most likely function

to the least likely function is as f6(c) > f1(c) > f5(c) > f4(c) > f3(c). Therefore,

f6(c) is expected more likely to be the true function in the model. However, it is

observed from Table 5.4 that the coefficient α for this function is negative which

means this model gives no value at zero concentration. This is not desired as it
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Table 5.5: Probabilities in AIC test. Values are in percent

f1(c) f3(c) f4(c) f5(c) f6(c)
f1(c) 50 0 0 0 100
f3(c) 100 50 100 100 100
f4(c) 100 0 50 100 100
f5(c) 100 0 0 50 100
f6(c) 0 0 0 0 50

creates a singularity point in the model which prevents generalization of the model

to cover all possible concentration (including zero). Therefore, f6(c) cannot satisfy

the requirements of the study and it is rejected for modification of ESAM. Thus,

the function f1(c) that has the more probability after f6(c) and its domain covers all

possible concentrations is selected to develop a modified model for predicting the

equivalent area factor. This statistical investigation provides a strong evidence over

choosing the function f1(c) for modifying ESAM in the current study. Considering

coefficient α from Table 5.4, and replacing it for f1(c), the selected function to be

used in the study is in the form:

f(c) = (1− c)10.86 (5.10)

The modified equivalent area factor including the effect of concentration is then

obtained using this function and combining Eq. (4.14), Eq. (4.15), Eq. (5.2) and

Eq. (5.10) as:

Σc =
πn[1− (Do/D)2]

(D/Do)2n − 1

(
1

1−Di/D

)2n+1
L∆P

ρg
(1− c)10.86 (5.11)

The accuracy of the proposed model for predicting the equivalent area factor ob-

tained from Eq. (5.11) tested for a range of volume concentrations from 1.25% to

10% for different hydrocyclone types is shown in Fig. 5.3. The results sit within the

lines of ±5% deviation from the best match. The modified equivalent settling area
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Figure 5.3: Accuracy of the proposed model in predicting the equivalent area factor
for any hydrocyclone design.

in Eq. (5.11) is valid for the range of hydrocyclone design stated in Table 5.2. This

relation can be used to study the hydrocyclone performance for variety of operating

conditions.

5.3.3 Application of Σc

The effect of the inlet concentration on Σc according to Eq. (5.11) is shown in

Fig. 5.4. The amount ofΣc is shown in Fig. 5.4 for some selected ESAM values that

are the values of Σc at zero concentration. Increasing the solid amount in the feed

flow decreases the performance of the hydrocyclone. It also shows that for certain

solid amounts in the feed flow the equivalent area factor of the hydrocyclones drops

to less than 1 m2. This shows that the hydrocyclone performance may reduce to

performance of a gravity settling tank that has unit area. This may not be desired

for a hydrocyclone in operation considering the cost of manufacturing, installation
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and operating comparing a gravity settling tank. To avoid such condition when a

single hydrocyclone is in use, there is a maximum solid concentration that should

be reached. This maximum value can be determined from Eq. (5.11) by equating

the relation to 1 and solving it for c. This concentration is calculated and depicted

in Fig. 5.5, for different Σ values range from 1 to 50 m2. As an example from

this figure, point A (shown on the figure) is explained. A hydrocyclone that has

equivalent area equal to 10 m2 at very low (zero) concentration should be operated

with less than 19.3%v/v feed solid concentration to perform more efficient than a

gravity settling tank of a unit area that performs at ideal conditions (Stokes settling).
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Figure 5.4: Effect of concentration on equivalent area factor at different ESAM
values (the ESAM value of each line is the Σc value at zero concentration.)

Contours ofΣc are plotted for a 5 cm hydrocyclone of type Bradley and Rietema

in Fig. 5.6 and Fig. 5.7. It is seen from the figures that at the same concentration
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Figure 5.5: Maximum concentration in hydrocyclone to obtain Σc = 1

and pressure drop, a Rietema hydrocyclone has a higher equivalent area factor than

a Bradley type. To achieve the same performance in a hydrocyclone when the con-

centration increases, the pressure drop should be increased. The interaction of the

variables in calculating Σc for a Bradley and Rietema hydrocyclones are plotted

in Fig. 5.8 and Fig. 5.9. This is limited to some hydrocyclone diameters and inlet

concentrations for a range of pressure drop from 50 kPa to 300 kPa. Increasing the

hydrocyclone diameter, increases Σc. As it can be seen from Fig.5.8 and Fig. 5.9,

a Bradley hydrocyclone has about one fourth of the performance of a Rietema hy-

drocyclone for the same operating conditions. This is in accordance with the study

of Bradley and Rietema hydrocyclones in [65].
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Figure 5.7: Contours of Σc for Rietema hydrocyclone with 5 cm diameter
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Figure 5.9: Effect of pressure drop, inlet concentration (fraction) and hydrocyclone
diameter on Σc in Rietema hydrocyclones
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5.3.4 Developing guidelines for hydrocyclones

Performance charts

It has been shown in Chapter 2 that there is a need for developing a performance

chart based on the principle concepts of the separation theories in hydrocyclones.

The modified equivalent area factor developed in this chapter provides a tool to

satisfy this need. Knowing that flow rate and particle size are typically the main

parameters to select or design a hydrocyclone, a performance chart is developed

to predict the hydrocyclone performance based on these parameters. This can be

done using the developed model for the equivalent area factor as it is coupled with

hydrocyclone flow rate and particle size according to Eq. (1.4) and Eq. (1.8). To

do this, for hydrocyclone diameters range from 1 cm to 50 cm, pressure drop range

from 35 kPa to 600 kPa and inlet concentration range from 0.1%v/v to 20%v/v,

flow rate and Σc are calculated from Eq. (5.7) and Eq. (5.11). Knowing the flow

rate and the equivalent area factor, settling velocity is obtained from Eq. (1.8).

This procedure is performed for a hydrocyclone with design parameters according

to the range given in Table 5.2. The liquid and solid phase properties in the calcu-

lations are listed in Table 5.3. The performance lines for Bradley and Rietema

type hydrocyclones are shown in Fig. 5.10 to 5.13 for three nominal pressure drops

and at two different solid volume concentrations c = 1%v/v and c = 20%v/v, re-

spectively. These are shown as plots of flow rate versus two times settling velocity

(2vg). Comparing Fig. 5.10 and Fig. 5.11 for Bradley hydrocyclones and Fig. 5.12

and Fig. 5.13 for Rietema hydrocyclones it can be seen that at a constant flow rate,

the gravitational settling velocity (x axis) increases significantly by increasing the

concentration. Thus, the equivalent area factor that is the ratio of flow rate Q to 2vg
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Figure 5.10: Hydrocyclone performance in Bradley hydrocyclones obtained from
equivalent area factor; c = 1%v/v
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Figure 5.11: Hydrocyclone performance in Bradley hydrocyclones obtained from
equivalent area factor; c = 20%v/v
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Figure 5.12: Hydrocyclone performance in Rietema hydrocyclones obtained from
equivalent area factor; c = 1%v/v
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Figure 5.13: Hydrocyclone performance in Rietema hydrocyclones obtained from
equivalent area factor; c = 20%v/v
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(according to Eq. (1.8)) decreases with increasing concentration. This can reduce

to about 10 times for a high concentration inlet flow even at a high pressure drop

equal to 600 kPa.

Comparing the performance of Bradley and Rietema hydrocyclones i.e. Fig. 5.10

with Fig. 5.12 and Fig. 5.11 with Fig. 5.13, a Rietema hydrocyclone can handle

more flow rate than a Bradley hydrocyclone at a similar pressure drop and inlet

concentration.

To develop a guideline chart for hydrocyclones, performance curves are gen-

erated for hydrocyclones for the aspect ratio range given in Table 5.2 at different

concentration and pressure drops for different hydrocyclone types. The curves are

bounded to obtain a performance guideline chart that covers the whole range of

applications for hydrocyclones of different types and sizes. The obtained chart is

shown in Fig. 5.14. Experimental data from literature [1–3] and data from a hy-

drocyclone manufacturer (FLSmidth Krebs Hydrocyclone [4]) are used to validate

the developed chart. Also, more data points are generated using sets of empirical

models presented in Eq. (5.3) to Eq. (5.8) for Bradley and Rietema types hydrocy-

clones. The results are shown in Fig. 5.14. Comparing these sets of data with the

chart shows that the chart well predicts the hydrocyclone performance as the data

are within the developed region. This chart is also compared with LPC [10] and

the results show that the LPC can be replaced with the current chart. This chart is

developed based on a model that includes the physics of the separation in hydrocy-

clones. More discussion on this can be found in Chapter 2 where the initial attempts

to develop a performance chart based on empirical and semi-empirical correlations

have been detailed. This performance chart however, has been developed from the
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Figure 5.14: Hydrocyclone performance chart compared to data from the literature
and LPC

basic principles. The performance chart can be used to compare the hydrocyclone

performance with other centrifugal separators and the gravity settling tank. The per-

formance of hydrocyclones is also compared with the performance of a continuous

gravity settling tank with unit area in Fig. 5.14. It is seen that a single hydrocyclone

may have lower performance than a gravity settling tank depending on operating

conditions.

Using the developed performance chart for the hydrocyclones, the LPC can be

updated. This update performance chart is shown in Fig. 5.15. This chart confirms

the previous proposed chart in Chapter 2 (Fig. 2.8).
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Figure 5.15: Performance of sedimenting centrifugal separator devices compared
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Separation cut size in hydrocyclones

The effect of the pressure drop and the hydrocyclone diameter on the separation

cut size is shown in Fig. 5.16 to Fig. 5.19 for Bradley and Rietema hydrocyclones

for concentrations c = 1%v/v and c = 20%v/v, respectively. As can be seen,

increasing the hydrocyclone diameter or decreasing the pressure drop while the

other variable is constant, results in increasing the cut size. To achieve a same

cut size at a constant concentration while the hydrocyclone diameter increases, the

pressure drop should be increased. However, making a high pressure drop may

not be always possible due to practical limits or energy/cost concerns and hence a

package of multiple hydrocyclones of small size can be an option.
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Figure 5.16: Separation cut size in Bradley hydrocyclones; c = 1%v/v

Comparing the cut size of a Bradley and a Rietema hydrocyclone of the same

size in Fig. 5.16 to Fig. 5.19, it is observed that a Bradley hydrocyclone has a

smaller cut size than a Rietema hydrocyclone for a similar pressure drop and hy-
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Figure 5.17: Separation cut size in Bradley hydrocyclones; c = 20%v/v

drocyclone diameter. This matches the trends observed in [65] that compares the

Bradley and Rietema hydrocyclones based on empirical correlations. It is also ob-

served that increasing hydrocyclone diameter results in reducing the cut size for

both the Bradley and Rietema hydrocyclones. It can be also concluded from com-

paring Fig. 5.16 and Fig. 5.17 or Fig. 5.18 and Fig. 5.19 that increasing the inlet

concentration results in larger cut size in a Bradley or a Rietema hydrocyclone.

This is due to the effect of hindered settling in hydrocyclones [13] at higher con-

centrations that reduces the settling velocity of particles.
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Figure 5.18: Separation cut size in Rietema hydrocyclones; c = 1%v/v
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Figure 5.19: Separation cut size in Rietema hydrocyclones; c = 20%v/v
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Figure 5.20: Hydrocyclone performance chart compared to gravity settling tank,
top horizontal axis: separation cut size for density difference = 1500 kg/m3

The separation cut size is also calculated for the hydrocyclone performance

chart of Fig. 5.14. The resulted chart is shown in Fig. 5.20 and the separation

cut size values are the second horizontal axis of the chart on the top. The cut size

on this axis is obtained from the settling velocity relation Eq. (1.8) for density dif-

ference between solid and liquid equal to 1500 kg/m3. According to the figure, the

hydrocyclones can be used to separate particles from about 5 µm to about 300 µm

that is well matched with the range presented in [12].
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5.3.5 G-factor

An important factor to compare the performance of centrifugal separators is G-factor.

This factor provides an understanding about the amount of force that is applied

on a particle under a centrifugal acceleration field comparing the gravity accel-

eration. The ratio of centrifugal acceleration to gravity acceleration is known as

G-factor [123, 133] (G-level or relative centrifugal force) that is:

G-factor =
rω2

g
(5.12)

where r is the rotation radius, ω is angular velocity of rotation and g is gravity

acceleration. This can be rewritten using the tangential velocity component vθ such

that:

G-factor =
v2
θ

rg
(5.13)

This is some times confused in the literature with g-force [12, 134] that is G-factor

multiplied by the acceleration due to the gravity. For a range of hydrocyclone di-

ameters from 1 cm to 50 cm this factor is calculated for Bradley and Rietema hy-

drocyclones. G-factor for different pressure drops in hydrocyclones are shown in

Fig. 5.21 and Fig. 5.22. G-factor decreases with increasing the hydrocyclone diam-

eter and increases with increasing the pressure drop. As pressure drop is coupled

with flow rate, this is due to increasing the flow rate which in turn increases the

tangential velocity. It has also been shown in Eq. (4.10) that increasing the pressure

drop in hydrocyclones increases the centrifugal acceleration.

Comparing two types of hydrocyclones, a Bradley hydrocyclone provides higher

G-factor (or centrifugal acceleration) for a given hydrocyclone size and pressure

drop comparing a Rietema hydrocyclone. This affects the separation cut size, as the
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Table 5.6: Capacity and G-factor values for different centrifugal separators

Centrifugal separator G-factor Throughput (m3/hr) Reference
Disk stack Up to 14,000 200 (max) [16]
Scroll decanter 2,000 - 6,000 <100 [16]
Tubular bowl 14,000 - 65,000 4 (max) [16]
Basket Up to 1,600 6 - 10 [16]
Hydrocyclone ∼ 5 - ∼ 45,000 Up to 7,000 Current study

settling velocity is proportional to G-factor, such that the lower cut size is obtain in

higher G-factors. This is seen comparing Fig. 5.16 and Fig. 5.18 or Fig. 5.17 and

Fig. 5.19. The separation cut size is smaller in Bradley hydrocyclones than Rietema

hydrocyclone for similar operating conditions and hydrocyclone diameters. Thus,

the previous observations are confirmed with the expectations obtained based on

G-factor.

G-factor in hydrocyclones can reach up to ∼ 45,000 in small hydrocyclones

(about 1 cm diameter) and can drop to ∼ 5 for large hydrocyclones (about 50 cm

diameter). The G-factor and capacity of hydrocyclones that obtained in the current

study are compared with G-factor of other sedimenting centrifuge separators in Ta-

ble 5.6. A hydrocyclone has relatively high G-factor and throughput comparing the

other centrifuge separator devices. This together with other advantages of hydrocy-

clones discussed in Chapter 2, make these device a good choice for many separation

applications. However, high G-factor is achievable with small hydrocyclones where

the throughput is low.
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Figure 5.21: Changes in G-factor with hydrocyclone diameter in Bradley hydrocy-
clones
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Figure 5.22: Changes in G-factor with hydrocyclone diameter in Rietema hydrocy-
clones
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5.4 Conclusions

Effect of concentration on the separation performance of hydrocyclones is stud-

ied by developing a model for equivalent area factor. The equivalent settling area

model (ESAM) is modified by combining it with a function of inlet flow solid con-

centration. This function is chosen among a number of candidate models from the

literature. Different types of functions that are used in the literature for hydrocy-

clones are evaluated and modified in the current study to predict the equivalent area

factor.

Comparing experimental data and predictions from the modified models and

performing statistical analysis, the best predictive functions is determined and ESAM

is modified. The modified ESAM (Σc) is used to develop a performance chart for

hydrocyclones. This performance chart is based on the physics of the separation

phenomenon in hydrocyclones and the principle theories. The chart is validated

using experimental data and the data from a hydrocyclone manufacturer data sheet.

The validated performance chart can be used to replace previous performance charts

in the literature. The model is also used to study the behavior of hydrocyclones for

cut size and centrifugal acceleration in terms of G-factor. It is shown that G-factor

in hydrocyclones can reach to ∼ 45,000 in small hydrocyclones that is noticeably

higher than other centrifugal separators.

For the two well-known Bradley and Rietema design hydrocyclones, a Bradley

hydrocyclone can provide a smaller separation cut size than a Rietema hydrocy-

clone at the same operating conditions. However, a Rietema hydrocyclone can

handle larger flow rates than a Bradley hydrocyclone for the same hydrocyclone
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diameter.
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Chapter 6

Underflow pumping in hydrocyclones

6.1 Introduction

Typically, the hydrocyclone underflow discharges through an apex to the open at-

mosphere at atmospheric pressure. Using a pump in the underflow, the underflow

stream can be controlled for varying conditions. In addition, flow blockage in the

apex is reduced as the pump draws the flow. A pump for the underflow equipped

with a variable frequency drive (VFD) motor can be used in controlling the un-

derflow rate of a hydrocyclone. Using water in the system it has been shown that

changing the speed of the pump connected to the underflow pipe has a similar ef-

fect to changing the underflow discharge orifice diameter [122]. Since most of the

studies in the literature investigate discharging the hydrocyclone outlet to the atmo-

spheric pressure, the lack of information on the influence of using a pump in the

hydrocyclone underflow is the motivation of this work.

In the following sections, flow rates, flow ratio, pressures at inlet and outlets and

the underflow concentration operating conditions of the hydrocyclone are varied

and separation performance and grade efficiency for several underflow pumping
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rates are examined.

Pressure ratio P ∗ = Pu/Po is defined as the ratio of absolute underflow pressure

(Pu) to the absolute overflow pressure (Po) and is used in this study to evaluate

the effect of underflow pumping on the hydrocyclone performance and operating

parameters. Unlike a standard hydrocyclone the underflow pressure is significantly

changed by changing the pump speed. The pressure ratio P ∗ is analyzed to develop

a model.

6.2 Method of determining reduced grade efficiency

The particle separation efficiency of a hydrocyclone for a particular particle size is

defined as the mass of separated solid particles of that size (in the underflow) to the

mass of the particles of the same size in the feed stream. This efficiency is called

grade efficiency [13] and is often plotted for the size distribution of the particles in

the feed to the hydrocyclone. Grade efficiency G(x), where x is the particle size

(PS), can be obtained from the particle size distribution of the feed flow and either

of the outlet streams (underflow or overflow).

The nature of flow splitting in the hydrocyclone results automatically in some

efficiency. The inlet flow splits into two streams and each stream goes to either of

the outlets (see Fig. 3.4). Since each part includes a mixture of solid and liquid

particles, this leads to some efficiency regardless of the operating conditions. For

this reason, the flow splitting separation efficiency is subtracted from the grade

efficiency to remove the effect of flow splitting on grade efficiency such that [12]:

G′(x) =
G(x)−Rf

1−Rf

(6.1)

where G′(x) is the resulting efficiency and is called reduced grade efficiency and

153



Rf is flow ratio. This G′(x) is used to compare the separation efficiencies under

different conditions or for different hydrocyclone devices. Similar toG(x), reduced

grade efficiency is usually reported as a function of particle size x and not a single

number. The concepts of grade and reduced grade efficiency are schematically

shown in Fig. 6.1. The reduced cut size is also obtained from the reduced grade

efficiency curve as defined in Fig. 6.1.

A simple alternative method for determining G′(x) assumes a log-normally dis-

tribution of particles in the inlet flow [135]. In this method G′(x) is obtained by a

single particle size distribution collected at the inlet and volume concentration mea-

surement of the feed flow and the underflow at each test condition. This technique

is evaluated in this study as it has been proposed as a simple method of determining

G′(x). The advantage of this method is that it is simple since a PSD measurement

for each experiment is not required. However, the disadvantage is that it does not

necessarily converge to a solution when there is a nonlinearity of the error function

in the log-normal distribution. Therefore, the presented reduced grade efficiencies

are obtained from the PSDs of the inlet and the underflow streams that are mea-

sured every time for each test in this study. Details of calculation of reduced graded

efficiency using the PSD of the inlet and the underflow can be found in [12].
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Figure 6.1: Schematics of grade efficiency and reduced grade efficiency curves and
the effect of the flow ratio [12]
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6.3 Experiment

The effect of the underflow pumping is examined using experiments performed

according to Chapter 3. The flow properties are studied for different flow rates. The

underflow flow rate is controlled by the underflow pump VFD. The results of the

experiments related to the underflow pumping are discussed in this chapter.

6.4 Results and discussion

As a baseline, the experiments are initially performed with only water only in the

system and the results have been published [122]. Next, experiments with varying

concentrations of solid particles are performed.

6.4.1 Mixture viscosity

The effect of solid concentration on the viscosity of the mixture is investigated.

This effect is expected to be negligible based on this expression for viscosity [136]:

µm
µo

= 1 + 2.5c+ 10.5c2 + 0.00273 exp(16.6c) (6.2)

where µm is the mixture of solid and liquid viscosity, µo is the viscosity at zero

concentration and c is the volume concentration of solid particles in the mixture.

The predicted results of viscosity from Eq. (6.2) are compared with experimentally

measured viscosity in Table 6.1. It can be seen that, the viscosity does not change

significantly by increasing the solid concentration from zero to 2% (the maximum

concentration used in this research) and the mixture behaves as a Newtonian fluid

for the experiments that have low concentration (maximum concentration in this

study is 2%v/v).
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Table 6.1: Measured and predicted viscosity of the mixture at different concentra-
tions with standard deviation of measurements

Concentration,
c (%v/v)

Predicted vis-
cosity(Pa.s)

Measured vis-
cosity (Pa.s)

Standard Dev.

0 0.00100 0.00102 1.31E-05
0.1 0.00101 0.00104 1.24E-05
0.5 0.00102 Not measured –
1 0.00103 0.00107 2.40E-05
2 0.00106 Not measured –
3 0.00109 0.00110 1.33E-05
5 0.00116 0.00119 4.06E-06

6.4.2 Grade efficiency

The influence of the underflow pumping on the grade efficiency at a constant feed

pump speed (nFPS = 1800 rpm) is shown in Fig. 6.2. Increasing nFPS increases

the flow ratio the y intercept of the curves and G(x) for PS <2 µm). As a part of

the liquid is mixed with the particles and leaves the hydrocyclone with the coarse

section in the underflow (appears in the flow ratio parameter Rf that is the ratio of

the underflow flow rate to the feed flow rate), the grade efficiency cannot explain

the real efficiency without removing the effect of the flow splitting on the efficiency.

The reduced grade efficiency curves for the test conditions in Fig. 6.2 are plotted

in Fig. 6.3 using Eq. (6.1). To obtain G′(x), the flow ratio Rf for each efficiency

curve is determined from the y intercept of the efficiency curve in Fig. 6.2. The cut

sizes associated with this plot are the same. This particle size is called reduced cut

size (d′50) and is equal to 4.4 µm. The plots of G′(x) show that using the pump in

the underflow does not have significant effect on the reduced grade efficiency and

it mainly changes the flow ratio. This is a noticeable result as it is expected that the

underflow pumping simulates the changes in the underflow pipe diameter. Typically

changing the underflow pipe diameter changes the separation cut size. Therefore,
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further investigations with variety of particle size distributions are needed to justify

the effect of underflow pumping on the cut size.
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Figure 6.2: Effect of underflow pumping on the grade efficiency G(x) of the hydro-
cyclone for different underflow pump speeds; nFPS = 1800 rpm; c = 0.5%

To evaluate the effect of the concentration on the reduced grade efficiency, the

curves of G′(x) at a constant feed pump speed (nFPS = 1800 rpm), a constant

underflow pump speed (nUPS = 1500 rpm) for varying concentrations are plotted

in Fig. 6.4. Increasing the concentration from 0.1%v/v to 2%v/v in the feed stream

of the hydrocyclone leads to an increase in the separation reduced cut size from

4.88 µm to 5.94 µm as shown in Fig. 6.4. As there is only a small change in feed

concentration, the curves are not significantly different, however, they match the

trend that is observed by increasing the inlet concentration [26].
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Figure 6.3: Effect of underflow pumping on the reduced grade efficiency G′(x)
of the hydrocyclone for different underflow pump speeds; nFPS = 1800 rpm;
c = 0.5%
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Figure 6.4: Effect of concentration on the reduced grade efficiency of hydrocyclone;
nFPS = 1800 rpm, nUPS = 1500 rpm
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6.4.3 The underflow pumping effect on hydrocyclone operation

The effect of using the underflow pump on flow rate, flow ratio and pressures are in-

vestigated as a function of pressure ratio (P ∗ = Pu/Po). This is a non-dimensional

variable that represents the underflow pressure changes. The rationale for this is

discussed next.

Inlet flow rate

The effect of the changes in the inlet (feed) flow rate Q with respect to P ∗ is

plotted in Fig. 6.5 for three feed pump speeds. It shows that the inlet flow rate

decreases slightly with increasing the pressure ratio. A decrease in Q occurs with

a decrease in the underflow to the overflow pipe diameter (Du/Do) ratio [13] as

shown in Fig. 6.6. This leads to the idea that P ∗ can be used to control the hydrocy-

clone performance in an analogous way to changing the underflow pipe size. The

effect of P ∗ and Du/Do is opposed as increasing P ∗ has a similar effect on the inlet

and the underflow flow rates as of reducing the underflow/overflow pipe diameter

ratio.

Inlet and outlet pressures

Changes in the inlet pressure (Pi), overflow pressure (Po), overflow pressure

drop (∆P = Pi − Po) and underflow pressure (Pu) as a result of increasing the

pressure ratio (P ∗) are shown in Fig. 6.7 to Fig. 6.11 (all pressures are absolute).

Increasing the pressure ratio does not have a significant effect on the inlet pressure

or the pressure drop as seen in Fig. 6.7 and Fig. 6.10, respectively. The overflow

pressure shown in Fig. 6.8 increases with the pressure ratio although the amount is

less than 1 kPa at each nFPS . However, this increase is not significant comparing

the order of magnitude of the other pressures in the experiment. This is shown in
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Figure 6.5: Inlet flow rate: effect of changes in the pressure ratio at 3 feed pump
speeds (nFPS); c = 0.5%v/v.

Figure 6.6: Effect of changes in the underflow/overflow diameter ratio on flow rates
of inlet and underflow [13].
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Fig. 6.9 for a different scale. Since, the inlet pressure is not significantly affected by

underflow pumping, this shows that the upstream pressure is almost independent of

the downstream pressure changes. This is similar to changes in the underflow pipe

diameter or underflow flow rate by using a valve and shows that underflow pumping

can be used to achieve a similar effect. The overflow pressure can also be considered

as a constant pressure relative to the inlet and underflow pressures. This means

P ∗ = Pu/Po is only affected linearly by underflow pressure Pu. Therefore, P ∗

can be used as a normalized variable that represents the behavior of the underflow

pressure.

The linearity of P ∗ in underflow pressure is seen in Fig. 6.11. This is to show

that the pressure ratio represents the underflow pressure in terms of a dimensionless

variable. Increasing the pressure ratio results in increasing the underflow pressure

that is an indication of less suction in the underflow pipe. Comparing the pressure

changes from Fig. 6.7 to Fig. 6.11, the pressure ratio P ∗ has the strongest (almost

linear) effect on the underflow pressure. This indicates that the underflow pressure

drop (∆Pu = Pi − Pu) is the most effective pressure drop in this experimental

setup for predicting the hydrocyclone behavior. The effects of changes in the vari-

ables with respect to the changes in the underflow pressure drop are also shown in

Fig. 6.12 to Fig. 6.16. This pressure drop can also be normalized for further investi-

gations, however, the pressure ratio is discussed here as it represents the underflow

pressure changes as a result of the underflow pumping regardless of the pressure

changes at the inlet.
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Figure 6.7: Inlet pressure: effect of changes in the pressure ratio at three feed pump
speeds (nFPS); c = 2%v/v.
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Figure 6.8: Overflow pressure: effect of changes in the pressure ratio at three feed
pump speeds (nFPS); c = 2%v/v.
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Figure 6.9: Overflow pressure: effect of changes in the pressure ratio at three feed
pump speeds (nFPS); c = 2%v/v.

0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6
0

50

100

150

P ∗ = Pu/Po (kPa/kPa)

P
re
ss
u
re

d
ro
p
,
∆
P

=
P
i
−
P
o
(k
P
a)

nF P S = 1200 rpm
nF P S = 1500 rpm
nF P S = 1800 rpm

Figure 6.10: Pressure drop: effect of changes in the pressure ratio at three feed
pump speeds (nFPS); c = 2%v/v.
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Figure 6.11: Underflow pressure: effect of changes in the pressure ratio at three
feed pump speeds (nFPS); c = 2%v/v.
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Figure 6.12: Inlet flow rate: effect of changes in the underflow pressure drop at
three feed pump speeds (nFPS); c = 2%v/v.
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Figure 6.13: Inlet pressure: effect of changes in the underflow pressure drop at three
feed pump speeds (nFPS); c = 2%v/v.
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Figure 6.14: Overflow pressure: effect of changes in the underflow pressure drop at
three feed pump speeds (nFPS); c = 2%v/v.
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Figure 6.15: Underflow pressure: effect of changes in the underflow pressure drop
at three feed pump speeds (nFPS); c = 2%v/v.
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Figure 6.16: Underflow flow rate: effect of changes in the underflow pressure drop
at three feed pump speeds (nFPS); c = 2%v/v.
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Underflow concentration

The pressure ratio influence on the underflow discharge concentration cu is

shown in Fig. 6.17 for three different feed concentrations. As the underflow pump

speed decreases (higher P ∗ and less suction in the underflow) it is expected that

less water is pulled toward the underflow and the underflow concentration increases

with increasing the pressure ratio as it can be seen in Fig. 6.17. Increasing the feed

concentration, obviously increases the underflow concentration. To evaluate the in-

teraction of feed concentration and the underflow pumping effect, cu is normalized

with the feed concentration c and the results are plotted in Fig. 6.18. The curves in

Fig. 6.18 show an increase for the normalized concentration c̄u = cu/c when the

feed concentration increases from 0.1%v/v to 2%v/v as the pressure ratio increases.

There is no distinguishable discrepancy between the curves of 0.5%v/v and 2%v/v

feed concentration for pressure ratios less than 1.3 as the plot of 2%v/v concentra-

tion is located within the error bars of the plot of 0.5%v/v concentration. However,

an increase in the c̄u = cu/c is observed after point P ∗ = 1.3 for higher pressure

ratios.
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Figure 6.17: Effect of changes in the pressure ratio on the underflow solid volume
concentration at different feed concentration; nFPS = 1800 rpm
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Figure 6.18: Effect of changes in the pressure ratio on the normalized underflow
solid volume concentration c̄ at different feed concentration; nFPS = 1800 rpm
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Flow ratio Rf

The flow ratio is an important parameter in controlling a hydrocyclone as it is

a direct function of the inlet flow or the underflow flow rate. To understand the

behavior of the flow ratio with respect to the underflow pumping, the effect of the

pressure ratio P ∗ on the flow ratio is shown in Fig. 6.19. As a result of less suc-

tion, Rf decreases with increasing the pressure ratio. Increasing the concentration

decreases Rf which results in less flow in the underflow (at a fixed inlet flow rate)

at higher concentrations. This is attributed to the accumulation of the solids in the

underflow discharge zone which reduces the discharge area and results in a higher

flow rate through the overflow pipe. The reduction in the inlet flow rate with in-

creasing P ∗ that is observed in Fig. 6.5 is also a factor but not as significant as the

changes in the underflow flow rate.
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Figure 6.19: Effect of changes in the pressure ratio on the flow ratio at different
feed concentration; nFPS = 1500 rpm
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6.4.4 Model development for predicting pressure ratio

The development of a correlation for predicting the effect of the underflow pumping

and comparing it to changing underflow/overflow diameter is a major objective of

this study. The main performance factors are: pressures and flow rates at the hydro-

cyclone entrance and outlets, inlet concentration and the inlet particle cut size. Both

linear and nonlinear regression approaches are applied to find the model that can ex-

plain the pressure ratio and hence underflow pressure changes for 54 experimental

points. The fixed parameters in the experiment such as liquid and solid densities or

the density difference and diameters are not involved in the model developmental.

The underflow pumping effect is evaluated using the pressure ratio P ∗. Linear

and nonlinear models with predictor variables including pressure drop, inlet cut

size, inlet concentration, inlet flow rate and flow ratio are tested for predicting the

pressure ratio. From the statistical analysis, it is found that the inlet particle cut

size and concentration are not significant. The remained parameters involved in the

model development are normalized inlet flow rate (Qn = Q/Qavg) where Qavg is

the mean value for all recorded flow rates, flow ratio (Rf ), normalized pressure drop

(∆P/Pi) and inlet solid volume concentration (c). Linear and nonlinear regressions

are detailed next.
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Linear regression approach

For the linear regression, polynomials of different orders up to the order of four

of the function variables are tested. According to the hypothesis tests for signifi-

cance level of the coefficients, a polynomial function of the order of one is found to

be more significant. The linear model is then in the form:

P ∗ = α0 + α1Qn + α2Rf + α3∆P/Pi + α4c (6.3)

Table 6.2: Estimated coefficients and statistics parameters for pressure ratio (P ∗) in
linear regression

Coefficient Estimate SE t-Statistics p-value
α0 2.858 0.5189 5.507 1.32E-06
α1 0.649 0.5180 1.253 0.2159
α2 -1.097 0.0948 -11.56 1.29E-15
α3 -3.502 2.0027 -1.748 0.0866
α4 -0.018 0.0163 -1.120 0.2680
RMS Error 0.0852 R2 0.76
Model p-value 1.27E-14 Adjusted R2 0.74

The statistical information for estimated coefficient for the linear correlation

function in Eq. (6.3) is presented in Table 6.2. This is including standard error of the

coefficients (SE) that measures how precisely the model estimates the coefficient,

root mean squared (RMS) errors that is a measure of the spread of the estimated

response values around their average, t-statistics and p-value (an indication of sig-

nificance of estimated coefficient or model under investigation for regression analy-

sis), R2 (an indication of the goodness of a fit) and adjusted R2 (adjusted R2 for the

number of parameters involved in the regression). The t-statistics and p-values of

each coefficient in Table 6.2 show that all the coefficients except concentration are
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Figure 6.20: Linear regression: a comparison of measured and predicted values of
pressure ratio P ∗

significant [132]. Typically coefficients with p-values smaller than 0.05 are con-

sidered to be significant [137]. As can be seen from Table 6.2 this value for the

flow rate and the inlet concentration coefficient (α1 and α4) are much greater than

0.05. However, since removing these variables does not improve the regression, to

show the effect of the feed concentration it is decided to keep these coefficients in

the model. The model p-value equals 1.27E-14 shows the significance of the model

in predicting P ∗. The R2 and adjusted R2 shows overall fit for the data that pre-

dicts 76% variability of the predictors in the model. The predicted values of the P ∗

from the model presented in Eq. (6.3) are compared with the experimental values in

Fig. 6.20. It is observed that the developed linear model predicts the pressure ratio

within the ±10% deviation from the exact line.
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Nonlinear regression approach

Similar to the linear regression, Qn, Rf , ∆P/Pi and c are found to be the main

parameters involved in predicting P ∗. Using trial and error with some nonlinear

functions a useful predicting function is found to be:

P ∗ = Qβ1
n R

β2
f (∆P/Pi)

β3 exp(β4c) (6.4)

This model predicts the variations in the P ∗ with R2 equals 90.1%. The statistics

related to the nonlinear regression are listed in Table 6.3. All coefficients of the

nonlinear model in Eq. 6.4 are found to be significant as the p-values are smaller

than (or close to) 0.05. Unlike the linear regression modeling, solid concentration is

observed to have more significant role in predicting the pressure ratio in nonlinear

modeling. The outcome of the model against the experimental values are plotted in

Fig. 6.21. This figure also shows that the developed nonlinear model predicts the

pressure ratio within ±10% deviation from the experimental results.

Table 6.3: Estimated coefficients and statistics parameters for pressure ratio (P ∗) in
nonlinear regression

Coefficient Estimate SE t-Statistics p-value
β1 -0.3249 0.0360 -9.004 4.8487E-12
β2 -0.4508 0.0215 -20.906 2.2768E-26
β3 0.2569 0.0294 8.7237 1.2906E-11
β4 -0.0144 0.0080 -1.7987 0.0781
RMS Error 0.0541 R2 0.901
Model p-value 2.42E-67 Adjusted R2 0.895
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Figure 6.21: Nonlinear regression: a comparison of measured and predicted values
of pressure drop ratio P ∗
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Model selection

Investigating the statistics of the both linear and nonlinear models presented in

Eq. 6.3, Eq. 6.4, Table 6.2 and Table 6.3, it is clear that the nonlinear model provides

a better prediction of the data. This investigation provides a strong evidence over

choosing the nonlinear model for predicting the P ∗ in the current study. Therefore,

the correlation which predicts the pressure ratio for the hydrocyclone design of the

current study and for solid volume concentration lower than 2%v/v is:

P ∗ = Q−0.325
n R−0.451

f (∆P/Pi)
0.0257 exp(−0.014c) (6.5)

This correlation is dimensionless.

The obtained correlation can be used for further study on hydrocyclone control.

Since, no similar setup is seen in the literature (with a pump in the underflow) a

separate test with the experimental setup is performed with a different concentration

(c = 1%) and the data is used to validate the model. The results of this cross

validation are shown in Fig. 6.22. The nonlinear model predicts the pressure ratio

within ±10% from the experimentally observed values for this new test.

The coefficients of Eq. 6.5 indicate that the inlet flow rate and the flow ratio

have a stronger effect on pressure ratio than pressure drop and feed concentration.

The effect of changes in the pressure ratio with flow ratio at a constant Qn equal to

one is shown in Fig. 6.23. It can be seen that as pressure ratio decreases the flow

ratio increases showing increase in the underflow flow rate.

The slopes of changes in P ∗ with respect to changes in each model variable are

plotted versus flow ratio Rf in Fig. 6.24 to Fig. 6.27 for three nominal Qn. The

changes in P ∗ with respect to Rf are one order of magnitude greater than changes

with respect to Qn and ∆P/Pi and two orders of magnitude with respect to c. This

176



0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Measured pressure ratio

P
re
d
ic
te
d
p
re
ss
u
re

ra
ti
o

Experimental data points
Exact match
Exact match ±10%

Figure 6.22: Cross validation for pressure ratio using nonlinear developed model;
c = 1%v/v

shows that the pressure ratio P ∗ is most sensitive to flow ratio and the inlet solid

volume concentration has the least influence on P ∗. Therefore, the flow ratio is the

most effective way to manipulate the pressure ratio for controlling the hydrocyclone

performance.
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Figure 6.23: Effect of changes in flow ratio on pressure ratio; Qn = 1; c = 1%v/v
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Figure 6.24: Pressure ratio sensitivity to normalized flow rate; ∆P/Pi = 0.95;
c = 1%v/v
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Figure 6.25: Pressure ratio sensitivity to flow ratio; ∆P/Pi = 0.95; c = 1%v/v
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Figure 6.26: Pressure ratio sensitivity to pressure drop/inlet pressure ratio;
∆P/Pi = 0.95; c = 1%v/v
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Figure 6.27: Pressure ratio sensitivity to inlet volume concentration;
∆P/Pi = 0.95; c = 1%v/v
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6.5 Conclusions

The effect of pumping the underflow of a hydrocyclone is studied experimentally

by using the soda lime particles in the water. Three different solid concentrations

(maximum 2%v/v) and different flow rates by changing the feed pump speeds are

examined. Using a pump in the underflow of a hydrocyclone separator can help

adjusting the device to accommodate fluctuations in the inlet flow. This is similar

to using a valve in the underflow or changing the apex size and is used to control

the hydrocyclone performance.

The results of the study show that increasing the feed volume solid concentra-

tion from 0.1% to 2% increases the separation reduced cut size from 4.88 µm to

5.94 µm. The ratio of the underflow to overflow absolute pressures is defined as

pressure ratio P ∗ and is used to study the underflow pumping effect on the perfor-

mance. The changes in the inlet flow rate with the pressure ratio shows that the inlet

flow rate increases slightly with decreasing the pressure ratio. This trend is similar

to increasing the underflow pipe diameter which is another method of adjusting the

hydrocyclone performance according to the feed flow conditions. The changes in

the inlet and outlet pressures, pressure drops and the flow ratio are also studied but

no significant changes are observed with the underflow pumping.

The data of the 54 experimental tests is used to develop a correlation to pre-

dict the pressure ratio. The linear and nonlinear regression are examined and the

nonlinear model provides a better fit with predicting the hydrocyclone behavior. A

nonlinear model, for predicting the pressure ratio, is defined in Eq. 6.5. It is ob-

served that the most and the least sensitive influencing variables on the pressure
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ratio are flow ratio and inlet concentration, respectively. This model can be used for

further studies on controlling the hydrocyclone separation performance.
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Chapter 7

Conclusions and future work

7.1 Conclusions

This study is aimed to model the performance of hydrocyclones in terms of an

equivalent settling area factor. This factor is used for centrifugal separators in order

to compare the performance of the device and for scaling up a centrifuge sepa-

rator. Investigating the literature, it is found that there is a lack of such a model

for hydrocyclones. Developing the equivalent area factor for hydrocyclones allows

comparing the performance of the device with other centrifuges. It also provides

a tool to develop guideline charts that are useful in centrifugal separator selection

and design.

Using the empirical equations of Plitt [71] and the Rietema relation [63] for

separation cut size in hydrocyclones, performance of hydrocyclones are evaluated

in terms of equivalent area factor. Comparing the obtained data with literature it is

observed that the guideline performance chart of Lavanchy [10], does not predict

the hydrocyclone performance well. This is discussed in detail in Chapter 2. Thus,

a theoretical model based in the first principles is needed for more investigation.

To compare the energy consumption in different centrifugal separators includ-
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ing hydrocyclones, a model is developed in this research. Considering a single

particle suspended in a centrifugal field and the relevant forces, the specific energy

consumption for sedimenting the particle is calculated. Comparison of the specific

energy consumption of the centrifuges and the hydrocyclone, it is observed that a

hydrocyclone consumes less energy to separate a particle than the other types of

centrifugal separators.

A theoretical equivalent settling area model (ESAM) is developed. This model

replaces the simplifications of the residence time theory with estimating an average

vertical velocity component from the flow rate in the cylindrical portion of the hy-

drocyclone and also bringing the tangential velocity component into account. The

model predicts the equivalent area in terms of design parameters and the operating

variables. Following the model development, ESAM is validated performing the

experiments.

Experimental setup including a test rig with a 5 cm hydrocyclone is used to

measure the separation performance of the hydrocyclone. The information from

the experiments is used to validate the ESAM. The experiments are performed at

different inlet concentrations and for different operating conditions. At all experi-

mental points a sample from the inlet and outlet flows is collected to determine the

particle size distribution and separation cut size. This set up uses a pump attached

to underflow that facilitates manipulating the underflow.

The experimental results are in good agreement with the ESAM prediction.

ESAM can be used to predict the equivalent area factor for a variety of hydro-

cyclone designs. The equivalent area factor Σ can also be used to compare other

centrifugal separators and a continuous settling tank to provide insight into the rel-
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ative performance of different centrifugal separation techniques. Using the ESAM,

the effects of hydrocyclone design parameters such as inlet and overflow diameters

are studied. It is observed that Σ in hydrocyclones is increased by increasing either

the hydrocyclone inlet diameter or the overflow diameter, but it is more sensitive to

the overflow diameter.

Since the model development basis is the centrifugal acceleration which is in

turn related to the tangential velocity, the ESAM together with the experimental

equivalent area obtained from performance experiments can be used to predict the

tangential velocity profile in the hydrocyclone. This prediction is validated by com-

parison of the tangential velocity profile of a given hydrocyclone. This method has

the benefit of predicting the tangential velocity profile without requiring complex

and expensive instruments for velocimetry measurement.

The average value of 0.8 is suggested in the literature for the exponent n in

Eq. (2.12) in the tangential velocity profile function for hydrocyclones. It is shown

that the value of this exponent is significantly geometry dependent. For three of the

hydrocyclone designs studied in this research, the exponent values are close to the

average, while for Bradley hydrocyclone n is found to be 0.31. The proper exponent

for each hydrocyclone design can be determined from the ESAM by comparing

with experimental data and the ESAM can be used as a design tool for hydrocy-

clones for applications limited to low feed solid concentration.

To include the effect of solid concentration in the model, ESAM is modified by

multiplying it in a concentration function. Several forms of solid volume concen-

tration functions are examined and performing detail statistical analyses and using

experimental data the best function is selected. The modified ESAM (Σc) can pre-
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dict the equivalent area factor for concentration variation according to Eq. (5.11).

The limits in operating hydrocyclones to achieve a minimum equivalent area is

discussed based on this model. It is shown that the maximum concentration that

drops the hydrocyclone equivalent area to 1 m2 can be obtained from Σc as shown

in Fig. 5.5. This modified model is is used to develop a guideline charts for hy-

drocyclones by calculating the hydrocyclone performance for different sizes and

operating conditions. The developed performance chart is evaluated with data from

literature and a manufacture data. It is observed from Fig. 5.14 that the developed

chart well covers the data points and can be used for device selection among the

centrifugal separator or for hydrocyclone designs. A design flow chart is provided

in this study shown in Fig. 2.11.

Finally, the underflow pumping effect on the operating variables and perfor-

mance of the hydrocyclone is investigated. This is a new experimental setup for

hydrocyclones as the common setups discharge the underflow to atmospheric pres-

sure. The pump allows changing the underflow rate by controlling the underflow

pump speed. This study shows that the pump can simulate the function of valves

used in the underflow pipe. The effect of underflow pumping on operating parame-

ters is discussed and a correlation is developed to predict the ratio of the underflow

pressure to overflow pressure P ∗. This parameter is found to be significantly af-

fected by the flow ratio and pressure drop in hydrocyclones.
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7.2 Future work

Further studies that can be done as a continuation of the current study are listed

below:

• The hydrocyclone equivalent area factor can be tested for smaller and larger

hydrocyclones to investigate the effect of design parameters particularly hy-

drocyclone diameter and underflow pipe size.

• An optimization study can be conducted based on the model developed in the

study for hydrocyclones. This can optimized the hydrocyclone size and re-

duce the pressure drop and hence energy consumption in hydrocyclone. Con-

sidering the performance of Bradley and Rietema hydrocyclones discussed in

the study, and intermediate design can be investigated.

• The energy consumption models developed in this research are based on

forces applying on a single particle in the centrifugal separators. This model

can be generalized for the effect of particles concentration in centrifuge and

hydrocyclone separators.

• Determining velocity profile at higher concentrations provides more informa-

tion about the effect of solid concentration and hindered settling on hydrocy-

clone performance in terms of equivalent area factor. In particular, investi-

gating the tangential velocity profile under such conditions can help better

understanding about the use of the developed model to predict this veloc-

ity profile. Most of the current researches in the literature for studying the

velocity profiles are under low feed concentration.
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• The effect of underflow pumping can be tested under different test conditions

including the type of mixture, hydrocyclone design and size and operating

conditions. This information is required to generalize the developed correla-

tions for hydrocyclones.

• Effect of overflow pumping can be investigated in a similar way that per-

formed for underflow in this research. This can be combined with the un-

derflow pumping for controlling hydrocyclones performance or may found

some potential applications where there is a limit for discharging the outlet

flow into atmosphere.

• Controlling the hydrocyclone performance using the pump in the underflow

can be an important research particularly for the applications that the under-

flow clogging or the underflow control valve to response the feed flow fluc-

tuation is an issue. The correlations developed in the current study provide

great tools for developing a control procedure.
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Appendix

A-1 Phase based separation techniques

Table A-1 shows phase based separation techniques [37]. Among these, solid

liquid separation techniques are listed in detail in the next section.

Table A-1: Phase based separation techniques

MAJOR COMPONENT
Solid Liquid Gas/Vapor

M
A

JO
R

C
O

M
PO

N
E

N
T Solid

Sorting,
Screening,
Hydrocyclones,
Classifiers,
Jigs,
Tables,
Centrifuges,
Dense media,
Flotation,
Magnetic,
Electrostatic

Pressing,
Drying

Crushing,
Heating

Liquid

Thickeners,
Clarifiers,
Hydrocyclones,
Filtration,
Centrifuges,
Crystallizers,
Evaporators

Decanters,
Coalescers,
Solvent extraction,
Distillation,
Adsorption,
Ion exchange

Stripping

Gas/Vapor

Gravity settlers,
Impingement settlers,
Cyclones,
Filters,
Wet scrubbers,
Electrostatic precipitators

Separating vessels,
Demisting pads,
Cyclones,
Wet scrubbers,
Electrostatic precipitators

Adsorption,
Absorption
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Appendix

A-2 Solid liquid separation techniques and range of
application

A list of different solid liquid separation methods is summarized based on the infor-

mation from [14] in Table A-2. This list gives the range of particle size and solid

concentration for each equipment. A flow chart that shows the classification of the

solid liquid separation equipment is also plotted in Fig. A-1.

Table A-2: Solid liquid separation technique and range of application
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Gravity thickeners 
and clarifiers 

   

  Circular basin 
thickener 

 0.1–500 µm and <20% w/w 

  High capacity 
thickeners 

  

   Circular 0.1–300 µm and <15% w/w 
   Deep cone 0.1–300 µm and <15% w/w 
   Lamella 1–150 µm and <15% w/w 
    
  Clarifiers  1–50 µm and <15% w/w 
Hydrocyclones    
  Conical reverse 

flow 
 5–200 µm and 2–40% w/w 

  Circulating bed  2–500 µm and 2–25% w/w 
Centrifuges    
  Sedimenting 

centrifuges 
  

   Tubular bowl 0.1–100 µm and <5% w/w 
   Basket 0.1–100 µm and <5% w/w 
   Disc stack 0.1–100 µm and 0.05–2% w/w 
   Scroll decanter 1–5000 µm and 4–40% w/w 
  Filtering 

centrifuges 
  

   Basket 10–1000 µm (pendulum), 2–1000 µm 
(peeler) and 4–30% w/w 

   Cone screen 80–10000 µm (slip discharge), 100–10000 
µm (vibratory, oscillatory or tumbling), 60–
5000 µm (worm screen) and 10–40% w/w 

   Pusher 40–7000 µm and 10–40% w/w 
   Baffle 100–7000 µm and 10–40% w/w 
   Inverting bag 

centrifuge 
2–1000 µm and 5–30% w/w 

Filters    
  Vacuum filters   
   Single leaf 1–500 µm and 1–10% w/w (Nutsche); 20–

80,000 µm and 5–30+% w/w (tipping pan) 
   Multi-element leaf 1–100 µm and 5–30+% w/w 
   Horizontal belt 20–80000 µm and 5–30+% w/w 
   Horizontal rotary 20–80000 µm and 10–30+% w/w (table), 5–

30+% w/w (tilting pan) 
   Rotary drum 1–200 µm (bottom fed, knife or belt 

discharge), 1–50 µm (bottom fed, roller 
discharge), 1–70 µm (bottom fed, string 
discharge), 1–600 µm (top fed), 10–600 µm 
(internal fed drum) 

   Rotary disc 1–700 µm and 5–20% w/w 
  Pressure filters 

and presses 
  

   Single leaf 1–200 µm and <1–20+% w/w 
   Multi-element leaf or 

candle 
1–100 µm and <1–20+% w/w (horizontal 
element), 0.5–100 µm and <1–20% w/w 
(vertical element), 0.5–100 µm and <1–20% 
w/w (tubular candle element) 

   Filter presses 1–100 µm and <1–30+% w/w 
   Sheet filter 0.1–80 µm and <<1–5% w/w 
   Variable-volume  
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filters and presses 
  o Horizontal 

diaphragm filter 
press 

1–200 µm and 0.3–30+% w/w 

  o Vertical diaphragm 
filter press 

1–200 µm and 0.2–30+% w/w 

  o Tube press 1–200 µm and 0.3–30+% w/w 
  o Expression press 1–200 µm and 10–80% w/w 
   Continuous pressure 

filters 
 

  o Belt press 1–200 µm and 0.2–30+% w/w 
  o Tower press 1–300 µm and 0.1–25+% w/w 
  o Rotary pressure 

drum 
1–100 µm and 5–30+% w/w 

  o Rotary pressure disc 1–100 µm and 5–30+% w/w 
    
   Cartridge filter 0.4–50 µm and <0.1% w/w 
   Bag filter 10–300 µm and 0.2–10% w/w 
  Precoat filters   
   Precoat rotary drum 0.5–100 µm and <1% w/w 
   Precoat pressure 0.1–40 µm and <1% w/w 
  Depth filters   
   Sand bed 0.2–60 µm (pressure fed), 0.2–50 µm 

(gravity fed) and <0.1% w/w 
   Fibre bed 0.1–40 µm and <1% w/w 
Classifiers    
  Hydraulic  50–2000 µm and 4–40% w/w 
  Mechanical  100–3000 µm and 4–40% w/w 
  Screen  45–100000 µm and 20–40% w/w 
Membrane filters    
  Dead-end  0.1–10 µm and <1% w/w 
  Low shear 

crossflow 
  

   Ultrafilters 0.001–0.05 µm and <20% w/w 
   Microfilters 0.05–20 µm and <20% w/w 
  High shear 

crossflow 
 0.1–20 µm and <25% w/w 

Force field assisted 
separations 

   

  Magnetic field  <40–4000 µm and 5–20% w/w (LIMS or 
HIMS), <400 µm and <10% w/w (HGMS)  

  High voltage 
electric field 

 <20 µm and <10% w/w 

  Low voltage 
electric field 

 <10 µm 

  Ultrasonic field  <10 µm and <10% w/w 
Other equipment    
  Flotation  <300–2000 µm and 1–20% w/w 
  Strainer  5–200 µm and <0.1% w/w 
  Gravity Nutsche 

filters 
 100–10000 µm and 1–10% w/w 

  Gravity belt filter  100–10000 µm and <3% w/w 
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Gravity 
thickeners 

and clarifiers

Hydrocyclones

Centrifuges

Filters

Classifiers

Membrane 
filters

Force field 
assisted 

separations

Other 
equipment

Circular basin 
thickener

Clarifiers

High capacity 
thickeners

Circulating bed

Conical reverse 
flow

Filtering 
centrifuges

Sedimenting 
centrifuges

Depth filters

Precoat filters

Pressure filters 
and presses

Vacuum filters

Screen

Mechanical

Hydraulic

High shear 
crossflow

Low shear 
crossflow

Dead-end

Gravity Nutsche 
filters

Flotation

Strainer

Gravity belt filter

Low voltage 
electric field

Magnetic field

High voltage 
electric field

Ultrasonic field

Solid-Liquid Separation equipment

Circular, deep cone, lamella

Tubular bowl, basket, disk stack, scroll decanter

Basket, cone screen, pusher, baffle, inverting bag

Single leaf, multi-element leaf or candle, filter 
press, variable-volume filters, continuous, 

cartridge filter, bag filter

Single leaf, multi-element lesf, horizontal belt, 
horizontal rotary, rotary drum, rotary disc

Ultrafilters, microfilters

sand bed, fiber bed

Rotary drum, pressure filter

This Chart is based on information from: Tarleton, E. S., & Wakeman, R. J. (2007). Solid/
liquid separation equipment. Solid / Liquid Separation : Equipment Selection and 
Process Design (Vol. 28, pp. 1-77). Elsevier Science. doi: 10.1016/0015-
1882(91)80118-O.

Figure A-1: Classification of solid liquid separation techniques. The information
extracted from [14]
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Appendix

A-3 Particle size terminology

Separation equipment usually classified according to particle size or the scientific

principle that is used for separation. Since there is no exact definition for catego-

rizing particle under ultra, nano, micro etc. different manufacturers and authors use

different terms. A simple terminology [8] that may help in understanding the parti-

cle size is listed in Table A-3. An example of particles and solid-liquid separation

technique is also presented in the table.

Table A-3: A simplified particle size terminology [8]

size (µm) Terminology Example
Solid/Liquid
Separation Method

0-0.001 Ionic Aqueous salts
Nanofiltration,
reverse osmosis,
chromatography

0.001-0.1 Macro-molecular Virus, colloids Ultrafiltraton

0.1-10 Fine particle
Pigments, clay,
bacterias

Microfiltration,
cake filtration,
deep-bed filtration,
centrifugation

10-100 Medium size
Bacteria, yeast,
fibers,
fine sand

Cake filtration,
gravity sedimentation,
floatation, cycloning

100-1000 Large Coarse sand Screens, shakers

214



Appendix

A-4 Equivalent area factor uncertainty

Uncertainty of Σ

The uncertainty for calculating the equivalent area factor in the experiments are

also obtained. This is calculated using the developed equation for Σ, Eq. (4.14)

such that:

Σ = β
∆PL

ρg
( A-1)

δ2
Σ =

(
δβ
∂Σ

∂β

)2

+

(
δL
∂Σ

∂L

)2

+

(
δρ
∂Σ

∂ρ

)2

+

(
δg
∂Σ

∂g

)2

+

(
δ(∆P )

∂Σ

∂(∆P )

)2

( A-2)

where δ denotes the uncertainty of the variable. Since the value of β is obtained

constant equal to 1.14 considering the value of n = 0.88 obtained for the hydro-

cyclone in the current study and knowing that hydrocyclone length L and g are

constant, Eq. ( A-2) is simplified to:

δ2
Σ =

(
δρ
∂Σ

∂ρ

)2

+

(
δ(∆P )

∂Σ

∂(∆P )

)2

( A-3)

Replacing the differentiations gives:

δ2
Σ =

(
δρ(
−∆PβL

gρ2
)

)2

+

(
δ(∆P )

Lβ

ρg

)2

( A-4)

Replacing the values in Eq. ( A-4) the uncertainties for Σ is obtained. In this cal-

culation uncertainty of the liquid density ρ assumed to take the maximum value of

0.55 kg/m3 for 2°C change in temperature during the experiment. The results of

the uncertainty calculation for Σ are shown in Fig. A-2 for different underflow
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pump speeds. It can be seen that the Σ uncertainty can reach to a maximum value

of 0.21 m2 while the minimum uncertainty is 0.05 m2.
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Figure A-2: Uncertainty in calculating equivalent area factor Σ; c = 0.1%v/v.

216



Uncertainty of Σc

Uncertainty of the modified equivalent area factor Σc that is a function of inlet

volume concentration c is obtained using Eq. (5.11) such that:

Σc = β
∆PL

ρg
(1− c)10.86 ( A-5)

δ2
Σc

=

(
δβ
∂Σc

∂β

)2

+

(
δL
∂Σc

∂L

)2

+

(
δρ
∂Σc

∂ρ

)2

+

(
δg
∂Σc

∂g

)2

+

(
δ(∆P )

∂Σc

∂(∆P )

)2

+

(
δc
∂Σc

∂c

)2

( A-6)

where δ denotes the uncertainty of the variable. Performing a similar procedure as

for uncertainty of Σ, Eq. ( A-6) is simplified to:

δ2
Σc

=

(
δρ
∂Σc

∂ρ

)2

+

(
δ(∆P )

∂Σc

∂(∆P )

)2

+

(
δc
∂Σc

∂c

)2

( A-7)

After differentiating this gives:

δ2
Σc

=

(
δρ(
−∆PβL

gρ2
)(1−c)10.86

)2

+

(
δ(∆P )

Lβ

ρg
(1−c)10.86

)2

+

(
10.86

−βL∆P

ρg
δc(1−c)9.86

)2

( A-8)

Replacing the values in Eq. ( A-8) the uncertainties for Σc is obtained. The results

of the uncertainty calculation for Σc are shown in Fig. A-3 for different underflow

pump speeds. It can be seen that the Σ uncertainty can reach to a maximum value

of 0.23 m2 while the minimum uncertainty is 0.06 m2.
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Figure A-3: Uncertainty in calculating modified equivalent area factor Σc;
c = 0.1%v/v.
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Uncertainty of Σexp

Uncertainty of the experimentally measured equivalent area factor Σexp is obtained

using Eq. ( A-9) and Eq. ( A-10) such that:

Σexp =
Q

2vg
( A-9)

δ2
Σexp

=

(
δQ
2vg

)2

+

(
δvg

Q

2v2
g

)2

( A-10)

where δ denotes the uncertainty of the variable. The uncertainty of the settling

velocity δvg is obtained such that:

δ2
vg =

(
δ∆ρ

d2

18µ

)2

+

(
2dδd

∆ρ

18µ

)2

+

(
δµ

∆ρd2

18µ2

)2

( A-11)

Replacing the values in Eq. ( A-11) and Eq. ( A-10) the uncertainties for Σexp is

obtained. The results of the uncertainty calculation for Σexp are shown in Fig. A-4

for different underflow pump speeds. It can be seen that the Σexp uncertainty can

reach to a maximum value of 2.18 m2 while the minimum uncertainty is 1.07 m2.
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Figure A-4: Uncertainty in calculating modified equivalent area factor Σexp;
c = 0.1%v/v.
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Appendix

A-5 Justification of Stokes’ law

The validity of Stokes’ law for the hydrocyclone in the current study is evaluated by

calculating the particle Reynolds number Rep [62] in the hydrocyclone at distance

r from the center-line.

The centrifugal acceleration of a settling particle is v2
θ/r and the settling velocity

of the particle vp with diameter d under this centrifugal acceleration is obtained such

that:

vp =
∆ρd2

18µ

v2
θ

r
( A-12)

where vθ is obtained from Eq. (2.15). The particle settling velocity vp is now used

to calculate Rep such that:

Rep =
ρvpd

µ
( A-13)

Combining Eq. ( A-13) with Eq. ( A-12) gives:

Rep =
ρ∆ρd3

18µ2

v2
θ

r
( A-14)

For average inlet flow rate Q = 1.8 m3/hr from the experiments and the tangential

velocity exponent n = 0.88 (as obtained for the hydrocyclone in the current study

in Chapter 4), the tangential velocity profile is obtained. The result is shown in Fig.

A-5. For solid-liquid density difference ∆ρ = 1500 kg/m3 (between soda lime glass

beads particles and water), liquid viscosity µ = 1 mPa.s, particle size d = 10 µm

and liquid density ρ = 1000 kg/m3 the values of Rep are obtained from Eq. ( A-14)

and plotted in Fig. A-6. As it can be seen from this figure, at any radial location in

the hydrocyclone Rep < 1 and hence the Stokes’ law is a valid assumption.
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Figure A-5: Tangential velocity profile for the hydrocyclone in the current study;
R = D/2 where D is hydrocyclone diameter
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Figure A-6: Particle Reynolds number for the hydrocyclone in the current study;
R = D/2 where D is hydrocyclone diameter
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