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Abstract

Accurate large signal analysis of Power Electronics converters is essential for achiev-

ing high performance and reliable designs. Converter topologies with large signal

variations are conventionally analyzed using numerical methods, averaged models,

or inaccurate analyses. In this thesis, a Laplace based theorem (LBT) is developed

to analyze and derive the steady state response of a class of switching-mode power

converters that can be modeled by Ordinary Differential Equation with periodic in-

put. Although LBT is based on Laplace transform which is a linear system analysis

tool, it introduces a new tool to analyze a piecewise linear system such as switch-

ing power converter. The proposed method is especially useful to analyze resonant

converters and has many applications in the design and analysis of such converters

and their control systems. The proposed method is applied to a full bridge Se-

ries Resonant Converter (SRC) topology with both variable duty cycle and variable

frequency control. Using the proposed method continuous/discontinuous conduction

modes (CCM/DCM) of SRC are analyzed. Closed form and analytical expressions for

converter gain, current phase lag, and ZVS boundary are found and novel optimized

converter design approach is proposed without resorting to numerical iterations. The

LBT method derivations are compared with existing averaged and inaccurate meth-

ods and are also validated by simulations and experimental results.
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Chapter 1

Introduction

Power converters like any other physiscal system have to be modeled mathemati-

cally prior to be anayzed using the mathematical appraoches. Any power converter,

consists of switches, sources, and passive elements. In most power converters, the

switching actions and sources could be modeled as a periodic and discontinuous input

function that is applied to the passive elements network [1–3]. The network’s dynamic

behavior could be described using an Ordinary Differential Equation (ODE). Thus,

the converter is mathematically modeled by an Ordinary Differential Equation (ODE)

with periodic and discontinuous input. Figure 1.1 shows a simple converter that is

modeled by an Ordinary Differential Equation with periodic and discontinuous input

function. Due to the discontinuity of the input function, conventional mathematical

approaches of solving ODEs can not be used for exact analysis of the converter. Con-

ventional methods could provide a closed form solution of the ODE if a continuous

input function is applied.

1



Chapter 1. Introduction

Vdc

L

R

Discontinuous and periodic

 input

Ordinary Differential Equation

L

R

Figure 1.1: Simple converter mathematical modeling.

The analysis becomes even more complicated if the converter has two switching stages.

DC/DC resonant converters are well-known example that have two switching stages

of the inversion and rectification and have a variety of applications. Basically, reso-

nant converters are a suitable candidate for the ever increasing requirements of the

emerging applications. To fulfil the requirements of the emerging applications, the

switching frequency of power electronics converters is constantly being increased to

achieve more compact designs and better performance. The high frequency opera-

tion shrinks the size of passive components, and enables compact and high power

density power converters. Furthermore, increased switching frequency provides bet-

ter and fast transient performance that is a crucial feature for the most of emerging

applications. However, increasing the switching frequency is limited by the switch-

ing frequency loss beyond the tolerable levels. Soft switching converters including

resonant converters alleviate the obstacle for high frequency designs such that recent

resonant converters can operate in the Very High Frequency (VHF) range [4].

Among all resonant converters, Series Resonant Converter (SRC) is very attractive

due to several capabilities: (1) has a simple topology and the parasitics could be

integrated in the converter. (2) has flat efficiency against load variations. (3) has fast

2



Chapter 1. Introduction

Figure 1.2: (a) Topology of the SRC, and (b) SRC equivalent circuit.

transient response because of capacitive output filter. (4) could block the DC com-

ponent caused by asymmetrical switching or non-idealities [5]. Figure 1.2 shows the

topology of the Series Resonant Converter and its equivalent circuit. The converter

has two switching stages of the inversion and rectification which are modeled by two

switched waveform sources in the equivalent circuit. The output DC voltage and res-

onant current zero crossing point determine the rectification stage waveform. Since

both the output DC voltage and resonant current zero crossing point are functions

of input switching waveform, then the source representing the rectification stage is

dependent to the input source.

The analysis and design of resonant converters including SRC are among the main

challenges which are due to the existence of two dependent switching waveforms [6–

10]. Also, because of the poor insight provided by the existing analysis methods,

the optimal design of the resonant converters has not been addressed in a clear and

efficient manner.

3



Chapter 1. Introduction

In this chapter different analysis and design methods used for the resonant convert-

ers and especially SRC have been reviewed to clearly illustrate the limitations of

each method. Ultimately, the proposed method for switched mode power converter

analysis (which is also able to analyze the resonant topologies) is introduced and its

applications and limitations are discussed.

1.1 Existing Converter Analysis Methods

As the input function of the converter ODE is periodic and discontinuous, conventinal

mathematical approaches use infinite series like Bessel functions to analyze the con-

verter. The infinit series and complicated functions are not suitable for the designers

and thus other approaches has been used in the literature for converter analysis [11–

14]. In the following subsections a brief discussion about each method is presented.

1.1.1 Approximation Methods

As shown in Fig. 1.3, approximation methods, approximate the discontinuous wave-

form by its fundamental sinusoidal component or a few harmonics of its Fourier series.

If the waveform is approximated by its fundmental component (Fundamnetal Com-

ponent Approximation FCA) then the error would be large and method becomes

highly inaccurate. The advantage of the FCA is that it is simple and could provide

closed form and parametric equations at the expense of inaccurate results. FCA is a

common approach to the analysis of DC/DC resonant converters which approximates

all voltage and current waveforms by their fundamental sinusoidal components. Then

the rectifier stage is replaced with an equivalent resistance [15]. FCA could be applied

4
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Fundamental Component Approximation Fourier Series

Figure 1.3: Approximation methods for converter analysis.

to converters with variable duty ratio and topologies with more than two resonant

elements. However, due to sinusoidal approximation, FCA is only applicable to cases

operating near resonant frequency with close to unity load quality factors and it is

highly inaccurate for other operating conditions. An extended version of FCA is also

proposed in the literature and is applied to LCC resonant converter [16, 17]. In the

extended FCA all waveforms are considered sinusoidal except the parallel capacitor’s

voltage. This method slightly improves the accuracy for special cases, but it does not

provide exact solutions.

A more acccurate analysis approach is Fourier Series that results in infinit series rather

than closed form equation [18, 19]. Infinit series are not suitable tool for converter

design and its control purposes, thus Fourier Series is a less efficient analysis appraoch.

Furthermore, in DC/DC resonant converter analysis if Fourier Series is applied to

both rectification and inversion stages, it results in non-linear equations [20]. Thus,

Fourier Series could only be applied to the inversion stage and the rectifier stage is

replaced by its equivalent resistance obtained from FCA method.

5
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Unnecessary calculations

Figure 1.4: Numerical period to period analysis of the converter.

1.1.2 Numerical Methods

The numerical methods that are commonly used in simulation softwares could not

provide the parametric or even closed form solutions, however, they are very accurate.

Basically, these methods numerically solve the ODE with a given initial condition from

period to period and update the initial condition at the beginning of each period until

they reach the steady state conditions. Therefore, numerical methods are cumbersome

but accurate analysis tool that do not provide any parametric or closed form equation

needed for design [13, 14]. Figure 1.4 shows the period to period analysis of the

numerical methods that has a lot of unnecessary calculations to reach the steady

state response.

1.1.3 Time domain methods

For the time domain analysis, first initial conditions of the converter are assumed to

be unknown parameters, then ODE of the converter is solved for one switching cycle.

6



Chapter 1. Introduction

VC

IL

Begining of cycle

End of cycle

Figure 1.5: State Plane Analysis approach for the resonant converters.

By equating the states of the converter at the beginning and end of the switching cycle

the steady state response of the converter is obtained. As the time domain response of

the high order or variable duty cycle converters is complex, the time domain method

for these converters normally leads to non-linear equations. Therefore, no closed form

equation for the converter waveform is obtained [21–24].

State Plane Analysis (SPA) is a time domain method that is used for DC/DC reso-

nant converter analysis [25, 26]. SPA has been used for analysis and design of simple

resonant converters [27]. SPA is used to analyze the square wave operation of series

resonant converter (SRC) as well as parallel resonant topologies[28]. Figure 1.5 shows

the SPA approach used for square wave operation analysis of second order resonant

converters. In this approach the state trajectories of the converter states are sketched

for a single cycle and by equating the states at the beginning and the end of cycle,

closed form equations for converter operation is obtained. SPA method provides ac-

curate results, however, its application is limited due to following reasons. Firstly, it

7
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is only applicable to converters with symmetrical square wave inputs. If other modu-

lating schemes like phase shifted PWM (variable duty ratio) are used SPA cannot be

applied. Secondly, the method is based on the graphical analysis and can not be used

for resonant topologies with more than two passive components or if the Equivalent

Series Resistance (ESR) of resonant components is included in the model.

In summary, to the best of our knowledge, there is no analysis for power converters

with variable duty ratio that could provide parametric and accurate equations suitable

for optimal design and control.

1.2 Series Resonant Converter (SRC) Design

Due to the poor insight provided by conventional methods applied to the SRC, the

trade-offs in the design either have not been observed or have not been addressed in

a clear way. Among the conventional analysis the methods that result in more accu-

rate results or closed form equations (however non-linear and implicit), could be used

to achieve better designs.[29–31]. Authors in [29] have used a tedious time domain

analysis approach for LCC resonant converter and have improved the accuracy by

considering the charge and discharge time for the parallel capacitor. The improved

accuracy along with suitable normalization have facilitated the reduction of compo-

nent stress for the proposed design procedure. In [30, 31] time domain analysis of the

LLC resonant converter has led to closed form but nonlinear sets of equations. Then,

derived equations are proposed to reduce the number of iterations in the optimum

design loop.

8
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1.3 Thesis Motivations

The main objective of this thesis is to obtain a parametric and accurate analysis

tool for power converters in general and then apply the method to Series Resonant

Converter to achieve an effective analysis tool and optimum design. Motivations of

this thesis are briefly presented as below.

1.3.1 Accurate and Parametric Analysis Tool

The first motivation of this study is to propose a new analysis tool that provides:

1) Steady state solutions for the converter ODE with discontinuous and periodic

input.

2) parametric and closed form solutions.

A mathematical theorem based on Laplace transform is presented to propose the

new analysis methodology. The proposed method, firstly finds the steady state ini-

tial conditions with the proposed Laplace Based Theorem (LBT) and then solves the

converter ODE with the steady state conditions for only one period. Zero Input Re-

sponse of the ODE could be easily derived using the obtained steady state conditions.

However, due to the discontinuity of the input function, Zero State Response of the

system will be changed at each discontinuity point. The input function behavior at

discontinuity points is described as a step function. Therefore, the unit step response

addition is used to reflect the discontinuity effects on Zero State Response.

9
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1.3.2 Variable Duty Cycle SRC Analysis

As discussed earlier, parametric and accurate analysis of the variable duty cycle SRC

has never been addressed in the literature due to the presence of two dependent

discontinuous sources that makes the converter ODE non-linear. Therefore, second

motivation of this study is the accurate and parametric analysis of variable duty ratio

Series Resonant Converter. For the analysis of the variable duty ratio SRC, first two

intermediate variables of voltage gain and current zero crossing angle are defined to

make the two discontinuous sources independent and remove the non-linearity prob-

lem. Then, using the proposed method SRC is analyzed and intermediate variables

that were defined to remove the non-linearity problem are obtained in terms of main

variables of the converter.

1.3.3 SRC Design

The third motivation of this study is to present a novel design for the SRC that is

based on accurate and closed form equations rather than iterative loops or approxi-

mations. Since there is no closed form equation provided by conventional methods,

the existing design procedures use iterations to find optimum design. Also conven-

tional design procedures ignore the dead-time effect on switching losses and effect

of current waveform distortions caused by discontinuous input function. In this the-

sis, the accurate current waveform is used to propose the new design procedure and

the dead-time effects on the switching loss and Zero Voltage Switching operation are

discussed. Also as the proposed method has provided closed form equations for the

SRC characteristics, the closed form selection criteria is obtained for each parameter.

10
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There are three methods for SRC control as below: 1) frequency control. 2) duty cy-

cle control. 3) both duty cycle and frequency control. The control method affects the

design procedure and thus, systematic design procedure is proposed for each control

technique.

1.4 Thesis Outline

Chapter 2 of the thesis the presents the proposed Laplace Based Theorem (LBT)

along with mathematical proof of the theorem. Then a procedure is presented to

apply the LBT to power converters. The procedure is illustrated using a simple RL

circuit. The proposed method is then applied to a buck converter and different forms

of the response are analyzed to obtain exact waveforms with ripple content. The

obtained waveforms could be used to obtain boundary condition for DCM and also

to investigate the ripple cancellation methodologies.

In chapter 3 a brief description of the SRCs and their operating principal is presented.

The inherently nonlinear differential equation of the SRC is obtained for steady state

equivalent circuit. Intermediate variables are defined to decompose the nonlinear

differential equation into two ODEs. ODEs are solved using the proposed method

and the intermediate variables are found in terms of main variables. Both CCM and

DCM operation of the SRCs are analyzed and closed form equations are derived for

ZVS and DCM boundaries. The results of the proposed method is compared to the

existing methods and it is shown that in addition to parametric analysis the proposed

method provides more accurate results. Ultimately the derivations of the proposed

method are validated by means of both simulation and experimental results.

11
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In chapter 4 two different approaches for SRC control are discussed (Pulse Frequency

Modulation and Variable Duty Ratio control). Using the insight provided by the

proposed method, the design trade-offs for each case are presented. A clear and para-

metric equation is proposed for selection of each parameter. Then, a systematic design

flowchart is presented for each case that is based on definite equations rather than

cumbersome iterative solutions. Finally the improvements that could be obtained by

combining both of the methods are discussed.

12



Chapter 2

The Proposed Theorem and

Analysis Method

Most of the switched mode power converters, can be modeled by an ODE with dis-

continuous and periodic input. Classical methods either average the input function

to solve the discontinuity issue or they use infinite number of continuous functions to

estimate the discontinuous signal. In this thesis the discontinuities caused by switch-

ing actions are handled by a theorem proposed based on the Laplace transformation.

The new theorem is based on a linear system analysis theory (Laplace transform) and

introduces a new tool to analyze a piecewise linear system such as that of a power

converter. The Laplace Based Theorem (LBT) is firstly introduced and proved in

section 2.1, then the procedure of converter analysis with LBT is described using

simple RL circuit and buck converter in section 2.2.
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2.1 The Laplace Based Theorem (LBT)

Laplace Based Theorem (LBT) is proposed to predict an accurate periodic solution of

the ODE, where the changes caused by the discontinuous switching input function are

accurately predicted at steady state condition. The solution of every ODE consists

of zero state response and zero input response that are respectively caused by input

function and initial conditions. Both, zero state response and zero input response

may have the transient part and steady state part. In the newly proposed method

the initial conditions at the start of every cycle are determined such that the transient

response caused by the input function is compensated and system response becomes

purely periodic. Therefore, using LBT, an accurate steady state response is achieved

by finding such initial conditions.

Laplace Based Theorem. Assume P (D)x(t) = f(t) is an n-th order ODE where,

D = d
dt

is the differentiation operator, and P (.) is the characteristic polynomial:

P (D) =
n∑
k=0

akD
k

The characteristic polynomial has n roots which are denoted by sj. Also, f(t) is a

periodic input with period T that can have any finite number of discontinuities and

x(t) is the ODE response.

(i) Laplace transform of the ODE results in P (s)X(s)−G(s) = F (s), where P (s) is the

characteristic polynomial in Laplace domain for which differentiation operator has

been changed to Laplace variable s, and F (s) is the Laplace transform of the input

function:

F (s) =

∫ T
0
f(t)e−stdt

1− e−sT

14
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And G(s) is a function of initial conditions of x(t):

G(s) = x0ans
n−1 + (x0an−1 + x1an)sn−2 + ... =

n−1∑
k=0

bks
k (2.1)

x(0) = x0, x
(1)(0) = x1, ..., x

(n−1)(0) = xn−1

.

(ii) By solving n equations of G(sj) = −F (sj) j = 1, . . . , n, the n unknown initial

conditions x0, x1, ..., xn−1 can be calculated so that x(t) becomes purely periodic in

steady state without any transient response. In case of identical roots, the distinct

equations are obtained by equating the derivatives of F (s) and G(s) at the multiple

root. Consider s = a is the root of P (s) with multiplicity of m. In order for x(t) to

become purely periodic, followings are necessary.

G(m−1)(a) = −F (m−1)(a), G(m−2)(a) = −F (m−2)(a), ..., G′(a) = −F ′(a), G(a) = −F (a).

Proof. In order to prove the theorem it is assumed that x(t) is the steady state periodic

solution, then the necessary condition for this to actually happen, is obtained. x1p(t)

is defined to be the truncated version of x(t) which is equal to x(t) for 0 ≤ t < T

and zero anywhere else. Since x(t) is the steady state periodic solution its Laplace

transform is:

X(s) =
X1p(s)

1− e−sT
(2.2)

Therefore, following equation happens for a periodic x(t).
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X1p(s) = X(s).
(
1− e−sT

)
(2.3)

The necessary condition for this to happen is obtained by plugging the X(s) obtained

from ODE Laplace transform into (2.3) and then finding the expression for x1p(t).

The X(s) obtained from ODE Laplace transform is:

X(s) =
G(s)

P (s)
+
F (s)

P (s)
(2.4)

If (2.4) is substituted in (2.3):

X1p(s) =
G(s)

P (s)

(
1− e−sT

)
+

[
1

P (s)

]
.
[
F (s)

(
1− e−sT

)]
(2.5)

Since F (s)
(
1− e−sT

)
= F1p(s):

X1p(s) =
G(s)

P (s)

(
1− e−sT

)
+

[
1

P (s)

]
. [F1p(s)] (2.6)

X1p(s) =
G(s)

P (s)
− G(s)

P (s)
e−sT +

[
1

P (s)

]
. [F1p(s)] (2.7)

Taking inverse Laplace from both sides results in:

x1p(t) = L−1
{
G(s)

P (s)

}
− L−1

{
G(s)

P (s)
e−sT

}
+ L−1

{[
1

P (s)

]
. [F1p(s)]

}
(2.8)
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Consider sj are roots of the characteristic equation P (s) = 0, using the Heaviside

expansion theorem followings are obtained.

L−1
{
G(s)

P (s)

}
=

n∑
j=1

G(sj)

´P (sj)
esjtu(t) (2.9)

L−1
{

1

P (s)

}
=

n∑
j=1

1

´P (sj)
esjt = h(t) (2.10)

L−1
{

1

P (s)
F1p(s)

}
= h(t) ∗ f1p(t) =

∫ t

0

f1p(τ)h(t− τ)dτ =

∫ t

0

f1p(τ)
n∑
j=1

esj(t−τ)

´P (sj)
dτ

(2.11)

If (2.9) and (2.11) are substituted in (2.8):

x1p(t) =
n∑
j=1

G(sj)

´P (sj)
esjtu(t)−

n∑
j=1

G(sj)

´P (sj)
esj(t−T )u(t− T ) +

∫ t

0

f1p(τ)
n∑
j=1

esj(t−τ)

´P (sj)
dτ

(2.12)

For t > T , f1p(t) = 0 and:

∫ t

0

f1p(τ)
n∑
j=1

esj(t−τ)

´P (sj)
dτ =

∫ T

0

f1p(τ)
n∑
j=1

esj(t−τ)

´P (sj)
dτ =

n∑
j=1

esjt

´P (sj)

∫ T

0

f1p(τ)e(−sjτ)dτ

(2.13)

Therefore x1p(t) for t > T is:
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x1p(t) =
n∑
j=1

G(sj)

´P (sj)
esjt −

n∑
j=1

G(sj)

´P (sj)
esj(t−T ) +

n∑
j=1

esjt

´P (sj)

∫ T

0

f1p(τ)e(−sjτ)dτ (2.14)

x1p(t) =
n∑
j=1

esjt

´P (sj)

[
G(sj)

(
1− e−sjT

)
+

∫ T

0

f1p(τ)e(−sjτ)dτ

]
(2.15)

As it can be seen for t > T , x1p(t) is the summation of some exponential terms. Since

esjt are linearly independent functions then x1p(t) is zero for t > T if and only if all

the coefficients of the exponential terms are equal to zero:

[
G(sj)

(
1− e−sjT

)
+
∫ T
0
f1p(τ)e(−sjτ)dτ

]
= 0 (2.16)

G(sj) = −
∫ T
0
f1p(τ)e(−sjτ)dτ

(1− e−sjT )
(2.17)

G(sj) = −F (sj) (2.18)

Therefore, x(t) is the periodic solution of the ODE if and only if G(sj) = −F (sj) for

j = 1, . . . , n.
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2.2 The Proposed Procedure for Converter Anal-

ysis

It is important to note that LBT is applicable to the converters that could be modeled

by an ODE with periodic input. There may be some converters that cannot be

modeled by ODE and in fact, the coefficients of their differential equation are time

variant. However, a large class of the power converters are modeled by an ODE with

periodic and discontinuous input. In this case, system is linear and thus the Laplace

Based Theorem could be used to analyze them and solve the discontinuity problem

caused by switching actions. In order to apply the LBT to these converters, the

following steps must be taken.

1. Obtain the ODE of the converter passive components.

2. Find F (s), the Laplace transform of the input switching waveform f(t).

3. Find G(s) function using (2.1), assuming x0, . . . , xn−1 are the n unknown initial

conditions.

4. Form the following n set of equations G(sj) = −F (sj) for all roots of P (s), and

then solve them to find x0, . . . , xn−1.

5. Now that the initial conditions at the start of each period at steady state are

known, solve a new ODE P (D)x1p(t) = f1p(t) using the calculated initial condi-

tions to find x1p(t). Note that x1p(t) is one period of the solution and similarly

f1p(t) is one period of the input and as such the new ODE can be easily solved.
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Figure 2.1: Simple RL circuit
with square wave input.

Figure 2.2: Obtained vR(t) using the
proposed method.

Solution of the new ODE, x1p(t), is equal to the desired signal x(t) for 0 ≤ t < T and

equal to zero anywhere else. Similarly f1p(t) is equal to f(t) for 0 ≤ t < T and zero

anywhere else. As it has been proved, x1p(t) will be equal to zero for t > T because

all n equations of G(sj) = −F (sj) hold.

In P (D)x1p(t) = f1p(t), the input function is discontinuous and the response is sep-

arated into zero state response and zero input response. The zero input response is

simply obtained by solving the homogeneous ODE with the obtained steady state

initial conditions. For zero state response it is important to note that from mathe-

matical point of view the discontinuous input function is the summation of some unit

step functions that start at discontinuity points. Therefore, the unit step response of

the system first has to be obtained. Then, according to the discontinuity points the

unit step responses with appropriate amplitude are shifted and summed up to achieve

the zero state response. Now, the zero state response and zero input response can be

added to obtain the complete steady state response.
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2.3 Simple RL Circuit Example

In order to illustrate the procedure of applying the LBT method to power circuits, a

simple example is discussed here. Figure 2.1 shows an RL circuit with the square wave

input which is a periodic and discontinuous function. The steady state response of

this circuit can not be easily found by conventional analysis methods. The proposed

LBT is used to find the response in following steps.

Step 1: System ODE is obtained as:

L
di

dt
+Ri(t) = vin(t). (2.19)

Step 2: If the input’s amplitude and period are denoted by A and T , then Vin(s) is

derived as:

Vin(s) =
A(1− e−0.5Ts)
s(1 + e−0.5Ts)

(2.20)

Step 3: Assuming i(0) = I0, the Laplace transform of the ODE results in:

(Ls+R)I(s)− LI0 = Vin(s). (2.21)

Step 4: The only root of characteristic equation is sj = −R/L, then I0 is found by

solving the Vin(sj = −R/L) = LI0 as:

I0 =

(
A

R

)
1− eTR2L
1 + e

TR
2L

. (2.22)

Step 5: Now if the ODE is solved for only one cycle, periodic solution is obtained.
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Figure 2.3: Schematic of the Buck converter.

Since the input is half-wave symmetrical then the output would be half-wave sym-

metrical as well and only half cycle of the solution is enough to describe the system

response. Thus Ldi
dt

+Ri(t) = A is solved using (2.22):

i(t) = A
R

(
1− 2e

TR
2L

1+e
TR
2L
e−

R
L
t

)
0 ≤ t < T

2
(2.23)

Figure 2.2 shows steady state voltage across R obtained by (2.23).

2.4 Buck Converter Example

Buck converter is another example that can be analyzed using the LBT method. The

converter is shown in Fig. 2.3, where switches are considered ideal. The analysis

steps are described as below:

Step 1: Converter ODE is:

LCv̈o(t) +
L

R
v̇o(t) + vo(t) = vi(t). (2.24)
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Step 2: The Laplace transform of the input function is derived as follows, where D

is duty ratio and T is switching period:

Vi(s) = Vd
1− e−sDT

s (1− e−sT )
. (2.25)

Step 3: If the initial conditions are vo(0) = V0, v̇o(0) = V ′0 then G(s) is found as:

G(s) =

(
LC(sV0 + V ′0) +

L

R
V0

)
. (2.26)

As the system has a second order ODE, its characteristic equation may have either a

pair of complex conjugate poles or two real poles. Therefore, the step 4 is described

in two parts:

Step 4A: If

√
L/C

R
≥ 2, then characteristic equation has two real poles as below:

S1 = 1
2RC

(
−1 +

√
1− 4R

2C
L

)
, S2 = 1

2RC

(
−1−

√
1− 4R

2C
L

)
. (2.27)

V0 and V ′0 are obtained from G(s1) = −Vi(s1), and G(s2) = −Vi(s2) as follows:

V0 = Vd
S1−S2

(
S1

(
1−e−S2DT
1−e−S2T

)
− S2

(
1−e−S1DT
1−e−S1T

))

V ′0 = Vd
(LC)(S1−S2)

(
1−e−S2DT
1−e−S2T −

1−e−S1DT
1−e−S1T

) (2.28)

Now the steady state response could be obtained by solving the ODE for one cycle.

With V0 and V ′0 as above, LCv̈o(t) + L
R
v̇o(t) + vo(t) = Vd is solved for 0 ≤ t ≤ DT .

As characteristic equation has two real poles of S1 and S2 the system response would

23



Chapter 2. The Proposed Method

be as follows:

vo(t) = AeS1t +BeS2t + Vd if 0 ≤ t ≤ DT (2.29)

By substituting steady state initial conditions in (2.29), A and B could be derived

as:

A = −S2(V0−Vd)+V ′0
S1−S2

, B =
S1(V0−Vd)+V ′0

S1−S2
. (2.30)

Since the input function is changed from Vd to zero at t = DT , it can be stated

that a step function with amplitude of −Vd is added to the system input function

at t = DT . Therefore, system’s zero state response to the mentioned step function

has to be obtained and added to (2.29) to find the system response for DT ≤ t ≤ T .

System Unit Step Response is obtained as:

USR(t) = −
(

S2

S2 − S1

eS1t − S1

S2 − S1

eS2t − 1

)
. (2.31)

For DT ≤ t ≤ T , vo(t) is:

vo(t) = −Vd × USR(t−DT ) + AeS1t +BeS2t + Vd. (2.32)

Substituting for USR(t) form (2.31) in (2.32) results in:

vo(t) =
(
A+ Vd

S2

S2−S1
e−S1DT

)
eS1t +

(
B − Vd S1

S2−S1
e−S2DT

)
eS2t if DT ≤ t ≤ T.

(2.33)

Step 4B: If

√
L/C

R
≤ 2, then characteristic equation has a pair of complex conjugate

poles as below:

S1,2 = 1
2RC

(
−1± j

√
4R

2C
L
− 1

)
= Sr ± jSm. (2.34)
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Solving G(S1) = −Vi(S1), and G(S2) = −Vi(S2) results in (2.28). Substituting for S1

and S2 from (2.34) in (2.28), V0 and V ′0 are derived as:

V0 = Vd

[
1−e−SrT (cos(SmT )− Sr

Sm
sin(SmT ))

1+e−2SrT−2e−SrT cos(SmT )
− e−SrDT (cos(SmDT )+ Sr

Sm
sin(SmDT ))

1+e−2SrT−2e−SrT cos(SmT )

+
e−Sr(1+D)T (cos(Sm(1−D)T )− Sr

Sm
sin(Sm(1−D)T ))

1+e−2SrT−2e−SrT cos(SmT )

]

V ′0 = Vd
LCSm

e−SrT sin(SmT )−e−SrDT sin(SmDT )−e−Sr(1+D)T sin(Sm(1−D)T )
1+e−2SrT−2e−SrT cos(SmT )

(2.35)

It is worth mentioning that the same result would be obtained by equating the real

and imaginary parts of G(S1) = −Vi(S1).

With obtained steady initial conditions LCv̈o(t) + L
R
v̇o(t) + vo(t) = Vd is solved for

0 ≤ t ≤ DT . As poles are complex conjugate, vo(t) would be of the form:

vo(t) = eSrt (A sin (Smt) +B cos (Smt)) + Vd. (2.36)

Again for this case, by substituting the steady state initial conditions, parameters A

and B are obtained as below:

A =
SrVd−SrV0+V ′0

Sm
, B = V0 − Vd. (2.37)

The Unit Step Response is obtained as:

USR(t) = eSrt
(
Sr
Sm

sin(Smt)− cos(Smt)

)
+ 1. (2.38)

For DT ≤ t ≤ T , vo(t) is:

vo(t) = −Vd × USR(t−DT ) + eSrt (A sin (Smt) +B cos (Smt)) + Vd. (2.39)
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Figure 2.4: Output voltage in a Buck converter obtained using the proposed
method.

Substituting for USR(t) form (2.38) in (2.39) results in:

vo(t) = eSrt
[(
A+ e−SrDT

(
Sr
Sm

cos(SmDT )− sin(SmDT )
))

sin (Smt) +(
B − e−SrDT

(
Sr
Sm

sin(SmDT ) + cos(SmDT )
))

cos (Smt)
] (2.40)

As an example vo(t) for the (Vd = 10V,D = 0.5, L = 10µH,C = 10µF, fs =

100kHz,R = 1Ω) is obtained. The characteristic equation has a pair of complex

conjugate poles: S1,2 = −50000±j86602. Using (2.35), v = 4.97 and v′ = −6.28×105

are obtained which result in A = −4.35 and B = −5.03. Therefore, vo(t) is obtained

as:

v0(t) =

 −e−50000t (4.35 sin(86602t) + 5.03 cos(86602t)) + 10 if 0 ≤ t ≤ DT

e−50000t (4.35 sin(86602t) + 5.03 cos(86602t)) if DT ≤ t ≤ T

(2.41)

Figure 2.4 is the plot of (2.41) to better show the ripple part of vo(t).
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2.5 Summary

In this chapter a new mathematical theorem is proposed that finds the steady state

initial conditions of an ODE by solving a set of linear equations. As the Laplace

transform of an ODE reflects the effects of both input function and initial conditions,

the proposed theorem uses the Laplace transform to find the set of initial conditions

that compensates the transient response completely. Since the proposed theorem uses

Laplace transform that can handle the input function discontinuities, the theorem is

adopted to propose a novel analysis for power converters where ODE with discon-

tinuous input is inevitable. The procedure of converter analysis using the proposed

method is presented along with simple RL circuit and Buck converter examples. In

the following chapters the proposed procedure will be used to analyze more compli-

cated converters with ideal and non ideal waveforms.
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Series Resonant Converter

Analysis

In this chapter the LBT approach is applied to a variable duty cycle full bridge Series

Resonant Converter (SRC) and the results are validated by simulations and experi-

ments. It is worth mentioning that the LBT method with the procedure presented

here could be used to analyze the high order converters like LLC and LCC. Also,

LBT could be applied even if the parasitic resistances are included in the model. For

the sake of clear illustration a simple SRC with no parasitic resistance is analyzed here

to illustrate the method and have a better comparison with the existing literature.

Figure 3.1 shows the SRC converter and its simplified equivalent circuit. As shown

in Fig. 3.2 this converter is controlled using phase-shift PWM or variable duty cycle

scheme where d is the duty ratio that varies from 0 to 50%, and d′ = 0.5 − d. De-

pending on the circuit parameters, at small duty ratios, SRC may enter Discontinuous

Conduction Mode (DCM) or it may remain in Continuous Conduction Mode (CCM).
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Figure 3.1: (a) Schematic of the SRC, and (b) equivalent circuit.

First, it is assumed that SRC remains in CCM mode and all the governing equations

are obtained. Then, based on the CCM equations, DCM criteria is derived.

3.1 CCM Operation

The SRC operating under CCM can be modeled by the following differential equation:

L
di(t)

dt
= vin(t)− vc(t)− vout(t). (3.1)

Where vout(t) = Vosgn(i(t)). The sign function appears due to the diode rectifier

at the output, because when D1 and D4 are turned on the primary side voltage is

+Vo and when D2 and D3 are turned on then the primary voltage is −Vo. According

to the Fig. 3.2, inverter output voltage vin(t) could have three levels of Vi, 0, and

−Vi. The phase shift PWM is used for the inverter and thus vin(t) is symmetrical.
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Figure 3.2: Typical waveforms of SRC (CCM operation).

vout(t) could only have two levels of +Vo and −Vo depending on the current. When

the current is positive vout(t) is positive and vice versa. As sgn() function is nonlinear

and vin(t) is discontinuous periodic switching input function, (3.1) is a nonlinear and

discontinuous differential equation. Conventionally, this equation was solved either by

Fourier series or by tedious stepwise period by period solution to achieve the steady

state response. In this paper firstly the non-linearity of the equation is addressed by

defining intermediate variables, then the proposed LBT method is used to analyze

the converter.

To provide a better insight into the converter characteristics, a normalization is done

with the following base values:

VB = Vi, ZB = n2
tRL. (3.2)
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Therefore, converter voltage gain is obtained as:

M =
Vo
Vi

(3.3)

Also, normalized switching frequency (F ) and load quality factor (Q) are defined as:

F =
fs
fr

=
ωs
ωr
. (3.4)

Q =
Z0

n2
tRL

. (3.5)

Where, ωr = 1√
LC

and Z0 =
√

L
C

are the resonant frequency and characteristic

impedance of the resonant tank and fs = ωs
2π

is the switching frequency. Analysis

steps are described as below.

Step 1: Basically, for a given set of F , Q, and d, SRC normalized current and voltage

waveforms and accordingly all its characteristics could be obtained. In fact, F , Q, and

d are the main variables that are sufficient to describe the SRC behavior. However,

two intermediate variables are considered to change the nonlinear differential equation

of (3.1) into linear ODE for which LBT could be applied. The non-linearity of (3.1)

is due to the presence of vout(t) = Vosgn(i(t)). As it can be seen in Fig. 3.2, if two

intermediate variables θ and M are defined, then vout(t) could be described in terms

of these variables rather than Vosgn (i(t)), and therefore the differential equation

won’t be nonlinear anymore. θ is the current’s phase lag with respect to the input

voltage, and M is the voltage gain. At this step two intermediate variables of M and

θ are defined such that LBT could be applied to the ODE. Therefore, LBT is applied

to obtain the SRC exact equations in terms of M and θ. Then using the obtained

equations M and θ are found in terms of F , Q, and d.
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Step 2: In order to obtain the system ODE, i = C dvc(t)
dt

is substituted in (3.1):

LCv̈c(t) + vc(t) = vin(t)− vout(t). (3.6)

Since input function is composed of vin(t) and −vout(t), superposition is used to

analyze the ODE. Characteristic equation has a pair of complex conjugate poles as:

S1,2 = ±j 1√
LC

= ±jωr. (3.7)

Step 3: If vc(0) = V0 and v̇c(t) = V ′0 are considered, then G(s) is obtained as:

G(s) = LC (sV0 − V ′0) . (3.8)

Step 4: Laplace transform of each input function is obtained as below:

F1(s) = L{vin(t)} =

∫ π
ωs
0 e−stvin(t)dt

1 + e−s
π
ωs

=
Vi
s

e−sd
′π
(
1− e−s2πd

)
1 + e−s

π
ωs

. (3.9)

F2(s) = L{−vout(t)} =

∫ π
ωs
0 −e−stvout(t)dt

1 + e−s
π
ωs

=
MVi
s

(
1− 2e−s

θ
ωs

1 + e−s
π
ωs

)
. (3.10)

Step 5: Equating the real and imaginary parts of G(s = jωr) = −F1(s = jωr) results

in:

V0 = 0

V ′0 = −Viωr
sin(πdF )
cos( π

2F )
.

(3.11)

Now LCv̈c(t) + vc(t) = vin(t) has to be solved to obtain the first part of solution.

Due to half-wave symmetry, only half cycle of the solution is enough to describe it.

LCv̈c(t) + vc(t) = 0 with obtained V0 and V ′0 is solved for 0 ≤ ωst ≤ d′π that results
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in:

vc(t) = −Vi
sin
(
πd
F

)
cos
(
π
2F

) sin(ωrt). (3.12)

In order to obtain the solution for the rest of the period, Unit Step Response is

obtained as:

USR(t) = 1− cos(ωrt). (3.13)

As it can be seen in Fig. 3.2, vin is added by Vi at ωst = d′π and again it is subtracted

by −Vi at ωst = (1− d′)π. Therefore, first part of vc(t) is obtained as:

vc1(t) =


−Vi

sin(πdF )
cos( π

2F )
sin(ωrt) if 0 ≤ ωst ≤ d′π

−Vi
sin(πdF )
cos( π

2F )
sin(ωrt) + Vi

(
1− cos(ωrt− d′π

F
)
)

if d′π ≤ ωst ≤ (1− d′)π

Vi
sin(πdF )
cos( π

2F )
sin(ωrt− π

F
) if (1− d′)π ≤ ωst ≤ π

(3.14)

Step 6: In this step second part of the solution that is caused by vout(t) is obtained.

V0 and V ′0 are obtained by equating the real and imaginary parts of G(s = jωr) =

−F2(s = jωr) as:

V0 = MVi

(
1− cos( π

2F
− θ
F )

cos( π
2F )

)
V ′0 = MViωr

sin( π
2F
− θ
F )

cos( π
2F )

(3.15)

Now LCv̈c(t)+vc(t) = −vout(t) has to be solved. LCv̈c(t)+vc(t) = MVi with obtained

V0 and V ′0 is solved for 0 ≤ ωst ≤ d′π that results in:

vc(t) = MVi

(
1 +

sin
(
π
2F
− θ

F

)
cos
(
π
2F

) sin(ωrt)−
cos
(
π
2F
− θ

F

)
cos
(
π
2F

) cos(ωrt)

)
. (3.16)
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This equation could be further simplified to:

vc(t) = MVi

[
1 + tan

( π

2F

)
sin

(
ωrt−

θ

F

)
− cos

(
ωrt−

θ

F

)]
(3.17)

System USR(t) is obtained in previous step, and it is sufficient to sum −2MVi ×

USR(t− θ
Fωr

) with obtained vc(t) to derive the solution for θ ≤ ωst ≤ π.

vc2(t) =

 MVi
[
1 + tan

(
π
2F

)
sin
(
ωrt− θ

F

)
− cos

(
ωrt− θ

F

)]
if 0 ≤ ωst ≤ θ

MVi
[
−1 + tan

(
π
2F

)
sin
(
ωrt− θ

F

)
+ cos

(
ωrt− θ

F

)]
if θ ≤ ωst ≤ π

(3.18)

according to the superposition theorem, vc(t) is the sum of vc1(t) and vc2(t). Since θ

may be either greater or less than d′π, two possible waveforms for vc(t) is obtained

as below.

if d′π < θ vc(t) =



vc1(t) + vc3(t) 0 ≤ ωst < d′π

vc2(t) + vc3(t) d′π ≤ ωst < θ

vc2(t) + vc4(t) θ ≤ ωst < (1− d′)π

−vc1(t− π
Fωr

) + vc4(t) (1− d′)π ≤ ωst < π

(3.19)

if d′π ≥ θ vc(t) =



vc1(t) + vc3(t) 0 ≤ ωst < θ

vc1(t) + vc4(t) θ ≤ ωst < d′π

vc2(t) + vc4(t) d′π ≤ ωst < (1− d′)π

−vc1(t− π
Fωr

) + vc4(t) (1− d′)π ≤ ωst < π

(3.20)
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vc1(t) = −Vi
sin(πdF )
cos( π

2F )
sin(ωrt)

vc2(t) = −Vi
sin(πdF )
cos( π

2F )
sin(ωrt) + Vi

(
1− cos(ωrt− d′π

F
)
)

vc3(t) = MVi
[
1 + tan

(
π
2F

)
sin
(
ωrt− θ

F

)
− cos

(
ωrt− θ

F

)]
vc4(t) = MVi

[
−1 + tan

(
π
2F

)
sin
(
ωrt− θ

F

)
+ cos

(
ωrt− θ

F

)]
Current equations (i(t)) can be found by differentiation of the (3.19) and (3.20). As

shown in Fig. 3.2, if d′π < θ, then SRC has Zero Voltage Switching (ZVS) and

corresponding current waveform is derived as (3.21), and if d′π ≥ θ, then ZVS is lost

and corresponding current waveform is derived as (3.22).

if d′π < θ i(t) =



i1(t) + i3(t) 0 ≤ ωst < d′π

i2(t) + i3(t) d′π ≤ ωst < θ

i2(t) + i4(t) θ ≤ ωst < (1− d′)π

−i1(t− π
Fωr

) + i4(t) (1− d′)π ≤ ωst < π

(3.21)

if d′π ≥ θ i(t) =



i1(t) + i3(t) 0 ≤ ωst < θ

i1(t) + i4(t) θ ≤ ωst < d′π

i2(t) + i4(t) d′π ≤ ωst < (1− d′)π

−i1(t− π
Fωr

) + i4(t) (1− d′)π ≤ ωst < π

(3.22)

i1(t) = −ViCωr
sin πd

F

cos π
2F

cos(ωrt)

i2(t) = ViCωr

(
− sin πd

F

cos π
2F

cos(ωrt) + sin(ωrt− d′π
F

)
)

i3(t) = MViCωr
(
tan π

2F
cos(ωrt− θ

F
) + sin(ωrt− θ

F
)
)

i4(t) = MViCωr
(
tan π

2F
cos(ωrt− θ

F
)− sin(ωrt− θ

F
)
)
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Step 7: Using the LBT all of the SRC closed form equations at steady state are

obtained in terms of intermediate variables M and θ. At this step using the closed

form equations, M and θ will be derived in terms of main variables F , Q, and d. As

shown in Fig. 3.2, the current at ωst = θ is zero, and i(θ) = 0 is one of the equations

that are formed to find θ and M . The other equation is formed by calculating the

converter voltage gain based on obtained current waveform. The substitution method

is used to find two variables M and θ from two mentioned equations. For the first

equation, if d′π < θ, then i(ωst = θ) = i2

(
θ

Fωr

)
+ i3

(
θ

Fωr

)
= 0 has to be solved, and

if d′π ≥ θ, then i(ωst = θ) = i1

(
θ

Fωr

)
+ i3

(
θ

Fωr

)
= 0 has to be solved. Therefore θ

is derived as follows:

θ =


π
2
− F sin−1

(
M

sin π
2F

cos πd
′

F

)
if d′π < θ,

F cos−1
(
M

sin π
2F

sin πd
F

)
if d′π ≥ θ

(3.23)

Now the voltage gain has to be obtained and equation (3.23) has to be plugged into

voltage gain equation to find both M and θ in terms of F ,Q, and d. In order to find

the voltage gain in terms of main variables, Vo should be found in terms of Vi. As

shown in Fig. 3.1(a), Vo = IoRL, where Io is the DC component of full-wave rectified

series current:

I0 =
1

π

∫ π+θ

θ

i(t)d(ωst). (3.24)

Using (3.21) and (3.22), I0 is calculated as:

I0 =


Vi
RL

2F
πQ

(
sin(πdF )
cos( π

2F )
sin
(
θ
F

)
+ cos

(
θ
F
− πd′

F

)
− 1

)
if d′π < θ,

Vi
RL

2F
πQ

(
sin(πdF )
cos( π

2F )
sin
(
θ
F

))
if d′π ≥ θ

(3.25)
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Now, if θ is substituted from (3.23) in (3.25), M can be found in terms of d, F and

Q as follows:

M =


(

2F
πQ

)
AB
√
A2+B2−1−B2

A2+B2 if d′π < θ,(
2F
πQ

)
sin(πdF )√

( 2F
πQ

sin( π
2F ))

2
+cos2( π

2F )
if d′π ≥ θ,

(3.26)

A = sin
(
πd
F

)
tan
(
π
2F

)
+ cos

(
πd
F

)
, B =

πQ cos
(
πd′
F

)
2F sin( π

2F )

Using (3.23) and (3.26), θ could be calculated in terms of d, F , and Q as:

θ =


π
2
− F sin−1

(
A
√
A2+B2−1−B
A2+B2

)
if d′π < θ,

F cos−1
((

1 +
(
πQ
2F

cot π
2F

)2)− 1
2

)
if d′π ≥ θ

(3.27)

It can be observed from (3.27) that for lower duty ratios where d′π ≥ θ, the value of

θ is not a function of d anymore and it is a constant value if the tank parameters F

and Q are constant. There is also a physical interpretation for this observation. The

current phase lag (θ), depends on the circuit seen from the inverter terminals (vin(t)).

In case of d′π < θ, (see Fig. 3.2), for ωst in [d′π θ], the inverter terminals absorb

power and a negative dc source (−MVi) in series with resonant tank is connected to

terminals. However, for ωst in [θ (1− d′)π], the inverter terminals inject power and

a positive dc source (+MV i) in series with resonant tank is connected to terminals.

The overall circuit seen from inverter terminals depends on the relative duration of

these intervals. By changing duty cycle the relative duration of these intervals is

changed and consequently θ is changed. However, in case of d′π ≥ θ, (see Fig. 3.3)

regardless of duty cycle the inverter terminals always inject power and a positive dc
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Figure 3.3: Current waveform if converter remains in CCM for d < dZV S (No
ZVS).

source (+MV i) in series with resonant tank is connected to terminals. Thus, the

circuit seen from inverter terminals and consequently θ are independent of duty cycle

and only depend on F and Q. Therefore, for any F and Q there exists a critical duty

ratio dZV S where for all duty cycles smaller than that, θ is equal to the constant value

as expressed in (3.27).

dZV S = 0.5− F

π
cos−1

(1 +

(
πQ

2F
cot

π

2F

)2
)− 1

2

 (3.28)

In fact if d > dZV S, then d′π < θ and converter is in ZVS mode and if d < dZV S,

then d′π ≥ θ and ZVS is lost. Therefore, equations 3.21-3.27 can be rewritten using

two conditions of d > dZV S and d ≤ dZV S to become independent of θ. The sgn()

function in (3.1) can now be eliminated by obtaining dZV S. Having F and Q, first

dZV S is obtained from (3.28), then θ, M , and i(t) corresponding to each d could be

calculated using the above mentioned equations.

When d > dZV S, converter always operates in CCM and (3.21) is the only possible

current waveform. But as discussed earlier for low duty ratios where d ≤ dZV S
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Figure 3.4: DCM boundary in RL − F plane for fr = 100kHz.

converter may stay in CCM where current waveform is derived as (3.22) or it may

enter DCM and operate under ZCS. In DCM, (3.1) does not describe its behavior

anymore and another ODE that describes the system behavior under DCM should

be derived. CCM current waveform can be used to find the boundary condition for

the DCM operation. Figure 3.3 shows the CCM operation for d ≤ dZV S. It can be

observed that, if the slope of current is positive right after ωst = θ then converter

operates at CCM otherwise it has entered DCM. According to (3.22) slope of the

current at ωst = θ is i̇1(θ/ωs)+ i̇4(θ/ωs) which is non-positive if and only if πQ ≤ 2F .

Therefore, the necessary condition for converter to enter DCM is:

Q ≤ 2

π
F (3.29)

It is worth mentioning that the same result has been reported in the previous studies

[32, 33].

The obtained boundaries for DCM and ZVS are plotted in Fig. 3.4 and Fig. 3.5

respectively. Figure 3.4 shows the DCM boundary in RL − F plane for fr = 100kHz

and different values of C. It is observed that by increasing C and F SRC enters
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Figure 3.5: ZVS boundary (dZV S) versus F for different Q values.

DCM for smaller RL values. Also Fig. 3.5 shows the ZVS boundary (dZV S) versus

F for different Q values. It can be seen that by increasing F and Q the ZVS range

increases.

According to Fig. 3.4 and Fig. 3.5, the variable dusty ratio SRC may have three

operating modes as:

1. Discontinuous Conduction mode.

2. Continuous Conduction Mode with Zero Voltage Switching (d ≥ dZV S).

3. Continuous Conduction Mode without Zero Voltage Switching (d < dZV S).

Fig. 3.6 shows the all three possible operating modes for a SRC with Q = 1. It can be

observed that for lower F values converter always operates in CCM, but ZVS could

be lost by reducing d. However, for larger F values converter operates in CCM with

ZVS at large duty ratios and by decreasing the duty ratio SRC enters DCM. Also

the point in which all three modes meet is so called triple point and it is shown in

Fig. 3.6. At triple point, Q = π
2
F , and d = dZV S. If these conditions are plugged
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Figure 3.6: Three different operating modes for Q = 1 in d− F plane.

into (3.28), (3.26) the converter duty ratio at triple point dtriple and its gain at triple

point Mtriple could be obtained as:

dtriple = 1− F

2
. (3.30)

Mtriple = sin
( π
F
− π

2

)
. (3.31)

Therefore, converter duty ratio and its gain at ripple point only depend on F value.

Figure 3.7 and Fig. 3.8 show the the SRC’s triple point duty ratio and gain respec-

tively. It can be concluded that no DCM occurs for F ≥ 2, because the triple point

reaches zero and converter always operates within CCM.

3.2 DCM Analysis

Figure 3.9 shows the DCM operation waveform. Right before ωst = 0 resonant tank

current is zero but the tank capacitor has an unknown initial voltage −Vdcm. After

applying the positive input voltage, the tank current starts rising and reaches its
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Figure 3.7: SRC dtriple in d− F plane.

Figure 3.8: SRC Mtriple in M − F plane.

Figure 3.9: DCM operation waveform.
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peak value at ωst = 2dπ. The capacitor voltage increases as long as the resonant

tank current is positive. At ωst = 2dπ input voltage is switched to zero when the

energy stored in the inductor starts discharging into the load and resonant capacitor.

At an unknown instant ωst = φ, inductor current reaches zero and remains zero until

the next half-cycle. When the current is zero, none of the output diodes conduct

and the load is isolated from the resonant circuit. During this period, the primary

voltage of the transformer will be equal to the capacitor voltage at ωst = φ to keep

the inductor current equal to zero. In other words, from ωst = φ to ωst = π, both

capacitor and transformer primary voltages are constant and equal to the capacitor

voltage at ωst = φ.

Due to the symmetry, capacitor voltage at ωst = π must be equal to Vdcm. To analyze

the circuit, equivalent circuit of Fig. 3.1(b) is used for vin(t) and vout(t) as shown

in Fig. 3.9. In order to find unknown variables Vdcm and φ, LBT method is used

and the steady state initial conditions are obtained in terms of Vdcm and φ. Since at

steady state condition i(0) = 0 and vc(0) = −Vdcm, two equations are formed from

the calculated initial conditions and are solved to determine Vdcm and φ as follows:

φ = 2F tan−1

(
sin(2dπ

F
)

cos(2dπ
F

) + 2M − 1

)
(3.32)

Vdcm =
(M − 1)

(
cos(2dπ

F
)− 1

)
cos(2dπ

F
) + 2M − 1

Vi (3.33)

Two variables Vdcm and φ are sufficient to analyze the converter and find all converter

signals. For example, due to the symmetry only half cycle of the current waveform is

enough to determine i(t):
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u

Figure 3.10: Comparison of voltage gains calculated using the proposed method
and other methods. Q = 1&F = 1.23

u

Figure 3.11: Comparison of voltage gains calculated using the proposed method
and other methods. Q = 0.4&F = 1.9

i(t) =


−ViCωr (M−1)(2M)

cos( 2πd
F

)+2M−1 sin(ωrt) 0 ≤ ωst ≤ 2dπ

−ViCωr
[

(M−1)(2M)

cos( 2πd
F

)+2M−1 sin(ωrt) + sin(ωrt− 2πd
F

)
]

2dπ ≤ ωst ≤ φ

0 φ ≤ ωst ≤ π

(3.34)
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Figure 3.12: Current zero crossing point (θ) and ZVS range based on proposed
method and other methods. Q = 2.5&F = 1.4

3.3 Comparison of the Proposed Method with FCA

and FS

In this section the results of the analyses are plotted and compared with the FS/FCA.

For (F = 1.23 & Q = 1) that are the parameters of the experimental setup, voltage

gain is plotted in terms of duty ratio as shown in Fig. 3.10. It can be seen that

for d = 50% the gain predicted by the proposed method is 0.83. While, the gain

predicted by FS and FCA methods (considering 15 harmonics) are 0.86 and 0.88

respectively. Simulation results confirm the prediction of the proposed method. Also,

in Fig. 3.11 another comparison is carried out for (F = 1.9 & Q = 0.4). As for this

case load quality factor is low and converter is operating far from resonant frequency

the FCA/FS prediction error is relatively large (about 15%).

Figure 3.12 shows the plot of the current zero crossing angle (θ), in terms of duty

ratio for (F = 1.4 & Q = 2.5). Due to the symmetry, FS and FCA methods provide

similar results. Although both FS/FCA analysis predict that θ is independent of

d, the proposed method shows that θ increases as d decreases. This is especially
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Proposed Method FS/FCA

Figure3.13:Currentzerocrossingpoint(θ)versusF.Q=2.5&d=0.
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Proposed Method FS/FCA

1

Figure3.14:Currentzerocrossingpoint(θ)versusQ.F=1.23&d=0.1

importantinthepredictionofzerovoltageswitching(ZVS)oftheconverterasZVS

directlydependsonθ.Therefore,ZVSrangecalculatedbyFS/FCAanalysisissmaller

thantheproposedmethodforthisconditionanditcanbeseenthatLBTleadstoa

betterdesign.

Figures3.13and3.14aresketchedforaconstantdutycycle(d=0.1).InFig.3.13a

constantload(Q=2.5)isassumed.ItisshownthatforlargeFvalues,dπ≥θand

converteroperateswithZVS.However,byreducingtheFvalue,θdecreasesuntil

itreachesdπ=72deg,whenZVSislost.AccordingtoFS/FCApredictionZVSis

lostatF=1.6,whilebasedonLBTpredictionZVSislostatF=1.37.According
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to Fig. 3.12 the maximum difference in θ prediction by FS/FCA and LBT method

occurs at dZV S where the LBT predicts the ZVS violation. Therefore, it can be seen

in Fig. 3.13 that the maximum error in θ prediction is occurred at F = 1.37. In

Fig. 3.14 a constant F (F = 1.23) is assumed. θ is reduced, by reducing the load

(Q), until ZVS is lost. FS/FCA predicts Q = 6 when ZVS is lost and LBT predicts

Q = 4.2 when ZVS is lost. Therefore, the maximum error occurs at Q = 4.2.

3.4 Simulation and Experimental Results

To validate the proposed method, SRC circuit is experimentally tested. In this setup

the parameters are chosen as shown in table 3.1:

Parameter Value

Resonant inductance L 5.1µH
Resonant capacitance C 0.8µF

Transformer ratio Np
Ns

1
24

Load resistance RL 1450Ω
Switching frequency fs 97kHz

Table 3.1: Table of experimental setup parameters.

This SRC converter basically boosts up the input dc voltage of Fuel Cell or PV

resources. In this design switching frequency and load resistance are chosen as f =

97kHz, RL = 1450Ω to provide F = 1.23, and Q = 1. According to Fig. 3.10 it

is predicted that this converter can boost a 20V input up to 400V output voltage

at duty ratio equal to 50% which leads to 110W power transfer. For (F = 1.23

& Q = 1), Fig. 3.15 shows the i(pu) and vout(pu) waveforms based on different

methods and simulated waveforms obtained form PSIM software. It is observed that
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Figure 3.15: Calculated i(pu) and vout(pu) waveforms based on LBT method and
other methods versus simulation results. Q = 1&F = 1.23

the plots obtained from the LBT method exactly match the simulation results. Also

it is worth mentioning that the calculated voltage gain M = 0.83 is validated by

this simulation result. This scenario is also experimentally validated and results are

shown in Fig. 3.16. It is worth noting that the proposed method calculates the current

phase lag as 24.6 degrees (0.43 rad) or 720ns which exactly matches with experimental

results in Fig. 3.16.

Moreover, Fig. 3.17 compares the experimental and calculated current waveforms. It
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Figure 3.16: Experimental results (Vin = 20, d = 50%) Ch2: Transformer pri-
mary voltage (Vout) with 25V/div. Ch3: Inverter voltage (Vin) with 25V/div. Ch4:

Series current (i) with 10A/div.
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Experimental Waveform Proposed Method calculation

Figure 3.17: Experimental Current waveform compared to the current waveform
obtained based on proposed method.

can be seen that the proposed method accurately predicts the simulations and exper-

imental waveforms while providing closed form parametric equations for all the con-

verter voltage and current signals. The small difference that is seen in the waveforms

is due to the parasitics of the experimental setup like Lm of transformer, junction

capacitance of the rectifier, and parasitic resistance of the resonant elements that

are not included in the model of Fig. 3.1.If more accurate results are required such
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Figure 3.18: Simulation results for DCM operation. d = 8%, Q = 0.5&F = 1.23

parasitic components should be considered in the analysis.

In order to validate the derived equations for DCM operation, converter is tested in

lower output power. According to (3.29) if F = 1.23, for Q ≤ 0.78 converter operates

in DCM, therefore Q is selected as 0.5, or RL = 2.9kΩ in this test. For F = 1.23 and

Q = 0.5, critical duty ratio is dZV S = 0.42 and for duty ratios less than 0.42 converter

enters DCM. In order to better show the DCM current, we choose d = 0.08.

According to (3.32) and (3.33) current interruption instant ( φ
ωs

) and capacitor voltage

at the interruption instant (Vdcm) are calculated as 3.2µs and 4V respectively. Figure

3.18 shows the simulation results for the above scenario, where it can be seen that

the current interruption time is 3.2µs and Vdcm equals 4V , which are consistent with

calculated results from the proposed method.
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Figure 3.19: Experimental results for DCM operation (Vin = 25, d = 8%) Ch2:
Transformer primary voltage (Vout) with 5V/div. Ch3: Inverter voltage (Vin) with

25V/div. Ch4: Series current (i) with 2A/div.

Figure 3.19 shows the experimental waveforms for this test. As it can be observed

in this figure, at the zero crossing, current matches with the proposed method cal-

culations. However, current continues to conduct through junction capacitors of the

output diodes, since these capacitors have relatively large value in the experimental

setup. Therefore, the current does not remain exactly zero after zero crossing point

and the transformer primary voltage does not remain equal to the resonant capacitor

voltage. In fact, because of large junction capacitors of the rectifier diodes, converter

operation is similar to the LCC resonant converter in DCM mode, as also reported

in [34].

Using the proposed method one can use a different equivalent circuit to further in-

vestigate the junction capacitor effects on the analysis or analyze the LCC converter

in CCM mode.
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Figure 3.20: Experimental current waveform for DCM operation with modified
gating scheme (Vin = 25, d = 8%) Ch4: Series current (i) with 2A/div.

It is worth mentioning that the inverter leading leg switches turn on and off with ZCS

and lagging leg switches turn on with ZVS.

In order to cease the current conduction after zero crossing point of current and

to minimize the effect of the diodes junction capacitance, the gating signals of the

inverter are changed in a way that the undesired current of the diodes’ junction

capacitance can not find a path to flow thorough the inverter. This switching scheme

was first presented in [32].

Figure 3.20 shows the current waveform in this test where the current remains zero

after zero crossing point. Using this gating scheme it is possible to reduce the losses of

the undesired leaking current while keeping soft switching of the inverter MOSFETs.

3.5 Summary

The analysis of a full bridge Series Resonant Converter with variable duty ratio has

been presented in this chapter. As the rectification stage is uncontrolled, then the
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converter differential equation is non-linear, and two intermediate variables are de-

fined to remove the non-linearity. Then using the superposition theorem converter

is analyzed at steady state and intermediate variables are found in terms of main

variables. It is shown that depending on duty cycle, tank parameters, and loading

converter may have one of the following modes:

1. ZVS operation at CCM.

2. Hard switching operation at CCM.

3. DCM operation with ZCS.

The parametric boundary conditions between each of the above modes are obtained

and analyzed along with physical interpretations. The proposed analysis is compared

with the existing FCA and FS methods, and it shown that the results of proposed

method is more complaint with simulations and experiments. Also it is shown that

existing methods have relatively large error in calculation of converter gain, ZVS

range and waveforms for far from resonant frequency operation.
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SRC has a vairety of applications in the literature and has been extensively adopted for

renewable energy integration, voltage regulators, battery chargers, induction heating,

etc[35–39].

Despite the extensive applications of SRC, very few design procedures could be found

in the literature because of its complex analysis. Also the existing design procedures

have many restrictions including:

1. Approximate analysis has been used and the designed SRC characteristics have

significant error compared with desired characteristics[35, 37, 39].

2. Accurate modelings of the SRC have led to numerically solved equations which

do not provide sufficient insight at the design stage. Therefore, trial and error

methods have been used to design the SRC that results in suboptimal operation

of the converter[36, 38].
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3. Design of almost every parameter for the SRC is a compromise at least between

two feathers of the converter. These compromises either are not discussed or

have not been addressed clearly in the previous studies. For example, there is

not any clear approach for snubber capacitor or transformer turns ratio selection

in the proposed design procedures[26].

The accurate solutions obtained by the LBT in section 3 for SRC are used in this

section to achieve an optimum converter design. Depending on the application, re-

quirements on the converter characteristics such as voltage gain, input range, power

range, etc. will be different. One of the applications of the DC/DC SRC is PV sys-

tems and DC voltage regulators, where soft switching operation is needed to achieve a

high power density and high efficiency power converter. In many of these applications

both the input voltage and input power vary, but the output voltage is fixed. In the

literature, there are two common methods to control the output voltage of the SRC

in the presence of input voltage and power variations:

1. Switching frequency control while keeping the duty cycle at the largest possible

value, which is known as Pulse Frequency Modulation (PFM).

2. Fixed frequency control where duty ratio is used to regulate the output voltage.

This method is also known as variable duty ratio control.

Design of power converters are normally proposed considering the control system. In

other words, depending on the adopted control method, design constraints will be

different. For instance, in PFM controlled SRC, the main design constraint is narrow

frequency range while in fixed frequency SRC, the design constraint is the extension of

the ZVS range. Therefore, design procedures for the aforementioned control schemes
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will be investigated and discussed separately in the following sections. Moreover, a

new control scheme is proposed to improve the performance of the converter where

both duty ratio and frequency modulation are used at the same time with optimized

design criteria.

4.1 Pulse Frequency Modulated SRC Design

PFM method is widely adopted in the literature, and a few design procedures are

proposed for PFM controlled SRCs. Most of the existing procedures are based on

iterative and approximations approaches. In this chapter, a novel design procedure

based on LBT is proposed, which provides sufficient insight for the designers, without

resorting to too many design iterations.

Consider the following SRC design example problem, that is common in PV systems.

The requirement is to fix the output voltage at 400V , while the input voltage may

change from V Min
i = 20V and the power to V Max

i = 35V , and the power can vary

from PMin = 110W to PMax = 300W . Resonant tank elements (L and C), snubber

capacitor of the inverter switches (Cs) and transformer turns ratio (nt) should be

designed so that for the whole range of power and voltage ZVS is achieved. In the

following subsections, the trade-offs of the design are discussed and a straight-forward

design flowchart and criteria are presented.
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4.1.1 Resonant Tank

In order to study the effects of resonant tank elements on the converter operation,

a constant nt (nt = Np
Ns

= 1
24

) is assumed for now, and then transformer turns ratio

selection criteria will be discussed later on. The resonant tank elements (L and C)

could be described using ωr and Z0:

ωr = 1√
LC
.

Z0 =
√

L
C
.

(4.1)

If the resonant frequency ωr, and primary side reflected load resistance n2
tRL are

considered as base frequency and impedance then the normalized switching frequency

F and load quality factor Q are derived as:

F = ωs
ωr
.

Q = Z0

n2
tRL

.
(4.2)

Usually switching frequency of the converter is known and thus having the F value

corresponding ωr could be obtained from (4.2). Also as nt is given and RL is known

for any loading condition then for any operating point if Q value is given, corre-

sponding Z0 value is obtained. Now having ωr and Z0 corresponding L and C value

is obtained from (4.1). Therefore, if F and Q are known for an operating point,

then corresponding L and C values could be obtained. It is also observed that the

value of Q is inversely related to RL. As the output voltage is constant then RL is

inversely related to power. Therefore, Q value is directly related to power. Then,

power range boundaries PMin, and PMax could be transformed to QMin, and QMax.

Also F value is directly related to switching frequency and maximum and minimum
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switching frequencies are transformed to FMax and FMin respectively.

Assuming a value for nt, converter minimum and maximum gain could be obtained

as follows:

MMax =
ntVdcout
V Min
i

. (4.3)

MMin =
ntVdcout
V Max
i

. (4.4)

To obtain F and Q values that can provide the above mentioned voltage gains, a

relationship among F , Q, and M must be found. Since PFM is used, SRC always

operates with maximum duty cycle, and d = 50% is substituted in:

M =
(

2F
πQ

)
sin(πdF )√

( 2F
πQ

sin( π
2F ))

2
+cos2( π

2F )

A = sin
(
πd
F

)
tan
(
π
2F

)
+ cos

(
πd
F

)
, B =

πQ cos
(
πd′
F

)
2F sin( π

2F )

(4.5)

After some mathematical manipulation the following relationship is obtained:

Q =
2F

πM

[
−1 +

√
1 + (1−M2) tan2(

π

2F
)

]
. (4.6)

Equation (4.6) indicates that for any given voltage gain, there is a unique set of F

and Q values that could provide this gain. This equation could be sketched in F −Q

plane for any desired voltage gain. Figure 4.1 shows the plot of (4.6) for MMax, and

MMin. It can be seen that the curves are getting far from the origin by decreasing the

gain from MMax, to MMin. In other words, for a specific power level or equivalently

a specific Q value, the smaller voltage gain needs a larger F value or equivalently a

larger switching frequency. Physical interpretation for this observation is that, when

the converter is designed to operate at V Min
i (or MMax) at F1, the drop on the tank
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Figure 4.1: SRC operating area and critical operating points for minimum and
maximum voltage gain.(nt = 1

24 , FMax = 1.9)

should be minimum to achieve MMax. For V Max
i (or MMin), however, F should be

increased (F > F1) to increase the voltage drop on the tank and reduce the gain to

MMin. Also, it can be seen from Fig. 4.1 that for every voltage gain, smaller power

levels, or smaller Q values need larger switching frequencies. From the physical point

of view, for the constant gain, constant voltage drop on resonant tank is required.

However, as the power level reduces the amount of resonant current reduces and the

tank impedance must be increased to compensate for the voltage drop. Thus, for any

voltage gain the frequency is increased as the power decreases. In conclusion, the

largest required switching frequency and consequently largest F value (FMax) occurs

at smallest gain (MMin) and smallest power (QMin).

As the maximum allowable switching frequency of a MOSFET is limited and it is

assumed to be given (ωs is known), then the tank resonant frequency could be designed

to regulate FMax. If FMax becomes too large, then the resonant frequency becomes too
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small leading to large L and C. Increasing the FMax, also will increase the frequency

range, which in turn increases the physical size of magnetic components, because,

they have to be designed for the smallest switching frequency. Therefore, largest

FMax value that does not violate the converter high power density design constraint

is selected. For the design scenario presented here, FMax is selected to be (1.9). As

FMax occurs at point A (MMin, QMin), the obtained FMax, along with MMin derived

from (4.4) are substituted in (4.6) to find QMin:

QMin =
2FMax

πMMin

[
−1 +

√
1 + (1−M2

Min) tan2(
π

2FMax

)

]
. (4.7)

Now that the F and Q values are known for one operating point, the corresponding

L, and C could be obtained by substituting QMin and FMax at (4.2).

The capacitor maximum voltage stress should also be obtained to assess the avail-

ability of such capacitor. The peak capacitor voltage occurs at current zero crossing

instant (ωst = θ), because the derivative of the capacitor voltage is zero when the

current is zero. Therefore, the peak capacitor voltage for a given operation point

(V̂c), can be derived by writing the charge balance for the capacitor from ωst = θ to

ωst = θ + π:

Qc =

∫ θ+π
ωs

θ
ωs

i(t)dt =
π

RLωs
ntVdcout. (4.8)

In this period, capacitor voltage is changed from −V̂c to +V̂c:

Qc = C × 2V̂c. (4.9)

Thus V̂c is obtained as:

V̂c =
π

2RLCωs
ntVdcout. (4.10)
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Using (4.2), V̂c is obtained in terms of F and Q as:

V̂c =
πQ

2F
ntVdcout. (4.11)

According to (4.11) the maximum of V̂c for all operating conditions occurs at point

B (QMax,FMin), where FMin ≈ 1. According to Q definition:

Q =
Z0

n2
tRL

=
Z0

n2
tV

2
dcout

P. (4.12)

Therefore QMax/QMin = PMax/PMin. Thus, capacitor maximum voltage stress is

obtained as:

V stress
c = Max{V̂c} =

πPMaxQMin

2PMin

ntVdcout. (4.13)

Substituting QMin from (4.7) in (4.13) results in:

V stress
c =

PMax

PMin

ntVdcout
FMax

MMin

[
−1 +

√
1 + (1−M2

Min) tan2(
π

2FMax

)

]
. (4.14)

Having the FMax determined from power density constraint as well as MMin from

nt, the capacitor stress could be determined from (4.14). If a capacitor with such

voltage stress is provided by vendors then the design is feasible. However, if the

voltage stress is higher than the voltage limit specified by the vendor (V limit
c ), then

another FMax value should be chosen. Figure 4.2 is the plot of (4.14) for the above

mentioned design scenario with nt = 1
24

. It is observed that as larger FMax is selected,

the capacitor voltage stress decreases. However, further increasing FMax will lead to

lower power density design. Therefore, FMax should be increased just to the amount

that the corresponding voltage stress is equal to capacitor voltage limit (V limit
c ).
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Figure 4.2: Resonant capacitor voltage stress versus selected FMax value for the
design.

Figure 4.3: Leading leg switches with corresponding snubber capacitor at the
switching instant (ωst = 0)

It is worth noting that the relation between F and Q values providing the gain M

is obtained from LBT method. As shown in chapter 3 if other existing methods

were used, the calculated gain would become inaccurate and could result in converter

failure to cover the required input voltage range. Conventionally a large margin was
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used for gain selection to avoid the converter’s failure to cover the input voltage range.

Also the capacitor voltage stress relation with the frequency range of the converter

was never expressed using the closed form formula. In this study the closed form

equation obtained for voltage stress from LBT method could be used to select the

appropriate amount of frequency range. In the previous methods, first frequency

range was selected then the capacitor voltage stress was found and this iteration was

repeated until the capacitor stress was tolerable.

4.1.2 Snubber Capacitor Design

To find the optimum snubber capacitor, first the switching losses must to be studied.

As the resonant current and input square wave voltage are half-wave symmetrical,

then the switching losses for all switches will be the same. Thus, the turn on and

turn off switching losses could be obtained by studying the switching instant for only

one leg. When SRC is working with d = 50%, the switchings occur at ωst = 0 and

ωst = π. Thus, the switching of the leading leg (S1 and S2) is only studied at ωst = 0.

As it is shown in Fig. 4.3 at ωst = 0 the gate signal of switch S2 is removed and the

dead-time between two switches starts. After the dead-time (td), which is usually 1

or 2 percent of the switching period, the gate signal for the switch S1 is applied. As

the dead-time is much smaller than the switching period, then the resonant current

does not change considerably during the dead-time and can be assumed as a constant

current equal to the resonant current at ωst = 0. To achieve ZVS, the current at

ωst = 0 should be negative, which is denoted by −Isw. The switching losses are
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Figure 4.4: switching current Isw versus F for constant M .

dependent on Isw, which can be derived using LBT from (3.21) as below:

Isw = ViCωr
(
1−M2

)
tan(

π

2F
). (4.15)

Figure 4.4 shows Isw versus F for constant gains of MMin and MMax. It can be

observed that the maximum and minimum switching currents occur at points D and

C respectively.

As shown in Fig. 4.5 before t = 0, Isw flows through S2. When the gate signal of S2 is

zero, iS2 falls linearly and it reaches zero during the MOSFET fall time (t = tf ). The

current deviated from S2 has no path to flow except through the snubber capacitors

of the switches:

vC1 + vC2 = Vdc =⇒ C1
dvC1

dt
+ C2

dvC2

dt
= 0 (4.16)

=⇒ iC1 = −iC2. (4.17)

KCL at node e results in:

Isw = 2iC2 + iS2. (4.18)
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Figure 4.5: switching voltage and current waveform for the switch S2.(tf current
fall time, td dead-time)

As during the dead-time iS2 = 0, iC2 rises linearly form zero at t = 0 to 0.5Isw at

t = tf . From tf to the end of dead-time, iC2 remains at 0.5Isw. The voltage across

S2 is equal to vC2:

vC2(t) =
1

C2

∫ t

0

iC2(τ)dτ =


∫ t
0
Isw
2Cs

τ
tf
dτ = Isw

4Cstf
t2 0 ≤ t ≤ tf

Isw
4Cs

tf +
∫ t
tf

Isw
2Cs

dτ = Isw
4Cs

tf + Isw
2Cs

(t− tf ) tf ≤ t ≤ td

(4.19)

The voltage across S2 is zero at t = 0, and it is a parabolic function of time until tf ,

and is linear after tf . It can be observed that the switches turn on with zero voltage

and the snubber capacitor is discharged before the switch turns on and its energy is

restored. Therefore, the amount of snubber capacitor could be increased to decrease

the slope of voltage rise at turn off instant and consequently decrease the turn off loss.

Now using the voltage and current waveforms, turn off switching loss is calculated as:

Poff =
I2sw
Cs

t2ffs

48
. (4.20)
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At the turn on instant, it should be mentioned that obtaining full ZVS is the only

way to eliminate the turn on losses. To achieve the full ZVS at turn on, C1 should

be discharged completely and vC1 should reach zero before the end of dead-time. As

vC1 + vC2 = Vi, in order for vC1 to reach zero, vC2 has to reach Vi at the end of

dead-time. Using (4.19), vC2 at the end of dead-time is:

vC2(td) =
Isw
Cs

(
td
2
− tf

4

)
. (4.21)

If vC2(td) = Vi then the maximum snubber capacitance that could be completely

discharged is derived as:

Cs =
Isw
Vi

(
td
2
− tf

4

)
. (4.22)

There is a trade-off for Cs selection. Increasing Cs, reduces the turn off switching

losses but at the same time, requires a higher Isw to get full ZVS. Therefore, the

snubber capacitor is selected as the largest capacitor that does not violate ZVS even

under worst case scenario. According to (4.22) worst case scenario for ZVS occurs

when Isw
Vi

is the smallest possible value. According to (4.15):

Isw
Vi

= Cωr
(
1−M2

)
tan(

π

2F
). (4.23)

Therefore, for every voltage gain, smallest Isw
Vi

is obtained at largest F . According

to (4.15) and (4.22) worst case scenario for ZVS occurs at point C (QMin,F1) (see

Fig. 4.1) for the discussed design problem. Therefore optimum sunbber capacitor is

derived as:

Copt
s = Cωr

(
1−M2

Max

)
tan(

π

2F1

)

(
td
2
− tf

4

)
. (4.24)
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According to (4.20) it can be observed that the worst case scenario for turn off switch-

ing loss occurs for the largest Isw. For the design problem described here worst case

for turn off loss occurs at point D. Then the normalized turn off loss at worst case is

obtained as:

Poff
PMin

=
1

QMin

(1−M2
Min)

2

M2
Min (1−M2

Max)

tan2( π
2F2

)

tan( π
2F1

)

t2ffs

12 (2td − tf )
. (4.25)

Where, PMin is the minimum power that is specified in design requirements, and as

shown in Fig. 4.1 F1 and F2 are the normalized switching frequencies at which SRC

is able to provide MMax at QMin and MMin at QMax respectively.

The selection of snubber capacitance is directly dependent on switching current cal-

culation. As shown in chapter 3 other existing methods ignore the current wave-

form large signal distortions and thus the obtained switching current could be highly

inaccurate and leads to inappropriate selection of Cs and consequently damage to

switches.

Also using the obtained formulas from LBT method it is shown that worst case

scenario for the turn on and turn off switching loss occurs at point C and D which

makes the design of snubber capacitor more straightforward.

4.1.3 Transformer Turns Ratio

nt is the ratio of transformer primary turns to secondary turns and therefore:

nt =
Np

Ns

=
Vo

Vdcout
. (4.26)
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Figure 4.6: Snubber capacitance (Cs) for different selection of nt.
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Figure 4.7: Turn off switching loss (Poff ) for different selection of nt.

Also voltage gain of the resonant tank is:

M =
Vo
Vi
. (4.27)
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Therefore, the total gain of the converter could be written as:

Total Gain =
Vdcout
Vi

=
M

nt
. (4.28)

Therefore, when Vi = V Min
i , maximum total gain is needed. When Vi increases up to

V Max
i , M can be adjusted by F to reduce the total gain. Thus nt should guarantee

the required maximum total gain at MMax. Therefore, the highest nt that may be

needed (nstartt ) is:

Vdcout
V Min
i

=
MMax

nstartt

=
1

nstartt

. (4.29)

depending on Cs lower nt may be needed.

Decreasing nt from nstartt , results in increase of both primary side current and conduc-

tion losses. However, higher current provides a better turn on ZVS and as indicated by

(4.22), allows the use of larger snubber capacitance but ultimately leads to increased

turn off switching losses. Thus, transformer turns ratio selection is a compromise

between the minimum required capacitor for turn on ZVS and conduction and turn

off losses.

Figure 4.6 and 4.7 show plot of Cs and Poff for different values of nt according to

(4.24) and (4.25). In general, optimum nt is nstartt that provides lowest conduction

and switching losses. However, depending on the design specifications, nstartt could

result in a Copt
s value that is smaller than MOSFET inherent junction capacitor Cds.

In that case, Isw can not even discharge Cds and ZVS will be lost. Thus, nt must be

reduced so that ZVS operation is guaranteed.

Using the LBT method a clear approach for nt selection is proposed here that is based

on closed form equations and does not lead to too many iterations. In the previous

69



Chapter 4. Series Resonant Converter Design

Figure 4.8: Design flowchart.

design procedures nt selection was based on the designer’s own experience in that

application rather than a general selection criteria.

Flowchart in Fig. 4.8 summarizes the proposed design procedure. In the design

problem of this section, the obtained parameters are shown in table 4.1.
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Parameter Value

Resonant inductance L 5.1µH
Resonant capacitance C 0.8µF

Transformer ratio Np
Ns

1
24

Snubber capacitance Copt
s 1.5nF

Table 4.1: Obtained parameters for PFM controlled SRC.

4.2 Fixed Frequency SRC Design

The Pulse Frequency Modulation control cannot be used in all applications due to

the following restrictions:

1. The size of components are designed for smallest frequency that results in larger

physical size of magnetic components. Therefore, PFM controlled SRC offers

less power density, compared with variable duty cycle controlled SRC.

2. Due to frequency variations, EMI emissions of the the PFM controlled SRC

cannot be suppressed easily, and it cannot be used in EMI sensitive applications.

The fixed frequency SRC has been widely used in the literature for many applications

including voltage regulator modules for Microprocessors and Application Specific ICs.

Power density is a crucial factor for these applications and also EMI emissions cannot

be tolerated. Therefore, PFM method cannot used for these applications and Variable

Duty cycle control at the fixed frequency is normally used to regulate the voltage.

Since the duty ratio may decrease for specific loads and input voltages, it is possible

to reach duty ratios less than ZVS duty ratio dZV S, which causes hard-switching

operation and damage to the converter.
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The boundary for ZVS operation is specified by dZV S in chapter 3 at (3.28), which

was for ideal conditions. In practice, the non-idealities will affect dZV S. Among all

non-idealities the effect of dead time between inverter switches is the most important

factor, especially for high frequency resonant converters where the dead-time is a

significant portion of the switching period. Therefore, in the following subsection,

the effect of dead time on the SRC characteristics is discussed to provide a better

insight for fixed frequency SRC design.

4.2.1 Dead-time effects

The process that occurs during the dead-time for the ZVS operation of SRC is il-

lustrated in section 4.1.2. If SRC operates with ZVS, then during the dead-time,

drain-source capacitance (Cds) of the switch pairs in a leg are charged and discharged

by the current that is drawn by resonant tank. In fact, the amount of resonant current

at the switching instant determines the charging and discharging rate of the switches.

For the hard switching operation of the inverter the process of the switching transition

is completely described in [40] for which a Miller plateau is normally observed. As

soft switching operation of the SRC is normally a design requirement, in this section,

the dead-time effects are only studied for soft switching (ZVS) cases.

As shown in Fig. 4.5, during the dead-time, the voltage across the (Cds) which is the

inverter terminal voltage (vin(t)), has two segments. Firstly, it raises as a parabolic

function of time, then it rises linearly until it reaches to the Vi value. The rate of

voltage increase is determined by the amount of resonant current at switching instant

(Isw). For the sake of simplicity it is assumed that the voltage increases linearly

during the dead-time.
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Figure 4.9: Inverter topology for full bridge SRC.

Figure 4.9 shows the inverter topology for the full bridge SRC. Switches S3 and S4 that

form the lagging leg, regardless of duty cycle always turn off with negative current

and thus operate with Zero Voltage Switching (ZVS). Therefore, a large snubber

capacitance could be selected for the lagging leg switches to reduce the turn off losses

as well. However, switches S1 and S2 that form the leading leg are vulnerable to loss

of ZVS under low duty cycles and need a precise selection of the snubber capacitance

and dead-time.

Assuming that the voltage increases linearly during the dead-time, the effect of dead-

time on the inverter voltage is shown in Fig. 4.10. All the switches are working at

50 percent duty cycle, however the phase shift between two legs determines the duty

cycle of generated vin(t).

For the non-ideal case, the gate signal of the switch that has to conduct next, is

applied with some delay which is called dead-time. During the dead-time vin(t)

increases/decreases linearly until it reaches to +Vi or −Vi. Usually the amount of
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Figure 4.10: Effects of dead-time on the inverter terminal voltage vin(t).

dead-time is regulated in a way that the voltage increase/decrease finishes at the

end of dead-time. The time that is needed for voltage increase/decrease is directly

dependent on the amount of current at switching instant Isw and Cs. Switches S1

and S2 turn off at equal Isw, and switches S3 and S4, both turn off at equal but larger

value of Isw. Therefore, the dead-time of S1 and S2 is the same and is denoted by ϕ1,

while the dead-time of S3 and S4 is denoted by ϕ2. In general ϕ1 ≤ ϕ2, however, for

d = 50% (square wave operation) ϕ1 = ϕ2 and they have the largest possible value.

As it will be shown later, the most important effect of the dead-time non-ideality

is its influence on the ZVS range for which the maximum dead-time is the worst

case scenario. Therefore, in the non-ideal waveform of the vin(t) which is shown in
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Figure 4.11: Decomposition of the non-ideal waveform of the vin(t).

Fig. 4.10 it is assumed that ϕ1 = ϕ2 = ϕd. It is important to note that the non-ideal

waveform is shifted to the right by ϕd
2

.

In order to apply the LBT for analysis of SRC with the dead-time effect, as shown in

Fig. 4.11, the non-ideal waveform is decomposed into two waveforms, ideal waveform

and a ramp function. The superposition law is used to analyze the SRC. Applying

the LBT to the ideal waveform is described in section 3.1 that results in following

initial conditions:

V0,id = 0

V ′0,id = −Viωr
sin(πdF )
cos( π

2F )
.

(4.30)

The Laplace transform of the vadd(t) could be easily obtained as:

Vadd(s) = Vi
s

[
e−s

ϕd+d
′π

ωs − e−s
d′π
ωs − e−s

ϕd+d
′π=2πd

ωs − e−s
(1−d)π
ωs

]
+ϕdVi

2ωs

[
e−s

d′π
ωs − e−s

(1−d)π
ωs

]
.

(4.31)

Then, V0,add and V ′0,add are derived by plugging s = ±jωr into G(s) = −Vadd(s):
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V0,add = −Vi
[
ϕd
2F

sin(πd
F

)

cos( π
2F

)
+
(
cos(ϕd

F
)− 1

)]
V ′0,add = Viωr sin

(
ϕd
F

)
.

(4.32)

These initial conditions are added to find the steady state initial conditions for the

non-ideal waveform:

V0 = −Vi
[
ϕd
2F

sin(πd
F

)

cos( π
2F

)
+
(
cos(ϕd

F
)− 1

)]
V ′0 = Viωr sin

(
ϕd
F

)
− Viωr

sin(πdF )
cos( π

2F )
.

(4.33)

It is worth noting that V0,add and V ′0,add become zero for ϕd = 0. However, the effect

of vadd(t) on the ODE Zero State Response has to be included to find the final exact

solution.

vadd(t) is always zero except during the dead-time where it is equal to a ramp function.

Therefore, the Zero State Response of the SRC Ordinary Differential Equation to the

ramp function has to be obtained in order to study the effects of vadd(t) in time

domain. The Unit Ramp Response (URR(t)) of the SRC’s ODE is derived as:

LCv̈c(t) + vc(t) = t, vc(0) = v̇c(0) = 0. (4.34)

That results in following unit ramp response:

URR(t) =
F

ωs
(ωrt− sin(ωrt)) . (4.35)

As it can be observed from (4.35), the ZSR of vadd(t) contains both algebraic (t) and
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trigonometric functions (sin(ωrt)) of time, which makes it difficult to find the ana-

lytical solution for converter characteristics like SRC voltage gain M and its current

zero crossing angle θ. Therefore, the Taylor expansion of the trigonometric functions

could be used in the analysis:

sin(x) = x− x3

3!
+ x5

5!
+ ...

cos(x) = 1− x2

2
+ x4

4!
+ ...

(4.36)

Thus, if x→ 0, the Higher Order Terms could be neglected:

sin(x) ≈ x

cos(x) ≈ 1
(4.37)

Since ϕd is very small (dead-time is a very small portion of the switching period) and

the unit ramp response is evaluated for the [0 ϕd] the effect of unit ramp response can

be approximated zero and can be completely neglected. Therefore, the only function

that determines the ZSR is the ideal waveform which has not been altered. In fact

using the (4.37) we can approximate the ZSR of the non-ideal waveform by the ZSR of

the ideal case. Also if (4.37) is substituted in (4.32) it can be concluded that the steady

state initial conditions obtained for the non-ideal waveform is approximately equal to

the state of the ideal SRC at ωst = ϕd
2

. Thus, the system’s time domain response will

follow the same intervals that an ideal response follows, however, compared to ideal

case the response to the non-ideal waveform will starts from ϕd
2

. In other words, to

get the non-ideal response, it is sufficient to shift the ideal response to the right by

ϕd
2

. Therefore, SRC gain M will not be affected if the non-ideality of dead-time is

considered, however, the current phase shift θ will become θ + ϕd
2

.
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In order to show the validity of the approximation for the non-ideal dead-time anal-

ysis, some simulation are carried out for the SRC with non-ideal waveform. The

simulation parameters are summarized in table 4.2.

Parameter Value

Normalized frequencyF 1.3
Quality factor Q 2

Transformer ratio Np
Ns

1

Input voltage Vi 100V
duty cycle d 0.35

Table 4.2: Parameters used for SRC simulation with dead-time non-ideality.

Simulations have been carried out with three different ϕd values, and results are shown

in table 4.3.

ϕd
2π

M θ − ϕd
2

i(d′π) i(d′π + ϕd) i
(
d′π + ϕd

2

)
0.5% 0.51 0.88 (rad) −3.4 −3.2 −3.27
1% 0.51 0.88 (rad) −3.5 −3 −3.25
5% 0.51 0.88 (rad) −4 −1.9 −3.16

Table 4.3: Dead-time non-ideality effects on SRC characteristics.

It can be observed that the SRC gain is independent of ϕd value. Also the amount of

current at ωst = d′π is dependent on ϕd and increases as the ϕd increases. However,

the amount of current at ωst = d′π + ϕd
2

is almost independent of ϕd. Furthermore,

if the ϕd
2

shift is considered then the current phase lag θ will be independent of ϕd.

Another observation is that the amount of current right at the middle of switching

transition (at d′π+ ϕd
2

) is the average value of the current in the [d′π d′π+ϕd], and

thus i
(
d′π + ϕd

2

)
could be used for snubber calculations.
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4.2.2 Practical DZV S Calculation

After considering the effects of the dead-time non-ideality on the SRC analysis, the

real ZVS range in the presence of dead-time could be calculated. The necessary

condition for the ZVS in presence of dead-time (or Cds 6= 0) is that the current

remains negative until the end of dead-time. In fact for theoretical ZVS range the

ideal current waveform at switching instant ωst = d′π has to be zero, while for

practical case the non-ideal current waveform at ωst = d′π + ϕd has to be zero.

As the non-ideal waveform is the shifted version of ideal waveform by ϕd
2

, the ZVS

condition is that the practical current zero crossing occurs at the end of dead-time:

d′π + ϕd = θ +
ϕd
2
. (4.38)

which results in:

ϕd
2

= θ − d′π. (4.39)

Basically ϕd is known because the maximum dead-time that is the worst case scenario

for (4.39) is known. However, the right side of the (4.39) is nonlinear, and first it has

to be linearized and then solved to find the practical ZVS duty cycle DZV S. Since the

practical ZVS duty ratio (DZV S) is close to the theoretical ZVS duty ratio (dZV S),

right side of (4.39) is linearized around the theoretical dZV S.

θ − d′π = f(d) ≈ f(dZV S) +

(
∂f

∂d

)
d=dZV S

×∆d = 0 +

((
∂θ

∂d

)
d=dZV S

+ π

)
×∆d.

(4.40)
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Therefore, practical ZVS duty cycle DZV S is obtained as:

DZV S = dZV S + ∆d. (4.41)

Where ∆d is:

∆d =
ϕd
2((

∂θ
∂d

)
d=dZV S

+ π
) . (4.42)

According to θ formula in (3.23), the formula used for θ calculation is different for

d > ddZV S and d < dZV S. As DZV S > dZV s, the following formula for θ is being used:

θ =
π

2
− F sin−1

(
M

sin π
2F

cos πd′

F

)
. (4.43)

(
∂θ
∂d

)
d=dZV S

is calculated as:

(
∂θ

∂d

)
d=dZV S

=
2 cos (γ (1− 4dZV S))− sin γ

γ
×
(
∂M
∂d

)
d=dZV S

cos γ + cos (γ (1− 4dZV S))
π − π. (4.44)

Therefore, ∆d is obtained as below:

∆d =
ϕd
2π

[
cos γ + cos (γ (1− 4dZV S))

2 cos (γ (1− 4dZV S))− sin γ
γ
×
(
∂M
∂d

)
d=dZV S

]
. (4.45)

Where γ = π
2F

and also
(
∂M
∂d

)
d=dZV S

is derived from:

M =

(
2F

πQ

)
AB
√
A2 +B2 − 1−B2

A2 +B2
. (4.46)

A = sin
(
πd
F

)
tan
(
π
2F

)
+ cos

(
πd
F

)
, B =

πQ cos
(
πd′
F

)
2F sin( π

2F )
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Therefore,
(
∂M
∂d

)
d=dZV S

is obtained as:

(
∂M

∂d

)
d=dZV S

=
2γ2Q cot γ

sin γ

 sin β√
1 + (γQ cot γ)2

+
cos β

sin γ
[
1 + (γQ cot γ)2

] 3
2

 .
(4.47)

β used in (4.47) is:

β = arctan

(
tan γ

γQ

)
+ γ − π

2
. (4.48)

Therefore, as for every F and Q pair, there is a unique theoretical ZVS duty cycle

dZV S, there is also a practical ZVS duty cycle (DZV S) for every F and Q. Practical

ZVS duty cycle dZV S also depends on ϕd that is determined based on maximum

dead-time, and in this study it has been assumed that ϕd = 0.01 × 2π. Figure 4.12

shows the practical and theoretical ZVS duty cycle versus Q for a constant F . It is

observed that practical ZVS duty cycle is always greater than the theoretical ZVS

duty cycle, however, the difference ∆d is a non-linear function of F and Q. It also

can be observed that for dZV S = 0.05 the amount of ∆d is almost equal to dZV S itself

and DZV S calculation may be inaccurate. Therefore, the calculation of DZV S is most

accurate if dZV S is larger than 0.05.

4.2.3 Fixed Frequency Control Design Procedure

As discussed earlier, for the fixed frequency SRC, the voltage regulation is achieved

by controlling the duty cycle while the switching frequency or the F value is constant.

As a simple example consider that SRC is designed to convert a constant input DC

voltage into a constant output DC voltage (constant M is required), however, the

load could be changed. The load variations change the Q value, and Q variations in
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Figure 4.12: Practical and theoretical ZVS duty cycle versus Q for constant F
(F = 1.4).

turn change the gain value M . Figure 4.13 is the plot of equation (3.26) and shows

the gain characteristic versus duty cycle for a constant F value. It can be observed

that the gain value increases as Q decreases and duty cycle has to be reduced to

get a constant gain value. Therefore, SRC first has to be designed to provide the

designated gain with d = 50% at QMax (Maximum load), then for Q = QMin (light

load condition), duty cycle has to be reduced in order to get the same voltage gain M .

If the reduced duty cycle (denoted by d0 in Fig. 4.13) is less than practical ZVS duty

cycle DZV S then ZVS is lost and converter could be damaged. Therefore, the first

selection of the F , QMax, and transformer turns ratio has to be done in a way that the

obtained d0 for the QMin does not become smaller than DZV S. In other words, the

gain value with d = DZV S at Q = QMin (denoted by MZV S) has to be smaller than

or equal to the gain value with d = 50%, at Q = QMax (denoted by MMax) to ensure

that SRC always operates with ZVS. In order to have a better insight into the ZVS
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Figure 4.13: The voltage gain characteristic versus duty cycle for constant F
(QMax > QMin).

range of the SRC with variable load, a new characteristic for SRC is defined which

will be called Gain Ratio (Mr) from now on. According to discussion in previous part

the ZVS operation could be guaranteed for all the loads if MMax is larger than MZV S.

Therefore, Gain Ratio Mr is defined as:

Mr =
MMax

MZV S

=
M (d = 0.5, Q = QMax, F )

M (d = DZV S, Q = QMin, F )
. (4.49)

Q =
Z0

n2
tRL

=
Z0

n2
tV

2
dcout

P =⇒ QMax

QMin

=
PMax

PMin

= Pr. (4.50)

Also DZV S could be obtained in terms of F , and QMin as discussed in section

4.2.2.Therefore, Mr is only a function of F , QMax and Pr. Furthermore, as it has

been shown in section 4.1.1, QMax could be described as:

QMax =
2F

πMMax

[
−1 +

√
1 + (1−M2

Max) tan2(
π

2F
)

]
. (4.51)
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In which MMax is obtained from the SRC gain constraint as:

MMax =
ntVdcout
Vi

. (4.52)

As Vdcout and Vi are given design specifications, using (4.51) and (4.52), QMax could

be described in terms of F and nt. Therefore, Gain Ratio of the SRC Mr is a

characteristic that is a function of F , nt, and Pr:

Mr =
MMax

MZV S

=
f(F, nt)

g(F, nt, Pr)
(4.53)

Even though the total gain of the converter is constant and given as a design require-

ment, various sets of resonant tank gain (M) and transformer turns ratio (nt) could

be used to generate the required total gain. As the resonant tank gain (M) is limited

to the maximum value of 1 then a maximum allowable transformer turns ratio (nMax
t )

is obtained by letting MMax = 1 in (4.52) as:

nMax
t =

Vi
Vdcout

. (4.54)

In order to normalize the transformer turns ratio, nt is described as the fraction of

the maximum nt as:

npu =
nMax
t

nt
. (4.55)

In order to show the effect of Pr on gain ratio Mr, Fig. 4.14 is sketched in Mr − F

plane for various Pr values with npu = 1.4. If Mr ≥ 1, then SRC operates with ZVS,

and if Mr < 1 then ZVS operation will be lost for light load condition. The first

observation from Fig. 4.14 is that, by increasing Pr the gain ratio decreases. In fact,
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Figure 4.14: The gain ratio characteristic in Mr − F plane for npu = 1.4 and
different Pr values.

Fig. 4.14 proposes that in the SRC, larger variations in load results in smaller ZVS

range.

The second observation from Fig. 4.14 is that the slope ∂Mr

∂F
is negative for small Pr

values and then it becomes positive for larger Pr values. Also for large F values,

∂Mr

∂F
→ 0, and the gain ratio characteristic versus F becomes a flat line. In other

words, for smaller Pr values increasing F results in ZVS range reduction, until F

reaches large values where the ZVS reduction will be saturated.

The other parameter that determines the gain ratio characteristic is the transformer

turns ratio (npu). Figure 4.15 and 4.16 show the effect of npu on the variable load

SRC behavior for Pr = 1.5 and Pr = 2.5 respectively.

It can be observed from Fig. 4.15 that the gain ratio Mr and consequently the ZVS

range is increased by increasing npu and for the Pr = 1.5, npu has to be at least 2 or

larger to guarantee the ZVS operation for all loads. However, Fig. 4.15 shows that

the minimum npu to get the ZVS for a SRC with Pr = 2.5 is 4.5 or larger. Then it

85



Chapter 4. Series Resonant Converter Design

Figure 4.15: The gain ratio characteristic in Mr − F plane for Pr = 1.5 and
different npu values.

can be concluded that in SRC, npu has to be increased to get ZVS for a larger load

variation range. The physical interpretation is that increasing npu results in lower

required M values or accordingly more inductive circuit and larger current phase lag

leading to a larger ZVS range.

Also ∂Mr

∂F
is important for design purposes, because the optimum F is the one that

has the largest Mr value and consequently ZVS range. Therefore, ∂Mr

∂F
is analyzed to

find the optimum F value that gives the largest ZVS range. It can be observed from

Fig. 4.15 that the slope of ∂Mr

∂F
for smaller npu is negative, and it becomes positive

for larger npu values. However, in Fig. 4.16 the slope of ∂Mr

∂F
is always positive that

is because of large Pr value for this figure. In fact, increased Pr leads into larger npu

values to get ZVS and as increasing Pr and npu value results in positive ∂Mr

∂F
for large

Prs it can be stated that the gain ratio curves will always be similar to Fig. 4.16.
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Figure 4.16: The gain ratio characteristic in Mr − F plane for Pr = 2.5 and
different npu values.

Therefore, the proposed design procedure for fixed frequency SRC will be based on

Fig. 4.16.

Figure 4.16 shows that there is a specific F , that the largest gain ratio or ZVS range

occurs at that F . In fact, for some large npu values the gain ratio has a parabolic shape

in Mr − F plane. If theoretical ZVS duty cycle dZV S was used instead of practical

ZVS duty cycle DZV S, then the gain characteristics would always have a positive

∂Mr

∂F
without any specific F value for which maximum gain occurs. The current zero

crossing angle θ could almost reach π
2

for large F values. Then the theoretical dZV S

could be reduced up to zero and in this case, theoretically the converter could convert

the input voltage into output voltage for almost any load. However, in practice when

θ reaches π
2

a small duty ratio has to be non zero to ensure that there is negative

current in the whole switching period. As shown in section 4.2.2 the accuracy of
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DZV S is for dZV S > 0.05. Therefore, smallest dZV S which leads to largest ZVS range

is assumed to be 0.05.

In most of the voltage regulation applications, in addition to the load variations, the

input voltage is changed in a range and the output voltage is needed to be fixed.

Thus, the resonant tank gain (M) has to be changed in a range to support the fixed

output voltage. Therefore, according to the Fig. 4.13, the voltage gain has to be

greater than the required maximum to minimum voltage gain which results in:

Mr ≥
V Max
i

V Min
i

. (4.56)

Where
VMax
i

VMin
i

is the input voltage ratio that will be denoted by Vr from here on. In

following sections Vr is a given value as design requirement.

Now that all the characteristics of the SRC with variable load and input voltage are

analyzed, the design procedure could be proposed according to the obtained curves.

As large Pr values are common in the most of applications, the design procedure is

proposed based on Fig. 4.16. The discussion for lower Pr value is presented separately.

If the nt, L, and C values are determined then the design is complete. The flowchart

shown in Fig. 4.17 is proposed for the design of fixed frequency SRC. Generally ZVS

range is a function of nt and converter tank parameters. As using nt for ZVS range

increase results in larger circulating current, for each nt, the maximum allowable ZVS

range should be used in design. The maximum ZVS range for a given nt occurs where

dZV S(F,Q) = 0.05. This is one equation in terms of F and Q. The second equation

is obtained from (4.56) which states that converter should be able to cover the whole

input voltage range and power range by changing the duty cycle from d = 50% to
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(1)

(2)

calculate ntF, Q

Solve 
(1)
(2) F, Q

Figure 4.17: The design flowchart of the fixed frequency (variable duty ratio)
SRC.

d = dZV S. Solving these two equations, F and Q values required for tank selection

are obtained. Now having F and Q values, nt is selected using the following formula.

This formula guarantees that converter is able to convert the minimum input voltage

to the required output voltage using the calculated tank in previous step:

nt =
V Min
i

Vdcout

(
2F

πQ

)
AB
√
A2 +B2 − 1−B2

A2 +B2
. (4.57)

A = sec
( π

2F

)
B =

(
πPrQ

2F

)
csc
( π

2F

)
. (4.58)
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Figure 4.18: Inductance of the designed SRC versus F with Pr = 1.5 and different
npu values.

For the small Pr and Vr values, ∂Mr

∂F
is always negative (like Vr = 1.1, and Pr = 1.5 as

shown in Fig. 4.15) and the smallest possible npu occurs for the F values close to 1.

However, as shown in Fig. 4.18 selecting F close to 1 could result in large L values. In

order to find L and C values corresponding to each curve in Mr−F plane, L−F and

C − F characteristics are sketched for the npu values used in Mr − F plane. Having

npu the required gain value is obtained:

Mreq =
1

npu
. (4.59)

Then Q value corresponding to each F is determined as:

Q =
2F

πMreq

[
−1 +

√
1 +

(
1−M2

req

)
tan2(

π

2F
)

]
. (4.60)

Now that Q value for each F is known, L and C value corresponding to each F is

obtained as the following:

L =
n2
tRL

ωs
×QF. (4.61)

C =
(
ωsn

2
tRL

)−1 × F

Q
. (4.62)
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Figure 4.18 shows the L versus F for the Pr = 1.5 and some npu values. As it can be

observed L is a homographic function of F and increases significantly as F becomes

closer to 1. Therefore, selecting the smallest possible npu that could provide the

desired Vr could result in large L values. However, if larger npu values that could

provide the desired Vr are used, then a smaller L is obtained. Therefore, npu is

increased up to an amount that the corresponding L becomes equal to the leakage

inductance and use of external inductance is avoided. However, selecting large npu

and consequently F value, results in larger capacitance C for the design. Figure 4.19

shows C versus F for Pr = 1.5 and some npu values. Also Fig. 4.20 shows the capacitor

voltage stress obtained for Pr = 1.5 and some npu values. It could be observed that

the required capacitance increases as F is increased. However, the voltage stress on

the capacitor decreases as F increases. Thus for large selection of npu, large C is

required, but reduced voltage stress makes it possible to find the desired capacitor in

the market.

Based on the discussion above, the following three steps are proposed for L, C, and

npu selection in the case ∂Mr

∂F
is always negative for the given Pr and Vr value:

1. In the Mr−F curves sketched for the given Pr value, find the smallest possible

npu value that could provide the desired Vr value. If L value obtained for the

selected npu and F value form the L − F characteristic is equal to the leakage

inductance then the design is complete. If obtained L is larger than the leakage

inductance then go to step 2. (note that if the obtained L is smaller than

the leakage inductance then it is not practically possible to design a SRC that

oprate with ZVS for the specified Pr and Vr requirements.)
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Figure 4.19: Capacitance C of the designed SRC versus F with Pr = 1.5 and
npu = 1.5, 2.2, 2.5.

Figure 4.20: Maximum capacitor voltage stress of the designed SRC versus F
with Pr = 1.5 and npu = 1.5, 2.2, 2.5.

2. Increase the npu value from the value selected in the previous step until the

obtained npu and corresponding F value results in L = Lleakage. Derive the

required C and its stress for the obtained npu and F value. If the required

capacitor is provided by the vendors, then the design is complete and the SRC

is designed without any external inductance but with negligible increase in the

current. If the designed capacitor is not available in the market go to step 3.

3. Decrease npu value from the one obtained in step 2 until the capacitance required
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for the design becomes equal to the largest possible capacitance that is available

in the market. (note that if the reduced npu becomes smaller than the npu

obtained in step 1 then it is not practically possible to design a SRC that

oprate with ZVS for the specified Pr and Vr requirements.)

It is important to note that the design procedure presented for ZVS fixed frequency

SRC is based on the closed form and accurate formula for dZV S. Formula for ZVS

range boundary is obtained for the first time in the literature and previous design

procedures all are based on designer’s experience to select the required parameters

for the application.

4.3 Variable Frequency and Variable Duty Cycle

SRC

As it has been shown in the previous sections, the pulse frequency control method

leads to large variation in F and consequently less power density is achieved. For

the fixed frequency control method, extension of the ZVS range comes at the expense

of selecting sub-optimal transformer turns ratio which causes excessive conduction

losses. Furthermore, none of the above mentioned controls could cover the no-load

condition. Thus a new control and design approach is presented here that uses both

SRC switching frequency and duty cycle for the voltage regulation purpose. Also as

discussed in DCM analysis section (3.2), SRC has ZCS in DCM because the current

becomes zero at switching instants. Therefore, SRC is still operating with soft switch-

ing even if it enters DCM, and DCM could be used to extend the range of load and

input voltage. For an optimized design of SRC tank parameters can be selected in a
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Figure 4.21: SRC operation boundaries for F = 1.2 and F = 1.4

way that for any loading condition converter operates in either ZVS mode (d > dZV S)

or in ZCS mode in DCM. Consider the following SRC design problem. The output

voltage must be fixed at 400V , while input voltage range is 25V to 40V , and power

could vary from zero to 250W . For such a large conversion ratio transformer turns

is selected to be 1 : 24 and for practical considerations Z0 =
√

L
C

is selected to be

2.5Ω. Now that transformer turns ratio and output voltage are determined, every

power level presents by a Q. Therefore, d and F are two control variables that could

be used to fix the output at 400V despite the input voltage and power variations.

As d = 50% is the maximum duty ratio that provides the largest M , then for every

F the smallest input voltage that could be converted to 400V could be derived using

(3.26). Also the ZVS violation duty cycle, dZV S, and its corresponding input voltage

could be obtained for every F using (3.28) and (3.26) respectively. Figure 4.21 shows

these boundaries for two values of F . Converter operates with ZVS between these two

boundaries, and its DCM operation boundary is the Q value obtained using (3.29)
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and its corresponding power level. For F = 1.2, the striped regions in right and

left show the ZVS and DCM operation regions respectively. SRC has soft switching

operation for these regions but as it can be seen this single frequency does not cover

all of the desired area. Thus a larger F value such as F = 1.4 as shown in the figure,

should be added to extend the area for both ZVS and DCM operation regions. Using

this procedure the SRC which is able to operate under soft switching that covers all

the desired range is designed with four F values as F1 = 1.2, F2 = 1.28, F3 = 1.4 and

F4 = 1.54.

4.4 Summary

Design of both variable duty cycle and variable frequency control SRC is discussed

in this section. For the frequency controlled SRC it is shown that the transformer

ratio selection is a compromise between conduction losses and full turn on ZVS. The

optimum transformer ratio is nMax
t , however, smaller nt might be selected to achieve

full turn on ZVS at the expense of increased s=conduction losses. After transformer

selection, tank elements and snubber capacitance could be selected from maximum

capacitor voltage stress and full turn on ZVS conditions respectively. For the fixed

frequency SRC, new characteristics of practical ZVS duty cycle (DZV S) and Gain

Ratio (Mr) are defined to find the necessary condition for ZVS operation for the

whole load and input voltage range. It is shown that the extension of ZVS range

to full range is obtained by increasing the conduction loss. Also optimum F and nt

selection criteria is described using the Gain Ratio characteristics.

95



Chapter 5

Conclusion

5.1 Major Contributions

In this thesis a parametric and accurate analysis and design tool is proposed that

is applicable to a large class of switched mode power converters including resonant

converters. The proposed methodology is adopted to tackle the analysis and design

of SRC. The main contributions and conclusions of the thesis is summarized here.

(i) A Laplace based theorem (LBT) is proposed and proved to find the closed

form steady state periodic solution of a dynamic system with discontinuous and

periodic inputs. The theorem predicts the steady state initial conditions using

the Laplace transform of the input function.

(ii) LBT is utilized to develop an effective analysis and design tool for converters

that could be modeled by an ODE with periodic input. The proposed analysis
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tool is applied to a few power circuit, and Buck converter examples and the

accurate and parametric solutions are derived.

(iii) The variable duty cycle full bridge series resonant converter has been analyzed

using the proposed method. Both CCM and DCM operations are analyzed and

explicit, parametric and exact equations are found for converter characteris-

tics and waveforms. It is shown that unlike the conventional approaches, the

proposed analysis tool provides accurate closed form parametric solutions and

equations for converter boundary conditions like ZVS range, DCM criteria, etc.

(iv) Simulation and experimental results are shown to validate the accuracy of the

proposed method.

(v) Using the insight provided by the proposed method, different trade-offs in the

design of both fixed frequency and frequency modulated SRC are discussed . The

explicit equations for the selection of SRC parameters in each case are derived.

The systematic and optimized design approach for each case is described using

the transparent design flowchart.

5.2 Future Work

There are many directions that this research could go as the next stage of the study.

Below is a brief list of a few possible future work:
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(i) In this thesis the steady state response of converters are analyzed. With some

mathematical manipulations anther theorem could be proposed for transient re-

sponse analysis. The transient response of the system could be used for dynamic

modeling and control of a large class of converters.

(ii) As the proposed method is general and could analyze the high order resonant

converters as well, then as the next stage of the research the proposed method

could be used for exact and parametric analysis of LLC and LCC resonant

converters. Due to the improved characteristics, LLC and LCC converters have

many practical applications, however, there is no accurate analysis available in

the literature for such converters.

(iii) One of the main issues for the DC/DC resonant converters is their Synchronous

Rectifier stage and its gating. As the proposed method provides parametric

equations for the current zero crossing, an accurate observer based controller

could be designed based on the obtained equations that eases the measurement

requirements.
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adaptive control algorithm of half-bridge series resonant inverter for domestic

induction heating. Industrial Electronics, IEEE Transactions on, 56(8):3106–

3116, 2009.

104



Bibliography

[39] D.J. Tschirhart and P.K. Jain. Design procedure for high-frequency operation

of the modified series-resonant apwm converter to reduce size and circulating

current. Power Electronics, IEEE Transactions on, 27(10):4181–4191, Oct 2012.

ISSN 0885-8993. doi: 10.1109/TPEL.2012.2191420.

[40] Sanjaya Maniktala. Switching Power Supplies A-Z. Elsevier, 2012.

105


	Acknowledgements
	List of Tables
	List of Figures
	Abbreviations
	Symbols
	1 Introduction
	1.1 Existing Converter Analysis Methods
	1.1.1 Approximation Methods
	1.1.2 Numerical Methods
	1.1.3 Time domain methods

	1.2 Series Resonant Converter (SRC) Design
	1.3 Thesis Motivations
	1.3.1 Accurate and Parametric Analysis Tool
	1.3.2 Variable Duty Cycle SRC Analysis
	1.3.3 SRC Design

	1.4 Thesis Outline

	2 The Proposed Theorem and Analysis Method
	2.1 The Laplace Based Theorem (LBT)
	2.2 The Proposed Procedure for Converter Analysis
	2.3 Simple RL Circuit Example
	2.4 Buck Converter Example
	2.5 Summary

	3 Series Resonant Converter Analysis
	3.1 CCM Operation
	3.2 DCM Analysis
	3.3 Comparison of the Proposed Method with FCA and FS
	3.4 Simulation and Experimental Results
	3.5 Summary

	4 Series Resonant Converter Design
	4.1 Pulse Frequency Modulated SRC Design
	4.1.1 Resonant Tank
	4.1.2 Snubber Capacitor Design
	4.1.3 Transformer Turns Ratio

	4.2 Fixed Frequency SRC Design
	4.2.1 Dead-time effects
	4.2.2 Practical DZVS Calculation
	4.2.3 Fixed Frequency Control Design Procedure

	4.3 Variable Frequency and Variable Duty Cycle SRC
	4.4 Summary

	5 Conclusion
	5.1 Major Contributions
	5.2 Future Work

	Bibliography

