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Abstract

This thesis develops an efficient quantile-adaptive framework for linear and

nonlinear variable screening with high-dimensional heterogeneous data.

Inspired by the success of various variable screening methods, especially in

the quantile-adaptive framework, we develop a more efficient variable screen-

ing procedure. Both the classical linear regression model and the nonlinear

regression model are investigated. In the thesis, the information over different

quantile levels are combined, which can be implemented in two ways. The

first one is the (weighted) average quantile estimator based on a (weighted)

average of quantile regression estimators at single quantiles. The other one is

the (weighted) composite quantile regression estimator based on a (weighted)

quantile loss function.

Simulation studies are conducted to investigate the fine performance of the

finite sample. A real data example is also analyzed.
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Chapter 1

Introduction

1.1 Variable Selection

In recent years, high-dimensional data analysis has become increasingly fre-

quent and important in a large variety of areas such as health sciences, eco-

nomics, finance and machine learning. The analysis of high-dimensional data

poses many challenges for statisticians and thus calls for new statistical method-

ologies as well as theories [6].

Variable selection plays an important role in high-dimensional statistical

modeling. In practice, it is common to have a large number of candidate pre-

dictor variables available, and they are included in the initial stage of modeling

for the consideration of removing potential modeling bias [5]. However, it is

undesirable to keep irrelevant predictors in the final model, since it causes

difficulty in interpreting the resultant model and may decrease its predictive

ability.

There are many classical variable selection methods, for example, backward

elimination, forward selection, stepwise selection, all subset selection and so on.
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However, these algorithms often suffer from the high variability and may be

trapped into a local optimal solution rather than the global optimal solution.

Furthermore, if there are too many variables, classical variable selection may

be very computationally expensive or even infeasible.

To deal with those problems, in the regularization framework, many dif-

ferent types of penalties have been successfully applied to achieve variable

selection. Consider a sample
{
(xi, Yi)

T , i = 1, . . . , n
}

of size n from some

unknown population, where xi ∈ Rp. Taking, for example, the square loss

function, we can select variables by solving

β̂ = argmin
β

n∑
i=1

(
Yi − xT

i β
)2

+ Pλ (β) ,

where Pλ (β) =
∑p

j=1 pλ (βj) is a penalty function. A possible choice of the

penalty function is the Lq penalty

Lq (β) =

p∑
j=1

|βj|q , q ≥ 0.

For example, the L2 penalty was introduced in ridge regression by Hoerl and

Kennard [12]. The most popular and successful penalty is the L1 penalty which

was introduced for variable selection in the LASSO proposed by Tibshirani

[27]. Its penalization term is given by

λ

p∑
j=1

|βj| ,

where λ ≥ 0 is the regularization parameter. The LASSO continuously shrinks

the coefficients toward 0 as λ increases with some coefficients shrunk to exactly
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0 if λ is sufficiently large enough. Hence it can effectively select important vari-

ables and estimate regression parameters simultaneously. Under normal errors,

the satisfactory finite sample performance of LASSO has been demonstrated

numerically by Tibshirani [27], and its statistical properties have been studied

by Knight and Fu [16], Fan and Li [5], and Tibshirani et al. [28]. However,

the LASSO produces biased estimates for large coefficients, and thus it could

be suboptimal in terms of estimation risk.

Fan and Li [5] argued that a good penalty should yield the following three

properties in its estimator: unbiasedness, sparsity, and continuity. It is known

that the Lq penalty with q > 1 does not satisfy the sparsity condition, whereas

the L1 penalty does not satisfy the unbiasedness condition, and the Lq penalty

with 0 ≤ q < 1 does not satisfy the continuity condition. In other words, none

of the Lq penalty family satisfies all three conditions simultaneously. For

this reason, some penalties which satisfy those three conditions need to be

proposed.

Zou [35] showed that there are scenarios in which the LASSO selection

cannot be consistent. To cope with this problem, he proposed a new version

of the LASSO, the adaptive LASSO, in which adaptive weights are used for

penalizing different coefficients in the L1 penalty. Specifically, he introduced

the penalization term

λ

p∑
j=1

wj |βj| ,

where λ ≥ 0 is the regularization parameter and w = (w1, . . . , wp)
T is a known

weight vector. A possible choice of weights can be derived from the estimator
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of ordinary least squares regression β̃:

w = 1/
∣∣∣β̃∣∣∣ .

The adaptive LASSO penalizes all coefficients consistently, and avoids possi-

ble biases associated with the LASSO. Therefore the adaptive LASSO en-

joys the oracle properties, which were introduced by Fan and Li [5]: Let

A =
{
j : β?j 6= 0

}
be the true model and we further assume that |A| < p.

Thus the true model depends only on a subset of the predictors. The coeffi-

cient estimator produced by a fitting procedure δ is denoted by β̂ (δ). Using

the language of Fan and Li [5], we call δ an oracle procedure if β̂ (δ) (asymp-

totically) has the following oracle properties:

• Identifies the right subset model,
{
j : β̂j 6= 0

}
= A;

• Has the optimal estimation rate,
√
n
(
β̂ (δ)A − β?A

)
d−→ N (0,Σ?), where

Σ? is the covariance matrix knowing the true subset model.

Another popular penalty function which also shares the oracle properties was

first introduced by Fan [3]. He proposed a nonconcave penalty function called

the smoothly clipped absolute deviation (SCAD), which is defined by

pλ (β) =



λ |β| , if |β| ≤ λ

−|β|
2 − 2aλ |β|+ λ2

a (a− 1)
, if λ < |β| ≤ aλ

(a+ 1)λ2

2
, if |β| > aλ

,

where a > 2, λ > 0. The function is continuous and its first derivative can be
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given by

p′λ (|β|) = λ

{
I (|β| ≤ λ) +

(aλ− |β|)+
(a− 1)λ

I (|β| > λ)

}
for some a > 2,

The SCAD corresponds to a quadratic spline function with knots at λ and

aλ. For small coefficients, the SCAD is the same as LASSO, while it does not

excessively penalize large values of β. It also has the continuous solutions.

In this way, SCAD achieves unbiasedness unlike LASSO. Fan and Li [5] sug-

gested using a = 3.7 and showed that it has oracle properties in the penalized

likelihood setting.

Recently a similar penalty called the minimax concave penalty (MCP) was

introduced by Zhang [32]:

pλ (β) =


λ |β| − β2

2γ
, if |β| ≤ γλ

1

2
γλ2, if |β| > γλ

for λ > 0 and γ > 0. The first derivative function of it is given by

p′λ (β) =


λ− |β|

γ
, if |β| ≤ γλ

0, if |β| > γλ.

The MCP as γ →∞ performs like the L1 penalty. The MCP provides fast, con-

tinuous, nearly unbiased and accurate variable selection in high-dimensional

linear regression.
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1.2 Variable Screening

Although the variable selection methods mentioned above have been success-

fully applied to many high-dimentional analysis, the advent of modern tech-

nology for data collection pushes the dimensionality of data to a larger scale,

that is we now encounter the situation where the dimensionality p is greater

than the sample size n or even grows exponentially with n. The aforemen-

tioned variable selection methods may not work or perform well for these

ultrahigh-dimentional data due to the simultaneous challenges of computa-

tional expediency, statistical accuracy and algorithm stability [8].

To address those challenges, a natural idea is to reduce the dimensional-

ity p from a large or huge scale (say, log p = O (na) for some a > 0) to a

relatively large scale d (e.g.,O
(
nb
)
for some b > 0) by a fast, reliable and

efficient method, so that well-developed variable selection techniques can be

applied afterwards. This provides a powerful tool for variable selection in

ultrahigh-dimensional data analysis. It addresses the three issues, computa-

tional expediency, statistical accuracy and algorithm stability, as long as the

variable screening procedure possesses the sure screening property introduced

by Fan and Lv [7]. That is, all truly important predictors can be selected with

probability approaching one as the sample size goes to infinity.

The two-scale method explicitly introduced by Fan and Lv [7] for ultrahigh-

dimensional variable selection problems includes a crude large scale screening

and a moderate scale selection, for example, the adaptive LASSO, the SCAD

and the MCP. Usually, after the first step, the dimensionality will be reduced

to less than the sample size n. They proposed sure independence screening

(SIS) and iterated sure independence screening (ISIS), and showed that the
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Pearson correlation ranking procedure possesses a sure screening property for

linear regressions with Gaussian predictors and responses.

More specifically, suppose y = (Y1, . . . , Yn)
T is the standardized response

vector and Xj = (x1j, . . . , xnj)
T , j = 1, . . . , p, are the predictors. Let X =

(X1, . . . , Xp) be the standardized predictor matrix. Suppose ω = (ω1, . . . , ωp)
T

is a p-vector that is obtained by componentwise regression, i.e.

ω = XTy.

Hence, ω is essentially a vector of marginal correlations of predictors with the

response variable.

For any given γ ∈ (0, 1), Fan and Lv [7] sorted the p componentwise mag-

nitudes of the vector ω in a decreasing order and defined a submodel

Mγ = {1 ≤ j ≤ p : |ωj| is among the first [γn] largest of all} ,

where [γn] denotes the integer part of γn. This is a straightforward way to

shrink the full model {1, . . . , p} down to a submodelMγ with size d =Mγ <

n.

Independence screening means that each variable is used independently as

a predictor to evaluate its usefulness for predicting the response. SIS is dif-

ferent from existing methods with penalization, as it does not use penalties

to shrink the estimator. It ranks the importance of predictors according to

their marginal correlation with the response variable and filters out the ones

having weak marginal correlations with the response variable. Due to its inde-

pendence screening property, the screening can be implemented very fast even

7



in the ultrahigh-dimentional case. Therefore, SIS has received a large amount

of attention and has been further extended in various situations. For exam-

ple, Fan, Samworth and Wu [8] extended ISIS to a general pseudo-likelihood

framework, which includes generalized linear models as a special case. Fan

and Song [9] proposed a more general version of the independence learning

with ranking the maximum marginal likelihood estimators or the maximum

marginal likelihood itself in generalized linear models. Fan, Feng and Song [4]

considered nonparametric independence screening (NIS) in sparse ultrahigh-

dimensional additive models. They suggested applying spline approximations

to estimate the nonparametric components marginally, and ranking the impor-

tance of predictors based on the magnitude of the nonparametric components.

This NIS procedure also possesses a sure screening property under some mild

conditions.

Many other variable screening methods have emerged in the recent liter-

ature. Li, Peng and Zhang [20] proposed a robust rank correlation screening

(RRCS) method based on a robust correlation Kendall τ . Li, Zhong and Zhu

[22] developed a sure independence screening procedure based on the distance

correlation (DC-SIS) under more general settings including linear models. Zhu

et al. [34] introduced a model-free variable screening approach based on the re-

lationship between each predictor and the indicator function I (Y < y). There

are many other methods appeared or to appear. The above lists are only the

most relevant ones and not an attempt of a thorough review.
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1.3 Variable Selection in Quantile Regression

Ordinary least squares regression estimates the mean response as a function

of the predictors. As an alternative, least absolute deviation (LAD) regression

estimates the conditional median function, which has been shown to be resis-

tant to response outliers and more efficient when the errors have heavy tails.

In the seminal paper of Koenker and Bassett [18], they generalized the idea

of LAD regression and introduced quantile regression (QR) to estimate the

conditional quantile function of the response. QR not only inherits the good

properties of LAD regression but also provides much more information about

the conditional distribution of the response variable.

The τth conditional function Qτ (Y |X) is defined as

P (Y ≤ Qτ (Y |X) |X = x) = τ, for 0 < τ < 1.

By tilting the loss function, Koenker and Bassett [18] introduced the quantile

check function which is defined by

ρτ (u) = u (τ − I (u < 0)) .

They demonstrated that the τth conditional quantile function can be estimated

by solving the following minimization problem

min
n∑
i=1

ρτ (Yi −Qτ (Y |xi)) . (1.1)

Since its inception in Koenker and Bassett [18], QR has grown into an active

research area in applied statistics.
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To do variable selection in the quantile regression framework, we can also

apply different penalties. For example, considering the penalized version of

(1.1) in linear model, we solve the following optimization problem

min
n∑
i=1

ρτ
(
Yi − xT

i β
)
+ Pλ (β) , (1.2)

where Pλ (β) =
∑p

j=1 pλ (βj) is a penalty function. By choosing the appro-

priate penalty functions, variable selection can be achieved. Wang, Li and

Jiang [29] proposed the LAD-LASSO, where τ equals to 0.5 and the LASSO

penalty is applied in (1.2). Wu and Liu [31] focused on the variable selection

based on penalized quantile regression, where the SCAD and the adaptive

LASSO are employed in (1.2). Under some mild conditions, the oracle proper-

ties of the SCAD and the adaptive LASSO penalized quantile regression were

demonstrated.

Partly inspired by the success of quantile regression, Zou and Yuan [36] con-

sidered composite quantile regression (CQR). For {τk ∈ (0, 1) , k = 1, . . . , K},

the estimator β̂CQR is defined as

({
b̂CQR (τk)

}K
k=1

, β̂CQR
)

= argmin
b,β

K∑
k=1

n∑
i=1

ρτk
(
Yi − xT

i β − b (τk)
)
.

They also showed that the oracle model selection theory using the CQR oracle

works beautifully even when the error variance is infinite. The CQR is an

equally weighted sum of different quantile regressions at predetermined quan-

tiles, which can be traced back to Koenker [17], who studied the estimator of

10



weighted averages of quantile regression objective functions in the form of

({
b̂WCQR (τk)

}K
k=1

, β̂WCQR
)

= argmin
b,β

K∑
k=1

n∑
i=1

$kρτk
(
Yi − xT

i β − b (τk)
)
.

where $ = ($1, . . . , $K)
T is a vector of weights and WCQR stands for

weighted composite quantile regression. Intuitively, equal weights are not op-

timal in general. Koenker [17] as well as Zhao and Xiao [33] provided the opti-

mal weight for WCQR to gain the most efficiency. Recently, Bradic, Fan and

Wang [2] proposed a data-driven weighted linear combination of convex loss

functions, together with weighted L1 penalty method in the same spirit. As

a specific example, they reintroduced the optimal composite quantile. Jiang,

Jiang and Song [14] suggested using WCQR together with the adaptive LASSO

and SCAD penalties in variable selection.

1.4 Quantile-Adaptive Variable Screening

In ultrahigh-dimensional data analysis, a new framework called quantile-adaptive

sure independence screening (QaSIS) was proposed by He, Wang and Hong

[11]. They advocated a quantile-adaptive approach which allows the set of

active variables to be different when modeling various conditional quantiles.

The screening method is based on the following observation:

Y and Xj are independent ⇔ Qτ (Y |Xj)−Qτ (Y ) = 0, ∀τ ∈ (0, 1) ,

where Qτ (Y |Xj) is the τth conditional quantile of Y given the jth predictor

Xj and Qτ (Y ) is the τth unconditional quantile of Y . In practice, the quantity

11



of the estimator of Qτ (Y |Xj) − Qτ (Y ) is expected to be close to zero if Xj

is independent of Y . QaSIS is based on the magnitude of the estimator of

Qτ (Y |Xj)−Qτ (Y ). In this quantile-adaptive model-free screening framework,

Qτ (Y |Xj) is estimated nonparametrically by B -spline approximations. In this

aspect, this technique shares some similarity with NIS of Fan, Feng and Song

[4] and Hall and Miller [10].

QaSIS provides a more complete picture of the conditional distribution

of the response given all candidate predictors, and is more natural and ef-

fective in analyzing high-dimensional data especially those characterized by

heteroscedasticity. Inherited from QR, QaSIS works well with heavy-tailed

error distributions. Another distinctive feature of QaSIS is that it is model-

free which avoids the specification of a particular model structure in a high-

dimensional space.

1.5 Contributions of My Thesis

Motivated by the interesting work of He, Wang and Hong [11], we develop a

more efficient variable screening procedure. Both the classical linear regression

model and the nonlinear regression model are investigated. In the work of

He, Wang and Hong [11], they considered only one quantile level. However,

additional efficiency gains may be achieved by aggregating information over

multiple quantiles. To combine information from multiple quantile regression,

Zhao and Xiao [33] suggested two ways. The first one is to use an average of

quantile regression estimators at each individual quantiles. The second one is

to combine information over different quantiles via the criterion function. For

example, CQR in Zou and Yuan [36] is along the second direction.

12



Following the two approaches in Zhao and Xiao [33], to combine infor-

mation and improve the efficiency of the QaSIS method in He, Wang and

Hong [11], we develop four estimators to screen variables. In more detail, the

contributions of my thesis are summarized as follows:

• Propose four efficient estimators to screen variables, namely, the aver-

age quantile regression (AQR) estimator, the weighted average quantile

regression (WAQR) estimator, the composite quantile regression (CQR)

estimator and the weighted composite quantile regression (WCQR) es-

timator.

• Develop a screening procedure based on the above estimators in linear

regression model and nonlinear regression model, where the B-spline

approximations are employed in the latter case.

• Conduct simulation studies to investigate the finite sample performance

of the screening procedure based on the four estimators in both linear

and nonlinear models. Comparisons with other methods are also imple-

mented.

• Propose the soft and hard threshold rules for the screening procedure

and conduct simulation studies to study the two rules.

• Use the proposed methods to analyze a real data example, the large-B-

cell lymphoma microarray data.

The rest of the thesis is organized as following. In Chapter 2, the new pro-

posed screening methods based on the four estimators in both linear model and

nonlinear model are introduced. Chapter 3 illustrates the finite sample per-

13



formance by both Monte Carlo simulations and a real data example analysis.

Chapter 4 provides the summary and future work of my research.
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Chapter 2

Variable Screening Based on

Combining Quantile Regression

When the dimensionality p is high, say, p > n or even grows exponentially

with n, it is commonly assumed that only a small number of predictors among

X1, . . . , Xp actually contribute to the response Y , which leads to certain spar-

sity patterns in the unknown parameter β. Our goal is to implement the first

step of the two-scale method, namely the screening, to rapidly reduce the di-

mensionality p, usually greater than n, to a moderate scale via a computation-

ally convenient procedure. We focus on the framework of quantile regression in

this thesis. To deal with the heterogeneity in ultrahigh-dimensional data, He,

Wang and Hong [11] advocated a quantile-adaptive sure independence screen-

ing (QaSIS) procedure. In particular, they assumed that at each quantile level

only a sparse set of predictors is relevant for modeling Y , but allowed this

set to be different at various quantiles, for instance, Example 4 in Chapter 3.

Given a quantile level τ (0 < τ < 1), Qτ (Y |X) represents the τth conditional

15



quantile of Y given X, that is

Qτ (Y |X) = inf {y : P (Y ≤ y|X) ≥ τ} .

The set of active variables is defined as

Mτ = {j : Qτ (Y |X) functionally depends on Xj} .

Let Sτ = |Mτ | be the cardinality of Mτ . Throughout this thesis, we assume

Sτ , 0 < τ < 1, is smaller than the sample size n. Note that

Y and Xj are independent ⇔ Qτ (Y |Xj)−Qτ (Y ) = 0, ∀τ ∈ (0, 1) , (2.1)

where Qτ (Y |Xj) is the τth conditional quantile of Y given the jth predictor

Xj and Qτ (Y ) is the τth unconditional quantile of Y . Intuitively, one can

see that, if Xj and Y are independent, adding the information of Xj does not

change the quantile of Y , so that the conditional and unconditional quantile

of Y , are the same. This is true for any τ ∈ (0, 1).

2.1 Linear Model

Consider the problem of estimating a p-vector of parameters β in the following

linear regression model

y = Xβ + ε, (2.2)

where y = (Y1, . . . , Yn)
T is a vector of responses, X is a n × p matrix of pre-

dictors with ith row xT
i = (xi1, . . . , xip) and jth column Xj = (x1j, . . . , xnj)

T,
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β = (β1, . . . , βp)
T is a p-vector of parameters and ε = (ε1, . . . , εn)

T represents

an n-vector of independent and identically distributed (i.i.d.) random errors,

which is independent of X.

To estimate the effect ofXj on the τth quantile of Y in practice, we consider

the marginal quantile regression of Y on Xj, which can be expressed as follows:

(
b̂j (τ) , β̂j (τ)

)
= argmin

b,β

n∑
i=1

ρτ (Yi − xijβ − b) . (2.3)

The minimization problem can be done easily using existing statistical soft-

ware, for example, the quantreg package in R, PROC QUANTREG procedure

in SAS and so on. Many algorithms, like the interior point method [25], sim-

plex method [19] and MM algorithm [13] can also be easily implemented from

scratch. Furthermore, we define

D̂nj (τ) = Xjβ̂j (τ) + b̂j (τ)− F̂−1Y,n (τ)

as an estimator of Dnj (τ) = Qτ (Y |Xj) − Qτ (Y ), where F̂−1Y,n (τ) is the τth

sample quantile function based on Y1, . . . , Yn. According to (2.1), D̂nj measures

the difference between the conditional and unconditional quantile of Y and

is expected to be close to zero if Xj is independent of Y . One attractive

advantage of D̂nj is that it does not need rescale either Y or X in practice,

which may save some time and also make the results more interpretable.

The QaSIS is based on the magnitude of the estimated marginal compo-

nents ∥∥∥D̂nj

∥∥∥2
n
=

1

n

n∑
i=1

(
xijβ̂j (τ) + b̂j (τ)− F̂−1Y,n (τ)

)2
.
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To be more specific, we select the subset of variables

M̂τ =

{
1 ≤ j ≤ p :

∥∥∥D̂nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value. In sum, we propose to rank all the

candidate predictors Xj, j = 1, . . . , p according to ‖D̂nj‖2n from the largest to

smallest. We then select the top ones as the active predictors. Later we will

propose several threshold rules to obtain the cutoff value that separates the

active and inactive predictors, see Section 2.4.

It is possible that some slope coefficients are continuous and even con-

stant in certain quantile intervals. The marginal quantile regression approach

ignores such shared information across quantiles, only screens at individual

quantile levels and thus may lose efficiency. A more efficient way is to combine

information gained from different quantiles by considering the smoothness of

the coefficient across quantiles. Suppose we want to consider K quantile levels,

say {τk ∈ (0, 1) , k = 1, . . . , K}. A simple way is to take average of the esti-

mated coefficients, which leads to the average quantile regression (AQR). Zhao

and Xiao [33] argued that the simple average in general is not an efficient way

of using distributional information from quantile regression. Moreover infor-

mation at different quantiles are correlated, improperly using multiple quantile

information may even reduce the efficiency, for example some effects may be

balanced out. It is therefore important to combine quantile information ap-

propriately to achieve more efficiency. Zhao and Xiao [33] studied the optimal

combination of the estimated coefficients, which leads to the weighted average

quantile regression (WAQR). When the coefficients across quantile levels are

constant or approximately constant, the composite quantile regression (CQR)
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which captures exactly this feature should be preferred. In addition, optimally

combining the QR loss functions using weighted composite quantile regression

(WCQR) will increase the efficiency furthermore.

2.1.1 Average Quantile Utility

Consider multiple quantile levels {τk ∈ (0, 1) , k = 1, . . . , K}. For each τk, we

estimate β via the marginal quantile regression and define the average quantile

regression (AQR) estimator as

β̂AQR
j =

1

K

K∑
k=1

β̂j (τk) , b̂AQR
j =

1

K

K∑
k=1

b̂j (τk) ,

where β̂j (τk) and b̂j (τk) are defined in (2.3) at the quantile level τk.

Since the equivalent relationship (2.1) holds for any given τ ∈ (0, 1),

DAQR
nj = K−1

∑K
k=1 [Qτk (Y |Xj)−Qτk (Y )] is expected to be close to zero if

Xj is independent of Y , as it measures the information that Xj brings in to

estimate the quantiles of Y . If Xj contributes to the quantiles of Y only at

several quantile levels, it can also be captured by DAQR
nj .

We define

D̂AQR
nj = Xjβ̂

AQR
j + b̂AQR

j − 1

K

K∑
k=1

F̂−1Y,n (τk)

=
1

K

K∑
k=1

(
Xjβ̂j (τk) + b̂j (τk)− F̂−1Y,n (τk)

)

as an estimator of DAQR
nj . D̂AQR

nj is expected to be close to zero if Xj is inde-

pendent of Y . It can capture the information that Xj brings in to estimate

the quantiles of Y , even if Xj contributes to the quantiles of Y only at several
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quantile levels.

The independence screening is also based on the magnitude of the estimated

marginal components, which is given by

∥∥∥D̂AQR
nj

∥∥∥2
n
=

1

n

n∑
i=1

[
xijβ̂

AQR
j + b̂AQR

j − 1

K

K∑
k=1

F̂−1Y,n (τk)

]2

=
1

n

n∑
i=1

[
1

K

K∑
k=1

(
xijβ̂j (τk) + b̂j (τk)− F̂−1Y,n (τk)

)]2
.

Finally we select the following subset of variables by the threshold of ‖D̂AQR
nj ‖2n:

M̂AQR =

{
1 ≤ j ≤ p :

∥∥∥D̂AQR
nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value.

In practice, we only need to choose a relatively small K, say K = 9 [2]

or 19 [36]. Throughout this thesis, we fixed K = 9. Since each variable is

used independently as a predictor to decide its usefulness for predicting the

response, the screening can be done very fast using existing software even in

the ultrahigh-dimensional case.

2.1.2 Weighted Average Quantile Utility

Regardless of the actual amounts of contributions from quantiles and the pos-

sible correlations between them, the AQR method puts the equal weight on

different quantile levels. In this way, it is likely that the effects from different

quantiles can be balanced out. Therefore, it may be more effective if appropri-

ate weights are applied by considering the possible variation in contributions

and correlations between multiple quantiles, which leads to the weighted av-
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erage quantile regression (WAQR) estimator:

β̂WAQR
j =

K∑
k=1

ωkβ̂ (τk) , b̂WAQR
j =

K∑
k=1

ωkb̂ (τk) , (2.4)

where β̂j (τk) and b̂j (τk) are defined in (2.3) at the quantile level τk, ω =

(ω1, . . . , ωK)
T is a vector of weights. The weight ωk controls the contribution

of the τkth QR and possible correlations. In AQR, all the weights are 1/K.

For WAQR, we can choose an optimal weighting scheme to obtain the most

efficiency.

Koenker [17] provided the optimal weights for WAQR by minimizing the

variance of the estimator. Suppose that the error ε has the distribution func-

tion F with density f , such that 0 < f (F−1 (τ)) < ∞ for τ ∈ {τ1, . . . , τK}.

Throughout this thesis, we use the vector v and matrices B and V defined as

follows:

v =(v1, . . . , vK)
T , where vk = f

(
F−1 (τk)

)
,

V = diag(v),

B = [min (τi, τj)− τiτj]1≤i,j≤k .

In Theorem 5.2 (page 169) of Koenker [17], under some conditions, as the

sample size n→∞,

√
n
(
β̂WAQR
j − β

)
→ N

(
0, J (ω)Σ−1X

)
,
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where ΣXj
is the covariance of Xj, which is fixed and

J (ω) = ωTV −1BV −1ω ≥
(
vTBv

)−1
. (2.5)

The covariance matrix of β̂WAQR
j depends on the weights through J (ω). Thus

a natural way to select optimal weights in the WAQR is to minimize J (ω) in

(2.5) to get the smallest variance of the estimator. The optimal weight ωopt

can be obtained by some simple algebra calculation as follows:

ωopt =
(
vTBv

)−1
V B−1v. (2.6)

If Xj and Y are independent, then DWAQR
nj =

∑K
k=1 ωk [Qτk (Y |Xj)−Qτk (Y )]

is supposed to be close to zero, as it measures the information that Xj brings

in to estimate the quantiles of Y for all the selected quantile levels. We define

the sample version of DWAQR
nj

D̂WAQR
nj = Xjβ̂

WAQR
j + b̂WAQR

j −
K∑
k=1

ωopt,kF̂
−1
Y,n (τk)

=
K∑
k=1

ωopt,k

(
Xjβ̂j (τk) + b̂j (τk)− F̂−1Y,n (τk)

)
.

As mentioned before, if Xj and Y are independent, then D̂WAQR
nj is supposed

to be close to zero, as it can capture all the information that Xj brings in to

estimate the quantiles of Y for all the quantile levels. IfXj is an important pre-

dictor variable, then the difference between the conditional and unconditional

quantiles of Y is expected to be away from zero.

We rank and screen the variables based on the magnitude of the estimated
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marginal components

∥∥∥D̂WAQR
nj

∥∥∥2
n
=

1

n

n∑
i=1

[
xijβ̂

WAQR
j + b̂WAQR

j −
K∑
k=1

ωopt,kF̂
−1
Y,n (τk)

]2

=
1

n

n∑
i=1

[
K∑
k=1

ωopt,k

(
xijβ̂j (τk) + b̂j (τk)− F̂−1Y,n (τk)

)]2
,

(2.7)

and we focus on the following subset of variables

M̂WAQR =

{
1 ≤ j ≤ p :

∥∥∥D̂WAQR
nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value. This screening procedure is fast since

each variable is used as a predictor to decide the usefulness for predicting Y .

2.1.3 Composite Quantile Utility

To combine the information from multiple quantile levels, besides the AQR

(WAQR) method, another frequently applied approach is to use compos-

ite quantile regression (CQR). It uses the information that the coefficients

are constant explicitly in the model. It combines information over differ-

ent quantiles via a different criterion function. We estimate the model over

{τk ∈ (0, 1) , k = 1, . . . , K} jointly based on the following modified quantile loss

function:

({
b̂CQR
j (τk)

}K
k=1

, β̂CQR
j

)
= argmin

b,β

K∑
k=1

n∑
i=1

ρτk (Yi − xijβ − b (τk)) .

Typically, we use equally spaced quantiles: τk = k
K+1

for k = 1, . . . , K. Note

that the regression coefficients remain the same across different quantile re-
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gressions. This minimization problem can be solved by the MM algorithm,

but unfortunately it cannot be done directly by any software. In practice, we

implement the algorithm in R.

As the equivalent relationship (2.1) holds for any given τ ∈ (0, 1), if Xj

and Y are independent, DCQR
nj =

∑K
k=1 [Qτk (Y |Xj)−Qτk (Y )] is expected to

be close to zero. Since the estimated coefficients over different quantiles are

the same, DCQR
nj measures the entire change between the unconditional and

conditional quantiles of Y among all the quantiles. If Xj is the important

predictor variable, DCQR
nj should not be close to zero.

We define

D̂CQR
nj =

K∑
k=1

(
Xjβ̂

CQR
j + b̂CQR

j (τk)− F̂−1Y,n (τk)
)

as an estimator of DCQR
nj . As the equivalent relationship (2.1) holds for any

given τ ∈ (0, 1), then D̂CQR
nj is supposed to be close to zero if Xj and Y are

independent.

Then we rank the predictors by the magnitude of the estimated marginal

components

∥∥∥D̂CQR
nj

∥∥∥2
n
=

1

n

n∑
i=1

[
K∑
k=1

(
xijβ̂

CQR
j + b̂CQR

j (τk)− F̂−1Y,n (τk)
)]2

.

Finally, the subset of variables are selected based on

M̂CQR =

{
1 ≤ j ≤ p :

∥∥∥D̂CQR
nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value. Since we are performing indepen-
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dence screening, which means that each variable is applied independently as

a predictor to decide its usefulness for predicting the response, the screening

procedure can be implemented fast even in ultrahigh-dimensional space.

2.1.4 Weighted Composite Quantile Utility

Without considering the actual amounts of contributions from quantiles and

the possible correlations between them, the CQR method endows different

QR models with the same weight. Thus, more efficiency can be gained if

appropriate weights are used by considering possible variation of contributions

and their correlations between multiple quantiles, which leads to the weighted

composite quantile regression (WCQR) estimator

({
b̂WCQR
j (τk)

}K
k=1

, β̂WCQR
j

)
= argmin

b,β

K∑
k=1

$k

n∑
i=1

ρτk (Yi − xijβ − b (τk)) ,

(2.8)

where$ = ($1, . . . , $K)
T is the vector of weights. In Theorem 5.2 (page 169)

of Koenker [17], under certain conditions, as the sample size n→∞,

√
n
(
β̂WCQR
j − β

)
→ N

(
0, H ($)Σ−1X

)
,

where ΣXj
is the covariance of Xj, which is fixed and

H ($) =
$TB$

$TvvT$
≥
(
vTBv

)−1
.

The covariance matrix of β̂WCQR
j depends on the weights through H ($). Thus

a natural way to select optimal weights in the WAQR is to minimizes H ($) in

(2.9) to get the smallest variance of the estimator. The optimal weight $opt
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is given by

$opt = B−1v. (2.9)

However, this optimal weight can be negative, which makes the minimization

problem nonconvex. Therefore, we want to restrict the optimal weight to non-

negative, namely, $k ≥ 0, k = 1, . . . , K, so that it lead to WCQR a optimal

convex combination of quantile regression. Zhao and Xiao [33] derived the

optimal weight in the following form $?
opt =

(
$?

opt,1, . . . , $
?
opt,K

)T
$?

opt,k = (2vk − vk−1 − vk+1) / (v1 + vK) ≥ 0, k = 1, . . . , K. (2.10)

For convenience we write v0 = vK+1 = 0. However the WCQR with the

constraint of non-negative weights needs additional assumption, that is, the

log density function log f (u) of ε is concave.

If Xj and Y are independent, DWCQR
nj =

∑K
k=1$k [Qτk (Y |Xj)−Qτk (Y )]

is expected to be close to zero. Then an estimator of DWCQR
nj is defined as

follows:

D̂WCQR
nj =

K∑
k=1

$?
opt,k

(
Xjβ̂

WCQR
j + b̂WCQR

j (τk)− F̂−1Y,n (τk)
)

If Xj and Y are independent, D̂WCQR
nj is expected to be close to zero.

The independence screening is based on the magnitude of the estimated

marginal components

∥∥∥D̂WCQR
nj

∥∥∥2
n
=

1

n

n∑
i=1

[
K∑
k=1

$?
opt,k

(
xijβ̂

WCQR
j + b̂WCQR

j (τk)− F̂−1Y,n (τk)
)]2

.

(2.11)
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According to the value of
∥∥∥D̂WCQR

nj

∥∥∥2
n
, we can select this subset of variables

M̂WCQR
τ =

{
1 ≤ j ≤ p :

∥∥∥D̂WCQR
nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value. Because of the independence screen-

ing, the speed of screening is fast. In addition, as some of the weights in $?
opt

are zero, it will make WCQR method computationally less intensive than CQR

[2]. From our experience in large p and small n situations, this reduction tends

to be significant.

The WAQR estimator differs from the WCQR estimator in several aspects.

While the WCQR estimator in (2.8) is based on an aggregation of several

quantile loss functions, the WAQR in (2.4) is based on a weighted average

of separate estimators from different quantiles. As a result, computing the

WAQR only involves K separate (p+ 1)-parameter minimization problems,

whereas the WCQR requires solving a larger (p+ 1)K-parameter minimiza-

tion problem. In addition, to ensure a proper loss function, the weights $k

in WCQR are restricted to be non-negative; by contrast, the weights ωk in

WAQR can be negative. It is computationally appealing to impose less con-

straint on the weights. Zhao and Xiao [33] showed that under some conditions,

the optimal WCQR is asymptotically equivalent to the optimal WAQR, and

both are asymptotically efficient.

2.2 Nonlinear Model

In ultrahigh-dimensional data analysis, we usually know little about the form

of the actual model. Therefore, besides the sparsity assumption, it is more
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appropriate not to impose a specific model structure but allow the predictor

effects to be nonlinear. To approximate the conditional quantiles, we use B-

spline approximations, which are widely applied by, for example, Hall and

Miller [10] as well as Fan, Feng and Song [4]. The choice of B-spline is very

important to guarantee certain accuracy. However, in our setting, the accuracy

is not our concern. We are only interested in picking out those variables related

to the conditional quantiles. Therefore, only a few number of B-spline can

capture the major information from the candidate predictors. The discussion

of fine choice of B-spline is beyond the scope of this thesis. We follow the

typical choice of Fan, Feng and Song [4] and select the number of B-spline

basis functions as 5.

In this section, we study how to do variable screening in nonlinear case

using our developed methods. The nonlinear case was discussed in He, Wang

and Hong [11] for single quantile screening.

Without loss of generality, we assume that each Xj ∈ [0, 1] , j = 1, . . . , p.

Let F be the class of functions defined on [0, 1] whose lth derivative satisfies a

Lipschitz condition of order c :

∣∣f (l) (s)− f (l) (t)
∣∣ 6 c0 |s− t|c ,

for some positive constant c0, s, t ∈ [0, 1], where l is a nonnegative integer

and c ∈ [0, 1] satisfies d = l + c > 0.5. Let 0 = s0 < s1 < . . . < sm = 1

be a partition of the interval. Using si, i = 0, . . . ,m as knots, we construct

N = m+l normalized B -spline basis functions of order l+1 which form a basis

for F. We write these basis functions as a vector π (t) = (B1 (t) , . . . ,BN (t))T,

where ‖Bm (·)‖∞ 6 1 and ‖·‖∞ denotes the sup norm.
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Now we put fj (Xj) = Qτ (Y |Xj), fj (t) ∈ F. Then fj (t) can be well

approximated by a linear combination of the basis functions π (t)T β, for some

β ∈ RN [11]. Let

(
β̂j (τ) , b̂j (τ)

)
= argmin

β,b

n∑
i=1

ρτ

(
Yi − π (xij)T β − b

)
. (2.12)

As in linear model, this minimization problem can be solved by the interior

point method [25], simplex method [19] or MM algorithm [13] easily with

existing statistical software, like, R and SAS. Furthermore, we define

f̂nj (t) = π (t)T β̂j (τ) + b̂j (τ)− F̂−1Y,n (τ) ,

where F̂−1Y,n (τ) is the τth sample quantile function based on Y1, . . . , Yn. Thus

f̂nj (t) is a nonparametric estimator of fnj (t) = Qτ (Y |Xj)−Qτ (Y ). According

to (2.1), f̂nj measures the difference between the conditional and unconditional

quantile of Y and is expected to be close to zero if Xj is independent of Y .

The QaSIS is based on the magnitude of the estimated marginal compo-

nents ∥∥∥f̂nj∥∥∥2
n
=

1

n

n∑
i=1

f̂nj (xij)
2 .

As the final step, we select this subset of variables

M̂τ =

{
1 ≤ j ≤ p :

∥∥∥f̂nj∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value. For the choice of possible threshold

values, see Section 2.4.

When the conditional quantiles of the response have continuous, similar or
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even exactly the same shape in certain quantile intervals, which is quite com-

mon in practice, the coefficients of the B-spline basis are continuous and even

constant in those intervals. We assume the conditional quantiles are approx-

imated by the same set of B-spline basis. The marginal quantile regression

approach does not take such shared information across quantiles into account,

which may lose efficiency. In this situation, we propose to combine informa-

tion obtained from different quantiles. Suppose we want to considerK quantile

levels, say {τk ∈ (0, 1) , k = 1, . . . , K}. Taking average of the estimated coeffi-

cients via AQR is a simple way to achieve that. Considering that the amounts

of contribution made by different quantiles may be unequal, the optimal com-

bination of the estimated coefficients obtained by WAQR gains more efficiency.

When the coefficients across quantile levels are constant, CQR is employed to

exactly capture this feature. Furthermore, optimally combining the QR loss

functions using WCQR will increase the efficiency.

In the following subsections, we describe how we conduct variable screening

using the four proposed estimators in nonlinear case. Once we choose the set

of B-spline basis, the nonlinear screening will become exactly the same as the

linear screening. What we need keep in mind is that for each predictor, we

have more than one coefficients to estimate, as there is a set of B-spline basis

related to them. The number of coefficients equals to the number of the basis.

Except for that, the screening procedure keeps the same. For the completeness

of the thesis, we briefly describe a little bit details on the nonlinear screening

procedure.
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2.2.1 Average Quantile Utility

Now in order to enhance the efficiency of the screening procedure for nonlin-

ear models, we consider the AQR estimator. Consider multiple quantile levels

{τk ∈ (0, 1) , k = 1, . . . , K}. For each τk, we estimate β via the marginal quan-

tile regression and define the average quantile regression (AQR) estimator for

nonlinear model as

β̂AQR
j =

1

K

K∑
k=1

β̂j (τk) , b̂AQR
j =

1

K

K∑
k=1

b̂j (τk) ,

where β̂j (τk) and b̂j (τk) are defined in (2.12) at the quantile level τk. Note

that both of them are vectors instead of scalars.

We define

f̂AQR
nj (t) = π (t)T β̂AQR

j + b̂AQR
j − 1

K

K∑
k=1

F̂−1Y,n (τ)

=
1

K

K∑
k=1

[
π (t)T β̂j (τk) + b̂j (τk)− F̂−1Y,n (τk)

]

as a nonparametric estimator of fAQR
nj = K−1

∑K
k=1 [Qτk (Y |Xj)−Qτk (Y )].

f̂AQR
nj is expected to be around zero if Xj is not dependent of Y .

Actually this independence screening procedure is based on the magnitude

of the estimated marginal components, which is given by

∥∥∥f̂AQR
nj

∥∥∥2
n
=

1

n

n∑
i=1

f̂AQR
nj (xij)

2

=
1

n

n∑
i=1

(
1

K

K∑
k=1

(
π (xij)

T β̂j (τk) + b̂j (τk)− F̂−1Y,n (τk)
))2

.
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Then the subset of variables is selected as follows:

M̂AQR =

{
1 ≤ j ≤ p :

∥∥∥f̂AQR
nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value.

Because of the independence screening, that is, each variable is used inde-

pendently as a predictor to decide its usefulness for predicting the response,

the screening can be done very fast even in the ultrahigh-dimensional case.

2.2.2 Weighted Average Quantile Utility

Since the AQR method is equally weighted for different quantile levels. There-

fore, it may be more effective if appropriate weights are applied by using the

WAQR estimator:

β̂WAQR =
K∑
k=1

ωkβ̂ (τk) , b̂WAQR =
K∑
k=1

ωkb̂ (τk) , (2.13)

where β̂j (τk) and b̂j (τk) are defined in (2.12) at the quantile level τk, ω =

(ω1, . . . , ωK)
T is a vector of weights. In AQR, all the weights are 1/K. For

WAQR, we can choose an optimal weighting scheme to obtain the most effi-

ciency. The optimal weight ωopt = (ωopt,1, . . . , ωopt,K)
T is the same as that in

the linear situation (see (2.6)).

We define

f̂WAQR
nj (t) = π (t)T β̂WAQR

j + b̂WAQR
j −

K∑
k=1

ωopt,k

(
F̂−1Y,n (τk)

)
=

K∑
k=1

ωopt,k

[
π (t)T β̂j (τk) + b̂j (τk)− F̂−1Y,n (τk)

]

32



as the nonparametric estimator of fWAQR
nj =

∑K
k=1 ωk [Qτk (Y |Xj)−Qτk (Y )].

As mentioned before, if Xj is an important variable, then f̂WAQR
nj is supposed

to be away from zero, as it can capture the effect that Xj brings in to change

the conditional and unconditional quantiles of Y .

We rank and screen the variables based on the magnitude of the estimated

marginal components

∥∥∥f̂WAQR
nj

∥∥∥2
n
=

1

n

n∑
i=1

f̂WAQR
nj (xij)

2

=
1

n

n∑
i=1

(
K∑
k=1

ωopt,k

(
π (xij)

T β̂j (τk) + b̂j (τk)− F−1Y,n (τk)
))2

,

and focus on the following subset of variables

M̂WAQR =

{
1 ≤ j ≤ p :

∥∥∥f̂WAQR
nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value.

2.2.3 Composite Quantile Utility

When the coefficients are constant, we propose to combine the information

from multiple quantile levels using CQR. We estimate the model over mul-

tiple quantile levels {τk ∈ (0, 1) , k = 1, . . . , K} jointly based on the following

modified quantile loss function:

({
b̂CQR
j (τk)

}K
k=1

, β̂CQR
j

)
= argmin

b,β

K∑
k=1

n∑
i=1

ρτk

(
Yi − π (xij)T β − b (τk)

)
.
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Typically, we use the equally spaced quantiles: τk = k
K+1

for k = 1, . . . , K.

We solve it using the MM algorithm in R as well.

Furthermore, we define

f̂CQR
nj (t) =

K∑
k=1

[
π (t)T β̂CQR

j + b̂CQR
j (τk)− F̂−1Y,n (τk)

]

as an nonparametric estimator of fCQR
nj =

∑K
k=1 [Qτk (Y |Xj)−Qτk (Y )]. As

the equivalent relationship (2.1) holds for any given τ ∈ (0, 1), f̂CQR
nj is expected

be close to zero if Xj and Y are independent.

Next, we rank the features by the magnitude of the estimated marginal

components

∥∥∥f̂CQR
nj

∥∥∥2
n
=

1

n

n∑
i=1

f̂CQR
nj (xij)

2

=
1

n

n∑
i=1

[
K∑
k=1

(
π (xij)

T β̂CQR
j + b̂CQR

j (τk)− F̂−1Y,n (τk)
)]2

.

In the end, based on the value of
∥∥∥f̂CQR

nj

∥∥∥2
n
, we select the subset of variables

M̂CQR =

{
1 ≤ j ≤ p :

∥∥∥f̂CQR
nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value.

2.2.4 Weighted Composite Quantile Utility

Considering the actual amounts of contributions from quantiles and the pos-

sible correlations between them, more efficiency can be gained if appropriate

34



weights are used by WCQR

({
b̂WCQR
j (τk)

}K
k=1

, β̂WCQR
j

)
= argmin

b,β

K∑
k=1

$k

n∑
i=1

ρτk

(
Yi − π (xij)T β − b (τk)

)
,

where $ = ($1, . . . , $K)
T is the vector of weights.

If Xj and Y are independent, fWCQR
nj =

∑K
k=1$k [Qτk (Y |Xj)−Qτk (Y )] is

expected to be close to zero. Then an nonparametric estimator of fWCQR
nj is

defined as follows:

f̂WCQR
nj (t) =

K∑
k=1

$?
opt,k

[
π (t)T β̂WCQR

j + b̂WCQR
j (τk)− F̂−1Y,n (τk)

]

where $?
opt =

(
$?

opt,1, . . . , $
?
opt,K

)T is the optimal weight in (2.10). If Xj is

not an important variable, f̂WCQR
nj (t) is expected to be close to zero.

Then we also rank the variables by the magnitude of the estimated marginal

components

∥∥∥f̂WCQR
nj

∥∥∥2
n
=

1

n

n∑
i=1

f̂WCQR
nj (xij)

2

=
1

n

n∑
i=1

[
K∑
k=1

$?
opt,k

(
π (xij)

T β̂WCQR
j + b̂WCQR

j (τk)− F̂−1Y,n (τk)
)]2

.

Then we will select the subset of variables

M̂WCQR =

{
1 ≤ j ≤ p :

∥∥∥f̂WCQR
nj

∥∥∥2
n
≥ νn

}
,

where νn is a predefined threshold value.
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2.3 Estimating f (Q (τ ))

The way to find optimal weights for WAQR and WCQR is to minimize the

covariance matrices of their estimators to achieve the maximum efficiency.

Both optimal weights have an unknown term f (Q (τ)). In order to compute

the optimal weights, we need to estimate it. In practice it is not easy to

estimate f (Q (τ)) properly. There are a lot of literatures on how to estimate

f (Q (τ)), for example, Koenker [17] provided a method. Let

s (τ) = [f (Q (τ))]−1 .

Differentiating the identity F (Q (t)) = t, we find that s (t) is simply the

derivative of the quantile function; that is

d

dt
Q (t) = s (t) .

It is therefore natural to estimate s (t) by using a simple difference quotient of

the empirical quantile function:

ŝn (t) =
Q̂n (t+ hn)− Q̂n (t− hn)

2hn
,

where Q̂ is an estimate of Q and hn is a bandwidth that tends to zero as n→

∞. Provided that the τth conditional quantile function of Y is linear which

is one of the cases in this thesis, then for hn → 0 we can consistently estimate

the parameters of the τ ±hn conditional quantile function by β̂ (τ ± hn). And
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the density fi (Qi) can thus be estimated by the difference quotient

f̂i (Qi (τ)) =
2hn

xT
i

(
β̂ (t+ hn)− β̂ (t− hn)

) .
A potential difficulty with the proposed estimator fi (Qi (τ)) is that there is

no guarantee of positivity for every observation in the sample. In the imple-

mentation of this approach, we simply replace f̂i (Qi (τ)) by its positive part,

that is,

f̂+
i (Qi (τ)) = max

0,
2hn

xT
i

(
β̂ (t+ hn)− β̂ (t− hn)

)
− ε

 ,

where ε > 0 is a small tolerance parameter intended to avoid dividing by zero

in the (rare) case in which xT
i

(
β̂ (t+ hn)− β̂ (t− hn)

)
= 0. This method

can be easily extended to our approach. For simplicity, when we estimate the

optimal weights for WAQR and WCQR, β̂ can be the estimators of AQR and

CQR respectively. If the τth conditional quantile function of Y is nonlinear,

then B-spline approximations can also be used.

The aforementioned method works reasonably well. However, in this thesis,

we adopt another competing method used by Zhao and Xiao [33], which is

simpler:

(i) Apply uniform weights 1/K to obtain the preliminary estimator β̂, and

compute the "residuals" as ε̂i = Yi − xT
i β̂.

(ii) Use the nonparametric kernel density estimator to estimate f (u):

f̂ (u) =
1

nb

n∑
i=1

K

(
u− ε̂i
b

)
, (2.14)
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where K (·) is a non-negative kernel function and b > 0 is a bandwidth.

(iii) Estimate f (Q (τ)) by f̂
(
Q̂ (τ)

)
, where Q̂ (τ) is the τth sample quan-

tile of ε̂1, . . . , ε̂n.

In (2.14), we use Gaussian kernel for K and choose

b = 0.9 ∗min

{
sd (ε̂1, . . . , ε̂n) ,

IQR (ε̂1, . . . , ε̂n)

1.34

}
∗ n−1/5,

where "sd" and "IQR" denote the sample standard deviation and sample in-

terquartile respectively.

2.4 Threshold Rule

Under some conditions, as n → ∞, the magnitude of the estimators of the

difference between the unconditional and conditional quantiles of Y always

ranks an active predictor above an inactive one in probability. Guaranteeing a

clear separation between the active and inactive predictors is very important

[34]. An inappropriate threshold value may provide inaccurate information, as

active predictors may be missed or inactive predictors may be selected. There

are a few papers that discuss how to choose the threshold, for example, Zhu et

al. [34]. Because of the importance of threshold, it deserves more discussion,

especially in our new proposed methods. In this section, we propose several

threshold rules to obtain a cutoff value to separate the active and inactive

predictors.

Generally speaking, there are two different threshold rules: soft and hard

threshold rules. In the soft threshold rule, artificial auxiliary variables are

added to the data, which was first proposed by Luo, Stefanski and Boos [24]
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and then extended by Wu, Boos and Stefanski [30]. We adopt the same idea

in our setup as used by Zhu et al. [34]. We now take the linear model as an

example to explain how the soft threshold rule works. We independently and

randomly generate d auxiliary variables Z ∼ Nd (0, Id) such that Z is indepen-

dent of both X and Y . The normality assumption is not critical here and other

distributions can be chosen as well. Given a random sample {zi, i = 1, . . . , n},

we treat (X,Z) as the predictors and Y as the response. Since Z is truly inac-

tive by construction, as n→∞, ‖D̂nj‖2n always ranks an active predictor above

an inactive one in probability, where ‖D̂nj‖2n represents the magnitude of the

estimators of the difference between unconditional and conditional quantiles

of Y for all the cases in linear models for brevity. Mathematically, it holds in

probability that

minj∈M

∥∥∥D̂nj

∥∥∥2
n
> maxl=1,...,d

∥∥∥D̂n(p+l)

∥∥∥2
n

by Theorem 2 of Zhu et al. [34], where M is the true model.

Now we define Cd = maxl=1,...,d ‖D̂n(p+l)‖2n, which can be viewed as a bench-

mark that separates the active predictors from the inactive ones. In this case,

we get the following selection rule:

M̂1 =

{
j :
∥∥∥D̂nj

∥∥∥2
n
> Cd

}
. (2.15)

We call it the soft threshold selection.

An issue of practical interest in soft threshold is the choice of the number

of auxiliary variables d. Intuitively, a small d value may introduce much vari-

ability, whereas a large d value requires heavy computation. Empirically, we
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choose d = p [34].

In addition to soft threshold, we also consider a hard threshold rule pro-

posed by Fan and Lv [7], which retains a fixed number of predictors with the

largest N values of ‖D̂nj‖2n’s. Mathematically, the hard threshold rule can be

expressed as follows:

M̂2 =

{
j :
∥∥∥D̂nj

∥∥∥2
n
>
∥∥∥D̂n(N)

∥∥∥2
n

}
, (2.16)

where N is usually chosen to be [n/ log n] and ‖D̂n(N)‖2n denotes the Nth

largest value among all ‖D̂nj‖2n’s. Usually N is large enough to guarantee that

all the important variables are kept. We then use some well-developed variable

selection methods, such as the adaptive LASSO, SCAD and so on to remove

those irrelevant variables. Hard threshold is simple and does not need extra

computational burden. Therefore, it is also very popular in practice.

In practice, the data determine whether the soft or hard threshold comes

into play. In order to take advantage of both methods and avoid missing

important variables and selecting irrelevant variables, we propose to combine

the soft and hard threshold as in Zhu et al. [34], and construct the final active

predictor index set as

M̂ = M̂1 ∪ M̂2. (2.17)

To better understand the two threshold rules, we conducted a simulation

study. We make the following observations from our simulation study. When

the number of active variable is small, the hard threshold rule often dominates

the soft selection rule. On the other hand, when there are many active predic-
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tors, the soft threshold becomes more dominant. While the hard threshold is

fully determined by the sample size, soft threshold takes into account the effect

of signals in the data, which is helpful when the number of active predictors

is relatively large.
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Chapter 3

Numerical Studies

3.1 Monte Carlo Studies

3.1.1 General Setup

In this section we assess the finite sample performance of the proposed methods

and compare them with other approaches via Monte Carlo studies. For brevity,

we denote our four combining quantile adaptive sure independence screening

approaches as average quantile regression screening (AQRS), weighted average

quantile regression screening (WAQRS), composite quantile regression screen-

ing (CQRS) and weighted composite quantile regression screening (WCQRS).

Except for Example 1, we consider six different distributions for the error

term ε in all the other examples:

1. the standard normal distribution;

2. student-t distribution with one degree of freedom, that is, Cauchy dis-

tribution;
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3. the standard normal with 10% outliers following student-t distribution

with one degree of freedom;

4. the standard normal with 20% outliers following student-t distribution

with one degree of freedom;

5. normal mixture distribution 1: 0.9N (0, 1) + 0.1N (10, 1);

6. normal mixture distribution 2: 0.8N (0, 1) + 0.2N (10, 1).

The SIS performs well under normal distribution, so we take it into account

to compare our proposed screening methods with SIS. t1 distribution, which is

a heavy-tailed distribution, has infinite variance. The third and fourth distri-

butions have variance outliers. The last two have location outliers. Note that

only if the log density function log f (u) of ε is concave, the positive optimal

weight of WCQR can be obtained. Due to the constraint of that condition,

we do not consider the second, fifth and sixth cases of the error distributions

in WCQRS method. Throughout, we consider combining information over 9

quantiles τk = k/10, k = 1, . . . , 9. For each scenario, we repeat 100 times. To

compute QaSIS procedure of He, Wang and Hong [11], NIS procedure of Fan,

Feng and Song [4] as well as our procedure in nonlinear models, the number

of B-spline basis functions is set to be 5.

To evaluate the performance of our screening methods, we consider two

criteria as Zhu et al. [34]. The first criterion is the minimum model size, that

is the smallest number of predictors that we need to include to ensure that

all the active variables are selected. We denote this number by R. Note that

the first criterion does not need to specify a threshold. Based on the result

of Example 1, we propose to use hard threshold rule in the other examples
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to reduce the computational burden. The second criterion focuses on the

proportion of active variables selected by the screening procedure with the

threshold νn = [n/ log(n)]. We denote this proportion by S. Since screening

usually serves as a preliminary massive reduction step, and is often followed

by a variable selection, it is important to retain all the active variables. A

competent variable screening procedure is expected to have the value of R

reasonably small comparing to the number of active variables and the value

of S close to one. For each example, we record the median and interquartile

range (IQR) of R and S respectively, as well as the median of running time

T . For QaSIS, we give the results for two quantiles τ = 0.5 and τ = 0.75.

The QR, AQR, WAQR estimators are obtained by using quantreg package

in R and the R codes for CQR and WCQR estimators are adapted from the

MATLAB code written by Kai, Li and Zou [15] using MM algorithm. For

more details on MM algorithm, see Hunter and Lange [13]. Due to the high

dimensionality, all the simulation and real data examples are run on the cluster

of WestGrid.

3.1.2 Threshold Rule

Appropriately choosing threshold value can be able to separate the active and

inactive predictors. To better understand the proposed threshold rules and see

how the data determine whether the soft or hard threshold comes into play,

we apply AQRS method to the linear model as illustration:

Example 1 (n = 200, p = 2000). Consider the linear model (2.2)

y = Xβ + ε,
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where the predictors X are generated from the multivariate normal distribution

with mean 0 and the covariance matrix Σ = (σij)2000×2000 with σii = 1, σij =

0.4 if i, j ∈ M or i, j ∈ MC , and σij = 0.1 otherwise. The error ε follows

a standard normal distribution. β = (2− U1, . . . , 2− Us, 0, . . . , 0)T, and Uk’s

follows a uniform distribution on [0, 1].

We report the total number of selected predictors determined by the soft

selection rule 2.15, the hard threshold rule (2.15) and the combination of

two threshold rules (2.17) in Table (3.2), and record the minimum, the first

quartile, the median, the third quartile and the maximum of the selected size

R in 100 data replications, with an increasing number of truly active predictors

s = 4, 8, 16, 32, 64, 96. The maximum number of selected predictors is set no

greater than n. For hard threshold rule, we use [n/ log(n)] = 37.

As a result, we make roughly the same observations as Li et al. [34]. When

the signal in the data is sparse (a small s), the hard threshold rule tends to

dominate the selection rule. This is reflected by the simulation result that the

total number of selected predictors often equals 37 when s = 4, 8 and 16. On

the other hand, when there are many active predictors (a large s), the soft

threshold becomes more dominant. While hard threshold is fully determined

by the sample size, soft threshold takes into account the effect of signals in the

data, which is especially helpful when s is relatively large.

3.1.3 Linear Models

We begin with a class of linear models and compare the performance of AQRS,

WAQRS, CQRS and WCQRS with SIS and QaSIS.

Example 2 (n = 200, p = 1000). This example is adopted from the pre-
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vious work by Fan and Lv [7]. We use the linear model (2.2)

y = Xβ + ε,

where the vector of covariates X = (X1, . . . , X1000) is generated from the

standard normal distribution. The size s of the true model, i.e. the number

of non-zero coefficients is chosen to be 8, and the non-zero components of the

p-vectors β are randomly chosen as follows. We set a = 4 log (n) /n1/2 and

pick non-zero coefficients of the form (−1)u (a+ |z|) for each model, where u

is drawn from Bernoulli distribution with parameter 0.4 and z is drawn from

the standard normal distribution.

Example 3 (n = 200, p = 1000). In this example, we use similar model

to that in Example 1, except that the predictors are now correlated with each

other. To introduce correlation between predictors, we first use MATLAB

function sprandsym to generate randomly an s× s symmetric positive definite

matrix A with condition number n1/2/ log(n) and draw samples of s predictors

X1, . . . , Xs from N (0,A). Then we take Zs+1, . . . , Zp ∼ N (0, Ip−s) and define

the remaining covariates as follows:


Xi = Zi + rXi−s, i = s+ 1, . . . , 2s

Xi = Zi + (1− r)X1, i = 2s+ 1, . . . , p

with r = 1− 4 log(n)/p.

Example 4 (n = 200, p = 1000). This example is adapted from He, Wang

and Hong. [11]. The random data are generated from

y = X1 + 0.8X2 + 0.6X3 + 0.4X4 + 0.2X5 + (X20 +X21 +X22) · ε
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where X = (X1, . . . , X1000) follows the multivariate normal distribution with

mean 0 and the covariance matrix Σ = (σij)1000×1000 with σii = 1 and σij =

ρ|i−j|, i 6= j. Here we consider ρ = 0.8. Different from the regression models in

Example 2 and 3, this model is heteroscedastic: the number of active variables

is 5 at the median but 8 elsewhere.

We observe the following from the result of Example 2: (i) For normal

distribution, SIS performs the best, and WAQRS is comparable with SIS.

Our proposed four methods all outperform QaSIS where single quantile level

is used. (ii) For t1 distribution, SIS performs the worst, as t1 has heavy

tail. In this situation, our methods based on multiple quantile regression

perform really well. However, Since QaSIS just takes an individual quantile

level into consideration, which leads to miss some information from other parts,

it performs not well. (iii) For the third and fourth distribution, because of

the heavy-tailed outliers, SIS performs not well, while WAQRS exhibits the

best performance. The other three proposed methods are comparable with

WAQRS. (iv) For the two mixtures of normal distributions, SIS outperform

QaSIS, while our four proposed methods perform better than SIS. (v) For all

the six distribution, the weighted ones are comparable with or even outperform

the average ones.

The following observation are from the result of Example 3: (i) For nor-

mal distribution, SIS performs the best, and WAQRS is comparable with SIS.

Our proposed four methods all outperform QaSIS where single quantile level

is used. (ii) For t1 distribution, because of the heavy tail, SIS performs re-

ally bad, while CQRS performs pretty well. As QaSIS just considers only one

quantile level, it performs not well. (iii) For the third distribution with small

quantity of outliers, Our proposed methods are comparable with normal dis-
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tribution. When the amount of outliers increases, SIS performs worse than

our proposed four methods but still better than QaSIS. (iv) For the mixtures

of two normal distributions, our four proposed methods are comparable with

or even outperform SIS. However, SIS still exhibits better performance than

QaSIS.

The following are observed from the result of Example 4: (i) Since it is a

heteroscedastic model: the number of active variables is 5 at the median but

8 elsewhere, we can see SIS performs well only for normal distribution while it

performs really bad for non-normal distributions. (ii) QaSIS performs pretty

well at the median for all the distributions. (iii) For normal distribution, our

proposed methods are all comparable with or even outperform SIS. (iv) For

t1 distribution, WAQRS and CQRS perform the best. (v) For the third and

fourth distribution, AQRS, WAQRS, CQRS and WCQRS can almost achieve

the same best performance, which are better than QaSIS at 0.75 quantile. (vi)

Comparing the fifth and the sixth distribution, we can see that QaSIS performs

worse with more location outliers. Our proposed methods still perform better

than SIS and QaSIS.

3.1.4 Nonlinear Models

In this subsection, we try to demonstrate that our approaches are useful in

the sense that they work well for a large variety of different models when there

is little knowledge about the underlying true model. In order to support this

assertion, we compare our approaches with NIS and QaSIS.

Example 5 (n = 400, p = 1000). This example is adopted from He, Wang
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and Hong [11]. First, we define the following functions

g1 (x) = x;

g2 (x) = (2x− 1)2 ;

g3 (x) = sin(2πx)/ (2− sin(2πx)) ;

g4 (x) = 0.1 sin(2πx) + 0.2 cos(2πx) + 0.3 sin(2πx)2 + 0.4 cos(2πx)3

+ 0.5 sin(2πx)3.

Then the random data are generated from

y = 5g1 (X1) + 3g2 (X2) + 4g3 (X3) + 6g4 (X4) +
√
1.74ε,

where X = (X1, . . . , X1000) follows the multivariate normal distribution with

the same correlation structure described in Example 4. We vary the value of

ρ to be 0 and 0.6.

From the results of Example 5, we can see that (i) When ρ = 0, no method

works well in terms of the minimum model size. This is because the indepen-

dent signals work against the marginal effect estimation as accumulated noise,

thus masking the relatively weak signals from X3 and X4 in this model. (ii)

When ρ = 0.6, NIS has the worst performance for all the distribution includ-

ing normal distribution. For the other five distributions, one of our proposed

method exhibits the best performance and QaSIS can be comparable with

some of our proposed method. For example, in the third distribution, QaSIS

at median and WCQRS almost have the same performance.

Based on the results from Example 2 to Example 5, we have the follow-

ing conclusion: (i) SIS and NIS procedure exhibit the best performance when
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the random error has a normal distribution, but their performance deteriorate

substantially for heavy-tailed or heteroscedastic errors. (ii) AQRS, WAQRS,

CQRIS and WCQRS significantly outperform QaSIS which considers only a

single quantile level. (iii) For almost all the cases discussed, weighted methods

outperform equally weighted ones. (iv) For non-normal distributions, our four

approaches substantially perform better than SIS and NIS, whereas they are

comparable for N (0, 1). (v) We observe that in Example 5 when ρ =0, no

method works well in terms of the minimum model size. This is because the

independent signals work against the marginal effect estimation as accumu-

lated noise, thus masking the relatively weak signals from X3 and X4 in this

model. (vi) As for the running time T , SIS always runs the fastest due to the

simple correlation. Our methods based on the four estimators are slower than

the QaSIS because of the multiple quantile levels. The weighted one always

runs slower than the average one since it takes time to estimate the optimal

weights.

3.2 Real Data Analysis

As an illustration, we apply the proposed screening methods on the diffuse

large-B-cell lymphoma (DLBCL) microarray data of Rosenwald et al. ([26]).

DLBCL is the most common type of lymphoma in adults and has only

about 35 to 40 percent survival rate after the standard chemotherapy. Hence,

it is meaningful to explore the genetic factors that influence the survival time.

The data set contains the survival times of n = 240 patients and the gene

expression measurements of p = 7399 genes for each patient. Given such a

large number of predictors and small sample size, variable screening seems to
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be a necessary initial step as a prelude to any other sophisticated statistical

modeling that does not cope well with such high dimensionality.

All predictors, namely, the gene expression measurements for each gene,

are standardized to have mean zero and variance one. We form the bivariate

response consisting of the observed survival time and the censoring indicator.

To assess the predictive performance of the proposed methods, we apply the

data split by Bair and Tibshirani ([1]), which divides the data into a training

set with n1 = 160 patients and a testing set with remaining n2 = 80 patients.

The index of the training set is available at http://www-stat.stanford.

edu/~tibs/superpc/staudt.html. First we apply the proposed screening

methods to the training set. Since only a small number of genes are relevant,

and according to the result of Example 1, the hard threshold is more dominant

in this scenario. Therefore, we choose [n1/ log(n1)] = 31 genes in our final set.

We evaluate the prediction performance of this model following the approach

of Li and Luan ([21]) as well as Lu and Li ([23]). Specifically, we apply the

screening approach and fit a Cox proportion hazards model for the training

data. Then we compute the risk scores for the testing data and divide it into

a low-risk group and a high-risk group, where the cutoff value is determined

by the median of the estimated scores from the training set.

We note that choosing the Cox model after screening only serves as a

simple illustration in this example. After variable screening, more refined

model building and selection can be employed.

Figure (3.1) shows the Kaplan-Meier estimates of survival curves for both

risk groups of patients in the testing data, as well as the p-values yielded from

the log-rank test for each screening approach. The two curves of our AQRS,

CQRS and WCQRS approaches are well separated, while the two curves of
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NIS and QaSIS are less well separated. By comparing each p-value, we can

see AQRS, CQRS and WCQRS approaches all outperform NIS and QaSIS. In

addition, the p-value of WCQRS is smaller than that of CQRS, which indicates

a better prediction of the fitted model. However, we can see that WAQRS does

not perform well, even worse than AQRS. An acceptable explanation is that

we fail to estimate the f (Q(τ)) properly and thus obtain the inappropriate

optimal weights.
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Table 3.1: Example 1: Threshold Rule
s soft hard combination
4 Rmin 4 37 37
R0.25 6 37 37
R0.5 9 37 37
R0.75 30 37 37
Rmax 200 37 200

8 Rmin 8 37 37
R0.25 10 37 37
R0.5 20 37 37
R0.75 43 37 43
Rmax 200 37 200

16 Rmin 16 37 37
R0.25 18 37 37
R0.5 23 37 37
R0.75 40 37 40
Rmax 200 37 200

32 Rmin 32 37 37
R0.25 35 37 37
R0.5 44 37 44
R0.75 69 37 69
Rmax 200 37 200

64 Rmin 64 37 64
R0.25 69 37 69
R0.5 79 37 79
R0.75 119 37 119
Rmax 200 37 200

96 Rmin 96 37 96
R0.25 99 37 99
R0.5 107 37 107
R0.75 138 37 138
Rmax 200 37 200
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Table 3.2: Example 2: Independent Model
ε Method R0.5 RIQR S0.5 SIQR T0.5

N (0, 1) SIS 13 19 1.00 0.00 1.09
QaSIS0.5 39 89 0.875 0.125 2.90
QaSIS0.75 63 156 0.875 0.25 2.69

AQRS 16 29 1.00 0.09 16.00
WAQRS 13 20 1.00 0.00 44.89
CQRS 21 54 1.00 0.125 691.273

WCQRS 20 45 1.00 0.125 884.21
t1 SIS 445 393 0.625 0.25 0.99

QaSIS0.5 96 192 0.875 0.094 2.15
QaSIS0.75 208 292 0.75 0.125 2.05

AQRS 45 115 0.875 0.125 15.73
WAQRS 37 75 1.00 0.125 77.18
CQRS 64 155 1.00 0.125 576.81

0.9N (0, 1) + 0.1t1 SIS 40 67 0.875 0.125 1.00
QaSIS0.5 28 92 1.00 0.125 2.58
QaSIS0.75 73 140 0.875 0.25 2.62

AQRS 18 33 1.00 0.125 21.45
WAQRS 14 24 1.00 0.00 56.41
CQRS 22 45 1.00 0.125 505.874

WCQRS 21 81 1.00 0.125 1031.365
0.8N (0, 1) + 0.2t1 SIS 102 152 0.875 0.125 1.04

QaSIS0.5 46 87 0.875 0.125 2.18
QaSIS0.75 97 167 0.875 0.125 2.07

AQRS 22 52 1.00 0.125 21.23
WAQRIS 15 40 1.00 0.125 53.32

CQRS 26 37 1.00 0.125 490.866
WCQRS 24 72 1.00 0.125 1171.867

0.9N (0, 1) + 0.1N (10, 1) SIS 30 51 1.00 0.125 1.20
QaSIS0.5 52 83 0.875 0.125 2.96
QaSIS0.75 143 190 0.875 0.125 2.76

AQRS 27 71 1.00 0.125 20.39
WAQRS 23 29 1.00 0.125 52.65
CQRS 24 55 1.00 0.125 512.1

0.8N (0, 1) + 0.2N (10, 1) SIS 49 79 1.00 0.125 1.04
QaSIS0.5 97 230 0.875 0.125 3.00
QaSIS0.75 217 343 0.75 0.125 2.78

AQRS 37 75 1.00 0.125 21.83
WAQRS 34 99 1.00 0.125 52.12
CQRS 33 74 1.00 0.125 480.99
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Table 3.3: Example 3: Dependent Model
ε Method R0.5 RIQR S0.5 SIQR T0.5

N (0, 1) SIS 26 53 1.00 0.125 1.065
QaSIS0.5 68 169 0.875 0.25 1.957
QaSIS0.75 99 193 0.875 0.125 1.96

AQRS 31 69 1.00 0.125 15.413
WAQRS 26 50 1.00 0.125 51
CQRS 51 79 0.875 0.125 232.523

WCQRS 52 136 0.875 0.125 410.451
t1 SIS 873 166 0.125 0.00 0.69

QaSIS0.5 154 330 0.875 0.125 2.048
QaSIS0.75 245 362 0.75 0.25 2.051

AQRS 130 235 0.875 0.125 15.492
WAQRS 83 170 0.875 0.25 53.857
CQRS 64 159 0.875 0.125 369.22

0.9N (0, 1) + 0.1t1 SIS 40 72 0.875 0.125 0.669
QaSIS0.5 82 228 0.875 0.25 1.987
QaSIS0.75 146 241 0.75 0.125 1.99

AQR 37 89 0.9375 0.125 16.015
WAQRS 34 92 1.00 0.125 74.29
CQRS 43 162 0.875 0.125 266.98

WCQRS 37 64 1 0.125 515.68
0.8N (0, 1) + 0.2t1 SIS 101 135 0.875 0.125 0.952

QaSIS0.5 119 237 0.875 0.125 1.986
QaSIS0.75 356 431 0.75 0.125 1.986

AQRS 40 113 0.875 0.125 19.06
WAQRS 36 58 1.00 0.125 52.95
CQRS 58 193 0.875 0.125 240.67

WCQRS 44 85 0.875 0.125 563.358
0.9N (0, 1) + 0.1N (10, 1) SIS 71 136 0.875 0.125 0.66

QaSIS0.5 119 237 0.875 0.125 1.984
QaSIS0.75 356 431 0.75 0.125 1.986

AQRS 77 177 0.875 0.25 15.97
WAQRS 63 193 0.875 0.125 54.156
CQRS 57 144 0.875 0.125 251.34

0.8N (0, 1) + 0.2N (10, 1) SIS 131 246 0.875 0.125 0.66
QaSIS0.5 172 424 0.75 0.125 1.967
QaSIS0.75 428 434 0.625 0.125 1.967

AQRS 115 243 0.875 0.125 16.29
WAQRS 100 162 0.875 0.125 59.405
CQRS 105 207 0.875 0.125 275.195
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Table 3.4: Example 4: Heteroscedastic Model
ε Method R0.5 RIQR S0.5 SIQR T0.5

N (0, 1) SIS 9 10 1.00 0.00 0.749
QaSIS0.5 5 0 1.00 0.00 2.098
QaSIS0.75 15 33 1.00 0.125 2.102

AQRS 9 5 1.00 0.00 15.599
WAQRS 8 4 1.00 0.00 54.33
CQRS 9 7 1.00 0.00 339.09

WCQRS 8 7 1.00 0.00 405.026
t1 SIS 907 185 0.00 0.125 1.057

QaSIS0.5 5 1 1.00 0.00 2.622
QaSIS0.75 131 368 0.75 0.25 2.624

AQRS 54 190 0.875 0.25 15.66
WAQRS 22 57 1.00 0.125 72.731
CQRS 23 98 1.00 0.125 272.48

0.9N (0, 1) + 0.1t1 SIS 317 751 0.625 0.625 0.982
QaSIS0.5 5 0 1.00 0.00 2.14
QaSIS0.75 19 36 1.00 0.125 2.147

AQRS 10 20 1.00 0.00 15.703
WAQRS 9 13 1.00 0.00 70.634
CQRS 9 6 1.00 0.00 246.512

WCQRS 9 24 1.00 0.00 721.401
0.8N (0, 1) + 0.2t1 SIS 510 677 0.5 0.625 0.665

QaSIS0.5 5 0 1.00 0.00 1.988
QaSIS0.75 44 124 0.875 0.125 1.992

AQRS 10 11 1.00 0.00 16.022
WAQRS 9 16 1.00 0.00 71.086
CQRS 9 8 1.00 0.00 274.141

WCQRS 9 8 1.00 0.00 703.912
0.9N (0, 1) + 0.1N (10, 1) SIS 202 331 0.625 0.25 1.221

QaSIS0.5 5 0 1.00 0.00 2.101
QaSIS0.75 28 54 1.00 0.125 2.084

AQRS 15 26 1.00 0.00 15.936
WAQRS 13 26 1.00 0.031 51.917
CQRS 11 20 1.00 0.00 280.303

0.8N (0, 1) + 0.2N (10, 1) SIS 358 555 0.375 0.5 0.677
QaSIS0.5 5 1 1.00 0.00 2.002
QaSIS0.75 104 154 0.875 0.25 2.008

AQRS 91 251 0.875 0.344 15.761
WAQRS 18 42 1.00 0.125 58.915
CQRS 23 49 1.00 0.125 298.9
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Table 3.5: Example 5: Additive Model (ρ = 0)
ε Method R0.5 RIQR S0.5 SIQR T0.5

N (0, 1) NIS 683 429 0.50 0.00 25.13
QaSIS0.5 705 378 0.50 0.00 6.14
QaSIS0.75 757 415 0.50 0.25 5.62

AQRS 625 392 0.50 0.00 26.41
WAQRS 613 341 0.50 0.00 73.92
CQRS 713 341 0.50 0.00 904.87

WCQRS 663 410 0.50 0.00 1256.97
t1 NIS 738 345 0.25 0.25 39.31

QaSIS0.5 700 419 0.50 0.00 5.13
QaSIS0.75 750 293 0.25 0.25 4.90

AQRS 734 321 0.50 0.00 21.43
WAQRS 646 451 0.50 0.00 77.17
CQRS 730 362 0.50 0.00 922.43

0.9N (0, 1) + 0.1t1 NIS 696 387 0.50 0.00 36.88
QaSIS0.5 697 393 0.50 0.00 3.75
QaSIS0.75 654 422 0.50 0.25 3.64

AQRS 715 365 0.50 0.00 29.48
WAQRS 624 387 0.50 0.00 106.88
CQRS 718 405 0.50 0.00 882.47

WCQRS 668 455 0.50 0.00 934.80
0.8N (0, 1) + 0.2t1 NIS 720 353 0.50 0.00 36.48

QaSIS0.5 693 391 0.50 0.00 3.48
QaSIS0.75 696 386 0.50 0.25 3.38

AQRS 723 311 0.50 0.00 29.73
WAQRS 635 378 0.50 0.00 120.27
CQRS 725 364 0.50 0.00 910.55

WCQRS 687 389 0.50 0.00 1238.39
0.9N (0, 1) + 0.1N (10, 1) NIS 696 368 0.50 0.00 36.21

QaSIS0.5 692 285 0.50 0.00 3.56
QaSIS0.75 619 343 0.50 0.25 3.34

AQRS 628 386 0.50 0.00 21.21
WAQRS 692 315 0.50 0.00 29.73
CQRS 720 380 0.50 0.00 916.57

0.8N (0, 1) + 0.2N (10, 1) NIS 699 413 0.50 0.00 35.37
QaSIS0.5 728 297 0.50 0.00 3.74
QaSIS0.75 724 336 0.50 0.25 3.52

AQRS 703 364 0.50 0.00 20.95
WAQRS 665 421 0.50 0.00 122.06
CQRS 733 460 0.50 0.00 900.46
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Table 3.6: Example 5: Additive Model (ρ = 0.6)
ε Method R0.5 RIQR S0.5 SIQR T0.5

N (0, 1) NIS 84 405 0.75 0.25 35.57
QaSIS0.5 45 106 1.00 0.25 5.12
QaSIS0.75 36 117 1.00 0.25 4.67

AQRS 16 46 1.00 0.00 24.22
WAQRS 14 42 1.00 0.00 32.39
CQRS 51 70 1.00 0.25 1180.76

WCQRS 42 191 0.75 0.25 1221.39
t1 NIS 272 639 0.75 0.75 35.55

QaSIS0.5 85 155 0.75 0.75 5.39
QaSIS0.75 58 92 1.00 1.00 5.08

AQRS 49 49 1.00 1.00 31.61
WAQRS 36 127 1.00 1.00 34.51
CQRS 93 179 0.75 0.75 1277.32

0.9N (0, 1) + 0.1t1 NIS 130 319 0.75 0.75 26.02
QaSIS0.5 50 183 1.00 1.00 3.80
QaSIS0.75 40 84 1.00 1.00 3.68

AQRS 27 62 1.00 1.00 24.37
WAQRS 19 33 1.00 1.00 31.23
CQRS 55 104 1.00 1.00 1216.99

WCQRS 48 112 1.00 1.00 1353.21
0.8N (0, 1) + 0.2t1 NIS 181 496 0.75 0.75 26.09

QaSIS0.5 53 134 1.00 1.00 4.88
QaSIS0.75 46 73 1.00 1.00 4.66

AQRS 31 49 1.00 1.00 24.52
WAQRS 26 36 1.00 1.00 32.45
CQRS 59 106 1.00 1.00 1196.22

WCQRS 52 146 1.00 1.00 1291.70
0.9N (0, 1) + 0.1N (10, 1) NIS 159 535 0.75 0.75 35.30

QaSIS0.5 66 157 0.874 0.875 5.75
QaSIS0.75 28 59 1.00 1.00 5.26

AQRS 18 45 1.00 1.00 21.36
WAQRS 16 72 1.00 1.00 24.41
CQRS 57 117 1.00 1.00 920.50

0.8N (0, 1) + 0.2N (10, 1) NIS 188 683 0.75 0.75 35.98
QaSIS0.5 77 279 0.75 0.75 6.79
QaSIS0.75 45 118 1.00 1.00 6.16

AQRS 20 27 1.00 1.00 24.22
WAQRS 17 61 1.00 1.00 30.25
CQRS 84 120 0.75 0.75 1160.92
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Figure 3.1: The Kaplan-Meier estimates of survival curves for the two risk
groups in the testing data.
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Chapter 4

Conclusion

4.1 Summary

Motivated by He, Wang and Hong [11], this thesis develops a more efficient

variable screening procedure. We combine the information from multiple quan-

tile levels by using the average quantile regression (AQR), weighted average

quantile regression (WAQR), composite quantile regression (CQR), weighted

composite quantile regression (WCQR) estimators to improve the efficiency.

We develop the screening procedure in linear regression model and nonlinear

regression model. In the nonlinear regression model, B-spline approximations

are employed to estimate the conditional quantiles of Y . In addition, two

different threshold rules are proposed and compared. We conduct simulation

studies and a real data example to investigate the finite sample performance

of the screening procedure based on the four estimators and compare them

with SIS, NIS and QaSIS. We also study the difference between soft and hard

threshold rules via a simulation.

From the results of the simulation and real data examples, we get the fol-
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lowing conclusion: (i) SIS and NIS procedure exhibit the best performance

when the random error has a normal distribution, but their performance de-

teriorate substantially for heavy-tailed or heteroscedastic errors. (ii) AQRS,

WAQRS, CQRS and WCQRS significantly outperform QaSIS which considers

only a single quantile level. (iii) For almost all the cases discussed, weighted

methods outperform equally weighted ones. (iv) For non-normal distributions,

our four approaches substantially perform better than SIS and NIS, whereas

they are comparable for N ((0, 1). (v) In practice, the weighted one is not nec-

essarily better than the average one due to the difficulty in estimating f (Q (τ))

properly.

4.2 Future Work

The following issues deserve further study:

• From He, Wang and Hong [11], we know QaSIS enjoys sure independence

screening property, that is, all truly important predictors can be selected

with probability approaching one as the sample size goes to infinity.

Hence, we will show that our proposed procedure based on the four

estimators also have that desirable property.

• When estimating f (Q (τ)), we propose two different approaches. In the

simulation and real data examples, we just choose the second one, which

is simpler. From the results of the numerical studies, we see that it is

really difficult to estimate it properly. Hence, the other method can be

applied to estimate f (Q (τ)).

• Taking the linear model as example, in the procedure based on the AQR
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estimator, we defineDAQR
nj = K−1

∑K
k=1 [Qτk (Y |Xj)−Qτk (Y )] and have

the conclusion that it is expected to be close to zero if Xj is independent

of Y . However, it is likely that there are some possible correlations

between different quantiles. In this way, it is likely that the effects from

different quantiles can be balanced out. Therefore, we may improve our

AQRS method by defining DAQR
nj in a different way

DAQR
nj =

1

K

K∑
k=1

|Qτk (Y |Xj)−Qτk (Y )| .
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