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Abstract

Constitutive law is a key component in the development of numerical models to
simulate erosion of solid particles in a porous medium. In combination with the
principle of conservation of mass, these models allow the estimation of internal
erosion rate as a function of various parameters such as fluid velocity and time.
This research aims at enhancing the existing constitutive laws describing the

internal erosion phenomenon.

Using the principles of dimensional analysis, we developed a mathematical
relation between the internal erosion rate, fluid wvelocity and a proportionality
constant called erosion coefficient. An equation is derived which indicates that the
erosion coefficient is a function of grain density, particle Reynolds number and
porosity variation during the erosion. Results of a series of erosion experiments
were used to calibrate and validate the proposed constitutive law. The model 1is
able to explain decreasing erosion rate over time. Further, the comparison
between experimental data and analytical predictions show that the proposed

model is able to predict the experimental results with reasonable accuracy.

An experimental apparatus was designed and set up to perform a series of
internal erosion tests on unconsolidated sand packs with different grain size
distributions (GSD). The tests were conducted at different hydraulic gradients.
During the testing, inflow pressure, fluid flow rate and turbidity of outflow stream
were monitored and recorded. In this way, the mass of eroded particles was

estimated as a function of time for different GSD’s.
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Based on the observations from the experimental results, we developed another
constitutive law to model internal erosion as an exponential decay process. This
model is an enhancement to the model that we developed using dimensional
analysis technique. The proposed constitutive law was calibrated using the test
results we gathered in our experimental program and some experimental data
that we obtained from the literature. The results of this analysis show that
internal erosion 1s, indeed, an exponential decay phenomenon. This erosion
constitutive model has two calibration parameters, namely, final value of
porosity, ¢r, and decay coefficient, .. We developed, using dimensional analysis
technique, relationships to predict ¢ and 1 using material and test parameters.
The proposed relationships were calibrated and validated using experimental data

and the validation results show that the proposed relationships can predict ¢f

and A with reasonable accuracy.
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Chapter 1

Introduction

1.1 Background

The phenomenon of mass transport in porous media has been studied in various
engineering fields. Different terminologies are used to describe this process such

as particle erosion, fines migration, scour erosion, piping erosion, suffusion, etc.

In the petroleum industry, particle erosion refers to the concurrent production of
solid particles along with reservoir fluids and is a common problem encountered in
oil and gas production operations. In petroleum engineering terminology, this
process is known as fines migration or sand production. Although fines migration
and sand production have some similarities, they are usually treated as two
different phenomena. These phenomena can be distinguished based on the
dominant forces driving the process, size of the mobilized particles and production

and operational consequences.
Particle erosion process consists of two distinct stages:

1) Generation of loose particles. In case of sand production, this happens through
mechanical degradation and failure of the reservoir rock during which, rock turns
into cohesionless fragments; and in the case of fines migration, the loose particles
can be the small particles not carrying any load in the structure of the rock or they
can be the result of grain crushing upon reservoir depletion.

2) Transport of loose particles fragments through the porous medium into the

perforations or wellbore. In case of sand production, this happens under the
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influence of hydrodynamic forces of the flowing fluids and in case of fines migration,
the driving mechanism is a combination of colloidal forces and the hydrodynamic

forces.

In this context, if the particles migrate from within the porous media, the process
is known as internal erosion and if the particles are eroded from the surface of the
cavity, the process is referred to as surface erosion. Therefore, fines migration can
be classified as a form of internal erosion and sand production can be either

internal erosion or surface erosion or a combination of both.

Extensive research in different fields of engineering has been carried out in the
past century to identify the key parameters controlling the initiation and severity
of internal and surface erosion in porous media. Researchers have used analytical
and numerical modeling techniques along with laboratory experiments for better
understanding of the erosion phenomenon. By adopting the principle of
conservation of mass, numerical models estimate the solid erosion rate as a
function of wvarious parameters. A key component in the structure of such

numerical models is the erosion constitutive law.

Laboratory testing of erosion plays an important role in development of any
analytical or numerical tool for modeling this phenomenon. Laboratory
experiments are required to calibrate and validate analytical and/or numerical
models. In the existing literature, the erosion experiments are conducted on both
consolidated (rocks) and unconsolidated (loose sands, soils) porous media. The
usual form of erosion experiments in rocks is performed on hollow cylinder test
specimens (whether natural or synthetic) or perforated samples with various
stress and fluid flow schemes. Erosion tests are also conducted on unconsolidated
porous media in small-scale and large-scale experiments. More details regarding

erosion modeling is provided in Chapter 2.

1.2 Statement of the problem and research objectives

As mentioned earlier, one of the main components of existing analytical and
numerical models for the modeling of erosion in porous media is the constitutive

law for erosion. To the best of our knowledge, all the existing laws for internal



erosion are partially based on intuitive assumptions and lack substantial
experimental evidence. The objective of this research 1is to provide an
enhancement to existing constitutive laws for describing internal erosion in porous

media.

1.3 Methodology

Our research focuses on the development of a constitutive law for the description
of internal erosion. We use a combination of analytical and experimental modeling

approaches to achieve this goal.

Using the principles of dimensional analysis, a mathematical relationship is
derived for the assessment of the rate of internal erosion in relation to the fluid
velocity and a proportionality constant called the erosion coefficient, A. This
coefficient is one of the main parameters in existing constitutive laws for internal
erosion, which has to be calibrated experimentally. Using the theoretical
relationship for calculating the rate of erosion, we can relate 1 to grain density,
particle Reynolds number and porosity changes. We used published data of a
series of erosion experiments to establish the functional relationship between A

and other parameters.

We designed and built an experimental apparatus to conduct the internal erosion
tests. We wused unconsolidated test specimens which were prepared by mixing
different proportions of coarse sand, fine sand and silt. The grain size distributions
of the test specimens were designed to resemble typical hydrocarbon-bearing sand
formations. Based on the observations from experimental results, we developed a
constitutive law for internal erosion based on the concept of exponential decay.
The proposed constitutive law was calibrated using the test results we gathered in
our experimental program and some experimental data that we obtained from the

literature.

1.4 Structure of the thesis

This thesis consists of seven chapters. Chapter 1 gives a brief introduction into the
objective, methodology and significance of our work. Chapter 2 presents a review

of the existing literature on the topic of particle erosion in porous media.



Chapter 3 presents the constitutive law that we propose for internal erosion based
on the dimensional analysis approach. The model has been calibrated and
validated using experimental data we obtained from the literature. The advantage
of the proposed model is that it offers a functional form for the erosion coefficient.
This functional form accounts for the effect of parameters such as grain specific
density, particle Reynolds number and porosity variations on erosion coefficient,
which had not been explicitly addressed in previous works. The validation results

show that the model is able to predict the erosion rates with reasonable accuracy.

Chapter 4 contains the details of our experimental program such as specifications
of the experimental apparatus and data acquisition methods, the procedures for

preparation of test specimen, testing plan and results.

In Chapter 5, we have tried to model the internal erosion in porous media as an
exponential decay phenomenon. Here, instead of modeling the rate of eroded
solids, we model the rate of decay of the initial erodible mass within the test
specimen. The developed model has been calibrated using test data from 12
different tests and four grain size distributions. The results show that internal

erosion is, indeed, an exponential decay process.

The proposed model in Chapter 5 has two calibration parameters, namely, final
value of porosity, ¢f, and decay coefficient, . In Chapter 6, we used dimensional
analysis technique to develop relationships to predict ¢y and 4 using material and
test parameters. The suggested relationships were calibrated and validated using
experimental data and the validation results show that the proposed relationships

can predict ¢y and A with reasonable accuracy.

Chapter 7, which is the last chapter of this thesis, contains the conclusions that

we draw from our work along with recommendations for further research.

Appendix A (only appendix of the thesis) is very similar to Chapter 3 with the
exception that the proposed model is reformulated based on tangent erosion rate
instead of secant erosion rate. All chapters have their own list of nomenclature
and references. Slightly different versions of Chapters 3, 4, 5 and 6 are submitted
to different journals for review and publication. Also, a bibliography is given at the

end of the thesis which combines all the references used throughout this work.
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Chapter 2

Literature Review

2.1 Introduction

Mass transport in porous media has been studied across a broad spectrum of
engineering disciplines. As such, different terminologies are used in different
fields to refer to this phenomenon. Thus, it is inevitable to explain and distinguish
between different definitions and terminologies from the beginning. Generally

speaking, mass transport in porous media can be divided into two main categories:

1. The finer particles are transported by the seepage forces within a fixed
framework formed by the coarser particles. Generally, this form of mass
transport doesn’t involve direct geometrical changes in the structure of
porous media (even though particle rearrangement may happen) and is
referred to as internal erosion. Other equivalent terms for this process are
“piping erosion” and “suffusion”.

2. Particles are transported by the seepage forces parallel or perpendicular to
the surface of the porous medium. This form of mass transport involves
visible geometrical changes to the structure of the material and is referred
to as surface erosion or scour erosion. In this form of erosion, the particles

move by sliding, rolling or a combination of both.

To better illustrate the differences between these two categories, idealized
schematics of internal erosion and surface erosion are depicted in Figure 2-1 and

Figure 2-2 respectively. In these figures, the blue arrows show the direction of



fluid flow and red arrows show the direction of particle movement. In case of
internal erosion, the direction of fluid flow can be upward, downward or
horizontal. In case of surface erosion, the fluid flow direction is usually parallel to
the material surface. Surface erosion induced by a fluid flow perpendicular to the
material surface is referred to as fluidization.

A brief review of the research on these topics in various fields of engineering is

presented in the next sections. More emphasis 1s given to the research and

applications in the field of petroleum engineering.

Figure 2-2: Schematic of surface erosion process.



2.2 The erosion phenomenon

As mentioned earlier, the erosion phenomenon has been extensively studied in
various fields of engineering. Erosion happens in many natural and man-made
structures such as river embankments and earth dams and it wusually has
detrimental effects on the stability of structures. As such, the erosion phenomenon
has found high importance in engineering science due to its economics and safety
implications. There is a plethora of literature available regarding research on this
topic. Following sections give a glimpse into the research on internal and surface

erosion phenomena in different fields of engineering.

2.2.1 Internal erosion

Internal erosion is a common problem encountered in earth structures such as
water dams, river/highway embankments and coastal protection structures. This
problem is also known as “filter instability”. An ideal (stable) filter allows seepage
of fluids through it but at the same time, prevents the erosion of finer particles.
Loss of mass due to internal erosion can jeopardize stability of the earth
structures. Due to its area of application and importance from economic and safety
point of view, the phenomenon of internal erosion has been extensively studied in
the past century by civil engineers. Karl Terzaghi is believed to be the first one
who conducted laboratory experiments to study filter instability mechanisms in
the 1920’s (Nguyen, 2012). Almost all of the works in this area focus on
determining the filter stability criteria. Filter stability criteria are the rules
prescribing the relative percentages of fine and coarse components of the filter to
eliminate or minimize internal erosion (de Graauw et al. 1984; Kenny and Lau,

1985; Skempton and Brogan, 1994).

Urban regions are among other areas where the internal erosion of subsurface soil
can be problematic. In some cities, aggressive water pumping from subsurface
water tables, on which the cities are built, have drawn the attention to the
possibility of erosion of finer portions of the subsurface soil and the consequent
changes in soil’s physical and mechanical properties. Researchers have shown that
changes in soil’'s physical and mechanical properties due to internal erosion can

potentially lead to surface subsidence and instability of buildings and structures
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(Sterpi 2003; Cividini et al. 2004; Cividini et al. 2009). Similar research has been
carried out in the area of water treatment and sanitation. Water sanitation is in
fact a reverse internal erosion process by which the solid particles are removed
from the fluid phase as they pass through a porous sand pack. Research about this
process, which is also known as “sand bed filtration”, goes back to 1930’s (e.g.,
ASCE 1936; Baylis 1937; Iwasaki 1937). In water sanitation, the focus is on
separation of suspended and colloidal particles in the clay-size range from water.
Later on, filtration experiments were conducted involving particle sizes in the silt-
sand range (Sakthivadivel 1967). A comprehensive review of the models for water

filtration can be found in Sakthivadivel and Irmay (1966).

2.2.2 Surface erosion

Surface erosion in the form of scour is believed to be the main cause of failure of
bridges and other hydraulic and coastal structures (Briaud et al. 2001). In such
situations, the porous bed in the vicinity of the bridge piers and coastal structures
is washed away under the hydrodynamic shear stresses exerted by the fluid
currents or waves; resulting in instability and eventually failure of the structure.
Again, in depth theoretical and experimental research has been carried out to
determine and predict the scour erosion rate and erosion depth in such
circumstances (Briaud et al. 1999; Wand and Fell 2004; Indraratna et al. 2008;
Indraratna et al. 2013). Also, surface erosion of soil through defective sewer pipes
can results in creation of sinkholes which are, again, a major concern in urban

regions from the safety and economics point of view (Guo et al. 2013).

2.3 Study of internal and surface erosion in petroleum engineering

The topic of particle erosion in porous media is also of particular interest to
petroleum engineers. In petroleum industry, this phenomenon 1is categorized into
fines migration and sand production and research on these topics can be traced
back to 1930’s (Wilson 1933; Coberly 1937; Chenault 1938). Extensive research
has been carried out since then to identify the key parameters affecting the
initiation and severity of this phenomenon. Although fines migration and sand

production have some similarities, they are wusually treated as two different



phenomena. These phenomena can be distinguished based on the dominant forces
driving the process, size of the mobilized particles and production and operational

consequences. These differences are discussed in the following paragraphs.

2.3.1 Fines migration

Fines migration is defined as the mobilization and transport of infinitesimal loose
particles present in the pore space of the rock (Gruesbeck and Collins 1982; Khilar
and Fogler 1983). Fines migration is mainly an electro-chemical process and is
greatly affected by water salinity and particle wettability (Muecke 1979; Selby and
Ali 1988). Colloidal forces such as electric double-layer repulsion, London-Van der
Waals attraction, Born repulsion and acid-base interactions are the main
contributing forces in the release and mobilization of fines adhered to the pore

structure of the rock (Khilar and Fogler 1987).

Fines migration is wusually considered in the context of formation damage and
impaired wellbore productivity. If the sizes of the mobilized fines are larger than
pore constrictions, or if the fine particles move in high concentrations, it results in
fines redeposition by either particle entrapment or particle bridging. Particle
entrapment, which is also known as pore clogging, reduces the available cross
sectional area for fluid flow, resulting in severe permeability reduction especially

in the near wellbore region.

Regarding the size of the migrating fines in porous media, there doesn’t seem to be
a unanimous agreement between different researchers. For example, Khilar and
Fogler (1998) have suggested the fine particle range to be between 1 to 5 microns
and seldom exceeding 10 microns. Vaidya (1991) performed a waterflooding test on
a Berea sandstone core and collected the effluent. The results of particle size
analysis showed that the majority of fine particles in the effluent fall in the range
2-4 microns. Li (2000) performed core flooding experiments to study the effect of
fines migration on oil recovery in waterflooding projects. In these experiments,
clay particles in the range of 1-2 microns were used to represent formation fines.
Gruesbeck and Collins (1982) conducted fine migration experiments on synthetic
and natural cores. In their work, they defined fines as particles which have a

diameter of less than 5 microns. Therefore, as a general rule of thumb, one can
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consider a range of 1-5 microns a reasonable representative range for the size of
formation fines. A comprehensive review on the topic of fines migration can be

found in Khilar and Fogler (1998).

2.8.2 Sand production

Sand production is a common problem in production and injection wells. As the
name implies, sand production refers to the production of loose sand particles
along with hydrocarbon fluids from the reservoir. Sand production can occur as an
internal or surface erosion process or as a combination of both. Numerous factors
can contribute to sand production among them being the rock strength, in-situ
stresses, reservoir pressure, water cut, fluid flow rate and wellbore completion. An

exhaustive list of such factors can be found in Veeken et al. (1991).

The two main mechanisms responsible for sanding, are mechanical failure of rock
and hydrodynamic forces that carry rock fragments into the wellbore. These two
mechanisms are coupled in nature i.e., rock failure is a precursor to sanding and
sanding furthers rock failure. Rock around the cavity may undergo plastic
deformation and disaggregation. Rock disaggregation may generate loose rock
fragments which could then be carried into the perforation cavity and/or wellbore
by the seepage forces of the reservoir fluid (Vardoulakis et al. 1996; Papamichos
and Vardoulakis 2005).

In sand production, colloidal forces don’t play any role and the main driving force
(after rock failure and disaggregation) is brought about by the action of
hydrodynamic forces of the flowing fluid. Since the size of particles in sand
production is wusually a few orders of magnitude larger than those in fines

migration, gravity force can also play a significant role in this process.

Sand production 1is usually considered a significant issue because of the
operational problems that it causes such as damage to downhole tubular and
equipment. Sand particles can act as abrasives especially at high fluid velocities
and can cause severe damage to downhole and surface equipment through
abrasion and erosion. Also, larger sand particles can settle down in the wellbore

due to gravity forces and over time, they can plug the producing zones; a
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phenomenon which is referred to as “sand-up” (Wilson 1933). Such problems are
not encountered in case of fines migration and production. Contrary to fines
migration, sand production is sometimes considered a production enhancement
mechanism. This is particularly applicable in heavy oil fields (Vaziri et al. 2002) in
which sand influx is necessary to result in higher production rates than

conventional methods that try to exclude sand from hydrocarbon fluids.

A summary of the above discussion is presented in Table 2-1. This table shows the
common problems arising from erosion phenomenon in various fields of

engineering along with a few related references.

Table 2-1: Summary of issues related to erosion phenomenon

Issue Field of study Example reference
Fines migration Petroleum engineering Muecke 1979
Sand production Gruesbeck and Collins 1982

Selby and Ali 1988

Surface subsidence Geotechnical engineering Sterpi 2003
Structural engineering Cividini et al. 2009
Filter stability Dam Engineering de Graauw et al. 1984

Kenny and Lau 1985
Skempton and Brogan 1994

Scour erosion Highway engineering Briaud et al. 2001
Sediment transport River engineering Indraratna et al. 2008
Sinkholes Urban design Gou et al. 2013

2.4 Experimental study of erosion phenomenon

For better understanding of the erosion mechanism, researchers have extensively
studied internal and surface erosion experimentally. Internal and surface erosion
tests have been conducted on rocks and cohesionless porous media (sands and
soils). Such tests have also been used to calibrate and validate the numerical
models developed for the purpose of erosion prediction and quantification. The

following sections present a brief review of experimental research for investigation
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of internal and surface erosion in rocks and cohesionless porous media. Emphasis

is placed on the experimental study of the internal erosion process.

2.4.1 Internal erosion experiments

In this section, first, a review 1is provided on different forms of internal erosion
experiments related to geofilter design and stability (common in the field of
geotechnical engineering) and surface subsidence due to soil erosion (structural
engineering). At the end of this section, experimental works on fines migration
and gravel pack design (common in the field of petroleum engineering) are

presented.

Skempton and Brogan (1994) used an experimental set-up (Figure 2-3) to study
the piping phenomenon in sandy gravels. Piping refers to a state in which the
velocity of the flowing fluid is high enough to wash the grains away from the main
body of sand or soil and form a channel or pipe as a result, which can lead to
instability and failure of structures. In this set-up, the inner diameter (ID) of the
cylinder was 13.9 cm and the thickness of the sand sample was 15.5 cm. They
compared the experimental values of critical hydraulic gradient (hydraulic
gradient at which fines start moving) with the theoretical values and found out
that grain size distribution plays a major role in the critical hydraulic gradients of

sandy gravel samples.
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Figure 2-3: Experimental set-up used by Skempton and Brogan (1994)

Adel et al. (1994) developed a transport model which was used in the design of
erosion-control filters. Such filters have application 1in coastal protection
structures, storm-surge barriers and river embankments for erosion prevention
purposes. In order to determine the model constants, an experimental set-up
shown in Figure 2-4 was employed. Samples with different grain size distributions
were subjected to different hydraulic gradients and the eroded sand/silt particles
were collected downstream and weighed. These results were then used to calibrate
the theoretical model. In a similar work, Adel et al. (1988) studied the stability of
minestone filters. Such filters are widely used in slope protection applications
along river banks and dikes. Because of wide grain size distribution of minestone,
smaller grains can be easily washed out of the skeleton of larger grains. They
developed a stochastic model to predict the mass of transported particles as a
function of the fluid velocity within the filter. The model could predict the

experimental results with reasonable accuracy. Worman and Olafsdottir (1992)
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used a similar experimental and numerical approach to determine the transport

rate of fine particles through coarse gravel layers.
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Figure 2-4: Experimental set-up used by Adel et al. (1994)

Wilhelm (2000) used a laboratory set-up shown in Figure 2-5 to study piping
phenomenon in saturated granular media. In this figure, the cylinder that holds
the test specimen is 52 cm high and has an inner diameter of 19 cm. Hydraulic
gradient across the sample 1is controlled by a water reservoir with variable
elevation. Wilhelm’s work showed that classical two-component continuum porous
media models are not able to describe the onset of piping in saturated sand-water
mixtures properly. Thus, a new term accounting for the spatial distribution of
porosity was introduced which resulted in better agreement with experimental

data.
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Figure 2-5: Experimental set-up used by Wilhelm (2000)

Sterpi (2003) conducted a series of internal erosion experiments on a well-graded

silty-sand. In this work, the testing apparatus, which is shown in Figure 2-6,

consisted of a permeameter in which the specimen was packed in seven layers. An

upward fluid flow was induced through the

specimen by applying different
hydraulic gradients using an upper reservoir.

Water and eroded particles were
collected in a lower reservoir and the mass of eroded solids was measured at
certain time intervals.
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Figure 2-6: Experimental setup used by Sterpi (2003)

The tests were originally conducted to estimate the amount of eroded material in
subsurface water tables under various hydraulic gradients and the results were
used in a numerical model to estimate the subsequent surface subsidence for

geotechnical assessments.

In addition to unconsolidated media, internal erosion tests have also been
conducted on rocks. For example, Khilar and Fogler (1983) performed erosion tests
on Berea sandstone cores. In these tests, the effect of water salinity on particle
detachment and mobilization and its effect on the permeability of the rock were

examined.

Similar experiments were conducted by Vaidya (1991) on Berea sandstone cores.
In this work, the importance of water pH on release of particles and consequent
permeability reduction was studied. The results showed that, in addition to water

salinity, pH also plays an important role in the release of particles in pore
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structure of the rock. A model was proposed to predict the permeability changes as

a result of variations in fluid salinity and pH.

Selby and Ali (1988) conducted laboratory tests on sandstone cores to study the
effect of internal erosion of fine particles on relative permeability of the rock. They
performed two phase flow experiments on Berea sandstone and showed that
increased water salinity, which promotes fines migration, can significantly reduce

the relative permeability to oil.

Internal erosion experiments have also been conducted by researchers for design
and optimization of gravel packs. Gravel packs are used in wellbores along with
slotted liners and/or wire-wrapped screens, to prevent the production of sand
particles with the formation fluid (Wilson 1933; Coberly 1937; Chenault 1938).
The design criteria for gravel packs are very similar to those employed in design of
geofilters (which are used in water dams and other earth structures). In this
context, an ideal gravel pack allows the flow of the reservoir fluids and at the
same time prevents the production of loose sand particles. The main challenge in
the design of gravel packs is that they may get clogged over time and cause
considerable reduction in wellbore productivity (Saucier 1974; Penberthy and

Shaughnessy 1992).

An issue regarding the erosion experiments presented above is that they were
mainly wused for establishing the filter stability criteria or studying the
mechanisms of fines migration and its effect on permeability reduction. Little
attention has been given to quantification of the eroded mass or constitutive

modeling of the erosion process.

2.4.2 Surface erosion experiments

Similar to internal erosion experiments, surface erosion experiments are also
conducted on rocks and cohesionless porous media. This section provides a brief
review on different forms of surface erosion experiments related to bridge, road
and highway design (common in the field of geotechnical engineering) and sand

production (common in the field of petroleum engineering).
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Briaud et al. (2001) developed an experimental apparatus to measure the rate of
surface erosion (scour) in fine and coarse grained soils. Field samples could be
tested using this apparatus to estimate the rate of scour for different hydraulic
shear stresses (fluid velocities). Such test results could be used in prediction of
scour depth at bridge piers for wvarious fluid velocities and times. Also, this
apparatus made it possible to measure the critical shear stress necessary to start
the erosion process. Experimental results showed that the critical shear stress is

linearly related to the median particle diameter of the soil.

Indraratna et al. (2008) built an apparatus to measure the critical shear stress
and the rate of surface erosion in chemically stabilized soils. Chemical stabilizers
are used to increase erosion resistance of soils on road/highway embankments and
other earth structures. They used cement and lignosulfonate as stabilizers and
found out that lignosolfonate is more effective than cement in increasing the
erosion resistance of the soil. Later on, Indraratna et al. (2013) developed an
analytical model, based on principle of conservation of energy, to predict the
erosion rate as a function of hydraulic shear stress. The model was validated using
the experimental data obtained by Indraratna et al. (2008) and model predictions

showed a good agreements with experimental data.

Papamichos et al. (2001) performed hollow cylinder tests on synthetic samples
made of weak compactive sandstone and examined the effect of fluid flow rate and
external stress on sanding rate. The samples had an external diameter of 20 cm
and were 20 cm high. The diameter of the inner hole was 2 cm. The schematic of
the test apparatus is shown in Figure 2-7. They also developed a numerical model
for volumetric prediction of sand production. By comparing the experimental and
numerical results, they showed that there is an extensive coupling between the

poro-mechanical and erosion behaviour of the rock.
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Figure 2-7: Schematic of the apparatus used by Papamichos et al. (2001)

To study the mechanisms of cold heavy oil production with sand (CHOPS),
Servant et al. (2006) performed laboratory tests on cohesionless sand samples in a
special odometer designed to simulate a producing sand layer (Figure 2-8). The
apparatus was equipped with X-ray computer tomography to monitor, in real time,
the initiation and propagation of the sanded zone. They used oil and water as the
flowing fluids and found out that effective consolidation pressure along with
porosity play a major role in the initiation of sanding and development of the

sanded zone.
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Figure 2-8: Schematic of the apparatus used by Servant et al. (2006)
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2.5 Common constitutive laws for modeling the erosion phenomenon

Erosion constitutive law i1s a key component in the development of numerical
models for the simulation of erosion in a porous medium. Constitutive laws for
erosion accompany the law of conservation of mass for the solid phase. Depending
on the degree of coupling between erosion, fluid flow and deformation behaviour of
the porous medium, other constitutive laws may be required to address the
possible interaction between these phenomena. In this section, we briefly review
the common constitutive laws for the numerical modelling of internal and surface

erosion. Emphasis is given to applications in the field of petroleum engineering.

Continuum erosion model, which is based on three phase mixture theory, was first
introduced by Vardoulakis et al. (1996). They used the conservation of mass for
solid, fluid, and fluidized solid phases along with Darcy’s law and a constitutive

law for mass generation with the following form:
m = psA(1 = @)cllg;ll 2-1)

In Eq. (2-1), m is the mass erosion rate, p; is the grain density, 1 is the erosion
coefficient, ¢ is the rock porosity, c is the concentration of solids in the fluid phase,
g;i i1s the flow flux of the mixture of solids and fluid and | |[is a symbol
representing Euclidean norm of a vector. The resulting system of equations was
solved assuming 1-D radial fluid flow to study internal and surface erosion effects.
The model can predict intermittent sand production events and it only focuses on

the transport aspects of the erosion problem.

Stavropoulou et al. (1998) further developed the model by Vardoulakis et al. (1996)
by accounting for rock degradation process. They also modified the constitutive
laws for mass generation which enforces the sand production to stop after
reaching critical sand concentration:

2

1 = pA(1 = @)c =)l 22

cr
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Here, c. is the critical saturation of the solid particles in the fluid phase. When
the saturation of solid particles reaches its critical value, the rates of sand erosion

and deposition become equal and the sand production process stops.

The erosion model was further modified by Papamichos et al. (2001) by coupling
the poro-mechanical behavior of the fluid-rock system with erosion behavior of the
rock. Mass generation constitutive law was a bit modified by dropping the

concentration term for sake of simplicity:
m = psA(1 — @)lgll (2-3)

In this work, sand production tests were conducted on hollow cylinder samples to
calibrate model constants and numerical simulations were performed with various

degrees of coupling between the poro-mechanical and erosion processes.

Later on, Papamichos (2010) modified the mass generation law to the following

form:

m = p |||l = Pger) (2-4)

In Eq. (2-4), Pger 1S the critical pressure gradient necessary to dislodge and
mobilize the sand particles and ||pl|| is the norm of pressure gradient vector. They
extended the erosion model to account for the effect of water on rock’s stiffness and

degradation.

Constitutive laws given by Eq. (2-3) and (2-4) were used for numerical study of
surface erosion. Fjaer et al. (2004) and Detournay et al. (2006) have used

constitutive laws similar to Eq. (2-3) and (2-4) in their works.

Sterpi (2003) used a constitutive law for internal erosion which was obtained by
fitting a curve to the experimental data. This constitutive law was used in a
numerical model to estimate the surface subsidence due to internal erosion of soil
particles in subsurface water tables. A similar approach was used by Cividini et

al. (2009).
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One of the main parameters appearing in the existing constitutive laws for
particle erosion, 1is the erosion coefficient,A, which has to Dbe calibrated
experimentally. However, in the literature, it is not clearly stated how A is affected
by or related to other parameters such as particle diameter, fluid velocity, fluid
viscosity and porosity. Also, another limitation of the above constitutive laws 1is

that they contain some intuitive assumptions without experimental evidence.

2.6 Summary

The erosion phenomenon has been studied in various engineering disciplines. In a
broad point of view, erosion can be divided into two main categories of internal
erosion and surface erosion. This topic has been studied by petroleum engineers
since the 1930’s. In the petroleum industry, the erosion phenomenon 1is of
particular interest in the areas of fines migration and sand production. Fines
migration and sand production phenomena can be distinguished based on the
dominant forces driving the process, size ranges of the mobilized particles and
production and operational consequences. Fines migration is usually considered in
the context of formation damage and impaired reservoir productivity. Sand
production is usually addressed for the operational problems that it causes such as

damage to downhole tubular and equipment.

The erosion constitutive law 1s an important component in the numerical models
for the simulation of solid erosion in porous media. A list of most common
constitutive erosion laws was presented before. As mentioned above, an issue
regarding the modeling of erosion phenomenon is that the common constitutive
laws describing erosion in porous media [Eq. (2-1) to Eq. (2-4)] are partially based
on intuitive assumptions and are not supported by experimental evidence.
Therefore, one of the main goals of our research was to develop a constitutive law
for internal erosion with the help of laboratory experiments. Due to lack of
sufficient experimental data, we designed and set up an apparatus to conduct
internal erosion experiments to generate enough data for the purpose of model
development and calibration. Also, another issue with the current constitutive
laws is that they don’t address the relationship between the erosion coefficient and

other parameters such as particle diameter, fluid velocity, fluid viscosity and
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porosity. We have tried to address this issue as well in our research. Also, we tried
to undertake more systematic approaches (such as dimensional analysis) towards

the constitutive modeling of erosion. Further details are given in Chapters 3-5.

2.7 Nomenclature

c Concentration of solids in fluid phase

Cer Critical concentration of solids in the fluid phase
m Mass erosion rate per unit volume

pi Pressure gradient vector

Pger Critical pressure gradient

qi Flow flux of the mixture of solids and fluid

A Erosion coefficient

Ps Grain density

) Porosity

|l Norm of a vector
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Chapter 3

Constitutive Modeling of Internal Erosion
in Porous Media Using Dimensional

Analysis Technique

3.1 Introduction

Equations (2-1) to (2-4) are among the most popular forms of constitutive laws
used in the literature for numerical modeling of internal and surface erosion
processes. In these equations, the erosion coefficient, A, is a calibration parameter;
thus, it has to be determined experimentally. The common practice is to assign
values of 1 in a way that results a match between the numerical and experimental
values of the eroded mass. The erosion coefficient, however, is not a constant and
may be affected by variations in porosity, fluid viscosity and fluid velocity. In this
chapter, we derived a modified constitutive law for internal erosion. This modified
law relates the rate of erosion and fluid velocity through the erosion coefficient as
a constant of proportionality. In the modified formulations, we propose that the
erosion coefficient is a function of particle density, porosity variation, and a
dimensionless parameter called particle Reynolds number. Data from a series of
laboratory tests were used to infer the form of this relationship and for calibrating

the model parameters. The experimental results show that the erosion coefficient
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is directly related to the particle Reynolds number and inversely related to the

porosity variation (¢ — @g).

The proposed constitutive law for rate of erosion, m, can be used in a numerical
model along with the laws of conservation of mass for fluid and solid phases
combined with the Darcy’s law. The system of equation for an erosion problem,

assuming steady state conditions, can be shown as follows:

Ui,i =0 (3'1)
k
v = _ﬁp'i (3'2)
dp . )
ps 5o =M (3-3)

Equation (3-1) is the conservation law for the fluid, Eq. (3-2) is Darcy’s law and
Eq. (3-3) is the conservation law for the solid. In equations above, v; is the itk
component of fluid velocity vector, p; is the i component of pressure gradient
vector, k 1is intrinsic permeability, u 1is fluid wviscosity, ps is grain density, ¢ 1is
porosity and m is erosion rate. The required equation to have an equal number of
equations and unknowns in the above set of equations is the constitutive law for

the rate of erosion, m.

Additional conservation and constitutive laws need to be added to the system of
equations if the effect of erosion process on the deformation behaviour of the
porous medium 1is to be incorporated. If the effect of erosion process on the
permeability is to be considered, an appropriate permeability law has to be added
to the system of equations as well. It should be noted that m in the above set of
equations is tangent erosion rate but the model developed in this chapter is based
on secant formulations. We have developed the same model using tangent

formulations and the results are presented in Appendix A.

3.2 Mathematical modeling

In this section, first, the modified constitutive law for particle erosion rate in
porous media is presented using the principles of dimensional analysis. Next, the

formulation for calculating the critical fluid velocity, which is the minimum fluid
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velocity required to initiate the erosion process, is derived based on analytical
relations. Working on this model was a preliminary step towards the development

of our main erosion model which we proposed in Chapters 5 and 6.

3.2.1 Modified erosion law

The purpose here is to quantify the amount of solid mass that is eroded in a
porous medium with a certain grain density, porosity, and grain size distribution,
when it is subjected to a flowing fluid of certain velocity and viscosity. Generally,
it can be assumed that there is a lower bound for fluid velocity which we call
“critical velocity”. The erosion process is expected to start only when the fluid

velocity exceeds this lower limit.

The general form of the relationship between eroded mass and the rest of the

parameters stated above can be shown in the following form:

m= f[(vf ~ Ver), Dp: 1, s, (¢ = @o), (t — to), VEB] (3-4)

where, m 1s the eroded mass, vy 1s the apparent (Darcy) fluid velocity, v, is the
apparent critical fluid velocity required to initiate the erosion process, D, is the
mean diameter of the eroded particles, u is the fluid viscosity, ps; is the density of
the eroded particles, (¢ —¢y)is the difference between the new porosity and the
initial porosity, t, is the time at which erosion starts, (t —t,) is the time elapsed
after the start of erosion process and Vg is volume of erosion boundary. Erosion
boundary is defined as the zone in which the particles are mobilized and eroded
out. In a numerical model, this could be the size of the numerical element. In an
erosion experiment, Vzp could be considered as the volume of the test specimen.
Such a zone experiences an increase in porosity as a result of the internal erosion

process.

It should be noted that the internal erosion process is governed by the degree of
uniformity of the particle assembly. In this process, finer particles are eroded and
removed from the pore space formed by coarser particles. As a result, internal
erosion 1s expected to occur only in poorly-graded assemblies of particles

(assemblies with high coefficients of uniformity).

30



If the eroded mass is expressed as time rate and is normalized by the volume of

erosion boundary, then Eq.(3-4) is reduced to:

m' = f[(vf — Ver), Dpr W Ps, (@ — @q) ] (3-5)

where m' is the mass rate of eroded particles per unit volume. Since we use total
eroded mass in Eq. (3-4), m’ in the equation above is secant erosion rate per unit

volume and is defined as follows:

I m -
"= (t —to) Ves 6
The reason for using secant erosion rate instead of tangent rate was to eliminate
the effects of transient phenomena (such and pore clogging and unclogging) on the
model calibration. Another method to lessen the effect of transient phenomena is
to use a central difference scheme for calculating the erosion rate. This approach
has been used along with the same procedure presented in this chapter, for the

development of the erosion constitutive law based on tangent erosion rates and the

results are presented in Appendix A.
The list of arguments in Eq. (3-5) has been selected based on the following
criteria:

» Dimensional requirements: The dependent parameter in this model is the mass
rate per unit volume. In order to make this parameter dimensionless, there
should be parameters on the right-hand side with dimensions of mass, length,
time or combinations of these dimensions. This requirement justifies the
existence of [(vf — ), Dy, psl or [(vy —ve,), Dy, ul group of parameters on the

right-hand side of this equation.

» Physics of the problem: Particle mobilization and erosion is due to the action of
drag forces and kinetic forces of the flowing fluid. Parameters p and (v; — v,,)

represent these two forces, respectively.

» Experimental and field observations: Laboratory and field observations

(Papamichos and Malmanger, 1999; Vardoulakis 2006) show that the rate of
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erosion decreases with time. In other words, the larger the eroded mass, the
lower the rate of erosion. Therefore, there is a relationship between the rate of
erosion and the eroded mass. Since eroded mass is related to porosity changes
through the law of conservation of mass, the parameter (¢ — ¢,) has been added

to reflect this process.

Applying dimensional analysis technique to Eq. (3-5), it is desirable to gain some

insight into the functional form of the relationship among the parameters.

There are six parameters in Eq. (3-5) but there are only three independent
dimensions, namely; mass[M], length[L], and time[T]. Infinite number of
dimensionless parameters can be formed using the parameters given in Eq. (3-5)
but using the Buckingham’s m theorem, only three of them will be independent

(Hornung 2006).

Using the parameter listed in Eq. (3-5), the following relations are formed to
represent the three standard physical measures when forming the dimensionless
groups. Different combinations of these parameters can be used to form the basic
standard measures but at the end, the resulting functional relationship can be
reduced to the same form. Therefore, Eq. (3-7) through (3-9) are used to represent

mass, length and time, respectively.

[ps D3] = [M] (3-7)

[D,] = [L] (3-8)
DP _ -

(Vf - vcr)l B [T] (3 9)

Using the relationships above, the parameters in Eq. (3-5) are nondimensionalized

one by one.

’ —3m—1 — D - ps(v - vcr) _
[m'] = [ML7T '] = |(ps D)(Dy)~* [(vf_—”v)] ] = ["D—p] (3-10)
D -1
[u] = [ML™' T = |(ps DS)(Dp)_l l(vf_—pvcr)l ] = [ps Dy, (vr — vcr)] (3-11)
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The third dimensionless parameter is selected to be (¢ — ¢).

Using Eq. (3-10) and (3-11) and parameter (¢ — ¢y), Eq. (3-5) can be written in the

following form:

Gs pf Dp (vf - vcr)
u

Dp m' _ Ps Dp (Uf - vcr)

= (o — (3-12)
Ps (vf — Ver) g Hu (<p <p0)

,(<p—<po)l=gl

where g[] denotes the function of the variables in the bracket. Reynolds number

for a particle of diameter D, is defined as follows (Charlez 1997):

D
Rp = L2 (3-13)
U
Using Eq. (3-13), Eq. (3-12) can be shown as follows:
Dy m [Gs (Rp — Rpgy), ( )] (3-14)
ps (vf _ UCT-) g S p pCT ) (p (pO

where, G, is the specific gravity of the particle; Rp is the particle Reynolds number
and Rp., is the particle Reynolds number at critical fluid velocity. Eq. (3-14) can be

further simplified into the following form:

' A Ps (vf - Ucr)
m =

3-15
o (3-15)

where, A is the erosion coefficient and is represented by the following equation:
A= glGs (Rp = Rper), (¢ = @o)] (3-16)

Eq. (3-15) can be compared to Eq. (2-1) and Eq. (2-3). It should be noted that the
effect of porosity on erosion rate is absorbed into A in the current work whereas in
previous works, it is represented in the form of (1—¢). Also, vy and g; are
different notations representing the same parameter, i.e., apparent fluid velocity.
We also can see that (3-16) has reduced a five-dimensional problem in Eq. (3-5) to

a two-dimensional problem.
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As per Eq. (3-16), erosion coefficient, A, is proposed to be a function of particle
specific gravity, particle Reynolds number and porosity. The precise functional

form of this relationship will be determined experimentally.
The constitutive model offered for the erosion of solids in porous media, shown in
Eq. (3-15) and Eq. (3-16), should satisfy the principle of conservation of mass. For
the problem described at the beginning of this section, the principle of
conservation of mass in total (not incremental) form can be simplified into the
following equation:

Ap

_— = m’ (3'17)
ps At
Where m’ is the mass generation term and expresses secant erosion rate per unit

volume. In Eq. (3-17) A and At are equivalent to(¢ —¢,) and (t—¢tg),

respectively.

3.2.2 Critical fluid velocity

Movement of a particle through a porous medium caused by a flowing fluid is governed by
balance between the driving forces and the resisting forces. The driving forces are: 1)
pressure gradient force and 2) drag force of the flowing fluid. The buoyant weight of particle
can be either a driving or resisting force or it can be neutral depending on the direction of
fluid flow with respect to gravity. The analytical derivation of the relationship pertaining to
each one of the force components will be given below. An expression is derived based on the
balance of these forces to calculate the critical fluid velocity required to initiate particle

movement.

3.2.2.1 Pressure gradient force

Pressure gradient force in an arbitrary direction n , Fp,,, exerted on an assembly of particles
with volume, V, is given by the following formula (Detournay et al. 2006). Here, it is
assumed that z is the vertical coordinate pointing upward, opposite to the direction of

gravity:
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_yWptpgz) do (3-18)

Fon = dn dn

where @ is fluid potential.

The volume V is comprised of n, particles each having a volumel},. Volumes V and

V, are related through porosity, ¢. Substituting the equivalent terms in Eq. (3-18)

yields:
Np
1 do
Fpp, = ———Z v, (3-19)
1—¢@dn =

Knowing that the total pressure gradient force on volume V is the sum of the
pressure gradient forces on individual particles each having volume V,, the
following relationship is used to represent the pressure gradient force on each

particle in any direction n :

v, do

F = — P E— (3'20)
PGn 1 _ (p dn
3.2.2.2 Drag force

Drag force of a flowing fluid in directionn exerted on an immersed body can be

computed using the following equation (Charlez 1997):

v 2
Fpn = CpAcs (p ! A“) (3-21)

In Eq. (3-21), Cp is the drag coefficient which is a function of the Reynold’s
number, A, 1s the cross sectional area of the immersed body projected in the
directionn, py is fluid density and v, is the actual fluid velocity in the directionn.

For spherical particles with diameter D, and assuming laminar fluid flow

conditions, Eq. (3-21) reduces to the following form (Asgian et al. 1995):

Fpp = 31 u Dpvgy (3-22)
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where v,, is related to component of the apparent (Darcy) velocity, Vpn through the

following relationship:

_ Y _ _ kdo (3-23)

@ e dn

Here, k is the intrinsic permeability of the medium. Replacing Eq. (3-23) in Eq. (3-22)
results:

B 3n Dy kd®

Frp,o=—— P (3-24)
Dn (p dTl

3.2.2.8 Gravity force due to buoyant weight of the particle

The gravitational force in the directionn against particle movement, Fg;, exerted
on a particle with volume V, and density p; submerged in a flowing fluid with

density py is given by the following relationship:
Fon = (ps — ps)Vp g cos 6, (3-25)

where g is acceleration due to gravity and 6, is the angle between the direction n
and vertical upward direction. For vertical upward flow 6, is zero, for horizontal
flow, 6, is 90° and for downward flow, 6, is 180°. If fluid flow is upward, gravity
resists erosion, if fluid flow is downward, gravity drives the erosion process and if

fluid flow is horizontal, gravity is neutral towards the particle movement.

3.2.2.4 Erosion condition

It is assumed that particles will move in direction n when the sum of the driving forces on
the particle in that direction is larger than the resisting forces. This assumption can be

expressed in the following form:

Fpen + Fpn > Fgn (3-26)
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Replacing Eq. (3-20), (3-24) and (3-25) in the inequality above and replacing o

using Darcy’s law, an expression 1s derived for the estimation of critical fluid

velocity as follows:

A

'Ufn > = = Vern (3'27)
B

where parameters A and B are given in Eq. (3-28) and (3-29), respectively.

A= (ps—ps)Vy g cos b, (3-28)

V 3m D

B=( Ll ”“) (3-29)

(1-)k ®

Thus, in any directionn, the apparent fluid velocity, vs,, has to exceed the critical
velocity, V. , given in Eq. (3-27) for the erosion process to start.

It is worth noting that Eq. (3-27) only sets a lower bound for the initiation of
particle mobilization. The fact of matter is that not all the particles which meet
the criterion in Eq. (3-27) can be eroded. Some of the mobilized particles are
redeposited along the way and another portion will be trapped behind pore throats
that are smaller than their diameters (particle entrapment). Particle redeposition
and particle entrapment are two well-known causes of diminishing erosion rates
in the internal erosion process. The proposed model accounts for these processes
by using a nonlinear erosion coefficient. More discussion will be provided in the

model calibration section.

3.3 Experimental data

Data from a series of erosion experiments on a well-graded silty-sand were used to
determine the functional form of the relationship in Eq. (3-16). Details of sample
preparation and test procedures were reported in the paper by Sterpi (2003). In
Sterpi (2003), the testing apparatus consisted of a permeameter in which the
specimen was packed in seven layers. An upward fluid flow was induced through
the specimen by applying different hydraulic gradients using an upper reservoir.

Water and eroded particles were collected in a lower reservoir and the mass of
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eroded solids was measured at certain time intervals. Grain size distribution of
the test specimens is shown in Figure 3-1 and other relevant properties are given
in Table 3-1. Figure 3-2 shows the results of erosion tests with five different
hydraulic gradients. The results are reported as the percentage of eroded fines
versus time. In this work, “fines” are defined as particles that can pass through
the standard ASTM #200 sieve (with diameter of 0.074 mm). The samples in these
tests had an initial fine content of 23% by weight (Figure 3-1). The tests were
originally conducted to estimate the amount of eroded material in subsurface
water tables under various hydraulic gradients and the results were used in a
numerical model to estimate subsequent surface subsidence for geotechnical

assessments.

In Table 3-1, permeability and hydraulic conductivity parameters are related to
each other. The difference originates from different forms of Darcy’s law used in
petroleum and geotechnical engineering. The relationship between these two

forms of Darcy’s law is given in Eq. (3-30).

k|A@| _ kyl|Ah| _ ky .
_ _ A _ M.

== = = Ki (3-30)
FTUTAL T W AL g '

where k is the intrinsic permeability with the unit of area, |[A®| is difference of
fluid potential across the sample, AL is the sample length, y is the unit weight of
the fluid, |Ah| is the hydraulic head difference across the sample, K is hydraulic
conductivity with wunit of velocity, and i 1is hydraulic gradient which 1s a

dimensionless parameter.
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Figure 3-1: Grain size distribution for the silty-sand used for laboratory experiments, Sterpi (2003)

Table 3-1: Properties of the silty-sand used in the experiments by Strepi (2003)

Sample diameter, m 0.07
Sample height, m 0.14
Initial porosity, ¢, 0.338
Specific gravity, G, 2.72
Initial mass of sample, kg 0.97

Initial percentage of fine particles by weight, % 23

Hydraulic conductivity, K, m/sec 0.0001
Permeability, k, Darcy 10.33
Fluid viscosity, p, Pa.sec 0.001

No appreciable change in permeability was reported during the testing except for
Test 2 which showed an increase in permeability 5 hours after the start of the test
(Figure 3-2). The constant permeability (with the exception of test 2) combined
with the constant hydraulic gradient implies a constant fluid velocity during each

test.
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Figure 3-2: Results of erosion tests on silty-sand for different hydraulic gradients, Sterpi (2003)

3.4 Model calibration

The proposed constitutive law for internal erosion of particles in porous media is
represented by Eq. (3-15) and (3-16). The purpose of this section is to offer a
functional form for the erosion parameter (1) given by Eq. (3-16). The actual
functional form of A 1is unknown but based on experimental observations
(Figure 3-2), we know that A is directly proportional to fluid velocity and inversely
proportional to porosity change, (@ —¢@,). In other words, a higher fluid velocity
results in a higher value of 2 and higher eroded mass [higher (¢ — ¢,)] results in a
lower A value. Having these observations and using the approximation theory
(David and Nolle 1982), the functional from of A can be approximated using the

equation below:

_ B
a GS(Rp Rpcr) (3_31)
Y —Po

where a and 8 are dimensionless calibration parameters.

Let’s define w as:
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_ GS(Rp — Rpcr)
w =

(3-32)
P —Po
Then Eq. (3-31) can be simplified to:
1= awb (3-33)
If we take the natural log of from both sides of Eq. (3-33), we have:
ml=na+pflnw (3-34)

Therefore, if we plot InA versuslnw, Ina will be the intercept and B will be the
slope of the line. Experimental data given in Figure 3-2 are used to estimate the
values ofa and B for each test. Using the data in Table 3-1 and Figure 3-2, the
mass of eroded particles (silt and clay), m, can be calculated at any time for all

tests, using the following formula:
m=ppim (3-35)

where p is the percentage of eroded fine particles (Figure 3-2), p;r is the initial
percentage of fine particles (Table 3-1) and m, is the total mass of the test

specimen (Table 3-1).

Next, the eroded mass is normalized by the volume of the sample and is plotted as
a function of time. The secant slope of such a curve for each point, which is
computed as the total eroded mass divided by total flow time, will give the values
form’. In Eq. (3-16), ¢, is the initial porosity of the sample before the start of the
erosion and ¢ 1is the porosity of the sample after the initiation of the erosion
process. The difference between these two parameters is computed using the

following relationship:

_om
Ps Vi

® — Qo (3-36)
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where m 1s the cumulative mass of eroded solids which is obtained from
Figure 3-2, and V, is the total volume of the sample. It should be noted that Eq.
(3-36) is a special form of Eq. (3-17).

It is obvious that the diameter of the eroded particles must be smaller than the
pore throats which they are moving through. According to the experimental work
of Abrams (1977), the particles should have a diameter equal or smaller than one-
third of the average pore throat size of the porous medium in order to be able to
pass through the pore network without being entrapped. Therefore, the particle
diameter D,used in the calculation of the Reynolds number and critical fluid
velocity is assumed to be the harmonic mean diameter of all particles smaller than
1/3 of the average pore throat size of the test specimen. The harmonic mean

diameter is calculated using the method suggested by Kovacs (1981).

Different methods are available in the literature to estimate the average pore
throat diameter of an assembly of particles based on the grain size distribution
curve (e.g., Kovacs 1981; Uno et al. 1996). The average pore throat size of the test
specimen, which is obtained using Figure 3-1 and the method suggested by Uno et
al. (1996), has been computed to be around 14.5 microns. Therefore, D, is assigned
a constant value of 3.7 microns for all tests. As it was mentioned before, D, is
calculated as the harmonic mean diameter of all particles smaller than 1/3 of
average pore throat size. Also, the critical fluid velocity is calculated using Eq.
(3-27) by setting porosity equal to ¢, and is assumed to remain constant for all

tests. Since the fluid flow is in the upward direction, 8, is set to zero in Eq. (3-28).

Based on the approach discussed above and by using Eq. (3-15) and Eq. (3-32), the
corresponding values of A and w for each test can be obtained from the
experimental data (Table 3-1 and Figure 3-2). Tests 1, 2 and 3 (with hydraulic
gradients of 0.18, 0.39 and 0.55, respectively) were used to determine the material
parameters and Tests 4 and 5 (with hydraulic gradients of 0.60 and 0.75,
respectively) were used to validate the proposed model. Figure 3-3 through

Figure 3-5 show the plots of In A versus Inw for Tests 1, 2 and 3, respectively.

In Figure 3-3 through Figure 3-5, the green diamonds represent experimental

data and the solid line represents the best linear fit. For all the plots in this
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chapter, linear regression lines were obtained using the method of least squares.
The corresponding equation for the linear fit is also shown in these plots along
with the value of coefficient of determination, R?. Also, in these figures, the upper-
right data points correspond to the start of the test and lower-left data points

correspond to the end of the test.

In Test 2, there was a sudden increase in fluid velocity after five hours (Sterpi
2003). Only data points up to five hours after the start of the test were used in the
calibration of « and B (Figure 3-4). This is because we use the value of fluid
velocity to calculate 4 and w but we don’t have the value of velocity after five hours

in this test.
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Figure 3-3: Calibrating model parameters for Test 1 (i=0.18)
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Figure 3-4: Calibrating model parameters for Test 2 (i=0.39)
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Figure 3-5: Calibrating model parameters for Test 3 (i=0.55)

As observed, the plot of InA versuslnw for these tests follows a linear trend.

Table 3-2 shows a summary of calibration parameters for Tests 1, 2 and 3.
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Table 3-2: Summary of calibration parameters for Tests 1, 2 and 3

0.18 1.1E-5 0.38

- 0.39 94E5  0.61
- 0.55 1.9E4  0.82

After calibrating the erosion coefficient, A, for each test, Eq. (3-15), Eq. (3-17) and

Eq. (3-31) were used together to obtain an analytical relationship for the secant
rate of erosion. After rearrangement and knowing that for secant erosion rate,

(¢ — po) and Ag are equivalent expressions, we have:

B
A_(p = a [GS(RP - RPCT‘) (vf - vCT') (3_37)
At Ag D,

After simplification, an analytical relationship for porosity variation, Ap, is

obtained in the following form:

1
a GSB (Rp - Rpcr)B(vf - 17cr) At‘(ﬁ-ﬂ) (3-38)

Ao =
¢ D

p

By substituting Eq. (3-38) in Eq. (3-17), the following relationship is obtained for

!

m .

At(B+1)
D

1
a GP (Rp — Rp )P (vy — vcr)](ﬁ B (3-39)
1%

Data from Tests 1, 2 and 3 were used for model calibration and a summary of the calibrated
parameters for these tests is given in Table 3-2. Comparisons between the experimental
and calculated values of secant erosion rate for these 3 tests are shown in Figure 3-6 to
Figure 3-8. In these figures, analytical values of erosion rate were calculated by using Eq.

(3-39) and the data given in Table 3-1 and Table 3-2.
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Figure 3-6: Comparison between experimental and calculated values of secant erosion rate, 1=0.18
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Figure 3-7: Comparison between experimental and calculated values of secant erosion rate, 1=0.39
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Figure 3-8: Comparison between experimental and calculated values of secant erosion rate, 1=0.55

3.5 Model validation

Table 3-2 shows that a« and B vary with hydraulic gradient. We used the data
given in this table to examine the relationship between a and S and hydraulic
gradient for Tests 1, 2 and 3 and the results are shown in Figure 3-9 and

Figure 3-10.
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Figure 3-9: Variation of a with hydraulic gradient for Tests 1, 2 and 3 and best fit (solid line)
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Figure 3-10: Variation of g with hydraulic gradient for Tests 1, 2 and 3 and best fit (solid line)

Figure 3-9 shows that a varies exponentially with hydraulic gradient and
Figure 3-10 suggests that the relationship between J and hydraulic gradient is
linear. Therefore, based on the trends observed in figures above, the following

relationships are suggested for the variation of @ and f with hydraulic gradient.
a= yleVZi (3-40)
B = vsi (3-41)

In Eq. (3-40) and Eq. (3-41),y,, ¥, and y; are model constants which (based on Figure 3-9
and Figure 3-10) are calibrated to be 2.2E-6, 7.59 and 1.55, respectively.

The proposed analytical model, which is shown in Eq. (3-39) through (3-41), is validated by
predicting the experimental results of Tests 4 and 5 (with the hydraulic gradients of 0.60
and 0.75, respectively). In the validation process, first the values of a and g for tests 4 and
5 were calculated by using the calibrated values of y;, ¥, and y3 in Eq. (3-40) and Eq. (3-41)
and by using their corresponding hydraulic gradients. Table 3-3 shows a summary of
calculated values of @ and S for Tests 4 and 5. In this table, the calculated values of @ and

were obtained by using Eq. (3-40) and Eq. (3-41).
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Table 3-3: Calculated values of a and B for Tests 4 and 5

0.60 2.1E-4 0.93

- 0.75  65E4 1.16

Next, values of secant erosion rate for these tests were calculated using Eq. (3-39) and the

data given in Table 3-3. The comparisons between experimental and predicted values of
erosion rate for these two tests are presented in Figure 3-11 and Figure 3-12, respectively.
These figures show that the model predictions show a reasonable agreement with the

experimental results.
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Figure 3-11: Comparison between experimental results and model prediction of secant erosion rate,
1=0.60
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Figure 3-12: Comparison between experimental results and model prediction of secant erosion rate,
=0.76

3.6 Discussion and concluding remarks

Using the principles of dimensional analysis, an erosion model is proposed to
calculate the rate of internal erosion in an assembly of particles. This model
associates vanishing erosion rate to changes in porosity. In other words, for any
given hydraulic gradient, there is only a portion of the particle assembly that is
erodible. The porosity increases slowly as particles are being washed away to the
point where the entire erodible portion has been eroded at which point internal
erosion stops due to a couple of reasons. First, at a certain hydraulic gradient,
hydrodynamic forces are only able to mobilize particles of a certain size. In a well
graded assembly of particles, the lower the hydraulic gradient the smaller the
percentage of erodible particles. This notion is equivalent to the concept of critical
fluid velocity, which was discussed before. The second reason for the decreasing
internal erosion rate can be related to the processes of particle redeposition and

pore clogging which limit the available flow paths for loose particles to migrate.

One of the limitations of this model is that erosion is assumed to be uniform
throughout the test specimen. In other words, this model assumes that porosity
changes homogenously in the test sample. However, it is very likely that erosion

will be more intense close to the free surface of the test sample resulting in an
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inhomogeneous porosity distribution. Erosion experiments on test specimens of
different heights are required to assess the severity of this phenomenon and its
effect on the test results and model predictions. To the best of our knowledge, such

tests have not been performed so far.

Also, it was assumed in this work that the parameter D,, which is the average size
of the eroded particles, is constant for all hydraulic gradients. This may not be a
realistic assumption since higher hydraulic gradients can mobilize larger size
particles and generally, D, can vary from one test to another. The reason for this
assumption is that we do not know the value of D, a priori unless we perform the

erosion experiments and analyze the size of eroded particles. To overcome this
limitation, a relationship can be established, experimentally, between fluid
velocity (hydraulic gradient) and the average size of the eroded particles. The
average size of eroded particles can be estimated by collecting all the eroded
particles for each tests and by using an apparatus (such as a Coulter counter) to
obtain the median size of the particles. Then such a correlation can be used to

assign more realistic values of the D, parameter in the proposed erosion model.

The advantage of the proposed model, shown in Eq. (3-15) and Eq. (3-31), is that it
offers a functional form for the erosion coefficient. This functional form accounts
for the effect of parameters such as grain specific density, particle Reynolds
number and porosity variations on erosion coefficient, which had not been
explicitly addressed in previous works. The proposed model has three calibration
parameters [Eq. (3-40)-(3-41)] and is calibrated and validated using experimental
data. The wvalidation results show that the model is able to predict the erosion

rates with reasonable accuracy.

3.7 Nomenclature

A, B Parameters used to estimate critical fluid velocity

A Cross sectional area of an immersed body projected in the direction of flow
Cp Drag coefficient

D, Particle diameter or average particle diameter

51



b
Dir
Rp

Rp.r

Van
vcrn

Ufn

Drag force of fluid exerted on the particle in direction n
Resistive gravitational force in direction n

Pressure gradient force exerted on the particle in direction n
Specific gravity of the solid particles

Hydraulic gradient

Permeability

Hydraulic conductivity

Eroded mass

Tangent erosion rate per unit volume

Secant erosion rate per unit volume

Total mass of the test specimen

A symbol representing an arbitrary direction

Number of particles

Percentage of the eroded fine particles

1*h component of the pressure gradient vector

Initial percentage of the fine particles

Particle Reynolds number

Particle Reynolds number calculated at critical fluid velocity
Time

Time at which erosion starts

Actual fluid velocity in direction n

Critical fluid velocity in direction n

Apparent (Darcy) fluid velocity in direction n

1" component of the fluid velocity vector
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Veg Volume of the erosion boundary
4 Volume of particle
Vi Total volume of the sample

a, B, Y1, Y2, Y3 Dimensionless calibration parameters

Ah Hydraulic head difference

AL Sample length

0, Angle between direction n and vertical upward direction
A Erosion coefficient

u Fluid viscosity

Pr Fluid density

Ps Grain density

(o] Fluid potential

1) Porosity

®o Original porosity of the assembly of particles
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Chapter 4

Experimental Investigation of Internal

Erosion in Unconsolidated Porous Media

4.1 Introduction

This chapter contains the details of our experimental program. The specifications
of the experimental apparatus and data acquisition methods are given first. Then,
the details of preparation, packing and saturation of the test specimens as well as
testing plan are explained. At the end, tests results and a brief discussion of the
results are presented. It should be noted that internal erosion experiments can be
conducted on both consolidated (rocks) and wunconsolidated (soils/sands) porous
media. Since the internal erosion mechanism is the same in both classes of porous
media and due to simplicity of the required experimental apparatus, we decided to

conduct our erosion experiments using unconsolidated test specimens.

4.2 Experimental set-up

Inspired by the experimental works explained in the literature review chapter, an
apparatus was designed and set up to conduct erosion tests in unconsolidated
porous media. Schematic and photograph of this apparatus are shown in
Figure 4-1 and Figure 4-2 respectively. The main reason for conducting the erosion

tests was that we couldn’t find sufficient data in the literature about the mass of
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the eroded particles and its wvariation with time, fluid velocity and grain size

distribution.

The apparatus consists of a clear PVC cylinder 30 cm high with inner diameter
(ID) of 15.24 cm (6 inches). A permeable gravel layer (aquarium gravel, 0.5-1 cm in
average diameter) was placed at the bottom of the tube. The purpose of this layer,
which was approximately 7 cm thick, was to slow down and distribute the
incoming fluid flow across the cross section of the test specimen. The test
specimen, which was 16 cm high, was placed on top of the gravel layer. The gravel
layer and the test specimen were separated by an ASTM standard sieve #200
(with 0.074 mm opening diameter). A disk of filter paper with high permeability
was placed on the wire mesh to prevent finer sand and silt particles from falling
into the gravel layer. The inner diameter of the inflow line was 1 cm. Six outflow
ports (each having 0.8 cm ID) directed the fluid and eroded particles out of the
cylinder. The outflow ports were drilled at the same height and were 60° apart
from each other around the periphery of the cylinder. Outflow ports were
positioned at the top surface of the test specimen (see Figure 4-3) to facilitate the
discharge of eroded particles and reduce the potential settlement of the particles

due to the low vertical fluid velocity.
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Figure 4-1: Schematic of the experimental set-up (not to scale)
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Figure 4-2: Photograph of the experimental apparatus

The outflow lines directed the fluid and eroded particles to a water tank where

samples were taken for turbidity measurements.

Hydraulic gradient was generated in the test specimens by using an upper water
reservoir which was placed on a metal frame. The height of this metal frame could
be varied and, in this way, different hydraulic gradients were applied to test
specimens. Tap water was continuously flowed to the upper reservoir. To keep the
water level constant in the upper reservoir, an overflow pipe with an ID of 3.8 cm
was placed at the center of the reservoir. The excess water in the upper reservoir

was discharged through the overflow pipe into a lower reservoir.
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Figure 4-3: Position of outflow ports with relation to the test specimen

4.2.1 Data Acquisition

Fluid pressure, fluid flow rate and turbidity of the effluent were the main
parameters recorded during each test. A manual portable turbidimeter (HF
Scientific, Model DRT-15CE; see Figure 4-4) was used to measure the turbidity.
Turbidimeters are used to measure the concentration of suspended particles in
fluids. These devices employ a light source that shines a beam of light through the
liguid sample contained in a wvial. A light detector, which is usually placed at 90°
to the light source, detects the light reflected by the suspended particles. The
amount of light received by the light detector is used as a measure of solid
concentration in the fluid. Turbidity is wusually measured in Nephelometric

Turbidity Units (NTU).

Since turbidimeters are sensitive to the shape, color and reflection properties of
the suspended particles, it is necessary to calibrate the device for different types of

materials separately to find the conversion factor from NTU to concentration.
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Calibration of the turbidimeter for a specific material is done by creating solutions
of known concentration values (by diluting a certain mass of the specific material
in a certain volume of water). Then turbidity of these solutions is measured and
corresponding values of turbidity and concentration are plotted against each

other. The slope of such a line is the conversion factor for that type of material.

For the type of material used in our experiments, the calibration curve is shown in
Figure 4-5. This calibration plot corresponds to the silt component used in the
preparation of artificial test specimens. To calculate solid concentration from

turbidity values, we used the conversion factor of 0.0022 kg/m3/NTU.

SR . SRR

Figure 4-4: Portable turbidimeter used in the experiments. Picture from manufacturer’s website
(http://www.hfscientific.com)
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Figure 4-5: Calibration curve for the turbidity meter used in the experiments

The turbidimeter used in our experiments had three measuring ranges of 0-10
NTU with +1% accuracy, 0-100 NTU with +5% accuracy and 0-1000 NTU with
+10% accuracy. Repeatability of the device was +£1% of full scale for all measuring

ranges.

To accurately measure the inflow fluid pressure, a pressure transducer
(Omegadyne, Model PX309) was installed right under the wire mesh separating
the gravel layer from the test specimen. The transducer had an operating range of
0-5 psig with +0.25% of full scale accuracy. This device was calibrated using the
data sheet provided by the manufacturer. To determine the pressure loss across
the wire mesh and filter paper, which were placed under the test specimen, a test
was conducted without having any specimen in the cylinder. The recorded

pressure drop was negligible even for high flow rates.

Fluid flow rate was measured using an inline turbine flow meter (Omega, Model
FTB-421). This device was installed on the water injection line into the specimen.
The flow meter had an operating range of 0.1-2.5 lit/min with +3% accuracy and
+0.5% repeatability for the full scale. This device was also calibrated using the

data sheet provided by the manufacturer.
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The pressure transducer and the flow meter were hooked up to a data acquisition
device (National Instruments, Model USB-6009). Data from these devices were

monitored and recorded through LabView SignalExpress software.

During each test, samples were collected from the outflow stream in certain
intervals and their turbidity was determined in NTU. Then, the flow rate obtained
from the flow meter and the conversion factor obtained from the turbidimeter
calibration process were used to calculate the mass of the eroded particles for that

time interval.

4.3 Test specimen preparation

Artificial samples used in our experiments were made by mixing different
proportions of coarse sand, fine sand and silt. The corresponding grain size
distribution (GSD) of each of these components is shown in Figure 4-6. In this
figure, GSD of coarse and fine sands were obtained by routine sieve analysis and
the GSD of the silt sample was obtained by the Hydrometer test following the
procedure suggested in ASTM D422 Standard. Coarse and fine sand components
had a density of 2650 kg/m3 and the silt component had a density of 1950 kg/m3.
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Figure 4-6: Grain size distribution of coarse sand, fine sand and silt, used to make artificial samples
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Three different GSD’s are designed to study the effect of GSD on the internal
erosion behaviour of artificial sand pack samples. The properties of these grain
size distributions are shown in Table 4-1. These GSD’s were designed in a way to
result a wide range for the coefficient of uniformity (from well-graded to poorly-
graded samples). For the sake of brevity, these grain size distributions are

referred to as GSD1, GSD2 and GSD3 throughout this chapter.

Table 4-1: Properties of the three GSD’s used in the erosion experiments

In Table 4-1, d; is the average pore throat diameter and is obtained using the

following formula (Uno et al. 1996):
d; ==——D,, (4-1)

In Eq. (4-1), ¢@is the porosity of the sand pack and D,, is the mean diameter of the

particles calculated using the formula below:

D, =

1
—AC. 4-2
5 % (4-2)

i
To use this method, the GSD of the material is usually divided into certain
intervals. In Eq. (4-2), D; is the average grain diameter for each interval and AS; is
the percentage by mass of the GSD in that interval. Further detail regarding this
method can be found in Uno et al. (1996). As evident in Table 4-1, the percentage
of coarse sand component is kept constant for all GSD’ and only the percentage of

fine sand and silt components are varied. The corresponding grain size

distributions for GSD1, GSD2 and GSD3 are shown in Figure 4-7.
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Figure 4-7: Grain size distribution of artificial test materials
Equivalent grain density for each GSD is calculated using the following formula:

| Meg My Mg Mg+ mgg +my
Poea =V A Ve 1, Moy, Tys 1] (4-3)
Pcs pfs Ps

In Eq. (4-3),m¢5, mys and m, are the mass of coarse sand, fine sand and silt, V,
Vss and V; are the volume of coarse sand, fine sand and silt and pg, prs and ps are
the density of coarse sand, fine sand and silt, respectively. For each GSD, we know
the mass (Table 4-1) and density of each component and by using Eq. (4-3), the
equivalent grain density is calculated for each GSD. All samples were given an
initial porosity of 40%. Table 4-2 summarizes these data along with some other
properties of the GSD’s used in the experiments. In this table, mass of the
specimens was obtained based on the calculated density [Eq. (4-3)] and an initial
porosity of 40%. As mentioned earlier, all tests specimens had a diameter of 15.24

cm and a height of 16 cm.
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Table 4-2: Properties of the test specimens used in the erosion experiments
40 40 40

2514 2558 2603

4.40 450 4.55
274 5.2 3
9.1 1.8 1.1

In Table 4-2, C, is coefficient of uniformity and C. is coefficient of curvature and

are defined in the following equations.

c. ==20 (4-9)
“ Dy
2
- Dio (4-5)
Dego X Dy

In Eq. (4-4) and (4-5), D¢, is a mesh opening that allows 60% of the material to
pass through. Similar definitions apply to D;, andD3y. C,andC. are among very
popular parameters in geotechnical engineering used to characterize a grain size
distribution curve. These values in Table 4-2 were -calculated using the data

presented in Figure 4-7.

4.4 Test specimen packing method

Sand pack samples were prepared following the moist tamping procedure
suggested by Ladd (1978). In this procedure, the sample is placed in several layers
using the undercompaction technique. This method i1s employed to avoid over
compaction of bottom layers while the upper layers are being compacted. The
method prevents particle segregation and results in uniform and consistent test
specimens with a uniform density along the height of the sample. To achieve this

purpose, the layers at bottom are compacted to a lower density compared to layers
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at top. The percent of undercompaction, U,, for each layer is computed using the

following formula:

(Uni - Unt)

=1 X(n-1) (4-6)

Up =Up —
In Eq. (4-6), U, is the degree of undercompaction for the ntt layer, U,; is the degree
of undercompaction for the first layer, U,; is the degree of undercompaction for the
last layer and n, is the total number of layers. U,; can vary between 0% for very
dense specimens and 15% for very loose specimens and U,;is usually set to zero.
The height of the sample at the end of nt layer, h,, is calculated using the

following formula:

hy Un
h =—[ -1 +(1+—)] (4-7)
n=n D 100
In Eq. (4-7), h, is the height of sample at the end of ntt layer and h, is the total
height of the test specimen.

In our experiments, U,; was selected to be 7.5%. Test specimens had a height of 16
cm and a diameter of 15.24 cm and were placed in seven layers. In the compaction
method suggested by Ladd (1978), the degree of initial saturation was
recommended to vary from 20% to 70%. An initial saturation of 40% was used for
our tests. Because of different average grain density for different GSD’s in our
experiments, the dry mass was calculated for an initial porosity of 40% for all tests
(Table 4-2). For each test specimen, the dry mass of each component (coarse sand,
fine sand and silt) was calculated based on the data from Table 4-1 and Table 4-2.
Then the dry components were added to each other and were well mixed. Next, the
required mass of water (based on data from Table 4-2 and an initial saturation of
40%) was added to the dry mix and well mixed to achieve a uniform saturation in
the sample. Then, the test specimen was placed in the test cylinder according to
the procedure explained above. A flat bottom tamper was used to apply tamping

and flatten each layer after placement.
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Before starting the tests, all the flow lines were filled and all air bubbles were
driven out. Also, the gravel layer at the bottom of the cylinder was fully saturated.
The filter paper was also soaked before being placed on the wire mesh which
separated the gravel layer and test specimen. Also, as shown in Figure 4-1, during
the tests, the injected water was drained from the bottom of upper reservoir to

exclude the possibility of trapped air bubbles being injected into the test specimen.

4.4.1 Sample saturation

Before applying the hydraulic gradient, the samples were saturated at a constant
fluid flow rate. While saturating, it is important to avoid any disturbance to the
pore structure of the samples. Also, the saturation flow rate had to be selected in a
way to lower the possibility of fluid fingering and channeling to ensure a uniform
saturation across the cross section and height of the sample. Given these
requirements and using the experience obtained from several trial tests, the

saturation flow rate was selected to be about 20 cc/min.

4.5 Testing plan

The internal erosion tests were carried out according to the plan in Table 4-3.
Before carrying out the main tests, a multitude of trial tests were carried out for
tuning the apparatus and -calibrating the devices used in the experiments. Also,
the trial tests results were used to select the initial saturation, saturation flow

rate, and hydraulic gradients.

Table 4-3: Testing plan

I2 13 Iz 13 12 I3 12 12

- 1’1

- GSD1 GSD1 GSD1 GSD2 GSD2 GSD3 GSD3 GSD1 GSD2

The values of hydraulic gradients 1;, 1z and i3 were selected to be 0.30, 0.50 and
0.70 respectively. Higher hydraulic gradients were not used to avoid the risk of
piping and sample fluidization. Hydraulic gradient i; was only used with GSD1
due to its high permeability and was not applied to GSD2 and GSD3 because it
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wouldn’t generate considerable flow rates and erosion, within the time frame of

the experiments (please refer to test results).

Test repeatability is part of any experimental investigation to ensure reliability of
the apparatus and consistency of the testing procedures. In this work, test
repeatability was examined for GSD1 and GSD2 at a hydraulic gradient of 0.7. As
shown in Table 4-3, Test #8 was a repetition of Test #2 and Test #9 was a

repetition of Test #4.

4.5.1 Trial tests

A series of erosion tests was conducted on the fine sand component (Figure 4-6)
and the result is shown in Figure 4-8. This figure shows the recorded fluid velocity
as a function of applied hydraulic gradient. The tests were carried out for six
different hydraulic gradients ranging from 0.17 up to 0.78. No particle erosion was
observed for any of the tests. The solid line in this figure shows the best linear fit
(which is obtained using method of least squares) the slope of which is the
hydraulic conductivity of the material. The hydraulic conductivity of this material
was estimated to be around 0.6 mm/sec which is equivalent to 62 Darcy. Due to
piping and fluidization, no gradients above 0.78 were applied to the test
specimens. The maximum flow rate in this test (corresponding to gradient of 0.78)
was 0.53 lit/min and the minimum grain size in the sand pack was about 100
microns. Therefore, it was concluded that the sand particles would not be
mobilized even for the highest applied gradient. In this way, it was ensured that
there was no possibility for the occurrence of surface erosion and that internal
erosion remained the dominant form of erosion in the main experiments. Based on
these results, it was decided to use 0.70 as the maximum value of the applied

hydraulic gradients in the main tests to avoid the possibility of fluidization.
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Figure 4-8: Fluid velocity vs. hydraulic gradient for fine sand component

Another series of trial tests were conducted to determine the critical hydraulic
gradient required to initiate particle erosion. In these tests, particle erosion was
observed for hydraulic gradients as low as 0.05. Having this observation and
knowing that our test specimens (Figure 4-7) have between 1.5% to 5% clay
content (particles with a diameter of 2 microns or smaller), it seemed reasonable

to assume that particle erosion will happen for any non-zero hydraulic gradient.

4.6 Results of main erosion tests

The erosion tests were carried out according to the testing plan discussed in the
previous section. As mentioned before, two of the tests were repeated to verify the
accuracy of the measurements and consistency of sample making and test
execution. In this section, first, the results of test repeatability examination are
discussed. Next, the results of the main experiments (Tests #1 to #7) are

presented.

4.6.1 Test repeatability

Test repeatability was examined for GSD1 and GSD2 at a hydraulic gradient of
0.7. For these tests, all the material and test parameters were the same. The

eroded mass and permeability for each GSD are compared and the results are
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presented in Figure 4-9 to Figure 4-12. In these figures, the legend shows the GSD

number, the applied hydraulic gradient and the test number, respectively.
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Figure 4-9: Test repeatability for GSD1 at hydraulic gradient of 0.7, comparison of eroded mass
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Figure 4-10: Test repeatability for GSD1 at hydraulic gradient of 0.7, comparison of permeability
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Figure 4-11: Test repeatability for GSD2 at hydraulic gradient of 0.7, comparison of eroded mass
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Figure 4-12: Test repeatability for GSD2 at hydraulic gradient of 0.7, comparison of permeability

Figure 4-9 through Figure 4-12 indicate reasonable agreement between the eroded
mass and permeability for the repeated tests. Also, the numeric values of total
eroded mass, initial and final permeability are compared for these tests in

Table 4-4 and Table 4-5.
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Table 4-4: Comparison of repeatability tests for GSD1

24.9

For GSD1, the percentage differences for total eroded mass, initial permeability
and final permeability between the repeated tests are 5.5%, 2.8% and 12.7%,

respectively.

Table 4-5: Comparison of repeatability tests for GSD2

19.3

The percentage differences for total eroded mass, initial permeability and final
permeability for GSD2 tests are 18.2%, 7% and 11.1%, respectively. The
percentage difference between the values was calculated as the ratio of their
absolute difference divided by their arithmetic mean. These differences in the test
results can be attributed to inevitable differences in the pore structure of the test

specimens.

4.6.2 Test results

In the section, the experimental results corresponding to Test #1 to Test #7 are
presented. First, the erosion test results for different GSD’s at the same hydraulic
gradient are compared. Next, the experimental results for each GSD at different
hydraulic gradients are presented. We would stop the experiment if the test
specimen didn’t show significant erosion for an extended period of time. That is

why some of the tests have a shorter duration compared to others.
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4.6.2.1 Different GSD’s and same hydraulic gradient

Comparison of eroded mass and permeability for all GSD’s at the gradient of 0.5 is

shown in Figure 4-13 and Figure 4-14, respectively.
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Figure 4-13: Comparison of eroded mass for all GSD’s at hydraulic gradient of 0.5
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Figure 4-14: Comparison of permeability for all GSD’s at hydraulic gradient of 0.5
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Comparison of eroded mass and permeability for all GSD’s at the gradient of 0.7 is
shown in Figure 4-15 and Figure 4-16, respectively. In these figures, for a better

comparison, data related to GSD1 test are cut off after 3.3 hours
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Figure 4-15: Comparison of eroded mass for all GSD’s at hydraulic gradient of 0.7
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Figure 4-16: Comparison of permeability for all GSD’s at hydraulic gradient of 0.7
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4.6.2.2 Same GSD and different hydraulic gradients

Comparison of eroded mass and permeability for GSD1 at 3 different gradients
(0.3, 0.5 and 0.7) are shown in Figure 4-17 through Figure 4-19, respectively. Since
there 1s a high difference between the eroded mass for different hydraulic
gradients, erosion test results related to GSD1 are displayed in two separate
figures. As, expected, for the same GSD, a higher hydraulic gradient causes higher

erosion.

The tests exhibit stress dependent permeability, i.e., higher pore pressure results
in higher permeability and vice versa (Figure 4-19). This behavior is expected
since the test specimens are not confined. Higher pores pressures push the grains
away and cause permeability to increase. The stress dependent permeability is
more pronounced initially but as the erosion process continues, the differences
decrease. In case of the test conducted at the gradient of 0.3, the test was stopped

after 1.6 hours since no appreciable erosion was observed.
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Figure 4-17: Comparison of eroded mass for GSD1 at hydraulic gradients of 0.3 and 0.5
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Figure 4-18: Eroded mass for GSD1 at hydraulic gradient of 0.7
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Figure 4-19: Comparison of permeability for GSD1 at different hydraulic gradients.

Comparison of eroded mass and permeability for GSD2 at two different gradients
(0.5 and 0.7) is shown in Figure 4-20 and Figure 4-21 respectively. Similar to
GSD1, higher gradient resulted in higher erosion. Further, stress dependent

permeability was observed (although the permeability values were almost similar
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at the beginning of the tests). Same plots for GSD3 are shown in Figure 4-22 and
Figure 4-23.
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Figure 4-20: Comparison of eroded mass for GSD2 at different hydraulic gradients.
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Figure 4-21: Comparison of permeability for GSD2 at different hydraulic gradients

7



Eroded mass, gr

0 0.5 1 1.5 2 2.5 3 3.5
Time, hr

Figure 4-22: Comparison of eroded mass for GSD3 at different hydraulic gradients.

14 -

——i=0.7
12

[
o

Permeability, Darcy

O T T T T T T 1
0 0.5 1 1.5 2 2.5 3 3.5
Time, hr

Figure 4-23: Comparison of permeability for GSD3 at different hydraulic gradients

4.7 Discussion

We conducted a series of internal erosion tests on three different grain size
distributions (Figure 4-7) at different hydraulic gradients. The purpose of our
experimental program was to obtain the required data to calibrate the constitutive
law that we have proposed for the description of internal erosion in porous media

(Chapter 5).
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We designed and built an experimental apparatus to conduct the internal erosion
tests. We wused unconsolidated test specimens which were prepared by mixing
different proportions of coarse sand, fine sand and silt. The grain size distributions
of the test specimens were designed to resemble typical hydrocarbon-bearing
formations. The coefficient of uniformity, C,,, for test specimens cover a wide range
(Table 4-2), allowing us to observe the effect of this parameter on the internal

erosion behaviour.

Referring to Table 4-1, it is observed that higher silt content results in lower
average pore throat diameter. This is consistent with our expectations as smaller
particles fill in the space created by larger particles and that will reduce the
average pore throat size. Also, we observe that higher silt content increases the
coefficients of uniformity and curvature (Table 4-2) which is again consistent with

expectations.

Our test results show consistent trends. We get more erosion from poorly graded
(with high coefficients of uniformity) GSD’s (GSD1) compared to well-graded sand
packs (GSD3). In poorly graded assemblies of particles, the difference between the
smallest and the largest particles is usually a few orders of magnitude. This
enables the smaller particles to migrate through the pore network formed by the
larger particles. On the other hand, in well-graded grain size distributions, the
average pore throat diameter is smaller than the majority of the particles and

hence, the possibility of internal erosion is reduced significantly.

Also, the eroded mass is consistently higher for higher hydraulic gradients. This is
also another expected result since higher hydraulic gradients result in higher fluid
velocities and, consequently, stronger drag forces. When it comes to internal
erosion, drag force of the flowing fluid plays a major role in particle mobilization

and erosion.

In some of our tests, plots of eroded mass vs. time show periods of stabilization
and destabilization. Stabilization periods can be attributed to formation of particle
bridges in front of pore openings. These particle bridges limit the available cross
section for particle flow and hence lower the internal erosion rate. This effect

appears as plateaus in eroded mass vs. time curves for these tests. These bridge
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structures formed by particles of various sizes may not remain stable and
breakdown after sometime resulting in sudden release of trapped particles. This
sudden jump in the number of eroded particles shows itself as a considerable

increase in internal erosion rate for such tests.

Our tests exhibit stress dependent permeability behaviour. Higher hydraulic
gradients increase pore pressure and as a result, reduce the effective stress within
the sand pack. Since the test specimens are not confined in our experiments,
higher pore pressure pushes the grains away from each other which results to an
increase in permeability. Such behaviour for unconsolidated porous media has

been reported by other researchers as well (e.g. Skempton and Brogan, 1994).

Another observation that we have from the experimental results is that the eroded
mass shows a decaying trend with time. In other words, the rate of internal
erosion decreases with time for all grain size distributions and all hydraulic
gradients. This behaviour can be attributed to a process known as “pore clogging”.
Pore clogging happens when some of the mobilized particles are trapped behind
pore throats that are smaller than their diameters (particle entrapment). Pore
clogging 1s a well-known cause of diminishing erosion rates in the internal erosion
process. This important characteristic behavior of internal erosion forms the
foundation of the constitutive law that we have offered for this phenomenon

(Chapter 5).

4.8 Nomenclature

C. Coefficient of curvature
Cy Coefficient of uniformity
dg Average pore throat diameter

Dy, The diameter through which 10% of the material can pass
D3 The diameter through which 30% of the material can pass

Do The diameter through which 60% of the material can pass
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o~

AS;

pC.S‘

pfs

Ps

Ps.eq

Average diameter of ith interval of grain size distribution
Average diameter of the assembly of particles

Height of the test specimen at the end of nth layer

Total height of the test specimen

Mass of coarse sand

Mass of fine sand

Mass of silt

Total number of layers

Percentage of undercompaction for nth layer

Percentage of undercompaction for the first layer
Percentage of undercompaction for the last layer
Volume of coarse sand

Volume of fine sand

Volume of silt

Ratio of mass of ith interval of grain size distribution to total mass
Density of coarse sand

Density of fine sand

Density of silt

Equivalent solid density
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Chapter 5

Modeling Internal Erosion in Porous
Media as an Exponential Decay

Phenomenon

5.1 Introduction

In Chapter 3, a mathematical model for predicting the rate of internal erosion was
presented based on dimensional analysis approach. Working on the model in
Chapter 3 was a preliminary step towards the development of a more
encompassing erosion model which takes into account the physics of the erosion
process. In this chapter, we try to model the internal erosion in porous media as
an exponential decay phenomenon. The experimental data from Chapters 3 and 4

are used to show the validity of this idea.

5.2 Mathematical modeling

An important observation from the erosion tests presented in Chapters 3 and 4 is
that the eroded mass shows a decaying trend with time. In other words, the rate of
internal erosion decreases with time for all grain size distributions and all

hydraulic gradients. This important characteristic of internal erosion forms the
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foundation in the development of the constitutive law that we present in this

chapter.

It 1s assumed here that the internal erosion process can be modeled as an
exponential decay phenomenon. Contrary to the approach we took in Chapter 3,
instead of modeling the rate of eroded solids, we model the rate of decay of the
initial erodible mass in the material. During erosion, the porosity of the material
increases from an initial value of ¢, to the final (maximum) value of ;. The
characteristic property of an exponential decay phenomenon is that the rate of
decay of the decaying quantity is proportional to its current value. Therefore, the
governing equation for the internal erosion process based on exponential decay

assumption can be written as follows:

= —dm, = =2 ps(oy — ) (5-1)

where m, is the remaining erodible mass per unit volume, 1 is decay coefficient (or

erosion coefficient) with the dimension of inverse of time, p; is solid density and ¢
is the porosity of the medium. The initial erodible mass per unit volume,m,,, can

be calculated using the following equation:

My = ps(@f — @o) (5-2)

In internal erosion, the law of conservation of mass for the solid phase can be

simplified into the following form:

dop 1dm,,

- (5-3)
dt ps dt

dmey

In Eq. (5-3), m,, is the mass of the eroded solids per unit volume and ”

represents the mass generation term and expresses solid erosion rate per unit
volume. Using Eq. (5-3) and knowing that the rate of decay is negative of rate of

erosion, we have:
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dm, __ dm,, _ do (5-4)

dt ac P

By combining the Eq. (5-1) and Eq. (5-4), we arrive at the governing equation of

the internal erosion process:

do .
E = A(q)f - (p) (5-5)

By rearranging Eq. (5-5) and integrating we have:

Y d t
Y | ar (5-6)
Po (QOf - §0) to

In Eq. (5-6), ¢, and t, are the initial porosity and starting time of the erosion
process respectively. By integrating and rearranging, we arrive at the following

equation for the variation of porosity with time.

@ =¢r — [(@f — @p)e Ht7t)] (5-7)

Using Eq. (5-3), the rate of eroded mass per unit volume can be calculated using

the following equation:

dme, do A= ]
g " Psgr = Ps Mes — @) HMEmt) (5-8)

By integrating the equation above from the starting time of erosion t, to an
arbitrary time ¢ we arrive at the following relationship for the calculation of total

eroded mass as a function of time:

Meyr = ps((pf - (pO)(l - e_/l(t_t())) (5-9)

We can see from Eq. (5-9) that at a sufficiently long time, the eroded mass will be

equal to the initial erodible mass given in Eq. (5-2).
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5.3 Determining model parameters

We propose that internal erosion 1is an exponential decay phenomenon.
Experimental data given in Chapters 3 and 4 are used to show the validity of this
idea. The proposed relationship for the variation of the eroded mass with time,
which is shown in Eq. (5-9), has two model parameters, namely, the final value of

porosity ¢y and the decay coefficient A. The first step in showing the validity of the

model is to determine the model parameters ¢, and 1.

We use the following equation to estimate the value of ¢, for each experiment:

my = ps(@r — @0) (5-10)

In Eq. (5-10), m; is the final eroded mass per unit volume which is estimated using
experimental data. For each experiment, value of m; is estimated when the eroded
mass reaches a plateau at the end of the experiment (with the exception of Test 2
of grain size distribution #2). Except @f, all other parameters in Eq. (5-10) can be
obtained from experimental data. Therefore, the value of ¢ can be easily
calculated using this equation.

If we rearrange Eq. (5-7) and take the natural log of both sides of the equation, we

arrive at:

Ln(er — @) = Ln(fpf - (po) — A(t —ty) (5-11)

Therefore, if we plot Ln(p; —¢) versus (t —ty), the is A. In Eq. (5-11), we use the
values of ¢ calculated using Eq. (5-10). Values of ¢ in Eq. (5-11) are calculated

from experimental data following the same procedure for the calculation of ¢y.

5.4 Applying the model to constant velocity erosion tests

A series of constant velocity erosion tests were used in Chapter 3 to develop a
constitutive model for internal erosion based on the dimensional analysis
approach. In this section, the same tests are used to examine the validity of the

proposed erosion law based on the exponential decay formulation. Figure 5-1
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shows the results of these tests (Strepi 2003). This figure shows the eroded mass
vs. time for five different hydraulic gradients. In Figure 5-1, i is the hydraulic

gradient applied on the test specimens.
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Figure 5-1: Eroded mass vs. time for constant velocity erosion tests, (Sterpi 2003)

Table 5-1 shows the properties of the tests specimens used in Sterpi (2003)

experiments which are necessary for model calibration.

Table 5-1: Parameters of the erosion experiments in Sterpi (2003)

0.07

0.14
33.8

2720

The value of ¢; for each test in Figure 5-1 is calculated using Eq. (5-10). Then Eq.

(5-11) is wused to calculate values of 1 for all the tests using the procedure
explained above. The following figures show the plots of Ln(¢;—¢) versus(t—ty)
for all the tests in Figure 5-1. In these figures, the value of t,, which is the starting

time of erosion, is set to zero. For these tests (Figure 5-1), values of A1 are selected

87



to be the slope the linear fit. For all the plots in this chapter, linear regression

lines are obtained using the method of least squares.
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Figure 5-2: Calibration of 4 for Test 1 (;=0.18
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Figure 5-3: Calibration of 4 for Test 2 (;=0.59)
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Figure 5-4: Calibration of 4 for Test 3 (=0.55)
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Figure 5-5: Calibration of 4 for Test 4 (=0.60)

89




4 - Ln(p @) =-0.18 (t-ty)-4.12
R2=0.99
¥
S 45 -
S 5
c
—
-5 -
'5.5 T T T T T 1
0 1 2 3 4 5 6
(t'to) ’ hr

Figure 5-6: Calibration of 4 for Test 5 (=0. 75)

Table 5-2 summarizes the calibration parameters for the constant velocity tests
(Sterpi, 2003).

Table 5-2: Summary of calibration parameters for constant velocity tests

- 0.18 33.89  0.04
- 0.39 3422  0.08
- 0.55 3455  0.11
- 0.60 3474  0.12
- 0.75 35.46  0.18

The following figures show the reproduction of experimental data with the
calibrated model. Comparison between the model values and experimental data
for all the constant velocity tests (Figure 5-1) are shown in Figure 57 to
Figure 5-11. In these figures, the model values have been computed using Eq. (5-9)

and the calibrated values of ¢ and 4 given in Table 5-2. Also in these figures, t,

is set to zero.
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Figure 5-7: Comparison between model and experiment, Test 1
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Figure 5-8: Comparison between model and experiment, Test 2
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Figure 5-9: Comparison between model and experiment, Test 3
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Figure 5-10: Comparison between model and experiment, Test 4
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Figure 5-11: Comparison between model and experiment, Test 5

It is observed that, once values of ¢ and A1 are known, experimental and

calculated values of eroded mass show a very good agreement for all the Sterpi

(2003) tests.

5.5 Applying the model to variable velocity tests

In this section, we follow the same procedure as the previous section in order to
calibrate the exponential decay erosion model parameters using the variable
velocity erosion tests. We conducted the variable velocity erosion tests on three
different grain size distributions. In these tests, specimens were unconsolidated
and had a diameter of 15.24 cm and a height of 16 cm. More detail on sample
preparation and testing procedure is presented in Chapter 4. Table 5-3 presents a

summary of the properties of these three GSD’s required for the model calibration.

Table 5-3: Properties of the test specimens used in variable velocity erosion experiments

0.152 0.152 0.152

0.16 0.16 0.16
40 40 40

2514 2558 2603
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Results of the erosion tests, calibration process and comparison between
experimental and calculated values of eroded mass for all three GSD’s are

presented below.

5.5.1 Grain size distribution #1 (GSD1)

Figure 5-12 shows the result of erosion tests conducted on specimens of GSD1.

[any
o
)

] ——Test 3:i=0.7

. ——Test 2:i=0.5
—®—Test 1:i=0.3

Eroded mass, gr
O B N W M U1 O N 0 O

Time, hr

Figure 5-12: Eroded mass vs. time for GSD1

The value of ¢ for each test in Figure 5-12 was calculated using Eq. (5-10). Then
Eq. (5-11) was used to calibrate values of A1 for all the tests using the procedure
explained above. The following figures show the plots of Ln(¢;—¢) versus (t—ty)
for all the tests in Figure 5-12. For these tests, parameter A was calibrated from

the slope the linear fit.
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Figure 5-13: Calibration of A for Test 1 (;=0.80), GSD1
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Figure 5-14: Calibration of A for Test 2 (i=0.50), GSD1
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Figure 5-15: Calibration of A for Test 3 (i=0. 70), GSD1

Table below shows a summary of the calibration process for GSD1 tests.

Table 5-4: Summary of calibration parameters for GSD1 tests

0.30 40.0053 3.35

- 0.50 40.0542 1.65
- 0.70 40.5158 0.66

Comparison between the model calculations and experimental data for all GSD1

tests are shown in Figure 5-16 to Figure 5-18. In these figures, the model values
have been calculated using Eq. (5-9) and the calibrated values of @f and A given in

Table 5-4. Also in these figures, t, is set to zero.
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Figure 5-16: Comparison between model and experiment, Test 1, GSD1
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Figure 5-17: Comparison between model and experiment, Test 2, GSD1
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Figure 5-18: Comparison between model and experiment, Test 3, GSD1

5.5.2 Grain size distribution #2 (GSD2)

Figure 5-19 shows the result of wvariable velocity erosion tests conducted on
specimens of GSD2. For this grain size distribution, Test 2 was terminated

prematurely. The value of ¢y for this test (with gradient of 0.7) was calculated
using the maximum value of eroded mass at the end of the test.

The value of ¢ for each test in Figure 5-19 is calculated using Eq. (5-10). Next,
Eq. (5-11) is used to calculate values of 1 for all the tests using the procedure
explained for previous tests. The following figures show the plots of Ln(¢s— @)
versus (t —ty) for GSD2 tests in Figure 5-19. For these tests, values of A1 are

selected to be the slope the linear fit. Also in these figures, t, is set to zero.
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Figure 5-19: Eroded mass vs. time for GSD2
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Figure 5-20: Calibration of A for Test 1 (i=0.50), GSD2
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Figure 5-21: Calibration of A for Test 2 (i=0. 70), GSD2

Table below shows a summary of the calibration process for GSD2 tests.

Table 5-5: Summary of calibration parameters for GSD2 tests

0.50 40.0321 0.96

- 0.70 40.1888 0.58

Comparison between the model values and experimental data for GSD2 tests are

shown in Figure 5-22 and Figure 5-23. In these figures, the model values have
¢ and A given In

been computed using Eq. (5-9) and the calibrated values of

Table 5-5. Also in these figures, t, is set to zero.
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Figure 5-22: Comparison between model and experiment, Test 1, GSD2
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Figure 5-23: Comparison between model and experiment, Test 2, GSD2
5.5.3 Grain size distribution #3 (GSD3)

Figure 5-24 shows the result of variable velocity erosion tests conducted on

specimens of GSD3.
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Figure 5-24: Eroded mass vs. time for GSD3

The value of ¢ for each test in Figure 5-24 was calculated using Eq. (5-10). Then
Eq. (5-11) was used to calculate values of A for all the tests using the procedure
explained before. The following figures show the plots of Ln(¢;— @) versus (t—ty)
for GSD3 tests (Figure 5-24). For these tests, values of A were obtained from the

slope the linear fit. In these figures, ¢, is set to zero.

8 1 Ln(g-p)=-2.41 (t-t,)-9.29
R2=0.92

Ln(er-¢)

(t'to) ) hl’

Figure 5-25: Calibration of A for Test 1 (;=0.50), GSD3
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Figure 5-26: Calibration of A for Test 2 (i=0. 70), GSD3

Table below shows a summary of the calibration process for GSD3 tests.

Table 5-6: Summary of calibration parameters for GSD3 tests

0.50 40.0118 241

- 0.70 40.0535 1.77

Comparison between the model values and experimental data for both GSD3 tests

are shown in Figure 5-27 and Figure 5-28. In these figures, the model values have
been computed using Eq. (5-9) and the calibrated values of ¢; and 1 given in
Table 5-6.
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Figure 5-28: Comparison between model and experiment, Test 2, GSD3

It should be noted that quality of match between experimental and calculated
values of eroded mass depends not only on the final value of porosity, ¢, but also
on the fact that how representative the calibrated decay coefficient, A, is of the
whole erosion process. For example, in Figure 5-13, we see that the calibrated

value of A for the whole test duration is smaller than the value we would get for
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the initial pointes (up to 0.4 hours). The same trend is observed in Figure 5-20 and
Figure 5-26. Therefore, for these tests, the calculated eroded mass using the model
is smaller than the experimental data at the beginning of the tests. We observe
the opposite of this trend in Figure 5-15. In this figure, the calibrated value of A
for the whole test duration is higher than the value we would get for the pointes
up to 3.7 hours. That is why we observe higher calculated eroded mass compared

to experimental values for most of the points of this test (Figure 5-18).

Similar to constant velocity tests, it is observed that once we have the values of ¢,
and A1, experimental and calculated wvalues of eroded mass show a reasonable

agreement for all variable velocity tests.

5.6 Discussion and concluding remarks

Based on the observations from available experimental data on internal erosion,
we developed a constitutive law to model internal erosion as an exponential decay
phenomenon. The proposed constitutive law was calibrated using 12 different tests
and four different grain size distributions. In all cases, the comparison between
calculated and experimental values of eroded mass show a relatively good
agreement. The results of this analysis show that, indeed, erodible mass within

the test specimens decays exponentially with time.

The constitutive law for erosion which we propose based on exponential decay
formulations has two calibration parameters. These parameters are the final
value of porosity, ¢, and the decay coefficient (or erosion coefficient), 1. In order to
use this model as a predictive tool, one needs to develop relations for ¢yand1 as
functions of independent experimental and material parameters such as hydraulic
gradient (fluid velocity), hydraulic conductivity (permeability) and parameters
representing the particle size distribution. We have used the dimensional analysis
approach (similar to the procedure used in Chapter 3) to develop such
relationships for the estimation of these parameters. The results are presented in

the next chapter.
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5.7 Nomenclature

i Hydraulic gradient

Mgy Eroded mass per unit volume

me Final value of eroded mass per unit volume

m, Remaining mass of erodible particles per unit volume
My Initial mass of erodible particles per unit volume
t Time

to Starting time of erosion

A Decay coefficient (Erosion coefficient)

Ps Grain density

1) Porosity

®o Initial porosity

©r Final porosity

5.8 References

Sterpi, D., 2003. Effect of the erosion and transport of fine particles due to seepage
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Chapter 6

Developing Relationships for the
Prediction of ¢ and 4 Using

Dimensional Analysis Technique

6.1 Introduction

In Chapter 5, we developed a constitutive law to model internal erosion as an
exponential decay phenomenon. This model predicts the eroded mass per unit

volume using the following relationship:

Mer = ps(9f — @) (1 — e72700)) (61

This constitutive law has two calibration parameters. These parameters are the
final value of porosity, ¢ and the decay coefficient (or erosion coefficient), . In
order to use this model as a predictive tool, one needs to develop relations for
¢rand A as functions of independent experimental and material parameters such
as hydraulic gradient, hydraulic conductivity, fluid viscosity, grain density and

mean diameter of eroded particles.
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In this chapter, we followed the same procedure used in Chapter 3 to develop the
relationships for ¢y and 4 wusing the principles of dimensional analysis. The
relationships relate ¢y and 4 to material and test parameters. We used the
experimental data presented in Chapters 3 and 4 to calibrate and validate the
proposed relationships and the validation results show that the proposed

relationships can predict ¢y and 14 with reasonable accuracy.

6.2 Mathematical modeling

In this section, we develop relationships for the prediction of ¢ and A using the
principles of dimensional analysis. This procedure is similar to the approach
presented in Chapter 3. First, the proposed relationship for ¢y is given. Next, we

present the formulation for the estimation of decay coefficient, A.

6.2.1 Final porosity, ¢y
Upon internal erosion, the porosity of the porous medium increases from an initial
value of ¢, to a final value of ¢;. The value of ¢; can be affected by the initial

hydraulic conductivity, hydraulic gradient and fluid wviscosity, among others. To

derive the relationship, we use my (final value of eroded mass per unit volume) to
represent ;. We can show the general form of the relationship between my and

the most relevant parameters in the following form:
my = f[i, Ko, Dy, 1, ps] (6-2)

where, my is the final (maximum) eroded mass per unit volume, i is the hydraulic
gradient, K, is the initial hydraulic conductivity (with the dimension of velocity),
D, is the mean diameter of the eroded particles, p is the fluid viscosity and ps is
the density of the eroded particles.
The list of arguments in Eq. (6-2) has been selected based on the following criteria:

» Dimensional requirements: The dependent parameter in this model has the

dimension of mass per unit volume. In order to make this parameter

dimensionless, there should be parameters on the right-hand side with
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dimensions of mass and length or combinations of these dimensions. This
requirement justifies the existence of [D,, ps] or [D,, ul group of parameters on

the right-hand side of this equation.

> Physics of the problem: Particle mobilization and erosion is due to the action of
drag and kinetic forces of the flowing fluid. Parameters u and i represent these

two forces, respectively.

> Experimental observations: Our experimental results (Chapter 4) show that a
higher initial hydraulic conductivity results in a higher eroded mass. K, has

been used in Eq. (6-2) to represent this fact.

By applying dimensional analysis technique to Eq. (6-2), it is possible to gain some

insight into the functional form of the relationship among the parameters.

There are six parameters in Eq. (6-2) but there are only three independent
dimensions, namely; mass[M], length[L], and time[T]. Infinite number of
dimensionless parameters can be formed using the parameters given in Eq. (6-2)
but using the Buckingham’s m theorem, only three of them will be independent

(Hornung 2006).

Using the parameter given in Eq. (6-2), the following relationships are formed to
represent the three standard physical measures when forming the dimensionless
groups. Different combinations of these parameters can be used to form the basic
standard measures but at the end, the resulting functional relationship can be
reduced to the same form. Therefore, Eq. (6-3) through (6-5) are used to represent

mass, length and time, respectively.

[ps D3] = [M] (6-3)
[D,y] = [L] (6-4)
[2—2 = [T] (6-5)

Using the relationships above, the parameters in Eq. (6-2) are nondimensionalized

one by one.
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[ms] = IML™3] = [(psD3)(D;3)] = [ps] (6-6)

D -1
(1] = (ML T7] = [(psns)(np)-l [K—Z] ]= [os Dy Ko ©7

The third dimensionless parameter is selected to be hydraulic gradient, i.

Using Eq. (6-6) and Eq. (6-7) and the parameter i, Eq. (6-2) can be written in the
following form:

m D, K,

L=¢ [M' i] (6-8)
Ps U

where f[ ] denotes the function of the variables in the bracket.

m
From the law of conservation of mass (Chapter 3), we know that L s equivalent
Ps

to the difference between the final (maximum) porosity and the initial
porosity, ¢ — ¢o. Therefore, Eq. (6-8) can be further simplified into the following

form:
D, K
0r—@o=f [% i] (6-9)

The actual functional form in Eq. (6-9) is unknown but based on experimental
observations (Chapters 3 and 4), we know that @f —@o 1s directly proportional to
both i and K, parameters. Having these observations and using the approximation
theory (David and Nolle 1982), the functional from of Eq. (6-9) can be

approximated using the equation below:

B
M} (6-10)

Pr—¢ =a[
f 0 1

wherea and B are dimensionless calibration parameters which will be determined

using experimental data.
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6.2.2 Decay coefficient, A

The decay coefficient determines how slowly or how quickly the erosion process
occurs. The general functional relationship between the decay coefficient and the

most relevant material and test parameters can be shown as follows:
A= gli, Ko, Dy | (6-11)

The parameters in Eq. (6-11) have the same definitions as those given in the
previous section and are selected based on dimensional requirements (Dp), and

experimental observations (i and Kj).

There are four parameters in Eq. (6-11) but there are only two independent
dimensions, namely; length[L] and time [T]. Infinite number of dimensionless
parameters can be formed using the parameters given in Eq. (6-11) but using the

Buckingham’s m theorem, only two of them will be independent (Hornung 2006).

Using the parameters listed in Eq. (6-11), we use Eq. (6-12) and Eq. (6-13) to

represent length and time, respectively.
[Dy] = [L] (6-12)
D

14
Pl =T (6-13)
7] =

Using the relationships above, the decay coefficient can be nondimensionalized as

follows:
[A]l=[T""] = [(%)_1] (6-14)

The second dimensionless parameter is selected to be the hydraulic gradient, i.

Using Eq. (6-14) and the parameter i, Eq. (6-11) can be written in the following

form:

AD,, L ]
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where g[ ] denotes the function of the variables in the bracket.

We don’t know the functional relationship of the equation above but using the
approximation theory (David and Nolle 1982), the functional from of Eq. (6-15) can

be approximated using the following relationship:

AD

it A (6-16)
=y,

K, V1

wherey; and y, are dimensionless calibration parameters which have to be

determined using experimental data.

6.3 Experimental data

Internal erosion experiments presented in Chapters 3 and 4 are used to find the
calibration parameters in Eq. (6-10) and Eq. (6-16). These experiments include
constant velocity erosion tests (Sterpi 2003) and variable velocity erosion tests
conducted on three different grain size distributions (GSD1, GSD2 and GSD3)
which were presented in Chapter 4. Figure 6-1 shows the results of the constant
velocity erosion experiments conducted by Strepi (2003). Figure 6-2 through
Figure 6-5 show the results of variable velocity erosion tests which we conducted
for different grain size distributions. These plots show the eroded mass vs. time for
different hydraulic gradients. Since there i1s a big difference between the eroded
mass for different hydraulic gradients, test results related to GSD1 are displayed

in two separate figures.
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Figure 6-1: Results of erosion tests for different hydraulic gradients, Sterpi (2003)
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Figure 6-2: Eroded mass vs. time for GSD1, Tests 1 and 2
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Figure 6-4: Eroded mass vs. time for GSD2
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Figure 6-5: Eroded mass vs. time for GSD3
Table 6-1 shows a summary of the required parameters for model calibration for
the above tests. In this table, values of parameter D, for GSD2, GSD2 and GSD3
are calculated using the procedure explained in Chapter 3.

Table 6-1: Required parameters for model calibration for Sterpi (2003), GSD1, GSD2 and GSD3

experiments
Parameter  Strpi(2009 GSDI GSD2 GSD3

Sample diameter, m 0.07 0.152 0.152 0.152
Sample height, m 0.14 0.16 0.16 0.16
Initial porosity, ¢, 0.338 0.40 0.40 0.40
Grain density, pg, kg/m3 2720 2514 2558 2603
Mean diam. of eroded particles, D, micron 3.7 3 3.1 3.8

Fluid viscosity, u, Pa.sec 0.001 0.001 0.001 0.001

6.4 Model calibration

The proposed relationships for determining ¢y and 14 are given by Eq. (6-10) and
Eq. (6-16), respectively. There are four calibration parameters in these equations
namely; @, B, y; and y;.

If we take the natural log from both sides of Eq. (6-10), we have:
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(M) 6-17)

ln((pf — <p0) =lna+pfIn

Py DpK,y i

Therefore, if we plot ln(<pf—(p0) versus ln( ), Ina will be the intercept and

B will be the slope of the line.

Similarly, if we take the natural log from both sides of Eq. (6-16), we have:

AD,,
ln( ) Iny, +y,Ini (6-18)
Ko

Therefore, if we plot In (%

) versusIni, Iny, will be the intercept and y, will be
0

the slope of the line. In this section, we use the experimental results presented in
the previous section to determinea, B, y; and y, parameters for constant and

variable velocity erosion tests.

6.4.1 Constant velocity tests

Experimental data given in Figure 6-1 were used to estimate the values ofa, B, y;
and y, for Sterpi (2003) experiments. Tests 1, 2 and 3 (with hydraulic gradients of
0.18, 0.39 and 0.55, respectively) were used to determine the material parameters
and Tests 4 and 5 (with the hydraulic gradients of 0.60 and 0.75, respectively)
were used to validate the proposed relationships. Table 6-2 shows other necessary
parameters for the calibration ofa, S, y; and y, for Tests 1, 2 and 3. In this table,

Mging 1s the final value of eroded mass which is estimated from Figure 6-1 for

each test. Also in this table, values of the decay coefficient,A, were estimated

using the procedure explained in Chapter 5.

Table 6-2: Required parameters for model calibration, Sterpi (2003) tests

0.18 0.04 0.0001

- 0.39 6.1 0.08 0.0001
- 0.55 11 0.11 0.0001
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Using the data given in Table 6-1 and Table 6-2, we calculated the values of ((pf —

Dy K, i
(po), (W) and (%). Then we plotted the lines corresponding to Eq. (6-17)

0
and Eq. (6-18) to estimate a, B, y; and y, for Tests 1, 2 and 3. Results are shown
in Figure 6-6 and Figure 6-7.

In Figure 6-6 and Figure 6-7, the green squares represent experimental data and
the solid line represents the best linear fit. For all the plots in this chapter, linear
regression lines were obtained wusing the method of least squares. The
corresponding equation for the linear fit is also shown in these plots along with

the value of the coefficient of determination, R?.

4.0 -
45 - Ln(@f-@o) =1.87 Ln(ps; D, Ko i/p) +9.13
R2=0.99
-5.0 -
-3
IS- -5.5 A
S
S 60 -
c
-
-6.5 -
-7.0 -
_7.5 T T T T T T 1
-8.8 -8.6 -8.4 -8.2 -8 -7.8 -7.6 -7.4
Lnlp, D, Koi/p)

Figure 6-6: Calibrating a and g for Tests 1, 2 and 3, Sterpi (2003)
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Figure 6-7: Calibrating y; and y, for Tests 1, 2 and 3, Sterpi (2003)

Table 6-3 shows a summary of calibration parameters for Tests 1, 2 and 3.

Table 6-3: Summary of calibration parameters for Tests 1, 2 and 3, Sterpi (2003)

erameter  Value
- 1.93E-6

6.4.2 Variable velocity tests

Experimental data given in Figure 6-2 through Figure 6-5 were used to estimate
the values ofa,f, y; and y, for variable velocity erosion experiments (GSD1,
GSD2 and GSD3). There were seven tests in total for all GSD’s. During a
preliminary analysis, we realized that the plots related to Eq. (6-17) and Eq. (6-18)
for all the variable velocity tests follow the same trend. This could be due to the
fact that all the tests have relatively similar grain size distributions. Because of
this observation, we decided to calibrate only one set of a,p, y; and y, parameters
for all the variable velocity erosion experiments. We used two tests form GSD1

(with hydraulic gradient of 0.30 and 0.7), one tests form GSD2 (with hydraulic

118



gradient of 0.50) and two tests form GSD3 (with hydraulic gradient of 0.5 and
0.70) for calibratinga,f, y; and y, parameters. The remaining two tests from
GSD1 and GSD2 (with the gradients of 0.5 and 0.70, respectively) were used for
model validation. Table 6-4 shows other necessary parameters for the estimation

ofa, B, y1 and y, for the tests used in the calibration. In this table, msq is the
final value of eroded mass which i1s estimated from Figure 6-2 through Figure 6-5
for each test. Also in this table, values of the decay coefficient, A, were estimated
using the procedure explained in Chapter 5.

Table 6-4: Required parameters for model calibration, variable velocity tests (GSD1, GSD2 and

GSD3)

0.1 3.35 0.00014

9.5 0.66 0.00024

0.6 0.96 0.00017

0.23 2.41 0.00009
1 1.77 0.00011

Using the data given in Table 6-1 and Table 6-4, we calculated the values of ((pf —

psDpKyi 73 . .
<p0), ( Z 0) and (%) for each test. Then we plotted the lines corresponding to
0

Eq. (6-17) and Eq. (6-18) to estimatea, B, y; and y, for the tests listed in
Table 6-4. Results are shown in Figure 6-8 and Figure 6-9.

In Figure 6-8 and Figure 6-9, the green squares represent experimental data and
the solid line represents the best linear fit. For these figures, linear regression
lines were obtained using the method of least squares. The corresponding equation
for the linear fit is also shown in these plots along with the value of the coefficient

of determination, R?.
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Figure 6-9: Calibrating y; and y, for variable velocity tests

Table 6-5 shows a summary of calibration parameters for variable velocity tests

listed in Table 6-4.
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Table 6-5: Summary of calibration parameters for variable velocity tests listed in Table 6-4

830680
3.58
4.00E-6

-1.42

6.5 Model validation

After calibrating the parameters ofa,f, y; and y,; we used Eq. (6-10) and Eq.
(6-16) to calculate the parameters of the erosion model (¢ and A) for the
remaining tests. Then the calculated values of ¢y and 4 were used along with Eq.

(6-1) to predict the eroded mass for the remaining constant and variable velocity

experiments. The validation results are presented below.

6.5.1 Constant velocity tests

The calibrated values ofa,B, y; and y, for constant velocity tests (shown in
Table 6-3) are used along with Eq. (6-10) and Eq. (6-16) to calculate ¢r and A for

Tests 4 and 5 and the results are shown in Table 6-6.

Table 6-6: Calculated values of ¢ and A for Tests 4 and 5, Sterpi (2003)

0.60 0.347 0.12

- 0.75 0.351 0.15

Then, the calculated values of ¢ and A (given in Table 6-6) are used along with

Eq. (6-1) to predict the experimental results of Tests 4 and 5 and the comparison
between model prediction and experimental results for these tests are shown in
Figure 6-10 and Figure 6-11, respectively. These figures show that the model can

predict the experimental results with reasonable accuracy.
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Figure 6-10: Comparison between experimental results and model prediction of eroded mass, Test 4,
Sterpi (2003)
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Figure 6-11: Comparison between experimental results and model prediction of eroded mass, Test 5,
Sterpi (2003)
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6.5.2 Variable velocity tests
Calibrated values ofa,f, y; and y, for variable velocity tests (shown in Table 6-5)

are used along with Eq. (6-10) and Eq. (6-16) to calculate @r and A for Tests

GSD1-2 and GSD2-2 and the results are shown in Table 6-7.
Table 6-7: Calculated values of ¢ and 4 for Tests GSD1-2 and GSD2-2

0.50 0.4005 2.43

- 0.70 0.4021 1.44

Then, the calculated values of ¢ and A (given in Table 6-7) are used along with

Eq. (6-1) to predict the experimental results of Tests GSD1-2 and GSD2-2 and the
comparison between model prediction and experimental results for these tests are
shown in Figure 6-12 and Figure 6-13 respectively. These figures show that the

model can predict the experimental results with reasonable accuracy.
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o
'g B Experiment, i=0.50
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0 0.5 1 1.5 2 2.5 3 3.5
Time, hr

Figure 6-12: Comparison between experimental results and model prediction of eroded mass, Test
GSD1-2, i=0.50
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Figure 6-13: Comparison between experimental results and model prediction of eroded mass, Test
GDS2-2, 1=0.70

6.6 Discussion and concluding remarks

Using the principles of dimensional analysis, we developed relationships to
estimate the parameters of the erosion model that we proposed in Chapter 5.
These parameters are final value of porosity ¢y and decay coefficient A and the
related relationships are shown in Eq. (6-10) and Eq. (6-16), respectively. These

relationships have four calibration parameters namely, a , B, y; and y,.

We used two series of experiments for calibration and validation of the proposed
relationships. We used constant velocity erosion experiments reported by Sterpi
(2003) and also, we used our erosion experiments which were presented in
Chapter 4. We calibrateda, B, y; and y, parameters for each group of test
separately. After an initial analysis, we decided to calibrate only one set of a, B, y;
and y, for variable velocity tests because dimensionless groups in Eq. (6-10) and
Eq. (6-16) for these tests would align along the same lines. This could be due to the
fact that grain size distributions for all the variable velocity erosion experiments

are relatively similar.

The only difference between the calibration results for these two series of tests
was that y, had a positive value for Sterpi (2003) tests and a negative value for

our experiments. In other words, a higher hydraulic gradient would result in a
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higher value of decay coefficient, A, in Sterpi (2003) experiments and a lower value
of Ain our experiments. This result 1is expected from the experimental
observations. By definition, the inverse of A1 is the mean lifetime of the erosion
process. A higher value of A implies that the erosion process will end faster and
vice versa. As observed in our experiments, higher hydraulic gradients result in an
increase in the value of hydraulic conductivity (permeability). A higher hydraulic
conductivity means a higher average pore throat diameter which in turn shows
itself in the form of a longer erosion process (lower decay coefficient). The reverse
of this process is observed for Sterpi (2003) experiments which had a constant

hydraulic conductivity for all hydraulic gradients.

As observed above,a, B, y; and y, are material-specific and they need to be
calibrated again if we go from one material to another. After calibrating a, B, y;
and y, for each series of experiments, the proposed erosion model shown in Eq.
(6-1) along with Eq. (6-10) and Eq. (6-16) was validated by predicting the
experimental results of Tests 4 and Test 5 of Sterpi (2003) experiments and Tests
GSD1-2 and GSD2-2 of our experiments. The validation results show that the

model can predict the experimental results with reasonable accuracy.

6.7 Nomenclature

Dy, Average diameter of the eroded particles

i Hydraulic gradient

K, Initial value of hydraulic conductivity

Moy Eroded mass per unit volume

mg Final value of eroded mass per unit volume
Meinal Final value of eroded mass

t Time

to Starting time of erosion

a, B,71,Y2 Dimensionless calibration parameters
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A Decay coefficient (Erosion coefficient)

U Fluid viscosity
Ps Grain density
Vo Initial porosity
@ Final porosity
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Chapter 7

Concluding Remarks

Our research was focused on the development of a constitutive law for the internal

erosion phenomenon in unconsolidated porous media. We used a combination of

analytical and experimental modeling approaches to achieve this goal. In this

chapter, the main contributions of our research are presented first followed by

some recommendations for further research.

7.1 Main contributions

Main contributions of our work are as follows:

1.

Using the principles of dimensional analysis, a mathematical relationship
was derived for the assessment of the rate of internal erosion in relation to
the fluid velocity. This relationship has a proportionality constant called the
erosion coefficient (1) which is proposed to be a function of grain density,
particle Reynolds number and porosity changes. We used a series of erosion
experiments on a silty-sand, which were available in the literature, to
establish the functional relationship between A and other parameters. The
advantage of the proposed erosion model 1s that it offers a functional form
for the erosion coefficient. This functional form shows that erosion
coefficient 1s directly proportional to particle Reynolds number and
inversely proportional to porosity variations. These findings had not been

explicitly expressed in previous works. The suggested model has three
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calibration parameters. The model was calibrated and validated wusing
experimental data. The wvalidation results show that the model is able to
predict the experimental erosion rates with reasonable accuracy. Working
on this model was a preliminary step towards the development of our main
erosion model which we proposed in Chapters 5 and 6.

Due to lack of sufficient experimental data for model -calibration and
validation, we designed and built an experimental apparatus to conduct
internal erosion tests. We used unconsolidated test specimens which were
prepared by mixing different proportions of coarse sand, fine sand and silt.
Our test results show consistent trends. We get more erosion for poorly
graded grain size distributions and for higher hydraulic gradients. The key
measurements during each test were fluid pressure, fluid flow rate and
turbidity of the effluent. In this way, it was possible to measure the eroded
mass and, also, the effect of internal erosion on the permeability of the test
specimens.

Based on the observations from our experimental results, we developed a
constitutive law to model internal erosion as an exponential decay process.
The proposed constitutive law was calibrated using the test data we
gathered in our experimental program as well as some test data that we
obtained from literature. The results of this analysis show that internal
erosion is, indeed, an exponential decay phenomenon. The advantage of this
model, compared to the model that we developed using dimensional analysis
technique, i1s that it has a better description of the physics of internal
erosion. Many phenomena in nature follow the exponential decay law and
such constitutive relationships are well known for scientists and engineers.

The constitutive law for erosion based on exponential decay formulations
has two calibration parameters. These parameters are the final value of
porosity, ¢; and the decay coefficient (or erosion coefficient), 2. In order to
use this model as a predictive tool, one needs to develop relations for
@rand A as functions of independent experimental and material parameters

such as hydraulic gradient (fluid velocity), hydraulic conductivity
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(permeability) and mean grain diameter. We have used dimensional
analysis approach (similar to the procedure used in Chapter 3) to develop
such relationships for the estimation of these parameters. The proposed
relationships were calibrated and validated using experimental data and

the validation results show that the proposed relationships can predict ¢f

and A with reasonable accuracy.

7.2 Recommendations for further research

This work can be further enhanced from both aspects of analytical and
experimental modeling. The following recommendations point out the potential

areas of further research on the topic of constitutive modeling of erosion process:

1. One of the limitations of the constitutive law based on dimensional analysis
is that erosion is assumed to be uniform throughout the test specimen. In
other words, this model assumes that porosity changes homogenously in the
test sample. However, it is very likely that erosion will be more intense
close to the free surface of the test sample resulting in an inhomogeneous
porosity field. Erosion experiments on test specimens of different heights
are required to assess the severity of this phenomenon and its effect on the
test results and model predictions.

2. Also, in the constitutive law based on dimensional analysis approach, it was
assumed that the parameter D,, which is the average size of the eroded
particles, 1is constant for all hydraulic gradients. The reason for this
assumption is that we do not know the value of D, a priori unless we
perform the erosion experiments and analyze the size of eroded particles.
This may not be a realistic assumption since higher hydraulic gradients can
mobilize larger size particles and generally, D, can vary from one test to
another. To overcome this limitation, a relationship can be established,
experimentally, between fluid velocity (hydraulic gradient) and the average
size of the eroded particles for materials with different properties (G.e.,

porosity, permeability, grain size distribution, etc.). Then such a correlation
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can be used to assign more realistic values of theD, parameter in the

proposed erosion model.

Further improvements to the experimental program can be suggested as

follows. This improvements can help us to get a better picture of the physics

behind the internal erosion process:

Local permeability measurements. This means measurement of
permeability at different points along the height of the test specimen.
By doing so, it is possible to observe the localized impact of erosion on
permeability and to see how uniformly permeability changes during
the erosion process.

Post-mortem analysis of the test specimen. After each test, samples
can be taken along the height of the specimen to determine the GSD
and fine content to come up with the fine concentration or difference
thereof from the initial concentration. The results can be used to
correlate the severity of erosion in different regions to their respective
permeability.

Experimental quantification of the erosion boundary. It would be
interesting to know what distance the particles have to travel in
order to erode out of the test specimen. In other words, it would be
beneficial to know the depth beyond which erosion doesn’t occur. This
can be achieved by using differently colored particles at different
heights (in the case of a vertical set-up) of the test specimen. This will
allow using more realistic values for Vgz in the proposed constitutive
model in Chapter 3.

Testing the effect of apparatus orientation on experimental results.
This will be helpful to quantify the effect of gravity on experiment
outcome and can be achieved by performing erosion tests in
horizontal and downward fluid flow conditions.

Assessing the effect of confining pressure on erosion behavior of
porous media. This can be done by performing internal erosion tests

in a customized soil/rock triaxial test apparatus.
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e QOur erosion experiments had durations of a few hours which may not
be sufficient to ensure the end of the erosion process. It is
recommended to conduct internal erosion experiments for longer
durations (several hours to few days) to observe the long-term erosion
behavior of the porous media and to ensure that the erosion process is
terminated (which is necessary for a realistic assessment of @) .

4. It 1s recommended to experimentally study the wvalidity of the proposed
dimensionless groups. In our work, we have only studied the effect of
variation of hydraulic gradient on the dependent parameters (eroded mass
or porosity). Validity of the proposed dimensionless groups can be studied
by changing another independent parameter, such as fluid wviscosity, and
examining if the same behavior is observed in the dependent parameters or

not.

5. It will be interesting to study, experimentally, the process of particle
deposition (which is the opposite of particle erosion) to see if the same
trends are observed. It will be of particular interest to observe if particle
deposition also follows the exponential decay law or not. Such experiments
and analysis will help to complete the picture we have for internal erosion

process.
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Appendix A

Modification of Erosion Constitutive Law
Based on Dimensional Analysis

Technique with Tangent Erosion Rate

A.1. Introduction

In Chapter 3, a constitutive model was proposed for the estimation of internal
erosion rate in porous media. In that model, the erosion rate was calculated using
secant slope of the experimental data. The reason for using secant erosion rate
instead of tangent rate was to eliminate the effects of transient phenomena (such

and pore clogging and unclogging) on data trends.

In this appendix, we try to use the same procedure used in Chapter 3 to
reformulate the proposed model based on tangent erosion rate. Tangent erosion
rate for each point can be calculated wusing backward, forward, or central
difference schemes. In order to minimize the effect of transient phenomena, the
tangent erosion rates for all points in each test are calculated using the central
difference scheme with the exception of the last point, which is calculated using

the backward difference scheme.
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A.2. Mathematical modeling

In a similar manner as in Chapter 3, the modified constitutive law for particle
erosion rate in porous media is presented using the principles of dimensional
analysis. As stated above, the only difference between this model and the model
presented in Chapter 3 is that secant erosion rate, m’, is replaced with tangent
erosion rate m. Also, as mentioned before, the tangent erosion rate for each point

in all tests is calculated using the central difference scheme.

In this modified model, similar to the model presented in Chapter 3, the critical
fluid velocity is calculated using Eq. (3-27).

We start with the following relationship to relate total eroded mass to most
relevant parameters such as grain density, porosity variation, mean size of eroded

particles, fluid velocity and fluid viscosity.

m= f[(vf - vcr)J Dp! U, Ps, (QD - ¢0), (t - tO)' VEB] (A-l)

All the parameters in the equation above have the same definitions as of those in
Chapter 3. If the eroded mass is expressed as time rate and is normalized by the

volume of erosion boundary, then Eq. (A-1) is reduced to:

= f[( — Ver), Dp, 1, ps, (9 — @0) | (A-2)

In equation above, m is the instantaneous mass rate of eroded particles per unit

volume.

Following the same procedure and using Eq. (3-7), (3-8) and (3-9), the parameters

in Eq. (A-2) are nondimensionalized one by one.

. 31 — L] D ] ps(Vf — Ver)
[m] = [ML™3T 1] = _(ps D3)(D,)™2 (vf_—"v) = [fD—p] (A-3)

= [ps Dp (vf - vcr)] (A-4)

-1 -1 - 3 -1 _ DP
[u] = [ML7'T™] = (pst)(Dp) m

The third dimensionless parameter is selected to be (¢ — ¢).
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Using Eq. (A-3) and (A-4) and parameter (¢ — ¢,), Eq. (A-2) can be written in the

following form:

Gs Pr Dy (vf — Ver)
U

D, m _|ps Dy (Vf — Ver)

= (o — (A-5)
Ps (vf - vcr) g U ((P (pO)

,(<p—<po)l=gl

Using the definition of Reynolds number for a particle of diameter D,,, we have:

D
Winv) = g[Gs (Rp — Rpcer), (@ — 9o)] (A-6)

Eq. (A-6) can be further simplified into the following form:

= A Ps (Ug - vcr) (A'7)

p

where, 1 is the erosion coefficient and is represented by the following equation:

A= gl[Gs (Rp — Rpcy), (9 — 9o)] (A-8)

Equations (A-7) and (A-8) should satisfy the principle of conservation of mass. For
an internal erosion problem, the principle of conservation of mass can be
simplified into the following equation:

dg

X —m (A-9)
pS at
Where mis the mass generation term and expresses tangent erosion rate per unit

volume.

A.3. Experimental data and model calibration

Same data as in Chapter 3 were used to determine the functional form for the
erosion parameter (1) given by Eq. (A-8). The actual functional form of 1 is
unknown but based on experimental observations, we know that A1 1is directly

proportional to fluid velocity and inversely proportional to porosity change,
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(@ —@y). Having these observations and using the approximation theory, the

functional from of A can be approximated using the equation below:

_ B
a Gs(Rp — Rpcr) (A-10)
P — Py

A=
where a and B are dimensionless calibration parameters.

Let’s define w as:

W = GS(RP - Rpcr) (A'll)
P — Qo

Then Eq. (A-10) can be simplified to:
A = a (l)ﬁ (A'12)
If we take the natural log of from both sides of Eq. (A-12), we have:

ml=lna+pBlnw (A-13)

Therefore, if we plot InA versuslnw, Ina will be the intercept and B will be the
slope of the line. Experimental data given in Figure 3-2 were used to estimate the

values of @ and B for each test.

For each test, the eroded mass is calculated using Eq. (3-35) and is normalized by
the volume of the sample and is plotted as a function of time. The values for m for

each point in Figure 3-2 are calculated using the following formula:

o My =My
(tiv1 — ti—1) Vs

m; (A-14)
where m; is the tangent erosion rate for #" point, m;,; and t;,; are eroded mass
and time for (+1)* point and m;_;and t;_; are eroded mass and time for (-1}

point and Vg is the volume of the erosion boundary (test specimen).

In Eq. (A-11), ¢ —¢, is calculated using Eq. (3-36). Also, the procedure for

calculation of D, is similar to the one used in Chapter 3.
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Based on the approach discussed above and by using Eq. (A-7) and Eq. (A-11), the
corresponding values of A and w for each test can be obtained from the
experimental data. Tests 1, 2 and 3 were used to determine the material
parameters and Tests 4 and 5 were used to validate the proposed model. Figure A-
1 through Figure A-3 show the plots of Ind versusinw for Tests 1, 2 and 3,

respectively.

In Figure A-1 through Figure A-3, the green diamonds represent experimental
data and the solid line represents the best linear fit (least square method). The
corresponding equation for the linear fit is also shown in these plots along with
the value of coefficient of determination, R?. Also, in these figures, the upper-right
data points correspond to the start of the test and lower-left data points

correspond to the end of the test.

As mentioned in Chapter 3, in Test 2, there was a sudden increase in fluid velocity
after 5 hours. Since we need the value of fluid velocity to calculate 1 and w but we
didn’t have the value of velocity after 5 hours in this test, only data points up to 5

hours after the start of the test were used in calibration of @ and g (Figure A-2).

-11.4 4

LnA=0.47 lhw-11.70

-11.6
R?=0.60 L 4

-11.8

Ln A

-12.2

-12.4

-12.6

-12.8 T T T T T )

Ln w

Figure A-1: Calibrating model parameters for Test 1 (7=0.18
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Figure A-2: Calibrating model parameters for Test 2 (7=0.39)
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Figure A-3: Calibrating model parameters for Test 3 (=0.55)

Table A-1 shows a summary of calibration parameters for Tests 1, 2 and 3.
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Table A-1: Summary of calibration parameters for Tests 1, 2 and 3

0.18 8.29E-6  0.47

- 0.39 1.69E5  0.94
- 0.55 1.38E-4  1.05

After calibrating the erosion coefficient,1, for each test, Eq. (A-7), Eq. (A-9) and

Eq. (A-10) are wused together to obtain an analytical relationship for the

instantaneous rate of erosion. After some rearrangement we have:

a0 _ [GS(RP ~ o))’ (v = ver) (A-15)
ot ® — Qo D,

After integration and simplification, an analytical relationship for porosity

variation, ¢ — @, is obtained in the following form:

1
a (B + 1)Gsﬁ (Rep - Rep,cr)ﬂ(vf - Ucr) (t - tO) (B+1) (A-16)
D

P — Qo =

p

Using Eq. (A-9), the following relationship is obtained for 7

_=B_ .
m = K(t —ty)B+D (A-17)
where K 1s
_1
K = 1 [aB+1)6E (Rep—Rep cr)P(vp—ve)]BHD (A-18)
= Ps (B+1) Dy

As mentioned before, data from Tests 1, 2 and 3 were used for model calibration.
Comparisons between the experimental and calculated values of tangent erosion rate for
these three tests are shown in Figure A-4 to Figure A-6. In these figures, analytical values
of erosion rate were calculated by using Eq. (A-17) and the data given in Table 3-1 and
Table A-1.
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Figure A-4: Comparison between experimental and calculated values of tangent erosion rate, 7=0.18
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Figure A-5: Comparison between experimental and calculated values of tangent erosion rate, 7=0.39
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Figure A-6: Comparison between experimental and calculated values of tangent erosion rate, i=0.55

A.4. Model validation
Table A-1 shows that a and S vary with hydraulic gradient. We used the data
given in this table to examine the relationship between a and S and hydraulic

gradient for Tests 1, 2 and 3 and the results are shown in Figure A-7 and Figure

A-8.

1.6E-04

1.4E-04 - *

o =1.71E-06e7:38/
R2=0.88

1.2E-04 -

1.0E-04 -
S 8.0E-05 -
6.0E-05 -
4.0E-05 -

2.0E-05 - .
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Figure A-7: Variation of a with hydraulic gradient for Tests 1, 2 and 3 and best fit (solid line)
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Figure A-8: Variation of g with hydraulic gradient for Tests 1, 2 and 3 and best fit (solid line)

Figure A-7 shows that a varies exponentially with hydraulic gradient and Figure
A-8 suggests that the relationship between S and hydraulic gradient is linear.
Therefore, based on the trends observed in figures above, the following

relationships are suggested for variation of @ and f with hydraulic gradient.
a= yleVZi (A-19)
B = vsi (A-20)

In Eq. (A-19) and Eq. (A-20), y, y, and y3 are model constants which (based on Figure A-7
and Figure A-8) are calibrated to be 1.71E-6, 7.38 and 2.11 respectively.

The proposed analytical model, which is shown in Eq. (A-17) through (A-20), was validated
by using it to predict the experimental results of Tests 4 and 5 (with hydraulic gradients of
0.60 and 0.75, respectively). In the validation process, first the values of a and 8 for tests 4
and 5 were calculated by using the calibrated values ofy;, ¥, and y; in Eq. (A-19) and Eq.
(A-20) and by using their corresponding hydraulic gradients. Table A-2 shows a summary of
calculated values of @ and S for Tests 4 and 5. In this table, the calculated values of @ and

were obtained by using Eq. (A-19) and Eq. (A-20).
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Table A-2: Calculated values of @ and g for Tests 4 and 5

0.60 1.43E-4 1.27

- 0.75 433E-4 158

Next, the values of tangent erosion rate for these tests were calculated using Eq. (A-17), Eq.

(A-18) and the data given in Table A-2. The comparisons between experimental and
predicted values of tangent erosion rate for these two tests are presented in Figure A-9 and
Figure A-10, respectively. These figures show that the model predictions have a reasonable

agreement with the experimental results.
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Figure A-9: Comparison between experimental results and model prediction of tangent erosion rate,
1=0.60
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Figure A-10: Comparison between experimental results and model prediction of tangent erosion rate,
=0.76
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