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Abstract

The clinical applicability of tumour control probability (TCP) and normal tissue
complication probability (NTCP) models is investigated. A method of choosing dose-
volume constraint points based on biological criteria is presented. This method requires
random sampling from the functional space of all monotonically decreasing functions in
the unit square. A random function generator is developed by determining and utilizing
the distribution that describes the number of normalized integral dose volume histograms
(DVHs) passing through a point in DVH space. Randomly simulated DVHs that result in
clinically acceptable levels of complication are selected and averaged, producing a mean
DVH, from which dose-volume constraints may be selected. The impact of the number
of constraints to be fulfilled on the likelihood that a DVH satisfying them will result in an
acceptable NTCP is also determined. A property of the integral dose-volume histogram
(DVH) space is analytically investigated — a curve is constructed by connecting points
belonging to step-like integral DVHs with a NTCP equal to a particular value, a. It is
proven that any DVH that at least partially lies above this curve results in NTCP > .
The functional form similarity between the individual and fundamental population TCP
models is investigated. Using the fact that both models can be expressed in terms of the
parameters Dso (dose at 50% control) and y5 (normalized slope at Dsp), it is shown that
they have almost identical functional form for values of 39 > 1. The possibility of
applying the individual TCP model for the case of heterogeneous irradiations is

discussed. By making use of this functional similarity, the o/ (ratio of linear quadratic
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radiosensitivity parameters) estimates that would be obtained by fitting each TCP model
to clinical data are analytically compared. It is shown that the o/ ratio estimated from
clinical dose-response data is model-dependent — a population TCP model that accounts
for heterogeneity in radiosensitivity will produce a higher /£ estimate than that resulting
from the individual TCP model. Finally, the impact of clinical data quality on the
accuracy of estimated TCP model parameters is invéstigated, by means of numerical

experiments with pseudo-data.
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Two-dimensional

Three-dimensional image-based conformal radiotherapy
computed tomography

Critical volume (NTCP model)
Deoxyribonucleic acid

differential dose-volume histogram
dose-volume histogram

External-beam radiation therapy
Equivalent uniform dose

Functional sub-unit

Generalized mean dose

Gross tumour volume

integral dose-volume histogram
Intensity-modulated radiation therapy
Linear quadratic (cell survival model)
Multi-leaf collimator

Normal tissue complication probability
Organ at risk

Probability distribution function

Radiation Therapy Oncology Group
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List of Symbols

Radiation dose [Gy].
Represents the fraction of cells that survive irradiation to dose D.

Represents lethal (non-repairable) damage in a cell that results from a
single radiation interaction.

Represents sub-lethal (repairable) damage in a cell that results from two
separate radiation interactions.

Repair constant for sub-lethal lesions.

Lea-Catcheside dose-protraction factor — describes repair of sub-lethal
lesions that occurs for low dose rates. 7T represents total irradiation time.

(Constant) dose per fraction in a fractionated radiation treatment.

Mean number of tumour cells that survive a treatment in which a total
dose, D, is delivered.

Total (initial) number of clonogens in a tumour before a radiation
treatment. This is an individual TCP model parameter.

Cell repopulation, or growth-rate, constant.

Total treatment time in the individual or population TCP model
expressions.

Cell repopulation constant scaled by the number of days per fraction (7

= total treatment time in days, » = total number of fractions in
treatment).

For constant dose per fraction, d, this parameter is a combination of

radiosensitivity and repopulation parameters — a’' = a + fd + A'/d (this
is a parameter of the individual TCP model).

Average of o over a population of patients — a=a+ pd + T/ d (this
is a parameter of the population-averaged TCP model).

Average of & over a population of patients.
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Average of £ over a population of patients.

Average of A’ over a population of patients.
Parameter (of the population-averaged TCP model) that represents the

2
. - , o,
inter-tumour heterogeneity in & — (') = o, + O'ﬂzd 24 (d+)

Standard deviation of the parameter . Represents the amount of inter-

tumour heterogeneity in a among a patient population.

Standard deviation of the parameter . Represents the amount of inter-
tumour heterogeneity in £ among a patient population.

Standard deviation of the parameter A’. Represents the amount of inter-
tumour heterogeneity in A’ among a patient population.

Average log clonogen number of a population of patients (population-
averaged TCP model parameter).

Euler’s gamma constant (approximate value is 0.577).

Parameter that represents inter-tumour heterogeneity in InN,
(population-averaged TCP model parameter).

Dose at 50% control (for TCP models) or 50% complication rate and
whole-organ irradiation (for the Lyman NTCP model). '

Normalized slope at D5y (TCP model parameter).
Non-normalized slope at Dsy.

Dose at an arbitrary tumour control level of £, where 0 <f< 1.
Normalized slope at Dy

A relative volume-dose point of a DVH.

Probit function.

Parameter that describes the slope of a normal tissue dose-response
curve in the Lyman model.
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Volume parameter for EUD in the Lyman model.

Number of FSUs that must be destroyed in order for a complication to
occur in an organ.

Total number of FSUs that comprise an organ.

The relative critical volume (individual CV NTCP model) or population-
averaged relative critical volume (population CV NTCP model).

The relative mean damaged volume (CV NTCP model).
Standard deviation of z, (individual CV NTCP model).

Probability of damaging a FSU when it is irradiated to a (uniform) dose
of D (CV NTCP model).

FSU dose at 50% control for PrsiAD) (CV NTCP model).

FSU normalized slope for Prsi{D) (CV NTCP model).

Number of cells in a FSU (for the CV NTCP model).
Radiosensitivity of a cell in a FSU.

Standard deviation of relative critical volume in the population CV
NTCP model.

(1) Number of fractions in a standard external-beam treatment.
(2) Observed number of ‘successes’ in the binomial or Poisson
distribution formula.

In the Poisson or binomial distribution expressions, p is the probability
of a ‘success’.

(1) The total number of ‘trials’ in the Poisson or binomial distribution
expressions.
(2) The number of patients per point in a generated pseudo-dataset.

This ratio determines a tissue’s sensitivity to fractionation. It is typically
low (~3) for late-responding tissues and high (~10) for early-responding
tissues.

A parameter ratio that represents the amount of dose per day that is
needed to combat tumour growth.
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A parameter ratio that represents the relative heterogeneity among a
patient population.

Volume that is irradiated to at least a dose, D, in an integral DVH.
Heaviside step function.

Dose distribution in a structure of interest.

Radius of a circle surrounding a dose-volume constraint point, through
which a DVH must pass in order for it to satisfy the constraint.

Maximum dose point for a DVH defined as DVH;.

Total number of DVHs generated by means of the reverse mapping
method.

A uniform randomly-generated number, used to assign a maximum dose
value to a DVH generated during the reverse mapping process.

Doses that give a NTCP of 5 and 99%, respectively, assuming uniform
whole-organ irradiation. These quantities are used for the reverse
mapping process.

Typical clinical lower and upper limits, respectively, for maximum
organ dose.

DVH point probability. The probability that a DVH, with a user-

specified NTCP range, passes through a given point in the dose-volume
histogram space.

The relative volume of the average DVH at the dose point D;. This
quantity is used during the reverse mapping process.

The total number of DVHs with NTCP = 5 + 0.5%. Used during the
reverse mapping process.

The fraction of DVHs, generated by means of the reverse mapping
method, with NTCP = 5 + 0.5%.

The probability that a DVH which satisfies a set of constraints leads to
an unacceptable NTCP of greater than 5.5%.
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The probability that a DVH with NTCP e [4.5, 5.5] % passes within the
g-vicinity of the chosen constraint(s).

Point on the a-iso-NTCP envelope in integral DVH space.

Normalized difference between the areas under the individual and
population-averaged TCP curves.

Ratio of normalized slope parameters corresponding to the TCP curves
that represent an external-beam treatment and a low-dose brachytherapy

treatment for a given tumour type.

TCP level that is characteristic of a point in a generated pseudo-clinical
tumour dose-response dataset.

Dose point corresponding to TCP,.

Dose interval corresponding to a generated pseudo-dataset. This
quantity represents the dose range in which the individual points fall.

Total number of points that comprise a generated pseudo-dataset.

Upper and lower 95% confidence limits for a fitted parameter.
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Chapter 1 Introduction and Background

1.1 Introduction

1.1.1 Radiation therapy

The most common types of radiation used for the treatment of cancer are photons
and electrons, delivered via external-beam linear accelerators or administered by placing
radioactive sources right at the treatment site (brachytherapy). While these forms of
cancer therapy are an effective means of tumour control, it is inevitable that some healthy
tissues will be irradiated when dose is delivered to the tumour.

The probability of controlling a tumour as a function of delivered radiation dose is
defined as the tumour control probability (TCP). When plotted in dose-TCP space, this
curve is sigmoidal. Similarly, the probability that a certain dose will lead to a
complication in a normal tissue or organ is known as the normal tissue complication
probability (NTCP). The NTCP is also a sigmoidal function of dose. The goal of
radiation therapy is to maximize TCP while minimizing NTCP. Currently, this is

accomplished by keeping the normal tissue dose low in comparison to the dose delivered
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to the tumour, and through dose fractionation techniques. Dose distributions are
optimized through the use of three-dimensional treatment planning and highly conformal
delivery techniques, such as intensity modulated radiation therapy (IMRT). It is
generally accepted that the complication rate should ideally be around 5% or less. Of
course, for some treated sites it is possible to achieve even lower complication rates,
while for others it is not possible to get as low as 5%. The value of 5% is somewhat
arbitrarily quoted as a reasonably low complication rate in the clinic, however.

Other factors besides dose distribution can influence TCP and NTCP.
Fundamentally, the dose-response function for an organ (or tumour) is dependant on the

effect of ionizing radiation on biological tissues.

1.1.2 Radiobiology

The field of radiobiological modeling involves the investigation of the impact of
ionizing radiation on cell survival, and the quantification of the dose-response of cells,
organs, and tumours in the form of models.

This branch of science is reasonably well-understood at the cellular level.
Considerable progress has been made in regards to research involving the deposition of
energy in a cell by ionizing radiation and the consequential cellular damage and/or
reproductive death. Also, through laboratory experiments, the in-vitro response of cells
to radiation has been quantified and modeled. In vitro cell survival parameters are thus
reasonably well-known. Investigations continue to be carried out in the field of
radiobiology to further our understanding of the mechanisms involved in the response of
cells to ionizing radiation, and also to ultimately take this knowledge and apply it
clinically.

Within the past couple of decades, there has been considerable research activity
involving the application of radiobiological principles to clinical radiation therapy. In
this vein, attempts have been made to collect dose-response data for both normal tissues
and tumours, and then to apply radiobiological dose-response models to such data. Once

model parameters have been estimated in this way, they could conceivably be used to
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predict the effects of different treatments regimes (different dose distributions,
fractionation regimes, or total dose delivered, for example) on NTCP and TCP. TCP and
NTCP models could potentially be used for the purpose of ranking different treatment
plans, or they could be incorporated into the treatment planning process itself (for
example, they could be used for inverse planning optimization). A few researchers have
assumed that the in vivo radiobiological parameters and parameter ratios can be extracted
from model fits to clinical dose-response data. It is hoped that the results of such
parameter estimations could be applied clinically (for example, radiosensitivity parameter
estimates for tumour and normal tissue may be used to determine optimal dose delivery
patterns, that is, fractionation regimes).

The incorporation of radiobiological models and principles in the radiation
therapy process in this way could ultimately lead to treatments with improved outcome,
and research in this area is currently being carried out with this as a goal. However, this
particular branch of research is still relatively new, and hence there are some difficulties
associated with the field.

For one thing, the clinical dose-response datasets that are currently available for
both tumours and normal tissues are generally sparse, and subject to considerable
uncertainty. Tumour dose-response data tend to cover only a narrow range in the high-
probability end of the curve. In contrast, normal tissue dose-response data normally
covers only a narrow range in the low-probability end of the curve. In addition, the
existing dose-response datasets are not generally based on a large number of samples (for
example, in dose escalation trials, generally less than ~100 patients are treated to a given
prescription dose), which increases the uncertainty associated with a given dataset. A
number of different TCP and NTCP models have been proposed, ranging from purely
phenomenological to being derived on the basis of radiobiological principles, and they all
tend to describe existing clinical dose-response data equally well. That is, the quality of
such data is not high enough to distinguish one model from another.

Clinical dose-response data are population-averaged and include the effects of
inter-tumour heterogeneity. On the other hand, data from synergistic/inbred animal
experiments, in which inter-individual heterogeneity is negligible, are capable of

distinguishing between different individual dose-response models. For example, the data
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of Fischer and Moulder' were obtained from animal experiments in which tumour size
was carefully monitored. This dataset also contained enough points to fully sample the
entire dose-response curve. Stavreva et al? fit this dataset with different individual TCP
models, and found that the Zaider-Minerbo® model, which takes cell repopulation into
account, best fit the data. Unfortunately, the existing clinical datasets are not nearly as
detailed, and represent a significant amount of inter-tumour heterogeneity.

While the effect of ionizing radiation on an in vitro sample of cells is well-
understood and the radiobiological parameters well-determined, considerably less is
known about the in vivo situation. The in vivo environment is much more complicated
than the in vitro one, and is difficult to reproduce for the purpose of laboratory
experiments. Therefore, in vivo radiobiological parameters are theoretically determined
from dose-response data by means of TCP and NTCP models. When the effects of intra-
and inter- tumour/organ heterogeneity are taken into account, it may not be possible to
estimate in vivo parameters directly from dose-response data in the first place.

These difficulties have thus far delayed the widespread use of radiobiological
principles in a clinical setting. However, it is still useful to carry out investigations
related to clinical radiobiology. The dose-response data that are currently available may
have some use in treatment planning, and for the relative ranking of treatment plans.
Even if this proves not to be the case, methods that are developed using such data may be
used in a clinical setting once better clinical data do become available. Also, while it
may not currently be possible to determine individual in vivo radiobiological parameters

accurately, this may not be true for parameter ratios.

The next few sections of this chapter outline the field of radiobiology, starting
from the effects of radiation at a cellular level, and the modeling of cell survival. The
main TCP and NTCP models are described, as well as their use in treatment planning and
in parameter estimation. The objectives of this thesis are then outlined, followed by a

brief description of the contents of each following chapter.
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1.2 Cell damage by radiation

When a group of cells is exposed to ionizing radiation, the latter can interact
either directly or indirectly with DNA to eventually lead to damage and potentially
reproductive death. With a direct interaction, the radiation causes an ionization event on
the DNA itself. With an indirect interaction, it ionizes a nearby water molecule to
produce highly reactive species (such as the hydroxyl radical — OHe). The reactive
species then interact with DNA and causes damage.

The relationship between the surviving fraction of a population of irradiated cells
and the radiation dose delivered to the cells is described by the cell survival curve. A
number of cell survival models have been developed to describe this curve, but the most
widely used one is the linear quadratic (LQ) model, originally derived by Chadwick and
Leenhouts.*

1.3 The linear quadratic model

In the original derivation by Chadwick and Leenhouts, a single DNA double-
strand break was assumed to be the type of damage that eventually leads to the loss of a
cell’s reproductive capability. A double-strand break could result from one of two
possible events:

(1)  One radiation event breaks both DNA strands.

(ii)) Two separate radiation events cause two single-strand breaks, which then
combine to produce one double-strand break if they occur close enough in
time and space.

According to the LQ model, the cell survival curve is given by:

(1-1) S(D) = exp|-(aD + pD?)],

where, in the Chadwick and Leenhouts interpretation, & [Gy™'] represents double strand
breaks caused by a single radiation event, and 8 [Gy™] represents double strand breaks
caused by the interaction of two single strand breaks from two different radiation events.

The parameters a and £ describe a cell’s radiosensitivity.
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Since the original derivation of the LQ model by Chadwick and Leenhouts, it has
been determined that the existence of a single DNA double-strand break does not
necessarily lead to reproductive death of a cell. The current theory is that the number of
chromosomal aberrations, which consist of clusters of double-strand breaks, correlates
with cell survival when cells are irradiated.” This observation does not change the form
of the LQ model given by Eq. (1-1), but it does lead to a different interpretation of linear
(a-type) and quadratic (ftype) damage. The a-type damage is now interpreted as the
formation of complex chromosomal aberrations caused by one radiation event, while the
[type damage now represents the formation of complex chromosomal aberrations
through the interaction of DNA double-strand breaks caused by separate radiation events.

Alternatively, the o and S terms of the LQ model may be interpreted as lethal
lesions, and sub-lethal lesions, respectively. This interpretation relates to the ability of
cells to repair different types of damage. Lethal lesions are those that are completely
non-repairable, while sub-lethal lesions could potentially either interact with each other to

lead to a lethal lesion, or they could be repaired by the cell.

1.3.1 Dose rate effects and the LQ model

The number of lethal lesions produced depends on dose rate. The lower the dose
rate, the higher the chances that sub-lethal lesions are repaired. The effect of dose-rate on
cell survival curves has been observed experimentally,® and the complete form of the LQ
model explicitly includes this effect:

(1-2) S = exp|- (a0 + G(u, T)BD?)|.

The repair constant for sub-lethal lesions is given by the parameter x4, and T [s] is the
time of irradiation (which depends on dose rate). The function G(x,7) is known as the
Lea-Catcheside dose-protraction factor, originally presented by Lea.” It ranges from O at
very low dose rates (all sub-lethal lesions are repaired before they can interact to form
lethal lesions), to 1 at very high dose rates (all sub-lethal lesions interact to form lethal
lesions). For the case of constant dose rate and exponential repair with repair constant

[s"], this function is given by the expression:’
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(1-3) G@,T):-{l—i(l—e"‘”)}.

2
uT ur
Following either the method proposed by Lea’ to derive this function, or that of
Kellerer and Rossi,® a dose-protraction factor may be derived for situations where the
dose rate is not constant (for example, an exponentially-decaying dose rate, such as the

one that would occur for brachytherapy treatments).

1.3.2 The relationship between the o/f ratio and dose-fractionation for
external-beam treatments

1.3.2.1 Effect of fractionation on cell survival curves

For a typical external-beam radiation therapy (EBRT) treatment, the total
prescribed dose is delivered in a number of smaller daily fractions, usually around 2 Gy
each. For non-fractionated dose delivery, the natural logarithm of the LQ survival curve
is given by:

(1-4) InS = —(aD + AD?),
and a plot of InS vs. dose, D, is parabolic as shown by the red curve in Figure 1-1. Now
suppose a total dose, D, is delivered in »n equal fractions of dose d, with enough time

between irradiations to allow complete repair to occur. In this case, we have:
(1-5) § = e @5 = 15 = ~(ond + pna?).
Substituting D = nd in Eq. (1-5), we arrive at the following survival curve for a

fractionated treatment:

d
1-6 InS=- D=—aD|1+—— |.
(1-6) n (a+d) (+a/ﬂ)

When Eq. (1-6) is plotted as InS vs. D, the result is a straight line and, in comparison to a
non-fractionated treatment [Eq. (1-4)], the same total dose, D, will result in less cell

killing. A smaller dose per fraction results in a larger survival fraction for a given total
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dose, D. The difference between fractionated and non-fractionated treatments is

illustrated in Figure 1-1, for &f =2 Gy, a= 0.3, and d = 2 Gy/ft.

In(S)

- 8 L [ i 1 1
0 1 2 3 4 5 6

Dose [Gy]

Figure 1-1: Cell survival curves for a non-fractionated external-beam treatment (red)
and a fractionated treatment (black). In this particular example, d = 2 Gy/fr, @ = 0.3, and

o/f=2. If time is allowed for all f-type damage to be repaired between fractions, each
new fractional dose corresponds to ‘repeating’ the first part of the survival curve. This
idea is represented by the dotted curve.

1.3.2.2 Fractionation sensitivity and the a/f ratio

The o/p ratio [Gy] describes the amount of curvature of a cell survival curve. A
large o/f ratio implies that the interaction of sub-lethal lesions plays only a minor role in
cell killing relative to direct cell-killing through a-type damage. The opposite is true for
tissues with a low o/f ratio — the interaction of sub-lethal lesions to produce lethal

damage dominates cell kill. In the latter case, repair should also have a greater role in

cell survival.
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The sensitivity of a group of cells to the dose per fraction, d is determined by the
o/ f ratio, and this concept is illustrated in Figure 1-2. In Figure 1-2(a), three survival
curves are plotted for the case of /=10 Gy and @ = 0.3. The red dotted curve

0 * * ‘ . I
------------- No fractionation
) — 4 Gylfr
¥ I E—_ L *
-10 : |
2 (@)
g

151 &p=10Gy ]

AD =99 Gy

0 10 20 30 40 50 60 70

Dose [Gy]

Figure 1-2: The effect of o/f on fractionation sensitivity. Survival curves are plotted
for the case of no fractionation (red), d = 4 Gy/fraction (black) and d = 2 Gy/fraction
(blue). Also shown is the difference, AD, between the total doses required to produce a
given survival fraction of cells (InS = -25) for each of the two fractionation regimes. In

(a), these curves are shown for an o/ ratio of 10 Gy, and in (b), they are shown for o/ =
3 Gy.
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corresponds to the case of no fractionation. The black curve describes cell survival
fraction for a dose per fraction of 4 Gy, and the blue curve describes cell survival fraction
for d = 2 Gy/fraction. The dose difference, AD, between the two fractionated treatment
curves at an iso-effect of InS = -25 is also shown; for o/ = 10 Gy, this quantity amounts
to AD =9.9 Gy.

Similar curves are shown in Figure 1-2(b), but in this case the o/ ratio was set
equal to 3 Gy. For this example, the dose difference to produce the same iso-effect of InS
= -25 for the two different fractionation regimes is AD = 14.3 Gy. Tissues with a lower

o/ B ratio thus exhibit an increased sensitivity to sparing by dose fractionation.

1.3.2.3 Early and late-responding tissues

The effects of radiation on normal tissues can be characterized according to the
time it takes for them to manifest. Early effects result from the immediate depletion of
parenchymal and/or stem cells (the former are cells that directly perform a tissue’s
function and the latter are those that proliferate to produce new parenchymal cells). Late
effects result from the depletion of stromal cells (which support the function of
parenchymal cells). The time at which the effects of radiation become apparent has been
observed to depend on the rate of proliferation of the cells that comprise a tissue. Early-
responding tissues tend to be composed of cells that proliferate rapidly; while late-
responding tissues regenerate at a significantly slower rate. A given organ can exhibit
both early and late effects following irradiation, depending on its composition.

It has been observed experimentally that late-responding tissues are more
sensitive to changes in fractionation size than early-responding tissues.”'®  This
observation may be explained by considering the cell survival curves, and the o/ ratios,
of late and early-responding tissues. Fowler'' published a paper in 1983 that reported
measured «/f ratios for a variety of late and early-responding tissues. The early-
responding tissues tended to have higher o/f ratios (~10 Gy) than did the late-responding
tissues (~3 Gy).

10
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The majority of tumours can be considered early-responding tissues — they
proliferate rapidly, and have relatively high /f ratios. Thus, by delivering the
prescribed dose for a radiation treatment in a number of daily fractions, the surrounding,
late-responding normal tissues are allowed time for repair of sub-lethal lesions. For the
case where the tumour being treated has a higher o/ ratio than the surrounding normal
tissues, fractionated treatments with d = 2 Gy/fr should facilitate maximum TCP with
minimum NTCP. This value for d was arrived at based on clinical experience, and is
consistent with the o/f ratio description.

The o/f ratio is a fairly important quantity, as the difference between o/ for the
treated tumour and that of the surrounding normal tissues is an important factor in

determining an optimum fractionation regime.

1.4 TCP and NTCP models

While cell survival models are adequate for describing the results of lab
experiments in which a number of cells are irradiated in vitro, more complex models are
required to describe tumour control probability and normal tissue complication
probability. In this section, the TCP and NTCP models referred to throughout the rest of

this thesis are summarized.

1.4.1 TCP models

1.4.1.1 The individual TCP model based on Poisson statistics

The Poisson distribution,

n
vt

e,
n!

(1-7) fla,v)=

is a special case of the binomial distribution,

11
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N!

(1-8) f(n;N,P)=mP"(1—p)N_”.

The binomial distribution gives the probability of observing a total of n successes out of
N trials, where the probability of one success is p. The Poisson distribution may be
applied when the number of trials, &, is very large, while the probability of one success,
p, is very small. In Eq. (1-7), the mean (or expected) number of successes is given by v
(= Np) and n still corresponds to the number of observed successes.

The individual TCP model is derived under the assumption that tumour control is
achieved only by killing all tumour clonogens.'? Let the total number of clonogens in a
tumour be equal to Ny, and the probability of one clonogen surviving irradiation be equal
to Pg(D), the cell survival fraction after a dose, D. In this case, we can assume that N is
large, Pg(D) is small, and the product v = NyPg(D) is finite. The probability of no
surviving clonogens [n = 0 in Eq. (1-7)] after a tumour receives a dose, D (i.e., the TCP),
under the assumption of Poisson statistics, is given by:

(1-9) TCP,, = ")
Adding in a simple description for clonogen repopulation? that takes place over the time
of the treatment, 7, the expression becomes:

(1-10) TCP,, = ¢ MP(P)ewldn)

where A [s] is the growth-rate constant.

Now assume that the treatment consists of n fractions of equal dose, d (nd = D),
over time T, and that there is sufficient time between fractions for full repair of damage to
occur. The cell survival fraction, Ps(D), is assumed to be well-represented by the linear
quadratic formula [Eq. (1-1)]. In this case, Eq. (1-10) becomes:

TCP,, = exp[- N, exp(~ aD - fdD)exp(AT)]
= exp[— N, exp(— (a + pd )D + AT )]

For a constant dose per fraction, the growth constant can be scaled by the number of days

(1-11)

per fraction, A'=AT/n. Under these assumptions, the individual TCP model can be

written as:

(1-12) TCP,, = exp[— N, exp(— a'D)] = exp[— N, exp(—(a + pd —%’]Dﬂ ,

12
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where a and f are the linear quadratic radiosensitivity parameters.

The validity of the Poisson TCP model was questioned by Tucker and Travis,"

1518 who explored the non-Poisson nature of TCP. Under certain conditions,

15,19

and others
however, it has also been shown ™"~ that the distribution of the number of clonogen cells
remaining at the end of a treatment is well-approximated by the Poisson distribution. In
view of these results, and also because of the relative complexity of the non-Poisson TCP
models, the individual TCP function that is derived on the basis of Poisson statistics is

often used for clinical radiobiology purposes.

1.4.1.2 The population TCP model®

For tumours as well as for normal tissues, the dose-response exhibited by a
clinical series is a population-based, rather than an individual, response. The inter-
tumour heterogeneity within a clinical dataset leads to a dose-response curve that is
flattened relative to the individual dose-response curve. An illustration of this concept is
shown in Figure 1-3. The black TCP curves correspond to individual tumours with
different radiosensitivity parameters, /. The average of a number of these curves over a
population distribution of radiosensitivity parameters gives the population TCP curve

shown in blue.

13
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Figure 1-3: Individual TCP curves with different radiosensitivity values (black), and the
population TCP curve that represents an average of many such individual TCP functions.

A population-based TCP model may be derived from an individual TCP model by
averaging Eq. (1-12) over distributions for ¢ and N,. Carlone et al®® derived a
fundamental form of the population TCP model in this way by making use of the
following assumptions:

e There is no correlation between any of the parameters for an individual. Thus, the
multidimensional probability distribution function (PDF) for all parameters can be
represented as the product of the PDF for each individual parameter.

e Assume a lognormal PDF for Ny, and a Gaussian PDF for .

e Assume that heterogeneity in the radiosensitivity parameter o is much larger than
that in the log of initial clonogen number, InNj.

Under these assumptions, the population TCP model is given by:20
D
(1-13) TCP,, =leiy‘c Nrygo| =211/,
2 D
where

14
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The parameters @' and In N, represent population averages of the corresponding
individual parameters, where
(1-16) o =a+p —%.

The heterogeneity in o' is o', and is given by:

2
(1-17) (@) =0,+0,d"+ (‘2'2) .

A similar expression may be derived for the limit where heterogeneity in clonogen

number dominates.

1.4.2 NTCP models

For the TCP models presented above, it was assumed that the entire tumour is
irradiated to a uniform dose, D. While this is not a bad approximation for tumours
treated by means of a standard EBRT technique, this is not the case for irradiated organs
at risk. Normal tissues are generally irradiated heterogeneously during radiation
treatments. Thus, NTCP models must take nonuniform dose distributions into account.
In addition to the heterogeneous irradiation patterns, many organs exhibit volume effects
— some organs will exhibit very few complications if the irradiated volume remains small,
even if that part of the organ receives a relatively high dose. NTCP models must also

take these volume effects into account.

15
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1.4.2.1 The Lymzm21 (sigmoidal dose response) model

This is a phenomenological model that describes normal tissue dose-response

using the following function:

(1-18) NTCP = @(MJ ,

mD,

where @ is the probit function,

s Il sl )

and x = (EUD — Dy, )/mD, .

(1-19) @(x) =

EUD is the equivalent uniform dose,”* which is defined as the uniform organ dose
that would produce the same effect as the given heterogeneous dose distribution, as

specified by a differential dose-volume histogram (dDVH) defined by the points {D 2V }

The dDVH describes the distribution of dose in an organ at risk or a target volume. Dose
is binned, and each dose bin contains the fraction of the total volume that receives a dose
within the range of the dose bin. The EUD or generalized mean dose GMD, which in this

case is chosen to represent the EUD, is calculated from the dDVH as follows:*%

(1-20) EUD =GMD = (Zij j‘/"] :

j
There are three parameters that determine the response of normal tissues to radiation
according to the Lyman model: m, a and Dsy. The dose-volume dependence of a tissue is
determined by the parameter a, m is related to the slope of the dose-response curve, and
Ds is the (whole-organ) dose that gives a 50% complication rate and thus determines the
position of the response curve. The Lyman model is a population model — Dsj is

assumed to be normally distributed among a population of patients, with standard

deviation mDsg.

16
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1.42.2 The critical volume model’**

The derivation of the critical volume NTCP model is based on biological
considerations, unlike the Lyman model. Withers et al¥® introduced the idea that organs
are composed of a collection of functional subunits (FSUs) that carry out an organ’s
function. In this description, an organ is able to function as long as a certain number of
its FSUs are viable. In other words, the organ has a number of redundant FSUs, all of
which must be destroyed for its function to be compromised — this collection of FSUs is
referred to as the functional reserve. Organs that require all of their FSUs to function
(i.e., those that have a functional reserve of zero) are referred to as serial organs; an
example is the spinal cord. Organs that have a functional reserve consisting of two or
more FSUs are referred to as parallel.

The critical volume model expresses this description mathematically. It is derived
based on the following assumptions:

e Normal tissue is composed of FSUs.

e The distribution of organ function among its FSUs is homogeneous. That is, each
FSU has an identical role in carrying out organ function, regardless of its location
within the organ.

e An FSU is destroyed if all cells within it are destroyed.

e The radiation response of each cell within an FSU is independent of the response of
other cells.

e The radiation response of each FSU is statistically independent.

e A normal-tissue complication occurs if a certain number, Mgsy, out of a total of Ngsy
FSUs are destroyed, or equivalently, if a certain fraction of the FSUs, y,, is destroyed
(where 1., = Mgsy/Nrsy). The parameter 4, is called the relative critical volume. For
parallel organs, Mgsy is some number greater than one. The critical volume model
may also be applied to serial organs28 with Mgrsy = 1. This special case is referred to
as the critical element model. The discussion in this section will be limited to the

critical volume model.

17
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1.4.2.2.1 Individual critical volume model

For an individual, the critical volume NTCP is given by the expression:

(1-21) NICP,, = ®|:VNFSU (ﬂd - lucr):| ,
o

Hd

where Ngsy is the total number of FSUSs that comprise the organ, i, is the critical relative

volume, 7z, is the relative mean damaged volume,
(1-22) B, = v, Py (D)),

J
and o, is the standard deviation of 7,

(1-23) O :\/ZijFSU(Djxl_PFSU(Dj))’

The points v; and D; represent a differential DVH. Prsi(D)) is the probability of
damaging a functional subunit when it is irradiated to dose D;. Here, it is assumed that

the damage to an FSU is described by a probit function parameterized using position and

: FSU FSU
normalized slope parameters — D,;~ and yg;

D,
(1-24) Py (D))= @[Jzny;SU In BF;—U) :

50

1.4.2.2.2 Population critical volume model

Clinical data describe a normal tissue dose-response that is averaged over a
population of individuals. A more appropriate model that is applicable to realistic dose-
response data can be derived by averaging the individual critical volume model over a
population (as was done for the population TCP model), and thus taking inter-patient
variability into consideration. Further assumptions made to arrive at a population critical
volume model are:

e The individual model can be approximated as a step function:

18
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ﬁd < :ucr

0
(1-25) NTCP,, = { _ .
1 /’ld 2 :ucr
e Inter-patient variability is dominated by variation in relative critical volume, ., , and

thus any other sources of heterogeneity can be neglected.

e Values for g, are log-log normally distributed in the population (because this
parameter is bounded by [0,1]) with —ln(— In ,uc,) having a standard deviation of

o= _O.,ucr/lucr ln/ucr ¢

The population critical volume model, under these assumptions, is:

(1-26) NTCP. = GI)(—m(— Inzz, )+In(-1ng, )),

pop
o

where x4, in the above expression now represents the average relative critical volume for

a population.

1.5 Incorporation of radiobiological models into the treatment planning
process

An essential part of radiation therapy is treatment planning. This process begins
with the delineation of target volume(s) along with organs at risk (OARs) based on
patient images (e.g., a computed tomography (CT) dataset). Beam energies, sizes, and
locations are then determined and a dose distribution calculated. Through this process, a
treatment that should result in the delivery of the prescribed dose to the tumour is
designed by ensuring coverage of the planning target volume (PTV). The PTV includes
the visible tumour (gross tumour volume — GTV), any microscopic disease that may be
present (clinical target volume — CTV), and a margin that takes into account patient
movement, positioning errors, and mechanical and dosimetric uncertainties. Normally
the treatment plan is designed so that the PTV will be irradiated as uniformly as possible;
under-dosed areas may lead to failure to achieve tumour control. At the same time, the

dose to the surrounding OARs is minimized.

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Modern advances in imaging, computer technology, and radiation delivery
techniques have allowed for the development of three-dimensional image-based
conformal radiotherapy (3DCRT). This is accomplished through the use of 3-
dimensional treatment planning systems and beam-shaping devices such as a multi-leaf
collimator (MLC). The treatment plans for 3DCRT can be produced by means of
forward or inverse planning.

In forward planning, the planner defines all beam parameters (directions, weights,
blocks, wedges, etc.) and the field shapes (selected to conform to the PTV). Dose is then
calculated and evaluated, and adjustments to the beam parameters are made until a
satisfactory dose distribution is produced. With inverse planning, the number of beams
and their directions are selected. The desired dose distribution is chosen by defining a
number of constraints (for example, limits placed on the maximum OAR dose or the
minimum PTV dose), and then a computer algorithm is used to optimize beam
parameters to obtain a dose distribution that follows the specified constraints as closely as
possible.’® This is the treatment planning process that is most often used to produce plans
for intensity-modulated radiation therapy (IMRT). With IMRT, highly conformal dose
distributions are delivered by varying the intensity across each beam’s field (the
nonuniform beam intensity is accomplished by varying the MLC leaf positions during a
treatment). The varying intensity of each IMRT beam is represented by different beamlet
weights in a treatment planning system, and it is these weights that are optimized through

the inverse planning process.

1.5.1 Inverse planning optimization by means of physical dose-volume
constraints

Modern treatment planning systems handle inverse planning optimization by
means of physical dose-volume constraints. Central to this process is the specification of
an objective, or cost, function. This function represents the ‘goodness’ of a treatment
plan, and its numerical value is calculated from a weighted average of the differences

between the delivered and prescribed doses in every volume of interest delineated in the
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treatment plan.30 The objective function is minimized until the DVHs for the target and
relevant normal tissues come as close as possible to satisfying each dose-volume
constraint for the treatment. An example of the integral DVHs for an optimized head and
neck plan (created using a sample dataset and the Pinnacle treatment planning system) is

shown in Figure 1-4, along with the specified dose-volume constraints. The constraint
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Figure 1-4: Optimized integral dose-volume histograms for the target (red), the spinal
cord (blue) and a volume representing the cord plus a margin (green) of a head and neck
treatment plan. Constraints for each volume are represented by circles of the same
colours.

for the target (red) was to deliver the prescription dose of 70 Gy uniformly to 100% of
the target volume. A constraint was also defined for the spinal cord (blue) — the
maximum dose to this volume should not exceed 40 Gy. Finally, a constraint was

defined for the volume representing the cord plus a margin (green) — no more than 63%

of the organ is to receive a dose that exceeds 34.5 Gy.
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Physical dose-volume constraint points for normal tissues are usually selected

based on clinical experience.

1.5.2 Radiobiological optimization

The goal of treatment planning is to minimize NTCP while maximizing TCP, so
the use of objective functions that are based directly on biological models promises a
more direct approach than optimization by physical dose-volume constraints. A number
of authors have published papers on inverse planning based on biological optimization.“'
41

Pure biological optimization (maximizing TCP for the target and minimizing
NTCP for the outlined critical structures) turns out to be problematic in practice. For
typical treatment plans, not all critical structures are outlined; only those that are in close
enough proximity to the treated site that they are at risk of receiving a significant dose.
Ideal tumour control is achieved when the TCP function is equal to 1, and this maximum
is only reached when the tumour dose is infinitely large [see Eq. (1-13), for example].
Thus, in an attempt to maximize TCP, the inverse planning algorithm delivers very large
doses to the tumour, through the normal tissues that were not outlined for optimization

1,36

purposes. This phenomenon is demonstrated in Fig. 3 of de Meerleer ef a and is

discussed in Stavrev et al.*°

Because of this difficulty associated with pure biological optimization, a hybrid
physico-biological approach has been suggested.3 53640 Eor this type of inverse planning
optimization, physical dose-volume constraints are set for the tumour, and NTCP is
minimized for each of the critical structures. Another approach that has been explored is
optimization based on EUD [Eq. (1-20)].2** In this case, constraints are specified
directly for the EUDs of the target and normal tissues. Use of the EUD, similarly to the
use of NTCP, takes inhomogeneous dose distributions into account, eliminating the need
for multiple dose-volume constraints for normal tissues.

Despite the advances made in the area of biological optimization, clinical inverse

planning is currently still based on physical dose-volume constraints. Optimization based
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on biological objectives is generally discouraged, based on the unknown predictive power
of the available models.***’ The main contributor to this problem is the incomplete and

scarce nature of the available clinical data.

1.5.3 Ranking of treatment plans and evaluating potential dose escalation
benefits

The advent of 3DCRT has made it possible to increase the prescribed target dose
for some tumour sites, and this has led to a number of clinical trials investigating the

48-52 and 1ung53’54).

potential benefits of dose escalation (e.g. prostate

TCP and NTCP models can theoretically be used for radiation therapy (RT) plan
ranking. This follows from the probabilistic nature of cell kill by radiation and also from
the fact that we are dealing with a population of patients — hence only the probability of a
given response could be estimated. Currently, worldwide, the process of plan ranking
relies more on the experience of radiation oncologists than on radiobiological criteria
expressed in mathematical forms. Unfortunately, TCP and NTCP models currently have
limited use in treatment plan ranking, although a number of software tools have been
developed for this purpose.”>>® The usual reasoning of those who are opposed to the
application of TCP/NTCP models in the evaluation and ranking of clinical treatment
plans is that the actual predictive power of these models is unknown, due to the scarcity
and relatively poor quality of the available clinical dose-response data.

On the other hand, models based on the LQ theory for cellular response and the
notion that TCP is equal to the probability of zero clonogen survivors (introduced by

2,13,59

Munro and Gilbert'?) have been shown to describe dose-response data well. For the

l.,6° there is no need to know the

purposes of plan ranking, as shown by Stanescu et a
exact parameter values. If, for each parameter value, we have TCP(plan1)>TCP(plan2),
then the second plan is inferior to first one. This notion could be easily generalized for
NTCP and for a combined TCP/NTCP plan ranking cost function. Nowadays, we have

sufficient information indicating that the TCP/NTCP models at our disposal adequately
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describe the existing data. Thus, only a general knowledge of TCP/NTCP models is
necessary for the purpose of plan ranking.

1.6 Estimating the a/p ratio from clinical dose-response data

While TCP curves with fitted parameters may be useful for treatment plan ranking
and evaluating dose escalation benefits, it is generally not possible to obtain estimates for
radiobiological parameters from fits of either the individual or the population TCP model
to clinical dose-response data. If the individual model is fit to a clinical (i.e., a
population-averaged) dose-response dataset, the estimates for the parameters o and InN,
turn out to be unrealistically low."** For the population TCP model, it is generally not
possible to obtain unique radiobiological parameter estimates, due to the fact that many
different combinations of parameters fit the data equally well.

However, it has been postulated that the same difficulties involved in determining
individual radiobiological parameters may not apply to parameter ratios, such as /. As
previously mentioned, the o/ ratio is a clinically-important quantity, as it determines the
effect of dose per fraction on the tumour and normal tissue responses. This quantity has
been estimated for cell lines from a variety of tumours and normal tissues using linear
quadratic theory.11 Yet, it is only relatively recently that attempts have been made to
estimate the o/f ratio for tumours by means of TCP models and clinical dose-response
data.

One of the most influential papers along these lines was published by Brenner and
Hall® in 1999. In this work, the authors noted that the cell proliferation rate for prostate
cancer is quite slow in comparison to other cancers. Because cell proliferation rate
correlates with the o/ ratio, the authors proposed that o/f for prostate cancer is most
likely low, as is the case for late-responding normal tissues. Thus, prostate cancer should
respond to fractionation in a similar way as do late-responding normal tissues, which
would mean that the differential response of tumour and normal tissue would disappear.
In this case, then, the sparing of normal tissues by reducing dose per fraction becomes

less important, assuming the total dose delivered is adjusted to take into account fraction

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



size. In principle, a hypofractionated treatment (i.e., a larger dose per fraction with a
reduced total delivered dose) for this site should be equally effective as the standard
treatment involving 2 Gy per fraction. Such a treatment regime would be more efficient,
and beneficial to the patient, as fewer hospital visits would be required.

As a supporting argument to the hypothesis of a lower prostate o/f ratio, Brenner
and Hall estimated this quantity by means of the individual Poisson-based TCP model.
To do so, they fit two different dose-response datasets for prostate cancer, each with
different fractionation regimes. One dataset was for an external-beam radiation therapy
(EBRT) dose escalation trial, with the standard dose per fraction of 2 Gy.64 The other
dataset corresponded to brachytherapy treatment by permanent implantation of 1251
seeds.” Since the dose rate for the latter treatment is very low, one may assume that all
sub-lethal lesions are repaired, and that the dose-protraction factor in Eq. (1-2) is equal to
zero. It can also be assumed for this particular cancer that repopulation is negligible.
Thus, if the individual TCP model [Eq. (1-12)] is fit to the brachytherapy dataset,
estimates for « and InVy may be obtained. If the same model is fit to the EBRT dataset,

the parameters = a + fd and InNy may be estimated. The o/f ratio may then be
estimated from the formula:®®

a ad

(1-27) Y iravs

From the estimates for  and ¢/, Brenner and Hall deduced that the o/f ratio for prostate
cancer is 1.5 Gy [0.8, 2.2].

The Brenner and Hall paper initiated a significant amount of literature activity
related to the determination of o/f for prostate cancer. Fowler® conducted a similar
analysis as did Brenner and Hall, using a more extensive dataset, and likewise arrived at a
low value for /. Others®® " also took an interest in estimating &/ by means of TCP
models and clinical data, and the collective evidence of a low «/f ratio has led to the
initiation of a number of clinical hypofractionation trials for this treatment site,”*"®
including one at our own institution.

Estimating the o/f ratio by means of the individual TCP model requires the
assumption that parameter ratios are insensitive to the presence of inter-tumour

heterogeneity. Very few investigations on the influence of inter-tumour heterogeneity on
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parameter ratio estimates have been carried out. Dubray and Thames’® conducted
numerical experiments in which the effect of heterogeneity in clonogen number on
parameter ratio estimates was studied, and found to have very little influence on the
estimated parameter ratio value. Less detailed experiments were conducted for other

forms of inter-tumour heterogeneity. Carlone et al.®

investigated the difference between
prostate o/ estimates obtained using a population and an individual TCP model. To do
so, they utilized clinical dose-response data for two EBRT dose escalation trials®**® and
one '*I dose-response dataset.®> It was found that o/ estimates from the population
TCP model had much larger confidence intervals than the estimates from the individual
TCP model. The clinical dose-response datasets were of too poor a quality to determine
whether or not a difference in the best-fit individual and population o/ estimates exists —

the 95% confidence interval from the population o/f estimates overlapped with those of

the individual estimates.

1.7 Thesis objectives

Although limitations to the application of radiobiological theory to clinically-
relevant problems exist, clinical radiobiology is an important field and has the potential to
lead to advances in radiation therapy. This thesis investigates two different applications
of TCP/NTCP models to clinically-relevant problems. The first involves the
incorporation of models into the treatment planning process, and the second involves the

estimation of clinically-relevant parameter ratios from TCP models.

1.7.1 Incorporation of NTCP models and parameter sets into modern
treatment planning systems

As previously mentioned, current treatment planning systems do not utilize
biological optimization for inverse planning, due to the lack of a sufficient amount of

clinical dose-response data to describe NTCP. However, in some institutions, physical
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dose-volume constraints are chosen based on existing dose-response data. That is, the
‘raw’ dose-response data points are applied directly as physical constraints for normal
tissues. This approach is problematic, and will always lead to higher NTCPs than
desired, as will be explained in further chapters.

The first main objective of this thesis is to develop a method that allows one to
calculate physical dose-volume constraint points for normal tissues based on existing
NTCP models and parameter sets. These constraint points have radiobiological
significance, and may be used by the currently-available treatment planning systems for
inverse planning optimization. It is also shown that, while the calculated constraint
points are capable of producing dose distributions that lead to sufficiently low NTCP, the
application of physical constraint points for inverse planning also excludes a number of

DVHs that lead to viable NTCP values.

1.7.2 Analytical investigation of the effects of inter-tumour heterogeneity on
parameter ratio estimates

Very few studies have been undertaken thus far to determine whether the o/f
ratio estimated from an individual TCP model is different from that estimated from a
population model, yet the majority of works in which this ratio is estimated by means of
TCP models and clinical dose-response data involve the assumption that inter-patient
heterogeneity does not influence parameter ratios.

The second main objective of this thesis is to determine whether this assumption
is, in fact, reasonable. Specifically, the difference between the o/f estimate that would
be obtained from the individual TCP model and from the population TCP model will be
analytically investigated. Two cases will be considered — the case where heterogeneity in
clonogen number is the dominant form within a clinical dose-response dataset, and the
case where heterogeneity in radiosensitivity dominates. All analytic results will be tested

through numerical simulations involving pseudo-data.
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1.8 Outline

Chapter 2 outlines a method for calculating physical dose-volume constraints for
the purpose of inverse planning optimization, based on existing NTCP models and
parameter sets. This method is called reverse mapping of NTCP into DVH space.
Constraint points are calculated for several organs, using two different NTCP models and
parameter sets based on the same dose-response data. The ability of physical dose-
volume constraint points to limit NTCP in OARs is also investigated theoretically, by
means of the reverse mapping method. This chapter was published® in Medical Physics
in 2006. In Chapter 3, the proper theory of DVH generation is presented. Probability
distributions are derived that describe the density of random DVH curves passing through
a given point in DVH space, and these distributions are used to develop a random DVH
generator. The DVH generator is then compared with two other, simpler ones. A version
of Chapter 3 was published®? in Medical Physics in 2006. In Chapter 2, a curve in DVH
space was defined that we refer to as the iso-NTCP envelope. It was numerically
observed to have the property that any DVH which is tangential to or crosses this curve
will have an NTCP greater than or equal to the one used to construct the curve. Chapter
4 presents the theoretical proof of this property, for three different NTCP models. A
version of this chapter has been published83 in Radiology & Oncology in 2007 and
previously®® in Medical Physics as an AAPM (American Association of Physicists in
Medicine) abstract.

In Chapter 5, the functional forms of the individual and population-averaged TCP
models are compared. It is determined that each model is functionally similar — if they
are both fit to the same clinical dose-response dataset, nearly identical estimates for the
geometric parameters 50 and Dsy would be obtained. The conceptual inadequacy of
applying the individual model to a population-averaged dataset is discussed. Also, the
possibility of applying a modified version of the individual TCP model to a population of
heterogeneously-irradiated tumours is discussed, for the purposes of estimating geometric
parameters. A version of this chapter was published85 in Radiology & Oncology in 2007,
and has previously86 been published in Medical Physics as an AAPM abstract.
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In Chapter 6, the functional similarity between the individual and population-
averaged TCP models is used to derive analytic relationships between the o/f ratio
estimates that would be obtained from both models if they are fit to the same clinical
dataset. It is shown that, when heterogeneity in radiosensitivity is the dominant form
among a patient population, the individual and population TCP models will lead to
different o/f estimates. A version of this chapter has been accepted for publication by
the International Journal of Radiation Oncology Biology Physics, and is currently in
press.t’

In Chapter 7, numerical simulations with pseudo-data are conducted to estimate
the statistics that would be required of a ‘typical’ clinical dose-response dataset if it were
to be used for estimating the parameters Dsy and 5 from the population TCP model.
Specifically, the number of patients for each dose point in a dose escalation trial that is
required to lead to reasonable 95% confidence intervals for the fitted parameters is
estimated.

In Chapter 8, conclusions are presented, and potential areas of future work are

discussed.
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Chapter2 A theoretical approach to the
estimation of dose-volume constraints and their
impact on dose-volume histogram selection

A version of this chapter was published as:

C. Schinkel, P. Stavrev, N. Stavreva, and B. G. Fallone, “A theoretical approach to the
problem of dose-volume constraint estimation and their impact on the dose-volume
histogram selection,” Med. Phys. 33, 3444 — 3459 (2006)

2.1 Introduction

The most advanced treatment planning systems to date make use of inverse
planning software in order to produce plans that will deliver a high dose to the target
while minimizing dose, and thus normal tissue complication probability (NTCP), to the
surrounding structures. This is accomplished through the specification of physical dose-
volume objectives and constraints, and there are often multiple constraints selected for a
given organ at risk. These constraints are often selected based on clinical experience.
However, in many institutions, they are chosen based on the dose-response values
published by Emami ez al.' This work is the first and remains the largest compilation of
dose-response data to date. It contains estimates of doses that lead to 5 and 50%
complication probability for partial volume irradiation of a variety of organs. Tolerance
doses are given for relative irradiated volumes of !5, %3, and 1. It is assumed that, in each
case, a homogeneous dose is delivered to the given relative volume while the rest of the
organ receives no dose. Thus, any dose-response data from Emami ef al. are equivalent

to single-step dose-volume histograms (DVHs). During the majority of treatments, the
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organs at risk are irradiated heterogeneously as opposed to homogeneously. Therefore,
using any of the Emami 5% complication rate dose-volume points, or combinations of
them, as constraints would likely fail to produce a treatment plan that would yield the

desired NTCP of 5% or less.

To avoid the difficulties that could result from using raw clinical dose-response
data (such as the Emami et al. estimates) directly as constraints, one might consider using

biological, rather than physical, inverse planning optimization.z'6

That is, specify a
constraint NTCP value for each organ at risk instead of a physical dose-volume point.
Then the dose to the organ would be limited based on NTCP models and parameters
reflecting clinical dose-volume characteristics of different tissues. Inverse planning can,
in principle, use NTCP constraints directly. For example, an intensity modulated
radiation therapy (IMRT) plan can vary the beamlet weights to satisfy both the physical
and radiobiological constraints simultaneously.”*® Although biological optimization is
not a new concept,”® it is not currently available as an option for inverse planning on
commercially available treatment planning systems. The main reason why biological
constraints are not routinely used for inverse planning is the lack of a sufficient amount of
clinical dose-response data on which to base NTCP model parameter estimates.” !
Misinterpretation of model formalism and assumptions also contributes to this problem.
Due to the incompleteness of the clinical dose-response data available currently,
biological optimization for inverse planning is generally discouraged.'®'! This is a
puzzling fact, considering that almost three decades have passed since the introduction of
the concept. The work of Emami et al. unfortunately did not provoke an appropriate data
gathering “rush,” which would have led to the creation of sufficiently large data sets.
Different researchers have started analyzing small data sets of real clinical data, and
alternative sets of parameter estimates for different NTCP models have been reported.'**’
Some of the reports, though, use data obtained under different conditions (tumour radio-

13-15

sensitizing, surgical or non-surgical intrusion,”® dose-volume versus dose-wall

29-31

histograms, etc.). Therefore, care should be taken that the application of these

parameter estimates be consistent with the conditions under which they were derived.*

The purpose of applying physical dose-volume constraints is to produce a plan

that results in a low complication probability, and the problem remains that the Emami
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dose-volume points are sometimes used as constraint points. In this chapter, we present a
method that enables the calculation of physical dose-volume constraints that are based on
NTCP models for the purpose of inverse planning optimization. Specifically, we apply a
~ Monte Carlo method of reverse NTCP mapping™ to calculate dose-volume constraints for
16 organs for which parameter value information is available.>*** The method makes use
of the random DVH generator introduced in Chapter 3 and our companion work.”® The
NTCP for each randomly generated DVH is estimated by application of the Lyman®**’
and the critical volume NTCP models.*** The investigation of the impact of these two
well-known NTCP models on dose-volume constraint estimation is the second purpose of
this study. Dose-volume constraint points are calculated by interpolating from the
average of all DVHs with NTCP = 5 £+ 0.5%. It is shown that these points have the

potential to increase the probability that the inversely planned treatment will lead to an

acceptably low NTCP for the organs at risk.

2.2 Background

We give some definitions and a short discussion of the models and parameters

necessary for the understanding of our present study.

2.2.1 Some definitions

Integral dose-volume histogram: defines the volume Vj,, which is irradiated to at least a

dose D:

ey nD=  [elbf)-lar,

in
Structure Of Interest

where © is the Heaviside step function and D(F) is the dose distribution in the structure

of interest.*® From the definition of an integral DVH it is clear that any monotonically
decreasing function in the region [0,1] x [0,1] could represent a normalized integral

DVH.
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Iso-NTCP envelope: The curve (D) defined by the relationship NTCP(D, v) = a, where
D is the dose of partial homogeneous irradiation of the relative volume v will be called an

a-iso-NTCP envelope.

The a-iso-NTCP envelope has a very interesting property: If a DVH is tangential to or
crosses the envelope, so that a part of the DVH curve happens to be above it, the NTCP
in which this DVH results is higher than a.

& dose-volume constraint vicinity: Consider an integral dose-volume histogram, DVH;,

with dose-volume points (D, v) and a maximum dose of Dpax ¢ at v = 0. If, for a particular

dose-volume constraint point {v,.,D,.} (i=1, ..., n.), the following condition is met:
p-p,)

(2-2) min\/(v—vi)2+( — f] <e,
Dmax,k

then this DVH belongs to the e-vicinity of the given constraint and is said to satisfy the ¢-
criterion. This definition selects functions that are crossing a circle of radius ¢ around a

constraint point.

2.2.2 NTCP models

2.2.2.1 The Lyman (Sigmoidal dose response) NTCP model

he Sigmoidal dose response (SDR) model, first introduced by Lyman,’’ describes

the dose-response of normal tissues as follows:

(2-3) NTCP = @(M) ,

mDy,

where O is the probit function

ot

and x = (EUD - D,,)/mD,, .

(2-4) (x)=
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The equivalent uniform dose (EUD)* is defined as the uniform organ dose that would
produce the same effect as the given heterogeneous dose distribution, as specified by a

differential dose-volume histogram (dDVH) defined by the points {D Bz } The EUD or

generalized mean dose (GMD), which in this case is chosen to represent the EUD, is
calculated from the dDVH as follows:***
— _ la
(2-5) EUD = GMD = (Z v,D! ] :
J

There are three parameters that determine the response of normal tissues to radiation
according to the Lyman model: m, a, and Dsy. The dose-volume dependence of a tissue is
determined by the parameter a, m gives the slope of the dose-response curve, and Ds is

the dose that gives a 50% complication rate and thus determines the position of the

response curve.

2.2.2.2 Critical volume population model

The critical volume (CV) model*****!

is based on the idea that organs are
composed of functional subunits (FSUs) and that a complication occurs when a certain
number of these FSUs are destroyed. The response of different tissues is determined by
the application of binomial statistics. Here we use the CV population NTCP model,***>48
which takes into account inter-patient variability in normal tissue response and describes

dose-volume response averaged over a population of individuals:

(2_6) NTCPpop ~®D _ ln(_ In ﬁd ) + ln(_ In :ucr) ,
=0, [H 04,

where

@2-7) 7, = Y, 027y m(D, /D5Y))

For the CV population model, it is assumed that the interpatient variability is limited to

the parameter y. (the mean critical relative volume). The parameters for this model
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include the mean critical volume ., the population variation in this parameter o, , the

position of the FSU dose response D", and the slope of the FSU dose response y5"

2.2.3 Model parameters

For the calculations in this chapter, we use the CV population model parameters

1.5 These authors estimated parameters that are based on the dose-

from Stavrev et a
response estimates of Emami et al.' for each of 16 types of normal tissue (see Table 2-1).
For the SDR model proposed by Lyman, we use parameters derived by Burman et al.**
that are also based on the Emami ef al.' data. Burman et al.** provided SDR parameter
estimates for 27 organs in total (a list of these organs is given in Burman et al.). For this
work, our database consists of 16 organs for which both SDR and CV population NTCP

model parameters exist.

2.3 Method

2.3.1 Reverse mapping of NTCP onto DVH space — a theoretical approach
for dose-volume constraint estimation

In general, the reverse mapping method is carried out as follows:
i.  Generate monotonically decreasing dose-volume histogram functions.
ii.  Calculate the NTCPs corresponding to these dose-volume histogram functions.
iti.  Identify DVH functions resulting in NTCP values falling in a user-specified NTCP
interval. Plot all these DVHs.
iv.  From iii, calculate the probability (frequency) of a DVH, within a user-specified
NTCP interval, to pass through a given point in the dose-volume histogram space.
v.  From iv, calculate the averaged and the most probable DVHs. These two curves may
each serve as a source of dose-volume constraint points, for the process of inverse

treatment planning by physical objective functions.
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2.3.1.1 Generation of random DVHs

The first step of the reverse mapping process involves the generation of Npyy
random integral DVH curves that decrease monotonically from a relative volume of 1 and
a relative dose of 0 to (0,1). The proper theory of DVH generation is presented in
Chapter 3 and Markov e al*® In that chapter it is theoretically determined that the
distribution of the number of monotonically decreasing functions passing through a point
in the dose-volume histogram space follows the hypergeometric distribution, which is
given in Sec. 3.3.1. The generator that we use in this simulation is based on the random
walk theory and simulates in a random fashion trajectories corresponding to
monotonically decreasing functions (finite series) situated in the unit square [0,1] % [1,0]

subject to the hyper-geometric distribution.

2.3.1.2 Scaling the random DVHs

To calculate NTCP, the relative dose values of the integral DVHs must first be
scaled to absolute doses. That is, we must multiply the relative dose points of each
randomly generated integral dose-volume histogram by a maximum dose value
appropriate to each organ of interest. The maximum dose of the k™ randomly generated

DVH, DVH, (where k=1, ..., Npyg) is designated as D_,,, and is calculated using the

expression:

(2-8) Dyari = Ds + 1, (Dyg — Dy),

max,k

where n; is a uniform randomly generated number (between 0 and 1). We have chosen
the uniform distribution for n; because there is no reason to believe that the possible
maximum doses should have any other distribution. The dose values Ds and Dgg are
those that give a NTCP of 5 and 99%, respectively, assuming uniform whole-organ
irradiation, and are thus different for each of the 16 organs. The reason for the choice of
Ds and Dgy will be explained below. Two sets of Ds and Dgg values were calculated: one
based on the CV population model and one based on the Lyman model. Table 2-1 shows

a list of all 16 organs along with the calculated Ds and Dgy values. Examples of typical
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clinical Dy, ranges, along with the treatments associated with those values, are shown
for comparison. It should be emphasized that the clinical values for the minimal and
maximal doses do not necessarily correspond to NTCPs of 5 and 99%. Instead, the
clinical values for these parameters indicate the observed range of maximum organ dose
during actual treatments. To avoid confusion, we will hereafter refer to these clinical
values as Dy, and Dy;;. Note that the upper and lower limits of clinical organ dose
(Table 2-1) are sometimes extreme in comparison to the calculated limits (for example,
an organ may have a typical clinical Dy, of 0). Clinical maximum organ dose for a given
treatment depends on factors such as where the planning target volume (PTV) is located
in relation to the normal tissue of interest and the maximum dose prescribed to the PTV.
Organs that have a clinical Dy, value of zero (Table 2-1) reflect the fact that for the type
of treatment listed, they may not be within the radiation field at all (the esophagus, for
example). On the other hand, there are some normal tissues that have a good chance of
receiving a significant dose during treatment of a tumour in their vicinity (the lung, for
example, will always receive a relatively high maximum dose during lung tumour

treatments).

For the purpose of customization and to avoid biasing between the results for
different organs, we have chosen to use the calculated Ds and Dyg to define the range of
Diax instead of the clinical values. The minimum value of Ds was chosen arbitrarily to
eliminate the generation of DVHs with unrealistically low NTCP. Also, in half of the
organs (Table 2-1), the clinical Dy, values are relatively close to Ds. Ideally, we would
like to generate a decent number of low-NTCP DVHs to choose the constraints from,
because our ultimate goal is to generate constraint points that will have a good chance of
producing a clinically acceptable NTCP. We realize that, for some sites, the range of
maximum delivered dose may be significantly different than Ds — Dgg. This case is also
investigated here, namely the impact of Dy, range on the dose-volume constraint

estimation.

In addition, part of this work involves grouping the randomly generated DVHs
into intervals according to the resulting NTCP values from each of the two different

models, and then calculating the averaged DVH for each NTCP interval (intervals are 0 —
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Table 2-1: Estimates for the clinical maximum dose range to 16 critical structures (D,
Dyigr) that typically occur during the listed treatments (values based on treatments given
at the Cross Cancer Institute). Also shown are values for the maximum dose range (Ds
and Dgg) calculated according to both the Lyman and CV population models. The
parameters Ds and Dgg are used to scale randomly-generated DVHs appropriately to
calculate constraint points using the reverse mapping method. The following
abbreviations are used: CNS — central nervous system; PTV — planning target volume;
H&N — head and neck.

Clinical Lyman CV Pop.

Organ Treatment Type Dy, Dygw Ds Dy Ds Dy

Gy) (Gy) (Gy) (Gy) (Gy) (Gy)
Lung Radical lung treatment (60 Gy to PTV) 60 65 173 348 18.7 465
Liver Abdomen - eg stomach cancer (45 Gy to PTV) 30 50 301 540 302 520
Brain CNS - eg Glioblastoma (60 Gy to PTV) 60 65 452 809 458 85.1
Heart Radical lung treatment (60 Gy to PTV) 0 60 40.1 59.2 406 61.0
Kidney — — — 234 345 228 400
Esophagus Radical lung treatment (60 Gy to PTV) 0 65 557 854 562 824
Stomach Abdomen - eg stomach cancer (45 Gy to PTV) 40 55 500 862 53.0 80.7
Brachial plexus Radical lung treatment (60 Gy to PTV) 0 50 602 959 606 874
Bladder Prostate (74 Gy to PTV) 70 76 655 100.5 658 98.3
Mandible H&N (70 Gy to PTV) 50 75 602 887 60.8 835
Brain stem CNS - eg Glioblastoma (60 Gy to PTV) 0 55 500 86.2 496 87.1
Larynx H&N (70 Gy to PTV) 55 75 70.1 940 706 91.1
Small intestine  Abdomen - eg stomach cancer (45 Gy to PTV) 40 55 405 755 412 717
Colon Abdomen - eg stomach cancer (45 Gy to PTV) 40 55 451 69.1 456 66.6
Spinal cord H&N (70 Gy to PTV) 40 50 474 936 46.7 86.1
Skin Breast (50 Gy to PTV) 30 60 562 895 542 88.9

10, ..., 90 — 100%). In order to explore the DVH space properly and produce the
averages corresponding to different NTCP ranges, we require a sufficient number of the
DVHs to yield the corresponding NTCPs. While the clinical Dy, and Djg, are
encountered more readily during radiation treatments than the calculated values, they
may result in a bias of the distribution of all possible NTCPs for a critical structure. That
is, some NTCP ranges may contain only a small sample of DVHs. To avoid this potential
problem and to ensure that there will be a large enough number of DVHs in each NTCP

interval, we chose to use the calculated values of Ds and Dyg to define the range of Dpyax.
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2.3.1.3 Probability that a DVH, with a user-specified NTCP, passes through a given
point in the dose-volume histogram space

Following the method outlined in Sections 2.3.1.1 and 2.3.1.2, Npyy integral DVH
curves have now been generated for a given organ at risk. We proceed by evaluating the
NTCP of each integral DVH. To do this, a differential DVH is calculated from each of
the Npyy integral ones and then used, along with the SDR and CV population models

with appropriate parameter values, to evaluate the NTCPs.

The ratio of the number of DVHs resulting in a user-specified NTCP range [a,b]

that pass through a given point in the dose-volume space (D, v) to the number of all

generated DVHs passing through this point:

N
(2-9) P(D, Vv I DVHNTCPe[a,b] : {D, v} c DVH) = {D.v}eDVH vrcpefa 5]

all DVHs through {D,v}

b

may serve as an estimate of the probability that a DVH, with a user-specified NTCP
range, passes through a given point in the dose-volume histogram space. Hereafter this
quantity will be referred to as “DVH point probability.” The DVH point probability
defined in Eq. (2-9) depends on both the DVH generation algorithm and the dose scaling,
D

max,k *

Currently, an acceptable level of normal tissue complication is around 5% or less
for radiation treatments. A NTCP range of [4.5%, 5.5%)] was selected to represent
clinically-acceptable DVHs in our calculation of the DVH point probability. For some
treatment sites, it is possible to achieve a lower NTCP than the chosen range and for
others, it is not possible to get as low as NTCP = 5.5%. The range of 5 £ 0.5% was
selected to illustrate the reverse mapping method. To use this method for treatment
planning, the NTCP range should be chosen to best reflect what is achievable for the site
of interest. The DVH point probability was calculated for a given organ at risk from the
Npya DVHs generated by means of Sections 2.3.1.1 and 2.3.1.2. From the randomly
generated DVHs, those resulting in a NTCP in the range [4.5%, 5.5%)] were selected.

The dose-volume space was split in square bins and Eq. (2-9) was evaluated at each bin.
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2.3.1.4 Constraint point estimation

For the purpose of inverse planning, constraint points are selected for nearby
organs to limit dose (and correspondingly NTCP) to these structures while allowing
delivery of the treatment dose to the PTV. We propose the radiobiological constraint
points be estimated from the integral DVH that is the average of all integral DVHs
resulting in a NTCP in the range [4.5%, 5.5%]. This curve could be estimated from the
DVH point probability defined by Eq. (2-9) or calculated directly from the generated
DVHs that have a NTCP in the corresponding range. We use the latter method to
determine the average DVH. Specifically, the relative volume of the average DVH at the

dose point D; is calculated using the formula

(2-10) V(D) =—— $'7.(D,),

Rppr j=t

where npyy is the total number of DVHs with NTCP = 5 + 0.5%. The average DVH
(calculated as shown) and the weighted average DVH (calculated from the probability
distribution) are one and the same function. Indeed, upon checking, we found that the
average DVH coincides with the weighted average DVH within statistical error. Because
larger statistics are required for the accurate determination of the probability
distributions, and hence the weighted averages, we have chosen to use the arithmetic

mean DVH calculated according to the above formula.

An additional and alternative source of dose-volume constraints may be found in
the most probable integral DVH, which could be directly calculated from the DVH point
probability, Eq. (2-9). However, for the organs at risk investigated here, we will use the
average DVH to estimate a set of dose-volume constraint points at relative volumes of
0.1, 0.2, ..., 0.9. The average and the most probable DVHs are the two most
characteristic quantities of the 2-dimensional distribution of DVHs that result in the

desired NTCP and are both potential sources for constraint points.

Initially there are no indications that the DVH averaged from those resulting in

NTCP = [4.5%, 5.5%] should be an object of the same kind, that is, resulting in the same
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NTCP range. However, it is easily seen that this averaged DVH is also a monotonic

function — a sum of monotonic functions is a monotonic function.

Average DVHs are also calculated for other NTCP ranges (0-10, 10-20 ...90—
100%) to indicate where the DVHs with higher NTCP values may be located. NTCPs of
these average curves are calculated to verify whether the average DVH has a NTCP that

1s within the corresponding range.

For completeness, the 67% confidence limits of the average of all DVHs with a

NTCP of 5 £+ 0.5% are calculated from the DVH point probability.

2.3.2 Reverse mapping of NTCP onto DVH space — a theoretical approach to
the investigation of the radiobiological impact of a set of dose-volume
constraints

The use of dose-volume constraints in the process of inverse treatment planning
does not necessarily lead to low complication probability of the organs at risk. We
believe that the reliability of a certain set of dose-volume constraints can be revealed by

considering the following problems:

Problem 1: What is the probability distribution of the NTCPs corresponding to the DVHs

belonging to a certain g-vicinity of a given set of dose-volume constraints?

Problem 2: What is the 95% most probable interval of NTCP values corresponding to the
DVHs belonging to a certain e-vicinity of a given set of dose-volume constraints?
Problem 3: What is the probability that a DVH, belonging to a certain e-vicinity of a
given set of dose-volume constraints, will result in a particular NTCP value, for instance

NTCP > 5.5% or a NTCP belonging to a given interval of values?

Problem 4: What is the probability that a DVH resulting in a NTCP belonging to a given

interval of values belongs to the e-vicinity of a given set of dose-volume constraints?

The following algorithm, based on the reverse mapping method, was implemented
in order to obtain the solutions of problems 1 — 4:

i.  Generate monotonically decreasing dose-volume histogram functions (2.3.1.1).
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ii.

iii.

.

Vi.
Vii.

Viii.

ix.

Calculate the NTCPs corresponding to these dose-volume histogram functions.

Count the number of DVHs resulting in NTCPs belonging to a certain interval [a,b]
of NTCP values - N

curves with NTCPe[a,b] *

Choose a set of dose-volume constraints.

For each generated DVH, determine whether it belongs to the €-vicinity of the chosen
set of dose-volume constraints. If it does, save the corresponding NTCP value.

Use the saved NTCP values to build the distribution sought in problem 1.

Based on this distribution calculate the quantity sought in problem 2.

For the DVHs belonging to the e-vicinity of the chosen set of dose-volume
constraints, count the number of those resulting in NTCPs belonging to the interval

[a,0], N,

curveseg—vicinity with NTCPe[a,b] *

Calculate the probability sought in problem 3 according to the following ratio:

curvese g~vicinity with NTCPe[a,b]

N

curveseg—vicinity

Calculate the probability sought in problem 4 according to the following ratio:

curvese—vicinity with NTCPe[a,b]

N

curves with NTCPe[a,b]

For the calculations in the above algorithm we used the e-vicinity definition

presented in Sec. 2.2.1.

2.4 Results

Table 2-2 lists the dose-volume constraints (in Gy) for each of 16 organs,

calculated by interpolating from the average of all DVHs resulting in a NTCP of 5 +
0.5% according to the Lyman NTCP model at the relative volumes of 0.1, 0.2, ..., 0.9.
Table 2-3 gives the dose-volume constraints for the same organs, calculated according to

the CV population NTCP model. For all organs and for both NTCP models, the first few
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high-volume constraint points are characterized by negligibly small doses (close to zero).
A total of 1 x 10° integral DVHs were simulated for each organ to calculate these
constraint points. The fraction of these simulated DVHs that resulted in NTCP = 5 +
0.5%, Pnrcp=s%, 1s shown in the last column of Table 2-2 and Table 2-3. Asitis
impractical to include figures for all 16 organs listed in Table 2-2 and Table 2-3, the
endpoint of heart pericarditis was selected for illustration purposes. In Figure 2-1(a) and
(b), a sample of the family of nearly iso-NTCP randomly-generated DVH curves that
result in NTCP €[4.5%,5.5%]) are shown for both chosen models. The average, along

Table 2-2: Constraint points interpolated from the average of DVHs with a Lyman
NTCP of 5 £+ 0.5% for 16 organs. For each of the relative volumes shown across the top
of the chart, the interpolated dose in Gy is given for each organ if this value is non-zero.
The far right column in the table shows the fraction of randomly-generated DVHs, out of
a total of 1x10°, that have an NTCP of 5 + 0.5%, Pnrcp=se.

Organ/Volume 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 Pprrep-su

Lung 279 250 227 209 192 175 143 — — 1.4%
Liver 409 366 336 310 272 187 — — — 2.2%
Brain 58.7 525 481 438 351 109 — — — 2.6%
Heart 510 478 453 4311 411 383 318 — — 1.0%
Kidney 308 290 277 265 254 243 230 197 — 0.5%
Esophagus 586 546 477 355 — — — — — 2.9%
Stomach 58.8 534 489 402 214 — — — — 3.0%
Brachial plexus 610 566 489 36.2 — — — — — 2.7%
Bladder 869 812 768 729 693 656 582 @— — 0.8%
Mandible 642 599 531 407 63 — — — — 2.9%
Brain stem 59.5 539 496 419 253 — — — — 2.9%
Larynx 792 742 705 650 551 352 — —_ — 1.9%
Small intestine 475 429 388 306 74 — — — — 3.1%
Colon 542 496 463 423 345 165 — — — 23%
‘ Spinal cord 492 458 397 291 — — — — — 2.9%
Skin 622 574 517 405 132 — — — — 3.0%
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Table 2-3: Same as Table 2-2, but calculated using the CV population NTCP model.

Organ/Volume 0.1 0.2 03 04 0.5 0.6 0.7 0.8 09 Ppyrcp-su

Lung 333 286 251 223 198 16.1 — — — 1.7%
Liver 417 377 347 323 298 250 9.0 — — 1.5%
Brain 555 495 449 361 158 — —_ — — 3.3%
Heart 517 479 452 429 405 362 232 2 — —_ 1.2%
Kidney 333 304 282 263 246 227 190 — — 1.0%
Esophagus 583 539 458 316 — — — — — 3.8%
Stomach 554 511 433 295 — — — — — 3.8%
Brachial plexus 596 544 465 337 — — — — — 4.6%
Bladder 849 794 751 714 679 — — —_ — 1.0%
Mandible 630 581 494 350 — — — — — 4.5%
Brain stem 60.5 542 495 416 252 — — — — 3.3%
Larynx 79.0 745 712 664 583 431 — — — 1.9%
Small intestine 479 433 39.0 305 92 — — — 3.3%
Colon 542 500 469 434 367 233 — — — 2.1%
Spinal cord 48.0 440 36.7 237 — — — — — 4.4%
Skin 60.2 551 48.5 36.1 — — — — — 4.0%

with the proposed constraint points calculated as discussed in Section 2.3, are also
shown in Figure 2-1(a) and (b). The averaged DVHs result in NTCP values of 4.98 +
0.02% for the Lyman and 4.98 + 0.02% for the CV population model. Finally, the
Emami' constraint points (each of these lead to NTCP = 5% assuming uniform, partial
organ irradiation) and the 5% iso-NTCP envelopes for both NTCP models are also
plotted for comparison in Figure 2-1(a) and (b). The property of the envelope stated in the
definition (Sec. 2.2.1) is clearly illustrated in both plots; namely, no DVH with NTCP <
5% crosses the envelope. It should be noted that a DVH passing through a combination of
constraints from the envelope has a NTCP higher than 5%.

As defined in Sec. 2.3.1.3, we call the probability of a DVH, with a user-specified
NTCP, passing through a given point in the dose-volume histogram space the DVH point
probability. The DVH point probabilities were used to estimate the 67% confidence limits
for DVHs resulting in NTCP = 5 + 0.5%. Figure 2-1(c) and (d) present an example of
what these probabilities look like. The averaged DVH together with the 67% confidence
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limits for the end point heart-pericarditis are also shown. Both the DVH point
probabilities and the confidence limits indicate more spread of the DVHs with NTCP =5
+ 0.5% in the low dose regions; while in the high dose regions, the majority of DVHs

pass through or near the average.

The calculated most probable DVHs for both NTCP models are plotted in Figure
2-1(e) and (f). The NTCP values corresponding to the most probable DVH curves are 5.7
+ 0.1% for the Lyman model and 5.1 £+ 0.1% for the CV population model.

1 1
09 1 09 1
NTCP>5% IR NTCP>5%
08 : 1 08¢ .
g 07} ~ ~ {07
S 0s TN 06
O 0Ubrt .
>
-..2 05t 05¢
[} X L
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02t (a) {1 02¢ (b)
01t 1 0.1
0 , , ) j 5 0 , ) . KR Ches
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Dose [Gy] Dose [Gy]

Figure 2-1: (a) and (b) — a sample of DVHs with NTCP=5+0.5% (grey dotted curves)
calculated according to the Lyman NTCP model (a) and the CV population NTCP model
(b) for the endpoint heart pericarditis. Also shown in each of these subplots are the
average of all DVHs with NTCP = 5 + 0.5% along with the constraint points interpolated
from this curve (solid black curve with diamond points). The Emami constraints for heart
are shown for comparison as circles, along with the 5% iso-NTCP envelope that passes
near to the Emami points.
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Relative Volume 0 0 Dose [GY] Relative Volume 0 ¢ Dose [Gy]

Figure 2-1 (¢) and (d) — Show the DVH point-probabilities (curves in the zy plane) for
heart calculated using the Lyman model (c) and the CV population model (d). The
average of DVHs with NTCP = 5 + 0.5% is shown (dark curve in xy plane) for
comparison, along with the 67% confidence limits (dashed curves in xy plane) that were
calculated by means of the DVH point-probabilities.
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Figure 2-1 (e) and (f) — The most probable DVH curves for heart, calculated from the
DVH point-probabilities in (¢) and (d). The Lyman model was used for (€), and the
Lyman NTCP of the most probable DVH is shown in the upper right corner. For (f), the
CV population model results are shown, along with the CV population NTCP for this
curve.
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In Figure 2-2, for the same end-point, heart pericarditis, the average DVHs are
shown for six different intervals of NTCP values: 0—10, 10-20, 20-30, 50-60, 70-80, and
90-100%. Figure 2-2(a) shows the average DVHs calculated based on the Lyman NTCP
model, and Figure 2-2(b) shows the average DVHs calculated based on the CV

population model.

Lyman NTCP CVpop NTCP

08 b ﬂ .':'

06

04

Relative Volume

02 (b)

0 20 40 60
Dose [GY]

Figure 2-2: Plot of the average DVH for each of 6 NTCP intervals for the endpoint heart
pericarditis. Averages were calculated based on the Lyman NTCP model (a) and the CV
population model (b). From the lowest volume to the highest volume curves, the
intervals are NTCP = [0%, 10%] (first solid line), [10%, 20%] (first dotted line), [20%,
30%] (dash-dotted line), [50%, 60%] (dashed line), [70%, 80%] (second solid line) and
[90%, 100%] (second dotted line).

Out of the 16 organs investigated in this chapter, the lung is unique in that the
clinical Dyg, value of 65 Gy is significantly larger than the Dgg estimated using either of
the NTCP models (Table 2-1). In some clinics, there are dose escalation protocols for
lung tumours that can get as high as 90 Gy.*’ In order to demonstrate the impact of the
Dpax range on the dose-volume constraint estimation, we use the lung and the CV
population model as an example (Figure 2-3). The average DVHs and the constraint
points are calculated for the following ranges of Dp,x values [Eq. (2-8)]:

D,... = Ds +n,(Dy, - D;) shown in Figure 2-3(a); D,,., = D;+n,(90Gy — D;) shown

in Figure 2-3(b); D, , =60Gy +n, (65Gy - 6OGy) shown Figure 2-3(c) — this

max,k
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Figure 2-3: A subset of DVHs that have a critical volume population NTCP of 5+0.5%
for the endpoint lung pneumonitis (grey dashed curves), the average of these DVHs and
the interpolated constraint points (solid curve with black diamonds). Each subplot shows
these curves for a different DVH dose scaling: (a) Dimin — Dmax = Ds — Dyg, (b) Ds — 90Gy,
(c) 60 — 65Gy and (d) 60 — 90Gy. In each subplot, the 5% iso-NTCP envelope is shown
along with the Emami points (O) for lung pneumonitis. The NTCPs are those of the
average DVHs.
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corresponds to the sample clinical maximum dose range given in Table 2-1; and

D, =60Gy +n, (90Gy — 60Gy) shown in Figure 2-3(d). The iso-NTCP envelope and

the Emami constraint points are presented as well. NTCP values for each averaged DVH
are shown on the corresponding subplots. The calculations were done using both NTCP

models and the estimated constraint points are presented in Table 2-4 for comparison.

Table 2-4: This table illustrates the effect of Dyax range on calculated constraint points.
Dose-volume constraint points were calculated for lung with the random DVHs scaled
according to D,y ranges of Ds — Dgg, Ds — 90Gy, 60 — 65 Gy and 60 — 90Gy, using both
the Lyman and CV population models.

Lyman constraint dose CV Pop. constraint dose
Volume DsDy Ds90Gy 60-65Gy 60-90Gy DgsDy Ds90Gy 60-65Gy 60-90Gy
0.1 27.9 40.8 54.3 59.3 333 42.6 54.8 60.4
02 24.9 30.0 419 40.8 28.6 314 43.0 43.2
0.3 22.7 23.8 22.6 — 25.1 25.0 25.1 6.0
0.4 209 19.1 — — 223 20.1 — —
0.5 19.2 10.6 — — 19.8 10.0 — —
0.6 17.5 — — — 16.1 — — —
0.7 14.3 — — — — — — —
0.8 — — — — — — — —
09 — — — — — — — —

Figure 2-4 presents the probability distributions of the NTCPs corresponding to
the DVH curves belonging to a certain &vicinity (¢ = 1%) for several sets of dose-volume
constraints. Again, both NTCP models discussed in this chapter were used. In Figure
2-4, the Lyman model results are presented on the left while the CV population model
results are presented on the right. The end point of brain necrosis was chosen for this
investigation. The following sets of dose-volume constraints were selected and used to
calculate the corresponding distributions: (D, v) = (48.1 Gy, 0.3) in Figure 2-4(a); (D ,v)
= (44.9 Gy, 0.3) in Figure 2-4(b); the pair (D1, vi) = (52.5 Gy, 0.2), (D2, v2) = (48.1 Gy,
0.3) in Figure 2-4(c); the pair (D1, vi) = (49.5 Gy, 0.2), (D3, v;) = (44.9 Gy, 0.3) in Figure
2-4(d); the set (D1, vi) = (58.7 Gy, 0.1), (D2, v2) = (48.1 Gy, 0.3), (D3, v3) =(43.8 Gy, 0.4)
in Figure 2-4(€); and the set (D, vi) = (55.5 Gy, 0.1), (Dz, v2) = (44.9 Gy, 0.3), (D3, v3) =
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Figure 2-4: Lyman (left) and CV population (right) NTCP probability distributions for
the endpoint brain necrosis for the given sets of calculated dose-volume constraint points.
A total of 2x10° DVHs were simulated in order to build these distributions, and of those,
the ones that passed within a vicinity of ¢ = 1% were deemed to satisfy the constraints.
Shown in each subplot are two additional quantities: the probability that a DVH which
satisfies the given constraint(s) will have an NTCP that is greater than 5.5%
[P(NT CP > 5.5%)] and the 95% confidence intervals (Cls) for the distributions. In (a)
and (b), the NTCP distributions for the Emami v = %, D = 60 Gy constraint point is
shown for comparison (black line).
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(36.1 Gy, 0.4) in Figure 2-4(f). The probability of observing a value of NTCP > 5.5% for
the DVHs belonging to a certain &-vicinity is calculated for each set of dose-volume
constraints and is given in the corresponding subplots together with the 95% NTCP most
probable interval. In Figure 2-4(a) and (b), NTCP probability distributions for the v = %5,
D = 60 Gy Emami point are shown (black line) along with those for the v = 0.3 calculated
points. The above values together with the probability that a DVH resulting in a NTCP =
5 + 0.5% will belong to the e-vicinity of the chosen sets of dose-volume constraints are

presented in Table 2-5.

Table 2-5: This table shows three quantities calculated for the end-point brain necrosis,
for the given sets of constraints. Calculations were done with both the Lyman and CV
population NTCP models, and for each constraint volume given, a dose value from either
Table 2-2 (for the Lyman model analysis) or Table 2-3 (for the CV population model
analysis) was selected (except for the Emami constraint point, for which the dose was 60
Gy). The first quantity in this table is P.(NTCP=5+0.5%), which represents the

probability that a DVH with NTCP e [4.5%,5.5%) passes within the e-vicinity (¢ = 1%) of
the chosen constraint(s). The value P(NTCP>5.5%) is the probability that a DVH which

satisfies the chosen constraint(s) has an NTCP that is greater than 5.5%. Finally, this
table shows the NTCP range in which 95% of the DVHs satisfying the constraint(s) result
[the 95% confidence interval (CI)].

P (NTCP =5+ 0.5%) P(NTCP > 5.5%) 95% CI
Constraint Volume(s) Lyman CV Pop. Lyman CV Pop. Lyman CV Pop.
Emami v =%, D = 60Gy 0.004% 0.0% 100.0% 100.0% 11.7-43.7% 18.0-44.7%
0.3 18.2% 8.0% 46.7%  53.7% 0.0-15.1% 0.0-23.8%
02,03 3.9% 1.5% 5.2% 4.2% 15- 6.8% 1.5- 6.8%
0.1,03,04 1.6% 0.1% 5.5% 0.2% 20- 6.8% 2.0- 6.8%

2.5 Discussion

The theoretical approach of reverse NTCP mapping onto DVH space described

above was used to estimate dose-volume constraints for the needs of inverse treatment
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planning and to provide a basis for comparison between the physical and biological

radiation therapy optimization.

2.5.1 Suitability of the calculated constraint points for inverse planning

In Sec. 2.3.1, we proposed that physical dose-volume constraints may be
estimated from the curve that represents the average of all DVHs with an NTCP of 5 +
0.5%. For these constraint points to be “reasonable,” the NTCP of the average DVH
should also fall within the same interval. However, not all DVHs resulting in a certain
NTCP are suitable for choosing constraint points. An example is a step like DVH
corresponding to partial organ homogeneous irradiation resulting in the desired NTCP
(such as the Emami DVHs). Our investigations show that the averaged DVH indeed
results in a NTCP that is within the above range of values for both the Lyman and the CV
population NTCP models. This holds true for all of the investigated organs and the
different intervals in which the maximum dose for the simulated DVHs was selected. An
example of this can be seen in Figure 2-1 and Figure 2-4. These figures also indicate that,
in general, the region of DVHs with NTCP ~5% is more spread out at low doses and
more concentrated at high doses. In Sec. 2.3.1, we mentioned that a potential alternate
source for dose-volume constraint points is the most probable DVH. This curve almost
coincides with the average DVH in the low-volume region; thus, the difference in the
NTCPs of the two curves is due mainly to the differences in the high-volume, low-dose
region. However, while the average of the DVHs resulting in NTCP =5 + 0.5% is also
an object of the same kind, this condition is not always satisfied for the most probable
DVH (Figure 2-1). Thus, we have placed more emphasis on the average DVH as a

source for dose-volume constraints.

The dose-volume constraint points estimated here and presented in Table 2-2 and
Table 2-3 only reflect the data presented in the Emami es al. work through the
mathematical forms of the NTCP models derived on the basis of some biological
observations or assumptions about the tissue response to irradiation.’”***>%  About the

data presented in the Emami et al. work the authors are aware that “The Emami estimates
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are not, in any sense of the word, primary data. Rather, they are a distillation from the
literature of whatever information could be gleaned, combined with the clinical
impressions of experienced radiation oncologists.”> On the other hand they are widely
cited and used in the clinical practice together with the Lyman model with parameter
estimates of Burman et al. This is why we turned to these parameter estimates to
illustrate the application of the reverse mapping method to the problem of dose-volume
constraint estimation. This also gave us the opportunity to compare, through the results
obtained, two different NTCP models, when the values of their parameters are derived
from the same source. It should be pointed out, however, that this method is not confined
to the NTCP models or parameter values used in this chapter. Constraint points may be
calculated according to the method outlined in Sec. 2.3.1 using a completely different
NTCP model and/or parameter set if one desires. The use of a different parameter set
could potentially have an impact on the constraint calculation, but such a comparison is
beyond the scope of this chapter. One way to estimate the impact of a different, for
example, more recent, parameter set is to calculate the 5% iso-NTCP envelope based on
the new parameter set and observe its deviation from the envelope calculated from the
previous set. For example, the iso-NTCP envelope of the Dawson et al.®® liver
parameters for the Lyman model is shifted considerably to the right in comparison to the
Emami parameters for this organ (e.g., see the 10% iso-NTCP envelopes in Fig. 1 of their
work). The corresponding impact of using the Dawson parameters in place of the Emami
ones for constraint point estimation could thus be considerable. If more accurate
parameter estimates are available, these should be used for the dose-volume constraint

estimation.

It may seem that the model predictions deduced from the Emami et al. tolerances
are assumed to be more reliable than the original estimates. However, if the model
accurately reflects the nature of the phenomenon, the model predictions are as reliable as
the data used to derive the model parameters. The use of a model broadens our capability
to predict the outcome in cases that have not yet been investigated by means of an

experiment.

We would like to point out that care has to be exercised in the interpretation of the

iso-NTCP envelope depicted in Figure 2-1(a) and (b) or Figure 2-3. It is misleading to
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assume that any curve in the region to the left of the 5% iso-NTCP envelope will result in
an acceptable NTCP of about 5%. We can only say that there is a chance that a DVH
lying in this region may result in an acceptable NTCP of around 5%, while we can say
with absolute certainty that if a DVH crosses or is tangential to the 5% iso-NTCP
envelope, it will definitely result in a NTCP higher than 5%. It is important to point out
that the Emami points lie on or near the 5% iso-effect envelope. Therefore, it must be
obvious that any DVH curve passing through any Emami point will with certainty result

in an NTCP > 5%. Indeed, the 95% confidence intervals of the NTCP values

corresponding to the DVHs passing through an e-vicinity of the 3 volume Emami point
for the brain, for instance, are [11.7%, 43.7%] for the Lyman model and [18.0%, 44.7%]
for the CV population model. These confidence intervals are considerably larger than the
ones — [0.0%, 15.1%] for the Lyman model and [0.0%, 23.8%] for the CV population
model — characteristic of the 0.3 volume constraint point calculated according to the
proposed algorithm (Table 2-2 and Table 2-3). More importantly, the lower limit of the

confidence intervals for the Emami points is > 5% indicating, as stated above, that the

achievable values of the NTCP will always be larger than 5%. The same calculations
were done for the 4 and %5 volume Emami points and for the generated dose-volume
constraint points shown in Table 2-2 and Table 2-3 for several other randomly selected
organs, namely — lung, liver and bladder. In all cases, the result is the same: the lower
limit of the 95% confidence intervals for observing a NTCP value for any DVH curve
passing through or near an Emami point is larger than 5%; while it is always near to 0%
for the generated dose-volume constraint points. Also, the NTCP confidence intervals of
the generated constraint points are always narrower than the confidence intervals of the
Emami points. This means that the outcome in terms of NTCP values is predictable to a
higher extent in the case where the dose-volume constraints are chosen according to the

proposed algorithm.

Therefore, we consider the generated dose-volume constraint points more suitable

for clinical application than the Emami data points if used as dose-volume constraints.

Note that, although the constraint points derived from the two NTCP models
display the same general trends (Table 2-2 and Table 2-3), there are differences in the
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doses obtained for the different relative volumes. In addition, the estimates using the CV
population model result in fewer constraint points with nonzero dose values for some

organs than those using the Lyman model.

For all organs, the average of DVHs with a NTCP of 0 — 10% has the lowest
relative volume at each dose and represents a relatively small partial volume irradiation
of the critical structure (see the example for heart pericarditis — Figure 2-2). As the
NTCP interval increases, the relative volumes of the curves become larger, and the
average DVHs tend to ‘flatten out.’” The average of DVHs with a NTCP of 90 — 100%
generally corresponds to a relatively uniform irradiation of a significant portion of the
organ, at a relatively high dose. The NTCPs of the average DVHs shown in Figure 2-2

are consistent with the NTCP intervals used to calculate these average curves.

2.5.2 Random integral DVHs and dose scaling

The reverse mapping method of constraint point estimation relies heavily upon the
generation of random DVHs and also the scaling of the dose axis to absolute values. The
dependence of the average DVH on the generation algorithm is illustrated and discussed

in Chapter 3 and Markov ez al.>¢

The set of clinically achievable DVHs is an undefined
one, due to the fact that the treatment strategies and the available radiation treatment
techniques realizing these strategies change considerably through the years. Hence, it is
difficult, if not impossible, to describe the set of clinically realizable DVHs
mathematically. However, the set of clinically realized DVHs is a subset of the set of all
monotonically decreasing functions. The DVHs that were generated in this chapter
include those that are characteristic of a portion of the organ at risk receiving no
irradiation. Clinically, exact partial organ irradiation cannot be achieved as there will
always be some dose deposition due to scatter. However, modern IMRT techniques and

delivery systems, such as tomotherapy,“’52

allow for dose distributions that come very
close to fully sparing a portion of an organ at risk. These modern techniques expand the
set of the clinically possible DVHs (making it a dynamic concept), because they expand

the number of solutions through which the dose field could be delivered to the tumour.
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For example, some of the integral DVHs shown in the works of Coselmon et al.,” Horton
et al.,> Hanks et al.”® and Wang et al.*® exhibit an initial drop in relative volume around a
dose of zero, indicating that a portion of these organs is almost entirely spared. In fact,
the slope of this drop-off looks very similar to the one observed in the average DVHs
presented in this chapter. Therefore, the random DVHs used here to estimate physical

dose-volume constraint points are not impossible to achieve clinically.

There are cases that exist where the constraint points interpolated from the
average DVH may not be suitable for inverse planning. For example, if the organ at risk
(OAR) is sufficiently close to the target, its achievable DVH may be above the average
on the high-dose side. Our experience shows that in the process of inverse planning, the
OAR DVH moves “down” rather than “up,” that is, the average vector of the shift, in the
process of an iterative search of the solution, points toward the (0, 0) point of the DVH
space. Hence the algorithm would try to go as close as possible to the dose-volume
constraints “from above,” although they will not be reached. A better solution might be
found if a physico-biological optimization is performed; but if the achievable OAR DVH
is above the average DVH as a consequence of the specifics of the individual geometry,
this would present a problem for the physical inverse treatment planning no matter what
the dose-volume constraints are. The OAR NTCP will remain high, irrespective of the
choice of the constraint points, because it is fundamentally determined by the higher

doses.

In Sec. 2.3.1.2, we observed that for some organs, the clinical range of possible
maximum dose values is significantly different from the calculated Ds and Dgg values
based on the NTCP models. An interesting result concerning the calculated Dgg values is
that depending on the model used — Lyman or CV population — the calculated Dy for
some organs differs significantly for both models (Table 2-1). Clinical dose values
exhibit varying degrees of disparity depending on factors such as the position of the
target relative to the organ at risk and the prescribed target dose. Although we have opted
to use the calculated Ds and Dqgg values for dose-volume constraint estimation, with the
purpose of unification, we did carry out an investigation of how the different dose ranges,
to which the maximum dose could belong, would affect the values of the dose-volume

constraint estimates.
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The nonuniqueness of the estimated dose-volume constraints is clearly
demonstrated in Figure 2-3 and in Table 2-4. These results suggest that knowledge of the
range in which the maximum doses are going to be is extremely important for the
determination of appropriate dose-volume constraints via the reverse mapping method.
Figure 2-3 unambiguously shows that the averaged DVH results in a NTCP of the same
range as the DVHs from which it is calculated, regardless of the Dy, range. In each of
the four cases illustrated, the NTCP of the averaged DVH was 4.98 + 0.02%. It is
interesting to note that the obtained averaged DVHs shown in Figure 2-3(b) and (c)
resemble the averaged DVHs reported by Tsougos et al®® In their work, the occurrence
of radiation pneumonitis was studied in a group of 150 patients treated for breast cancer.
Their averaged DVHs suggest a trend favouring the partial organ nonirradiation similar to
our results presented in Figure 2-3. As noted above, the maximum dose range will depend
on the treatment site and the treatment strategy. Hence, we recommend a recalculation of
the dose-volume constraints if the maximum dose range differs considerably from the one

used here.

The maximum dose range of Ds — Dgg and the NTCP range of 4.5 — 5.5% were
chosen for this work to illustrate the reverse mapping constraint point estimation for a
number of organs, but one is by no means limited to these parameter values. Different
NTCP levels and maximum dose ranges may be selected to take into account clinical
variables such as tumour size and location with respect to the organs at risk, beam
arrangement, and anatomic structure. In each case, the constraint points could be

recalculated for the desired NTCP and Dy, range using the reverse mapping method.

2.5.3 Comparison with other methods of dose-volume constraint
determination

Another approach to the problem of dose-volume constraints determination is
described in Hartford et al.,’’ Huang et al.,’® Jackson et al.*® and Pollack et al® 1t
consists of classifying the clinically realized DVHs for the responders and the

nonresponders for a given complication end point. However, the two DVH regions
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corresponding to the two groups of responders and nonresponders obtained by this
method, unfortunately, overlap considerably.zg’5 739 This effect could be due to the fact
that statistics of even several hundred patients is insufficient to allow the proper
determination and differentiation of the two regions in the DVH space. Indeed, due to the
probabilistic nature of the tissue-dose response, a given clinical DVH may produce a
responder but it may also result in a nonresponder. In addition, DVHs do not convey any
information about the spatial distribution of dose. Hence, a clinically acceptable dose

distribution and an unacceptable one may result in DVHs that are practically identical.

In order to compare the results from the reverse mapping method with those
reported by Jackson ef al.,”’ we calculated the dose-volume constraints for the rectum
based on the Burman parameter estimates for the Lyman model. This organ was not
included in the main investigation because there were no sufficient data for the extraction

of parameter estimates for the CV population model.>

Figure 2-5 shows our dose-
volume constraint estimates (diamond points on the dashed line) together with the
averaged DVH for nonbleeders (top solid curve) and the lower limit of its 67%
confidence range (lower solid curve) obtained by Jackson et al., for the patients treated to
a maximum dose of 70.2 Gy. The Lyman NTCP of the Jackson ef al. nonbleeder DVH
was calculated to be 5.43% and is also shown in Figure 2-5; while the Lyman NTCP of
the averaged DVH is only slightly lower — 4.99 + 0.02%. Both NTCPs are within the
acceptable interval of [4.5%, 5.5%] and thus the small difference is not very important.
For the region of relative volumes less than 40%, the results from the reverse mapping
method almost coincide with Jackson et al. observations. Because these two curves
almost coincide in the high-dose region, it stands to reason that the differing low-dose
regions are the cause of the observed small difference in NTCP. It is important to note
that dose-volume constraints with lower relative volumes are the ones narrowing the area
in the DVH space corresponding to sufficiently low complication probabilities. In other
words, if points with higher relative volumes are used as constraints, there is a higher
probability of allowing DVHs with unacceptable NTCP values, as the NTCP distributions
widen when the relative volume increases. A similar result was reported by Hartford et

al.>’ (Fig. 1 of their work) and it is also well illustrated in Figure 2-4.
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Figure 2-5: Averaged DVH (dotteg oﬁgéf%d dose-volume constraint estimates
(diamonds) for rectum, calculated by means of the reverse mapping method. The Lyman
NTCP model with the Burman parameters was used to obtain these constraint points.
Shown for comparison are the averaged DVH for non-bleeders from Jackson et al.*®
(upper solid curve) and the lower limit of its 67% confidence range (lower solid curve).
The Lyman NTCP of the non-bleeder DVH is given in the upper right corner of this plot.

Thus, based on the results of this study and the ones reported by Hartford et al.’’
we recommend that the dose-volume constraint points be chosen among those

corresponding to sufficiently low relative volumes and high doses (in the case of rectum

0.4 or less).

2.5.4 Physical versus radiobiological optimization

The selection of a given set of dose-volume constraints in the process of treatment

planning presumes that these constraints will result in an appropriate restriction of the
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dose, which in turn ensures an acceptable level of the complication probability for the
organ at risk. The proposed reverse mapping method (Sec. 2.3.2) presents a theoretical
way to investigate the radiobiological impact of a set of dose-volume constraints. Figure
2-4(a) and (b) clearly show that the distributions of the NTCP values, for the end-point
brain necrosis, produced by DVHs satisfying just one dose-volume constraint are
sufficiently wide and include DVHs leading to unacceptably high complication
probabilities. The corresponding 95% confidence intervals given in Table 2-5 confirm
the above inference. It is also seen that almost half of the DVHs passing through the ¢-
vicinity of the chosen constraint point result in NTCP values higher than 5.5%. The
choice of more than one dose-volume constraint considerably narrows the NTCP
distributions (problem 1, Sec. 2.3.2), as demonstrated in Figure 2-4(b), (c), (d), and (f).
The corresponding 95% confidence intervals, when two or three dose-volume constraints
are used, suggest that the DVHs satisfying these constraints result in NTCP values that
are confined to a reasonably small interval of clinically acceptable complication
probabilities. The fraction of DVHs leading to more than 5.5% NTCP [P(NT CP> 5.5%)
— Table 2-5] is also considerably reduced compared to the case when only one constraint
is used. It should be reiterated that the NTCP distributions generally become wider with

the increase of the relative volume value of the lower dose-volume constraint.

The introduction of every other dose-volume constraint (first column of Table
2-5) considerably lowers the number of DVHs with NTCP € [4.5%, 5.5%), thus shrinking
the area of the set of solutions. The investigations that were carried out for several other
organs show similar trends. It was also confirmed that the use of two or three dose-
volume constraints could ensure the selection of DVHs resulting in clinically acceptable
complication rates. We can therefore conclude that the reverse mapping method allows
us to demonstrate that the radiation treatment optimization based on physical objective
functions can sufficiently restrict the dose to the organs at risk resulting in low enough

NTCP values through the employment of several appropriate dose-volume constraints.

However, a comparison with the results reported in Stavrev et al.® shows that a
treatment plan leading to NTCP levels of around 1% for all organs at risk (in the

treatment of lungs excluding the lung in which the tumour was situated) can be clinically
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achieved when the hybrid physicobiological optimization of the radiation treatment is
employed where minimization of the NTCP values is sought. At the same time, the pure
physical approach to optimization is self-restrictive due to the preassignment of
acceptable NTCP levels, thus leaving out possible better solutions to the problem. The
exclusion of clinically acceptable DVHs that occurs as a result of the imposition of

physical dose-volume constraints can be seen in the P,(NTCP = 5+ 0.5%) values that are
presented in Table 2-5. P, (NT CP=5+ 0.5%) is the quantity that is described in problem
4 of Sec. 2.3.2; it represents the probability that a DVH with a NTCP in the interval

[4.5%, 5.5%] satisfies a given set of constraints according to the e-criterion. For the v =
0.3 calculated constraint point, for instance, this probability is just 18.2% for the Lyman
model and has an even lower value of 8.0% for the CV population model. As more
constraint points are added, the chance that a viable solution is eliminated increases, in

other words, P, (NT CP=5+% 0.5%) lowers considerably. The application of any physical

dose-volume constraints — not just those that were estimated in this chapter — will exclude
a number of DVHs with acceptable NTCP. The hybrid optimization method presented in
Stavrev et al.® appears to be superior to pure physical optimization due to the fact that this

method would not eliminate clinically desirable solutions.

2.6 Conclusions

In this study, we developed a theoretical method to estimate dose-volume
constraint points based on radiobiological models for the needs of inverse treatment
planning. This method presents a general guidance to the problem of dose-volume
constraint estimation. Sample constraint points estimated by the use of two different
NTCP models — the Lyman and the CV population model — were calculated. An
interesting result is that the calculations done with both NTCP models, especially for low
relative volume points, produce similar constraint points. Model parameters for both

models were based on the dose-response estimates in the Emami ez al.' report.
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The average of a set or subset of DVHs resulting in NTCP values belonging to a
given range, <DVH>, results in a NTCP that falls within the same range of values. The
dose-volume constraint points from this average DVH are not unique — they depend on
the range of values in which the maximum dose is allowed to vary. In order to achieve
adequate functioning of the constraint points, they must be chosen among those
corresponding to sufficiently low relative volumes (approximately less than 0.5). Similar

results were obtained by Hartford et al.”’

The use of two or three appropriately chosen low-volume constraint points can
shrink the NTCP interval associated with the DVHs that pass sufficiently close to these
constraints to a clinically acceptable range. If we seek DVHs with NTCP = ¢, then the
constraint points should lie at a sufficient distance below the a-iso-NTCP envelope. This
renders the Emami points inadequate as dose-volume constraints if the goal is a dose

distribution resulting in ~ 5% NTCP.
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Chapter 3 Reverse mapping of normal tissue
complication probabilities onto dose volume
histogram space: The problem of randomness
of the dose volume histogram sampling

A version of this chapter was published as:

K. Markov, C. Schinkel, P. Stavrev, N. Stavreva, M. Weldon, B. G. Fallone, “Reverse
mapping of normal tissue complication probabilities onto dose volume histogram space:

the problem of randomness of the dose volume histogram sampling,” Med. Phys. 33,
3435-3443, 2006.

3.1 Introduction

We recently introduced the concept of reverse mapping of normal tissue
complication probability (NTCP) onto the space of the dose volume histogram (DVH).'
This method allows the investigation of DVH space with respect to the NTCPs for a
given organ and a corresponding NTCP model. In this manner, one can investigate the
probability that a DVH resulting in a given NTCP value would pass in the vicinity of a
certain point within the DVH space. More practically, an average DVH curve can be
calculated from a set of simulated DVHs individually resulting in NTCP € [4.5;5.5]%.
The points from this average DVH curve can then be used as dose-volume constraints for

inverse treatment planning.

One very important issue in the problem of reverse mapping of NTCP onto DVH
space is that of the generation of DVH curves. It is necessary to determine a proper
simulation algorithm, which will ensure that the generated DVHs are sampled from the

correct distribution. Thus, the less probable DVHs will appear in the sampling process
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less often, while the more probable ones will appear more often. In this chapter, we
present the mathematical theory to determine the type of distribution to which is subject
the number of normalized integral DVHs passing through a point in DVH space. Based
on this theory, a two-dimensional (2D) random function generator is developed. This
generator produces monotonically decreasing functions based on the theory of random
walk, and can be used to simulate random normalized integral DVHs. Such a generator is
essential to calculate physical dose-volume constraint points by the method of reverse
mapping of NTCP onto DVH space. In the previous chapter and in Schinkel et al.?, we
calculated dose-volume constraints using the reverse mapping method for the needs of

inverse treatment planning.

3.2 Background

In this study, we use normalized DVHs, where the dose delivered to different
relative sub-volumes of the organ is normalized to the maximum dose delivered and is
measured as a percent dose in terms of the maximum. It is clear, then, that any
monotonically decreasing function in the region [1,0] % [0,1] could represent a
normalized integral DVH (Figure 3-1). Several Monte Carlo procedures can be used to
simulate monotonically decreasing functions by creating finite series. We propose in this
chapter a Monte Carlo procedure which we call a “random walk” DVH generator. Two
procedures that are simpler than the one proposed here have been used for DVH

generation elsewhere:
0y Random number descent' and

) Random angle - random step descent’
They will be described in detail further below, and compared to the appropriate random

walk DVH generator, whose theory we present here.
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3.3 Theory

Let us consider, for instance, the set of all continuous monotonically decreasing
functions in the unit sQuare [1,0] x [0,1]. These functions completely fill up the unit
square. Our initial assumption is that the density of functions passing through different
points — for example, points P and Q in Figure 3-1 — should be different and should
depend on the position of the point. It is not simple to express this notion mathematically.
The power of a set in the set theory will produce equal powers for each set of continuous

monotonically decreasing functions passing through any point within the unit square and

s

A G B
Figure 3-1: Monotonically decreasing functions. Our initial assumption is that the
number of functions passing through different points - for example points P and Q -

should be different and should depend on the position of the point. The thick black line
represents a step like trajectory from point D to point B.
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thus would give an inaccurate estimate in this case. Alternatively, one can define a certain
measure in the space of continuous monotonically decreasing functions in the interval
[0,1]. We opted to simplify the operation by considering the discrete version of the

problem.

3.3.1 Determining the distribution of curves passing through a point in the
unit square

The unit square ABCD, which encompasses the region of the functions of interest,
can be divided through a net of vertical and horizontal lines into a finite number of small
squares. Then, the curves representing the functions of interest will be portrayed through
steplike trajectories from point D to point B that pass only through points from the
dividing net. An example of such a trajectory is shown in Figure 3-1.

The discrete version of the problem defined in this way determines a finite
number of trajectories connecting any two points in a monotonically decreasing fashion.
Indeed, the number of steplike trajectories connecting, for instance, points £ and B in
Figure 3-1 depends only on the size p and g of the rectangle EFBG. This fact will enable
us to count the number of steplike trajectories passing through different points. By
dividing this number by the total number of trajectories connecting points D and B
(which is the total number of possible DVHs) we will determine the distribution of DVHs
depending on the position of the point.

We can construct each trajectory from point D to point B through randomly
choosing points of passage which lie on a series of vertical intercepts (intercepts parallel
to the Y axes) (Figure 3-1). However, due to such a choice of the intercepts, the
trajectories become degenerate, i.e., a function may pass through more than one point on
the intercept. Therefore, the sum of the trajectories passing through all points of an
intercept will be greater than the total number of trajectories from point D to point B. In
order to avoid the double counting of trajectories, a different choice of intercepts will be
made. We will consider intercepts perpendicular to the diagonal DB. This choice of
intercepts determines the construction of trajectories that are unique. A proof of this

statement will be given below [Eq. (3-3)].
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The further consideration of the problem will be facilitated if we translate and
rotate the coordinate system at 45° as shown in Figure 3-2 so that the X axis of the new
system coincides with DB and the Y axis is parallel to the intercepts. The coordinates of
point D in the new coordinate system are (0, 0). The coordinates of point B are (0, 2N)
where N is the number of horizontal/vertical lines of the dividing net. The trajectories
from point D to point B represent a well known mathematical process — random walk
with a step of +1 or -1. A step of +1 is a step forward which increases both the x and y
coordinates with +1. A step of -1 is a step downward, which increases the x coordinate
with +1 but decreases the y coordinate with -1. Examples of a step forward (+1) and a
step downward (-1) are shown in Figure 3-2. It is shown in Appendix B (see also Fell§r4)
that the number of trajectories connecting point D with point E, for instance, with

coordinates E, =m and E, =r is

(3-1 N ol DI X O
-1) D(0,0),E(m,r)y — (m+r)/2 h (m-r)/2 B (mxr)/2 .

The last equality is written for compactness. It should also be pointed out that because
each step changes both coordinates with 1, the coordinates of all points from the dividing
net in the square ABCD are either both odd or both even numbers, independent of the
number of steps via which each point is reached from point D.

In Appendix B it is also shown that the number of trajectories connecting two
points depends only on the difference between their coordinates. For instance, the number
of trajectories from point E; with coordinates (x;, ;) to point E, with coordinates (xz, y»)

equals the number of trajectories between point (0, 0) and point (x, —x,, y,—y,), i€,

m r

(3-2) N = et e
E gy 1By (xgup0) T ((x2 —xl)i()’2 —yl))/2 - (mir)/2 .
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Figure 3-2: Plot assisting us in the determination of the number of curves from point D

to point B passing through point M; lying on the intercept PQ and also in the
determination of the number of curves connecting an intermediate point 7 with the end
point B passing through point M.
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Let us consider now the intercept PQ as shown in Figure 3-2. We will consider
points M; from it that coincide with points from the dividing net and therefore are
reachable from point D via the steplike trajectories discussed above. The number of these
points is 2n+1 (k=0, ... , 2n) where n determines the position of the intercept along the X
axis, 2n being the x coordinate of all points lying on it. The simulated density of curves
passing through different points does not depend on the values of N and n, only the
resolution of the picture depends on them. Therefore, the values of N and n are a matter
of choice depending on the researcher, the desired resolution, and computational time. In
this work we have chosen N =300 and n=10, based on these considerations. We have
also tried other values of N and n and have noticed no significant difference in the results.
Due to the obvious symmetry of the problem the y coordinate of point P is also 2n, P(2n,
2n) and the y coordinate of point Q is (-2n), Q(2n, -2n). Point M} has coordinates (2n, -
2n+2k).

Based on Egs. (3-1) and (3-2), we can calculate the number of trajectories from

point D to point M;, N

D.M,

and also from point M to point B, N, ,. The product
N,, -N, , gives the number of curves from point D to point B passing through point

M. Since the set Q, ...,M; ... ,P is the full set of points of the intercept PQ coinciding

with points from the dividing net and because the trajectories through these points are

2n
unique due to the choice of the intercept, we expect that the sum Z N,,. -N, , should
My ko
k=0

be equal to the total number of curves connecting points D and B, N, ,:

Zn 2N 2r(2n\(2N -2n
D,B ; DM, M, .B N ; k N — k

Indeed, according to the well-known identity of Wandermond” the right-hand equation is
fulfilled. Thus, we have proven the uniqueness of the trajectories passing through the
chosen intercept. This uniqueness secures the simulation of trajectories with the correct

density, which is the aim of this chapter.
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. (2n\(2N -2n 2N . ) .
The ratio el Mok N gives the density of curves through point M or

the probability that a curve passes through this point for each &=0, 1, 2, ..., 2n. This
probability happens to be the hypergeometric distribution. Naturally, each intercept is
characterized by its own hypergeometric distribution depending on the value of n, i.e,

depending on the position of the intercept along the x axis.

As will be shown below, it is necessary to determine the distribution of curves

connecting intermediate points in the plane of square ABCD with the end point B.

We will consider a set of intercepts lying at distance 2n from each other along the

x axis as shown in Figure 3-2. Now we consider, for instance, a point T lying on the K"
intercept and having coordinates (27K, 2R). K and R determine the positions of the
intercept and the point. The values of K and R are not chosen in the direct sense; they are
the coordinates of the randomly realized point of passage at a certain step of the

procedure of constructing the random curve. We have to examine only curves connecting

point 7 and point B that lie in rectangle ATCB (Figure 3-2) since only these curves are
monotonically decreasing. We construct the intercept P'Q' lying at distance 2n from point
T and therefore having 2n + 1 points coinciding with points from the dividing net. Then,

analogous to Eq. (3-3), we have:

2n 2N -2nK 2n (2pn (2N -2nK —2n
(3-4) N..=SN. .. .N. . = =
e kz(:, IMe™ M8 A N—nK +R kzo kK'A\N-nK+R-k'

where M'y is a point from the intercept P'Q" with coordinates (2nK+2n, 2R-2n+2k"), (k' =
0, 1, ..., 2n). This expression is only slightly modified in comparison to Eq. (3-3). The

corresponding density of curves passing through point My from the intermediate point 7

. .. . (2n) 2N —2nK —2n 2N -2nK
to point B is given by the ratio .
k' \N-nK+R-Fk' N-nK+R
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3.3.2 Constructing a generator of random functions subject to the
hypergeometric distribution. A random walk generator.

Each curve connecting points D and B is constructed via the generation of a
number of points through which this curve passes. These points lie on intercepts
positioned at equal distances (2n) from each other along the x axis in the plane of square
ABCD. The first point after point D through which the trajectory passes lies on segment
PQ (Figure 3-2). The point is chosen using a random number generator generating
uniformly distributed numbers between 0 and 1. Let the random number generated be x.
The point of passage is chosen through the assignment to the random number x a number
L for which the following double inequality is fulfilled:

L1 2n\(2N-2n L.(2n\(2N -2n
(3-5) é(k]( N-k J_<xskz=<;(kJ( N-k J

() ()

In this way, the uniformly distributed random numbers 0 < x <1 are transformed

into numbers 0< L <2n distributed according to the hypergeometric distribution valid
for intercept PQ characterized by n. Since the numbers L label the points M, , the points
along the intercept are also chosen according to this distribution. This is a standard

procedure for creating random number generators subject to non-uniform distributions.®

At the next step, as well as at all steps afterwards, we must continue the trajectory
starting from an intermediate point. We therefore have to choose the next point from an
intercept positioned similarly to intercept P'Q' (Figure 3-2). For this purpose, we assign to

the uniformly distributed randomly chosen number x a number L' for which the following

i 2n\( 2N -2nK —2n
<k=0 k N_nK+R_k

2N -2nK
N-nK+R

double inequality is fulfilled:
L1(2nY( 2N -2nK —2n
k=0 k N - nK + R - k

2N -2nK
N-nK+R

(3-6) <X
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This inequality is similar to the one given by Eq. (3-5). However, it is modified
accordingly to account for the changed position of the intercept. As explained in the
previous subsection, R and K determine the coordinates of the intermediate point realized
as a point of passage in the previous step. R and K, together with #n, also determine the
position of the next intercept. Thus the uniformly distributed random numbers 0 < x <1
are now transformed into numbers 0<L'<2pn distributed according to the
hypergeometric distribution valid for the corresponding intercept characterized by n, R,

and K.
There exist two special cases which are fully examined in Appendix C.

Thus the construction of a generator of randomly chosen monotonically
decreasing series/functions, which reflect the density of such functions in different points
of the unit square, is completed. Because the theory of random walk was used for its

creation, we call it a random walk generator.

3.4 Comparison of different generators

In Sec. 3.1 we mentioned two different generators of monotonically decreasing
series of numbers that should also be considered. The algorithms used in these generators

are outlined in this section.

3.4.1 Random number descent (Stavrev et al.')

In this case, pairs of random numbers are generated determining the x and y
coordinates of a set of points in the unit square. However, not all points are recorded, but
only these for which the y coordinate has a smaller value than the y coordinate of the
previous point and the x coordinate has a value higher than the previous one. Once the
values x = 0.99 and y = 0.01 are reached, the point B (1, 0) is automatically added. Thus

a set of points determining a monotonically decreasing function/series is constructed.
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3.4.2 Random angle - random step descent

This generator is illustrated in Figure 3-3. A random angle, &, € [0, 7/2], and a

random step r, are generated at each simulation to determine the next point of the

monotonically decreasing series/function. The first point that is generated with

coordinates outside of the unit square is automatically replaced with point B.

v

0.4

0.2

v
4 —
a

be e o — .

0 02 04 0.6 08 1
Percent (%) Dose

Figure 3-3: Illustration of the random angle - random step descent generator.

In both of the above mentioned random function generators, the point B (1, 0) was
added artificially. However, since both procedures are intuitive and they are only meant
to produce monotonically decreasing series, the artificial addition of point B to the

generated DVH is of no particular importance.

In the remainder of this section, we investigate the applicability to DVH reverse
mapping of these two intuitive generators and compare them to results from our random

walk generator.
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We used the DVH reverse mapping method in the previous chapter (and in
Schinkel ef al.?) to calculate adequate dose-volume constraints for the needs of inverse
treatment planning. In that study,” an averaged DVH is calculated — for a given organ —
from a set of DVHs, which resulted in NTCP € [4.5;5.5]%. The NTCP is calculated
according to the population based critical volume model™" for each of the generated
DVH curves. Subsequently, only DVH curves that result in NTCP e [4.5;5.5]% are
selected. The average DVH is obtained as the arithmetic mean of the selected DVHs with

respect to the relative volumes (i.e., the y values) of those points of passage that have the

same x coordinate (i.e., dose).

In the previous chapter and the work of Schinkel et al.,? we suggest that the dose-
volume constraints be chosen as points from this averaged DVH, because the resultant

NTCPs would be in the same interval [4.5; 5.5]%.

To check the applicability of the simpler generators described above to the clinic,
we decided to compare the averaged DVHs, produced by them, which result in

NTCP € [4.5;5.5]% with the same averaged DVH produced by the random walk

generator. Of course, it might also be possible to compare the 2-dimensional distributions
of the DVH density produced by the different generators. However, since the dose-
volume constraint points are to be chosen from the averaged DVHs, the clinical interest
should lie in the generation of such averaged DVH curves. Therefore, a comparison
between the generators, based on the averaged DVHs, might be more indicative of the
differences and interchangeability of the generators for the clinic. In addition, if all the
generators studied in this chapter or any pair of them would produce curves with equal
density in the square they would also produce coinciding average curves, since these
curves are the average of a subset of curves chosen under the same criterion for all
generators. Thus, for this reason it is not necessary to compare 2-dimensional
distributions of the DVH density produced by the different generators. It may be that the
difference between the average curves (if it exists) depends on the chosen NTCP model
and on the parameter values (as Figure 3-4 and Figure 3-5 indicate), but we are only
interested in the existence or absence of such a difference indicative of whether or not the

generators are interchangeable.
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The investigation was carried out for four organs — liver, brain, bladder, and

spinal cord and the results are shown in Figure 3-4. The dose is renormalized, that is,

translated to absolute dose through multiplying the relative dose by a corresponding

maximum dose for each organ. The parameter values for the calculation of the

corresponding NTCPs according to the critical volume population NTCP model were
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Figure 3-4: Comparison between the three different DVH generators according to the
averaged DVH curves resulting in NTCP € [4.5;5.5]% for liver, brain, bladder and

spinal cord.
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taken from Stavrev et al.'' Based on the graphs shown in Figure 3-4 one may conclude
that the random angle generator produces averaged DVHs that are almost identical to the
ones produced with the random walk generator. The random number descent generator,
however, produces visibly different DVHs than the ones produced by the random walk
generator.

In some cases, it may be possible to design a treatment that almost entirely spares
part of an organ from irradiation (for example, the DVHs appearing in Coselmon et al.'?).
This organ sparing can be represented in a DVH generator by incorporating an initial,
random, step downward. In order to include the case of partial organ irradiation,
“hybrid” generators were constructed, which are based on the studied generators, in the
following way: An initial random jump was used as a starting point to simulate a random
part of the organ receiving no radiation and then the corresponding generator was used to
complete the DVH generation for the rest of the organ receiving heterogeneous
irradiation. A comparison was made of the averaged DVH curves produced by the three
hybrid generators, for the same four organs — liver, brain, bladder, and spinal cord — and
the results are shown in Figure 3-5. This figure shows that in the case of an initial jump,
simulating partial organ irradiation, the averaged DVHs produced via the three generators
differ from each other almost always.

The hybrid generators could be used for constraint point calculation in cases
where it is possible to spare part of the organ. For cases where partial organ sparing is
not possible, the generator could be used as-is, without the incorporation of an initial

random step downward.
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3.5 Discussion and conclusions

It was theoretically determined that the distribution of the number of
monotonically decreasing finite series passing through a point in the dose volume

histogram space follows the hypergeometric distribution.

A generator of random monotonically decreasing series/functions called a random
walk generator is constructed. The generator follows the hypergeometric distribution,
which was found to describe the probability distribution of the DVHs in the dose-volume
space. It is compared with two other intuitive random function generators. The random
walk generator is used as a standard in this comparative study since the selection process
based on this generator reflects the inherent density of monotonically decreasing
functions in the unit square. The comparison is carried out with the purpose of exploring
the goodness of the two simpler generators and the potential of using any of them in place
of the more complex random walk generator. Based on the results of the comparison
between the three random function generators investigated in this chapter, which show
that there is a significant difference between the generators (Figure 3-4 and Figure 3-5), it
can be concluded that neither of the two simpler generators can replace the random walk

generator.

Because we suggest that the averaged DVH curve produced by a random function

generator, that results in NTCP € [4.5; 5.5] % , is to be used to determine the dose-volume

constraints for use in the treatment planning optimization as described in the previous
chapter and Schinkel et al.’ we conclude that it is of high importance to use the correct
generator of DVH curves on the basis of which an average DVH resulting in

NTCP € [4.5;5.5]% will be constructed. Therefore, we recommend that the random walk

generator be used for the generation of average DVH curves with a subsequent choice of

dose-volume constraints.
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Chapter 4 Analytical investigation of properties
of the iso-NTCP envelope

A version of this chapter was published as:

P. Stavrev, C. Schinkel, N. Stavreva, K. Markov, B. G. Fallone, “Analytical investigation
of properties of the iso-NTCP envelope,” Radiol. Oncol. 41(1), 41 — 47 (2007)

4.1 Introduction

In Chapter 2 we proposed that the DVH averaged from those resulting in a certain
normal tissue complication probability (NTCP) can be used as a source of dose-volume
constraints for inverse planning.'” Constraint points were estimated for a number of
organs using two NTCP models — the Lyman model® with the parameters of Burman et
al* and the critical volume population model® with the parameters of Stavrev ef al.® We
also reported an observed property of the integral dose-volume histogram (DVH)
space.'” In those reports we constructed a curve, which we called an @-iso-NTCP
envelope, by connecting points belonging to step-like integral DVHs. Each of these
DVHs corresponded to homogeneous partial organ irradiation of a relative volume v to
dose Dy such that, for each DVH, the resulting NTCP had a particular value a. We
numerically demonstrated that any DVH passing through a point (Dy, v;) from the a-iso-
NTCP envelope, i.e., any DVH that is tangential to or crosses the envelope, will result in
NTCP > o . It should be emphasized that the equality is valid only for the step-like DVH

that corresponds to the homogeneous partial organ irradiation of v, to Dy. In this chapter,
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we prove this property of the iso-NTCP envelope analytically for the three most
commonly used NTCP models — the Lyman model, the individual critical volume model

and the population critical volume model.

4.2 Proof for the Lyman model

For our purposes, a normalized integral DVH is defined as a monotonically

decreasing function characterized by the set of points D,,v, :i =1,...,N such that v, =1,

Vyn =0, v,

i+1

<v,, D, <D,,.

We begin this proof for the Lyman® NTCP model:

2

NTCP q,(zfu)

mD,,

J;_ﬂ ;[exp(_thJdt = %[1 + erf(—j—i)] :

where m and Dsy are model parameters, and EUD is the equivalent uniform dose, which

(4-1) D(x)=

will be defined later. It is clear from Eq. (4-1) that NTCP is a monotonically increasing
function of EUD. Thus, for two arbitrary EUDs, if EUD; > EUD,, then it follows that
NTCP(EUD,) > NTCP(EUD)).

Consider an arbitrary integral DVH, with points (D;, vi: i = 1, ..., N), that passes
through the point (Dy, vi) on the a-iso-NTCP envelope (Figure 4-1). The EUD of this
arbitrary DVH will be referred to as EUD. Now consider a step-like DVH that also
passes through the same point. This step-like DVH has an NTCP of a. If we call the
EUD of this DVH EUD,, then we may write that NTCP(EUD,) = a. According to our
observation,” the NTCP of the arbitrary DVH that passes through a point on the a-iso-
NTCP envelope will be greater than a:

(4-2) NTCP(EUD)> NTCP(EUD,)=a.

Because of the monotonic nature of NTCP as a function of EUD, this statement is true, if
and only if,

(4-3) EUD>EUD, .
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Figure 4-1: Illustration of an a-iso-NTCP envelope and two arbitrary DVH curves — one
that crosses the envelope at the point (Dy, vi) and one that is tangential to the envelope at
the same point. Also shown is a step-like DVH passing through (Dy, vi) that corresponds
to homogeneous partial organ irradiation. The NTCP of the step-like DVH should be
equal to a, while the NTCP for both arbitrary DVHs should be greater than a.

Therefore, if we can show that EUD > EUD,, , then Eq. (4-2) is also true.

To calculate EUD, the integral DVHs must be converted into differential DVHs.
In the case of homogeneous partial organ irradiation of volume v, to a dose Dy, the
integral and the differential DVHs are determined solely by the pair (v¢, D). For any
other type of irradiation, the corresponding differential DVH is given by the following set
of points: (v; — v, D).

One of the commonly accepted forms of EUD is the one given by the generalized

mean dose (GMD):"”®
(4-4) EUD = GMD = LZ(V,. ~ Vi )D,.‘/“) ,

where a is a volume parameter. For the case of partial organ irradiation of the volume v;

to dose Dy, Eq. (4-4) simplifies to:
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4-5) EUD, ={y,D,”f =v,"D,.
For the arbitrary DVH passing through point (Dy, v¢), the EUD may be written as:

N a
EUD = (Z (vi —Via Dil/a]
i=1

i=1 i=k+1

k-1 N @
(4-6) = (Z (vi —Vin )Dil/a + (Vk ~ Vin )Dli/a + z (vi —Via )Dil/a)

To prove Eq. (4-3), we have to prove, from Eqs. (4-5) and (4-6), that the following

inequality is valid:
EUD, < EUD =
k-1 N a
4-7) (Vkal/a)a < [Z("i —Vin )Dil/a + (Vk ~Vin )Dkl/a + Z(vi ~Vin )Dil/a] .
i=1 i=k+1
Taking each side of Eq. (4-7) to the power of 1/a , we obtain:
k-1 N
(4-8) Vkal/a < Z(vi Vi )Dil/a + (Vk ~Vin )Dkl/a + Z(vi ~Vin )Dil/a >
i=l1 i=k+1

which can then be written as:
k-1 N

4-9) vk+1Dk1/a < Z(vi ~Vin )Dilla + Z(Vi ~Vin )Dil/a .
i=1 i=k+1

We now proceed by proving that Eq. (4-9) is true.

First, consider the term vMDkV * in Eq. (4-9). It may be re-written as:

vk+1Dkl/a = (vk+1 T Vis2 )Dkl/a + (Vk+2 T Vi3 )Dkl/a Tt (VN ~Vna )Dkl/a
(4-10) = Y- va)D"
i=k+1
where, by definition, vy, =0.
We can expand the second sum in Eq. (4-9):
(4-11) Aél(vi ~Vin )Dil/a = (Ve = Vo2 )Dk+11/a + (Vews = Vs )Dk+2l/a +ot (Vy = Vp )DNl/a .

According to our definition of the integral DVH, D, < D,,, for all i =1...N. Therefore,

i+l
each term of the sum in Eq. (4-10) is less than the corresponding term in Eq. (4-11), and

we can write:
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N
(4-12) vk+1Dk1/a < Z("i ~Vin )Dil/a .

i=k+1

Because of our definition of an integral DVH, v, >v,,, for all i=1...N, the first

i+l
sum in Eq. (4-9) is greater than zero:

k-1

(4-13) 2.0 =v.)D" >0.

i=1

From Egs. (4-12) and (4-13), the following is true:

k-1 N
(4-14) vk+1Dk1/a < Z(Vi ~Vin )Dil/a + Z(vi ~Vin )Dil/a >

i=1 i=k+1
which is identical to Eq. (4-9). Thus, we have proven Eq. (4-9), which is equivalent to
Eq. (4-7), and thus, Eq. (4-3). Therefore, Eq. (4-2) is also true, and we have thus
mathematically proven the property of the envelope for the Lyman model.

4.3 Proof for the critical volume NTCP model

The basic property of the a~iso-NTCP envelope will be proven for the critical
volume (CV) NTCP model in this section. The CV model exists in two forms —
individual and population models.

The individual CV model is given by:

(4_15) NTCEnd _ (D[-"NFSU (/ud - lucr )] ,
(o2

Ky

where Npsy is the total number of functional subunits (FSUs) comprising the organ, z, is

the mean relative damaged volume, o, is the variance in z,, and g, is the relative

critical volume of the organ.>'*!!

The population CV model, under the assumption that only the relative critical

volume displays inter-patient variability, is given by:

(4-16) NTCP,, = ®| = In(-Inz,)+In-In,) |
B O-/‘cr /’uc" In Iucr

where 7, is the population mean relative critical volume and o, is the variance in 7z, J
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As can be seen in Eqgs. (4-15) and (4-16), both the individual and the population
CV models are monotonically increasing functions of the mean relative damaged

volume zz, . This quantity is given by the following sum:
(4-17) Hy= Z(Vi ~Via )PFSU (Di )’

where Py, (D,) is the probability that a functional subunit is damaged beyond repair. It,
in turn is given by:

(4-18) Prsy(D;)=expl- N exp(-a.D))],

where N, is the number of cells in an FSU and ¢« is the cell radiosensitivity. The
quantity exp(— acD) is the probability that a cell survives an irradiation to dose D.
Because «, is a positive quantity, exp(— acD) is a decreasing function of dose. The term
N_exp(~ @ D) is the mean number of cells that survive dose D and also decreases as D
increases. Equation (4-18) is the probability that a functional subunit is damaged beyond
repair, which is equivalent to the probability that all cells in the subunit are destroyed.

Therefore, exp(— N,e %P ), which is the probability of zero cell survivals, increases with

decreasing mean number of cell survivals, N, exp(— a D), or increasing dose D.

We now compare the mean relative damaged volume caused by an arbitrary DVH
that is tangential to or is crossing the a-iso-NTCP envelope at point (Dy, vx) with the
mean relative damaged volume caused by a step-like DVH given by (Dy, v¢). From Eq.
(4-17), the mean relative damaged volume for the arbitrary DVH passing through the

point (Dy, v¢) on the a-iso-NTCP envelope is:
N
= Z (vi —Vin )PFSU (Di)
(4-19) . .
= (vi ~Vin )P FsU (Di ) + (vk ~Vin )P FSU (Dk ) + Z(Vi ~Vin )P FsU (Di)

i=1 i=k+1
The mean relative damaged volume caused by partial organ homogeneous irradiation of

relative volume vy to dose Dy will be denoted as 7z, , and is given by:

(4-20) Hy . =V Prsy (D,
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N
We now compare 1, = Z(vi -V )PFSU (D,.) [Eq. (4-19)], containing point (Dy, vi), with

i=1
By =Py (D,) [Eq. (4-20)]. Since P, (D) is an increasing function of dose, Egs.
(4-19) and (4-20) are similar to the EUD form of Eq. (4-4) from the Lyman model. By

applying the same process as to the proof of Eq. (4-7) it can be shown that the following

inequality is valid:
N

4-21) ;= Z (Vi ~Vin )P FSU (Di) > Uy o = ViFesy (Dk) .
i=1

Given that NTCP is an increasing function of the mean relative damaged volume, it

follows that NTCP(z, )> NTCP(,TJ f )= a for DVHs having a common point with the o~

iso-NTCP envelope.

4.4 Discussion and conclusions

Because we have proven that the discussed property of the a-iso-NTCP envelope
applies to three of the most commonly used NTCP models — the Lyman model, the
critical volume individual model, and the critical volume population model — there is
reason to believe that this property may be model-independent.

The a~iso-NTCP envelope divides the dose-volume space in two sub-spaces. For
the sub-space above the envelope, we have analytically proven that all DVH curves with
at least one point in this region result in NTCP > a. For the sub-space under the
envelope, it was numerically demonstrated elsewhere” that there exist DVH curves that
result in a NTCP < a. However, as it is shown above, there do exist other curves, for
example, those that are tangential to the envelope from below, which result in NTCP > a.
Nevertheless, because there is a chance that a DVH lying under the a-iso-NTCP
envelope will result in a NTCP less than ¢, one can conclude that it would be preferable
in the treatment optimization process to seek solutions for DVHs lying entirely under an

1s0-NTCP envelope and avoid those that lie even partially above the envelope.
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The physical dose-volume constraint points calculated in Chapter 2 and Schinkel
et al.? were found to be dependent on the NTCP model as well as the parameters used for
their determination. The iso-NTCP envelope could be used to estimate the impact of a
change of NTCP model and/or parameters on the calculated constraint points for a given
organ, since the envelope curve is dependent on both of these quantities. Dawson et al.'?
observed that the iso-NTCP curve corresponding to their liver parameters for the Lyman®
model was shifted considerably to the right in DVH space compared to the iso-NTCP
curve corresponding to the Burman et al.* parameters for the same organ. To estimate
how the source of dose-volume constraints (the average of DVHs with a certain NTCP)
would change with a change of NTCP parameter values, one could calculate the iso-
NTCP envelope corresponding to these new parameters. The distance in DVH space
between the old and new iso-NTCP curves is approximately the same as the distance
between the old and new averaged DVHs. The position of the new dose-volume
constraints could then be estimated by shifting them in DVH space by an amount equal to
the distance between the two iso-NTCP curves. In this way, one can avoid having to

perform an extensive recalculation of the dose-volume constraints.

4.5 References

1. C. Schinkel-Ranger, P. Stavrev, N. Stavreva, M. Weldon, R. Scrimger, and B. G.
Fallone, "On the dose-volume constraints based on radiobiological
considerations", presented at the AAPM 47th Annual Meeting, Seattle, WA,
(2005).

2. C. Schinkel, P. Stavrev, N. Stavreva, and B. G. Fallone, "A theoretical approach
to the problem of dose-volume constraint estimation and their impact on the dose-

volume histogram selection,” Med. Phys. 33, 3444-3459 (2006).

3. J. T. Lyman, "Complication probability as assessed from dose-volume
histograms," Radiat Res Suppl 8, S13-19 (1985).

4. C. Burman, G. J. Kutcher, B. Emami, and M. Goitein, "Fitting of normal tissue
tolerance data to an analytic function," Int J Radiat Oncol Biol Phys 21, 123-135
(1991).

101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5. P. Stavrev, N. Stavreva, A. Niemierko, and M. Goitein, "Generalization of a
model of tissue response to radiation based on the idea of functional subunits and
binomial statistics.,” Phys Med Biol 46, 1501-1518 (2001).

6. P. Stavrev, N. Stavreva, A. Niemierko, and M. Goitein, "The Application of
Biological Models to Clinical Data," Phys Medica XVII, 71-82 (2001).

7. A. Niemierko, "Reporting and analyzing dose distributions: a concept of
equivalent uniform dose,” Med Phys 24, 103-110. (1997).

8. A. Niemierko, "A generalized concept of Equivalent Uniform Dose", presented at
the 41th AAPM Annual Meeting, Nashville, (1999).

9. P. Stavrev, D. Hristov, and E. Sham, "IMRT Inverse Treatment Planning
Optimization Based on Physical Constraints and Biological Objectives",
presented at the 47nd Annual General Meeting of the Canadian Organization of
Medical Physicists (COMP), Kelowna, BC, Canada, (2001).

10.  A. Jackson, G. J. Kutcher, and E. D. Yorke, "Probability of radiation-induced
complications for normal tissues with parallel architecture subject to non-uniform

irradiation," Med Phys 20, 613-625 (1993).

11.  A. Niemierko and M. Goitein, "Modeling of normal tissue response to radiation:
the critical volume model," Int J Radiat Oncol Biol Phys 25, 135-145 (1993).

12. L. A. Dawson, D. Normolle, J. M. Balter, C. J. McGinn, T. S. Lawrence, and R.
K. Ten Haken, "Analysis of radiation-induced liver disease using the Lyman
NTCP model," Int J Radiat Oncol Biol Phys 53, 810-821 (2002).

102

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5 Functional form comparison between
the population and the individual Poisson based
TCP models

A version of this chapter has been accepted for publication:

C. Schinkel, N. Stavreva, P. Stavrev, M. Carlone, B. G. Fallone, “Functional form
comparison between the population and the individual Poisson based TCP models,”
Radiol. Oncol. 41(2), 90-98 (2007)

5.1 Introduction

In the decades following the introduction of the first individual TCP model by
Munro and Gilbert,' the distinction between the individual and population response has
often been disregarded and individual TCP models have been fit to clinical datasets. The
necessity of describing the impact of population heterogeneity on dose-response has led
to the development, by a number of authors, of i)opulation-based tumour control

probability (TCP) models.>?

It has been shown that the presence of population heterogeneity leads to a dose-
response curve that is flattened relative to the individual dose-response curve. If an
individual TCP model is fit to a population dataset, the biological meaning of the
parameter estimates is lost — the radiobiological parameters take on unrealistically low
values.® Nevertheless, although it is conceptually incorrect, the individual TCP model
has been fit to clinical datasets and parameters obtained from these fits have been
assumed to have radiobiologically meaningful values.*”'° On the other hand, it has also

been shown that these fits are characterized by an acceptable goodness of fit.
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It has been expected that the population TCP models would allow for the
estimation of biologically meaningful population parameters. Unfortunately, it is
impossible to obtain a unique set of parameter values when a population TCP model is fit

to clinical data.®'!

This is due to the fact that different sets of population parameter
values produce almost identical TCP curves. Carlone et al.'! analytically demonstrated
that when the dominant source of inter-patient heterogeneity is that of tumour
radiosensitivity, the population TCP function has only two independent parameters — the
dose at 50% TCP, Ds,, which determines the position of the TCP curve, and the
normalized slope of the curve, y5. These parameters have geometric meaning. Since it
is also true that the individual TCP model may be expressed in terms of the same two
parameters,>'? it is possible that, for a given range of parameter values, both models will
exhibit almost identical functional form. In this chapter, we investigate the similarities

between these two models expressed in terms of Dsg and 59 by plotting them for identical

values of these geometric parameters.

5.2 Background and method

The general form of the population-based Poisson TCP model has eight

parameters. However, it has previously been shown®'!

that the parameters of such a
model are interrelated; many different combinations of parameters lead to one and the
same TCP curve. Thus, it may seem difficult to directly compare the functional forms of
the individual and population-based TCP models. On the other hand, Carlone et al.5!!
have specified (based on a certain approximation, but a clinically valid one) what these
interrelations actually are, and have shown that there are only two independent
population model parameters — Dso and 50. Fortunately, the individual Poisson-based

TCP model can also be parameterized by these two parameters. This fact makes the

comparison of both models an easier task.
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5.2.1 The Poisson-based individual TCP model

This common form of the individual TCP model is based on Poisson statistics
combined with a simplified description of clonogen repopulation.*'*'""1>?® In the case
where a tumour undergoes homogeneous irradiation to a total dose D, split into n
fractions with equal dose per fraction, d, the individual Poisson TCP model may be

written as:!!

TCP,, =€ = exp[— Noe‘(“wd)uur]

p
o-1) = exp{— Noe(a+ﬁd7)D] = exp[— Noe"“D ],

where N, is the initial number of clonogens, Ns is the mean number of surviving
clonogens following the treatment, « and f are the linear quadratic (LQ) radiosensitivity

. . . : , T
parameters, A is the tumour repopulation rate, 7' is the total treatment time and A'=A—.

n
Note that as long as an equal dose is given during each fraction of the treatment (as is
common clinical practice), the parameters @, £ and A’ can be combined into one single

parameter:

!

(5-2) a'=a+,Bd——fi—.

1

The validity of the Poisson TCP model was questioned by Tucker and Travis,”' and

others®"!

who explored the non-Poisson nature of the TCP in the case where tumour
repopulation occurs. Under certain conditions, however, it has been shown?”? that the
distribution of the number of clonogen cells remaining at the end of a treatment is well-
approximated by the Poisson distribution. In view of these results, and also because of
the relative complexity of the non-Poissonian TCP models, the individual TCP function

presented in Eq. (5-1) is often used.

A form of the individual TCP model>"? that is equivalent to Eq. (5-1), but written

in terms of the geometric parameters, y59 and Dsy, is given by:
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exp{@[l_ﬂj]
(5-3) TCP,, =05 L™\ Po/l

The notion of normalized slope, 3 was first introduced by Brahme®® for the purpose of
dosimetric precision quantification. Later, Kallman er al.** used the maximum value of
y at the inflection point of the TCP curve and derived an expression similar to Eq. (5-3),
but, as pointed out by Bentzen and Tucker,” a slight inconsistency is present in their
formula. In general, the Poisson TCP expression given by Eq. (5-1), may be transformed

and parameterized in terms of the normalized slope y at any dose point Dy:

e D
"""{flnf{"D_H
(5-4) TCP,; = f T,

From Egs. (5-1) and (5-4), the following relationships between the two different sets of
parameters (y; Dy) and (Ny, o/) may be derived:

(5-5) D, = é;ln( ;nj\j’f ]
(5-6) ¥ =—flnf1n(1n]\;f].
and for (ys0, Dso) in particular:

-7 D,, = éln({r\:—‘;)

(5-8) Vso = 1I;_21n(1]r\l’_;)

5.2.2 The population-based TCP model

Carlone ef al.'' showed that the population TCP model for the case of dominant

heterogeneity in radiosensitivity may be written as:

(5-9) TCP,, =%erfc[\/; Vs (—%—— )]

106

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The parameters in Eq. (5-9) — Dso and y5p — have the same geometric meaning as

the corresponding parameters in Eq. (5-3). The geometric parameters may be expressed

in terms of the population-based radiobiological parameters, a', o' and InN 0 M

I'+InN,

’

a

(5-10) Dy, =

’

(24

N27no' '

(5-11) V0 =

— 2

Here ?:E+Ed+% and (6') =0, +d’c,’ +% where @, B, A’ and InN,

are the population averages of the corresponding individual parameters and &, , o4, 0,
and o, are their standard deviations. The symbol I' represents Euler’s gamma

constant, which has an approximate value of 0.577.

The general form of the Carlone et al.'' population TCP model takes both
heterogeneity in radiosensitivity and heterogeneity in clonogen number into account.
However, this form of the model has three parameters, and was shown'' to be almost
identical to the one that only takes heterogeneity in radiosensitivity into account. Hence,

the latter will be used for this analysis.

5.2.3 Functional form comparison between individual and population-based
TCP models

Since both the individual and the population TCP models may be written in terms
of the same two parameters, 70 and Dso, it seems natural to assume that the two models
may display similarity in functional form. In order to explore the functional similarity of
these models, Eqgs. (5-3) and (5-9) are evaluated for a given range of y50 and Dsp values.
Subsequently, the individual and population TCP curves obtained for equal sets of s

and Ds values are plotted for visual comparison.
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The functional closeness of the individual and the population TCP curves may be
more rigorously estimated by calculating the normalized difference between the areas

under the two TCP curves,

A !
(5-12) AA (}’50 ) _ ( TCP,, TCP,, )

2
A
TCP, TCP,,,

pop

as a function of 5.

5.3 Results

The individual and the population TCP curves were calculated according to Egs.
(5-3) and (5-9) for values of the parameters y5, and Dsy reported by Okunieff et al.*®

Based on their estimates of y5, we chose a range of y,, € [0.5, 6]. These authors also

reported a mean Ds for all tumours investigated in their work of 50 Gy, with values
ranging from 10 to 90 Gy. We therefore chose a value of D5y = 50 Gy for our

investigation.

Figure 5-1 shows eight pairs of individual and population TCP curves calculated
for the following parameter values: Dso = 50 Gy and 30 = [0.5, 1, 1.5, 2, 2.5, 3, 4, 6].
This figure was reproduced for different values of Dsy, to determine whether this
parameter had any influence on functional equivalency. The location of the TCP curves
along the dose-axis did not influence their positions relative to each other or the shapes of

the curves. Hence, the results shown in Figure 5-1 are transferable to any Ds, value.

(}/50) [Eq. (5-12)] is plotted in Figure 5-2. The largest area

The quantity

TCF,,,

difference between the two TCP curves is -17.7% at 50 = 0.5.

Next, we investigated the impact of the slope of the observed clinical dose
response on model interpretation. For this purpose, we constructed a comparative table
of the biological parameter values for each of the two studied TCP models that

correspond to a dose response curve characterized by given geometric parameter values.
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Figure 5-1: Individual (solid) and population-averaged (dotted) TCP curves for Dso = 50

Gy and the y5 values shown in each sub-plot.
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The individual parameters, & and N, were calculated from Egs. (5-5) and (5-6) for the

Dsp and ps50 values used to generate the graphs in Figure 5-1. We also calculated the

values of the population parameters o' and o' for an assumed value of FO, using Egs.

(5-10) and (5-11). For this purpose, we chose an average clonogen number of N_O =10%.

The results are shown in Table 5-1.

e — 4 — = -

4A/A TCPpop (%)

Figure 5-2: The ratio of the area difference, A4 = A;cp,,, — Arcpyng » between the two TCP
curves, to the total area under the population TCP curve ( 4;¢p,, ), plotted for the values

of 0 used to generate the curves shown in Figure 5-1.
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Table 5-1: Individual parameters (&’and Ny) calculated for the yso values listed and Dsy =

50 Gy. A set of population-based parameters ( a, o'), calculated for the same values
of 50 and Dsy, is also listed. The population-based parameters were calculated assuming

a value of FO = 10® for the average number of clonogens.

70 o (Gy™) Mo a'(Gy™) d (Gy™)
0.5 0.029 3 0.380 0.303
1.0 0.058 12 0.380 0.152
1.5 0.087 53 0.380 0.101
2.0 0.115 222 0.380 0.076
2.5 0.144 941 0.380 0.061
3.0 0.173 3.98E+03 0.380 0.051
4.0 0.231 7.13E+04 0.380 0.038
5.0 0.289 1.28E+06 0.380 0.030
6.0 0.346 2.29E+07 0.380 0.025

5.4 Discussion

Based on Figure 5-1(d) — (h) and Figure 5-2, one may conclude that the functional

forms of the individual and the population models are almost identical for y, € [2, 6].

Indeed, for this range of y50 the index ‘AA/ Arcp ‘ is less than 0.5%. Although 'AA/ Arcp

is higher (AA/ Arep € [— 0.5,- 6.7]% ) for the interval y,, € [1,2), the plots in Figure 5-1
(b) and (c) indicate that the individual and population TCP curves are still sufficiently

close to each other, especially for the clinically-relevant high dose range. The individual

and population models differ considerably at y50 = 0.5 (IAA/ ATCPW =17.7%). As can be

seen from Figure 5-1, the individual curves overread TCP everywhere except at 50%
control when compared with the population-based TCP curves for s less than 2.5. For
normalized slopes above y50 = 2.5, the individual curves tend to slightly underread the
population TCP. The overreading and underreading tendencies are clearly demonstrated

by Figure 5-2.
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The considerable closeness in functional form of both models explains the
observation that the individual TCP model produces a reasonable fit to clinical

datasets.*!°

In spite of this, the observed equivalence in functional form of the two TCP
models should not be regarded as an endorsement to use the individual TCP model to fit
clinical data. Indeed, as can be seen from Table 5-1, the variance in « is relatively small
(d' = 0.025 Gy™") only for the case of a very steep response (i.e. %o = 6). From this
observation, one may deduce that the individuals in a group that displays a steep response

are nearly identical. In addition, the values of the individual parameters & and N, (Table

5-1) corresponding to y50 = 6 are remarkably close to the population mean values of Fo

and o', which confimms the deduction of nearly identical individuals in this case.
Therefore, the use of the individual model to describe data corresponding to a very steep
response may be justified. Moreover, judging by the parameter values shown in Table
5-1, the biological meaning of the model parameters & and Nj in this case is retained,

assuming that the population TCP model gives a correct description of tumour control.

However, a very steep dose response is unusual for clinical data sets. Shallower
responses are much more typical for populations of patients. As can be seen from Table
5-1, in the cases where y5 is smaller (i.e., shallower responses), o is larger. This
corresponds to greater differences in the responses of individuals that comprise a given
population of patients. Table 5-1 also shows that, as the normalized slope decreases,

the values of the individual parameters o and N, start to differ considerably from the
population mean values FO and o' , becoming increasingly inaccurate (Ny < 222 and

o <0.11 Gy'1 for y50 < 2). Thus, a shallow dose response, which is usually observed
clinically, can be explained by the presence of considerable inter-patient heterogeneity.
Therefore, it would conceptually be more correct to use the population TCP model,
which accounts for inter-patient heterogeneity, to fit such data. If, however, the
individual TCP model is used, one should take into account that the fitted parameter
values have lost any biological meaning and should be interpreted simply as

phenomenological coefficients.
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As can be seen from Figure 5-1 (a) and (b), both models start to differ in
functional form for the clinically observable range of 35, < 1. In addition, for these
values of s, the individual model leads to TCP > 0 for D = 0. Therefore, fits using the

individual model may distort the best-fit estimates of y59 and Dsy.

We advocate the use of the population model in regards to clinical data.
However, the demonstrated equivalence in functional form of the individual and
population models can be utilized for the case of heterogeneous tumour irradiation. In
this case, the individual TCP model with existing {50, Dso} estimates (e.g. Okunieff et

al.*) can be used for the evaluation of TCP*” according to the following expression:*®

Sy, exp{%[l—g"—ﬂ
(5-13) TCP=0.5" ! »

Equation (5-13) is a simple, straightforward generalization of Eq. (5-3) for the case of
heterogeneous irradiation. However, the generalization of Eq. (5-9) for the case of
heterogeneous irradiation, without introducing extra model parameters, presents a

complicated mathematical problem, and has not yet been solved.

Strictly speaking, the ability to use Eq. (5-13) as a population TCP descriptor has
not yet been proven theoretically. Nevertheless, our experience with the TCP/NTCP

estimation module®” shows that it produces reasonable TCP estimates.

Another approach to the problem of taking dose heterogeneity into account for the
population TCP model is to replace the homogeneous dose, D, with the equivalent
uniform dose, EUD. It may then be assumed that the EUD is equal to the generalized
mean dose (GMD), as is usually done>**" Unfortunately, this approach introduces a
third model parameter, and knowledge of its value for each tumour type would then be
needed in order to use this model to calculate TCP for a heterogeneously-irradiated
tumour. Therefore, until more comprehensive parameter estimates are produced through
fits of the population TCP model to clinical data for the case of heterogeneous irradiation,
we propose that Eq. (5-13) be used for evaluation of treatment plans in terms of TCP

based on the functional form equivalency of both models.
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5.5 Conclusions

1t is thus concluded that:

e The population and the individual TCP responses are almost identical in functional
form for ys5( belonging to the interval [1, 6]. If each of these models were fit to the
same clinical dataset, they would produce statistically indistinguishable values of the

parameters Dsg and y5o.
e [t is conceptually incorrect to use the individual TCP model to fit clinical data.

o Until reliable estimates of the population TCP parameters for the case of
heterogeneous tumour irradiation are obtained, the individual TCP model [Eq. (5-13)]
with existing Dsy and o estimates could be used for TCP evaluations in this

situation.

e The case of a shallow dose-response relationship, which is usually observed
clinically, can be explained by the presence of significant inter-patient heterogeneity.
The population TCP model should be used to fit such data, as it accounts for this
heterogeneity. If, however, the individual TCP model is used, the estimated parameter

values should be interpreted simply as phenomenological coefficients.

e A steep dose-response relationship can be attributed to the presence of a relatively
small inter-patient heterogeneity. Though it is highly improbable to observe such
dose-responses clinically, the individual TCP model may be applied to such data for
the purpose of estimating biological parameters, as the individual parameters would

retain some biological meaning.
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Chapter 6 An analytic investigation into the
effect of population heterogeneity on parameter
ratio estimates

A version of this chapter has been submitted for publication:

C. Schinkel, M. Carlone, B. Warkentin, and B. G. Fallone, “An analytic investigation into
the effect of population heterogeneity on parameter ratio estimates,” IJROBP, in press
(2007)

6.1 Introduction

Parameter ratios are clinically important radiobiological quantities. Individual
radiobiological parameters such as «, f, and Aof the linear quadratic model have
importance in cell survival analysis, but have less clinical significance due to the
difficulties involved in accurately determining these parameters. The ratios o/ and A/ q,
however, are related to clinically important issues, such as the effect of dose per fraction
on biologically effective dose (BED), and the amount of dose per day that is needed to
combat tumour growth. The importance of these quantities has been explained in detail.’

The accepted paradigm regarding fractionation for most tumour types is that a
dose per fraction of about 2 Gy is a good compromise of delivering dose to the tumour
sufficiently quickly, while keeping the dose per fraction low enough to avoid excessive
normal tissue complications. This is based on the observation that tumours are early
responding tissues and typically have an o&/f of about 10 Gy, while late responding
normal tissues have an o/f of about 3 Gy. One of the most interesting recent innovations

in clinical radiobiology was suggested by Brenner and Hall in their landmark paper.
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Based on the current understanding of the relationship between the cell cycle and
response to fractionation (which is still limited), they suggested that prostate cancer may
be atypical of other cancers. Since prostate cancer progresses slowly, they argued that it
may respond to fractionation in a similar manner as do late responding normal tissues. If
this is indeed the case, then the 2 Gy per fraction paradigm should be revisited for
prostate cancer because the differential response to fractionation between tumour and
normal tissues would disappear, and so sparing normal tissues by reducing the dose per
fraction would become less important, as long as the total dose was adjusted accordingly
for larger dose per fraction. As a supporting argument, Brenner and Hall’ analyzed
clinical outcomes from low dose rate '*°I brachytherapy treatments along with standard
external-beam 2 Gy per fraction treatments to arrive at the now well-known estimate of
1.5 Gy for the o/f ratio of prostate cancer. Subsequently, Fowler et al.’ and others*®
have made additional estimates of the o/f ratio for prostate cancer based on clinical
tumour control data. To date, numerous clinical trials'®'* have also been initiated to look
at the equivalence of hypofractionation vs. standard fractionation for prostate cancer. If
hypofractionation becomes the new standard of care for prostate cancer, it will represent
one of the most successful translations of linear quadratic theory into clinical practice.

It should be emphasized that the driving principle behind Brenner and Hall’s
initial publication, and subsequent publications by Brenner and colleagues, is a biological
one. Nonetheless, the ensuing discussion regarding hypofractionation for prostate cancer
has centered on estimates of the o// ratio, and not the underlying biological reasoning.
Fitting tumour control models to clinical dose-response data to estimate radiobiological
parameters (such as «/f) is a significant departure from conventional methods of
estimation based on in-vitro cell survival analysis. Of course, for this new method to
yield credible results, the TCP model used must also be credible. However, the most
common form of the tumour control probability (TCP) model, which is based on the
single clonogen hypothesis and Poisson statistics, may be tenuous at best. For example,
it is possible that tumour control may not require that all clonogens be killed by radiation,
but only enough so that the immune system can remove the rest. It may also be the case
that control depends on the effects of radiation on the tumour vasculature, and not only

on the damage to the tumour cells.
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Two forms of the common TCP model have been used in parameter ratio
estimation: the non-averaged, individual TCP model, and the population averaged TCP
model. The individual model assumes that all tumours have identical radiobiological
characteristics, i.e. the same radiobiological parameters. The population averaged model
is also based on the single clonogen hypothesis; however, it averages the result of a
population distribution of radiobiological parameters amongst different tumours.

It is reasonably well accepted'>'® that neither form of the TCP model can be used
to estimate reliable and credible radiobiological parameters. However, it has been
assumed that the clinically significant parameter ratios are somewhat insensitive to the
type of model used (individual or population), and thus the choice of model is not
particularly critical. This argument has been invoked to defend the use of the individual
TCP model to estimate radiobiological parameters (Fowler et al.’> and Brenner and
Hall"?).

Recently, Carlone et al.'® published a theoretical development of population TCP
modeling. They showed that, in the large heterogeneity limit, the Poisson based
population-averaged TCP model expressed in linear quadratic parameters can be exactly
reparameterized in terms of the geometric parameters Dsg and 7. They also provided an
analytic relationship between the linear quadratic and geometric model parameters. Their
results could be expressed in both extremes of inter-patient heterogeneity, when the
dominant source of heterogeneity is that of tumour radiosensitivity, or when it is due to
variation in clonogen number. These population TCP model expressions provide a new
framework from which to investigate the impact of population heterogeneity on
parameter ratio estimates.

The purpose of this chapter is to use the analytic forms of the individual and
population TCP models to generate mapping relationships between parameter ratio
estimates obtained from fits using each of these two different types of TCP model.
Numerical simulations are then carried out in order to confirm the derived mapping

relationships.
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6.2 Background — TCP models

6.2.1 The individual TCP model

A common form of the individual TCP model is based on Poisson statistics along
with a simple description of clonogen repopulation that occurs over the duration of a

treatment: 162034

(6-1) TCP,, = exp|- N,B,(D)e” |,

where N, is the initial number of clonogens in the tumour, Ps(D) is the probability of cell
survival after a uniform dose D, A is the repopulation constant, and T is the treatment
time. If it is assumed that the treatment consists of n fractions of equal dose, d, cell
survival probability is given by the linear-quadratic formula, and the repopulation
constant, A, can be scaled by the number of days per fraction, A’'=AT/n, then the

individual TCP model may be written as:'®

ll
‘(‘”/’d ‘7)" —(a'D+lnN0)]

(6-2) ICP,,; = exp| — Ngye = exp[— e

where « and f are the linear quadratic radiosensitivity parameters.
The individual TCP model may be re-written in terms of the dose at 50% control,

Dsp, and the normalized slope at that dose point, o (¥, = Ds6s,, where

6,, =ld(Tce,,)/ dD]Dso ). The reparameterized form of this model is: *°

6-3) TCP,, = G) oo ‘DAH

where the geometric parameters (Dso, 50) are related to the original radiobiological

parameters (&, InNp) as follows:
(6-4) Dy =L[n N, - In(in2)]
a

_In2

5 [In N, - In(In2))].

(6-5) Vso
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6.2.2 The population-based TCP model

Recently, Carlone ez al.'® derived a fundamental form (equation) of the population
TCP model. In the limit of low heterogeneity in clonogen number and no restriction on
heterogeneity in radiosensitivity, the fundamental form of the population-based TCP

model is:'®

(6-6) TCP,, =%erfc[ﬁ Vs (%— H

The parameters Dsy and p5 in Eq. (6-6) are related to the population-based

radiobiological parameters:

F'+InN,
(6'7) Dso = _-T_o
a
a
6-8 = ,
(¢-5) 7%= Tono’

!

where (') = o,” +d20'ﬂ2 +% and o' =@ + jd +:1d_' The quantities & , B, A’ and

InN, are the population averages of the corresponding individual parameters.
Heterogeneity in each of these parameters is represented by their standard deviations:
O,, 0y, 0 and o,,, . Finally, I' is Euler’s gamma constant (approximately equal to
0.577).

In the case where heterogeneity in clonogen number dominates heterogeneity in

radiosensitivity, the population TCP model is given by:16

1 D
(6-9) ICF,, = Ee”ﬁ?[w/}f_ Vs (1 - D_H ,
50
with:
610 D, =2
a
(6-11) I'+InN,

Vso = r—2ﬂ01n~0 .
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Based on differing arguments, two publications have arrived at the conclusion that
heterogeneity in radiosensitivity is the dominant form in a clinical tumour dose-response

dataset.!%%’

Other evidence from studies involving in-vitro radiosensitivity parameters
and modeling also supports this finding.’**® Although it conceivably is possible that
other forms of inter-tumour heterogeneity affect the dose-response curve of a clinical

% Thus, we

dataset, radiosensitivity is often assumed to have the greatest influence.”
suggest that the population TCP model given by Eq. (6-6) is best suited for the analysis

of dose-response data.

6.3 Functional similarity of the individual and population TCP models

It is known that the dependence of the shape of the TCP curve on fundamental
radiobiological parameters describing radiosensitivity, repopulation and clonogen number
is different for the individual and population models. The population model produces a
shallower TCP response than the individual one for a given set of radiobiological
parameters, due to averaging over the variability in parameter values. From Eq. (6-8) it is
clear that the population model predicts that the normalized slope of the TCP dose-
response is in fact dictated by the relative heterogeneity, ?/ o'; in contrast, the
individual model suggests that clonogen number is the determining factor [Eq. (6-5)].
This discrepancy likely explains why it is commonly found that fits using the individual
model require unphysical radiobiological parameters to produce a slope of the dose
response that is consistent with population measurements.'’

A new method of comparing the individual and population models is facilitated
by Egs. (6-3) and (6-6), which show that both TCP models may be written in terms of the
same two pa.rameterS,41 0 and Dso. Similarities between the two functions were
identified by generating TCP curves for each model, using clinically-relevant Ds, and s
values. Clinical parameter values were chosen for this purpose based on the work of
Okunieff et al** In that work, a phenomenological two-parameter TCP model was fit to
a variety of different tumour datasets in order to determine estimates for Dso and y5. It

was found that most curves had a shallow slope (i.e. a low y50 value of less than 4), and
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that the mean Dsy for all tumours investigated was 50 Gy, with values falling in the
interval [10 Gy, 90 Gy]. Thus, to investigate the functional equivalency of the individual
and population TCP models, Egs. (6-3) and (6-6) were evaluated with Dsy = 50 Gy and
75, ranging from 1 to 4. These curves are plotted in Figure 6-1(a) — (d). For all s

values shown, the shapes of the individual (dotted line) and population (solid line) TCP
curves are similar, and, for y greater than 2, the two functions are essentially identical.
Changing the value of Dsy only influenced the location of these curves along the dose-
axis; the position and shape of the population curve relative to the individual curve are
independent of this parameter. Though not a rigorous proof, Figure 6-1 shows that the
geometric form of Egs. (6-3) and (6-6) is very nearly equivalent. When the large
statistical errors associated with typical clinical dose-response data are taken into
account, any difference between the two geometric forms would likely have an
insignificant impact on fitting results.

The same procedure was used to compare the individual TCP model with the
population model in the limit of dominant heterogeneity in clonogen number [Egs. (6-3)
and (6-9)]. Plots of these functions are shown in Figure 6-1(¢) — (h) for D5y = 50 Gy and

»s0=1,1.5,2 and 4. Again, the geometric forms of the two models are nearly equivalent.

6.4 Mapping relationships between parameter ratios for the individual
and population models

6.4.1 Analytic relationship between individual and population
radiobiological parameters

Based on the functional similarity*' that was suggested in the previous section as
well as in Chapter 5, the clonogen estimate obtained from the individual model can be
expressed in terms of parameters based on the population model using Egs. (6-5) and
(6-8):
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Figure 6-1: (a) — (d) Individual TCP curve (dotted) and population TCP curve for the
limit of dominant heterogeneity in radiosensitivity (solid) — Eq. (6-6) — with parameter
values Dsy = 50Gy and the 50’s shown in each sub-plot. (e) — (h) Individual TCP curve
(dotted) and population TCP curve for the limit of dominant heterogeneity in clonogen
number (dashed) — Eq. (6-9) — for the same geometric parameter values as (a) — (d).
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a

N27o'

In2

Vso = [ln N, - ln(ln 2)] =

2
(6-12) =N, =1n(1n2)+—-—2—ﬁ'.
N2zIn2 o’

Similarly, the radiosensitivity estimate from the individual model can be expressed by

combining Eq. (6-4) with (6-7):

Dy, =~ [In N, - In(in2)] = =222
o a

2 1 [@Ff
(1) T T a2 [Trinn,) o

Equations (6-12) and (6-13) give analytic relationships between the individual and
population TCP model parameters that would be obtained in fitting the same dose
response data. These equations clearly demonstrate that the parameters acquired by
means of an individual TCP model are not equivalent to those obtained from a population
TCP model for the same data. Note again that Eq. (6-12) implies that the individual

prediction of the clonogen number is unrelated to the corresponding population clonogen

parameter, but rather to the level of relative heterogeneity of the dataset, E/ o'.

6.4.2 Analytic relationship between individual and population o/p in the
limit of dominant heterogeneity in radiosensitivity

Although the meaning of the individual TCP model parameter estimates is lost
when this model is applied to a clinical dataset,'® it is often assumed that estimates of
parameter ratios remain reliable.>'® Dubray and Thames* investigated the effect of
heterogeneity on parameter ratios, and found that they are much less sensitive to the
presence of interpatient heterogeneity when compared with single radiobiological
parameters, unless the heterogeneity is extremely large, or there exists a significant
amount of correlation between total dose delivered and treatment time. This observation
was based on numerical simulation experiments in which the amount of heterogeneity in
clonogen number was varied. Dubray and Thames also investigated the effect of

heterogeneity in radiosensitivity on the ratio A/(a+ fd). They found that heterogeneity
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in radiosensitivity had a more pronounced effect than heterogeneity in clonogen number
on AM(a+ fd) (their Fig. 2). The ratio was found to be insensitive to the presence of
heterogeneity in radiosensitivity only when the amount of heterogeneity is small and/or
when the total dose and treatment time exhibit little or no correlation.

Equations (6-12) and (6-13) offer the opportunity to improve upon the results of
Dubray and Thames. These equations were developed with no assumptions about
correlation between total dose and treatment time, and allow a reasonably straightforward
investigation of the effect of inter-patient heterogeneity on parameter ratio estimates to be
made using analytic methods.

For treatments where the dose rate is low enough for sub-lethal lesions to be
repaired before they have a chance to interact (such as treatments involving permanent
brachytherapy implants), the beta term of the linear quadratic model can be ignored, and
the individual TCP model can be expressed in terms of the parameters « and InNy. When
fitting the same model to external-beam radiation therapy (EBRT) dose-response data,
estimates for & = a + fd and InN; can be determined. From the estimates for @ and o/,
o/ f may then be calculated using the following formula:**

a od

(6-14) T ra

In deriving Eq. (6-14), it was assumed that clonogen repopulation can be ignored
over the duration of a treatment. This is the same assumption that Brenner and Hall made
when they estimated ¢/ for prostate,” and is a reasonable one for slowly-proliferating
tumours. Equation (6-13) gives an expression for the individual radiosensitivity
parameter in terms of population parameters. The heterogeneity parameter, o', can be
written in terms of 50 and the average radiosensitivity parameter, o, by means of Eq.
(6-8). By combining Egs. (6-8) and (6-13), one can derive the following relationship

between the individual and population radiosensitivity parameters:

(6-15) o= T
n2 (C+1nN,)

Equations (6-14) and (6-15) may then be combined to give an expression for the

individual o/f estimate in terms of population o/ estimate:
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(6-16)

a
B (7. [C+InN,, (z_'_d]_z
Ysop \T+In Ny, N B s

where ﬁ/ B is the ratio of the average radiosensitivity parameters from the population
TCP model for the case where heterogeneity in clonogen number may be neglected, yso .

is the normalized slope of the EBRT dataset, ysop is the normalized slope of the

brachytherapy dataset, In N, is the population TCP model average InV, estimate for the

EBRT dataset, and InN,, is the same parameter for the brachytherapy dataset.

Henceforth, the subscript ‘e’ will refer to the external-beam dataset and ‘b’ will refer to
the brachytherapy dataset.
We now assume that the parameter In N, is the same for both the EBRT and

brachytherapy datasets. This is equivalent to assuming that the tumours used to
determine the dose-response points for the brachytherapy dataset are at approximately the
same stage (and thus are about the same size) as those used to obtain the EBRT dose-

response data. Under this assumption, Eq. (6-16) can be rewritten as:

[y_](;dj _a
Vso.p B B

The consequence of Eq. (6-17) is that the similarity of the individual and population

(6-17)

2
B

estimates is a function of the ratio 59,/ 50, which, from Eq. (6-8), can be seen to depend
on the relative amount of radiosensitivity heterogeneity (E/ o") represented in the two

datasets. The o/f estimated by means of the individual TCP model will only be

equivalent to the population model estimate for this ratio if s is identical for both the

external-beam and brachytherapy dose-response curves.
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6.4.3 Analytic relationship between individual and population o/ in the
limit of dominant heterogeneity in clonogen number

The same process may be used to determine the relationship between the
population and individual TCP model estimates of o/f for the case where heterogeneity
in clonogen number is dominant [Egs. (6-9), (6-10) and (6-11)]. Here, we have made the
assumption that the individual TCP curve is approximately functionally equivalent to the
population TCP curve in the limit of dominant heterogeneity in clonogen number. We
verified that this assumption was reasonable [Figure 6-1(e) — (h)]. In this case, the
relationship between the o/f ratio estimates from the population and individual models

is:

Z)d
(6-18) 2- (ﬂ =

p M[i+d)—i
O.lnNO,e ﬂ IB

Assuming that the dose-response data for each of the treatment protocols are based on

when o, Nob = TinNpe -

= R

approximately the same stage of disease, the amount of heterogeneity in clonogen
number should be approximately the same for each dataset, and thus the o/f ratio should

not be sensitive to heterogeneity in clonogen number.

6.4.4 Results

Figure 6-2 shows the mapping relationship between the individual o/f estimate
and the population /f estimate for a number of different values for the ratio ys9./%50.4,
assuming that heterogeneity in radiosensitivity is dominant [Eq. (6-17)]. For the EBRT
treatment, the dose per fraction was set equal to the standard value of 2 Gy. As ys0./ %0
increases, a given value for the population «/f estimate maps to an increasingly smaller
individual o/ estimate. Since ys is not generally expected to be identical for EBRT and
low dose rate brachytherapy dose-response curves, the presence of radiosensitivity
heterogeneity could potentially have an effect on the o/ estimates. For example, even a

moderate difference of 25% in the normalized slope (or equivalently in the relative
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heterogeneity, 57/ o') results in significant differences in the o/ estimates: population

values of 10 and 3 would map to individual values of 4 and 1.8, respectively.

I— Yrso,eleo,tf1

"""" Y50,¢/Y50,5=1-03

Vso,e/ Y50,p=1-19

Y50,e/Y50,6=1-29
=1.5

- Yso,e/ Y50,b

Ys0,6/Y50,6=2
=2.5

=3

a /B [Gy] (individual)

Ys0,6/Y50,

Yso,e( ¥50,b

0 2 4 6
a / B [Gy] (population)

10 12 14

Figure 6-2: The o/f ratio estimated from clinical dose-response data by means of the
individual TCP model as a function of the same ratio estimated by means of the
population TCP model for the case of dominant heterogeneity in radiosensitivity.
Equation (6-17) defines the relationship between the individual and population-based
estimates for &/f3, and is plotted here for a value of d = 2 Gy/fraction for each of the
750,/ 50,5 values shown. For the case of y50./y505 = 1, Eq. (6-17) gives a straight line; that
is, the estimate for o/ from the individual model is identical to that from the population
model. As ys0./750, increases, a given population o/ maps to a smaller individual o/f.

6.5 Investigation of parameter estimates from the individual and
population TCP models

In this section we will use numerical simulations to verify our analytical result

that the normalized slopes of the TCP curves affect the mapping of /3 estimates
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obtained using the individual or population models. Specifically, we will fit the
individual and population models to two different sets of pseudo-data and compare the fit
results to our analytical predictions. Using pseudo-data for this purpose has the following
advantages. First, pseudo-clinical data may be generated from a TCP curve with a known
Dso and 50, so the ability of a TCP model to accurately estimate these parameters from a
dataset can be evaluated. In addition, with pseudo-data we are not limited by the quality
of the dose-response data; TCP points may be generated over a sufficiently large dose
and TCP range such that the quality of the data will not significantly affect the results of

the analysis.

6.5.1 Generation of pseudo-data

6.5.1.1 Using assumed radiobiological (a, In N, o,) parameters

The first sets of pseudo-data that were generated are based on theoretical dose-
response curves representing brachytherapy and EBRT treatments. The theoretical TCP

curves were derived by assigning values to the radiobiological parameters of the
population TCP model: @, o, Zz"/ B, o op, and In N, . In doing so, we are assuming

that the population TCP model gives a correct description of the tumour dose-response
relationship. The geometric parameters for the TCP curves, Dsg and y5, were calculated
from the assumed biological parameters by means of Egs. (6-7) and (6-8) and then used
with Eq. (6-6) to generate pseudo-.élinical dOse-response points.

To define a theoretical brachytherapy curve, values for the population
radiobiological parameters were taken from the literature. Based on the assumptions
made by Roberts and Hendry,* the average radiosensitivity, & , was assumed to be equal
to 0.3, and the heterogeneity in this parameter, o,, was assumed to be equal to 0.14. The
dose at 50% control was estimated based on previous fits to clinical brachytherapy dose-
response data. Specifically, Ds, was calculated from the data in Appendix C of Carlone

et al. ** for the Stock *° prostate data, which resulted in the value of 84.3 Gy. The

parameter In N, was then determined by means of Eq. (6-7). Finally, the normalized
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slope for this theoretical curve was calculated from the assumed radiobiological

parameter values by means of Eq. (6-8), resulting in 0, = 0.855.

Two theoretical EBRT TCP curves were defined — one with an assumed @/f of
3 Gy and one with an E/ B of 10 Gy. In each case, the dose per fraction, d, was set
equal to the standard value of 2 Gy, and the values for & , o,, and m that were used
to derive the brachytherapy curve were again assumed. To determine an estimate for the
heterogeneity in f, it was assumed that & / E =0, / o, . This is the same assumption as
was made in Carlone et al.*® For the & / B =3 Gy EBRT curve, the geometric parameters
were calculated by means of Egs. (6-7) and (6-8) — Dsg. = 50.6 Gy and 0. = 1.19. For
the &, / S = 10 Gy curve, the geometric parameters evaluated to Dsy . =70.2 Gy and y50, =

1.01. Using Eq. (6-8), it can be shown that the assumption & / B = o, / o, leadsto

750,e= (d+5/ﬁ)
Vsob \/dz +(5/ﬁ)z

in which case the normalized slope of the EBRT curve is always greater than that of the

brachytherapy curve. For E/ B =3 and 10 Gy, the corresponding ¥s0.¢/ 50 » Tatios are 1.39
and 1.18.

Pseudo-data were generated following the method outlined in Appendix D for the
two theoretical EBRT curves and the brachytherapy curve. In each case, 30 points were
generated over a dose range of 2Dsyo. The number of patients per point was chosen to be
50. These statistics were selected in order to produce large enough uncertainties in the
generated dose-response points so that the individual and population-based TCP curves
defined by the geometric parameters (Dsop, #505) and (Dsoe, %50.) are equivalent within
error. These pseudo-datasets are intended for the purpose of estimating the o/f ratio
from each of the two models for the purpose of verifying Eq. (6-17). As this expression
was derived based on the assumption that the individual and population curves are
equivalent for a given set of geometric parameters, it is essential that this equivalency
holds within the precision of the data points. Each pseudo-dataset is shown in Figure 6-3,
along with the theoretical TCP curve used for its generation and the individual TCP curve

corresponding to the assumed Dsg and y59 values.
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Figure 6-3:  Pseudo-data generated from theoretical brachytherapy and EBRT dose-
response curves. The theoretical population-based TCP curve from which the points
were generated is also shown (solid line), along with the individual TCP curve that

corresponds to the same y5 and Dsg values (dotted line). The value of & was assumed to

be equal to 0.3, o, was assumed to be equal to 0.14, and the Ds, for the brachytherapy
curve was taken to be 84.9 Gy. Pseudo-data and the assumed TCP curves for permanent

implant brachytherapy are shown in (a), (b) shows the pseudo-data and curves for @ / B =
3 Gy, and (c) corresponds to (7/ B =10 Gy.

6.5.1.2 Using the geometric (Dsg, 750) parameters

A set of TCP pseudo-data was also generated for the purpose of calculating the
o/f ratio for different, pre-defined ps0./%505 values — 1.05, 1.15 and 1.50. These
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particular normalized slope ratios were selected in order to investigate the validity of Eq.
(6-17) over a large region of Figure 6-2. For these curves, no assumptions about
radiobiological parameter values were made. Instead, values for Dsgp, 7505, and Dsg,
were assumed, based on fits to clinical dose-response data for permanent-implant and
EBRT treatments for prostate.*

A theoretical brachytherapy curve was defined based on the Stock fitting results
reported in Carlone et al® (0 and Dsy were calculated from the data in Table VII of
their Appendix C) — Dsop = 84.3 Gy and p505 = 1.35. For each of the theoretical EBRT
curves, Dso. was chosen to be equal to 69.5 Gy (the best-fit value for the Pinover?
dataset from Carlone et al.**). The normalized slopes for the EBRT curves were assigned
the values of ys50, = 1.42, 1.56, and 2.03, based on the three pre-defined ys¢ /50,5 ratios
defined above.

Again, for the purpose of generating pseudo-data from each curve, the method in
Appendix D was used with a dose range of 2Ds,. A total of 30 points were generated
from each curve, with the number of patients per point chosen such that the individual
and population-based TCP curves could be considered equivalent within error (this time,
a value of N =70 was used for the brachytherapy dataset, and a value of N = 80 was used
for each of the EBRT datasets). These datasets are plotted in Figure 6-4, along with the
population TCP curves used for their generation, and the individual TCP curves

corresponding to identical Dsy and y5 values.

6.5.2 Method - estimating o/ from the individual and population-based
TCP models

To estimate o/f for the pseudo-datasets by means of the individual TCP model,
the Poisson form given by Eq. (6-2) was fit to the brachytherapy and EBRT datasets to
first determine o and « (along with InNy and InNy ). Equation (6-14),

a__ o
p a-a’

was then used to estimate o/f, and the Monte Carlo procedure described in Carlone et

al.* was used to determine confidence intervals.
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Figure 6-4: Pseudo-data generated from theoretical population TCP curves (solid line).
In each case, the individual TCP curve corresponding to the same Ds and 5 values is
also shown. (a) shows the pseudo-data corresponding to a theoretical brachytherapy
curve with Dsop = 84.3 Gy and p50, = 1.35. (b), (c) and (d) show the pseudo-data
corresponding to theoretical EBRT curves with Dsg, = 69.5 and s/ 7504 ratios of 1.05,
1.15 and 1.50, respectively.

A slightly different approach was taken to estimate &, / B by means of the
population TCP model. Following Carlone et al. *, an expression that is similar to Eq.
(6-14) was used to express the population o/f ratio in terms of average radiosensitivity

parameters:

(6-19)

| R
R |

|

S
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Equation (6-10) can be used to express average radiosensitivity in terms of Dsy and

InN,:

(6-20) s L+InN,
D50

If Eq. (6-20) is combined with Eq. (6-19) and we once again assume that

InN,,=InN,,, @, /B for the population TCP model may be expressed in terms of the

D5 values for the brachytherapy and EBRT datasets:
(6-21) a__ Ded

B D5 =Dy,
This approach is equivalent to rewriting Eq. (6-6) in terms of radiobiological parameters
and using Eq. (6-19) directly to determine an estimate of & / B for different, fixed, m
values (the latter method is described in Carlone er al.**). For one of the generated
pseudo-datasets, &, / B was calculated using both methods, and it was found that

parameter estimates were identical. As it is more computationally efficient to use Egs.

(6-6) and (6-21) to estimate @ / [, we used this approach.

6.5.3 Results

6.5.3.1 Results using assumed radiobiological parameters

For each EBRT-brachytherapy dataset pair generated from curves with assumed
radiobiological parameters, the o/f ratio and its 95% confidence interval (CI) were
estimated from the individual and population TCP models, as described above. The o/f
estimates and 95% ClIs are shown in the first two rows of Table 6-1 for the theoretical
tumours with assumed @/f values of 3 and 10 Gy. In each case, the individual model
o/ B ratio is lower than the estimate from the population model. The & / B estimates from

the population TCP model agree with the theoretical values within error, while the

individual TCP model underestimates the /£ ratio in each case.
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Table 6-1: Estimates for the population and individual &/f ratio, along with 95%
confidence intervals, from the pseudo-datasets shown in Figure 6-3. Also shown are
estimates and 95% Cls for the ratio yso /750, calculated by means of each TCP model.
Finally, Eq. (6-17) was used to calculate an estimate and 95% CI for the individual o/f
ratio based on the population estimate for the same parameter. All of these quantities
were calculated for the EBRT-brachytherapy dataset pairs that were generated from
assumed values for the population radiobiological parameters (Sec. 6.4.1) and the
theoretical population o/ ratios shown.

(@/B)s=3Gy (&/B)a=10Gy
@/ B estimate from TCP,,, 3.15[2.76,3.65] 12.10[8.85, 19.16]

/B estimate from TCP,,, 145[1.17,1.85]  4.97[3.30, 8.38]
Ys0.-/Y50,5 from TCP,,, 1.50 [1.30, 1.75] 1.23 [1.05, 1.43]
Ys0./Y50,5 from TCP;, 1.45[1.27, 1.65] 1.20 [1.05, 1.37]
(& B)ina from Eq. (6-17) 137[1.05,1.77]  4.64[2.92,9.10]

For each of the theoretical pseudo-data pairs (EBRT plus brachytherapy), a
Monte-Carlo method was used to estimate the so/750, ratios from the individual and
population model fitting results. The estimates for this quantity are shown in Table 6-1,
in the third and fourth rows. In both cases, the individual and population-based ratios
agree within error. This result is not surprising, considering the equivalency of the
individual and population-based TCP models as described in Section 6.2.

Finally, the individual o/ was calculated from the population &, / B estimates for
each EBRT-brachytherapy dataset pair by means of Eq. (6-17). These values, along with
their 95% confidence intervals, are shown in the fifth row of Table 6-1. In each case, the
estimates for o/f obtained directly from the individual TCP model agree with the
estimates calculated by means of Eq. (6-17), within error.

The relationship between Eq. (6-17) and the model predictions for the individual
and population-based «/f estimates is illustrated for these two theoretical datasets in
Figure 6-5(a). In this figure, Eq. (6-17) is plotted for the best-fit population-based
750,/ ¥50,5 Tatios from Table 6-1 (the solid line corresponds to the (5 / ,5 ),h =3 Gy data and

the dotted line corresponds to the (67 / b ),h = 10 Gy data). A point representing the best-fit
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Figure 6-5: (a) Plot of the best-fit value of o/f as estimated from the individual TCP
model vs. the best-fit value of «, / S from the population TCP model for the pseudo-
datasets generated from assumed radiobiological population parameters. The diamond
point corresponds to the pseudo-data for a theoretical (7/ B of 3 Gy, and the circular

point corresponds to the pseudo-data for a theoretical & / B of 10 Gy (Figure 6-3). The

95% confidence intervals for the individual and population-based o/f ratios are also
shown. The solid line represents the relationship given by Eq. (6-17) for the best-fit
value of 50./750,4 as estimated from the population TCP model for the (5/ B ),h =3 Gy
data — 1.50 (Table 6-1). The dotted line represents Eq. (6-17) for the best-fit normalized
slope ratio corresponding to the (c‘i/ i ),h= 10 Gy data (ys0¢/7506 = 1.23, Table 6-1).
(b) This plot shows the same data as (a), for the pseudo-data generated from theoretical
TCP curves with assumed values for the geometric parameters Dsy and y50. The solid line
represents the relationship given by Eq. (6-17) for (y0./7506)m = 1.05, the dashed line
corresponds to (#s0./#s05)m = 1.15, and the dotted line corresponds to to (50 %505)m =
1.50. The triangle point represents the best-fit &/ ratios and 95% confidence intervals
from the individual and population-based models for the dataset generated assuming
(750, y50.6)m = 1.05, the circular point corresponds to (%0./50.5)m = 1.15, and the square
point corresponds to (#s50./ 750.6)m = 1.50.

o/ values from the individual and population models is shown for each pseudo-dataset

pair, along with the 95% Cls (the diamond point corresponds to (Zz’ / B ),h = 3 Gy and the
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circular point corresponds to (E /B )th =10 Gy). In each case, the model estimates for o/

agree with the predictions based on Eq. (6-17).

6.5.3.2 Results using geometric parameters

Table 6-1 was reproduced for the pseudo-data generated from theoretical TCP
curves based on assumed Dso, %0, and 750/ 750 values. The o/f ratios calculated from
the individual and population-based TCP models are shown in the first two rows of Table
6-2 for the theoretical TCP curves with ys0./y505 ratios of 1.05, 1.15 and 1.50. Again, the
individual estimates are lower than the population estimates. The c?/ B estimates for
each EBRT-brachytherapy data pair agree with one another within error. According to
Eq. (6-21), this ratio should depend only on the Dsy values for the EBRT and
brachytherapy curves, along with the dose per fraction. As the same Dso, value was
assigned to each theoretical EBRT curve in this case, it is not unexpected that the &/ / B
values agree.

As can be seen in rows 3 and 4 of

Table 6-2, the estimates for y50 /750, obtained from the individual and population-
based TCP models agree within error. In addition, the ratios obtained from fitting the

pseudo-data agree with the assumed values of 1.05, 1.15 and 1.50, within error.

Table 6-2: This table shows the same information as for Table 6-1, but for the EBRT-
brachytherapy dataset pairs illustrated in Figure 6-4.

(Foe/ yoop)n =105 (o ps0)n =115 (0. ps0,p)en = 1.50

@/p estimate from TCP,,,  11.00[8.80, 14.06]  10.30[8.43,12.72]  10.20 [8.52, 12.69]

/B estimate from TCP;,; 8.67[5.27,19.70]  5.49[3.77, 9171  2.17[1.67, 2.85]
Yso.lYs05 from TCP,,, 1.03 [0.92, 1.15] 1.13 [1.00, 1.27] 1.54[1.37, 1.74]
Ys0./Ys0,5 from TCP,g 1.04[0.92, 1.17] 1.14[1.02, 1.28] 1.62 [1.43, 1.87]
(@/P)ina from Eq. (6-17) 9.09 [5.46,23.05]  5.77[3.95, 10.02]  2.38[1.86, 3.10]
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Row 5 of Table 6-2 shows estimates for the individual o/f ratio calculated by
means of Eq. (6-17) from the population E/ [ estimates. Once again, the estimates for

o/ f obtained directly from the individual TCP model agree with those calculated directly
from Eq. (6-17). The agreement between Eq. (6-17) and the individual and population-
based model predictions is also illustrated in Figure 6-5(b) for these three dataset-pairs.
Equation (6-17) is plotted for each theoretical y59 /505 ratio (solid — 1.05, dashed — 1.15
and dotted — 1.50). As in Figure 6-5(a) a point representing the best-fit o/f ratios from
the individual and population models is also shown, along with the estimated 95% Cls
[triangle — (750, p50)m = 1.05, circle — (p50.¢/750p)m = 1.15, and square — (350.¢/ ¥50.6)en =
1.50]. In each case, the model predictions agree with that of Eq. (6-17).

Thus, we have verified the theoretical relationship between the population and
individual o/f ratios that was derived in Section 6.3.2 by means of numerical

simulations.

6.6 Discussion

Based on the functional similarities between the individual and population-based
TCP models for given values of Dsy and 50, analytic expressions were derived that relate
the o/ ratio that would be obtained from a fit of the individual model to the ratio that
would be estimated by the application of the population-based TCP model to the same
dataset. These expressions were derived for the population model in the case of
dominant heterogeneity in clonogen number [Eq. (6-18)] and in the case of dominant
heterogeneity in radiosensitivity [Eq. (6-17)]. For the case where heterogeneity in
clonogen number dominates, Eq. (6-18), it was seen that the presence of heterogeneity
should not have a large impact on the estimate of the /£ ratio. This result is consistent
with Dubray and Thames.*

For the case where heterogeneity in radiosensitivity among a population of
patients is the dominant form, the mapping relationship between the o/f ratios as

determined from the population and individual TCP models, Eq. (6-17), suggests that the
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relationship between these parameters is dependent on the ratio of ys5g values for each
dose-response dataset. Based on Eq. (6-17) and the numerical simulations carried out in
the previous section, we expect that the presence of heterogeneity in radiosensitivity will

have an effect on the estimated o/f ratio. For example, Figure 6-2 shows that for a

Vst / Y50, Tatio of 1.25, a population o/f3 of 10 Gy, which is typical for early-responding

tissues, maps to an individual value of 4 Gy, which is more typical of late-responding
tissues. The analytic result represented by Eq. (6-17) is also consistent with the Dubray
and Thames paper — their numerical simulations showed that parameter ratios are more
sensitive to the presence of heterogeneity in radiosensitivity, particularly for the case
where total dose and treatment time are correlated. It should be noted here that the
conclusions of Dubray and Thames are based on numerical simulations carried out for the
Al(a+ Bd) ratio, as opposed to /.

The effect of heterogeneity on the o/ ratio has previously been debated by King
and Mayo® and Brenner and Hall.' King and Mayo postulated that Brenner and Hall’s
extremely low value of 1.5 Gy for the o/ ratio of prostate may be a result of using a
TCP model that neglects the effects of inter-tumour heterogeneity. They estimated the
ratio using a population-averaged TCP model in which & and £ are correlated, and came
up with a value of @/8=4.5 Gy. Brenner and Hall"® re-did King and Mayo’s calculation,
making use of a TCP model that assumed independent Gaussian distributions for & and 5,
and arrived at a slightly increased value of &/ = 2.1 Gy (compared to the original 1.5 Gy
estimate). Although Brenner and Hall concluded that the “estimated value of the ratio
o/ changed very little,”"” confidence intervals for this new parameter ratio estimate were
not given. This result is consistent with the prediction of Eq. (6-17), even though the
increase in o/f observed by Brenner and Hall when they used a population TCP model
was small.

Nahum et al.’” calculated the o/f ratio for prostate cancer using a method that
incorporates measurements for tumour hypoxia. The incorporation of variations in the
level of tumour hypoxia among a patient population corresponds to taking heterogeneity

in radiosensitivity into account. Their calculations for &/ yielded a value that was much
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closer to the 10 Gy typically assumed for cancers. This result also supports the idea that
the presence of heterogeneity in radiosensitivity affects the estimated o/f ratio.

In Figure 6-2 and the numerical simulations based on the pseudo-data described in
Section 6.4.1, we only considered cases where 0 for an EBRT dose-response curve is
steeper than for a brachytherapy dose-response curve. For the theoretical EBRT and
brachytherapy datasets shown in Figure 6-3 and described in Section 6.4.1.1, the
normalized slope of the former turned out to be greater than that of the latter. To further
show that 0. > 70, is a reasonable choice, the clinical datasets for prostate utilized by
Brenner and Hall” and Carlone ez al.** were fit with the population TCP model [Eq. (6-6)]
and 7o was estimated. Two EBRT datasets were fit — Hanks*® and Pinover,*’ along with
one brachytherapy dataset — Stock.*> Each of the EBRT datasets yielded s values that
were greater than that of the brachytherapy dataset within a confidence level of 68%. In
both cases, however, the 95% Cls were found to overlap, but this is most likely due to the
relatively poor quality of the Hanks and Pinover datasets. While the quality of the EBRT
prostate datasets prevents us from determining with certainty whether 5, for a
brachytherapy dose-response is lower, it is unlikely that 50 would be exactly identical for
both datasets, and thus the presence of heterogeneity in radiosensitivity among a patient
population will likely have an effect on the estimated o/f ratio.

In this chapter, we used simulated brachytherapy and EBRT datasets to
investigate the dependence on the TCP model used to obtain estimates for o/f. The
method of using simulated datasets avoids the practical difficulties associated with
estimating parameter ratios by combining brachytherapy and external beam datasets. The
relative biological effectiveness (RBE) of '*’I implants may be greater than 1 due to
Auger electrons associated with the relatively low energies of these sources.*”° There
may also be other problems due to inconsistencies between the two dose-response
datasets, and the heterogeneous nature of the brachytherapy dose distribution within the
treatment volume.** However, the results of this chapter were derived on the basis of
theoretical and numerical simulation investigations based on generated data. In doing so,
we have effectively assumed that any such difficulties as described above can be ignored,
as our synthetic datasets were constructed using well-defined assumptions (which

effectively forced a uniform dose distribution and equivalent « parameter for low dose
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rate and high dose rate therapy). This allowed us to directly investigate the
analytical/numerical process of estimating parameter ratios from TCP models.

Given the difficulties associated with estimating radiobiological parameters from
either form of the TCP model,">"® it seems that the most reliable way to estimate the o/
ratio from clinical dose-response data is by first finding ¢ and Dso, and then making use
of Eq. (6-21). If the average clonogen number is expected to be different for the EBRT
and brachytherapy datasets (that is, if the dose-response data in each case represent
tumours at different stages), a modified form of Eq. (6-21) may be used to determine
a / B

d

a_
p Dy, (T +InN,, . '
D50,e I'+In No,b

In this case, the ratio of average log clonogen numbers could conceivably be estimated.

(6-22)

This chapter concerns the precision of o/f estimates that have previously been
given based on radiobiological modeling. The original biological argument put forth by
Brenner and Hall® is still viable and credible. Our center and others are currently
engaging in randomized clinical trials to establish the clinical effectiveness of
hypofractionated prostate radiotherapy. Only these clinical trials will have the ability to
determine the validity of Brenner and Hall’s hypothesis. Our results are meant to show
that the supporting argument of estimating the prostate «/f ratio by means of a TCP
model is problematic. This should only reflect on our ability to accurately determine the
absolute value of the o/ ratio for prostate cancer, not to determine if hypofractionation is
a suitable therapy for this disease. While early evidence from the hypofractionation trials
suggests that prostate cancer responds to fractionation in a manner similar to late
responding tissues,'' the fact that inter-tumour heterogeneity has an effect on parameter
ratio estimates may indicate that the value of o/ = 1.5 [0.8, 2.2] Gy as reported by
Brenner and Hall is inaccurate. In addition, Carlone er al.** showed that the individual
TCP model may underestimate the 95% confidence interval of the o/f ratio — if the
population model is used to estimate this ratio, the confidence intervals increase

markedly. Thus, we caution against the creation of treatment protocols that are based on
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the assumption of prostate o/ being equal to exactly 1.5 Gy, and thus lower than the o/

ratio of the surrounding normal tissues, as suggested by Fowler et al.’'"*

6.7 Conclusion

Both the individual and population TCP models can be expressed in a form where
the parameterization is in terms of Dso and y5. The functional form of these models is
very similar. Based on this equivalence of functional form, it was shown that both
individual parameters and parameter ratios do not map identically if these are obtained by
fitting the models to clinical data. In the case where the low dose rate TCP curve has a
shallower slope, the individual model always underestimates the o/ from the population
model. This result was also demonstrated numerically. The only exception is the case
where the dominant form of heterogeneity is due to clonogen number, and in this case, it
was found that parameter ratios do map on a one to one basis if they are estimated using

either the individual or population TCP model.
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Chapter 7 Statistical quality of clinical dose-
‘response data required to resolve TCP model
parameters

7.1 Introduction

Despite the developments in clinical radiobiology that have occurred over the past
few decades, TCP and NTCP models have seen limited clinical use. The main reason for
this is the scarcity and limited quality of available clinical dose-response data (e.g.
Moiseenko ef al.' and Zaider & Amols?).

Many dose-response datasets suffer from relatively poor statistics (e.g., Hanks et
al.,’ Choi & Doucette*) or, in some instances (e.g., Emami et al.%), are not even statistical
in nature. These datasets also tend to cover a narrow range in dose-TCP/NTCP space

3’6'8) because the delivered dose

(e.g., about 8 — 10 Gy for prostate dose-escalation trials
must be at least equal to the current curative standard, and, at the same time, must remain
low enough to limit normal tissue complications. For the accurate estimation of model
parameters, data points should ideally span the entire dose-response curve. While it is
true that older dose-response datasets (e.g., Bedwinek et al.® and Bataini et al.'®) cover
relatively wide dose and response ranges, they may suffer from other uncertainties, such

as uncertainty in dose distribution and delivered dose.
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The lack of high-quality dose-response data is the main reason for the inherent
uncertainty of TCP and NTCP model predictions. This in turn limits the use of these
models in the evaluation and ranking of treatment plans, and in the planning process
itself. For example, in Chapter 2 it was demonstrated that physical inverse planning
optimization excludes a large number of DVHs with acceptable NTCP. However, in
spite of this limitation, modern treatment planning systems still utilize physical constraint
points, instead of biological ones, for optimization.

The currently-available clinical data are not of a sufficient quality to distinguish
between different TCP (or NTCP) models. In Chapter 2, the Lyman and critical volume
population models behaved similarly when they were used to estimate physical dose-
volume constraint points. In Chapter 5, it was shown that the individual and population-
averaged TCP models would produce nearly identical Dsy and ps5 values when fit to a
clinical dataset. Even in the case of y0 < 1, where the two models differ most in
functional form, both would fit existing clinical data equally well.

The poor quality of existing clinical data leads to model parameter and ratio
estimates with large confidence intervals. For example, the prostate o/f estimates that
Carlone et al.'' obtained using a population-averaged TCP model had 95% ClIs of ~[2,
40]. Because of this, pseudo-data were used to test the derived mapping relationships for
o/ B estimates from two different TCP models in Chapter 6.

It is clear that the available dose-response data are, for the most part, insufficient
for the purpose of clinical TCP and NTCP modeling. In this chapter, the minimum
number of patients per point that must be analyzed during a clinical trial to estimate
reasonably accurate model parameters from the collected dose-response data is
determined. Pseudo-datasets, with different numbers of patients per point, that conform
to current clinical limitations (with regard to dose range and minimum TCP values) are
generated from TCP curves with differing y50 4 and Dso 4 values. A TCP curve is then fit
to each dataset to obtain parameter estimates. ’The impact of the quantities 50 4, Dso h,
dose range, number of patients per point (i.e., statistical error), and minimum TCP value
on the 95% confidence intervals (CIs) of the fitted parameters is assessed. From these
results, the values that would be required to produce a reasonably narrow 95% CI for

each of the fitted parameters are estimated.
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7.2 Method

7.2.1 Generation of pseudo-data

The method used to generate pseudo-data for this numerical experiment is similar
to the one described in Appendix D, with one exception. Using the notation of this
appendix, D, is the dose at the specified TCP value, TCP,. Here, this point is designated
as the first in the series of n, points — they are assigned dose values that are evenly spaced
over the interval of [D,, D, + AD].

For the purpose of data generation, it was assumed that the population-averaged

- TCP model for the limit of dominant heterogeneity in radiosensitivity,'>
D
(7-1) TCP=%€U‘C[\/—7?}’50,,I,(—;;’L'"1H’

gives a correct description of the tumour dose-response relationship.

A series of datasets were generated to investigate the effect of variations in the
following quantities on the model parameter estimates that would be obtained by fitting
Eq. (7-1) to the pseudo-data:

(i)  the number of patients per point, N,

(i) the dose range encompassed by the points, AD,

(iii) the normalized slope of the theoretical TCP curve, 50 m,

(iv) the dose at 50% control of the theoretical TCP curve, Dsg 4, and

(v)  thelocation of the dataset in dose-TCP space, TCP,.
Each dataset was assumed to consist of a total of n, = 5 points. (Varying n, between 3
and 7 did not have a significant effect on the accuracy of the estimated parameters). The
value for n, was selected based on the number of points that are typically considered in
modern dose escalation trials. The dose range of clinical datasets, which is limited by
clinical concerns, is quite small and therefore only covers a narrow portion of the TCP
curve. Thus, it is expected that the inclusion of more than 7 points over a typical dose

range will likewise not affect the accuracy of the estimated parameters. If, however, it
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were possible to collect clinical dose-response data over a larger dose range, more than
five points would be required to fully define the dose-response curve.

The values for all quantities associated with the pseudo-datasets are shown in
Table 7-1. Each row represents the series of datasets generated to determine the effect of
variations in that particular quantity.

The y50,., and Dso parameters in Table 7-1 were assigned ranges of values that
are characteristic of clinical dose-response data, based on the results of Okunieff et al.'®
The ‘standard’ starting TCP level for the generated data was set to TCP, = 70%, which is
about the same as the TCP of the lowest dose point in the EBRT prostate datasets of
Hanks et al.* and Pinover et al® The ‘standard’ value for AD of 10 Gy was selected

based on these same two datasets.

Table 7-1: Values for all quantities that characterize each of five series of generated
pseudo-datasets. The leftmost column gives the main varied quantity of each series, and
blue cells represent the specific values chosen for the varied quantity of interest. To
assess the impact of a certain quantity on the accuracy of estimated model parameters,
each pseudo-dataset in the series was fit with Eq. (7-1), and the corresponding change in
the 95% CI width of each parameter was assessed.

Assumed values for all quantities

n,  AD (Gy) N V50,6h D5y (Gy) TCP, (%)

Varied quantity

Dose range of data

. 5 200, 500, 1 50 70
points, AD 1000, 2000
Number of patientsper 514 55 39 1,152 30,50,70 60,70, 80
point, N

50, 100,
Normalized slope, 7o 5 10,20,30 200, 500, 50 70

1000, 2000
50, 100
0, e ’
Bose at 50% control, 5 10,20 200, 500, 70
50,64 1000, 2000
. . 50, 100,
goc::t}(gxpof data I;CP 5 10 200, 500, 1 50
0s space, x 1000, 2000
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Examples of some pseudo-datasets with different numbers of patients per point,
N, are shown in Figure 7-1. They were each generated from a population-averaged TCP
curve with theoretical parameter values of ys 5 = 1 and Dsg 4 = 50 Gy, and they all span a
dose range of AD = 10 Gy. The error bars shown in Figure 7-1 represent the 68% CI for
each point, and were calculated assuming binomial statistics,

(7'2) g = \/TC})th (DXIA_’ TCPM (D)] ’

where TCP,(D) is the theoretical TCP value for the point at dose, D, and o is the

standard deviation.

7.2.2 Determination of parameters of best fit and their confidence intervals

The TCP model [Eq. (7-1)] parameters of best fit were obtained for each of the
generated dose-response datasets using maximum likelihood estimation, and the
confidence intervals were calculated using the Monte Carlo procedure' "** described in
Appendix E. The relative size of the 95% CI was used to assess the accuracy of model
parameters estimated from a given pseudo-dataset. The effect of varying a given quantity
on the certainty of the resulting parameter estimates was measured by observing the
corresponding change in the width of the 95% Cls. A decrease in the width of the 95%

CI means that the estimated parameter may be determined with greater certainty.

7.3 Results

The Dsy and ys5 parameter values of best fit, along with their upper and lower 95%
confidence limits, are shown in Appendix F for each of the generated datasets described
in Section 7.2.1. Also shown for each dataset is the minimum negative log likelihood
value that corresponds to the best-fit parameters, and its 95% CI.

The remainder of this section begins with an overview of the general results for
the numerical experiments described in Table 7-1. This is followed by more detailed

results for each experiment, complete with figures and tables.
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Figure 7-1: Pseudo-datasets with n, = 5 points over a dose interval of AD = 10 Gy
generated from a population-averaged TCP curve with Dsg 4 = 50 Gy and ys0, = 1. Each
dataset was generated assuming a different number of patients per point (); the selected
values of N are shown in each sub-plot. The error bars represent the 68% CI for each
point, and were calculated assuming binomial statistics.

7.3.1 General results

Table 7-2 summarizes the effect of an increase in each of the quantities outlined
in Table 7-1 on the width of the 95% CIs of the fitted parameter estimates: Dso and 5.
Improvements in the certainty of the estimated parameters were found to occur

with increases in the dose range of the data points (AD), the number of patients per point
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(N), and the normalized slope of the TCP curve from which the pseudo-data are generated
(#s0.4)- The certainty of the estimated parameters became worse with increases in the
dose at 50% control of the theoretical TCP curve (Ds ) and the TCP level at which the
data points are located (TCP,). One does not generally have control over the properties
of the theoretical TCP curve (Dsos and p504). The dose range is limited by clinical
concerns, but the results in Table 7-2 indicate that it is desirable to select as large a dose
range as possible for clinical dose-response trials. The location of the data in dose-TCP
space tends to be site-specific, and therefore the value of TCP, cannot be influenced. The
quantity that may be controlled to the greatest degree is the number of patients per point,
N. For clinical trials, N should be assigned as large a value as possible to reliably

estimate TCP model parameters.

Table 7-2: Illustrates the effect of an increase in each quantity in the leftmost column on
the width of the 95% CI for parameters obtained from fitting. Up-arrows in the rightmost
column indicate an increase in the 95% CI width (and correspondingly, a decrease in the
accuracy of the estimated parameters), and down-arrows indicate a decrease in the 95%
CI width (i.e., an increase in the accuracy of the parameter estimates).

Effect on 95% CI width of fitted

Varied quantity parameters: Dso, 7o
Dose range of data points ADT J
Number of patients per point Nt \2
Normalized slope som T $
Dose at 50% control Dso T T
Location of data in dose-TCP space ~ TCP, T t

7.3.2 Effect of dose range and statistics per point on 95% CI

The effect of dose range, AD, and the number of patients per point, N, on the
accuracy of each estimated parameter can be seen in Table 7-3, Figure 7-2 and Figure

7-3. The table shows the absolute width of the 95% CI, C, — C,, for the fitted parameters
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Dso and y59, along with the relative width, (C, — C;)/Dsg 4, for each of the pseudo-datasets
described in the first row of Table 7-1. Figure 7-2 shows the relative 95% ClIs of both
fitted parameters as functions of N for each of the three dose intervals, and Figure 7-3
shows the dependence on AD alone (for N = 1000).

The 95% CI for each fitted parameter narrows as N increases and as AD increases.
For a dose interval of 10 Gy, at least 1000 patients per point are required to estimate Ds
with a relative 95% CI of around 25%. According to these simulations, it is not possible
to resolve ps50 to the same degree of accuracy as- Dsy — for a dose interval of 10 Gy, a
dataset with 2000 patients per point will yield an estimate for y5, with a relative 95% CI
of around 40%.

The relationship between the relative 95% CI of y50 and the number of patients per
point is linear on a log-log scale. This is also generally true for the relative 95% CI of
Dsy as a function of N, although this CI is subject to considerably more statistical

variation than that of y5. In each case, the relative 95% CI is roughly proportional to

JN (i.e., on a log-log scale, the relative CI as a function of N is linear with a slope of
approximately -0.5).

Table 7-3: 95% confidence intervals (absolute, C, — C; and relative, %) for the
parameters Dso and 50 obtained from fits to pseudo-datasets with n, = 5 and TCP, = 70%
generated from a TCP curve with Dso 4 = 50 Gy and 50 = 1.

N AD — 10 Gy 20 Gy 30 Gy
C.-C, (%) C.-C (%) C.-Ci (%)
95% CI

#295% CI 121.5%

500 | Dy 98 4% )
#4295% CI 0.86  85.7% 0.45 45.0%

1000 | Dy 95% ‘
5 95%CL_| 0.31

2000 | Du95%CI | 6.
150 95% CI 0.40  40.4% 023 22.5%
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Figure 7-2: The relative 95% CI for Dsy (a) and y50 (b) from Table 7-3 plotted as a
function of the number of patients per point (N) on a log-log scale for the three dose
intervals 10, 20 and 30 Gy.
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Figure 7-3: The relative 95% CI for Dsp (<) and y5 ([J) as a function of dose range,
AD, corresponding to the pseudo-datasets with TCP, = 70%, N = 1000, Dso_» = 50 Gy and
¥som = 1.
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7.3.3 Effect of 35,4, on 95% CI

Table 7-4 and Table 7-5 show the same information as Table 7-3, but for the
datasets that were generated to quantify the effect of varying ys0, on parameter estimates
(represented by the third row of Table 7-1). The dependence of the relative 95% CI on
normalized slope is illustrated in Figure 7-4 and Figure 7-5.

As before, the 95% Cls for each fitted parameter decrease with increasing N and
AD. The normalized slope of the TCP curve from which the pseudo-data are generated
clearly has an influence on the 95% ClIs for the estimated parameters. Figure 7-5 shows
that a steeper slope leads to a smaller relative 95% CI, and a correspondingly more
accurate parameter estimate. This trend is mostly independent of the number of patients

per point in the dataset, as can be seen in Figure 7-4.

Table 7-4: 95% confidence intervals (absolute, C, — C;, and relative, %) for the
parameters Dso and s obtained from fits to pseudo-datasets with n, = 5 and TCP; = 70%
generated from a TCP curve with Dsg 4 = 50 Gy and 50, = 1.5.

N AD — 10 Gy 20 Gy 30 Gy
(%) -G (%)
0 95% C1 170.5%
200 | 18,
50 95% CI 125  83.3% 075 49.9% 0.56  37.6%
500 |
1000
2000 | Dsy 95° ,
70 95% CI 039  26.3% 024  15.8%

159

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 7-5: 95% confidence intervals (absolute, C, — C, and relative, %) for the
parameters Dsg and y5 obtained from fits to pseudo-datasets with n, = 5 and TCP, = 70%
generated from a TCP curve with Dsg 5 = 50 Gy and ys0.4 = 2.

N AD — 10 Gy 20 Gy 30 Gy
-G -G C %)
” —
200 | D 9. ]
95%, CI 124 62.2% 0.77 38.6% 0.74 36.8%
500 |D
95% CI
1000
2000 |1
¥ 95% CI 039 19.6% 026 12.8% 020 10.0%
3 — 25 :
(@ —9o—Tsom-10 (b)
L 25 —8— Y50,tn 9
) —A— 50,0 = 20 S 2
2 2
B 2 2
S 2
® 15 515
[]] [
[+ o«
o o
oS 1 )
1 b
05— o ‘ : : :
1.5 2 25 3 35 1.5 2 25 3

log N

3.5

Figure 7-4: The relative 95% CIs for the parameters Dso (a) and ys0 (b) plotted as a
function of the number of patients per point (V) on a log-log scale for three theoretical

normalized slope values — 50 = 1, 1.5 and 2. The estimated parameters correspond to

datasets where n, = 5, TCPx = 70%, AD = 10 Gy, and Dsg s = 50 Gy.
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Figure 7-5: The relative 95% CI for Dsy (<) and ps50 ((J) as a function of the assumed
normalized slope, ys0.4, corresponding to the pseudo-datasets with n, = 5, TCPy = 70%, N
= 1000, Dso.» = 50 Gy and AD = 10 Gy.

7.3.4 Effect of Dsq 0, on 95% CI

The effect of varying Dso 4 on the accuracy of estimated TCP model parameters
can be seen in Table 7-6, which shows the absolute and relative 95% Cls for the fitted
parameters from the datasets corresponding to the fourth row of Table 7-1. Figure 7-6
shows the relative 95% Cls for the fitted parameters as a function of the number of
patients per point, for each of three Dsg values — 30, 50 and 70 Gy, and Figure 7-7
shows the relative 95% CI for each fitted parameter as a function of Dsgy alone, for
datasets with N= 1000 and AD =10 Gy.

Generally, the width of the 95% CI increases (i.e., the certainty of the estimated
parameters decreases) as the assumed dose at 50% control increases. As before,

increasing N also increases the certainty of the parameter estimates.
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Table 7-6: 95% confidence intervals (absolute, C, — C;, and relative, %) for the
parameters Dso and ys50 obtained from fits to pseudo-datasets with n, = 5 and TCP, = 70%
generated from TCP curves with Dsg 4 =30 and 70 Gy and 5o = 1.

Dsos =30 Gy Dy =70 Gy
AD — 10 Gy 20 Gy 10 Gy 20 Gy
N Cu - o Cu - ° () o
G (%) C (%) (%) (%)
50 55.8 } 3‘ o
110.0% 275.4% 174.6%
200
500 A
106.2%
1000 | |
2000
25 2.8 D . =30 Gyl
®) | —O—Dsom y
= 326 —8— Dy, =50 Gy,
o 2 O 24 l +D59’th=70Gy’
2 2
3 022
g 1.5 g 2t
s N S
o —8— Dy, = 50 Gy O 16
—l— Dso,th =70 Gy 14+
0.5 - - : : - X ‘ '
1.5 2 25 3 35 1.5 2 25 3 35
log N log N

Figure 7-6: The relative 95% Cls for the parameters Dsy (a) and 50 (b) plotted as a
function of the number of patients per point (V) on a log-log scale for three theoretical
Dsq values — Dsg 5, = 30, 50 and 70 Gy. The estimated parameters correspond to datasets
where n, =5, TCPx = 70%, AD = 10 Gy, and p504 = 1.
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Figure 7-7: The relative 95% CI for Dso (<) and ys0 ([J) as a function of the assumed
dose at 50% control, Dsg 4, corresponding to the pseudo-datasets with TCP, = 70%, N =
1000, 50, = 1 and AD =10 Gy.

7.3.5 Effect of data location (TCP,) on 95% CI

To illustrate the effect of varying TCP, on the 95% Cls for the fitted parameters,
the generated datasets from a TCP curve with Dsg 4 = 50 Gy and 50, = 1 were examined
(fifth row of Table 7-1). The absolute and relative 95% Cls for the fitted parameters of
each dataset are shown in Table 7-7. Figure 7-8 illustrates the relationship between the
relative 95% CI of each fitted parameter and N for TCP; values of 60, 70 and 80%. As
before, the size of the relative 95% CI decreases with increasing N. The dependence of
relative 95% CI on TCP, is shown in Figure 7-9 for the parameters estimated from fits to
the datasets with 1000 patients per point.

An examination of these figures and Table 7-7 reveals that, regardless of the
number of patients per point, N, the 95% CI for each fitted parameter increases as TCP;
increases. In all cases, Dsy may be determined with greater certainty than ys for a given

dataset, as before.
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Table 7-7:

95% confidence intervals (absolute, C, — C,, and relative, %) for the

parameters Dso and y50 obtained from fits to pseudo-datasets with n, = 5 and TCP, = 60%
and 80% generated from TCP curves with Dsg = 50 Gy and ys0.4 = 1.

N TCP, —
50 |Du95%CI | 275
750 95% CI
200 | D! [
#5095% CI 1.14 114.2% 1.68 167.6%
500 | Ds
70 95% CI 70
1000 | Ds
2000 | Dy
%0 95% CI
3
247
325 9
= =22
(&) (&)
2 2 N
w in
» o 2
g 2
= 157 -
s - 218
[ i [ ¢
o —o—TCP_=60% c —o— TCP_=60%
[=2] L o
e 1 —8— TCP_=70% S 16 —E—TCPX=70%1
05 -—-A—TCPX=80%[ x —A—TCPX=80%1
Pl s ! 14 ‘ —
15 2 25 3 3.5 15 2 2.5 3
log N log N

35

Figure 7-8: The relative 95% CIs for the parameters Dso (a) and o (b) plotted as a
function of the number of patients per point (N) on a log-log scale for three TCP, values —
60%, 70% and 80%. The estimated parameters correspond to datasets generated from a

curve with Dso 4 = 50 Gy and ys04 = 1 where n, =5 and AD = 10 Gy.
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Figure 7-9: The relative 95% CI for D5y (<) and p5 (O) as a function of TCP;,
corresponding to the pseudo-datasets with Dso» = 50 Gy, %04 = 1, N=1000, and AD =
10 Gy.

7.4 Discussion

The number of patients per point required to estimate parameters with a particular
degree of certainty depends on the inherent shape of the dose-response curve that is
characteristic of a particular site and treatment regime, i.e., 04 and Dsoz. It would be
beneficial if one could get a rough estimate for these parameters before designing a
clinical trial to collect dose-response data, and this is possible to do if data have
previously been published for a given site. Otherwise, the worst-case scenario of a
relatively high Ds 4 and a relatively low ys 4 may be assumed to determine a sufficiently
large value for N. For example, if it is assumed that Ds 4 is relatively high (around 70
Gy), the normalized slope is around 1, and the first dose-response point has an expected
TCP value of 70%, then for a dose interval of AD = 10 Gy, a value of N = 2000 would
allow one to estimate Dsq with an accuracy (i.e., with a relative 95% CI) of around 27.5%
and yso with an accuracy of around 54%.

The dependence of the 95% Cls on Dsg 4 and 50,4 arises because both parameters

are functions of the non-normalized slope, ,, = y5,/Ds, . A larger 65 means that the
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difference between the measured TCP at subsequent dose-response points will be greater,

and the fitted parameters will be more accurate. As can be seen in Table 7-8, an increase
in p504 corresponds to an increase in s 4, and thus more certain parameter estimates.
On the other hand, an increase in Dsg 4, for a fixed y50 value corresponds to a decreasing

6501, and thus the fitted parameters become less certain.

Table 7-8: Non-normalized slope, &5, corresponding to the Dso 4 and 04 values

listed.
Dso.w [GYl | pson | Go.n [GY™]
50 1.0 0.020
50 1.5 0.030
50 2.0 0.040
30 1.0 0.033
70 1.0 0.014

The certainty of estimated model parameters was found to increase with the dose
interval, AD, spanned by the dose-response points. The maximum dose interval is limited
by clinical concerns, such as the tolerance of the surrounding normal tissues to
irradiation, but the simulations in this chapter indicate that the largest possible dose
interval should be chosen for dose escalation trials.

The eftect of varying TCP, on the accuracy of the estimated parameters is related
to the changing slope of the TCP curve with dose. For a given AD, a set of dose-response
points starting at a TCP, of 60% lies on a steeper portion of the TCP curve than a set of
points starting at 7CP, = 80%. Generally, the expected TCP of the lowest dose point in a
clinical trial is known. If this quantity is relatively low, fewer patients per point will be
needed to determine parameter estimates to the desired degree of accuracy.

In most of the cases investigated in this chapter, the number of patients per point
required to adequately resolve Dsy and 0 was found to be greater than 1000. In
comparison, published clinical datasets from dose escalation trials tend to have fewer
than 100 patients per point, and it is often the case that the number of patients is not the

same for each point. These statistics are far from sufficient: the dataset with 200 patients
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per point that was generated from a TCP curve with theoretical parameter values of Dsg g
= 50 Gy and ps0 = 1 starting at TCP, = 70% and spanning a dose interval of 10 Gy
resulted in estimated parameters with relative 95% CIs that were greater than 100%
(Table 7-3).

The TCP model considered in this chapter [Eq. (7-1)] was derived under the
assumption of homogeneous tumour irradiation to dose D. In most cases, especially for
IMRT treatments, tumours are irradiated heterogeneously, so a TCP model such as Eq.
(5-13) should be used with full tumour DVHs to estimate model parameters. If it is
assumed that the results of this chapter are applicable to the heterogeneous case, then the
number of patients per point required to estimate parameters with a given degree of
accuracy would be equivalent to the total number of clinical tumour DVHs that
correspond to different prescription doses in a clinical trial.

This chapter concentrated on estimating parameters for tumours by means of TCP
models. A similar type of analysis may be carried out for NTCP models. However, it is
often the case that TCP and NTCP information is collected simultaneously from a clinical

trial.

7.5 Conclusions

For dose-response datasets subject to clinical restrictions (with respect to starting
TCP level, dose range, and number of points), a large number of patients per point must
be chosen for fitted parameters to be resolved with reasonable certainty. The required
statistics depend on the intrinsic slope of the dose-response curve. For a situation that is
typical for prostate dose escalation trials (TCP; = 70%, n, = 5 points, AD = 10 Gy), the
number of patients for each prescription dose (i.e., each dose-response point) must be
sufficiently large — between 1000 and 2000 at least. This is a significantly larger number
than what is typical of previously-published dose escalation datasets (e.g. Hanks ef al.,’
Pinover ef al.?b).

If TCP model parameters are ever to be resolved with a reasonable accuracy, a

sufficient amount of data must be collected through clinical trials. This will most likely
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be achievable only if multiple institutions become involved, and conduct trials according

to a strict protocol. The determination of model parameters for both tumours and normal

tissues to a reasonable degree of accuracy has the potential to lead to more widespread

clinical use of TCP/NTCP models.
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Chapter 8 Summary and general discussion

8.1 The incorporation of NTCP models and parameters into inverse
planning

In Chapters 2 and 3 of this thesis, a method for calculating physical dose-volume
constraints based on existing biological models and datasets was developed. It allows
one to incorporate biological information in the physical inverse planning optimization
process, which is used almost exclusively in modern treatment planning systems. A
number of constraint points were calculated for each of 16 organs, based on the Lyman
and critical volume population NTCP models and parameters derived from the Emami et
al! data.

It was found that the application of two or more of these constraint points for
inverse planning optimization can sufficiently restricc NTCP. However, when a single
‘raw’ Emami dose-volume point is applied as a constraint, all resulting DVH solutions
will have an undesirably large NTCP. In Chapter 4, it was shown that this occurs
because the Emami points lie on a curve called the iso-NTCP envelope. Thus, the
practice of applying ‘raw’ dose-response data points for the purpose of inverse planning

optimization should be avoided.
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In Chapter 2 it was observed that the physical dose-volume constraint points
calculated for rectum coincide with the average non-bleeder DVH deduced from a
previous work® for relative volumes less than ~0.4. This is a good indication of their
usefulness for inverse planning optimization. On the other hand, it was demonstrated that
the application of physical dose-volume constraints excludes a large number of
acceptable DVH solutions. Thus, biological or physico-biological optimization is
theoretically a better option for inverse planning.

However, biological optimization is currently not being used, mainly because of
the uncertainty associated with NTCP models and parameters. Nevertheless, some
authors have shown that even the use of the Lyman® NTCP model with the Burman et al.*
parameters for physico-biological inverse planning “allows the generation of clinically
acceptable plans similar to or better than the ones produced with standard forward or
inverse planning techniques. In addition, the use of NTCP-based objective function
eliminates the need for numerous dose and dose-volume prescriptions and distributes the
integral dose to the various critical organs in a pattern that minimizes the probabilities of
radiation-related complications.”

Because physical optimization suffers from certain limitations (as shown in
Chapter 2), biological optimization should be implemented for the purpose of inverse
planning as soon as NTCP inodels and parameters are reliable enough to be used
clinically. The reverse mapping method could potentially be useful as an intermediate

inverse planning method until this occurs.

8.2 Functional similarity of the individual and population-based TCP
models

In the second part of this thesis, it was demonstrated that the individual (non-

averaged) and population-averaged TCP models are functionally similar. Hence, if both
models are fit to the same clinical dataset, the Dsy and y, parameter estimates should be
statistically indistinguishable. For o < 1, the difference between the two models

becomes more pronounced.
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Despite this functional similarity, it is conceptually incorrect to fit the individual
model to clinical data, which represents a population response. In Chapter 5, it was
demonstrated that the individual model parameters lose their biological meaning when fit
to population data and in Chapter 6, it was analytically shown that the biological
parameters obtained from fits of both models to the same dataset do not exhibit a one-to-
one relationship. Because the population TCP model explicitly takes the effects of inter-
patient heterogeneity into account, it is recommend that this model be used to fit clinical

dose-response data.

While the population TCP model is conceptually more accurate than the
individual model, it still has its shortcomings. As demonstrated in Carlone et al.® and
Warkentin et al.,’ it is not possible to obtain unique estimates for the radiobiological
parameters exclusively from modeling. In addition, the derivation of the population
model makes use of several assumptions that may be called into question.® It is subject to
the same assumptions as the Poisson-based individual model, along with others (e.g., the
population distribution functions of individual radiobiological parameters).

Even the assumption that all tumour clonogens must be killed to achieve control
may not be completely correct. For example, tumour control may depend on the

destruction of the tumour vasculature,”!®

or it may only be necessary to destroy all but a
finite number of clonogens, while the rest are taken care of by the immune system.
However, TCP models based on the zero-clonogen assumption and Poisson statistics are
expected to adequately describe tumour control in these cases.

Consider the assumption that the immune system is capable of eliminating the
final m tumour clonogens, and thus only Ny — m must be destroyed by irradiation to
achieve control. This assumption could easily be incorporated by replacing the Poisson-
based individual TCP model with a cumulative binomial distribution. Individual TCP

will then be equal to the probability that m or fewer cells survive irradiation to dose, D,

3 (%) -~ @),

(8-1) ICP,, = Z ey (N
0°
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where Pg(D) is the probability that a single clonogen will survive irradiation to dose D. If
Pg(D) is given by the linear quadratic formula, P(D) = exp(—a'D), then Eq. (8-1) will
yield a TCP curve with a similar shape as the standard model [Eq. (1-12)].

A disadvantage to using Eq. (8-1) for the individual model is the difficulty in
determining analytic expressions for Dsy and p50 in terms of the radiobiological
parameters o/, m and N;. However, this difficulty can be overcome by noting that, under
certain conditions (m >~ 30, according to initial simulations), Eq. (8-1) is well-
approximated by a cumulative Gaussian curve,

] _M oA m-NA(D)
(8-2) TCP,, = > {1 +e f{ NAA0) 2 (D)]}}'

Equation (8-2) is also advantageous because it would not be overly difficult to derive the

corresponding population TCP model following the method of Carlone et al.® Such a

model would have an extra set of population-based parameters, Inm and Ojym), and the

relationships between the radiobiological and geometric (Dso, 750) parameters would be
different than Eqgs. (1-14) and (1-15). However, the form of this model would likely be
similar to that of Carlone et al. [Eq. (1-13)]. Therefore, Eq. (1-13) could provide a good
description of the clinical dose-response relationship in the case where tumour control is
achieved when m or fewer clonogens remain at the end of a treatment.

The destruction of tumour vasculature by radiation fundamentally involves cell
killing, and thus the Poisson TCP model should provide a reasonable macroscopic
description of this process. The dependency of tumour control on the destruction of
vasculature may partially account for the difference between in vitro and in vivo
parameter estimates; the latter could be characteristic of the tumour vasculature, or they
may represent an average of tumour and vasculature cells.

The assumption about vasculature destruction could potentially be incorporated
into TCP models. One possible way to do so is to include intra-tumour heterogeneity in
the model parameters. Alternatively, one may attempt to derive a model that considers
the vasculature and the rest of the tumour (i.e., clonogens) as two separate ‘structures’. In
this case, there would be separate parameters for both cell types, and assumptions would

have to be made about the fraction of the tumour that consists of vessels. However, it is
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likely that the biological parameters of such a model would exhibit relationships similar

1,6,7

to those inherent to the population TCP model,”’ which would make it impossible to

extract their values from clinical data.

Another disadvantage to the population TCP model used in this thesis is that it
neglects the heterogeneous nature of tumour dose distributions. For a model to be useful
for purposes such as treatment plan evaluation, it should take this heterogeneous
irradiation into account. In Chapter 5, it was suggested that the heterogeneous individual
TCP model [Eq. (5-13)] may be used as a phenomenological population TCP model in
this case. Another possibility would be to use a modified version of the homogenous

population model, with dose D replaced with EUD,

(8-3) TCP, = Lol Vay | —20 1

pop 2 N a
( v,.Dil/ ¢ )
i=1

8.3 The effect of inter-tumour heterogeneity on parameter ratio estimates

In Chapter 6, it was analytically shown that the individual and population-
averaged TCP models do not yield identical o/f estimates when fit to the same dose-
response data. Therefore, the assumption that inter-tumour heterogeneity has no effect on
parameter ratios is invalid, implying that estimates for the &//f ratio obtained by fitting
the individual model to clinical data may not be accurate.

On the other hand, the accuracy of &/f estimates from the population-averaged
model is limited by the quality of clinical data used for their extraction.® The confidence
intervals are typically too large to determine whether ¢/f is consistent with early or late-
responding tissues.

Even if &/f could be estimated from fitting the population TCP model to high-
quality clinical data, the obtained value would still be subject to a degree of uncertainty

based on the potential inaccuracy of the assumptions invoked in this process. For
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example, one assumption is that cell survival curves are accurately described by the LQ
model. In a recent paper by Garcia et al.,"* detailed cell survival curves were measured
for a number of different cell lines. The LQ model [Eq. (1-1)] was then fit to different
dose ranges (low, intermediate, and high doses), yielding estimates for o, £, and o/ for
each dose range. It was found that the selected dose range had an impact on the
estimated LQ parameters, which implies that this model does not accurately describe cell
survival curves. The Garcia et al. paper supports the idea that absolute values of the o/f
ratio cannot be determined through fitting models to clinical data (as discussed in Chapter
6), even at the in-vitro level.

In the low-dose region of cell survival curves, effects such as hypersensitivity and
the adaptive response result in deviations from the predictions of LQ theory.
Experimental cell survival curves are also characterized by a final slope in the high-dose
region, while the LQ model predicts a continuous curve. Ideally, a cell survival model
that describes both the low-dose and high-dose effects should be developed and
implemented. Unfortunately, this would require the inclusion of additional model
parameters, and would likely make it difficult to isolate the o/ ratio.

The results of Chapter 6 indicate that the original estimate for the value of o/f of
prostate cancer that was obtained by Brenner and Hall'® from fits of the individual TCP
model to clinical data, &/f = 1.5 [0.8, 2.2], is likely incorrect. However, specific
treatment protocols based on the assumption that (&/f)prostare = 1.5 Gy and (&/Borgans =
3.0 Gy have recently been proposed by Fowler et al.'®'” Because the exact o/ values
for both prostate cancer and normal tissues are unknown, the use of these protocols
should be avoided, as they may lead to underdosing of the tumour or overdosing of
organs at risk. Instead, a conservative approach should be taken when designing
hypofractionation trials, and they should not deviate too drastically from the standard 2
Gy/fraction treatment regime.

For prostate cancer, only the clinical hypofractionation trials that are currently
underway will reveal whether the o/f ratio for this tumour type is, in fact, low. Early

evidence from these trials indicates that this is indeed the case.
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8.4 Quality of available clinical dose-response data

A significant drawback to existing radiobiological models that is apparent
throughout the work in this thesis is the poor quality of the dose-response data on which
they are based. In Chapter 7, pseudo-data (subject to clinical limitations) were utilized to
determine the number of patients per point that would be required to resolve the TCP
model parameters Dsy and y5, with reasonable certainty. It was found that, in the worst
case, at least 1000 — 2000 patients per point would be needed to estimate parameters with
relative confidence intervals of ~25% or less for Dso and ~40% or less for 7. This
number is much greater than the ~20 — 100 patients per point that constitute typical
published clinical dose-response data. As a result, parameters estimated from published
clinical datasets generally have unsuitably large 95% CIs, which translates into a
corresponding uncertainty in TCP model predictions and parameter ratio (e.g., &/f)
estimates.

The collection of a sufficiently large amount of DVH-response data is thus a
necessary step which must be taken before TCP (and NTCP) models can be utilized to a

greater extent in the clinical setting.
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Chapter 9 Conclusions and future work

9.1 Concluding remarks

Using the method of reverse mapping, physical dose-volume constraints were
calculated based on biological models and parameters. It was shown that these constraint
points are capable of limiting the radiation dose to organs at risk if they are used for
inverse planning optimization. However, direct biological optimization is theoretically a
better choice because the application of physical constraint points results in the exclusion
of a significant number of DVHs with acceptable NTCP.

It was demonstrated that the individual and population-based TCP models are
functionally similar, and thus should produce identical Dsy and ps50 estimates when fit to
clinical dose-response datasets. = The individual model should be treated as
phenomenological when fit to clinical data.

Based on this functional similarity, it was analytically shown that fitting the
population model to clinical data yields an o/f ratio that is different from that which

would be obtained from fitting the individual model to the same dataset. Thus, the
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assumption that inter-tumour heterogeneity has no effect on parameter ratio estimates is
invalid. This implies that «/f ratio estimates based on the individual model are most
likely incorrect.

A limitation that is apparent throughout the work in this thesis is the relatively
poor quality of existing dose-response data. This prevents the widespread use of TCP
and NTCP models for treatment planning and parameter estimation. It was demonstrated
that the number of patients per dose point in clinical trials should be equal to 1000 or
more in order to adequately estimate TCP model parameters. Most current clinical trials
are not designed for TCP/NTCP parameter estimation, however. TCP and NTCP models
have the potential to become valuable tools in the treatment process, but before this can

happen, clinical data of sufficient quality must be collected.

9.2 Future work

The work described in Chapters 2 — 4 was mainly theoretical in nature; the next
step in the reverse mapping project would be to apply the idea in the clinic. The
calculated constraint points have yet to be tested in an actual treatment planning system,
which is an essential step that must be taken before they may be used clinically. This
project may thus be extended by using the reverse mapping method of constraint
determination to optimize a clinical IMRT plan for a specific site (e.g., prostate) or a
number of different sites. The method could be used to calculate constraints for all
relevant OARs, subject to a user-specified NTCP range and maximum organ dose. The
selection of maximum dose would be based on prescribed dose and the proximity of the
OAR to the PTV, or knowledge from previously-optimized IMRT plans. Either the
Lyman or critical volume NTCP model could be used, with parameter values based on
Emami et al., for the calculation of constraint points. Two or more of these constraints
may then be applied to all relevant OARs, and the treatment plan optimized. The DVHs
obtained from this process could then be compared with those from IMRT plans with
conventional clinical constraints. If the plans based on the reverse mapping constraints
consistently produce equivalent or better results than conventional plans, then it may be

possible to deliver IMRT treatments optimized using these reverse mapping constraints.
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If more clinical dose-response data become available in the future, leading to
increased reliability of NTCP models, then the reverse mapping method may be used as a
transitional means to bridge the gap between purely physical inverse planning
optimization and physico-biological optimization.

One limitation to the population TCP model used in this thesis is the assumption
of homogeneous tumour irradiation. Given that the dose distribution of a tumour is not
entirely uniform, it is necessary to develop a heterogeneous population TCP model. The
best way to do so would be to analytically derive such a model, using a similar process as
described in Carlone et al.' However, this is not easy to do; hence the suggestion of two
alternate heterogeneous TCP model forms in Chapter 5. Before either of these simpler
heterogeneous models can be implemented, however, their ability to describe population
TCP in the case of heterogeneous irradiation should be explored. One way to do this is
through pseudo-numerical experiments. First, heterogeneous tumour DVHs can be
generated using a mathematical expression that very closely mimics clinical DVHs. The
TCP of each DVH can then be calculated using the population TCP expression of Nahum
and Webb? with assumed parameter values. In this way, a pseudo DVH-response dataset
can be obtained. Each of the proposed alternative heterogeneous population TCP models
may then be fit to the pseudo-data, and the fits can be compared, along with each model’s
ability to predict TCP.

The heterogeneous individual model [Eq. (5-13)] has been used previously3 to
evaluate TCP, with Dsy and 5 estimates' from fits to clinical data representing
homogeneously-irradiated tumours, with reasonable results. Currently, this appears to be
the best (and only) option to evaluate TCP in the case of heterogeneous irradiation. The
heterogeneous population TCP model based on the EUD formalism has three parameters:
Dso, 750, and a volume parameter, a. If this model proves to more accurately represent
heterogeneous irradiation according to the simulations described above, clinical datasets
that contain tumour DVH information will be needed to estimate parameters. Thus,
before a heterogeneous population TCP model can be used clinically, a sufficient amount

of clinical DVH-TCP data must be collected and analyzed.
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It is apparent from the work in this thesis that the currently-available clinical
dose-response data are not of a sufficient quality to facilitate the regular clinical use of
TCP and NTCP models. A significant effort should therefore be made to collect DVH-
response data by means of clinical trials. In most cases, it is impractical to conduct
clinical trials of the required magnitude within a single institution, and thus multi-
institutional trials that are designed to collect a large amount of data should be
implemented. A few such organizations, such as the RTOG (Radiation Therapy
Oncology Group), have already made efforts in this direction. However, the clinical
trials that have been conducted by existing organizations suffer from several limitations.
Some of these include limitations on the types and amount of data that may be stored in
databases, unclear specifications on volume definition for standard structures of interest
(leading to DVH differences), and differences in the characterization of normal tissue
complications.5

Efforts should be made to overcome these limitations. Specific multi-institutional
trials could potentially be designed with clear protocols to ensure that the information
collected from such an effort is useful for TCP/NTCP modeling. With an adequate
process in place for collecting, storing and accessing DVH-response data, more accurate
information could be extracted from radiobiological modeling, and TCP and NTCP

modeling may very well be used with increasing frequency in the clinic.

Assuming that a sufficient amount of clinical data can be collected, it is likely that
models with geometric parameters, like the TCP models discussed and investigated in
this thesis, will be the first used regularly in the clinic. These types of models could be
used for biological optimization and treatment plan ranking, and could potentially
simplify the process by removing the need to rely on pfevious clinical knowledge in order
to assess the ‘goodness’ of a dose-distribution.

In Chapter 6 [Eq. (6-21)], it was demonstrated that it may be possible to estimate
biological parameter ratios, such as «/f, from geometric parameters (in this case, Dsp).
Assuming appropriate data could be collected for such a calculation, the ability to obtain
parameter ratios from clinical datasets could lead to insights as to the optimal

fractionation regime to treat different tumour types.
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The development and clinical utilization of detailed TCP and NTCP models that
incorporate more complicated radiobiology likely cannot be achieved using clinical dose-
response data alone. Even the radiobiological parameters of the relatively simple
population-averaged TCP model given by Eq. (1-13) are interrelated. Other experimental
methods will have to be employed in order to obtain more radiobiological information
from TCP and NTCP modeling. Perhaps, in future, this will be accomplished by
combining information from animal experiments and/or biological imaging with data
from clinical trials. The existing TCP and NTCP models provide a good starting point
for this type of research.

It is important to continue the radiobiological modeling work discussed in this
thesis because this is the only method that can, in future, be used to determine, with
certainty, which treatment methods and protocols are best suited for each site. Once an
appropriate amount of clinical data has been collected, TCP and NTCP models have the
potential to provide the quantitative justification for the best regimen for modern

radiation treatments.
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Appendix A NTCP model parameters

A list of parameters for the NTCP models used in Chapter 2 is presented for each
of 16 organs. Both sets of parameters were calculated based on the Emami ef al.
estimates. The Lyman model parameters are those of Burman et al.,” and the CV

population model parameters are from Stavrev et al.’

Lyman model CV population model
parameters parameters

Organ/Endpoint a m Ds, Her Oucr Dsp™>Y o o0
lung/pneumonitis 0.87  0.18 245 0.0793 0.1162 220.000 0.2720
liver 032 0.15 40.0 0.0372 0.1060 180.599 0.4582
brain 025 015 60.0 0.0763 0.3060 106.001 1.0428
heart/pericarditis 035 0.10 48.0 0.1421 0.1701 83.000 0.7992
kidney/nephritis 0.70  0.10 28.0 0.2167 0.1412 59.119 0.4420

esophagus 0.06 0.11 68.0 0.0147 03644 96.674 2.4401
stomach 0.15 0.14 65.0 0.0206 0.3761 94.000 2.2117
brachial plexus 0.03 0.12 75.0 0.0148 0.8532 86.501 6.0417
bladder 0.50 0.11 80.0 0.2619 0.1926 108.000 0.8050
mandible 0.07 0.10 720 0.0724 04725 85.788 3.1533
brain stem 0.16 0.14 650 0.1202 0.3302 97.404 1.1484

larynx/necrosis 0.11 0.08 80.0 0.0688 0.2270 108.159 1.9095
small intestine 0.15 0.16 55.0 0.0423 0.2803 96.750 1.1561

colon 0.17 0.1 55.0 0.0329 0.1699 107.731 1.0632
spinal cord 005 0.18 66.5 0.0849 0.7529 81.000 2.5664
skin 0.10 0.12 70.0 0.1009 0.4216 92974 1.7154
rectum 0.12 0.15 80.0
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Appendix B Determination of the number of
trajectories connecting two points in DVH
space

Let the number of steps necessary to reach point E (m, r) from point D (0, 0) be p
steps in the forward direction and ¢ steps in the downward direction. Then, the total
number of steps is p+q. As can be seen, it is also equal to m, the x coordinate of point E,

since each step increases the x coordinate with +1. Therefore, we have £, =m=p+q.

On the other hand, each step in the forward direction increases the y coordinate with +1

while each step down decreases the ordinate with -1. Therefore, the y coordinate of point

E, r,is equal toE =r=p—q. We can determine p and g from these two relations:
p=(m+r)/2 and g=(m-r)/2.

The number of ways in which p out of a total of ptq steps can be realized in the

forward direction is given by the corresponding binomial coefficient:

L P R PN
pra-p p (m+r)/2

Alternatively, the number of ways in which q out of a total of p+g steps can be realized in

the downward direction is given by

e A S PR
praq q (m-r)/2

Either of these numbers equals the number of trajectories connecting the two points.

Therefore, we have proven that

N _ m - m
m N\ m+r)/2) \(m-r)/2)

The right-hand equality can also be proven directly.
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It can also be seen that point E; (x2, y2) can be reached from point E; (x1, y1) via a

total number of steps equal to x, —x, out of which p = (x, —x )+ (v, - » )1/2 are in the

m r

forward direction and ¢ =[(x, -x,)—(y, —»,)]/2 are in the downward direction.
Therefore,

X, — X

N ) Erlern) = ([(x2 ~x)t(, -y, )]/2J ) [(m imr)/ 2)'
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Appendix C Special cases for the number of
trajectories connecting two points in DVH
space

It is possible that in certain cases part of the vertical segment P'Q' protrudes out of
square ABCD as shown in Figure C-1. This can happen when the point (7) chosen in the
previous step has a y coordinate such that 2R > 2N —2nK —4n . Indeed, in this case the y
coordinate of point P, P' =2R+2n, is bigger than the y coordinate of point W (the

cross point of P'Q' and BC), W, =2N —2nK —2n. As a result segment P'W lies outside

ABCD and only curves from T to B passing through WQ' should be counted. Therefore,
we should count now the reduced number of curves from 7 to B according to the

following formula:

Nred=
T8 Z k \N-nK+R—k

k=0

£ (2n\(2N—-2nK —2n

X k'=—-nK-R+N,
where k' labels the dividing point F,, which coincides with W. Indeed, for P, =W , we
have F, =2R-2n+2k'=W,=2N-2nK-2n=k'=-nK-R+N. This expression

should be substituted in Eq. (3-4),

N ‘iN v _[2N-2K _2Zn 2n\(2N -2nK -2n
TR TTME T Ml TN _ K+ R 2\ K \N-nK+R-k')’

2N -2nK

and used instead of
N-nK+R

) for the number of curves from T to B. Also, all cases

in the random number generation for which L > k' should be disregarded.

The mirror symmetric case when the vertical segment P"Q" protrudes out of
square ABCD from beneath is also examined and shown in Figure C-1. Applying the
same reasoning as above one finds that the reduced number of curves from point T to

point B, i.e., the number of curves from point 7" to point B passing through VP" is:
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el 22" 2n\[( 2N =2nK -2n K=K+ R—N 42
= \ =n - n.
.8 &\ k \N-nK+R-k

This expression should now be substituted in Eq. (3-4) and used for the number of curves

from T' to B. Also, all cases in the random number generation for which L <k" should be

disregarded.
A
D
T
N d
\- W:Pk
AN
Q'
T'
! ; P"
)n
2n
A
=P B
Q

Figure C-1: Consideration of the special cases when the random walk created by the
generator may leave the unit square.
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Appendix D Generation of pseudo-clinical
dose-response data

This section outlines the process used to generate dose response data from a TCP
curve with known (or assumed) Dsy and y50 values.
(1) Specify the TCP curve and parameters from which the dose-response points will be

generated. We used the fundamental form of the population model [Eq. (6-6)],

1 D
TCI)pop = Ee’ffcli‘/;}/m (—DSQ- - )} )

for this purpose.

(i) Let D, be the dose at TCP = x. Choose a value for D, that represents the mean
delivered dose for the set of dose-response data to be generated. Specifically, select
a TCP level, x, and then calculate D, from the TCP curve in (i).

(iii) Select a dose range, AD, that the simulated dose-response points will fall within,
and choose the total number of points to be generated, n,. The minimum dose in
the simulated dataset is D, — AD/2 and the maximum is D, + AD/2, and the points
are spaced equally between these two limits.

(iv) For each of the n, dose points, D;: i = 1...n,, assign a value for the total number of
‘patients’, N, treated to a dose of D;. This is done by generating a uniform random
value between selected lower and upper limits, Ny and Npn. Alternatively, one
could assign specific values of N; for each point, based on existing dose-response
data.

(v) Generate a value for the number of patients cured, »;, for each dose point, D;. The
value n; is randomly sampled from a binomial distribution where #; is the number of
successes (cures), N; is the number of trials (patients), and the probability of a
success is p; = TCP(D)):

NI

= Pini [1 —Di g
j I’

(E-1) P(n;)= )
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‘Specifically:
(a) Generate a random number, r, distributed uniformly in the interval [0, 1].

(b) Find a number, n;, for which the following identity is satisfied:

gp(m)qsip(m).

m=0

where P is the binomial distribution. In this way, any uniform random

number, 0 < r < 1, is transformed into another number, 0 < n; < N; that

follows a binomial distribution.!
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Appendix E Determining best-fit TCP
parameters and their confidence limits

The following Monte Carlo procedure'” was used in this thesis for the purpose of

fitting a TCP model represented by TCP, (%) to a dataset consisting of n, dose-response
pOintS, (Dis ni, ]vl)'

(i) For each clinical data point, generate a random number of cures, n’ ., by sampling

gen, 2

from a binomial distribution where the number of trials (patients) is »;, and the
probability of a successful outcome on any one trial, p;, is equal to the measured
TCP value: p; = TCP(D;) = ni/N;. To generate a random number of cures for each
data point, the same procedure as outlined in step (v) of Appendix D is used.

(i1)) Determine the best-fit parameters for the chosen TCP model, TCP, by minimizing
the negative of the log likelihood function (or equivalently, maximizing the log
likelihood function):

L -3 b olrcn (3, o 0, o780,
i=1

i gen,i

where 7, represents the TCP model parameters of best fit for the /™ set of

randomly-generated dose-response points.

(iii) Store the parameters of best fit, 7, for the current iteration, and the minimum of

the negative log likelihood function, L;.

(iv) Repeat the process many times (we used 1000 iterations).

(v) Use the stored values for the best-fit parameters and of the minimum negative log
likelihood function to generate distributions for these quantities.

(vi) Determine the 95% and 68% confidence intervals (Cls) for the parameters of best
fit, 7, along with the minimum of the negative log likelihood function, L, directly
from their distributions. This may be accomplished by sorting each quantity in

ascending order, and then finding the cutoff value for the lowest and highest 16%
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of the values for the 68% CI, and similarly for the lowest and highest 2.5% of the
values for the 95% CI.

E.1 References

1. M. Carlone, D. Wilkins, B. Nyiri, and P. Raaphorst, "Comparison of alpha/beta
estimates from homogeneous (individual) and heterogeneous (population) tumor
control models for early stage prostate cancer," Med Phys 30, 2832-2848 (2003).

2. W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling, "Numerical
Recipes in C", (Cambridge University Press, Cambridge, MA, 1988).

193

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix F values for

pseudo-data

Fitted parameter

This appendix contains tables of estimated parameter values from fits of the
population TCP model [Eq. (7-1)] to each of the pseudo-datasets generated in Chapter 7.
The minimum negative log likelihood corresponding to the best-fit parameters is also

shown in each case.

Table F-1: Fitted parameter values (Dso, y50) and 95% confidence intervals for the
pseudo-datasets generated from a TCP curve with theoretical parameter values of Dso 5 =
50 Gy and 504 = 1. The minimum negative log likelihood value is also shown, with its
95% confidence interval, for each fitted pseudo-dataset. Each dataset consisted of a total
of n, =5 points, with the first point at a dose corresponding to TCP, = 70%.

N | AD— 10 Gy 20 Gy 30 Gy
50 Dsy | 50.0[-61.9,60.2] |47.9[-4.3,582] |53.8[33.7,61.5]
p | 1.03[0.14,2.45] |0.98[0.30,1.73] | 1.15[0.60, 1.74]
Lo | 139122, 153] 125 [107, 141] 122 [102, 136]
200 Dsy | 43.0[-60.6,55.2] |46.7[27.8,54.2] | 48.1[36.9,54.5]
m | 0.70[0.13,1.34] |0.85[049,1.22] |0.97[0.70,1.26]
Law | 5711539, 598] 530 [495, 562] 471 [433, 507]
500 Dsy | 50.6[38.8,55.5] |46.5[36.7,51.9] | 51.5[46.9,54.9]
# | 1.08[0.64,1.50] | 0.84[0.61,1.06] | 1.03[0.87,1.20]
Laa | 1382[1330,1428] | 1330[1276, 1379] | 1230 [1177,1279]
1000 | Dso | 49.4[41.4,53.6] |51.1[46.9,53.7] |51.5[48.4,53.8]
mo | 0.96[0.66,1.24] |1.07[0.90,1.22] | 1.08[0.96,1.20]
Luia | 2835[2774,2895] | 2582 [2499, 2652] | 2378 [2302, 2450]
2000 | Dsi |51.8[48.2,54.4] |50.3[47.5,52.6] |49.5[47.0,51.6]
% | 1.10[0.90,1.30] |1.02[0.91,1.13] | 0.96[0.87,1.04]
Laia | 5655 [5558,5742] | 5191 [5088, 5288] | 4925 [4817, 5030]
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Table F-2: Shows the same information as does Table F-1, but in this case the data were
generated from a TCP curve with theoretical parameter values of Dsg, = 50 Gy and ys0.4
= 1.5. Each dataset consisted of a total of n, = 5 points, with the first point at a dose

corresponding to 7CP, = 70%.

N | AD> 10 Gy 20 Gy 30 Gy
50 Dsy |524[31.5,56.6] |55.4[48.7,58.9] 47.1[29.5, 54.1]
m | 1.89[0.62,3.18] | 1.92[1.22,2.78] 1.26 [0.71, 1.87]
Lpa | 1291010, 143] 120 [102, 135] 102 [80.0, 118]
200 Dsy | 47.1[335,52.3] |51.4[47.4,542] 51.7[48.1, 54.3]
mo | 1.32[0.71,1.96] | 1.67[1.31,2.06] 1.63 [1.36, 1.92]
Lo | 501467, 533] 438.7[399.1, 474.2] | 386 [347, 422]
500 Ds, |48.8[43.8,52.0] |48.4[44.7,51.0] 49.7[47.1,51.7]
mo | 1.40[1.02,1.82] | 1.40[1.17,1.62] 1.55[1.38, 1.73]
Lo | 12971244, 1348] | 1104[1042,1158] | 921 [858, 975]
1000 | Dso | 49.4[46.3,51.5] |51.1[49.3,52.6] 50.1 [48.4, 51.6]
mo | 1.45[1.18,1.73] | 1.57[1.39,1.73] 1.47 [1.35, 1.59]
Lo | 2610[2534,2677] | 2263 [2183,2339] | 1471 [1353, 1595]
2000 | Dso |49.6[47.6,51.2] |49.2[47.7,50.6] 49.0 [47.7, 50.2]
mwo | 1.46[1.26,1.65] | 1.43[1.32,1.55] 1.44[1.36, 1.54]
Luwm | 5232 [5126,5332] | 4473 [4362,4578] | 3831 [3707, 3945]
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Table F-3: Shows the same information as Table F-1 and Table F-2, but in this case the
data were generated from a TCP curve with theoretical parameter values of Dsp 4 = 50 Gy
and ys04 = 2. Each dataset consisted of a total of n, = 5 points, with the first point at a
dose corresponding to 7CP; = 70%.

N | AD> 10 Gy 20 Gy 30 Gy
50 Dsy | 47.4[17.7,52.9] | 53.6[49.8,56.0] 51.3 [45.6, 54.9]
m | 1.71[0.53,3.00] | 2.78[1.99,3.85] 2.10[1.53, 2.88]
Lo | 116[97.0,131] 89.2 [72.3, 105] 78.9 [61.3, 96.3]
200 Ds, |48.7[42.2,51.8] |49.4[45.7,51.9] 51.0 [48.3, 53.0]
wo | 175[1.14,2.39] | 1.94[1.57,2.35] 2.12[1.79, 2.52]
Lo | 489 [456, 520] 372 [334, 407] 303 [266, 336]
500 Ds, | 52.1[50.4,53.3] |51.1[49.5,52.3] 51.2 [49.6, 52.5]
mo | 246[2.07,2.87] | 2.11[1.88,2.37] 2.05 [1.84, 2.26]
Lua | 1203[1149,1258] | 957 [895, 1009] 802 [746, 857]
1000 | Ds |50.0[48.4,51.2] |49.0[47.6,50.2] 49.7 [48.5, 50.9]
m | 2.02[1.73,2.28] | 1.91[1.74,2.09] 2.01[1.85, 2.16]
Lo | 2394[2317,2472] | 18421760, 1920] | 1489 [1406, 1567]
2000 | Dso | 49.1[47.8,50.1] | 50.8[50.0,51.5] 48.9 [47.9, 49.7]
mw | 1.86[1.67,2.06] |2.10[1.97,2.23] 1.83 [1.74, 1.94]
Laa | 4789 [4676, 4896] | 3777 [3664,3889] | 3151 [3033, 3261]
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Table F-4: Fitted parameters and 95% confidence intervals for datasets generated from
TCP curves with Dso 4 = [30, 70] Gy and y50.» = 1. Each dataset consisted of a total of n,
= 5 points over a dose interval (AD) of either 10 or 20 Gy, with the first point at a dose
corresponding to TCP; = 70%.

Dy = 30 Gy Dsgn =70 Gy
N |AD— 10 Gy 20 Gy 10 Gy 20 Gy
50 | Dsy [29.9[-199,359] |31.4[18.6,363] | 66.6[-163.6,84.9] | 67.2[-86.8, 83.8]
%o | 093[0.18,1.82] | 1.10{0.59,1.69] | 0.92[0.10,2.85] | 0.87{0.16, 1.90]
Luia | 138119, 151] 118 [96.4, 132] 142 125, 154] 139 [122, 152]
200 | Ds | 27.5[12.6,32.6] |309([26.7,33.8] |74.8[285,828] | 69.4[45.0,79.0]
pe | 0.81[042,1.23] |1.13[0.88,138] | 1.20[0.36,2.10] 1.03 [0.54, 1.55]
L. | 546 [510, 574] 448 [411, 481] 586 [556, 610] 531 [496, 560]
500 | Dso |28.8[23.7,31.8] |30.7(28.1,32.7] |744[603,80.3] |66.6[50.2,74.4]
% | 091[0.67,1.18] |1.03[0.88,1.19] |1.23[0.71,1.77] | 0.88[0.57,1.17]
Lua | 1340[1286,1385] | 11911132, 1246] | 1444 [1400,1487] | 1371 [1318, 1416]
1000 | Ds |31.3[29.1,32.9] |28.5[26.0,30.3] | 64.5[34.6,739] | 70.8[63.7,75.2]
wo | 1.13[0.94,133] |0.94[0.83,1.06] | 0.81[0.41,1.21] 1.02 [0.81, 1.22]
L. | 2649 [2571,2722] | 2317[2235,2395] | 2892 [2829,2951] | 2735 [2663, 2802]
2000 | Dsy |303[284,31.6] |30.0[28.7,312] |66.5[53.7,73.0] |69.7[64.6,73.4]
% | 1.03[0.89,1.15] | 1.00[0.93,1.08] |0.86[0.58,1.12] | 0.99[0.84,1.14]
L. | 5323 [5225,5420] | 4720 [4607, 4821] | 5809 [5720, 5889] | 5461 [5363, 5555]
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Table F-5: Fitted parameters and 95% confidence intervals for datasets generated from
TCP curves with Dso, = 50 Gy and 04 = 1. Each dataset consisted of a total of n, =5

points over a dose range of AD = 10 Gy, with the first point at a dose corresponding to
TCP, = 60% in one case and 80% in the other.

N

TCP, —

60%

80%

50

53.5[29.8, 57.3]
1.26 [0.30, 2.41]
161 [149, 168]

41.7[-188.5, 67.9]
0.80[0.12, 2.58]
113 {91.7, 130]

200

47.3[17.9, 52.7]
0.81 [0.25, 1.39]
632 [609, 652]

59.9 [33.6, 66.8]
1.52 [0.66, 2.34]
454 [416, 489]

500

46.0 [32.4, 50.6]
0.75 [0.40, 1.10]
1575 [1541, 1607]

55.4[34.3, 62.4]
1.19 [0.64, 1.67]
1172 [1114, 1229

1000

48.7[44.7,51.1]
0.95 [0.71, 1.20]
3127 [3076, 3176]

53.6 [41.3, 60.1]
1.17 [0.80, 1.57]
2249 [2163, 2330]

2000

48.5[45.8, 50.4]
0.92 [0.74, 1.09]
6278 [6210, 6344]

51.5[42.2,57.2]
1.07 [0.81, 1.34]
4551 [4430, 4668
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