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Abstract 

Debris flows and granular flow slides incorporate a broad range of 

sediment-fluid mixture flows that are intermediate between dry rock avalanches and 

hyperconcentrated flows. This study provides a comprehensive examination of the 

state of the art in constitutive and numerical modeling of dense granular flows. 

Emphasis is placed on granular deposit flows with high solid concentration. 

The terminology for debris flows and related phenomena is reviewed within the 

context of existing classifications of landslides, particularly the classification of 

landslides of the flow type. Constitutive laws widely used in debris flow modeling are 

critically examined with information found in the literature and data from field 

observations, laboratory experiments, and theoretical analyses. Based on a 

comprehensive review of existing analytical approaches to debris flow runout 

predictions, a new analytical model based on energy conservation and considering 

internal energy dissipation is formulated. The new analytical model is developed to 

improve understanding of fundamental aspects in modeling of dense granular flows 

and to provide practitioners with simple, reliable mobility analysis of flow slides and 

debris flows. 

The post-failure deformation behavior of liquefaction flow slides is simulated 

using the new analytical model. Liquefied shear strengths in terms of undrained 

strength and bulk friction angle are back-calculated for ten flow slide cases according 

to cohesive and frictional soil behavior models. Results from back-analyses provide 

evidence that a useful representation of liquefied shear strength can be obtained 



 

through dynamic analysis based on energy conservation within the framework of the 

Coulomb friction model. 

The concepts of steady-state deformation, the collapse surface, and 

sliding-surface liquefaction are used to interpret post-failure deformation behavior 

and mobility of rapid landslides. The new analytical model is used to simulate 

undrained granular flows mobilized from landslides on natural slopes. The analyses 

indicate that back-calculated bulk friction angles appear to be in agreement with the 

results from undrained ring-shear tests. Using the Coulomb friction model as a 

constitutive law, dynamic analysis developed in this study is capable of simulating 

post-failure deformation behavior of rapid landslides on natural slopes. 
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Chapter 1  

Introduction 

1.1 Introduction to Debris Flow Modeling 

Debris flow is an extremely rapid flow of a highly concentrated mixture of water 

and predominantly coarse granular material. The composition of a typical debris flow 

is a poorly sorted, sediment-water mixture that commonly contains more than 50 

percent solid by volume. The constituent sediment usually varies widely in size, from 

clay particles to boulders of several meters in diameter. Debris flows are caused by 

changes in effective stresses due to variations of external force or pore pressure. 

Gravity is the main driving force mobilizing initially stable deposits. Intense 

precipitation, reshaping of slopes by erosion or construction, alternate freezing and 

thawing, earthquake, and volcanic eruptions are important causative agents of debris 

flows. Because of high flow velocities, large impact forces, long runout distance, and 

poor temporal predictability, debris flows are among the most dangerous and 

destructive natural hazards (Jakob and Hungr 2005; Johnson and Rodine 1984). 

Debris flow hazards have severe social, economic, and environmental consequences 

in mountainous environments, particularly on alluvial fans where settlements and 

infrastructure have been built. 

In recent decades, comprehensive field and laboratory observations have led to 

great theoretical and practical advances in understanding the mechanisms of debris 

flow processes. This understanding has aided in recognizing debris flow hazard 

potential and has helped to decrease the loss of life and property caused by debris 

flow disasters. The number of research articles in scientific journals and conferences 

is enormous and increases each year. Debris flow literature (Armanini and Michiue 

1997; Chen 1997; Costa and Wieczorek 1987; Jakob and Hungr 2005; Rickenmann 
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and Chen 2003; Wieczorek and Naeser 2000) has significantly contributed to 

theoretical studies and practical applications of debris flow science. However, the 

underlying physics of debris flow remains poorly understood. To take efficient 

measures against debris flow damages, scientists and engineers face difficulties 

obtaining well-founded engineering predictions of debris flow mobility which is 

essential information for both hazard assessment and preventive design. 

The complicated nature of debris flows and the difficulties in conducting reliable 

laboratory tests and in situ observations account for the current status in debris flow 

studies. On the one hand, debris flows are extremely complex in their physical 

behavior and demand subtle theoretical descriptions and mathematical models. On the 

other hand, examinations of the validity of debris flow simulation models against 

field observations are often difficult or impossible because of dangers involved with 

in situ experimental campaigns, uncontrollable geophysical conditions, and 

unpredictable time and locations of debris flow events (Hutter 2005). Laboratory tests 

of debris flows of reduced size can be performed under well-defined and 

well-controlled conditions. However, debris flows are known to be scale-dependent 

and runout distance is greatly influenced by the rate of pore pressure dissipation. The 

significance of scale effects raises questions regarding the application of experimental 

observations to predicting debris flow behavior in practice. Because of these 

difficulties in experimental tests and field observations, numerical modeling has 

become an important and promising alternative in debris flow studies. Compared with 

laboratory and field observations, numerical modeling is capable of generating 

information on debris flow mobility quickly and efficiently. 

Modeling of debris flows requires a constitutive model to describe the behavior 

of water-sediment mixtures. Debris flow is multiphase on a microscopic scale. The 

solid phase typically consists of discrete clasts; the interstitial fluid consists of water, 

suspended fine particles, and possibly entrained gas. From an energy perspective, 

momentum exchange and energy dissipation are involved in instantaneous collisions, 

sustained rolling and sliding of particles, deformation of interstitial fluid, and strong 

interactions between solid and fluid phases. A variety of constitutive relationships 
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from highly theoretical models to simple semi-empirical ones have been formulated 

for analyzing debris flow behavior. Even though highly theoretical models have 

general validity, most of them are too complicated to implement in practice. Simple 

equations based on semi-empirical models can easily be implemented but are often 

limited to a narrow range of application due to lack of adaptability. Therefore, the 

selection of appropriate constitutive equations has been one of the major issues in 

debris flow simulations. 

Highly mobile soil flows can be produced by the failures of constructed fill 

slopes, waste dumps, road embankments, tailing dams, and hydraulic fill dams 

(Morgenstern 1978, 2001; Seed 1968). Detailed studies of these flow slides indicate 

that soils involved in the flows are characterized by strain-softening behavior. High 

runout mobility is the result of static or dynamic liquefaction of the strain softening 

soils (Dawson et al. 1998; Hungr et al. 2002; Olson 2001; Olson et al. 2000; Seed 

1968). The liquefaction flow slides of soil structures triggered by either monotonic or 

cyclic loading are not usually classified as debris flows. However, laboratory 

experiments performed on samples from debris flow deposits show that natural 

sediment involved in debris flows behaves like a strain softening soil (Fukuoka et al. 

2004; Sassa 2000). Despite apparent differences in source material and slope 

geometry there are similarities in failure mechanism and post-failure deformation 

behavior between liquefaction flow slides and natural debris flows (Fell et al. 2000; 

Hungr et al. 2002; Morgenstern 1978; Pastor et al. 2002). For this reason, 

formulations of constitutive behavior and analytical models have much in common 

for all such flow phenomena. 

1.2 Historical Development of Constitutive Modeling of 

Debris Flows 

When formulating a constitutive model for granular flows, the work of Bagnold 

(1954) should be considered. He conducted experiments on dense mixtures of 

neutrally buoyant, cohesionless, solid spherical particles suspended in a Newtonian 
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fluid, using concentric cylinder rheometers. Bagnold measured the shear and normal 

forces for grain-fluid mixtures with a wide range of solid concentrations (volume 

concentration varied from 0.13 to 0.62) and introduced the concept of dispersive 

stress. The dispersive stress is defined as the stress which is generated by grain 

collisions and is additional to the normal stress exerted by the intergranular fluid. 

Bagnold’s experiments and analyses demonstrated that shear and normal stresses vary 

linearly with the shear rate when the effects of interstitial fluid viscosity dominate in 

a macro-viscous regime, and vary quadratically with shear rate when grain collisions 

dominate in a grain inertial regime. 

The concept of dispersive pressure proposed by Bagnold (1954) has a major 

influence on the subsequent formulation of debris flow constitutive models, 

particularly the models developed by Japanese researchers. Takahashi (1978, 1980, 

1991) assumed that debris flows are mechanically identical to granular flows and that 

flowing resistances are associated with collisions among particles. Using Bagnold’s 

(1954) dilatant fluid model, Takahashi (1978, 1980, 1991) derived equations for 

debris flow modeling and extensively applied them to all stages of the debris flow 

process, from initiation through deposition. Takahashi’s model is essentially identical 

to Bagnold’s dilatant fluid model except that the numerical constants in Takahashi’s 

model are determined on the basis of flume testing results. 

Johnson (1970) and Johnson and Rodine (1984) proposed Bingham and 

Coulomb viscous models for debris flow simulations based on observations of small 

experimental debris flows and of natural debris flow deposits. The total resistance in 

the Coulomb viscous model is expressed as a combination of yield, frictional and 

viscous resistances. The Coulomb viscous model has been applied to explain 

mechanisms of the formation of relatively rigid upper plugs within a flow and the 

transport of large clasts in debris flows (Johnson 1970; Johnson and Rodine 1984). 

Johnson (1996) developed the viscous-inertial model for analyzing granular flows 

with a wide range of solid concentrations. The viscous-inertial model combines the 

Coulomb viscous model for macro-viscous flows and Bagnold’s dilatant fluid model 

for grain flows. 
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Chen (1987, 1988a, 1988b) and Chen and Ling (1996) extended Bagnold’s 

model and proposed a generalized viscoplastic fluid model by incorporating the 

Mohr-Coulomb yield criterion into the original dilatant fluid model (Bagnold 1954). 

The shear resistance in the generalized viscoplastic fluid model consists of a yield 

strength and a dynamic resistance. The yield strength is independent of shear rate and 

determined from an extended form of the Mohr-Coulomb law. The dynamic 

resistance is shear rate dependent and determined from the generalized Bagnold 

(1954) equations. 

Hungr and Morgenstern (1984a, 1984b) conducted a series of experimental tests 

on granular flows with a wide range of velocities. The experimental results indicated 

that the Coulomb relationship between shear and normal stresses is valid in both 

slow- and rapid-moving granular flows. The validity of the Coulomb friction law in a 

moving granular mass flow has been further substantiated with laboratory 

experiments on rock fragments (Cagnoli and Manga 2004). Because of the 

well-grounded validity and easy numerical implementation, the Coulomb friction law 

has been the most widely used constitutive model for the numerical analysis of debris 

flows (Cagnoli and Manga 2004; Gray et al. 1999; Iverson 1997; Iverson and 

Vallance 2001; Iverson and Denlinger 2001; Iverson et al. 2004; McDougall and 

Hungr 2004, 2005; Wang et al. 2004; Wieland et al. 1999). 

1.3 Historical Development of Numerical Modeling of 

Debris Flows 

Mathematical modeling of granular flows was originally introduced by Savage 

and Hutter (1989, 1991). Starting from the mass and momentum conservation 

equations for flow on a rough inclined plane, and using the depth averaging process 

and making scaling arguments, Savage and Hutter (1989) derived the 

one-dimensional, depth-averaged equations for the shallow free surface flow of dry 

granular materials. The model assumes that a moving granular mass behaves as a 

cohesionless Coulomb frictional material and the relationship between shear and 
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normal stresses on internal and rough bounding surfaces obeys the Coulomb friction 

law. Multi-dimensional extensions of the Savage-Hutter model have been formulated 

for analyzing dry granular flows over complex topography (Denlinger and Iverson 

2004; Gray et al. 1999; Iverson and Denlinger 2001; Pudasaini and Hutter 2003; 

Pudasaini et al. 2005a, 2005b; Wang et al. 2004). The Savage-Hutter model and its 

generalized versions have been tested against laboratory experiments of rapid 

granular flows over a wide variety of bed topographies (Chiou et al. 2005; Greve and 

Hutter 1993; Hutter and Koch 1991; Hutter et al. 1995; Iverson et al. 2004; Kelfoun 

and Druitt 2005; Wieland et al. 1999). Theoretical predictions were found to be in 

good agreement with experimental measurements. The Savage-Hutter model and its 

various generalized versions have been established as the leading models in the area 

of dry granular flow analysis. However, their broad applications are limited to 

modeling of dry granular flows over the simple topography analyzed in most 

laboratory experiments. 

Hungr (1995) formulated a continuum model for the analysis of rapid flow-like 

landslides. Based on the model, a dynamic analysis program (DAN) has been 

developed and applied to debris flows (Hungr 1995; Hungr and Evans 2004; Hungr et 

al. 2002). Later, McDougall and Hungr (2004, 2005) extended the model of Hungr 

(1995) for analyzing debris flows over three-dimensional topography. This model 

embraces a wide range of constitutive formulation. 

Iverson (1997) and Iverson and Denlinger (2001) introduced Coulomb mixture 

theory and derived governing equations for a wide spectrum of grain-fluid mixture 

flows based on two-phase analysis. The Coulomb mixture model assumes that solids 

and interstitial fluids in debris flows behave constitutively as Coulomb frictional 

materials and Newtonian viscous materials, respectively. A negligible velocity 

difference between solid and fluid and constant mixture density is assumed by the 

authors (Iverson 1997; Iverson and Denlinger 2001) to simplify continuity and 

momentum equations. Advection-diffusion equations are postulated to describe pore 

pressure changes in response to the movement of solids (Iverson and Denlinger 

2001). 
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Pitman and Le (2005) proposed a two-fluid model for granular flows of the 

mixture of solid particles and fluid. Continuity and momentum equations are 

explicitly formulated for both solid and fluid phases in the two-fluid model. 

Interactions between particles and fluid are taken into account in the model with a 

velocity-dependent force. Together with constitutive assumptions and boundary 

conditions, the continuity and momentum equations can be applied to the analysis of 

debris flows. The two-fluid model does not make use of the assumption that fluid and 

solid have identical velocities in the Coulomb mixture model (Iverson 1997; Iverson 

and Denlinger 2001). The velocities for solid and fluid phases can be determined 

separately. 

The original Savage-Hutter model accounts only for the deformation of dry 

granular materials. The effect of pore pressure due to the presence of interstitial fluid 

is missing. In dry granular flows, the effect of interstitial fluid is negligible. However, 

debris flow mobility is known to be dependent on the pore pressure of the interstitial 

fluid. The effect of fluid is of importance in debris flow runout predictions. Pudasaini 

et al. (2005b) extended the Savage-Hutter model for debris flow simulation by 

including pore pressures in the model. The extended model has been applied to 

analyzing debris flow flume tests, and good agreement is obtained between 

theoretical predictions and experiments (Pudasaini et al. 2005b). However, the pore 

pressures are not predicted; they are merely assumed by employing an 

advection-diffusion equation similar to those proposed by Iverson and Denlinger 

(2001) and Savage and Iverson (2003). 

Depth-averaged continuum equations can be derived by the integration of 

continuity and momentum equations for an incompressible flowing medium over 

flow depth. The derivation of depth-averaged equations for debris flow modeling is 

based on the assumption that horizontal length scales are much greater than flow 

depth. This assumption allows the complex three-dimensional problem to be solved 

with substantially reduced computational effort. However, the depth averaging 

process sacrifices flow details in the dimension normal to the flow direction (Steffler 

and Jin 1993). With uniform velocity distribution over the flow depth, depth-averaged 
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models neglect the effects of internal flow dynamics on debris flow simulations. 

1.4 Scope of the Study 

Debris flow modeling demands appropriate constitutive and numerical models. 

Although a variety of constitutive and numerical models have been developed in 

debris flow studies, rigorous testing of these proposed models is still lacking. This 

study provides a comprehensive examination of the state of the art in debris flow 

modeling. The objectives of the study are to determine if suitable constitutive and 

numerical models exist or could be developed for debris flows, which would provide 

practitioners with simple, reliable predictions of the potential flow extent. 

Considering the issues discussed above regarding debris flow simulation, the present 

research work involved the following areas: 

(1) Review of the available literature on debris flow terminology, and on 

constitutive and numerical modeling; 

(2) Investigation of constitutive models of debris flows and the methods for 

obtaining model parameters; 

(3) Examination of depth-averaged models in debris flow simulation and of bed 

shear relationships used in these models; 

(4) Development of a new analytical model based on energy conservations and 

including the effects of internal energy dissipation; 

(5) Application of the new analytical model to field cases with sufficient detail 

available to permit comparisons between predicted and observed behavior. 

1.5 Outline of Thesis 

As mentioned earlier in this chapter, the prime objective of this research is to 

provide practitioners with simple and practical procedures to predict the potential 

extent of debris flows and related phenomena. The studies undertaken to achieve this 

objective are described in subsequent chapters: 

Chapter 2 presents an overview of the classification systems and terminology of 



 
9

sediment-water flows. Emphasis is placed on classifying flow-like landslides. 

Chapter 3 contains critical investigations of the constitutive relationships in 

debris flow modeling. The validity and applicability of constitutive laws are 

examined from the perspective of debris flow simulations. 

Chapter 4 deals with depth-averaged models in debris flow simulation. The 

depth-averaged governing equations are formulated in detail. Bottom shear 

relationships used in debris flow analyses are discussed as well. 

Chapter 5 describes the formulation of a new analytical model for debris flows. 

The new model is based on energy conservations and accounts for the effects of 

internal energy dissipation due to flow deformation. A numerical solution is 

developed for the implementations of the model in debris flow analysis. 

Chapter 6 describes applications of the proposed model to well-documented 

liquefaction flow slide case histories. The validity of the new model is tested by 

comparing theoretical predictions with observed behaviors. 

Chapter 7 investigates the trigger mechanism for debris flows on natural slopes, 

particularly debris flows mobilized from landslides. Case histories of debris flows on 

natural slopes are analyzed using the new model. Applicability of the model is 

examined by comparing shear strengths back-calculated from dynamic analyses with 

the results from ring-shear tests. 

Chapter 8 contains the major conclusions of the work and makes 

recommendations for further research. 
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Chapter 2  

Terminology and Definitions for Debris 

Flows 
2.1 Introduction 

Debris flows are often classified as flow-like landslides. Many different 

landslide classification systems have been developed for specific purposes. 

Classification is often based on how much emphasis is placed on a particular aspect 

of the problem or on observations in specific regions. The scope of their application is 

thus often limited to the corresponding objective. Improper use of these 

classifications can cause problems in understanding and communication between 

researchers and practitioners. An unambiguous and agreed-upon definition of debris 

flow is essential for communication and idea exchange among researchers and 

engineers in the debris flow field. This chapter focuses on classifications of flow-like 

mass movement and definitions of debris flow. Two types of classification are 

examined: one is based on the kind of material and the type and rate of movement; 

the other is based on constitutive properties of the materials involved in the 

movement. The limitations and strengths of various classifications are discussed and 

the classification appropriate to debris flow research is recommended. 

2.2 Classification of Flow-Like Landslides 

The terminology proposed in the early landslide classification by Sharpe (1938) 

greatly influenced ensuing classifications of flowing mass movement. Sharpe used 

relative velocity and sediment concentration as two primary factors in the 

classification. Rapid flow-like landslides were categorized as earthflow, mudflow, and 

debris avalanche. If grain size criteria proposed by Cruden and Varnes (1996) are 
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used, the debris avalanche in the classification of Sharpe (1938) is identical to the 

debris flow in the classification of Cruden and Varnes (1996). 

The landslide classification by Varnes (1978) and its modification by Cruden and 

Varnes (1996) are the most widely adopted classification systems in North America. 

Distinctions between various types of landslides are primarily based on the types of 

movement and kinds of materials in the classification of Cruden and Varnes. The 

types of landslide movement include fall, topple, slide, spread, and flow. The 

post-failure velocities of displaced masses are divided into seven classes (Table 2-1). 

The types of materials involved in slope movement are categorized as rock and 

engineering soils which are further divided into debris and earth on the basis of soil 

composition. Earth describes a soil in which less than 20 percent of the particles are 

larger than 2 mm. Debris is defined as a soil containing a significant proportion of 

coarse material, with more than 20 percent of the particles larger than 2 mm. Table 

2-2 presents the classification of landslides proposed by Cruden and Varnes (1996). 

The comprehensive classification of slope movements by Hutchinson (1988) is 

based primarily on the morphology of slope. Slope movements are divided into eight 

main classes, i.e., rebound, creep, sagging of mountain slopes, landslides, flow-like 

debris movements, topples, falls, and complex slope movements. Each major type of 

slope movement is further subdivided according to movement mechanism, type of 

material and rate of movement. Debris flow, a subtype of flow-like debris movement, 

denotes the very-to-entirely rapid flow of wet debris. In the classification of 

Hutchinson (1988), hillslope debris flow and channelized debris flow are 

distinguished by the existence of an established channel. 

The classification of landslides developed by the EPOCH (1991-1993) project 

(The Temporal Occurrence and Forecasting of Landslides in the European 

Community, Contact No. 90 0025) is commonly used in Europe (Dickau et al. 1996). 

The classification is based on material type (e.g., rock, debris, soil), principal 

mechanisms of movement (e.g., fall, topple, slide, flow, complex), and degree of 

disruption of the displaced materials. Landslide types classified according to this 

classification scheme are shown in Table 2-3. Debris and soil in Table 2-3 are 
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distinguished by the particle size of the materials moved. Soil describes materials 

with particle size finer than 2 mm. Debris is material coarser than 2 mm and usually 

describes an assortment of material including clasts incorporated into a matrix. 

Within this classification, debris flow denotes the down-slope movement of the 

mixtures of fine material, coarse material, and water. 

Hungr et al. (2001) presented a systematic classification for flow-like landslides. 

The classification takes account of material properties, mechanism, velocity of 

movement, and the existence of an established channel. The landslide materials are 

divided into sorted and unsorted materials. Sorted materials include gravel, sand, silt, 

and clay. Unsorted materials include debris, earth, mud, peat, and rock. Debris is a 

loose material of low plasticity such as that produced by mass-wasting processes, 

weathering, glacial transport, or human activity (Hungr et al. 2001). Based on the 

material components and other criteria, flow-like landslides are divided into ten types 

as shown in Table 2-4 (Hungr et al. 2001). 

According to Table 2-4, debris flow can be distinguished from other types of 

landslides on the basis of material composition, moisture content, velocity of 

movement and peak discharge, and the existence of established channels. For instance, 

the distinction between debris flows and mud flows is primarily based on the type and 

size of materials moved. Debris flows are distinguished from debris avalanches by the 

presence of a confined channel. Debris flood and debris flows are distinguished by 

the latter possessing relatively high sediment concentration and peak discharge. 

Post-failure velocity of landslides is an important parameter for landslide hazard 

evaluation. The rate-of-movement scale proposed by Cruden and Varnes (1996) is 

adopted in the above definitions of flow-like landslides. According to the velocity 

classification in Table 2-1, debris flow, debris avalanche, mud flow, and rock 

avalanche are among the extremely rapid class and capable of causing severe 

economic and social consequences (Hungr et al. 2001). 
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2.3 Classification of Sediment-Water Flows 

The constitutive behavior of mixtures of water and sediment is primarily 

governed by solid concentration and deformation rate. Pierson and Costa (1987) 

proposed a classification for sediment-water flows based on rheological behavior and 

characteristics of flows. Using sediment concentration and velocity as criteria, 

Pierson and Costa (1987) proposed four types of sediment-water flows: normal 

stream flow, hyperconcentrated stream flow, slurry flow, and granular flow (Table 

2-5). Exact positions of rheological boundaries in Table 2-5 depend on the magnitude 

of the yield strength of mixtures, which is controlled by sediment concentration as 

well as sediment composition and particle-size distribution. The acquisition of 

measurable yield strength due to increase of sediment concentration corresponds to 

the transition from normal stream flow to hyperconcentrated flow. The dramatic 

increase in yield strength due to increase of sediment concentration coincides with the 

transition from hyperconcentrated stream flow to slurry flow. Transition from slurry 

flow to granular flow begins when the sediment concentration increases to the point 

where flowing behavior of the mixture is predominantly controlled by contacts and 

collisions of grains. According to Pierson and Costa (1987), slurry flow is the most 

appropriate term for debris flow within the rheological classification. Depending on 

material properties, water content, and dominant resistances involved in the flow, a 

debris flow can be either a viscous or an inertial slurry flow. 

Rheological classification of sediment-water flows proposed by Coussot and 

Meunier (1996) are primarily based on solid concentration and the type of materials 

moved. Sediment-water flows are classified into four main types: stream flows, 

hyperconcentrated flows, debris flows, and landslides. Debris flow is defined as a 

single viscous material flow undergoing large homogeneous deformations without 

significant changes in mechanical properties. Cousot and Meunier (1996) pointed out 

that debris flow is an intermediate type between hyperconcentrated flow and landslide. 

Debris flows are distinguished from hyperconcentrated flows and landslides based 

mainly on sediment concentration, flowing, and deposit characteristics. Debris flows 
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are further subdivided into two main types based on the rheological properties of 

materials: muddy debris flows and granular debris flows. 

Jan and Shen (1997) pointed out that fluid viscosity, turbulence, particle sliding 

friction, and particle collision have effects on momentum exchange in debris flows. 

Six flow regimes are proposed for debris flows based on their constitutive behaviors: 

friction regime, collision regime, friction-collision regime, macro-viscous regime, 

viscoplastic regime, and visco-plastic-collisional regime. In the friction regime, 

momentum exchange of debris flows arises primarily from the mutual contact 

between particles and momentum exchange due to interstitial fluid is negligible. In 

the collision regime, momentum exchange of debris flow is mainly transferred by 

particle collisions. In the friction-collisional regime, momentum exchange of debris 

flow caused by both particle friction and particle collisions is significant. Debris 

flows in the macro-viscous regime can be treated as generalized Newtonian fluids 

with effective viscosity being dependent on fluid property, temperature, and sediment 

concentration. Debris flows in the viscoplastic regime have a finite yield strength and 

flow as Newtonian fluids if the yield strength is exceeded. The yield strength of 

debris flows in the viscoplastic regime consists of cohesion and friction provided by 

fine-grained matrix and coarse particles, respectively. In the visco-plastic-collisional 

regime, interactions of larger particles and fluid viscosity may play significant roles 

in momentum exchange in debris flows. The shear resistance mobilized includes 

yield, viscous, collision, and turbulent stress components. This classification is 

complex and speculative. It has not found much application. 

2.4 Debris Flow Size Classification 

Jakob (2005) presented a size classification for debris flows based on total 

volume, peak discharge, and area inundated by debris. Emphasis is placed on the 

hazard assessment for a debris flow-prone terrain. The volume of debris flows plays a 

dominant role in the classification because peak discharge and inundation area are 

determined primarily by their correlations with total volume. Muddy debris flows and 
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granular debris flows are distinguished in the classification and corresponding 

empirical equations are used to calculate peak discharge and area inundated. Table 

2-6 presents the size classification of debris flows and corresponding potential 

consequences of each class from the perspective of hazard assessment. 

2.5 Discussion and Conclusion 

The classifications described above can be divided into two categories: 

qualitative classifications (Sharpe 1938; Cruden and Varnes 1996; Hutchinson 1988; 

Hungr et al. 2001) based on style and rate of movement, type of material moved, and 

flow features; and quantitative classifications (Pierson and Costa 1987; Coussot and 

Meunier 1996; Jan and Shen 1997) based on physical and rheological properties of 

flowing masses. 

The application of quantitative classifications generally requires very good 

knowledge of material behavior, as well as initial and boundary conditions. Some of 

the classifications focus exclusively on the dynamic modeling of debris flows (e.g., 

Jan and Shen 1997) and parameters required for the classifications can only be 

determined by well-controlled laboratory experiments. Quantitative classifications, 

therefore, are suitable for studying well-documented case histories in which 

rheological properties of materials are well defined. 

Field observations demonstrate that debris flows are characterized as highly 

heterogeneous (Phillips and Davies 1991; Iverson 1997; Hungr 2001). Depending on 

the solid concentration and external driving forces, a debris flow can behave in very 

different ways mimicking a solid or liquid even in different phases of the same flow 

event. Quantitative classifications cannot take into consideration such heterogeneity 

and changes in rheological properties of debris flows. The validity of quantitative 

classifications is therefore very questionable, since practical debris flows are by no 

means the idealized fluid flows the classifications assume. In addition to this basic 

criticism, the quantitative classifications are not readily applicable in a debris 

flow-prone terrain in practice, since many of quantities required for the classifications 
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are extremely difficult to measure or estimate reliably. 

The qualitative classifications of Cruden and Varnes (1996), Hutchinson (1988), 

and Hungr et al. (2001) are based on a wide variety of factors which include the kind 

of material, type and rate of movement, water content, liquefaction behavior of source 

materials, and the presence of a confined channel. Most of the information required 

can be easily obtained through geotechnical investigations. Compared with 

quantitative classification, qualitative classification is more practical and suitable for 

hazard prediction and risk assessment in a debris flow-prone terrain. Among 

qualitative classifications, the classification of flow-like landslides proposed by 

Hungr et al. (2001) is the latest version for flows of geotechnical materials. Based on 

classifications of landslides with a broad meaning by Hutchinson (1988) and Cruden 

and Varnes (1996), the classification of Hungr et al. (2001) focuses on landslides of 

the flow type and approaches the subject from a geotechnical point of view. 

Consequently, the classification of Hungr et al. (2001) is followed in this research and 

the corresponding terminology is used. 
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Table 2-1 Landslide velocity scale (Modified from Cruden and Varnes 1996) 

 

Velocity Class Description Velocity (mm/sec) Typical Velocity 

7 Extremely rapid > 5×103 > 5 m/second 

6 Very rapid 5×101 ~ 5×103 3 m/minute ~ 5 m/second 

5 Rapid 5×10-1 ~ 5×101 1.8 m/hour ~ 3 m/minute 

4 Moderate 5×10-3~ 5×10-1 13 m/month ~ 1.8 m/hour 

3 Slow 5×10-5 ~ 5×10-3 1.6 m/year ~ 13 m/month 

2 Very slow 5×10-7 ~ 5×10-5 16 mm/year ~ 1.6 m/year 

1 Extremely slow < 5×10-7 < 16 mm/year 

 

Table 2-2 Classification of slope movements (Cruden and Varnes 1996) 

 

Type of Material 

Engineering Soils Type of Movement 
Bedrock 

Predominantly Coarse Predominantly Fine 

Fall Rock fall Debris fall Earth fall 

Topple Rock topple Debris topple Earth topple 

Slide Rock slide Debris slide Earth slide 

Spread Rock spread Debris spread Earth spread 

Flow Rock flow Debris flow Earth flow 
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Table 2-3 Classification of landslides proposed by the EPOCH project (Dikau et al. 

1996) 

 

Type of Material 
Type of Movement 

Rock Debris Soil 

Fall Rock fall Debris fall Soil fall 

Topple Rock topple Debris topple Soil topple 

Single Single Single 

Multiple Multiple Multiple Rotational 

Successive Successive Successive 

Translational Block slide Block slide Slab slide 

Slide 

Planar Rock slide Debris slide Mudslide 

Lateral spreading Rock spreading Debris spread Soil spreading 

Flow Rock flow Debris flow Soil flow 

Complex e.g., Rock avalanche e.g., Flow slide e.g., Slump-earth flow 
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Table 2-4 Classification of landslides of flow type (Modified from Hungr et al. 2001) 
Material Water Contenta Special Condition Velocity Name 

Silt, sand, gravel, and debris Dry, moist or saturated - No excess pore-pressure  
- Limit volume Various Non-liquefied sand (silt, 

gravel, debris) flowc 

Silt, sand, debris, and weak rock Saturated at rupture 
surface 

- Liquefiable material 
- Constant water content Extremely rapid Sand (silt, debris, rock) 

flow slided 

Sensitive clay At or above liquid limit - Liquefaction in situ 
- Constant water content Extremely rapid Clay flow slidee 

Peat Saturated -Excess pore-pressure Slow to very rapid Peat flowf 

Clay or earth Near plastic limit - Slow movements 
- Plug flow (sliding) Less than rapid Earth flowg 

Debris Saturated - Established channel 
- Increased water content Extremely rapid Debris flowh 

Mud At or above liquid limit - Fine grained debris flow Greater than very rapid Mud flowi 
Debris Free water present - Flood Extremely rapid Debris floodj 

Debris Partly or fully saturated - No established channel 
- Relatively shallow, steep source Extremely rapid Debris avalanchek 

Fragmented rock Various, mainly dry 
- Intact rock at source 
- Large volumeb Extremely rapid Rock avalanchel 

aWater content of the source material in the vicinity of rupture surface at the time of failure. 
bVolume greater than 10,000 m3 approximately. 
cNon-liquefied sand (silt, gravel, or debris) flow is a flow-like movement of loose dry or moist, sorted or unsorted granular material, without significant 
excess pore-pressure. 
dSand (silt, debris, weak rock) flow slide is a very rapid to extremely rapid flow of sorted or unsorted granular material on moderate slopes, involving 
excess pore-pressure or liquefaction of material originating from the landslide source. 
eClay flow slide is a very rapid to extremely rapid flow of liquefied sensitive clay at or close to its original water content. 
fPeat flow is a slow to very rapid flow-like movement of saturated peat, involving high pore-pressures. 
gEarth flow is a rapid or slower, intermittent flow-like movement of plastic, clayey earth. 
hDebris flow is a very rapid to extremely rapid flow of saturated non-plastic debris in a steep channel. The plasticity index of material involved is less than 
5 percent. 
iMud flow is a very to extremely rapid flow of saturated plastic debris in a channel, involving significantly greater water content relative to the source 
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material. The plasticity index of material involved is greater than 5 percent. 
jDebris flood is a very rapid, surging flow of water, heavily charged with debris, in a steep channel. 
kDebris avalanche is a very rapid to extremely rapid shallow flow of partially or fully saturated debris on a steep slope, without confinement in an 
established channel. 
lRock avalanche is an extremely rapid, massive flow-like motion of fragmented rock from a large rock slide or rock fall. 
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Table 2-5 Rheological classification of sediment-water flows (Modified from Pierson 

and Costa 1987) 

Fluid Type Newtonian Non-Newtonian 

Interstitial Fluid Water Water + Fines Water + Air + Fines

Flow Category Stream flow Slurry flow Granular flow 

Flow Behavior Liquid Plastic 

 

End of liquefaction 
behavior 

Rapid increase 
in yield strength 

Onset of yield 
strength 

Inertial 
forces 
dominant 

Viscous 
forces 
dominant 

Normal 
stream flow 

10-8 

101 

102 

Viscous 
granular flow 

Inertial 
granular flow 

Fluidized 
granular flow 

Viscous slurry 
flow 

Hyperconcentrated 
stream flow 

Inertial slurry 
flow 

No mechanism to 
suspend sediment 

M
ea

n 
ve

lo
ci

ty
 (m

/s
) 

Sediment volumetric concentration (%) 
100 

Velocity never measured or estimated 
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Table 2-6 Size classification of debris flows (Jacob 2005) 

 

Size Class Volume (m3) Potential Consequences 

1 < 102 Very localized damage; known to have killed forestry workers in small 
gullies; damage to small buildings 

2 102 ~ 103 Could bury cars, destroy a small wooden building, break trees, block 
culverts, derail trains 

3 103 ~ 104 Could destroy larger buildings, damage concrete bridge piers, block or 
damage highways and pipelines 

4 104 ~ 105 Could destroy parts of villages, destroy sections of infrastructure 
corridors or bridges; could block creeks 

5 105 ~ 106 Could destroy parts of towns, destroy forests up to several square 
kilometers, block creeks and small rivers 

6 106 ~ 107 Could destroy towns, obliterate valleys or fans up to several tens of 
square kilometers, dam rivers 

7 107 ~ 108 Could destroy parts of cities, obliterate valleys or fans up to several tens 
of square kilometers, dam large rivers 

8 108 ~ 109 Could destroy cities, inundate large valleys up to 100 square kilometers, 
dam large rivers 

9 109 ~ 1010 Vast and complete destruction over hundreds of square kilometers 

10 > 1010 Vast and complete destruction over hundreds of square kilometers 
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Chapter 3  

Constitutive Modeling of Debris Flows 
3.1 Introduction 

The modeling and prediction of debris flow behavior require that an appropriate 

constitutive law be defined. Debris flow properties depend on a variety of factors, such 

as suspended solid concentration, particle size distribution, particle shape, frequency 

and intensity of particle-to-particle friction and collision, cohesive property of 

interstitial fluid, and pore pressure. Field observation and experimental tests indicate 

that the behavior of debris flow is too complex to be characterized quantitatively on a 

microscopic scale. For simplicity, debris flow is usually treated as the movement of an 

apparent fluid. Many constitutive models have been proposed to describe the 

rheological properties of the equivalent fluid based on observed or assumed behavior. 

Interstitial fluid viscosity, turbulence, particle sliding, and collision have long been 

regarded key features in momentum exchange in debris flows. According to dominant 

factors in debris flow momentum exchange, constitutive models of debris flow can be 

classified as: Newtonian fluid model, non-Newtonian fluid model, dilatant fluid model, 

Coulomb frictional model, Coulomb viscous model, and Voellmy fluid model. The 

assumptions, validity, and applicability of these models will be discussed in this 

chapter. 

3.2 The Newtonian Fluid Model 

The Newtonian fluid model can be used to describe the flow of sediment-water 

mixtures only if the solid concentration is low and solid phase effects can be expressed 

by equivalent effective viscosity. The relation between shear stress and shear rate for a 

Newtonian fluid is given by: 
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du
dz

τ μ=  (3.1) 

where τ  is the shear stress, μ  is effective viscosity, and du dz  is shear rate. 

Neither particle interactions nor cohesion of the fluid matrix are considered 

explicitly in Newtonian fluid models. The Newtonian fluid model, therefore, can be 

used to simulate debris flow only if the solid concentration is below a certain limit. The 

value of this threshold depends not only on fluid properties and temperature but also on 

chemical, physical, and mineralogical properties of the solid and its grain size 

distribution. Jan and Shen (1997) mentioned that a granular-fluid mixture could be 

treated as a generalized Newtonian fluid with effective viscosity depending on the fluid 

viscosity and sediment concentration until the volume sediment concentration exceeds 

nine percent. 

The requisite of low sediment concentration makes the Newtonian fluid model of 

limited application for debris flow modeling. According to the classification by Hungr 

et al. (2001), a typical debris flood is similar to a water flood and has relatively lower 

sediment concentration. The Newtonian fluid model appears to be applicable to 

modeling of debris floods. Hunt (1994) simulated dam-break floods by using 

Newtonian fluid models. Theoretical predictions showed close agreement with 

laboratory observations. Rickenmann (1991) conducted experiments on fine material, 

hyperconcentrated flows and found that the Newtonian fluid can describe this kind of 

slurry flow in the range of the Reynolds number below 10. The velocity profile and 

depth-averaged velocity of a steady, one-dimensional, uniform Newtonian fluid down 

an inclined plane (Figure 3-1) are summarized in Table 3-1. In the table, θ  is the 

inclined angle of the plane, h  is the flow depth, su  is the velocity at free surface, and 

u  is the depth-averaged velocity and is defined as 

0

h
udz

u
h

= ∫  (3.2) 



 

 
25

3.3 The Non-Newtonian Fluid Model 

The non-Newtonian fluid model describes the flow regime where the viscosity of 

the fluid varies with shear rate. A wide variety of nonlinear relations between shear 

stress and shear rate have been developed for non-Newtonian fluids. Among them, the 

Bingham model, the Herschel-Bulkley model, and the quadratic model have been 

applied to simulating debris flow behavior. 

The Bingham model (linear, viscoplastic model) describes the behavior of 

initially solid-like material that does not flow until some critical shear stress (yield 

strength) has been reached, beyond which the material flows in a Newtonian manner. 

The Bingham model has a simple form and can be treated easily in analytical 

calculation. For this reason, it has been most widely used for defining the rheological 

properties of fine-grained slurries, compared with other non-Newtonian fluid models. 

In one-dimensional form, the relationship between shear stress and shear rate for a 

Bingham fluid is: 

0

0 0

0du for
dz

du for
dz

τ τ

τ τ μ τ τ

= <

= + >
 (3.3) 

where 0τ  is the yield strength. 

Application of the Bingham constitutive law to debris flow modeling is based on 

the assumptions that deformations of the fine-grained matrix governs the macroscopic 

behavior of the total mixture and that dynamic effects of grain collision, friction, 

pore-pressure fluctuations, and formation and destruction of the coarse particle 

network are either negligible or are collectively manifested as approximately Bingham 

behavior (Phillips and Davies 1991; Major and Pierson 1992; Whipple 1997; Pierson 

2005). These assumptions are most reasonable for fine-grained, matrix-rich mudflows 

and slurry flows. Therefore, it is possible that the Bingham model is appropriately 

applied only to the mudflows and flows of fine-grained slurries analyzed in most 

experimental studies. Application of the Bingham model to more granular debris flows 
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should be treated with caution (Whipple 1997). 

Laboratory rheological studies of fine-grained slurries have demonstrated a 

dependence of apparent yield strength and viscosity on debris flow texture and 

sediment concentration (Phillips and Davies 1991; Major and Pierson 1992). In general, 

experimental tests have demonstrated that (1) sediment concentration affects the 

magnitude of yield strength and viscosity of fine-grained slurries, but does not alter 

general Bingham-like behavior; for a given grain size distribution, yield strength and 

viscosity are correlated with sediment concentration; (2) apparent viscosity and yield 

strength are shear rate dependent and extremely sensitive to sediment concentration; 

both yield strength and viscosity increase by over an order of magnitude over a narrow 

range of sediment concentration; and (3) for a given sediment concentration, flows 

with a larger proportion of fines have higher yield strengths and apparent viscosities. 

Application of the Bingham plastic model to the analyses of debris flows has been 

carried out by many investigators. Mei and Yuhi (2001) numerically simulated 

Bingham fluid flow in a shallow channel using depth-averaged governing equations. 

Han and Wang (1996) and Huang and Garcia (1997) modeled dam-break debris flows 

using the Bingham model to describe the relationship between stress and strain rate. 

Chen and Lee (2002) analyzed several landslides in Hong Kong with the Bingham 

model. Jin and Fread (1999) used the Bingham model to simulate mud and debris flow. 

Jeyapalan et al. (1983a, 1983b) divided failure flows of mine tailing dams into laminar 

and turbulent flow. The Bingham plastic rheological model was used to describe the 

rheological behavior of flowing materials from tailing dam failures. The theoretical 

predictions were tested using a series of flume experiments and good agreement was 

achieved between predictions and observations. The Bingham model was also used for 

modeling flow slides caused by failure of tailing dams (Pastor et al. 2002). The 

velocities of a steady, one-dimensional flow of Bingham fluid down an inclined plane 

(Figure 3-2) are summarized in Table 3-2 where μ  and 0τ  are constant. 

It has been found that fine-grained slurries have shear thinning properties, i.e., 

viscosity decreases gradually with an increase in shear rate. The Bingham plastic 

model may overestimate the true shear strength of this type of material. A 
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Herschel-Bulkley model (nonlinear viscoplastic model) has been proposed to simulate 

shear thinning behaviors of water-sediment mixtures (Coussot et al. 1998; Imran et al. 

2001; Huang and Garcia 1997). The relationship between shear stress and the rate of 

strain for a Herschel-Bulkley model is: 

0

0 0

0du for
dz

du for
dz

η

η

τ τ

τ τ μ τ τ

= <

⎛ ⎞= + >⎜ ⎟
⎝ ⎠

 (3.4) 

where ημ  is the consistency index, and η  is the flow-behavior index. 

Coussot et al. (1998) indicated that the Herschel-Bulkley model is applicable to 

simulating natural debris flows with a fines (<40 mμ ) fraction higher than 10 percent. 

A wide range of rheometric tests, including inclined plane tests, large-scale rheometer 

tests, and field tests, have been conducted to determine rheological parameters for the 

Herschel-Bulkley model. It has been shown that the Herschel-Bulkley model is capable 

of fitting experimental data with 1 3η = . Table 3-3 summarizes the velocities for 

debris flow with constitutive behavior defined by the Herschel-Bulkley model. 

O’Brien and Julien (1985) and Julien and Lan (1991) proposed a quadratic 

rheological model as a constitutive law for hyperconcentrated sediment flows. The 

total shear stress in the quadratic rheological model involves four different types of 

stress: (1) yield stress, (2) viscous stress, (3) turbulent stress, and (4) dispersive stress. 

Yield stress accounts for the cohesive nature of the fine-grained mixture. Viscous stress 

describes the contribution of fluid-particle viscosity to total shear stress. Turbulent and 

dispersive stresses result from flow turbulence and particle collisions, respectively. 

When expressed in terms of shear rates, yield stress is independent of the velocity 

gradient, viscous stress varies linearly with the velocity gradient, and turbulent and 

dispersive stresses increase with the second power of the velocity gradient. The 

relationship between shear stress and shear rate for the quadratic rheological model is: 
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0

2

0 0

0du for
dz

du du for
dz dz

τ τ

τ τ μ ξ τ τ

= <

⎛ ⎞= + + >⎜ ⎟
⎝ ⎠

 (3.5) 

where ξ  is a turbulent-dispersive parameter. In equation (3.5), the first term describes 

the yield strength due to cohesion. The second term accounts for viscous stress. The 

third term, turbulent-dispersive stress, combines effects of turbulence and effects of 

dispersive stress induced by collisions between sediment particles. The 

turbulent-dispersive parameter is dependent on a variety of material properties 

including mass density, mixing length, sediment size, linear sediment concentration, 

and impact coefficients. O’Brien and Julien (1988) measured the rheological properties 

of natural silt and clay mudflow deposits from the Colorado Rocky Mountains. 

Best-fitted quadratic curves have been obtained by regression analysis of experimental 

results. The magnitudes of yield stress and viscosity are found to be exponential 

functions of the volumetric sediment concentration. Julien and Lan (1991) tested the 

quadratic model against a variety of experimental data. The quadratic model showed 

reasonable agreement with experimental results. 

Yield strength is a very important property in non-Newtonian fluid models. In 

general, yield strength results form the cohesion of fine-grained materials in debris 

flows. As a consequence, application of the non-Newtonian constitutive equation 

requires that debris flow materials contain a significant volume of fine-grained 

sediment. Reexamination of experimental studies on non-Newtonian models indicates 

that many tests focused on the behavior of fine-grained slurries with sediment 

volumetric concentration around 0.5 (O’Brien and Julien 1988; Julien and Lan 1991; 

Major and Pierson 1992). The increase in content of coarse material alters the 

constitutive behavior of slurries causing the bulk rheological behavior to deviate from 

the non-Newtonian ideal. Therefore, non-Newtonian fluid models appear to be 

applicable to simulating the flow behavior of some clay flow slides and peat flows, 

according to the classification proposed by Hungr et al. (2001). 
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3.4 The Dilatant Fluid Model 

The dilatant fluid model is based on the concepts of dispersive stress introduced 

by Bagnold in 1954. Bagnold (1954) conducted a series of tests on dense mixtures of 

neutrally buoyant, cohesionless, solid spherical particles suspended in a Newtonian 

fluid. Shear and normal stresses were measured in Bagnold’s tests using concentric 

cylinder rheometers.  

Volume solid concentration of the mixtures varied from 0.13 to 0.62. Three flow 

regimes are identified based on experimental results and physical arguments: 

macroviscous regime, grain-inertia regime, and transmission regime. Bagnold’s 

experiments and analyses demonstrate that shear and normal stresses change linearly 

with the shear rate when the effects of interstitial fluid viscosity dominate in the 

macro-viscous regime and vary quadratically with the shear rate when grain collisions 

dominate in the grain-inertia regime. To explain flow behavior in the grain-inertia 

regime, Bagnold proposed the concept of dispersive pressure, which is generated by 

grain collisions and is additional to the normal stress exerted by the interstitial fluid. 

The expressions for shear stress and normal stress in the grain-inertia regime are: 
2

2 2 sini s d
dua d
dz

τ ρ λ φ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (3.6) 

2
2 2 cosi s d

dua d
dz

σ ρ λ φ⎛ ⎞= ⎜ ⎟
⎝ ⎠

 (3.7) 

where ia  is a numerical constant, sρ  is the grain density, 
( )1 3

1
1mC C

λ =
−

 is the 

linear concentration, C  and mC are solid volumetric concentration and maximum 

possible volume concentration (0.74 for uniform spheres), respectively, d is grain 

diameter, and dφ  is the dynamic angle of internal friction. Table 3-4 shows the 

velocity profile, surface velocity, and average velocity for a one-dimensional flow of 

dilatant fluid down a slope. 

The concept of dispersive stress developed from Bagnold’s experiments serves as 
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the theoretic basis for Takahashi’s analyses of debris flows. Equations (3.6) and (3.7) 

were adopted by Takahashi (1978, 1980, 1991) and Takahashi et al. (1992) to 

investigate debris flow characteristics: velocity profile, debris flow discharge, solid 

concentration, particle distribution, and deposit thickness. As a consequence, the debris 

flow model developed by Takahashi is essentially identical to Bagnold’s dilatant fluid 

model except that the different values of ia are determined from experimental data. 

Bagnold found from his experiments that ia  remains constant and is equal to 0.042 for 

the inertial flow regime. Very large values of ia (ranging from 0.35 to 0.5) have to be 

adopted by Takahashi to obtain reasonable agreement between predicted velocity and 

observations (Takahashi 1980). 

In an attempt to formulate a more general constitutive law for debris flows, Chen 

(1987, 1988a, 1988b, 1996) proposed a generalized viscoplastic fluid model by 

incorporating the Mohr-Coulomb yield criterion into Bagnold’s dilatant fluid model. 

The total shear strength in the generalized viscoplastic fluid model consists of a 

rate-dependent part and a rate-independent part. The yield strength is independent of 

shear rate and determined from an extended form of the Mohr-Coulomb law. The 

dynamic resistance is shear rate dependent and determined from generalized equations 

derived by Bagnold (1954). The normal stress and shear stress for the one-dimensional 

generalized viscoplastic model are: 

1cos sin duc p
dz

η

τ φ φ μ ⎛ ⎞= + + ⎜ ⎟
⎝ ⎠

 (3.8) 

2
dup
dz

η

σ μ ⎛ ⎞= + ⎜ ⎟
⎝ ⎠

 (3.9) 

where τ  and σ  are total shear and normal stresses, respectively, c  is cohesion, φ  

is the angle of internal friction, p  is mean normal pressure which is rate-independent, 

1μ  and 2μ  are consistency and cross-consistency indices, respectively, and η  is the 

flow-behavior index. Summation of the first two terms on the right-hand side of 

equation (3.8) represents yield strength, 0 cos sinc pτ φ φ= + . The values of c  and φ  
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are rate-independent. The value of η  may vary from 1 to 2 as the flow changes from a 

macroviscous regime to a grain-inertia regime. The consistency index and 

cross-consistency index are determined by: 

( ) ( )2 11 2
1 1 1

B B
K K

s w ma d C KCηη ημ ρ μ
− −−− −= −  (3.10) 

( ) ( )2 11 2
1 2 1

B B
K K

s w ma d C KCηη ημ ρ μ
− −−− −= −  (3.11) 

in which 1a  and 2a  are numerical constants, wμ  is the viscosity of interstitial fluid, 

mC is the maximum possible sediment concentration, C  is the sediment concentration, 

B  is a gross factor describing effects of the variation of particle size, shape, 

rheological properties, deformability, and orientation of the dispersed particles; K is a 

gross factor describing effects of space-filling, sedimentation volume, and 

self-crowding; and B
K

 represents a gross factor describing the interaction effect of 

colliding particles. The velocity profile, surface velocity, and depth-averaged velocity 

are shown in Table 3-4 for a generalized viscoplastic model. 

The generalized viscoplastic model takes account of three major rheological 

properties of debris flows: (1) dilatancy of the sediment-water mixture, (2) yield stress 

determined by the Mohr-Coulomb criterion, and (3) the effect of the viscosity of 

intergranular fluid. Despite its general validity, many parameters required by the 

generalized viscoplastic model are difficult to determine. Chen (1988b) attempted to 

define parameters for the generalized viscoplastic model based on experimental studies 

of granular flows. However, the generalized viscoplastic model appears to be too 

complicated to be useful in practice. 

3.5 The Coulomb Friction Model 

Many experiments indicate that granular mass flow behaves as a Coulomb 

frictional material and that the relationship between shear stress and normal stress at 

the base obeys the Coulomb frictional law: 
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tanτ σ φ=  (3.12) 

where σ andτ  denote normal stress and shear stress, respectively, and φ  is the 

frictional angle. 

Laboratory flume experiments and ring shear tests have been carried out by Hungr 

and Morgenstern (1984a, 1984b) to investigate the flow behavior of granular materials 

at high shear rate and high normal stress. Tests were performed on coarse sand, 

mixtures of sand and rock flour, polystyrene beads, and sand submerged in water. 

Residual strength envelopes were obtained in terms of shear stress versus normal stress. 

Experimental results were well represented by straight linear strength envelopes with 

zero cohesion, demonstrating a Coulomb friction behavior with a constant frictional 

angle. Rate and normal stress effects on shear strengths have not been observed over a 

great range of velocity and material characteristics. 

Laboratory experiments on granular flows of rock fragments by Cagoli and 

Manga (2004) also show that granular mass flows do not behave as either Bingham 

fluids or Bagnold dilatant grain flows. The experimental results suggest the 

relationship between shear and normal stress obeys the Coulomb friction law at the 

base of granular mass flows. The shear stress does not depend on the shear rate in 

granular flows. Because of the well-grounded validity and easy numerical 

implementation, the Coulomb friction law has been widely used as a constitutive 

equation in debris flow modeling. 

Savage and Hutter (1989) formulated the depth-averaged model for dry granular 

flows down an inclined plane assuming shear stress and normal stress at the base of 

flows obeying the Coulomb friction law. After the pioneering work of Savage and 

Hutter, the Coulomb friction model has been widely applied to the analyses of rapid 

granular mass flows (Hutter and Koch 1991; Greve and Hutter 1993; Greve et al. 1994; 

Wieland et al. 1999; Gray et al. 1999; Wang et al. 2004; Pudasaini et al. 2005a, 2005b). 

A survey of the literature indicates that many case histories have been successfully 

analyzed using the Coulomb friction model. Flow slides in Rocky Mountain coal mine 

waste dumps were back-analyzed using a dynamic analysis program (Hungr 1995) 

with a friction model. The back-calculated friction angle varies in the range of 10  to 
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24 (Golder Associates Ltd. 1995). Pastor et al. (2002) simulated flowslides caused by 

failures of tailing dams and mine waste dumps with the sliding mass being described as 

a frictional material. Chen and Lee (2000) carried out numerical simulations of debris 

flows in Hong Kong using the frictional model. Kelfoun and Druitt (2005) simulated 

the Socompa rock avalanche in Chile using depth-averaged flow equations and a 

frictional constitutive law. 

The macroscopic constitutive response of materials subjected to the Coulomb 

friction law is determined by the overall frictional performance of the mass. Sliding 

and rolling between particles have strong effects upon the level of bulk Coulomb 

friction and consequently upon the macroscopic strength of water-sediment mixtures. 

Application of the Coulomb frictional model requires persistent mutual contact 

between particles and formation of force chains on a microscopic scale. Therefore, the 

Coulomb friction model is appropriate to granular flows with substantially high 

sediment concentration, in which particles sustain contact as they slide relative to one 

another, and material constitutive properties are primarily dependent on the force 

network of coarse particles within the flow and the nature of contacts between particles. 

These granular flows include non-liquefied sand flow, sand flow slide, debris flow, 

debris avalanche, and rock avalanche, according to the classification by Hungr et al. 

(2001). 

3.6 The Coulomb Viscous Model 

The resistance of a Coulomb viscous flow is a combination of the yield strength 

and viscosity of the slurry in the interstices of the coarse, granular phase. The Coulomb 

viscous model includes Coulomb’s equation and a term with a viscosity coefficient. 

The yield strength consists of cohesion and friction parts (Johnson and Rodine 1984). 

The frictional part in yield strength is proportional to the normal stress acting on the 

shear plane. For one-dimensional flow, the constitutive equations of the Coulomb 

viscous model are: 
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0, tanc
du
dz

τ τ σ φ= < +  (3.13) 

tan , tanc c
du
dz

τ τ σ φ μ τ τ σ φ= + + > +  (3.14) 

where cτ  is the cohesive strength, σ  is normal stress, φ  is the internal friction angle, 

and μ  is viscosity. 

In the Coulomb viscous model, the Coulomb frictional equation can be expressed 

as total yield stress, 0 tancτ τ σ φ= + . This suggests that velocity characteristics of the 

Coulomb viscous fluid are similar to those of a Bingham fluid (Table 3-2). Therefore, 

the Coulomb viscous model and the Bingham model are generally classified as 

viscoplastic models by many researchers. However, these two models reflect different 

mechanical behavior of flows. The yield strength of a Bingham fluid arises mainly 

from cohesion of the interstitial fluid; interaction between particles is negligible. In the 

Coulomb viscous model, the friction part has significant effects on the total yield 

strength. The determination of total flow resistance of a Coulomb viscous fluid 

requires taking account of the effects of particle contact friction. The Coulomb viscous 

model has been applied to explain mechanisms of the formation of relatively rigid 

upper plugs and the transport of large clasts in debris flows (Johnson and Rodine 

1984). 

3.7 The Voellmy Fluid Model 

The Voellmy fluid model has been used by engineers for many years (Korner 1980; 

Bartelt et al. 1999) in modeling snow avalanche motion. Rooted in the theory of 

open-channel flow, the Voellmy model assumes that the shear resistance at the base of 

an avalanche is given by the sum of a Coulomb-type friction and a turbulence term that 

varies with the square of the flow velocity: 
2

tan uτ σ φ γ
ξ

= +  (3.15) 

where τ  and σ  are shear and normal stresses, φ  is the friction angle, u is 
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longitudinal velocity, γ  is the unit weight of material and ξ  is a turbulence 

coefficient with the dimension of acceleration. 

The frictional coefficient tanφ  and turbulence coefficient ξ  in equation (3.15) 

depend on material properties and the roughness of the flow surface, respectively. The 

magnitude of these parameters can be determined by back-analysis of historical 

avalanche events. Case history studies indicate the parameters in the Voellmy model 

tend to vary over a wide range for different avalanche paths and different snow and 

terrain conditions (Lang et al. 1985; Barbolini et al. 2000). 

According to the classification proposed by Hungr et al. (2001), debris avalanche 

and rock avalanche are very similar to snow avalanche within the framework of 

granular flows. Researchers are thus led in a natural way to use the Voellmy fluid 

model as a constitutive law for analyzing debris avalanches, rock avalanches, and 

related phenomena (Korner 1976; Evans et al. 2001; Hungr and Evans 1996, 2004; 

Hungr et al. 2002). Hungr (1995) developed a dynamic analysis program (DAN) for 

the mobility analysis of rapid flow slides, debris flows, and avalanches. The Voellmy 

fluid model is embedded in DAN as one of the constitutive laws to define material 

properties. Flowslides in Rocky Mountain coal mine waste dumps were 

back-analyzed using DAN with the friction model and the Voellmy model (Golder 

Associates Ltd. 1995; Hungr et al. 2002). Compared with the friction model, the 

Voellmy model was found to be more appropriate for the flow slides in which a 

significant amount of fully liquefied sandy gravel materials were involved (Hungr et 

al. 2002). The Voellmy model and friction model have been widely used for 

back-analyzing debris flows on natural terrain in Hong Kong (Hungr 1998; Ayotte 

and Hungr 1998, 2000; Lo and Chau 2003). Results of the back-analyses indicate that 

the friction model can adequately simulate open-slope debris flows, while the 

Voellmy model is more appropriate to simulate long-runout, channelized debris flows. 

Hungr and Evans (1996) and Evans et al. (2001) analyzed a number of case histories 

of rock avalanches using DAN with different constitutive laws. The constitutive laws 

considered include the Bingham model, the friction model, and the Voellmy model. 

Compared with the friction and Voellmy models, the Bingham model tends to 
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overestimate flow velocities and the degree of longitudinal spreading of the 

avalanches. Both friction and Voellmy models are able to simulate the runout distance 

of avalanches quite well. However, similar to the Bingham model, the friction model 

has a tendency to overestimate flow velocities and to produce an excessively thin 

debris distribution at the front of avalanche deposits. In general, the Voellmy model 

provides the best agreement between calculations and field observations in terms of 

debris spreading, distribution, and velocity profiles. 

The Voellmy model is purely phenomenological and the model formulation is 

primarily based on observations of real avalanches (Bartelt et al. 1999). Parameters in 

the Voellmy model cannot be measured independently. Parameter magnitudes have to 

be determined by back-analyzing historical avalanche events. Since flow resistance 

depends on two parameters in the Voellmy model, an infinite number of combinations 

of parameters can be used to obtain a given runout distance for an avalanche event. 

Each pair of parameters produces a different velocity profile. An appropriate choice of 

a unique pair can only be made if there are some independent velocity observations 

available along the debris flow path. However, very few well-documented rock 

avalanches or debris flows have been found to have adequate velocity measurements 

such that reliable calibration of the Voellmy model parameters can be carried out. 

Observations of snow avalanches indicate that granular flows are obviously 

different from turbulent water flows. As corroborated by recent large chute 

experiments with snow (Kern et al. 2004), turbulence has not been generally found in 

flowing granular materials (Salm 2004). The shear resistance as a result of turbulence 

is lacking in experimental evidence when attempts are made to apply the Voellmy 

model to granular flows. On the other hand, tests performed on granular flows show 

that shear resistance is independent of flow velocity and that the Coulomb friction law 

is commonly valid in granular mass flows (Hungr and Morgenstern 1984a, 1984b; 

Cagoli and Manga 2004). On a microscopic scale, the mean free path of particles in 

debris flow is very small and the relative motion of particles is restricted by the 

viscosity of the interstitial fluid and the friction between particles. Debris flow particles 

generally have restitution coefficients close to zero. Debris flow constitutive behaviors 
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based on experimental and field observations cannot justify the assumption that 

turbulence exists in debris flows. Application of the Voellmy model in granular flows 

requires an alternative explanation of the turbulence friction in the model. In the 

original Voellmy model, derivation of the equation for computing runout distance of an 

avalanche is based on the balance of energy (McClung 1983; Perla et al. 1980). It is 

possible that the turbulence term in the Voellmy model may arise out of the loss of 

kinetic energy in granular flows which is not accounted for by the energy dissipation 

due to basal frictional resistance. 

3.8 Discussion of Shear Resistance in Dense Granular Flows 

The constitutive models developed for flows of sediment-water mixtures range 

from the simple Newtonian fluid model to highly theoretical generalized viscoplastic 

fluid models. Successful interpretation, modeling, and prediction of debris flow 

behavior require the choice of appropriate constitutive models and correct 

determination of model parameters. However, it is often difficult to decide which 

model gives a true description of the debris flow. In many cases, the decision is made 

by trial and error. Most constitutive equations described so far involve two important 

parts – yield strength which is rate-independent and viscous stress or dispersive stress 

which is rate-dependent. Contributions of yield strength and viscous stress to gross 

shear strength of dense granular flows are discussed in the following sections. 

3.8.1 Yield Strength 

Rheological investigations of fine-grained slurries indicate that such mixtures 

behave like non-Newtonian fluids and yield strength must be exceeded before flow 

occurs. Many rheometric measurements have been conducted to determine yield 

strength. Phillips and Davies (1991) studied rheological properties of debris flow 

deposits using a 030  inverted cone-and-plate viscometer with a diameter of 2 m. Test 

results indicate that the fine-grained debris flow deposit behaves as a viscoplastic 
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material and the full-scale debris flow deposit (complete mixture of coarse and fine 

particles) behaves as a dilatant plastic material. Major and Pierson (1992) conducted 

rheological tests on slurries consisting of clay, silt, and sand from a natural debris flow 

deposit by using concentric-cylinder viscometers. Experimental results suggested that 

slurries exhibit general Bingham fluid behavior. Yield strength and plastic viscosity of 

the model is very sensitive to sediment concentration. Coussot et al. (1998) indicated 

the Herschel-Bulkley model is capable of fitting experimental tests on fine suspensions 

with 1 3η = . Parsons et al. (2001) performed a series of laboratory experiments on 

fine-grained slurries in a 10 meter long flume. It was observed that slurries 

predominantly exhibited non-Newtonian (shear-thinning or Bingham) fluid behavior 

with finite yield strength. The increase of clay content makes slurries behave in a more 

Bingham-like fashion. Table 3-6 summarizes the reported yield strength and viscosity 

determined from experiments on mixtures of water and fine-grained sediments. 

Laboratory investigations of debris flow constitutive properties have mainly 

focused on the behaviors of mixtures ranging from clay slurries to dense suspensions of 

idealized particles. A typical debris flow, however, contains sediment with particle size 

ranging from clay to boulders, volumetric concentration greater than 0.6, and shear 

rates ranging from 0 to 10 1s− . As a consequence, the applicability of experimental 

findings to the mechanics of natural debris flow remains uncertain because of limited 

sample volume, the exclusion of coarser particles, and the range of shear rates used in 

the tests. Table 3-6 shows that yield strength ranges from about 10 to 400 Pa for the 

fine-grained slurries analyzed in most experimental studies. The deposit thickness of a 

Bingham material on a slope can be determined using the one-dimensional limit 

equilibrium equation for an infinite slope: 

sin
h τ

γ θ
=  (3.16) 

where h  is the thickness of debris flow deposit, τ  is yield strength, and γ  is the unit 

weight of debris flow. 

Figure 3-3 shows the relationship between thickness of debris flow deposit and shear 

strength for different slopes. For slopes greater than 05 , deposits with strengths less 
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than 400 Pa should be no thicker than 0.2 m. This prediction conflicts with field 

observations of debris flow deposits, which are commonly meters in thickness even on 

steep slopes (Iverson 2003). The discrepancy between yield strength of fine-grained 

slurries measured in the laboratory and yield strength determined from field 

observations of debris flow deposits indicates that the viscoplastic yield strength of the 

interstitial fluid accounts for only a small amount of total debris flow shear resistance. 

The contribution of yield strength to flow resistance is negligible in modeling 

coarse-grained debris flows. 

3.8.2 Rate Dependence 

The dispersive stress concept developed from Bagnold’s experiments has had 

significant influence on subsequent studies of granular flows. The quadratic 

relationship between shear stress from particle interactions and shearing rate is adopted 

in the formulation of many constitutive models. These models include the quadratic 

model, Takahashi’s model, and the dilatant fluid model. The first critical review on 

Bagnold’s 1954 experiment was presented by Hunt et al. (2002). After reexamination 

of the experimental shear stress, Hunt et al. (2002) found that the shear stress in the 

grain-inertia regime depends on the shear rate to the power of 1.5 instead of the 

quadratic dependence on shear rate as claimed by Bagnold. Their investigation of the 

dimensions of the experimental facility in the Bagnold experiments indicated that end 

effects and boundary conditions have significant influence on Bagnold’s stress 

measurements. Hunt and coworkers then conducted a boundary-layer analysis of 

experimental results using finite element methods. The particle-fluid mixture is 

simulated as a Newtonian fluid with a corrected viscosity dependent on the solid 

concentration. The simulations showed that changes from the macro-viscous to the 

grain-inertia regime suggested by Bagnold actually correspond to a variation from a 

linear shear flow to a flow dominated by the boundary layer along the rotating end 

walls. Hunt et al. (2002) concluded that the quadratic relationship between normal or 

shear stresses and shear rate in the inertial regime measured by Bagnold (1954) was 
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flawed owing to the neglect of geometric effects of the experimental facility. This has 

not been widely recognized in the literature and the findings make constitutive models 

based on dispersive stress concepts suspect.  

Laboratory experiments carried out by Hungr and Morgenstern (1984a, 1984b) 

suggested the validity of the Coulomb friction law in granular mass flows. The shear 

stress in the Coulomb equation is independent of shearing rate. Cagoli and Manga 

(2004) conducted experimental studies on dry granular flows of rock fragments. Their 

experimental results provided evidence to substantiate the conclusion (Hungr and 

Morgenstern 1984a, 1984b) that the bulk constitutive behavior of granular flows can be 

described by using the Coulomb friction model. 

To investigate the effect of strain-rate and viscosity on granular flows, large-scale 

ring-shear tests were conducted on dry glass beads and glycerin-saturated glass beads 

(Sassa 1988, 2000). No effect of strain rate was observed in either dry or 

glycerin-saturated granular flows. The tests also showed that the viscous shear 

resistance in a flow of glass beads saturated with glycerin was negligible compared 

with frictional resistance mobilized in the flow. It is worth noting that the viscosity of 

glycerin used in the tests was 1500 times greater than that of water. Sassa (2000) thus 

concluded that the influence of shear velocity (strain rate) is not important in granular 

flows of practical interest such as debris flows and fast moving landslides. Shear 

resistance mobilized after failure and during motion is proportional to effective normal 

stress and regulated by the friction law. Constitutive laws in terms of strain rate such as 

the non-Newtonian fluid model and the dilatant fluid model cannot appropriately 

define the shear resistance mobilized in natural dense granular flows. 

A series of large-scale experiments was conducted at the U.S. Geological Survey 

flume to study the mechanics of debris flows (Iverson 1997; Major 1997, 2000; Major 

and Iverson 1999). Debris flow thickness, basal total normal stress, and basal pore 

water pressure were measured in the experiments. The experimental data revealed that 

high pore-fluid pressures exist during debris flow motion. The sustained high pore 

pressures cause a reduction of shear strength of debris and thereby increase the 

mobility of debris flows. The flume experiments also demonstrated that intergranular 
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friction and basal friction dominate the mechanical behavior of debris flows. Coulomb 

friction in a debris flow is mediated by variable pore-fluid pressure according to the 

effective stress principle (Terzaghi 1943). When effects of pore-fluid pressure are 

considered, the Coulomb friction model is suitable for determining flow resistance of a 

water-saturated debris flow (Iverson and Denlinger 2001; Savage and Iverson 2003). 

Quantitative data from experiments at the U.S. Geological Survey debris flow flume 

reinforce the validity of the Coulomb friction law in the dense granular flows 

investigated in this study. 

The shear-rate dependent resistance might become significant in the granular 

flows with extremely high velocity such as debris avalanches, or in granular flows with 

low solid concentration such as debris flood. A number of constitutive models have 

been proposed and applied to simulation of those types of granular flows, which is not 

explored in this study. 

3.8.3 Constitutive Equation for Modeling Dense Granular 

Flow 

Field observations and laboratory experiments indicate that constitutive behavior 

of debris flow is sensitive to changes in sediment concentration, grain size, and 

grain-size distribution (Phillips and Davies 1991; Major and Pierson 1992). 

Large-scale flume experiments show that the coarse particles within a debris flow tend 

to accumulate at the flow front as a result of grain-size segregation and form a 

high-resistance, coarse-grained debris flow head, which is pushed by a low-resistance, 

liquefied debris flow body consisting of fine sediment (Major 1997; Iverson 1997, 

2003; Hungr 2000). The composition of a natural debris flow can change even in 

different phases of the same flow as a consequence of deposition, material entrainment, 

and gain or loss of water content (Evans et al. 2001; Hungr and Evans 2004). Although 

a natural debris flow may start as a dense granular flow whose shear resistance can be 

characterized adequately by the Coulomb friction law, it may subsequently develop 

into a hyperconcentrated sediment flow because of the sensitivity of the constitutive 
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behavior of debris flows to changes in mixture composition. Non-Newtonian fluid 

models such as the Bingham, the Herschel-Bulkley or the quadratic model can be 

appropriately applied to the hyperconcentrated flow (O’Brien and Julien 1988; Julien 

and Lan 1991; Laigle and Coussot 1997; Pierson 2005). 

The accurate volume concentration needed to differentiate between a 

hyperconcentrated flow and a debris flow depends on properties of sediment grains and 

interactions between solid and fluid phases and is not always predictable. However, 

laboratory experiments conducted for the calibration of the quadratic model indicate 

that a hyperconcentrated flow has a volume concentration ranging from 20 percent to 

55 percent by volume (O’Brien and Julien 1988). Reexamination of debris flow case 

histories which have been successfully back-analyzed using the quadratic fluid model 

shows that the volume concentration in these cases is not more than 55 percent 

(O’Brien et al. 1993; Mikos et al. 2006). However, debris flows analyzed in this study 

are limited to the flow of dense coarse-grained sediment-water mixtures with solid 

concentrations greater than the upper bound of the hyperconcentrated flow (50 to 60 

percent by volume). This lower bound of sediment concentration for debris flows 

appears to be consistent with the classifications of granular flows from a geotechnical 

engineering standpoint. Such classifications include those proposed by Varnes (1978), 

Cruden and Varnes (1996), and Hungr et al. (2001). On the other hand, field 

investigations have demonstrated that some natural debris flows may experience 

considerable temporal and spatial variations in constitutive behavior due to material 

entrainment and changes in water content. Successful back-analysis of these case 

histories requires that different constitutive laws be used correctly to take account of 

variations in the flow resistance mobilized in different motion phases of a debris flow 

event (Hungr and Evans 2004; McDougall et al. 2006). These complex debris flow 

events are excluded from the case history back-analyses in this study so that a specific 

constitutive law can be appropriately applied to describing debris flow behavior from 

initiation through deposition. 
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3.9 Conclusion 

The gross strength of water-sediment mixtures is dependent on the cohesive 

strength, viscosity, and even turbulence of a fluid phase and on the frictional strength of 

a granular phase. If the sediment concentration is sufficiently small so that interactions 

among clasts are negligible, normal stress has little effect on the strength of the 

mixture and the strength of the mixture is essentially determined by the fluid phase 

(cohesive strength, viscosity, and possible turbulence). If the sediment concentration 

is high enough and grains touch one another, granular force chains provide a 

considerable amount of frictional strength. The magnitude of frictional strength 

depends on the effective normal stress and the angle of contact friction. 

It should be emphasized that materials involved in debris flows are very complex 

and are not open for an exact mechanical-mathematical treatment. However, field 

observations and experimental studies of debris flows with high solid concentration 

suggest that: 

(1) Friction between coarse particles has significant effects on total flow 

resistance. Shear resistance due to yield strength of interstitial fluid is much smaller 

than frictional shear resistance of granular particles. 

(2) Applicability of rheometric results to mechanics of debris flows is 

questionable because of limited sample volume, removal of coarse particles, and the 

range of shear rate used in the experiments. 

(3) Experimental investigations on granular flows with high solid concentration 

indicate that shear stress is independent of shear rate. Turbulence has not been found in 

experimental geophysical granular flows. 

(4) From a geotechnical engineering perspective, the Coulomb friction law 

satisfactorily describes the bulk shear resistance mobilized in the practical dense 

granular flows investigated in this study. 
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Table 3-1 Velocities for flow of a Newtonian fluid down a slope 
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Table 3-2 Velocities for flow of a Bingham fluid down a slope 

 

Velocities  Expressions 
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Table 3-3 Velocities for flow of a Herschel-Bulkley fluid down a slope 
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Velocity profile 
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Table 3-4 Velocities for flow of a dilatant fluid down a slope 
 

Velocities  Expressions 

Velocity profile ( )
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Table 3-5 Velocities for flow of a generalized viscoplastic fluid down a slope 
 

Velocities  Expressions 

Velocity profile 
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Table 3-6 Summary of reported shear strength and viscosity for a mixture of water 

and fine-grained sediment  

 

Parameters 

Materials 
v wC or C   ( )0 Paτ

 ( )Pa sημ ⋅
 

Reference 

Fine-grained natural 
debris flow deposit =0.75~0.83wC  15~300  

0.4~240
1η =

 Phillips and Davies 1991 

Fine-grained natural 
debris flow deposit =0.44~0.66vC  10~400  

0.2~30
1η =

 Major and Pierson 1992 

Clay-water mixture ― 4~20  

1.4~3.5
1
3

η =
 Laigle and Coussot 1997 

Fine suspension =0.3~0.45vC  40~100  

12~24
1
3

η =
 Coussot et al. 1998 

40~70  
7~30

0.4 ~ 0.7η =
 

Fine-grained slurries =0.35~0.55vC  

14~125  
0.7~5

1η =
 

Persons et al. 2001 

Note: vC , volumetric sediment concentration; wC , concentration by weight of sediment; 0τ , yield 

strength; μ , viscosity; η , flow-behavior index ; 1η = , Bingham fluid; ―, data not available. 
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Figure 3-1 Velocity profile for flow of a Newtonian fluid down a slope 

 

 

 
 

Figure 3-2 Velocity profile for flow of a non-Newtonian fluid down a slope 
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Figure 3-3 Debris flow deposit thickness versus yield strength for different slopes 

(Data from Iverson 2003) 
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Chapter 4  

Numerical Modeling of Debris Flows 
4.1 Introduction 

In order to perform a hazard assessment and eventually to design protective 

measures against debris flows, it is necessary to estimate important parameters such as 

potential debris volume, mean flow velocity, peak discharge, and runout distance. 

Approaches to studying debris flow mobility by field and laboratory observations have 

limitations due to the unpredictability of time and location of occurrences, dangers 

involved with observations, and experimental restrictions upon grain size and sample 

volume. Empirical or analytical methods, however, do not involve such difficulties and 

can be utilized to provide parameters required for debris flow hazard assessment and 

mitigative designs. Empirical methods are based on field observations and on the 

regression analyses between parameters affecting the mobility of debris flows. 

Analytical methods include two categories: sliding block models and continuum 

models. Sliding block models describe the motion of debris flow as a dimensionless 

body moving down the profile of the path. Continuum models simulate water-sediment 

mixtures of debris flow as an equivalent fluid for which rheological properties are 

expected to describe the bulk behavior of prototype debris flows. In this chapter, 

empirical methods, sliding block models and continuum models will be discussed in 

the context of debris flow simulations. Emphasis will be placed on the depth-averaged 

model which is the continuum model predominantly used in debris flow modeling. 

4.2 Empirical Relationships for Debris Flows 

The travel distance and the travel angle are well-known parameters that express 

mobility of rapid landslides in empirical methods (as shown in Figure 4-1). The travel 

distance (L) is the horizontal projection of the line connecting the crown of the 
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landslide source and the toe of the landslide deposit. The travel angle (α ) is the slope 

of the line connecting the landslide crest and the deposit toe. Figure 4-1 indicates that 

the tangent of the travel angle can be expressed as: 

tan H
L

α =  (4.1) 

where H is the vertical drop of the landslide. The tangent of the travel angle has been 

considered as a measure of the relative mobility of rapid landslides and as the 

equivalent of the coefficient of friction (Scheidegger 1973; Hsu 1975). Plots of the 

equivalent coefficient of friction versus the volume of a rapid landslide suggest that the 

travel angle decreases as the volume of sliding mass increases (Scheidegger 1973; Hsu 

1975; Golder Associates Ltd. 1992, 1995; Corominas 1996; Finlay et al. 1999; Hunter 

and Fell 2003). The trend of reduction of travel angle with increase of volume was 

initially observed for rock avalanches with volumes greater than 60.5 10×  m3 

(Scheidegger 1973; Hsu 1975). Further studies with rapid landslides having a great 

range of volumes show that highly mobile landslides of all sizes experience a 

continuous reduction of travel angle with volume increase (Corominas 1996; Legros 

2002; Hunter and Fell 2003). Figure 4-2, the ratio of H  over L  (tangent of the 

travel angle) versus volume of landslide, is based on the database from Hunter and 

Fell (2003). It can be seen in Figure 4-2 that H L  decreases with an increase in 

landslide volume. Similar figures have been obtained based on landslide inventories 

investigated by Scheidegger (1973), Hsu (1975), Corominas (1996), and Finlay et al. 

(1999). The relationships between travel angle and landslide volume suggested by 

these figures can be expressed as: 

( ) ( )log tan log logH A B V
L

α ⎛ ⎞= = +⎜ ⎟
⎝ ⎠

 (4.2) 

where A and B are constants, and V is the landslide volume. Parameters A and B in 

equation (4.2) can be determined by regression analysis of the landslide data. 

Scheidegger (1973) conducted analysis of 33 rapid, catastrophic landslides. The 

values of A and B calculated by the least squares regression method are 0.62419 and 

-0.15666, respectively. The correlation coefficient is 0.82. Corominas (1996) 
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investigated 204 landslides of all sizes and demonstrated that the travel angle is 

dependent not only on the size of landslide, but on the type of movement and on 

topographic constraints and obstacles on the sliding path. The mobile landslides are 

classified in four groups: rockfalls, translational slides, earthflows and mudslides, and 

debris flows. Constraints on sliding paths are divided into four categories based 

primarily on topographic characteristics of the path: channelized, deflected, 

obstructed, and unobstructed. Individual relationships between travel angle and 

volume of landslides are proposed for various types of landslides and sliding paths 

(Table 4-1). Hunter and Fell (2003) analyzed 350 rapid landslides in steep natural 

slopes and constructed cut and fill slopes. The mobility of the landslide is assessed 

from the type of slope, failure mechanisms, slope geometry, sliding volume, and 

confinement of travel paths. Empirical equations for predicting the travel angle of 

landslides in natural slopes and coal waste spoil piles have been proposed: 

tan tanH A B
L

α θ= = +  (4.3) 

where θ  is the downslope angle below the source area, and A and B are constants 

dependent on the type of landslide, soil materials, and confinement of sliding path. 

Table 4-2 summarizes the parameters in equation (4.3) based on the database from 

Hunter and Fell (2003). For landslides in cut slopes of dilative soil and weathered rock, 

the tangent of the travel angle is estimated by: 

tan 0.78 tan cut
H
L

α θ= =  (4.4) 

where cutθ  is the cut slope angle. For landslides in loose fill slopes of silty sands to 

sandy silts with low clay content, the correlation between the tangent of the travel angle 

and the sliding volume can be expressed as: 

0.882tan 0.67H V
L

α −= =  (4.5) 

where V is the volume of the landslide. 

Rickenmann (1999) presented an overview of empirical relationships (Table 4-3) 

that have been proposed to estimate peak discharge, mean flow velocity, and travel 
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distance. The applicability of the proposed equations is investigated with available 

field and experimental data. Comparisons between predicted and observed data 

indicate a considerable scatter. Legros (2002) analyzed the mobility of 203 long-runout 

landslides and concluded that the runout distance of a highly mobile landslide depends 

primarily on the volume. Correlation equations for runout distance versus volume, 

tangent of travel versus volume, and area of deposit versus volume have been proposed 

based on the best power fits of datasets (Table 4-4). 

The volume-change model has been developed for predicting debris flow runout 

distance in the Queen Charlotte Islands, British Columbia (Fannin and Wise 2001). 

Starting from the initial failure volume, the model describes volume changes due to 

entrainment and deposition along the path of movement. The travel distance is 

determined when cumulative flow volume diminishes to zero. Three types of flow 

behaviors are identified in the model: unconfined flow, confined flow, and transition 

flow. Regression equations for volume changes along the path of movement have been 

established from 131 debris flow events in the Queen Charlotte Islands. The volume 

entrained or deposited is calculated based on the path characteristics (reach length, 

width, and confinement), flow behavior, slope angle, and incoming flow volume. 

Empirical methods provide a useful means for predicting the post-failure mobility 

of landslides. Simplicity is the main advantage of empirical approaches because they 

do not address material rheological properties or mechanics of movement. However, 

there is an inherent limitation in empirical methods: the quality of model prediction is 

highly dependent on the database used for model development. Due to the complexity 

of actual debris flow processes and difficulties obtaining well-documented debris flow 

cases, empirical models making use of available data sets for the different processes are 

highly approximate. There is a lack of agreement among researchers and among 

general correlation relationships for the prediction of debris flow runout because of the 

uncertainty and variability of the data sets used to formulate empirical equations. 

As indicated by Rickenmann (1999), Legros (2002), and Hunter and Fell (2003), 

comparisons between predicted values from empirical models and observations exhibit 

poor fit and considerable scatter. The weak correlation between parameters describing 
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debris flow mobility is the result of limited consideration of factors which have 

significant effects on debris flow dynamics. These factors include the mechanism of 

failure, material rheology, channel constraints, obstacles on the flow path, and 

inaccuracy in the estimate of flow volume. Empirical relationships are typically 

derived from regional databases of field observation. As a consequence, application of 

the equations is restricted to similar soil and terrain conditions. 

4.3 The Sliding Block Model 

The sliding block model describes movement of the centroid of the debris flow 

mass by a dimensionless block along a curved path (Figure 4-3). The resultant force 

acting on the block is a result of the gravity driving force and movement resistance. 

Movement resistance depends on material rheological properties. Motion of the block 

is described by Newton’s second law: 

F ma=  (4.6) 

where F  is the resultant force, m  is the sliding mass, and a  is acceleration. If the 

Coulomb frictional law is applicable to granular flows, the resultant force is defined by 

( )cos tan tanF mg θ θ φ= −  and the acceleration of the sliding block is calculated 

from equation (4.6): 

( )cos tan tana g θ θ φ= −  (4.7) 

where g is gravitational acceleration, θ  is the local slope on the sliding path, and φ  is 

the internal friction angle. If the initial condition (initial velocity) and boundary 

condition (profile of the slide path) are known, velocity and displacement of the block 

can be determined by integration of equation (4.7) along the path of movement. 

The energy-line method (Korner 1980) is the sliding block model in terms of 

energy. The total energy of a sliding block consists of potential energy (elevation) and 

kinetic energy (velocity). The change of kinetic energy is equal to the work of the net 

force acting on the block: 
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2

2
mvd F dS

⎛ ⎞
= ⋅⎜ ⎟

⎝ ⎠
 (4.8) 

where S is the displacement along the slide path. For the Coulomb frictional material, 

( )cos tan tanF mg θ θ φ= − . The change of kinetic energy can be expressed as: 

( )
2

tan
2

mvd F dS mg h x φ
⎛ ⎞

= ⋅ = Δ − Δ⎜ ⎟
⎝ ⎠

 (4.9) 

where h is the vertical displacement and x is the horizontal displacement. Equation (4.9) 

indicates that the energy line for friction material, the line with elevation above the 

sliding path equal to 
2

2
v
g

, is a straight line having the slope of the frictional angle to the 

horizontal (Figure 4-3). For materials described with other constitutive equations, such 

as the Voellmy model, the energy line is curved and concave (Korner 1980; Hungr et al. 

2005).  

Hutchinson (1986) took into consideration the effects of pore pressure on the 

movement of flow slides and developed a sliding-consolidation model. The model 

assumes that high excessive pore water pressure exists at the initiation stage of flow 

slides as a result of undrained loading or liquefaction. Under the influence of high pore 

water pressure at the base, the failure material accelerates and slides downslope. 

During this process, the basal excess pore pressure dissipates successively due to 

consolidation of the sliding mass. As the pore pressure decreases, the resistance acting 

on the sliding surface increases and decelerates the sliding mass until it is brought to 

rest. The sliding-consolidation model has been applied to studying the 1966 flow slide 

at Aberfan, South Wales. 

Sassa (1988) pointed out that the bulk friction angle in the sliding block model is 

the result of the combination of internal friction angle of the sliding mass and the pore 

pressure during motion. From the perspective of geotechnical engineering, an 

improved sliding block model was introduced by estimating the bulk friction angle 

with the internal friction angle and pore water pressure: 

( )tan 1 tana urφ φ= −  (4.10) 
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where aφ  is the bulk friction angle, ur  is the ratio between pore water pressure and 

total normal stress, and φ  is the internal friction angle. The improved sliding block 

model has been applied to mobility studies of the Ontake debris avalanche and the 

Jizukiyama landslide (Sassa 1988). 

Application of the sliding block model to back-calculating shear strengths of 

liquefaction flows is known as kinetic analysis (Davis et al. 1988; Olson 2001). The 

liquefaction flow is simplified as rigid body movement in the analysis and the travel of 

the centroid of the sliding mass is assumed in the calculation. The initial and final 

positions of the centroid and its travel path are specified. The centroid positions are 

determined by surveying pre- and post-liquefaction geometries. The travel path of the 

center of gravity is described simply by a mathematical function; its parameters are 

computed from the coordinates of the initial and final positions of the center of gravity 

and curvatures at those points. Because the information about centroid travel in 

liquefaction flow cases is difficult to obtain, various assumptions are adopted in the 

kinetic analysis. Davis et al. (1988) used a hyperbola to fit the travel path of the center 

of gravity in the Lower San Fernando Dam kinetic analysis. After examining some 

flow slide case histories, Olson (2001) concluded that a cubic polynomial provides a 

better approximation of the centroid travel path. Using cubic polynomials, Olson (2001) 

estimated liquefied shear strengths from ten liquefaction flow case records. In the 

analyses, the driving force is computed from the weight of the sliding mass and the 

curvature of the prescribed travel path of the center of gravity, while the resistance is 

calculated from the length of the failure surface and the shear strength assigned to it. 

The acceleration is then computed from the resultant force and moving mass: 

sin uW s La
m
θ −

=  (4.11) 

where W  is the weight of the failure mass, θ  is the slope of the travel path of failure 

mass center of gravity, us  is the mobilized shear strength, and L  is the length of the 

failure surface. Velocities and displacements are subsequently determined by 

integrating acceleration with respect to time. The liquefied shear strength is obtained 

when the assigned value yields results fitting the observed movement of the center of 
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gravity reasonably well at the moment that the centroid velocity is equal to zero. Table 

4-5 summarizes the liquefied shear strengths back-calculated form the liquefaction 

flow case histories using kinetic analysis (Olson 2001; Olson and Stark 2002). 

4.4 The Depth-Averaged Model 

Because of the complicated rheological properties of debris flows, solving the 

fully dynamic equations for such unsteady, nonuniform flows is still not possible. The 

continuum model simulates debris flow as the flow of an equivalent fluid, with 

rheological properties that describe the bulk behavior of the prototype debris flow 

event. The bulk rheological properties of an equivalent fluid combine the contributions 

from particles, interstitial fluid, and interactions between solid phase and fluid phase.  

In fluid mechanics, the differential form of the conservation laws for mass and 

momentum, applicable at a point, are the basis of most continuum simulations. The 

depth-averaged technique is commonly applied to the derivation of governing 

equations, which are obtained by integrating the mass and momentum conservation 

equations over the depth of the flow in a specific coordinate system. The depth 

averaging process can substantially reduce the complexity of computational effort and 

make simulation of debris flows over complex topography practical. However, the 

depth-averaged process sacrifices flow details over the vertical dimension and only the 

mean velocity in the flow direction and the mean depth are available from the 

computational results (Steffler and Jin 1993). As a consequence, these equations are 

valid only for horizontal length scales greater than the channel depth.  

Application of the depth-averaged model to debris flows includes two steps: (1) 

establish governing equations and choose a basal resistance expression; (2) validate the 

model by comparing computational results with experimental data or field 

measurements. When choosing a basal resistance expression, analyses of the 

rheological properties of debris flow material, i.e., the constitutive equations, are taken 

into account. 
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4.4.1 Derivation of the General Depth-Averaged Equations 

The depth-averaged flow equations are also known as shallow water equations or 

Saint Venant equations. The essential point for the formulation of depth-averaged 

equations is that the vertical dimension of flows is much smaller than any typical 

horizontal length scale. This is the necessary condition to apply depth-averaged 

equations to various situations. 

4.4.1.1 Assumptions 

The derivation of depth-averaged flow equations is based on the following 

assumptions: 

(1) typical flow depth is much smaller than the down- and cross-slope length of 

the flow; 

(2) uniform velocity distribution is in the vertical direction without dominant 

secondary flow effects;  

(3) there is hydrostatic pressure distribution;  

(4) fluid is incompressible;  

(5) the bed slope is small;  

(6) there is negligible shear stress at the free surface. 

4.4.1.2 Governing Equations 

In Cartesian coordinate system with Eulerian description, the equations of mass 

and momentum conservation for free surface flow of a granular material along a gently 

varying slope (Figure 4-4) can be written as: 

0i

i

u
dx
∂

=  (4.12) 

jii i
j i

j j

u uu g
t x x

τ
ρ ρ

⎛ ⎞ ∂∂ ∂
+ = −⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠

 (4.13) 
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where iu denotes the velocity component in the ix  direction, ρ  is density, ig  

denotes the component of gravity acceleration in the ix  direction, and ijτ  denotes 

components of the stress tensor. 

4.4.1.3 Kinematic Boundary Conditions 

If the equation of a boundary surface in Figure 4-4 is ( ), 0if x t = , the coordinates 

of any fluid particle on the boundary must continuously satisfy this equation. Suppose 

that in a small interval of time tδ , a particle moves along the boundary over a short 

distance whose elements are ixδ . Since its new position must satisfy the equation of 

the boundary surface, the change ( ),if x tδ  must be zero. Thus the following equation 

must be satisfied at all points on a boundary surface (except at points of discontinuity in 

the flow pattern): 

( ) ( ), ,
0i i

i
i

f x t f x t
u

t x
∂ ∂

+ =
∂ ∂

 (4.14) 

The basal surface is expressed as ( ), 0b i bf x t z z= − =  and the boundary 

condition is: 

0b b
b b b

z zu v w
x y

∂ ∂
+ − =

∂ ∂
 (4.15) 

Boundary conditions at the free surface with the function 

( ) ( ), 0s i bf x t z z h= − + =  can be written as: 

( ) ( ) ( ) 0b b b
s s s

z h z h z h
u v w

t x y
∂ + ∂ + ∂ +

+ + − =
∂ ∂ ∂

 (4.16) 

where u , v , and w  denote velocities in x , y , and z  directions, respectively, 

subscripts b  and s  indicate variables at bottom or on free surface, and h  is flow 

depth. 
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4.4.1.4 Leibnitz’s Rule 

Leibnitz’s rule, equation (4.17), shows how to differentiate an integral in which 

the integrand ψ  and the limits of integration α  and β  are functions of the variable 

χ  with respect to which the integral is differentiated (Hildebrand 1976): 

( ) ( ) ( ) ( ),
, , ,d d

β β

α α

ψ χ ξ β αψ χ ξ ξ ξ ψ χ β ψ χ α
χ χ χ χ

∂∂ ∂ ∂
= + −

∂ ∂ ∂ ∂∫ ∫  (4.17) 

which is valid for all values of [ ],a bχ ∈  when ψ  and ψ
χ

∂
∂

are continuous for 

a bχ≤ ≤  and α ξ β≤ ≤ , and also α
χ

∂
∂

 and β
χ

∂
∂

 are continuous in ( ),a b . 

4.4.1.5 The Depth-Averaging Process 

Integration of the continuity equation (4.12) over the flow depth with the use of 

Leibnitz’s rule to interchange the order of integration and differentiation gives: 

( ) ( ) 0b b

b b

z h z hb bb b
s b s b s bz z

z h z hz zudz u u vdz v v w w
x x x y y y

+ +∂ + ∂ +∂ ∂∂ ∂
− + + − + + − =

∂ ∂ ∂ ∂ ∂ ∂∫ ∫

Introducing boundary conditions (4.15) and (4.16), and definition of 1 b

b

z h

z
dz

h
ϕ ϕ

+
= ∫ , 

where ϕ  represents any variable in the equations, the continuity equation reduces 
to: 

( ) ( ) 0
hu hvh

t x y
∂ ∂∂

+ + =
∂ ∂ ∂

 (4.18) 

Rewriting the momentum equations (4.13) in the x direction gives: 

( ) ( ) ( )2
yx yzxx

x

u uv uwu g
t x y z x y z

τ ττρ ρ
⎡ ⎤∂ ∂ ∂∂ ∂ ⎛ ⎞∂∂
⎢ ⎥+ + + = − + +⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂⎢ ⎥ ⎝ ⎠⎣ ⎦

 (4.19) 

Integrating each item on both sides of equation (4.19) from the bed to the free 

surface with the use of Leibnitz’s rule gives: 

( )b b

b b

z h z h b b
s bz z

z h zu dz udz u u
t t t t

ρ ρ
+ + ∂ +⎡ ⎤∂∂ ∂

= − +⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦
∫ ∫  
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( ) ( ) ( ) ( ) ( )
2

2 2 2b b

b b

z h z h b b
s bz z

u z h zdz u dz u u
x x x x

ρ ρ
+ +∂ ∂ +⎡ ⎤∂∂

= − +⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦
∫ ∫  

( ) ( ) ( ) ( ) ( )b b

b b

z h z h b b
s bz z

uv z h zdz uv dz uv uv
y y y y

ρ ρ
+ +∂ ∂ +⎡ ⎤∂∂

= − +⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦
∫ ∫  

( ) ( ) ( )b

b

z h

s bz

uw
dz uw uw

z
ρ ρ

+ ∂
⎡ ⎤= −⎣ ⎦∂∫  

( ) ( ) ( )b b

b b

z h z h bxx b
xx xx xxs bz z

z h zdz dz
x x x x

τ τ τ τ
+ + ∂ +∂ ∂∂

= − +
∂ ∂ ∂ ∂∫ ∫  

( ) ( ) ( )b b

b b

z h z hyx b b
yx yx yxs bz z

z h zdz dz
y y y y

τ
τ τ τ

+ +∂ ∂ + ∂∂
= − +

∂ ∂ ∂ ∂∫ ∫  

( ) ( )b

b

z h zx
zx zxs bz

dz
z

τ τ τ
+ ∂

= −
∂∫  

b

b

z h

x xz
g dz g hρ ρ

+
=∫  

With consideration of boundary conditions and the assumption that shear stresses 

on the free surface are negligible, combining the above equations results in the 

depth-integrated momentum equation in the x  direction: 

( ) ( ) ( )
2huhu huv

t x y
ρ

⎡ ⎤∂∂ ∂⎢ ⎥+ + =⎢ ⎥∂ ∂ ∂
⎢ ⎥⎣ ⎦

 

( ) ( ) ( ) ( ) ( )yxxx b b
x zx xx yxb b b

hh z zg h
x y x y

ττ
ρ τ τ τ

∂∂ ⎡ ⎤∂ ∂
− − + − −⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦

 

Introducing the basal shear resistance ( ) ( ) ( )b b
bx zx xx yxb b b

z z
x y

τ τ τ τ∂ ∂
= − + +

∂ ∂
, the 

depth-averaged momentum equation in the x  direction reduces to: 

( ) ( ) ( ) ( ) ( )2
yxxx

x bx

hu hhu huv h
g h

t x y x y
ττ

ρ ρ τ
⎡ ⎤∂ ∂∂ ∂ ∂⎢ ⎥+ + = − − −⎢ ⎥∂ ∂ ∂ ∂ ∂
⎢ ⎥⎣ ⎦

 (4.20) 

Applying the same procedure to the momentum equation in the y  and z  

directions, the corresponding depth-averaged momentum equations are derived: 
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( ) ( ) ( ) ( ) ( )2
xy yy

y by

hv h hhv huv
g h

t x y x y
τ τ

ρ ρ τ
⎡ ⎤∂ ∂ ∂∂ ∂⎢ ⎥+ + = − − −⎢ ⎥∂ ∂ ∂ ∂ ∂
⎢ ⎥⎣ ⎦

 (4.21) 

( ) ( ) ( ) ( ) ( )yzxz
z bz

hhw huw hvw h
g h

t x y x y
ττ

ρ ρ τ
∂∂ ∂ ∂ ∂⎡ ⎤

+ + = − − −⎢ ⎥∂ ∂ ∂ ∂ ∂⎣ ⎦
 (4.22) 

in which: 

( ) ( ) ( )b b
by zy xy yyb b b

z z
x y

τ τ τ τ∂ ∂
= − + +

∂ ∂
 , and ( ) ( ) ( )b b

bz zz xz yzb b b

z z
x y

τ τ τ τ∂ ∂
= − + +

∂ ∂
 

In depth-averaged models, stress calculations are established by simplification of 

the vertical momentum equation (4.22). Nondimensional analysis with the shallowness 

assumption indicates that the forces associated with changes of momentum in the z  

direction are negligible relative to the weight of the sliding mass (Savage and Hutter 

1989; Gray et al. 1999). Neglecting the vertical flow acceleration leads to the following 

normal stress distribution in the z  direction: 

( )zz zb
g hτ ρ=  (4.23) 

( )zz z bg z h zτ ρ= + −  (4.24) 

Equations (4.23) and (4.24) indicate that the normal stress varies hydrostatically 

in the vertical direction. The depth averaged stresses, therefore, reduce to: 

1 0 0
2

10 0
2

10 0
2

z

ij z

z

g h

g h

g h

ρ

τ ρ

ρ

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 (4.25) 

The depth-averaged model assumes that horizontal velocities are approximately 

constant over the depth. The observations of strongly localized thin shear layers in field 

and laboratory granular flows justify such assumptions (Savage and Hutter 1989). The 

uniform velocity distribution along the flow depth implies that i j i ju u u u= ⋅ . Therefore, 

the depth averaged continuity and momentum equations reduce to: 



 

 
63

( ) ( ) 0
hu hvh

t x y
∂ ∂∂

+ + =
∂ ∂ ∂

 (4.26) 

( ) ( ) ( )2

x z bx

huhu hu v hg h g h
t x y x

ρ ρ ρ τ
⎡ ⎤∂∂ ∂ ⋅ ∂
⎢ ⎥+ + = − −

∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦
 (4.27) 

( ) ( ) ( )2

y z by

hvhv hu v hg h g h
t x y y

ρ ρ ρ τ
⎡ ⎤∂∂ ∂ ⋅ ∂
⎢ ⎥+ + = − −

∂ ∂ ∂ ∂⎢ ⎥⎣ ⎦
 (4.28) 

Contrary to the classical shallow water problems, the motion of debris flows 

usually takes place on steep slopes and curved beds. In these cases, the flow velocities 

are parallel to the bed rather than horizontal, as assumed in shallow water equations. 

The significant slope and curved surface influences debris flow dynamics and should 

be incorporated in the governing equations. After the pioneering work by Savage and 

Hutter (1989), a curvilinear reference system is commonly established in the 

formulation of the depth-averaged governing equations to incorporate such effects 

(Savage and Hutter 1991; Greve et al. 1994; Gray et al. 1999). In curvilinear reference 

systems, as shown in Figure 4-5, the local coordinates are oriented so that x  and y  

are tangent to the bed surface and the z  direction is normal to the bed surface. The 

unit vectors in x , y , and z  directions are orthogonal. In a curvilinear coordinate 

system, derivation of depth-averaged equations takes account of effects of surface 

curvature by incorporating a centrifugal force into momentum conservation equations. 

Table 4-6 summarizes governing equations with curvilinear coordinate systems. 

Detailed derivation of these governing equations is described in references listed in 

Table 4-6. 

Practical application of the depth-averaged equations (4.26) to (4.28) requires that 

stress terms on the right-hand sides of the equations are specified. During that process, 

the rheological behavior of debris has to be defined and introduced into the 

depth-averaged equations. Formulations of the relationship between shear stress and 

shear rate in equations (4.27) and (4.28) determine the performance of the 

depth-averaged models in practical applications. 
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4.4.2 Determination of Basal Resistance in Depth-Averaged 

Models 

Implementation of depth-averaged equations to debris flow modeling requires the 

selection of appropriate constitutive models which can be used to define flow 

resistance in the governing equations. Non-Newtonian fluid and Coulomb frictional 

constitutive laws are often used to describe material properties in depth-averaged 

models due to the simplicity of their practical implementation. In the case that material 

properties are specified by the non-Newtonian fluid model, the stress terms in 

depth-averaged equations are expressed from the perspective of hydraulic engineering. 

Bingham, Herschel-Bulkley, and quadratic fluid models are among the non-Newtonian 

fluid models often used by hydraulic engineers in debris flow modeling. In the case of 

the Coulomb friction law specified for material properties, the stresses are determined 

from the perspective of geotechnical engineering. Concepts of coefficients of lateral 

pressure from soil mechanics are introduced into debris flow simulation to take into 

consideration the deformation state of the flowing mass. 

The following formulation of basal resistance relations is carried out for debris 

flow modeling with material properties specified by a variety of rheological models, 

including the Bingham model, the Herschel-Bulkley model, the quadratic fluid model, 

and the Coulomb friction model. Figure 4-7 is the reference sketch for 

two-dimensional debris flows with Cartesian coordinates. 

4.4.2.1 Basal Resistance Based on the Bingham and 

Herschel-Bulkley Models 

Consider a two-dimensional, unsteady debris flow down a relatively small slope 

at an angle with respect to the horizontal, as shown in Figure 4-8. The motion of the 

debris flow is governed by the continuity and momentum equations: 

0u w
x z

∂ ∂
+ =

∂ ∂
 (4.29) 
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( ) ( )2
1 1sin xx zx

u uwu g
t x x x z

τ τθ
ρ ρ

∂ ∂ ∂ ∂∂
+ + = − −

∂ ∂ ∂ ∂ ∂
 (4.30) 

( ) ( )2
1 1cos xz zz

wuww g
t x x x z

τ τθ
ρ ρ

∂∂ ∂ ∂∂
+ + = − −

∂ ∂ ∂ ∂ ∂
 (4.31) 

where ρ  is the bulk density of debris, and g  is the acceleration due to gravity. The 

kinematic and stress boundary conditions are: 

0b
b b

zu w
x

∂
− =

∂
, at bz z=  (4.32) 

( ) 0b
s s

z hh u w
t x

∂ +∂
+ − =

∂ ∂
, at bz z h= +  (4.33) 

The shallowness assumption is valid, i.e., the characteristic flow depth is very 

small relative to the characteristic flow length and the flow depth varies relatively 

slowly in the longitudinal direction. Nondimensional analysis indicates that the normal 

stress in the z  direction is approximated as hydrostatic and equation (4.31) reduces to: 

( )cosxx zz bg z h zτ τ ρ θ= = + −  (4.34) 

Depth-averaged governing equations are obtained by integrating equations (4.29) 

and (4.30) from the bed ( bz z= ) to the free surface ( bz z h= + ): 

( ) 0
huh

t x
∂∂

+ =
∂ ∂

 (4.35) 

( ) ( )2

sin cos bx
huhu hgh gh

t x x
β τθ θ

ρ

∂∂ ∂
+ = − −

∂ ∂ ∂
 (4.36) 

where 

b

b

z h

z
udz

u
h

+

=
∫

 is the depth-averaged velocity, bxτ  is the basal flow resistance 

depending on rheological properties of debris, and 
2

2

b

b

z h

z
u dz

hu
β

+

=
∫

 is the shape factor 

dependent on the vertical profile of velocity in the z direction. 

The Herschel-Bulkley model is the more general form of the Newtonian and 

Bingham models. The constitutive equations for the Herschel-Bulkley model are 

expressed as: 
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0

0 0

0du for
dz

du for
dz

η

η

τ τ

τ τ μ τ τ

= <

⎛ ⎞= + >⎜ ⎟
⎝ ⎠

 (4.37) 

where 0τ  is the yield strength, ημ  is the consistency index, and η  is the 

flow-behavior index. The Herschel-Bulkley model reduces to the Bingham model 

when η  equals 1 and to the Newtonian model when η  equals 1 and 0τ  equals 0. The 

existence of yield strength in the Herschel-Bulkley model indicates that two fluid 

regions exist in the flow domain of a Herschel-Bulkley fluid: the unsheared plug zone 

with uniform velocity pu , where yield strength is greater than shear stress (the layer of 

0b bz h z z h+ ≤ ≤ +  in Figure 4-8), and sheared layer ( 0b bz z z h≤ ≤ +  in Figure 4-8) 

where velocity varies from 0 to pu  as z  increases from bz  to 0bz h+ . The boundary 

between shear and plug layers in Figure 4-8 is determined by the yield condition: 

( )0 0sinzx g h hτ ρ θ τ= − =  at 0bz z h= +  (4.38) 

Equations (4.37) and (4.38) combine with the hydrostatic approximation of 

stresses in the z  direction to give the following velocity distribution for the flow of 

the Herschel-Bulkley fluid in Figure 4-8: 

0

1

0
0

1 1

p b b

p b b

u z h z z h

u z u z z z h
h

η
η

+

+ ≤ ≤ +⎧
⎪⎪⎡ ⎤= ⎛ ⎞⎨⎢ ⎥− − ≤ ≤ +⎜ ⎟⎪⎢ ⎥⎝ ⎠⎪⎣ ⎦⎩

 (4.39) 

where 
1

1
0 sin

1p
ghu

ηη

η

ρ θη
η μ

+⎡ ⎤
= ⎢ ⎥

+ ⎢ ⎥⎣ ⎦
. The depth-averaged velocity and bed shear stress 

are: 

0 0 01 1 1 1
2 1 2 1 sin

b

b

z h

p pz

h hu udz u u
h h h gh

τη η
η η ρ θ

+ ⎡ ⎤⎛ ⎞⎛ ⎞
= = − = − −⎢ ⎥⎜ ⎟⎜ ⎟+ +⎝ ⎠ ⎝ ⎠⎣ ⎦

∫  (4.40) 

0 0
0

1

b

p
bx

z z

udu
dz h

ηη

η η
ητ τ μ τ μ

η=

⎛ ⎞+⎛ ⎞= + = + ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (4.41) 
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The shape factor β  in equation (4.36) is determined by 

( ) ( )

( )
( )( )

02 2

2 2 2
0

4 3
1

2 1 3 2

1
2 1

b b

b b

b

b

z h z h

z z

z h

z

h
u dz h u dz h

h u hudz
h

η η
η η

β
η

η

+ +

+

+
−

+ +
= = =

⎛ ⎞
−⎜ ⎟+⎝ ⎠

∫ ∫

∫
 (4.42) 

The relationship between shape factor β , and flow-behavior index η , is 

demonstrated in Figure 4-9 for a variety of the ratio of shear depth to total depth of flow. 

As indicated by Figure 4-9, the shape factor increases with the increase of the ratio of 

the shear depth to total flow depth. In the case of a thin shear layer near the sliding 

surface (e.g., 0 0.3h
h

≤ ), as indicated by Savage and Hutter (1989), the shape factor is 

approximated to be 1 and the depth-averaged governing equations for a 

Herschel-Bulkley flow reduce to: 

( ) 0
huh

t x
∂∂

+ =
∂ ∂

 (4.43) 

( ) ( )2

sin cos bx
huhu hgh gh

t x x
τθ θ
ρ

∂∂ ∂
+ = − −

∂ ∂ ∂
 (4.44) 

0 0 01 1 1 1
2 1 2 1 sin

b

b

z h

p pz

h hu udz u u
h h h gh

τη η
η η ρ θ

+ ⎡ ⎤⎛ ⎞⎛ ⎞
= = − = − −⎢ ⎥⎜ ⎟⎜ ⎟+ +⎝ ⎠ ⎝ ⎠⎣ ⎦

∫  (4.45) 

0 0
0 0

1 p
bx

z

udu
dz h

ηη

η η
ητ τ μ τ μ

η=

⎛ ⎞+⎛ ⎞= + = + ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (4.46) 

1
1

0 sin
1p

ghu
ηη

η

ρ θη
η μ

+⎡ ⎤
= ⎢ ⎥

+ ⎢ ⎥⎣ ⎦
 (4.47) 

The flow behavior index η   equals to 1 for a Bingham fluid. Substituting η  

with 1 in equations (4.45) to (4.47) gives corresponding depth-averaged equations for 

Bingham flow: 

( ) 0
huh

t x
∂∂

+ =
∂ ∂

 (4.48) 
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( ) ( )2

sin cos bx
huhu hgh gh

t x x
τθ θ
ρ

∂∂ ∂
+ = − −

∂ ∂ ∂
 (4.49) 

0 0 01 1 11 1 1
3 3 sin

b

b

z h

p pz

h hu udz u u
h h h gh

τ
ρ θ

+ ⎡ ⎤⎛ ⎞⎛ ⎞= = − = − −⎢ ⎥⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

∫  (4.50) 

0 1 0 1
0 0

2 p
bx

z

udu
dz h

τ τ μ τ μ
=

⎛ ⎞= + = +⎜ ⎟
⎝ ⎠

 (4.51) 

2
0

1

sin1
2p

ghu ρ θ
μ

=  (4.52) 

Pastor et al. (2004) proposed a simple solution to approximate the basal resistance 

force of a Bingham flow. For a simple shear flow over an inclined plane with a slope 

angle of θ , equilibrium analysis indicates that the distribution of shear stress varies 

linearly with the depth, from 0 at the free surface to sinbx ghτ ρ θ=  at the bed, as 

shown in Figure 4-10. The velocity profile is obtained by integrating constitutive 

equations (4.53) and (4.54) for a Bingham fluid: 

0

0 1 0

0du
dz

du
dz

τ τ

τ τ μ τ τ

= <

= + >
 (4.53) 

1bx
z
h

τ τ ⎛ ⎞= −⎜ ⎟
⎝ ⎠

 (4.54) 

The velocity distribution is parabolic in the shear layer and constant in the plug 

region: 
2
0

0

2

0 0

2

2

bx
b b

bx
b b

h z h z z h
h

u
zh z z z z h

h

τ
μ

τ
μ

⎧
+ ≤ ≤ +⎪

⎪= ⎨
⎛ ⎞⎪ − ≤ ≤ +⎜ ⎟⎪ ⎝ ⎠⎩

 (4.55) 

The depth-averaged velocity is obtained by integrating equation (4.55) over flow 

depth: 
2

0 0
0

1 1 2
6

h bx

bx bx

hu udz
h

τ τ τ
μ τ τ

⎛ ⎞ ⎛ ⎞
= = − +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∫  (4.56) 
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The bottom shear stress is determined by solving equation (4.56), which is related 

to the averaged depth velocity u . An approximation solution has been proposed for 

practical implementation of equation (4.56) in debris flow modeling (Hungr 1995; 

Pastor et al. 2004). 

4.4.2.2  Basal Resistance Based on the Quadratic Fluid Model 

The quadratic rheological model developed by O’Brien and Julien (1985) and 

Julien and Lan (1991) has been used as a constitutive law for a great range of 

hyperconcentrated flows. The relationship between shear stress and shear rate for the 

quadratic rheological model is: 

0

2

0 0

0du for
dz

du du for
dz dz

τ τ

τ τ μ ξ τ τ

= <

⎛ ⎞= + + >⎜ ⎟
⎝ ⎠

 (4.57) 

where ξ  is a turbulent-dispersive parameter dependent on a variety of material 

properties including mass density, mixing length, sediment size, linear sediment 

concentration and impact coefficients. Application of the quadratic model to analyze 

mud and debris flows is carried out using the FLO-2D program (O’Brien 2003). 

FLO-2D is a volume conservation program. The overland flow or flow through 

the segments of channels is simulated by motion of the flowing mass through a series 

of elements in FLO-2D. The flow propagation is dependent on topography and flow 

resistance. The depth-averaged governing equations in the FLO-2D program (O’Brien 

2003) are: 

Continuity equation: 

( ) ( )h hu hv i
t x y

∂ ∂ ∂
+ + =

∂ ∂ ∂
 (4.58) 

Momentum equations: 

0
1

fx x
h u u v u uS S
x g x g y g t

∂ ∂ ∂ ∂
= − − − −

∂ ∂ ∂ ∂
 (4.59) 
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0
1

fy y
h u v v v vS S
y g x g y g t

∂ ∂ ∂ ∂
= − − − −

∂ ∂ ∂ ∂
 (4.60) 

where h  is the flow depth, u and v are depth-averaged velocity components in x  

and y  directions, i  is excess rainfall intensity, fxS  and fyS  are friction slope 

components along x  and y  directions, 0xS  and 0 yS  are natural bed slopes, and 

g is gravity acceleration. 

The total friction slope fS  is the sum of the yield slope yS , the viscous slope vS , 

and the turbulent-dispersive slope tdS . The yield slope is written as a function of the 

yield strength. Viscous and turbulent-dispersive slope terms are written in terms of 

depth-averaged velocities: 

f y v tdS S S S= + +  (4.61) 

0
y

m

S
h

τ
γ

=  (4.62) 

28v
m

K VS
h

η
γ

=  (4.63) 

2 2

4
3

td
td

n VS
h

=  (4.64) 

where mγ  is the specific weight of the sediment mixture, K  is the resistance 

parameter for laminar flow, tdn is the flow resistance coefficient equivalent to 

Manning’s n-value, and V  denotes the depth-averaged velocity equal to u and v in 

the x   and y  directions, respectively. To estimate dispersive effects in debris flows, 

tdn  is approximated as the exponential function of the traditional turbulent resistance 

n -value: 
vmC

td tn n be=  (4.65) 

where tn  is the turbulent n -value, vC  is sediment volumetric concentration, b is a 

coefficient with a value of 0.0538, and m  is an exponent with a value of 6.0896.  

The yield stress 0τ  and the viscosity η  are computed using exponential 
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functions of sediment concentration based on studies of O’Brien and Julien (1985) and 

Julien and Lan (1991): 
vCe ηβ

ηη α=  (4.66) 

vCe τβ
ττ α=  (4.67) 

where ηα , ηβ , τα , and τβ  are empirical coefficients. 

Substitution of equations (4.61) to (4.67) into (4.58) to (4.60) gives differential 

governing equations for debris flow simulations in the FLO-2D program: 

( ) ( )h hu hv i
t x y

∂ ∂ ∂
+ + =

∂ ∂ ∂
 (4.68) 
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∂ ∂ ∂ ∂
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∂ ∂ ∂ ∂
 

(4.69) 
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K ee n be vh u v v v v v S
y g x g y g t h h h

ητ
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γ γ

∂ ∂ ∂ ∂
+ + + + + + − =

∂ ∂ ∂ ∂
 

(4.70) 

4.4.2.3 Basal Resistance Based on the Coulomb Friction Model 

The Coulomb friction law without cohesion is the best-tested model for rapid, 

dense, granular flows. Experiments demonstrate that Coulomb-like proportionality 

between intergranular shear stresses and normal stresses is evident in rapid, dense, 

granular flows (Hungr and Morgenstern 1984a, 1984b; Savage and Hutter 1989; 

Iverson and Vallance 2001; Denlinger and Iverson 2004). Applicability of the 

cohesionless Coulomb equation extends beyond the quasi-static flow regime in which 

grains sustain contacts as they slide relative to one another and particles interact 

exclusively through mutually persistent frictional contacts among particles. The basic 

form of the Coulomb friction equation with zero cohesion is: 

tanτ σ φ=  (4.71) 

where σ and τ  denote normal stress and shear stress, repectively, and φ  is the 

frictional angle. 
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Because of the shallowness assumption, the normal stress in the z  direction can 

be approximated as hydrostatic. The normal stress at the bed is then determined by the 

overburden of the flow depth: 

( )coszz bg z h zτ ρ θ= + −  (4.72) 

( ) cos
bzz z z

ghτ ρ θ
=

=  (4.73) 

The basal shear stress can be calculated using the Coulomb friction law. The 

longitudinal pressure in the x  direction is related to normal pressure in the z  

direction through the coefficients of lateral pressure. The coefficient of lateral pressure 

is defined as the ratio of the longitudinal pressure to the normal pressure 

xx

zz

K τ
τ

=  (4.74) 

where K  is a coefficient of lateral pressure. An active or passive state of stress is 

dependent on whether an element of material is elongated or compressed during a 

downslope motion. The equation for lateral pressure coefficients can be derived from 

the Mohr stress circle and the Coulomb failure envelope (Savage and Hutter 1989; 

Iverson 1997): 

2 2

2

1 1 cos sec
2 1 0

cos
b

a
uK for
x

φ φ
φ

− − ∂
= − >

∂
 (4.75) 

2 2

2

1 1 cos sec
2 1 0

cos
b

p
uK for
x

φ φ
φ

+ − ∂
= − <

∂
 (4.76) 

2 2sec 1 tanb bφ φ= +  (4.77) 

where aK  and pK  are coefficients of active and passive lateral pressure, respectively, 

φ  is the internal frictional angle, and bφ  is the basal frictional angle. Combining all 

these equations, the depth-averaged governing equations for two-dimensional debris 

flow with the Coulomb frictional model as constitutive equations reduce to: 

( ) 0
huh

t x
∂∂

+ =
∂ ∂

 (4.78) 
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( ) ( ) ( ) ( )
2

sin cos sgn cos tana p b

huhu hgh K gh u gh
t x x

θ θ θ φ
∂∂ ∂

+ = − −
∂ ∂ ∂

 (4.79) 

where ( )sgn u−  indicates that basal resistance has the opposite direction to the sliding 

velocity. The depth-averaged momentum equation (4.79) can be written in Lagrangian 

form by using du u uu
dt t x

∂ ∂
= +

∂ ∂
: 

( ) ( )sin cos sgn cos tana p b
du hg K g u g
dt x

θ θ θ φ∂
= − −

∂
 (4.80) 

Equations (4.78) to (4.80) are governing equations for single phase cohesionless 

granular flows over simple sliding surfaces. It is worth noting that effects of surface 

curvature are neglected in the equations. 

The multi-dimensional extension of simple depth-averaged equations has been 

proposed for the analysis of dry granular flows across complicated three-dimensional 

terrains (Gray et al. 1999; Pudasaini and Hutter 2003; Wang et al. 2004; Denlinger 

and Iverson 2004; Pudasaini et al. 2005a). Effects of slope curvature are taken into 

account by using a curvilinear coordinate system and incorporating a centrifugal force 

into momentum conservation equations. The depth-averaged model for granular flows 

containing interstitial fluid has been formulated by including effects of pore fluid 

pressure on flow dynamics (Hungr 1995; Iverson and Denlinger 2001; McDougall and 

Hungr 2004, 2005; Pudasaini et al. 2005b; Pitman and Le 2005). The formulation of 

governing equations for the Coulomb mixture theory (Iverson and Denlinger 2001) is 

based on the assumption that the solid in water-saturated granular flows behaves as a 

Coulomb granular material and interstitial fluid behaves as a viscous Newtonian fluid. 

An advective diffusion equation is proposed to describe the changes in pore water 

pressures (Denlinger and Iverson 2001). A two-phase model developed by Pitman and 

Le (2005) can simulate the velocities of solid and fluid phases in the solid-fluid mixture 

flows. A drag term describes the interactions between solid and fluid in the governing 

equation. The advanced two-phase models (Iverson and Denlinger 2001; Pitman and 

Le 2005) are complex and have not found much practical application. 

The single phase depth-averaged governing equations have been applied to 
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simulating debris avalanches, debris flows, and other types of fast landslides. Good 

agreement has been achieved between model predictions and experimental or field 

observations (Bertolo and Wieczorek 2005; Hungr and Evans 1996, 1997; Iverson et 

al. 2004; Hungr et al. 2005; Kelfoun and Druitt 2005). As a consequence, a 

depth-averaged model with the Coulomb friction law as the constitutive equation has 

been established as one of the leading models for debris flow simulations. 

4.5 Discussion 

Prediction of the post-failure mobility of liquefaction flow slides, debris flows, 

debris avalanches, and other types of flow-like landslides can be conducted using 

empirical methods, sliding block models and depth-averaged models. The empirical 

method is very simple and can provide a useful means of predicting post-failure travel 

distance (or the travel distance angle). Very useful empirical models can be developed 

for regional and type-specified flow-like landslides provided that large and 

good-quality databases are available. However, the application of empirical 

correlations to field data results in considerable scatter due to the complexity of the 

debris flow process and uncertainty involved in the establishment of empirical 

equations. Uncertainties in the empirical model are associated with the accuracy of the 

data which is primarily dependent on the quality of the maps and profiles provided by 

the referenced authors, and the consistency among authors in describing the same 

landslide case. Review of empirical models indicates that most relationships 

established so far can only provide an order of magnitude estimate of some debris flow 

parameters, but are not capable of giving accurate predictions of values required for 

protective designs (Rickenmann 1999). The empirical approach does not take into 

consideration the type of material flowing, mechanisms of failure, travel path 

confinement, ground water, and geology of the study regions. Therefore, the 

application of empirical equations is limited to regions where geological and climatic 

conditions are similar to those from which the equations were derived. 

The sliding block model delineates the motion of the sliding mass as a rigid 
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dimensionless block. The velocity and runout distance of the centroid of the 

post-failure material are determined by assigning appropriate bulk rheological 

properties and travel path in the block model. Forces acting on the block consist of the 

gravity driving force and basal resistance. The resistance is exclusively dependent on 

the rheological properties specified for the failure material. Frictional and Voellmy 

models are the most widely used constitutive law for the block model. Improved 

sliding models have been created by taking into consideration the effects of pore water 

pressure (Hutchinson 1986; Sassa 1988). The kinetic analysis is the application of the 

sliding block model to the estimation of liquefied shear strength (Davis et al. 1988; 

Olson 2001; Olson and Stark 2002). The cohesive model is specified as a constitutive 

equation and the length of failure surface is required to determine resistance acting on 

the sliding block in the kinetic analysis. The sliding block model can not account for 

the confinement of travel path and lateral spreading of the failure materials. The sliding 

block model, therefore, can only provide a very crude approximation of the debris flow 

process. 

Depth-averaged equations provide the most advanced model for debris flow 

simulations. Predictions of the velocity field, lateral spreading, and longitudinal runout 

distance of debris flows are obtained by solving the depth-averaged governing 

equations with the appropriate constitutive law. The derivation of depth-averaged 

equations for debris flow modeling is based on the shallowness assumption, i.e., that 

the longitudinal length scales much greater than flow depth. The depth-averaging 

process substantially reduces computational efforts and makes possible the practical 

simulation of debris flows over complex topography. The depth averaging process, 

however, sacrifices flow details in the dimension normal to flow direction. With 

uniform velocity distribution over the flow depth, depth-averaged models are not 

capable of accounting for the effects of internal flow dynamics on debris flow 

simulations. 

The constitutive behavior of materials is incorporated into the depth-averaged 

model through simplified basal flow resistance formulations. The complicated 

mixture of flowing sediment and water is represented by a simplified equivalent fluid 
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with particular rheological characteristics (Hungr 1995). Iverson (1997), Iverson and 

Denlinger (2001), and Pitman and Le (2005) presented a two-phase formulation of 

the depth-averaged model for water-saturated granular flows. In the two-phase model, 

the behavior of granular materials is governed by the Coulomb friction law and 

assumptions are made to describe the interactions between solid and fluid phases Due 

to the difficulties involved in the implementation of two-phase theory, the application 

of these formulations is still limited to the analysis of experimental granular flows 

over simple topography. Practical applications of depth-averaged models require 

specification of the appropriate constitutive law for an equivalent fluid. The Bingham 

model, the Herschel-Bulkley model, and the Coulomb frictional model are commonly 

used in debris flow simulations. Studies indicate that estimated travel distance and 

velocity from depth-averaged models are sensitive to the constitutive laws and 

parameters defining the models that are used in the numerical analysis (Bertolo and 

Wieczorek 2005; Naef et al. 2006). Generally, there are no procedures directly based 

on experimental tests to determine the representative bulk properties of debris. 

Consequentely, the constitutive model and corresponding parameters have to be 

determined by the back-analyses of real cases. It is well known that constitutive 

performance of sediment-water mixtures is governed by many factors, among which 

sediment concentration and solid material properties are key elements. 

4.6 Conclusion 

Investigation of debris flow numerical modeling indicates that: 

(1) Applications of simple empirical relationships established so far lead to results 

with considerable scatter. Constitutive properties of debris are not fully taken into 

account in the derivation of empirical equations. Compared with the analytical models, 

the empirical models possess limited applicability and generality in debris flow hazard 

assessment and protective designs. 

(2) The sliding block model simplifies mass movement as a rigid body motion. 

Lateral and longitudinal spreading of failure materials is not accounted for in the model. 
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Predictions based on the sliding block model provide a crude approximation of debris 

flows. 

(3) The depth-average models are capable of providing detailed predictions of 

flowing velocity, lateral spreading, and longitudinal travel distance of debris flows. 

The constitutive properties of materials are incorporated in the depth-averaged 

governing equations combined with bed flow resistance. 

(4) Energy dissipation due to particle sliding, collision, and interactions between 

solid and fluid phases is not explicitly accounted for in current depth-averaged models. 

The accuracy of prediction can be improved by incorporating internal deformations 

into the debris flow simulation model. 
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Table 4-1 Parameters for correlations between the tangent of travel angle and landslide 

volume  

Landslide Type Sliding Path A  B  Reference 

Rockfalls All  0.62419 -0.15666 Scheidegger 1973 

All landslides All -0.047 -0.085 

All 0.210 -0.109 

Obstructed 0.231 -0.091 

Deflected 1.078 -0.233 
Rockfalls 

Unobstructed 0.1671 -0.119 

All -0.159 -0.068 

Obstructed -0.133 -0.057 Translational slides 

Unobstructed -0.143 -0.080 

All -0.012 -0.105 

Obstructed -0.049 -0.108 

Channelized -0.077 -0.109 
Debris flows 

Unobstructed -0.031 -0.102 

All -0.214 -0.070 
Earthflows and mudflows 

Unobstructed -0.220 -0.138 

Corominas 1996 

Notes: Regression equation is ( ) ( )log tan log logH A B V
L

α ⎛ ⎞= = +⎜ ⎟
⎝ ⎠

, where α  is travel 

angle, H  is vertical drop, L  is travel distance, and V  is landslide volume measure in m3. 
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Table 4-2 Parameters for correlations between the tangent of travel angle and the slope 

angle (Data from Hunter and Fell 2003) 

Slope Type Soil Type Sliding Path A  B  

Unconfined 0.087 0.77 

Partly confined 0.086 0.69 Natural slope 
Silty sands and sandy clay with 
gravel and boulders, low clay 
content 

Confined 0.147 0.54 

All 0.16 0.54 

Confined, all 0.13 0.57 

Confined, highly mobile 0.14 0.35 
Waste spoil pile 

Coal mine waste spoil, sandy 
gravel, low fines content and 
loose dumped 

Unconfined 0.17 0.59 

Notes: Regression equation is tan tanH A B
L

α θ= = + , where α  is travel angle, H  is 

vertical drop, L  is travel distance, and θ  is downslope angle below the source area. 
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Table 4-3 Empirical relationships for debris flows (Data from Rickenmann 1999) 

Parameters Flow Type Empirical Equations 

Granular debris flows (Japan) 0.7800.135pQ V=  

Muddy debris flows (Japan) 0.7900.0188pQ V=  

Merapi volcano (Indonesia) 0.8310.00558pQ V=  

Sakurajima volcano (Japan) 0.8700.00135pQ V=  

Landslide dam failures 0.560.293p wQ V=  

Peak discharge 

Glacial dam failures 0.640.0163p wQ V=  

Newtonian laminar flow 
21

3
gH SU ρ
μ

=  

Dilatant gain shearing flow 
3

22
3

U H Sξ=  

Newtonian turbulent flow 

(Manning-Strickler equations) 

2 1
3 21U H S

n
=  

Newtonian turbulent flow 

(Chezy equations) 
1 1

2 2U CH S=  

Mean flow velocity 

Empirical equation 
10.3 2

1U C H S=  

Travel distance Debris flows (Swiss Alps) 0.16 0.831.9 eL V H=  

C , Chezy coefficient; 1C , constant determined from regression analysis; g , gravitational 

acceleration; H , flow depth; eH , elevation difference between the starting point and the lowest point 

of deposition; L , travel distance; n , Manning coefficient; pQ , peak discharge; S , channel slope; 

U , mean flow velocity; V , debris flow volume; wV , volume of water behind a dam; ρ , debris flow 

density; μ , dynamic viscosity of debris flows; ξ , coefficient for dilatant shearing flow. 
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Table 4-4 Empirical equations for long-runout landslides (Data from Legros 2002) 

Parameters Landslide Type Empirical Equations 

Nonvolcanic landslides 0.150.16H V
L

−=  

Volcanic landslides 0.190.11H V
L

−=  

Martian landslides 0.190.42H V
L

−=  

Tangent of travel angle 

Submarine landslides 0.090.03H V
L

−=  

Nonvolcanic landslides 0.258L V=  

Volcanic landslides 0.3915.6L V=  

Martian landslides 0.346.2L V=  

Submarine landslides 0.3318L V=  

Travel distance 

Debris flows 0.39235L V=  

Volcanic landslides 0.8755A V=  

Martian landslides 0.706.1A V=  Deposit area 

Debris flows 0.76230A V=  

A , area of landslide deposit; H , vertical drop of landslide; L , travel distance; V , landslide volume. 
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Table 4-5 Liquefied shear strength from kinetic analysis of liquefaction flows (Data 

from Olson and Stark 2002) 

Case History Liquefied Shear Strength (kPa) 

No. Name Best Estimate Lower Bound Upper Bound 

1 Calaveras Dam 34.5 28.7 37.8 

2 Fort Peck Dam 27.3 16.8 34.0 

3 Lower San Fernando Dam 18.7 15.8 21.8 

4 Wachusett Dam 16.0 10.4 19.1 

5 Hachiro-Gata Embankment 2.0 1.0 3.2 

6 Koda Numa Embankment 1.2 ― ― 

7 Lake Ackerman Embankment 3.9 3.4 4.7 

8 Route 272 Embankment 4.8 3.0 5.7 

9 Shibecha-Cho Embankment 5.6 3.9 8.3 

10 Uetsu-Line Embankment 1.7 ― ― 

Note: ―, data not available. 
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Table 4-6 Depth-averaged equations in orthogonal curvilinear coordinate systems 

Governing Equation References Comments 

( ) 0h hu
t x

∂ ∂
+ =

∂ ∂
 

( )( )2sin tan sgn cos cosdu u u hu u u K
dt t t x

ζ φ ζ λκ ε ζ∂ ∂ ∂
= + = − + −

∂ ∂ ∂
 

Savage and Hutter 
1991 Nondimensional 

( ) 0h hu
t x

∂ ∂
+ =

∂ ∂
 

( )
2

21sin tan sgn cos cos
2

du u u uu g u g K gh
dt t t r x

ρ ρ ρ ζ φ ρ ζ ρ ρ ζ
⎛ ⎞∂ ∂ ∂⎛ ⎞ ⎛ ⎞= + = − + −⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠⎝ ⎠

 

Greve and Hutter 
1993 Dimensional 

( ) ( ) 0
hu hvh

t x y
∂ ∂∂

+ + =
∂ ∂ ∂

 

( )2

2 2
sin tan cos cosx

du u hu K
dt xu v

ζ φ ζ λκ ε ζ ∂
= − + −

∂+
 

( )2

2 2
tan cos cosy

dv v hu K
dt yu v

φ ζ λκ ε ζ ∂
= − + −

∂+
 

Greve, Koch and 
Hutter 1994 Nondimensional 
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Table 4.6 (continued) 

Governing Equation References Comments 

( ) ( ) 0
hu hvh

t x y
∂ ∂∂

+ + =
∂ ∂ ∂

 

( ) ( ) ( ) ( )
2

2 2

2 2
sin tan cos cos

2
b xz huhu hu huv h h u h

t x y x xu v
βζ φ ζ λκ ε ζ

⎛ ⎞∂∂ ∂ ∂ ∂
+ + = − + − − ⎜ ⎟∂ ∂ ∂ ∂ ∂+ ⎝ ⎠

 

( ) ( ) ( ) ( )
2

2 2

2 2
tan cos cos

2
yb hzvhv huv hv h u h

t x y y yu v

β
φ ζ λκ ε ζ

⎛ ⎞∂∂ ∂ ∂ ∂
+ + = − + − − ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂+ ⎝ ⎠

 

cosx xKβ ε ζ=  and cosy yKβ ε ζ=  

Wang, Hutter 
and Pudasaini 
2004 

Nondimensional, 
curvilinear 
coordinate system 
presented in Figure 
4-6. 

 

Note: 
H
L

ε = , where H  is typical depth and L  is typical spread of flow; 
L
R

λ = , where R  is typical radius of curvature of the sliding surface; r , 

radius of the curvature of sliding surface; κ , curvature of the sliding surface; u , depth-averaged velocity in the x  direction; v , depth-averaged 

velocity in the y  direction; ρ , material density; h , flow depth; φ , frictional angle; m , mass of material; ζ , slope angle; bz , elevation of the 

sliding surface; K , coefficient of lateral pressure; xK , coefficient of lateral pressure in the x  direction; yK , coefficient of lateral pressure in the y  

direction. 
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Figure 4-1 Definitions of travel angle and travel distance 
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Figure 4-2 Tangent of travel angle ( H L ) versus landslide volume 

(Data from Hunter and Fell 2003) 

Sliding path 

H

L  

Source 
 

Deposit 
 

α  



 

 
86

 

 
Figure 4-3 Sliding block model with energy line for frictional material 

 

 
Figure 4-4 Definitions of variables for depth-averaged model in Cartesian coordinates 

(Modified from Denlinger and Iverson 2004) 
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Figure 4-5 Sketch of the curvilinear coordinate system 

 
Figure 4-6 Curvilinear coordinate system used for two-dimensional Savage-Hutter 

model (Modified from Wang et al. 2004) 
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Figure 4-7 Two-dimensional debris flow with Cartesian coordinates 

 

 
Figure 4-8 Two-dimensional non-Newtonian flow with Cartesian coordinates 
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Figure 4-9 Shape factor ( β ) versus rheological index (η ) for different ratio of shear 

depth to total flow depth 

 

 
Figure 4-10 Shear stress distribution for Bingham fluid flowing down an inclined plane 

with slope angle of θ  
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Chapter 5  

A Slice-Based Model with Internal Energy 

Dissipation 
5.1 Introduction 

Depth-averaged equations have been dominantly applied to modeling debris 

avalanches, debris flows, and other types of fast moving landslides. Constitutive 

properties of debris are incorporated into governing equations through a basal flow 

resistance, which is expressed in terms of averaged velocities when the Bingham and 

Herschel-Bulkley models are selected and in terms of hydrostatic overburden stress 

and the coefficient of internal friction when the Coulomb frictional law is used. As 

observed in the formulation of depth-averaged equations, uniform velocity is assumed 

and the energy dissipation in depth-averaged models is primarily caused by basal 

resistance. It is well known that the flows of highly concentrated sediment-water 

mixtures, such as liquefaction flow slides, and debris flows, consume kinetic energy 

not only through basal frictional resistance, but also through collision and friction 

among grains, and interactions between solid phase and fluid phase. However, due to 

the complexity and difficulties involved in simulating these mechanisms, the effects of 

internal energy dissipation on the dynamics of debris flow are usually not specifically 

considered in debris flow simulations.  

In this chapter, a slice-based model with internal energy dissipation is formulated 

on a macroscopic scale. Formulation of the governing equations is based on the 

conservation law for energy. Compared with the existing depth-averaged slice-based 

models, terms related to deformation work and internal energy dissipation are 

introduced into the governing equations. The numerical method for practical 

implementation of the governing equations is presented following the model 

formulation. 
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5.2 The Slice-Based Model 

Slice-based dynamic analysis has been developed and successfully used in studies 

of fast moving gravitational flows such as rapid landslides, debris flows, and 

liquefaction flow slides (Hungr 1995; Tinti et al. 1997; Miao et al. 2001; Kwan and Sun 

2006). In the slice-based model, the flowing mass is represented by an ensemble of 

connected slices (2 dimensions) or blocks (3 dimensions) which are subjected to 

gravitational forces, basal resistance, and internal force. While sliding down over the 

specified sliding surface, the slices interact with each other, consequently dissipating 

energy along their base and exchanging momentum between individual slices. The 

shapes of slices are able to change as flow develops but total volume is conserved and 

no mass can penetrate between slices. Newton’s laws of motion are employed to define 

the relationship between slice movement and forces acting on it. A Lagrangian 

specification is generally adopted to easily locate positions of slices at certain time 

points. The initial dimension of sliding mass and topography of the sliding path have to 

be specified in a slice-based model. In practice, the required information can be 

obtained by field investigations with a combination of stability analysis and empirical 

judgment. The runout distance and velocities from field observations can be used to 

test against simulation results and to calibrate input parameters of the model. 

The models proposed by Hungr (1995), Tinti et al. (1997), Miao et al. (2001), and 

Kwan and Sun (2006) are all momentum-based methods. A general survey of the 

momentum-based models indicates that the computation of gravity driving force and 

bottom resistance has very similar expressions in these models. It is the formulation of 

internal force that distinguishes one method from the other. 

Hungr (1995) presented a dynamic model (DAN) for the runout analysis of rapid 

landslides. DAN is based on an explicit solution of the Saint Venant equations with 

the integration of a variety of constitutive relationships which have been widely 

applied to debris flow modeling. The displaced materials of a landslide are 

represented by a number of boundary elements and mass elements. Formulation of 

the governing equations is based on the principle of momentum conservation for the 
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boundary elements. Mass conservation is applied to the mass elements to calculate 

changes in flow depth and internal deformation within the landslide. Flow resistance 

along the sliding surface is determined using the constitutive law specified in an 

analysis. The resultant longitudinal pressure acting on the boundary element is 

determined by the product of the hydrostatic pressure gradient of the equivalent fluid 

and a lateral pressure coefficient (Hungr 1995). The value of the lateral pressure 

coefficient is dependent on the coefficients of active and passive earth pressure, the 

stiffness coefficient, and average tangential strain of the mass elements. Initially, unit 

value is used as lateral pressure coefficient for each element. The magnitude of lateral 

coefficient is then increased or decreased by a value equal to the product of the 

incremental strain times a stiffness coefficient. The lateral coefficient can vary 

between the minimum and maximum values which correspond to active and passive 

earth pressure coefficients specified. Hungr (2003) proposed that the values of the 

active and passive earth pressure can be determined based on internal frictional 

strength of the sliding material by using the equation formulated by Savage and 

Hutter (1989). 

An improved debris mobility model (DMM) has been presented recently by Kwan 

and Sun (2006). The improved DMM is based on the model for the dynamic analysis of 

rapid landslides (DAN) developed by Hungr (1995). Enhanced DMM eliminates the 

limitation of the rectangular channel assumed in DAN. The formulation of flow 

resistance in DMM is based on the whole wetted perimeter of the flow channel. In 

consequence, the calculation can be conducted to simulate debris flow in channels of 

varying cross-sectional profiles along the flow path. For simplicity, the cross section of 

the flow channel is approximated as a trapezoid in the modified DMM formulation. 

Calculation of internal forces in DMM is based on the hydrostatic gradient and the 

lateral pressure coefficient which is dependent on the local internal deformation state 

of the landslide. The method proposed by Hungr (1995) is used in DMM to calculate 

coefficient of lateral earth pressure. The total flow resistance consists of resistances 

developed at the bottom and on the two side slopes of the channel. The bottom 

resistance is estimated using the same procedure as in the original formulation of DAN 
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(Hungr 1995) and material properties are described by the Voellmy model. The 

resistances on side slopes are based on the weight of the sliding mass above the side 

slopes. The force calculation is applied to the boundary elements in the original DAN 

formulation and the volume of mass elements is incorporated only into the calculation 

of slice height. Formulations of the forces in DMM are based on the real volume of 

sliding mass. Compared with the original DAN model, the improved DMM 

incorporates real volumes of mass blocks into the formulation of the forces and 

provides a more realistic landslide mobility analysis. Applications of DMM and DAN 

to modeling of rapid landslides in Hong Kong show that very similar front velocities 

are predicted by both models. The back-calculated strengths from DAN are greater 

than those determined from the improved DMM due to incorporation of resistances on 

the side slopes in the DMM model. 

Tinti et al. (1997) expressed internal force in terms of an interaction coefficient, 

which is dependent on the dynamic state of the slices and the instantaneous distance 

between slice centers. The value of the interaction coefficient varies between 0 and 1, 

which represent two limits for interslice actions. When the interaction coefficient 

equals 0, interacting slices have the same post-interaction velocities irrespective of 

their pre-interaction states and slices move as if they adhered to one another; this is the 

maximum possible interaction. When the interaction coefficient equals 1, the slices 

conserve their pre-interaction velocities as if no interaction took place. The interaction 

coefficient can be expressed as a function in terms of interaction intensity, 

deformability parameter, and shape parameter (Tinti et al. 1997). 

Miao et al. (2001) proposed a sliding block model for the runout analysis of rapid 

landslides. The model starts with the limit equilibrium assessment and incorporates 

mass dynamics and soil deformation into the calculation of slide mass movement. In 

the sliding block model, the slide mass is divided into a series of slices. Forces acting 

on a single slice consist of gravity, basal resistance, and interactions between slices. 

The initial interslice forces are determined by limit equilibrium analysis using the 

method of unbalanced thrust, in which the resultant interslice force is assumed to be 

parallel to the base of the preceding slice and acts at the midpoint of the height of the 
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slice. The critical state corresponding to the unit factor of safety is considered as the 

initial state. Initial accelerations are computed based on initial unbalanced forces. As 

long as the mass movement is triggered, the interslice forces are determined based on 

the deformation energy. The calculation of deformation energy is based on the 

macroscopic deformation of the slices and bulk deformation modulus. For slices in a 

tensile state, the deformation energy vanishes and the interslice force is assumed to be 

zero. The basal shear resistance is determined based on the overburden normal force 

with the Coulomb frictional law, similar to the procedures used by other slide block 

models. Application of the sliding block model to two rapid landslides in China (Miao 

et al. 2001) indicated that the sliding block model results in a very large fluctuation in 

the velocity field simulated within very short periods of time. This is caused by the 

assumption that interslice forces vanish as soon as the slice is in a tensile state. 

5.3 Numerical Schemes for Debris Flow Simulation 

Numerical methods employed in debris flow simulations include the finite 

difference method (FDM), the finite element method (FEM), the discrete element 

method (DEM), and the method based on smoothed particle hydrodynamics (SPH). 

Formulations of these numerical models are outlined below, with a discussion of their 

applications to debris flow runout analyses. Based on the numerical methods available, 

an easily-implemented Lagrangian numerical approach is proposed following the 

formulation of the slice-based model with internal energy dissipation. 

5.3.1 The Finite Difference Method 

The finite difference method (FDM) is perhaps the most commonly used 

numerical method for modeling debris avalanches, debris flows, and other types of 

rapid landslides. In the finite difference approach, the continuous problem domain is 

replaced by a finite difference grid. The derivatives are approximated by the 

differences defined at neighbouring grid points, and the governing partial differential 



 

 
95

equations are represented by a set of algebraic equations in terms of unknowns at the 

grid points. The solution of the system equation is obtained after imposing the 

necessary initial and boundary conditions. The FDM has the advantage of being very 

easy to interpret physically, and has been used to develop a wide variety of numerical 

schemes to solve unsteady flow, particularly one-dimensional flow. 

The Lagrangian moving mesh finite-difference scheme proposed by Savage and 

Hutter (1989) has been widely applied to simulate granular flows. In the Lagrangian 

scheme, the debris body is discretized into a number of material cells, which move and 

deform with the motion of debris. The mass of each material cell is conserved during 

motion and the mean height of the cell can be determined based on the material volume 

and boundary locations. Good agreement has been achieved between observations of 

experimental chute flows and theoretical predictions from the Savage-Hutter model 

with the Lagrangian scheme (Savage and Hutter 1989; Wieland et al. 1999; Tai et al. 

2002). In the Lagrangian scheme, explicit artificial numerical diffusion is required to 

maintain numerical stability. However, the incorporation of artificial numerical 

diffusion deteriorates the quality of resolution. To avoid introduction of numerical 

oscillations and to maintain numerical diffusion as small as possible, the nonoscillatory 

central (NOC) difference scheme, a high-resolution Eulerian finite difference approach, 

has been formulated for the simulation of granular avalanches and debris flows (Tai et 

al. 2002; Wang et al. 2004; Pudasaini et al. 2005a, 2005b). 

5.3.2 The Finite Element Method 

In the finite element method (FEM), the problem domain is divided into an 

assemblage of small regions (finite elements) of standard shapes (triangle, quadrilateral, 

tetrahedral, etc.). The elements have nodes defined on the element boundary (at the 

vertices and/or on the sides) or within the element. Interpolation functions, usually 

polynomial, are used to approximate the partial differential equations over each 

element and to formulate local element equations representing the behavior of the 

elements. According to topological relations between the nodes and elements, the local 
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elemental equations are then assembled into the global equations. Information required 

in the problem domain is obtained by solving the global equations with properly 

defined initial and boundary conditions. The FEM has the flexibility to handle material 

heterogeneity, nonlinearity, and complex boundary conditions. Nonuniform 

discretizations are easily implemented in the FEM so that elements can be concentrated 

in the areas of interest, allowing for optimization of computational effort. By varying 

the functions used to interpolate the solution over the elements, a variety of numerical 

schemes may be readily implemented and tested. As a consequence, the FEM has been 

established as the most widely applied numerical method across a wide variety of 

science and engineering fields. 

Within the FEM context, the Lagrangian-Galerkin finite element method (Chen 

and Lee 2000, 2002), the combined Eulerian-Lagrangian finite element method (Crosta 

et al. 2003; Crosta et al. 2005), and the two-step Taylor-Galerkin algorithm (Pastor et al. 

2002; Quecedo and Pastor 2003; Quecedo et al. 2004) have been used to solve the 

depth-averaged governing equations for flow slides, mudflows, debris flows, and rapid 

landslides. Despite the simplicity and easy implementation of the Lagrangian FEM, the 

finite element mesh is subjected to large displacements and deformations due to the 

long runout distance and wide spreading to be simulated. The large displacements and 

deformations lead to a highly distorted mesh. As a consequence, the calculated results 

deteriorate. For the Eulerian-Lagrangian method, the finite element mesh does not 

distort and accurate calculation is obtained. However, considerable computation cost is 

required to implement the Eulerian-Lagrangian finite element method. The 

Taylor-Galerkin algorithm can be considered as the FEM counterpart of the 

Lax-Wendroff procedure in the FDM. It consists of a higher order expansion of the 

time derivative, followed by the spatial discretization of the resulting equation using 

the conventional Galerkin weighting method. The general Taylor-Galerkin procedure 

requires calculation of the derivatives of the flux tensor and source vector relative to 

the vector of unknowns for each element in the mesh and a number of multiplications. 

To avoid the large computation memory required and the time-consuming operations 

involved in a general Taylor-Galerkin method, a two-step algorithm has been 
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developed and used to solve shallow water equations (Quecedo and Pastor 2003). The 

two-step Taylor-Galerkin algorithm presents a good compromise between simplicity of 

the formulation and accuracy of the results and has been used to solve 

advection-dominated problems such as dam break and the propagation of rapid 

landslides (Pastor et al. 2002; Quecedo and Pastor 2003; Quecedo et al. 2004). 

5.3.3 The Discrete Element Method 

The discrete element method (DEM) is based on the Lagrangian approach of 

simulating the motion of a granular mass by microscopic particles. In the DEM, the 

flowing mass is discretized into an assembly of particles. The interaction forces 

between particles are determined based on the relative displacement of particle 

contacts. Interactions and external forces acting on the particles subsequently affect 

their dynamics. The trajectory of each particle is described by using Newton’s second 

law, which defines fundamental relationships between the movement of particles and 

the forces acting on them. During a small computation time step, the interaction force 

and acceleration of each particle are assumed to be constant, while velocity varies 

linearly. Particle position is evaluated at regular time intervals. On a macroscopic scale, 

the flowing behavior is described in terms of the motion of individual particles. 

The DEM has been used to investigate a wide variety of slope failures and the 

mobility of long runout landslides (e.g., Campbell et al. 1995; Okura et al. 2000a, 

2000b). Campbell et al. (1995) carried out large-scale landslide runout analyses using 

discrete particle simulation. The landslides were discretized into assemblages of 

two-dimensional discs (ranging from 5000 to 1,000,000). The inter-particle force in the 

direction normal to the contact point was simulated as a coupled spring and dashpot 

connected in parallel. The particle surfaces were allowed to overlap slightly and the 

degree of overlap compressed the spring, thereby applying an elastic force. The 

dashpot dissipated some of the kinetic energy of the particles and thus made the contact 

inelastic. The two particles interacted as a damped spring-mass system as long as they 

remained in contact. A similar spring with a frictional slider connected the particles in 
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the direction tangential to the point of contact. The slider limited the amount of 

tangential force that could be transmitted. Each of the constituent particles was 

subjected to contact forces with other particles and externally imposed gravitational 

forces. The motion of particles was governed by Newton’s second law. 

The runout distance, flow mechanism, and correlations between flow mobility 

and volume of rockfalls were investigated by Okura et al. (2000a, 2000b) using the 

discrete particle model. The rockfall was simulated as the flow of dry and nonviscous 

granular materials and a rigid and frictional collision model was formulated. The 

magnitude of interaction between particles was dependent on the properties of 

restitution and kinetic friction acting on the contact. Numerical simulations indicated 

that the high mobility of large-scale rockfalls and the positive correlation between 

runout distance and the volume of the rockfall were a result of internal collisions 

between particles. 

A mathematical model using DEM has been proposed to simulate two-phase 

granular flow (Asmar et al. 2003). The flow domain is discretized into cells which are 

smaller than the scale of variation of macroscopic flow properties but larger than the 

particle size. The solid phase is simulated as soft, polydisperse spheres. The contact 

forces between particles consist of elastic, cohesion, friction, and damping forces, as 

determined by a conventional spring-dashpot-slider model. The motion of fluid is 

governed by local, averaged Navier-Stokes equations. The fluid properties are 

averaged in the cell using a volume weighted function. Coupling between fluid and 

solid phases is achieved through the fluid inter-phase force which is computed based on 

the fluid drag force acting on particles. DEM has also been used to simulate dry 

granular flows in laboratory flume tests (Valentino et al. 2004). Analyses indicate that 

proper determination of the material properties required in DEM simulation is difficult. 

Deformation behavior and the mobility of debris flows have proven to be associated 

with changes in pore pressures within displaced materials. Notwithstanding 

considerable advances in DEM, there are no appropriate models to describe effects of 

pore pressure on a microscopic scale. As a consequence, DEM has not found much 

application in practical debris flow analyses. 
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5.3.4 Smoothed Particle Hydrodynamics 

Smoothed particle hydrodynamics (SPH) is a particle-based mesh-free method. 

SPH was originally developed for simulating astrophysical problems and has later been 

extended to model a wide range of engineering problems (Monaghan 1992). SPH uses 

particles as interpolation points to represent materials at discrete locations. The 

particles carry all the computational information and form the computational frame 

used for spatial discretization to solve the partial differential equations describing mass 

and momentum balance in fluid dynamics. Within the SPH context, the motion of a 

continuum is represented with the motion of a large number of particles. Formulation 

of SPH is based on the interpolation method which allows any function to be expressed 

in terms of its values at a set of particles. Using a specifically selected interpolating 

kernel that approximates a delta function, the partial differential equations can be 

transformed into corresponding integral forms. 

SPH formulation involves kernel approximation and particle approximation. In 

the kernel approximation, a function is approximated by its integral interpolant, which 

is defined as the integration of the multiplication of the function and a smoothing 

kernel function (Monaghan 1992). The kernel approximation gives an estimate of each 

dependent field variable. In the particle approximation, the integral interpolant at a 

particle is approximated by summation of the volume-weighted contributions from all 

the neighboring particles within the region controlled by the smoothing length. 

Approximations of spatial derivatives are evaluated in terms of the function values at 

particles by transforming the differential operation on the function into an operation on 

the smoothing kernel function specified. SPH is a simple and straightforward 

numerical procedure with the advantages of being Lagrangian, mesh-free, and easily 

implemented. As a consequence, SPH can easily trace material interface, free surfaces, 

and moving boundaries. 

One-dimensional dam-break flow has been computed using smoothed particle 

hydrodynamics (Wang and Shen 1999). In one-dimensional dam-break simulations, 

particles are defined as vertical slices having properties of mass, velocity, and depth. 
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The Gaussian function is selected as the kernel function. Simulations indicate that SPH 

is especially appropriate for modeling problems with sharp moving fronts. In SPH 

simulations, individual particles continuously adjust length and depth according to the 

varying flow conditions. Sharp discontinuities in the flow can easily be captured and 

accurately simulated. A three-dimensional numerical model for the dynamic analysis 

of flow slides, debris flows, and avalanches has been formulated by McDougall and 

Hungr (2004). Using the SPH method, the model is based on a Lagrangian solution of 

depth-averaged equations generalized for the flow of earth materials. The numerical 

scheme proposed permits large displacement without mesh distortion and facilitates 

simulations of rapid landslides over complex topographies. The model has been tested 

against laboratory flume experiments and real case histories of rapid landslides. 

Recently, a material entrainment algorithm has been proposed and incorporated into 

the dynamic model to simulate bulk behavior of rapid landslides entraining substantial 

path material (McDougall and Hungr 2005). 

5.4 Formulation of the Slice-Based Model with Internal 

Energy Dissipation 

The depth-averaged model is established by integrating the mass and momentum 

conservation equations in differential form over the flow depth with the use of 

Leibnitz’s law. The constitutive property of debris is incorporated into the 

depth-averaged governing equations in terms of the basal frictional resistance. 

Integration of the differential form of the conservation laws over the flow depth 

considerably reduces the computational cost required in rapid landslide runout analysis. 

Formulation of the governing equation in curvilinear coordinates provides a more 

realistic modeling of debris flow over complex topographies. However, the 

depth-averaging process sacrifices internal deformation details with the approximation 

of uniform velocity over the thickness of flow. The Coulomb frictional law has been 

widely employed to compute basal shear resistance for depth-averaged models in 

debris flow simulations. The magnitude of resistance is determined by the product of 
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overburden normal stress and coefficient of basal friction tan bφ . 

The slice-based model incorporates the effects of internal deformation on the flow 

dynamics using either the interaction coefficient (Tinti et al. 1997) or deformation 

energy (Miao et al. 2001). The interslice force proposed in the slice-based model is 

primarily dependent on the magnitude of deformation and the dynamic state of the 

slices. However, application of the slice-based model to rapid landslide simulation is 

either difficult or impractical owing to the great uncertainties involved in the 

formulation of the interslice force and the determination of model input parameters 

required. For instance, the significant fluctuation in velocity field predicted by the 

model of Miao et al. (2001) is mainly caused by inappropriate computation of the 

interaction force in terms of deformation energy. 

A slice-based model incorporating internal energy dissipation is formulated below. 

The formulation of a new model is mainly based on the conservation of energy of a 

slice during the motion, and the deformation work and energy dissipation are 

specifically considered in the mechanical energy equations. 

5.4.1 Mechanical Energy Equations 

The rate of change of the kinetic energy of a material volume can be written as the 

sum of three parts (Aris 1962): 

(1) the rate at which the body forces do work, i.e., change in potential energy; 

(2) the rate at which the surface stresses do work; and 

(3) the rate at which the internal stresses do work, i.e., change in internal energy 

due to deformation. 

The kinetic energy equation for a unit volume mass is given by: 

( )1
2 i i i i i ij ij ij

j

d u u g u u e
dt x

ρ ρ τ τ∂⎛ ⎞ = + −⎜ ⎟ ∂⎝ ⎠
 (5.1) 

Where ρ  is the density of fluid, 2 2 2
1 2 3i iu u u u u= + +  is kinetic energy per unit volume, 

ijτ  are components of the stress tensor, ije  are components of the strain rate tensor, 
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iu  is the component of the velocity vector in the ix  direction, and igρ  is the body 

force per unit volume in the ix  direction. 

An integral form of the mechanical energy equation can be derived by integrating 

each term in equation (5.1) over a material volume or a slice of a landslide body V . 

Using Gauss’ theorem, equation (5.1) in the Lagrangian system becomes: 

1
2 i i i i i ij j ij ijV V A V

d u u dV g u dV u dA e dV
dt

ρ ρ τ τ⎛ ⎞ = + −⎜ ⎟
⎝ ⎠∫ ∫ ∫ ∫  (5.2) 

Each term in equation (5.2) is a time rate of change: the first term is the rate of the 

kinetic energy of a material volume, the second term is the rate of total work done by 

the body force acting on a material volume, the third term represents the total work 

done by the forces acting on the surface of a material volume, and the forth term 

represents the rate of energy dissipation due to deformation of a material volume. The 

description of the third term is obvious because ij jdAτ  is the surface force in the i  

direction and i ij ju dAτ  is the scalar product of the force with the velocity vector. The 

deformation work includes two parts: the work due to volume expansion and the work 

due to irreversible deformation. For an incompressible fluid, the work due to volume 

expansion is zero and the deformation work represents irreversible kinetic energy 

dissipation. Thus, the term ij ijV
e dVτ∫  represents a rate of loss of kinetic energy and a 

gain of internal energy due to deformation of the volume. 

The body force can be represented as the gradient of a scalar potential gz . The 

rate of work done by body forces can be taken to the left-hand side of equation (5.2) 

and can be interpreted as a change in the potential energy. For an incompressible fluid, 

ρ  is constant and the mass within a material volume can be determined by: 

V
m dVρ= ∫  (5.3) 

and equation (5.2) can be rewritten as: 

21
2 i W i ij j ij ijA V

d mu mgz u dA e dV
dt

τ τ⎛ ⎞+ = −⎜ ⎟
⎝ ⎠ ∫ ∫  (5.4) 

Where iu  is the average velocity component of a material volume, and Wz  is 
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elevation of the center of gravity of the flowing mass. The left-hand side of the 

equation (5.4) represents the rate of change of mechanical energy (the sum of kinetic 

energy and potential energy). 

5.4.2 Derivation of Governing Equations Based on the 

Conservation of Energy 

The sliding mass is divided into a series of contiguous slices, as shown in Figure 

5-1. Forces acting on a slice of width b  and height h  are shown in Figure 5-2. In this 

figure: 

W  denotes the weight of the slice; 

P  denotes the interslice force; 

T  denotes the shear force acting along the base of the slice; 

N  denotes the normal force; 

b  denotes the width of the slice; 

h  denotes the height of the slice; 

m  denotes the mass of the slice; 

u  denotes the mean velocity of the slice along the base of the slice; 

θ  denotes the inclination of the base of the slice with respect to the horizontal; 

Subscript k  denote the slice number; and 

Subscripts L  and R  denote properties on the left and right sides a slice. 

With the assumption that the interslice frictional forces between slices are zero, 

the rate of total work done by the surface forces in equation (5.4) is given by: 

cos cosi ij j L L L R R RA
u dA P u P u Tuτ θ θ= − −∫  (5.5) 

where Lθ  and Rθ  are inclinations between velocities and corresponding interslice 

forces acting on the left and right sides of the boundary. 

The rate of change of total potential energy of a slice in equation (5.4) can be 

expressed as the sum of the rate of potential energy changes due to the displacement 

and deformation of the slice, as shown in Figure 5-2: 
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( ) ( ) ( )1 2w w w
d d dmgz mgz mgz
dt dt dt

= +  (5.6) 

m bhρ=  (5.7) 

where ( )1w
d mgz
dt

 represents the rate of change of potential energy due to 

displacement of the center of the gravity, ( )2w
d mgz
dt

 represents the rate of the change 

of the potential energy due to deformation of the slice, and ρ  is the mean density of 

the sliding mass. Thus: 

( )1 sinW
d mgz mgu
dt

θ= −  (5.8) 

( )2
1
2W zz

d mgz mghe
dt

= −  (5.9) 

where zze  is the mean vertical strain rate of a slice defined in Figure 5-3.  

Using equations (5.5) to (5.9), equation (5.4) becomes: 

21 1sin cos cos
2 2 zz L L L R R R ij ijV

d mu mgu mghe P u P u Tu e dV
dt

θ θ θ τ⎛ ⎞ = + + − − −⎜ ⎟
⎝ ⎠ ∫  

  (5.10) 

Summing both sides of equation (5.10) for all slices (k = 0 to n in Figure 5-4) 

gives the rate of change of the kinetic energy of the overall sliding mass: 

( )2

0 0 0 0

1 1sin
2 2 k

n n n n

k k k k k zz k k ij ij kk V
k k k k

d m u m g u he T u e dV
dt

θ τ
= = = =

⎛ ⎞ ⎡ ⎤= + − −⎜ ⎟ ⎢ ⎥⎣ ⎦⎝ ⎠
∑ ∑ ∑ ∑∫  (5.11) 

It is easy to show that the rate of work done by interslice forces is cancelled out in 

the proceeding derivation. Equation (5.11) states that the rate of the change of kinetic 

energy of a sliding mass is equal to the sum of the rate of potential energy change, the 

rate of work done by resistance force along the base of sliding mass, and the rate of 

deformation work. 
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5.4.3 Effects of Slope Curvature on Motion of Liquefaction 

Flow Slides and Debris Flows 

The motion of liquefaction flow slides and debris flows usually takes place on 

slopes with curved sliding surfaces. Significant slope and surface curvature influence 

flow dynamics and should be incorporated in the governing equations. Depth-averaged 

equations formulated in curvilinear coordinate systems (Savage and Hutter 1991; 

Greve et al. 1994; Gray et al. 1999; Siviglia and Cantelli 2005) show that consideration 

of slope curvature incorporates centrifugal forces into momentum conservation 

equations. A centrifugal force normal to a sliding surface does not directly contribute to 

momentum in the direction parallel to the sliding surface. However, incorporation of a 

centrifugal force changes the magnitude of forces normal to the sliding surface. For 

frictional material, resistance acting on the base of a slice is dependent on the normal 

force. Changes in shear resistance due to variations in normal forces have effects on the 

momentum equation along the slope. The same conclusion applies to the energy 

equation. The centrifugal force, which is perpendicular to the velocity vector, does 

not contribute to the energy equations directly. Changes in forces normal to the slope, 

however, have effects on changes in kinetic energy through basal resistance. 

The magnitude of the centrifugal force can be calculated by: 
2

2
c

uF mu m
r

κ= =  (5.12) 

where κ  is slope curvature, defined as the rate of change in the angle of the tangent 

with the arc length of the slope, r  is the radius of curvature, and u  is the mean 

velocity parallel to the slope. 

Practical observations of sliding surfaces of liquefaction flow slides and debris 

flows analyzed in this study indicated that large curvatures may exist in source areas. 

During the initiation stage, displaced materials move with small velocities in source 

areas. The resultant centrifugal force is not significant, as indicated by equation (5.12). 

Sliding masses with higher velocities beyond source areas may also experience small 
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centrifugal forces because of small curvatures or large radii of local, curved sliding 

surface; this applies to the cases in this study. A sliding mass with a high velocity 

passing a sharp bend in the sliding surface engenders considerable centrifugal force. 

However, this force often lasts for a very short period of time and its contribution to 

the change in kinetic energy is limited. As a consequence, the effects of curvature on 

the motion of flow slides and debris flows can be neglected from a practical point of 

view. Effects of bottom curvature on mudflow dynamics have been studied by Siviglia 

and Cantelli (2005) using a curvilinear coordinate reference system. Their study 

indicated that curvature of slope tends to increase the pressure relative to the 

hydrostatic distribution, but deviations are negligible as long as the assumption of 

shallowness is satisfied. 

DAN-W program has been used to study the effects of the centrifugal forces on 

the motion of the liquefaction flow slides analyzed in this study. For each case, two 

dynamic analyses were carried out and runout distance was calculated using same 

parameters. The effects of the centrifugal forces are included in one simulation but 

excluded in another. The runout distance and maximum velocities calculated for 10 

cases of liquefaction flow slides are shown in the Table 5-1. Results from DAN-W 

analysis in Table 5-1 agree with the conclusion aforementioned: centrifugal forces have 

negligible influences on the back-analysis of liquefaction flow slides carried out in this 

thesis. 

5.4.4 Comparison with Previous Mathematical Models 

Flow slides, and debris flows generally exhibit pervasive, fluid-like deformation. 

Morgenstern (1978) has previously drawn attention to the class of problems associated 

with mobile flows in a variety of geological and geomorphological settings. He 

concluded with the observations that characterization of mobile soil and rock flows and 

the design of protective structures should proceed using principles of fluid mechanics. 

The fundamental equations of debris flow dynamics can be formulated based on the 

following universal laws of conservation in fluid mechanics: conservation of mass, 



 

 
107

conservation of momentum, and conservation of energy. A literature survey indicates 

that mathematical models for debris flow simulations are often formulated based on the 

conservation laws of mass and momentum, as summarized in Table 5-2.  

As noted by Morgenstern in 1978, large volumes of soil or rock can become 

fluidized by virtue of energy transfer mechanisms following instability. Iverson et al. 

(1997) provided an extended discussion on mobilization of debris flows from 

landslides and noted that three processes are involved in the mobilization: (a) 

widespread Coulomb failure within sediment mass, (b) partial or complete soil 

liquefaction by high pore-fluid pressure, and (c) conversion of landslide translational 

energy to internal vibrational energy. These processes operate simultaneously and 

synergistically in many circumstance and change of pore-fluid pressues and conversion 

of energy are crucial compoents in debris flow mobilization and evolution. Derivation 

of governing equation (5.10) is based on energy consideration and idealization of 

complex energy transfer mechanisms involved in mobilization, motion, and deposition 

of flow slides, and debris flows. Within the framework of universal energy 

conservation law, energy dissipation due to internal deformation is integrated into 

geotechnical analysis of granular flows explicitly. Based on conservation laws of mass 

and energy, the analytical model developed in this chapter provides new insight into 

quantitative analysis of granular flows in geotechnical settings. 

Examination of current slice-based models in debris flow analysis, as presented in 

the following sections, indicates that the mass conservation is generally applied to 

individual slices separated by plane boundaries. During flow development, it is 

assumed that no mass can penetrate between slices. It is evident that this assumption 

neglects effects of mixing and any energy dissipation associated with mixing process in 

debris flows. In the new analytical model, however, the internal energy dissipation 

term in equation (5.10) appears to provide a pseudo way of accounting for the mixing 

effects. 
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5.5 A Numerical Scheme for the Analytical Model Based on 

Energy Considerations 

Depth-averaged governing equations can be solved using either a Lagrangian or 

an Eulerian scheme. Two numerical, finite difference methods – one Lagrangian the 

other Eulerian – have been tested against flume experiments on dry granular flows 

(Savage and Hutter 1989). Simulations indicated that the Eulerian scheme based on the 

upwind flux correction method gave poor predictions of experimental avalanches with 

general initial profiles. The Lagrangian finite difference approach (Savage and Hutter 

1989, 1991) was found to be simple, efficient, and reliable for the granular rapid flow 

problem which involves a free surface, dry bottom, and moving boundaries. The 

approach is based on a Lagrangian, moving mesh, finite difference scheme in which the 

flowing material is divided into quadrilateral cells in two dimensions or triangular 

prisms in three dimensions. Boundary locations are determined for each time step. The 

depth of a cell is calculated from cell volume and boundary locations. Numerical 

simulations of flume experiments on dry granular flows showed very good agreement 

between theoretical predictions and observation data (Savage and Hutter 1989, 1991; 

Wieland et al. 1999).  

Hungr (1995) formulated equations for the motion of rapid landslides along a 

specified path and subsequently developed a dynamic analysis program (DAN). The 

sliding mass in DAN is divided into a number of blocks contacting each other. The 

blocks are capable of deforming freely while retaining fixed volumes of material. The 

effect of curvature is accounted for by including the contribution of the centrifugal 

force into the normal force calculation. DAN incorporates seven widely accepted 

constitutive models for the calculation of basal resistance. The rheological properties 

of the sliding mass are allowed to change at different positions along the sliding path. 

Tinti et al. (1997), Miao et al. (2001), and Kwan and Sun (2006) formulated 

slice-based models for modeling rapid landslides. The numerical method proposed for 

solving the governing equations is the Lagrangian finite difference approach similar 

to that used by Savage and Hutter (1989) and Hungr (1995). Following the 
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procedures of Savage and Hutter (1989) and Hungr (1995), the Lagrangian finite 

difference scheme is presented below for solving the equations of the slice-based 

model with internal energy dissipation. 

In the Lagrangian scheme, the sliding mass is discretized into a number of slices, 

as shown in Figure 5-1. In Figure 5-4, ( )c k
h , ( )c k

x , ( )b k
x , and ( ) 1b k

x
+

 denote the 

average depth, center location, and boundaries of slice k , respectively. Mass 

conservation of slice k  during the landslide motion indicates: 

( ) 0k
d V
dt

=  (5.13) 

where kV  is the volume of slice k . The mean depth of slice at time t  can thus be 

determined by: 

( )
( ) ( )1

t k
c t tk

b bk k

Vh
x x

+

=
−

 (5.14) 

Solution of the governing equations of rapid landslides requires determining the 

positions of the boundaries of each slice at time t . The basic loop of the numerical 

scheme assumes that all the variables involved in the calculation at t t+ Δ  are known 

from previous time t , where tΔ  is time step-size. In the framework of the Lagrangian 

finite difference scheme, the governing equation (5.10) can be written as: 
t t t

tk k
k

E E W
t

+Δ −
=

Δ
 (5.15) 

21
2k k kE m u=  (5.16) 

( ) ( ) ( )1sin cos cos
2 k

k k k k k k zz L L L R R R k k ij ijk k k V
W m gu m gh e P u P u T u e dVθ θ θ τ= + + − − − ∫

  (5.17) 

where kE  is the kinetic energy of slice k , kW  is the sum of the rate of the work done 

by body force, surface force, and energy dissipation due to deformation of slice k . kE  

and kW  are determined from equations (5.16) and (5.17), respectively. 

The constitutive law and assumptions regarding interslice forces and deformation 

work are required for calculating the rate of work in equation (5.17). The basal shear 
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resistance can be determined based on the constitutive laws for materials. For 

Mohr-Coulomb materials, the basal resistance along the base of the slice can be 

expressed as: 

( )tan tank k b k k k bT A c A cA Nτ σ φ φ= = + = +  (5.18) 

where kT  and kN  are shear resistance and normal force acting on the base of slice k , 

kA  is basal area of slice k , τ  is shear stress, c  is cohesion, σ  is normal stress, and 

bφ  is basal friction angle. 

Equation (5.18) is a generalized form of the Mohr-Coulomb equation. In this 

study, either a purely cohesive or a frictional model is used as a constitutive law in 

back-analyses of liquefaction flow slides (Chapter 6) and debris flows (Chapter 7). It is 

evident that if the friction angle is equal to 0 ( 0bφ = ), equation (5.18) reduces to the 

purely cohesive model; if the cohesive strength is equal to 0 ( 0c = ), equation (5.18) 

reduces to the frictional model. 

In debris flow simulations, lateral pressure can be approximated as a product of 

hydrostatic pressure and the coefficient of lateral pressure if the frictional model is used 

as a constitutive law. With interslice shear forces ignored, lateral pressure can be 

written as: 

( ) ( ) ( )2

2
L bk k

L k

K h
P

γ
=  (5.19) 

( ) ( ) ( )2

1

2
R bk k

R k

K h
P

γ
+=  (5.20) 

where gγ ρ=  is the unit weight of sliding mass, ( )b k
h  and ( ) 1b k

h
+

 are flow depths 

on the left and right sides of slice k  (Figure 5-4), and ( )L k
K  and ( )R k

K  are the 

lateral earth pressure coefficients on the left and right sides of slice k . The lateral 

stress coefficient can be active, passive or static based on local strain rate (velocity 

gradient) of a slice in the longitudinal direction. Equations proposed by Savage and 

Hutter (1989) have been commonly used for calculating the coefficients of lateral earth 

pressure in the analysis of dense granular flows. The derivation of Savage-Hutter 
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equations on lateral stresses assumes Coulomb failure occurs simultaneously along the 

bed and within the sliding mass. Therefore, the definition of the Savage-Hutter 

coefficients is considered to be more general than those of Rankine lateral earth 

pressure coefficients used in classical soil mechanics. Examination of the 

Savage-Hutter equations indicates that the coefficient of active earth pressure is greater 

than unity if value of basal friction angle is close to that of the internal friction angle 

(Figure 5-5). This is physically impossible. On the other hand, localized thin shear 

layers is generally assumed in the the depth-averaged models (Savage and Hutter 1989) 

and the contribution to the magnitude of lateral stress from internal materials appears to 

be more significant than that from the materials of the thin shear zone along the bed. 

In this analysis, the active or passive state of stress on the left side of a slice is 

dependent on whether the slice is expending or contracting. The values of the lateral 

stress coefficients are calculated using the Rankine equation: 

( )

2

2

1 sin tan 45 0
1 sin 2

1 0

1 sin tan 45 0
1 sin 2

k

L k
k

k

u
x
uK
x
u
x

φ φ
φ

φ φ
φ

⎧ − ∂⎛ ⎞ ⎛ ⎞= − >⎜ ⎟ ⎜ ⎟⎪ + ∂⎝ ⎠ ⎝ ⎠⎪
⎪ ∂⎪ ⎛ ⎞= =⎨ ⎜ ⎟∂⎝ ⎠⎪
⎪ + ∂⎛ ⎞ ⎛ ⎞= + <⎪ ⎜ ⎟ ⎜ ⎟− ∂⎪ ⎝ ⎠ ⎝ ⎠⎩

 (5.21) 

where φ  is the internal friction angle. 

For a purely cohesive material, internal friction angle is equal to 0 and lateral earth 

pressure coefficient is equal to 1. Total lateral forces calculated using the Rankine 

theory are: 

( )

( ) ( )

( )

( ) ( )

2

2

2

1 2 0
2
1 0
2
1 2 0
2

b bk k
k

L bk k
k

b bk k
k

uh c h
x
uP h
x
uh c h
x

γ

γ

γ

⎧ ∂⎛ ⎞− >⎜ ⎟⎪ ∂⎝ ⎠⎪
⎪ ∂⎪ ⎛ ⎞= =⎨ ⎜ ⎟∂⎝ ⎠⎪
⎪ ∂⎛ ⎞+ <⎪ ⎜ ⎟∂⎪ ⎝ ⎠⎩

 (5.22) 

According to equation (5.22), the calculated horizontal force is negative when a 
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slice is in the active state and ( ) 4
b k

ch
γ

< . Because tensile stresses occur rarely in soils, 

equation (5.22) is modified to take the tensile crack into account: 

( )
( )

( ) ( )

2

2

1 0
2
1 2 0
2

b k
k

L k

b bk k
k

uh
x

P
uh c h
x

γ

γ

⎧ ∂⎛ ⎞ ≥⎜ ⎟⎪ ∂⎝ ⎠⎪= ⎨
∂⎛ ⎞⎪ + <⎜ ⎟⎪ ∂⎝ ⎠⎩

 (5.23) 

Deformation of the slice is simplified as a pure shear deformation, as shown in 

Figure 5-3. The deformation work rate is approximated by: 

( ) ( )
k

ij ij xx xx zz zz k ck kV
e dV e e b hτ τ τ= +∫  (5.24) 

where ( ) ( ) ( )cos cos
cos R R L L k

xx k k
k

u u
e u

x b
θ θ

θ
−∂

= − = −
∂

 is the mean strain rate. 

Following the conventions of stress and strain representation usually adopted in 

geotechnical engineering, negative signs have been introduced in order that 

compressive stresses and compressive strains are positive quantities. 

For an incompressible fluid: 

0xx zze e+ =  (5.25) 

xxτ  and zzτ  are mean horizontal and vertical stresses, respectively, 

( ) ( )
2

c k
zz k

hγ
τ =  (5.26) 

For a frictional material, lateral stresses are computed from: 

( ) ( )xx k zzk k
Kτ τ=  (5.27) 

where 

( ) ( )
2

L Rk k
k

K K
K

+
=  (5.28) 

For a purely cohesive material, coefficient of lateral earth pressure is equal to 1 

and average lateral stresses inside slice k  can be calculated by: 
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( )
( )

( )

0

2 0

zz k
k

xx k

zz k
k

u
x
uc
x

τ
τ

τ

⎧ ∂⎛ ⎞ ≥⎜ ⎟⎪ ∂⎝ ⎠⎪= ⎨
∂⎛ ⎞⎪ + <⎜ ⎟⎪ ∂⎝ ⎠⎩

 (5.29) 

Using equations (5.16) to (5.29), the kinetic energy of slice k  at time t t+ Δ  
can be determined: 

t t t t
k k kE E W t+Δ = + Δ  (5.30) 

The center velocity of a slice at time t t+ Δ  is: 

( ) 2 t t
t t k

c k
k

Eu
m

+Δ
+Δ =  (5.31) 

The boundary velocity is approximated as: 

( ) ( ) ( )1

2

t t t t
t t c ck k

b k

u u
u

+Δ +Δ
+Δ −

+
=  (5.32) 

Displacement of slice boundary is: 

( ) ( ) ( ) ( )cos cos
2

t t tt t t
t t t b k b kk k

b bk k

u u
x x t

θ θ+Δ +Δ
+Δ +

= + Δ  (5.33) 

where ( )t
b k

x  and ( )t t
b k

x +Δ  are x  coordinates of boundaries of slice k  at time t and 

t t+ Δ , respectively.  

The height of slice k  at t t+ Δ  is computed by: 

( )
( ) ( )1

t t k
c k t t t t

b bk k

Vh
x x

+Δ

+Δ +Δ

+

=
⎡ ⎤−⎣ ⎦

, ( ) ( ) ( )1

2

t t t t
t t c ck k

b k

h h
h

+Δ +Δ
+Δ −

+
=  (5.34) 

( )0
0t t

bh +Δ = , ( ) 0t t
b n

h +Δ =  (5.35) 

where kV  is the volume of slice k , ( )t t
b k

h +Δ  is the height of the left boundary of slice 

k  at t t+ Δ , and ( )t t
c k

h +Δ  is the central height of slice k  at t t+ Δ . 

At time 0t = , the velocities and kinetic energy of slices are equal to zero. The 

acceleration of slice i  can be determined from momentum conservation: 

( )sin cosk
k k k k L R kk

dum m g T P P
dt

θ θ= − + −  (5.36) 
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The velocities and displacements of slices during the first time step can be 

calculated as long as accelerations are obtained from equation (5.36). The motion of 

each slice can then be determined using equations of energy conservation with the 

Lagrangian difference scheme presented above. The computation proceeds until the 

maximum slice velocity is under the velocity threshold specified. It is worthwhile to 

note that the dynamic model based on energy consideration assumes that lateral 

pressure and basal resistance on individual slices are known and defined by the 

Rankine and Mohr-Coulomb equations. The momentum equilibrium of overall sliding 

mass is not examined during the calculation. As a consequence, the dynamic analysis 

using the new analytical model can not converge on the static case since kinematics is 

not being considered in the formulation and the internal force distribution implicit as 

calculated in the static case differ from that assumed in the model. The velocity of 

threshold plays a key role in terminating the computation. Based on the classification 

of flow-like landslides (Hungr et al. 2001), the value of 0.05 m/s is used as velocity 

threshold in the analyses of case histories of flow slides and debris flows, which are 

among the extremely rapid class. 

5.6 Model Verification and Numerical Experiments  

Precision and performance of the slice-based model and numerical method 

presented in previous sections have been tested by following numerical experiments: 

(1) code verification has been conducted by comparing model prediction with hand 

calculation of a simple debris flow case; (2) the physical reality of the model has been 

tested by simulations of granular dam-break problems; (3) the model has then been 

tested by comparing numerical predictions with experimental results of granular 

slumping on a horizontal plane; (4) the applicability of the model is evaluated by 

simulating a tailing dam break with purely plastic model. 

A complete description of these experiments, together with a complete set of 

comparisons between model predictions and experimental results, is presented in 

Appendix A. Appendix A also describes details of the discretization process and 
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implementation of the numerical algorithm for solving the governing equations of the 

slice-based model with internal energy dissipation. 

5.7 Conclusions 

(1) A slice-based model is proposed to simulate debris flows, liquefaction flow 

slides, and other types of rapid landslides in a more realistic manner. The model is 

formulated based on universal conservation laws of mass and energy. 

(2) Effects of deformation work and internal energy dissipation on debris flow 

dynamics is taken into consideration explicitly in the proposed model. 

(3) The investigation of numerical methods applied to modeling rapid landslides 

indicates that the Lagrangian finite difference scheme is simple, efficient, and reliable 

for the one-dimensional flow problem which involves a free surface, dry bottom, and 

moving boundaries. 

(4) The Lagrangian finite difference approach is formulated to solve the 

governing equations for the runout analysis of rapid landslides. The terms due to 

deformation work in debris flow are incorporated into the formulation to account for 

the effects of internal energy dissipation. 
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Table 5-1 Dynamic analysis of liquefaction flow slides with DAN-W 

 
Case History Centrifugal Forces Included Centrifugal Forces Excluded 

No. Name φ( ° ) vmax (m/s) Runout (m) φ ( ° ) vmax(m/s) Runout (m) 

1 Calaveras Dam 11 15.3 212.9 11 15.1 209.0 

2 Fort Peck Dam 6.2 24.3 493.3 6.2 24.2 492.9 

3 Lower San Fernando Dam 20 9.9 48.6 20 11.3 52.6 

4 Wachusett Dam 12 12.6 104.9 12 12.4 104.0 

5 Hachiro-Gata Embankment 16.5 3.8 8.0 16.5 3.8 8.1 

6 Koda Numa Embankment 10 5.1 20.4 10 6.1 20.5 

7 Lake Ackerman Embankment 31 10.3 11.9 31 11.0 13.2 

8 Route 272 Embankment 16 9.0 24.4 16 8.8 27.4 

9 Shibecha-Cho Embankment 19 6.7 24.3 19 6.6 23.6 

10 Uetsu-Line Embankment 8.5 12.0 93.8 8.5 11.8 93.1 

Note: Same value (φ) is used for internal and basal friction angles. 
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Table 5-2 Mathematical models for debris flow simulation based on the conservation of momentum 

Model Governing Equation References Comments 

Savage-Hutter 

( ) 0h hu
t x

∂ ∂
+ =

∂ ∂
 

( )sin cos tan sgn cosdu hu K
dt x

θ θ φ ε θ ∂
= − −

∂
 

Savage and Hutter 
1989 

Variables in governing equations are 
nondimensional. 

DAN sin cosdu dhg gK
dt h dx

τθ θ
ρ

= − −  
Hungr 1995, 

Hungr et al. 2005 

Governing equation is derived from 
momentum conservation of boundary 
blocks. 

Block-based  sin cos tan post preu udum W W m
dt t

θ θ φ
−

= − +
Δ

 Tinti et al. 1997 preu and postu are pre- and 
post-interaction velocities of slice. 

Sliding block ( )sin cosL L R R
dum W T P P
dt

θ θ θ= − + − −  Miao et al. 2001 Calculation of P is based on 
deformation energy. 

Note: 
H
L

ε = , where H  is typical depth and L  is typical spread of flow; W , gravity force; P , lateral pressure force; T , shear resistance on base; 

τ , shear stress; ρ , material density; m , material mass; h , flow depth; φ , frictional angle; θ , slope angle; tΔ , time interval during which internal 

interaction occurs; K , coefficient of lateral pressure. 

Subscripts L  and R  denote properties on the left and right sides of a slice. 
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Figure 5-1 Forces acting on a single slice in the slice-based model 

 

 
Figure 5-2 Typical motion of a slice 
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Figure 5-3 Uniform deformation assumed 

 
Figure 5-4 Slices and notations used for the slice-based model 
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Chapter 6  

The Dynamic Analysis of Liquefaction Flow 

Slides 
6.1 Introduction 

The slice-based model based on energy conservation has been formulated for 

debris flow modeling. The formulation is based on the depth-averaged model (Savage 

and Hutter 1989; Hungr 1995) and slice-based models (Tinti et al. 1997; Miao et al. 

2001; Kwan and Sun 2006). An easily-implemented, simple, and efficient numerical 

approach has been proposed to solve the governing equations of the slice-based model 

developed in this thesis. In this chapter, liquefaction flow slide case histories are back 

analyzed using the new analytical model. Liquefied shear strengths are evaluated for 

ten well-documented liquefaction flow case histories. First, a definition of liquefied 

shear strength is given and the most commonly used methods for assessing the values 

of liquefied shear strength are reviewed. Then, procedures for implementing 

slice-based dynamic analysis to estimate liquefied shear strength are described. 

Improvements in assessing liquefied shear strength from dynamic analysis are 

demonstrated. 

6.2 Liquefaction Flow and Liquefied Shear Strength 

Liquefaction flow is a strain-softening behavior of contractive soils under 

undrained conditions. Figure 6-1 presents the typical undrained response of loose soils 

with strain-softening behavior when they are subjected to monotonic loading, creep, 

and cyclic loading. The figure shows that there is a sudden decrease in the soil strength 

after liquefaction is triggered. This loss of strength is related to the development of 

high pore pressures that reduce effective stress in the soil. Liquefaction failure of 
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saturated soils can occur if drainage is impeded or if the rate of generation of excess 

pore water pressure is sufficiently higher than its dissipation (Casagrande 1936; Castro 

1969; Eckerley 1990; Sasitharan 1994; Spence and Guymer 1997; Wang and Sassa 

2001). Sasitharan (1994) demonstrated that flow slides and liquefaction of loose 

material can be initiated under both drained and undrained loading when the stress path 

attempts to cross the collapse surface (Sladen et al. 1985a). As illustrated in Figure 6-1, 

the yield strength is defined as the peak shear strength available during undrained 

loading and the liquefied shear strength is the shear strength mobilized at large 

deformation after liquefaction is triggered (Olson 2001). 

Liquefaction can occur in both natural and man-made deposits (Morgenstern 

2001). An inherent characteristic common to all soils susceptible to liquefaction is that 

the soil structure is loose, contractive, and collapsible during undrained loading. As a 

result of disturbance, a large loss in undrained strength occurs as a portion of the load 

once supported by the soil structure is transferred onto the pore fluid. If a slope is 

composed of a significant amount of strain softening soil and the in situ gravitational 

shear stresses are larger than the ultimate state strength, a liquefaction flow slide can 

occur if the stress state in the slope reaches the collapse surface. The trigger mechanism 

for the liquefaction flow slide can be cyclic, such as earthquake loading, monotonic, 

such as a rise in groundwater level, heavy rainfall, or rapid undrained loading 

(Sasitharan 1994). Liquefaction flow slides can have catastrophic consequences 

because they occur suddenly, with little or no warning, and the high mobility of 

materials in the liquefied state can threaten distant people and property (Morgenstern 

2001). Liquefaction and liquefaction flow slides have been recognized as contributions 

to earthquake-induced catastrophes for many years (Terzaghi 1956; Morgenstern 1967; 

Seed 1968; Ishihara 1993). 

To evaluate post-liquefaction stability and performance of soil structures, the 

liquefied shear strength is required and is a dominant input to post-liquefaction 

evaluation. In dam design, for instance, assessment of liquefaction potential involves 

significant issues of cost and public safety. If a large quantity of loose sand is involved 

in dam construction, an estimation of the liquefied shear strength of sand during and 
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after an earthquake is the key to evaluating the potential hazard associated with the loss 

of containment capacity of a dam. The understanding of liquefaction and the 

mechanics of subsequent flow slides also has a bearing on many problems of practical 

interest such as stability of waste dumps, debris flows, mechanics of submarine 

landslides, and stability of artificial islands (Morgenstern 2001). 

In soil mechanics a considerable amount of practical and theoretical work has 

been devoted to understanding and predicting liquefaction and liquefaction flow slides 

(Casagrande 1936; Poulos et al. 1985; Sladen et al. 1985a, 1985b; Seed 1987; Castro et 

al. 1985, 1992; Stark and Mesri 1992; Ishihara 1993; Sasitharan et al. 1993, 1994). 

There are two schools of thought with respect to the estimation of liquefied shear 

strength of sand: one is based on steady-state concepts utilizing laboratory testing 

results, the other is based on case history studies by correlating liquefied shear strength 

with field test results, primarily soil penetration resistance. The former builds on 

methods proposed by Poulos et al. (1985), Konrad and Watts (1995), Fear and 

Robertson (1995), and others, while the latter relies on methods presented by Seed 

(1987), Stark and Mesri (1992), and Ishihara (1993). Olson (2001) critically reviewed 

these methods and presented a comprehensive assessment of the state of the art. 

Olson’s studies indicated that laboratory-based approaches are limited to large, 

high-risk projects because sampling undisturbed sand is costly in practice and many 

factors may influence test results in the laboratory (Olson 2001). The studies at Duncan 

Dam (Byrne et al. 1994) provide an example of the use of undisturbed sampling for 

evaluating the liquefaction potential of a dam in practice. Recognizing the limitations 

of the laboratory-testing approach, Olson (2001) and Olson and Stark (2002) 

summarized in detail well-documented liquefaction failure cases and reevaluated 

liquefied shear strengths. The correlation between liquefied shear strength of sand and 

in situ penetration resistance was updated based on these analyses. 
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6.3 Methods of Estimating Liquefied Shear Strength from 

Case Studies 

The relationship between liquefied shear strength and soil penetration resistance – 

standard penetration test (SPT) or cone penetration test (CPT) – has been widely used 

to evaluate mobilized shear strength during a liquefaction event. Back-analyses of 

liquefaction case histories with sufficient information provides the most practical 

means for developing the corresponding relationship between liquefied shear strength 

and SPT or CPT. Liquefied shear strengths are back-calculated using limit equilibrium 

analysis of the post-liquefaction geometry of the sliding mass or by kinetic analysis in 

which the kinetics of failure are taken into account. Seed (1987) presented a chart 

showing a relationship between liquefied shear strength and the clean sand equivalent 

SPT resistance. The chart was used to estimate the undrained strength of liquefied sand 

from SPT penetration resistance. The Seed (1987) chart was obtained by 

back-analyzing a number of liquefaction flow slides and lateral spreads. 

Limit-equilibrium stability analyses of post-failure slope geometry are conducted to 

determine the liquefied shear strengths mobilized during liquefaction flow slides and 

lateral spreads. For a given case, the value of shear strength in the assumed liquefied 

soil was varied and the factor of safety was calculated. The liquefied shear strength was 

obtained when a factor of safety of unity was achieved in the stability analysis of 

post-failure slope geometry. 

Davis et al. (1988) proposed an approach to estimate liquefied shear strength from 

liquefaction case histories with consideration of the dynamics of the failure. It has been 

illustrated that use of the post-failure cross section to estimate the strength mobilized 

during liquefaction is not appropriate because the dynamics of failure are not taken into 

account. Limit equilibrium analysis of post-failure geometry, without considering the 

effect of the dynamics during a flow slide, can result in the back-calculated shear 

strength being considerably lower than the value of shear strength actually mobilized 

during the failure. The limit equilibrium analyses of the post-failure geometry, 

therefore, were considered to provide lower-bound estimates of liquefied shear 
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strength. 

Olson (2001) used both simplified and rigorous post-failure stability analyses and 

kinetic analysis to back-calculate liquefied shear strength for 33 case histories. The 

simplified and rigorous post-failure stability analyses are essentially limit equilibrium 

approaches. The kinetic analysis is modified from a method first presented by Davis et 

al. (1988). Effects of the dynamics of the failure on back-calculated shear strength are 

taken into account in kinetic analysis. These approaches are described in detail in 

Olson’s work and are only briefly reviewed here. 

Simplified stability analysis is used for cases with limited information. The 

analysis assumes that the ground surface is parallel to the sliding surface during the 

flow slide and the mobilized shear strength is equal to the liquefied shear strength at the 

time the flowing mass comes to rest. Liquefied shear strength is estimated from the 

depth of sliding materials and the slope of the sliding surface, which are obtained from 

field investigation of the post-failure geometry. 

A more rigorous stability analysis can be performed if sufficient information is 

available about post-liquefaction geometry. The procedure is a slope stability analysis 

that applies a constant liquefied shear strength ratio to assign variable shear strengths to 

the liquefied zone along the sliding surface. The liquefied strength ratio is defined as 

the liquefied shear strength normalized by the pre-failure vertical effective stress 

(Olson and Stark 2002). The shear strength ratio is varied in the analysis and the factor 

of safety is calculated. The liquefied shear strength ratio is obtained when the factor of 

safety is equal to one. This method was modified from a similar method first adopted 

by Seed (1987). 

Kinetic analysis is based on Newton’s laws of motion. The sliding mass is 

simplified as rigid body movement in the analysis and the travel of the centroid of the 

sliding mass is assumed in the calculation. The initial and final positions of the centroid 

and its travel path are specified. Centroid positions are determined by surveying pre- 

and post-liquefaction geometries. The travel path of the center of gravity is described 

simply by a mathematical function; its parameters are computed from the coordinates 

of the initial and final positions of the center of gravity and curvatures at those points. 
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Because accurate information about centroid travel in liquefaction flow cases is 

difficult to obtain, various assumptions are adopted in kinetic analysis. Davis et al. 

(1988) used a hyperbola to fit the travel path of the center of gravity in the Lower San 

Fernando Dam kinetic analysis. After examining some flow slide case histories, Olson 

(2001) concluded that a cubic polynomial provides a better approximation of a centroid 

travel path. Using cubic polynomials, Olson (2001) estimated liquefied shear strengths 

from ten liquefaction flow case records. In those analyses, the driving force is 

computed from the weight of the sliding mass and curvature of the travel path of the 

center of gravity, while the resistance is calculated from the length of the failure surface 

and the shear strength assigned to it. The acceleration is then computed from the 

resultant force and moving mass. Velocities and displacements are subsequently 

determined by integrating acceleration with respect to time. The liquefied shear 

strength is obtained when the assigned value yields results fitting the observed 

movement of the center of gravity reasonably well at the moment that the centroid 

velocity is equal to zero. 

Calculation of resistance in kinetic analysis assumes that the shear strength of 

liquefied sand is fully mobilized along the entire failure surface during liquefaction 

flow development, i.e., from initiation to deposition. A constant length of the failure 

surface was adopted to calculate the resistance in Davis’s kinetic analysis of the Lower 

San Fernando Dam flow (Davis et al. 1988). In Olson’s recent valuable work (Olson 

2001), the length of the failure surface used to calculate the resistance force varies with 

time:  

0 0( )t
t f

f

DL L L L
D

= + −  (6.1) 

where tL  is the length of the failure surface at time t , 0L  is the length of the initial 

failure surface, fL  is the length of the final failure surface, tD  is the distance traveled 

by the centroid at time t , and fD  is the total travel distance of the centroid. The above 

assumptions are not always valid in reality. For instance, only a small portion of the 

failure mass is moving both initially and in the final stage of liquefaction flow. The 
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liquefied shear strength along portions at rest during the overall motion is not 

mobilized. 

6.4 Procedures for the Dynamic Analysis of Liquefaction 

Flow Slides 

To estimate the liquefied shear strength from liquefaction flow case histories, the 

following information is necessary: 

(1) Pre-failure cross section of the embankment structures, type of soil, and soil 

profile; 

(2) Pre-failure deformation behavior and driving shear stresses, which are 

dependent on the gravity of the soils and ground water levels in situ; 

(3) Failure surface and post-failure deformation behavior. The failure surface can 

be obtained through field investigation of post-failure configuration of sliding mass 

with the combination of the stability analysis of pre-failure slope geometry;  

 (4) Constitutive behavior of the soil in each zone along the failure surface for the 

appropriate loading condition; in general, undrained loading is critical for a 

stain-softening soil susceptible to flow liquefaction. 

Dynamic analysis of liquefaction flows using the slice-based model can be 

accomplished through the following procedures: site characterization, identification of 

sliding surface, and estimation of averaged liquefied shear strength; these are briefly 

described below. 

Site characterization Geotechnical properties of the liquefied mass involved in 

flow slides are investigated on the basis of case history records. Runout distance of 

liquefaction flow is estimated by examining pre- and post-liquefaction geometries. 

Identification of sliding surface Post-liquefaction geometry combined with 

other available information is used to identify the sliding path. Pre-liquefaction 

geometry and sliding path are input as the initial geometric model and flow path for 

ensuing dynamic analyses. 

Estimation of average liquefied shear strength A series of dynamic analyses is 
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conducted by adjusting shear strengths with the cohesive or frictional model. The best 

estimation of liquefied shear strength is achieved by matching simulation results with 

those observed in the field. Because few case history records have information about 

flow duration and velocity of the liquefied mass, the agreement is based mainly on the 

observed runout distance and distribution of deposits. 

6.5 Case Histories of Liquefaction Flow Slides 

Liquefaction case histories provide the primary means to understand the 

mechanisms of liquefaction and to verify theoretical and laboratory assessments of 

liquefied shear strength. With respect to liquefaction flow slides, a limited number of 

well-documented case histories are available because of the rarity of liquefaction flows 

and the difficulties in obtaining field observations on which analyses can be based. 

Seed (1987) collected a number of cases that can be used to estimate liquefied shear 

strength from SPT penetration resistance. Seed (1987) constructed a chart to show the 

relationship between liquefied shear strength and SPT penetration resistance. The Seed 

(1987) chart was updated by Seed and Harder (1990) based on results of the 

back-analyses of 17 case histories of liquefaction flows and lateral spreads. These 

databases (Seed 1987; Seed and Harder 1990) provide a basis for estimating liquefied 

shear strength or liquefied strength ratio from CPT or SPT penetration resistance. Since 

Seed’s original work in 1987, many improved relationships for assessing liquefied 

shear strength have been proposed based on the back-analyses of this limited database 

of case histories (Seed and Harder 1990; Stark and Mesri 1992; Olson and Stark 2002). 

Wride et al. (1999) reexamined the databases developed by Seed (1987), Seed and 

Harder (1990), and others, and pointed out that alternative explanations for some of the 

case histories could result in higher design strengths for denser soils. 

Olson (2001) and Olson and Stark (2002) developed a comprehensive 

liquefaction analysis procedure using results of the back-calculation of 33 liquefaction 

flow case histories. These 33 liquefaction case histories involved a wide range of 

liquefaction failures and a variety of soils including loss clean sands, silty sands, sandy 
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silts, and tailings sands. Despite a number of practical difficulties and uncertainties 

involved in the analysis, it has been shown that the liquefied shear strength ratio 

increases with an increase in normalized standard and cone penetration resistances. 

The proposed relationship between liquefied strength ratio and penetration resistance 

exhibits considerably less scatter than the relationships previously proposed (Seed 

1987; Seed and Harder 1990; Stark and Mesri 1992). The CPT- or SPT-based chart and 

corresponding equations were updated to provide a more accurate estimation of the 

liquefied shear strength ratio from CPT or SPT penetration resistances. In general, the 

improved relationships (Olson 2001; Olson and Stark 2002) predict values of liquefied 

strength ratio greater than those previously proposed. Among 33 liquefaction flow case 

histories, ten cases have sufficient information to incorporate the effects of kinetics into 

stability analysis. The stability analyses considering kinetics of failure are carried out 

for the ten case histories. Analysis indicated that the effect of kinetics on the 

back-calculation of liquefied strength ratio is important for embankments or slopes 

greater than 10 meters in height. 

In the study reported here, ten liquefaction case histories with sufficient flow 

information are analyzed using the slice-based dynamic model. Table 6-1 summarizes 

the essential information for individual case histories. The type of structure, materials 

involved, triggering mechanisms, pre- and post-failure geometries, and major 

references for each case are included in Table 6-1. Descriptions of the case histories 

and detailed analyses are presented in Appendix B. Case history descriptions are 

primarily based on the works by Seed (1987), Seed and Harder (1990), Stark and Mesri 

(1992), Fear (1996), and Olson (2001) as well as original references, and are not 

repeated here. Uncertainty associated with parameters in Table 6-1 is due to lack of 

detailed information; the single value assigned to each parameter for each case history 

is the best estimation from available data. 
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6.6 Liquefied Shear Strength from the Dynamic Analysis of 

Liquefaction Flow Slide Case Histories 

The back-analyses of case histories of liquefaction flow slides were conducted 

using the analytical model developed in Chapter 5. Model calibration for dynamic 

analysis of debris flows has been proposed by Ayotte and Hungr (2000) and Bertolo 

and Wieczorek (2005). In liquefaction flow slide analysis a similar calibration 

procedure is followed. A specific constitutive model is first selected to define flow 

resistance in a liquefaction flow slide. Selection of the constitutive law should take 

account of the results of laboratory and field testing on the liquefaction flow deposits. 

Model parameters are then adjusted until the runout characteristics simulated by the 

dynamic analysis reasonably fit those observed in the field. Agreement between model 

simulation and field observation is evaluated mainly based on runout distance, material 

distribution, and velocity profiles. Most liquefaction flow slides lack velocity records, 

therefore total runout distance and material distribution act as critical indices in model 

evaluation. 

Olson (2001) back-calculated liquefied shear strengths for case histories in Table 

6-1 by using stability analysis with failure kinetics incorporated. According to the 

equations used to calculate the mobilized shear resistance in the kinetic analysis, the 

liquefied shear strength is given by the constitutive law for a purely cohesive material: 

cτ =  (6.2) 

where c  is a constant shear strength, the undrained shear strength. 

To compare the liquefied shear strengths back-calculated from a dynamic analysis 

with those from a kinetic analysis (Olson 2001), the cohesive model is used as a 

constitutive law for flow resistance mobilized in a liquefaction flow slide. Detailed 

analyses are presented in Appendix B. The calculated liquefied shear strengths from 

dynamic analyses are summarized in Table 6-2. Liquefied shear strengths calculated by 

Olson (2001) using kinetic analysis are also included in Table 6-2. 

Experiments on granular mass flows indicate that the relationship between normal 

stress and shear stresses in a granular flow conforms to the Coulomb friction law 
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(Hungr and Morgenstern 1984a, 1984b; Sassa 1988, 2000; Cagoli and Manga 2004; 

Iverson and Vallance 2001). The Coulomb friction model can also be applied to 

describe the constitutive behavior of liquefied soils in a dynamic analysis. Accurate 

evaluation of pore pressure in granular flows is very difficult, if not impossible. For this 

reason, total stress instead of effective stress is used in the dynamic analysis to avoid 

the evaluation of pore pressure and stress history effects. The bulk friction angle is used 

to calculate the shear resistance in a liquefaction flow slide. The coefficient of bulk 

friction is defined as the ratio of mobilized shear resistance to total normal stress (Sassa 

1988, 2000) and the bulk friction angle is related to the internal friction angle by 

including a pore pressure ratio (Hungr and Evans 1996): 

( )tan 1 tana urφ φ= −  (6.3) 

where aφ  is the bulk friction angle, φ  is the internal friction angle of granular 

material, and ur  is the pore pressure ratio, defined as the ratio of pore pressure to total 

normal stress in soil mechanics. 

The bulk friction angles mobilized in liquefaction flow slides are back-calculated 

from dynamic analysis with the Coulomb friction model as a constitutive law. For each 

case, the bulk friction angle back-calculated using the analytical model based on 

energy conservation is presented in Table 6-3. Detailed calculations are described in 

Appendix B. 

6.7 Liquefied Shear Strength from Kinetic Analysis Using 

the Sliding Block Model 

Kinetic analyses of liquefaction flow slide case histories (Davis et al. 1988; Olson 

2001) and sliding block analyses of mobile landslides (Fell et al. 2000; Hungr et al. 

2005) are based on the same principle: the motion of a sliding mass is approximated as 

the movement of a rigid block using Newton’s second law of motion. The movement of 

the block represents the motion of the centroid of the sliding mass. Forces acting on the 

block consist of the driving force of gravity and the resistance along the sliding surface. 
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Calculation of the basal resistance involves assumptions of the constitutive 

behavior of displaced materials. A cohesive model has been applied to the analysis of 

liquefaction flows by Davis (1988) and Olson (2001). In landslide mobility analysis, 

friction and Voellmy models have often been used as constitutive laws to calculate 

basal resistance (Scheidegger 1973; Fell et al. 2000; Hungr et al. 2005). Back-analysis 

of liquefaction flow slides or landslides using sliding-block analysis requires that the 

travel path of the centroid of the sliding mass be specified. Because the accurate 

description of centroid positions is not possible in most liquefaction flows or landslides, 

case history back-analysis using the sliding block model often entails a simplified 

mathematical function to describe the travel path of the center of gravity. Olson (2001) 

back-calculated liquefied shear strengths for ten liquefaction flow slide cases by using 

cubic polynomials to describe the centroid travel path. In the analyses, the basal 

resistance is determined using the cohesive model as a constitutive law and the driving 

force is computed from the weight of the sliding mass and the curvature of the 

prescribed travel path of the centroid. 

The friction model can be used as a constitutive law for liquefaction flow slide 

analysis (Hungr and Morgenstern 1984a, 1984b; Sassa 1988, 2000; Iverson and 

Vallance 2001). The acceleration of the block is calculated from the gravity driving 

force and the shear resistance along the base: 

sin cos tanW Wa
m

θ θ φ−
=  (6.4) 

where W  is the weight of the failure mass, θ  is the slope angle of the travel path of 

the centroid of the failure mass, φ  is the friction angle, and m  is the mass of 

displaced materials. Velocities and displacements are subsequently determined by 

integrating acceleration with respect to time. 

In this study, the liquefaction flow case histories in Table 6-1 are back-analyzed 

using the sliding block model with the Coulomb equation as a constitutive law. Motion 

of the centroid in a liquefaction flow is described by a third order polynomial equation, 

similar to that used by Olson (2001). The back-calculated friction angle is obtained 

when the assigned value yields results fitting the observed movement of the center of 
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gravity reasonably well at the moment when the centroid velocity is equal to zero. For 

illustrative purposes, Figure 6-2 shows a typical travel path of a centroid of displaced 

materials. Acceleration, velocity, and displacement of the centroid in a kinetic analysis 

using the sliding block model are presented in Figure 6-3, Figure 6-4, and Figure 6-5, 

respectively. Together with the dynamic analysis, Appendix B presents the calculation 

for each case in detail. Table 6-4 summarizes the friction angles for liquefaction flow 

case histories back-calculated using the sliding block model. The bulk friction from 

dynamic analysis with internal energy dissipation is also included in Table 6-3. 

6.8 Discussion of Results 

Case history studies suggest that dynamic analysis has several advantages over 

kinetic analysis for the back-calculation of liquefied shear strength. These advantages 

include: 

(1) The initial shape of the liquefaction flow slide is accounted for in dynamic 

analysis in an accurate manner by dividing the sliding mass into a number of slices. 

(2) Dynamic analysis allows the selection of a variety of material constitutive 

models to determine the basal resistance. Different rheological properties can be 

assigned to the moving mass at different positions of the sliding path; this facilitates 

analysis of complex liquefaction flow slide cases such as those with dramatic soil 

changes along the sliding path. 

(3) Resistance of liquefaction flow can be calculated with various constitutive 

models; this makes it possible to study liquefaction flow case histories from a variety of 

perspectives. 

(4) Deformation of the sliding mass can be simulated because of slice interactions 

which cause momentum exchange between slices and change in the shape of slices. 

(5) The final shape of the liquefaction flow is simulated in dynamic analysis. 

Calibration of a constitutive model and input parameters can be carried out by 

comparison of distribution of debris in the field and simulated post-liquefaction 

geometry.  
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(6) Detailed movement information throughout the liquefaction flow slide is 

available from dynamic analysis. 

(7) If velocity estimations are available, velocity profiles provide additional 

information which can be used to verify the validity and reliability of dynamic analysis. 

6.8.1 Effects of a Constitutive Model 

The effects of constitutive models on dynamic analysis can be evaluated by 

comparing computational results with field observations in terms of runout distance, 

deposit distribution, and velocity profiles. For each dynamic analysis, the runout 

distance predicted has to be matched reasonably with the field observation so that the 

liquefied shear strength can be determined. Comparison of mass spreading and velocity 

become the most important criteria in the evaluation of constitutive model behavior. 

An analysis of the flow slide of the North Dike of the Wachusett Dam is given here for 

illustrative purposes. Figure 6-6 shows the pre- and post-liquefaction geometries used 

for the back-analysis of the North Dike flow slide. The geometries in Figure 6-6 are 

based on comprehensive case studies conducted by a number of investigators (Olson et 

al 2000; Olson 2001). Figure 6-7 and Figure 6-8 are post-liquefaction geometries 

produced by dynamic analysis with the cohesive and frictional models, respectively. 

Comparison of post-liquefaction geometries in Figure 6-7 and Figure 6-8 reveals 

that the cohesive model yields a final mass distribution with a blunt front and the 

friction model generally produces a tapered post-liquefaction geometry. With constant 

shear strength, the cohesive model tends to predict deposition even on steep slopes 

close to the source area and leaves a thin mantle behind the main deposit area, while the 

friction model does not have such a tendency. Hungr and Evans (1996) back-analyzed 

23 rock avalanche case histories using the Bingham model, the frictional model, and 

the Voellmy model. The results demonstrate that the frictional model produces thin 

deposition in the distal part and the Bingham model with high yield strength tends to 

exaggerate the longitudinal spreading of debris. Dynamic analysis using the cohesive 

model with internal energy dissipation appears to perform similar to that using DAN 
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with the Bingham model. Although both the cohesive model and the frictional model 

can simulate runout distance reasonably well, the frictional model predicts material 

deposition more realistically. 

6.8.2 Comparison of Liquefied Shear Strengths Estimated 

Using Different Approaches 

Back-calculated shear strengths for the cohesive model and the frictional model 

are summarized in Table 6-2 and Table 6-3, respectively. Comparison with the results 

based on the stability and kinetic analyses provides a practical way to evaluate the 

reliability of the values of liquefied shear strengths estimated from the dynamic 

analyses. As one of most studied and best-defined liquefaction flow slides, the Lower 

San Fernando Dam flow slide is used below to demonstrate this procedure. 

The limit equilibrium analysis of the initial failure surface of the Lower San 

Fernando Dam indicated that average driving shear stress values in the lower zone of 

the hydraulic fill shell is about 46 kPa (Castro et al. 1985), within the range of 40.7 to 

50.3 kPa (Castro et al. 1992). Comprehensive investigation of the liquefaction failure 

of the Lower San Fernando Dam by Seeds et al. (1989) showed the driving shear stress 

in the hydraulic fill was about 38.3 to 43.1 kPa. The very large displacement of the 

failure materials in the Lower Sand Fernando Dam indicates that the liquefied shear 

strength mobilized in the flow was considerably less than the lower bounds of the 

above estimates for the driving stress based on the limit equilibrium analysis: if the 

liquefied shear strength is larger than the pre-failure static driving shear stress, 

liquefaction flow slide cannot be initiated (Poulos et al. 1985; Poulos 1988; Olson 

2004). 

The liquefied shear strength of 25 kPa back-calculated from the analytical model 

based on energy conservation appears to be consistent with the driving shear stress 

determined from stability analysis of initial failure geometry. For the liquefaction flow 

slide in the Lower San Fernando Dam, comparison with the liquefied shear strength 

obtained using other methods indicates that liquefied shear strength falls toward the 
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upper end of the estimates based on the stability analysis of the post-failure slope 

configuration, for instance, from 14.4 to 23.9 kPa by Seed et al. (1989) and from 7.2 

to 12 kPa by Castro et al. (1992), and toward the lower end of the estimates from 

laboratory testing combined with the steady state concept, for instance, from 29.2 to 

38.8 kPa by Castro et al. (1992) and 38.3 kPa by Seed et al.(1989). In general, the 

liquefied shear strength based on dynamic analysis with consideration of internal 

energy dissipation shows reasonable agreement with values obtained from kinetic 

analyses with post-failure motion included; for instance, 18.7 kPa with a range of 

15.8 to 21.8 kPa by Olson (2001) and 24.4 kPa by Davis et al. (1988). 

6.8.3 Coefficient of Bulk Friction in Liquefaction Flows 

The resistance in a liquefaction flow can be evaluated using the concept of bulk 

friction (Sassa 2000). Bulk friction represents the shear resistance mobilized during the 

motion of dense granular flows such as fast moving landslides, liquefaction flow slides. 

The coefficient of bulk friction is the tangent of the bulk friction angle which can be 

back-calculated using the dynamic analysis of case histories. Liquefaction flow is 

essentially the frictional behavior of contractive soils due to an increase of pore water 

pressure during rapid loading (Poulos 1981; Ishihara 1993; Olson 2001), and the 

liquefied shear strength of loose cohesionless soils at steady state is often assumed to 

be proportional to the major principal effective stress after consolidation. The liquefied 

strength ratio which is defined as the liquefied shear strength normalized by the 

pre-failure vertical effective stress is commonly used to estimate liquefied shear 

strength from field testing. The coefficient of bulk friction and the liquefied strength 

ratio appear to play equivalent roles in relation to the estimation of the liquefied shear 

strength. The coefficient of bulk friction and the liquefied strength ratio for ten 

liquefaction flow slide case histories back-calculated using dynamic analysis and 

kinetic analysis (Olson 2001; Olson and Stark 2002) is presented in Table 6.5. It is 

evident that the liquefied shear strength calculated using dynamic analysis with 

internal energy dissipation is considerably greater than that obtained from kinetic 
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analysis, although the two ratios are not related fundamentally. 

Kinetic analysis of liquefaction flow case histories using the sliding block model 

has been conducted in this study. The Coulomb equation is used to determine the basal 

resistance in the kinetic analysis. The travel path of the center of gravity in a 

liquefaction flow is approximated by a third polynomial, following the procedure 

adopted by Olson (2001). Values of bulk friction angles back-calculated from the 

dynamic and kinetic analyses of liquefaction flows are presented in Table 6-4. The 

table shows that values of liquefied shear strength back-calculated from case histories 

generally agree whether arrived at by kinetic analysis or by dynamic analysis with 

internal energy dissipation. Laboratory experiments and field observations indicate that 

liquefied soil behaves like a Coulomb-type material. In that respect, the bulk friction 

angle back-calculated from the case history study using dynamic analysis with internal 

energy dissipation provides a useful strength parameter for practical liquefaction 

evaluation. 

6.8.4 Sources of Uncertainty in Dynamic Analysis 

For a given liquefaction flow slide case history, the following sources of 

uncertainty are involved in the calculation of liquefied shear strength using dynamic 

analysis: (1) the mass of liquefied soil; (2) the location of the sliding surface; (3) the 

shear strength of nonliquefied soils; (4) field observations of runout distance and mass 

distribution; (5) computation of internal energy dissipation. 

The mass of liquefied soil and its distribution are of primary importance in 

estimating the liquefied shear strength. The runout distance estimated from 

post-liquefaction geometry has to be matched in each dynamic analysis to obtain 

liquefied shear strength. The mass distribution is also used to evaluate constitutive 

model performance by comparing simulation results with field observations. Location 

of the sliding surface used in the dynamic analysis is mainly based on the slope stability 

analysis and analysis of post-liquefaction geometry (Olson 2001). To minimize the 

uncertainty involved in back-calculated shear strength, only well-documented 
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liquefaction case histories were selected for this study. 

The concept of equivalent fluid (Hungr 1995) is used in dynamic analysis. A value 

for liquefied shear strength is obtained based on evaluation of the bulk behavior of 

liquefied soils; the heterogeneity of the soils is not taken into account in the analysis. 

Computation of internal energy dissipation is based on the assumption that pure shear 

deformation occurs during all stages of a liquefaction flow and a liquefied soil behaves 

like a Coulomb-type material. The Coulomb equation is used in the calculation of 

internal energy dissipation. The equations used for calculating the internal energy 

dissipation are only approximations for the variations in internal energy dissipation 

during the development of liquefaction flow. However, most liquefaction flow slides 

back-analyzed in this study experienced large displacements; this tends to reduce the 

heterogeneity of soils after liquefaction has been achieved and to bring the liquefied 

soils to a steady-state condition (Castro 1969; Poulos 1981; Morgenstern 2001). 

Liquefied shear strength back-calculated using dynamic analysis thus provides a 

reasonable estimation of the undrained resistance of soils which have experienced large 

deformations and reached a steady state. 

6.9 Conclusions 

Ten liquefaction flow case histories have been reinvestigated using the dynamic 

analysis approach. The liquefied shear strengths were estimated by obtaining 

reasonable agreement of runout distance and material distribution between the model 

and that observed in the field. The slice interaction and large deformation simulated by 

dynamic analysis make it possible to reconstruct the development of liquefaction flows. 

Details of the runout distance and velocity profiles of the liquefied materials calculated 

from dynamic simulation provide practitioners with important information for their 

mitigative designs. 

The constitutive law for shear resistance has a significant influence on material 

distribution in a dynamic analysis. Compared with the cohesive model, the friction 

model provides a better fit between simulation and field observation in terms of deposit 
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distribution. Bulk friction angles back-calculated from dynamic analyses of 

liquefaction flow cases can be used to evaluate the mobility of soil structures after 

liquefaction is triggered. 

The post-failure deformation behavior of liquefaction flow slides is simulated 

using the analytical model incorporating internal energy dissipation. Liquefied shear 

strengths in terms of undrained strength and bulk friction angle are back-calculated for 

ten flow slide cases. Comparative studies of results back-analyzed using different 

methods provide evidence that representation of liquefied shear strength can be 

obtained through dynamic analysis within the framework of the Coulomb friction 

model. 
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Table 6-1 Summary of liquefaction flow slide case histories 

Case History Pre-failure Post-failure 

No. Name 
Type of Structure Materials Trigger Heighta 

(m) 
Angle

(º) 
Runoutb 

(m)  
Anglec 

(º) 

References 

1 Calaveras Hydraulic fill dam Silty sands to 
sandy silts Construction 57.6 17.3 205.8 6.0 

Hazen 1920; 
Olson 2001 

2 Fort Peck Hydraulic fill dam Fine to medium 
sands Construction 57.1 12.3 508.4 3.5 

Middelbrooks 1942; 
Olson 2001 

3 Lower San 
Fernando Hydraulic fill dam Silty sands to 

sandy silts Earthquake 33.7 21.7 45.0 13.4 Seed et al. 1975 

4 Wachusett Zoned earth fill dam Fine sand Reservoir 
filling 26.8 23.7 97.5 8.3 Olson et al. 2000 

5 Hachiro-Gata Road embankment Fine sand Earthquake 3.7 19.2 8.6 9.7 Olson 2001 

6 Koda Numa Road embankment Silty sand Earthquake 2.5 29.9 19.4 5.7 
Olson 2001; 
Fear 1996 

7 Lake Ackernam Road embankment Fine to medium 
sand Vibration 7.8 21.1 10.7 14.0 Olson 2001 

8 Route 272 Road embankment Silty sand Earthquake 7.7 34.1 25.6 8.2 Olson 2001 

9 Shibecha-Cho Road embankment Silty sand Earthquake 9.3 30.8 23.5 11.7 Olson 2001 

10 Uetsu-Line Railway embankment Fine to medium 
sand Earthquake 8.3 24.2 96.9 4.1 

Olson 2001; 
Fear 1996 

aPre-failure slope height is the vertical distance from the crest to the toe of the initial slope. 
bRunout is the horizontal distance from the toe of the original slope to the toe of the displaced mass. 
cTravel angle is the angle between a horizontal line and the line connecting the crest of the source area with the toe of the displaced mass. 
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Table 6-2 Liquefaction flow slide analysis with the cohesive model 

Case History Dynamic Analysis with Internal Energy Dissipation Kinetic Analysis (Olson 2001) 

Liquefied Shear Strength (kPa) 
No. Name Liquefied Shear 

Strength (kPa) 
vmax (m/s) Runout (m) 

Best Estimate Lower Bound Upper Bound 

1 Calaveras Dam 32.6 25.6 202.6 34.5 28.7 37.8 

2 Fort Peck Dam 24.5 25.1 509.9 27.3 16.8 34.0 

3 Lower San Fernando Dam 25.0 23.7 46.8 18.7 15.8 21.8 

4 Wachusett Dam 16.2 15.5 102.8 16.0 10.4 19.1 

5 Hachiro-Gata Embankment 3.0 11.3 8.0 2.0 1.0 3.2 

6 Koda Numa Embankment 0.6 5.4 19.7 1.2 ― ― 

7 Lake Ackerman Embankment 5.5 8.5 10.4 3.9 3.4 4.7 

8 Route 272 Embankment 5.6 7.1 25.8 4.8 3.0 5.7 

9 Shibecha-Cho Embankment 8.0 8.1 22.1 5.6 3.9 8.3 

10 Uetsu-Line Embankment 1.8 15.7 98.3 1.7 ― ― 

Note: vmax , maximum velocity; ―, data not available. 
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Table 6-3 Liquefaction flow slide analysis with the frictional model 

Case History Dynamic Analysis with Internal Energy Dissipation 

No. Name φ ( ° ) vmax (m/s) Runout (m) 

1 Calaveras Dam 8.1 9.9 204.2 

2 Fort Peck Dam 5.0 17.1 509.2 

3 Lower San Fernando Dam 11.0 8.3 45.3 

4 Wachusett Dam 9.5 10.8 100.8 

5 Hachiro-Gata Embankment 10.6 2.1 9.2 

6 Koda Numa Embankment 7.4 4.4 18.6 

7 Lake Ackerman Embankment 11.5 2.1 11.4 

8 Route 272 Embankment 11.0 6.3 25.1 

9 Shibecha-Cho Embankment 12.0 4.9 23.1 

10 Uetsu-Line Embankment 6.0 9.4 95.9 
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Table 6-4 Kinetic analysis of liquefaction flow slides with the sliding block model 

 

Case History Bulk friction Angle φ (°) 

No. Name 
Kinetic Analysis with 

the Sliding Block Model 

Dynamic Analysis with 
Internal Energy Dissipation 

1 Calaveras Dam 8.0 8.1 

2 Fort Peck Dam 4.0 5.0 

3 Lower San Fernando Dam 11.5 11.0 

4 Wachusett Dam 10.4 9.5 

5 Hachiro-Gata Embankment 9.5 10.6 

6 Koda Numa Embankment 5.0 7.4 

7 Lake Ackerman Embankment 8.3 11.5 

8 Route 272 Embankment 10.5 11.0 

9 Shibecha-Cho Embankment 15.8 12.0 

10 Uetsu-Line Embankment 3.3 6.0 
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Table 6-5 Coefficient of bulk friction and liquefied shear strength ratio 

 

Case history Dynamic Analysis Kinetic Analysis (Olson 2001) 

No. Name ( )φ
 

tanφ  us  
0

u

v

s
σ ′  

1 Calaveras Dam 8.1 0.142  34.5 0.112 

2 Fort Peck Dam 5.0 0.087  27.3 0.078 

3 Lower San Fernando Dam 11.0 0.194  18.7 0.112 

4 Wachusett Dam 9.5 0.167  16.0 0.106 

5 Hachiro-Gata Embankment 10.6 0.187  2.0 0.062 

6 Koda Numa Embankment 7.4 0.130  1.2 0.052 

7 Lake Ackerman Embankment 11.5 0.203  3.9 0.076 

8 Route 272 Embankment 11.0 0.194  4.8 0.097 

9 Shibecha-Cho Embankment 12.0 0.213  5.6 0.086 

10 Uetsu-Line Embankment 6.0 0.105  1.7 0.027 

( )φ , bulk friction angle; tanφ , coefficient of bulk friction; us , liquefied shear strength from kinetic 

analysis; 
0

u

v

s
σ ′

, liquefied strength ratio, where 0vσ ′  is the weighted average pre-failure vertical 

effective stress.  
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Figure 6-1 Typical undrained response of loose sands in monotonic loading, creep, and cyclic loading 

 

 

 

 

Yield strength Cyclic loading 

Liquefied shear strength 

Static or constant rate loading 

D 
Undrained creep 

E E 
A′ 

A 

C 

D 

C 

A 

BB 

A′ 

Sh
ea

r s
tre

ss
 

Shear strain Normal effective stress

Failure envelope

Yield strength envelope



 

 
146

630

635

640

645

650

655

660

50 100 150 200 250 300

Horizontal distance(m)

El
ev

at
io

n(
m

)

 
Figure 6-2 Travel path of the center of gravity in the sliding block model 
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Figure 6-3 Acceleration versus time in analysis with the sliding block model 
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Figure 6-4 Velocity versus time in analysis with the sliding block model 
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Figure 6-5 Displacement versus time in analysis with the sliding block model 
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Figure 6-6 Geometries of the North Dike of the Wachusett Dam based on field 

observation 
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Figure 6-7 Geometries of the North Dike flow slide based on dynamic analysis with 

the cohesive model 
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Figure 6-8 Geometries of the North Dike flow slide based on dynamic analysis with 

the friction model 
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Chapter 7  

Dynamic Analysis of Debris Flows on 

Natural Slopes 
7.1 Introduction 

Debris flows on natural slopes are often mobilized from slope failures. Compared 

with fluid-like deformation in a debris flow, the deformation of a landslide is more 

rigid and often localized along a slip surface or a persistent shear zone. The 

transformation from landslide to debris flow involves a decrease in the strength of the 

sediment mass and a subsequent conversion of gravitational potential energy to kinetic 

energy. The increase of kinetic energy changes the style of motion from sliding along a 

localized failure surface to a more widespread deformation recognized as flow (Iverson 

et al. 1997). 

Water contributes to the instability of slopes and the mobilization of debris flows 

from landslides. Field observations, laboratory experiments, and theoretical analyses 

suggest that most transformations from landslides to debris flow are related to the 

increase of pore-water pressures (Iverson et al. 1997; Savage and Baum 2005; Sassa 

2000; Sassa and Wang 2005). The increase of pore-water pressure in a sediment mass 

can be the result of precipitation such as rainfall, either intense or long lasting, thaw of 

snow or ice, or groundwater inflow from adjacent areas. The changes of pore-pressure 

can also be associated with the mechanical response of loose sediments to the 

undrained loading, such as the collapse of contractive soils during the process of 

liquefaction. Iverson et al. (1997) discussed the mechanics of debris flow mobilization 

and indicated that landslides can transform into debris flows by three processes: 

widespread Coulomb failure within a soil mass, partial or complete soil liquefaction 

due to high pore-fluid pressure, and conversion of landslide translational energy to 

internal deformation energy. In most scenarios these processes operate simultaneously 
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and contribute to the transformation of landslides to debris flows. 

Debris flow can also originate from surface runoff if the sediment in the flow 

accumulates rapidly within a short period of time. The accumulation of sediment in a 

flow increases the effects of solid phase on the motion and tends to transfer the water 

flow into a debris flow. According to Iverson (1997) and Iverson et al. (1997), both 

solid and fluid forces strongly influence the motion in a debris flow, which 

distinguishes the debris flow from the avalanche where solid grain forces dominate the 

motion and from a sediment-laden water flow where viscous fluid forces dominate the 

motion. The sediment concentration plays a key role in differentiating debris flow from 

other related phenomena. The boundary of sediment concentration between 

sediment-laden water flows and debris flows is about 50 to 60 percent by volume 

(O’Brien 2003; Pierson 2005). Field observations and experiments demonstrate that 

bed erosion provides a major source of sediment during the development of debris flow 

from surface runoff (Takahashi et al. 1992). Flume tests were conducted to investigate 

the triggering mechanisms of debris flows developed from surface runoff (Takahashi 

1978, 1980). The critical slope for the occurrence of a debris flow is proposed based on 

experimental results and theoretical analyses. The concept of critical slope is only 

applicable to debris flows originating from surface runoff. Because of high sediment 

concentration in debris flows, it is apparent that debris flows on natural slopes 

predominantly occur through the mobilization of landslides. 

Debris flows on natural slopes have considerable variation in both material 

composition and volume. For instance, debris flows mobilized from landslides, 

through entrainment of water or water-rich sediments, involve not only the displaced 

soil mass in the source area but also the deposits accumulated along the path of travel. 

Composition and constitutive behavior may change dramatically with position and 

time of the individual flow. This chapter focuses on the dynamic analysis of debris 

flows on natural slopes. Only relatively simple debris flow cases are selected in this 

study so that the variations in material composition and mass within an individual flow 

are negligible. As a consequence, a specific constitutive model can be used to estimate 

material behavior during all stages of flow development. 
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7.2 Liquefaction and Debris Flow-Triggering Mechanism 

Debris flow mobilization from slope failures is characterized by liquefaction-type 

failure. Liquefaction is a process by which an increase of pore water pressure in a loose, 

saturated soil results in a dramatic loss of shear strength. Liquefaction is often followed 

by a catastrophic failure and rapid deformation of the failure mass; in that respect 

debris flow is similar to liquefaction flow slides that have occurred in hydraulic fill 

dams (Seed et al. 1975a; Castro et al. 1989; Seed et al. 1989), flow slides in coal 

stockpiles and coal mine waste dumps (Eckersley 1985; Dawson et al. 1998; Hungr et 

al. 2002), and flow slides in subaqueous slopes (Terzaghi 1956; Morgenstern 1967; 

Sladen 1985b). Liquefaction can be triggered by static loading such as rainfall or cyclic 

loading such as earthquake. Static liquefaction often results in the initiation of debris 

flow on natural slopes. Flow failure associated with static liquefaction has been studied 

for many years (Casagrande 1936; Castro 1969; Poulos 1981; Sladen 1985a, 1985b). 

7.2.1 Steady-State Line, Collapse Surface and Debris Flow 

Initiation 

In a classic paper by Casagrande (1936), the significance of volume change 

during shear deformation in relation to the shear strength of soils was investigated. 

Based on his studies on shear resistance of sands, Casagrande concluded that during 

shear deformation, a cohesionless material in a loose state decreases its volume and in a 

dense state increases its volume. The cohesionless material tends to reach a critical 

void ratio in which it deforms continuously without volume change. Castro (1969) 

conducted a series of drained and undrained triaxial tests on sands and demonstrated 

that liquefaction flow failure is characterized by a constant void ratio and a constant 

shear resistance. Poulos (1981) presented the concept of the steady state of deformation 

which plays an important role in the analysis of liquefaction and related phenomena. 

The steady state of deformation is defined as the state in which a granular material can 

undergo flow deformation at constant volume, constant normal effective stress, 
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constant shear stress, and constant velocity. The undrained steady-state shear strength 

is the minimum strength a saturated contractive soil can possess during undrained shear 

deformation and its magnitude is dependent only on the in situ void ratio of the soil. 

Studies on the behavior of liquefied sands by Been et al. (1991) showed that steady 

state and critical state are equivalent from a practical perspective and that a constant 

velocity in the definition of the steady-state deformation is not necessary. This 

conclusion agrees with findings from laboratory experiments on rapid granular flows 

(Hungr and Morgenstern 1984a, 1984b), which demonstrated that the constitutive 

behavior of a granular material is governed by the Coulomb law and independent of 

strain rate. 

The steady-state line describes the relationship between the effective stress and 

the void ratio at steady state. Based on the steady-state concept, a laboratory-based 

procedure for estimating liquefied shear strength was proposed by Poulos et al. (1985). 

This method has not found much practical application because the steady-state shear 

strength determined from laboratory experiments shows high sensitivity to changes in 

the void ratio of soils. Slight error in the determination of the in situ void ratio can 

result in a large discrepancy between the liquefied shear strength estimated and the 

shear resistance mobilized in situ (Kramer and Seed 1988; Olson 2001). Recent studies 

on liquefaction indicate that the steady-state line based on laboratory tests on 

reconstituted samples can be influenced by loading system characteristics, shear mode, 

level confining stress, and sample preparation procedure (Yshimine et al. 1999; Vaid 

and Sivathayalan 2000). 

Investigations on the triggering mechanism of static liquefaction flow failure have 

been undertaken by a number of researchers (Salden 1985a; De Matos 1988; Kramer 

and Seed 1988; Sasitharan 1994). Isotropically consolidated undrained triaxial tests on 

loose sands were conducted by Sladen et al. (1985a) to study the Nerlerk berm 

liquefaction flow slides. The undrained effective stress paths show that peak strengths 

tested for sand samples at the same void ratio but in various initial stress states fall on a 

straight line in the p q′ −  (mean effective stress – deviator stress) space and that these 

stress paths all converge on the same steady state point, as illustrated in Figure 7-1. The 
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line connecting the peak points of the stress paths with the steady-state point is defined 

as the collapse surface (Sladen et al. 1985a). The concept of the collapse surface was 

further examined by Alarcom-Guzman et al. (1988) and Sasitharan et al. (1993, 1994). 

They demonstrated that the post-peak portion of a constant void ratio stress path 

constitutes a state boundary that governs the initiation of liquefaction and the 

occurrence of flow failure of loose granular materials under undrained loading. 

Sasitharan (1994) showed that the post-peak strain-softening portion of undrained 

stress paths of sand samples at the same void ratio can be approximated by a straight 

line for a very loose sand. Strain softening and liquefaction failure under drained and 

undrained loading occur when the stress path tries to cross the state boundary surface of 

the sand. Constant deviator stress-drained tests were also conducted by Sasitharan 

(1994) to simulate the initiation of flow failure in a slope due to pore water pressure 

increase. 

The concepts of steady state (Castro 1969; Poulos 1981) and collapse surface 

(Sladen 1985a; Sasitharan et al. 1993, 1994) provide a basis for understanding and 

predicting the undrained behavior of loose granular materials. The concepts that 

collapse surface provides a triggering criterion of liquefaction in loose materials, and 

that the steady state provide a basis for evaluating undrained resistance mobilized in a 

loose granular material flow (Morgenstern 2001), have been applied to explain the 

Nerlerk berm flow slides (Sladen et al. 1985b), the flow slides in the Fraser River Delta 

(Chillarige et al. 1997), and the liquefaction flowslides in coal mine waste dumps 

(Dawson et al. 1998).  

Despite apparent differences in source material and slope geometry there are 

similarities in failure mechanism and post-failure deformation behavior between 

liquefaction flows and natural debris flows (Morgenstern 1978; Hungr et al. 2002; 

Fell et al. 2000; Pastor et al. 2002). Liquefaction flow slides and debris flows also have 

much in common during the process of initiation: a sudden loss of shear resistance 

associated with the undrained failure. The concepts of steady state and the collapse 

surface are thus applicable to the analysis of debris flows, particularly debris flows 

mobilized from landslides. The stress states and stress path for a rainfall-induced debris 
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flow on a natural slope are presented in Figure 7-2 and Figure 7-3. It is evident that the 

field stress path is very different from the stress path in a traditional triaxial 

compression test in soil mechanics such as those explored by Bishop and Henkel 

(1962). The field stress path may actually deviate from the horizontal path because of 

an increase of soil weight and seepage force due to changes in the ground water 

condition. Field investigations indicated these effects are not significant and the 

horizontal field stress path provides a reasonably accurate generation of the field stress 

path (Anderson and Sitar 1995). The stress path in Figure 7-3 describes changes in 

stresses of a soil element on a slope during an intense rainfall. 

As indicated by Figure 7-3, normal effective stress is reduced with an increase in 

pore water pressure, while deviator stress remains constant. Pore pressure causes the 

stress state to move to the collapse surface. When the stress state lies on or approaches 

the collapse surface, a slight disturbance can cause debris material strain-softening 

accompanied by rapid generation of excess pore pressure. The stress state will move 

along the state boundary surface and arrive at the steady state. If the driving shear stress 

in the slope is much greater than the steady state shear resistance, the debris mass can 

be transformed from a solid state into a fluid state and, in consequence, a debris flow 

has been mobilized. 

Loose material often has high permeability and the stress state may be drained up 

to the failure point. Drained tests on very loose sands have shown that as soon as the 

collapse surface is reached, the pore water pressure measured in the tests increases 

suddenly (too rapidly for drainage to take place) and the sand sample liquefies; 

reduction of the rate of loading cannot avoid this phenomenon (Lindengerg and Koning 

1981). Therefore, it is possible that when subjected to very slow, drained increases in 

shear stress, loose debris material contracts and water is expelled from the voids. When 

a point of inherent instability is reached, even the slightest increment of stress or strain 

results in such rapid generation of excess pore pressures in comparison to the drainage 

capacity of the debris materials, that shear strength drops rapidly to the steady state 

value along the state boundary. The applied stress can then no longer be sustained and 

rapid acceleration of a failure mass occurs. This triggering mechanism has been used to 
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explore the initiation of laboratory debris flows (Eckersley 1990; Spence and Guymer 

1997; Wang and Sassa 2001; Moriwaki et al. 2004; Ochiai et al. 2004) and debris flows 

on natural slopes (Kramer 1988; Anderson and Sitar 1995). 

7.2.2 Natural Comminution and Sliding-Surface 

Liquefaction 

It has been recognized that large volume rock avalanches exhibit excessive 

mobility and the equivalent friction coefficient (tangent of the travel angle) of rock 

avalanches apparently decreases as the volume of displaced materials increases 

(Scheidegger 1973; Hsu 1975; Davies 1982; Corominas 1996; Legros 2002). Davies 

and McSaveney (1999) conducted a series of experiments to explore the long runout 

of large rock avalanches. They found that rock avalanches with volumes less than 105 

m3 and those with volumes greater than 107 m3 behave differently in terms of runout 

characteristics. The unusually long runout distance of a large rock avalanche is 

associated with the volume of displaced materials, and rock fragmentation has a 

significant effect on the mobility of rock avalanches. A fragmentation-spreading 

model was proposed by Davies et al. (1999) to analyze long runout rock avalanches 

(Davies and McSaveney 2002). The natural comminution in relation to the mobility 

of soil and rock avalanches was investigated by De Matos (1988). His study indicated 

that the comminution following a slope failure is influenced by a number of factors, 

including applied energy (height of fall), stress level (thickness of debris), duration of 

the avalanche, characteristics of the slope, and the properties of displaced materials. 

The percentage of fines within a rock avalanche has a tendency to increase with 

thickness and depth of displaced materials. For a large volume rock avalanche, 

potential energy and stress states are conducive to the occurrence of rock 

fragmentation and natural comminution. The increase of fines as a result of particle 

breakage and comminution leads to an increased susceptibility of displaced materials 

to liquefaction under undrained loading produced by the self weight of the debris. 

High pore pressure can build up and may account for a significant decrease in bulk 
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frictional resistance and high mobility of the avalanche. This conclusion has been 

confirmed by field observations of many avalanche deposits (Davies et al. 1999). 

Locat et al. (2006) estimated the fragmentation energy for nine rock avalanches from 

the European Alps and Canadian Rocky Mountains and concluded that the 

fragmentation energy is approximately 20 percent of the potential energy for the cases 

studied. 

In relation to debris flow initiation, grain crushing and fragmentation during shear 

deformation causes liquefaction characterized by a loss of strength resulting from the 

generation of excess pore water pressures due to the increase of fine grained materials. 

Sliding-surface liquefaction has been proposed to describe this type of phenomena 

(Sassa 1996, 2000; Sassa and Wang 2005). De Matos (1988) conducted 

isotropically-consolidated undrained triaxial tests to investigate the influence of grain 

size distribution on the steady state of granular materials. The test results for soils with 

the same type of grains, as shown in Figure 7-4, indicated that soils with different grain 

size distributions have different steady-state lines and the susceptibility of soils to 

liquefaction increases with the coefficient of uniformity. The work by De Matos (1988) 

provides a theoretical basis for the concept of sliding-surface liquefaction (Sassa 1996, 

2000) and has been used to explain the liquefaction of granular soils with medium and 

high densities (Sassa 1996). 

As illustrated in Figure 7-5, if a soil consolidated to the void ratio and normal 

stress represented by point A in the contractant zone is sheared with no volume change, 

positive pore pressure will be generated during the liquefaction process (effective 

stress is reduced from point A in the contractant zone to point B on the steady state line 

SSL1). Under undrained conditions, a soil with void ratio and normal stress 

represented by point C in the dilatant zone (relative to SSL1) generates negative pore 

pressure and in consequence results in an increase in strength when effective stress 

increases from point C to point D. If particle breakage and comminution take place, the 

increase in fine-grained materials changes the grain size distribution of the soil. The 

steady state line SSL1 of the soil with initial coefficient of uniformity moves left to the 

steady state line SSL2 with an increased coefficient of uniformity. Point C in relation to 
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the steady state line SSL2 is in the contractant zone and liquefaction occurs 

corresponding to the variation of the effective stress from point C to point E under 

undrained conditions. 

A series of ring-shear tests were carried out to investigate the sliding-surface 

liquefaction and related debris flows (Sassa 1996; Wang and Sassa 2002; Sassa et al. 

2004). These experiments indicate that grain crushing during shear deformation plays 

an important role in triggering sliding-surface liquefaction, as shown in Figure 7-6 and 

Figure 7-7. Typical cases of debris flows related to sliding-surface liquefaction have 

been explored by Sassa (2000) and Sassa and Wang (2005).  

7.3 Dynamic Analysis of the Tsukidate Landslide 

On May 26, 2003, an earthquake with a moment magnitude of 7.0 occurred in 

northern Japan. The earthquake triggered a number of landslides. One of the 

earthquake-induced large landslides is located in the Tsukidate area (Figure 7-8). Field 

observations indicated that the Tsukidate landslide showed typical debris flow 

characteristics. Fukuoka et al. (2004) investigated triggering mechanisms of the 

landslide using undrained ring-shear tests. In this study a dynamic analysis of the 

Tsukidate landslide is presented. The following descriptions of the Tsukidate landslide 

are summarized from work by Fukuoka et al. (2004), Wang et al. (2005), and Uzuoka et 

al. (2005). 

7.3.1 Field and Experimental Investigations of the Tsukidate 

Landslide 

The Tsukidate landslide originated from a failure in a gentle natural slope with an 

inclination of approximately 13.5°. It was estimated that the volume of landslide was 

about 8,100 m3. The source area was about 40 m wide and 80 m long, with a maximum 

depth of about 5 m. After movements stopped, the final failure materials ware spread 

on a horizontal rice paddy. The deposition area was about 50 m wide and 120 m long. 
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The uppermost scarp of the landslide was about 25 m high and 180 m long from the 

outermost edge of landslide deposits on the rice field. Figure 7-9 shows photos of the 

Tsukidate landslide. Photos of the front and side views of the landslide were taken just 

after the earthquake. The photo of the landslide toe was taken four days after the event. 

As shown in the photos, the landslide material from the source area traveled a 

significant distance along a gentle slope before coming to rest on a paddy field. 

Bamboo growths originally on the source area were transported with the landslide mass 

and stood almost vertically on the rice paddy after the long traveling distance (Figure 

7-9 (c)). 

Field investigation indicated that the soils in the source area were composed 

mainly of pyroclastic deposits. Soil samples were taken from the source area and 

deposition area of the landslide after the earthquake. The configuration of displaced 

materials and sampling sites is shown in Figure 7-10. The grain size distribution of soil 

samples taken from the landslide is presented in Figure 7-11. The figure indicates that 

soil samples have similar grain size distributions: gravel about 20 percent, sand about 

50 percent, silt about 20 percent, and clay about 10 percent. Gravel in soil samples 

consists entirely of pumice. Regarding soil classification, the pyroclastic deposits 

involved in the Tsukidate landslide can be categorized as silty sand with pumice. The 

physical properties of soil samples are summarized in Table 7-1. The dry density 

measured for undisturbed samples is about 1.1 g/cm3. The solid concentration for 

displaced materials in a flowing state estimated from Table 7-1 is greater than 50 

percent by volume. Field investigations indicate that the Tsukidate landslide is 

essentially a debris flow, according to the classification by Hungr et al. (2001).  

Undrained cyclic ring-shear tests were conducted on samples from the landslide 

source area to simulate the triggering process involved in the Tsukidate landslide. The 

tests revealed that soils in the Tsukidate landslide were highly liquefiable and the bulk 

friction angle of liquefied soils was about 7.5º. The failure of the slope was the result of 

high pore-water pressures generated by seismic loading during the earthquake. After 

the original slope failure, persistent high pore water pressure due to widespread shear 

deformation within the soils resulted in the lower resistance and high mobility of the 
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landslide.  

7.3.2 Numerical Modeling of the Tsukidate Landslide 

A detailed contour map of the Tsukidate landslide area after the earthquake is 

shown in Figure 7-12. The central longitudinal section of the landslide from the source 

area to the deposition area (the line A-A’ in Figure 7-12) is used to obtain the sliding 

surface and pre-failure geometry in the dynamic analysis, as presented in the Figure 

7-14. The motion of the landslide was simulated using the analytical model based on 

the energy consideration. The frictional model is used as the constitutive law to 

calculate flow resistance. Figure 7-15 is the final profile of mass distribution simulated 

by the dynamic analysis. The front velocities calculated are shown in Figure 7-16. 

The front runout distance calculated from the dynamic analysis is about 136 m, 

which is very close to the observed runout distance 135 m. The mass distribution 

estimated by dynamic analysis reasonably matches that observed in the field, although 

the deposition of a small amount of sliding mass on the upper slope was predicted in 

the dynamic analysis. The back-calculated friction angle is about 7.9°. This value 

shows an excellent match with the bulk frictional angle of 7.5° measured in the 

undrained ring-shear tests. There are no velocity records for the Tsukidate landslide. 

According to local residents, the landslide movement lasted about 60 to 90 seconds. 

The velocity at the center of the landslide was estimated to be about 6 to 7m/s (Uzuoka 

et al. 2005). The velocity profile (Figure 7-16) based on the dynamic analysis provides 

a very reasonable estimation. 

7.4 Dynamic Analysis of the Takarazuka Landslide 

The Takarazuka landslide was triggered by the Hyogoken-Nambu earthquake in 

Japan in 1995. The landslide occurred on a slope of 19° and traveled on the very 

smooth ground of a golf course with a slope of 5–6°. The landslide moved smoothly 

with a forest standing on it. The plan view of the Takarazuka landslide is show in 
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Figure 7-17. Soils involved in the Takarazuka landslide are angular sandy soils with 

weathered granite. The long runout distance and high solid concentration indicated that 

the landslide behaved as a debris flow after failure of the slope. 

Undrained ring-shear tests were performed on samples from the Takarazuka 

landslide (Sassa et al. 1995) to examine the high mobility of the landslide. The tests 

revealed that the bulk friction angle of soils in the Takarazuka landslide was about 8.9º. 

The residual friction angle obtained from drained unloading tests was 28.8°. 

Experimental results indicated that the high mobility of the Takarazuka landslide was 

the result of sliding-surface liquefaction (Sassa et al. 1995; Sassa 2000). 

The bulk friction angle mobilized in the Takarazuka landslide is back-calculated 

from dynamic analysis using the new analytical model. The initial slope geometry, as 

shown in Figure 7-18, is determined based on the longitudinal cross section (the line 

A-A’ in Figure 7-17) of the Takarazuka landslide. To simulate the sliding-surface 

liquefaction in the Takarazuka landslide, the residual friction angle of 28.8º is used as 

the internal friction angle for calculating the coefficients of lateral stress and the 

internal energy dissipation in the dynamic analysis. The bulk friction angle along the 

sliding surface of the landslide is determined when the simulated runout distance is in 

good agreement with field observations. 

The post-failure profile and front velocities of the Takarazuka landslide based on 

dynamic analysis are presented in Figure 7-19 and Figure 7-20, respectively. The front 

runout distance calculated from dynamic analysis is about 130 m, which is close to the 

runout distance of 133 m from field observations. To match the runout distance, the 

bulk friction angle back-calculated is about 11°, which is in good agreement with the 

bulk frictional angle of 8.9º measured from the shear-ring tests (Sassa et al. 1995; Sassa 

2000). 

7.5 Dynamic Analysis of the Hiegaesi Landslide 

The Hiegaesi landslide was triggered by heavy rainfall in August 1988 at Hiegaesi 

in Otakura, Japan. The source area of the landslide was about 23 m wide and 28 m long 
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and the maximum thickness of displaced soil was about 2.5 m. The volume of the 

displaced mass was estimated to be 1200 m3. The angle of the sliding surface in the 

source area was about 25°. The failed soil mass was deposited on a rice paddy in a 

three-lobed shape, as shown in Figure 7-21. Based on field observations, the long 

runout distance of about 70 m and low bulk friction angle of about 11º indicate that the 

Hiegaesi landslide experienced flow-type motion (Sassa 2000; Wang et al. 2002; Wang 

et al. 2003). 

Field investigations showed that soils involved in the Hiegaesi landslide can be 

classified as silty sand with gravel. A series of drained and undrained ring-shear tests 

were conducted to investigate the high mobility of the Hiegaesi landslide. Locations of 

soil samples taken from both source and deposition areas are presented in Figure 7-21. 

The results of ring-shear tests and field observations indicated that the high mobility of 

the Hiegaesi landslide resulted from sliding-surface liquefaction. Figure 7-22 shows 

the results of the grain-size distribution analysis on soil samples taken from the sliding 

zone (S1) and from the displaced materials (S2) overlying the sliding zone in the 

Hiegaesi landslide. Compared with samples of displaced materials (S2), the sample 

from the sliding zone (S1) consists of more fines and suggests grain crushing occurred 

along the sliding surface. The residual friction angle and bulk friction angle measured 

from the ring-shear tests are 41º and 8°, respectively. 

Dynamic analysis using the new analytical model was carried out to simulate the 

Hiegaesi landslide. Based on the longitudinal cross section in Figure 7-21 (c), the 

sliding surface and the initial slope geometry used for the dynamic analysis are 

determined and presented in Figure 7-23. The residual shear friction angle measured 

from the ring-shear tests is used as the internal friction angle to calculate the 

coefficients of lateral stress and the internal energy dissipation in the dynamic analysis. 

The bulk friction angle is then back-calculated from the dynamic analysis. 

The post-failure geometry and front velocities of the Hiegaesi landslide based on 

dynamic analysis are presented in Figure 7-24 and Figure 7-25, respectively. The 

runout distance calculated from dynamic analysis is about 70 m, which is the same as 

the runout distance from field observations. To match the runout distance, the bulk 
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friction angle back-calculated is about 10.4°, which is in reasonable agreement with the 

bulk frictional angle of 8º measured from shear-ring tests (Sassa et al. 1995; Sassa 2000; 

Wang et al. 2002). 

7.6 Conclusions 

Mobilization of debris flows from landslides on natural slopes is investigated in 

terms of liquefaction. The concepts of steady state of deformation, collapse surface, 

and sliding-surface liquefaction are used to interpret post-failure deformation 

behavior of rapid landslides and their high mobility. Effects of grain size distribution 

on the steady states of granular materials are investigated in relation to the 

sliding-surface liquefaction concept. Debris flows mobilized from landslides on 

natural slopes have been analyzed using the dynamic model based on energy 

consideration. Field observations and experimental studies indicate that the high 

mobility of rapid landslides is a result of liquefaction of displaced materials or shear 

zone along the sliding surface. The bulk friction angle back-calculated from dynamic 

analysis is in general agreement with the results from ring-shear tests. Comparison 

with field observations indicates that the new analytical model provides a reasonable 

estimate of material distribution and velocity profiles for debris flows on natural 

slopes. 
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Table 7-1 Properties of soil sample from source area of the Tsukidate landslide 

 

Grain Content ( )%  
Sample 

Sites 

Water Content 

( )%w  

Specific Gravity 

G  

Void Ratio 

e  

Unit Weight 

( )3kN mγ  

Degree of Saturation 
( )%rS  

Gravel Sand Silt Clay 

A 26.1 2.478 ― ― ― 17 53 22 8 

B 28.0 ― 1.175 14.30 59.0 ― ― ― ― 

C 30.6 2.400 ― ― ― 18 50 23 9 

D 55.7 2.313 ― ― ― 15 54 23 8 

E 38.6 ― 0.909 17.36 103.6 ― ― ― ― 

F 31.8 2.438 ― ― ― 17 53 20 10 

G 40.9 2.428 ― ― ― 18 50 20 12 

H 42.6 2.442 1.159 15.82 89.8 ― ― ― ― 

I 39.1 2.354 1.098 15.30 83.8 20 48 24 8 

J 29.8 2.447 ― ― ― 14 53 25 8 

Note: ―, data not available. 
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Figure 7-1 Typical isotropically consolidated undrained test on loose sand (Modified 
from Sladen et al. 1985a) 
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Figure 7-2 Mohr circles for rainfall-induced debris flows (Modified from Anderson 
and Sitar 1995) 

 

  

Figure 7-3 Field stress path in p q′ −  plane for rainfall-induced debris flows 
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(b)  
Figure 7-4 Steady-state lines for soils with different coefficients of uniformity (Data 

from De Matos 1988): (a) Deviator stress versus void ratio; (b) Effective minor 

principal stress versus void ratio 
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Figure 7-5 Changes in steady-state line associated with natural comminution 
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Figure 7-6 Grain size distribution for samples in shear-ring tests (Data from Sassa 

2000) 
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Figure 7-7 Grain size distribution for samples of a landslide associated with 

sliding-surface liquefaction (Data from Sassa 2000) 
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Figure 7-8 Location of Tsukidate landslide and the earthquake epicenter (After Wang 

et al. 2005)  

 
Figure 7-9 Views of the Tsukidate landslide (After Fukuoka et al. 2004): (a) Oblique 
front view; (b) Oblique side view; (c) View from the toe of the Tsukidate landslide 
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Figure 7-10 Configuration of displaced materials and location of sampling sites (After 

Uzuoka et al. 2005) 
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Figure 7-11 Gain-size distribution of soil samples taken from the Tsukidate landslide 

(Data from Uzuoka et al. 2005 )
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Figure 7-12 Contour map of the Tsukidate landslide area after the earthquake (After 

Wang et al. 2005) 



 

 
174

 

 

 
 

Figure 7-13 Cross section of the Tsukidate landslide along A-A’ in Figure 7-12 (After 
Wang et al. 2005) 
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Figure 7-14 Longitudinal cross section of the Tsukidate landslide used for dynamic 

analysis 
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Figure 7-15 Post-failure profile of the Tsukidate landslide based on dynamic analysis 
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Figure 7-16 Front velocity profile of the Tsukidate landslide based on dynamic 

analysis 
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Figure 7-17 Plan view of the Takarazuka landslide (After Sassa 2000) 



 

 
177

 

 

60

80

100

120

140

160

0 20 40 60 80 100 120 140 160 180 200

Longitudinal distance (m)

El
ev

la
tio

n 
(m

)

Sliding surface

Pre-failure geometry

 
Figure 7-18 Longitudinal cross section of the Takarazuka landslide used for dynamic 

analysis 
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Figure 7-19 Post-failure profile of the Takarazuka landslide simulated using dynamic 

analysis with the friction model 
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Figure 7-20 Front velocity profile of the Takarazuka landslide based on dynamic 

analysis 
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Figure 7-21 The Hiegaesi landslide (After Sassa 2000): (a) Photograph of the 

landslide; (b) Sketch of the landslide in plan; (c) Longitudinal cross section of the 

landslide. P: observation pit; S1, S2 and S3: sampling sites.  
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Figure 7-22 Grain size distributions of soil samples from the sliding zone and the 

displaced mass of the Hiegaesi landslide (Data from Sassa 2000) 
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Figure 7-23 Sliding surface and pre-failure slope geometry of the Hiegaesi landslide 
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Figure 7-24 Post-failure geometry of the Hiegaesi landslide based on dynamic 

analysis 
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Figure 7-25 Front velocity profile of the Hiegaesi landslide based on dynamic 

analysis 
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Chapter 8  

Conclusions and Recommendations 

As illustrated in this thesis, debris flows incorporate a broad range of 

sediment-fluid flows intermediate between dry rock avalanches and 

hyperconcentrated flows. Debris flows and related phenomena are encountered in a 

variety of geological and geomorphological settings. The evolution of debris flow 

from the onset of motion to final deposition is a complicated process: mobilization 

involves surface runoff erosion and liquefaction of deposits as a result of changes in 

pore water pressure; transport involves complex interactions between solid and fluid 

phases and variations in solid and fluid constituents along the travel path; deposition 

involves stress redistribution and reconsolidation. These complications make 

analyzing debris flow and related phenomena some of most complex issues facing the 

geotechnical profession and pose great challenges in understanding debris flow 

mechanics and predicting debris flow behavior. This study provides a comprehensive 

examination of the state of the art in constitutive and numerical modeling of debris 

flows. Emphasis is placed on undrained granular deposit flows with high solid 

concentration (greater than 50 percent by volume). A new analytical model is 

proposed to improve understanding of fundamental aspects in debris flow modeling 

and to provide practitioners with simple, reliable predictions of the debris flow 

behavior. 

8.1 Summary 

Debris flow phenomena and the historical development of debris flow modeling 

are briefly reviewed in Chapter 1. The review demonstrates that debris flow modeling 

incorporates extremely different points of view on constitutive behavior and 

numerical simplification. 
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The term debris flow has been applied to a broad and imprecisely defined range 

of flow phenomena intermediate between dry rock avalanches and sediment-laden 

water floods. Improper uses of the definitions of debris flow in different classification 

systems often causes problems in understanding and communication between 

researchers and practitioners. An unambiguous and agreed-upon definition of debris 

flows is important for the communication and exchange of ideas among debris flow 

researchers. Chapter 2 focuses on classifications of flow-like mass movement and 

definitions of debris flow. Definitions of debris flow within qualitative and 

quantitative classification systems have been critically reviewed. Quantitative 

classifications are mainly based on constitutive properties of flowing masses and have 

not found much practical application because of difficulties obtaining parameters 

required by the classification systems. Qualitative classifications are based on a wide 

variety of factors encompassing material properties, type and rate of movement, water 

content, liquefaction behavior of source materials, and the presence of a confined 

channel. Most information required can be easily obtained in practice through 

geotechnical investigations and laboratory experiments. As a consequence, qualitative 

classification is more practical and suitable for hazard prediction and risk assessment 

in a debris flow-prone terrain. Among qualitative classifications, the classification 

presented by Hungr et al. (2001) focuses on landslides of the flow type and 

approaches the subject from a geotechnical perspective. This classification provides 

more meaningful definitions for debris flows and related phenomena compared with 

other classifications. The use of the classification by Hungr et al. (2001) is thus 

recommended for debris flow studies. 

In the application of numerical methods to the analysis of debris flows, 

constitutive equations play a fundamental role. From a quantitative point of view, 

constitutive models provide the mathematical equations which define the mechanical 

properties of the materials. The constitutive model adopted in the analysis governs the 

response of the material to the applied loads. Practical implementation of numerical 

models must take account of the details of the constitutive equations, particularly 

when material behavior is characterized by strong nonlinearity, irreversibility, and 
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path-dependence. The constitutive models for debris flow were critically examined in 

Chapter 3. The validity and applicability of constitutive equations are investigated in 

the context of debris flow modeling. A literature survey indicates that the flow 

resistance in a debris flow has been described by extremely different and often 

contradictory constitutive models. These models can be classified as the Newtonian 

fluid model, non-Newtonian fluid model, dilatant fluid model, Coulomb frictional 

model, Coulomb viscous model, and Voellmy fluid model.  

On a microscopic scale, the strength of water-sediment mixtures is dependent on 

the viscosity of a fluid phase and on the frictional strength of a solid phase. The 

constitutive behavior of water-sediment mixture flows is sensitive to changes in 

sediment concentration, grain size, and grain-size distribution. For flows with lower 

solid concentration, shear resistance is strain rate dependent and often defined by a 

non-Newtonian fluid model such as the Bingham model, the Herschel-Bulkley model, 

or the quadratic model. The non-Newtonian fluid model appears to be applicable to the 

analysis of mud flow, peat flow, or debris flood, according to the classification by 

Hungr et al. (2001). If the solid concentration in a flow of sediment-water mixtures is 

high enough, and grains touch one another, granular friction make a significant 

contribution to the total flow resistance. Field observations, laboratory experiments, 

and theoretical analyses demonstrate that shear resistance in dense granular flows 

such as debris flows and rock avalanches is independent of strain rate. Compared 

with the frictional resistance, yield strength of the interstitial fluid is negligible in 

dense granular flows. Granular friction dominates flow behavior of dense granular 

flows. The behavior of debris flows can be represented with reasonable accuracy by 

the Coulomb friction model. Although the accurate lower bound of volume 

concentration for debris flows depends on sediment properties and interactions 

between solid and fluid phases, laboratory experiment and case history studies indicate 

that sediment-water mixtures behave like Coulomb-type materials if the solid 

concentration exceeds 50 to 60 percent by volume. 

Empirical methods, sliding block models, and depth-averaged models have been 

applied to the prediction of post-failure mobility of debris flows, debris avalanches, 
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and other types of flow-like landslides. The strengths and limitations of these methods 

were investigated in Chapter 4. A detailed formulation of the depth-averaged model 

was given in Chapter 4 to improve the understanding of this commonly used model in 

debris flow analyses. Empirical equations can be developed for regional and 

type-specified debris flows provided that a number of good-quality databases are 

available. Easy implementation is a conspicuous advantage of the empirical method 

over other approaches. However, empirical correlations are mainly based on regression 

analyses of the relationship between the volume of displaced materials and the mobility 

of debris flows. The material properties and the roughness of the sliding surface are not 

fully taken into account in an empirical model. As a consequence, empirical equations 

can be applied only to regions having geological and climatic conditions similar to the 

region where the empirical equations were formulated. The application of empirical 

equations to field data often presents considerable scatter due to the complexity of the 

debris flow process and uncertainty involved in the establishment of the equations. 

Most relationships established so far provide only an order of magnitude estimate of 

some debris flow parameters. Compared with analytical models, the empirical models 

possess limited applicability and generality in debris flow hazard assessment and 

protective designs. 

The sliding block model simulates a debris flow as the motion of a rigid, 

dimensionless block representing the centroid of the displaced materials. The velocity 

and displacement of the block is dependent on the sum of driving force of gravity and 

basal resistance. Frictional and Voellmy models are the most widely used constitutive 

law to define the resistance in sliding block models. The sliding block model cannot 

account for the confinement of travel path and lateral spreading of the failure materials. 

Simulation with the sliding block model produces information about the centroid 

position only. Predictions based on the sliding block model provide a crude 

approximation of debris-flow mobility. 

Depth-averaged models provide the most advanced analysis of debris flows. 

Simulation using depth-averaged equations produces estimates of velocity profiles, 

lateral spreading, and longitudinal runout distance of debris flows. Derivation of the 
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depth-averaged equations is based on the assumption that the longitudinal dimension 

in a flow is much greater than the flow depth. Flow resistance in a depth-averaged 

model is dependent on constitutive equations which describe the mechanical behavior 

of the material. The Bingham, Herschel-Bulkley, quadratic fluid, and Coulomb 

frictional models are often used to describe material properties in depth-averaged 

models due to the simplicity of their practical implementation. A detailed formulation 

of depth-averaged models with different constitutive models indicates that for a 

non-Newtonian fluid the resistance is related to the average flow velocity, while for a 

Coulomb material the resistance is independent of the flow velocity. 

The depth-averaging technique significantly reduces computational cost and 

makes possible a practical simulation of debris flows over complex topography. The 

depth-averaging process, however, sacrifices flow details in the dimension normal to 

flow direction. The accuracy of prediction using depth-averaged equations can be 

improved by incorporating internal deformations into debris flow analytical models. 

Consumption of kinetic energy in debris flow occurs through basal sliding and 

internal deformation. To incorporate internal energy dissipation into debris flow 

analysis with the Coulomb frictional law, a slice-based analytical model was 

formulated in Chapter 5. Formulation of the governing equations is based on the 

conservation law for energy. The internal energy dissipation is approximated using 

the Coulomb failure criterion. For easy implementation of the new analytical model, a 

Lagrangian finite difference scheme was proposed to solve the governing equations. 

Application of the dynamic model with internal energy dissipation in the 

analysis of liquefaction flows was explored in Chapter 6. Liquefied shear strengths 

were back-calculated for ten liquefaction flow slide cases. Cohesive and frictional 

models were used as constitutive laws to calculate the resistance mobilized in 

liquefaction flows. Simulation results indicate that the constitutive law used in a 

dynamic analysis has a significant influence on material distribution. Compared with 

the cohesive model, the friction model appears to provide a better fit between 

simulation and field observation in terms of deposit distribution. Kinetic analysis with 

the sliding block model has also been carried out in Chapter 6. Based on case history 
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studies, values of liquefied shear strength agree broadly between kinetic analysis and 

dynamic analysis based on energy conservation. By using the Coulomb friction model 

as a constitutive law, back-analyses of case histories with the new analytical model 

provide a useful strength parameter for liquefaction analysis. 

In Chapter 7, debris flows on natural slopes were analyzed using the dynamic 

model based on energy consideration. Concepts of steady state of deformation, 

collapse surface, and sliding surface liquefaction were used to interpret the high 

mobility of debris flows. Bulk friction angles back-calculated from the dynamic 

analyses are in broad agreement with the results from ring-shear tests. Comparison 

with field observations indicates that dynamic analysis with new the analytical model 

provides a reasonable estimate of material distribution and velocity profiles for debris 

flows on natural slopes. 

8.2 Conclusion 

This study provides a comprehensive examination of the state of the art in 

constitutive and numerical modeling of dense granular flows. Emphasis is placed on 

dense granular deposit flows with high solid concentration. 

Constitutive laws widely used in debris flow modeling are critically examined 

with information found in the literature and data from field observations, laboratory 

experiments, and theoretical analyses. Based on a comprehensive review of existing 

analytical approaches to debris flow runout predictions, a new analytical model based 

on energy conservation and considering internal energy dissipation is formulated. 

The post-failure deformation behavior of liquefaction flow slides is simulated 

using the new analytical model. Liquefied shear strengths in terms of undrained 

strength and bulk friction angle are back-calculated for ten flow slide cases according 

to cohesive and frictional soil behavior models. Results from back-analyses provide 

evidence that a useful strength parameter can be obtained through dynamic analysis 

within the framework of the Coulomb friction model. 

The new analytical model is also applied to simulating debris flows mobilized 
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from landslides on natural slopes. The analyses indicate that back-calculated bulk 

friction angles appear to be in agreement with the results from undrained ring-shear 

tests. Using the Coulomb friction model as a constitutive law, the analytical model 

developed in this study is capable of simulating post-failure deformation behavior of 

rapid landslides on natural slopes. 

8.3 Recommendations for Future Studies 

Within the framework of debris flow hazard and risk analysis, the following 

questions arise (Morgenstern 1978): 

(1) How much material moves? 

(2) What will be the time history of the movements in terms of velocities and 

accelerations? 

(3) How are protective structures designed against moving masses? 

From a geotechnical engineering perspective, an attempt to solve these questions 

involves predicting and controlling both pre-failure and post-failure deformation 

behaviors of a slope. In routine slope stability analysis, calculation of the factor of 

safety is undertaken using the limit equilibrium method. If the factor of safety of a 

slope is greater than unity, large movements will not occur in the slope. The actual 

deformation of the slope is dependent on a number of factors, including geological 

history, soil type, groundwater conditions, and external loading of the slope. A 

problem-oriented classification of soils proposed by Morgenstern (1992) has proven 

appropriate for slope stability analysis. A reasonably accurate prediction for pre-failure 

deformation of the slope can be obtained through advanced numerical simulation 

techniques such the finite element method and the finite difference method. 

If the factor of safety is less than unity, the post-failure slope will accelerate as the 

result of an imbalance between driving forces and resisting forces. Large volumes of 

soil mass can become liquefied by virtue of energy transfer mechanisms following 

instability (Morgenstern 1978). The triggering mechanisms of debris flows mobilized 

from landslides are well understood using the concepts of steady-state line and collapse 
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surface. Despite considerable advances in understanding post-failure movements of 

slopes, prediction and control of the catastrophic slope failures such as flow slides and  

debris flows are still extremely difficult due to the range and complexity of materials 

and the deformation characteristics associated with failures of natural and man-made 

slopes. From an engineering point of view, the dynamic model with the concept of an 

equivalent fluid provides the best fit for practical use in the analysis of geotechnical 

granular flows. An increase in the complexity of a model does not necessarily mean an 

increase in accuracy. Practical applications of debris flow numerical simulations 

require elegant simplification of the complicated behavior of debris flows. It seems 

unrealistic and presumptuous to seek complete generality for the dynamic model when 

simple materials such as rock and sand present formidable problems in geotechnical 

engineering. However, to improve understanding and knowledge in relation to debris 

flow mobility evaluation, the following areas have priority in future studies: 

(1) Extension and generalization of the dynamic model to simulate debris flows 

on three-dimensional terrains. 

(2) Formulation of a more rigorous expression for internal energy dissipation 

terms in the dynamic model. 

(3) Development of the model for natural debris flows involving material 

deposition and entrainment along the travel path. The effects of mass changes on the 

energy transfer should be appropriately taken into account in the governing equations. 

(4) Development of computer programs to simulate temporal and spatial 

variations during all stages of debris flow evaluation. 

(5) Calibration of the dynamic model with well-documented case histories of 

debris flows. Model calibration on the basis of a number of field observations provides 

the primary means to verify theoretical formulation of dynamic analysis in debris flow 

studies. Results of the parameter calibration also provide important data-bases for 

practical applications of the dynamic model. 

(6) Development of the model incorporating GIS within numerical simulations for 

debris flow hazard and risk analysis. Debris flows and related phenomena occur in 

natural slopes and man-made slopes and earth structures. Hazard and risk assessment 
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in a debris flow-prone region requires integrated qualitative and quantitative analyses 

of data from distinct disciplines including geology, hydrology, hydrogeology, 

geomorphology, geotechnical engineering, economy, and sociology. The success of the 

integrated analysis is largely dependent on an appropriate representation and 

articulation of the data for study areas. Geographic information systems (GIS) provide 

a useful tool for efficiently managing and visualizing data from various disciplines. A 

combination of GIS techniques with dynamic analysis allows the development of a 

conceptual geological model from which slope stability analysis and runout prediction 

can be generated. The GIS-based numerical simulation could also facilitate application 

of the results from dynamic analysis into hazard assessments related to debris flows. 
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Appendix A 

Numerical Algorithm and Model 

Verification 

A.1 Numerical Algorithm 

The analytical model based on energy conservation in Chapter 5 is used in this 

study for debris-flow runout analysis. A computer program is developed for 

implementation of the dynamic analysis. Solution of the governing equation of the 

dynamic model is based on the Lagrangian finite difference approach proposed by 

Savage and Hutter (1989) and Hungr (1995). As shown in Figure A.1, a dynamic 

analysis of debris flows using the slice-based model with internal energy dissipation 

can be undertaken using the following procedures:  

(1) Preparation of sliding surface and initial slope profile. The initial profile of a 

slope is obtained by comprehensive studies of site geology and construction history of 

the slope. The sliding surface is mainly determined by stability analysis of the 

pre-failure slope geometry and field investigations of the configuration of the 

post-failure slope.  

(2) Discretization of the flow domain. A rectangular Cartesian or curvilinear 

coordinate system can be used in a dynamic analysis. Studies indicate that the normal 

slices generated in the curvilinear coordinate system tend to overlap when the slice 

number is greater than 15 for most liquefaction flow slide analyses. The rectangular 

Cartesian coordinate system is thus used in this study. 

(3) At the beginning, i.e., 0t = , initial velocities and kinetic energy of slices are 

equal to zero. The initial acceleration of each slice is determined from the momentum 

conservation equations. 

(4) At time step n  after the slope movement is initiated, coefficients of lateral 
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stress are calculated during each time step based on deformation of the slices. The rates 

of the work done by interslice force, basal resistance, and gravity force are calculated. 

The deformation work rate (internal energy dissipation) is also computed. The velocity 

of each slice at time step 1n +  is then used to determine changes in the kinetic energy 

of each individual slice. 

(5) If the calculated kinetic energy of a slice is close to zero, the force balance is 

examined. If there exists an imbalance in terms of forces for a slice, the slice will 

accelerate according to the momentum conservation equation. 

(6) The computation proceeds until the maximum velocity of the slice is less than 

a threshold of velocity. 

(7) The back-calculated shear strength is obtained when simulating reasonably fit 

field observations in terms of runout distance and material distributions. 
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Sliding surface and slope profile

Discretization of flow domain

Start dynamic analysis with momentum conservation equations

Computation of the coefficients of lateral stress, rates of work done by 
interslicel force, basal resistance, gravity and rate of deformation work

Update velocity of slices based on the kinetic energy

Velocity < threshold of velocity

Stop

N

Y

 
Figure A.1 Flow chart of dynamic analysis based on energy consideration 
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A.2 Code Verification 

Hand calculation of simple debris flow case has been carried out to test against 

computer code. The geometry of the slope is shown in Figure A.2. The sliding path 

consists of an inclined section connected to a horizontal surface. The inclination of the 

sliding path is 30˚. The initial geometry of the sliding mass consists of a horizontal 

section of 1.5 m followed by an inclined surface with a slope of about 66.5˚. The initial 

sliding mass is divided into 4 slices with uniform width of 0.5 m. 
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Figure A.2 Simple debris flow case for code verification 

At time 0t = , the momentum equation is used to calculate the acceleration, 

velocity, and displacement of the slices. 

( )sin cosk
k k k k kl kr k

dum m g T P P
dt

θ θ= − + −  

After time 0t = , the equations based on the energy conservation in Chapter 5 of 
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the thesis are used to calculate the velocities and displacements of the slices. 

The net work rate is calculated by summing the work rate done by gravity, lateral 

forces, basal resistance, and internal deformation: 

( ) ( ) ( )1sin cos cos
2 k

k k k k k k zz l l l r r r k k ij ijk k k V
W m gu m gh e Pu Pu T u e dVθ θ θ τ= + + − − − ∫

 

Kinetic energy of slice k  at time t t+ Δ : 
t t t t
k k kE E W t+Δ = + Δ  

21
2

t
k k kE m u=  

The center velocity of a slice at time t t+ Δ  is: 

( ) 2 t t
t t k

c k
k

Eu
m

+Δ
+Δ =  

The boundary velocity is approximated as: 

( ) ( ) ( )1

2

t t t t
t t c ck k

b k

u u
u

+Δ +Δ
+Δ −

+
=  

Displacement of slice boundary is: 

( ) ( ) ( ) ( )cos cos
2

t t tt t t
t t t b k b kk k

b bk k

u u
x x t

θ θ+Δ +Δ
+Δ +

= + Δ  

where ( )t
b k

x  and ( )t t
b k

x +Δ  are x  coordinates of boundaries of slice k  at times t and 

t t+ Δ , respectively.  

The height of slice k  at t t+ Δ  is computed by: 

( )
( ) ( )1

t t k
c k t t t t

b bk k

Vh
x x

+Δ

+Δ +Δ

+

=
⎡ ⎤−⎣ ⎦

, ( ) ( ) ( )1

2

t t t t
t t c ck k

b k

h h
h

+Δ +Δ
+Δ −

+
=  

( )0
0t t

bh +Δ = , ( ) 0t t
b n

h +Δ =  

where kV  is the volume of slice k , ( )t t
b k

h +Δ  is the height of the left boundary of slice 

k  at t t+ Δ , and ( )t t
c k

h +Δ  is the central height of slice k  at t t+ Δ . 

Comparison between hand calculation and computer simulation has been carried 
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out for the first 10 time steps. The size of time step for hand calculation and computer 

simulation is 0.1 s. The flow profiles based on hand calculation and computer 

simulation are presented in Figure A.3 and Figure A.4. The velocity, displacement, and 

height of boundary 2, 3, and 4 are shown in the Figure A.5, Figure A.6, and Figure A.7 

respectively. The comprehensive comparison shown in Figures A.3 to A.7 suggests 

that simulation results based on computer code and hand calculation are in good 

agreement. 
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Figure A.3 Flow profiles at 0.2 s interval from hand calculation 
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Figure A.4 Flow profiles at 0.2 s interval from computer simulation  
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Figure A.5 Velocities on boundary 2, 3, and 4 from hand calculation ( _H) and 

computer simulation ( _C) 
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Figure A.6 Displacements on boundary 2, 3, and 4 from hand calculation ( _H) and 

computer simulation ( _C)
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Figure A.7 Heights on boundary 2, 3, and 4 from hand calculation ( _H) and computer 

simulation ( _C) 
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A.3 Model Verification 

A.3.1 Dam-Break Sand Flow 

Dam-break sand flow has been simulated using the analytical model developed in 

the thesis. The initial depth of sand is taken as 10 m. Sand flow is triggered by a sudden 

removal of a dam. The initial geometry for dam-break case is shown in Figure A.8. The 

friction model is used in the dynamic analyses to compute basal resistance and internal 

energy dissipation. The same value is used as internal and basal friction angles in each 

simulation. Figure A.9 to Figure A.11 shows final geometries based on the dynamic 

analyses with different material strengths. Table A.1 lists the friction angle used in the 

simulation and average deposit angle after the dam-break induced sand flow comes to a 

stop. The definition of the mean deposit angle is shown in Figure A.12 

Figure A.9 to Figure A.11 and Table A.1 indicate that the mean deposit angle 

simulated is reasonably close to the friction angle or the angle of repose. 

 

Table A.1 Material strength and mean deposit angle 
 

Internal Friction Angle 

(φ ) 

Basal Friction Angle 

( bφ ) 
Mean Deposit Angle 

30° 30° 32° 

20° 20° 18° 

10° 10° 7.5° 
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Figure A.8 Initial geometry of dam break problem 
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Figure A.9 Simulation of dam-break sand flow with friction model ( 30bφ φ= = ) 
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Figure A.10 Simulation of dam-break sand flow with friction model ( 20bφ φ= = ) 
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Figure A.11 Simulation of dam-break sand flow with friction model ( 10bφ φ= = ) 

 

 
Figure A.12 Definition of the mean angle of dispose 

 

Mean deposit angle 

Initial geometry 
Final geometry 
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A.3.2 Simulation of granular slumping on a horizontal plane 

Flows induced by the collapse of initially static columns of sand over a horizontal 

surface were investigated experimentally by Lajeunesse et al. (2005). Effects of the 

initial column geometry on the flow runout behavior and internal flow structure were 

explored in the experiments. Granular materials used in the experiments are glass 

beads of diameters of 1.15 mm or 3 mm. Granular materials were initially contained 

within a cylinder or rectangular tank. Axisymmetric or two-dimensional granular flows 

were created by quickly raising the cylinder or removing the gate. The experimental 

observation demonstrated that the flow dynamics and final deposit depends on the 

initial aspect ratio of the granular column. The initial aspect ratio is defined as the ratio 

of the initial height to horizontal extent of the column. 

Numerical simulations of the spreading of granular columns on a horizontal plane 

have been conducted using the dynamic model formulated in Chapter 5. The value of 

the internal and basal friction angles used in the analysis is 25º, which is the average 

of values reported by Lajeunesse et al. (2005). Figure A.13, Figure A.14, and Figure 

A.15 show the dynamic simulations of the granular slumping with the same initial 

aspect ratio of 3.2. Figure A.16 presents the normalized final profiles of simulations 

and experimental observations of the spreading of columns with the same initial aspect 

ratio but with different granular mass. The comparison of theoretical and experimental 

final profiles in Figure A.16 indicates that the dynamic analysis provides reasonable 

prediction of the runout distance for flows induced by the collapse of granular columns 

over a horizontal plane. 

It has been observed that the granular slumping involves following two processes: 

(1) collapse and fall of the column, and (2) spreading of the granular mass on a 

horizontal plane until it comes to rest. During these processes, the initial potential 

energy in the tall column is converted into kinetic energy and is also dissipated because 

of internal deformation and basal friction. The complexity of the collective dynamics 

of momentum transfer and lost involved in granular slumping highlights the difficulties 
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in modeling this class of problems within the framework of classical shallow water 

equations. To simulate the spreading granular mass, it appears that a model should be 

capable of accounting for vertical momentum transfer associated with the fall of the 

column and also capturing the features of the subsequent horizontal motion. It is 

possible to apply depth-aveaged model to modeling sideways flow of a granular mass. 

Unfortunately, the initial vertical column collapse and momentum transfer intrinsically 

violate the shallow water assumptions and can not be accounted for by shallow water 

approaches. It is evident that the theoretical predications are far from describing the 

whole process of the granular slumping and there are still many open questions to be 

resolved. However, it has been surprinsingly observed that the simulations carried out 

by using the new analytical model are able to reproduce many features of spreading of 

a granular mass. The model based on energy consideration provides new insights into 

the approaches investigating granular flows. 
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Figure A.13 Simulation of granular spreading mass with initial aspect ratio of 3.2 and 

height of 3.2 m  
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Figure A.14 Simulation of granular spreading mass with initial aspect ratio of 3.2 and 

height of 6.4 m  
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Figure A.15 Simulation of granular spreading mass with initial aspect ratio of 3.2 and 

height of 9.6 m 
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Figure A.16 Nondimensional final profiles of granular slumps with the same initial 

aspect ratio of 3.2 (Normalized with respect to L)  

 
 



 

 
234

 A.3.2 Runout Analysis of Tailing Dam Break 

Bryant et al. (1983) and Hungr (1995) analyzed a tailing dam break caused by 

liquefaction failure. The idealized tailing dam is 30.5 m high and 305 m long on a 

horizontal plane. The dam is assumed to be liquefied suddenly and flow on a horizontal 

surface. The liquefied shear strength of tailing materials used by Bryant et al. (1983) 

and Hungr (1995) is 2.39 kPa and the unit weight of tailing is 18 3kN m . 

The idealized tailing dam break has also been back-analyzed using the new 

analytical model. A purely cohesive model with shear strength of 2.4 kPa and unit 

weight of 18 3kN m is used in the analysis. Pre- and post-failure geometries of the 

tailing dam are shown in Figure A.17. The runout distance calculated is approximately 

1500 m and the maximum velocity is about 28 m/s. The runout distance is in good 

agreement with the Hungr’s results based on energy conservation principle (1995). 
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Figure A.17 Tailing dam break analysis based on dynamic analysis with purely 

cohesive model 
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Appendix B 

Case Histories of Liquefaction Flow Slides 

and Dynamic Analyses 

B.1 A Flow Slide in the Lower San Fernando Dam 

B.1.1 Historical Information of the Lower San Fernando 

Flow Slide  

A major slide occurred in the upstream slope of the Lower San Fernando Dam 

(LSFD) as a result of the 1971 San Fernando earthquake. The slide movement nearly 

caused the failure of the Lower Dam and an uncontrolled, catastrophic release of the 

reservoir which contained 12,300,000 m3 of water over a heavily populated urban 

residential area. Following the failure of the upstream slope, comprehensive studies of 

site geology, construction history, and earthquake effects on the dam were undertaken 

by a number of investigators (e.g., Seed et al. 1975a; Castro et al. 1989; Seed et al. 

1989). These studies indicated that liquefaction of hydraulic sand fill following the San 

Fernando earthquake caused failure of the upstream slope of the dam. Because of 

detailed, high quality data available from previous investigations, the LSFD flow slide 

is by far the most studied and best-defined liquefaction flow slide case available in the 

literature. The LSFD case has been analyzed by numerous investigators (e.g. Seed et al. 

1975b; Davis et al. 1988; Castro et al. 1992; Olson 2001) and has proved to be the most 

important case for studying liquefaction flow slides. 

The main body of the Lower San Fernando Dam consists of hydraulic fill 

constructed between 1912 and 1915. The embankment was underlain by an alluvium 

foundation consisting primarily of stiff clay with layers of sand and gravel with a 
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relative density of about 65–70 percent. Initial fill placement consisted of the 

construction of the upstream and downstream starter dikes. The hydraulic fill was then 

sluiced from the floor of the reservoir and placed between starter dikes from the 

upstream and downstream edges of the embankment. A puddle core was maintained in 

the center of the dam to sediment the clay portion of the slurry. As the fill level rose, the 

discharge pipes were redirected and new starter dikes constructed. The upstream and 

downstream hydraulic fills were raised symmetrically and constructed in a similar 

manner. The resulting fill is a series of alluvial fans grading from coarse material near 

the starter dikes to clayey material in the core. The shells of embankment consist 

primarily of stratified sand and silty sand and the core consists primarily of clayey soils. 

Field investigation and laboratory testing indicated that the relative density of upstream 

hydraulic fill was on the order of 40–50 percent prior to the earthquake. 

The flow slide of the San Fernando Dam and triggering mechanisms associated 

with the failure were described in detail by Seed et al. (1975a). The representative cross 

sections after and prior to liquefaction flow of the Lower San Fernando Dam is 

presented in Figure B.1 and Figure B.2, respectively. Seismoscope records at the 

Lower San Fernando Dam indicated that the dam was subjected to strong shaking 

with peak ground acceleration of about 0.55 g and 0.5 g on the abutment and crest 

during the earthquake. The major slide occurred approximately between 20 and 40 

seconds after the earthquake had stopped (Seed 1975a). The slide movements in the 

upstream slope of the Lower Dam developed in the absence of earthquake loads and 

were driven only by the shear stress due to gravity loading of the materials in the 

embankment (Castro et al. 1985). Field observations and stability analyses suggested 

the following mechanism of failure of the upstream slope of the Lower San Fernando 

Dam (Seed et al. 1975a): After the earthquake shaking, very high pore-water 

pressures developed in the hydraulic fill near the base of the upstream slope of the 

dam. Increases of pore-water pressure caused some loss of strength and liquefaction 

of the hydraulic fill near the base of upstream shell. As a consequence, the shear 

resistance of the embankment soils in the upstream shell could not withstand the 

gravity loading caused by the embankment and slide movement developed. 
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As Figure B.1 illustrates, the slide occurred in the upstream direction and the 

deformations were concentrated in the lower part of the hydraulic fill shell consisting 

of saturated silty sand. Overlying materials were broken into blocks of intact soils as 

the movement developed. The large blocks of embankment soils moved into the 

reservoir floating over the liquefied hydraulic sand fill after flow was initiated. At the 

moment that the liquefaction flow came to rest, liquefied soil had moved as much as 61 

m beyond the toe of the dam, and the soil block with the original toe of the dam moved 

about 46 m into the reservoir. The liquefaction zone shown in Figure B.1 and Figure 

B.2 indicates that not all blocks are involved in liquefaction flow. The movements of 

blocks 1, 2, 3, and 4 were associated with the failure of the clay core of the Lower San 

Fernando Dam, which are probably due to secondary sliding or slumping caused by the 

removal of support from the clay core resulting from the upstream slides. Therefore, 

the slides of blocks 1, 2, 3, and 4 are discounted in the dynamic analysis (Seed et al. 

1975a; Davis et al. 1988; Olson 2001).  

B.1.2 Stability Analyses of the Lower San Fernando Flow 

Slide  

Estimates of the value of liquefied shear strength at the base of the Lower San 

Fernando Dam hydraulic fill have been carried out by various investigators using limit 

equilibrium analysis or methods incorporating momentum effects (Seed 1987; Davis et 

al. 1988; Poulos 1988; Castro et al. 1992; Stark and Mesri 1992; Olson 2001). Seed 

(1987) estimated a liquefied shear strength of 750 psf (35.9 kPa) from the stability 

analysis of the pre-failure slope configuration of the Lower San Fernando Dam. The 

calculation was based on the assumption that a driving force causing the slide is equal 

to the combination of the strength mobilized in the nonliquefied soil near the toe and 

the crest and the liquefied shear strength of the hydraulic fill near the base of the 

upstream slope. Castro et al. (1992) evaluated the liquefied shear strength of the 

hydraulic fill by means of laboratory testing of high quality undisturbed samples. The 

steady-state line was determined from a plot of void ratio versus undrained steady-state 
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strength for reconstituted samples of hydraulic fill from the critical zone of the Lower 

San Fernando Dam. The in situ void ratio of hydraulic fill in the critical zone prior to 

the slide was estimated based on test results of the samples on the downstream side. 

Appropriate corrections were made to account for the volume changes caused by 

sampling, testing, earthquake and groundwater lowering, and the difference between 

upstream and downstream conditions. The undrained steady-state strengths for 

undisturbed specimens could then be determined by combining the in situ void ratio 

and the steady-state line. The resulting analysis based on steady-state concepts gave a 

range of average values of the liquefied shear strength of the hydraulic fill between 610 

psf (29.2 kPa) and 810 psf (38.8 kPa). To provide good agreement with the liquefied 

strength estimated from the extent of the observed slide movement, a conservative to 

very conservative interpretation of the laboratory tests was recommended (Castro et al. 

1992). Liquefied shear strength based on the conservative interpretation was about 490 

psf (23.5 kPa). 

Davis et al. (1988) incorporated the effects of the dynamics of failure into the 

estimation of liquefied shear strength and calculated the mobilized shear strength in the 

critical zone of hydraulic fill of the Lower San Fernando Dam. The estimated liquefied 

shear strength was 510 psf (24.4 kPa). Back-analyses by Poulos (1988), who also 

incorporated the effects of the energy and dynamics of the failure into the calculations, 

indicated that the liquefied shear strength mobilized in the hydraulic fill zone is in the 

range of 500 to 1000 psf (23.9 to 47.9 kPa). The recommended value was 750 psf (35.9 

kPa). Using stability analysis and considering the kinetics of failure mass movements, 

Olson (2001) determined the value of liquefied shear strength for hydraulic fill of the 

Lower San Fernando Dam to range from 15.8 to 21.8kPa, with a best estimate of 

liquefied shear strength of 18.7 kPa. 

Considering the significant uncertainties involved in estimating the liquefied 

shear strength from case histories, many investigators recommended a more 

conservative interpretation of the back-calculated results. Seed et al. (1989) 

reevaluated the slide in the Lower San Fernando Dam and suggested that the liquefied 

shear strength determined from the post-failure configuration was 400 100± psf 
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(19.2 4.8±  kPa). Based on the findings of Seed et al. (1989), Stark and Mesri (1992) 

assigned a liquefied shear strength of 400 100± psf ( 19.2 4.8± kPa) as the value 

back-calculated from the liquefaction flow in the Lower San Fernando Dam for 

establishing the standard penetration test (SPT) based chart. Wride et al. (1999) 

reexamined the original database of case histories used for establishing the SPT based 

chart (Seed 1987; Stark and Mesri 1992). It is found that the original conservative 

interpretations of case histories are considered by many workers and regulatory 

agencies as the most authoritative measure of the liquefied shear strength. As a 

consequence, less conservative approaches are generally viewed in an unfavorable 

light. 

B.1.3 Dynamic Analysis of the Lower San Fernando Flow 

Slide 

Based on Figure B.1 and Figure B.2, the sliding path and pre-failure geometry 

used in dynamic analysis are determined and presented in Figure B.3. The post-failure 

geometry based on field observation is also included in Figure B.3 for testing the 

results of the dynamic analysis. Following the procedures described in Chapter 6, 

analysis of the Lower San Fernando Dam liquefaction flow was carried out using a 

slice-based model with consideration of internal energy dissipation. The properties of 

liquefied sands are approximated by cohesive and frictional models. 

The post-liquefaction geometry of the Lower San Fernando Dam flow slide 

shown in Figure B.4 is based on dynamic analysis using the cohesive model with 

internal energy dissipation considered. The runout distance calculated is approximately 

46.8 m. This value is close to the observed runout distance of 45 m. The liquefied shear 

strength from slice-based dynamic analysis with the consideration of internal energy 

dissipation is 25 kPa. 

The post-liquefaction geometry of the Lower San Fernando Dam flow slide 

shown in Figure B.5 is based on dynamic analysis using the friction model with 

internal energy dissipation considered. The runout distance calculated is 45.4 m from 
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simulation and the bulk friction angle back-calculated is about 11°. 

B.1.4 Kinetic Analysis of the Lower San Fernando Flow 

Slide 

Kinetic analysis of liquefaction flow slide in the Lower San Fernando Dam with a 

sliding block model is introduced in this section. The friction model is used to compute 

shear resistance in the kinetic analysis. The travel path of the center of gravity is 

defined by a third order polynomial similar to that used in the kinetic analysis by Olson 

(2001). The travel path of the centroid, velocity, and displacement based on dynamic 

analysis are presented in Figure B.6 to Figure B.8. The back-calculated bulk friction 

angle is about 11.5°. 
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Figure B.1 Cross sections of the Lower San Fernando Dam after earthquake (Modified from Castro et al. 1992) 
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Figure B.2 Schematic reconstruction of failed cross section of the Lower San Fernando Dam (Modified from Castro et al. 1992) 
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Figure B.3 Geometries of the Lower San Fernando flow slide based on field 

observations 
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Figure B.4 Geometries of the Lower San Fernando flow slide based on dynamic 

analysis with the cohesive model 
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Figure B.5 Geometries of the Lower San Fernando flow slide based on dynamic 
analysis with the friction model 
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Figure B.6 Travel path of the centroid of the Lower San Fernando flow slide 
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Figure B.7 Centroid velocity versus time for the Lower San Fernando flow slide 
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Figure B.8 Centroid displacement versus time for the Lower San Fernando flow slide 



 

 
249

B.2 A Flow Slide in the North Dike of the Wachusett Dam 

B.2.1 Historical Information of the Wachusett Flow Slide 

The flow slide of the upstream slope of the North Dike of the Wachusett Dam 

occurred on April 11, 1907 during the first reservoir filling in 1907. The failure 

involved approximately 46,500 m3 of materials. The failure mass flowed into the 

reservoir and showed high mobility: a maximum runout distance of approximately 100 

m and a maximum vertical drop of the crest of approximately 12.2 m. Comprehensive 

studies indicate that that the slope failure in the Wachusett Dam occurred as a result of 

the static liquefaction of the loose sandy hydraulic fill in the upstream shell. Olson et al. 

(2000) and Olson (2001) investigated site geology and construction history of the 

Wachusett Dam and conducted stability analysis of the North Dike of the Dam. The 

following descriptions are summarized from these sources. 

The Wachusett Dam and Reservoir is located in the South Branch of the Nashua 

River in Clinton, Massachusetts, approximately 48 km west of Boston. The main dam 

is a stone masonry, gravity structure, 43 m high and 259 m long with a crest elevation 

of 126.7 m. The North and South Dikes are zoned earth fill structures consisting of 

sandy silt to silty sand cores and supporting shells comprised mainly of fine sand. The 

construction of the 3200 m North Dike began in 1898 and completed in 1904. The 

construction of the North Dike was carried out using controlled placement and 

compaction for the cut-off and core of the dike and an uncontrolled fill method for the 

supporting shells. The core materials consist primarily of sandy silt to silty sand with 

saturated unit weight in the range of 18.9 to 20.4 kN/m3. The upstream and downstream 

shell fills consist of sand to silty sand with some gravel. During the construction, the 

downstream fills were placed in 2.3m lifts and compacted by flooding while the 

upstream fill received no compaction and saturation. The geometry of the North Dike is 

presented in Figure B.9. 

The slope failure of the North Dike occurred in 1907 at the time when the 
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reservoir was being filled. Field investigation indicated that the failure was centered 

over the former river channel where the dike had a maximum height of 24.4 m. At the 

time of failure the water level of the reservoir was 12.8 m deep, about half of the dike 

height. After the failure, the displaced materials flowed into the reservoir with a 

maximum horizontal distance of approximately 100 m and came to rest at an angle of 

approximately 5º to 6º. 

The failure of the North Dike appears to be the result of the static liquefaction of 

the upper stream sandy fills. The construction of the dike was completed in 1904, three 

years prior to the slope failure. The flow slide of the North Dike developed in the 

absence of seismic or dynamic activity and the flow of displaced materials was solely 

driven by the shear stress due to gravity loading of the upstream fills. Examinations of 

the construction history of the North Dike and filling of the Wachusett Dam indicated 

that loading of the North Dike probably was fully drained (Olson et al. 2000). Field 

investigations and analysis of the loading conditions of the North Dike suggested the 

following triggering mechanisms for the liquefaction flow slide: 

The normal effective stress in sandy fills reduces due to the increase in pore water 

pressure as a result of reservoir filling, while deviator stress remains constant. The pore 

pressure causes the stress state to move to the collapse surface. When the stress state 

lies on or approaches the collapse surface, a slight disturbance can cause upstream fill 

sands strain-softening, accompanied by rapid generation of excess pore pressure. The 

stress state will move along the state boundary surface and arrive at steady state. 

Because driving shear stress in the upstream slope is much greater than the steady-state 

shear resistance, the liquefied sand transformed from a solid state into a fluid state and 

resulted in a flow slide. Identical stress paths associated with static liquefaction have 

been simulated in the laboratory (Sasitharan et al. 1994). 

B.2.2 Stability Analysis of the Wachusett Flow Slide 

Stability analyses for the liquefaction flow slide of the North Dike were described 

by Olson et al. (2000) and Olson (2001). The cross section used in the analyses is 
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presented in Figure B.10. The pre-failure geometry was analyzed to obtain yield shear 

strength at the onset of failure. Sands above the phreatic surface were assigned a 

friction angle with a range of 30º to 35º. The yield shear strength was estimated to be in 

the range of 37.6 to 41.9 kPa. Stability analysis of the post-failure geometry was 

conducted to obtain a lower bound liquefied shear strength. The lower bound of 

liquefied shear strength was estimated to be 3.8 kPa. Olson et al. (2000) illustrated that 

the stability analysis should take account of the failure kinetics in order to provide a 

best estimate of liquefied shear strength mobilized after the liquefaction has been 

triggered. Kinetic analysis of the liquefaction flow slide of the North Dike yielded the 

best estimate of liquefied shear strength―16.0 kPa, with a range of 10.4 to 19.1 kPa. 

B.2.3 Dynamic Analysis of the Wachusett Flow Slide 

Based on Figure B.10, the geometries used for dynamic analysis of the 

liquefaction flow slide of the North Dike of the Wachusett Dam are obtained, as shown 

in Figure B.11. Cohesive and friction models are used as constitutive laws in the 

dynamic analyses. 

The post-liquefaction geometry of the North Dike flow slide shown in Figure 

B.12 is based on dynamic analysis using the cohesive model with internal energy 

dissipation considered. The runout distance calculated is approximately 102.8 m, 

which is close to the observed runout distance of 97.5 m. The liquefied shear strength 

from slice-based dynamic analysis with the consideration of internal energy dissipation 

is 16.2 kPa. 

The post-liquefaction geometry of the North Dike flow slide shown in Figure 

B.13 is based on dynamic analysis using the friction model with internal energy 

dissipation considered. The runout distance calculated is 101.8 m from simulation and 

the bulk friction angle back-calculated is about 9.5°.  
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B.2.4 Kinetic Analysis of the Wachusett Flow Slide 

Kinetic analysis of liquefaction flow slide of the North Dike with a sliding block 

model is carried out. The friction model is used to calculate the shear resistance 

mobilized in the kinetic analysis. The travel path of the center of gravity is defined by a 

third order polynomial similar to that used in the kinetic analysis by Olson (2001). The 

travel path of the centroid, velocity, and displacement based on dynamic analysis are 

presented in Figure B.14 to Figure B.16. The back-calculated bulk friction angle is 

about 10.4°. 
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Figure B.9 Pre-failure cross section of the North Dike of the Wachusett Dam 

(Modified from Olson et al. 2000) 
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Figure B.10 Pre- and post-failure geometries of the North Dike of the Wachusett Dam 

(Modified from Olson et al. 2000) 
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Figure B.11 Geometries of the North Dike of the Wachusett Dam based on field 

observation 
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Figure B.12 Geometries of the Wachusett flow slide based on dynamic analysis with 

the cohesive model 
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Figure B.13 Geometries of the Wachusett flow slide based on dynamic analysis with 

the friction model 

 

Pre-failure geometry 

Post-failure geometry 



 

 
257

100

105

110

115

120

90 100 110 120 130 140

Horizontal distance (m)

El
ev

at
io

n 
(m

)

 
Figure B.14 Travel path of the centroid of the Wachusett flow slide 
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Figure B.15 Centroid velocity versus time for the Wachusett flow slide 
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Figure B.16 Centroid displacement versus time for the Wachusett flow slide 
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B.3 A Flow Slide in the Calaveras Dam 

B.3.1 Historical Information of the Calaveras Flow Slide 

The Calaveras Dam was a hydraulic fill structure which failed during construction 

in 1918. The construction of the dam started in 1914. The core of the Calaveras Dam 

and interior portions of the shells were constructed using hydraulic fill and a majority 

of upstream and downstream shells were constructed using un-compacted 

steam-shovel fills. A liquefaction flow slide occurred in the upstream shell of the dam 

on March 24, 1918. At the time of failure the dam was under construction, approaching 

a height of 61 m with an upstream slope angle of approximately 18º. Over 600,000 m3 

of materials was involved in the failure. After the failure, the displaced materials 

flowed into the reservoir with a maximum horizontal distance of approximately 200 m, 

a maximum vertical drop of approximately 30 m, and a post-failure slope angle of 

approximately 6º. Hazen (1918, 1920), Davis et al. (1988), Olson (2001), and Jefferies 

and Been (2006) presented detailed descriptions of the construction and failure of the 

Calaveras Dam. The descriptions herein are based on these sources. 

The Calaveras Dam was constructed using hydraulic fills and un-compacted 

stream-shovel fills. The fill material was obtained from weathered sandstone and 

comprised of granular deposits with a large range of grain sizes from clay to coarse 

sand. The majority of the upstream shell was uncompacted and consisted primarily of 

silty sand to sand with some gravels. It was observed that the fill in the starter dikes was 

placed in layers 4 to 5 feet thick without moisture control and that only the upper 6 to 8 

inches were compacted. Davis et al. (1988) indicated that the percent compaction of fill 

placed in the starter dikes was below 85 percent. When the fill contains fines, the 

percent compaction should be as low as 75 percent. The saturated unit weight of the 

sandy fill varied from 17.3 kN/m3 near the top of the dam to 18.9 kN/m3 near the 

bottom of the dam. The dam core consisted of sluiced clayey fill with a grain size range 

of 0.002 to 0.02 mm and a unit weight of approximately 15.7 kN/m3 (Olson 2001). 
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Field observations and comprehensive studies following the slope failure of the 

Calaveras Dam indicate that the failure of the dam was static liquefaction of sandy 

hydraulic fills due to saturation of the upstream shell as the reservoir rose, combined 

with seepage forces and the weight of fill placed during the hydraulic filling operation. 

The triggering mechanisms are similar to those for the flow slide of the North Dike of 

the Wachusett Dam (Olson 2001). The failure mechanisms have been studied 

experimentally by Sasitharan et al. (1994). 

B.3.2 Stability Analysis of the Calaveras Flow Slide 

Stability analyses of the flow slide of the Calaveras Dam have been conducted by 

a number of investigators to estimate the liquefied shear strength (Seed 1987; Davis et 

al. 1988; Poulos 1988; Olson 2001). The cross section used in the analyses is presented 

in Figure B.17. Based on the post-failure configuration of the slide mass, the liquefied 

shear strength was estimated to be 750 psf (35.9 kPa) by Seed (1987). Poulos (1988) 

and Davis et al. (1988) back-calculated liquefied shear strength incorporating effects of 

the dynamics of the failure. The estimated driving shear stresses before and after the 

flow slide are 1500 psf (71.8 kPa) and 250 psf (12.0 kPa), corresponding to pre- and 

post-failure geometries, respectively. The best estimate of the liquefied shear strength 

mobilized during flow was approximately 700 psf (33.5 kPa). 

Olson (2001) reexamined the slope failure of the Calaveras Dam and carried out a 

series of stability analyses of the slope before and after the flow slide. The 

non-liquefied soils were assigned a friction angle with a range of 30º to 35º. The best 

estimate of yield shear strength was 76.6 kPa with a range of 71.8 to 80.7 kPa from 

stability analysis of the pre-failure slope. The back-calculated shear strength was 

approximately 3.6 kPa with a range of 2.2 to 10.5 kPa, based on stability analysis of the 

post-failure geometry of the slide mass. The best estimate of the liquefied shear 

strength was 34.5 kPa with a range of 28.7 to 37.8 kPa using kinetic analysis. 
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B.3.3 Dynamic Analysis of the Calaveras Flow Slide 

Based on Figure B.17, the geometries used for dynamic analysis of the 

liquefaction flow slide of the North Dike of the Wachusett Dam are obtained, as shown 

in Figure B.18. Cohesive and friction models are used as constitutive laws in the 

dynamic analyses. 

The post-liquefaction geometry of the Calaveras Dam flow slide shown in Figure 

B.19 is based on dynamic analysis using the cohesive model with internal energy 

dissipation incorporated. The runout distance calculated is approximately 202.6 m, 

which is close to the observed runout distance of 205.8 m. The liquefied shear strength 

from slice-based dynamic analysis with the consideration of internal energy dissipation 

is 32.6 kPa.  

The post-liquefaction geometry of the Calaveras Dam flow slide shown in Figure 

B.20 is based on dynamic analysis using the friction model with internal energy 

dissipation considered. The runout distance calculated is 204.3 m from simulation, and 

the bulk friction angle back-calculated is about 8.1°. 

B.3.4 Kinetic Analysis of the Calaveras Flow Slide 

Kinetic analysis of the liquefaction flow slide of the Calaveras Dam with a sliding 

block model is carried out. The friction model is used to calculate the shear resistance 

mobilized in the kinetic analysis. The travel path of the center of gravity is defined by a 

third order polynomial similar to the travel path used in the kinetic analysis by Olson 

(2001). The travel path of the centroid, velocity, and displacement based on dynamic 

analysis are presented in Figure B.21 to Figure B.23. The back-calculated bulk friction 

angle is about 8°. 
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Figure B.17 Pre- and post-failure geometries of the Calaveras Dam (Modified from 

Olson 2001) 
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Figure B.18 Pre- and post-failure geometries of the Calaveras Dam used for dynamic 

analysis 
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Figure B.19 Geometries of the Calaveras flow slide based on dynamic analysis with 

the cohesive model 

 

 

Pre-failure geometry 

Post-failure geometry 



 

 
264

 

 
Figure B.20 Geometries of the Calaveras flow slide based on dynamic analysis with 

the friction model 

Pre-failure geometry 

Post-failure geometry 
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Figure B.21 Travel path of the centroid of the Calaveras flow slide 
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Figure B.22 Centrod velocity versus time for the Calaveras flow slide 
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Figure B.23 Centroid displacement versus time for the Calaveras flow slide 
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B.4 A Flow Slide in the Fort Peck Dam 

B.4.1 Historical Information of the Fort Peck Flow Slide 

The Fort Peck Dam was a hydraulic fill structure on the Missouri River in 

northeastern Montana. A flow slide occurred in the upstream shell of the Fort Peck 

Dam on September 22, 1938, when the dam was nearly completed and the reservoir 

was partially filled. Site geology, construction history, failure, and reconstruction of the 

Fort Peck Dam have been studied in detail by Middlebrooks (1942), Casagrande 

(1965), and Olson (2001). The following descriptions are summarized from these 

sources. 

The Fort Peck Dam was constructed of river sands and finer-grained alluvial soils 

using the hydraulic fill method. The foundation of the dam consisted of alluvial sands, 

gravel, and clays with a total thickness up to 40 m. The river alluvial materials are 

underlain by the Bearpaw clay-shale which contains layers of bentonite. At the time of 

failure, the dam was approximately 61 m high and the slope of the upstream shell was 

14º. The total volume of materials involved in the slide was about 7.6 million m3 and 

the volume of materials deposited outside of the original sections was about 4 million 

m3. Field observations indicate that a certain amount of the sliding mass traveled a 

horizontal distance of 457 m beyond the original toes of the upstream slope 

(Casagrande 1965). The inlet channel had a major influence on the maximum runout 

distance. The average post-failure slope angle was about 4º, and the slope angle of the 

material which flowed into the inlet channel was about 2º. 

After the flow slide of the Fort Peck Dam, a Board of Consultants was appointed 

to identify the failure mechanisms. On the basis of comprehensive field investigations 

and laboratory testing, diverse views of the cause of failure have been presented by the 

board members. A majority of the Board concluded that the slide was a result of the 

shear failure of the shale foundation and that excess hydrostatic pressure in the shale 

accounted in large part for the speed at which, and the distance to which, the slide 
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moved (Middlebrooks 1942). A minority of Board members (including Casagrande) 

concluded that the high mobility of the flow slide of the Fort Peck Dam was principally 

caused by static liquefaction of sandy hydraulic fill and that the liquefaction was 

triggered by shear failure of the weak shale. Evidence supporting static liquefaction 

flow failure mechanisms for the slide in the Fort Peck Dam was summarized by 

Casagrande (1965). 

B.4.2 Stability Analysis of the Fort Peck Flow Slide  

Stability analyses of the flow slide of the Fort Peck Dam have been conducted by 

a number of investigators to estimate the liquefied shear strength (Seed 1987; Davis et 

al. 1988; Poulos 1988; Olson 2001). The cross section used in the analyses is presented 

in Figure B.24. Based on the stability analysis of the pre-failure configuration of the 

slide mass, the liquefied shear strength was estimated to be 700 psf (33.5 kPa) by Seed 

(1987) and a conservative value of 600 psf (28.7 kPa) was suggested. Poulos (1988) 

and Davis et al. (1988) back-calculated liquefied shear strength incorporating effects of 

the dynamics of the failure. The estimated driving shear stresses before and after the 

flow slide are 1800 psf (86.2 kPa) and 50 psf (2.4 kPa), corresponding to pre- and 

post-failure geometries, respectively. The best estimate of the liquefied shear strength 

mobilized during flow was approximately 700 psf (33.5 kPa). 

Olson (2001) reexamined the slope failure of the Fort Peck Dam and carried out a 

series of stability analyses of the slope before and after the flow slide. The 

non-liquefied soils were assigned a friction angle with a range of 30º to 35º. The best 

estimate of yield shear strength was 82.9 kPa with a range of 69.9 to 89.6 kPa from 

stability analysis of the pre-failure slope. The back-calculated shear strength was 

approximately 3.8 kPa with a range of 0.7 to 15.1 kPa, based on stability analysis of the 

post-failure geometry of the slide mass. The best estimate of the liquefied shear 

strength was 27.3 kPa with a range of 16.8 to 34.0 kPa using kinetic analysis. 
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B.4.3 Dynamic Analysis of the Fort Peck Flow Slide 

Based on Figure B.24, the geometries used for dynamic analysis of the 

liquefaction flow slide of the Fort Peck Dam are obtained, as shown in Figure B.25. 

Cohesive and friction models are used as constitutive laws in the dynamic analyses. 

The post-liquefaction geometry of the Fort Peck Dam flow slide shown in Figure 

B.26 is based on dynamic analysis using the cohesive model with internal energy 

dissipation incorporated. The runout distance calculated is approximately 509.9 m, 

which is close to the observed runout distance of 508.4 m. The liquefied shear strength 

from slice-based dynamic analysis with consideration of internal energy dissipation is 

24.5 kPa.  

The post-liquefaction geometry of the Fort Peck Dam flow slide shown in Figure 

B.27 is based on dynamic analysis using the friction model with internal energy 

dissipation considered. The runout distance calculated is 509.2 m from simulation and 

the bulk friction angle back-calculated is about 5.0°.  

B.4.4 Kinetic Analysis of the Fort Peck Flow Slide 

Kinetic analysis of the liquefaction flow slide of the Fort Peck Dam with a sliding 

block model is carried out. The friction model is used to calculate the shear resistance 

mobilized in the kinetic analysis. The travel path of the center of gravity is defined by a 

third order polynomial similar to the travel path used in the kinetic analysis by Olson 

(2001). The travel path of the centroid, velocity, and displacement based on the 

dynamic analysis are presented in Figure B.28 to Figure B.30. The back-calculated 

bulk friction angle is about 4.0°. 
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Figure B.24 Pre- and post-failure geometries of the Fort Peck Dam (Modified from 

Olson 2001) 
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Figure B.25 Pre- and post-failure geometries of the Fort Peck Dam used for dynamic 

analysis 
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Figure B.26 Geometries of the Fort Peck flow slide based on dynamic analysis with 

the cohesive model 
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Figure B.27 Geometries of the Port Peck flow slide based on dynamic analysis with 

the friction model 
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Figure B.28 Travel path of the centroid of the Fort Peck flow slide 
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Figure B.29 Centroid velocity versus time for the Fort Peck flow slide 
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Figure B.30 Centroid displacement versus time for the Fort Peck flow slide 
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B.5 A Flow Slide in a Roadway Embankment on Lake 

Ackerman 

B.5.1 Historical Information of the Lake Ackerman Flow 

Slide 

On July 24, 1987, a flow slide occurred in the road embankment of Michigan 

Highway 94 on Ackerman Lake. The slide was triggered by six 196 kN trucks 

conducting deep seismic exploration from the road surface. The flow slide caused the 

collapse of a 91 m section of road embankment and generated a 4.5 m wave that 

crossed the 122 m lake and destroyed a boat dock. Post-failure investigations of the 

Lake Ackerman flow slide have been conducted by Hryciw et al. (1990), Olson (2001), 

and Jefferies and Been (2006). Descriptions herein are taken from their work. 

The road embankment over Ackerman Lake was constructed of clean, medium to 

fine sand taken from adjacent roadway cuts. The embankment below water was placed 

by end dumping after the removal of peat and soft sediments from the original lake 

bottom. The thickness of removed lakebed mud was approximately 1.2 m. The fill 

material above the lake level was moderately compacted. The unit weight of the fill 

material was about 19.3 kN/m3. The top of the embankment varied from about 1.8 m to 

4.0 m above the water level. The side slopes of the embankment were 2H:1V on one 

side and 4H:1V on the other.  

Post-failure investigations revealed that the flow slide of the Ackerman Lake road 

embankment was caused by liquefaction of loose hydraulic fill (Hryciw et al. 1990). 

The liquefaction was induced by a train of six trucks carrying out seismic surveys for 

exploration of oil-bearing formations. The train of six trucks was spread out over 

approximately 74 m along the roadway at the time of embankment collapse. The 

location of trucks when the slide occurred is presented in Figure B.31 and a photograph 

taken after the failure is shown in Figure B.32. Figure B.33 shows pre- and post-failure 
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cross sections of the embankment. On the basis of extrapolation from post-failure 

geometries of the embankment, Olson (2001) indicated that during the failure the crest 

of the embankment dropped over 3 m vertically and the sliding mass traveled 

approximately 12 to 15 m horizontally beyond the toe of the slope (Olson 2001). 

B.5.2 Stability Analysis of the Lake Ackerman Flow Slide 

Stability analyses of the flow slide of the embankment on Ackerman Lake have 

been conducted to estimate the liquefied shear strength (Hryciw et al. 1990; Olson 

2001). Hryciw et al. (1990) indicated that the mobilized shear strength of the liquefied 

soil was in the range of 170 to 260 psf (8.1 to 12.4 kPa). This result was based on 

stability analyses of the pre-failure geometries of the road embankment at various 

stations. 

Olson (2001) reexamined the Lake Ackerman embankment failure and carried out 

a series of stability analyses of the slope before and after the slide. The cross sections 

used in the stability analyses by Olson (2001) are presented in Figure B.34, Figure B.35, 

and Figure B.36. The nonliquefied soils were assigned a friction angle of 32º. The best 

estimate of yield shear strength was 10.1 kPa with a range of 8.6 to 10.5 kPa from 

stability analysis of the pre-failure slope. The back-calculated shear strength was 

approximately 3.4 kPa with a range of 2.9 to 4.8 kPa, based on stability analysis of the 

post-failure geometry of the slide mass. The best estimate of liquefied shear strength 

was 3.9 kPa with a range of 3.4 to 4.7 kPa using kinetic analysis. 

B.5.3 Dynamic Analysis of the Lake Ackerman Flow Slide 

Based on Figure B.36, the geometries used for dynamic analysis of the 

liquefaction flow slide of the Lake Ackerman embankment are obtained, as shown in 

Figure B.37. Cohesive and friction models are used as constitutive laws in the dynamic 

analyses. 

The post-liquefaction geometry of the Lake Ackerman embankment flow slide 
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shown in Figure B.38 is based on dynamic analysis using the cohesive model with 

internal energy dissipation incorporated. The runout distance calculated is 

approximately 10.4 m, which is close to the observed runout distance of 10.7 m. The 

liquefied shear strength from slice-based dynamic analysis with consideration of 

internal energy dissipation is 5.5 kPa.  

The post-liquefaction geometry of the Lake Ackerman embankment flow slide 

shown in Figure B.39 is based on dynamic analysis using the friction model with 

internal energy dissipation considered. The runout distance calculated is 11.5 m from 

simulation and the bulk friction angle back-calculated is about 11.5°.  

B.5.4 Kinetic Analysis of the Lake Ackerman Flow Slide 

Kinetic analysis of the liquefaction flow slide in the Lake Ackerman embankment 

with a sliding block model is carried out. The friction model is used to calculate the 

shear resistance mobilized in the kinetic analysis. The travel path of the center of 

gravity is defined by a third order polynomial similar to the travel path used in the 

kinetic analysis by Olson (2001). The travel path of the centroid, velocity, and 

displacement based on dynamic analysis are presented in Figure B.40 to Figure B.42. 

The back-calculated bulk friction angle is about 8.3°. 



 

 
278

 
Figure B.31 Location of trucks at the time of failure of the Ackerman Lake road 

embankment (After Hryciw et al. 1990)  

 
Figure B.32 Failure of the embankment on Ackerman Lake (After Hryciw et al. 1990) 
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Figure B.33 Pre- and post-failure cross section of the embankment on Ackerman Lake 

(After Hryciw et al. 1990) 
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Figure B.34 Pre-failure geometries of the Lake Ackerman embankment used for yield 

shear strength analyses (Modified from Olson 2001) 
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Figure B.35 Post-failure geometries of the Lake Ackerman embankment used for 

liquefied shear strength analyses (Modified from Olson 2001) 
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Figure B.36 Post-failure geometries of the Lake Ackerman embankment used for 

kinetic analysis (Modified from Olson 2001) 
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Figure B.37 Geometries of the Lake Ackerman flow slide used for dynamic analysis 

 



 

 
282

 
Figure B.38 Geometries of the Lake Ackerman flow slide based on dynamic analysis 

with the cohesive model 

Pre-failure geometry 

Post-failure geometry 
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Figure B.39 Geometries of the Lake Ackerman flow slide based on dynamic analysis 

with the friction model 
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Figure B.40 Travel path of the centroid of the Lake Ackerman flow slide 
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Figure B.41 Centroid velocity versus time for the Lake Ackerman flow slide 
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Figure B.42 Centroid displacement versus time for the Lake Ackerman flow slide 
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B.6 A Flow Slide in the Highway Embankment at Koda 

Numa 

B.6.1 Historical Information of the Koda Numa Flow Slide 

A flow slide in the highway embankment at Koda Numa occurred during the 1968 

Tokachi-Oki earthquake in Japan. The embankment was approximately 3 m high, with 

a side slope angle of about 30º. The embankment consisted of a fine to medium sand. 

Mishima and Kimura (1970) indicated that the sand had a water content of 16.4 percent, 

a wet unit weight of 18.6 kN/m3, a degree of saturation of 64.5 percent, and a void ratio 

of 0.7. During the earthquake the embankment sand fill liquefied and flowed in both 

directions from the center, as shown in Figure B.43. The embankment materials 

extended approximately 20 m horizontally and came to rest with a post-failure slope 

angle of about 4º (Seed 1987; Olson 2001). 

B.6.2 Stability Analysis of the Koda Numa Flow Slide 

Stability analyses of the Koda Numa flow slide have been conducted to estimate 

the liquefied shear strength (Seed 1987; Olson 2001). Seed (1987) estimated that the 

mobilized shear strength of the liquefied sand in the Koda Numa flow slide was about 

50psf (24kPa). No explanations were given as to how this value was calculated. 

Olson (2001) investigated the Koda Numa flow slide and carried out a series of 

stability analyses of the slope before and after the slide. The cross sections used in the 

stability analyses by Olson (2001) are presented in Figure B.44, Figure B.45, and 

Figure B.46. The sand above the phreatic surface was assigned a friction angle in the 

range of 30° to 35º. The best estimate of yield shear strength was 5.3 kPa with a range 

of 4.5 to 5.7 kPa from the stability analysis of the pre-failure slope. The 

back-calculated shear strength was approximately 1.0 kPa with a range of 0.8 to 1.9 

kPa, based on stability analysis of the post-failure geometry of the slide mass. The best 
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estimate of liquefied shear strength was 1.2 kPa by using kinetic analysis. 

B.6.3 Dynamic Analysis of the Koda Numa Flow Slide 

Based on Figure B.46, the geometries used for dynamic analysis of the 

liquefaction flow slide of the Koda Numa embankment are obtained, as shown in 

Figure B.47. Cohesive and friction models are used as constitutive laws in the dynamic 

analyses. 

The post-liquefaction geometry of the Koda Numa flow slide shown in Figure 

B.48 is based on dynamic analysis using the cohesive model with internal energy 

dissipation incorporated. The runout distance calculated is approximately 19.7 m, 

which is close to the observed runout distance of 19.4 m. The liquefied shear strength 

from slice-based dynamic analysis with consideration of internal energy dissipation is 

0.6 kPa.  

The post-liquefaction geometry of the Koda Numa embankment flow slide shown 

in Figure B.49 is based on dynamic analysis using the friction model with internal 

energy dissipation considered. The runout distance calculated is 18.8 m from 

simulation and the bulk friction angle back-calculated is about 7.4°.  

B.6.4 Kinetic Analysis of the Koda Numa Flow Slide 

Kinetic analysis of the liquefaction flow slide in the Koda Numa embankment 

with a sliding block model is carried out. The friction model is used to calculate the 

shear resistance mobilized in the kinetic analysis. The travel path of the center of 

gravity is defined by a third order polynomial similar to the travel path used in the 

kinetic analysis by Olson (2001). The travel path of the centroid, velocity, and 

displacement based on dynamic analysis are presented in Figure B.50 to Figure B.52. 

The back-calculated bulk friction angle is about 5.0°. 
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Figure B.43 Pre- and post-failure cross section of the embankment at Koda Numa 

(Modified from Olson 2001) 
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Figure B.44 Pre-failure geometries of the Koda Numa embankment used for yield 

shear strength analyses (Modified from Olson 2001) 
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Figure B.45 Post-failure geometries of the Koda Numa embankment used for 

liquefied shear strength analyses (Modified from Olson 2001) 
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Figure B.46 Post-failure geometries of the Koda Numa embankment used for kinetic 

analyses (Modified from Olson 2001) 
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Figure B.47 Geometries of the Koda Numa flow slide used for dynamic analysis 
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Figure B.48 Geometries of the Koda Numa flow slide based on dynamic analysis with 

the cohesive model 

Pre-failure geometry 

Post-failure geometry 



 

 
292

 

 

 
 

Figure B.49 Geometries of the Koda Numa flow slide based on dynamic analysis with 

the friction model 
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Figure B.50 Travel path of the centroid of the Koda Numa flow slide 
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Figure B.51 Centroid velocity versus time for the Koda Numa flow slide 
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Figure B.52 Centroid displacement versus time for the Koda Numa flow slide 
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B.7 A Flow Slide in the Railway Embankment of the 

Uetsu-Line 

B.7.1 Historical Information of the Uetsu-Line Flow Slide 

The railway embankment between Dedo St. and Nishime St. in the Uetsu-Line 

failed during the 1964 Niigata earthquake in Japan. The length of the embankment 

involved in the failure was more than 150 m and the original height of the embankment 

was 7 m (Yamada 1966). The slide mass flowed about 110 m beyond the original toe of 

the slope, and came to rest at a post-failure slope angle of approximately 4º, as shown 

in Figure B.53. 

The railway embankment was constructed across a rice field, which was underlain 

by a clay layer with sand seams. The embankment fill consisted of uniform fine sand. 

Comprehensive investigations indicated that the Uetsu-Line flow slide was a result of 

the liquefaction of loose, saturated sand triggered by the Niigata earthquake (Yamada 

1966; Seed 1987; Olson 2001). 

B.7.2 Stability Analysis of the Uetsu-Line Flow Slide 

Stability analyses of the Uetsu-Line flow slide have been conducted to estimate 

the liquefied shear strength (Lucia 1981; Seed 1987; Olson 2001). Lucia (1981) and 

Seed (1987) estimated that the mobilized shear strength of the liquefied sand in the 

Uetsu-Line flow slide was about 35 psf (16.8 kPa), based on stability analysis of the 

post-failure geometry of the slide mass. 

Olson (2001) investigated the Uetsu-Line flow slide and carried out a series of 

stability analyses of the slope before and after the slide. The cross sections used in the 

stability analyses by Olson (2001) are presented Figure B.54, Figure B.55, and Figure 

B.56. The sand above the phreatic surface was assigned a friction angle in the range of 

30º to 35º. The best estimate of yield shear strength was 10.9 kPa with a range of 10.0 
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to 11.9 kPa from the stability analysis of the pre-failure slope. The back-calculated 

shear strength was approximately 0.6 kPa with a range of 0.3 to 1.9 kPa, based on 

stability analysis of the post-failure geometry of the slide mass. The best estimate of the 

liquefied shear strength was 1.7 kPa using kinetic analysis. 

B.7.3 Dynamic Analysis of the Uetsu-Line Flow Slide 

Based on Figure B.56, the geometries used for dynamic analysis of the 

liquefaction flow slide of the Uetsu-Line embankment are obtained, as shown in Figure 

B.57. Cohesive and friction models are used as constitutive laws in the dynamic 

analyses. 

The post-liquefaction geometry of the Uetsu-Line flow slide shown in Figure 

B.58 is based on dynamic analysis using the cohesive model with internal energy 

dissipation incorporated. The runout distance calculated is approximately 98.3 m, 

which is close to the observed runout distance of 96.9 m. The liquefied shear strength 

from slice-based dynamic analysis with consideration of internal energy dissipation is 

1.8 kPa.  

The post-liquefaction geometry of the Uetsu-Line flow slide shown in Figure 

B.59 is based on dynamic analysis using the friction model with internal energy 

dissipation considered. The runout distance calculated is 98.6 m from simulation and 

the bulk friction angle back-calculated is about 6.0°.  

B.7.4 Kinetic Analysis of the Uetsu-Line Flow Slide 

Kinetic analysis of the liquefaction flow slide in the Uetsu-Line embankment with 

a sliding block model is carried out. The friction model is used to calculate the shear 

resistance mobilized in the kinetic analysis. The travel path of the center of gravity is 

defined by a third order polynomial similar to the travel path used in the kinetic 

analysis by Olson (2001). The travel path of the centroid, velocity, and displacement 

based on dynamic analysis are presented in Figure B.60 to Figure B.62. The 
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back-calculated bulk friction angle is about 3.3°. 
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Figure B.53 Pre- and post-failure cross section of the embankment of the Uetsu-Line 

(Modified from Olson 2001) 
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Figure B.54 Pre-failure geometries of the Uetsu-Line embankment used for yield 

shear strength analyses (Modified from Olson 2001) 
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Figure B.55 Post-failure geometries of the Uetsu-Line embankment used for liquefied 

shear strength analyses (Modified from Olson 2001) 
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Figure B.56 Post-failure geometries of the Uetsu-Line embankment used for kinetic 

analyses (Modified from Olson 2001) 
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Figure B.57 Geometries of the Uetsu-Line flow slide used for dynamic analysis 
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Figure B.58 Geometries of the Uetsu-Line flow slide based on dynamic analysis with 

the cohesive model 

Pre-failure geometry 

Post-failure geometry 



 

 
302

 

 

 
 

Figure B.59 Geometries of the Uetsu-Line flow slide based on dynamic analysis with 

the friction model 
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Figure B.60 Travel path of the centroid of the Uetsu-Line flow slide 
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Figure B.61 Centroid velocity versus time for the Uetsu-Line flow slide 
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Figure B.62 Centroid displacement versus time for the Uetsu-Line flow slide 
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B.8 A Flow Slide in the Shibecha-Cho Embankment 

B.8.1 Historical Information of the Shibecha-Cho Flow Slide 

A flow slide occurred in the Shibecha-Cho embankment during the 1993 

Kushiro-Oki earthquake in Japan. The length of embankment involved in the slide was 

over 200 m, as shown in Figure B.63 and Figure B.64. Post-failure geometry of the 

slide mass (cross section B-B in Figure B.64) indicated that the maximum drop of the 

embankment crest was approximately 5 m and the slide mass flowed about 23.5 m 

horizontally beyond the original embankment toe (Olson 2001). 

The embankment fill consisted primarily of silty sand and was underlain by a 

layer of peat. Study of the construction history showed that the sandy fill received 

certain compaction from the construction traffic, but not in any controlled manner. The 

unit weight of the silty sand was approximately 15 kN/m3. Site investigations and 

stability analyses (Miura et al. 1995, 1998; Olson 2001) indicated that the 

Shibecha-Cho flow slide was a result of the liquefaction of loose, saturated sand 

triggered by the Kushiro-Oki earthquake. 

B.8.2 Stability Analysis of the Shibecha-Cho Flow Slide 

Olson (2001) investigated the Shibecha-Cho flow slide and carried out a series of 

stability analyses of the slope before and after the slide. The cross sections used in the 

stability analyses by Olson (2001) are presented Figure B.65, Figure B.66, and Figure 

B.67. The sand above the phreatic surface was assigned a friction angle in the range of 

30º to 35º. The best estimate of yield shear strength was 15.8 kPa with a range of 14.8 

to 18.7 kPa from stability analysis of the pre-failure slope. The back-calculated shear 

strength was approximately 5.0 kPa with a range of 4.1 to 6.2 kPa, based on stability 

analysis of the post-failure geometry of the slide mass. The best estimate of the 

liquefied shear strength was 5.6 kPa with a range of 3.9 to 8.3 kPa using kinetic 
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analysis. 

B.8.3 Dynamic Analysis of the Shibecha-Cho Flow Slide 

Based on Figure B.67, the geometries used for dynamic analysis of the 

liquefaction flow slide of the Shibecha-Cho embankment are obtained, as shown in 

Figure B.68. Cohesive and friction models are used as constitutive laws in the dynamic 

analyses. 

The post-liquefaction geometry of the Shibecha-Cho flow slide shown in Figure 

B.69 is based on dynamic analysis using the cohesive model with internal energy 

dissipation incorporated. The runout distance calculated is approximately 22.1 m, 

which is close to the observed runout distance of 23.5 m. The liquefied shear strength 

from slice-based dynamic analysis with consideration of internal energy dissipation is 

8.0 kPa.  

The post-liquefaction geometry of the Shibecha-Cho flow slide shown in Figure 

B.70 is based on dynamic analysis using the friction model with internal energy 

dissipation considered. The runout distance calculated is 23.2 m from simulation and 

the bulk friction angle back-calculated is about 12.0°.  

B.8.4 Kinetic Analysis of the Shibecha-Cho Flow Slide 

Kinetic analysis of the liquefaction flow slide in the Shibecha-Cho embankment 

with a sliding block model is carried out. The friction model is used to calculate the 

shear resistance mobilized in the kinetic analysis. The travel path of the center of 

gravity is defined by a third order polynomial similar to the travel path used in the 

kinetic analysis by Olson (2001). The travel path of the centroid, velocity, and 

displacement based on dynamic analysis are presented in Figure B.71 to Figure B.73. 

The back-calculated bulk friction angle is about 15.8°. 
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Figure B.63 Damage of the embankment during the Kushiro-Oki earthquake (After 

Olson 2001) 

 
Figure B.64 Cross sections along four profiles in Figure B.63 (After Olson 2001) 
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Figure B.65 Pre-failure geometries of the Shibecha-Cho embankment used for yield 

shear strength analyses (Modified from Olson 2001) 
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Figure B.66 Post-failure geometries of the Shibecha-Cho embankment used for 

liquefied shear strength analyses (Modified from Olson 2001) 
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Figure B.67 Post-failure geometries of the Shibecha-Cho embankment used for 

kinetic analyses (Modified from Olson 2001) 
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Figure B.68 Geometries of the Shibecha-Cho flow slide used for dynamic analysis 
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Figure B.69 Geometries of the Shibecha-Cho flow slide based on dynamic analysis 

with the cohesive model 

Pre-failure geometry 

Post-failure geometry 
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Figure B.70 Geometries of the Shibecha-Cho flow slide based on dynamic analysis 

with the friction model 
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Figure B.71 Travel path of the centroid of the Shibecha-Cho flow slide 
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Figure B.72 Centroid velocity versus time for the Shibecha-Cho flow slide 
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Figure B.73 Centroid displacement versus time for the Shibecha-Cho flow slide 
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B.9 A Flow Slide in the Route 272 Embankment 

B.9.1 Historical Information of the Route 272 Flow Slide 

A flow slide in the Route 272 embankment occurred during the 1993 Kushiro-Oki 

earthquake in Japan. The length of embankment involved in the slide was 

approximately 70 m. Post-failure geometry of the slide mass, as shown in Figure B.74, 

indicated that the maximum drop of the embankment crest was approximately 2.4 m 

and the slide mass flowed about 25 m horizontally beyond the original embankment toe 

(Olson 2001). 

The embankment fill consisted primarily of silty sand and was underlain by a 

layer of pumice bearing volcanic sand (Sasaki et al. 1994). The unit weight of the silty 

sand was approximately 16.5 kN/m3. Site investigations and stability analyses (Sasaki 

et al. 1994; Olson 2001) indicated that the Route 272 flow slide was a result of the 

liquefaction of loose saturated sandy embankment fill triggered by the Kushiro-Oki 

earthquake. 

B.9.2 Stability Analysis of the Route 272 Flow Slide 

Olson (2001) investigated the Route 272 flow slide and carried out a series of 

stability analyses of the slope before and after the slide. The cross sections used in the 

stability analyses by Olson (2001) are presented Figure B.75, Figure B.76, and Figure 

B.77. The sand above the phreatic surface was assigned a friction angle in the range of 

30º to 35º. The best estimate of yield shear strength was 13.1 kPa with a range of 13.0 

to 13.4 kPa from stability analysis of the pre-failure slope. The back-calculated shear 

strength was approximately 2.9 kPa with a range of 2.9 to 3.0 kPa, based on stability 

analysis of the post-failure geometry of the slide mass. The best estimate of liquefied 

shear strength was 4.8 kPa with a range of 3.0 to 5.7 kPa using kinetic analysis. 
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B.9.3 Dynamic Analysis of the Route 272 Flow Slide 

Based on Figure B.77, the geometries used for dynamic analysis of the 

liquefaction flow slide of the Route 272 embankment are obtained, as shown in Figure 

B.78. Cohesive and friction models are used as constitutive laws in the dynamic 

analyses. 

The post-liquefaction geometry of the Route 272 flow slide shown in Figure B.79 

is based on dynamic analysis using the cohesive model with internal energy dissipation 

incorporated. The runout distance calculated is approximately 25.8 m, which is close to 

the observed runout distance of 25.6 m. The liquefied shear strength from slice-based 

dynamic analysis with consideration of internal energy dissipation is 5.6 kPa.  

The post-liquefaction geometry of the Route 272 flow slide shown in Figure B.80 

is based on dynamic analysis using the friction model with internal energy dissipation 

considered. The runout distance calculated is 25.8 m from simulation and the bulk 

friction angle back-calculated is about 11.0°.  

B.9.4 Kinetic Analysis of the Route 272 Flow Slide 

Kinetic analysis of the liquefaction flow slide in the Route 272 embankment with 

a sliding block model is carried out. The friction model is used to calculate the shear 

resistance mobilized in the kinetic analysis. The travel path of the center of gravity is 

defined by a third order polynomial similar to the travel path used in the kinetic 

analysis by Olson (2001). The travel path of the centroid, velocity, and displacement 

based on dynamic analysis are presented in Figure B.81 to Figure B.83. The 

back-calculated bulk friction angle is about 10.5°. 
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Figure B.74 Pre- and post-failure geometry of the Route 272 flow slide (After Olson 

2001) 
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Figure B.75 Pre-failure geometries of the Route 272 embankment used for yield shear 

strength analyses (Modified from Olson 2001) 
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Figure B.76 Post-failure geometries of the Route 272 embankment used for liquefied 

shear strength analyses (Modified from Olson 2001) 
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Figure B.77 Post-failure geometries of the Route 272 embankment used for kinetic 

analyses (Modified from Olson 2001) 
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Figure B.78 Geometries of the Route 272 flow slide used for dynamic analysis 
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Figure B.79 Geometries of the Route 272 flow slide based on dynamic analysis with 

the cohesive model 

Pre-failure geometry 

Post-failure geometry 
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Figure B.80 Geometries of the Route 272 flow slide based on dynamic analysis with 

the friction model 
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Figure B.81 Travel path of the centroid of the Route 272 flow slide 
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Figure B.82 Centroid velocity versus time for the Route 272 flow slide 
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Figure B.83 Centroid displacement versus time for the Route 272 flow slide 
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B.10 A Flow Slide in the Hachiro-Gata Embankment 

B.10.1 Historical Information of the Hachiro-Gata Flow 

Slide 

A flow slide in the Hachiro-Gata embankment occurred during the 1993 

Nihon-Kai-Chubu earthquake in Japan. The embankment failed and flowed in both 

directions from the centerline. Post-failure geometry of the slide mass is shown in 

Figure B.84. The slide on the left-hand side of the figure is analyzed in this study. 

Field investigations indicated that the embankment fill consisted primarily of 

loose, fine sand. The embankment was underlain by a medium dense, fine sand layer of 

about 5 m, a dense sand layer of 6 m, and a clay layer of considerable thickness (Olson 

2001). The unit weight of the silty sand was approximately 18.1 kN/m3. 

Comprehensive analyses (Olson 2001) indicated that the Hachiro-Gata flow slide was 

a result of the liquefaction of loose embankment sand, and was triggered by the 

Nihon-Kai-Chubu earthquake. 

B.10.2 Stability Analysis of the Hachiro-Gata Flow Slide 

Olson (2001) investigated the Hachiro-Gata flow slide and carried out a series of 

stability analyses of the slope before and after the slide. The cross sections used in the 

stability analyses by Olson (2001) are presented Figure B.85, Figure B.86, and Figure 

B.87. The sand above the phreatic surface was assigned a friction angle of 30º. The best 

estimate of yield shear strength was 4.8 kPa with a range of 4.3 to 5.3 kPa from stability 

analysis of the pre-failure slope. The back-calculated shear strength was approximately 

1.4 kPa with a range of 1.1 to 1.6 kPa, based on stability analysis of the post-failure 

geometry of the slide mass. The best estimate of liquefied shear strength was 2.0 kPa 

with a range of 1.0 to 3.2 kPa using kinetic analysis. 
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B.10.3 Dynamic Analysis of the Hachiro-Gata Flow Slide 

Based on Figure B.87, the geometries used for dynamic analysis of the 

liquefaction flow slide of the Hachiro-Gata embankment are obtained, as shown in 

Figure B.88. Cohesive and friction models are used as constitutive laws in the dynamic 

analyses. 

The post-liquefaction geometry of the Hachiro-Gata flow slide shown in Figure 

B.89 is based on dynamic analysis using the cohesive model with internal energy 

dissipation incorporated. The runout distance calculated is approximately 8.0 m, which 

is close to the observed runout distance of 8.6 m. The liquefied shear strength from 

slice-based dynamic analysis with consideration of internal energy dissipation is 3.0 

kPa.  

The post-liquefaction geometry of the Hachiro-Gata flow slide shown in Figure 

B.90 is based on dynamic analysis using the friction model with internal energy 

dissipation considered. The runout distance calculated is 9.0 m from simulation and the 

bulk friction angle back-calculated is about 10.6°.  

B.10.4 Kinetic Analysis of the Hachiro-Gata Flow Slide 

Kinetic analysis of the liquefaction flow slide in the Hachiro-Gata embankment 

with a sliding block model is carried out. The friction model is used to calculate the 

shear resistance mobilized in the kinetic analysis. The travel path of the center of 

gravity is defined by a third order polynomial similar to the travel path used in the 

kinetic analysis by Olson (2001). The travel path of the centroid, velocity, and 

displacement based on dynamic analysis are presented in Figure B.91 to Figure B.93. 

The back-calculated bulk friction angle is about 10.6°. 
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Figure B.84 Pre- and post-failure geometry of the Hachiro-Gata flow slide (After 

Olson 2001) 
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Figure B.85 Pre-failure geometries of the Hachiro-Gata embankment used for yield 

shear strength analyses (Modified from Olson 2001) 
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Figure B.86 Post-failure geometries of the Hachiro-Gata embankment used for 

liquefied shear strength analyses (Modified from Olson 2001) 
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Figure B.87 Post-failure geometries of the Hachiro-Gata embankment used for kinetic 

analyses (Modified from Olson 2001) 
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Figure B.88 Geometries of the Hachiro-Gata flow slide used for dynamic analysis 
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Figure B.89 Geometries of the Hachiro-Gata flow slide based on dynamic analysis 

with the cohesive model 

Pre-failure geometry 

Post-failure geometry 
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Figure B.90 Geometries of the Hachiro-Gata flow slide based on dynamic analysis 

with the friction model 
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Figure B.91 Travel path of the centroid of the Hachiro-Gata flow slide 
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Figure B.92 Centroid velocity versus time for the Hachiro-Gata flow slide 
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Figure B.93 Centroid displacement versus time for the Hachiro-Gata flow slide 
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