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ABSTRACT

In this thesis the following problems are studied:

1-Relativistic self-focusing and channelling of intense laser pulses have been

studied in underdense plasma using 2D PIC simulations, for different laser

powers and plasma densities. Analytical solutions for the stationary evacuated

channels have been recovered in PIC simulations. It is shown that otherwise

stable channels can accelerate electrons due to surface waves on the walls of

the channels. Relativistic filaments with finite electron density are unstable

to transverse modulations which lead in the nonlinear stage to the break-up

of laser pulses into independent filaments.

2-Although 3D simulations are limited, they are more realistic. Azimuthal

stability of the laser pulses in interaction with underdense plasma can only be

studied in 3D geometry. Relativistic self-focusing and channelling of intense

laser pulses have been studied in underdense plasma using 3D PIC simulations,

for different laser powers and plasma densities. Analytical solutions for the

stationary evacuated channels and ring structure have been recovered in PIC

simulations. The stability of ring structure due to azimuthal perturbations

has been studied both in theory and in simulations. The gain length of such

instability is smaller at higher densities (> 0.1ncr). It is shown that the az-

imuthal perturbation can break up the azimuthal symmetry of the laser pulse.

3-Working with circularly polarized laser pulses, gave us a motivation to study

Inverse Faraday Effect in interaction of circularly polarized laser pulses with



plasma. Axial magnetic field generation by intense circularly polarized laser

beams in underdense plasmas has been studied with 3D particle-in-cell (PIC)

simulations and by means of theoretical analysis. The source of azimuthal

nonlinear currents and of the axial magnetic field depends on the transverse

inhomogeneities of the electron density and laser intensity. The fields reach

maximum strength of several tens of MG for laser pulses undergoing relativis-

tic self-focusing and channelling in moderately relativistic regime.

4-Electron wakefield acceleration was studied in support of the experiment

which was carried on using 7 TW laser beam at Canadian Advanced Laser

Light source facility. 2D simulations were performed to study this problem.

The energy the electrons gained in the process was peaked at 20-30 MeV close

to the experimental results.
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Chapter 1

Introduction

Since the invention of the chirped pulse amplification technique in 1985 [1], there has

been a constant progress in short pulse laser technology and applications. Pulse

durations have come down from picoseconds to a few femtoseconds in durations

and focused laser intensities have risen to 1021 − 1022 W/cm2. High intensities

of laser pulses can be several orders of magnitude above the relativistic threshold

(Irelλ
2
L ≥ ζ1.37 × 1018W/cm2 · µm2) where ζ = 1 for linear and ζ = 2 for circular

polarization [2]. The relativistic threshold is reached when the dimensionless light

amplitude eAL/mec
2 = 1, i.e. when the quiver velocity of electron approaches c.

Here λL is the laser wavelength, e and me are the electron charge and mass respec-

tively, AL is the wave vector potential and c is the speed of light in vacuum. Such

large intensities have opened new research areas in laser plasma interactions. The

physics of interaction of laser pulses with plasmas can be characterized by distinct

physical processes depending on plasma density. In underdense targets where the

electron density is less than the critical density laser pulses can penetrate and nonlin-

early couple with a plasma while in overdense targets where electron density is larger

1
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than the critical density, laser interaction takes place in the narrow region of the skin

layer. When laser pulses are at intensities 1018 − 1021 W/cm2 the interaction physics

is dominated by nonlinear processes such as electron acceleration, self-focusing and

channelling of the laser pulse and magnetic field generation, to list just a few.

This thesis is devoted to the interaction of intense laser pulses with underdense plas-

mas based on three published papers (Chapters 2,4,5) and one to be submitted (Chap-

ter 3). The following problems have been studied:

Channelling and relativistic self-focusing of intense circularly polarized laser pulses.

Theoretical models and Particle-In-Cell (PIC) simulations in two (2D) and three (3D)

spatial dimensions are used to investigate the channelling mechanism in underdense

plasma. Long range interaction of intense laser pulses with underdense plasma is

studied using 2D PIC code (Chapter 2). The simulations are carried out for a wide

range of plasma densities and laser powers. The results of the simulations have been

compared with a theoretical model. The mechanisms that disrupt the channelling

process such as surface wave excitation and transverse instability are described. The

results of realistic 3D simulations are illustrated in Chapter 3. Azimuthal behavior of

the laser pulse such as ring formation and azimuthal instability can only be studied

in 3D geometry. It has been shown that the azimuthal instability can break up the

laser pulse. These are the subjects of Chapters 2 and 3.

In Chapter 4, the excitation of a magnetic field during the interaction of a circularly

polarized laser pulse with an underdense plasma has been studied. It is known that

a circularly polarized laser pulse can induce a magnetic field in the plasma. Building

on the results of Chapters 2 and 3 about relativistic self-focusing and channelling we

have analyzed the excitation of an axial magnetic field that accompanies the laser

pulse self-focusing in underdense plasmas. The radial distribution of the axial mag-
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netic field was calculated by solving model equations and using the laser intensity and

channel density profiles from simulations. These results have been compared with the

magnetic field obtained in simulations.

Studies on electron wakefield acceleration using 2D PIC code were carried out in sup-

port of the experimental results and are the subject of Chapter 5. The experiments

were performed using the 10 TW laser at the Canadian Advanced Laser Light Source

facility.

1.1 Relativistic Self-Focusing

Propagation of intense laser pulses in underdense plasma has a variety of applications

including laser plasma accelerators [3–5] and laser plasma channelling. For many of

these applications, it is very important that the laser pulse propagates over large dis-

tances at high intensity. If there is no optical guiding, the interaction length will be

limited to approximately the Rayleigh length. Self-focusing and channelling provide

a possibility for nonlinear optical guiding of laser pulses in underdense plasma. Self-

focusing can occur if the laser power exceeds the threshold power, Pcr, for self-focusing

(P > Pcr). The required power for this effect, for densities 1018−1020 cm−3 and laser

wavelength of 1 µm, is between 2 and 20 TW. Terawatt lasers became available in

early 1990’s. So the experimental studies of self-focusing has been started at that

time. Several experiments have been carried out to investigate this process in recent

years [9–13].

Lowering the plasma frequency is one of the relativistic features in laser plasma in-

teraction. The plasma frequency is ωp =
√

4πe2ne

m
which is determined by the electron

density and electron mass. The dispersion relation of an electromagnetic wave in a
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plasma is :

ω2 = ω2
p/γ + c2k2, (1.1)

where γ is the relativistic factor(γ = (1 + p2/m2c2)1/2, p = γmv is the electron

momentum), ω is the laser frequency, k is the wave number and ωp is the plasma

frequency. At relativistic laser intensities, the relativistic factor depends on the lo-

cal intensity I. The increase of mass by the relativistic factor reduces the plasma

frequency and this will affect the light propagation in plasma. Therefore the plasma

index of refraction can be written as:

nr =
√

1− (ωp/γω)2. (1.2)

Two main phenomena can be explained by the change of refractive index: the first

one is the induced transparency where an overdense plasma can become transparent

to radiation due to the relativistic decrease of the plasma frequency and the other one

is relativistic self-focusing which is due to the modification of the refractive index.

For a laser beam with an intensity profile peaked on axis (r = 0), the radial profile of

γ will have an on-axis maximum (γ(0) > γ(r)). The index of refraction will have a

maximum on axis and this causes the wavefront to curve inward and the laser pulse

will converge. This will result in optical guiding of the laser light. The laser pulse

phase velocity depends on the refractive index (vφ = c/nr) and therefore on the laser

intensity. Local variation of the phase velocity will change the shape of the laser pulse.

The phase speed of the laser pulse will decrease in regions of higher laser intensity.

This has the effect of focusing of the laser pulse. Thus The plasma acts as a positive

lens, focusing the laser to smaller spot size and increasing the peak laser intensity.

Variations in the plasma density can also change the refractive index. The transverse

ponderomotive force can push some electrons out of the central axis, making an
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electron density channel with minimum density on axis. This will make a radially

dependent refractive index and will help focusing of the laser pulses. The first model

of relativistic self-focusing was developed by Litvak [14] and Max et. al [15]. Sprangle

et. al [16] has evaluated the thresholds for relativistic self-focusing using analytical

methods. Kurki-Suonio et. al [19] have developed stationary analytical solution to

nonlinear Schrodinger equation for one dimensional geometry. Later Sun et. al [6]

derived a 2D (r,z) the nonlinear Schrodinger equation considering combined effects

of relativistic nonlinearity and charge displacement in homogeneous plasma. This

work presented the numerical evaluation of the threshold of relativistic self-focusing,

the value which has been approximately estimated in earlier work. Feit et. al [20]

later showed that this model doesn’t satisfy the global charge conservation. Feit

solved this problem by introducing electron temperature effects which were supposed

to be calculated from experimental conditions. Cattani et. al [7] and Kimet. al [8]

have obtained stationary solutions for channeling and multi-channeling in 2D and 3D

cylindrical geometry. Their solutions satisfy the global charge conservation through

Poisson equation. We proceed with a general theoretical model which will be used

later for comparison with simulations (Chapters 2 and 3). For linear polarization, the

analysis is more complicated due to the second harmonic density response [15, 22].

Using dimensionless variables: a = eA/mc2, φ = eΦ/mc2, p = P/mc and n = Ne/N0,

where N0 is background plasma density, A is a vector potential, Φ is a scalar potential,

P is the momentum and N is the electron density. The Maxwell’s equations for the

normalized vector and scalar potentials in Coulomb gauge assuming fixed ions are:

∇2a− 1

c2

∂2a

∂t2
=

1

c

∂∇φ
∂t

+
ω2
p

c2

np

γ
, (1.3)

∇2φ =
ω2
p

c2
(n− 1). (1.4)
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The equation of motion for cold electron fluid is:

(
∂

∂t
+ (v · ∇))P = −e(−1

c

∂A

∂t
−∇Φ +

v

c
× (∇×A)). (1.5)

Using the equality

v× (∇× p) = c∇γ − (v · ∇)p, (1.6)

and rewriting (1.5) as the equation for the canonical momentum Pc = p− e
c
A,

∂Pc

∂t
− v× (∇×Pc) = −mc2∇γ + e∇ϕ. (1.7)

Operating with ∇× on Eq. (1.7) we derive the equation for the generalized vorticity,

Ω = ∇×Pc,

∂Ω

∂t
−∇× (v×Ω) = 0. (1.8)

It can be shown [23,24] using Eq. (1.8) that if Ω = 0 everywhere at some initial time

then Ω remains zero at later times. The generalized vorticity vanishes initially in our

cold electron plasma in the absence of a laser pulse. Because ∇× (p − e
c
A) = 0 we

can introduce a scalar function ψ,

γmv =
e

c
A +∇ψ, (1.9)

∂ψ

∂t
= eϕ−mc2(γ − 1), (1.10)

The laser pulse is short enough to neglect the ion motion, and we assume that

the plasma will approach a quasi-stationary and homogeneous state where ψ = 0.

Therefore p = a, also γ =
√

1 + p2. Here we will derive the threshold power

for self-focusing of a weakly relativistic laser pulse in an underdense plasma for

circularly polarized laser pulses using paraxial approximation. Considering a =

1/2((ey + iez)a(r, x)eiξ + c.c) and taking time and space derivatives, we obtain:

iω
∂a

∂t
+ ic2k

∂a

∂x
− c2

2
∇2
⊥a−

ω2
p

2
(1− n

γ
)a = 0. (1.11)
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Transforming time and space variables to a frame moving with the group velocity of

the pulse (Vg = c2k/ω), ξ = x− Vgt, t = τ , simplifies the above equation to:

iω
∂a

∂τ
= c2∇2

⊥
a

2
+ ω2

p(1−
n

γ
)
a

2
. (1.12)

Now normalizing time to ω2
pτ/ω and r to kpr where kp = ωp/c:

∂a

∂t
+
i

2
∇2
⊥a+

i

2
(1− n

γ
)a = 0. (1.13)

Equation (1.13) describes the evolution of the laser pulse as it propagates through

plasma. Assuming that the plasma density is homogeneous n = 1, for weakly nonlin-

ear circularly polarized laser pulse:

γ−1 ' 1− |a|
2

4
. (1.14)

Substituting Eq. (1.14) into Eq. (1.13) yields a nonlinear Schrodinger equation

(NLSE):

∂a

∂t
= − i

2
∇2
⊥a−

i

8
|a|2a, (1.15)

This equation has been studied extensively in the literature [25,26]. Some conserved

quantities can be derived from Eq. (1.15). Multiplying both sides by a∗ and adding

the complex conjugate of the result (a× ∂/∂a∗) gives:

∂

∂t
|a|2 =

i

2
a∇2
⊥a
∗ − i

2
a∗∇2

⊥a, (1.16)

Integrating the left hand side of Eq. (1.16) in cylindrical geometry:

∫ ∞
0

∂

∂t
|a|2d2r = 0. (1.17)

Equation (1.17) implies that the normalized beam power is conserved. Many other

conserved quantities can be derived but one of the most important ones is the Hamil-

tonian H ≡ 1/2∇⊥|a|2| − 1/16|a|4 which is globally conserved. For a Gaussian laser
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beam a(r) = a0 exp(−r2/2σ2
0) where σ0 is the nominal spot size in vacuum, i.e. the

radius at which the intensity is 1/e times its peak value, the Hamiltonian is:

H =
πa2

0

2
(1− a2

0σ
2
0

16
). (1.18)

Self-focusing occurs when focusing has balanced diffraction. This is equivalent to

H = 0 and we obtain a2
0σ

2
0 = 16. This presents a threshold power in normalized unit:

Pc = 16π which in dimensional unit is:

Pcr ' 17.5(
ω

ωp
)2GW. (1.19)

This is the usual expression for threshold power for self-focusing [14–16]. It has been

shown that the condition for self-focusing in 2D slab geometry is
√

2a2
0σ

2
0 = 16 [17,18].

1.2 Magnetic Field Generation by Circularly Po-

larized Laser Pulses in Underdense Plasmas

When a laser pulse irradiates a plasma, the laser electric and magnetic field are

propagating into the medium. The laser magnetic field amplitude is given by [28]:

BL(Gauss) = 9.2× 106(
IL

1016W/cm2
)1/2 (1.20)

where IL is the laser intensity. The laser frequency sets the scale for high-frequency

phenomena. The period of one laser oscillation is about 3.3 fs for a laser with wave-

length of 1 µm. One of the features of high intensity laser plasma interaction is its

potential for generation of large magnetic fields in the megagauss range. One of the

mechanisms that lead to generation of quasi-static magnetic field in a plasma is the

inverse Faraday effect (IFE) which corresponds to the generation of magnetic field
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in the plasma by a circularly polarized laser pulse. During the interaction of the

plasma electrons with the circularly polarized laser pulse, azimuthal electron cur-

rent is produced which leads to generation of axial magnetic field. We will focus on

studying the generation of magnetic field during interaction of circularly polarized

laser pulses with plasma in Chapter 4. A large number of papers on the generation

of axial magnetic field due to IFE exist [29–34]. However there is no agreement on

the predicted strength of the excited axial magnetic field at moderate and relativis-

tic intensities. The strength of the axial magnetic field in interaction of low-energy

laser light with initially homogeneous plasma is proportional to the fourth power

of the laser amplitude [31, 35]. However as predicted in [36, 37] the strength of the

magnetic field increases linearly with the field amplitude. On the other hand, most

authors [31, 38–41] concluded that the strength of the axial magnetic field should

saturate at relativistic amplitudes of the laser light. A nonlinear model for excitation

of quasi-static magnetic field in electron cavitated channels of a circularly polarized

long laser pulse was studied numerically by Kim et. al [41]. Frolov [42] investigated

the IFE of a circularly polarized laser pulses in plasma channels with radially nonuni-

form electron density distribution. His analytical analysis is based on relativistic

hydrodynamic equations for cold plasma. To study the propagation of a laser pulse

in plasma, we consider a plasma channel with electron density Ne(r) and the laser

pulse is propagating along the channel axis, x direction. The electric field of the pulse

is [42]:

EL(r, t) =
1

2
(ey + iλez +

iex
k0

(
∂

∂y
+ iλ

∂

∂z
))E0(r, ξ) exp i(k0x− ω0t) + c.c (1.21)

where ω0 and k0 are laser frequency and laser wavenumber. E0(r, ξ) is the ampli-

tude of the laser field and ξ = x − Vgt is longitudinal coordinate moving with the
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pulse group velocity Vg = c2k0/ω0. λ = ±1 for circularly polarized and λ = 0 for

linearly polarized laser pulse. The electric field of the pulse has a component along

the direction of propagation comes from the fact that the laser radiation is a trans-

verse electromagnetic field. We use Maxwell’s equations for quasi-static electric and

magnetic fields together with relativistic hydrodynamic equations for a cold electron

fluid,

∇× E = −1

c

∂B

∂t
, (1.22)

∇×B =
1

c

∂E

∂t
+

4πe

mecγ
Ne(r)p +

4π

c
j, (1.23)

∇ ·B = 0, (1.24)

∂p

∂t
+ (v · ∇)p = eE +

e

c
v×B. (1.25)

where j and p are the nonlinear current density and momentum of the electrons

(p = γmv) and γ is the relativistic factor. The nonlinear current density is the

averaged product of fast varying electron velocity and electron density (e < δNL·vL >,

where L denotes the laser). Using Eq. (1.9), we find

B = −c
e
∇× p, (1.26)

Substituting Eq. (1.26) into (1.25) gives,

E = mc∇γ +
1

e

∂p

∂t
. (1.27)

Using the continuity equation:

∂

∂t
δNL +∇ · (Ne(r)vL) = 0, (1.28)

the following expression can be found for fast oscillating electron density and electron

velocity:

δNL(r, t) =
eE0(r, ξ)

2meω2
0

(
∂

∂y
+ iλ

∂

∂z
)(
Ne(r)

γ
) exp(−iω0t+ ik0x) + c.c, (1.29)
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vL(r, t) =
ie

2meω0γ
((ey + iλez) +

iex
k0

(
∂

∂y
+ iλ

∂

∂z
))E0(r, ξ) exp(−iω0t+ ik0x) + c.c.

(1.30)

Using the above equations, we find that the nonlinear current density has only an

azimuthal component:

jφ = −λe
3E2

0(r, ξ)

2m2
eω

3
0γ

∂

∂r
(
Ne(r)

γ
). (1.31)

This equation shows that jφ and subsequently Bx is zero for linearly polarized laser

light. Eliminating the electric and magnetic fields in Eqs.(1.22-1.25), we find an

equation for the slowly varying electron momentum:

(
∂2

∂ξ2
+
k2
p(r)

γ
)p +∇×∇× p = −4πe

c2
j +meVg

∂

∂ξ
∇γ (1.32)

where kp(r) = ωp(r)/c is the plasma wavenumber. Note that low frequency elec-

tron density variation is assumed to be small and ignored. The electron momentum

components are:

∂2px
∂r∂ξ

+
k2
p(r)

γ
pr = mec

∂2γ

∂r∂ξ
(1.33)

(
∂2

∂ξ2
+
k2
p(r)

γ
)px +

1

r

∂

∂r
r(
∂pr
∂ξ
− ∂px

∂r
) = mec

∂2γ

∂ξ2
(1.34)

k2
p(r)

γ
pφ −

∂

∂r

1

r

∂

∂r
(rpφ) = −4πe

c2
jφ (1.35)

Here the group velocity of the laser light was assumed to be equal to the speed of light

c. This assumption is correct for ω0 � ωp(r). We are interested in the interaction

between an underdense plasma and an intense and long circularly polarized laser light

pulse such that the pulse duration time exceeds the electron oscillation time (τ � ω−1
pe

where τ is pulse duration). In this case only the axial component of the magnetic

field is excited:

1

r

d

dr
(
rγ

k2
p(r)

d

dr
(Bx))−Bx = − λec

2meω3
0

d

dr
(
rE2

0(r)

Ne(r)

d

dr
(
Ne(r)

γ
)) (1.36)



1.3 Laser-Plasma Accelerators 12

where magnetic field is normalized to mcω/e. In deriving Eq. (1.36), B = − c
e
∇× p

(1.26) is used. Eq. (1.36) shows that the magnetic field depends on the gradient

of Ne(r)/γ. The solution to Eq. 1.36 gives the distribution of quasi-static magnetic

field. A detailed study of magnetic field generation during interaction of circularly

polarized laser pulses with underdense plasma is presented in Chapter 4.

1.3 Laser-Plasma Accelerators

Acceleration of charged particles using electromagnetic fields has been studied for

about one hundred years. One of the methods to generate big accelerating fields and

to achieve high particle energies is using laser-plasma interactions. In recent years,

the invention of the chirped pulse amplification technique allowed the generation of

intense laser pulses of ultra short durations and created new opportunities in laser

plasma acceleration. In 1979 Tajima and Dawson [43] proposed a new method to ac-

celerate charged particles using laser-plasma interaction. In their model, a short laser

pulse interacts with an underdense plasma and generates a strong oscillating field in

its wake. The generated electrostatic field by such a process can accelerate electrons.

Net acceleration happens when the electrons are injected into the wakefield with ve-

locities close to the phase velocity of the wave. The phase velocity of the excited

wake is equal to the group velocity of the laser pulse [43]. In the non-relativistic case

vg = c
√

1− ω2
p/ω

2
0 where ωp is the plasma frequency and ω0 is the laser frequency.

For relativistic circularly polarized laser pulse vg = c
√

1− ω2
p/γω

2
0 where γ is the rel-

ativistic factor. It can be seen that the required velocity for injection of electrons into

the wakefield is lower for higher plasma densities. Once the electrons are trapped by

the wakefield, they undergo acceleration. However there are limits on the maximum
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energy that the electrons can attain. One limiting factor is the maximum electric field

that the plasma can support. For linear wakefields, the maximum electric field that

can be obtained is E0 = 4πen0c/ωp where n0 is the uniform background density. For

relativistic cases (a0 ≥ 1), nonlinear-wakes, the limiting field using 1D cold fluid equa-

tions is higher and is given by [44]Emax
w =

√
2(γph − 1)E0 where γph = (1−v2

ph/c
2)−1/2

is the relativistic factor of the wake with phase velocity vph < c . However, plasma

finite temperature effect can reduce this field [45].

Once the electron is trapped and accelerated by the wakefield, the velocity of the

electron in the wakefield will increase and eventually overtake the wake wave which

is moving with vph < c. Finally the electron will get to the regions in the wakefield

where it will be decelerated by the electrostatic fields. This is the maximum energy

that the electrons can attain. The distance over which this process happens is called

dephasing length Ld. This distance can be estimated Ld ≈ γ2
phλp. For γph � 1 the

maximum energy gain is [43] Wmax ≈ 2πγ2
ph(Emax/E0)mec

2 where Emax is the max-

imum electric field of the wakefield. A detailed analysis of the maximum energy of

an electron trapped in the wakefield has been presented for example in Ref. [46]. An

estimate for the dephasing length is given by [46]:

Ld ∼= γ2
phλNp


2/π for Emax/E0 � 1

1/2 for Emax/E0 � 1
(1.37)

where λNp is the nonlinear wavelength given by:

λNp ∼= λNp


1 for Emax/E0 � 1

(2π)Emax/E0 for Emax/E0 � 1
(1.38)

As the laser pulse propagates into the plasma, it loses energy due to the absorption in

the plasma. The laser pulse depletion length can be estimated [47] ddl ≈ L(ω0/ωp)
2



1.3 Laser-Plasma Accelerators 14

where L is the pulse length. If the depletion length is shorter than the dephasing

distance, the maximum attainable energy for the electron will be reduced. The reason

is that the laser pulse is being absorbed by the plasma over this distance. The

depletion length of a circularly polarized square laser pulse of length L ≈ λNp/2

is [47–49]:

ldl ∼= (ωp/ω)2λp


a−2

0 for a0 � 1

a0/3π for a0 � 1
(1.39)

One dimensional laser pulse was considered up to here. In three dimensions, the laser

pulse is focused and defocused. The length over which a Gaussian shaped laser pulses

defocus in vacuum is the Rayleigh length [50]. If the waist size of the laser w0 is very

small, the Rayleigh length can be smaller than the dephasing length and this will limit

the maximum energy that the electron can get. However, fulfilling the condition for

optical guiding of the laser pulse into the plasma is a solution for this. Self-focusing

can occur for laser pulses in which L > λp [15] or in a performed plasma channel [51].

The critical power for self-focusing is Pcr ≈ 17(λp/λ0)2 GW. But even with relativistic

self-focusing a laser pulse can bend away from the pulse direction due to hosing

instability. This has been shown both theoretically [52] and experimentally [53] and

it will limit the distance over which acceleration can occur. Moreover it has been

shown that for ultrashort laser pulses in which L ≤ λp, relativistic self-focusing is

ineffective [51].

Acceleration of self-trapped electrons has been observed in experiments [5, 54–60].

In Chapter 5, we study electron wakefield acceleration using 2D PIC code in

support of the experiment which was carried on at Canadian Advanced Laser Light

Source (ALLS) facility [61]. The experiment was performed using 10 TW laser pulses.

Parameters corresponding to the experimental conditions were used in 2D PIC sim-
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ulations. The maximum energy of electron bunch of 30 MeV was measured from the

simulations which is close to the experimental result. The detailed description is the

subject of Chapter 5.

1.4 Thesis Outline

In this thesis the interaction of intense laser pulses with underdense plasma is studied.

Theoretical and numerical modelling (2D and 3D Particle-in-Cell code) were used to

investigate the different physical processes in the field of laser plasma interaction. The

work in this thesis covers areas related to self-focusing and channeling of the strong

laser pulses in underdense plasma, magnetic field generation due to inverse Faraday

effect during interaction of the laser pulses with plasma and electron wakefield accel-

eration. The thesis is organized as follows:

-Chapter 2 presents the self-focusing and channeling of intense laser pulses in under-

dense plasma in details. Numerical results of interaction of laser pulses with plasma

in large scale from the 2D PIC code Mandor [27] are presented and compared with

theoretical results.

-Chapter 3 investigates the self-focusing and channeling of the laser pulse in under-

dense plasma using the 3D PIC code Mandor. The numerical and theoretical results

are compared.

-Chapter 4 focuses on magnetic field generation due to the inverse Faraday effect

in laser plasma interaction. The relevant equations are solved numerically and the

results are compared with 3D simulations.

-Chapter 5 describes the electron wakefield acceleration in laser interaction with un-

derdense plasma. This Chapter splits to two Sections discussing the experiments and
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supporting simulation results. One of the motivations for this work was to interpret

the results obtained from the experiment.

-Chapter 6 summarizes and concludes the work described in the thesis.
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Chapter 2

Self-Channelling of Relativistic

Laser Pulses in Large-Scale

Underdense Plasmas

2.1 Introduction

The problem of intense short laser pulse propagation in a large scale underdense

plasma continues to attract research interest. According to the inertial confinement

fusion fast ignition scenario [1] the ignition pulse will propagate through a mm-scale

underdense plasma. The nonlinear evolution of such a pulse involves relativistic self-

focusing and channeling [2,3]. These processes define the optimal choice of the pulse

energy and time duration [4]. Electron-free plasma channels formed by relativistic

pulses have been considered as the medium enabling x-ray generation and guiding of

A version of this Chapter has been published. N. Naseri, S. G. Bochkarev and W. Rozmus,

2010. Physics of Plasmas. 17: 033107-(1-11).
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x-ray radiation without losses [5]. Experiments with Peta-watt lasers have generated

spectra of relativistic electrons [6] that are accelerated by the combined electromag-

netic fields of the laser pulse and quasistationary fields in the electron evacuated

channels. Acceleration mechanisms involve stochastic dynamics of electrons in non-

linear fields including the betatron resonance [7]. These recent studies [4–6] are ex-

amples of problems related to nonlinear propagation of relativistic laser pulses. Their

solutions have involved particle-in-cell (PIC) simulations that are performed in two

spatial dimensions. More realistic PIC simulations in 3D geometries are still difficult

to perform because of the very high demands on the computer time and memory. Our

paper will demonstrate by means of 2D PIC simulations that analytical stationary

solutions of relativistic self-focusing (RSF) and plasma channelling can be achieved

in laser plasma in a specific range of plasma densities, provided that the laser power

is above the threshold value. We will investigate the stability of such solutions and

define conditions under which the channels are destroyed by surface mode effects and

hosing like instabilities. Our understanding of such interactions builds on numerous

numerical and theoretical studies of channel dynamics [8, 9], polarization effects [10]

and early studies of laser pulse channelling and RSF [11–14]. Since the first paper

on the optical self-focusing [15] and the subsequent discovery of soliton like solu-

tions [16], electromagnetic wave self-focusing has been extensively studied in theory

and experiments. The focal point of our paper is the regime where light self focuses

due to the combined effects of ponderomotive and relativistic nonlinearities [17, 18].

The first mechanism occurs because of the expulsion of electrons by the transverse

ponderomotive force of the laser pulse. Due to this density modification, the refrac-

tive index becomes larger on the axis, making this region act as a positive lens. The

relativistic self-focusing occurs as a result of the increase in electron mass in high
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intensity regions, decreasing plasma frequency and therefore increasing the refractive

index nr =
√

1− n0/(ncrγ), where γ is the relativistic factor, ncr is critical density

and n0 is the background plasma density. Early theoretical studies identified these as

the two main mechanisms leading to self-focusing [19–22]. The critical power for self-

focusing in three dimensions has been defined by balancing nonlinear and diffraction

effects [23] Pcr = 17(ω2
0/ω

2
p) GW , where ω0 is the laser frequency, ωp =

√
4πe2n0/m

is the plasma frequency, and m is the electron rest mass. For the laser pulse powers

above the critical power, the transverse ponderomotive force could be large enough

to expel all the electrons from the high intensity region, thus generating a channel

free of electrons with a positive charge of background ions. The threshold power for

channelling was first calculated by Sun et al. [19] in a cylindrical geometry. How-

ever as Feit et al. [20] later showed, the solutions by Sun et al. [19] and Borisov et

al. [12] did not satisfy global charge conservation. Feit et al. [20] removed this incon-

sistency by introducing electron temperature effects. However this procedure lacked

self-consistency as the temperature was supposed to be calculated from experimen-

tal conditions. More recently Cattani et al. [24] and Kim et al. [25] have obtained

exact stationary channelling solutions in 2D and in the cylindrical 3D geometry, re-

spectively. Their solutions satisfy total charge conservation by explicitly satisfying

Poisson’s equation. This has led to some differences between total laser powers nec-

essary to support stationary fully evacuated channels in previous models [12,19] and

in charge conserving solutions of Refs. [24,25].

Analytical results by Cattani et al. [24] in the 2D slab geometry have provided a

theoretical framework for our numerical investigations. From these solutions we are

able to evaluate the threshold power for complete electron evacuation, Pch, as well as

the channel width and make comparison with PIC simulation results. According to
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the model when the incident power is above the channelling power, a single channel

will form. Such channels display stationary behaviour and are very close to analytical

solutions by Cattani et al. [24]. We have also investigated the stability of localized

solutions without full evacuation. These nonlinear solutions are unstable with respect

to transverse perturbations and are responsible in our simulations for breaking up the

filaments into several independent filaments of a smaller size. Individual filaments in

such self-focused pulses are similar to single channel stationary solutions in terms of

trapped power and the size of the channel.

In this Chapter we study the propagation of intense circularly polarized laser pulses

in large-scale length underdense plasmas by using the PIC code Mandor [26]. We will

study conditions under which channelling can occur. Different parameters such as the

laser power and plasma density are considered. We have found that for high plasma

densities, n0 ≥ 0.1ncr, the transverse instability dominates the long time evolution of

these filaments and leads to splitting of the nonlinear solutions. At lower densities

and for filaments with large transverse size, surface waves accelerate electrons and

contribute to the destruction of the plasma channels. The rise time of the laser pulse

plays an important role in the stability of these channels and the growth of surface

modes.

The paper is organized as follows: First we review the theory of channelling (Sec.

2.2 and 2.3). We discuss the simulation results for partial evacuation in Subsec.

2.2.3 and complete evacuation in Subsec. 2.3.1. The stability of partially evacuated

channels is discussed in Subsec. 2.2.4. We also address the effects of surface wake

excitation (Subsec. 2.3.3) and we calculate the wavelength of the excited wakes.
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2.2 Relativistic Self-Focusing - theory and simula-

tions

Since the original publication by Litvak and Max et al. [17, 18] RSF has been ex-

tensively studied in theory and by means of numerical simulations. We will focus

our study on the theoretical model [12, 19–22] which gives stationary solutions on

the time scale of the electron response. Ions are assumed fixed in this theory. In

particular we will compare 2D PIC simulations with theoretical predictions based on

the 2D version of this model [24]. We will describe the regime of plasma parameters

where stationary solutions can be reached in PIC simulations. The single channel

stationary 2D solutions [24] have been reproduced in our simulations. They display

stable behaviour except for electron acceleration related to surface modes and insta-

bilities at higher densities. We will emphasize the regime of the full evacuation of

electrons from plasma channels. However in this Section we will start with review-

ing the main assumptions of the RSF model. We will compare PIC code results with

localized RSF soliton-like solutions for the field and electron density without full elec-

tron evacuation. From the analytical localized stationary solution in 2D we will be

able to calculate the necessary power for RSF to occur. We will analyze the stability

of nonlinear stationary RSF filaments with respect to transverse perturbations. We

have found that these solutions are linearly unstable. This is consistent with the

results of PIC simulations and the observed break up of a broad laser filaments into

several individual narrow structures. Our analysis is similar to the description of the

azimuthal breakup of the RSF filaments in a cylindrical geometry [27,28].
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2.2.1 Theoretical Model

First, we summarize assumptions and basic equations of the theoretical model of

RSF [12, 19–22] and their solutions in 2D by Cattani et al. [24]. The basic set of

equations consists of Maxwell’s equations in the Coulomb gauge and equation of

motion for the cold electron plasma

∇2A− 1

c2

∂2A

∂t2
=

1

c

∂

∂t
∇ϕ+

4π

c
nev, (2.1)

∇2ϕ = 4πe(n− n0), (2.2)

∂p

∂t
+ (v.∇)p =

e

c

∂A

∂t
+ e∇ϕ− e

c
v× (∇×A), (2.3)

Using the equality

(v.∇)p = mc2∇γ − v× (∇× p), (2.4)

and combining (2.3) and (2.4) one obtains ∇× (p− e
c
A) = 0. Therefore we can write

γmv =
e

c
A +∇ψ, (2.5)

∂ψ

∂t
= eϕ−mc2(γ − 1). (2.6)

Here γ is the relativistic factor, n is the electron density, n0 is equilibrium density,

−e is electron charge and m is the rest mass of an electron. A is the electromagnetic

vector potential, ϕ is the electrostatic scalar potential and ψ is a scalar function.

Vortex-free motion for electrons is assumed. The laser pulse is short enough for

ion motion to be neglected and we will look for a quasi-steady-state where we can

ignore the time dependence in (2.6). At first electrons are assumed to be cold so they

have zero velocity before laser pulse arrives, thus ψ = 0. The plasma is considered

homogeneous. The normalized vector potential is assumed as

e ~A

mc2
=

1

2
a(y)exp(i(hx− ω0t))(ey + iez) + c.c., (2.7)
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where x is direction of propagation h is the propagation constant and y is transverse

direction. Using the paraxial approximations k⊥ � h where k⊥ is the transverse

component of the laser wavenumber, the system of (2.1-2.6) reads

∇2
⊥a+ (1− ηn

γ
)a = 0, (2.8)

∇2
⊥φ = η(n− 1), (2.9)

φ = γ − 1, (if n 6= 0) (2.10)

where ∇⊥ = d/dy, relativistic factor γ = (1+ |a|2)1/2 and η = (n0/ncr)/(1−h2c2/ω2
0),

ncr is critical density. a and φ are normalized by mc2/e and transverse length is

normalized to [k0

√
1− h2/k2

0]−1, where k0 is the laser vacuum wave number. Consider

(2.8) to be an equation of motion for the laser plasma system. Equation (2.8) can

be obtained from the Hamilton’s principle and we can write the Lagrangian of the

system as [21]

L = g(a)
a′2

2
− V (a), (2.11)

where g(a) is a metric and V (a) is potential of the system to be found and the prime

indicates the derivative with respect to y. Using Lagrange’s equation:

g(a)a′′ +
1

2

dg(a)

da
a′

2
+
∂V

∂a
= 0, (2.12)

and manipulating (2.8), using n = ∇2φ/η + 1 and noting that φ
′′

= γ
′′

gives:

a′′

γ2
− aa′2

γ4
− ηa

γ
+ a = 0, (2.13)

We can obtain g(a) and V (a) by comparing (2.12) and (2.13),

g(a) =
1

1 + a2
, (2.14)

and

V (a) =
a2

2
− η
√

1 + a2, (2.15)
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2.2.2 RSF - Stationary Solution

Using g(a) and V (a), we can rewrite the Hamiltonian as [21],

H =
1

2(1 + a2)
a′

2 − 1

2

(
2η
√

1 + a2 − a2
)
, (2.16)

Both a(y) and a′(y) are zero as y goes to infinity. Therefore H = −η and (2.16)

becomes:

a′
2

+ 2η(1 + a2)− (1 + a2)(2η
√

1 + a2 − a2) = 0, (2.17)

Integrating (2.17) gives the exact analytical solution for n 6= 0 [24]:

a(y) =
2
√
η(η − 1)cosh(β(y − y(0)))

ηcosh2(β(y − y(0)))− β2
, (2.18)

where β =
√
η − 1 and y(0) indicates the peak position of a(y). This is a soliton-like

transversely localized solution for the vector potential which does not lead to the full

evacuation of the plasma channel. The electron density is calculated from the Poisson

equation. By using ∇2
⊥φ = ∇2

⊥(γ − 1) and (2.9), we can write:

η(n− 1) = ∇2
⊥γ =

aa′′

γ
+
a′2

γ
− (aa′)2

γ3
, (2.19)

Substituting a′′ from (2.13) and a′ from (2.16) in (2.19) gives the electron density,

n(y) = 3(1 + a2) +
2
√

1 + a2

η
(−η − a2), (2.20)

The electron density has its minimum at y = 0, nmin = 1 − 4(η − 1)2. The electron

density becomes zero when η = 1.5. Therefore partial evacuation happens when

1 < η < 1.5. Calculating the total power for η = 1.5 will give the threshold evacuation

power for one channel formation, a channeling power, Pch, in 2D planar geometry

Pch =
2.84× 1014

λ(µm)

√
3ncr
2n0

− 1 W/cm. (2.21)
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Larger values of η give negative values for electron density. These cases, corresponding

to a complete evacuation of plasma channels require careful theoretical analysis in

order to ensure global charge conservation [20,24]. We will examine them in the next

Section. For now only localized RSF solutions are discussed.

2.2.3 PIC Simulations

All simulations were performed using the PIC code Mandor [26] in a 2D3V mode

in Cartesian geometry. We have used a Gaussian laser profile with a rise time of

200 fs and a constant amplitude afterwards. The laser is focused 2 µm from the

left boundary. The plasma is homogeneous with densities between 0.001ncr − 0.1ncr,

and laser wavelength is 1 µm. The spatial resolution in all simulations that were

performed is ∆x = ∆y = λ/15 (λ is laser wavelength). Lengths in all graphs are

in units of µm and times in fs units. The laser intensity is normalized by I0 =

(mω0c/e)
2c/4π. The laser pulse is circularly polarized. Light is assumed to propagate

along the x direction. The dimension of simulation box is X × Y = 900µm× 100µm.

We have calculated the ion plasma period for different plasma densities in simulations

and have limited the propagation distance accordingly except for plasma densities

0.1ncr where ions are considered mobile. To illustrate the localized solutions due

to RSF we have performed simulations with the following parameters: the plasma is

homogeneous with a density 0.001ncr. The peak intensity of the Gaussian laser pulse is

3.8×1018W/cm2 and the full-width-half-maximum of the laser intensity is 15µm (P ∼

0.67Pch). The laser enters the plasma from the left boundary and evolves towards a

stationary localized solution. The power of the laser pulse is below the channeling

power, Pch (2.21), necessary to evacuate electron density. Figure 2.1 (a) shows the
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Figure 2.1 Contour plot of laser intensity (a). Comparison between analyt-
ical solution and simulation result (b), intensity calculated from analytical
solution (solid curve) and laser intensity taken from transverse cut in simula-
tion box (dashed curve). Contour plot of electron charge density normalized
by nc after propagating 1976 fs (c). Electron density calculated from analyt-
ical solution (solid-curve) and electron density taken from transverse cut in
simulation box (dashed curve) (d)-straight lines show the position of the cut
in the simulation box.

contour plot of the intensity profile of the laser pulse in the plasma at the time of

1976 fs. This panel displays the nonlinear state of the laser pulse of a constant cross-

section supported by the density depletion shown in Fig. 2.1 (c). After the transient

perturbations of the electron density and laser intensity in the front of the pulse which

correspond to the rising pulse intensity, simulations show a stationary laser intensity

profile. We have taken the transverse cross-section of intensity and density (at x=370

µm) and compared them with analytical solutions (2.18), (2.20) in Figs. 2.1b,d. As

can be seen in the graphs, the channel is partially evacuated in the central region. The

dashed-curve in (b) is the laser intensity taken from a transverse lineout in simulation

box and the solid curve corresponds to the analytical solution (2.18). The dashed-
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curve in (d) shows the electron density normalized by n0 taken from simulations and

the solid curve shows the corresponding analytical solution for electron density (2.20).

The comparisons in Figs. 2.1 demonstrate good agreement between PIC simulations

and theoretical results of Sec. 2.2.2. This is further confirmed in Fig. 2.2 where

we have shown the location of stationary RSF solutions on the plane defined by two

conserved quantities in the stationary model, constant η (minus Hamiltonian) (2.16)

and the total power. The single point corresponds to the PIC simulation result from

Fig. 2.1. In this particular case the initial power of the Gaussian beam has been

almost completely captured in the nonlinear solution.

Figure 2.2 Dimensionless power (
∫∞
−∞ a

2dy) as a function of η. Graph shows
the locus of stationary RSF solutions. The single point corresponds to the
stationary PIC simulation solution from Fig. 2.1. The location of this point
was calculated from the numerical results.
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2.2.4 Stability of RSF Filaments

We have performed a linear stability analysis of the nonlinear stationary solutions for

a(y) (2.18) and n(y) (2.20). Within the stationary approximation of Sec. 2.2.1 we

rewrite the wave equation as:

i
∂a(x, y)

∂x
+∇2

⊥a(x, y) + (1− ηn

γ
)a(x, y) = 0 (2.22)

where x and y are in units of [(k2
0/2h)(n0/ncr)]

−1 and [k0

√
1− h2/k2

0]−1 respectively

and the amplitude a(x, y) of the vector potential (2.7) varies also along x-direction.

We seek a solution to (2.22) in the following form:

a(x, y) = as(y) + a+(x, y)eily + a−(x, y)e−ily, (2.23)

where the amplitudes of the perturbations are small, as(y)� |a±(x, y)|, l is a trans-

verse wave vector and as(y) is the analytical solution of the stationary model a (2.18)

for η < 1.5. Substituting (2.23) in (2.22) and linearizing it gives two coupled differ-

ential equations for a+ and a−:

(i
∂

∂x
+R

∂2

∂y2
+Q

∂

∂y
−W )a± = ((1−R)

∂2

∂y2

+(2il −Q)
∂

∂y
− (W − l2 + 1− ηns

γs
))a∗∓

where R = 1− η(as(y)/γs)
2/2 and the operators Q and W are defined by:

Q = 2il − ηas(y)

γs

∂

∂y
(
as(y)

γs
)− ilη(

as(y)

γs
)2

W = l2 − 1− a2
s(y)ns
2γ3

s

+
η

2

as(y)

γs

∂2

∂y2

as(y)

γs
+ ilη

as(y)

γs

∂

∂y

as(y)

γs
+
ηns(y)

γs

Equations for a± are solved numerically assuming a± = (u±(y) + iv±(y))eΓx. This

yields a boundary value problem (cf. Ref. [28]). Boundary conditions are chosen as
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a± |y=0,∞−→ 0. Such a choice leads in the nonlinear stage of the instability to a

splitting of the solution into at least two filaments. Figure 2.3 shows gain coefficients

Γ corresponding to the unstable transverse perturbations of the stationary solutions

as (2.18) for η=1.3, 1.4 and 1.49 as functions of the wave number l. All nonlinear

filaments are unstable for η < 1.5, i.e. without full electron evacuation, against

transverse perturbations. However for low densities the characteristic gain length

1/Γ can be very long. For example, results shown in Figs. 2.1 at n/ncr = 0.001 and

η = 1.26 correspond to a gain length of approximately 5300 µm. This distance is

too long for the instability to affect the RSF solution in the simulation of Fig. 2.1.

On the other hand the same η = 1.26 at n/ncr = 0.1 corresponds to a gain length of

50 µm. This is consistent with the splitting of the filament into two in simulations

discussed later in the paper. For larger values of η, the maximum gain is smaller and

disappears at η = 1.5.

Figure 2.3 Gain coefficient (Γ) as a function of wavenumber for η = 1.3
(solid curve), 1.4 (dashed curve) and 1.49 (dotted curve).
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2.3 Channelling of the Laser Pulse

The stationary analytical solution in the previous Section gives a negative density for

electrons for η > 1.5. In order to construct a solution in this regime, we assume that

the electrons are fully evacuated and the laser forms the channel where the pondero-

motive force is balanced by the electrostatic force of the positive ions. As discussed

in the introduction, much work has been devoted to the laser pulse channeling. We

give below a summary of the analytical results discussed in Ref. [24]. PIC simula-

tions which reproduce stationary channels follow in the next subsection. Finally we

describe the destruction of channels due to surface waves on the channel walls and

electron acceleration.

2.3.1 Analytical Theory

For powers greater than channeling power P > Pch, complete evacuation will happen

according to the stationary model. The ponderomotive force is strong enough to

push all the electrons away from central region, making an ion channel where the

laser pulse is trapped. Given the plasma background density, the increasing trapped

laser power corresponds to a larger transverse size of the channel.The corresponding

solution consists of two parts: an evacuated channel free of electrons and the outside

plasma regions. For the plasma outside the channel we have the same solution as

before, cf. (2.18), while for the evacuated region the vacuum Hamiltonian can be

found using

a′′ + a = 0, (2.24)
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Following the method of Sec. (4.2), gives g(a) = 1 and V (a) = 1
2
a2. Therefore the

vacuum Hamiltonian will be

HV =
1

2
(a′

2
+ a2), (2.25)

and the solution inside the channel can be found by integrating (2.25):

ach = Ccos(y − χ), (2.26)

where C2 = a2
d+a′2d and ad is the field amplitude at the boundary, a′d is the derivative

of the field at the boundary (yd), and χ gives the peak position of a. Therefore the

total power can be determined:

P =
∫ yd

−∞
a2
plasmady +

∫ yd

−yd
a2
chdy +

∫ ∞
yd

a2
plasmady, (2.27)

The channel width can be evaluated by integrating Poisson’s equation over the whole

interval:

η
∫ ∞
−∞

(n− 1)dy = −2η
∫ yd

0
dy + 2

∫ ∞
yd

γ
′′
dy = 0, (2.28)

Thus:

yd = −γ
′

η
, (2.29)

where prime is the derivative with respect to y.

yd = −1

η

ada
′
d√

1 + a2
d

, (2.30)

Using yd = − arctan a′
d

ad
and (2.30),

tan

[
ad(2η(

√
1 + ad2 − 1)− ad2)1/2

η

]
=

√
1 + ad2

ad
((2η(

√
1 + a2

d − 1)− ad2)1/2, (2.31)

By knowing η and using (2.31), ad can be calculated and then (2.17) will give a′d



2.3 Channelling of the Laser Pulse 38

Figure 2.4 Schematic graph of analytical single channel solution, show-
ing intensity distribution (solid curve) and electron density normalized by
n0(dashed-curve).

and (2.30) will give yd. A solution to this problem is unique: for every η(> 1.5)

there is only one value for the power per length and only one value for channel width.

Figure (2.4) shows the schematic graph of a single channel analytical solution for

η = 4.5. The solid curve shows the intensity distribution and the dashed curve shows

the electron charge density.

2.3.2 PIC Simulations

We have performed several 2D PIC simulations for different background plasma densi-

ties, incident laser spot sizes and laser powers. We have found that in a wide range of

low plasma densities, the incident Gaussian pulse with a power above the channelling

power Pch (2.21) reaches a quasi-stationary state which compares very well with sta-

tionary solutions from Sec. 2.3.1. Such a solution is illustrated in Fig. 2.4. With

a proper normalization of the channel width yd by λ(ncr/n0)1/2 we can generate a
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single curve in Fig. 2.5 describing the power trapped in the analytical solution of Sec.

2.3.1 as function of 2yd for all plasma densities. Different PIC runs that have reached

stationary states are shown by dots. Figure 2.5 shows that the trapped power and the

size of the channel are in a very good agreement with our analytical predictions. For

Figure 2.5 Solid line shows the exact analytical solution and circles show
the simulation results for one channel. Numbers 1 and 2 corresponds to two
simulations illustrated in Sec. 2.3.2.

the incident Gaussian pulse which has initial power and the spot size different from

parameters of the stationary solutions in Fig. 2.5 the evolution towards these asymp-

totic states have involved focusing or defocusing of the laser pulse so it reaches the

right width of the stable channel, 2yd. We will illustrate this below by two examples

where the initial Gaussian laser pulses reach the RSF solutions of Fig. 2.5 without the

loss of power. Depending on plasma density, the very front of the pulse can undergo

a complicated nonlinear evolution involving the acceleration of electrons, scattering

instabilities, self-modulations, etc. [10, 13, 29]. All these processes could lead to laser

energy absorption. However, with the rapid increase of the laser power to its clamped



2.3 Channelling of the Laser Pulse 40

value higher than the channeling power, Pch, these nonlinear processes are localized

at the front of the pulse and suppressed in the evacuated channel. It is in this region

where the laser intensity assumes constant value that we have identified stationary

solutions.

Figure 2.6 (Color online) Contours of laser intensity (a,c) and electron
charge density (b,d) normalized by nc for t=1411 fs and t=2540 fs. Solid
curve in (e) shows the analytical solution of P/Pch vs full channel width
y in µm for corresponding plasma density. The triangle shows the input
parameters: laser power and FWHM of the laser intensity and the trian-
gle is the calculated power and channel width taken from transverse cut at
x = 408µm, t=2540 fs.

Two examples of PIC simulations illustrate the evolution of the initial Gaussian

laser pulses towards channeling solutions. Figures 2.6 show simulation results for a ho-

mogeneous plasma density of 0.005ncr, the peak laser intensity is 7.0×1019W/cm2 and
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the initial full-width-half-maximum of the laser intensity is 15 µm. Figures 2.6 show

the contour plots of laser intensity (a),(c) and electron charge density (b),(d) after

propagating 1411 fs and 2540 fs, respectively. Here the initial laser spot size is bigger

than the predicted channel width, therefore the pulse first self focuses, decreasing the

spot size and forming a stable channel. The solid curve in Fig. 2.6e shows the ana-

lytical solution of P/Pch vs. full channel width, 2yd, for plasma density 0.005ncr. The

star represents the input power and the initial full-width-half-maximum of the laser

intensity. The triangle represents the calculated power and channel width taken from

transverse lineout in simulation box. The laser power is 7.0× Pch and the evacuated

channel width is 8.4 µm. For incident powers above channel power for evacuation, if

the the laser spot size is bigger than the expected channel width (like the case above),

then the pulse first adjusts itself, self-focuses and then the channel becomes stable, cf.

Fig. 2.6. Figure 2.7 shows another comparison between PIC simulation results and

the stationary solution for the intensity and density cross-sections. The agreement is

quite accurate. Figures 2.8 show another simulation result where the homogeneous

plasma density is 0.001ncr, the peak laser intensity is 5.0×1020W/cm2 and the initial

full-width-half-maximum of the laser intensity is 10 µm. Figures 2.8a,c show the

contour plots of intensity profile of the laser and Figs. 2.8b,d the density profile of

electrons. At the relatively high power and intensity of the incident pulse the channel

is formed after the nonlinear interaction at the front of the pulse resulting in heat-

ing of electrons. The ponderomotive force pushes the electrons away from regions

with higher laser intensity making a completely evacuated channel. The width of the

channel is 30.1µm. The laser power is 23.0 × Pch. In this example, the initial laser

spot size is smaller than the expected channel width (Figs. 2.8, 4.10), therefore the

laser pulse first adjusts itself, in this case broadens, increasing the spot size and then
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Figure 2.7 Lineouts of laser intensity and electron density normalized by
N0 along transverse direction (cut at x = 408µm, t=2540 fs). Solid curves
show the exact analytical solutions and dashed curves are calculated laser
intensity and electron density taken from transverse cut in simulation box.

.

the channel becomes stable, (see Figs. 2.8, 2.9). The solid curve in Fig. 2.8e shows

the P/Pch vs full channel width 2yd for plasma density 0.001ncr. The star represents

the input power and the initial full-width-half-maximum of the laser intensity. The

triangle represents the calculated power and channel width taken from a transverse

lineout in the simulation box. Figure 2.9 shows the input laser intensity (solid curve),

laser intensity calculated from data taken from a transverse cut in simulation box

after the head of the laser pulse propagated x = 250 µm (dash-dotted curve) and

electron charge density taken from the same data (dotted curve). We can see from

the graph that the laser pulse is broadened in this case and channel is completely

evacuated.
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Figure 2.8 Contours of laser intensity (a,c) and electron charge density
(b,d) normalized by nc for t=1693 fs and t=2823 fs. Solid curve in (e) shows
the P/Pch vs full channel width y in µm for corresponding plasma density.
The star shows the input parameters: laser power and FWHM of the laser
intensity and the triangle is the calculated power and channel width taken
from transverse cut at x = 200µm, t = 1693fs.

An important feature in this simulation is that at the front of the pulse, we see

clearly the rippling of the channel and the increase of the number of fast electrons

inside the channel. We have interpreted these perturbations of the electron density

and of the electromagnetic fields as the surface waves propagating on the walls of the

plasma channels [30]. The next subsection will address the mechanism of electron

acceleration in the evacuated channels due to the interaction with surface waves.

2.3.3 Surface Waves Excitation

Figure 2.10a shows the longitudinal momentum of fast electrons in units of mc in

x − y plane at t=847 fs. These particles are accelerated during interaction with
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Figure 2.9 Solid line shows the input intensity of the laser and the dash-
dotted line taken from a transverse cut (x = 200µm, t = 1693fs) in simula-
tion box at showing the intensity of the laser in plasma. The dashed curve
is the electron charge density taken from the same cut, clearly shows the
evacuated channel.

the electrostatic component of the surface waves that are excited on the walls of

the plasma channel. The wavelength of the electron bunches on the channel edges

is longer than the homogeneous plasma wavelength λp = 2πc/ωp = 33µm and it

corresponds to the surface wave perturbation.

The wavelength of the bunching has been calculated for the weakly relativistic

regime [10, 30]: a short laser pulse can drive a large amplitude wake at the edges of

an evacuated channel over long distances. The effect of a nonzero thickness boundary

was discussed in the same paper. It was shown that for a given plasma density,

the wavelength of the wake for sharp boundaries is λp
√

1 + kpyd where kp is plasma



2.3 Channelling of the Laser Pulse 45

wavenumber and 2yd is the dimensional width of the evacuated channel. The more

realistic case of finite thickness boundary was studied by Shvets et al. [31]. Although

we have used a clamped laser pulse in all our simulations, the laser pulse has a rise

time of 200 fs before intensity reaches its constant value. In this case, the surface

waves on the edges of the channel are excited by the longitudinal ponderomotive force

due to increasing intensity of the laser in the front of the pulse. The excited wakes

are driven to the wave breaking amplitude and accelerate electrons at the edges of the

channel. Eventually energetic electrons fill up the channel and the evacuation will be

lost (Fig. 2.10b).

Our simulations are in the relativistic regime. To find the wavelength of the

surface waves and electron bunches, we will generalize to the relativistic intensities

(a > 1) the theory of Ref. [30]. We are assuming an evacuated channel in the slab

geometry. In order to be able to calculate the wavelength of the excited wakes on the

boundaries of the channel, we assume that the thickness of the boundary is zero. We

rewrite (2.1) introducing electric field as E = −c−1∂A/∂t−∇ϕ:

∇(∇.E)−∇2E +
1

c2

∂2E

∂t2
= −4π

c2

∂J

∂t
(2.32)

where E(y)ei(kxx−ωt) is the electric field, kx is the wave number of the surface mode,

J = −en0v outside the channel and zero inside. Using the same equations as in

Subsec. 2.2.1, we have:

∂v

∂t
= − e

γm
E +

f

γm
(2.33)

where f = −mc2∇γ is the ponderomotive force. Substituting (2.33) in (2.32)gives:

∇(∇.E)−∇2E +
1

c2

∂2E

∂t2
= − 4πe2

γmec2
n0E +

4πen0

γmc2
f (2.34)

We can find the wake modes from (2.34) by setting f = 0. Rewriting (2.34) with
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f = 0 gives,

∇(∇.E)−∇2E +
1

c2

∂2E

∂t2
+
ω2
p

γc2
E = 0 (2.35)

Assuming ω/kx ≈ c, the wakefield solutions for inside the channel (n0 = 0) are:

Ẽx(x, y, t) = Aei(kxx−ωt) (2.36)

Ẽy(x, y, t) = −ikx
k0

√
η

n0/ncr
Ayei(kxx−ωt) (2.37)

Where A is a constant, y is in units of kp/
√
η and Ẽ is in units of e/mω0c. To find

wakefield solutions in the plasma outside the channel, we first write the y-component

of (2.35),

(
k2
p

γ
)Ẽy = −ikxk0

√
n0/ncr
η

∂Ẽx
∂y

(2.38)

Substituting ∂Ẽy/∂y from (2.38) into x-component of (2.35) gives:

∂

∂y
((
γω2

ω2
p

− 1)
∂Ẽx
∂y

) = − η

n0/ncr

k2
p

γk2
0

(
γω2

ω2
p

− 1)Ẽx (2.39)

where γ is given by:

γ =
η cosh2(

√
η − 1(y − yd)) + (η − 1)

η cosh2(
√
η − 1(y − yd))− (η − 1)

(2.40)

which is calculated from (2.18). Ẽx in the plasma outside the channel is the solu-

tion to (2.39). To solve (2.39), we note that for all η > 1.5, ∂γ/∂y � γ. There-

fore to solve (2.39) , we ignore ∂γ/∂y. This is correct if | (∂γ/∂y)/γ |�| (1 −

ω2
p/γω

2)∂2Ẽx/∂y
2)/(∂Ẽx/∂y) |. We will show later that this is a correct assump-

tion. Considering the above approximation, the solution to (2.39) can be found

numerically. By fitting the numerical solution with an analytic function, we find

Ẽx ≈ De−δ(|y|−yd)ei(kxx−ωt) where (D, δ > 0) are constants. For 1.51 ≤ η ≤ 4, we find

1.1 ≤ δ ≤ 2.0 for n0/ncr = 0.001 and 1.08 ≤ δ ≤ 1.98 for n0/ncr = 0.1. We can see
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that the range of δ remains almost the same for the plasma densities considered in

this paper. By matching the boundary conditions for longitudinal component of the

electric field, we find A = D. The normal component of the displacement vector at

y = ±yd is continuous, therefore,

− 1

k2
0

η

n0/ncr
yd = (1−

ω2
p

γω2
)
γc2

ω2
p

δγ

k2
p

(2.41)

and the following dispersion relation can be found:

ω =
ωp
γ

1√
1 + ydη

γδ

(2.42)

and the wavelength of the surface wake will be:

λs = λp
√
γ

√
1 +

ydη

γδ
(2.43)

where γ is calculated at the channel boundary and yd is in units of kp/
√
η. Now we

check the validity of | (∂γ/∂y)/γ |�| (1 − ω2
p/γω

2)(∂2Ẽx/∂y
2)/(∂Ẽx/∂y) |. For all

η > 1.5, the largest value of γ and | ∂γ/∂y | happen at the boundary yd. For instance

for η = 1.51, | ∂γ/∂y/γ |= 0.1 at the boundary which gives the largest value and

| (1 − ω2
p/γω

2)∂2Ey/∂y
2/∂Ex/∂y |≈ 1. The inequality holds for all η > 1.5 in the

plasma region.

We have calculated the wavelength of bunching (2.43) for the above simulation

(cf. Fig. 2.10) (η = 2.2, γ = 2.0, δ ≈ 1.5) and the result is λs = 75.0µm. This is

in a good agreement with the rippling wavelength in the simulation. The electrons

are bunched on the edges of the channel at distances of λs as can be seen in Fig.

2.10a. In weakly relativistic regime, (2.43) gives the same value for the wavelength

as in Refs. [10, 30]. The maximum value of k||/k0 calculated from the spectrum of

the longitudinal electric field at the edges of the channel is 0.014 which corresponds
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to the surface wake wavelength, λs (2.43). The maximum energy of these electrons

is 45 MeV. The electrons from the channel walls will be heated and gradually fill

up the evacuated channel starting from the front of the laser pulse (Fig. 2.10b).

Figure 2.10b shows the longitudinal momentum of the electrons in the transverse

direction at t=1695 fs. These electrons are concentrated at the channel edges at

earlier times and they start to fill the channel at later times. At the later time,

the length of the completely evacuated channel becomes 400µm, while the rest of the

channel is 50% evacuated. The laser pulse broadens and the maximum intensity of the

laser drops to 1/3 of maximum intensity in the evacuated channel. Electron density

modulations and acceleration due to interaction with the surface modes could provide

an explanation for the experimental observation of relativistic electrons during the

interaction of PW pulses with gas jet targets [6]. This mechanism could also be

responsible for the injection of fast electrons into the laser pulse thus enabling direct

acceleration of electrons.

The excitation of the surface waves depends on the rise time of the laser pulse.

If the ascending part of the laser pulse is shorter than the wavelength of the surface

mode on the channel edges, the longitudinal ponderomotive force at the front of the

pulse will act as the source for the surface wave (cf. Ref. [30]). Increasing the plasma

density will lead to smaller wavelengths λs and a less effective coupling between the

laser pulse and the surface modes. At higher background plasma densities and for

not fully evacuated channels the pulse could undergo hosing instability. The resulting

intensity modulations can also excite surface waves, in particular an asymmetric mode

as shown in [10].
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Figure 2.10 (Color online) Longitudinal momentum of electrons in units of
mc in x− y plane for t=847 fs (a) and longitudinal momentum of electrons
in units of mc averaged over x in transverse direction at t=1695 fs (b).

2.3.4 High Density Regime

Surface wave excitation and electron heating dominates the long time evolution of

laser filaments at lower densities, n ≤ 0.01ncr. At higher densities, n ≈ 0.1ncr, we

could not reach the channeling solutions as predicted by the stationary theory of

Subsec. 2.3.1. To gain further insight into properties of these theoretical solutions for

single filaments we have plotted the graph from Fig. 2.5 in the dimensional form for

different plasma densities in Fig. 2.11. Figure 2.11 shows the total power vs channel

width for densities 0.001ncr(solid curve), 0.01ncr (dashed curve) and 0.1ncr (dash-

dotted curve). For the same total power we get different channel widths, smaller

channels for higher plasma densities. Figure 2.11 also demonstrates that increasing

P/Pch for each density will lead to a wider channel. At higher densities, such as

0.1ncr the transverse width of the channel approaches the laser wavelength where the

paraxial approximation used in the derivation of the analytical results fails. It is also
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clear that the transverse instability of RSF filaments of Subsec. 2.2.4 becomes very

effective at higher electron densities and can compete with the channel formation by

splitting RSF filaments into two structures. This is illustrated in Fig. 2.12 at time

t =864 fs and plasma density 0.1ncr. The laser peak intensity is 4.3 × 1019 W/cm2

and the initial full-width-half-maximum of the laser intensity is 8 µm (P/Pch = 16).

The laser pulse self-focuses after the head of the pulse has propagated a distance of

approximately 60 µm. However there is no evacuation of electron density and no

channel formation. Instead laser pulse relaxes to a broad structure supported by the

density depletion which subsequently becomes unstable to transverse modulations

producing two filaments after laser propagation over a distance of 200 µm. The

splitting is shown in Fig. 2.12a. Figure 2.12b shows the laser intensity for two

transverse cuts at t=560 fs (x=119 µm,dashed curve) and t=846 fs (x=181 µm,

solid curve). The propagation length which is involved in the development of these

two filaments is consistent with the linear gain length of the instability described

before in Subsec. 2.2.4. At the later times (t = 1411 fs and 2540 fs) and after

some power losses due to electron acceleration and laser light escaping the filament,

Fig. 2.13 displays a hosing like behaviour of the laser beam (cf. Ref. [10]). The

light starts to bend away from center after the head of the pulse has propagated a

distance of 290 µm. The predicted growth rate in the long wavelength regime is [32]

γh = (a/
√

8)(c/ω0w)khc = 0.003 fs−1, where the spot size w = 3µm and a =
√

20 are

taken from transverse lineout and kh = 2π/50 µm−1 is observed. The characteristic

growth time of γ−1
h ∼300 fs is consistent with the simulation results. No stable

electron evacuated channel forms in this and other similar runs with the same and

higher densities. Because of the transverse instability and time dependent evolution

of the self-focused relativistic pulses no stationary single channels have been recovered
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Figure 2.11 P/Pch vs channel width yd in µm for plasma densities 0.001ncr
(dash-dotted curve), 0.01ncr (dashed curve) and 0.1ncr(solid curve).

at these higher plasma densities n ≥ 0.1ncr.

2.4 Conclusions

We have studied relativistic self-focusing and laser pulse channelling in large-scale

length underdense plasma by means of analytical theory and 2D PIC simulations.

This research has been motivated by continuing interests in intense short pulse laser

propagation in underdense plasmas for fusion [4], particle acceleration [6] and x-ray

transport [5] applications. Numerous theoretical studies over the years [12,19–22] and

in particular the Ref. [24] have provided the set of analytical results which are used

together with PIC simulations in constructing different scenarios of RSF and laser
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Figure 2.12 (Color online) Contour plot of laser intensity at t=846 fs (a)
and Lineouts of laser intensity along transverse direction at t=560 fs (x=119
µm,dashed curve) and t=846 fs (x=181 µm) (b).

pulse channelling.

The most significant result of this paper is the demonstration that the single fully

evacuated stationary channel solution due to RSF is a stable asymptotic state in

PIC simulations. In the density range 0.001 < n0/ncr < 0.1 and for the laser power

above channelling power, Pch (2.21), we were able to reproduce in PIC simulations

the analytical curve from Fig. 2.5. This function describes the location of stationary

analytical solutions in terms of captured power vs channel width. At higher densi-

ties, n0 ≥ 0.1ncr, the stationary channels have the width on the order of the laser

wavelength and require high laser powers to be formed.

The long term evolution of the fully evacuated filaments includes electron accel-

eration due to surface waves, of the wavelength λs = λp
√
γ
√

1 + ydη
γδ

(2.43) (where

γ =
√

1 + a2
d is calculated at the channel boundary) that are excited on the walls

of the channels. These hot electrons can eventually fill up the channel and lead to

its destruction. Surface waves are excited by the coupling between longitudinal pon-
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Figure 2.13 (Color online) Contour plots of laser intensity at t=1411 fs and
2540 fs. Plots show filamentation and bending of the laser light.

deromotive force of the ascending (or descending) portions of the laser pulse with the

plasma on the walls of the channels.

Contrary to the case of fully evacuated channels, the soliton like RSF filaments

without full electron evacuation (2.18) are unstable to transverse modulations, Fig.

2.3. This instability can be particularly effective at higher densities (n0 ≥ 0.1ncr),

where due to the very large gain factor it can compete with the evacuation process of

the channelling laser pulses and break them up into separate filaments. This has been

one of the reasons why we could not reach in our PIC simulations multi-filamentary

stationary solutions from Ref. [24]. RSF filaments with nonzero electron density have

been also unstable to hosing instability. Many qualitative features of our 2D results

are also taking place in more realistic 3D simulations. They will be the topic of the

next Chapter.
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Chapter 3

Self-Focusing, Channeling and

Particle Acceleration by

Relativistic Laser Pulses in 3D

Geometry

3.1 Introduction

Propagation of intense laser pulses in large scale underdense plasma has been an

important subject for advanced applications such as inertial confinement fusion [1],

particle acceleration [2] and radiation sources. The interesting and basic nonlinear

physics of relativistic self-focusing (RSF) and self-channelling of intense laser pulses

has been a topic of ongoing theoretical, experimental and simulation studies [3–19].

Relativistic self-focusing happens if the laser power, P, exceeds the critical power

A version of this Chapter will be submitted to Physics of Plasmas. N. Naseri and W. Rozmus
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Pcr = 17ω2
0/ω

2
p GW, where ω0 is the laser frequency and ωp is the plasma frequency

[11]. For intense laser pulses the transverse ponderomotive force can be large enough

to expel electrons from the central region leading to full electron evacuation [12–15].

This problem was first studied by Sun et. al [12] in cylindrical geometry. Later Feit

et. al [13] showed that charge conservation was not satisfied in their model. Cattani

et. al [14] and Kim et. al [15] studied this problem in 2D slab geometry and 3D

cylindrical geometry, respectively. Their models satisfy the charge conservation by

explicitly including Poisson’s equation. In our previous work, we studied channeling of

intense laser pulses in underdense plasmas using 2D PIC code in large-scale plasmas.

We found a limit on plasma density for complete evacuation to happen. We observed

that for higher plasma densities hosing and transverse instability are the dominant

effects. We also showed how the rise time of the laser pulse can affect the stability of

the evacuated channels [19].

Higher dimensionality is very important in self focusing and self channeling of the laser

pulses in underdense plasma and it leads to fundamental differences compared to 2D

cases. 3D simulations by Pukhov et. al [6] showed that self focusing is much stronger

in 3D than in 2D slab geometry. The purpose of this paper is to study channeling, ring

structure and stability of the channels using 3D PIC codes Mandor [20] and SCPIC

[21]. 3D simulations are more realistic. Moreover, azimuthal properties of the laser

pulse can only be studied in 3D geometry. As we will show azimuthal perturbations

can break the symmetry of the pulse and split the pulse into several filaments. The

growth length of azimuthal instability is shorter for higher plasma densities. In what

follows, first we review the theory of channeling in cylindrical geometry (Sec. 3.2,3.3).

Then we illustrate the simulation results for single channelling and compare them

with analytical solutions (Sec. 3.4). Surface wave excitation will be addressed in Sec.
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3.5. Section 3.6 contains theoretical solutions for the ring structure. The results of

simulations and the comparison with analytical solution are presented in Sec. 3.7.

Stability of single channels and ring structure is studied in Sec. 3.8.

3.2 A Theoretical Model

The focus of our work is on the 3D PIC simulations of intense laser pulses interacting

with a plasma under conditions where wakefields and scattering instabilities are not

important. We will study RSF and channeling of short laser pulses using PIC simu-

lations and examine first whether and under which conditions these numerical results

approach the stationary solutions of a simplified theoretical model [12, 15, 17, 22].

This well established theoretical model includes the description of a cold, relativistic

electron fluid interacting with a laser pulse that is described in the paraxial approxi-

mation. Assuming immobile ions, the basic equations of this model are:

∇2A− 1

c2

∂2A

∂t2
=

1

c

∂

∂t
∇ϕ+

4π

c
Nev, (3.1)

∇2ϕ = 4πe(N −N0), (3.2)

∂p

∂t
+ (v.∇)p =

e

c

∂A

∂t
+ e∇ϕ− e

c
v× (∇×A), (3.3)

where N is the electron density, N0 is the background density, −e is electron charge, m

is mass of electron, A is an electromagnetic vector potential and ϕ is an electrostatic

scalar potential. Using the equality

(v.∇)p = mc2∇γ − v× (∇× p), (3.4)

we can rewrite (3.3) as the equation for the canonical momentum Pc = p− e
c
A,

∂Pc

∂t
− v× (∇×Pc) = −mc2∇γ + e∇ϕ, (3.5)
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Operating with ∇× on Eq. (3.5) we derive the equation for the generalized vorticity,

Ω = ∇×Pc,

∂Ω

∂t
−∇× (v×Ω) = 0. (3.6)

It can be shown [17,23] using Eq. (3.6) that if Ω = 0 everywhere at some initial time

then Ω remains zero at later times. The generalized vorticity vanishes initially in our

cold electron plasma in the absence of a laser pulse. Because of ∇ × (p − e
c
A) = 0

we can introduce a scalar function ψ and write

γmv =
e

c
A +∇ψ, (3.7)

∂ψ

∂t
= eϕ−mc2(γ − 1), (3.8)

where γ is the relativistic factor. The laser pulse is short enough to neglect the ion

motion, and we assume that the plasma will approach a quasi-stationary and homo-

geneous state where ψ = 0. We introduce the slowly varying, normalized amplitude,

a(r, x), of the vector potential eA/mc2 = (1/2)a(r, x) exp(i(kLx−ωt))(ey + iez) + c.c

where x is the direction of propagation and kL is the vacuum wave number. Then

the system of Eqs. (3.1-3.8) will take the following form:

2ikL
∂a

∂x
+∇⊥2a− k2

Ln0

γ
na = 0, (3.9)

∇⊥2(φ) = k2
Ln0(n− 1), (3.10)

φ = γ − 1, (3.11)

where γ =
√

1 + a2 is the relativistic factor, φ = eϕ/mc2, n0 = N0/nc, n = N/N0 and

ncr is the critical density.
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3.3 Channelling

RSF at high laser powers leads to full evacuation of electrons by the ponderomotive

force that is enhanced by the relativistic effect and results in the formation of plasma

channels. This regime of the nonlinear laser pulse propagation has been of particular

interest to the fast ignition scheme, particle acceleration and radiation generation,

particularly as one can find the range of laser powers where such channels seem to

exhibit a linear stability. In order to find an analytical, or almost an analytical solu-

tion describing the cylindrical plasma channel we assume the amplitude of the vector

potential in the following form a(r, x) = a(r) exp(−iκx) where κ is the propagation

constant. Equations (3.9-3.11) can be now written as the set ordinary differential

equations [15] in r:

∇⊥2a(r) + (κ− n

γ
)a(r) = 0, (3.12)

∇⊥2φ = (n− 1), (3.13)

φ = γ − 1, (3.14)

where ∇2
⊥ = 1

r
d
dr

(r d
dr

) and spatial variables r, x are now normalized to (kL
√
n0)−1

and (kLn0/2)−1 respectively (r and x denote from now on dimensionless variables).

Equations (3.13), (3.14) give the plasma density n = 1 + ∇2
⊥γ. Clearly in this

model a strong ponderomotive force can produce full electron expulsion corresponding

to n = 0. For even stronger ponderomotive force, which cannot be balanced by

the electrostatic force due to charge separation, Eqns. (3.13), (3.14) can lead to

nonphysical negative electron density. To deal with this problem Sun et al. [12]

suggested a simple solution that amounts to setting n = 0 inside the cavitation

region of the channel whenever 1 + ∇2
⊥γ < 0. As pointed out by Feit et al. [13]

the straightforward application of this fix has resulted in the violation of the overall
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charge neutrality. Only when the global structure of the solution is determined and

the charge conservation is used in evaluation of the channel size [15] one could proceed

with the solution to (3.12), (3.13), (3.14). Results of Ref. [15] for a single channel

evacuation are reviewed below and later compared with PIC simulations.

Our first goal is to find the threshold power for channeling. Exceeding this power

gives an electron cavitated region where n(r ≤ R) = 0. The radius of the electron

evacuated channel, R, can be calculated by considering the balance between the

ponderomotive force and charge separation force. Assuming that R is the boundary

position, we can write total charge conservation as:

∫ +∞

0
(1− n)rdr =

∫ R

0
rdr +

∫ +∞

R
(1− n)rdr = 0, (3.15)

where the plasma density n = 1 +∇2
⊥γ. Substituting n into Eq. (3.15) gives:

[
a(r)a′(r)√
1 + a(r)2

]

r=R

= −1

2
R. (3.16)

To find a solution to Eq. (3.12), we need to know the values of a(r)|r=R and a′(r)|r=R.

For inside the channel, Eq. (3.12) will be:

1

r

d

dr
(r
da(r)

dr
) + κa(r) = 0 (3.17)

The solution to this equation is a Bessel function of order zero:

ach(r) = CJ0(
√
κr), (3.18)

C is the value of a(r)|r=0. At r = R continuity condition for a(r) and a′(r) gives:

ach(R) = CJ0(
√
κR), (3.19)

a′ch(R) = −C
√
κJ1(
√
κR), (3.20)
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Substituting Eqs. (3.18-3.20) in Eq. (3.16) gives,

C2 =
R2

8κJ2
1 (
√
κR)

(1 +

√√√√1 +
16κJ2

1 (
√
κR)

R2J2
0 (
√
κR)

. (3.21)

Knowing C for a certain κ and fixed R, a(R) and a′(R) will be known.

To find solution in the plasma region r > R, we should combine Eq. (3.13) and Eq.

(3.14) as,

n(r) = 1 +
1

r

d

dr
(r
dγ(r)

dr
), (3.22)

Substituting Eq. 3.22 into Eq. (3.12) gives:

a′′(r) +
1

r
a′(r)− a(r)a′2(r)

(1 + a2(r))
+ (κ(1 + a2(r))−

√
1 + a2(r))a(r) = 0. (3.23)

Equation (3.23) can be solved numerically using shooting method with R as the

shooting parameter. Boundary conditions are: a(r)|r=∞ = 0 and a′(r)|r=∞ = 0.

From the shooting method, we find that the complete evacuation does not happen if

κ > 0.88. Therefore the threshold power for channeling (κth = 0.88) will be:

Pth =
∫ ∞

0
a2
κth

(r)rdr = 1.09Pcr (3.24)

In next Section, we will show the results of different PIC simulations and compare

them with theoretical solutions.

3.4 Single Fully Evacuated Channels-PIC Simula-

tion Results

We performed several 3D PIC simulations considering different parameters such as

different background plasma densities and different laser spot sizes. We have used

PIC codes Mandor [20] and SCPIC [21] in Cartesian geometry. In most of our runs
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Figure 3.1 P/Pcr as a function of evacuated channel radius in units of
[kL
√
n0]−1 (calculated from theoretical model). Points show the simulation

results (Fig.1-a). P/Pcr as a function of radius of evacuated channel in µm
for plasma densities 0.1, 0.01, 0.005 ncr (solid, dashed, dashed-dotted), cal-
culated from theoretical model (Fig.1-b).
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we have used laser pulses with a Gaussian profile, a rise time of 100 fs and a clamped

amplitude afterwards. The pulse is focused 2 µm from the left boundary of the

simulation box. The plasma is homogeneous with densities (0.001 − 0.1)ncr, laser

wavelength is 1µm. The spatial resolution in all simulations that were performed is

∆x = ∆y = ∆z = λ/15 (λ is laser wavelength). Laser intensity is normalized to I0 =

(mωc/e)2c
4π

. The laser pulse is circularly polarized. Light propagates along x direction.

The dimension of simulation box is X×Y ×Z = (200−300)µm×40µm×40µm. We

have calculated the ion plasma period for different plasma densities in simulations and

we limited the propagation distance accordingly except for higher plasma densities

such as 0.1ncr where ions are considered mobile.

We found that for low plasma densities, the incident Gaussian laser pulse with a

power above threshold power for channeling reaches a quasi-stationary state which

compares well with the solution from Sec. 3.3. A location of such solutions is illus-

trated in Fig. 3.1-a (solid curve). Different PIC simulations are shown by dots on the

curve. We find that the radius of evacuated channel is to a very good approximation

given by a scaling relation, R(µm) = 0.245λ(µm)(P/Pcr)
(1/4.383)√n0, where λ is the

laser wavelength. Having the laser power and the initial plasma density, the radius

of empty channel can be estimated. It can be seen from this scaling relation that the

radius of the channel is smaller for higher plasma densities. Moreover, for the same

plasma density, increasing the laser power leads to bigger channel radius. Dimen-

sional graphs of P/Pcr as a function of channel radius R (µm) helps toward a better

understanding of the problem. Figure 3.1-b shows the total power as a function of

channel radius in µm for three plasma densities of 0.1, 0.01, 0.005 ncr. We see that for

the same total power we can get different channel radii, smaller channels for higher

plasma densities.
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Here we discuss the two sample simulations in more details. Figure (3.2) shows PIC

simulation results where the homogeneous plasma density is 0.01ncr, the initial peak

laser intensity is 2.5 × 1019W/cm2 and the initial full-width-half-maximum of the

laser intensity is 6 µm. Figure 3.2 shows the contour plots of laser intensity (a-c)

and electron charge density (d-f) after propagating for 200 µm. After the transient

perturbations of the electron density and the laser intensity in front of the laser pulse

which corresponds to the rising time of the pulse intensity, the simulation shows a

stationary profile. We see in Fig. 3.2a-b that the laser pulse evacuates electrons,

making a cylindrical uniform channel. Figure 3.2 c shows the front of the laser pulse.

The density contour plot Fig. 3.2 d,e show a straight evacuated channel. Figure 3.2

f shows the interaction of front of the laser pulse with the plasma. The characteristic

spiral shape in the electron density is due to the circular polarization of the laser

pulse. We showed the calculated analytical and simulation result for this simulation

in Fig. 3.3. The data from the simulation is taken from x-y plane at x=90 µm. We

calculated the power of the laser, which is P/Pcr = 5.0 close to the expected value

from theoretical solution P/Pcr = 5.5.

For the incident Gaussian pulse which has an initial power and a spot size different

from the parameters of the stationary solutions in Fig. 3.1, the evolution towards

these asymptotic states has involved focusing or defocusing of the laser pulse until it

reaches the right width of the stable channel. Figures 3.4 show another simulation

results where the homogeneous plasma density is 0.001ncr, the peak laser intensity is

5.0 × 1020W/cm2 and the initial full-width-half-maximum of the laser intensity is 6

µm. Figures 3.4a,c show the contour plots of intensity profile of the laser and Figs.

3.4b,d the density profile of electrons. The ponderomotive force pushes the electrons

away from regions with higher laser intensity making a completely evacuated channel.
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Figure 3.2 (Color online) Contours of laser intensity (a-c) and electron
charge density (d-f) normalized to nc.

The diameter of the evacuated channel is ∼ 30µm. The laser power is ∼ 22×Pcr. In

this example, the initial laser spot size is smaller than the expected channel radius

(Figs. 3.5,), therefore the laser pulse first adjusts itself, broadens, increasing the spot

size and then the channel becomes stable, (see Figs. 3.5). The solid curve in Fig. 3.5

shows the P/Pch vs full channel width R for plasma density 0.001ncr. The star repre-

sents the input power and the initial full-width-half-maximum of the laser intensity.

The circle represents the calculated power and channel width taken from transverse

lineout in the simulation box.

We have first noticed a limitation on the extent and stability of relativistic fil-
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Figure 3.3 Comparison of theoretical solutions for laser intensity and elec-
tron density (solid curves) and simulation (dashed curves). Data taken from
simulation in x-y plane at x=90 µm (t=633 fs).

aments that otherwise satisfied conditions for a stationary single channel solutions

when we increased plasma density in a few simulations. Taking as a background

density 3.5× 1019cm−3 and P = 173Pcr, results in an evacuated channel of a shorter

length. The channel forms but after the front of the laser pulse propagated for 120

µm, the evacuation is lost. Figure 3.6 shows the contour plots of laser intensity (a-c)

and electron charge density (d-f) after propagating 200 µm. We see in Fig. 3.6a-b

that the laser pulse evacuates electrons, making a cylindrical uniform channel. The

density contour plot Fig. 3.2 d,e show a straight evacuated channel. However the
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Figure 3.4 (Color online) Contours of laser intensity (a-c) and electron
charge density (b-d) normalized to nc.

complete evacuation is lost after 100µm. We show the longitudinal momentum of

electrons vs longitudinal direction in Fig. 3.7 for the last record in the simulation

box. We can see that around x=120 µm and further on the heating is significant. As

a result, the ponderomotive force is not strong enough to evacuate electrons. Here is

where the destruction of the channel begins. The graph clearly shows the bunching of

electrons at distances ∼ 12µm. This bunching is the result of surface wave excitation

on the channel edges which will be discussed in the next Section.
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Figure 3.5 P/Pcr vs channel radius R in µm for plasma density 0.001ncr
(calculated from theoretical model). Star shows the initial FWHM of the
laser intensity. Circle shows the calculated power and channel radius from
simulation at x = 90µm and t=600 fs.

3.5 Surface Wave Excitation

The RSF of the laser pulse above the threshold for channeling that corresponds to

complete electron evacuation is not limited by scattering instabilities or plasma wakes.

The two last processes require a finite electron density in the channel. However the

steep density channel walls can support surface waves which modulate the density and

can effectively accelerate electrons due to the longitudinal electric field component.

The surface waves have been discussed in Ref. [30] in the weakly relativistic regime.

It has been shown that for a given plasma density, the wavelength of the wake for

sharp boundaries is λs = λp
√

1 + kpRK0(kpR)/2K1(kpR) where λs is the surface

wave wavelength and kp = ωp/c is the plasma wavenumber, R is the radius of the

evacuated channel and K0, K1 are modified Bessel functions of the second kind. The

more realistic case of a finite thickness boundary was studied by Shvets et al. [31]. As
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Figure 3.6 (Color online) Contour plots of laser intensity (a-c) and electron
charge density (d-f) normalized to nc.

discussed in Refs. [19,30] the surface waves are excited by the longitudinal component

of the laser ponderomotive force. The shorter the rise time of the laser pulse and the

steeper the intensity profile, the broader will be the spectrum of the surface waves

that can be enhanced and driven to a nonlinear level. The longitudinal field of the

excited waves can accelerate electrons and heat them, and this leads to the loss of

the full evacuated channel. Here the simulation is done for the following parameters:

peak laser intensity is 5 × 1020 W/cm2, FWHM of the laser intensity 8 µm, plasma

density is 0.001ncr and pulse has a FWHM of 400 fs. The power of the laser is well

above the threshold power for channeling. Therefore a fully evacuated channel is
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Figure 3.7 (Color online) a,b) Contour plot of longitudinal momentum of
electrons normalized to mc after propagating for 80 µm and 240 µm vs
longitudinal direction x in µm. c) Contour plot of longitudinal momentum
of electrons normalized to mc in the x-y plane.
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expected.

The laser pulse is linearly polarized along the z direction. Figure 3.8 shows the

contour plots of the longitudinal field of the excited surface waves, the transverse

field, the electron charge density and the laser intensity at t=1070 fs in the xy plane.

The contour plots of the charge density clearly show the rippling of the channel at

distances of λs ∼ 40 µm which is not far from λp
√

1 + kpRK0(kpR)/2K1(kpR) = 40

µm where the plasma wavelength is λp ∼ 33 µm and the channel radius is R ∼ 15

µm. The channel is fully evacuated. The contour plots of the longitudinal and

transverse fields show that the fields oscillate at a surface wave wavelength and their

magnitudes are maximum at the channel edges. Prediction of the longitudinal and

transverse electric fields inside the empty channel are given as [30]:

Ex = Aei(kxx−ωt) (3.25)

Er = −ikxAr
2

ei(kxx−ωt) (3.26)

where A is a constant. Figure 3.9 shows a transverse cut at x=297 µm at t=1070 fs

and shows the longitudinal and transverse fields of the surface waves at this position.

The longitudinal field of the surface waves inside the channel is almost constant and

it decays outside the channel. The transverse field of the surface wave is proportional

to r, zero at the center of the channel and becomes maximum on the edges and

then decays in the plasma outside the channel. This agrees with the fields taken

from transverse cut in x-y plane in simulation (Fig. 3.9). The longitudinal field of

the surface wave accelerates electrons, eventually the electrons become heated and

full evacuation is lost. The excitation of the surface waves on the edges of evacuated

channels is more enhanced when a finite laser pulse is used. However even for clamped

laser pulses, this process can interfere with channeling. If the front part of the laser
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Figure 3.8 Contour plots of a) longitudinal electric field of the surface waves
b) transverse field Ey c) electron charge densities and d) laser intensities in
xy plane at t=1070 fs.
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Figure 3.9 Longitudinal (solid) and transverse (dashed) electric fields at
x = 297µm at t=1070 fs in xy plane.

pulse is comparable with the wavelength of the surface waves, the surface waves can be

excited on the edges of the evacuated channel starting from the front of the laser pulse

and can heat the electrons and this will end the channeling process. It is important

to note that the excitation of the surface waves is independent of its polarization. We

used linearly polarized laser pulse to ease the visualization process in simulation.

3.6 Ring Structure

3.6.1 Ring Structure- Theoretical Review

Central depleted channels are not the only solutions to Eqs. (3.12-3.14). A central

electron filament enclosed by an evacuated ring is another possible set of solutions to

Eqs. (3.12-3.14) [15]. These structures can exist at higher laser powers. To solve the

equations, the shooting parameter will be the on-axis value of the field and its first
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derivative on axis will be zero because of symmetry. There is a freedom in choosing

the boundary position (R1, Fig. 3.10). The only constraint is that the electron density

can not be negative. The minimum power for this structure for specific κ is when the

electron density at R1 is zero. Having R1, we know the field amplitude and its first

derivative at this point.

The solution for the depleted region (from R1 to R2) is:

a(r) = AvJ0(
√
κr) +BvY0(

√
κr), (3.27)

where J0 and Y0 are zero order Bessel and Neumann functions respectively. Therefore

the solution at the boundary is:

a(R1) = AvJ0(
√
κR1) +BvY0(

√
κR1), (3.28)

a′(R1) = −Av
√
κJ1(
√
κR1)−Bv

√
κY1(
√
κR1). (3.29)

Integrating Poisson’s equation:∫ +∞

0
(1− n)rdr =

∫ R1

0
(1− n)rdr +

∫ R2

R1

rdr +
∫ +∞

R2

(1− n)rdr = 0, (3.30)

gives a relation between R1 and R2:

g(R1)− g(R2) =
1

2
(R2

2 −R2
1), (3.31)

where

g(r) =
ra(r)a′(r)√
(1 + a2(r)

. (3.32)

Therefore R2 can be calculated from above equations. Knowing R2, we can calculate

a(R2) and a′(R2) and the solution for the semi-infinite plasma region can be found.

The threshold power for exciting ring structure solution for fixed κ is when the density

at the first boundary from central axis becomes zero. Figure 3.14 shows the minimum

total power required for ring structure as a function of κ. The minimum power to

excite these structures is 33Pth.
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Figure 3.10 Schematic graph showing the ring structure solution. The solid
curve is the amplitude of the laser and the dashed curve is the electron density
calculated for κ = 0.3.

3.7 Ring Structure-Simulations

Ring structures were observed in 3D simulations. We always observed them coexisting

with the main laser mode. We will present the results of a sample simulation with 3D

PIC code SCPIC [21]. The input parameters are as follows: the initial homogeneous

plasma density is 0.036ncr. Initial peak laser intensity is 1020 W/cm2 and FWHM of

the Gaussian laser pulse is 10 µm (P ∼ 230Pth). The FWHM of the laser pulse is

250 fs and is focused 10 µm from the left boundary. Figure 3.11 shows the contour

plots of time evolution of the laser intensity in the xy plane. In the beginning we see

the formation of a single channel. Then the laser pulse starts splitting into two from

the front after propagating for 100 µm. The formation of uniform ring is illustrated

in Fig. 3.12 which shows the laser intensity and electron charge density in y-z plane

at x = 95µm. Figure 3.13 shows the comparison between theoretical and simulation

results for ring structure (κ = 0.3 ). At later time, the ring structure goes back in the

pulse. This is because the coexisting main mode has smaller κ, therefore has a larger
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group velocity compared to the ring structure. Thus the ring structure is slower than

the main mode and moves back in the pulse.

Figure 3.11 (Color online) Contour plots of laser intensity at different times.

3.8 Stability Analysis

3.8.1 Stability Analysis-Single Channel

We will examine the stability of theoretical solutions to Eqs. (3.12-3.14) by linear

stability analysis. Within the stationary approximation of Sec3.2 we rewrite Eq.

(3.12) as:

i
∂a

∂x
+∇2

⊥a−
na

γ
= 0, (3.33)

where r is normalized to [kL
√
n0]−1 and x is normalized to [kLn0/2]−1. To investigate

the stability of solutions to Eqs. (3.12-3.14), we assume an exponentially growing

small perturbation as a = a0(r) + a1(r) exp(δx) where a0 is the theoretical solution

to Eqs. (3.12-3.14) and a1 = u + iv, substituted into Eq. (3.33) upon linearization

leads to:

δu = −L0v, −δv = L1u. (3.34)



3.8 Stability Analysis 79

Figure 3.12 (Color online) Contour plots of laser intensity (a) and electron
charge density (b) in y-z plane at x=95 µm and t=400 fs.

The growth rate of small perturbation is determined by the above eigenvalue problem

where the operators L0 and L1 are defined as:

L0 = κ− 1

γ0

+
1

rγ2
0

d

dr
+

1

γ2
0

d2

dr2
− a′20
γ4

0

, (3.35)

L1 = L0 +
a2

0

γ3
0

− 2a0a
′
0

rγ4
0

− a0a
′′
0

γ4
0

− 2a0a
′
0

γ4
0

+
4a2

0a
′2
0

γ6
0

, (3.36)

where γ0 =
√

1 + a2
0 and L0a0 = 0. Therefore

L0L1u = −δ2u. (3.37)

It can be shown that a sufficient condition for the stability of solutions to Eqs. (3.12-

3.14) against symmetric perturbation is ∂P
∂κ

< 0 [34]. With reference to Fig. 3.14
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Figure 3.13 Amplitude of the laser (a) and electron density (b), solid curves
are the theoretical solutions and dashed curves are taken from simulation in
y-z plane at x=95 µm.

we see that both partially evacuated channel solution (κ > 0.88) and fully evacuated

channel solution (κ ≤ 0.88) are stable against symmetric perturbations [15].

3.8.2 Stability Analysis (symmetric perturbation)-Ring Struc-

ture

Figure 3.14 shows the total power as a function of propagation constant κ for ring

structure solution when nR1 = 0 (dashed curve). As mentioned earlier the solutions

with nR1 = 0 gives the least power required for ring structure formation [15]. For

κ ≤ 0.5, the stability condition ∂P
∂κ

< 0 holds. This means that the ring structure

solution for κ ≤ 0.5 is stable against symmetric perturbations. However for κ > 0.5,
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Figure 3.14 The solid curve shows the power as a function of κ for single
channel solution. The dashed curve shows the minimum power required to
obtain ring structure as a function of κ. The total power as a function of κ
for partial evacuation is shown in the inset.

the stability condition is not satisfied ∂P
∂κ
> 0 [15] . Therefore ring structure solution

with propagation constant κ > 0.5 is unstable against symmetric perturbation. We

should mention that the above discussion is for a special case of nR1 = 0. For other

possible cases where nR1 6= 0, one has to plot the corresponding graph and examine

the stability condition ∂P
∂κ
< 0.
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3.8.3 Stability Analysis (asymmetric perturbation)-Ring Struc-

ture

In this Section we examine the stability of ring structure for asymmetric (azimuthal

index=1,2,...) eigenfunctions. We will show that the break up of the ring structure

can be due to a transverse instability. To investigate the stability of ring structure,

we use approximate stability theory [35,36] where all quantities are the mean values

averaged over annular ring (evacuated region). We assume azimuthally dependent

perturbation as:

a = a0 + µ cos(mθ) exp(δx), (3.38)

where µ is a small constant and δ is the growth rate. The form chosen here ensures

that the field is periodic in θ and it allows the modulation to develop around the ring.

This means that we have azimuthal perturbation which as will be shown can break

the azimuthal symmetry of the ring. Substituting Eq. (3.38) into Eq. (3.33) upon

linearization leads to:

δ2 = (κ− m2

r2
)(κ− m2

r2γ0
2
− a0a′′0

γ0
4

+
3a0a′0

2

γ0
6
− a0a′0
rγ0

4
), (3.39)

whereQ =
∫ R2
R1
Qa2

0rdr/
∫ R2
R1
a2

0rdr withQ which denotes any of the quantities a0, a
′
0, r, γ0.

Figure 3.15 shows the growth rate of transverse instability as a function of κ−1. Solid

curve shows the growth rate of the transverse instability for m = 1 and dashed-curve

for m = 2. It can be seen that m = 1 dominates over m = 2. The characteristic gain

length (1/δ) can be very long for lower plasma densities.
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Figure 3.15 Growth rate of transverse instability δ as a function of κ − 1
for ring structure m = 1, 2.

3.9 Evolution of Laser Pulses at Higher Plasma

Densities

Azimuthal perturbations due to the interaction of an intense laser pulse with a plasma

can break up the symmetry of the laser pulse as addressed in previous Section. We

observed the symmetry breaking of the laser pulse in simulations in higher plasma

densities (n0 ≥ 0.1). We could not reach the stable channeling in simulations as

predicted from analytical solutions for n/ncr ≥ 0.1. Azimuthal instability becomes

more important in this regime because the gain length is smaller.

Figure 3.16 shows a simulation with following parameters: initial plasma density

is 0.1ncr, the peak laser intensity is 4.7 × 1019 W/cm2 and the initial FWHM of the

laser intensity is 5 µm. This simulation was performed twice with both movable and

stationary ions. Figure 3.16 shows the iso-surfaces of evolution of the laser pulse as it

propagates through the plasma for 300 µm. We see the formation of a ring structure
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Figure 3.16 (Color online) Contour plots of laser intensity after propagating
for 300 µm.
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after propagating for x=17 µm. Figure 3.18 shows a cut at x=17 µm in y-z plane.

The top panel, bright ring, shows the laser intensity and the lower panel shows the

electron charge density. The plasma density follows the same pattern, central electron

filament enclosed by a cavitated ring. This structure correspond to κ = 0.4. As the

laser pulse propagates farther, the ring loses its symmetrical shape.

Figure 3.17 (Color online) Contour plots of laser intensity in x-y plane at
t=464 and 943 fs.

Azimuthal perturbation breaks the symmetry of ring structure as it propagates

through plasma (See 3.8.3 ). Figure 3.17 shows the contour plots of the laser intensity

in x-y plane at t=464 and 943 fs. Figure 3.19 shows different cuts at different positions

in the y-z plane at x=21, 44 and 70 µm at t=580 fs. Figure 3.19-a shows a ring

structure at x=21 µm, central maximum at x=44 µm and nonuniform ring at x=70

µm. The growth rate of the transverse instability for ring structure for this simulation

(κ = 0.4) is 0.1 which corresponds to a gain length of 33 µm for these parameters.
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Figure 3.18 (Color online) Contour plots of laser intensity (a) and electron
charge density (b) in yz plane at x=17 µm and t=133 fs.
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Figure 3.19 (Color online) contour plots of laser intensity showing in y-z
plane, cuts at x=21, 44 and 70 µm at t=580 fs.
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3.10 Conclusions

We have studied laser pulse channeling in underdense plasma by means of analytical

theory and 3D PIC simulations. Numerous theoretical studies over the years [9, 12,

13, 16, 17] and in particular the Ref. [15] have provided the set of analytical results

which are used together with 3D PIC simulations in constructing different scenarios

of laser pulse channeling.

The most significant result of this paper is the demonstration of the single fully

evacuated stationary channel solution can be reached an asymptotic state in PIC

simulations. In the density range 0.001 < n0 < 0.1 and for a laser power above

channeling power, Pth ∼ 1.1Pcr , we were able to reproduce in PIC simulations the

analytical curve from Fig. 3.1. It describes the location of stationary analytical solu-

tions in terms of captured power vs channel radius. We showed that single channels

are stable structures against symmetric perturbations. We have not observed stable

channeling for plasma densities ≥ 0.1ncr.

The excitation of the surface waves on the edges of the fully evacuated channel

was addressed. The amplitude of the excited surface waves grows as the laser prop-

agates through the plasma and so does the energy of the electrons on the edges of

the evacuated channel. Eventually the electrons will be heated and start filling the

channel. It is important to note that the excitation of the surface waves can happen

if the ascending part of the laser is comparable with the surface wave wavelength.

We also studied the formation of the ring structure in theory and simulations. An

evacuated ring enclosed by an electron filament was observed in our 3D simulations.

However they always coexist with the main laser mode. The threshold power for

ring structure formation is when P > 33Pcr. Higher laser power is needed for ring
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formation. These rings are stable against symmetric perturbations if κ < 0.5 (Fig.

3.15). Our studies on stability of the rings against asymmetric perturbations show

that ring structure is not stable against azimuthal perturbations. The growth rate

of the instability is shorter for higher densities and it is therefore more effective at

higher densities. In fact, we presented an example (Fig. 3.17) for the density 0.1ncr

where the evacuated ring forms early in the simulation, however due to transverse

instability the ring collapses and nonuniform rings form(Fig. 3.19).
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Chapter 4

Axial Magnetic Field Generation

in Interaction of Intense Circularly

Polarized Laser with Underdense

Plasma

An inverse Faraday effect (IFE) as proposed by L. P. Pitaevskii [1] in 1960 corresponds

to an axial magnetic field generation by circularly polarized electromagnetic waves in

dielectrics. With the invention of a laser in the same year, 1960, and in particular

with the introduction of high intensity short pulse lasers in the last two decades, IFE

has now been studied experimentally in laser produced plasmas [2–5] and by means

of numerical simulations and theoretical analysis [6–15].

In addition to IFE, several other mechanisms of the magnetic field generation

A version of this Chapter has been published. N. Naseri, V. Yu. Bychenkov and W. Rozmus,

2010. Physics of Plasmas. 17: 083109-(1-10).
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during interactions of circularly polarized laser pulses with underdense plasmas have

been proposed during the last two decades [16–19].

For example, M. G. Haines [16] has found that during the absorption of a short

circularly polarized laser pulse, a torque is delivered to electrons. This results in

the generation of an opposing torque due to an induced azimuthal solenoidal electric

field. The induced electric field leads to the generation of an axial magnetic field.

The axial magnetic field is inversely proportional to the electron density, ≈ 1/n, and

it is proportional to the laser light absorption coefficient, which is also a function of

density [16].

In a different study, I. Yu. Kostyukov et al. [17] have demonstrated how the

absorbed angular momentum of the laser pulse is transferred to the electron rotational

motion resulting in the generation of an axial magnetic field. The laser light and

the electromagnetic wave angular momentum are absorbed by electrons executing

betatron oscillations in the ion channel formed by the high intensity pulse.

A kinetic model for the generation of a quasi-static magnetic field in the interaction

of circularly polarized laser pulses with a plasma was developed by Yu. M. Aliev et

al. [18] based on the Vlasov equation. This theory applies to hot plasmas where

electron thermal velocity is much higher than typical phase velocity of the generated

magnetic field. The model was later extended to the case of a relativistic two electron

temperature plasma [19].

The aforementioned physical processes lead to diverse equations for the magnetic

field generation. They display different scaling and dependence on plasma parame-

ters and are also distinct from the theoretical description of the IFE. Even the papers

that have been published specifically on the IFE [6–15] contain important differences

between expressions describing an axial magnetic field generation. The phenomeno-
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logical approach introduces the magnetization per unit volume M given by

M =
e3nE2

0

2cm2ω3
êx (4.1)

by adding single particle magnetic dipole moments e〈r0 × vE〉/2c for all electrons,

where n is the electron density, e and m are the electron charge and mass, E0 is

the amplitude of the electric field of the laser beam with frequency ω propagating

in x-direction, and c is the speed of light. The Eq. (4.1) leads to the widely used

expression for the axial magnetic field [1]

B =
a2

2

n

nc
B0 , (4.2)

that is usually identified with the standard IFE result for the magnetic field. Here

a = eE0/mcω, B0 = mcω/e, and nc is the critical plasma density. A source for this

magnetic field is the magnetization current ∇ ×M, with M defined by Eq. (4.1),

as it was shown in the earliest works on IFE [2, 6]. In Ref. [7] it was demonstrated

that Eq. (4.2) follows also from the collisional electron hydrodynamics of a plasma

in the nonrelativistic laser field. Given that nc ∝ m and the relativistic laser field

increases a mass of an electron, i.e. m → γm, the relativistic generalization of Eq.

(4.2) reads [9]

B =
a2

2

n

γ2nc
B0 , (4.3)

after taking into account all relativistic mass factors,

γ =
√

1 + a2 (4.4)

References [8, 10–15] have developed theories of the magnetic field generation based

on the collisionless electron fluid description and have improved on the simple phe-

nomenological approach of Refs. [1, 2, 6]. Whereas the theories of Refs. [8, 10, 12–14]



97

have shown similar results, the equations for the IFE magnetic field in Refs. [11, 15]

are different from each other and from results of Refs. [8, 10,12–14].

Thus, different studies that have been performed since 1990 [8,10–17] have demon-

strated that even without including kinetic effects (as in Refs. [18–20]) theoretical

models for the magnetic field generation by a circularly polarized laser beam do not

agree with Eq. (4.2). These studies also differ between themselves [8, 10–17] as far

as the expressions for the magnetic field are concerned. Clearly, there is a need

for 3D numerical simulations, that may clarify existing discrepancies between differ-

ent theories and could help to identify a leading mechanism of the magnetic field

generation. Such simulations have been recently performed in Ref. [15]. However,

because no comparisons were given in Ref. [15] with analytical results no progress

has been achieved in terms of finding the leading mechanism or the proper expression

describing the B-field generation by IFE. We will present below the results of 3D

PIC simulations and provide comparisons with theoretical results. We will focus on

the range of parameters that lead to laser pulse channeling which is accompanied by

the formation of strongly inhomogeneous electron density and laser intensity profiles.

Our results that have been achieved for relatively long laser pulses without wakefield

generation will also contribute to the description of relativistic self-focusing and laser

plasma channeling [21–25].

We have demonstrated that the quasi-static magnetic field generation is due to

IFE in inhomogeneous plasma and that the results of analytical theories [8, 12–14]

are well reproduced by 3D PIC simulations for conditions of a laser plasma channel

formation. The outline of the paper is as follows. In Sec. 4.1, we describe the study

of typical radial distributions of magnetic fields in plasma channels due to the IFE

using a theory derived in Refs. [12–14]. We show how the radial profiles of the electron
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density and laser intensity affect the magnitude and spatial distribution of the axial

magnetic field. In Sec. 4.2 and 4.3, using distributions of the laser intensity and

density from our 3D simulations we compare quasi-static magnetic field calculations

from the theory with the fields taken directly from the 3D PIC simulation. The

distributions of quasi-static magnetic fields are found for several typical cases of PIC

simulations relevant to characteristic features of self-channeling (Sec. 4.2.1 and 4.2.2)

and cavitation (Sec. 4.2.3). In Sec. 4.2.4, we show that the magnetic field changes in

time following adiabatically the evolution of the radial profiles of the laser intensity

and of the density channel. The last Section, Sec. 4.3, contains a discussion and

summary.

4.1 A Model of the IFE

It has already been shown [8] that a source of the quasi-static magnetic field due to

IFE is a nonlinear current jNL = e < ñeṽe >, where the angular brackets denote an

average over the laser period and ñe, ṽe are the oscillatory density and the oscillatory

velocity of electrons, respectively. The vector-potential in the plasma can be written

as a sum of low and high frequency parts:

A(r, t) = 〈A(r, t)〉+

Re{AL(r, t)(ey + iλez) exp[−iω(t− x/c)]} (4.5)

where x is the propagation direction of the laser beam of the amplitude AL, and

λ = ±1 refers to the left-hand and right-hand circularly polarized laser light. We

will consider a well underdense plasma , n � nc. An expression for the azimuthal

current density excited by a laser pulse in a plasma in the cylindrical geometry is
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given by [8,10,14]:

〈 jNL〉 =
e3A2

Lλ

2m2c2ωγ

d

dr

n

γ
eθ , (4.6)

where the relativistic factor, γ, is given by Eq. (4.4) and eθ is the unit vector in

the azimuthal direction. It can be seen from Eq. (4.6) that the nonlinear current

density is zero for a linearly polarized laser pulse (λ = 0). The equation describing

the quasi-static axial magnetic field due to inverse Faraday effect can be written

as [10,14,18]:

1

r

d

dr
(
rγ

n

d

dr
Bx)−Bx = − λ

2r

d

dr
(
ra2

n

d

dr

n

γ
) , (4.7)

where the magnetic field is normalized to B0, the radial coordinate is normalized to

c/ω = k−1
0 and the plasma density is normalized to nc.

Equation (4.7) shows that the magnetic field depends on the spatial distribution

of plasma density, n and laser intensity, a2, across a channel. According to Eq. (4.7)

the magnetic field cannot be generated in a homogeneous plasma. In order to solve

Eq. (4.7) one needs to know the spatial profile of the electron density and laser

intensity. We consider first two limiting cases: a wide channel such as kpr0 �
√
γ

and a narrow channel with kpr0 �
√
γ. Here r0 is the radius of the trapped laser

beam and 1/kp = c/ωpe is the plasma skin length, where ωpe is the electron plasma

frequency and k0 is the laser wavenumber. For wide channels, the first term on the

left-hand side of Eq. (4.7) is small and therefore the radial profile of the quasi-static

magnetic field can be written as:

Bx =
λ

2r

d

dr
(
ra2

n

d

dr

n

γ
. (4.8)

This is the same expression as Eq. (4.6) in Frolov et. al [14]. For narrow plasma

channels, the second term on the left hand side of Eq. (4.7) is negligibly small and
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one gets:

Bx =
∫ ∞
r

dr
λ

2

a2

γ

d

dr

n

γ
) . (4.9)

One obtains simple scaling expressions for the magnetic field in a channel for the

strongly relativistic case, γ � 1 from Eqs. (4.8) and (4.9): B/n ∼ (
√
γ/kpr0)2 for

kpr0/
√
γ > 1 and B/n ∼ 1 for kpr0/

√
γ < 1. This shows that a plasma channel of a

few micron width and background density 0.01 - 0.1 ncr may produce magnetic fields

of tens of MG.

Note that the theoretical model based on Eqns. (4.6,4.7) is valid for laser pulses

that are longer than the characteristic electron response time, i.e. for τ � 1/ωpe,

where τ is the laser pulse duration or its rise time for the case of pulses with clamped

intensity that we will often use in simulations. In the opposite limit of very short

laser pulses all other components of the magnetic field in addition to Bx are also

important. We have also neglected electron collision effects. This is correct for the

small electron-ion collision frequency, νei � 1/τB where τB is the characteristic time

scale of the magnetic field variation. The time τB is determined either by the laser

pulse duration or by the electron plasma response, τB = max (τ, 1/ωpe). Finally, we

have also neglected electron kinetic effects [18]. For this approximation the radial scale

length of the magnetic field, LB, should satisfy LB >> vτB where v is characteristic

velocity of bulk electrons; correspondingly LB = max (r0,
√
γ/kp).

Figure 4.1 illustrates the radial distributions of a quasi-static magnetic field for

moderately relativistic case, Fig. 4.1a, and strongly relativistic case, Fig. 4.1b, laser

intensities with a Gaussian radial profile ∝ exp(−r2/r2
0) and the plasma channel

density distribution n0/(9e
−r2/r20 + 1). Solid curves in Figs. 4.1 are obtained from the

numerical solution of Eq. (4.7) and dashed curves show the limiting cases of wide
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(kpr0 = 14.7) and narrow (kpr0 = 0.9) plasma channels given by expressions Eq. (4.8)

and Eq. (4.9), correspondingly. The magnitude of the magnetic field increases with

the parameter kpr0 which plays an important role in the magnetic field generation.

The magnetic field has a maximum on the channel axis and decreases in a radial

direction away from the center changing its sign at some radius. The sign change

of the magnetic field in Fig. 4.1 corresponds to the change in the direction of the

magnetic field vector B at the channel edge. The two azimuthal current layers in Eq.

(4.6) are responsible for this field configuration. The currents flow in the opposite

directions [14] due to the change in a sign of the radial derivative in Eq. (4.6). This

effect is reproduced by the approximate solution (4.8) (cf. Fig. 4.1a) however it is

lost in Eq. (4.9) for the limiting case of a narrow channel (cf. Fig. 4.1b). In general,

the approximate solutions (4.8) and (4.9) describe well the magnetic field profile for

large and small kpr0/
√
γ, respectively. Figure 4.2 demonstrates a comparison of the

solution to Eq. (4.7) (solid curve) with the magnetic field profiles from Refs. [2, 6, 9]

(dotted curve) and from Ref. [11] (dashed curve) for the same plasma and laser

parameters. An important difference between these profiles corresponds to the single

direction (dotted) and to a change in the direction (solid and dashed curves) of the

generated magnetic field. The magnetic field distribution derived by M. G. Haines [16]

scales as ∝ α(n)a2/n, where α(n) is an absorption coefficient. Also, the B-field profile

from [16] does not display a two directional structure as given by Eq. (4.7), i.e.

topologically it is similar to expressions from Refs. [2, 6, 9].
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Figure 4.1 The radial distributions of axial magnetic field induced by in-
teraction of circularly polarized laser pulse with plasma. Figure (a) shows
the solutions obtained from Eq. (4.7) for wide channels (kpr0 = 14.7 and
kpr0 = 9) and (b) shows the same solution for narrow channels (kpr0 = 1.8
and kpr0 = 0.9). The dashed curves in (a) and (b) correspond to expressions
given by Eqs. (4.8) and (4.9) for kpr0 = 14.7 and kpr0 = 0.9, respectively.
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Figure 4.2 Comparison of the solution to Eq. (4.7) (solid curve) with B-field
profiles from Refs. [2, 6, 9](dotted curve) and results from Ref. [11] (dashed
curve).

4.2 3D Simulation Results

In order to study magnetic field generation in a realistic geometry of the relativistic

self-focusing and laser pulse channeling we have performed 3D simulations using our

PIC code Mandor [26]. The laser light propagates in the x-direction and is circularly

polarized, the laser wavelength is 1 µm. We have used 8 particle per cell for all

simulations. The spatial resolution in all simulations is ∆x = ∆y = ∆z = λ/15

(λ is laser wavelength). The laser pulse has a rise time of 100 fs and a clamped

constant amplitude afterwards and it is focused at 2µm from the left boundary of

the simulation box.

As in the discussion of theoretical results above, the laser intensity is given by

a2. In order to find the distribution of a quasi-static axial magnetic field, we have

located probes along the transverse direction, y, in the simulation box. The probes

have collected data on the time evolution of the magnetic field that is subsequently
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averaged over the laser wave period. This gives the distribution of an axial quasi-static

magnetic field at the given cross section. The probes were distributed uniformly 1/3

µm apart from one another. For comparison with the theory of IFE we have solved

Eq. (4.7) numerically using the radial distributions of the laser pulse intensity and

the plasma density profile in a channel given by the results of our PIC simulations.

To check the characteristic feature of the IFE that clearly identifies this mechanism

as the source of the magnetic field, mainly the change in the magnetic field direction

after reversal from clockwise to counter-clockwise directions of the light polarization,

we have performed two simulations with different circular polarization of the laser

beam. Figure 4.3 shows the averaged quasi-static magnetic field. The circles show

the quasi-static magnetic field for the counter-clockwise polarization of the laser light

and triangles show the B-field for the clockwise polarization of the laser light. Figure

4.3 agrees with the Eq. (4.7) which changes the sign when the polarization changes

from λ = +1 to λ = −1 in accordance with the IFE. We have checked this feature for

different laser-plasma parameters confirming that the IFE is the main source of a quasi

static axial B-field in our simulations. Below we study the magnetic field profiles for

three typical cases of relativistic self-focusing and laser light self-channeling: (1) self-

focusing with a single channel formation, (2) self-focusing leading to a ring structure

formation, and (3) the regime of a complete electron expulsion from the channel.

4.2.1 A Single Channel Self-Focusing

We will discuss the results of two simulations corresponding to the examples where

only one central density channel is formed and the channel is not fully evacuated.

The initial parameters for the first run are as follows: the maximum of the input
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Figure 4.3 Quasi-static magnetic field calculated from probes located at
x = 85 µm in simulation box. Initial peak laser intensity is 4.7×1019 W/cm2.
The initial FWHM of the laser intensity is 5 µm and the background plasma
density is 0.1ncr. Circles and triangles correspond to λ = ±1.

laser intensity (indicated by the subscript 00) is 1× 1020 W/cm2 that corresponds to

a00 ' 6. The relativistic self-focusing has increased the laser intensity in the channel

to a ' 12. The initial transverse FWHM of the laser intensity of the input Gaussian

beam is 5µm in the best focus position. The quasi-stationary nonlinear channel in a

plasma has a radius of 2.5 µm. Ions are considered as immobile in the simulation.

The background plasma density is 0.36ncr.

Figure 4.4 shows the contour plots of the laser intensity and the electron charge

density at x=32 µm in the y-z plane. The contour plots show the formation of a

single cylindrical channel. The minimum electron density in the channel is 0.2ncr at

the beam center. The laser beam is self-focused and the peak laser intensity increases

four times in a channel. The dashed curves in Fig. 4.5 show the transverse (along the

y direction) spatial distributions of the laser intensity and of the electron density in
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Figure 4.4 (Color online) Contour plots of a) laser intensity and b) electron
charge density at x=32 µm for a single channel.
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Figure 4.5 Distributions of laser beam intensity and electron density across
the propagation direction at x=32 µm (the dashed curves) for a single channel
self-focusing. Solid curves show the analytical functions used for fitting and
later in the numerical solutions of Eq. (4.7).
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Figure 4.6 Comparison of the quasi-static magnetic field profiles for a sin-
gle channel obtained from PIC simulation (dots) and by the analytical IFE
theory (solid curve) using the intensity and density profiles shown in Figs.
4.4 and 4.5.
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the simulation box at x = 32µm. We have estimated kpr0/
√
γ ∼ 2.3 within a channel.

The solid curves in Fig. 4.5 show analytical functions representing the best fits of

a(r) and n(r). These analytical functions have been used in the numerical solutions

of Eq. (4.7). Figure 4.6 shows radial distribution of the axial magnetic field (solid

curve) which is the solution of Eq. (4.7) while dots show the quasi-static magnetic

field from PIC simulation. The maximum magnetic field in the center (y=0) is 35

MG.

We have significantly increased the laser input intensity up to 1× 1022 W/cm2 or

a00 ' 60 in the second numerical example. The initial FWHM of the laser intensity is

the same as before 5 µm. The background plasma density is also the same at 0.36ncr.

Because of the relatively high background plasma density the relativistic self-focusing

does not lead to a fully evacuated channel. Electrons would be fully expelled from

the channel at this high input laser power for smaller background plasma densities,

n < 0.1ncr (cf. e.g. Ref. [25,27]). However, such a nonlinear filament in Figs. 4.7,4.8,

where electrons are not fully evacuated, is not stable and will eventually develop

transverse modulations or hosing type instabilities on the long time scale. Figure 4.7

shows the contour plots of the laser intensity and electron charge density in y-z plane

at x=51 µm. As before, one central density channel is formed.

The laser intensity in a channel has been increased due to self-focusing by a factor

1.6 from its initial maximum intensity or a ' 1.3a00 and the characteristic channel

radius has been reduced to r0 ∼ 4µm and FWHM of the laser intensity has became 3.9

µm. The dashed curves in Fig. 4.8 show the transverse (along the y direction) spatial

distributions of laser intensity and electron density in a simulation box at x = 51µm.

The solid curves in Fig. 4.8 show the analytical functions representing the best fits of

a(r) and n(r). These analytical functions have been used in the numerical solutions
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Figure 4.7 Contour plots of a) laser intensity and b) electron charge density
at x=51 µm for a single channel self-focusing.
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Figure 4.8 Distributions of laser beam intensity and electron density for
single channel across propagation direction at x=51 µm (the dashed curves).
Solid curves show the analytical functions used for fitting.

Figure 4.9 Comparison of the quasi-static magnetic field profiles for a single
channel self-focusing from PIC simulation (dots) and by the analytical IFE
approach (solid curve) for the intensity and density profiles shown in Figs.
4.7 and 4.8.
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Figure 4.10 Contour plots of a) laser intensity and b) electron charge density
at x=18 µm for ring structure case.

of Eq. (4.7). In spite of two orders of magnitude higher laser intensity as compared to

the previous example, the parameter kpr0/
√
γ ∼ 1.5. This is why, in agreement with

the IFE theory, one may expect a similar magnetic field as in the first example that is

demonstrated by Fig. 4.9. The points in Fig. 4.9 show the quasi-static magnetic field

from PIC simulation and the magnetic field from Eq. (4.7) is shown by the solid line.

The maximum magnetic field on the axis is 40 MG. The magnitude of the magnetic

field and its radial distribution calculated from the theoretical model are very close

to result of a PIC simulation.

4.2.2 Ring Structure of the Laser Pulse

To present qualitatively different example we chose the following set of parameters.

The maximum initial intensity of the laser is 5× 1019 W/cm2 (a00 ' 4.3). The initial

FWHM of the laser intensity is 5µm and the background plasma density is 0.09ncr.
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Figure 4.11 Distributions of laser beam intensity and electron density for
ring structure across propagation direction at x=18 µm (the dashed curves).
Solid curves show the analytical functions used for fitting.

Ions are considered immobile. For these parameters relativistic self-focusing evolves

towards the nonlinear state of the plasma and the laser pulse where they both display

ring-like structures.

Figure 4.10 shows contour plots of the laser intensity and electron density at x=18

µm in y-z plane. The laser intensity has a ring shape structure with a minimum on

the laser beam axis. The electron charge density shows similar structure of a central

electron filament surrounded by a partially evacuated ring region where the electron

density reaches a minimum value of 0.05ncr.

Figure 4.11 shows the transverse profiles of the laser intensity and the electron

density at x = 18µm (dashed curves). Solid curves in Fig. 4.11 show analytical func-

tions used to fit these radial distributions. As before, we have used these analytical
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Figure 4.12 Comparison of the quasi-static magnetic field profiles for a case
of the self-focusing leading to ring like field distribution obtained in PIC
simulation (dots) and by the analytical theory of the IFE (solid curve) for
the intensity and density profiles shown in Figs. 4.10 and 4.11.

fits of density and laser intensity to solve numerically Eq. (4.7).

Figure 4.12 shows the axial magnetic field (solid curve) which is the solution of

Eq. (4.7). Dots show the quasi-static magnetic field found from PIC simulation. Here

azimuthal nonlinear current have three layers where the middle azimuthal ring current

flows in the opposite direction to the azimuthal current in the central filament and in

the outer layer. Therefore the magnetic field has three local maxima: on the beam

axis, inside the intensity ring and on the channel edges. Correspondingly, it changes

twice its sign and goes to zero at r � r0. The maximum of the magnetic field, ' 2 MG,

is reached within the intensity ring. The oppositely directed inner and outer magnetic

fields have approximately the same maxima ' 1 MG. This demonstrates that the

self-focusing leading to the formation of a ring structure considerably suppresses IFE

magnetic field generation as compared to B-fields obtained in the case of a single

channel.
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Figure 4.13 (Color online) Contour plots of a) laser intensity and b) electron
charge density at x=30 µm for the cavitation regime.

4.2.3 Channelling Regime

The complete electron evacuation in a laser channel takes place when the laser power

P exceeds the critical power Pcr = 16/n[GW ]. We have already observed in our

simulations [27] that for plasma densities n < 0.1ncr full evacuation happens if P >

1.1Pcr. In this Section, we illustrate the IFE magnetic field generation for fully

evacuated channel. The initial plasma density is 0.02ncr and the laser power is 68 TW

( 76Pcr). The maximum initial intensity of the laser is 1.7× 1020 W/cm2 (a00 ' 7.8).

The initial FWHM of the laser intensity is 6µm. A fully evacuated stable channel

is observed. The radius of the fully evacuated channel is 5.4µm. Figure 4.13 shows

the laser intensity and the electron density in y-z plane at the distance x = 30µm

along the direction of propagation. The laser intensity and electron density that are
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Figure 4.14 Distributions of laser beam intensity and electron density for
cavitation regime across propagation direction at x=30 µm (the dashed
curves). Solid curves show the analytical functions used for fitting.

obtained from this cross section are shown in Fig. 4.14 by solid lines. The dashed

curves were fitted by analytical functions in order to find the quasi-static magnetic

field profile from Eq. (4.7). Figure 4.15 shows the solution to Eq. (4.7) (solid curve).

The radial distribution of magnetic field was also found from PIC simulation by using

the probes in y-direction at x = 30µm. As before the probes record the time evolution

of magnetic field as the laser light propagates in the plasma. After averaging over the

fast laser period the spatial distribution of the quasi-static magnetic field is shown by

dots in Fig. 4.15. The magnetic field profile is similar to the case of not fully evacuated

channel (Sec. 4.2.1). However, the magnitude of the magnetic field is considerably

lower because the effective electron density is much smaller and the relativistic factor

γ reduces the magnetic field source (4.6). Magnetic field reaches a local maximum
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Figure 4.15 Comparison of the quasi-static magnetic field profiles for the
cavitation regime calculated from the PIC simulation (dots) and by the an-
alytical IFE theory (solid curve) for the intensity and density profiles shown
in Figs. 4.13 and 4.14.

(' 2 MG) on the channel axis but it is larger at the channel edge where the nonlinear

azimuthal current density is concentrated.

4.2.4 Time Evolution of the Magnetic Field

In this subsection we will give more examples of PIC simulation results and discuss

comparisons with theoretical predictions for the generation of the magnetic field. In

particular we will demonstrate that the growth of the magnetic field and its time

evolution follows adiabatically changes in the radial profiles of the laser intensity and

electron density. We have found that the axial B-field very quickly adjusts to changing

plasma and laser conditions so we could use the stationary theory (4.7) at different

moments in time to obtain good agreement with simulations at the same location but

for quite different B-field configurations. This has been shown using PIC simulation

results for the following parameters: the peak laser intensity is 1 × 1020 W/cm2

(a00 ' 6), a FWHM of the laser intensity is 5 µm and the initial plasma density is

0.1ncr. We expect that at this relatively large electron density and laser intensity
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the pulse will undergo dynamical relativistic self-focusing and evolve from the central

maximum filament to a ring structure and back at any particular position [27, 28].

Probes in such a run were located at x=25 µm and collected the magnetic field profiles

after the laser pulse propagated for 160 fs and 332 fs. At t=160 fs, Fig. 4.16, only one

central channel is formed (similarly to the results of Sec.4.2.1). The single channel

at 160 fs is not fully evacuated. The minimum density in the channel is 0.04ncr and

it has a radius of ∼ 3µm. Further evolution of the laser filament gives rise to a

ring formation (similarly to the results of Sec.4.2.2) at t=332 fs. The electron charge

density shows a central electron filament enclosed by a partially evacuated ring where

the minimum density is 0.02ncr. Figures 4.16, 4.17 show the transverse cuts in the

x-y plane at x=25 µm(dashed curves) at t=160 fs and t=332 fs, respectively. The

solid curves in Figs. 4.16a,b and 4.17a,b show the analytical functions used for the

best fits of a(r) and n(r) which subsequently were used in numerical solutions of

Eq. (4.7). Figures 4.16c and 4.17c show the comparison of radial distribution of

the axial magnetic field (solid curve) and the quasi-static magnetic field (dots) from

PIC simulations for single channel and ring structure for x=25 µm at 160 fs and 332

fs. Figures 4.16 and 4.17c show that the distribution of magnetic field adjusts itself

to the radial profile of the laser intensity and density channel. Therefore we could

conclude that even for complicated evolution of laser-plasma (single channel to ring

structure) the changes in the magnetic field follows the evolution of the laser intensity

and density channel.
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Figure 4.16 a) Distributions of laser beam intensity and b) Distribution
of electron density across propagation direction at x=25 µm at t=160 fs.
Dashed curves represent the lineouts from simulation and solid curves show
the analytical functions used for fitting. c) Comparison of the quasi-static
magnetic field profiles obtained in PIC simulation (dots) and the analytical
theory of the IFE (solid curve) for the intensity and density profiles shown
in (a) and (b).
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Figure 4.17 a) Distributions of laser beam intensity and b) Distribution elec-
tron density across propagation direction at x=25 µm at t=332 fs. Dashed
curves represent the lineouts from simulation and solid curves show the ana-
lytical functions used for fitting. c) Comparison of the quasi-static magnetic
field profiles obtained in PIC simulation (dots) and the analytical theory of
the IFE (solid curve) for the intensity and density profiles shown in (a) and
(b).
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4.3 Discussion and Summary

We have studied by means of 3D PIC simulations and analytical theories magnetic

field generation due to the IFE during the interaction of intense circularly polarized

laser beams with underdense plasmas. We have investigated the regime of parameters

corresponding to a relativistic self-focusing and laser pulse channeling. Depending

on the laser input power and the electron background density, the plasma response

during the relativistic self-focusing takes different forms. We have considered a single

channel self-focusing without full evacuation of electrons, a ring like mode propagation

of the laser light and density perturbation and, finally, a fully evacuated laser plasma

channel. We have demonstrated for all these cases that magnetic field generation

results from IFE and the quasi-stationary magnetic field spatial distribution is well

approximated by the solution to the theoretical model based on Eq. (4.7). Thus, our

numerical results have confirmed theories of Refs. [10, 12–14, 18] and are in a good

agreement with approximate analytical results given by Eqs. (4.6)-(4.9). The onset

and time changes of this B-field follow adiabatically variations of plasma density and

laser intensity.

We have found that the magnetic field vector in plasma channels can change its

direction and produce radial profiles with two or three different directions across the

channel cross-section. This is quite different from the early theories of the IFE by

circularly polarised laser light [2,6]. These early results [2,6] and the mechanism of the

spin deposition from photons during the absorption of a circularly polarized light [16]

result in an axial magnetic field along one direction. For the conditions considered in

our simulations, we have not observed effects of the electron temperature [15, 18, 19]

and a resonant absorption of the laser light by electrons executing betatron oscillations
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in the channel [17].

Our results show that the magnetic field in a channel scales roughly as the av-

eraged over the laser spot electron density. The B-field may reach several tens MG

in magnitude for conditions of present high intensity experiments. Note that the

changing direction of the generated magnetic field within a channel will complicate

accurate measurements of the magnetic field using Faraday rotation technique and

may result in the significant reduction of the measured magnetic field as compared

to the true value of the field. Clearly ultra-relativistic intensities will lead to the

inhibition of the nonlinear current (4.6) and will result in the laser light channeling.

The two effects will decrease the magnitude of the magnetic field.
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Chapter 5

Quasi-Monoenergetic Electron

Beams Generated From 7TW Laser

Pulses in N2 and He Gas Targets

5.1 Introduction

Laser electron acceleration [1] is a promising new approach for the development of

next generation electron accelerators. GeV electron beam generation has been pre-

dicted by multiple simulations [2] and demonstrated in very recent experiments [3].

Such laser based accelerators might be expected to replace the traditional acceler-

ators in the near future. Recent experiments have demonstrated the generation of

high quality monoenergetic electron beams with different energies and fluxes, through

A version of this Chapter has been published. Z. L. Chen, C. Unick, N. Vafaei-Najafabad, Y. Y.

Tsui, R. Fedosejevs, N. Naseri, P. -E. Masson-Laborde, and W. Rozmus, 2008. Laser and Particle

Beams. 26: 147-155.
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the interaction of laser pulses with powers higher than 10 TW with gases of hydro-

gen or helium [4–6]. Another recent experiment measured the acceleration gradient

in the wakefield through a tomographic diagnosis method, which clearly shows the

acceleration of 55 MeV electron beams from 5 MeV over a 200 µm interaction dis-

tance [7]. It is believed that the monoenergetic electron beams are generated in the

wakefield or in cavitation bubbles in the electron density profile created by the laser

fields when the plasma density ranges between 3× 1018 cm−3 and 5× 1019 cm−3 and

the corresponding wavelength of the plasma waves is of the order of the laser pulse

length [1,4–6]. A recent study confirms the possibility of modifying a long laser pulse

in underdense plasmas to match the necessary conditions and driving the laser plasma

interaction to the laser wakefield acceleration even if the initial laser and plasma pa-

rameters are outside the required regime [8]. The corresponding experiments show

highly collimated, quasi-monoenergetic multi-MeV electron bunches generated by the

interaction of tightly focused, 80 fs laser pulses in a high-pressure helium gas jet.

In this paper we report on measurements of electron generation from relatively

high plasma electron densities of 5 × 1019 cm−3 and higher leading to bunches of

electrons with energies typically ranging from 10 to 50 MeV for nitrogen targets and

25 to 100 MeV for helium targets. Such bunches would be consistent with injection

of electrons from plasma oscillations breaking in the tail of the laser pulse and being

injected into the wake of the main laser pulse as analyzed in 2D particle in cell

modelling. The exact energy of the resultant electrons depends on the time of release

of the electrons from the potential well accompanying the laser pulse which will vary

from shot to shot. In addition, we show that on exceptional shots quasi-monoenergetic

electron beams with energies of over 200 MeV can be generated both from helium

and nitrogen gases. These very energetic electron beams have been produced with a
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laser pulse intensity of approximately 7TW on the target, much less than laser powers

employed in previous experiments [4–6], which have resulted in quasi-monoenergetic

electron bunches over 100 MeV.

5.2 Experiment

Experiments were carried out using the 10 TW laser beamline at the Canadian Ad-

vanced Laser Light Source facility and the experimental set up is shown in Fig. 5.1.

The 800 nm horizontally polarized laser pulses with energies up to 300 mJ were com-

pressed to give 31 fs, 200 mJ pulses on target ( ∼ 7 TW) and focused by a 150 mm

focal length off-axis parabolic mirror in an f/6 cone angle into a 13 µm diameter spot

on a supersonic gas jet. The resultant peak vacuum laser intensity is approximately

5×1018 W/cm−2. The gas jet was generated by a pulsed supersonic nozzle connected

to a gas reservoir with backing pressure adjustable from 100 to 1200 psi. Different

gases of helium, nitrogen and nitrogen mixed with hydrogen were employed in the

experiments. The initial gas density profile was characterized with interferometric

measurements.
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Figure 5.1 (Color online) Experimental set up.
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A calibrated magnetic electron spectrometer was used to measure the electron

energy spectrum on the laser axis in the forward laser direction, where a Lanex

fluorescer screen (Kodak) was mounted after the magnet to record the electron beams.

A sandwiched detector consisting of radiochromic film and CR-39 was used to measure

the electron angular distributions in the forward laser direction on separate laser

shots. It was entirely wrapped by a 20 µm thick aluminium foil to block the scattered

laser light. Most ions with energies less than 10 MeV were stopped by the Al foil

(confirmed by the signals on CR-39), allowing only energetic electrons and a weak

x-ray background to hit the detector and radiochromic film.

5.3 Results and Analysis

In the experiments we scanned the nozzle location along the laser axis to change the

position of the laser focus inside the gas jet density profile. An optimum position to

generate the monoenergetic electron beams was found with the laser beam incident

on the edge of the gas jet, depending on the specific gas density profile formed in the

supersonic gas jet. The gas density profile was measured by the interferometer and

shown in Fig.5.2. The optimum gas pressure for nitrogen and helium to generate the

quasi-monoenergetic electron beams in the forward laser direction was about 360 psi

and 900psi in these experiments, respectively. These correspond to electron densities

in the interaction region of about 9 × 1019 cm−3 for nitrogen while about 5 × 1019

cm−3 for helium, assuming the charge states of nitrogen and helium are 5+ and 2+ [9],

respectively.

Figure 5.3 shows the average energetic electron beam angular distribution in the

forward laser direction, measured by RCF with the integration of 1640 laser shots
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Figure 5.2 Typical gas density profile measured by the interferometer when
nitrogen gas backing pressure was 1000 psi. The gas jet was generated by a
supersonic nozzle which was connected to the gas reservoir with its pressure
adjustable from 100 to 1200 psi. The profile shows a steep gradient at the
edge and a good flat top in the center of the jet.

together. It is seen that the average angular dispersion of the electron beam is less

than 10o. Estimates based on the RCF sensitivity to the electron beam shows that

the number of electrons in the 10o beam is approximately 2.4×109 electrons per shot.

Assuming an average electron energy in the range of 1 to 5 MeV (dominated by a low

energy continuum), the conversion efficiency to electrons with energies greater than

100 keV (the approximate detector cut off energy) would be in the range of 0.2 to

1.0% (the laser energy incident at the target was about 180 mJ for this series of shots).

From the PIC simulations, to be described later, an average electron temperature of

the order of 1.4 MeV is observed for the bulk of the accelerated electrons. Figs. 5.4



5.3 Results and Analysis 131

 
Figure 5.3 (color online) Energetic electron beam angular profile in the
forward laser direction, integrated with 1640 shots when optimum conditions
were adjusted to obtain mono-energetic electron beams. It was measured by
RCF (inner frame) with nitrogen gas at about 360 psi and laser at the peak
power. The laser beam forward direction is at 0o.

and 5.5 show the typical electron energy spectra (horizontal axis) with 1 dimensional

spatial resolution (vertical axis) from both nitrogen and helium gases in the forward

laser direction. For nitrogen alone and nitrogen mixed with 10% hydrogen, in most

cases, one obtains multiple quasi-monoenergetic bunches with energies ranging from

12 MeV to 50 MeV, overlapping with a continuous energy spectrum as shown in

Fig.5.4 (a) and Fig 5.4(b). For helium, in most cases, multiple electron bunches

with energy ranging from 10 MeV to 100 MeV could be observed to overlap with

a weak continuous energy spectrum, as shown in Fig. 5.5(a) and Fig 5.5(b). The

continuous background electron distribution in the spectrum appeared weaker for
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helium than for nitrogen. Occasionally very bright energetic electron bunches were

produced around 200 MeV, as shown in Fig. 5.4(c) for nitrogen and Fig. 5.5(c) for

helium. Such exceptionally high energy shots, above 100 MeV, would occur on the

order of less than 5% of the shots for nitrogen and on the order of about 40% of

the shots for helium. The vertical angular spread of the electron bunches observed

 

Figure 5.4 Typical single-shot electron energy distributions generated from
nitrogen gas targets, measured by a Lanex fluorescent screen coupled to the
electron spectrometer. Typical results are shown in (a) for pure N2 at 500
psi backing pressure and (b) for N2 with 10% H2 at 360 psi. An example of
an infrequent very high electron energy shot is shown in (c) for N2 with 10%
H2 at 360 psi. The dashed lines show the location and width of the lead slit
used to define the spectrometer entrance aperture.

is on the order of 3 to 6 mrad as seen in Fig. 5.4 and Fig. 5.5. This spread is

much less than the average beam diameter of 10o observed from the radiochromic

film as shown in Fig.5.3. The much broader beam diameter could correspond to
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a much broader background of continuum electrons observed as a background in

Figs. 5.4 and 5.5 which would also be dominated by lower energy electrons. The

experiments show that the mono-energetic electron bunch generation from helium

is somewhat more stable than that from nitrogen gas, especially when the laser is

close to the peak power of 7 TW. The corresponding electron energy spectra derived

 

Figure 5.5 Typical single-shot electron energy distributions generated from
helium gas targets, measured by a Lanex fluorescent screen coupled to the
electron spectrometer. Typical results are shown in (a) and (b) for pure He
at 900 psi backing pressure. An example of an infrequent very high electron
energy shot is shown in (c) for He at 900 psi. The dashed lines show the
location and width of the lead slit used to define the spectrometer entrance
aperture.

from the magnetic electron spectrometer observations given in Figs.5.4 and 5.5 are

shown in Fig. 5.6. Fig. 5.6(a) and (b) show the two typical nitrogen spectra and

helium spectra respectively. Fig. 5.6(a) shows that in most cases the electrons from
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nitrogen gas are around 12 MeV to 50 MeV with several bunches overlapped on a

continuous background. For helium gas similar single shot spectra appear with peaks

in the range of 25 to 100 MeV as shown in Fig. 5.6(b). When the electron energy

spectra are averaged over many shots a continuous quasi-Maxwellian distribution is

observed. As shown in Fig. 5.6(c) The electron energy spectrum averaged over 20

shots from nitrogen gas shows a Maxwellian-like distribution, while for the helium gas

jet it shows a plateau-like distribution with higher probability of generating energetic

electron beams in energies ranging from 40 MeV to 140 MeV from the helium gas.

In Fig. 5.6(d), the electron energy spectra from the exceptionally high energy single

shots are given for nitrogen and helium gas. The total energy generated in the quasi-

monoenergetic bunches from helium appears to be approximately 2 times higher than

that from nitrogen gas, which indicates a better energy conversion to the energetic

electron beams from the helium gas. Estimate shows that the number of electrons

in the mono-energetic electron beam recorded by the Lanex screen in the electron

spectrometer is of the order of 106 each shot. This is a small fraction of the total

number observed on the radiochromic film per shot. However, in this case the energy

per electron is much higher, typically on the order of 20 to 200MeV, depending on the

shot and thus the total energy can still represent on the order of 2× 10−5 to 2× 10−4

of the incident energy. The radiochromic film views a much larger solid angle possibly

integrating many such electron beamlets and also integrates all electron energies from

100keV upwards. For a quasi-Maxwellian electron energy spectrum the majority of

electron energies observed by the radiochromic film will be in the low end of the

energy spectrum.

The prepulse level in the current experiments was of the order of 2× 10−5 for the

nanosecond leakage pulse which arrives 8 ns prior to the main pulse and a picosecond
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Figure 5.6 Electron energy spectra obtained from the magnetic spectrome-
ter images: (a) from a single shot in nitrogen with 10% hydrogen at 360 psi (
Fig. 5.4(b) ) integrated over 1.6 mrad of angular spread vertically, (b) from
a single shot in helium at 900 psi (Fig. 5.5(a) ) integrated over 10.6 mrad of
angular spread vertically, (c) by averaging 26 shots from nitrogen gas with
10% hydrogen at 360 psi and 19 shots from helium gas at 900 psi, integrated
over 19.2 mrad of angular spread vertically and (d) energy spectra from the
shots shown in Figs. 5.4(c) and 5.5(c) showing the infrequent high energy
electron bunches for nitrogen with 10% hydrogen and helium respectively
integrated over 1.6 mrad of angular spread vertically. The response of the
system has been calculated based on the camera response and fluorescence
efficiency of the Lanex screen giving approximately one count generated in
the image for each incident electron with energy from 10 MeV to 200 MeV.
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pedestal at 5 × 10−5 of the main pulse intensity 1ps prior to the peak of the main

pulse and rising to 10−3 of the main pulse intensity at 0.4 ps prior to the main pulse.

The effect of prepulse in enhancing the wakefield acceleration mechanism has already

been pointed out by Giuletti et al. [20] and Hosokai et al. [19]. Our experimental

prepulse levels are not too different from those of Hosokai et al. where clear guide

channels were observed formed by the prepulse. For nitrogen gas this would be even

more important due to the complex interaction of the femtosecond beam in ionizing

the gas leading to filamentation and defocusing in some cases as previously observed

by Fedosejevs et al. [9] and which also is complicated by ionization blue shifting of

the leading edge of the laser pulse spectrum [21]. Thus, the preplasma formation may

be required in order to stabilize the generation of quasi-monoenergetic electrons in

nitrogen explaining the lower energies and numbers of electrons observed on average

in the electron bunches compared to helium gas. The requirement for the formation of

a preplasma for nitrogen may also explain why the optimum density for MeV electron

generation was quite high since higher densities would breakdown, absorb more energy

from the laser prepulse and form a channel with larger electron density gradients

giving better guiding of the main pulse. Only rarely would a very long guide channel

of just the right density conditions be formed at the right position for injection of the

main beam to generate the 100 to 200 MeV electron bunches which would explain

the low frequency of observation of the very high energy electron bunches.

The difference of the number of electrons measured by RCF and the Lanex fluores-

cent screen could be explained by a combination of the emission of multiple electron

bunches in a given laser shot as well as a broad background of lower energy contin-

uum electrons emitted in the forward direction. Noting the difference of the solid

angle between RCF and Lanex, the 60 mm by 60 mm RCF was about 80 cm away
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from the target while Lanex was about 920 cm away with a 1mm by 25 mm lead

slit in the path about 355 mm from the target, as shown in Fig.5.1. The observation

height on Lanex screen was only 18 mm, which is equivalent to 7 mm height on the

slit. Thus only a small solid angle of the electron distribution function was observed

by the Lanex screen in the electron spectrometer. Taking this solid angle difference

gives a factor of the order of 100, which partially explains the ratio of the number

of electrons measured by the two techniques. It is expected that more of the higher

energy electrons which require acceleration over longer propagation distances will be

in a small cone angle at the centre of the distribution and the lower energy electrons

may be scattered over a larger cone angle. In addition, lower energy electrons (0.1-10

MeV) are not measured by the electron spectrometer but are still measured by the

Radiochromic film. A larger number of such lower energy electrons may be produced

by the interaction leading to the remaining factor of 10 larger Radiochromic film

signal.

5.4 Modelling of the Results

We have performed 2D (2D3V) particle-in-cell (PIC) simulations with the relativistic

multidimensional code Mandor [10] in support of the experiments. We have used

parameters corresponding to the experimental conditions: the pulse has a Gaussian

envelope with a FWHM diameter of 13 µm, a time duration at half maximum τL =

30 fs, and a peak irradiation intensity 4 × 1018 W/cm−2 (a0=1.4, the normalized

vector potential, a0 = eEpk/mcω, of the incident laser pulse). The ambient plasma

electron density ne is 5 × 1019 cm−3, which corresponds to ne/nc = 0.036 with nc

the critical density for the laser wavelength λ0 = 0.8 µm. The plasma is modelled as
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a homogeneous slab of density ne with a 40 µm long ramp on the entrance surface

where the density increases linearly. In this 2D simulation, we used 16 particles per

cell in 500µm × 100µm box (7500 × 1500 cells). Ions are considered immobile. For

our conditions, the laser pulse length (cτL ∼ 9µm) is greater than the electron plasma

wavelength λp ∼ 2πc/ωp ∼ 4.2µm or more accurately λp = (2πc/ωp)(1 + (a2
0)/2)1/4 =

5.4µm, if we account for the relativistic increase of an electron mass. Fig. 5.7 shows

the pulse intensity evolution as well as the 2D Fourier spectrum of the pulse at

different locations inside the plasma. Fig. 5.8 shows the formation of the electron

density wake behind the propagating laser pulse at different times and Fig. 5.9 shows

the axial distribution of the electric fields and density profiles at two different times.

Initially, around 180 fs, when the pulse reaches the top of the ramp and enters into

 

Figure 5.7 Laser pulse from 2D3V PIC simulations at different time a)
t=180fs, b) t=425fs and c) t=606fs, and 2D spectra of the laser pulse at the
same times (d-f).
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the homogeneous plasma, its shape is not modified, showing a total transverse size

of around 20 µm and a longitudinal size of 18 µm [Fig. 5.7(a)]. But as can be

seen in Fig.5.7(b), after 60 µm of propagation the laser pulse is modified by the

stimulated Raman side-scattering instability, which can be identified by the presence

of sidebands in the 2D spectrum [Fig. 5.7(e)]. This forward-scattering leads to a

decrease of the light intensity in the focal region and contributes to a nonlinear pulse

evolution which reduces the transverse size of the pulse. As shown in Fig. 5.7(b),

after 60 µm of propagation the transverse size of the laser pulse is reduced by almost

a factor 2. In addition, in our case, the power is many times the critical power for

relativistic self-focusing, P ∼ 14×Pcrit where Pcrit = 17 GW ×ne/nc(Pcrit = 0.6 TW

)for λ = 800 nm and ne = 5× 1019 cm−3). As illustrated in Fig. 5.7(f), the spectrum

of the pulse is broadened along the transverse and longitudinal directions, which

corresponds to the relativistic self-focusing. The effect of self-focusing corresponds

also to the increase of a0, by almost a factor 3 between the initial intensity and the

maximum value observed during the simulation. During the propagation through

the plasma, the laser pulse is also strongly modified along the longitudinal direction.

This behavior was already observed and discussed in previous simulations [11]. The

front of the pulse is steepened because of group velocity dispersion [11, 12], and

it leads to pulse compression. At the same time the ponderomotive force of the

leading edge accelerates electrons in front of the laser pulse leading to a density spike

corresponding to an accumulation of electrons due to a snowplow effect. The front of

the pulse experiences a frequency down-shift or a photon deceleration [13] due to the

resultant gradient in index of refraction. The laser energy decreases while the photon

number density is conserved therefore the front of the pulse experiences a frequency

down-shift (photon deceleration) as can be seen in Fig. 5.9(b).
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Injected electrons 

Figure 5.8 Electron density (in units nc) for different times: a) t = 425 fs,
b) t = 790 fs, and c) t = 1273 fs.
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Fig. 5.7(f) shows the 2D spectrum of the pulse after 120 µm of propagation in

the homogeneous density plateau, the part of the spectrum of the laser is strongly

down-shifted to low value of k. As a result we observe a shortening of the pulse

as shown in Fig. 5.7(c), where the length of the pulse is reduced by more than

a factor 3. Shortening of a laser pulse during the propagation in an underdense

plasma has already been measured in previous experiments [14] and attributed to

a broadening of the laser spectrum due to relativistic self-phase modulation [15].

During the propagation of the pulse inside the plasma, a regular plasma wave is

created [Fig. 5.8(b)] with a wavelength of almost 5 µm close to the estimated value

with the relativistic corrections. These waves are curved due to the transverse wave

breaking [16]. Between each wave, we observe a cavity, which contains a number of

electrons [Fig 5.8(c), 5.9(a)]. A number of electrons are localized in a small spike in

the front of the laser pulse [Fig 5.8(c)], represented by a small black streak). After

300 µm of propagation in the homogeneous density, the wave breaks and a number

of trapped electrons are accelerated in the accelerating part of longitudinal field [Fig.

5.9(b)] (inside the first cavity). This breaking occurs for a maximum value of the

longitudinal field Ex of almost 0.15 E0 (with E0 = ω0mc/e), which is lower than

the relativistic expression for the wave breaking (in the cold plasma approximation),

given by [2(γph−1)]1/2(ωpe/ω0)E0 [17], which in our case, is around 0.5 E0, where γph

is the Lorentz factor associated with the plasma wave phase velocity, which for very

underdense plasma is almost (nc/ne)
1/2. The energy spectrum of these electrons inside

this cavity is illustrated in Fig 10. Just after the wave breaking, the energy spectrum

shows 2 bunches of electrons with energies around 10 MeV and 20 MeV and finally

it evolves to form only one peak around 30 MeV, close to the experimental results.

The occasional electrons generated at 200 MeV are probably generated by the so-
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Electrons accelerated in 
the wakefield 

Snowplow electrons  

a) 

Figure 5.9 Lineouts of the longitudinal field, Ex, (dash-dot), laser field,
Ey, (dotted) normalized to mc/e and electron charge density (solid line)
normalized to critical density along the x axis at two different times: (a)
at t=849 fs after propagating 180 microns in homogeneous plasma and (b)
at t=1091 fs when the wake is already broken and trapped-electrons are
accelerated in the accelerating field. The ponderomotive force also accelerates
electrons in front of the laser pulse (snowplow).
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Figure 5.10 Energy spectrum of electrons inside the first wakefield cavity
for 2 different times: 1273 fs and 1335 fs.
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called mechanisms of the bubble acceleration [4–6], which is a wakefield acceleration

in the highly nonlinear wave breaking regime. Several conditions are necessary for

this mechanism. In particular, the transverse and longitudinal dimensions of the

laser pulse must be not far from half of the plasma wavelength in order to be able

to create this cavity (the bubble), void of electrons. A similarity theory recently

introduced [18] gives a threshold for the power of the pulse in order to create this

cavity: P > Pbubble = [τ(fs)/λ(µm)]2 × 30 GW. In our case we are initially well

below this threshold. Nevertheless, it has been observed recently [8] that a long pulse

which didn’t fulfil this conditions, can evolve into a pulse which finally matches this

threshold because of a shortening of its duration due to the self-modulation, leading

to the observation of monoenergetic electron bunches. In our set of simulations, we

observed the same evolution of the pulse, where at the end, its longitudinal size is

reduced by more than a factor 3, as shown in Fig. 5.7(c). Such a reduction of pulse

duration down to approximately 10 fs reduces the required power to Pbubble = 4.7 TW.

At the same time the pulse compression leads to the peak pulse power of 1.3 TW.

Thus the interaction would not approach the full bubble regime in our simulations at

the full background gas density. Thus, different starting conditions, such as a reduced

density channel from a prepulse would be required in order to enter this regime.

Our modelling here is only 2D and it is well known that often 2D simulations

underestimate the maximum electron energy [22], and fail to describe the self-focusing

correctly, even if the physics and the interaction is correctly described. This self-

focusing could lead to higher local laser intensities helping in the creation of bubble

structures and leading to the generation of the higher laser energies.

In the present case there is another important factor limiting the maximum elec-

tron energy which can be generated. The high density in the present experiments
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would lead to very short interaction lengths due to the rapid dephasing of the elec-

tron bunch and the laser wakekfield. The standard scaling laws for wakefield ac-

celeration [4] indicate that high energy electron production requires long interaction

lengths at lower densities. Such long low density interaction lengths may occasionally

be present in our experiment with the existence of a preplasma formed low density

channel. The effect of preplasma created channels has already been reported in the

literature in refs Hosokai and Giulietti [19,20], where a plasma cavity was formed by

the prepulse picoseconds earlier than the main pulse. The main pulse was then guided

by this cavity and formed a plasma channel, which significantly improved the genera-

tion of mono-energetic electrons. Our prepulse levels are similar to those reported by

Hosokai et al. in their low prepulse case and thus we might expect similar conditions.

The variability of the prepulse from shot to shot and the exacting conditions for the

injection of the main pulse into such a channel would explain why only very few shots

produce the high, 200 MeV, energy electrons occasionally observed.

In terms of the number of electrons observed in the PIC simulations, The energy

contained in the 20 to 30 MeV bunch shown in Fig. 5.10 is 1.4 µj corresponding to

334,000 electrons. This is comparable to the number of electrons observed per electron

bunch electron in the experiments of approximately 106. Also, in the simulation

almost all of the high energy electrons were accelerated in a cone angle of 20o. This

is in approximate agreement with the observed cone angle of 10o (FWHM) for the

electrons observed from the radiochromic film in the experiments. Thus, the overall

number of electrons generated in the quasi-monoenergetic bunches and the overall

directionality is in qualitative agreement with the experiment.
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5.5 Conclusion

In conclusion, experiments show that quasi-monoenergetic electron beams with ener-

gies of the order of 10 to 50 MeV are generated in nitrogen and of energies of 25 to

100 MeV in helium for 7 TW laser pulses incident into plasma electron densities of

1020 cm−3 and 5×1019 cm−3 respectively. Occasionally electrons with energy over 200

MeV can be generated from laser pulses interacting with both nitrogen and helium

gases. These very high energy electrons are most likely associated with the occasional

occurrence of optimum preformed guide channels in the plasma due to the nanosecond

and picosecond prepulse. Overall 2.5× 109 electrons per shot were recorded in a cone

angle of 10o (FWHM), while 106 electrons are generated in the quasi-monoenergetic

bunches. 2D PIC simulations of the interaction of the laser pulse with plasma at an

electron density of 5 × 1019 cm−3 indicates the production of a 20-30 MeV electron

energy electrons consistent with majority of the shots in the experiment. During

the interaction the pulse evolves through Raman scattering, self phase modulation

and self-focusing leading to a shortening and increase in intensity. This allows the

pulse to approach the threshold for the bubble regime as required for high energy

electron acceleration. However, lower densities and longer interaction lengths would

be required for the acceleration of electrons to very high energies of 200 MeV which

would depend on the formation of a preplasma in the experiment. In the present

experiments and simulations, a better understanding of the conditions required for

quasi-monoenergetic electron pulses has been obtained and the possibility of control-

ling the generation of higher energy electrons through the use of optimum prepulses

will be explored in the future.
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Chapter 6

Summary

The main focus of this thesis was the investigation of the interaction of intense laser

pulses with underdense plasma, channeling in 2D and 3D, magnetic field generation

due to Inverse Faraday effect and electron acceleration.

6.1 Channeling in 2D Slab Geometry

In Chapter 2, self-channeling of circularly polarized laser light in 2D slab geometry

was studied both in theory and simulation. The results of different 2D Particle-

In-Cell simulations using Mandor [1] were illustrated and compared with analytical

solutions. The stability of partially evacuated channels against transverse pertur-

bations was studied. It was shown that partially evacuated channels are not stable

against transverse perturbations. Excitation of surface wakes on the edges of the

evacuated channels was addressed. The wavelength of surface waves was calculated

in the highly relativistic regime. The wavelength of surface waves observed in sim-

ulation agreed well with theoretical estimates. We mentioned that if the ascending
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part of the laser light is comparable with surface wave wavelength, the surface waves

will be excited starting from the front part of the laser. The electrons will be heated

and evacuation process will be terminated. At last, we showed that in higher plasma

densities n0/ncr ≥ 0.1, channeling solutions can not be reached. Transverse instabil-

ity is more effective as the gain length is smaller for higher densities. The results of

a sample simulation was shown.

6.2 Channeling in 3D

Self-channeling was studied in 3D in Chapter 3. 2D Self-focusing and channeling of

the laser pulse in underdense plasma is different from 3D. Higher dimensionality is

a very important factor, azimuthal instabilities can only be studied in 3D geometry.

3D simulations are more realistic. Self-focusing is stronger in 3D. Channeling process

happens faster in 3D geometry. We studied channeling of the laser pulses in underden-

sie plasma in theory and 3D simulations. The results of 3D simulations were shown

and compared with theoretical solutions from standard models. Surface wake excita-

tion was studied in 3D geometry. The wavelength of surface waves was calculated in

cylindrical geometry and was compared with simulation results. We also studied the

ring structure. They were also observed in 3D simulations, coexisting with main laser

mode. The results of the simulations were compared with theoretical solutions. The

stability of single channel solution and ring structure against symmetric perturba-

tions was addressed. Approximate stability theory was used in studying asymmetric

perturbation for ring structure. We showed that ring structure is not stable against

azimuthal perturbations. Azimuthal perturbation can break the symmetry of the

laser pulse. The results of a sample simulation was illustrated.
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6.3 Magnetic Field Generation

Magnetic field generation due to inverse Faraday effect in interaction of circularly

polarized laser pulse with underdense plasma was studied. The distributions of laser

intensity and density channel were taken from cuts of 3D PIC simulations. Analytical

functions which fit with the distributions were found and used to solve the differential

equations to find the quasi-static magnetic field. The quasi-static magnetic field was

also found in 3D simulations by using probes at different locations in the simulation

box, recording the time evolution of the field and finally averaging over a laser period.

The two magnetic fields were compared for different cases. We concluded that the

strength of the quasi-static magnetic field depends strongly on the shape of the density

channel and the depth and width of the channel.

6.4 Electron Acceleration

Electron wakefield acceleration was studied using 2D PIC code. The results of the

simulations supporting the experimental results were presented. The energy the elec-

trons gained in the process was peaked at 20-30 MeV close to the experimental results.

However in the experiment higher energies were also measured. The occasional elec-

trons generated at 200 MeV are probably generated by the so-called mechanisms of

the bubble acceleration. In our case we are initially well below the threshold for bub-

ble regime. Nevertheless, it has been observed that a long pulse which did not fulfill

the bubble regime threshold condition, can evolve into a pulse which finally matches

this threshold because of a shortening of its duration due to the self-modulation,

leading to the observation of monoenergetic electron bunches.
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