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Abstract

Researchersconductassociationstudiestodiscoverbiomarkersinordertogainnew

biologicalinsightoncomplexdiseasesandphenotypes.Althoughmostresearchers

haveintuitionsaboutwhatdefinesabiomarkerandhowtoassesstheresultsofan

associationstudy,thereisneitheraformaldefinitionforwhatabiomarkeris,nor

objectivegoalforassociationstudies.Asaresult,theliteratureisfullofassociation

studieswithconflictingresults–e.g.,studiesonthesamephenotypethatproduce

listsofbiomarkerswithlittletonooverlap.

Thisthesispresentsthe“BudgetedBiomarkerDiscovery(BBD)problem”,which

clearlydefines(1)whatabiomarkeris,and(2)rewardsforcorrectlyidentifying

biomarkersandpenaltiesforincorrectlyidentifyingbiomarkers.Furthermore,the

BBDproblemallowsresearcherstouseamixtureofhigh-andlow-throughputtech-

nologies.Inthecontextofdiscoveringbiomarkersfromgeneexpressiondata,we

showhowfutureassociationstudiescanusebothmicroarraysandqPCRdatato

objectivelyfindthegenesthatarebiomarkersinacostefficientmanner.

WepresentseveralalgorithmsforsolvingtheBBDproblem,andshowthatgood

algorithmsmustmakeuseofbothmicroarraysandqPCR.Also,theymustbeableto

adapttothedataasitiscollected.Forexample,whensolvinganewBBDproblem,

wemustbeginbycollectingmicroarraysbecausewedonotyetknowhowmany

biomarkersweexpecttoidentify,orwhichqPCRarrayswouldbemostinformative.

Thus,weusethehigh-throughputmicroarraystosurveytheproblem,untilwecan

identifywhichspecificlow-throughputqPCRarraystouseforfocusingonthose

genesthatarepotentiallybiomarkers.Toidentifywhenthistransitionshouldoccur,

wepresenttheproblemofestimatingthedensityofunivariatestatisticsinhigh-

throughputdata,andwepresentourFusedDensityEstimation(FDE)algorithmas
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asolution.WeuseFDEasthebackboneofouradaptivealgorithmsforsolvingBBD

problems.Inaseriesofexperimentsonrealmicroarraydataandrealisticsynthetic

data,weshowthatourBBD1algorithmisthemostrobustsolution,amongstthose

considered,totheBBDproblem.

iii



Preface

ThisthesisisanoriginalworkbySheehanVeikkoKhan.Itbuildsofhispreviously

publishedworks:

1.S.Khan,R.Greiner.”BudgetedTranscriptDiscovery:AFrameworkFor

JointExplorationAndValidationStudies”,BIBM2014

2.S.Khan,R.Greiner.”TheBudgetedBiomarkerDiscoveryProblem:AVari-

antofAssociationStudies”,AAAIworkshoponModernArtificialIntelli-

genceforHealthAnalytics(MAIHA),2014

3.S.Khan,R.Greiner.”FindingDiscriminatoryGenes:amethodologyforval-

idatingmicroarraystudies”,ICDMworkshoponDataMiningforBiomedical

Applications(BioDM),2013

4.C.Stretch,S.Khan,N.Asgarian,R.Eisner,S.Vaisipour,S.Damaraju,O.

Bathe,H.Steed,R.Greiner,V.Baracos.”Effectsofsamplesizeondifferen-

tialgeneexpression,rankorderandpredictionaccuracyofagenesignature”,

PLoSOne,2013

ThefirstthreepapersarerelatedtothethesisbecausetheybuildupontheBBD

problemdefinition.Inparticular,ourTNAS-FDR,BBD1andBBD-Greedyare

clearimprovementsofourpreviousRR,RR+RR,andmLUCBalgorithmsfromthe

BIBMpaper(#1above)respectively.Theworkshoppapers(#2and#3above)also

hadotheralgorithms,buttheywereveryspecifictothemodelsweusedatthetime,

andasthosemodelshavebecomeoutdatedsotoohavethealgorithms.

ThePloSOnepaper(#4above)addressestheissueofstatisticallyunderpowered

microarraystudiespresentintheliterature.Itusesasub-samplingprocedureona
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verylargedataset(todatethelargesthumanskeletalmuscledataset)toshowthe

samplesizerequiredforreliableresults.Inthisthesiswere-usethedatasetand

thesub-samplingapproachtogeneraterealisticsyntheticdataforourexperimental

results.
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TheaveragePh.D.thesisisnothingbutatransferenceofbonesfromone

graveyardtoanother.

–J.FrankDobie,“ATexaninEngland”,1945.
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Chapter1

Introduction

Manyresearchersinbioinformaticsareconcernedwithfinding“biomarkers”,which

arefeaturesthatcanbeusedtoidentifyandseparatecasespecimens(i.e.,thosethat

exhibitthephenotypeofinterest)fromcontrolspecimens(i.e.,thosethatdonot

exhibitthephenotypeofinterest).Forexample,agenethatisoverexpressedin

patientswithacertaintypeofcancer,incomparisontoexpressionlevelsofhealthy

people,wouldbecalledabiomarkerforthatcancer.Thereareseveralreasonsthat

researchersareinterestedinbiomarkers:

1.Biomarkerscanbeusedasdiagnostictools–e.g.,23andMe1isacompany

thatusesbiomarkerstocreatetestsfor:inheritedconditions,drugresponse,

geneticriskfactors,etc.

2.Theycanbeusedforpersonalizedmedicine–e.g.,biomarkerscanbeusedto

identifythetypeofbreastcancerawomanhas,whichcanhelpdeterminethe

treatmentthatwillworkbestforher[11].

3.Onceidentified,pharmaceuticalcompaniescandevelopdrugsthatspecifi-

callytargetbiomarkerstosuppressorpromotetheirexpression[89].

4.Therearemanyfeaturesthatcouldbebiomarkersforaspecificdisease,many

ofwhichhaveyettobeidentified.Identifyingthesebiomarkerscouldiniti-

atefollow-upresearchonthem,whichcouldleadtonewbiologicalinsights

aboutthosefeatures,andhowtheyarerelatedtothephenotype.

1https://www.23andme.com
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Biomarkersaretypicallyfoundbyusingahigh-throughputtechnologytocom-

paremanyfeaturesinacaseversuscontrolexperiment. Werefertotheseexper-

imentsas“associationstudies”. Whilemostresearchershaveintuitionsaboutas-

sociationstudies,currentlythereisnouniversallyacceptedconsensusaboutthe

specificdetails,includingthegoals,ofthesestudies.

Inthisthesis,wedefinetheBudgetedBiomarkerDiscovery(BBD)problem.

Solvingthisproblemprovidesaprecisewaytofindbiomarkersinthecontextof

geneexpressionassociationstudies.TheBBDframeworkextendsthestandardap-

proachofassociationstudiesbyprovidingacleardefinitionforwhatitmeansfora

genetobeabiomarker,anddefineshowtorewardalgorithmsforcorrectlyidenti-

fyingagenesthatarebiomarkers,andtopenalizealgorithmsforfalselyidentifying

genesasbiomarkerswhentheyarenot.FurthermoretheBBDframeworkincorpo-

ratestheuseofbothhighandlow-throughputtechnologies.Thus,whenoperating

underafixedexperimentationbudget,theBBDframeworkallowsresearcherstode-

terminethemostcosteffectivewaytocollecttheirdatawiththegoalofdiscovering

biomarkers.

Theterms“biomarker”and“biomarkerdiscovery”havebeenoverloadedinthe

literature.WeareexplicitlyNOTusingtheterm“biomarkerdiscovery”tomeanthe

processofidentifyingmarkersforuseinclinicaltestsasdescribedbyPepeetal.

[69].Ashintedabove,ourdefinitionofbiomarkerisbasedtheabilityofafeature,

independentofthetechnologyusedtoobserveit,toseparatethecasesfromthe

controls;seeAllisonetal.[2].Ourdefinitionofbiomarkerdiscoveryincludesthe

useofahigh-throughputtechnologytoidentifycandidatebiomarkersthatarethen

checkedbyamoreaccuratelow-throughputtechnology.Inthecontextofgene

expression,wewillprovideformalandobjectivedefinitionsofourinterpretation

ofthesetermsinChapter2.InSection2.6wewillshowhowourmodelcanbe

adaptedtoothertypesof’omicstechnologies,andbeyondbioinformaticsweshow

thattheBBDproblemcanbegeneralizedtoothermachinelearningproblems.
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1.1 Contributions

Thissectionprovidesasuccinctlistofthecontributionsmadeinthisthesis.

1.Claim:Currentmicroarrayassociationstudiescanbenefitfromanappropri-

ateandclearlydefinedobjective.

WeformalizetheBudgetedBiomarkerDiscovery(BBD)problem,whichin-

corporatesbothhigh-andlow-throughputtechnologiestodiscoverbiomark-

erswithinagivenexperimentationbudget.Theproblemdefinitionitselfisa

contribution.

•Incurrentassociationstudies,biomarkersareobtainedfromeitherranked

lists,ornullhypothesistesting.Unfortunatelyneitherapproachdefines

whatitmeanstobeabiomakeranditisthereforeimpossibletoob-

jectivelyevaluatethestudyintermsofthestatementsmadeaboutthe

biomakers.Inotherwords,withoutadefinitionofabiomarkerwecan-

notrewardastudyforcorrectlyfindingthem,orpenalizeitforincor-

rectlyfindingthingsthatarenotbiomarkers.Withoutanobjectiveeval-

uationcriteriaforthestudy,manystrangestatementscanbemade.For

example,wecouldsaythat“allgenesarebiomarkers”,or“nogenesare

biomarkers”,andwithoutpenaltiesforincorrectlylabellinggenesboth

statementsareperfectlyfine.IntheBBDproblemweprovideaclear

definitionofwhatabiomarkeris,andthuswecanpartitionallgenes

intothesetofgenesthatarebiomarkersandthesetofgenesthatare

not. Wealsoprovideanevaluationfunctionthatcomparesthesetof

genesreturnedasbiomarkerstothegroundtruthbasedonourdefini-

tion.

–MicroarrayassociationstudiesarespecialcaseofBBDproblems.

BytreatingthemasBBDproblems,theybenefitfromourprecise

definitions.

–Weshowthat,whilethereisagrowingnumberofmicroarrayas-
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sociationstudies,thenumberofmicroarraysusedperstudyre-

mainsthesame.Thus,studiesremainunderpoweredandinneed

offollow-upcheckingstudies.BecausetheBBDproblemincor-

poratesbothhigh-andlow-throughputtechnologies,itallowsusto

combineassociationandcheckingstudieswithasingleobjective.

Weconjecturethatoneofthereasonsmanyresearcherscurrently

donotperformcheckingstudies,isthelackofaproperdefinition,

butposingtheproblemasaBBDproblemprovidesthatdefinition.

2.Claim:Withonlyafewobservations,wecanlearnusefulplatemodelsfor

geneexpressiondatafromhigh-throughputtechnologies.

Wepresentaplatemodelforgeneexpressionvalues,andshowitcanbeused

totunealgorithmsforspecificBBDproblems,i.e.,thealgorithmcanusethe

parametersoftheplatemodeltotuneitsparametersfortheBBDproblem

thatitiscurrentlysolving.Inordertousetheseplatemodels,weshowed

thatwemustestimatethedistributionoftheeffectsizeofgenesf∆;knowing

thisdistribution,wecangenerateallotherparametersintheplatemodel.We

showedthatwecangetgoodapproximationsoff∆withveryfewexamples,

byexploitingtheveryhigh-dimensionalityoftheproblem.Todothiswe

presentedandanalyzedtwosimpleestimators,whichwethencombinedto

makeourFusedDensityEstimation(FDE)algorithm.

3.Claim:AlgorithmsforsolvingBBDproblemsshouldmakeuseofourplate

model.

Claim:OurBBD1algorithmisaveryrobustsolutionforBBDproblems.

WeshowthatourBBD1algorithmisthemostrobustsolution,amongstthe

algorithmswepresent,forsolvingBBDproblems. BBD1usesamixture

ofmicroarrayandcustomPCRdata,andcantuneitsparameterstoadapt

tonewBBDproblemstohelpsolvethemeffectively.ThusBBD1performs

verywellacrossallofourexperiments;inmostexperimentsithasthebest
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performance.

4.Claim:GreedyalgorithmsdonotprovidegoodsolutionsforBBDproblems.

WeshowthatBBDproblemshaveadirectanalogytoadaptivesubmodular

maximizationproblems.Whilepreviousworkshaveshownthatgreedyalgo-

rithmstypicallyperformwellonsubmodularproblems,weshowthattheydo

notworkwellforourBBDproblems.Theproblemwithgreedyalgorithmsis

thattheymustcomputesomemeasureofutilityforallpossibletests,andthen

performtheonewithhighestutility. Whereasourotheralgorithms,utilizing

onlycustomPCRarrays,canuseourplatemodeltotuneparametersfora

goodpolicy,andthenbehaveaccordingtothatpolicy,i.e.,Claim3.

1.2 Outline

InChapter2wepresentourdefinitionsandmodelsforbiomarkersandtheirdiscov-

ery,i.e.,weformallydefinetheBBDproblem.Section2.5highlightsthebenefits

ofadoptingtheBBDapproachincomparisontopreviousapproaches.Chapter3

followswithadiscussionofrelatedproblemsinbioinformaticsandcomputingsci-

ence.

AsaprecursortodevelopingourBBDalgorithms,wepresenttheproblemof

densityestimationforunivariatestatisticsofhigh-throughputdatainChapter4.

SolvingthisproblemisnotonlyacrucialsteptowardssolvingtheBBDproblem,

butitcanalsobeusedforotherproblemssuchasdeterminingthesamplesize

neededforspecificresearchoutcomes.Forexample,afteranalyzingsomemicroar-

raydata,wemaybeabletoshowthatitisstatisticallyimpossibletoreliablyidentify

thetop100genes(thatarebiomarkers),butthismethodallowsustopredicthow

manymoremicroarrayswouldberequiredtodoso. Whilethismaysoundsimi-

lartothedevelopmentofrealisticsimulationmodelsofmicroarraydata,Section

3.1.5showsthatisanentirelydifferentproblem. Weshowthatitisimpossibleto

solvethisdensityestimationproblemingeneral,andwehighlighttheapproxima-

tionnoiseintroducedbyreasonablesolutions. WethenconstructourhybridFDE
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algorithmthatcombinesthosesolutions.

InChapter5,wepresentouralgorithmsforsolvingBBDproblems.Ouralgo-

rithmscovertwotypesofBBDproblems:1)wheremicroarraydatahasalready

beencollected,andouralgorithmsmustanalyzeittofindthebiomarkers,and2)

wherethealgorithmshavetheabilitytoanalyzedataasitiscollected,andthus

choosebetweencollectingmicroarraysorquantitativePolymeraseChainReaction

(qPCR)sothattheymaydiscoverasmanybiomarkersaspossibleunderagiven

experimentationbudget.ExperimentalresultsinChapter6showthatourBBD1al-

gorithmisaparticularlyattractivesolutionforBBDproblems.Itincorporatesboth

microarrayandqPCRdata,andithasveryrobustperformanceinexperimentsbased

onrealmicroarraydataandacrossaspectrumofsyntheticdatasets.Webelievethat

itcorrespondstothesolutionsoughtafterbyresearchersinterestedinobjectively

validatingmicroarraystudies[21,73].

Weclosethischapterwithabriefdescriptionofhigh-andlow-throughputtech-

nologiesforreadersunfamiliarwithmethodsofobservinggeneexpressionvalues.

Wealsoprovideadescriptionofthecurrentapproachtoassociationstudiesingene

expression,highlightingtheissuesthatareproblematicandill-defined.

1.3 High-VersusLow-ThroughputMethods

Inbioinformatics,therearetwodifferenttypesoftoolsusedfordatacollection:

high-andlow-throughput.Astheirnamesimply,high-throughputmethodsareca-

pableofobservingmanyfeaturessimultaneously,andlow-throughputmethodsare

capableofobservingonlyafewfeaturessimultaneously.Forexample,wecanuse

asinglemicroarraytomeasuretheexpressionvaluesofallofMrs.Smith’sgenes,

orwecanuseasingleqPCRarraytomeasurethevaluesofasmallsubsetofher

genes.Thesetwoapproachestypicallytrade-offcostforaccuracy.High-throughput

methodsaremuchmorecosteffectiveintermsofcostperfeatureobserved,but

low-throughputmethodshavemuchlessobservationnoise–microarraycostsap-

proximately$0.01pergene,andqPCRcostsapproximately$1pergene[28,Table

1].
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Inthecontextofstudiesongeneexpression,microarraysareusedasthehigh-

throughputdevice.Currentmicroarraysarecapableofmeasuringmost,ifnotall,

RNAtranscriptsinthehumangenome.2 Low-throughputobservationsareoften

doneviaqPCRarrays,whichtypicallymeasuretheexpressionlevelsof100genes.3

InpracticeqPCRisusedasthegoldstandardformeasuringgeneexpressionlevels

[19,21,63,73,75,91].

WhilebothmicroarrayandqPCRprovidemeasurementsofgeneexpression,

theycapturethatinformationverydifferently.Inamicroarray,theRNAtranscripts

arehybridizedtothearray,suchthatthetranscriptsforgenegibondataspecific

location,(xi,yi),onthearray.Theexpressionvalueforgenegiisthenmeasured

astheproportionofRNAat(xi,yi)relativetothetotalamountofRNAacrossthe

array.Bycontrast,qPCRoperatesbyisolatingtheRNAtranscriptsspecifictogene

gi,andreversetranscribesthemintocDNA.ThecDNAthenundergoesaseries

ofamplificationcycles. Duringeachamplificationcycle,theamountofcDNA

doubles,andforeachstrandofcDNAproducedaphotonoflightisemitted.Thus,

bycountingthenumberofcyclesrequiredtoobserveafixedamountoflight,itis

straightforwardtocalculatetheamountofRNApresentintheoriginalsample.For

moredetailsonmicroarraysandqPCR(aswellasotherhigh-andlow-throughput

technologies)wereferthereadertoReece&Campbell[19,Chapter20].

Clearly,wecannotexpectthattheexpressionvaluesforgenegitobefrom

thesamedistributioninbothtechnologies.But,ifgenegireallyisabiomarker,

weassumethatbothmethodsshouldbeabletodetectadifferencebetweenthe

distributionsforthecasesandcontrols.

Theimpactofthesedifferencesisthatwhenweusebothhigh-andlow-throughput

technologies,wecannotdirectlymixthedata–theyproducedifferentnumbers,

fromdifferentdistributions.However,inSection2.1wewillprovideawaytomix

appropriatesummariesofthedata.

Onelastpointofinterestisthat,whiletherearemanyreadilyavailable“off-the-

2ThemostcommonbrandonthemarketistheAffymetrixHG-U133-Plus-2,whichmeasures
54675mRNAtranscripts.
3Forexample,SABiosciencescurrentlyoffersqPCRarrayswitheither100genes,or400genes.

http://www.sabiosciences.com/PCRArrayPlate.php
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shelf”qPCRproductsonthemarket,thateachtestasetofgenesthatareknownto

havespecificinteractions(e.g.,genesassociatedwithbreastcancer,orgenesassoci-

atedwithcellgrowth,etc.),mostvendorsalsooffercustomqPCRsolutions,which

allowresearcherstospecifythe100genestheywouldliketotest.Ingeneral,such

customqPCRarrayswillcostslightlymorethanpurchasingan“off-the-shelf”so-

lution,butwillbemuchmoreefficientasresearcherscanavoidpurchasingmultiple

qPCRproductsinordertotestallthecandidategenessuggestedbytheiranalysis.

1.4 TraditionalAssociationStudiesandTheirPitfalls

Whenperforminganassociationstudyongeneexpression,researcherswillcollect

severalmicroarraysfrompatientsinthecasegroup,andseveralfrompatientsin

thecontrolgroup.Afterthedatahasbeencollected,thegenesarerankedbasedon

theirobserveddifferencebetweenthetwogroups,andthetopgenesaredeclaredto

bethebiomarkers.4Herewewillquicklyoutlinethepitfallsofthisapproach.

Thefirstproblemwithmicroarrayassociationstudiesisthattheyareterribly

“underpowered”,i.e.,thenumberofmicroarraysusedistypicallyverysmallin

relationtothenumberofgenesmeasuredineachmicroarray.5Thecommunityhas

beenverygoodinmandatingthepublicreleaseofthemicroarraydatacollectedin

thesestudieswhenpublishingtheirresults.Oneofthelargestpublicdatabasesof

microarraydataistheGeneExpressionOmnibus(GEO)[32];currently6ithas53

959datasetscomposedof1313826microarraysintotal.Figure1.1[top]showsthe

numberofdatasetssubmittedtoGEOperyear.Notethatthenumberofmicroarray

datasetssubmittedhascontinuedtoincreasesince2002,withapproximately10000

beingsubmittedin2013.However,Figure1.1[bottom]showsthatthenumberof

microarraysusedperdatasethasnotincreasedovertime;essentiallyallhaveless

4Notethatwehavebeenintentionallyvaguehereinstatingthatthegenesarerankedbasedon
theirdifference,withoutdefiningdifference.Thisisoneoftheproblemswewilldiscussinthis
section.
5Thestatisticalpowerofatestisdefinedtobetheprobabilitythataspecificeventisdetected

[36].Forexample,ifperformingat-testforthenullhypothesisthatµ=0orµ=0,wemay
definethepowertobetheprobabilitythatwecorrectlyrejectthenullhypothesiswhenµ=1,
i.e.,P(rejectnullhypothesis|µ=1).Thus,statisticalpowerissubjecttothenullhypothesisbeing
tested,andthealternativeeventofinterest.
6OnJanuary1,2015.
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Figure1.1:[top]SummaryofthedatasetsubmittedtoGEOperyear.[bottom]Box
andwhiskerplotsforthenumberofmicroarraysperdataset.

Asaresultofbeingunderpowered,itisdifficulttoproperlyidentifythegenes

thatareactuallybiomarkers.Thismeansitisdifficulttoreproducetheresultsof

anassociationstudy[45];evenifthesametissuesamplesaregiventotwodiffer-

entlabsforanalysis,eachlabmayproducedifferentbiomarkers[95].Toalleviate

theseissues,someresearcherswillperformafollow-upcheckingstudyusingqPCR

toconfirmthatthegenesimplicatedbythemicroarraystudytrulyaredifferentially

expressed.However,thereisyettobeaconsensusastowhichgenesrequirecon-

firmation,andwhatdefinesconfirmation[2,73].

ThecommunityisstillintheprocessofstandardizinghowqPCRdatashould

bemadepubliclyaccessible[18]. Webelievethatifmoreresearchersadoptedthe

BBDframework,itwouldhelppushtowardsmandatingthereleaseofqPCRdatain
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awaysimilartowhatisdoneformicroarraydata.IfqPCRdataweremadepublic,

theanalysescouldbeindependentlyverified7,andmoreoverthisdatacouldbeused

astestbedstodevelopandanalyzenewBBDalgorithms.

Thesecondproblemisthattherearemanywaystomeasurethedifferencein

geneexpressionlevelsbetweenthecasesandthecontrols.Thereareseveralcom-

monlyusedmeasures,eachofwhichwillcatchdifferenttrendsinthedata,andthey

allclaimtobemeasuresof“differentialexpression”[22,94].Theresultsofastudy

canbewildlydifferentbasedonwhichstatisticischosentomeasuredifferential

expression[14].Forexample,supposeourdataforaparticulargenehassample

meansforthecasesandcontrolsµ̂1andµ̂0respectively. Wecouldmeasurethe

differencebythedifferenceoftheestimatesm1=µ̂1−µ̂0orwecouldusetheir

ratiom2=µ̂1/̂µ0.Ifthetruevaluesareµ1=1andµ0=0.01thenbasedon

m1itwouldseemthereisnodifference
8butbym2itwouldseemthereisalarge

difference. Withoutabiologicalrationaltofavouroneofthesemeasuresapriori,

itishighlytemptingforresearcherstoretroactivelypickthestatisticunderwhich

theirfavouritegenesreceivehighranks.Clearly,weshoulddefineourassociation

studiestopreventthisfromoccurring.

Coupledwiththeambiguityindefiningthemeasureofdifferentialexpressionis

theproblemofdecidingwhichofthetoprankedgeneswillbecalled“biomarkers”.9

Therearetwocommonapproachestakentodecidewhichgenesarebiomarkers.

TopK ThefirstapproachistosimplydeclarethetopKfeaturestobebiomark-

ers,i.e.,thosewiththeKlargestmeasuresofdifferentialexpression.The

problemwiththisapproachisselectingtheappropriatevalueforK.Statisti-

cally,itisdifficulttoassociatethechoiceofKwithanymeasureofquality

of,orconfidencein,theresults(ifKmustbesetapriori). Althoughwe

doknowthat,asaresultofstudiesbeingunderpowered,statisticalvariations

7Surprisingly,manygeneexpressionpapersarepublishedwitherrorsinthestatisticalanalysis
[31]–errorsincludemisinterpretingstatisticaltests,andtrainingonthetestingdata(insupervised
learningscenarios).PerhapsthesamecouldbesaidforresultsbasedonqPCR,butwithoutthedata
itisdifficulttotell.
8Thisvalueisbelowtypicallevelsofobservationnoise.
9Fundamentallythisisaverydifficultproblem,becausewehavenotspecifiedwhatdetermines

ifageneisorisnotabiomarker,therewardsfordiscoveringthem,northepenaltiesforfalsely
identifyinggenesasbiomarkers.
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oftencausethetopKgenesintwodifferentstudiesonthesamephenotype

tobeverydifferent[35].

OneofthemotivationsforreportingthetopKgenesisthattheycanbe“ver-

ified”bylookinguptheirrelevanceinpreviouslypublishedstudies.Orthey

canbecomparedwithknownfunctionalgroupsofgenesfromdatabaseslike

KyotoEncyclopediaofGenesandGenomes(KEGG)[50],GeneOntology

(GO)[4],IngenuityPathwayAnalysis10(IPA),theDatabaseforAnnotation

VisualizationandIntegratedDiscovery(DAVID)[42],etc.Thiskindofval-

idationcanbeconsiderasthe“biologicalplausibility”oftheresults.Ifas-

sessingthebiologicalplausibilityisthegoalofthestudy,wemayquestion,

“Ifweareonlyinterestedinfindingwhatwealreadyknow,whybotherdo-

ingthestudyatall?”,aswecouldjustdataminethosedatabases.Alsowhat

doesitmeanifthebiologicalrelevanceofthetopKfeaturesisnotalready

known?Arguably,themostinterestingdiscoverywouldbetofindgenesthat

areonlyexpressedwithphenotype,i.e.,therearenoco-morbiditiesaffecting

theexpressionlevelofthegenes.

HypothesistestThesecondapproachistousenullhypothesistestingprinciples.

Inthisapproach,wecomputethedistributionofthesummarystatisticun-

derthenullhypothesisthatthegeneisnotdifferentiallyexpressed,i.e.,the

distributionofexpressionlevelsisthesameinbothcasesandcontrols.Af-

terthedatahasbeencollected,wecomputethesummarystatisticforeach

gene,andthosewithstatisticsthatareunlikelytobedrawnfromthedistribu-

tionofthenullhypothesisareconsideredbiomarkers. Weusethep-valueto

measurehowunlikelytheobservedstatisticis,wherethep-valueistheprob-

abilityofseeingtheobservedstatistic,oronemoreextreme,whentakinga

randomdrawfromthenulldistribution.Thestandardassumptionsforthe

nullhypothesisare:

1. Whenconditionedontheclass,s∈{1,0},thegeneexpressionvalues

ofgenegiarenormallydistributed,N µi,s,σ
2
i,s.

10www.qiagen.com/ingenuity
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2.Theconditionalmeansarethesame,µi,1=µi,0.

Thebenefitofadoptingthisapproachisthatthereisarichliteratureinstatis-

ticsthatwecanusetomakestatementsaboutthequalityofthegenesre-

portedasbiomarkers.Specifically,wecanquantifythenumberofgeneswe

havereportedasbiomarkers,butexpectnottobebiomarkers,i.e.,amongst

thosegenesidentifiedasbiomarkers,wecanquantifythenumberofgenes

forwhichweexpectthatthenullhypothesisistrue.

Webelievethatthesecondassumptiondoesnotholdforanygenes.Therefore

givenenoughdata,wewillconfidentlydetermineallgenesarebiomarkers.

However,inthestatisticallyunderpoweredscenariosweactuallyencounter

inrealassociationstudiesthisisnotlikelytobeanissue.Inotherwords,in

practiceweexpectthatbecauseofthesmallsamplesizeitismorelikelythat

wefailtoidentifygenesthatarebiomarkersthanwefalselyreportgenesthat

arenotbiomarkers.

Wealsonotethereareothersthatuseanaivebayesapproachtotodetect-

ingbiomarkers[34,77].Inthenaivebayesprocess,wefitamixturemodel,

whereeachgeneiseitherabiomarkerornotbiomarker. Thenselectthe

genesthatstronglyfitthebiomarkermodeltobebiomarkers.However,ithas

beenshownthatthisisequivalenttousingaFalseDiscoveryRate(FDR)con-

trolledt-test,i.e.,naivebayesisavariationofthehypothesistestingapproach

[34].ControllingtheFDRatlevelα,meansthatweguaranteethatthenull

hypothesisistrueforatmostαpercentofthegenesidentifiedasbiomarkers.

Thus,thebiggestissuewithassociationstudiesisthattheyfailtoexplicitly

definewhatmakesageneabiomarker.Alsoneededarerewardsandpenaltiesfor

(mis)reportinggenesasbiomarkers. Withoutrewardsandpenalties,wecanhave

someverystrangeresults,e.g.,declaringallgenesasbiomarkersisonlyabad

ideaifthereisapenaltyforfalselyclaimingageneisabiomarkerwhenitisnot.

Byaskingtherightquestionsofthedata,veryrelevantinformationcanstillbe

discoveredfromstatisticallyunderpoweredassociationstudies.Forexample,[78]

presentsasub-samplingstudyonalargemicroarraydataset,andshowsthatwith
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reasonablesamplesizesrobustclassifierscanbelearnedfromthedatatopredict

thesexofapatient.Here,theclassifiershaveaveryspecificperformancemeasure

(predictiveaccuracymeasuredonholdoutdata),andsexisaveryincontrovertible11

phenotype. WewilltakecaretobeequallyobjectivewhenwedefinetheBBD

probleminChapter2.

11Seefootnote7inSection4.4,onpage55.
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Chapter2

TheBudgetedBiomarkerDiscovery
Problem

Inthisthesis,wewillexplorethe“BudgetedBiomarkerDiscovery”(BBD)prob-

lem. Whilebiomarkerscanbeanytypeoffeature,wewillexplicitlyconsiderthe

caseofgenesasbiomarkers.Focusingsolelyongenesallowsustobemorecon-

cretewithourdescriptions.Itisstraightforwardtoadoptoursubsequentmethods

andanalysestoapplytoanytypeofbiomarker;wewillelaborateonthisinSec-

tion2.6.

BeforeweformallydefineourBBDproblem,wefirstneedtointroducesome

notations. WebeginbyassumingthatwehaveasetofgenesdenotedbyG=

{g1,...,gN}. WeusetheproportionofRNAtranscriptspresentinasampleas

ameasureofthegeneexpressionlevelofthepatient. Whenconditionedonthe

binaryphenotype,s∈{1,0},theclassspecificmeanandstandarddeviationsfor

theexpressionvaluesofgenegiaredenotedasµi,sandσi,srespectively. Wewill

assessgenesbasedontheirstandardizedeffectsize,

∆i=
µi,1−µi,0

σ2i,1+σ
2
i,0 /2

. (2.1)

Geneswithpositive∆iaresaidtobeup-regulatedwiththephenotypeandthose

withnegative∆iaresaidtobedown-regulated.Ourgoalistofindthesetofgenes,

R,thatarerelevant,i.e.,eitherstronglyup-regulated,orstronglydown-regulated,

R={gi:|∆i|≥∆
∗} . (2.2)
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Theterms“relevantgene”and“biomarker”areinterchangeablewithintheBBD

framework.However,weprefertousetheterm“relevantgene”goingforwardasit

isexplictlydefinedinEquation(2.2),whereas“biomarker”maybeconfusedwith

apreviousdefinition(outsideofthisthesis)[69].

Herewehaveused∆∗asathresholdfortheminimaleffectsizegenesthatare

relevant.Fornow,wecanconsiderthisassomefixedvaluethathasbeengiven

tousasadefinition.Later,inSection2.2wewilldiscusshowtoproperlysetthis

valueingeneral.

2.1 PlateModel

AspreviouslydiscussedinSection1.3,inBBDproblemswewillmakeuseofboth

high-andlow-throughputtechnologies.Ingeneralweassumethatwehaveacol-

lectionofpossibletests,T.Eachtest,t∈T,willcoveraspecificsubsetofgenes,

Gt⊆G,foracost,Ct.Forexample,onetestisamicroarraythatmeasuresexpres-

sionlevelsofallgenesinapatientforcostCarray,anothertestisaqPCRarraythat

measuresNPCR=100genesassociatedwithbreastcancerforcostCPCR,andan-

othertestisacustomqPCRarraythatmeasuresNPCR=100genesforourchoice

forcostCcustom.

InSection1.3weshowedthatourtestswillusedifferentapproachestomeasur-

ingthegeneexpressionvalues,andthusourdefinitionoftheeffectsizeinEquation

(2.2)isslightlyambiguousbecauseitdoesnotspecifytowhichtestthevaluesof

µi,s,andσ
2
i,scorrespond.However,astheeffectsizeisinvarianttoscaleandshift

operationsontheunderlyingdistributions1weclaimthatthevalueof∆iwillbe

comparableacrossdifferenttests.Forexample,theeffectsizeofageneobservedin

microarraydataiscomparabletothatobservedinqPCR,eventhoughbothmethods

observefundamentallydifferentdata. Wemaketheassumptionthatalltestshave

1Ashiftoperationwouldaddaconstantbiastotheµi,sterms(raisingtheoverallexpression
valuesforthegene)thatwouldbelostwhenwecomputethedifferenceinmeans.Ascaleoperation
wouldmultiplytheµi,sandσi,stermsbyaconstant(scalingalltheexpressionvaluesbythesame
amount)thatwouldbelostwhenwedividethemeandifferencebytheaveragestandarddeviation.
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thesameeffectsize,i.e.,

∀t∈T:∀gi∈Gt:∆i=∆
(t)
i =

µ
(t)
i,1−µ

(t)
i,0

σ
(t)2
i,1 +σ

(t)2
i,0 /2

, (2.3)

wherewehaveaddedthesuperscript(t)todenotethequantitiesspecifictothetest

t.Ingeneral,weknowthatthisassumptionisnottrue,butitallowsustodefine

relevanceasaninherentpropertyofthegene,i.e.,ageneisrelevantregardlessof

whichtechnologyweusetoobserveitsvalues.2

Weuseψ
(t)
i,s,mtodenotethem’thgeneexpressionvalue,ofpatientsfromclass

s,ofgenegi,usingtestt.Wemodeltheseexpressionvaluesasrandomdrawsfrom

thedistributionf
ψ
(t)
i,s
ψ;s,θ

(t)
i ,whereθ

(t)
i isatupleofparameters,specificto

genegi,andtestt.Forexample,ifexpressionvaluesarenormallydistributed,and

∆i=1,thenapossibleparameterizationwouldbe,

θ
(t)
i = µ

(t)
i,1=1,σ

(t)2
i,1 =1,µ

(t)
i,0=0,σ

(t)2
i,0 =1

ψ
(t)
i,1,m∼fψ(t)i,1

ψ;1,θ
(t)
i =N(1,1)

ψ
(t)
i,0,m∼fψ(t)i,0

ψ;0,θ
(t)
i =N(0,1) .

Figure2.1presentsaplatemodelthatsummarizesourmodelofgeneexpression.

Platemodelsareconvenienttoolsforvisualizingdatawithrepeatedstructure[55,

Chapter6.4.1].Theideaistoviewtherepeatedstructureasastackofidentical

plates.Theplatesaredistinct,buthavethesamedescriptionssoitissufficientto

describethetopplate,andapplyallstatementstotheplatesbelowit.

Fromthetopdown,ourplatemodelhasastackofplatescorrespondingtogenes.

Theplateforgenegicontainsthetrueeffectsizeofthegene,∆i,whichwemodel

asarandomvariabledrawnfromthedistributionf∆,anindicatorvariabletode-

noteifthegeneisrelevant,andastackofplatescorrespondingtothetestsused

toobservethatgene.Theplateforeachtest,t,containsthedistributionsforthe

geneexpressionvaluesusingthattest(whichisencodedbyθ
(t)
i)
3,andtwostacksof

2Inpractice,weexpectthatqPCRwillbemoreaccuratethanmicroarray,andthus∀gi∈R:

∆
(microarray)
i ≤∆

(qPCR)
i .

3Thevaluesofθ
(t)
i areconstrainedaccordingtoourassumptionthatalltestshavethesameeffect

size,Equation(2.3).
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Figure2.1:Platemodelrepresentinghowthegeneexpressiondataisdistributed.
Thedash-dotrectangleenclosesallthevariablesandobservationspertainingto
genegi.Thedashedrectangleenclosesallthevariablesassociatedwithtestton
genegi.Thesolidrectanglesenclosealltheactualexpressionvaluesobserved(for
eachclass).TheisRelevantvariabledenotesanindicatoroftherelevanceofthe
gene,i.e.,gi∈R→isRelevant=1.

platescorrespondingtotheobservedgeneexpressionvalues,ψ
(t)
i,s,m,onestackper

class,s.

Thearrowsintheplatemodelrepresentthenaturalflowofinformationinthe

model,i.e.,knowingthetermatthetailofthearrowitisstraightforwardtoreason

aboutthetermattheheadofthearrow.Unfortunately,inBBDproblemswecan

onlyobservetheexpressionvalues,ψ
(t)
i,s,m,atthebottomofthemodel–thoseare

whatweseewhencollectingdata.Thus,wemustusetheexpressionvaluesto

makeinferencesabouttheunknowndistributions,f
ψ
(t)
i,s
,whichwethenusetoinfer

theunknownvalueof∆i,andultimatelymakeapredictionabouttherelevanceof

thegene.UsingM
(t)
s todenotethenumberofobservationscollected,fromclasss,
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oftestt,wecomputethefollowingestimatesoftheunknownmodelparameters,

µ̂
(t)
i,s=

1

M
(t)
s

M
(t)
s

m=1

ψ
(t)
i,s,m

σ̂
(t)2
i,s =

1

M
(t)
s −1

M
(t)
s

m=1

ψ
(t)
i,s,m−µ̂

(t)
i,s

2

∆̂
(t)
i =

µ̂
(t)
i,1−µ̂

(t)
i,0

σ̂
(t)2
i,1 +̂σ

(t)2
i,0 /2

∆̂i=
t∈T M

(t)
1 +M

(t)
0 ∆̂

(t)
i

t∈T M
(t)
1 +M

(t)
0

. (2.4)

Anotherusefulpropertyofplatemodelsisthattheyaregenerative,whichmeans

thatwecanusethemodeltogeneraterealisticsyntheticdata.Ifweknowthe

distributionoftheeffectsizes,f∆,wecandrawNvalues,{∆i}
N
i=1,fromittocreate

ahypotheticalsetofgenes.Thenbyassumingaparametricformofthedistributions

f
ψ
(t)
i,s
ψ;s,θ

(t)
i wecandrawsyntheticdatatorepresenttheobservations.

InChapter4wewillshowhowtoexploithigh-throughputdatatoproducea

goodestimateofthedistributionofeffectsizes,f̂∆ ≈f∆,byassumingthatthe

f
ψ
(t)
i,s
ψ;s,θ

(t)
i arenormaldistributions.Inotherwordsweassumed,

∀t:θ
(t)
i = µ

(t)
i,1=∆i,σ

(t)2
i,1 =1,µ

(t)
i,0=0,σ

(t)2
i,0 =1 .

InChapter5willshowhowBBDalgorithmscanusethetheestimateddistribution,

f̂∆,totunetheirinternalparametersbysimulatingtheirperformanceonsynthetic

data.

2.2 SettinganAppropriateDefinitionofRelevance

Theprevioussectionpresentedanewdefinitionofbiomarkersbasedontherele-

vanceofgenesasmeasuredinEquation(2.2),andpresentedaplatemodelfrom

whichwecansimulatedatatoevaluateandtunealgorithmsdesignedtofindthe

relevantgenes,butitremainsunclearhowtosetourthresholdoneffectsizes,∆∗,

todefinetherelevantgenes.Hereweseekforanintuitivemannerthatwecanuse

toset∆∗.
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Wepositthatanaturalapproachtosetting∆∗istoconsidertheperformance

ofacaseversuscontrolclassifierinducedbyagene.Biomarkersshouldbeable

toseparatethecasesfromthecontrolsatareasonablyhighaccuracy. Keeping

ourassumptionofnormallydistributedexpressionvalues,andassumingweknow

theparametersoftheclassspecificdistributions,θ
(t)
i,wecanconstructasimple

classifierthatpredictstheunknownphenotypeofapatient,s,basedontheobserved

expressionvalue,ψ
(t)
i,ofgenegi,

ŝ=argmaxs∈{1,0} f
ψ
(t)
i,s
ψ
(t)
i ;s,θ

(t)
i .

Furtherassuminga50/50case/controldistribution,andacommonvarianceinboth

classes,σ
(t)2
i,1 =σ

(t)2
i,0,theaccuracyofthisclassifieristhen,

accuracy(∆i)=
|∆i|

−∞

1
√
2π
e−

x2

2dx. (2.5)

Givenanunderstandingofthebiologyassociatedwiththephenotypeunderstudy,

itshouldbereasonableforabiologisttostateaminimalaccuracyforagenetobe

relevant.Forexample,inastudytofindgenesthatarerelevantwhenidentifyingthe

tumourtypeforwomenwithbreastcancers,wemaysetahighaccuracy(perhaps

90%)becauseweknowthattheestrogenreceptorproteinsarestronglyrelatedto

breastcancers[26].However,ifourgoalistofindgenesthatarerelevantwhen

comparingstageIItumourstostageIIItumours,wemayusealowerthreshold

(perhaps60%),asweexpectthatitwouldbedifficulttodeterminethestageofa

tumourbasedongeneexpressionvaluesalone.

Oncewehaveestablishedadesiredlevelofaccuracy,itisastraightforward

exercisetouseEquation(2.5)toback-calculatetheappropriate∆∗todefinethe

setofrelevantgenesinEquation(2.2).Figure2.2shows∆∗asafunctionofthe

desiredaccuracy.
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Figure2.2:Therelationshipbetweentheaccuracyofageneasaunivariateclassi-
fier,andthe∆∗usedtodeterminewhichgenesarerelevant.
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2.3 DataCollectionModel

Inpracticethereareavarietyofteststhatcanbeusedtocollectgeneexpression

data;differenttestswillhavedifferentcosts.Asthenameimplies,theBBDproblem

willincorporateabudgetrequirement,suchthatwespendatmostafixedbudget,B,

whilecollectingdata.Inotherwords,knowingthebudget,aBBDalgorithmshould

selectandperformthemostcosteffectiveteststodiscovertherelevantgenes.

Unfortunately,whenwestartanewstudywehavenoideahoweffectiveapar-

ticulartest,t,willbeatdiscoveringrelevantgenes,aswehavenotyetcollected

anydata.Thus,weconsiderasequentialdatacollectionmodelwhereinthedatais

analyzedassoonasitiscollected,andthuscanbeusedtodeterminewhichtest,

t,shouldbeperformednext.Inpracticeweexpectthatasdataiscollected,many

geneswillappeartobeobviouslyirrelevant,somemayappeartobeextremelyrel-

evant,andotherswillbedifficulttoassess.Inotherwords,wecanclearlyidentify

manygenesthataredefinitelyareeitherin,ornotin,thesetR,definedbyEqua-

tion(2.2). Webelievethatanintelligentalgorithmshouldnoticethisandfocuson

collectingdataforthosegenesthatareontheborderlineofbeinglabelledrelevant.

Inotherwords,thereislittleutilityincollectingadditionaldataforgenesthatwe

havealreadybeenstronglyconvincedareeitherrelevantorirrelevantbecauseitis

unlikelythatthedatawillchangeourdecisions.Forexample,inastudyonanew

disease,analgorithmmaybeginbycollectingafewmicroarraystogetageneral

senseofthedata,butthennoticethattherearemanygenesontheapoptosispathway

thatareborderlinerelevant,andsodecideismorecostefficienttoswitchtousing

qPCRarraysforapoptosis.Inothermoregeneralcases,themostcosteffective

solutionmaybetocollectdatafromavarietyofdifferentqPCRarrays(including

customones)thatcollectivelyincludethegenesthathavebeenimplicatedbythe

initialmicroarrays.

2.4 BBDDefinition

Formally,theBBDproblemistospendanexperimentationbudget,B,byselecting

testsfromTtocollectdataonthegenesinGandreturnanestimateoftheset
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ofrelevantgenesR̂⊆G.Eachtest,t∈T,willprovideameasurementofthe

expressionvaluesforaspecificsubsetofthegenes,Gt,ataspecificcost,Ct.
4

Inordertoevaluatetheperformanceofalgorithms,orobjectivelycomparethe

resultsofdifferentstudies,werequireanevaluationfunctionthatacceptsasinputs

theestimatedsetofrelevantgenes,R̂andthetruesetofrelevantgenes,R,and

returnsanumbermeasuringtheirsimilarity,withhigherscoresbeingpreferable.

IdeallywedesirêRtohavebothhighprecisionandrecall,whereprecisionmeans

thatgenesin̂RarealsoinR,andrecallmeansthatgenesinRarefoundinR̂.

precision=
R∩R̂

R̂

recall=
R∩R̂

|R|

Toimproveoneofthesemeasures,afterthedatahasbeencollected,wemustsac-

rificetheother.Forexample,wecouldgetperfectrecallbydeclaringallgenesare

relevant,̂R=G,buttheprecisionwouldbepoor,andreverselywecouldgetper-

fectprecision5bydeclaringnogenesarerelevant,R̂={},butthenwewouldhave

arecallof0.AswerequireasinglenumbertorepresentthesimilaritybetweenR

andR̂,weproposethegeneralizedFscoreasanappropriateevaluationfunction,

evaluation(R,R̂)=1+β2
precision×recall

β2×precision+recall
. (2.6)

Weusetheparameterβ∈Rtotrade-offbetweenprecisionandrecall.Specifically,

βallowsustoweightthepartialderivativesoftheevaluationfunction.

∂evaluation(R,R̂)

∂recall

∂evaluation(R,R̂)

∂precision
=β2

precision2

recall2

Thus,βistherelativeimportanceofrecalloverprecision,e.g.,β=2meansthat

wepreferrecalltwiceasmuchasprecision.Inpracticeweexpectβtobefairlylow,

perhapsβ≈1/10,asitismuchmoreimportantthatwebeprecisewhenreporting

relevantgenes,thanthatwereportalltherelevantgenes.

4ThisdefinitionoftheBBDproblemisageneralizedversionofourpreviouspresenteddefini-
tionsin[52,53,54].
5Forthisweshoulddefine00=1.
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2.5 ComparisontoTraditionalAssociationStudies

WenowsummarizethemaindifferencesbetweenourBBDproblemandtraditional

approachestoassociationstudies.

1.InSection1.4weshowedthatapitfallofassociationstudieswasthatthey

lackedbothacleardefinitionofwhatabiomarkerwas,andhowmuchthey

valuedtheirdiscovery.TheBBDproblemhasformallydefinedbiomarkersto

betherelevantgenes,i.e.,thosethatcanseparatethecasesfromthecontrols

toahighdegreeofaccuracy,wheretheuserspecifiesaccuracy.TheBBD

frameworkalsoprovidesthefunction,evaluation(R,R̂),whichsetsanobjec-

tivegoalforthestudy–togetahighevaluation.Theimmediatebenefitsof

thisframeworkare:

(a)Becausethereisaclearobjectivetothestudy,thereisnouncertainty

withrespecttochoosingwhichsetofgenesshouldbereportedasbiomark-

ers.Inordertodowell,algorithmsshouldreportthesetofgenesthat

theybelievewouldgivethehighestevaluationpossible.6

(b)Thisframeworkhelpstoremovetheperceptionofconflictthatoccurs

whenmultiplestudiesdiscoverdifferentsetsofgenesonthesamephe-

notype.Forexample,iftwostudiesonthesamephenotypediscovered

differentsetsofgenes,R̂1andR̂2,wewouldexpectthemtobedif-

ferentbasedonthestatisticalargumentsof[35],butiftheyfollowed

thesameexperimentalandanalyticalproceduresthenwewouldex-

pectthatthequalityoftheirsetsbesimilar,i.e.,evaluation(R,R̂1)≈

evaluation(R,R̂2).

2.Ourdefinitionofrelevancebasedontheeffectsizeisverysimilartoprevious

approachesusingt-tests–Equation(2.1)isjustascaledt-statistic.Thekey

distinctionisthatforgenegitobeabiomarkertheBBDframeworkrequires

|∆i|≥∆
∗foragenegitobeabiomarker,whereasthet-testonlyrequires

6Notethatanalgorithmcannotdirectlycomputeitsevaluation,asitdoesnotknowthegenesthat
aretrulyrelevant,R.Wewillshowthateffectivealgorithmswillfindagoodapproximationforthe
evaluation.
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∆i=0. Webelievethatinrealitytherewillbeacontinuumof∆ivalues,

andnogeneswillhave∆i=0.

3.Traditionalassociationstudiesfocusonlyonmicroarrays,oringeneralhigh-

throughputdata. Thus,theyrequireafollowupcheckingstudyinqPCR

(orotherlow-throughputdata)toconfirmthatspecificgenesarebiomarkers.

Unfortunatelythereisnoclearconsensusonhowtoproperlyperforman

associationpluscheckingstudy[2,73].OurBBDframeworkclearlymerges

theseconceptsintoasinglestudy,andconsidershowtoeffectivelyspend

theexperimentationbudget–thebeststrategyistocombinemicroarraysand

qPCRsothattheevaluationfunctionismaximized.

2.6 ExtensionstotheBBDModel

WenowdescribehowourBBDframeworkcanbegeneralizedtocoverabroader

rangeofproblems.

WhileFigure1.1showedthatmicroarraystudiesareincreasinginpopularity

weacknowledgethattheyaresoontobereplacedbyNextGenerationSequencing

(NGS)methods[44].Toupdateourmodel,wecansimplyaddthesenewtechnolo-

giestothesetofavailabletests,T,astheycomeout.Allofouralgorithmsand

analyseswillholdforthenewtechnologies.

Outsideofgeneexpressiondata,itisrelativelystraightforwardtoadoptour

platemodeltocoverothertypesof’omicsdata.Forexample,inmetabolomics

therearedifferenttechniquesthatcanbeusedtocollectametabolomicprofile(i.e.,

concentrationlevelsofallmetabolitesinasample),eachwithitsownaccuracy

andcost[27].Furthermore,somemetaboliteswillhaveconcentrationlevelsthat

arebelowthenoisethresholdsofcertaintechnologies,andthusweseeasimilarity

totheuseofdifferentqPCRarraystocoverallgenes.Bymappingtheappropriate

metabolomicparametersintoourplatemodelwecanidentifymetabolitesbyposing

aBBDproblem.

Wecanalsoextendourmodeltocoverproblemsingenomics,wherethegoal

istofindlociinourDNAwheretheallelecanbelinkedtoaspecificphenotype.
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ThisiscurrentlydonebymultistageSingle-NucleotidePolymorphism(SNP)stud-

ies[81].Inamultistagestudy,thefirststageusesaSNParraythatobserves

O(1000000)SNPstoidentifycandidateSNPs.Eachsubsequentstagethenre-

finesthenumberofcandidateSNPsbyusingSNParraysthatareatleastanorder

ofmagnitudesmallerthanthoseinthepreviousstage.Thus,whenthestudyis

completedthereportedSNPswillhavebeenselectedoutofaverylargecandidate

pool,andhavebeencheckedbymultipleSNParrays.Thismultistageframeworkis

verysimilartotheideaofswitchingfromhigh-tolow-throughputtechnologiesin

theBBDproblem.ThekeydistinctionbetweenSNPsandgeneexpressionisthat

SNPsarediscreterandomvariableswhereasgeneexpressionandmetabolitesare

realnumbers. Weanticipatethatouranalysiswouldconfirmthestandardpractice

ofrunningcomprehensiveSNParraysforasmallnumberofsubjects,thenrunning

smallarraysformuchlargersetsofsubjects,etc.

Beyondbioinformatics,wecanalsouseourBBDmodeltodescribeotherprob-

lemsinmachinelearning. Crowd-sourcingonsiteslikeAmazon’sMechanical

Turk7hasbecomeaverypopularwaytogetmenialtasksdone.Butbeforeassign-

ingworktoa“turker”orgroupof“turkers”anemployermaywishtoensurethat

theyhavesomeminimallevelofproficiencyatthetask.Forexample,acompany

withalargecollectionofimagestolabelmaycreateasmalltestsetofexpertly

labelledimageswhichtheythenpaythepotentialturkerstore-producethosela-

bels.Turkersthatdowellonthetestsetcanbeimmediatelyemployedtobegin

labellingtherestofthedata.Turkersthatperformterriblyonthetestsetcanbe

discarded.Turkerswithborderlineperformancecanbere-testedbyconstructing

asecondtestset,todecidewhetherornottohirethem.Thetaskofidentifying

goodturkersisanalogoustofindingrelevantgenesintheBBDproblem,withthe

differenttestdatasetscorrespondingtothehigh-andlow-throughputobservations

acrosstheturkers.

7https://www.mturk.com
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Chapter3

RelatedWorks

3.1 SimilarProblemsinBioinformatics

3.1.1 CheckingStudies

Themicroarraycommunityhasmandatedthatdatabemadepublicasaprerequisite

forpublishingassociationstudies[9].Theyhaveevensetguidelinesmandatingthe

minimalamountofinformationtobeincludedwhenreleasingthedata–enough

thatotherscanreplicatetheanalyses[15].Unfortunately,theyhavenotsetastan-

dardforvalidatingtheresultsofanassociationstudywithqPCRinacheckingstudy

[21,73].Regrettably,moststudiesonlyreleasethemicroarraydata,andgiveonly

summarystatisticsoftheqPCRdata(ifitexists).Itwouldseemthatthecommu-

nityhasyettoseethesamevalueinqPCRdatathatithaswithmicroarraydata.For

example,theGEOdatabasestoresmanypropertiesinrelationtoeachmicroarray

datasetposted,includingassociatedpapersandvarioushighlevelsummariesofthe

data,butitdoesnotcontainlinksto,orinformationabout,theassociatedqPCR

data–itdoesnotevenhaveanindicatorfortheexistenceofassociatedqPCRdata.

Hopefullythiswillchangeinthefuture,astherehasbeenamovetobegin

standardizingqPCRdatainawaysimilartomicroarrays[18].IfqPCRdatawere

madepublictheanalysescouldbeindependentlyverified,andthedatacouldbe

usedastestbedstodevelopandanalyzenewBBDalgorithms.
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3.1.2 SetEnrichment

Asanalternativetosearchingforindividualbiomarkersinanassociationstudy,

thereisalsoalargeamountofresearchfocusedonfindingsetsoffeaturesthatare

differentiallyexpressedwiththephenotype[42,43,79]. Oneofthemotivations

forsuchsetanalysesisthatindividualfeaturesmaynotbestronglydifferentially

expressedinastudyduetostatisticalnoise,butifthesetcontainsfunctionally

relevantfeaturesthatarerelatedtothephenotype,thenitisunlikelythatnoneof

thosefeatureswillappearasbiomarkers.Inotherwords,itishighlylikelythat

foratleastsomeofthefeaturesofimportantsetswillbeidentifiedasbiomarkers.

Thus,itismorelikelythatsimilarstudieswillagreeonthefeaturesetsthatare

importanteveniftheydisagreeonwhichindividualfeaturesarebiomarkers.For

example,iftwostudiesreportedgenesfromtheapoptosispathwayasbiomarkers,

evenifthethegenesreportedaredifferent,wemightinferthatapoptosisisrelated

tothephenotype.

Genesetanalysesalsoemploythenullhypothesistestingapproachofassocia-

tionstudies,butratherthantestingastatisticaboutaparticulargene,theyemploy

asummarystatisticthatmeasuresexpressionlevelsofmultiplegenes.Byfarthe

mostcommonmethodforscoringafeaturesetistheGeneSetEnrichmentAnaly-

sisalgorithm(GSEA)[79].GSEAisverysimilartotheKolmogorov-Smirnovtest

usedtocheckifanobservedprobabilitydistributionisdifferentfromareference

one.InGSEAthereferencedistributionisthedistributionofcorrelationscores

measuredforeveryfeaturewiththephenotype.Theenrichmentscoreisadistance

measureofthedistributionofthecorrelationscoresofthefeatureswithintheset

tothereferencedistribution.Thedistancemeasurewillbehighifthesetcontains

featureswithcorrelationscoresfoundatthetailsofthereferencedistribution,i.e.,

thesetcontainsgenesthateitherhighlycorrelatedwiththephenotype,orthosethat

arehighlyanti-correlatedwiththephenotype.Note,thisscoredoesnotnecessarily

meanthatallfeatureswithinthesetarecorrelatedwitheachother,i.e.,thegenesin

thesetneednotbebiologicallyrelatedtogetagoodscore.

Analyzingsetsbyasummarystatisticfallsintothesametrappingswehaveal-

readydiscussedwithassociationstudiesinSection1.4–welackaformaldefinition
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ofwhatitmeansforasettobe“differentiallyexpressed”andanobjectiveevalu-

ationcriteriacomparingthesetsreportedtobedifferentiallyexpressed,tothose

thattrulyare. Also,anotherimportantissueistofindappropriate,pre-defined,

setstoanalyze.Commonchoicesaretouseknownpathwaysfromdatabaseslike

KEGG[50],orontologiesandhierarchiesfromGO[4],etc.Notethesearesome

ofthesamesourcesthatarebeingusedforbiologicalinterpretationsofdiscovered

biomarkers.Thus,wearguethatturningtosetanalysishasreallyjustcomplicated

theoriginalproblemratherthansimplifyingit.

3.1.3 ClassPrediction

Analternativemethodtofindingbiomarkersistobuildasimpleclassifiertopredict

thephenotype.Iftheclassifierworkswellthenitmustthenhavefoundinformative

features,andbydefinition1thosefeaturesshouldbecalledbiomarkers.Whilethere

isanextensiveliteratureonlearningclassifiersforhigh-dimensionaldata,onlya

handfulofthemethodshavebeensuccessfullyadoptedbythebioinformaticscom-

munity.

TheLeastAbsoluteShrinkageandSelectionOperator(LASSO)[82],Predictive

AnalysisforMicroarrays(PAM)[83],andSignificanceAnalysisofMicroarrays

(SAM)[87]areverypopularalgorithmsthataretypicallyappliedtomicroarray

data.Themainideaintheseapproachesistouseregularizationmethodsthatpenal-

izetheclassifierforeverygenethatitincludesinitsmodel.Asaresulttheclassifier

willoptforusingasmallsetofhighlyinformativegenes,insteadofusingalarge

setofmanysomewhatinformativegenes.Byworkingwithasmallersetofgenes

theclassifierwillhavelessparameterstofitthanhaditusedmoregenes,andgiven

thelimitedamountofdata,relativetothenumberofgenes,itismorelikelythat

thoseparameterscanbetunedforgoodperformance.Inotherwords,weprefer

classifiersthathavefewerparameterstotune,becausetheywillbelesslikelyto

“overfit”tothenoiseinthedata[41].

Thedownsideofemployingsparsityinducingmethodsliketheseisthat,while

1Herewemeanthevaguedefinitionofbiomarkersingeneral,andnotourdefinitionintheBBD
framework.
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thereisstrongevidencetosuggestthatthegenesthatusedinthemodelarebiomark-

ers,nothingcanbesaidaboutthegenesleftoutofthemodel. Astheprevious

approachesoperatedbasedoninducingsparsity,theyarelimitedintheirabilityto

discoverbiomarkers,i.e.,bytheirdesign,thesealgorithmswillhavepoorrecall

whendiscoveringbiomarkers.Forexample,iftherearetwogenesthatareveryrel-

evant,butarecorrelatedwitheachother,theclassifierwilluseoneandignorethe

other.Thus,byinspectingthegenesusedbytheclassifierwecanmisssomegenes

thatareobviouslybiomarkers.Thissubtlepointisthedifferencebetweenlearning

agoodclassifier,andtheproblemofdiscoveringbiomarkers.

Asanalternativetoregularizationmethods,someresearchersprefertousethe

ideaofrecursivefeatureelimination[40].Herewebuildaseriesofclassifiers.The

firstclassifierisgiventhefreedomtouseallthegenes.Thenthesecondclassifier

isgiventhefreedomtouseanyofthegenes,exceptforthemostinformativegene

usedinthefirstclassifier,i.e.,thepreviouslydetermined“bestgene”iseliminated

fromthefeatureset.Thethirdclassifierisgiventhefreedomtouseanyofthe

genes,exceptforthemostinformativegeneintheprevioustwoclassifiers.Thus,

eachclassifierisdeniedaccesstothemostinformativegeneusedbyeachofits

predecessors. Note,thegoalisNOTtomakeagoodensembleofclassifiersto

beusedinapredictivetask.Thegoalistoobservetheorderinwhichthegenes

areeliminated–geneseliminatedearlieraremorelikelytobebiomarkers.Thus,

recursivefeatureeliminationissimilartothetopKapproachdiscussedinSection

1.4.

Lastly,notethatintheBBDframework,thegenesareassessedbasedontheir

strengthasaunivariateclassifier,whereasthesemethodsassessthegenesbasedon

theirstrengthwithinamultivariateclassifier.Thesearepotentiallytwodifferent

setsofgenes.

3.1.4 SampleSizeCalculationsforMicroarrayAnalysis

Manyresearchersareinterestedinknowingthesamplesizerequiredtoreliably

analyzemicroarraydata.Jung[48]andMulleretal.[64]investigatetheproblem

ofdeterminingthesamplesizerequiredtoensurethatapre-fixedamountofgenes
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willpassanFalseDiscoveryRate(FDR)controlledt-testforagivenlevelofcontrol

α.However,[13,SectionIII]providesseveralstrongargumentsagainstadopting

theseandsimilarmethods. Webelievethatabetterapproachwouldbetocollect

somepreliminarymicroarraydataandthenapplyourFDEalgorithmtolearnthe

platemodelforthegeneexpressionvalues.Theplatemodelcanthenbeusedto

determinetheappropriatesamplesizeforthestudy.Thiscanbeeasilydoneby

modifyingourTNAS-FDRalgorithm.2

Asimilarproblemistodeterminethesamplesizerequiredtobuildrobustclas-

sifiers[30,70,78].Dobbinetal.[30]takesananalyticalapproachtomodelling

thestatisticalvariationswithinmicroarraydata,suchthatthesamplesizecanbe

determined.Popovicietal.[70]andStretchetal.[78]retro-analyzelargemicroar-

raydatasetsbyevaluatingmodelsbuiltonsub-samplesofthedata.Strectchetal.

[78]claimstobemoreobjectivethanPopovicietal.[70]becausetheyhaveused

classificationaccuracy(measuredbycrossvalidation,andonexternaldatasets)and

sexasthephenotype,whereasPopovicietal.[70]useAreaUnderthereceiverop-

eratingCurve(AUC)(measuredbycrossvalidation)andEstrogenReceptor(ER)

statusasthephenotype–sexisanobjectivephenotype(thereisnoambiguityabout

thesexofapatient),andERstatusisasubjectivephenotype(expertsmaydisagree

ontheERstatusofapatient).Wewillusethesub-samplingapproachanddatafrom

Stretchetal.[78]inourexperiments.

3.1.5 SimulationModelsforMicroarrayData

ManyresearchersanalyzemicroarraydatatoproduceGeneRegulatoryNetworks

(GRNs)[10,62].Unfortunately,therearenobenchmarkstoevaluateGRNalgo-

rithmson–aswedonotknowthegroundtruth. Thus,ifdifferentalgorithms

producedifferentGRNsonthesamedata,wecannotobjectivelydeterminewhich

isbetter.

Thereisasub-communityofresearchersthathavebeendevelopingsimulation

models,whereinthegroundtruthisknown,thatproducedatathatseemsrepresenta-

2Foragivensamplesize,n,TNAS-FDRcomputestheoptimallevelofFDRcontrol,α∗,to
apply,andthusbyflippingtheproblemandfixingα,wecancomputethevalueofnnecessaryto
achieveaspecificevaluationscoreafterwehaveestimatedf∆.
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tiveofrealmicroarraydata[1,66];GRNalgorithmscanbeevaluatedandcompared

usingthesesimulationmodels.Thissimulationmodellingissimilartotheproblem

ofestimatingthedistributionofthetrue∆values,f∆,whichwesolveasasub-

routinewithinBBD.However,thekeydistinctionbetweenthetwoproblemsisthat

inestimatingandusingf∆wemakenouseofinteractionsbetweenthegenes(i.e.,

weimplictlyassumegenesareuncorrelated),andthatistheentirepointofthese

simulationmodels.

3.1.6 IndividualizedTreatmentRules

Clinicalmedicineoftentriestoidentifywhichtreatmentsarebestfordifferentpa-

tientsub-populations.Forexample,supposetherearetwoweightlosspills,Aand

B,andwewishtodeterminewhichpillisbestformenandwhichisbestforwomen.

Herewehypothesizethattheremaybeadifferenceinwhichtreatmentismoreef-

fectiveforeachsexduetothedifferencesinhowmenandwomenstorefat.In

otherwords,thisproblemisaskingifthetreatmenthasadifferentialeffectacross

thepatientpopulation;thisisstrikinglysimilartotheconceptofabiomarkerbe-

ingsomethingthatisdifferentiallyexpressedpatientpopulations.Furthermore,if

wescaleuptheproblemandconsideralargepharmaceuticalcompanywithmany

drugcandidatesthatitneedstoscreenfordifferentialeffects,inabudgetedman-

ner,wecanseeananalogytoourBBDproblem.Thisproblemisreferredtoasthe

IndividualizedTreatmentRules(ITR)problem[7,24,25].

DespitebeingverycloselyrelatedtotheBBDproblem,ITRisfundamentally

differentbecausetheactionsinITRmeansgivingapatientatreatment,whichnot

onlygivesusinformationaboutthetreatmentbutalsoinfluencesthepatient.Thus,

theITRgoalistonotonlyfindgoodtreatmentsfordifferentpatientpopulationsina

costeffectivemanner,butthegoalisalsotodelivergoodtreatmentstothepatients.

InBBDtheevaluationonlydependsontheconclusionsdrawnafterallthedatahas

beencollected.
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3.2 SimilarProblemsinComputingScience

3.2.1 SequentialProbabilityRatioTests

Theproblemoftestingifasinglegeneisrelevant,assumingthatwecancollect

thedatasequentially,correspondstothesequentialhypothesistestingproblemof

collectingdatauntiloneoftwohypotheses,H0versusH1,canbedecidedata

pre-fixedconfidence. TheSequentialProbabilityRatioTest(SPRT)[90]solves

thisproblemoptimallyinthesensethatprovablynootheralgorithmcanmakethe

decisionwiththesameconfidenceandcollectlessdatainexpectation.

WhensolvingBBDproblemsitwouldbehighlydesirabletoexploitthisop-

timalityresulttoreducetheamountofdatacollected. Unfortunately,itisvery

difficulttoreduceBBDtotheSPRTframework.Forstarters,itisnotclearhowto

setappropriatedistributionsfortheH0andH1hypotheses.Oneapproachcouldbe

topickvalues∆0and∆1fortheH0andH1hypothesesandtestwhichisabetter

fitfortheestimatedeffectsized,∆̂.Suchatestwouldobviouslybesubjecttohow

select∆0and∆1.

Asidefromtheissueofsettingupthehypothesistest,theSPRTframeworkalso

failstomodelaselectioncriteriafordecidingwhichteststoperform.Forexample,

ifwehadtwogenes,g1andg2,theSPRTframeworkhasnocriteriatodetermineif

weshouldcollectdataforeitherg1atcostC1,g2atcostC2,orbothatcostC1&2–it

canonlydetermine,foreachgeneindividually,ifsufficientdatahasbeencollected

tomakethedecisionsatthepre-specifiedconfidence.

3.2.2 ActiveStructureLearning

Activelearningisafieldofmachinelearningthatexplorestheproblemoflearninga

modelwhengivenaccesstobothlabelledandunlabelleddatawiththeabilitytoob-

tainlabelsfortheunlabelleddataatacost.ForBBDproblems,weconsiderthatfor

allgenes,foralltests,forallpatientsinourstudythereisaspecificexpressionvalue

ψ
(t)
i,s,m.Ifwehaveperformedthattestandobservedthatvaluethenweconsiderthat

aslabelleddata,andifwehavenotthenitisunlabelleddata.Theactivelearning

problemistousethelabelleddatatoselectwhichunlabelleddataweshouldrequest
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tobelabelled(withinourbudget)sothatwecangetagoodevaluationscore.There

aremanylearningobjectivesandlabellingmechanismsthathavebeenpreviously

studied[74].Amongthelearningobjectives,theclosesttoourBBDproblemisac-

tiveparameterlearningforgraphicalmodels[84]andactivestructurelearningfor

graphicalmodels[59,85]. Wecouldusealgorithmsforactiveparameterlearning

toestimatetheparametersinourplatemodel,whichincludesthe∆iforallgenes.

Thus,enablingustosolveourBBDproblem. However,solvingthisproblemis

muchharderthanourBBDproblem,becausealongwithidentifyingtherelevant

genesthissolutionwillestimatethedistributionofexpressionvaluesforalltests

forgenes,i.e.,itmustlearnalltheθ
(t)
i inourplatemodel. Whileitispossibleto

adaptanalgorithmfromthisdomaintosolvingBBD,notethatthesealgorithmsare

designedwiththegoalofminimizingtheKLdivergenceofthelearnedmodelto

thetruemodel,butBBDsolutionsareevaluatedonthequalityoftheirestimated

relevantgenes,R̂.Theseareverydifferentobjectives.Forexample,analgorithm

mayhavepoorestimatesofthedistributionparameters,θ̂
(t)
i ≈θ

(t)
i,butbyaggregat-

ingacrossmultipletests,Equation(2.4)mayproduceagoodestimateoftheeffect

sizê∆i≈∆i.Thus,thelearnedmodelwillhaveahighKLdivergencetothetrue

model,butthealgorithmwillscorewellontheBBDproblem.

Alternativelywecanposeasimpleractivelearningproblem,whereinthegoal

istolearnanaivebayesclassifierforthephenotype.Insuchaclassifier[41,Chap-

ter6.6.3],weassumethatgiventhephenotypetheexpressionvaluesofgenesare

independentofeachother,andweonlyincludethegenesthatarenotindependent

ofthephenotype.Activelearningforsuchnaivebayesmodelshasbeenpreviously

studiedby[59].Afterthealgorithmhasspentitsbudget,thebiomarkerswouldthen

bethosegenesthatareincludedintheclassifier.Theproblemwiththisapproachis

thatittotallyignoresourdefinitionofbiomarkersinEquation(2.2)–anygenewith

∆i=0willeventuallybeincludedinthemodel,andthuscalledabiomarker,ifthe

budgetissufficientlylarge.
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3.2.3 BanditProblems

Then-armbanditisaclassicreinforcementlearningproblem[80]. Thisprob-

lemtakesitsnamefromitssimilaritytoplayingslotmachines–slotmachinesare

alsoknownasone-armbandits.Banditalgorithmsarepresentedwithseveralarms

(i.e.,slotmachines)thattheymustsequentiallyplay,withthegoalofmaximizing

theamountofmoneytheywin.Eacharmischaracterizedbyanunknownreward

distribution,thusalgorithmsshouldplayallarmstogetanestimateofthesedistri-

butions(explore),butshouldprefertoplaythosearmsthathaveseeminglyhigher

rewardsmoreoften(exploit).Relevantvariantsofthisproblemarethebestarm

identification[6],topKarmidentification[17],andsubsetselection[49].Inthese

problems,thealgorithmhasanexplorationphasewhereitcanplaythearmswith

thesolepurposeoflearningtherewarddistributions.Thenoncetheexploration

phaseisover,thealgorithmmustidentify:thebestarm,thetopKarms,orasetof

goodarms.Ifweconsidereachgenetobeanarmwithmeanreward|∆i|,thenwe

canseeanaturalmappingbetweenourBBDproblemandtheseproblems.

Unfortunately,thecurrentalgorithmsfortheseproblemsaredesignedtowork

insequentialscenarioswherethealgorithmcanonlypullonearmatatime,and

allarmshaveequalcost[17,49].ThegoaloftheSuccessiveAcceptsandRejects

(SAR)algorithm[17]is:givenafixednumberofpulls,identifythetopKarms.

Itoperatesrecursively,bypullingallarmsequallyoften,untilitcanidentifythe

extremes,i.e.,thearmsthatareclearlyverygood,orverybad,itthenrepeatson

theunidentifiedarms. WhileitispossibletoforceasimilarbehaviourinaBBD

algorithm,byhavingthealgorithmusethesetoftestssuchthatallgenesaretested

(approximately)equallyoften,notethatfindingsuchasetoftestscorrespondsto

solvingthesetcoverproblem,whichisNP-complete[51].3Alternatively,wecould

usetheLowerUpperConfidenceBound(LUCB)algorithm[49]whichfindsaset

ofKgoodarms4byiterativelypartitioningthearmsintothosethatappeartobein

thetopKandthosethatdonot,andthenpullingthearmsthatareclosesttothat

3Whilehigh-throughputmethodscouldbeusedtoobserveallthegenes,theywillbecome
increasinglycostineffectiveasthealgorithmproceeds,andthusnecessitatesolvingthesetcover
problem.
4Heregoodarmscorrespondtorelevantgenes.
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decisionboundary.InChapter5ourBBD-Greedyalgorithmwilladoptasimilar

behaviour.

Therehasbeenworkinthebanditsettingwherethearmshavedifferentcosts,

andalgorithmsareallowedtoobservethereturnsfrommultiplearms,butthefocus

therehasbeenonminimizingtheregret5,ratherthanclassifyingthearms[3,8,29,

86].

3.2.4 StochasticSubmodularMaximization

AveryreasonablesolutiontoBBDproblemswouldbetocollectafewmicroarrays,

andthenmakeandexecuteaplanofwhichadditionalteststocollect,i.e.,once

theplanismadethealgorithmproceedstofollowthatplan,andnolongeruses

thedatatoselectwhichteststocollect.Inmakingsuchaplanwewouldexpect

thateveryadditionaltestgivesusmoreinformation,butasweperformmoretests,

theinformationgainedpertestwilldecrease.Thisdiminishingreturnspropertyis

knownassubmodularity[33]andthestudyofmaximizingproblemsofthisnature

hasbecomequitepopularinrecentyears.6

Whilemostofthisliteraturehasfocusedondeterministicproblems,therehas

beenworkonsensorplacementthatisstochastic[39].Herethegoalistoplacetem-

peraturesensorsacrossaroomsuchthattheroomisfullycoveredbythesensors,

butsensorscanfailorbesubjecttovaryingamountsofnoise.Thus,theproposed

solutionistosequentiallydeploybatchesofsensors,sothatwemayobservewhich

failorareobstructed,andadaptivelyplanaccordingly.GolovinandKrause[39]

provesthatgreedyalgorithmsdowellonthis,andsimilarproblems. OurBBD

problemsharesthisadaptivesubmodularproperty,wheregiventhecurrentlycol-

lecteddataoneplanmaylookgood,butasweexecutethatplan,anewplanmay

seembetter,thusweshouldperiodicallyrevisetheplan. Unfortunatelywewill

showthatgreedyalgorithmsarenotgoodsolutionsforBBDproblems,asourex-

perimentalresultsinSection6.2showthatourBBD1algorithmoutperformsour

5Theregretofabanditisacomparisonofthemoneymadewhileplayingtheslotmachines,to
howmuchmoneyitcouldhavemadeifitknewthetruerewarddistributions.
6Acomprehensivelistofrecenttutorialsandworkshopsonsubmodularoptimizationismain-

tainedbyAndreasKrauseat:http://submodularity.org/.
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BBD-Greedyalgorithmintermsoftheevaluationscore.

3.2.5 DensityEstimationandDe-Convolution

InChapter4wepresenttheproblemofdensityestimationfortheunivariatestatis-

ticsofhigh-throughputdata.Ourgoalistocomputeagoodestimateofthetrue

effectsizesofthegenes,f∆.Theproblemofestimatingaprobabilitydistribution

fromdatahasbeenwellstudiedasthedensityestimationproblem[76].Unfortu-

nately,thisisabitofamisrepresentationofourproblemaswedonotworkonden-

sityestimation.InsteadwemakeuseoftheGlivenko-Cantellitheorem[88],which

statesthattheempiricalestimateoftheCumulativeDensityFunction(CDF),F̂x

convergesuniformlytothetrueCDF,Fx,asthesamplesizeusedfortheestimate

increases,i.e.,supx∈R|Fx(x)−F̂x(x)|
a.s.
→ 0.Thus,wecansafelyassumethatthe

empiricalestimateofthedistributionofobservedeffectsizes,∆̂isequaltoitstrue

value,i.e.,̂F̂∆ =F̂∆,becausethehigh-throughputnatureofthedataprovidesa

largeenoughsampleforthetheoremtohold.Furthermore,inChapter4weassume

anadditivenoisemodelfor∆̂wherethenoisedistribution,fεisknown.Thus,our

problemofcomputingf∆canbeposedasade-convolutionproblem.

Convolutionisanoperationthattakestwofunctions,x(t)andh(t),andcom-

binestheminalinearsummation,

y(t)=
∞

−∞

h(t−τ)x(t)dτ

=(h(t)∗x(t))(t) .

Theconvolutionoperationisinvertible,i.e.,wecanusetheresultingfunctiony(t)

incombinationwithh(t)torecoverx(t). Wecallthisinverseoperation“de-

convolution”,anditarisesinmanysignalprocessingapplications.Forexample,

toplaymusicaradiomustsolvethedeconvolutionproblemofextractingthemusic

signalx(t),fromthereceivedsignalatitsantennay(t)inthepresenceoftransmis-

sionnoisen(t),andunavoidabledistortionfromtheantennah(t),

y(t)=(h(t)∗x(t))(t)+n(t) .

When h(t)isknownandn(t)isunknown,theproblemissolvedbytheWeiner

filter[93];ifh(t)isunknownthereisavastliteratureofmethods[72,Chapter6].
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Bysolvedwemeanthatfiltershavebeendesignedtotransformsignaly(t)into

x̂(t)suchthattheMeanSquaredError(MSE)betweenx(t)and̂x(t)isminimized.

Luckily,ourparticularde-convolutionproblemissomewhateasierthanthisgeneral

problem,asweneedonlyde-convolvef̂∆=(f∆∗fε).Thisproblemcanbesolved

byapplyingtheFFT/iFFTmethod[67,Chapter9].However,unlikeourexampleof

producingamusicsignal,whereitisperfectlyfinetominimizetheMSE,wewill

becomputingadistributionandarethusinterestedinanalyzingtheapproximation

noiseofthealgorithm,andtheireffectswhenthecomputeddistributionisusedin

ourplatemodel.Asthegoalofthede-convolutionproblemistoproduceaMSE

estimateofx(t),thisanalysisisnotdoneinthede-convolutionliterature.7

7Furthermore,de-convolutionsareoftenusedapre-processingstepsinclassificationproblems,
andthus,aslongastheapproximationnoiseissystematicthedetailsofitseffectareuninteresting.
Forexample,incommunicationproblemsthegoalistodetermineifx(t)representsadigital“1”or
adigital“0”.
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Chapter4

DensityEstimationfor
High-ThroughputStatistics

BeforewepresentalgorithmsforsolvingtheBBDproblemweconsidertheprob-

lemofestimatingthedistributionofunivariatestatisticsofhigh-throughputdata.

Ourgoalistocomputeagoodestimateofthedistributionoftheeffectsizes,

f̂∆ ≈f∆,tocharacterizeourplatemodelfromSection2.1,thusallowingusto

generatesyntheticdataforsimilarBBDproblemsthatcanbeusedtotuneparame-

tersforBBDalgorithms.Throughoutthissectionwewillmakefrequentuseofthe

‘̂’symboltodenoteempiricalestimates.Thus,forgenegithetrueeffectsizeis

∆i,itsestimateiŝ∆i,andf∆andf̂∆aretherespectivedistributionsoftheeffect

sizesacrossallgenes.f̂∆isourestimateoff∆.

Inthischapterwewillpresenttwomethodsforestimatingf∆frommicroarray

data,andanalyzetheirdifferentstrengthsandweaknesses. Wethenpresentthe

FusedDensityEstimation(FDE)algorithmthatcombinesbothmethods.

InadditiontoparametertuningforBBDalgorithms,solvingthisparticularden-

sityestimationproblemisofinterestinothertasks.Forexample:

1.Inatraditionalassociationstudy,whereonlymicroarraydataiscollectedand

thegoalistolabelbiomarkersbyusingt-tests,orbylistingthetopKgenes,

wecanusef∆toselectappropriatecontrolmechanismsforthet-test,orgood

valuesofKtouseinthetopKapproaches.Infactthiswillbethemotivating

premiseforourTNASalgorithmsinSection5.2.

2. Wecanaskbudgetrelatedquestions,e.g.,determinehowmanymicroarrays
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arerequiredtoreliablyfindthetopKgenes,orsomegenesetSsuchthat

|S|= K and∀gi∈S:|∆i| ≥∆
∗. Thisissimilartotheworkdone

onpoweranalysisformicroarraystudies[92],buthastheadvantageofbeing

donepreciselyforthestudyofinterestinsteadofattemptingtotransferresults

fromotherstudies.

3. Whenanalyzinggenesetenrichment,knowingf∆wecanassessthequality

ofaparticulargenesetbycomparingtheobservedunivariatestatisticsof

thegenesinthesetversusthosethatwouldbeobservedinarandomdraw

fromf∆. NotethehighlypopularGSEAalgorithm[79]usesabootstrap

approachtoestimatethedistributionofcorrelationscoresofeachgenewith

thephenotype. UsingourFDEalgorithmwecangetabetterestimateof

thisdistribution.InSection4.4weshowthat,becauseourFDEalgorithm

correctsfortheobservationnoiseintheobservedstatistics,itoutperforms

theempiricalestimatorthatdoesnotmodelthenoise.1

Asapointofclarity,wenotethatothershavedevelopedmethodsofestimating

thedensityofunivariatestatisticsofmicroarraydataaspartofempiricalbayes

approachesforlabellingbiomarkers[34,77]. However,thegoalinthoseworks

wastodomixturemodelling,wheretheylearned(orassumed)adistributionforthe

statisticsofthegenesthatarenotbiomarkers,andanotherforthegenesthatare.In

otherwords,thosemethodsarelearningagoodwaytocomputef̂̂∆ontwosetsof

genes.Thisisdifferentfromourgoalofcomputingf̂∆forallgenes.

Throughoutthischapterwewillassumethatalldatahasbeencollectedusing

asinglehigh-throughputtechnology,presumablymicroarrays,thatsimultaneously

measurestheexpressionvaluesforallgenesinG.Thus,forsimplicityweomitthe

useofsuperscriptstodenotethetestforwhichtheparametersinthissectionare

specific.

Tobepreciseaboutourlearningobjectivehere:recallthatweassesseachgene,

1AfterapplyingtheFisherz-transform[37,38]tothecorrelationscores,wecanfittheresulting
statisticstotheadditivenoisemodel,Equation4.3,thatourFDEalgorithmexploitstocorrectfor
theobservationnoise.
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gi,basedonthestandardizedeffectsize,

∆i=
µi,1−µi,0

σ2i,1+σ
2
i,0 /2

. (2.1revisited)

Weseektoestimatethedistributionofthethesevalues,f∆,i.e.,wewantadistri-

butionsuchthatwecanviewthesetofalleffectsizes,{∆i},asasetofNrandom

variablesdrawnfromf∆.However,weonlyhaveaccesstotheunbiasedestimates,

∆̂i=
µ̂i,1−µ̂i,0

σ̂2i,1+̂σ
2
i,0 /2

. (4.1)

4.1 RawEmpiricalDensityEstimate

Theobvious,naive,approachtoestimatingf∆istousethedistributionoftheob-

servedestimates,easilycalculatedviaitsCumulativeDensityFunction(CDF),

F̂̂∆(x)=
1

N

N

i=1

1 ∆̂i≤x

f̂̂∆(x)=
∂

∂x
F̂̂∆(x)≈f∆(x) . (4.2)

TheGlivenko-CantelliTheorem[88]tellsusthatforlargeN,whichwehavewith

microarrays,thisempiricalestimateconvergestothedistributionoftheobserved

effects,f̂̂∆ = f̂∆.
2 However,wequestionhowreasonableitistoapproximate

f∆≈f̂∆.Theissueisthatthisestimatedoesnotaccountfortheobservationnoise

presentintheestimatedeffectsizes,{̂∆i}.

InAppendix8.2wewillshowthat,givenourassumptionthatthegeneexpres-

sionvaluesarenormallydistributed,theestimate∆̂ifollowsascalednon-central

t-distribution.Ratherthanworkingdirectlywiththeexactdistributionof̂∆i,we

consideranapproximationtoanadditivenoisemodeloftheform,

∆̂i≈∆i+εi (4.3)

εi∼N 0,
2

n
.

2Specificallythetheoremtellsusthatsupx∈R|F̂∆(x)−F̂̂∆(x)|
a.s.
→ 0asNincreases,which

meansthatwehaveagoodestimateofthedistributionforallvaluesofx.
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Thebenefitofthisapproximationisthatnow,thedistributionoftheestimatesis

givenbytheconvolutionofthedistributionofthetrueeffectsizeswiththeadditive

noisedistribution[68,Equation7.7],

f̂∆(x)=
∞

−∞

f∆(τ)fε(x−τ)dτ

=(f∆∗fε)(x) . (4.4)

TheconvolutioninEquation(4.4)willhavea“smoothing”(i.e.,flattening)effecton

thetruedistribution.Toillustratetheeffectofthesmoothing,Figure4.1showsthe

effectofaddingnoisefromanormaldistributiontovaluesdrawnfromaLaplace

distribution,i.e.,f∆ =Laplace(0,1)andfε=N(0,1). WepicktheLaplace

distributionforthisexampleasitisnotablypeakedatx=0,butafterthenoise

hasbeenadded,thepeakisnoticeablylesssharp,asprobabilitymassfromthe

peakhasbeenpushedintothetails.Ifweweretousethisdistribution(i.e.,f̂∆)as

thetruedistribution(ratherthanf∆),itwouldleadustooptimisticallybelievethat

manymoregeneshavelargestatistics,i.e.,wewouldbelievethatitiseasiertofind

relevantgenesbecausethereareseeminglymoreofthem.
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Figure4.1:Theeffectofconvolvinganoisedistribution,fε=N(0,1),withthe
truedistribution,f∆=Laplace(0,1).
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4.2 DensityEstimationviaCharacteristicFunctions

Givenourassumptionthatweknowfε,itwouldseemnaturaltotrytoundothecon-

volutionoperationinEquation(4.4)torecoverf∆.Insomespecialcases,whenf̂∆

andfεbelongtocertaindistributionalfamilies,wecananalyticallyperformthede-

convolution.However,ingeneralscenarios,analyticsolutionswillnotbetractable

andwemustresorttonumericalintegration.Unfortunately,numericalmethodswill

introduceapproximationnoisethatpreventsusfromproperlyrecoveringthedistri-

bution,butbyunderstandingandmodellingthatnoisewecanconstructalgorithms

thatarewell-suitedtothetaskofestimatingf∆.

Thetricktounderstandingthenoiseistoconsiderthecharacteristicfunction

representationofthedistributions.Usingj=
√
−1,thetransformationfromProb-

abilityDensityFunction(PDF)tocharacteristicfunctionanditsinversionaregiven

byEquations(4.5)and(4.6).

Φx(t)=
∞

−∞

ejxtfx(x)dx (4.5)

fx(x)=
1

2π

∞

−∞

e−jxtΦx(t)dt (4.6)

Thecharacteristicfunctionnotationisveryconvenientwhenworkingwithsumsof

randomvariables.

Theorem1(Productofcharacteristicfunctions[68,Equation7.85]).If̂∆=∆+ε,

where∆andεareindependentrandomvariableswithcharacteristicfunctionsΦ∆

andΦεrespectively,thenthecharacteristicfunctionof̂∆isgivenbytheproduct,

Φ̂∆(t)=Φ∆(t)Φε(t) . (4.7)

Theorem2(Characteristicfunctionsofsymmetricdistributions).Iffx(x)=fx(−x)

then,

Φx(t)=Φx(−t) (4.8)

Φx(t)∈R . (4.9)

FromouradditivenoisemodelinEquation(4.3),thecharacteristicfunctionof

thenoiseisΦε(t)=e
−t2/n,wherenisthenumberofmicroarrays(perclass). We
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approximatef∆byassumingthatf∆issymmetricabouttheoriginandthencom-

biningTheorems1and2,andapplyingthereversecharacteristicfunctiontransfor-

mation,Equation(4.6),totheresult.

f∆(x)=
∞

−∞

ejxtΦ̂∆(t)/Φε(t)dt

=2
∞

0

cos(xt)Φ̂∆(t)e
t2/ndt

f̂∆(x;τ,T)=
τ

π
k:kτ≤T

cos(xkτ)e(kτ)
2/n 1

N

N

i=1

cos∆̂ikτ (4.10)

Intheeventthatf∆isnotsymmetricaswehaveassumed,ourapproximationwill

yieldasymmetrizedversionofthetruedistribution,f̂∆(x)≈
1
2
(f∆(x)+f∆(−x)).

Inthiscasewealsopointoutthatthedifferencebetweenf∆andf̂∆isofnoconse-

quencebecausethedownstreamunivariateanalysesoperateontheabsolutevalue

oftheobservedstatistics.Inotherwords,weareasinterestedinfindinggenesthat

areup-regulated,asweareingenesthataredown-regulated.Thus,itisdefinitely

beneficialtoassumethesymmetry,asitleadstonotablesavingsincomputation.

Weneedonlyevaluatef̂∆(x)forx≥0whichisafactor2fewercallstoEquation

(4.10).Furthermore,withineachcalltoEquation(4.10),weneedonlysumover

k:0≤kτ≤T,whichgivesanadditionalfactor2savings.Wegetathirdfactor2

savingsbynotingthatTheorem2tellsusthecharacteristicfunctionisrealvalued.3

WenowseektoanalyzehowthechoiceoftheparametersτandTaffectour

approximation.Clearlyweknowthatlimτ→0,T→∞ f̂∆ =f∆,butinpracticewe

cannotusethoselimitingvalues.

4.2.1 Aliasing

Inordertoanalyzetheaffectofτonourapproximation,weconsiderthecasewhere

T=∞.Thus,theapproximationnoiseispurelyaresultofτ.

3Arithmeticoncomplexnumbersrequiresmoreworkbecausewemusttrackboththerealand
imaginarycomponents.
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Theorem3(Aliasing).Ifweextendourapproximationin(4.10)tosumoverall

naturalnumbersthen,

lim
T→∞

f̂∆(x;τ,T)=
k∈Z

f∆ x−
k

τ
. (4.11)

Theorem3isveryinformativeasitshowsustwoimportantthings:

1.Fromthesummationofkacrossallintegers,wecanseethattheestimatewill

beasummationofinfinite“aliases”(i.e.,copies)ofthetruedistribution.

2.Thealiaseswillbespaced1
T
apart,andthusifthesupportofthedistribution

islargerthanx∈(−1
2τ
,1
2τ
)thealiases(i.e.,thef∆ x−

k
τ
)willoverlapand

wewillnotbeabletorecoverthetailsofthedistribution.

Inpracticeweexpectthatf∆(x)>0forallx∈R,butifwecanmakeτ

sufficientlysmallthenwecanpushthealiasesfarenoughapartthatthealiasing

effectisnegligible.Figure4.2showsthealiasingbyusingEquation(4.11),forthe

casewherethetrueeffectdistributionisLaplacian,f∆ =Laplace(0,1). When

τ=0.5thealiasesaresoclosethataftertheyaddup,f̂∆(x)>0.4forallx,

resultinginaverypoorapproximation.Butwhenτ=0.1thealiasesaresufficiently

spacedthatwehaveaverygoodapproximationoff∆(x)onx∈[−5,5].
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Figure4.2: Comparisonofthetruedistribution,f∆(x),andthealiasedver-
sion,f∆(x;τ,T),obtainedfromtheapproximationinEquation(4.11);using
τ={0.1,0.5}andT=∞. Verticaldashedblacklinesdenotetheintervalfor
whichtheapproximationisvalid,x∈(−1

2τ
,1
2τ
).
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4.2.2 Windowing

Wenowanalyzetheeffectof Tbyconsideringthelimitasτapproacheszero.

Werefertothisasthewindowingeffect,asTisusedtocontroltheinterval(i.e.,

window)ofthecharacteristicfunctionΦ∆thatweareintegratingover.
4

Theorem4(Windowing).Inthelimit,aswedecreaseτinourapproximationfrom

(4.10),

lim
τ→0
f̂∆(x;τ,T)=f∆(x)∗

sin(xT)

πx
(x) . (4.12)

TheeffectoftheconvolutionintroducedinEquation(4.12)istoinducea“rip-

ple”intheestimateddistribution. Figure4.3illustratesthiseffectonf̂∆ with

T={1,2,4}.Again,wehaveusedtheLaplacedistributiontomodelthedistri-

butionoftrueeffectsizes,f∆=Laplace(0,1).Notethatthisconvolutionhastwo

veryseriouseffects.Firstly,thetailsoftheestimateddistributionareburiedunder

theripple.Secondly,theestimateddistributionisnotevenadistribution–itdoes

notintegrateto1,norisitstrictlynon-negative.However,thisisonlyapparentfor

thevaluesofT={1,2},whichwehaveusedtohighlightthephenomena;when

T=4thewindoweffectisalmostnegligible.ClearlyifwesetT=4withτsmall,

thenwecangetaverygoodapproximationoff∆here.

InpracticeourchoiceofTwillbebasedonhowconfidentweareinourempir-

icalestimateofthecharacteristicfunction,̂Φ∆(t)=Φ̂∆(t)/Φε(t).Thefunction

becomeshardertoestimateastincreases,andthuswelimitourintegrationtothe

windowt∈[0,T].InordertodetermineapropervalueofT,wemaketheaddi-

tionalassumptionthatf∆isunimodal,andthenby[5,Theorem1]thecharacteristic

functionΦ∆(t)mustalsobeacontinuousunimodalfunction.Thus,wecanselect

TsimplybyplottinĝΦ∆(t)anddeterminingtherangeoverwhichitisunimodal.

Figure4.4comparesthetruecharacteristicfunction,Φ∆(t),versustheempirical

estimateΦ̂∆(t)=
1
N
et
2/n

icos(̂∆it),forthesameLaplace(0,1)distribution,

withn=5microarraysperclass.Notethefunctionhasatroughatt≈4andthus

T=4isareasonablechoiceforthisproblem.

4Furthermore,insignalprocessingthereisananalogousanalysisfortheconstructing“window-
ingfunctions”forcausalFIRfilters[67,Chapet7.2].
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Figure4.3:TheeffectsofconvolvingaLaplacedistributionwiththefunction
sin(xT)/πxforvaluesT={1,2,4}.

48



f∆ =Laplace(0,1), 50 000 genes,n=5
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Figure4.4:AcomparisonofthetruecharacteristicfunctionΦ∆versusitsempirical
estimatêΦ∆producedfromastudyof5casesversus5controls,i.e.,n=5.
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Theadditionalassumptionthatf∆isunimodalisquitereasonable,aswewould

expectthatmostgenesarenotrelevantandthiswillforcethedistributiontobe

mostlyunimodal.Inotherwords,theextremelyhighabundanceofgeneswith∆i

nearto0willforcef∆tobemostlyunimodalandsymmetric
5abouttheorigin.

NowthatwehaveanalyzedtheeffectofτandTseparately,wecomparetheap-

proximationfromEquation(4.2)toEquation(4.10)directly.Figure4.5compares

theseapproximationsforoursameLaplace(0,1)distribution,withn=5microar-

raysperclass;forthecomparisonweuseτ=0.1andT=4.Figure4.5[left]

showsthatwegetabetterapproximationofthedistributionnearthepeakbyusing

thecharacteristicfunctionapproach.Figure4.5[right]showsthatwegetabetter

approximationofthedistributioninthetailsusingthenaiveempiricalapproach.

5Recall,wepreviouslymotivatedthesymmetryassumptioninSection4.2.
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icalestimatefromEquation(4.2),andthecharacteristicfunctionestimatefrom
Equation(4.10).[left]highlightsapproximationinthetails.[right]highlightsthe
approximationatthepeakofthedisrtibution.
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4.3 FDEAlgorithm

Wehavenowshowntwoapproachestoestimatingf∆.Thefirstmethod,Equation

(4.2),naivelyusedtheempiricaldistributionoftheobserved∆̂i,i.e.,̂f∆ = f̂∆.

Whilethisapproximationwasveryintuitive,weshowedthatbecauseitfailsto

modeltheobservationalnoiseitwillproducea“smoothed”distribution,that“loses”

peaks,andover-estimatestails.Thesecondmethod,Equation(4.10),approximated

thedistributionbyestimatingitscharacteristicfunctionandthennumericallytrans-

formingitbackintoaPDF.Weshowedthismethodisbetteratrecoveringthebulk

ofthedistributionbutnotablysuffersinthetails(moresothanthenaiveestimate).

WenowconstructourFDEalgorithm,Algorithm1,thatcomputesbothdensity

estimatesandthenfusesthemtogetthebestofbothoftheirproperties.

FDEacceptsasinputsasetofestimates{̂∆i}andtheassumednoisedistribution

Φε(t).Thus,FDEworksforanystatisticwithanadditivenoisemodel,notjust

ourspecificcasewherethenoiseisnormallydistributed.ForourBBDproblemthe

noisedistributionhascharacteristicfunctionΦε(t)=e
−t2/n,wherenisthenumber

ofmicroarraysused(perclass).

Thealgorithmrequiresthattheusersetτbasedontheavailablecomputational

resources.NoteittakesO T
τ
N timetoevaluateEquation(4.10).InSection4.2.2

weshowedhowtoselectanappropriatevalueofT. WebelievethatgivenT,itis

straightforwardfortheusertodetermineanappropriatevalueτfortheiruse.When

usedwithinourBBDalgorithmsinChapter5,weseethattheruntimeFDEis

relativelyverysmallincomparisontothetimeittakestousetheresultingestimate

off̂∆ totuneanalgorithm’sparameters–i.e.,inpracticewecanalwayssetτ

sufficientlysmalltoavoidaliasingeffects.
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Algorithm1FDE({̂∆i},Φε(t))

1:Φ̂∆(t)=
1
N

N
i=1cos∆̂it

2:Φ∆(t)=Φ̂∆(t)/Φε(t)
3:T=maxt∈R+{t:

∂
∂t
Φ∆(t)≤0}

4:Setτbasedontheavailablecomputationalresources
5:UseτandTwithEquation(4.10)toproducef̂∆(1)(x)
6:UseEquation(4.2)toproducef̂∆(2)(x)
7:x∗=minx∈R+{x:̂f∆(1)(x)=f̂∆(2)(x)}

8:w1=
x∗

−x∗
f̂∆(1)(x)dx

9:w2=
x∗

−x∗
f̂∆(2)(x)dx

10:f∆(fused)(x)=
f̂∆(1)(x) |x|≤x∗

1−w1
1−w2
f̂∆(2)(x)|x|>x

∗

11:returnf∆(fused)(x)
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4.4 Experiments

4.4.1 ExperimentsonRealData

ToshowthebenefitofusingFDEoverthenaiveempiricalestimator,Equation

(4.2),weconsidertheproblemofestimatingf∆ onrealmicroarraydata.Aswe

cannottrulyknowf∆foranyrealdataset,wetakealargemicroarraydatasetand

useallthemicroarraystocomputef̂̂∆byourempiricalestimator,Equation(4.2),

andusethatasourgroundtruth(i.e.,weusethisparticularf̂∆ asf∆). Wethen

runouralgorithmsonsub-samplesofthedatasetandcomparetheirestimatestothe

estimateusingthefulldataset.Bytheconstructionofthisexperiment,asthesub-

samplesincreaseinsize,theempiricalestimatorwillconvergetowardstheestimate

usingthefulldataset.ThisexperimentwillexplorewhetherourFDEalgorithm

convergesfasterthantheempiricaldistribution,f̂∆.Fortheexperimentwewillbe

usingthefollowingdatasetsfromGEO:

GSE11882Thiswasastudytoexaminethedifferenceingeneexpressioninnor-

malbrainsbetweenmenandwomen.Thisdatasethas173microarrays,91

maleversus82female,with54675genes.

GSE19743Thiswasastudytoexaminethedifferenceingeneexpressionofskin

tissuesofburnpatientsversusnormalskintissues,butwedecidedtousesex

asthephenotypetomakeitconsistentwithourotherdatasets.Thisdataset

has177microarrays,120maleversus57female,with54675genes.

GSE41726Thiswasastudytoexaminethedifferenceingeneexpressioninthe

skeletalmuscletissuesofpatientswithcancercachexia.Thisdatasethas134

microarrays,69maleversus65female,with41000genes.

WechosetouseGSE41726becauseitisourdatasetfromapreviousstudy[78].We

chosetouseGSE11882andGSE19743becausetheyuseAffymetrixHG-U133-

Plus-26arrays,theyhadverylargesamplesizes,andwecouldextractthesexofthe

patientsasaphenotypefromthemeta-dataassociatedwiththedataset.Notethat

6ThisisthemostusedbrandofmicroarrayacrossalldatasetsonGEO.
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weexcludedotherdatasetsusingthesamebrandofmicroarraywithlargersample

sizesbecauseuponinspectionitwasdifficulttoascertainifthedatawasfroma

singlestudyorwasacompositionofdatasetsfromseparatestudies. Wewantedto

avoidthelatterbecauseunlessproperlyhandled,mixingmicroarraydatasetswill

giverisetounwantedbatcheffects[47,58].Wechosetousesexasourphenotype

becauseitisincontrovertible7andcommontoallofourdatasets.

Forourexperiment,wetakesub-samplesofsizesn= {5,10,15,...,50},

i.e.,wecomparesamplesofnmenversusnwomen.Toevaluatethealgorithms,

wecomparetheestimateusingallthedata,f∆,totheestimateproducedonthe

sub-sample,f̂∆,intermsofKLdivergence,KSstatistic,andMeanSquaredError

(MSE).

KLdivergence=
∞

−∞

f∆(x)log
f∆(x)

f̂∆(x)
dx

KSstatistic=max
x∈R

F∆(x)−F̂∆(x)

MSE=
∞

−∞

f∆(x)−f̂∆(x)
2

dx

Figure4.6showstheresults.Aswehaveusedtheempiricalalgorithmtosetthe

groundtruth,forlargen,thesescoreswillconvergeto0. However,weseethat

FDEhasamuchfasterconvergenceratebecauseitmodelstheobservationalnoise.

Note,thatFDEseemstohitaperformancebarrierforn≥30onGSE19743and

GSE41726. Thisistobeexpectedbecauseultimatelybothalgorithmsproduce

differentestimates.

7Patientsareclearlyeithermaleorfemale. Whiletherearesomerarechromosomalabnormal-
itiessuchasfemaleswithXOchromosomes(Turnersyndrome[61]),ormaleswithXXYchromo-
somes(Klinefeltersyndrome[57]),etc.,thatcouldaffecttheanalysesandthesepatientsshouldbe
removedasstatisticaloutliers. WeknowthatGSE41726doesnotcontainanypatientswiththese
abnormalitiesandbelievethatneitherGSE11882norGSE19743containthemaswell.
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realdatasets.ndenotesthesamplesize(nmenversusnwomen).
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4.4.2 ExperimentsonSyntheticData

WenowshowthattheresultsofFDEshouldgeneralizeovermanyothertypes

ofdistributions.Hereweusesyntheticdatasetswherewecanperformparameter

sweepsonf∆andshowthatFDEoutperformstheempiricalestimatorforallpa-

rameterizationsoff∆.Fortheseexperimentsweconsiderthecasewherewehave

N=50000genesobservedinanexperimentcomparing5microarraysfromthe

casesversus5fromthecontrols.Foreachgene,gi,wedrawa∆ifromf∆.Then

wedraw5valuesfromanormalN(∆i,1)distribution(forthecases)and5values

fromaN(0,1)distribution(forthecontrols),fromwhichwecompute∆̂i,i.e.,we

useourplatemodelfromSection2.1togeneratethedata.

Figure4.7plotstheperformanceofouralgorithmsovertheclassofzeromean

Laplacedistributions,f∆ =Laplace(0,b),andtheclassofzeromeannormaldis-

tributions,f∆ =N(0,σ
2).Forallsettings,weseethatourFDEalgorithmout-

performstheempiricalestimatorintermsofKLdivergence,KSstatisticandMSE.

Notethatasbandσ2increasetheproblembecomeseasier(forbothalgorithms)as

thevaluesof∆ibecomemuchlargerthantheobservationnoise,whichmakesit

easiertolearntheirdistribution.

Asbothofthealgorithmsarebasedonnon-parametricestimators,webelieve

thatthistrendwillholdforanyotherreasonabledistributionf∆.Inthesubsequent

sectionwewillshowanotherclassofdistributionswhereourresultshold,andFDE

evenoutperformsparametricestimators.
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4.5 ParametricModels

TheprevioussectionshowedthatourFDEalgorithmoutperformsthenaiveempir-

icalestimator.However,bothoftheseestimatorsareentirelynon-parametric,and

soitisnaturaltoask,“canwedobetterifweknowapriorithatf∆fallswithin

someparametricfamily?”Fromouradditivenoisemodel,assumingweknowfε,

wecangetveryreliableestimatesofthemeanandvarianceoff∆,

E[∆]=E[̂∆]−E[ε]

Var(∆)=Var(∆̂)−Var(ε) .

Thus,theshortanswerisyes,IFFthereisagoodmappingofthedistributional

parametersoff∆towhatwecanobserve,i.e.,iftheparameterscanberecoveredif

weknowthemeanandvarianceofthedistribution.

However,therearedistributionalfamiliesforwhichtheparameterscannotbe

extractedfromthemeanandvariance.ConsidertheCauchydistribution,

fx(x)=
1

πγ 1+ x−x0
γ

2
,

withlocationparameterx0andscaleparameterγ.Thisdistributionhasundefined

meanandvarianceandthuswecannotrelatex0andγtothesamplemeanand

varianceoftheobserved∆̂i.

NotethattheCauchydistributionisoneofthewell-knownpowerlawdistribu-

tions,andpreviousworkshaveshownthatstatisticsofgeneexpressiondatafollows

powerlawsinpractice[60].Thus,itisapotentiallyveryrelevantdistribution,and

notjustanobscuremathematicalconstruction. Wenowaddresstheproblemof

estimatingγwhenweknowthatf∆isaCauchydistribution.

TraditionallythescaleparameterγisestimatedbytakinghalfthesampleIn-

terQuartileRange(IQR)[20],i.e.,̂γ=
q3/4−q1/4

2
,whereqpdenotesthep’thquantile,

qp=F
−1
∆ (p).HerethenaiveapproachtoestimatingγwouldbetousetheIQR

intheobserved̂∆i.Notethatthisisequivalenttousingtheempiricaldistribution

estimator,Equation(4.2),tocomputef̂∆andthenextractingtheinterquartilerange

ofthatdistribution.However,asshowninSection4.1,theobservationnoisewill
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pushmasstowardsthetailsoftheestimateddistribution,whichwillcauseusto

overestimatetheinterquartilerange.Amorerobustapproachwouldbetorunour

FDEalgorithmtogetabetterestimateofthedistribution,andthencomputethehalf

interquartilerangefromthatdistribution.

Hereweperformanadditionalexperimentonsyntheticdatawhereweusethe

classofzeromedianCauchydistributions,f∆ = Cauchy(0,γ),andwesweep

γ. Again,weuseN =50000genesobservedinanexperimentcomparing5

microarraysfromthecasesto5fromthecontrols.Figure4.8comparesthedif-

ferenceintheestimatedCauchydistributionbasedontheIQRextractedfromthe

approximatedistributionusingEquation(4.2)toIQRextractedfromourFDEal-

gorithm. WeuseIQRtodenotethenaivealgorithmthatuseshalftheIQRof∆̂i,

anduseFDE-IQRtodenotethemoreintelligentalgorithmthatuseshalftheIQR

fromthedistributionproducedbyFDE.Asinterestingcomparisonpointswealso

includetheperformanceofthenon-parametricdistributionestimatesfromthese

algorithms.Unsurprisingly,theparametricapproachisalwaysbetterthanitsnon-

parametriccounterpart–i.e.,FDE-IQRisbetterthanFDE.InterestinglytheFDE

algorithmgenerallyoutperformstheIQRestimateproducedbytheempiricalesti-

mator.Thus,bymodellingtheobservationnoise,ournon-parametricdistribution

estimateisactuallybetterthanournaiveparametricestimatethatfailstomodelthe

noise.
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q3/4−q1/4
2
.

61



Chapter5

AlgorithmsforBBD

5.1 SimplifyingAssumptions

InthischapterwewillpresentalgorithmsforsolvingtheBBDproblem.1Tofully

solvetheBBDproblem,analgorithmwillmakeuseofdatathathasbeencollected

andtheremainingbudget,tospecifywhichtestshouldbeperformednextandthe

patientonwhomweshallperformthetest.Forexample,collectamicroarrayfrom

Mrs.Smith,orcollectthecardiotoxicityqPCRarrayfromMr.Jones,etc.However,

writingaformalpolicyforanalgorithmtofollowisadifficulttask. Anysuch

policywillcontainparameterstocontrolitsbehaviour.Iftheseparametersareset

correctlythenthealgorithmwillbehaveeffectivelybutiftheyaresetincorrectly

thealgorithmmaybehaveverypoorly. Herewewillintroducesomeadditional

assumptionsandrestrictionsontheBBDalgorithmswewilldevelop.Bylimiting

ouralgorithmswereducethenumberofparametersthattheyhave,andthusmake

iteasiertooptimizethemtoperformwellgiventhelimiteddatathatweenvision

BBDalgorithmswillbeabletocollect.2

IndependenceWeassumethattheexpressionvaluesofanypairofgenesfora

specificpatientareindependentwhenconditionedonthepatient’sphenotype,

1Muchofthematerialinthischaptercorrespondsto[52,53,54].Inparticular,ourTNAS-
FDR,BBD1,andBBD-GreedyareclearimprovementsofourpreviousRR,RR+RR,andmLUCB
algorithms(from[54])respectively.[52,53]alsohadotheralgorithms,buttheywereveryspecific
tothemodelsweusedatthetime,andasthosemodelshavebecomeoutdatedsotoohavethe
algorithms.
2Subsequently,inChapter6wewillseethatevenwiththeserestrictions,itmaystillbechalleng-

ingtotunetheparametersforsomeBBDalgorithms.
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i.e.,weassumeanaivebayesmodel.Inotherwords,knowingthevalueof

expressionvalueofgenegi1forapatient,givesusnoinformationaboutthe

unknownexpressionvalueofgenegi2ifweknowwhichgroup(casesor

controls)thepatientisfrom.

WhileweknowthatthisassumptionisdefinitelyNOTtrue,webelievethatit

isanecessaryassumptionforalgorithmstomake.Theissueisthatwedonot

knowthecorrelationstructurebetweenthegenesapriori,andthusinorder

foranalgorithmtoexploitanydependenciesitmustfirstlearnthemfromthe

data.

Asourgoalistodeterminetherelevanceofeachgenebyitself,thisassump-

tiondoesnotbiasustowardsmakingfalsestatements.However,ifwehad

areliablecorrelationstructuretoexploitwecouldpotentiallyreachthesame

conclusionswithlessdata.

BalanceddesignsandindifferencetopatientsForconvenience,werestrictour

algorithmssuchthatwhencollectingdata,theycanonlyspecifywhichtest

toperform.Onceatesthasbeenselected,werunthattestonarandompa-

tientfromthecasegroupandarandompatientfromthecontrolgroup.This

restrictiondrasticallyreducesthecomplexityofourBBDalgorithms. With-

outitthealgorithmcouldselectanytestt∈T,andanypatientinthestudy.

However,wemayhaveissueswithpickingpatientsinpractice.Forexam-

ple,wemayabletorecruitacouplehundredcancerpatientstoparticipate

inastudy,butourbudgetlimitsustocollecting50microarrays. Without

sometypeofgeneexpressionvaluesforapatientaBBDalgorithmhasno

informationfromwhichitcanassesstheutilityofcollectingmoredatafor

thatpatient.Inpractice,weexpectthatbiologicalrationale(outsideofthe

scopeoftheBBDproblem)canbeusedtoselectinformativepatientsonce

thealgorithmhasdecidedwhichtestshouldbeperformed.

Foreaseofnotationinouralgorithms,wewillassumethatalgorithmstrack

andupdatesufficientstatisticsforalldatacollected,andestimatesderivedfrom

them.Specifically,theytrackallparameterstocomputetheaggregateestimateof
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theeffectsize,

µ̂
(t)
i,s=

1

n(t)

n(t)

m=1

ψ
(t)
i,s,m

σ̂
(t)2
i,s =

1

n(t)−1

n(t)

m=1

ψ
(t)
i,s,m−µ̂

(t)
i,s

2

∆̂
(t)
i =

µ̂
(t)
i,1−µ̂

(t)
i,0

σ̂
(t)2
i,1 +̂σ

(t)2
i,0 /2

∆̂i=
t∈Tn

(t)̂∆
(t)
i

t∈Tn
(t)

, (2.4revised)

hereweusen(t)todenotethenumberofobservationsoftest,t,wehavecollected

(perclass).Ifoneofthealgorithmsperformsat-test,ituseŝ∆itotestif∆i=0,

measuredbythep-valuepi.

Wewillalsomakeuseoforderedstatisticsnotation[23].Thus,weusepito

denotethep-valueofgenegi,andp(i)todenotethei’thlargestp-value.Inother

words,ifwesortthep-valuesofallgenesinascendingorder,[p(1),p(2),...,p(N)],

thenp(i)correspondstothei’thelementinthesort.Similarly,wewillusetheterm

|̂∆|(i)toreferthei’thelementofthesortedabsolutevaluesoftheestimatedeffect

sizes,[|̂∆|(1),|̂∆|(2),...,|̂∆|(N)].Thisshouldnotbeconfusedwith|̂∆i|,whichwe

usetodenotetheabsolutevalueoftheestimatedeffectsizeforgenegi.

5.2 TraditionalNaiveAssociationStudies

OurfirstalgorithmsrepresentstheTraditionalNaiveAssociationStudy(TNAS)

approachusedbymanyresearchers.3Thisapproachspendstheentirebudgetcol-

lectingmicroarraysandthenusesFalseDiscoverRate(FDR)controlledt-teststo

determinewhichgenesarerelevant.4Algorithm2presentspseudocodeforourba-

sicTNASalgorithm.Thealgorithmacceptsasinput:theavailablebudgetB,the

3HerewemeanthattheapproachisnaiveinthecontextoftheBBDproblembecausetheyonly
usemicroarrays.Wearenotcallingthoseresearchersnaive.
4AFDRcontrolledt-testismultiplehypothesistestingproceedurethat(undersomeassump-

tions)upperboundstheproportionoffalsepositivesinthereturnedgenes,i.e.,theprecisionofthe
algorithmhasalowerbound.
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costofamicroarrayCarray,andthelevelofFDRcontrolα.Line3implementsthe

Benjamini-HochbergmethodtocontroltheFDR[12].

Algorithm2TNAS(B,Carray,α)

1:n= B
2Carray

2:Collectnmicroarraysfromboththecasesandcontrols.
3:p∗=maxs{p(s):∀r≤s:p(r)≤

r
N
α}

4:returnR̂={gi:pi≤p
∗}

Adrawbackofthisalgorithmisthatthereisnoclearmappingbetweenthe

valueofα,andtheevaluationscore. WeextendTNAStoTNAS-FDR,whichex-

aminesthecollecteddatatoascertainthedifficultyoftheproblem,andthenselects

anappropriatelevelofFDRcontroltomaximizetheexpectedevaluation.Thus,

TNAS-FDRbringsthetraditionalapproachintotheBBDframework.

InAlgorithm3:line3,TNAS-FDRcallstheFDEalgorithmtoproduceanesti-

mateofthedistributionofthetrueeffectsizes,f̂∆.Knowingthisdistribution,the

algorithmcanthenhypothesizetheexpectedevaluationofTNASwithvariousval-

uesoftheFDRcontrolα,andthenselectthevalue,α∗,withthebestevaluationin

expectation.Ifourestimateddensityfunctionisgood,thentheoptimalvalueα∗for

f̂∆willalsogivegoodresultsonouractualproblem. Wesuggestusingthegolden

searchmethodtoefficientlyfindthisα∗;seeAppendix9.1.

InasimilarmannerweconstructourTNAS-TopK algorithm,Algorithm4,

thatinsteadofacceptinggenesbasedonFDRcontrolledt-tests,acceptsthetopK

featuresasrelevant.Again,weexploittheplatemodeltotuneanappropriatevalue

forK.

Algorithm3TNAS-FDR(B,Carray)

1:n= B
2Carray

2:Collectnmicroarraysfromboththecasesandcontrols.

3:f̂∆=FDE {̂∆i},Φε(t)=e
−t
2

n

4:α∗=argmaxαE∆ evaluation(R,TNAS(B,Carray,α))f̂∆

5:p∗=maxsp(s):∀r≤s:p(r)≤
r
N
α∗

6:returnR̂={gi:pi≤p
∗}
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Algorithm4TNAS-TopK(B,Carray)

1:n= B
2Carray

2:Collectnmicroarraysfromboththecasesandcontrols.

3:f̂∆=FDE {̂∆i},Φε(t)=e
−t
2

n

4:K∗=argmaxKE∆ evaluationR,R̂= gi:|̂∆i|≥|̂∆|(N−K+1) f̂∆

5:returnR̂= gi:|̂∆i|≥|̂∆|(N−K∗+1)

5.3 GreedyAlgorithm

WhileitisimportanttounderstandTNAS,TNAS-FDR,andTNAS-TopK,noneof

thesealgorithmsmodelthefullBBDproblem,astheydonotmakeuseofqPCR.

HereweconsiderthefullBBDproblemwherethealgorithmhasaccesstoasetof

possibletestsT,whereatestmaybeeitheramicroarrayoran“off-the-shelf”qPCR

array.5Herewewillconsideranalgorithmthatmakesfulluseoftheavailabletests.

Inordertohavesomeinformationonwhichtobaseitsdecisions,thealgorithmwill

beginbycollectingsomemicroarrays,thenitwillseektooptimizeaheuristicfunc-

tion,h {(̂∆i,ni)},S,where(̂∆i,ni)isatuplerepresentingthecurrentestimated

effectsizeofgenegiandthenumberofobservationsitisbasedon,andS⊆Tis

thesetofteststhealgorithmwouldliketoperform.Byconstructingtheheuristic

tobeacloseapproximationoftheexpectedevaluation,maximizingtheheuristic

willleadthealgorithmtoperformwellontheBBDproblemathand.Thisideais

similartotheoptimizationstepsinTNAS-FDRandTNAS-TopK,e.g.,Algorithm

3:line4.Thedifferenceisthat,inthosealgorithms,wewereonlyconcernedwith

howtoidentifythegenestoreturn,giventhecurrentinformationaboutthegenes;

here,wemustalsodeterminewhatinformationtocollect–makingtheheuristic

morecomplicated.

Wenowseektoconstructanappropriateheuristicfunction,andanalgorithm

formaximizingit. Unfortunately,wecannotusethesameapproachusedbythe

TNASalgorithms,becausehereouralgorithmdecideswhatspecificdatatocollect.

Previously,wewereabletousef̂∆andourplatemodeltogeneratesyntheticdata

5Weusetheterm“off-the-shelf”torefertoarraysthatuseapre-definedsetofgenes;weare
notallowingthealgorithmtodesigncustomqPCRarrays.CustomqPCRarrayswillbeconsidered
subsequentlyinourBBD1algorithm.
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forverysimilarmicroarraystudiestotuneourparameters.Butwecannotmapthe

genesofaspecifictestusedhere,toasetoffictitiousonesusedinparametertuning.

Herewecanuseourobserveddatatocomputetheprobabilitythatagivengene,

gi,isrelevant,

pi(̂∆i,ni)=P(gi∈R)

=






1−1
2
F|∆−∆̂| |̂∆i|+∆

∗ −F|∆−∆̂| |̂∆i|−∆
∗ |̂∆i|>∆

∗

1−1
2
F|∆−∆̂| |̂∆i|+∆

∗ +F|∆−∆̂| |̂∆i|−∆
∗ |̂∆i|≤∆

∗

F|∆−∆̂|(x)≈
x

−x

1

4π/ni
e−

niy
2

4 dy ,

where∆̂iandniarethevaluesusedinEquation2.4tosummarizeourknowledge

ongenegi.Tocomputethisprobability,wehaveusedtheCDFoftheabsolute

deviationfromthemeanofanestimatedeffectsize,F|∆−∆̂|. Weapproximatethis

CDFusinganappropriatenormaldistribution,seeAppendix8.2.Toevaluatethe

utilityofperformingthetestsinS,wecaninflatenitomatchthenumberofsamples

seenafterthedataiscollected,

h {(̂∆i,ni)},S =max
R̂
E∆ evaluation(R,R̂) pi(̂∆i,ni) (5.1)

ni=ni+
t∈S

1(gi∈Gt) .

Tocomputetheexpectedevaluationwesimplyenumerateallpossibleoutcomes,

andweightthembythegivenprobabilities.Weusethemethodof[46]tocompute

theexpectedevaluationgiventheprobabilities{pi},whichrequiresO(N
4)time.

Nowtooptimizeourheuristicfunction,wenotethatithastwokeyproperties.

Firstly,extratestswillalwaysimprovetheexpectedevaluation,andsecondlythe

impactofnewtestswillbecomelessasmoredataiscollected,i.e.,weobserve

diminishingreturns.Moreformally,giventwosets,S1⊆S2,then,

h(S1)≤h(S2)

h({S1∪t})−h(S1)≥h({S2∪t})−h(S2) ,

wherewehavedroppedthedependenceon{(̂∆i,ni}fornotationalsimplicity.

Thus,ourheuristicisamonotonesubmodularsetfunctionwithrespecttoS[33].
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Itiswell-knownthatgreedyalgorithmscanprovidegoodsolutionstosubmodu-

larmaximizationproblems[56,65].Furthermore,sinceourproblemisstochastic,

findingtheoptimalsetoftests,S∗,tomaximizeourinitialheuristicmaynotbea

goodidea,becauseaswebegincollectingthedataforthosetests,wecanupdateour

heuristicwiththenewdata,andwemaythenprefertospendtherestofthebudget

collecting,S=S∗.Thus,ourproblemhasthesamepropertiesastheadaptivesub-

modularmaximizationproblem[39].Ithasbeenshownthatthegreedyalgorithm

isagoodsolutionforsuchproblems.

Algorithm5presentstheobviousgreedyalgorithm,BBD-Greedy.Line5se-

lectsthetest(amongthosethatitcanafford)thatismostcosteffectiveatraisingthe

heuristic.Althoughweinitiallysaidthatthisalgorithmcannotmakeuseofcustom

qPCRarrays,thisselectioncriteriacanbeeasilyextendedtoincludethecustom

arraysthataremostlikelyuseful–i.e.,thosethatcovergenesthatareborderline

relevant.ThismodificationcanbedonewithasimpleupdatetoT,butwechosenot

toshowthemodification,asitisnotinformativeinunderstandingthebehaviourof

thisalgorithm.Furthermore,wewilldirectlyaddresstheproblemofusingcustom

qPCRinthesubsequentsection.

Algorithm5BBD-Greedy(T)

1:Collect2microarraysfromboththecasesandcontrols.
2:B =B−4Carray
3:whileB ≥2mint∈TCtdo

4: hcurrent=h {(̂∆i,ni},{}

5: t∗=argmaxt∈T:2Ct≤B
h({(̂∆i,ni},t)−hcurrent

Ct

6: performtestt∗on1examplefromthecasesand1fromthecontrols.
7: B =B−2Ct∗
8:endwhile
9:R̂=argmaxR̂⊆GE∆ evaluation(R,R̂) pi(̂∆i,ni)

10:returnR̂
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5.4 CustomqPCRAlgorithms

Wenowconsideralgorithmsthatutilizeacombinationofmicroarraysandcustom

qPCRarrays.Theenvisionedbehaviourofthesealgorithmsistointelligentlycol-

lectafewmicroarraystoassesstherelevantpreliminaryinfooftheproblem.Then

onceitiscosteffectivetodoso,thealgorithmwillpotentiallylabelthebestgenes

asrelevant,andselectthegenesthatareontheborderlineofrelevanceforfollow-up

withcustomqPCRarrays.WeconsiderthecasewhereonlyasinglecustomqPCR

arraywillbecreatedbutwemayuseittoperformasmanytestsaswecanafford

giventhebudget,i.e.,wecanspecifyanarbitrarysetofNPCRgenes,andthentest

thosegenesforacostofCPCR,asmanytimesasourbudgetpermits. Webelieve

thatthisisthetypeofthebehaviourdesiredbythebiologistscurrentlylookingfor

aprincipledmethodforcheckingstudies[2,73].

Herewewillpresenttwoalgorithmsthat,insteadofusingthedatacollectedto

selecttheteststhataremostcosteffectiveatraisingtheexpectedevaluation,follow

generalpoliciestodeterminewhen(ifever)tostopcollectingmicroarrays,andifso

whichgenesshouldbeselectedforqPCRbasedontheirrankedstatistics.Theidea

hereisthatwecanuseourplatemodeltotunegoodparametersforthosepolicies

giventheestimateoff̂∆fromourFDEalgorithm.

Algorithm6presentspseudocodeforourBBD1algorithm.Thealgorithmac-

ceptsasinput:theavailablebudgetB,thecostofamicroarrayCarray,thecostof

customqPCRarrayCPCR,andthenumberofgenesitcoversNPCR.Atfirstthe

algorithmcollectsthebareminimumnumberofmicroarraysneededforittotuneits

parameters.Asthisestimateislikelytobenoisy,thealgorithmthencontinuestore-

finetheseestimatesasmoremicroarraydataiscollected(seethewhileloopatLine

5).Onceitbelievesithascollectedtheappropriatenumberofmicroarrays,BBD1

thenlabelsthetopKgenesasrelevant,andfollowsuponthenextNPCRgenes

withtheqPCR.Finally,itdecideswhichofthesefollowed-upgenesarerelevantby

applyingathresholdtestontheaggregatedeffectestimates∆̂i.

TotuneitsinternalparametersBBD1makesuseofthesub-routineBBD1-Core,

whichcomputestheexpectedevaluationscoreitwillreceiveforagivenparameter-
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ization.Appendix9willpresentusefulsearchalgorithmstoefficientlytunethese

parameters.

Algorithm6BBD1(B,Carray,CPCR,NPCR)

1:n=2
2:Collectnmicroarraysfrombothcasesandcontrols

3:f̂∆=FDE {̂∆i},Φε(t)=e
−t
2

n

4:n∗,K∗,ζ∗=argmax
n,K,ζ

E∆ evaluation(R,BBD1-Core(n,K,ζ))f̂∆

5:whilen=n∗do
6: n=n+1
7: Collectamicroarrayfrombothcasesandcontrols

8: f̂∆=FDE {̂∆i},Φε(t)=e
−t
2

n

9: n∗,K∗,ζ∗=argmax
n,K,ζ

E∆ evaluation(R,BBD1-Core(n,K,ζ))f̂∆

10:endwhile
11:R̂= gi:|̂∆i|≤|̂∆|(K∗)

12:S= gi:|̂∆|(K∗)<|̂∆i|≤|̂∆|(K∗+NPCR)

13:CreateacustomqPCRarrayforthegenesinS
14:SpendremainderofbudgetcollectingdataonthiscustomqPCRarray

15:R̂=R̂∪ gi:|̂∆i|≥ζ
∗ ∩S

16:returnR̂

Algorithm7BBD1-Core(n,K,ζ)

1:Collectnmicroarraysfrombothcasesandcontrols

2:R̂= gi:|̂∆i|≤|̂∆|(K∗)

3:S= gi:|̂∆|(K∗)<|̂∆i|≤|̂∆|(K∗+NPCR)

4:CreateacustomqPCRarrayforthegenesinS
5:SpendremainderofbudgetcollectingdataonthiscustomqPCRarray

6:R̂=R̂∪ gi:|̂∆i|≥ζ ∩S

7:returnR̂
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WealsopresenttheBBD2algorithm,Algorithm8,whichusesFDRcontrolled

t-tests.Ourintentionwiththisalgorithmistohighlightthesubtledifferencebe-

tweenusingathresholddecisionversusanadaptivepolicylikeFDRcontrol.In

Section6.3wewillshowthatitiseasierforustotunethethreshold.

Algorithm8BBD2(B,Carray,CPCR,NPCR)

1:n=2
2:Collectnmicroarraysfrombothcasesandcontrols

3:f̂∆=FDE {̂∆i},Φε(t)=e
−t
2

n

4:n∗,α∗1,α
∗
2=argmax

n,α1,α2
E∆ evaluation(R,BBD2-Core(n,α1,α2))f̂∆

5:whilen=n∗do
6: n=n+1
7: Collectamicroarrayfrombothcasesandcontrols

8: f̂∆=FDE {̂∆i},Φε(t)=e
−t
2

n

9: n∗,α∗1,α
∗
2=argmax

n,α1,α2
E∆ evaluation(R,BBD2-Core(n,α1,α2))f̂∆

10:endwhile
11:p∗=maxs{p(s):∀r≤s:p(r)≤

r
N
α∗1}

12:R̂={gi:pi≤p
∗}

13:S= gi:|̂∆|(|̂R|)<|̂∆i|≤|̂∆|(|̂R|+NPCR)
14:CreateacustomqPCRarrayforthegenesinS
15:SpendremainderofbudgetcollectingdataonthiscustomqPCRarray
16:p∗=maxs{p(r):∀r≤s:p(r)≤

r
N
α∗2}

17:R̂={gi:pi≤p
∗}

18:returnR̂

Algorithm9BBD2-Core(n,α1,α2)

1:Collectnmicroarraysfrombothcasesandcontrols
2:p∗=maxs{p(s):∀r≤s:p(r)≤

r
N
α1}

3:R̂={gi:pi≤p
∗}

4:S= gi:|̂∆|(|̂R|)<|̂∆i|≤|̂∆|(|̂R|+NPCR)
5:CreateacustomqPCRarrayforthegenesinS
6:SpendremainderofbudgetcollectingdataonthiscustomqPCRarray
7:p∗=maxs{p(s):∀r≤s:p(r)≤

r
N
α2}

8:R̂={gi:pi≤p
∗}

9:returnR̂
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Chapter6

BBDExperiments

6.1 ComparisonofTNASAlgorithms

HerewepresentanexperimenttocompareTNAS,TNAS-FDR,andTNAS-TopK.

WesettheFDRcontroltoα=0.01fortheTNASalgorithm.Also,asacompar-

isonweincludeafourthalgorithm,TNAS-Omniscient,thatcheatsbylookingat

thetrue∆iforeachgene,andthenselectsthetopKsuchthattheevaluationis

maximized,i.e.,itgetsthemaximumevaluationpossibleforbothTNAS-FDRand

TNAS-TopK.

Webeginbyusingasub-samplingexperimentontherealmicroarraydatasets

usedinChapter4.Foreachdataset,wetakearandomsub-sampleofnmenversus

nwomen,andthenpresentthedatatothealgorithms.Allalgorithmsreceivethe

samesub-sampleofthedata,andthustheobservedperformancedifferenceisbased

entirelyonhowtheyconstructtheirestimateoftherelevantgenes,R̂.Tosetthe

groundtruthforeachgenewecomputetheestimatedeffectsizes,∆̂iusingallthe

dataandconsiderthosetobethetruevalues.Weset∆∗=1andβ=1/10.Recall

thatweusethegeneralizedFscoreasourevaluation,

evaluation(R,R̂)=1+β2
precision×recall

β2×precision+recall
. (2.6revisited)

Figure6.1presentstheresults. WecanseethatTNASandTNAS-FDRhave

similarperformance.Thisisunsurprising,astheonlydifferenceisthatTNAS-FDR

willusetheestimateddistribution,f̂∆,fromFDEtotuneitslevelofFDRcontrol,

whereasTNASusesafixedvalue–ifwecansetareasonablechoiceofαapriori
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thenwecannotgreatlyimproveitbyusinĝf∆totuneα
∗.1IncomparisonTNAS-

TopKperformsworsethanthesealgorithms.RecallthatFDEwillover-estimate

thetailsofthetruedistributionwhencomputinĝf∆,andthuscausethealgorithm

tobelievetherearemorerelevantgenes.ThistricksTNAS-TopKintoreturning

toomanygenes–e.g.,forsmallvaluesofnithasmuchhigherrecallthantheother

algorithmsbutsuffersduetothelostprecision.Interestingly,asnincreases,TNAS-

TopKbecomeslessaggressiveandreturnsfewergenes.Webelievethatwithlarger

n,FDEreturnsbetterestimates,̂f∆,whichallowTNAS-TopKtoseethevaluein

trading-offrecallforprecision.

Tofurthercomparethesealgorithms,weransimulationstudiesonsynthetic

datasetswhereinweknowthegroundtruthofeverything,andallourassumptions

hold. WeconsiderthecasewherewehaveN =50000genesobservedinan

experimentof10casesversus10controls.Foreachgene,gi,wedrawa∆ifrom

f∆.Thenwedraw10valuesfromanormalN(∆i,1)distribution(forthecases)and

10valuesfromaN(0,1)distribution(forthecontrols),andthenusethesevaluesto

estimatê∆i,andcomputecorrespondingp-values.Forthisexperimentweconsider

threecases:1)f∆isanormaldistribution,2)f∆isaLaplacedistribution,and3)

f∆isauniformdistribution.Figure6.2showstheresults.Aswehavefixedthe

numberofmicroarraysinthisexperiment,wesweepthevarianceoff∆,toincrease

thenumberofrelevantgenes.

Nowweseeamuchstrongercontrastinthealgorithms’performances.TNAS

nowsuffersheavilydueitsuseofaconstantlevelofFDRcontrolα=0.01.TNAS-

TopKdisplaysthesamebehaviourasitdidwiththerealdata. Whentheproblem

ishard,itseeksagoodscorebyaggressivelylabellingmanygenesrelevant,butas

theproblemgetseasier(i.e.,forlargevaluesofσ2andb)itbecomeslessaggressive

andstartstrading-offrecallforprecision.Thus,wecanconcludethatifanalyzing

realdataoneshoulduseTNAS-FDR.

Fromthesyntheticdatasets,weseethatthedifficultyoftheproblemisrelated

1HadwechosenadifferentvalueofαforTNAS,orchosenadifferentvalueofβfortheevalu-
ation,therewouldhavebeenmorecontrastbetweenthealgorithms.Inoursubsequentexperiments,
keepingαandβconstanthutchangingthedatasets,wewillshowamorepronounceddifference
betweenTNASandTNAS-FDR.
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Figure6.1:AcomparisonofourmicroarrayonlyBBDalgorithms,onsub-samples
ofrealmicroarraydatafromGEOdatasets.nisthenumberofmicroarraysusedin
thesub-sampling.

tothetailsoff∆.Ofourthreesyntheticmodels,theLaplacedistributionhasthe

heaviesttails,andwecanseethatitistheeasiesttosolve.Hereweusetheperfor-

mancegapbetweenTNAS-FDRandTNAS-Omniscientasameasureofeasiness–

i.e.,theproblemmustbeeasyifouralgorithmscanperformaswellastheoracle

algorithm. OntheLaplacedistributions,TNAS-FDRisalmostindistinguishable

fromTNAS-Omniscient.Thus,weconcludethatBBDproblemsonLaplacedis-

tributionsarerelativelyeasy. Weclaimthatthisrelatestothetailsoff∆because

heavytailsmeanthattherewillbemoregeneswithverylargevaluesof|∆i|.As

ourevaluationfavoursprecisionoverrecall,algorithmscandoverywellbyonly

labellingasrelevanttheextremelyobviousgenes.Thenormaldistributionhasa

slightlylightertail,andthustherearelessoftheseeasygenestopickoff–note
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thereisagapbetweenTNAS-FDRandTNAS-Omniscient.Theuniformdistribu-

tionhasnotailsatall,andthusnogenecanhaveaverylarge|∆i|
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.Thismakesit

difficulttodistinguishtherelevantgenesfromtheirrelevantones–notethelarge

gapbetweenTNAS-OmniscientandTNAS-FDR.

Figure6.2:AcomparisonofourmicroarrayonlyBBDalgorithms,onsynthetic
data.Forthefixedcaseof10versus10microarrays.

75



6.2 ComparisonofBBD-GreedyToBBD1

WenowcompareBBD-GreedytoBBD1usingasmallexperimentonsynthetic

data. Weconsiderasetwith20genes,andwecaneitherdoamicroarrayatcost

Carray=10toobserveallofthem,oracustomqPCRon3genesforacostCPCR=

1.IfBBD-GreedydecidestocollectqPCR,weforceittothenspenditsentire

remainingbudgettestingthesame3genes–thusbothalgorithmshavethesame

choicesavailabletothem. Whilethisexperimentisnotnecessarilyrepresentative

ofrealproblems,wewillarguethattheresultscanbeextrapolatedtocasesof

interest.

Fortheexperiment,wesetf∆tobeanormaldistribution,N(0,σ
2),andwewill

sweepσ2andkeepthebudgetfixedatB=200.Thus,analgorithmmayperforma

microarrayonlystudy,with10perclass,ora9versus9microarraystudywithan

additional10versus10qPCRstudy,etc.Figure6.3showstheresults.

Weseethatinallmetrics,BBD1outperformsBBD-Greedy.Thisisbecause

BBD-Greedyconsidersthegenesindependentlywhenevaluatingitsexpectedeval-

uationinEquation(5.1),whereasBBD1usesf̂∆togetanempiricalestimateofits

performanceusingourplatemodel–i.e.,itexploitsthefactthatitcangetacrude

estimateoftrue|∆|(i)eventhoughitdoesnotknowhowtomapthosevaluestothe

genes.

Ifwescaleuptheproblemtomorerealisticinstances,FDEwillproducebetter

estimatesoff∆,whichmeansBBD1willbeabletotuneitsparametersmoreeffec-

tively,andthusperformbetter.Conversely,asthenumberofgenesincreasesBBD-

Greedywillfurthersufferfromconsideringthegenesindividuallywhenassessing

theutilityoftests,andthusperformworse.Therefore,wedoNOTrecommendthe

useofBBD-Greedyinpractice.
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6.3 ComparisonofCustomqPCRAlgorithms

NowwecompareourcustomqPCRalgorithms,BBD1,andBBD2.Asacompar-

isonpoint,weincludeTNAS-FDR,torepresentamicroarrayonlystudy.Again,

weuseourrealdatasetstobuildarealisticexperimentalsetup.Whenanalgorithm

decidestocollectamicroarray,werandomlyselectamicroarrayfromapatientin

thestudy.IfanalgorithmdecidestocollectqPCRdata,werandomlydrawtwopa-

tientsfromthestudyandthenaveragethegeneexpressionvaluesoftheappropriate

subsetofgenesontheirmicroarrays,toproduceamoreaccuratemeasurementof

thegeneexpressionvalues.2

Fortheexperiment,wesetthecostofamicroarraytoCarray=10andthecost

ofqPCRtoCPCR=1,whichcoversNPCR=100genesofourchoosing. We

varydifferentlevelsoftheexperimentationbudget,B.Forexample,ifthebudget

isB=200thenthealgorithmmayperformamicroarrayonlystudy,with10per

class,ora9versus9microarraystudywithanadditional10versus10qPCRstudy.

Figure6.4showstheresults.WecanseethattheuseofqPCRdatadoesproduce

animprovementoverthemicroarrayonlystudy–BBD1andBBD2generallyhave

higherexpectedevaluationthanTNAS-FDR.Interestinglythesealgorithmsobtain

theirscorequitedifferently:BBD1doeswellbyfindingthesamerelevantgenes

asTNAS-FDR,butwithahigherprecision.BBD2doeswellbylabellingmore

genesasrelevantandscoringveryhighrecall,attheexpenseofsomeprecision.

WebelievethatBBD1isdisplayingthebehavioursoughtbybiologistslookingfor

aprincipledwaytoconductacheckingstudy.

Nowwecomparealgorithmsonsyntheticdatatoseewhathappenstooural-

gorithmsoveralargerrangeofproblems. Were-usethesyntheticdataexperiment

fromSection6.1. WeconsiderthecasewherewehaveN=50000genes,andan

experimentalbudgetB=200;hereagainmicroarrayscostCarray=10,andcus-

tomqPCRscostCPCR=1,andcoverNPCR=100genes.Foreachgene,gi,we

drawa∆ifromf∆,andweuseourplatemodelfromSection2.1todrawrandom

2WeknowthatthereisafundamentaldifferencebetweenmicroarrayandqPCRdata–seeSec-
tion1.3. WedothisbecauseweknowthatqPCRdataismoreaccuratethanmicroarrayandwedo
nothaverealqPCRdataforallgenes.
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Figure6.4:AcomparisonofourfullBBDalgorithmsonrealisticdataderivedfrom
GEOdatasets. WefixCarray=10,CPCR=1,NPCR=100,andwesweepthe
budget,B.

variablesfortheexpressionvaluesoftheteststhatthealgorithmschoosetocollect.

Forthisexperimentweconsiderthreecases:1)f∆isanormaldistribution,2)f∆

isaLaplacedistribution,and3)f∆isauniformdistribution.

Figure6.5showstheresults.Shockingly,BBD2isnowclearlytheworstofthe

threealgorithms.Theoretically,itshouldbeabletodefaultintoTNAS-FDRifit

believesthatcollectingmicroarraysonlyisthebeststrategy.Sincethisissynthetic

data,whereinweknowthegroundtruthandallthemodellingassumptionsare

true,theseresultsshowthatitismoredifficulttotunetheparametersforBBD2

thanBBD1,withthesamelimitedamountofdata. Whilebothalgorithmshave

thesamenumbersoffreeparameterstobetunedwiththedata,BBD2’sparameters

describeslightlymorecomplexbehaviours–thusmakingthemhardertotunewith
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thesamedata.Forexample,whenselectingwhichgenestofollow-upincustom

qPCR,BBD1simplyputsthetopKgenesintoR̂andmovesontothenextgenes,

whereasBBD2usesanFDRcontrolledt-testtodeterminewhichgeneshavelow

p-valuesandthenfocusesonthosewithp-valuesthatweretoolargetopassthat

test.Itseemsreasonablethatthispolicyrepresentsahigherlevelofcomplexity.

Alsonotethat,becauseTNAS-FDRspendsallthebudgetcollectingmicroarrays,it

hasamoreaccurateestimateoff∆thaneitherBBD1orBBD2,whichallowsitto

properlytuneitself.

Wepositthatitwillbedifficulttoconstructanalgorithmthatperformsnotably

betterthanBBD1. WebelievethistobetruebecauseinordertobeatBBD1an

algorithmwilllikelyrequireamoresophisticatedpolicyandthatpolicywillhave

parameterstotune.However,aswehavejustshownthatwecouldnoteffectively

tunetheparametersofBBD2(whichisonlymoderatelymorecomplexthanBBD1),

webelievethatitwillnotbepossibletotunetheparametersofthisalgorithmin

practice.
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Figure6.5:AcomparisonofourfullBBDalgorithmsonsyntheticdata. Wefix
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6.4 ExaminingtheEffectofDifferentCosts

ToshowthattheperformanceadvantageofBBD1isnotduetousunfairlycon-

structingourexperimentstowardsit,eitherbygivingitanunfaircostadvantage

orbymakingthemoverlyaccurate,wenowperformanexperimenttoobservethe

effectofthedifferentcosts,CPCR.Tomakethecomparisonfairforthisexperi-

ment,weusesyntheticdata,whereinbothmicroarraysandqPCRhavethesame

accuracy,i.e.,∆
(microarray)
i =∆

(PCR)
i .Thus,theobserveddifferenceswillbedue

tothedifferencebetweenCarrayandCPCR.

Herewefixthetrueeffectsizedistribution,f∆ =N(0,0.75),andsweepthe

costofourcustomqPCRarrays,CPCR,maintainingCarray=10andB=200.We

chosethisparticularf∆becauseitwasapointatwhichBBD1wasdoingmoder-

atelywellinourpreviousexperiment,andthuscouldbepotentiallyaffectedbythe

choiceofCPCR.

Forinterestingcomparisonpoints,weincludeTNAS-FDRandTNAS-Omniscient.

Figure6.6showstheresults.Webeginexaminingthisplotfromtheextremeright,

wherethecostsofqPCRandmicroarrayshavebeensettobeequal.Herewecan

seethattheperformanceisverysimilar,butBBD1hasaslightadvantageinrecall.

ThisisbecauseitbenefitsfromitsdecisiontoacceptthetopKgenesasrelevant,

andthenfocusontheborderlinegenes.AswedecreasethecostofqPCRBBD1

canaffordmoretestsonthesamebudgetandsoitbeginstoseeanadvantagein

precision,buttherecallislargelyunaffected.Thisisbecausenomatterhowcheap

wemaketheqPCRarrays,theycanonlytestNPCR =100genesinoursetup,

andwemaybeunluckyinchoosingthosegenes.However,wecanbeveryprecise

aboutthegeneswehavepicked.

Thus,regardlessofthecostofqPCRBBD1willoutperformTNAS-FDRonour

syntheticdatasets.Interestingly,ifthecostislowenough,itmayalsooutperform

TNAS-Omniscient.Whilethisresultisonsyntheticdata,wedobelieveitislikely

totranslatetorealdatasets,aswehaveseeninourexperimentstheassumptionsof

normaldistributionsseemsprettyreasonable,andthereisagoodcorrespondence

betweenBBD1andTNAS-FDRacrossallourexperiments.Unfortunately,with-
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outrealgroundtruthvaluesforourdatasets,wecannotverifythatthisisactually

happening.Hopefully,astheBBDframeworkgetsadoptedandresearchersbegin

publishingbothmicroarrayandqPCRdatawiththeirstudieswecanverifythisin

thefuture.

Figure6.6:TheeffectofthecostofcustomqPCRontheperformanceofBBD1.Re-
sultsforTNAS-FDRandTNAS-Omniscientarealsoprovidedtocompareagainst
ourbestmicroarrayonlyalgorithm,andthebestpossiblemicroarrayonlyalgo-
rithm.
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Chapter7

Conclusions

InthisthesiswepresentedtheBBDproblemasanalternativetousingsimpleasso-

ciationstudiestofindgenesthatarebiomarkers.TomotivateourBBDframework,

weshowedthatitaddressedseveralconceptsthatareambiguouswiththetraditional

approachestakenwithinassociationstudies.

1.Inmanyassociationstudies,p-valuesareusedtodeterminewhichgenesare

biomarkers;ifagenehasasufficientlylowp-valuethenitisabiomarker.

However,webelievethattherearenogenesforwhich∆i=0,andthus

givenasufficientlylargeamountofdata,everygenecanhaveanon-zerop-

value.Wearguedthatitshouldbepreferabletoassessesgenesbasedontheir

standardizedeffectscore,∆i,andcalledthosewithgeneswith|∆i|≥∆
∗

“relevant”.Thebenefitisthatwhenwecallagenerelevantwerefertoan

intrinsic,immutable,andinterpretablepropertyofthegenewithrespectto

thephenotype.Thus,thegoalofresearchersshouldbetoidentifygenesthat

arerelevant.

2.TheBBDframeworkprovidesanevaluationfunctionthatassessesthequal-

ityoftheestimatedsetofrelevantgenes,̂R,basedonthesetoftrulyrelevant

genes,R;withhighernumbersbeingpreferable. Havingaclearlydefined

evaluationfunctionforBBDiscriticalbecauseitenablesustodevelopal-

gorithmswiththegoalofmaximizingthatfunction,andthusprovidethe

behaviourdesiredbybiologistslookingforrelevantgenes.Wealsonotethat

thisevaluationfunctioncanhelpusbetterunderstandtheissueofirrepro-
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ducibilityinmicroarraystudies.Forexample,iftwostudiesonthesame

phenotypeproducedthesetsofgenes,R̂1andR̂2,thenduetostatisticalvari-

ationswewouldexpect|̂R1∩R̂2|≈0[35],butiftheyfollowedthesame

experimentalandanalyticalproceduresthenwewouldexpectthatthequality

oftheirsetsbesimilar,i.e.,evaluation(R,R̂1)≈evaluation(R,R̂2).

3.CurrentlymostresearchersagreethatqPCRshouldbeusedtofollowupmi-

croarrayassociationstudies,tovalidatethediscoveredbiomarkers. Unfor-

tunately,thereisyettobeaconsensuswithinthecommunityofhowthis

checkingshouldbestandardized.TheBBDframeworksolvesthisbystat-

ingthatmicroarrayandqPCRtechnologiesshouldbeusedjointlytoproduce

thebestestimateoftherelevantgenes,R̂,thatispossiblegiventheavail-

ableexperimentationbudget.Inotherwords,microarrayandqPCRshould

becombinedwiththegoalofmaximizingourevaluationfunction,subjectto

thebudgetconstraints.

Weshowed,bynumberofdatasetssubmittedtoGEO,thatthereisagrowing

trendtowardsusingmicroarraysforassociationstudies;withapproximately10000

datasetsproducedin2013.Furthermorewealsoshowedthatthemicroarraysused

perdatasetistypicallyontheorderof10–15arrays,andthusinterpretationofthe

resultswillrequirefollowupinqPCR.ByposingtheanalysisasaBBDproblem

researcherscanensurethattheyarecollectingtheirdatainacostefficientmanner.

Wealsopresentedtheproblemofestimatingthedistributionofunivariatestatis-

ticsinmicroarraydataandpresentedtheFDEalgorithmtosolveit. OurFDE

algorithmreliedontheuseofaplatemodelforgeneexpressionvalues,andan

assumptionofnormality. Weshowed,onrealandsyntheticdata,thatFDEesti-

matesconvergetothetruedistributionfasterthananaivemethodthatreliesonly

ontheGlivenko-Cantellitheoremtoproduceanempiricalestimatefromtheob-

servedvaluesof̂∆i.InorderforFDEtohaveworkedwellonrealmicroarraydata,

ourunderlyingplatemodelandassumptionofnormaldistributionsmusthavebeen

wellfounded.Furthermore,weshowedthatgoodsolutionstotheBBDproblem

willincorporateourplatemodelandsolvethisdensityestimationproblemasasub-
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routine.OurBBD1,BBD2,andTNAS-FDRalgorithmsusedtheplatemodelto

tunetheirparametersandthusout-performedourTNASandBBD-Greedyalgo-

rithms,whichdidnotuseanyplatemodel.

WeshowedthatourBBD1algorithmprovidesthemostrobustsolution,amongst

thealgorithmspresentedhere,totheBBDproblem.Inallofourexperiments,in

bothrealandsyntheticdata,ithadverygoodperformance–inmostexperimentsit

hadthehighestevaluationscoreofallalgorithms. WebelievethatBBD1displays

thebehaviourincombiningmicroarrayandqPCRdatathatresearchersperforming

associationandcheckingstudiesdesire.

Weclaimthatitisextremelydifficulttoconstructanalgorithmthatusesmi-

croarraysandcustomqPCRdatathatcansignificantlyoutperformBBD1. The

issueisthatsuchanalgorithmwouldrequireapolicythatismoreelaboratethan

BBD1’stodescribeitsbehaviour,butifthepolicyistoocomplexthealgorithm

willbeunabletotuneitsparameterstobehaveeffectively. Weshowedthatour

BBD2algorithmusedapolicythatwasonlyaslightlymorecomplicatedpolicy

thanBBD1’s,anditwasunabletotuneitsparametersinsyntheticdataexperiments

whereallmodellingassumptionsweretrue.Inalloftheseexperiments,BBD2

performedworsethanTNAS-FDR,whichcorrespondstothespecialcasewhere

BBD2collectsonlymicroarraydata,i.e.,BBD2failedtorealizethatitcouldhave

scoredahigherevaluationbycollectingonlymicroarrays. Allthewhile,inthe

sameexperiments,BBD1signficantlyoutperformedbothTNAS-FDR,andBBD2

byappropriatelycombiningmicroarrayswithcustomqPCR.

7.1 RecommendedFutureWorks

InthisthesiswepresentedtheBBDproblemandprovidedtheTNAS-FDR,and

BBD1algorithmsasgoodalgorithmsforsolvingit;TNAS-FDRshouldbeused

whenretro-analyzingmicroarraydata,andBBD1shouldbeusedwhenwecancol-

lectbothmicroarraysandcustomqPCR.However,thesealgorithmsmaybeviewed

asgoodinitialfirststeps.Herewewilloutlineseveralinterestingnextstepsthat

couldbetakentowardsanalyzingandunderstandingtheBBDproblem.

86



1.AllofoursuccessfulBBDalgorithmsmadeuseoftheFDEalgorithmasa

subroutine.Thus,byimprovingFDEwecanimprovetheperformanceof

ourBBDalgorithms.Furthermore,weshowedthatBBD2couldnotproperly

tuneitsparametersgiventheestimateddistribution,̂f∆,fromFDE,andthus

theconstructionofmorecomplexBBDalgorithmswillmandateanassoci-

atedimprovementtotheFDEalgorithm.

2.OurBBD1algorithmshowedthattheuseofacustomqPCRarraycanim-

proveupontheperformanceofanalgorithmthatonlyusesmicroarrays.How-

ever,wedidnotconsiderthepossibilityofusingmorethanonecustomqPCR

array.Itwouldbeinterestingtoseeifanalgorithmcoulddobetterusingmul-

tiplecustomqPCRarrays.

3. WepresentedtheBBDproblemfromtheperspectiveofhavingalimitedbud-

get.However,itmaybeenlighteningtoalsoconsiderBBDfromtheperspec-

tiveofbeingmandatedtodiscoveraspecificamountofrelevantgenes.For

example,ifwearerequiredtofind100relevantgenes,whatwouldbethe

mostcosteffectivemannertodoso?Andhowmuchwoulditcost?Algo-

rithmsforthistaskwouldlikelymaketheclaimthat,withhighprobability,

theycanreliablyfindtherequiredrelevantgenes.Itwouldbeinteresting

toshowhowthehighprobabilityrequirementrelatestothebudget.Among

otherthings,answeringthesequestionswouldallowresearcherstoassessthe

feasibilityoftheirresearchgoals,andwritemoreaccurategrantproposals.

4.Ratherthansearchingforthesetofrelevantgenes,researchersinterestedin

biomarkersfordiagnosticsmaywishtosearchforasetofgenesthatcan

beusedusedtobuildagoodclassifier.Inotherwords,wemaywishto

solvetheproblemofcollectingdatatobuildaclassifierforthephenotype,

whilebeingefficientwiththebudget.Wenotethatthissoundssimilartothe

problemsthathavebeenpreviouslyaddressedinthefieldofactivelearning.

However,aninterestingdistinctionhereisthattheclassifiermaybeintended

toworkusingaspecifictechnology,suchasqPCRbutthelearningcanutilize

differenttechnologies,suchasmicroarrays,asacosteffectivemeanstodo
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featureselection.

5. WhileourpresentationoftheBBDproblemwasrestrictedtojustgeneex-

pressiondata,itwouldbeinterestingtoapproachtheBBDproblemfroma

systemsbiologyperspectiveandutilizemultiple’omicstechnologies.This

approachmayalsoinvolveexploitingdatasetsfromrelatedstudiesonGEO,

anddataminingdatabasessuchasKEGG,GO,etc.
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Chapter8

ProbabilityDistributionsUsed

Thisappendixisintendedtobeaconvenientreferenceforthedistributionsused

withinthethesis.Allofthismaterialisreadilyfoundin[68].

8.1 BasicPropertiesoftheDistributions

Herewelistthebasicpropertiesofthedistributionswehaveusedtodescriberan-

domvariablesinthisthesis.Specifically,welistthePDF,CDF,characteristicfunc-

tion,mean,andvariance.

Notethat,whilewedidnotusetheChi-squareddistribution,weincludeithere

asitwillbeusedasasteppingstoneinouranalysisofthedistributionof∆̂in

Section8.2.

Someofthefunctionsmakeuseofthegammafunction,

Γ(x)=
(x−1)! x∈N
∞

0
yx−1e−ydy otherwise

.

Generalpropertiesforthenormaldistribution,x∼N(µ,σ2)

fx(x) =
1√
2πσ2
e−

(µ−x)2

2σ2

Fx(x) = noclosedformexpressionexists
12

Φx(t) = ejµt−
1
2
σ2t2

E[x]= µ
Var(x) = σ2

1ItiscommontouseΦ(x)=
x

−∞
1√
2π
e−t

2/2dt,butwedonotusethisnotation,asbyour

conventionsΦdenotesacharacteristicfunction.
2Whilethisfunctioniswelldefined,itisdifficulttocompactlywriteinthetable.Itisafunction

composedofintegralsthatcannotbeanalyticallysolved.
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GeneralpropertiesfortheLaplacedistribution,x∼Laplace(µ,b)

fx(x) =
1
2b
e−|x−µ|/b

Fx(x) =
1
2
e(x−µ)/b x<µ

1−1
2
e−(x−µ)/b x≥µ

Φx(t) =
1

1+b2t2
ejµt

E[x]= µ
Var(x) = 2b2

GeneralpropertiesfortheCauchydistribution,x∼Cauchy(x0,γ)

fx(x) =
1
πγ
1+ x−x0

γ

2 −1

Fx(x) =
1
π
arctan x−x0

γ
+1
2

Φx(t) = ejx0t−γ|t|

E[x]= undefined3

Var(x) = undefined4

Generalpropertiesfortheuniformdistribution,x∼U(a,b)

fx(x) =
1
b−a

a≤x≤b

0 otherwise

Fx(x) =






0 x<a
x−a
b−a

a≤x<b

1 b≤x

Φx(t) =
ejtb−ejtb

jt(b−a)

E[x]= 1
2
(a+b)

Var(x) = 1
12
(b−a)2

Generalpropertiesforthechi-squareddistribution,x∼χ2(ν)

fx(x) =
1

2ν/2Γ(ν/2)
xν/2−1e−x/2

Fx(x) = noclosedformexpressionexists
2

Φx(t) = (1−j2t)ν/2

E[x]= ν
Var(x) = 2ν

3Byundefinedwemeanthattheintegral
∞

−∞
xfx(x)dxcannotbesolved.

4BecauseE[x]isundefined,ANDE[x2]=∞thentheVar(x)=E[x2]−E[x]2isalsoundefined.

97



Generalpropertiesforthenon-centralt-distribution,x∼T(ν,µ)

fx(x) = noclosedformexpressionexists
2

Fx(x) = noclosedformexpressionexists
2

Φx(t) = noclosedformexpressionexists
2

E[x]= µ ν
2
Γ((ν−1)/2)
Γ(ν/2)

ν>1

Var(x) = ν(1+µ2)
ν−2

−(E[x])2 ν>2

8.2 TheDistributionof∆̂

Wenowderivethedistributionof ∆̂. Webeginbyformallystatinghowthenon-

centralt-distributionarises,asafunctionoftworandomvariables.Ifx∼N(µ,1)

andy∼χ2(ν)areindependentrandomvariablesthentheratio,

t=
x

y/ν
, (8.1)

issaidtofollowanon-centralt-distributionwithνdegreesoffreedomandnon-

centralityparameterµ,i.e.,t∼T(ν,µ).

Theorem5.Iftheexpressionvaluesofgenegi,observedbytestt,arenormally

distributedwithcommonvariance(σ2i=σ
2
i,s),ψi,s∼N(µi,s,σ

2
i),andwehave

observedn(t)valuesperclass,thenthescaledestimatedeffectsizefollowsanon-

centralt-distribution,

∆̂i n/2∼T 2n−2,∆
√
n/2 , (8.2)

wherewehavesuppressedthedependenceontfornotationalconvenience.

ProofofTheorem5.Forconvenienceofnotation,wesuppressthesuperscriptno-

tationdenotingthetestt.

Weconstructtherandomvariablesx=
µ̂i,1−µ̂i,0
σi
,andy=(n−1)

σ̂2i,1+̂σ
2
i,0

σ2i
.From

thenormalassumption,xandyareindependentrandomvariables1withdistribu-

tions,

x∼N
µi,1−µi,0
σi

,
2

n
=N ∆i,

2

n

y∼χ2(2n−2)

1Technicallybythenormalassumptionµ̂i,sand̂σ
2
i,sareindependtrandomvariables[68,Section

8.4],andthusxandyareindependentbyextension.
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Theresultfollowsfromourdefinitionof∆̂inEquation(2.4)withafewlinesof

algebra.

∆̂i n/2=
µ̂i,1−µ̂i,0

σ̂2i,1+̂σ
2
i,0 /2

n

2

=
µ̂i,1−µ̂i,0

σ̂2i,1+̂σ
2
i,0 /2σ

2
i

n

2σ2i

=
x

y/(2n−2)

n

2
(8.3)

Equation(8.3)istheratioofanormalrandomvariableswithdistributionN ∆ n/2,1

andtheappropriatelyscaledrootofachi-squaredrandomvariablewithν=2n−2

degreesoffreedom,asrequiredbythedefinitioninEquation(8.1).

Lastlyweclaimthatwecanapproximatethenon-centralt-distributionwitha

normaldistribution,

T 2n−2,∆ n/2 ≈N ∆ n/2,1 . (8.4)

Thisclaimisprettyreasonableasitaslightvariationonthewellacceptedlimit,

limν→∞T(ν,0)=N(0,1).Ratherthanshowingthismathematicalwejustcom-

paretheirplots.Figure8.1showsbothdistributionsfromEquation(8.4)forthe

casewhere∆=1andn={5,10,15,20}.Evenfortheserelativelysmallvalues

ofnwecanseethatthenormalapproximationisquitegood.

99



0 2 4 6
0

0.1

0.2

0.3

0.4
n=5

0 2 4 6
0

0.1

0.2

0.3

0.4
n=10

0 2 4 6
0

0.1

0.2

0.3

0.4
n=15

0 2 4 6
0

0.1

0.2

0.3

0.4
n=20

fn

ft

Student Version of MATLAB

Figure8.1:Comparisonofthenon-centralt-distribution(red)andthenormaldis-
tribution(blue).
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Chapter9

TuningAlgorithmsforBBD

Nowthatwehaveshownthatwecanestimatef∆inChapter4,wecanuseourplate

modeltotuneparametersforthealgorithmswehaveconstructed.Knowingf∆,we

canreasonaboutwhatvaluesof∆weshouldseegivenNdrawsfromthedistri-

bution.Thenwecananalyzehowthealgorithmwillbehavewhenconfrontingthis

situation.Thus,conceptuallywecananalyticallytunetheparameterstooptimize

thealgorithmsperformance,i.e.,maximizethegivenevaluationfunction.

Unfortunately,evenforverysimplealgorithmstheanalysisisinfeasible.Con-

siderourTNASalgorithmwhichusesafixedlevelofFDRcontrol,α,tolabelthe

genesasrelevant.Inordertoanalyzesuchanalgorithmwemayneedtocompute

theprobabilitythatthealgorithmlabelsexactlyKgenesasrelevant,

P(TNASlabelsKgenesrelevant)

=P p(K)≤
K

N
α P p(K+1)>

K+1

N
α

=Fp(K)
K

N
α 1−Fp(K+1)

K+1

N
α . (9.1)

Equation(9.1)isdeceptivelysimpleasitwouldseemthatweonlyneedtoevalu-

atethetwoCDFs,Fp(K)andFp(K+1).UnfortunatelywedonothavetheseCDFs,

butwecancomputeverygoodapproximationsforthem.Ifweknowf∆,thenwe

knowallthe∆ivaluesweexpecttoseeacrossthegenes.Foreach∆i,Equa-

tion(8.2)givesusthedistributionof̂∆i,whichwecantransformtogetthedis-

tributionofthecorrespondingp-vaue,fpi. Thenwecancomputethedistribu-

tionoforderedstaticsonindependent,non-identicallydistributedrandomvariables
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[23][Chapter2.8].Unfortunately,thisprocesstakesON2N
K
work,perevalua-

tionofEquation(9.1).AlternativelywecanuseourplatemodeltosimulateTNAS

inO(N+Nlog(N)).1Thus,ratherthancomputingtheprobabilityanalytically,it

ismoreefficientcomputeitempiricallybyaveragingoverseveralrunsofthealgo-

rithmonsyntheticdatasets.

Totuneanalgorithm,suchthatitwillperformeffectively,wemustconsider

severalparameterizationsandforparameterizationwemustperformsomesimula-

tionstogetanempiricalestimateofitsexpectedevaluation.Inthisappendixwe

willpresentsomeheuristicsearchtechniquesthatcanbeusedtoreducethecom-

putationaleffortspentinparametertuning.

9.1 GoldenSearch

Hereweconsiderthegeneralproblemoffindingthevaluextomaximizesome

unimodalfunctionh(x),assumingthatwehaveaboundedintervalonthepossible

valuesofx.Specificallywewishtosolvetheproblem,

x∗=argmax
x∈[a,b]

h(x) . (9.2)

ThisproblemwillarisewhentuningparametersforourBBDalgorithms.Forex-

ample,totuneTNAS-FDRwewouldset,

h(x)=E∆ evaluation(R,TNAS(B,Carray,x))f̂∆

a=0

b=1 .

Thegoldensearchalgorithmisadivideandconquermethodthatworksby

iterativelybreakingtheinterval[a,b]intosub-intervals,whichitcanquicklycheck

toseewhichcontainsthemaximum.Thealgorithmmaintainsanorderedtriplet

ofvalues(x1,x2,x3)forwhichitknowthevaluesh(x1),h(x2),andh(x3).By

consideringanewpointx4∈[x1,x3],andevaluatingh(x4),thealgorithmcan

1WecandramaticallyreducetheworkdonebyTNASinpractice,bynotingthatthecomputa-
tionalbottleneckisfromsortingthep-values.Asmostgenesarenotrelevant,weneedonlysortthe
bottomfew.Thus,wecanreducetheworktoO(N+Klog(K)),whereKisthenumberofgenes
passingFDRcontrol.
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Figure9.1:Oneiterationofthegoldensearchalgorithm.Doublearrowsrepresent
theintervalswhereinx∗=argmaxh(x)maylie.

determinewhichintervalthemaximumliesinbycomparingalltheh(xi)values.

Figure9.1illustratesthetwopossibleoutcomesofthecomparison,forthecase

wherex4>x2.
2Either,h(x4)≥h(x2)andwecanconcludethatx

∗∈[x2,x3]

becauseweknowh(x)isunimodal,Figure9.1outcome1.Or,h(x4)<h(x2)and

wecanconcludethatx∗∈[x1,x4],Figure9.1outcome2.

Nowweconsiderhowthealgorithmselectsthepointx4.Regardlessofthevalue

ofh(x4),wewouldliketothealgorithmtomakethesameamountofprogressper

iteration,i.e.,wedesiretheintervals[x1,x4]and[x2,x3]tohavethesamelength.

Algorithm10presentspseudocodeforthegoldensearchalgorithm,namedsoas

itusesthewellknowngoldenratiotoselectthepointx4.Thealgorithmaccepts

asinputs:thefunctiontomaximizeh(·),andupperandlowerboundstobeginthe

2Thecasecasewherex4<x2behavessimilarly.
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parametersearch,x1andx3respectively.Thisalgorithmisguaranteedtofindthe

optimalsettingx∗foranyunimodalobjectivefunctionh(x).

Algorithm10usesacheckforunimodalitytoterminateoursearchatline8.

Theoreticallythisshouldneverhappenaswebeganbystatingthath(x)isuni-

modal.However,forourpurposeswewillnothaveaccesstothetrueh(x),and

willrelyonanempiricalestimategeneratedfromsimulatinginourplatemodel–

whentheintervalissufficientlysmallstatisticalvariationsonh(x)willcausethe

algorithmtoterminate.

Algorithm10GoldenSearch(h(·),a,b)

1:r=1+
√
5

2

2:x1=aandx3=b
3:x2=x1+

x3−x1
1+r

4:evaluateh(x1),h(x2),h(x3))
5:whiletruedo
6: x4=x1+(x3−x2)
7: evaluateh(x4)
8: ifh(x)isbi-modalthen
9: break
10: endif
11: switchtrue
12: case(x4>x2)and(h(x4)>h(x2))
13: x1=x2
14: x2=x4
15: case(x4>x2)and(h(x4)<h(x2))
16: x3=x4
17: case(x2>x4)and(h(x4)<h(x2))
18: x1=x4
19: case(x2>x4)and(h(x4)>h(x2))
20: x3=x2
21: x2=x4
22: endswitch
23:endwhile
24:returnx∗=x2

Wenotethatthereareotherintervalsearchalgorithmsthatcouldbeused[71],

butgoldensearchisparticularlyappropriatefortworeasons:

1.Ithasslightlyfasterconvergencetowardsthevaluex∗,intermsofthenumber

ofevaluationsofh(x4)tothereductionoftheinterval[x1,x3].
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2.Foreveryevaluationofh(x)wecanimmediatelyreducetheintervalx∗∈

[a,b],whereasmethodsliketernarysearchrequiretwoevaluationsinorderto

reducetheinterval.

Inthefollowingbranchandboundsearchwewillbenefitfromthis,asfasterupdates

totheintervalswillimproveourboundsandhelpustoavoidnecessaryevaluations

ofh(x).

9.2 BranchandBoundSearch

Thegoldensearchmethodworkswellfortuningfunctionswithasingleparameter,

andthusiswellsuitedforourTNAS-FDRandTNAS-TopKalgorithms.But,it

clearlywillnotworkforBBD1.Herewepresentabranchandboundtechniquethat

wecanusefortuningmorecomplicatedBBDalgorithms.Wewillusetheexample

ofparametertuningforBBD1asrunningexample,buttheapproachappliesequally

welltoBBD2,andislikelytogeneralizetootherBBDalgorithms.

BBD1mustsolvetheproblem,

n∗,K∗,ζ∗=argmax
n,K,ζ
E∆ evaluation(R,BBD1-Core(n,K,ζ))f̂∆ .

Atfirstthismayseemlikeitwemustsolveasingleoptimizationproblem.Butif

weobservehowtheBBD1-Corealgorithmoperates,thechoiceofζdependsonthe

valuesofnandK,thechoiceofKdependsonn,andncanbesetarbitrarily.Thus,

wecandecomposetheproblemto,

n∗,K∗,ζ∗=argn,K,ζ max
n

max
K

max
ζ
h(n,K,ζ) (9.3)

h(n,K,ζ)=E∆ evaluation(R,BBD1-Core(n,K,ζ))f̂∆

WiththisdecompositionwecannowuseAlgorithm10tosolveeachofthecompo-

nentmaximizations,astheyinvolvesweepingasingleparameter.

Wecangetfurtherimprovementsbynotingthatusingintervalsearchesonpa-

rametersallowsustousebranchandboundsearchtosolveouroptimizationprob-

lem.Forexample,supposeareconsideringaparameterizationwithn,K,andwe

knowζ∈[ζ1,ζ2].Furthermore,becauseweusesimulationsinourplatemodelto
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getanempiricalestimateoftheexpectedevaluationforagivenparameterization

wecanalsocomputetheprecisionandrecall. Wenotethatbyincreasingζitis

harderforgenestobeaddedtoR̂,andthusweincreasetheprecisionanddecrease

therecall(inexpectation).Thusweconstructanupperboundontheevaluation

scorebyusingthebestpossiblevaluesoftheprecisionandrecall.

precision1=E∆ precisionofBBD1-Core(n,K,ζ1)f̂∆

recall2=E∆ recallofBBD1-Core(n,K,ζ2)f̂∆

max
ζ∈[ζ1,ζ2]

E∆ evaluation(R,BBD1-Core(n,K,ζ))f̂∆

≤ 1+β2
precision1×recall2

β2×precision1+recall2

Whenconsideringtwodifferentparameterizations,onewithnandK1,andone

withnandK2,wemaynotneedtofindtheoptimalζ1ifwehaveobservedsome

somevalueofζ2wherethesecondparameterizationhasahigherevaluationthanthe

boundonthefirst,thenwecanabandontheparametersearchonζ1,asthesecond

parameterizationmustbebetter.Thus,wefocusoureffortintofindingthevalues

ofζ∗2forthegivenvaluesofn2andK2.Naturally,wecanapplythissameideato

comparingparameterizationsusingdifferentvaluesofn.

Lastly,wenotethatBBD1isoftencheckingtoseeifitshouldcollectmore

microarrays.Ifthedecisionistocollectmoremicroarrays,thentheactualvaluesof

n∗,K∗,andζ∗,areirrelevant,becausethealgorithmwillupdatêf∆andthenresolve

Equation(9.3).Thus,wecangetafurthersavingsinpracticebyterminatingthe

search,wheneverithasbeendeterminedthatmoremicroarrayswillbecollected.

TheimportantthingstotakenoteoftogeneralizetheseideastotuneBBDal-

gorithmsis:

1.Thereislikelyanaturalhierarchytotheparameterswhichwecanexploitfor

theoptimization.

2.Byusingintervalsearchesonasingleparameter,wecanusetheprecisionand

recallattheendpointsoftheintervaltoboundthefunctionovertheinterval.

3.Byquicklyidentifyingintervalsthattheoptimalparametersresidein,wecan

focusonpromisingareasoftheparameterspaceandsolvetheproblemfaster.
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Chapter10

Proofs

InthissectionweprovideproofsforthetheoremspresentedinChapter4.

ProofofTheorem2:Characteristicfunctionsofsymmetricdistributions.Iffx(x)=

fx(−x)thenwithsomemanipulations:

Φx(t)=
∞

−∞

fx(x)e
jxtdx

=
0

−∞

fx(x)e
jxtdx+

∞

0

fx(x)e
jxtdx

=
∞

0

fx(−x)e
−jxtdx+

∞

0

fx(x)e
jxtdx

=
∞

0

fx(x)e
−jxt+ejxtdx

=2
∞

0

fx(x)cos(xt)dx

=Φx(−t)

ProofofTheorem3requiresthefollowingLemmas.

Lemma6(ConvolutionTheorem[67,Equation2.196]).Ifh(x)andg(x)are

arbitraryrealvaluedfunctions,andboth
∞

−∞
h(x)ejxtdxand

∞

−∞
g(x)ejxtdxare

defined,then,

∞

−∞

(h(x)∗g(x))(x)×ejxtdx=
∞

−∞

h(x)ejxtdx
∞

−∞

g(x)ejxtdx

(10.1)
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Lemma7(Sifting[67,Equation4.4]).Ifδ(t)istheDiracdeltafunction,andh(t)

isanarbitraryrealvaluedfunction,then,
∞

−∞

h(t)δ(t)=h(0) (10.2)

Lemma8(ImpulseTrain[67,Equation4.5]).Ifδ(t)istheDiracdeltafunction,

andT∈Risaconstant,then,

T
k∈Z

∞

−∞

ejxtδ(x−kT)dx=
k∈Z

δ t−
k

T
(10.3)

Lemma9(InverseTransform[68,Equation5.76]).Ifh(x)isanarbitraryfunction

then,

h(x)=
1

2π

∞

−∞

∞

−∞

h(x)ejxtdx e−jxtdt (10.4)

ProofofTheorem3:Aliasing.FromourapproximationinEquation4.10,thelimit

asT→∞is,

lim
T→∞

f̂∆(x;τ,T)=lim
T→∞

τ

2π
k:|kτ|≤T

e−jxkτΦ̂∆(kτ)/Φε(kτ)

=
τ

2π
k∈Z

e−jxkτΦ∆(kτ)

ByLemma7,

=
τ

2π
k∈Z

∞

−∞

e−jxtΦ∆(t)δ(t−kτ)dt

=
1

2π

∞

−∞

Φ∆(t) τ
k∈Z

δ(t−kτ) e−jxtdt

ByLemma6(usingEquation(4.6)andLemma8forthecomponentsh(x)and

g(x)),

=
1

2π

∞

−∞

∞

−∞

f∆(x)∗
k∈Z

δ x−
k

τ
(x)ejxtdxe−jxtdt

ByLemma9,

= f∆(x)∗
k∈Z

δ x−
k

τ
(x)

=
∞

−∞

f∆(x−y)
k∈Z

δ y−
k

τ
dy

=
k∈Z

∞

−∞

f∆(x−y)δ y−
k

τ
dy
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ByLemma7

=
k∈Z

f∆ x−
k

τ

ProofofTheorem4:Windowing.FromourapproximationinEquation4.10,the

limitasτ→0is,

lim
τ→0
f̂∆(x;τ,T)=lim

τ→0

τ

2π
k:|kτ|≤T

e−jxkτΦ̂∆(kτ)/Φε(kτ)

=
1

2π

T

−T

e−jxtΦ∆(t)dt

=
1

2π

∞

−∞

Φ∆(kt)1(|t|≤T)e
−jxktdt

ByLemma6,

=
1

2π

∞

−∞

∞

−∞

f∆(x)∗
1

2π

∞

−∞

1(|t|≤T)e−jxtdt (x)e−jxtdx e−jxtdt

ByLemma9,

= f∆(x)∗
1

2π

∞

−∞

1(|t|≤T)e−jxtdt (x)

Bycalculus[16],

f∆(x)∗
sin(Tx)

πx
(x)
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